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Abstract

Accelerating vibrational free energy calculations for anharmonic crystals

Mark Johnson

This thesis presents a study of vibrational modelling of periodic solids, focussing in particular on vibrational

self-consistent field theory (VSCF).

Firstly, the mathematical framework within which vibrational modelling takes place is detailed. The ap-

proximations which must be made are introduced, and the limitations imposed by these approximations are

explored. Then the existing approaches to vibrational modelling are reviewed, and the modelling process is

separated into three interrelated problems: representing the vibrational potential energy surface, fitting the

free parameters of that representation using electronic structure theory, and using the fitted representation

to calculate the vibrational wavefunctions and the vibrational free energy.

A number of developments to the VSCF method are described. These focus on exploiting the notions of

symmetry and size consistency to reduce the computational cost of the method and to improve its accuracy

and reliability. The discussions of symmetry and size consistency also reveal a number of fundamental

problems with the VSCF method. Solutions are proposed to several of these problems, but other problems

remain unsolved, and it is proposed that these problems may imply that VSCF is not well suited for modelling

crystals.

A software package which implements the ideas contained within this thesis is introduced, and the methods

used to encode VSCF as accurate and efficient software are detailed. The results of an example application

of this software package are also presented.
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Glossary

Crystallographic Labels and Co-ordinates

R An R-vector, a sum of lattice vectors.

G A G-vector, a sum of reciprocal lattice vectors.

q A q-point, a vector in reciprocal space.

L The lattice matrix, whose rows are the primitive R-vectors.

ρ A displacement index, a directional index in real space, combining an R-vector, a primitive

cell atom index and a cartesian direction.

χ A normal-mode index, a directional index in reciprocal space, combining a q-point and a band

index.

dρ The mass-weighted displacement along the ρ direction.

uχ The displacement along the χ normal mode.

Uρχ The transformation matrix between dρ and uχ co-ordinates.

ξ A subspace of degenerate modes.

ζ A combination of subspaces.

Operators and Thermodynamic Variables

H The Hamiltonian.

T The kinetic energy.

V The potential energy.

T The temperature.

S The entropy.

Ω The volume.

U The internal energy.

F The Helmholtz free energy.

G The Gibbs free energy.

Z The partition function.
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Acronyms

PES Born-Oppenheimer potential energy surface.

PAA The principal axes approximation.

HF Hartree-Fock theory.

VSCF Vibrational self-consistent field theory.

MP Møller-Plesset perturbation theory.

VMPn Vibrational Møller-Plesset theory at nth order.

CI Configuration interaction.

VCI Vibrational configuration interaction.

CC Coupled cluster.

VCC Vibrational coupled cluster.

DFT Density-functional theory.

PIMD Path integral molecular dynamics.

RPMD Ring-polymer molecular dynamics.

DMC Diffusion Monte-Carlo.

PIMC Path integral Monte-Carlo.

Mathematical Symbols

:O: The normal-ordering of operator O.

n!! The double factorial of n. (2n− 1)!! is equal to the product of the first n odd numbers.

c.c. The complex conjugate of the preceding term.

x̂ A unit vector or basis vector along the direction of vector x.

1 The identity matrix.

x⊗ y The outer product of vectors x and y.

ẋ The first derivative of x with respect to time.
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Chapter 1

Introduction

The quest to understand how materials behave and to exploit this behaviour is one of the pillars of modern

science, and one of the driving forces behind modern technology [1, 2].

Historically, there were two branches of materials science: physical experiments, in which new materials

were thoroughly tested; and thought experiments, in which the underlying physics was investigated and

its consequences examined [3]. However, experiments can be costly endeavours, and require the extended

efforts of many experts in order to make progress [4]. Moreover, thought experiments become infeasible as

the systems being considered become more complex [5], and many materials are very complex indeed [6].

With the advent of modern computing, a third branch of materials science has been created [7, 8]: com-

putational physics, where the properties of materials are investigated using computer simulations of large

and complex material models. Such simulations bridge the gap between theory and experiment, allowing

the real-world consequences of new theories to be calculated so that they can be compared to experiment,

and providing a fast and accurate method of identifying which new systems are likely to prove fruitful for

experimentalists to study [1, 2, 4, 9].

Computational physics also dramatically accelerates the discovery and selection of new materials for techno-

logical applications [10]. Fast and accurate computer simulations allow millions of candidate materials to be

investigated for their suitability to a given role, in the time it would take an experimental lab to investigate

only a handful of materials and at a fraction of the cost.

In order for materials simulations to be useful, they must be accurate. This means that they must be based

on models which are predictive rather than simply explanatory, and which are transferable between different

materials. The models which are maximally accurate, predictive and transferrable are those which are
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based entirely on the underlying physics of quantum mechanics, without reference to artificially generated

model parameters. These models are described as ab-initio, and are considered to be the gold standard

of materials modelling [1, 2]. Unfortunately, ab-initio models are also generally the most computationally

demanding models. This has previously limited their application to simple systems where few calculations

are needed, but as computing power increases and algorithms are improved they are becoming appropriate

for an increasing number of tasks [2, 9].

Computer models are not only ideally suited to studying known materials, they are also capable of predicting

entirely new ones [10]. Computational materials discovery is a rapidly developing field, capable of generating

vast numbers of candidate materials in a very short space of time, a feat which is revolutionising materials

science [9]. In order to make maximal use of these new materials, computational models must be capable

of accurately and autonomously processing many structures very quickly. This is a paradigm called high-

throughput computing, and is of increasing relevance to materials science [10].

The desire for highly accurate methods which are suitable for high-throughput computing has created a

need to accelerate ab-initio methods without compromising their accuracy. This work aims to make some

little progress in this endeavour, presenting a number of improvements to the ab-initio modelling of periodic

crystals, attempting to improve their speed, accuracy and stability to bring them a little closer to that goal.

1.1 Periodic crystals

Crystals are a widely-ocurring type of solid matter, distinguished in that they are composed of a microscopic

motif of atoms which is repeated with regular periodicity in all directions throughout a macroscopic volume

[11]. This is depicted in figure 1.1, which shows the atomic motif, the repeating lattice of points which

defines the periodicity of the crystal, and the crystal itself which is composed of a motif of atoms at each

point in the lattice. The periodic nature of crystals means that the properties of a crystal are usually highly

homogeneous, and these properties are directly determined by the arrangement of the atomic motif which

repeats to form the crystal.

This has direct implications for scientific and technological purposes; the sharp dependence of the properties

of the macroscopic crystal on the structure of the microscopic motif means that experiments can probe

microscopic structure while only having to interact with macroscopic quantities of material, and materials

with given macroscopic properties can be designed by only varying microscopic atomic arrangements.

This is also convenient for computational modelling, since many of the properties of the whole crystal can

be captured by a model which only includes a small section of the crystal [12].
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(a) The motif of atoms which is repeated throughout a crystal. Each circle represents an atom, with atoms of
different species shown with different colours and sizes.

(b) A section of a crystal lattice. Each black dot represents a single point in the lattice, at which a motif of atoms
will be situated. In an idealised crystal, the lattice repeats infinitely in all directions.

(c) A section of a crystal, composed of a copy of the atomic motif at every point in the lattice.

Figure 1.1

There are a number of details of modelling crystals which are different from the modelling of other materials.

Firstly, every crystal has crystal symmetries [13]. Each crystal symmetry is a combination of a translation,

a rotation and a reflection which leaves the crystal unchanged. Every crystal has purely translational

symmetries in all spatial dimensions, and many crystals also have other symmetries.

Secondly, crystal models should be size-consistent [14]. This means that models of differently sized sections

of the crystal must give results which scale correctly with the size of the crystal; extensive quantities such

as the total energy must scale linearly with the number of atoms simulated, and intensive quantities such as

pressure must not scale with the number of atoms.

These properties can be a help or a hinderance; symmetry and size consistency can often be exploited to

duplicate information and reduce the amount of computation necessary, but they also complicate the model,
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and any model which does not respect symmetry and size consistency is likely to be inaccurate. This work

aims to develop methods which guarantee symmetry invariance and size consistency, and which use these

properties to accelerate computation.

1.2 Electronic and vibrational structure

Crystals are composed of two kinds of particle: massive nuclei, and light electrons1. When modelling a

crystal, the differing masses of these particles allows their motions to be separated. From the perspective of

the fast-moving electrons the nuclei are effectively stationary, while from the perspective of the slow-moving

nuclei the electrons are only seen as a fast-moving blur [15].

This leads to two distinct fields of materials modelling: electronic structure calculates the properties of

electrons in a stationary potential defined by fixed nuclei, while vibrational structure calculates the properties

of the nuclei in a potential which is defined by the average properties of the electronic motion.

Modelling electronic structure is a mature field, with many widely-used implementations of many different

methods available [16–20]. In contrast, modelling vibrational structure is much less developed. This work

will treat electronic structure as a solved problem, and focus only on vibrational structure.

1.3 Finite temperature anharmonic modelling

Vibrational motion is routinely neglected from calculations. This is equivalent to treating nuclei as classical

particles at zero temperature, which simply remain stationary at the bottom of the potential well defined by

the electrons. This is a gross approximation, although there are many applications for which this is sufficient.

In order to move beyond the classical approximation, the nuclei must be treated as quantum particles. This

means that the crystal properties are defined in terms of vibrational wavefunctions, which are in turn defined

with respect to a Hamiltonian which depends on the potential felt by the nuclei [21]. Neither the Hamiltonian

nor the vibrational wavefunctions can be calculated or stored exactly, and so both must be approximated.

Even coarse approximations require significant computation, and highly accurate approximations can be

extremely computationally demanding [22].

It is common practice to take the harmonic approximation, which approximates the vibrational potential

as a quadratic function of the nuclear co-ordinates. This leads to a particularly simple Hamiltonian, and

to wavefunctions and crystal properties which can be calculated with relative ease [2]. While the harmonic

1At the conditions which most crystal models are concerned with, it can be assumed that nuclear physics can be neglected,
and that the effects of quantum electrodynamics can be simplified to electromagnetic forces between electrons and nuclei.
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approximation is significantly more accurate than neglecting vibrational motion entirely, it still has many

limitations [23]. Methods which go beyond the harmonic approximation are anharmonic, and will be the

focus of this work.

Nuclear motion is often modelled at a temperature of absolute zero, where each nucleus vibrates as little

as possible. This simplifies calculations, since then only the low-energy regions of the potential need to

be modelled accurately, and the nuclear motion can be described using only the ground-state wavefunction.

However, this brings limitations; the properties of many materials are qualitatively different at finite temper-

ature than at zero temperature, and a large proportion of these materials adopt completely different phases

as temperature changes [24]. This work will focus on methods which are capable of explicitly modelling

crystals at finite temperatures.

1.4 Material properties

The point of materials modelling is to calculate the physical properties of materials. But which properties

are of interest varies, and some properties are easier to calculate than others.

The most fundamental property of a material is its stability [2]. Different phases of a material have different

stabilities, and the most stable phase will occur predominantly over the others. The calculation of material

stability of different phases at different temperatures and pressures gives the phase diagram of that material,

and calculating such phase diagrams accurately often requires anharmonic calculation [24, 25].

The electronic properties of a crystal are affected by its vibrational properties, and anharmonic calculations

have been shown to improve the accuracy of electronic band structure calculations [26–28], along with more

exotic properties including ferroelectricity [29], thermoelectricity [30], exciton energies [31], charge-density

waves [29] and superconductivity [30].

A number of crystals have been found which are superconductors at high temperatures, where anharmonic

effects are more likely to be important [32]. With increased understanding of these crystals, it may be

possible to predict novel crystals which are superconductors at even higher temperatures, with the holy grail

being a crystal which is a superconductor in ambient conditions [29].

Understanding the optical properties of crystals enables the design of new photovoltaic and optoelectronic

devices [33]. Optical properties also play a critical role in experiments designed to identify unknown ma-

terials, and to study the dynamics of known materials [34]. Different materials can only be distinguished

by their optical properties if the computational models of these properties are in good agreement with ex-

perimental data [33, 35]. Accurately calculating optical spectra, including for infra-red, Raman, THz and
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X-ray spectroscopy, requires finite-temperature calculation, and including anharmonicity has been shown to

improve the accuracy of a variety of results [2, 33, 35–39].

In addition to optical spectroscopy, vibrational properties are relevant when calculating other spectroscopic

signatures, including inelastic neutron scattering spectroscopy [2], electron energy loss spectroscopy [40] and

nuclear magnetic resonance spectroscopy [38].

Understanding the thermal properties of crystals is vital for many applications [41]. Modelling thermal

properties clearly requires finite-temperature modelling [42], and this can be improved using anharmonic

calculations. Thermal properties of interest include the thermal conductivity [43–45], thermo-elastic proper-

ties [2, 46] and thermal expansion [2, 47, 48]. Of particular topical relevance is the phenomenon of negative

thermal expansion, describing materials which shrink when heated. Negative thermal expansion is entirely

driven by anharmonic effects [47, 49].

The vibrational properties of materials are also of interest in and of themselves. The burgeoning field of

phononics, which seeks to harness atomic vibrations, offers many exciting possibilities [50].

Vibrational effects also play an important role in how a crystal changes over time, affecting atomic transport

and defect formation within crystals [51].

The accurate calculation of all of these properties depends on the accurate calculation of the vibrational

Hamiltonian and the vibrational wavefunctions. This work will focus on improving the calculation of the

Hamiltonian, wavefunctions and free energy, and will leave the calculation of other properties from these

variables to other authors.

1.5 Thesis outline

Chapter 2 details the framework in which vibrational modelling takes place, introducing the approximations

which must be made, and the notation and definitions which will be used throughout the rest of this work.

Chapter 3 introduces the problem of calculating free energy, which is decomposed into three interrelated

problems: representing the vibrational potential, fitting the free parameters of that representation using

electronic structure calculations, and using this information to calculate the vibrational wavefunctions and

the vibrational free energy. The existing methods in each of these areas are reviewed, with an eye for their

relative advantages and disadvantages.

Chapter 4 explores a number of improvements to the representation and fitting of the vibrational potential

energy surface. Methods are proposed which guarantee the symmetry invariance and size consistency of

17



this potential, and which exploit these properties and others in order to reduce the cost of calculating the

potential.

Chapter 5 explores a number of improvements to the method of vibrational self-consistent field theory. The

method is adapted to respect symmetry and size consistency, and a number of accelerations to the method

are proposed.

Chapter 6 introduces caesar, the software package which accompanies this work. This code implements

many of the features described in this work.

Chapter 7 presents an example application of vibrational self-consistent field theory, using caesar to study

the solid phase diagram of a classical potential which describes elemental titanium.

And finally, chapter 8 concludes the work, summarising the progress made and the problems which remain

unsolved, and offering thoughts on some avenues of research which might prove fruitful in light of the work

presented here.
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Chapter 2

Theoretical groundwork

Any computational model reqires a mathematical description of the system it is modelling. As with many

systems, there are many possible descriptions of periodic crystals, and each of these descriptions inherently

makes certain assumptions about the behaviour of the crystal.

In addition, a model of an arbitrary crystal in full generality would be extremely complicated, and too

intractable to solve at a reasonable computational cost. As such, further assumptions and approximations

must be made so that the model becomes tractable to solve.

This chapter details the formalism of the specific description of crystals used throughout this work, and

the assumptions and approximations which are made. It will also give an overview of the strengths and

limitations of this description.

Nothing of note in this chapter is new, and indeed much of it has been the subject matter of textbooks for

many years [12, 52, 53], but it still bears repeating as it forms the groundwork on which the rest of this work

is based, and much of the notation used varies between sources.

A note on units

Throughout this work, Hartree atomic units [54] will be used, such that the reduced Planck constant ~, the

electron charge e, the Bohr radius a0 and the electron mass me are all unity. In addition, temperature and

entropy will be measured in Planck units [55], such that Boltzmann’s constant kB is unity.
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2.1 Necessary approximations

2.1.1 Thermal equilibrium

This work is only concerned with modelling systems in thermal equilibrium. That is to say, any given system

will have a well-defined temperature T , which will be assumed to be constant and unchanging with time.

Under this approximation, the system will be unchanging, and its physical properties will not be functions

of time.

There are a number of non-equilibrium quantities, such as transport and scattering coefficients, which can

be calculated using equilibrium modelling [45]. However, there are also a number of quantities which cannot

be calculated in such a manner, including the details of phase transitions [56], for which other models are

needed.

2.1.2 The Born-Oppenheimer approximation

A 3-dimensional system containing N n nuclei and N e electrons is described in terms of the 3N n-dimensional

nuclear co-ordinate rn and the 3N e-dimensional co-ordinate re.

The system is governed by the non-relativistic time-independent Schrödinger equation1, which in its most

general form can be written in these co-ordinates as [18]

H(rn, re)ψi(r
n, re) = Eiψi(r

n, re) , (2.1)

where H is the non-relativistic Hamiltonian of the system, ψi is the wavefunction of the i’th eigenstate of

the system, and Ei is the energy of state i.

The Hamiltonian can be separated into a number of parts,

H(rn, re) = T n(rn) + V n(rn) + T e(re) + V e(re) + V e-n(rn, re) (2.2)

where T n and T e are the nuclear and electronic kinetic energy operators respectively, V n and V e are the

potential energy operators corresponding to purely nuclear interactions and purely electronic interactions

respectively, and V e-n is the potential energy operator corresponding to interactions between electrons and

nuclei.

1In some cases, particularly when dealing with very heavy elements, it is necessary to treat electrons relativistically.
This changes the derivation of the Born-Oppenheimer Hamiltonian slightly, but since the nuclei can always be treated non-
relativistically the end result is unchanged.
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With full generality, the wavefunction of any state can be expressed in terms of nuclear and electronic parts

as

ψi(r
n, re) = ψn

i (rn)
∑
j

cijrnψ
e
jrn(re) , (2.3)

where ψn
i is a nuclear wavefunction which depends purely on the nuclear co-ordinate, {ψejrn} are electronic

wavefunctions which are each defined for a given value of rn but which depend purely on the electronic

co-ordinate, and {cijrn} are complex scalar coefficients.

It is convenient to consider nuclear motion independent of electronic motion. This becomes possible if the

Born-Oppenheimer approximation is taken [15, 18].

Approximation 1 (The Born-Oppenheimer approximation):

Changes in energy due to changing the electronic state are far larger than those due to changing the

nuclear state.

Under this approximation, electronic relaxation happens far faster than nuclear motion, and so the coefficients

cijrn become independent of the nuclear state, and can be replaced with universal coefficients cjrn , which

are simple thermal weightings. As such, the eigenstates become

ψi(r
n, re) =

ψn
i (rn)

∑
j

cjrnψ
e
jrn(re)

 . (2.4)

This allows the Schrödinger equation to be decoupled and solved in two parts. Firstly, the electronic

Schrödinger equation is solved at fixed rn,

〈rn|H(rn, re) |rn〉ψe
jrn(re) = Ee

jrnψe
jrn(re) , (2.5)

which gives the electronic states and the corresponding energies. The energies can then be used to calculate

{cjrn}.

Taking the expectation of the Hamiltonian with respect to the electronic states gives the Born-Oppenheimer

Hamiltonian HB-O(rn), defined as

HB-O(rn) =
∑
j

cjrn 〈ψe|jrn H(rn, re) |ψe〉jrn . (2.6)

Secondly, the nuclear Schrödinger equation is solved using HB-O,

HB-O(rn)ψn
i (rn) = En

i ψ
n
i (rn) . (2.7)
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There are many ways of finding or approximating the solution to equation 2.5, collectively known as electronic

structure methods. A number of these methods will be detailed in section 3.3.1. This work will focus on

equation 2.7 only, and it will simply be assumed that equation 2.5 can be solved to some approximation. The

accuracy of that approximation will affect the accuracy of the overall calculation, but no further consideration

of this will be made.

While there exist methods which do not assume the Born-Oppenheimer approximation [57–60], these are gen-

erally significantly more computationally expensive than the methods which do assume this approximation,

and should only be used for systems where the Born-Oppenheimer approximation is not appropriate.

The Born-Oppenheimer potential energy surface

The Born-Oppenheimer Hamiltonian can be separated into two parts,

HB-O = T n + V B-O . (2.8)

The nuclear kinetic energy T n is unchanged from its previous definition, but the operator V B-O is new. This

is the Born-Oppenheimer potential energy surface (PES). It defines the effective nuclear potential which

includes the mean field effect of the electrons.

The remainder of this work will focus on the Born-Oppenheimer Schrödinger equation, and so the superscripts

n and B-O will be dropped, and all references to co-ordinates, Hamiltonians and potentials will refer to

nuclear co-ordinates, Born-Oppenheimer Hamiltonians and Born-Oppenheimer potentials respectively, unless

stated otherwise.

The Born-Oppenheimer approximation assumes that there is no correlation between the electronic and

nuclear motion in the system. This is always an approximation, but there are systems where this ap-

proximation holds better than others [61]. In many systems, in particular most wide-gap insulators, the

Born-Oppenheimer approximation is highly accurate, and the corrections to this approximation can gen-

erally be neglected. In some systems, including many conventional superconductors [30], there is some

electron-phonon correlation, but this can be accounted for using perturbative methods. In other systems

the electron-phonon correlation is so strong that perturbative methods are not sufficient to produce accurate

results [57]. In these systems, methods based on the Born-Oppenheimer approximation cannot be used, and

other techniques must be used instead.
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2.1.3 The static-lattice approximation

Having taken the Born-Oppenheimer approximation, there are many ways of modelling the motion of the

nuclei in the PES. The simplest of these is the static-lattice approximation, which assumes that the nuclei

are entirely motionless classical particles at zero temperature.

Under this approximation, the energy U and free energy F of the system are simply the value of the PES

at the nuclear configuration, U = F = V (r). The structures which are stable under the static-lattice

approximation are those for which the free energy is minimised, and so the static-lattice configurations of

these structures are those which minimise V (r). Structures which are stabilised by vibrational effects may

be at PES minima, but may also be at saddle points of the PES [62, 63].

The static-lattice approximation is a gross approximation, but it is also the approximation which is the

easiest to calculate. As such, many computational methods use this approximation as a first guess for the

free energy [21]. Since the contribution to the free energy from nuclear motion is typically much smaller

than that of the electronic structure, this approximation is often good enough to separate systems into those

with a low enough free energy that they might be stable, and those whose free energy is so high that they

will be unstable regardless of their vibrational properties [10].

There are many limitations to the static-lattice approximation. Since the nuclear motion is modelled as

entirely stationary, independent of temperature, many quantities cannot be calculated, including heat ca-

pacities, thermal conductivities, transport coefficients, scattering coefficients and many others. Additionally,

since the nuclei are modelled as classical particles, their zero-point motion is not taken into account. This

means that the modelled free energy is typically an underestimate of the true value, even at zero tempera-

ture. Finally, and perhaps most problematically, under the static-lattice approximation the nuclear entropy

is always zero, meaning that this approximation cannot meaningfully be used for any thermodynamic cal-

culations.

The static-lattice approximation provides a useful theoretical tool: the static-lattice co-ordinate r0. This is

the 3N -dimensional co-ordinate describing the nuclei in their static-lattice configuration, which is always a

stationary point of the PES. This co-ordinate is one of the building blocks of the notation which is used to

describe all models of nuclear motion. The energy of the system at the static-lattice co-ordinate, V (r0), is

the static-lattice energy, and is the energy relative to which all other energies in this work will defined.
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2.1.4 The vibrational approximation

While the static-lattice approximation is overly restrictive, it is still necessary to make a number of assump-

tions about the nature of nuclear motion before it becomes possible to model that motion. The first such

approximation is that crystals are perfectly elastic solids. There are a number of equivalent definitions of

this approximation, but the most natural in this context is

Approximation 2 (Perfect elasticity):

The nuclear co-ordinate r is confined to a bounded region of phase space.

This region of space will be assumed to include the static-lattice co-ordinate r0. There are a number of

consequences to this approximation, including that there can be no flux of material over time.

Defining the minimum value of the PES within this region as Vmin = minr V (r), the elastic approximation is

reasonable provided that the region is bounded by a closed contour V (r) = Vboundary, where Vboundary−Vmin

is much larger than the temperature T and the zero-point energy of the system. This is because the bounded

region is then a well-defined potential well, and, neglecting quantum tunelling, the system in equilibrium

will have such a small nuclear density in the region beyond the boundary that this can be neglected.

For systems which do not have a well-defined potential well, the elastic approximation is a bad one. This

includes all fluids, and also includes solid systems with mobile nuclei, such as host-guest structures with

mobile ions [64] and some quasiperiodic structures [65]. Such systems should be modelled using other

methods. For reasons of practicality, this limitation also applies to systems where the potential well contains

a large region of phase space, for example systems containing large flexible molecules which are free to

contort.

Even for systems where the elastic approximation is reasonable, it is never a perfect approximation. The

PES is modelled as a potential well around a single minimum, where in reality by translational symmetry

the PES must consist of an infinite lattice of identical wells about identical minima. Nevertheless, this

approximation is sufficient to calculate many properties of crystals to high accuracy [45].

2.1.5 The perfectly periodic approximation

In addition to modelling crystals as perfectly elastic, this work will also model crystals as perfectly periodic.

This means each crystal is composed of infinite copies of a fixed motif of atoms, tiled in a regularly repeating

pattern throughout space.

Each atom in the motif is labelled with an index j, running from 1 to n, where n is the number of atoms in
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the motif. Each atom is defined by its atomic species, zj , and its static-lattice co-ordinate, r0
j .

The position of each atom is described by a 3-dimensional co-ordinate rj , and the vector of all such co-

ordinates is the nuclear co-ordinate r. As a consequence of approximation 2, each co-ordinate rj is confined

to a bounded region of 3-dimensional cartesian space, and that bounded region contains r0
j .

In three dimensions, the tiling is defined by three vectors, R̂1, R̂2 and R̂3, collectively known as the primitive

lattice vectors of the crystal. These vectors are linearly independent, and form a basis for the lattice vectors,

or R-vectors, of the crystal, defined as

Definition 1 (Lattice vectors):

The lattice vectors R are linear combinations of the primitive lattice vectors, R = R1R̂1+R2R̂2+R3R̂3,

with integer coefficients {Ri}.

It is useful to define the crystal lattice matrix L, which is a real-valued 3 × 3 matrix whose rows are the

primitive lattice vectors of the crystal. This matrix is useful for defining various properties of the crystal.

Given the definition of the lattice vectors, it is natural to define the periodic approximation as

Approximation 3 (Perfect periodicity):

For every lattice vector R and every atom j with static-lattice position r0
j there is an atom, k, of the

same species, zk = zj , with the static-lattice position r0
k = r0

j + R.

The periodic approximation is also always wrong, since physical crystals all have finite extent. However, the

differences between the properties of finite physical crystals and infinite theoretical crystals, known as finite

size effects, are usually negligible for macroscopic crystals [66], and calculating finite size effects is often

much harder than calculating properties under the periodic approximation.

Primitive cells

Starting at an arbitrary origin, the R-vectors describe a lattice of points throughout space. These points can

be used to divide all of space into smaller volumes, each of which contains a single motif of atoms. These

volumes of space are called primitive cells, defined as

Definition 2 (Primitive cells):

The primitive cell with label R is the space r = R + r1R̂1 + r2R̂2 + r3R̂3 with coefficients satisfying

0 ≤ ri < 1.

Each primitive cell is a parallelepiped containing n nuclei, which form a single motif. The volume of a
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primitive cell can be calculated as the determinant of the lattice matrix, |L|. The R-vectors and unit cells

in a section of a crystal are depicted in figure 2.1.

Figure 2.1: A section of a crystal, showing the unit cells as black boxes and the primitive R-vectors as grey
arrows.

2.2 Periodic co-ordinates

2.2.1 Labelling directions

An arbitrary atom is defined by its index within the motif, j, and the R-vector R of the primitive cell

which contains the static lattice position r0
j . Variables associated with a given atom will be subscripted with

these labels. For example, the nuclear position r of the atom at R-vector R with index j is written as the

three-dimensional vector rR,j .

When discussing vector quantities, it is convenient to also include the cartesian direction α [67] along with the

atomic labels R and j, so that the labelled quantity becomes a scalar. For example, the nuclear co-ordinate

of atom j at R-vector R in the α direction is written rR,j,α. To simplify the notation, these three quantities;

atomic label, R-vector and cartesian direction; will be bundled into a single label vector, ρ = (j,R, α) [68].

For convenience, this label will be used even when only some of its components are needed. For example,

the species of an atom might be labelled zρ, even though the labels R and α are superfluous. In addition, it

can be useful to label the components of a given label, where for example the R-vector Rρ is the R-vector

in the label ρ. To avoid cluttering equations, this label will regularly be implied, for example in the sum∑
ρ e

2πiR ·q it should be assumed that R = Rρ.

2.2.2 Mass-weighted displacement co-ordinates

Rather than describing the nuclei using the origin-dependent co-ordinate r, it is convenient to define a

co-ordinate system relative to the static-lattice co-ordinate r0.

For reasons which will be detailed in section 2.2.10, it is also convenient to weight this co-ordinate system

by the atomic masses, to give
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Definition 3 (Mass-weighted displacement co-ordinates):

The mass-weighted co-ordinate dρ =
√
mρ(rρ − r0

ρ), where mρ is the mass of the atom with label ρ.

Each displacement dρ has a corresponding unit vector d̂ρ. The cartesian co-ordinate is related to the

displacement co-ordinate as

r = r0 + d = r0 +
∑
ρ

dρd̂ρ . (2.9)

The displacement co-ordinate for a single atom is shown in figure 2.2.

Figure 2.2: An atom moving in a bounded potential well. The dashed outline represents the static-lattice
position of the atom, r0

ρ. The solid circle represents the position of the atom itself, rρ. The black arrow
shows the displacement vector of the atom, rρ − r0

ρ. The turquoise curve represents the boundary contour
V (rρ) = Vboundary.

2.2.3 Plane-wave co-ordinates

A crystal can be described in terms of the motions of single nuclei using the displacement co-ordinates dρ,

but for many purposes it can be more convenient to describe the crystal in terms of the collective motions

of many nuclei at once. A particularly natural description, which takes advantage of the periodicity of the

crystal, is that of periodic plane-wave co-ordinates.

There are two possible definitions of plane-wave co-ordinates. The definition adopted here is that of complex

plane-wave co-ordinates, defined such that the atomic displacements due to motion along a single periodic

co-ordinate are described by

dρ ∝ e−2πiq·Rρ , (2.10)

where q is a vector which labels the periodicity of the periodic co-ordinate, the wavevector of the plane wave.

The other definition of periodic co-ordinates, which will not be used here, is that of real plane-wave co-

ordinates, which replace e±2πiq·Rρ with sin(2πq ·Rρ) and cos(2πq ·Rρ). The two choices of co-ordinates

have different benefits in different situations. Complex plane-wave co-ordinates will be used here because

they interact more naturally with symmetry [13] and size consistency [14], as detailed in sections 4.1 and 4.2
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respectively.

In order to form a complete basis for a system containing N primitive cells, it is necessary to define a plane-

wave basis containing N distinct wavevectors. This set of wavevectors are the q-points of the system. The

choice of wavevectors for a given system will be discussed further in section 2.3.

2.2.4 Normal-mode co-ordinates

In a 3-dimensional system containing n atoms in the primitive cell, there are 3n plane waves at each q-point.

These waves are labelled by an integer k, known either as the mode index or as the phonon band index. Just

as the R, j and α labels for real-space displacements can be combined into a single label ρ, the q and k

labels for plane-wave displacements can be combined into a single label χ.

Each plane-wave can be defined in terms of a directional unit vector ûχ and the corresponding displacement

uχ. These are typically chosen to diagonalise some harmonic potential, as described in section 3.2.1. As

such, the uχ co-ordinates describe the normal modes of the harmonic potential, and are named as such.

Definition 4 (Normal-mode co-ordinates):

The normal-mode co-ordinates uχ are defined as uχ = 1
N

∑
ρ U
∗
jαqk e

2πiq·Rdρ, where U is a unitary

matrix.

The reverse transformation is dρ =
∑
χ Ujαqk e

−2πiq·Ruχ, and the matrix U satisfies
∑
jα UjαqkUjαqk′ = δkk′

and
∑
k UjαqkUj′α′qk = δjj′δαα′ .

This choice of normalisation means that displacements in normal-mode co-ordinates are independent of the

number of primitive cells being simulated, N . If normal-mode co-ordinates were otherwise normalised then

the values uχ would change as the system size changed. That displacements are invariant to changes of N

does not imply that all functions of {uχ} are likewise invariant. This will be discussed in detail in section

4.2.3.

Just as with real-space displacements, the collective nuclear co-ordinates of the crystal can be uniquely

defined in normal-mode co-ordinates as

r = r0 + u = r0 +
∑
χ

uχûχ . (2.11)
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2.2.5 Reciprocal space

Crystals are periodic in real space. One consequence of this is that if all displacements dR,j,α are transformed

to dR +x,j,α for some fixed vector x, then the crystal is invariant if x is an R-vector of the crystal.

Crystals are also periodic in the space of plane waves, known as reciprocal space [12]. If all displacements

uq,k are transformed to uq+x,k for some fixed vector x, there exists a set of values of x for which the crystal

is again invariant. These values of x are labelled G, and are known as the reciprocal lattice vectors, or

G-vectors, of the crystal.

Just as all R-vectors can be described as sums of primitive R-vectors with integer coefficients, R = R1R̂1 +

R2R̂2 +R3R̂3, so too can G-vectors be described as sums of primitive reciprocal lattice vectors with integer

coefficients,

Definition 5 (Reciprocal lattice vectors):

The reciprocal lattice vectors G are linear combinations of the primitive reciprocal lattice vectors,

G = G1Ĝ1 +G2Ĝ2 +G3Ĝ3, with integer coefficients {Gi}.

Where the primitive R-vectors are the rows of the crystal lattice matrix L, the primitive G-vectors are the

rows of the matrix L−T , known as the reciprocal lattice matrix of the crystal. The primitive R- and G-vectors

satisfy the relation Ĝi · R̂j = δi,j .

2.2.6 Fractional co-ordinates

Real space co-ordinates can either be expressed in cartesian co-ordinates defined in terms of fixed unit vectors

x̂, ŷ and ẑ, or in fractional co-ordinates defined in terms of the primitive lattice vectors R̂1, R̂2 and R̂3.

Equally, co-ordinates in reciprocal space can either be expressed reciprocal co-ordinates in terms of fixed

reciprocal unit vectors, or in fractional reciprocal co-ordinates in terms of the primitive reciprocal lattice

vectors Ĝ1, Ĝ2 and Ĝ3

These two co-ordinate systems can be transformed between using the crystal lattice matrix, L. If rc is a

cartesian co-ordinate and rf is the fractional co-ordinate corresponding to the same location then

rc = LT rf . (2.12)

Equivalently, in reciprocal space if a qr is a q-point in reciprocal space and qf is the same q-point in fractional

reciprocal co-ordinates then

qr = L−1qf . (2.13)
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2.2.7 The reciprocal primitive cell

The invariance of the crystal to reciprocal-space translations under arbitrary G-vectors leads to a redundancy

in the definition of a q-point. Namely, displacing the crystal by the plane wave uq,k is equivalent to displacing

the crystal by the plane wave uq+G,k for any G-vector G.

As such, all q-points which differ only by a G-vector are exactly equivalent, and it is only necessary to

consider one q-point from each equivalent set. There are many ways to select a set of q-points such that

every q-point is accounted for but without selecting two or more equivalent q-points. A natural choice for

this is the set of q-points within a region of reciprocal space called the reciprocal primitive cell [69]

Definition 6 (The reciprocal primitive cell):

The reciprocal primitive cell is the set of q-points whose coefficients in fractional reciprocal co-ordinates

satisfy − 1
2 < q ≤ 1

2 .

Just as the primitive cell forms a parallelepiped in cartesian space, the reciprocal primitive cell forms a

parallelepiped in reciprocal space. A primitive cell and a reciprocal primitive cell are depicted in figure 2.3.

Figure 2.3: A primitive cell and a reciprocal primitive cell.
Left: a primitive cell in fractional co-ordinates, outlined in grey. The black dots represent R-vectors.
Right: a reciprocal primitive cell in fractional reciprocal co-ordinates, shown in grey. The black dots represent
G-vectors, and the turquoise dots highlight the q-points which are their own pairs.

2.2.8 Paired q-points

The nuclear co-ordinate of a crystal whose atoms have been displaced along a single plane wave co-ordinate

is in general complex. This is of course unphysical, since atomic co-ordinates can only take real values.

In order to recover real-valued co-ordinates, it is first necessary to define, for each q-point q, the q-point q

such that q + q is a G-vector. This is known as the paired q-point of q. Most q-points have a distinct paired

q-point, but there are eight q-points for which q = q. The q-points which are paired with themselves are

those whose coefficients in fractional co-ordinates are all 0 or 1
2 , i.e. the eight vertices of the positive octant

of the reciprocal primitive cell. Four of these q-points are depicted in figure 2.3, and the other four q-points

lie out of the plane of that figure.
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Once paired q-points have been defined, the mode transformations Ujαqk can then be constrained such that

Ujαqk = U∗jαqk. Then the kth mode at q is the paired mode to the kth mode at q. The paired mode to

mode χ is labelled χ. Modes at q-points for which q = q are their own pairs, χ = χ.

Real-valued co-ordinates can be recovered by insisting that for every displacement uχ there is a matching

displacement along the paired mode of uχ = u∗χ. This has consequences for modes which are their own pairs,

since displacements along such modes must then be real.

2.2.9 Transforming between displacement and plane-wave co-ordinates

With the definition of paired modes, the transformation between real-space displacements and plane-wave

displacements can be simplified. Defining the transformation matrix

Uρχ = Ujαqk e
−2πiq·R , (2.14)

which obeys Uρχ = U∗ρχ,
∑
χ UρχUρ′χ = Nδρρ′ and

∑
ρ UρχUρχ′ = Nδχχ′ , the co-ordinate transformations

simplify to

dρ =
∑
χ

Uρχuχ (2.15)

and

uχ =
1

N

∑
ρ

Uρχdρ . (2.16)

2.2.10 Working with normal-mode co-ordinates

When working with normal-mode co-ordinates, it is necessary to express physical quantities in terms of these

co-ordinates. For simple functions of the co-ordinates f(r) which do not depend on the derivatives of r, this

is a simple case of transforming from r co-ordinates to d co-ordinates and then to u co-ordinates.

For quantities which depend on derivatives, in particular the kinetic energy, this is a little more complex.

Additionally, normal-mode co-ordinates are not a unitary transformation of cartesian co-ordinates, and so a

non-trivial Jacobian must be included when performing integration in these co-ordinates.
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The kinetic energy

In cartesian co-ordinates, the kinetic energy operator is given by [26]

T =
∑
ρ

− 1

2mρ

∂2

∂rρ2
, (2.17)

where mρ is the mass of the atom indexed by ρ.

Transforming into mass-reduced co-ordinates, the mass dependence of the kinetic energy is absorbed by the

co-ordinate system, and so the kinetic energy becomes

T =
∑
ρ

−1

2

∂2

∂dρ
2 . (2.18)

This is the reason for mass-weighting the co-ordinates: the mass dependence of the kinetic energy is auto-

matically accounted for.

Transforming into normal-mode co-ordinates, the kinetic energy becomes

T =
∑
χ

χ=χ

− 1

2N

∂2

∂uχ2
+
∑
χ

χ 6=χ

− 1

2N

∂2

∂uχ∂uχ
, (2.19)

where N is the number of primitive cells in the simulation.

In each term in the kinetic energy where a mode uχ appears, its paired mode uχ also appears, and the two

cannot be separated. As a result, whenever a mode is considered its pair must also be considered and the two

cannot truly be regarded as independent. If real plane-wave co-ordinates had been used instead of complex

plane-wave co-ordinates then the kinetic energy would separate into a sum of single-mode terms. However,

this would not imply that the Hamiltonian was separable, as in general the potential energy is not separable

in either co-ordinate system. This will be detailed further in section 4.1.

Integration and the Jacobian

When performing integration in cartesian co-ordinates r, no Jacobian is needed.

Transforming to mass-weighted displacement co-ordinates d, the mass-weighting introduces a Jacobian factor

of

J =

∣∣∣∣ ∂r

∂d

∣∣∣∣ =
∏
ρ

1
√
mρ

, (2.20)

where mρ is the mass of the atom with label ρ.
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The transformation from displacement co-ordinates to normal-mode co-ordinates introduces a factor of

J =

∣∣∣∣∂d

∂u

∣∣∣∣ =
∏
ρ

√
N , (2.21)

where N is the number of primitive cells being simulated. It should be noted that this does not depend on

the unit vectors of the normal modes, as every choice of unit vectors is a unitary transformation of any other

choice.

Combining the two transformations, the Jacobian for any integration in normal-mode co-ordinates is

J =
∏
ρ

√
N

mρ
. (2.22)

2.3 Supercells

When modelling crystals it is necessary to consider configurations in which the nuclei are in different positions

in different primitive cells. In order to simulate such configurations, it is necessary to construct collections

of multiple primitive cells called supercells.

Each supercell is defined by the supercell matrix S, whose elements are integers. A supercell has a lattice

matrix LS , defined in terms of the primitive cell lattice matrix L as LS = S · L. The rows of this matrix

are the supercell lattice vectors. Fractional supercell co-ordinates can be defined analogously to primitive

fractional co-ordinates, as the coefficients of a vector whose basis vectors are the supercell lattice vectors.

Definition 7 (Supercells):

A supercell is the region of space with co-ordinates in fractional supercell co-ordinates with coefficients

r satisfying 0 ≤ r < 1.

Just like the primitive cells, each supercell describes a parallelepiped in cartesian space.

Just as the primitive lattice vectors can be used to define the R-vectors of the primitive cell, the supercell

lattice vectors can be used to define the set of supercell R-vectors, which are linear combinations of the

supercell lattice vectors with integer coefficients. Every supercell R-vector is also an R-vector of the primitive

cell.

When performing calculations using a given supercell, each point in space within the supercell is treated

identically to an infinite set of points called the images of that point,

Definition 8 (Supercell images):
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The images of a point r1 are those points r2 satisfying r2 − r1 = R for some supercell R-vector R.

The images of a given point are defined with respect to a given supercell. When no supercell is specified, it

should be assumed that the images of a given point refer to the images with respect to the primitive cell.

Each supercell contains a number of R-vectors equal to the size of the supercell, N , which can be calculated

as the determinant of the supercell matrix, N = |S|. The volume of the supercell is exactly N times the

volume of the primitive cell, and the supercell contains exactly N images of every point in the primitive cell.

2.3.1 Reciprocal subcells

The reciprocal lattice of each supercell is a subcell of the reciprocal primitive cell. Where the supercell is

bounded by the supercell lattice vectors, the subcell is bounded by the subcell reciprocal lattice vectors, which

are the rows of the supercell reciprocal lattice matrix LS
−T = S−TL−T .

While the supercell is N times larger than the primitive cell, the subcell is N times smaller than the reciprocal

primitive cell. For every point in reciprocal space within the subcell, the reciprocal primitive cell contains

N images of that point with respect to the subcell, where subcell images in reciprocal space are defined

analogously to supercell images in real space.

Since all of the images of a given supercell are treated identically, it is only possible to simulate the crystal

at a given displacement uχ using a given supercell if the q-point qχ takes one of a finite number of values,

known as the q-points which are commensurate with the supercell [70],

Definition 9 (Commensurate q-points):

A q-point q is commensurate with a supercell S if q can be written as a linear combination of the

subcell reciprocal lattice vectors with integer coefficients.

For each supercell, there are N q-points within the reciprocal primitive cell which are commensurate with

that supercell. This always includes the Γ-point, q = 0.

When simulating a displacement u =
∑
χ uχûχ, the supercell used must be commensurate with the entire

set of q-points qχ corresponding to non-zero displacements uχ [70]. Figure 2.4 shows two supercells and

their corresponding Brillouin zone subcells.
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Figure 2.4: Supercells and subcells.
Left: Real space. Primitive unit cells are shown as black squares, and the supercells with supercell matrices
( 1 0

0 3 ) and
(

1 2
1 −1

)
are shown as teal and orange parallelograms respectively. The distinct R-vectors within

the supercells are shown as coloured arrows.
Right: Reciprocal space. The irreducible Brillouin zone is shown as a grey square, with the q-points which
are commensurate with a supercell with supercell matrix ( 3 0

0 3 ) are shown as black circles. The Brillouin
zone subcells corresponding to the supercells as the left figure are shown, with coloured arrows showing the
q-points which are commensurate with these supercells.

2.3.2 Wigner-Seitz cells

While a given primitive cell or supercell is useful defenition of a particular set of points in real space, the

choice of a parallelepipedal volume is for mathematical convenience rather than for physical meaning. In

order to run calculations using supercells, it is important to define another kind of cell, the Wigner-Seitz

cell.

A Wigner-Seitz cell is defined with reference to a given supercell and a given origin in cartesian co-ordinates.

Definition 10 (Wigner-Seitz cells):

The Wigner-Seitz cell contains exactly one image of every point in the reference cell, which is chosen

as the image which is closest in cartesian co-ordinates to the reference origin.

For points which lie on the boundary of the Wigner-Seitz cell, such that multiple images are equally close

to the origin, the choice of which images are included in the cell will depend on how the Wigner-Seitz

cell is being used. In calculations which involve summing or integrating across the Wigner-Seitz cell, the

contribution from each point on the boundary of the cell is typically taken as the average contribution from

all images of that point which lie on the boundary. A Wigner-Seitz cell is depicted in figure 2.5.
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Figure 2.5: The black box depicts the Wigner-Seitz cell for the supercell with supercell matrix ( 2 0
0 2 ), centred

on the starred atom. The atoms which lie outside the Wigner-Seitz cell are partially transparent. Each grey
box is a single primitive unit cell.

2.3.3 Born-von Karman boundary conditions

It is not possible to model the entirety of an extended system, as this would require the simulation of an

intractable number of atoms [13]. Instead, such systems are modelled by expoiting the fact that inter-atomic

interactions weaken with increasing distance [71]. This means that pairs of atoms which are sufficiently

separated from one another can be approximated as non-interacting, which in turn means that simulating

the properties of a finite section of the system will give an approximation of the properties of the entire

system. As the size of the finite section is increased this approximation will improve, tending asymptotically

to being correct in the limit of an infinitely large supercell [72].

The natural choice of finite sections in a periodic crystal are the supercells. A supercell can be simulated in

isolation using Born-von Karman periodic boundary conditions [12, 72],

|ψ(r + R)〉 = |ψ(r)〉 , (2.23)

which must hold for every supercell R-vector R. Using periodic boundary conditions ensures that the local

environment of every atom in the supercell is the same as it would be in the extended crystal.

A simulation of a supercell using periodic boundary conditions can be converted to a simulation of the whole

system by approximating the inter-atomic interactions as finite ranged [13],

Approximation 4 (Finite ranged interactions):

Each atom only interacts with other atoms in the Wigner-Seitz supercell centred on that atom. For

atoms on the boundary of the supercell, the interaction is divided equally between all images of that

atom on the boundary of the supercell.
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It should be noted that simulations using periodic boundary conditions are only appropriate for systems

which are electrically neutral and which have no net electric or magnetic dipole moment. For systems which

are not electrically neutral, the long-ranged nature of the Coulomb interactions means that the size of the

finite section which must be simulated in order to accurately approximate the full system is too large for

calculation to be tractable. For systems with a finite dipole moment, the long-ranged nature of the dipole-

dipole interaction is again a problem, although less of a problem than for the Coulomb interaction, and in

addition the periodicity of the system is broken. For some materials, the effect of this is small enough to be

treated as a perturbative correction to a periodic simulation [27, 68].

2.3.4 Hierarchical supercell simulations

In order to simulate the properties of a crystal in a given Born-von Karman supercell, it is not always

necessary to simulate the full supercell explicitly. Rather, the properties of the full supercell can often be

re-constructed from the simulation of multiple smaller supercells [26]. Methods which take advantage of this

are known as hierarchical supercell methods [13]. Such methods will be used extensively in this work.

The advantage of simulating a large supercell implicitly via many explicit simulations of smaller supercells is

that electronic structure calculations have a computational cost which increases with the number of electrons

in the simulation, and in some cases this cost scaling can be very unfavourable [20]. As such, the increased

cost of running multiple calculations is often more than compensated for by the lower cost of running smaller

calculations.

2.4 Symmetry

One of the most fundamental properties of a crystal is its symmetry. Every crystal is invariant under at

least translational symmetry, and many crystals are also invariant under a variety of symmetries, consisting

of combinations of rotations, reflections and translations.

2.4.1 Crystal symmetries

Crystal symmetries are operators, S, defined in terms of a unitary rank 2 tensor S and a vector s, which act

in 3-dimensional space as [73]

Sr = S · r + s . (2.24)
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The tensor and vector are referred to as the rotation and translation of the symmetry respectively, although

it is worth noting that the tensor may describe an improper rotation (a rotation followed by an inversion).

The crystal symmetries of a given crystal are those symmetries which map the static lattice co-ordinate r0
ρ

of every atom onto the static lattice co-ordinate of an atom of the same species,

Sr0
ρ = r0

ρ′ s.t. zρ = zρ′ ∀ ρ . (2.25)

In cartesian co-ordinates, S is a unitary tensor. In fractional co-ordinates, S is a tensor with integer elements.

The set of rotations of all of the crystal symmetries forms a finite group. One consequence of this is that for

every crystal symmetry S, the inverse symmetry S = S−1 is also a crystal symmetry.

Crystal symmetries are relevant because the Hamiltonian of a given crystal is invariant under every symmetry

of that crystal, i.e. [H,S] = 0. Among other consequences, this means that if the symmetry operator acts

on a crystal in thermal equilibrium, then all observables are unchanged.

Only a subset of the crystal symmetries have reasonable representations in displacement co-ordinates. In

general, a symmetry operator which acts on a crystal whose atoms are all close to their static lattice positions

will not produce a crystal whose atoms are close to those same static lattice positions. Rather, each atom

will now be close to the static lattice position of some other atom of the same species.

This work will only consider symmetries which preserve the absolute displacement of the nuclei from the

static-lattice configuration, |u|. While all other symmetries are neglected, their potential future applications

will be discussed in section 8.1.

2.4.2 Re-labelling atoms

In addition to being invariant under crystal symmetries, crystals are also invariant under the re-labelling of

their atoms, provided each atom is re-labelled as an atom of the same species [68]. For example, if the atoms

with labels ρ and ρ′ are of the same species, then the crystal with rρ = r1 and rρ′ = r2 is identical to the

crystal with rρ = r2 and rρ′ = r1. This is of course a mathematical operation rather than a physical one.

This re-labelling can be combined with a symmetry operator which does not preserve |u| in order to construct

an operator which does preserve |u|. These combined operators first act as a crystal symmetry, before re-

labelling the atoms in such a way that the combined operator maps each static-lattice position onto itself.

The action of these combined operators is shown in figure 2.6.

In order to work with such operators, it is necessary to keep track of the re-labelling of atoms associated

with each symmetry. For this, it is necessary to briefly drop the ρ notation and return to (R, j) notation for
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Figure 2.6: A symmetry which translates each atom to the right. The solid circles represent atomic posi-
tions, and the hollow circles represent static-lattice positions. The black arrows are the displacement vectors
between the static-lattice position and the current position of each atom.
Left: atoms before the action of the symmetry. Each atom is at a small displacement from its static-lattice
position.
Centre: atoms after the action of the symmetry but before re-labelling. The atoms are now at large dis-
placements from their static-lattice positions.
Right: atoms after the action of the symmetry and re-labelling. The atoms have been returned to small
displacements from their static-lattice positions.

atomic labelling.

Prior to re-labelling, symmetry S maps atom (R′, j′) onto atom (R, j). It is convenient to define (R′, j′) ≡
S(R, j).

The mapping of atom indices j is independent of R, and so it is further convenient to define j′ ≡ Sj.

The R-vector R′ is simply the vector between the static-lattice co-ordinate Sr0
R,j ≡ r0

S(R,j)
and the static-

lattice co-ordinate of the image of that atom with R = 0, r0
(0,Sj),

r0
S(R,j)

= R′ + r0
(0,Sj) . (2.26)

By definition,

r0
(R,j) = Sr0

S(R,j)
= S · r0

S(R,j)
+ s , (2.27)

and combining the two equations gives

r0
(R,j) = S ·R′ + S · r0

(0,Sj) + s . (2.28)

It is convenient to denote the quantity Rj = r0
S(0,Sj) − r0

0,j . This is the R-vector from atom (0, j) to the

image of that atom which is reached by acting with symmetry S on atom (0, j′).

With this definition, noting that r0
(R,j) = r0

(0,j) + R, the R-vector R′ can conveniently be written as R′ =

S−1 · (R−Rj). This vector is shown in figure 2.7.

39



Figure 2.7: The R-vector Rj for a clockwise rotation of 90◦ about the origin.
The origin r = 0 is at the centre of the figure, and the primitive unit cell at R = 0 is the top-right cell, outlined
in black. The coloured circles represent atoms, all of which have the same species regardless of colour. The
atoms (0, j) and S(0, j) are shown in turquoise, in the top-right and bottom-right cells respectively. Atoms
(0,Sj) and S(0,Sj) are shown in pink, again in the top-right and bottom-right cells respectively. The
R-vector Rj is shown as the black arrow.

2.4.3 Symmetries in normal-mode co-ordinates

When combined with the appropriate re-labelling, each symmetry acts in cartesian co-ordinates as

SrR,j = S · r(S−1·(R−Rj),Sj) + s . (2.29)

Expanding the cartesian co-ordinates into displacement co-ordinates gives

S
(
r0

R,j + dR,j

)
= S · (r0

(S−1·(R−Rj),Sj) + d(S−1·(R−Rj),Sj)) + s . (2.30)

Noting that every combined symmetry leaves the static-lattice co-ordinate invariant, Sr0
(R,j) = r0

(R,j), this

can be simplified to give

SdR,j = S · d(S−1·(R−Rj),Sj) . (2.31)

This is the reason for combining symmetries with re-labelling; rather than acting on atoms, the combined

symmetries can be thought of as acting directly on atomic displacements. Under the action of the symmetry,

the displacement of each atom is simply replaced with the displacement of a different atom, transformed by

S.

Moving to periodic co-ordinates,

Sxq,j =
1

N

∑
R

e2πiq·RSdR,j

=
1

N

∑
R

e2πiq·RS · d(S−1·(R−Rj),Sj)

=
1

N

∑
R

e2πiq·Rje2πiq·S·S−1·(R−Rj)S · d(S−1·(R−Rj),Sj)

= e2πiq·RjS · xq·S,Sj ,

(2.32)

and so the symmetry simply maps a periodic displacement at atom j and q-point q onto a periodic dis-
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placement at atom Sj and q-point q · S, transformed by S and with a phase factor which depends only on

q ·Rj .

Including the unitary mapping from periodic displacement co-ordinates to normal-mode co-ordinates, the

symmetry becomes

Suχ =
∑
χ′

Sχχ′uχ′ , (2.33)

where Sχχ′ is a unitary tensor whose only non-zero elements are between modes at q-points with q′ = q · S
[73].

2.4.4 Pure translations

Pure translations are a special case of crystal symmetry, with S = 1. In order to be a symmetry of a crystal,

a translation must have s = RS , where RS is an R-vector of the crystal. One consequence of this is that

Rj = RS , independent of j.

Thus, a pure translation acts in cartesian co-ordinates as

SrR,j = rR−RS ,j , (2.34)

which in displacement co-ordinates becomes

SdR,j = dR−RS ,j . (2.35)

This simple form continues into periodic co-ordinates,

Sxq,j = e2πiq·RSxq,j , (2.36)

and into normal-mode co-ordinates,

Suχ = e2πiq·RSuχ . (2.37)

This means that a pure translation is simply a q-dependent phase shift in normal-mode co-ordinates.

2.5 Summary

The approximations made of crystals; that they are perfectly periodic, perfectly elastic solids in which atoms

vibrate in equilibrium about fixed static-lattice co-ordinates; make it possible to describe them using the
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formalism of normal-mode co-ordinates and finite supercells with periodic boundary conditions. These ap-

proximations limit the systems to which the resulting models can be applied, but offer an accurate description

of the wide range of systems which can be modelled.

This formalism lays the groundwork for the remainder of this work. The Born-Oppenheimer Hamiltonian

is very naturally described in terms of normal-mode co-ordinates, and Born-von Karman supercells provide

an ideal method for constructing models of the PES from the underlying physical system. This sets the

stage for constructing, approximating and solving the nuclear Schrödinger equation, in order to calculate

free energies and other properties as desired.
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Chapter 3

The problem of free energy

Free energy is a thermodynamic potential which defines the amount of energy which is available to do work

at constant temperature [74]. Free energy is a relative quantity, and the free energy of a given system must

be defined with respect to some other reference system. If two different phases of the same material have

different free energies then the phase with the larger free energy can spontaneously decay into the other

phase, doing work equal to the free energy difference between the phases as it does so.

This means that the stability of a given phase is defined by its free energy; the lower the phase’s free energy,

the more stable it is [2, 22]. Calculating the free energy of all competing phases over an appropriate range

of thermodynamic conditions is thus sufficient to calculate the phase diagram of the system [24].

There are two kinds of free energy which will be considered here. The Helmholtz free energy, F , defines the

energy available at constant volume, and the Gibbs free energy, G, defines the energy available at constant

pressure. The Gibbs free energy can be calculated in terms of F and its derivatives with respect to the

crystal lattice vectors [22], and so this work will focus only on the calculation of F . Whenever free energies

are mentioned in the remainder of this work it should be assumed that this refers to F and not G, unless

otherwise specified.

The calculation of the free energy of a given crystal is a three-stage process [13]. Firstly, a representation of

the PES must be chosen. Secondly, the free parameters of this representation must be fitted using electronic

structure calculations. Finally, the free energy must be calculated from the PES representation.

The three stages are somewhat independent, although the choice of method for each stage places limitations

on the other stages. However, as each stage has associated costs and accuracies it is important to pick methods

which complement one another so as to avoid having an overall calculation with higher computational cost
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than necessary for its accuracy [21].

This chapter will first outline the underlying theory of calculating free energy exactly, along with reasons why

this theory must be approximated in practice. Secondly the simplest approximation to the free energy, the

harmonic approximation, will be detailed, along with a description of why this approximation is insufficient

for many purposes. Finally, the existing methods for each stage of the calculation beyond the harmonic

approximation will be reviewed.

3.1 Framing the problem

3.1.1 Calculation without approximation

Without making approximations, the free energy is calculated from the PES using quantum mechanics and

statistical mechanics [75].

Once the PES, V , has been mapped, it can be used to construct the Hamiltonian, H,

H = T + V , (3.1)

where T is the nuclear kinetic energy.

The eigenstates of the system can then be calculated using the non-relativistic, time-independent Schrödinger

equation,

H |ψ〉 = Eψ |ψ〉 , (3.2)

where each |ψ〉 is an eigenstate of the Hamiltonian, and each Eψ is the corresponding eigenenergy.

Once the eigenstates and eigenenergies have been calculated, the thermal weightings of the states, Pψ, are

calculated as Boltzmann factors,

Pψ =
e−Eψ/T∑
ψ e
−Eψ/T . (3.3)

This allows the calculation of the internal energy, which is the weighted expectation of the Hamiltonian,

U = 〈H〉 =
∑
ψ

〈ψ|PψH |ψ〉 , (3.4)
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and the entropy, given by the Gibbs formula,

S = −
∑
ψ

Pψ ln(Pψ) . (3.5)

The free energy can then be calculated from U and S as

F = U − TS . (3.6)

Finally, if the pressure p and volume Ω of the system are known, the Gibbs free energy is calculated as

G = F + pΩ . (3.7)

3.1.2 Calculation with approximation

The PES and vibrational eigenstates of a macroscopic crystal are functions with massive dimensionality, and

so calculating the free energy is intractable without making approximations [13].

As detailed in section 2.1.4, under the vibrational approximation it is only necessary to map a region of the

PES about the static-lattice configuration. As such, approximations to the PES can focus on accurately

capturing the PES in this region, while neglecting the features of the PES at larger distances from the

static-lattice configuration.

Similarly, the calculation of the free energy is dominated by the eigenstates of the Hamiltonian which have

the lowest energy, and the densities of these eigenstates are concentrated in the low-energy regions of the

PES, in the vicinity of the static-lattice configuration. As such, approximate free-energy methods focus only

on accurately capturing the behaviour of low-energy states in the low-energy region of the PES, neglecting

the states’ details outside of the low-energy region of the PES, and neglecting states with higher energies

entirely.

Different approximations lead to results which are applicable to different systems, and to results of varying

accuracy. For the approximations which are widely used, there is generally a trade-off where increasing

accuracy incurs increasing computational cost.
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3.1.3 Vibrational free energy

The PES is a relative quantity, defined only up to a constant offset. The thermodynamic potentials are

defined in terms of the PES, and so they inherit this offset. The offset is arbitrary, but must be defined

consistently between different systems.

It is natural to separate the thermodynamic potentials into their static-lattice values and the contribution

from the PES [34], as

F = V (r0) + F [V (u)] . (3.8)

Under this separation, it is natural to define arbitrary offset in the PES such that V (r0), the static-lattice

energy, is zero.

This work is only concerned with the calculation of F [V (u)], the vibrational free energy. Defining V (r0) = 0

removes the arbitrary offset from the vibrational free energy, and so this is an absolute quantity. The

calculation of V (r0), including its arbitrary offset, is left to the electronic structure method.

For the remainder of this work, all references to the calculation of the free energy will refer to the vibrational

free energy. The only time the static-lattice energy will be considered will be in the results section, when

the choice of electronic structure method has been made and it becomes necessary to calculate the full free

energy differences between different structures.

It should be noted that the separation of the free energy into a static-lattice component and a vibrational

component is only valid under the assumption that the Born-Oppenheimer approximation holds perfectly.

Small deviations from the Born-Oppenheimer approximation can be corrected for by adding temperature-

dependent electronic terms and electron-phonon coupling terms to the free energy [21, 76]. The details of

these terms depend on the electronic structure method, and will not be considered further here.

3.2 The harmonic approximation

3.2.1 The harmonic potential

The harmonic approximation is perhaps the simplest, and certainly the most widely used, approximation to

the PES. Under the harmonic approximation, the PES is expanded as a Taylor series in cartesian displacement

co-ordinates, and this Taylor series is truncated at the second order. This gives a very simple form for the

PES [2],

V =
∑
ρ1ρ2

V (2)
ρ1ρ2

dρ1
dρ2

, (3.9)
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where V
(2)
ρ1ρ2 are real coefficients.

Transforming to normal-mode co-ordinates, the potential becomes

V =
∑
χ1χ2

V (2)
χ1χ2

uχ1uχ2 , (3.10)

where V
(2)
χ1χ2 are complex coefficients, related to V

(2)
ρ1ρ2 by [67]

V (2)
χ1χ2

=
∑
ρ1ρ2

V (2)
ρ1ρ2

Uρ1χ1
Uρ2χ2

. (3.11)

The normal-mode co-ordinates are chosen such that they diagonalise the harmonic potential, i.e. such that

V
(2)
χ1χ2 is zero unless χ1 = χ2. As such, the PES becomes

V =
∑
χ

1

2
Nω2

χuχuχ , (3.12)

where ωχ =
√

2
N V

(2)
χχ is the frequency of the χ mode, and N is the size of the supercell used to define the

normal mode co-ordinates. This potential is simply a sum of single- and double-mode harmonic oscilla-

tors, where the single-mode oscillators correspond to modes with χ = χ, and the double-mode oscillators

correspond to modes with χ 6= χ.

3.2.2 Fitting the harmonic potential

The only free parameters in the harmonic potential are the coefficients V
(2)
ρ1ρ2 . These can be fitted simply by

calculating the matrix of second derivatives of the PES with respect to the atomic displacements. There are

many standard ways of doing this [29], including linear response methods which use perturbation theory to

calculate the derivatives directly, and finite displacement methods which use calculations of forces or energies

at small values of u to calculate the derivatives indirectly.

3.2.3 Free energy under the harmonic approximation

A major advantage of the harmonic potential is that the corresponding Schrödinger equation can be solved

analytically. The details of this are outlined in appendix A, and only the results will be presented here.
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The partition function for the harmonic Hamiltonian is [67]

Z =
∏
χ

2

sinh
(ωχ

2T

) , (3.13)

and so the internal energy is

U =
∑
χ

ωχ
2

coth
(ωχ

2T

)
(3.14)

and free energy is [2]

F =
∑
χ

T ln

(
1

2
sinh

(ωχ
2T

))
. (3.15)

3.2.4 Interpolating the harmonic potential

Another advantage of the harmonic approximation is that it is straightforward to interpolate from a calcula-

tion of a finite Born-von Karman supercell to a calculation of an infinite crystal [13], under the approximations

discussed in section 2.3.3.

Interpolation in displacement co-ordinates

The harmonic potential in displacement co-ordinates in the simulated supercell S is

V =
∑
ρ1ρ2
ρ∈S

V (2)
ρ1ρ2

dρ1
dρ2

, (3.16)

where the indices ρ1 and ρ2 run over all of the atoms in S.

Moving to a different supercell, S′, the potential becomes

V =
∑
ρ′1ρ
′
2

ρ′∈S′

V
(2)
ρ′1ρ
′
2
dρ′1dρ′2 , (3.17)

which has the same functional form as equation 3.16, but now the indices ρ′1 and ρ′2 run over all of the atoms

in S′.

Under the minimum image approximation [13], the coefficients Vρ′1,ρ′2 can be constructed as a linear combi-

nation of the coefficients Vρ1ρ2
, as

Vρ′1ρ′2 =
∑
ρ1ρ2
ρ∈S

θρ′1ρ′2ρ1ρ2
Vρ1ρ2

, (3.18)
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where θρ′1ρ′2ρ1ρ2
is the pairwise minimum image function, defined as

θρ′1ρ′2ρ1ρ2
=


0 if ρ′1 is not an image of ρ1 in S.

0 if ρ′2 is not a minimum image of ρ2 with respect to ρ′1 in S.

1/nρ1ρ2 otherwise

, (3.19)

where nρ1ρ2 is the number of images of ρ′2 which are minimum images with respect to ρ′1. It should be noted

that
∑
ρ′1ρ
′
2
θρ′1ρ′2ρ1ρ2

= 1 for all values of ρ1 and ρ2.

As mentioned in section 2.3.3, this corresponds to approximating the inter-atomic interactions as having

finite range, with each atom only interacting with other atoms which lie within the Wigner-Seitz cell of S

centred on that atom [13].

Interpolation in normal-mode co-ordinates

Transforming from real-space co-ordinates to normal-mode co-ordinates, the interpolation becomes

N ′ωχ′
2 =

∑
ρ′1ρ
′
2

ρ′∈S′

Uρ′1χ′Uρ′2χ′
∑
ρ1ρ2
ρ∈S

θρ′1ρ′2ρ1ρ2

∑
χ

1

N2
Uρ1χUρ2χNωχ

2 . (3.20)

Since for the non-zero terms the ρ′ displacements must be images of the corresponding ρ displacements, the

sum
∑
ρ′1ρ
′
2ρ1ρ2

can be reduced to
∑

R′1 R′2 j1α1 R1 j2α2 R2
.

In order to simplify equation 3.20, it is convenient to introduce the q-point overlap function

fj1j2(q′ − q) =
1

NN ′
∑

R′1 R′2 R1 R2

θρ′1ρ′2ρ1ρ2
e2πi(q′−q)·(R2−R1) , (3.21)

which describes the overlap between q′ and q with respect to the atomic pair j1 and j2. The q-point overlap

is equal to one if q′ = q, zero if q′ is commensurate with S but is not q, and in most cases1 rapidly decreases

towards zero with increasing |q′ − q|.

It is also convenient to introduce the mode overlap function

Ujχ′χ =
∑
α

Ujαq′k′Ujαqk , (3.22)

which describes the overlap between modes χ′ and χ with respect to atom j. The total mode overlap between

χ′ and χ is described by
∑
j Ujχ′χ, which may take any complex value with a norm of at most one.

1The q-point overlap function only changes with |q′ − q| if (q′ − q) · (R2 −R1) takes multiple values.
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Using the overlap functions, the interpolation simplifies to

ωχ′
2 =

∑
χ

∑
j1j2

Uj1χ′χUj2χ′χfj1j2(q′ − q)ωχ
2 . (3.23)

The frequency ωχ′ varies smoothly with changes in q′ and Ujαq′k′ , and whenever a modes in S′ is identical

to a mode in S, χ′ = χ, its frequency is also the same, ωχ = ωχ′ .

Interpolating the harmonic free energy

By equation 3.15 above, the free energy under the harmonic approximation is simply a sum of one-mode

terms, where each one-mode term only depends on the frequency of that mode. By equation 3.23, the

normal modes and corresponding frequencies at an arbitrary interpolated q-point can be calculated as a

linear combination of the calculated modes. Combining the two equations means that the free energy can

be calculated at an arbitrary q-point.

As such, the free energy can be calculated using an arbitrarily dense q-point grid, simply by calculating and

adding together the contributions to the free energy from each q-point on that grid. This is computationally

inexpensive, as each q-point can be calculated separately without making reference to the other q-points on

the interpolated grid.

3.2.5 Advantages and disadvantages of the harmonic approximation

The harmonic approximation is widely used [21], and has a number of advantages. It is extremely simple

to represent the harmonic PES, and the free parameters of the model are straightforward to fit and unam-

biguous. The calculation of the free energy is analytic and also extremely simple, and this can easily be

interpolated to the large-supercell limit. All this means that calculations using the harmonic approximation

are comparatively inexpensive, and can easily be made to be stable and robust to errors.

There are, however, a number of weaknesses and limitations inherent in the harmonic approximation [21,

23, 77]. The simple structure of the PES means that it is only a good representation for a limited number of

systems [22]. The nature of the free energy also means that many of the details of the system are lost. For

example, any heat capacity calculated under the harmonic approximation will artificially be independent of

temperature.

The harmonic approximation also becomes increasingly inaccurate as temperature is increased. The PES

of a periodic solid is itself periodic, and so it cannot be well approximated across its entire domain by a
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harmonic potential. This does not always matter at low temperatures, where the PES need only be accurate

for small displacements |u|. However, as the temperature increases the relevant range of displacements |u|
increases, and the deviation of the harmonic PES from the true PES causes the approximation to become

inaccurate.

The harmonic approximation is also inappropriate for modelling structures about a static-lattice point which

is a saddle-point of the PES rather than a minimum. For such structures, the harmonic frequencies associated

with one or more normal modes will be imaginary. This means that the free energy of the system is undefined,

and under the harmonic approximation the structure is unstable. This is particularly relevant when studying

phases which are only stable at high temperatures, since the natural choice of static-lattice configuration for

such structures is typically a saddle-point [62].

3.3 Sampling the potential energy surface

In order to move beyond the harmonic approximation it is necessary to choose an anharmonic representation

of the PES, and then to fit the free parameters of that representation to the true PES. The “true” PES

here refers to the Born-Oppenheimer potential energy surface as calculated by whichever electronic structure

method is being used to simulate the system. This surface will generally differ from the PES of the physical

crystal, but such differences are not relevant to the current work.

The choice of PES representation constrains how the PES may be sampled, as detailed in section 3.4 below.

Before this choice can be made it is important to understand the methods by which each PES representation

may be sampled and fitted, as it is these methods which generally determine the overall computational cost

of the entire calculation, along with the stability, accuracy and reliability of the fit.

For all but the simplest of electronic structure methods, it is not possible to gather information about large

regions of the PES at once. Instead, the PES is fitted to a set of samples, each of which is an individual

electronic structure calculation at particular nuclear configuration u. Each sample yields information about

the PES at that sample, which always includes the energy V (u) and, depending on the electronic structure

method, may include the forces f(u), the Hessian D(u), and other variables.

Once the PES has been sampled, it is then necessary to calculate the free parameters of the representation

from the samples. The details of this calculation vary depending on the details of the representation, and

on what information is available from the samples.
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3.3.1 Electronic structure methods

There are many electronic structure methods available, each with its own set of strengths and weaknesses.

For the purposes of this work, these methods can treated as a black box, and so the details of how each works

will not be discussed here. These details are discussed extensively in the papers cited below and elsewhere.

In addition, many electronic structure methods have analogous vibrational methods, and the details of these

are briefly discussed in section 3.5.

The only details which matter for the present work are the variables which can be calculated at each sample,

and the accuracy and computational cost of each calculation.

Classical potentials

There are many ways of approximating electronic structure in a manner which is not ab-initio. These will be

collectively refered to as classical potentials. These range from models where the PES is a simple function

of the nuclear co-ordinates, through to advanced models using chemical orbitals or machine learning [78].

Classical potentials are broadly similar in concept to the representations of the PES discussed here, with the

major difference that they attempt to represent most or all of the PES, rather than focussing on just the

region around a given static-lattice configuration. This inevitably means that the accuracy of the potential

in the region of interest is less than that of a bespoke representation of the PES.

Classical potentials are generally extremely fast to sample, massively reducing the computational cost of the

overall method. In addition, many classical potentials are represented in a manner such that a representation

of the PES about the static-lattice configuration can be calculated directly from the potential, without having

to take individual samples.

However, classical potentials are rarely accurate enough to calculate observables of interest to the desired

accuracy [2, 23].

Quantum chemistry

There are a number of variational approximations which can be made to the electronic wavefunction in order

to make its calculation tractable. These are collectively known as quantum chemical methods:

• Under Hartree-Fock theory (HF) [18], the many-body wavefunction is approximated as a single Slater

determanent of single-body wavefunctions, approximating the Hamiltonian as a sum of single-body
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Hamiltonians.

• Møller-Plesset perturbation theory (MP) [16, 79] treats the difference between the Hartree-Fock Hamil-

tonian and the true Hamiltonian perturbatively, calculating perturbative corrections to the results of

Hartree-Fock theory.

• Configuration interaction (CI) [80] and coupled cluster (CC) [20] take the Hartree-Fock eigenstates

and construct many-body eigenstates which are combinations of these eigenstates, using variational

methods to minimise the free energy with respect to the free parameters of these variations.

Taken together, the quantum chemical methods provide a hierarchy of methods of increasing accuracy and

computational cost. The most accurate forms of CI and CC can achieve arbitrary accuracy, but have costs

which scale very poorly with the size of the system. For example, the cost of the most accurate form of CC

in widespread use scales as O(Ne
7) in the number of electrons Ne [81].

Quantum chemical methods allow the direct calculation of forces, Hessians and other properties using linear

response theory [82]. However, such calculations are more expensive than energy calculations, and so whether

they are cost-efficient must be evaluated on a case-by-case basis.

Density-functional theory

Density-functional theory (DFT) [16–19, 83, 84] exploits the fact that at zero temperature the electronic free

energy is purely a functional of the ground-state three-dimensional electron density, rather than depending

on the full details of the ground-state many-body wavefunction. Although the form of this functional is

not known, there are a variety of functionals which can be substituted for the true density functional which

produce results to a reasonable accuracy.

DFT is not systematically improvable. There are density functionals which are generally more or less accurate

for given systems, but there is no formal hierarchy of functionals, and there is no guarantee that a functional

which is supposed to be more accurate will always increase the accuracy of a given calculation [19].

Despite this, DFT is widely used. This is because its accuracy, while bounded, is generally good enough

to produce acceptable results. In addition, the computational cost of DFT is very favourable, and the

scaling of DFT with the number of electrons in the system, Ne, is at worst O(Ne
3) [83], and some DFT

implementations can reduce this to O(Ne) for a range of systems [85].

There are several methods which extend the DFT formalism in order to achieve higher accuracies than can

be achieved by DFT alone. These methods include Green’s function perturbation theory [17, 86, 87] and

dynamical mean-field theory [88, 89]. These methods are significantly more accurate than DFT methods
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but are also significantly more computationally demanding, generally making them impractical for use with

vibrational calculations.

The calculation of forces using DFT has a broadly similar computational cost to the calculation of energies,

and so forces should always be used [90]. Higher derivatives of the PES, including the Hessian, can be

calculated using the related method density-functional perturbation theory (DFPT) [91]. The calculation of

second derivatives using DFPT is widely used, and more recently the calculations of third derivatives have

been considered [41].

Calculating the Hessian using DFPT is more computationally expensive than calculating energies and forces

using DFT, both in terms of the cost of simulating a small system, and in terms of the scaling of the cost with

the number of electrons in the system. The implementation of DFPT is also significantly more complicated

than that of DFT, meaning that it is only available for a subset of the available DFT methods [45].

Diffusion Monte-Carlo

Diffusion Monte-Carlo (DMC) stochastically samples the ground-state electronic wavefunction using a num-

ber of walkers, which diffuse through phase space, repeatedly sampling the electronic energy, and are created

and destroyed according to the imaginary-time Schrödinger equation [17, 92].

The diffusion of the walkers depends on a nodal surface, which defines the sign of the wavefunction as a

function of the electronic co-ordinate. This nodal surface is an approximation, and limits the accuracy of

the method [17]. Despite this, DMC is generally significantly more accurate than DFT, although it is also

typically more computationally expensive than DFT. In addition, DMC treats electron correlation explicitly,

and so it cannot exactly represent periodic systems using periodic boundary conditions. This means that

DMC calculations typically require calculations to be performed using supercells which are larger than would

be necessary for other methods, which can significantly increase their computational cost [17].

DMC can calculate forces and Hessians [93], at increased cost compared to energy calculations. These

calculations are not exact, but rather are estimators of the true forces and Hessians [17].

3.3.2 Choice of samples

Fitting a given representation of the PES requires a minimum amount of information, and the accuracy of

this fit will generally improve with additional information. Information about the PES can be gained by

increasing the number of samples, improving the locations of the samples, and increasing the amount of

information calculated at each sample. Each gain of information comes with a corresponding increase in
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computational cost, and so the overall strategy for sampling the PES must be chosen with care, so as to

reach the desired accuracy at the minimal cost.

The PES can be sampled using a regular configuration of samples, or a less regular method. Using regular

configurations of samples can lead to greater stability than other methods [42], and makes it possible to take

advantage of the expected smoothness of the PES by first interpolating the PES samples before fitting the

PES representation [94]. On the other hand, less regular sampling methods are more flexible, and make it

easier to adaptively sample the PES, such that more important regions are sampled more thoroughly [34].

A PES sample at u =
∑
χ uχûχ generally yields more information as the number of non-zero displacements

uχ increases [13]. However, as described in section 2.3, PES samples can only be calculated using super-

cells which are commensurate with all of the q-points corresponding to their non-zero displacements [70].

This means that samples generally require larger supercells as the number of non-zero displacements in-

creases, with correspondingly increased computational costs. This leads to another tradeoff between reduced

computational cost and increased information.

There is a similar tradeoff with the number of crystal symmetries broken by a given sample. Breaking

symmetries generally increases the information yielded by a sample [13], but many electronic structure

methods use symmetries to accelerate calculation, and so become more expensive as symmetries are broken

[95].

As previously mentioned, many electronic structure methods offer a range of variables which can be calculated

at each given sample. The higher-information variables, such as the Hessian, are generally more expensive

to calculate than the lower-information variables, such as the energy. Depending on how the cost increases

with the increased information, it again may or may not be worth calculating these additional variables [34].

The optimal choice for each tradeoff depends on the details of the electronic structure method, and can

also depend on the details of the system being simulated. There are many proposed sampling methods

for particular electronic structure methods in the literature [13, 34, 42, 70]. However, it is desirable to be

able to calculate bespoke sampling methods on a method-by-method and system-by-system basis. Some

developments towards this goal will be detailed in section 4.4.

3.3.3 Multi-level calculations

In the context of molecular modelling, it is common practice to use two or more different electronic structure

methods for sampling the PES, where the methods are hierarchically arranged in order of increasing accuracy

but also increasing computational cost [34].
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This is useful because the cheaper, less accurate methods can be used for sampling the PES in regions where

the exact details of the PES are expected to contibute less to the free energy, such as further from the

static-lattice configuration [96]. Additionally, the results of less accurate methods can be used as a guide to

which features of the PES should be sampled using more accurate methods [97, 98].

This is harder to achieve when using electronic structure methods which are not systematically improvable,

such as DFT and DMC. Unfortunately, these are the electronic structure methods of choice for modelling

many crystals, and so multi-level calculations are not generally performed for crystals.

3.4 Representing the potential energy surface

The first step when constructing a model PES is to define how that PES will be represented. As detailed

in section 3.3, the choice of representation constrains how the PES can be sampled and fitted. The PES

representation also determines the range of systems for which accurate results can be calculated, and the

accuracy of those results. Additionally, when calculating the free energy from the PES the cost and accuracy

of the calculation is in part determined by how the PES is represented.

There are many ways of representing the PES [42], and these can be grouped into three main categories:

basis function methods, which construct the PES as a linear combination of basis functions with functional

forms which are defined across the entire region of interest; grid-based methods, where the PES is sampled

on a regular grid of points, and properties are either calculated from these points directly or from a simple

interpolation between these points; and stochastic and dynamical methods, where the PES is sampled via a

stochastic or dynamical process until a representative set of points have been sampled, and where the PES

is never explicity stored but rather properties are calculated directly from the samples.

3.4.1 Grid-based representations

It is perhaps the most straightforward to represent the PES directly as a regular grid of samples, typically

at co-ordinates which are determined in advance of any electronic structure calculations being performed.

Unlike other representations, grid-based representations make no assumptions about the PES. As such, if

the grid is sufficiently dense and covers all relevant regions of the PES then these methods are likely to be

more accurate and reliable than any other method.

The main disadvantage of grid-based representations is their computational cost. These representations

provide little information about the PES in the regions which are not close to a grid point. As such, the

features of the PES must be entirely covered by grid points, and the spacing between grid points must be
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short enough to capture the variation of the PES. If the PES has large, high-dimensional features this makes

these representations extremely costly [94].

Grid-based representations can be improved by interpolating the PES between the grid points, exploiting

the expected smoothness of the PES. A popular interpolation scheme is Shepard interpolation [34, 77], which

linearly interpolates between regions where the PES is known. This allows for the derivatives of the PES

calculated at given points to be included in the interpolation of the values of the PES at those points.

While the set of samples required by grid-based representations is less flexible than for other representations,

there are still some adaptations that can be made. The density of the grid points can be varied, such that

the most important features of the PES are more thoroughly sampled [98]. It is also possible to use a grid

of samples to fit a set of basis functions [96], although this is likely to combine many of the disadvantages of

both grid-based representations and basis-function representations.

It is relatively trivial to use symmetry to reduce both the number of samples needed and the numerical error

in the sampling process [98]. In contrast, it is not at all clear how size consistency could be exploited when

using grid-based representations.

3.4.2 Stochastic and dynamical representations

Instead of constructing an explicit representation of the PES, it is also possible to proceed by collecting a

set of samples of the PES which, with proper weighting, are representative of the whole PES, such that the

expectation of properties across these samples converge to the equilibrium values of these properties.

The most common procedures for generating these samples are based on molecular dynamics [22] and Monte-

Carlo methods [48, 99]. In both cases, the PES measurement at each sample is used to generate the next

sample, and as the number of samples increases the set of samples converges towards being representative

of the whole PES.

A recent innovation is the Gaussian approximation potential [100]. For a given set of samples this method

generates an approximation to the PES, along with a measure of how accurate this approximation is through-

out space. This measure can then be used to generate further samples, in a manner which improves the

accuracy of the PES as optimally as possible. These methods were originally developed in the context of

transferable potentials, but they have recently been used for vibrational calculations [77], with reported

performance being at least as accurate as, and frequently more accurate than, equivalent Taylor-expansion

methods.

Another important approach to mapping the PES is the adaptive density-guided approach [34], which uses
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the result of a vibrational calculation to identify the regions of phase space where the magnitude of the

vibrational density2 is highest, and samples the PES more thoroughly there, before running a second vi-

brational calculation. This approach is particularly useful when more than one vibrational method is being

employed; a rough mapping of the PES can be made using an inexpensive vibrational method to estimate

the vibrational density, and this density can be used to make a much more accurate mapping of the PES,

suibtable for use with a more accurate and more expensive vibrational method. This method can also be used

iteratively, repeatedly adding PES samples and calculating the free energy until the calculation converges

[34].

The major advantage of stochastic and dynamical representations is that they generally have systematically

improvable accuracy. If the method of selecting new points to sample is good enough then simply leaving the

method running for longer and allowing it to sample more of the PES will continually improve the accuracy

of the resulting PES. If this is paired with a metric for estimating the accuracy of the method then, in theory,

any desirable accuracy can be achieved.

3.4.3 Basis function representations

Rather than representing the PES directly by the set of samples, it can instead be represented as a sum of

basis functions, where the basis function coefficients are calculated from the PES samples. This somewhat

separates the PES representation from the PES samples, which can have both advantages and disadvantages.

Unlike the other PES representations discussed in this work, there in no unique way of sampling the PES

for a given basis function representation. This means there is a large degree of flexibility in how the PES is

sampled, allowing for different sampling schemes to be used in different circumstances, raising the possibility

of methods with variable accuracy, stability and speed as required [42].

The main limitation of basis function methods is that they inherently make assumptions about the features

of the PES. Any given set of basis functions is limited to representing a subset of PES features, and so there

will only be a subset of systems for which these basis functions can be a good representation. However, if

the set of basis functions is a good fit to the PES of a given system then representing the PES using basis

functions will generally be faster than using other representations.

Basis function representations are, in theory, systematically improvable, as simply adding more basis func-

tions will improve the accuracy of the result. However, this is not always practically possible. The increase

in computational cost with the number of basis functions can be prohibitive, and the increase in accuracy is

generally quite slow [99].

2The vibrational density ρ(r) is the thermal average of the magnitude of the vibrational wavefunctions, ρ(r) =
∑
ψ Pψ |〈r|ψ〉|

2.

This is relevant because the expectation of the potential can be written as 〈V 〉 =
∫
V (r)ρ(r)dr.
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A major advantage of basis function representations is that once they are constructed they are much easier to

work with than other PES representations. They are often amenable to analytic integration, which is much

faster and more reliable than the numerical integration required for other PES representations. Further, the

decomposition of the PES into explicit basis functions means that notions like symmetry and size consistency

can be applied one basis function at a time, considerably simplifying their use.

Taylor series representations

For vibrational models, where the only relevant section of the PES is that in the vicinity of the static-lattice

configuration, it is natural to expand the PES as a Taylor series in cartesian displacement co-ordinates [21],

V =

∞∑
n=2

V (n)
ρ1...ρn

n∏
j=1

dρj , (3.24)

where each V
(n)
ρ1...ρn is a real constant coefficient.

The integer n is the expansion order of the term. There is no n = 0 term because the PES is defined relative

to the static-lattice energy, and there is no n = 1 term because the static-lattice configuration is always a

stationary point of the PES.

The Taylor series can be transformed into normal-mode co-ordinates as

V =

∞∑
n=2

V (n)
χ1...χn

n∏
j=1

uχj , (3.25)

where each V
(n)
χ1...χn is a complex constant coefficient, related to the coefficients in cartesian displacement

co-ordinates by

V (n)
χ1...χn =

∑
ρ1...ρn

V (n)
ρ1...ρn

n∏
j=1

Uρχ (3.26)

and

V (n)
ρ1...ρn =

1

Nn

∑
χ1...χn

V (n)
χ1...χn

n∏
j=1

Uρχ . (3.27)

The simple structure of the Taylor series representation makes it comparatively simple to work with, both

in terms of mapping the PES and working with the PES once it has been mapped [21]. This representation

is also particularly amenable to notions of symmetry and size consistency. This will be discussed further in

sections 4.1 and 4.2 respectively. As detailed in appendix A, Taylor series can often be integrated analytically

with respect to analytic basis states, rather than relying on costly numerical integration. Additionally, Taylor

series are the starting point for many formulations of quantum mechanics, so no conversion of the PES is
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needed before further calculations can be run.

Further, the harmonic approximation is simply a Taylor series truncated to second order, and so a Taylor

series PES is simply the sum of a harmonic PES and an anharmonic correction. This makes it easy to

measure the anharmonicity of the potential, and allows the harmonic and anharmonic components of the

PES to be treated separately. This will be exploited in section 4.3.

Taylor series are naturally iteratively improvable. Any model using a given subset of a Taylor series can be

improved simply by including more terms from the Taylor series. Which terms are included or neglected can

be decided based on physical reasoning, as each term corresponds to an interaction between a given set of

modes at a given order.

However, there are a number of disadvantages to Taylor-series representations. Even though Taylor series

are iteratively improvable, there is no guarantee that the series will converge to the underlying PES [101].

Additionally, as discussed in section 8.1, Taylor series potentials cannot be made invariant under those

symmetries which do not preserve |u|. This means that truncated Taylor series can only accurately represent

a finite region of the PES, and such representations are not appropriate for systems where atoms can travel

large distances from their static-lattice positions.

Taylor series can be tuned to capture the PES at small |u| by limiting the value of n [96]. It is usually

only feasible to include terms up to a small, even expansion order, typically n = 4 [42] or n = 6 [45]. This

comes at the cost of being unable to capture large-displacement behaviour, where the PES may flatten with

displacement as bonds weaken or may spike sharply as atoms are forced into proximity with one another

[101].

Taylor series representations using normal-mode co-ordinates can also provide a poor description of systems

which have freely-rotating torsional degrees of freedom [22, 34]. This problem may be overcome by using

curvilinear co-ordinates, but identifying the correct curvilinear co-ordinates for a given crystal is non-trivial,

and the details of fitting the PES and calculating free energy become significantly more complicated when

using these co-ordinates [98].

Another choice of co-ordinates which has previously been successfully used to map the PES are cluster co-

ordinates [102]. These co-ordinates are specifically constructed to behave well under the action of the crystal

symmetry operators. However, cluster co-ordinates are localised in real space, with the consequence that

interpolating between supercells and evaluating size consistency are likely to be challenging.

In spite of these limitations, the simplicity of the Taylor expansion makes it a natural default representation

for the PESs of many systems [21], and the option is always available to use a different representation when

a Taylor series is not appropriate.
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The principal axes approximation

In addition to truncating the Taylor expansion at a given order, it is common practice to restrict the included

terms to those which contain a limited number of modes. For example, with a limit of two coupled modes,

terms of the form u1
n1u2

n2 would be included but terms of the form u1
n1u2

n2u3
n3 would not. This restriction

is known by different sources as the principle axes approximation (PAA) [26] or the n-mode representation

[42]. The rationale behind this approximation is the idea that the coefficients of the terms in the PES will

decrease in magnitude as the number of modes on which those terms depend increases [103].

The PAA is widely used in the simulation of molecular systems, where it is broadly found to accelerate

calculations at little loss of accuracy [23]. It has has more recently been applied to the simulation of periodic

crystals [26]. However, it will be demonstrated in sections 4.1.2 and 4.2.4 that the PAA is neither symmetry-

invariant nor size-consistent, and as such must be heavily modified before its application to extended systems

can become physically reasonable.

It should be noted that the PAA is usually formulated in terms of real periodic co-ordinates rather than

the complex periodic co-ordinates used in this work, as defined in section 2.2.3. This co-ordinate change

does not solve the problems with the approximation, and ceases to be relevant once the PAA is amended as

detailed in section 4.1.2.

3.4.4 Summary

The only representation of the PES which will be considered in this work is a basis-function representation

based on a truncated Taylor series. This is not because this is considered the best representation, indeed

it has a large number of drawbacks, but rather because it is the representation which is most amenable to

acceleration using the methods presented in chapter 4. It is hoped that this acceleration can be transferred

to other PES representations in future work.

3.5 Calculating free energy

Once the PES of a crystal has been mapped, all that remains of the calculation is to calculate the eigenstates

of the vibrational Hamiltonian, and to use these eigenstates to calculate the free energy of the crystal and

any other properties of interest. A completely accurate calculation of the free energy would require working

with an infinite number of eigenstates, each of which is defined in a massively-dimensional space, and so

instead this calculation must be approximated. There are many methods which calculate the free energy

approximately, and a number of these will be presented below.
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3.5.1 Diagrammatic perturbation theory

For Hamiltonians which are only weakly anharmonic, it is possible to calculate the anharmonic corrections

to the free energy and other quantities using diagrammatic perturbation theory [1, 45].

As the Hamiltonian becomes increasingly anharmonic, diagrammetic perturbation theory requires the calcu-

lation of increasing numbers of diagrams in order to remain accurate. This makes the method increasingly

intractable, both in terms of computational cost and in terms of the difficulty of implementing software

which can calculate all of the diagrams.

In the strongly anharmonic limit, where the anharmonic correction to the free energy is comparable to the

free energy calculated under the harmonic approximation, a point is reached where the coefficients of the

higher-order diagrams no longer tend to zero sufficiently rapidly for the method to converge, and the whole

method fails [29, 45].

3.5.2 Variational methods

The free energy F of a system is entirely defined by the Born-Oppenheimer Hamiltonian H, an orthonormal

basis of states {|ψ〉}, and the corresponding thermal occupations of these states {Pψ} [75],

F [H, {|ψ〉 , Pψ}] =
∑
ψ

Pψ 〈ψ|H |ψ〉+ T
∑
ψ

Pψ ln(Pψ) . (3.28)

For a given Hamiltonian, the equilibrium free energy will be that which minimises F [29],

F [H] = min
{|ψ〉,Pψ}

F [H, {|ψ〉 , Pψ}] . (3.29)

If this minimisation is performed without constraints on {|ψ〉 , Pψ} beyond {|ψ〉} being a valid basis then

the states which minimise F will be those which diagonalise the Hamiltonian and satisfy the Schrödinger

equation [75],

H |ψ〉 = Eψ |ψ〉 , (3.30)

and the corresponding thermal occupations of these states will be the standard Boltzmann factors of the

energies Eψ,

Pψ =
e−Eψ/T∑
φ e
−Eφ/T . (3.31)

In practice, for systems with many degrees of freedom it is infeasible to perform a global minimisation in
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the space of all |ψ〉 and Pψ. The variational methods instead perform a constrained minimisation, first

applying constraints to {|ψ〉 , Pψ} and only then minimising the free energy within these constraints. Since

the problem is variatonal, this will lead to the calculation of an upper bound to the true value of F [H]. In

general, the looser the constraints placed on {|ψ〉 , Pψ}, the more accurate the method and the closer the

upper bound will be to the true value of F , but the more computationally expensive the method [104].

Auxilliary Hamiltonians

Working with {|ψ〉 , Pψ} directly can be difficult due to the constraint that {|ψ〉} must be an orthonormal

basis and the simple fact that each |ψ〉 is a high-dimensional object which can be computationally expensive

to store and manipulate. These difficulties can be somewhat circumvented by introducing the auxilliary

Hamiltonian H′. The states {|ψ〉} are then chosen to be those states which diagonalise H′,

H′ |ψ〉 = E′ψ |ψ〉 , (3.32)

and the corresponding thermal occupations are the Boltzmann factors of the auxilliary energies E′ψ,

Pψ =
e−E

′
ψ/T∑

ψ e
−E′ψ/T

. (3.33)

Since {|ψ〉 , Pψ} is uniquely defined by H′, the free energy minimisation can be re-cast as

F [H] = min
H′

F [H,H′] . (3.34)

Instead of placing constraints on {|ψ〉 , Pψ}, the constraints are placed on H′, where they are often more

intuitive. In order for the method to be useful, the auxilliary Hamiltonian is always constructed such that

the states which diagonalise it can be calculated at a reasonable cost. Additionally, it is generally more

computationally tractable to parameterise H′ than {|ψ〉 , Pψ}.

It should be noted that the inclusion of an auxilliary Hamiltonian implicitly introduces the constraint that

{|ψ〉 , Pψ} diagonalises a valid H′. Although every H′ corresponds to a single {|ψ〉 , Pψ}, there may be

values of {|ψ〉 , Pψ} which correspond to multiple or no values of H′. This is particularly relevant at zero

temperature, where the discontinuity of {Pψ} with respect to {Eψ} means that many values of {|ψ〉 , Pψ}
have no corresponding H′.

63



Varying free energy with respect to the auxilliary Hamiltonian

Once the free energy has been parameterised in terms of the auxilliary Hamiltonian, it must be minimised

with respect to the free parameters of that Hamiltonian. This is done by calculating the derivative of the

free energy with respect to the auxilliary Hamiltonian, δF [H,H′]
δH′ , which can be calculated using perturbation

theory.

Under first-order perturbation theory, the derivatives of the eigenstate energies are [79],

δE′ψ = 〈ψ| δH′ |ψ〉 (3.35)

and the derivatives of the eigenstates themselves are

δ |ψ〉 =
∑
φ6=ψ

〈φ| δH′ |ψ〉
E′ψ − E′φ

|φ〉 . (3.36)

It follows that the derivatives of the thermal weightings are

δPψ = Pψ
〈δH′〉 − 〈ψ| δH′ |ψ〉

T
, (3.37)

where 〈X〉 =
∑
ψ Pψ 〈ψ|X |ψ〉 is the thermal expectation of an operator.

Taking the derivative of the free energy as written in equation 3.28 gives

δF =
∑
ψ

δPψ (〈ψ|H |ψ〉+ T ln(Pψ))+Pψ((δ 〈ψ|)H |ψ〉+ 〈ψ|H (δ |ψ〉)) + TδPψ

=
∑
ψ

Pψ

( 〈δH′〉 − 〈ψ| δH′ |ψ〉
T

)(
〈ψ|H |ψ〉+ T ln(Pψ)

)
+

∑
φ 6=ψ

〈ψ|H |φ〉 〈φ| δH′ |ψ〉
E′ψ − E′φ

+ c.c.

 .
(3.38)

This can be used to minimise the free energy. As expected, this derivative is zero when H′ = H.

3.5.3 Effective harmonic methods

Effective harmonic methods are a class of variational methods which limit the auxilliary Hamiltonian to being

a harmonic potential. Unlike the harmonic approximation, the static-lattice co-ordinate r(0), normal-mode

vectors {uχ} and frequencies {ωχ} are all treated as variational parameters, and the free energy is minimised

with respect to these parameters [29, 105, 106].
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With an effective harmonic auxilliary Hamiltonian H′, the free energy can be found as [29]

F [H,H′] = F [H′] + 〈H〉′ − 〈H′〉′ , (3.39)

where 〈X〉′ refers to the expectation value of operator X with respect to the states of the H′ Hamiltonian.

Since the auxilliary Hamiltonian H′ has a harmonic form, its eigenstates can be calculated analytically, and

so F [H,H′] and δF
δH′ can be calculated analytically.

There are a number of effective harmonic methods, with many different names in the literature [1, 48]. The

most notable of these are the quasi-harmonic approximation and the self-consistent harmonic approximation.

The methods are distinguished by the details of how the PES is represented, how the effective harmonic

model is calculated, and by whether or not any assumptions are made about the variational parameters of

the model.

The most general case of the effective harmonic method has been shown to be equivalent to diagrammatic

perturbation theory using a specific subset of phonon-phonon interaction diagrams [45]. This means that,

while effective harmonic theories are not subject to the same unfavourable cost increases with increasing

anharmonicity, they are still bound by the fundamental limitations of perturbative methods, and will fail in

the case where the anharmonic correction to the free energy is comparable to or larger than the free energy

calculated under the harmonic approximation.

However, while effective harmonic methods may fail to accurately estimate the free energy, they are still

variational methods, and as such they will still provide a reliable upper bound on the free energy, and this

upper bound will be at least as accurate as, and generally significantly more accurate than, the upper bound

provided by the wavefunctions calculated under the harmonic approximation.

3.5.4 Vibrational self-consistent field theory

For many systems, it is excessively limiting to constrain the auxilliary Hamiltonian to harmonic forms, and

so it is desirable to find weaker constraints which are still computationally tractable. Many of the vibrational

methods which go beyond the effective Harmonic methods derive these constraints as vibrational analogues

of electronic structure methods, particularly the variational methods of quantum chemistry [21].

The simplest of these methods is to constrain the auxilliary Hamiltonian to being a sum of single-mode

Hamiltonians,

H′(u) =
∑
χ

H′χ(uχ) . (3.40)

This is known as vibrational self-consistent field theory (VSCF), and is analogous to Hartree-Fock theory
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from quantum chemistry [21, 23, 107].

The eigenstates of the VSCF Hamiltonian are products of single-mode states [21, 23],

|ψ〉 =
∏
χ

|ψχ〉 , (3.41)

where the single-mode states diagonalise the corresponding single-mode Hamiltonian,

H′χ |ψχ〉 = E′χ |ψχ〉 . (3.42)

The energy corresponding to each product state is then simply the sum of the energies corresponding to each

single-mode state in the product,

H′
∏
χ

|ψχ〉 =

(∑
χ

E′ψχ

)∏
χ

|ψχ〉 . (3.43)

Along with many of the other methods described here, VSCF was originally developed for simulating small

molecules [108–111], and was only later adapted for crystal simulations [26].

The vibrational self-consistent field theory equations

The free energy F [H,H′] is minimised with respect to the auxilliary VSCF Hamiltonian H′ if and only if it

is minimised with respect to variations in each single-mode Hamiltonian H′χ individually. As such, it is only

necessary to consider variations δH′ which vary a single H′χ at a time.

For such a variation, equation 3.38 becomes [23]

δF =
∑
ψχ

Pψχ

( 〈δH′〉 − 〈ψχ| δH′ |ψχ〉
T

)(
〈ψχ|Hχ |ψχ〉+ T ln

(
Pψχ

))
+

 ∑
φχ 6=ψχ

〈ψχ|Hχ |φχ〉 〈φχ| δH′ |ψχ〉
E′ψχ − E′φχ

+ c.c.

 ,
(3.44)

where Hχ is the single-mode Hamiltonian constructed as the thermal expectation of H taken with respect

to all modes apart from uχ,

Hχ = 〈H〉{χ′ 6=χ} + cχ , (3.45)

where cχ is an arbitrary constant offset, and where the the expectation value of an operator X taken with

respect to a given mode χ is given by

〈X〉χ =
∑
ψχ

〈ψχ|PψχX |ψχ〉 . (3.46)
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Equation 3.44 yields δF = 0 when H′χ = Hχ, for some value of the constant offset cχ.

Setting H′χ = Hχ, this gives two equations which must be solved self-consistently [23]: equation 3.45 defines

the VSCF Hamiltonian H′ in terms of the full Hamiltonian H and the set of states and thermal weights

{|ψ〉 , Pψ}; and the Schrödinger equation and Boltzmann distribution define the set of states and thermal

weights {|ψ〉 , Pψ} in terms of the VSCF Hamiltonian H′.

The constant term in the vibrational self-consistent field theory Hamiltonian

The previous section defines the VSCF Hamiltonian up to a constant offset. It is convenient to define this

offset such that the expectation of the VSCF Hamiltonian, 〈H′〉, is equal to the expectation of the full

Hamiltonian, 〈H〉 [21].

The expectation of each single-mode term in the VSCF Hamiltonian,
〈
H′χ
〉

is equal to 〈H〉. As such, the

VSCF Hamiltonian can be made to have the same expectation as the full Hamiltonian by defining it as

HVSCF = 〈H〉+
∑
χ

(
〈H〉{χ′ 6=χ} − 〈H〉

)
. (3.47)

Temperature-dependent vibrational self-consistent field theory

Several previous implementations of VSCF calculate the single-mode Hamiltonians using the ground-state

expectation [21, 23]

〈H〉χ = 〈0χ|H |0χ〉 , (3.48)

where |0χ〉 is the ground state along the χ normal mode. Thermodynamic quantities may be calculated from

ground-state VSCF using a method known as virtual VSCF [112]

This ground-state VSCF differs from the temperature-dependent VSCF described in this work, which uses

thermally weighted expectation values [113],

〈H〉χ =
∑
ψχ

e−βEψχ 〈ψχ|H |ψχ〉
/∑

ψχ

e−βEψχ . (3.49)

Ground-state VSCF is computationally faster than the temperature-dependent VSCF because the VSCF

Hamiltonian is then independent of temperature and so only needs to be calculated once. When this

calculation is computationally expensive it is impractical to calculate the VSCF Hamiltonian more than

once. However, with the accelerations to the VSCF method described in chapter 5 it is unnecessary to make
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this cost saving, and in general the cost of the complete free energy calculation will depend negligibly on

the calculation of the VSCF Hamiltonian, but rather will be dominated by electronic structure calculations

required to map the PES.

It is preferable to use temperature-dependent VSCF when its cost is not prohibitory. Temperature-dependent

VSCF is the formulation used in the derivation of VSCF as a variational method, and ground-state VSCF

is only an approximation to this. As such, ground-state VSCF will yield less accurate free energies at each

temperature, and the notion of temperature itself is muddied by not being applied consistently. Further,

the mixing of zero-temperature expectation values with finite-temperature free-energy calculations makes it

unclear how to interpolate the resulting Hamiltonian onto a larger supercell, making it difficult to exploit

size consistency as detailed in section 5.2.

Advantages and disadvantages of vibrational self-consistent field theory

The calculation of free energies under VSCF is significantly more accurate than under the harmonic approx-

imation [21] or by effective harmonic methods [113]. VSCF also overcomes a number of the limitations of

simpler methods, including a lack of temperature dependence and the inability to represent configurations

which are saddle-points of the PES.

VSCF is also inexpensive when compared to many other anharmonic methods, allowing it to be used for

calculations involving large systems [23]. For most systems, the computational requirements of the VSCF

method will be negligible compared to the requirements of mapping the PES [26].

VSCF still has several limitations however. Most notably, no account is made of correlations between different

modes, and this limits the accuracy of the resulting calculations [21]. Additionally, the standard formulation

of VSCF does not respect the symmetry of the system, and does not have the correct scaling with the size

of the system. These issues will be addressed in sections 5.1 and 5.2 respectively.

The accuracy of VSCF is also strongly dependent on the choice of co-ordinate system. For example, con-

structing VSCF using normal-mode co-ordinates is a poor fit for systems with soft torsional degrees of

freedom [23]. Further, constructing VSCF using system-specific co-ordinates adds significant complexity

and computational cost to the method [23].

3.5.5 Vibrational Møller-Plesset theory

The second method for calculating free energy which can be lifted directly from electronic structure theory

is Møller-Plesset perturbation theory [21, 79, 114]. This methods starts by constructing the Hamiltonian as
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a sum of a reference Hamiltonian which can be solved exactly, H(0), plus a perturbation Hamiltonian H(1)

multiplied by a scalar parameter λ,

H = H(0) + λH(1) . (3.50)

Treating λ as a small parameter, the eigenstates and corresponding energies are expanded as series in terms

of increasing powers of lambda,

|ψ〉 =

n∑
i=0

λi
∣∣∣ψ(i)

〉
(3.51)

and

Eψ =

n∑
i=0

λiE
(i)
ψ . (3.52)

The Schrödinger equation can then be separated into several equations, each corresponding to a given power

of λ. The first few equations are

H(0)
∣∣∣ψ(0)

〉
= E(0)

∣∣∣ψ(0)
〉

H(0)
∣∣∣ψ(1)

〉
+H(1)

∣∣∣ψ(0)
〉

= E(0)
∣∣∣ψ(1)

〉
+ E(1)

∣∣∣ψ(0)
〉

H(0)
∣∣∣ψ(2)

〉
+H(1)

∣∣∣ψ(1)
〉

= E(0)
∣∣∣ψ(2)

〉
+ E(1)

∣∣∣ψ(1)
〉

+ E(2)
∣∣∣ψ(0)

〉
.

(3.53)

These equations are solved in order of increasing power of λ, up to some power n, which is typically a small

even number [21].

In the case where the reference Hamiltonian has degenerate or near-degenerate eigenstates, Møller-Plesset

theory must be augmented with degenerate perturbation theory. This adds complications to the method,

but does not dramatically increase its computational cost. The application of such theory is now routine

[23, 115].

The reference Hamiltonian can take many forms, but it is common practice to use the VSCF Hamiltonian.

With this choice of reference Hamiltonian, the theory has several names in the literature, including cc-

VSCF and VSCF-PT2 [23], but the nomenclature which is most consistent with other methods is nth-order

Vibrational Møller-Plesset theory (VMPn) [107].

If the full PES is available, VMPn generally offers improved accuracy over VSCF, at little additional com-

putational cost. This accuracy gain tends to decrease as the number of modes in the system increases [23].

However, as described in section 5.1.3, there are ways of accelerating a VSCF calculation in which a number

of terms in the PES are neglected, including terms which are relevant when calculating VMPn. It will then

vary on a system-by-system basis as to whether the cost of mapping these additional PES terms is worth

the increased accuracy afforded by VMPn.
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As the order, n, of the VMPn calculation increases, the cost and complexity of the calculation increases.

However, this ever-increasing cost is not in general matched by an ever-increasing improvement in accuracy

[21]. This means that VMPn should only ever be used for small n, and that the methods have a maximum

accuracy which is computationally tractable. If additional accuracy is required, other methods must be used.

3.5.6 Vibrational configuration interaction

A further method drawn from quantum chemistry is configuration interaction theory, which becomes vibra-

tional configuration interaction (VCI) in the context of vibrational modelling [21, 107].

The VCI ground state is parameterised as a linear combination of basis states [21],

∣∣0VCI
〉

=
∑
ψ

cψ |ψ〉 . (3.54)

The basis states {|ψ〉} are typically drawn from the eigenstates of a harmonic, effective harmonic or VSCF

Hamiltonian. These eigenstates are product states of single-mode eigenstates,

|ψ〉 = |{nχ}〉 =
∏
χ

|iχ〉 , (3.55)

where each index nχ is a non-negative integer labelling the occupation of the χ mode. Each of these basis

states has a total excitation, nψ =
∑
χ nχ, which defines how many times the state is excited above the

ground state.

VCI truncates the basis of states by only including states which satisfy nψ ≤ nmax. This is an approximation,

but in the limit as nmax →∞ this approximation becomes exact. This makes VCI systematically improvable,

meaning that it is theoretically possible to achieve arbitrary accuracy by increasing nmax.

Vibrational states other than the ground state can also be calculated, allowing for finite-temperature calcu-

lations, although calculating these states to a given accuracy generally requires the use of more basis states

than required by the calculation of the ground state alone. This in turn increases the cost of the method, and

in general the cost will increase rapidly with temperature, as the calculation of more and more eigenstates

is needed.

Additionally, VCI becomes computationally intractable very rapidly with increasing system size and as nmax

is increased [23, 107, 116].
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3.5.7 Vibrational coupled cluster

The most sophisticated method which is borrowed from quantum chemistry is coupled cluster theory, which

becomes vibrational coupled-cluster theory (VCC) in the context of vibrational modelling [21].

The formulation of VCC is based on a second-quantization of the vibrational Hamiltonian [116]. Like VCI,

VCC starts with a basis of states which are usually drawn from the eigenstates of an effective harmonic

method or VSCF. Unlike VCI, where the the ground state is a linear combination of basis states, the VCC

ground state
∣∣0VCC

〉
is parameterised in terms of the basis ground state

∣∣0basis
〉

as [116]

∣∣0VCC
〉

= eX
∣∣0basis

〉
, (3.56)

where X is the cluster operator, defined as a sum of excitation operators [116]

X =

nmax∑
i=0

∑
{χ,n}i

c{χ,n}i

i∏
j=1

Eχjnj , (3.57)

where each Eχn is the second-quantized excitation operator which excites the ground state of mode χ into

the state |n〉,
Eχn = |nχ〉 〈0χ| . (3.58)

Each set {χ, n}i contains i distinct modes {χ} and i excitations {n}. The variables c{χ,nχ} are scalar

coefficients, and it is these which are varied when finding the ground state which minimises the free energy.

The non-negative integer nmax limits the size of the basis, just as for VCI.

Just like VCI, VCC is systematically improvable, hypothetically allowing for calculations with arbitrary

accuracy. In general, VCC is less computationally intensive for a given level of accuracy than VCI [21].

Unlike VCI, the non-linear parameterisation of VCC makes it difficult to calculate states other than the

ground state, making it impractical for finite-temperature calculations [117]. The computational cost of

VCC also scales very unfavourably with system size, and with the number of states included in the reference

basis.

3.5.8 Molecular dynamics

Classical molecular dynamics

Molecular dynamics (MD) methods work by building up a set of representative samples of the PES, and

using the energies of these samples to calculate the free energy directly [118].
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Each MD sample is defined by a co-ordinate r and a classical momentum p. This momentum has no effect

on the measurement of the PES V (r), but is important for the calculation of subsequent samples and for

the calculation of the kinetic energy.

In the simplest form of MD, the set of MD samples {(r,p)i} are built up one at a time, with each sample

being calculated from the last using classical equations of motion,

ṗ = −∇V (3.59)

and

ṙ = M−1p , (3.60)

where M is the mass tensor, which relates the classical momentum to the classical velocity as p = M ṙ.

There are many ways to integrate these equations, each of which has its own cost, accuracy, and rate of

convergence [119].

The expectation values of the potential and kinetic energies can then be calculated directly from the samples,

as

〈V 〉 =
1

N

∑
i

V (ri) (3.61)

and

〈T 〉 =
1

N

∑
i

1

2
pi ·M−1 · pi . (3.62)

Once sufficient samples have been taken, these values converge to their equilibrium values [120].

The algorithm described here is for simulations at constant energy and constant volume. In order to instead

run calculations at constant temperature or constant pressure, a thermostat or barostat must be included

in the sample generation, as detailed elsewhere [121, 122].

MD does not require an explicit representation of the PES, and does not require the system to be bound to

a small region about the static-lattice configuration. Instead, all anharmonic effects are naturally included

by the method [123]. This makes it a better choice than vibrational methods for systems which explore large

regions of configuration space [123]. MD is also a fundamentally finite-temperature method, requiring no

extra work to run calculations as the temperature increases [123].

However, MD is based on classical mechanics, not quantum mechanics, and so is unable to account for zero-

point energy and other quantum effects. This makes it fundamentally inaccurate for many systems where

these effects are relevant, and for any system under its Debye temperature [48, 118].
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Additionally, MD can require many PES samples to converge, making it more computationally expensive

than other methods of similar accuracy for small systems [107, 123], although the cost scaling with system

size is more favourable than that of many quantum chemistry methods. The cost of MD is also variable,

with the number of samples needed depending on the exact details of the PES.

Further, the lack of explicit PES representation means there is not enough information available to calcu-

late some quantities of interest. In particular, some scattering calculations depend on mode-resolved state

information, and this is not available from MD simulations [107].

Thermodynamic integration

Thermodynamic integration is a method for calculating the free energy difference between two different

systems, by smoothly transforming the Hamiltonian from one system to the other.

Starting from a reference Hamiltonian H(0) with known free energy F (0), thermodynamic integration finds

the free energy F (1) of the full Hamiltonian H(1) by constructing a series of intermediate Hamiltonians.

These intermediate Hamiltonians are parameterised as [22],

H(λ) = (1− λ)H(0) + λH(1) , (3.63)

where λ is a real scalar parameter satisfying 0 ≤ λ ≤ 1. When λ is equal to 0 or 1, this Hamiltonian is equal

to H(0) or H(1) respectively, and by varying λ smoothly from 0 to 1 the Hamiltonian transforms smoothly

from H(0) to H(1).

Thermodynamic integration gives an expression for F (1) − F (0) in terms of a thermodynamic integral [22],

F (1) − F (0) =

∫ 1

0

dλ
〈
H(λ) −H(0)

〉
H(λ)

, (3.64)

where the expectation value 〈X〉H(λ) refers to the expectation of operator X with respect to the eigenstates

of the Hamiltonian H(λ).

Path-integral molecular dynamics

Path-Integral Molecular Dynamics (PIMD) calculates the vibrational free energy by first calculating the free

energy of an analytically soluble model, typically the harmonic approximation, and then using thermody-

namic integration to calculate the difference between the soluble model and a fully anharmonic model.

The thermodynamic integral is performed numerically, by using MD to calculate the expectation value
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〈
H(λ) −H(0)

〉
H(λ) at a number of discrete values of λ. For a sufficiently dense discretization this converges

to the true value [22].

PIMD shares many of the advantages and disadvantages of classical molecular dynamics; there is no need

to represent or approximate the PES, finite-temperature effects are included automatically, and the method

is computationally demanding for small systems but this cost scales favourably with system size [22, 122].

The main difference between the two is that PIMD includes quantum effects including zero-point motion,

meaning that it is not limited to systems which behave classicaly. This comes at a significant increase in

computational cost [1, 48, 124].

Just like VCI and VCC, PIMD is extremely accurate, and this accuracy is systematically improvable. For a

given level of accuracy, PIMD is generally more expensive than VCI and VCC for small systems, but should

be less expensive for larger systems [22].

Ring-polymer molecular dynamics

Another method for calculating the free energy based on MD is Ring-polymer molecular dynamics (RPMD)

[125].

RPMD replaces the quantum simulation of a system which has the Hamiltonian

H = T + V (u) (3.65)

with a classical simulation of a system containing N copies of the original system arranged in a ring, where

each system is connected to the systems on either side of it in the ring by a harmonic spring. This gives a

Hamiltonian [126]

H =

N∑
i=1

(
Ti + Vi(ui) + T 2N2|ui − ui+1|2

)
. (3.66)

Since the systems are arranged in a ring, the system with i = N + 1 is equivalent to the system with i = 1.

This substitution is possible because in the limit N →∞ the partition function of the classical ring polymer

becomes that of the quantum system, meaning that many of the observables of the quantum system can be

calculated using the ring polymer [126, 127]. In practice, reasonable accuracy can be reached by using a

finite N , typically on the order of thirty, although this must be converged for each system [127].

The computational cost of RPMD is simply N times that of classical MD. Just like PIMD, RPMD has

systematically improvable accuracy.
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3.5.9 Monte-Carlo sampling

Like MD methods, Monte-Carlo sampling (MC) methods work by building up a set of PES samples which

cover the PES is a manner such that the density of samples is proportional to the vibrational density. This

means that the expectation value of any observable can be calculated directly as the sum of the values of

that operator at each sample.

Instead of using dynamical processes to sample the PES, MC methods use stochastic sampling, where each

new sample is generated from previous samples in such a way that the low-energy regions of the PES are

sampled more thoroughly than high-energy regions.

Just as MD can include quantum effects through PIMD, MC can include quantum effects through path integral

Monte-Carlo (PIMC). PIMC proceeds identically to PIMD, except that the expectation values at each value

of λ are calculated using MC methods rather than MD [59]. Just like PIMD, PIMC is systematically

improvable, and has a computational cost which is larger than that of VCI and VCC for small systems but

smaller for large systems.

Diffusion Monte-Carlo

The Diffusion Monte-Carlo (DMC) method takes advantage of the similarity between the Schrödinger equa-

tion and the diffusion equation [128].

The time-dependent Schrödinger equation for an arbitrary state |Ψ〉 which is a superposition of the eigenstates

of the Hamiltonian |ψ〉 with energies Eψ is [129]

|Ψ〉 =
∑
ψ

cψe
−iEψt |ψ〉 , (3.67)

where each cψ is a complex scalar coefficient, and t is the time.

If the time t is replaced with imaginary time τ = it then the Schrödinger equation becomes [129]

|Ψ〉 =
∑
ψ

cψe
−Eψτ |ψ〉 . (3.68)

Thus, advancing forwards in imaginary time will cause any state to transform towards the ground state of

the system.

DMC takes advantage of this by taking a set of PES samples, which are referred to in this context as

walkers. At each step of the algorithm, the walkers are first displaced by a random vector δr which is drawn
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from a Gaussian distribution. Then PES samples are taken at each walker’s position. Finally, each walker

is replaced by zero or more walkers, and the next step begins. The number of walkers which replace each

walker is decided stochastically, in a manner which depends on the value of the PES at that walker’s position,

V (r) [129]. If V is large then the walker is likely to simply be removed, with no walker taking its place. As

V decreases, the probability of the walker being replaced by another walker increases, and as V decreases

further the probability increases that the walker is replaced by more than one walker.

In this manner, the walkers diffuse around the PES, and more walkers are generated where the value of

the PES is lower. With sufficient steps, the set of samples generated by the walkers converges towards a

representative sampling of the ground state of the Hamiltonian [129].

While DMC is fundamentally a ground-state method, and so a zero-temperature method, it is possible

to calculate excited states through the imposition of nodal surfaces [129], which define the sign of the

wavefunction of the state in different regions of space. However, these nodal surfaces are approximations,

and this can add significant limitations and inaccuracies to the method.

For zero temperature calculations, DMC offers systematically improvable accuracy, and can reach accuracies

comparable to those achievable by other systematically improvable methods. The computational cost of

DMC is similar to that of PIMD, with a similar cost scaling with the size of the system. PIMD is typically

more expensive than DMC for a given Born-von Karman supercell, but DMC typically requires a larger

Born-von Karman supercell than other methods in order to converge [2]. Which method is faster for a given

system will depend on the details of the system and the implementation of the two methods [99].

3.5.10 Size consistency

Following the definition of Hirata [130], when modelling an electrically neutral, periodic solid under periodic

boundary conditions, a method is size-consistent if the internal energy is proportional to the volume. This

condition is important, because without size consistency a method cannot be expected to converge as the

size of the Born-von Karman supercell is increased [71, 131].

The harmonic approximation and effective harmonic methods are naturally size-consistent. It is possible to

construct size-consistent formulations of VSCF [14, 132, 133] and VMP2 [14, 134] by restricting the allowed

terms in the auxilliary Hamiltonian. DMC can also be made size-consistent [99]. VCC is also naturally size-

consistent [14, 116]. Additionally, in the limit of arbitrary accuracy the systematically-improvable methods

must all be size-consistent, although this does not guarantee size consistency when this limit is not reached.

It is not apparent whether the size consistency of PIMD and related methods has been evaluated.

76



A major downside of VCI is that, outside of the limit of arbitrary accuracy, it cannot be constructed to be

size-consistent [14, 116].

3.5.11 Beyond Born-Oppenheimer methods

Methods exist which do not assume the Born-Oppenheimer approximation. These generally take an electronic

structure method and its analogous vibrational structure method, and simply combine the two as a single

calculation rather than two separate calculations.

In the context of DFT, this is known as multicomponent density-functional theory (MCDFT) [57]. MCDFT

is significantly slower than DFT, since the nuclear density is a 3Nz-dimensional object, where Nz is the

number of nuclear species in the system. Additionally, significantly less work has been done on finding good

density functionals for representing nuclei, and as a result MCDFT tends to be significantly less accurate

than DFT [135].

Other methods which have been extended to go beyond the Born-Oppenheimer approximation include DMC

[58], PIMC [59], and many-body Green’s function theory [60]. These methods can offer extreme accuracies,

but this comes at a large computational cost. As such, both are currently limited to applications to very

small systems and are not appropriate for high-throughput methods.

3.5.12 Summary

Beyond the harmonic approximation, this work will focus on VSCF rather than any of the other methods

presented here. This is because the aim of this work is to find a method which is more accurate than the

harmonic approximation and effective harmonic methods, but which is nontheless inexpensive enough to be

used in conjunction with automated high-throughput methods. VSCF appears to be the natural choice for

a method which fits this description [23].

Methods which offer greater accuracy than VSCF will not be considered in this work due to their compu-

tational cost. However, in section 5.2 it will be demonstrated that VSCF may have flaws which make it

unsuitable for the task at hand. In section 8.3, possible alternatives to VSCF which do not share these flaws

will be considered for future work.
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3.6 Calculating other properties

Once the vibrational free energy of a crystal has been calculated, it is relatively straightforward to calculate

many other properties of interest of the crystal, including many of the properties listed in section 1.4. Some

properties can be calculated directly from the electronic and vibrational wavefunctions. Other properties

require the mapping of a property surface, which is a function of u analogous to the PES, but for a variable

other than the potential energy. These surfaces can generally be mapped in exactly the same manner as

the PES is mapped. Once they are mapped, their expectation can be taken with respect to the vibrational

wavefunctions, which generally requires very little additional calculation.

3.6.1 Gibbs free energy and stress

In order to simulate a crystal at constant pressure, rather than at constant volume, it is necessary to calculate

the Gibbs free energy G. Calculating G requires the calculation of the free energy F and the stress tensor

σ. The stress tensor σ can either be calculated directly as part of the vibrational calculation, or it can be

calculated from the derivatives of the free energy.

The free energy F and the stress tensor σ are calculated as functions of the lattice matrix L and temperature

T , as F (L, T ) and σ(L, T ) respectively. When working at constant isotropic pressure, it is necessary to find

the values of L for which the stress tensor σ is a scalar multiple of the identity matrix. The pressure p can

then be calculated as p = − 1
3 Tr[σ], and finally the Gibbs free energy G can be calculated using the Legendre

transform

G(p, T ) = F (Ω, T ) + pΩ . (3.69)

Calculating stress from the free energy

The stress tensor σ can be calculated in terms of the derivatives of the free energy as [26, 48]

σ = −
(
∂

∂ε

)
T

F

Ω
, (3.70)

where ε is the strain tensor, Ω is the volume of the primitive cell, equal to the determinant of the lattice

matrix |L|, and
(
∂
∂ε

)
T

is the tensor derivative with respect to the strain tensor at constant temperature.

The strain tensor can be expressed in terms of the lattice matrix, to give

σ = −1

2

[
LT ·

(
∂

∂L

)
T

F

Ω
+ transpose

]
. (3.71)
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There are two methods of calculating the derivative
(
∂
∂L

)
T
F
Ω . The first method is to calculate the free

energy F at a number of closely-spaced values of L, and to use finite-difference equations to calculate the

derivative.

The second method is to fit the free energy as a function of the lattice matrix, F (L), using the Birch-

Murnaghan equation of state [136]. The Birch-Murnaghan equation of state expresses the free energy as a

Taylor series in the quadratic Euler strain tensor E.

The quadratic Euler strain tensor describes how the length of a vector changes as the lattice matrix changes.

Consider two copies of the same crystal, but with different lattice matrices, L0 and L. A vector which has

the same fractional co-ordinates in both crystals will have the cartesian co-ordinates r0 in the first crystal

and r in the second. The quadratic Euler strain tensor is then defined as

r · E · r =
1

2

(
|r|2 − |r0|2

)
. (3.72)

This quantity is independent of the vector r, and can be expressed in terms of the lattice matrix L and a

reference lattice matrix L0 as

E(L) =
1

2

(
1− L−1 · L0 · L0

T · L−T
)
. (3.73)

Once the Birch-Murnaghan equation of state has been fitted, the derivative
(
∂
∂L

)
T
F
Ω can be calculated

analytically, and this can be used to calculate the stress tensor.

Calculating stress directly

Instead of calculating the stress from the derivatives of the free energy, it is possible to calculate it directly

[48]. In order to perform this calculation, the stress must first be expressed as the sum of the expectations

of two operators: the kinetic stress σ(T ) and the potential stress σ(V ) [26].

The kinetic stress is the expectation of the operator

σ
(T )
αβ =

1

NΩ

∑
R j

∂

∂rR jα

∂

∂rR jβ
(3.74)

with respect to the VSCF eigenstates.

The potential stress is calculated analogously to the calculation of the free energy [101], by first fitting a

stress surface σ(V )(u), analogous to the PES V (u), and then calculating the expectation of this with respect

to the VSCF eigenstates to give
〈
σ(V )(u)

〉
. This is only possible if the chosen electronic structure method

calculates the stress tensor in addition to the energy for each sample.
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The process of fitting of the stress surface is broadly similar to the process of fitting the PES, in that first

a set of symmetry-invariant basis functions are generated from monomial terms, then these are used to find

an optimal set of samples, before using linear regression to fit the basis function coefficients. However, there

are a couple of complications.

The first complication is that the stress surface is a tensor field. This means the stress surface has more free

parameters than the PES, and so more information is required in order to fit these parameters. This also

somewhat complicates the application of symmetry to the stress surface, as the action of the symmetries on

the tensor components needs to be taken into account.

The second complication is that electronic structure methods do not generally yield the derivative of the

potential stress tensor with respect to nuclear co-ordinates, in contrast to the PES derivatives, where forces

are generally readily available. This can make fitting the stress surface significantly more computationally

expensive than fitting the PES.

For these reasons, it can often be less expensive to calculate the stress tensor from several free energy

calculations, and so avoid having to calculate the stress surface. This approach also avoids the inaccuracies

inherent in approximating the stress surface.
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Chapter 4

Mapping the potential energy surface

Mapping the PES is one of the computational bottlenecks of the entire vibrational free energy calculation,

and one of the potential sources of inaccuracy. This chapter will explore a number of ways in which the

process of representing and mapping the PES can be improved, both in terms of increasing the accuracy of

the PES representation and minimising the computational cost of mapping the PES, by exploiting symmetry,

size consistency and finite-range effects.

4.1 Symmetry and the potential energy surface

It is important to ensure that the PES of a crystal is invariant under the crystal symmetries. Failure to

symmetrise the PES can lead to inaccurate calculations [137], while exploiting the symmetries of the crystal

can dramatically accelerate the mapping of the PES [13].

4.1.1 Symmetry and subspaces

As detailed in section 2.4, in normal-mode co-ordinates, each symmetry acts as a unitary tensor,

Suχ =
∑
χ′

Sχχ′uχ′ . (4.1)

Since each symmetry commutes with the crystal Hamiltonian, the elements of Sχχ′ may only be non-zero if

the modes χ and χ′ are degenerate, i.e. their frequencies are the same.

In this manner, the normal modes of the crystal are grouped into subspaces of degenerate modes [73]. These
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subspaces will be labelled with the index ξ. The crystal symmetry matrices within each subspace form an

irreducible representation of the symmetry group. This means that when the modes are arranged in order of

subspace, the crystal symmetry matrices are block diagonal, with non-zero elements between modes in the

same subspace but no non-zero elements between modes in different subspaces.

Each subspace contains one or more degenerate modes at a given q-point q, and the same number of modes

at each q-point q′ which can be mapped to q by a symmetry operator, q′ ·S = q. The set of such q-points is

star of q. Since the matrix S is unitary, all q-points q′ in the star of q will have |q′| = |q|. In addition, since

in fractional co-ordinates all S matrices have purely integer elements, if q has nq = G for some positive

integer n and some G-vector G then all q-points in the star of q will also have nq′ = G′ for some other

G-vector G′, where n is the same for all q-points in the star.

As a consequence of the PES being real-valued for all real-valued displacements u, every mode uχ should

be considered to be in the same subspace as its conjugate mode uχ, regardless of whether or not there is a

symmetry linking the two modes. This does not impose any additional restrictions on the PES.

In the infinite crystal there are an infinite number of R-vectors, and so there are an infinite number of purely

translational symmetries. This means that the real-space representations of the symmetries form an infinite

group. Within a subspace of normal-mode co-ordinates however, the pure translation R becomes a phase

change e2πiq·R. Provided that nq = G for some finite integer n, this means that there are only a finite

number of translational symmetries, and so the symmetries form a finite closed group [73].

One consequence of this is that for every symmetry operator S there is some finite integer nS which is the

smallest positive integer such that SnS = 1. This is the order of the symmetry with respect to the given

subspace.

4.1.2 Symmetry and the principal axes approximation

The PAA does not behave well under symmetry. In general, when the PES is constructed such that it is

invariant under symmetry, there may be symmetries relating terms containing different numbers of normal

modes. This leads to the coefficients of these terms to be the same or very similar, invalidating the PAA in

its basic form.

For example, if there are two modes u1 and u2 which are related by a three-fold symmetry which acts as

S ·

u1

u2

 =

 cos(120◦) sin(120◦)

− sin(120◦) cos(120◦)

 ·
u1

u2

 (4.2)

then the symmetry-invariant third-order basis functions are u1
3−3u1u2

2 and u2
3−3u2u1

2. As such, since a
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symmetry-invariant PES must contain only symmetry-invariant basis functions, the u1u2
2 and u1

2u2 terms

cannot be neglected without also neglecting the u1
3 and u2

3 terms.

The PAA can be made symmetry-invariant by changing its definition. Under the old definition, taking the

PAA at order n limited the terms in the PES to those containing up to n modes. Instead, taking the PAA at

order n should limit the terms in the PES to those containing modes from up to n subspaces. For example,

if modes u1 and u2 are in one subspace and mode u3 is in another, then taking the PAA at the first order

should mean the PES includes the terms u1
n1u2

n2 and u3
n3 , but not u1

n1u3
n3 or u2

n2u3
n3 .

Making the PAA symmetry invariant significantly increases the number of terms included in the PES for

a given order of the PAA. However, there is a limit to the number of modes in a single subspace, and this

limit does not change as the system size changes. This means that the number of terms in the PES scales

the same with the system size regardless of whether or not the PAA is made symmetry invariant.

Splitting subspaces by q-point

While there is a constant limit to the number of modes in a subspace, this limit is still large, and this can

mean that each subspace contains many dimensions. This in turn makes mapping the PES across an entire

subspace impractical, even before subspace coupling is considered.

This can be avoided by noting that every symmetry S transforms an arbitrary sum of modes at a given

q-point q onto a sum of modes at a single other q-point q · S.

This means that when taking the PAA, each subspace can be divided into a set of single-q-point subspaces,

each of which contains the degenerate modes at a q-point and its paired q-point.

For example, if modes u1, u2, u3 and u4 form a degenerate subspace, with modes u1 and u2 at q1 and modes

u3 and u4 at q2, such that q2 6= q1, then taking the PAA at the first order would include terms of the form

u1
n1u2

n2 and u3
n3u4

n4 , but not terms of the form u1
n1u2

n2u3
n3u4

n4 .

This can dramatically reduce the number of basis functions at each order of the PAA, making calculation

feasible.

4.1.3 Symmetric basis functions

If the PES is represented as a sum of basis functions,

V (u) =
∑
i

ciµi(u) , (4.3)
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where each ci is a real scalar coefficient, then it is desirable to make each basis function invariant under

the symmetry operators. This guarantees that the potential as a whole is invariant under the symmetry

operators, and means that the coefficients can take any value without needing to reference the symmetries

[13].

The construction of symmetric basis functions will be demonstrated here for polynomials in normal-mode

co-ordinates.

Polynomial basis functions

The starting point for constructing polynomial basis functions is the set of normal-mode monomials,

νj =
∏
χ

uχ
njχ , (4.4)

where each njχ is a non-negative integer power.

It is convenient to define the paired monomial of each monomial. Analogously to paired modes, the paired

monomial of νj is

νj =
∏
χ

uχ
njχ . (4.5)

Each basis function is then constructed as a sum of these monomials,

µi =
∑
j

cijνj , (4.6)

with complex coefficients cij .

Just as the whole PES can be made symmetry invariant by making each basis function symmetry invariant,

it is possible to guarantee that the PES is real-valued for real-valued displacements by guaranteeing the same

for each basis function. This is done by ensuring that the coefficient each monomial is the conjugate of the

coefficient of the paired monomial, cij = cij
∗.

Translational symmetry

It can immediately be seen that the action of a pure translation on a monomial is

Sνj =

(∏
χ

e2πinjχqχ·RS

)
νj . (4.7)
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Thus, the only monomials which may appear in the potential are those which are invariant under all pure

translations, which must obey ∑
χ

nχqχ = G (4.8)

for some G-vector G. This condition is simply the conservation of pseudomomentum.

Subspace powers

Each monomial can be classified according to the total power of modes it contains from each subspace. For

example, if modes u1 and u2 are in subspace 1 and mode u3 is in subspace 2 then the monomial u1u2
2u3

4

would have the subspace power vector (3, 4).

For each subspace power vector, the crystal symmetry matrices in the basis of monomials corresponding

to that subspace power vector form an irreducible representation of the symmetry group. This means that

each symmetry only maps each monomial onto other monomials with the same subspace power vector. As

such, it is possible to construct a complete set of basis functions such that each basis function only contains

monomials with a given subspace power vector.

Separating basis functions by subspace power vector also means that each basis function only contains

monomials with a given Taylor expansion order, and with a given combination of modes. This means that

the basis functions separate cleanly according to the truncation of the Taylor expansion and the order of the

PAA.

Projection matrices

Given the representation of a symmetry in normal-mode co-ordinates, it is possible to construct the repre-

sentation of that symmetry in the basis of monomials as a tensor product of the single-mode representations,

to give

Sνj =
∑
j′

Sjj′νj′ . (4.9)

In order to calculate the functions which are invariant under this operator, it is first necessary to define the

projection operator,

P(S) =

nS∑
i=1

Si . (4.10)

This is a matrix whose eigenvalues are either 0 or 1. The eigenvectors corresponding to eigenvalues of 1 form

a complete basis for the space of vectors which are invariant under the action of the symmetry.
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Taking the product of all of the projection operators from each of the crystal symmetries gives the projection

operator for the entire symmetry group. This matrix again has eigenvalues which are either 0 or 1. The

eigenvectors corresponding to eigenvalues of 1 form a complete basis for the space of vectors which are

invariant under any symmetry, and these can be used as the PES basis functions.

The basis function algorithm

The method proceeds as follows:

• The set of monomials which conserve pseudomomentum are generated up to the Taylor expansion

truncation and the order of the PAA.

• These monomials are separated into sets according to their subspace power vectors.

• Within each set:

– For monomials which are not their own pairs, superpositions are taken to give 1√
2
(νj ± iνj).

– The representations of each of the symmetry generators are constructed in the basis of these

superpositions of monomials.

– The projection matrix for each generator is calculated.

– The projection matrix for the symmetry group is calculated.

– The projection matrix is diagonalised.

– The eigenvectors of the projection matrix with eigenvalue 1 are the basis functions.

The space of basis functions corresponding to each subspace power vector is well defined, but individual

basis functions are only defined up to a unitary transformation. Any set of basis functions which spans the

correct space can be used, but it is convenient to reduce the number of monomials in each basis function.

This can be done by taking an appropriate QR-decomposition of the cij matrix.

It should be noted that when splitting the subspaces by q-point, the splitting is only relevant when deciding

which terms to include in the PES under the PAA. When constructing symmetric basis functions from the

included terms it is in general necessary to consider entire subspaces rather than just the parts of subspaces

at individual q-points.

Summary

This method directly calculates a basis of real-valued, symmetry-invariant basis functions. This method

applies to Taylor series representations of the PES, but the process should easily extend to other basis
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function representations of the PES.

In the context of Taylor series representations, these symmetry-invariant basis functions are known as the

space group irreducible derivatives of the PES. These are discussed in depth by Fu et al. [13], and an

alternative method for calculating these derivatives is presented in that work. The method of Fu et al.

[13] will likely be faster and less reliant on numerical details than that presented here, although it is more

conceptually intricate, and so it is hoped that the method here may still prove useful when extending these

ideas to basis functions other than those based on Taylor series.

The method here will also be significantly faster and more reliable than the methods which prevailed before

Fu et al. [13], which used each symmetry to construct a separate linear constraint on the space of monomials

[45, 68].

Similar ideas can also be applied to PES representations which use co-ordinate systems other than normal-

mode co-ordinates. Such methods have previously been applied to cluster co-ordinates, which are specifically

constructed for their symmetry properties [102].

4.2 Size consistency and the potential energy surface

Ensuring that the PES is size-consistent is of similar importance to ensuring it is symmetry-invariant. If

the PES is not size-consistent then the convergence of observables with the size of the Born-von Karman

supercell may be very slow or may not happen at all [71]. On the other hand, size consistency can be

exploited to accelerate the calculation, and to allow for interpolation between calculations performed in

different supercells.

4.2.1 Interpolating the anharmonic potential

As the size of the modelled supercell increases, the free energy predicted by the model should converge to

the large-supercell limit. It is possible to do this by simply calculating the free energy using a number of

supercells with different sizes. However, this converges to the large-supercell limit relatively slowly.

As with the harmonic approximation, a finite supercell calculation can be interpolated to the large-supercell

limit. This changes the model from a finite supercell with periodic boundary conditions to an infinite crystal

but with inter-atomic interactions limited in range to those which fit within the Wigner-Seitz supercell

coresponding to the finite supercell. By interpolating each supercell in this manner, convergence is improved

[13].
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In order to interpolate the PES from a coarse q-point grid (corresponding to a small supercell in real space)

to a fine q-point grid (corresponding to a large supercell in real space), it is necessary to calculate the

coefficients of the monomials on the fine grid from the coefficients of the monomials on the coarse grid. This

process is a three-stage process, similar to Fourier interpolation under the harmonic approximation:

• First, the PES is transformed from the normal-mode co-ordinates of the coarse q-point grid to the

displacement co-ordinates in the small supercell, using uχ = 1
N

∑
ρ Uρχdρ.

• Second, the PES is transformed from the displacement co-ordinates of the small supercell to the

displacement co-ordinates of the large supercell, under the assumption that inter-atomic interactions

are limited to the Wigner-Seitz cell of the small supercell.

• Finally, the PES is transformed from the displacement co-ordinates of the large supercell to the normal-

mode co-ordinates of the fine q-point grid, using dρ =
∑
χ Uρχuχ.

The transformations between normal-mode co-ordinates and displacement co-ordinates are well-defined

multi-dimensional linear transforms. The transformation between supercell co-ordinates however is not

uniquely defined, and requires an anharmonic analogue of the minimum image convention.

4.2.2 The anharmonic minimum image convention

There are a number of ways to generalise the minimum image approximation to higher-dimensional polyno-

mials. Any such generalisation is useful provided that it is exact in the limit of the small supercell being

large enough to fully contain all the relevant inter-atomic interactions.

One particularly mathematically tractable method is to take a sum of terms, where each term contains the

pair-wise minimum images with respect to a single atom.

Formally, if the PES in the small supercell S is

V =

∞∑
n=2

∑
ρ1...ρn

V (n)
ρ1...ρn

n∏
j=1

dρj (4.11)

and the PES in the large supercell S′ is

V =

∞∑
n=2

∑
ρ′1...ρ

′
n

V
(n)
ρ′1...ρ

′
n

n∏
j=1

dρ′j (4.12)
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then the coefficients in the two supercells transform as

V
(n)
ρ′1...ρ

′
n

=
∑
ρ1...ρn
ρ∈S

 1

n

n∑
j=1

n∏
k=1
k 6=j

θρ′jρ′kρjρk

V (n)
ρ1...ρn , (4.13)

where θρ′jρ′kρjρk is the two-body minimum image function, as previously defined in section 3.2.4.

Normal-mode co-ordinates

Transforming to normal-mode co-ordinates, the equation for interpolating monomial coefficients becomes

V
(n)
χ′1...χ

′
n

=
∑
ρ′1...ρ

′
n

ρ′∈S′

 n∏
j=1

Uρ′jχ′j

 ∑
ρ1...ρn
ρ∈S

 1

n

n∑
j=1

n∏
k=1
k 6=j

θρ′jρ′kρjρk

 ∑
χ1...χn
χ∈S

 1

Nn

n∏
j=1

Uρjχj

V (n)
χ1...χn . (4.14)

This expression is somewhat unwieldy, and so it is convenient to simplify it by introducing the multidimen-

sional q-point overlap

fj1...jn ((q′ − q)1...n) =
1

N ′Nn−1

1

n

n∑
j=1

∑
R′j Rj

n∏
k=1
k 6=j

∑
R′k Rk

θρ′jρ′kρjρke
2πi(q′k−qk)·(R′j −R

′
k)

 , (4.15)

which describes the overlap between the q-points {q′} of χ1 . . . χn and the q-points {q} of χ′1 . . . χ
′
n, with

respect to the set of atoms j1 . . . jn. The q-point overlap has a number of important properties:

• If all q′j = qj then f = 1.

• If any q′j is commensurate with S but q′j 6= qj then f = 0.

• For large enough1 supercells, f drops off rapidly as each
∣∣q′j − qj

∣∣ increases.

• If q′j1 = qj1 , then fj1...jn simplifies to fj2...jn , and similarly for other j.

In terms of the multidimensional q-point overlap and the mode overlaps defined in section 3.2.4, the inter-

polated monomial coefficients become

V
(n)
χ′1...χ

′
n

=
N ′

N

∑
χ1...χn
χ∈S

 ∑
j1...jn

fj1...jn((q′ − q)1...n)

n∏
k=1

Ujkχ′kχk

V (n)
χ1...χn . (4.16)

1Both supercells must contain enough R-vectors that (q− q′) ·R takes multiple values.
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To further simplify notation, it is convenient to denote the term in brackets as the interpolation tensor

f((χ′ − χ)1...n), such that

V
(n)
χ′1...χ

′
n

=
N ′

N

∑
χ1...χn
χ∈S

f((χ′ − χ)1...n)V (n)
χ1...χn . (4.17)

Just as with the q-point overlap, this reduces in dimensionality if q′j are commensurate with S for k < j ≤ n,

as

f((χ′ − χ)1...n)→ f((χ′ − χ)1...k)

n∏
j=k+1

δχ′jχj . (4.18)

The calculation of f is conceptually relatively straightforward, and for the typical low-dimensional monomial

it is also computationally inexpensive.

4.2.3 Size consistency

A necessary condition for size consistency is that if the system is interpolated to a supercell with N R-vectors,

in the large-supercell limit the internal energy must scale as O(N1) [14, 71].

An important result from section 4.2.2 above is that the coefficients of the monomials in normal-mode

co-ordiantes in a supercell S of size N all scale as

V (n) ∝ O(N) . (4.19)

However, before the size consistency of the PES can be evaluated, it is necessary to evaluate the scaling

of the expectation values of the monomials themselves,
〈∏n

j=1 uχj

〉
, with N . In order to calculate this, it

is first necessary to consider the scaling of the expectation values of monomials in cartesian displacement

co-ordinates,
〈∏n

j=1 dρj

〉
.

Scaling of monomials in displacement co-ordinates

The expectation value of each monomial
〈∏n

j=1 dρj

〉
is intensive, and so scales as O(N0). This is because

these monomials are local physical quantities, and so are independent of the details of the simulation.

However, while these monomials do not vary with the supercell size, it is necessary to consider how they

vary with the set of modes {ρ} which are included in the term.

Under the assumption that inter-atomic interactions have a finite range, there is also a finite range to the

correlation between atomic displacements. Since the motion of each atom is correlated with the motions of
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only O(N0) other atoms, and there are O(N) atoms in the supercell, this gives rise to O(N) pairs of atoms

whose motion is correlated.

This does not mean that there are only O(N) non-zero expectation values
〈∏n

j=1 dρj

〉
, as these expectation

values can be non-zero even when including pairs of atoms whose motions are uncorrelated. For example, if

atoms ρ1 and ρ2 are uncorrelated then the expectation value
〈
dρ1

2dρ2

2
〉

will simplify to
〈
dρ1

2
〉 〈
dρ2

2
〉
, which

is non-zero. Taking this into account, it is possible to count the number of monomials in the PES whose

expectation values are non-zero, for each value of the monomial power n:

n no. non-zero terms

1 O(N1)

2 O(N1)

3 O(N1)

4 O(N2)

5 O(N2)

. . . . . .

even n > 1 O(Nn/2)

odd n > 1 O(N (n−1)/2)

. (4.20)

Scaling of monomials in normal-mode co-ordinates

The scaling of the expectation value of a monomial in normal-mode co-ordinates 〈ν〉 =
〈∏n

j=1 uχj

〉
depends

non-trivially on the power of the monomial n and on the set of normal-modes {χj}. The simplest way of

calculating this scaling is to factorise each monomial as ν =
∏
j fj , where each factor is itself a monomial in

normal-mode co-ordinates, given by fj =
∏nj
k=1 uχk . This is useful because the expectation of the monomial

〈ν〉 must scale at least as slowly as the product of the expectation values of its factors, |〈ν〉| ≥
∣∣∣∏j 〈fj〉

∣∣∣. As

such, the scaling of the monomial can be found by finding the factorisation which yields the slowest scaling.

Factorisations of ν are only relevant to the scaling of 〈ν〉 if none of the expectation values of the factors 〈fj〉
are zero. For the expectation value of a factor to be non-zero the factor must be translationally invariant,

such that
∑nj
k=1 qχk = G for some G-vector G, and there may not be any symmetry operators which map

fj onto −fj .

The scaling of any factor fj which can be further factorised into terms with non-zero expectation values

fj = f ′jf
′′
j will be determined by the scaling of those factors, |〈fj〉| ≥

∣∣〈f ′j〉 〈f ′′j 〉∣∣. As such, it is only

necessary to consider factorisations where each factor cannot be further factorised.
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Expanding a factor fj in cartesian co-ordinates gives

〈fj〉 =

〈
nj∏
k=1

(∑
ρk

1

N
Uρkχkdρk

)〉
. (4.21)

The details of the matrices Uρkχk do not matter beyond the factor of e2πiq·R, and so

〈fj〉 ∝ O

 1

Nnj

∑
R1...Rnj

nj∏
k=2

e2πiqk·(Rk −R1)

〈
nj∏
k=1

dρk

〉 . (4.22)

As discussed above, if fj is further factorised as fj = f ′jf
′′
j then

〈
f ′j
〉

=
〈
f ′′j
〉

= 0. A consequence of this

is that the contribution to the expectation value from any monomial in displacement co-ordinates
∏n
k=1 dρk

which can be factorised as 〈∏n
k=1 dρk〉 = 〈∏m

k=1 dρk〉
〈∏n

k=m+1 dρk
〉

must also be zero. The only monomials

which cannot be factorised in this way are those which include only combinations of atoms which directly

interact with one another. These monomials must have small values of |Rk −R1| for all values of k, and

so there are only O(N1) such monomials which contribute to the
∑

R1...Rnj
sum. Since each monomial is

individually intensive, the total sum must scale as O(N1).

Combining the O(N1) scaling of the
∑

R1...Rnj
sum with the 1

Nnj
prefactor gives the total scaling of 〈fj〉 as

O(N1−nj ), which depends only on the power of the factor, nj . Since the powers of the factors must add up

to the power of the original monomial, a monomial ν with power n which is factorised into nf factors will

scale as

〈ν〉 ∝ O(Nnf−n) . (4.23)

The scaling of 〈ν〉 will be determined by the factorisation of ν which contains the most factors with non-zero

expectation values nf .

For example, the term 〈u1u2u3〉 with q1 = q2 = q3 = 0 will scale as 〈u1u2u3〉 ∝ 〈u1〉 〈u2〉 〈u3〉 ∝ O(N0).

Alternatively, if q1 = q2 and q3 = 0 then 〈u1u2u3〉 ∝ 〈u1u2〉 〈u3〉 ∝ O(N−1), and if instead q1, q2 and q3

are all non-zero then 〈u1u2u3〉 ∝ O(N−2).

This result is widely reported incorrectly. Fu et al. [13] incorrectly state that the uχ quantities are intensive,

which is only true at the Γ-point, and Hirata et al. [14] incorrectly state that
〈
V (n)

∏n
j=1 uχj

〉
∝ (N1−n2 ),

which is only true for monomials composed entirely of pairs of modes uχuχ.

Scaling of the potential energy surface

Combining the scaling of the monomial coefficients and the scaling of the monomials themselves gives the

scaling of the full PES with the size of the supercell N .
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For a Taylor expansion truncated to order n but without taking the PAA, this means that the PES contains

O(N0) monomials which scale as O(N1), contains O(N1) monomials which scale as O(N0), and in general

contains O(Nx) monomials which scale as O(N1−x), up to x = n− 1. This means that the expectation of a

truncated Taylor expansion of the PES is completely size-extensive, as expected.

The monomials in the potential up to n = 4 are presented in the table below, along with their scaling with

N and the number of monomials of each kind which appear in the Taylor expansion PES.

scaling of monomial no. of monomials example monomials

O(N1) O(N0) V (1)uΓ, V (2)uΓuΓ, V (3)uΓuΓuΓ, V (4)uΓuΓuΓuΓ

O(N0) O(N1) V (2)uq1
uq1

, V (3)uΓuq1
uq1

, V (4)uΓuΓuq1
uq1

O(N−1) O(N2) V (3)uq1
uq2

uq1+q2
, V (4)uΓuq1

uq2
uq1+q2

, V (4)uq1
uq1

uq2
uq2

O(N−2) O(N3) V (4)uq1uq2uq3uq1+q2+q3

(4.24)

In this table, uq refers to any mode at q-point q, and repeated uq terms may refer to different modes at

the same q-point. It should be assumed that all terms other than uΓ are not at the Γ-point. However, the

distinct non-Γ q-point labels may refer to the same q-point, so that e.g. q1 = q2 is valid.

The results presented in this table assume that there are no crystal symmetries other than the purely

translational symmetries. If the crystal is invariant under additional symmetries then some of the monomials

will have expectation values which are zero, and some will have reduced scaling with N , such that in the

limit of large N the contribution of these monomials to the expectation of the PES can be neglected.

Section 5.3 presents explicit calculations of a number of monomial expectation values, using the example of

the dispersionless anharmonic oscillator.

4.2.4 Size consistency and the principal axes approximation

There are two major problems with the PAA which mean it is not size-consistent and does not behave well

under interpolation.

Firstly, the PES under the PAA includes sets of terms which are not size-consistent. For example, taking the

PAA at the first order means that terms of the form V (4)uq1
uq1

uq2
uq2

are only included if q1 = q2. This

constraint means that only O(N1) such terms are included. Since these terms individually scale as O(N−1),

the total contribution of these terms to the free energy scales as O(N0), rather than as O(N1) as required.

Secondly, the set of terms which are included or neglected changes unphysically as the size of the system

changes. For example, if the PES is mapped in the primitive cell under the PAA at the first order, it will
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contain terms of the form uΓ
4. Interpolating this PES to a supercell containing two primitive cells, and the

q-points Γ and X, terms of the form uΓ
2uX

2 will be included. If however the PES was directly mapped in

the larger supercell rather than interpolating, then under the PAA at the first order such terms would not

be included. This can be seen in the example presented in section 5.3.

The inconsistency in interpolation arises because the representation of a given term
∏
χ uχ in cartesian co-

ordinates is dependent on the Born-von Karman supercell in which the term is defined. This means that,

unlike the harmonic terms, the anharmonic terms in the PES cannot simply be calculated in the smallest

supercell which is commensurate with them and then transferred directly to the full Born-von Karman

supercell.

There is also a more fundamental reason why the PAA is not size-consistent: the assumption upon which it is

based, namely that the intra-mode terms in the PES are much larger than the inter-mode terms in the PES,

breaks down in the large-supercell limit. Under the assumption of finite-ranged inter-atomic interactions, the

PES is a smooth function of the q-points. This means that for q-points which are sufficiently close together,

the inter-q-point terms must be very similar to the intra-q-point terms. This completely contradicts the

PAA, and means the PAA must break down as the q-point grid becomes fine and the large-supercell limit is

approached. The consequences of this contradiction are expanded upon in the context of VSCF in section

5.2.

Recovering size consistency under the principal axes approximation

Several changes must be made in order to make the PAA size-consistent.

Firstly, every basis function must be explicitly linked to the Born-von Karman supercell in which it is

calculated. As such, the fundamental representation of each basis function should be that in cartesian

displacement co-ordinates using a minimum image convention, rather than that in the normal-mode co-

ordinates of a given supercell. The representation of the basis functions in normal-mode co-ordinates will

then vary between different supercells.

Secondly, each set of basis functions calculated in a single supercell must be size-extensive. This is most

easily achievable by constructing sets which contain O(Nn) basis functions which all scale as O(N1−n) for

some n. If N and n are large then this can become extremely computationally intensive.

When fitting the basis functions in a given supercell, it is necessary to consider the terms generated in other

supercells. This is best done by choosing a set of supercells which are hierarchically nested in order of size,

such that every q-point in each supercell is commensurate with every larger supercell. This means that

the basis functions calculated in each supercell do not interpolate to give additional terms in the smaller
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supercells. This in turn means that the terms in each supercell can be calculated without needing to reference

the larger supercells.

For example, if the desired supercell contains 4×4×4 primitive cells, then calculations could be run in three

cells: the 1× 1× 1 primitive cell, an intermediate 2× 2× 2 supercell, and the full 4× 4× 4 supercell. The

Γ-point basis functions would be calculated in the 1× 1× 1 cell, without reference to the other cells. Then

the calculations involving the eight q-points commensurate with the 2× 2× 2 cell would be calculated, as a

correction to the Γ-point basis functions. Finally, the calculations involving the q-points commensurate with

the 4× 4× 4 cell would be calculated, as a correction to both the Γ-point basis functions and the 2× 2× 2

basis functions.

It should be noted that making the PAA both size-consistent and symmetry-invariant may require the

calculation of additional terms which describe inter-subspace coupling which would be neglected by the PAA

on their own, but which contribute to intra-subspace terms when interpolated.

While this treatment helps, it does not correct all of the problems with the PAA. The coefficients of the

additional terms which arise when transferring terms from one supercell to another are calculated based on

the approximation that the inter-atomic interactions are contained within the Born-von Karman supercell in

which the electronic structure calculation is performed. This Born-von Karman supercell does not get larger

as the Born-von Karman supercell of the full vibrational calculation gets larger, and so this approximation

does not converge towards full accuracy as the system size is increased.

In order to regain convergence with supercell size, either all calculations must be performed using the full

Born-von Karman supercell, or the coefficients of the terms which are introduced when transferring terms be-

tween supercells must be explicitly calculated. Both of these methods are significantly more computationally

expensive than the size-inconsistent methods.

4.3 Exploiting the finite range of interactions

For many systems, the anharmonic corrections to the inter-atomic interactions have a much shorter effective

range than the corresponding harmonic interactions [45].

Formally, this means that when constructing the PES in displacement co-ordinates,

V =
∑
j

Vj
∏
ρ

dρ
njρ , (4.25)

the anharmonic terms, with
∑
ρ njρ > 2, have coefficients Vj which fall off faster with distance than the
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corresponding coefficients of the harmonic terms, with
∑
ρ njρ = 2. Distance is defined here in terms of the

inter-atomic distances of the static-lattice structure,
∣∣r0
ρ − r0

ρ′

∣∣. For terms containing more than two atoms,

the associated distance can be taken as the maximum pair-wise distance.

Conceptually, this makes sense. Consider the inter-atomic energy between two atoms V (r1 − r2). At large

distances, this must be bounded by a decaying polynomial, V = V0|r1 − r2|−n for some n > 3 [71]. The

harmonic terms then scale as
∣∣r0

1 − r0
2

∣∣−n−2
, whereas e.g. the quartic terms scale as

∣∣r0
1 − r0

2

∣∣−n−4
.

This means that for a given accuracy of calculation, the anharmonic terms can generally be truncated at a

shorter range than the harmonic terms. This in turn means that the anharmonic terms can be calculated

using a smaller supercell than the harmonic terms.

There will be systems which do not obey this behaviour, for example due to the cancellation of interactions

between different atoms, varying sensitivity to different terms in the Hamiltonian, or significantly larger

anharmonic coefficients than harmonic coefficients. But many systems will exhibit this behaviour, and the

cost saving of only calculating anharmonic terms in a smaller supercell is likely to be substantial.

4.4 Fitting the potential energy surface

Assuming a basis-function representation, the PES is modelled as

V (u) =
∑
i

ciµi(u) , (4.26)

where each µi is a basis function, and each ci is the corresponding scalar coefficient.

Once the set of basis functions has been identified and optimised, it is necessary to fit the basis function

coefficients, such that the difference between the model PES and the true PES is as small as possible.

As detailed in section 3.3, the information available about the true PES is a set of samples, u, at which the

potential V (u) and potentially other variables are calculated.

It is not trivial to calculate the error between the modelled PES and the true PES. Ideally, this would be

defined in terms of the free energy difference between the two, but in practice it is far too computationally

expensive to calculate the free energy for multiple model PESs, and the free energy of the true PES is not

readily available. As such, the error between the modelled PES and the true PES must be calculated using

a heuristic. Minimising this heuristic with respect to the basis function coefficients then gives the optimal

values of those coefficients.
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Sampling the true PES is typically the computational bottleneck of the entire free energy calculation, and

the choice of samples is one of the factors determining the accuracy of the basis function coefficients and,

consequently, the accuracy of the entire PES representation, which in turn determines the accuracy of

the overall calculation. As such, it is desirable to choose an optimal set of samples which gives sufficient

information for accurate calculation without adding unnecessary computational cost, and to have a method

which optimally uses this information to calculate coefficients as accurately as possible.

4.4.1 Linear regression

Given a set of basis functions {µi} and a set of samples {uj} with corresponding energies {Vj} and possibly

other values like forces {fj} and Hessians {Dj}, one of the most straightforward ways of fitting the potential

is to use linear regression.

The model PES is a sum of basis functions,

V model(u) =
∑
i

ciµi(u) . (4.27)

This can be differentiated to give forces,

fmodel(u) =
∑
i

cifi(u) =
∑
i

ci

(
−∂µi
∂u

)
(4.28)

and Hessians,

D(u)model =
∑
i

ciDi(u) =
∑
i

ci

(
∂2µ

∂u∂u′

)
. (4.29)

The true PES is a sum of the model PES and an error function,

V true(uj) = V model(uj) + V error(uj) . (4.30)

The error here comes from two sources: basis function coefficients not taking their true values, and the set of

basis functions not being complete. The basis function coefficients are found by minimising the former error,

while the latter error limits the region of the PES which can be described by a given set of basis functions.

One heuristic for the total error between the model PES and the true PES is a weighted sum of the difference

between the true values and the model values at each sample,

L =
∑
j

wj
∣∣xtrue(uj)− xmodel(uj)

∣∣2 , (4.31)
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where x(uj) is a vector representing all of the information available at sample uj , and wj is a scalar weight

which determines the importance of that sample to the fitting process. The choice of weights is discussed in

section 4.4.3.

The vector x(uj) depends on the information available from the electronic structure method. For example,

if only energies are available then

x =
(
V
)
. (4.32)

Alternatively, with energies and forces

x =


V

wffσ1

...

wffσN

 , (4.33)

where wf is a proportionally constant with dimensions of length, which should be chosen to reflect the

accuracy of the energy information available compared to the accuracy of the force information available. This

can extended in a similar manner to include the elements of the Hessian or any other available information.

Minimising this heuristic with respect to the basis function coefficients gives the optimum basis function

coefficients. Expanding out the individual basis functions, the heuristic becomes

L =
∑
j

wj

∣∣∣∣∣xtrue(uj)−
∑
i

cixi(uj)

∣∣∣∣∣
2

. (4.34)

Setting 0 = ∂L
∂ci

gives

0 =
∑
j

wj

(
xtrue(uj)−

∑
i

cixi(uj)

)
⊗ xi(uj) , (4.35)

which can be re-arranged to give

ci =

∑
j

wjx
true(uj)⊗ xi(uj)

 ·
∑

j

wjxi(uj)⊗ xi(uj)

−1

. (4.36)

There are a number of benefits to this method. It is analytic, so the calculation is relatively straightforward.

It is also holistic, calculating the entire coefficient vector from all available information. This makes it easy

to include additional information that might be available, or to leave out any information which may be

unavailable or unreliable.

There must be enough samples so that the matrix which must be inverted is not singular. Once this point is

reached, additional samples can be added at will. Provided the choice of basis functions is appropriate, each
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additional sample will reduce the error of the fit. This allows the PES coefficients to be repeatedly fitted,

first using only the minimum number of samples and then including additional samples for each subsequent

fit. The convergence of the coefficients {ci} and the error L with increasing numbers of samples allows the

verification both that the number of samples is sufficient and that the basis functions are appropriate.

4.4.2 Divide and conquer

The computational cost of linear regression is approximately cubic in the number of coefficients being fitted.

This makes it impractical to fit all of the coefficients simultaneously. This limitation can be avoided by

dividing the set of basis functions into a number of smaller sets, and fitting the basis functions in each set

separately. A method for making this division will now be presented, followed by an example.

Division by subspace combination

By construction, each monomial in normal-mode co-ordinates,

ν =
∏
χ

uχ
nχ , (4.37)

only has non-zero powers nχ in a small number of normal-mode subspaces ξ. This set of subspaces is the

subspace combination corresponding to the monomial, ζ = {ξ} [101, 138]. All of the monomials in a given

basis function µi correspond to the same subspace combination, and so each basis function corresponds to a

single subspace combination. The contribution to the PES from each subspace combination is the intrinsic

potential of that subspace combination [96], given by

V ζ =
∑
i∈ζ

ciµi . (4.38)

Each sample also has a corresponding subspace combination. A sample corresponds to a given subspace

combination if its co-ordinate,

uj =
∑
χ

uχûχ , (4.39)

only has non-zero values of uχ along modes which are in the subspaces in that combination.

A subspace combination ζ1 is a subset of another subspace combination ζ2 if all of the subspaces in ζ1 are

also in ζ2, i.e. ζ1 ⊆ ζ2 iff ξ ∈ ζ2 ∀ ξ ∈ ζ1. For example, the subspace combination {1, 2} is a superset of the

subspace combinations {}, {1}, {2} and {1, 2}.
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Importantly, if a basis function is evaluated at a sample then the result may only be non-zero if the subspace

combination of the sample is a superset of the subspace combination of the basis function,

µζ1i (uζ2j ) =

 non-zero if ζ1 ⊆ ζ2
0 otherwise.

(4.40)

This means that the value of the PES at a given sample depends only on the basis functions corresponding

to subspace combinations which are subsets of the sample’s subspace combination,

V (uζ2j ) =
∑
ζ1⊆ζ2

V ζ1(uζ2j ) =
∑
ζ1⊆ζ2

∑
i∈ζ1

ciµ
ζ1
i (uζ2j ) . (4.41)

This hierarchichal dependence allows the subspace combinations to be fitted hierarchically, in increasing order

of the number of subspaces in the subspace combination. This gives a set of equations for each subspace

combination ∑
i∈ζ2

ciµ
ζ2
i (uζ2j ) = V (uζ2j )−

∑
ζ1⊂ζ2

∑
i∈ζ1

ciµ
ζ1
i (uζ2j ) . (4.42)

When fitting the basis functions corresponding to a given subspace combination, the coefficients ci on the

right hand side of the equations will already have been fitted, and so the equations can be solved to find the

set of coefficients on the left hand side of the equation.

An example of dividing and conquering

Consider a system containing two normal modes: u1 and u2. The modes are not degenerate, so the mode

u1 is in subspace 1 and the mode u2 is in subspace 2.

The PES of this system is

V =
∑
i

ciµi , (4.43)

where the ci are real coefficients to be fitted, and the µi are basis functions, given in this example by

basis function subspace combination

µ0 1 {}
µ1 u1

2 {1}
µ2 u1

4 {1}
µ3 u2

2 {2}
µ4 u2

4 {2}
µ5 u1

2u2
2 {1, 2}

. (4.44)
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This PES is going to be fitted using a set of samples {ui} given by

co-ordinate subspace combination

u0 0 {}
u1 û1 {1}
u2 2û1 {1}
u3 û2 {2}
u4 2û2 {2}
u5 û1 + û2 {1, 2}

. (4.45)

It is informative to calculate the value of each basis function at each sample,

{} {1} {2} {1, 2}
u0 u1 u2 u3 u4 u5

{} µ0 1 1 1 1 1 1

{1}
µ1 0 1 4 0 0 1

µ2 0 1 16 0 0 1

{2}
µ3 0 0 0 1 4 1

µ4 0 0 0 1 16 1

{1, 2} µ5 0 0 0 0 0 1

(4.46)

where it should be noted that the value of a basis function evaluated at a sample is zero if the subspace

combination corresponding to the sample is not a superset of the subspace combination corresponding to

the basis function.

The first step of fitting the PES involves only the subspace combination {}. The only equation corresponding

to this subspace combination is

c0µ0(u0) = V (u0) , (4.47)

which is solved to give c0, the constant term of the PES.

The second step of fitting the PES is to fit the basis functions with subspace combinations {1} and {2}. The

equations for subspace combination {1} are

c1µ1(u1) + c2µ2(u1) = V (u1)− c0µ0(u1) (4.48)

and

c1µ1(u2) + c2µ2(u2) = V (u2)− c0µ0(u2) , (4.49)
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which are solved to give c1 and c2.

Similarly, the equations for subspace combination {2} are

c3µ3(u3) + c4µ4(u3) = V (u3)− c0µ0(u3) (4.50)

and

c3µ3(u4) + c4µ4(u4) = V (u4)− c0µ0(u4) , (4.51)

which are solved to give c3 and c4.

Finally, the basis function in subspace combination {1, 2} is fitted, using the equation

c5µ5(u5) = V (u5)−
4∑
i=0

ciµi(u5) , (4.52)

which is solved to give c5.

Caveats to dividing and conquering

It should be noted that this method is difficult to apply to basis functions which have been made size-

consistent as described in section 4.2.4. When calculated using hierarchical supercell methods, such basis

functions are no longer limited to a single subspace combination. There is still a certain amount of hierarchy

between these terms, but in many cases it may still be necessary to fit basis functions corresponding to large

numbers of subspace combinations at once. This fitting is likely to be costly, and is another point in favour

of methods which run calculations using the whole Born-von Karman supercell rather than hierarchical

supercells.

4.4.3 Choice of weights for linear regression

When fitting the basis function coefficients using linear regression, the weighting of the samples should be

chosen so that quality of the fit is highest in the regions of the PES upon which the free energy most closely

depends.

Ideally, this would be done by estimating the vibrational density at each sample, combining this with a term

representing each sample’s importance to the fit in terms of how similar it is to every other sample, and

weighting proportionally to this value. However, such methods are computationally expensive, and provided

sufficient samples are used the exact weighting scheme has little impact on the final result. In practice, it

is sufficient to weight the samples in a manner which gives high weights to samples with low energies and
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which monotonically reduces as the energy increases.

It is important to give samples with very high energies very low weights, as these regions have very low thermal

occupation and contribute very little to the free energy, and in general they are very poorly represented by

low-order polynomial basis functions, such that including them with higher weighting tends to cause problems

with the fit.

4.4.4 Automated sample generation

Before the process of fitting the basis function coefficients from the PES samples can be performed, it is

necessary to choose the set of PES samples {uj}. These should be chosen to minimise the total computational

cost while keeping the error between the model PES and the real PES to within an acceptable tolerance.

There are many ways of selecting samples, as detailed in section 3.3. Importantly, aside from the methods

where samples are iteratively generated after other samples have already been calculated, previous imple-

mentations all use a pre-determined sample generation scheme.

However, when symmetries are considered there are many possible combinations of PES basis functions, in

addition to the many possible atomic configurations. Additionally, different electronic structure methods

incur different computational costs for different kinds of calculation. This means that samples could be chosen

more efficiently if the sampling scheme could be made bespoke to each combination of crystal structure and

electronic structure method.

This would be possible if it were possible to evaluate the accuracy of a given set of samples for a given PES

mapping in advance of performing any electronic structure calculations.

Estimating the accuracy of a set of samples

The true PES can be written as a sum of the model PES and an error term which cannot be captured by

the chosen basis functions,

V true(u) = V model(u) + V error(u) . (4.53)

The separation of the error from the model can be extended to the vector of information at each sample,

xtrue(uj) = xmodel(uj) + xerror(uj) . (4.54)
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Running linear regression, this error will be propogated to the basis function coefficients as

ctrue
i = cmodel

i + cerror
i , (4.55)

where

cerror
i = −

∑
j

wjx
error(uj)⊗ xi(uj)

 ·
∑

j

wjxi(uj)⊗ xi(uj)

−1

. (4.56)

Importantly, this quantity does not depend on the xtrue vectors. Given an estimate of xerror(u), this can be

used to estimate the error in the basis function coefficients for a given set of samples, without having to run

any electronic structure calculations.

Optimising the choice of samples

Since the error estimate is not computationally costly to calculate, it can be calculated repeatedly to estimate

the error of different choices of samples, allowing the choice of samples to be optimised prior to running

calculations.

Given sufficient information about the scaling of the cost of the electronic structure method with supercell

size and crystal symmetry, this estimator provides the basis for a fully automated method for identifying

the samples which fit the PES to a given accuracy with the minimum possible expenditure of computational

resources. This is simply a global optimisation problem, for which many solutions exist [10]. One such

solution would be to vary the number and positions of the samples using a Monte-Carlo scheme.

This is believed to provide a generalisation of the sampling methods described by Fu et al. [13] and others

[34, 42].
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Chapter 5

Vibrational self-consistent field theory

5.1 Symmetry and vibrational self-consistent field theory

When calculating the vibrational properties of a system it is convenient to fix the symmetry of the system,

such that the vibrational density is invariant under the same symmetries as the static-lattice structure. This

allows the static-lattice symmetries to be exploited, in order to increase the accuracy of the calculation and

reduce its computational cost.

Fixing the symmetry in this manner means that multiple values may be calculated for each of the properties

of a given system; a different set of values will be calculated for each set of crystal symmetries imposed. The

set of symmetries which give the lowest free energy are the ground state symmetries of the system, and the

properties calculated using these symmetries are the true properties of the system. The other symmetries

correspond to metastable and unstable structures. The ground state symmetries may be different at different

temperatures, and may differ from the symmetries of the static-lattice structure with the lowest energy.

5.1.1 Symmetry-invariant vibrational self-consistent field theory

In previous works, the VSCF Hamiltonian is constructed as a sum of single-mode Hamiltonians,

HVSCF =
∑
χ

Hχ(uχ) , (5.1)

based on the assumption that the coupling between modes is small enough that treating the modes as

uncorrelated yields a reasonable approximation to the free energy. This is equivalent to taking the PAA at
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first order, but with coefficients which are calculated self-consistently rather than drawn directly from the

PES.

Just like the general case of the PAA, the VSCF Hamiltonian does not behave well under the action of

symmetry. If two or more modes at the same q-point are degenerate then any unitary transformation of

those modes will also yield a valid basis of degenerate modes. As such, it is inappropriate to split the

Hamiltonian into single-mode terms, and there are many cases where such a Hamiltonian cannot be made

symmetry-invariant [137].

This applies even when the only crystal symmetries are the translational symmetries. Under a translation

by an R-vector R, the single-mode terms transform as

S(uχ
nχ) = e2πinχq·Ruχ

nχ , (5.2)

and so these terms are only invariant under all translational symmetries if nχq is a vector of integers. At q-

points with irrational elements (formally, almost all q-points) this means that there are no symmetry-invariant

single-mode terms, and for a given Taylor expansion truncation there will be no symmetry-invariant single-

mode terms at the majority of rational q-points either. Clearly, this formulation of VSCF is inappropriate

for constructing a symmetry-invariant Hamiltonian.

If VSCF is constructed using real co-ordinates u± = 1√
2
(uχ ± uχ) rather than complex co-ordinates then

more single-mode terms become symmetry invariant, including all of the harmonic terms. However, even

with this formulation the majority of single-mode terms are not symmetry invariant.

In order to make the VSCF Hamiltonian invariant under symmetry, instead of constructing it as a sum of

single-mode Hamiltonians, it should instead be constructed as a sum of single-subspace Hamiltonians, where

each single-subspace Hamiltonian contains all of the degenerate modes at a given q-point and its conjugate

q-point,

HVSCF =
∑
ξ

Hξ({uξ}) + const . (5.3)

This leads to states which are products of single-subspace states,

|ψ〉 =
∏
ξ

|ψξ〉 , (5.4)

and corresponding single-subpsace Schrödinger equations,

Hξ |ψξ〉 = Eξ |ψξ〉 , (5.5)
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analagous to the single-mode equations of standard VSCF.

The single-subspace Hamiltonians are naturally defined as

Hξ = 〈H〉{ξ′ 6=ξ} − 〈H〉 , (5.6)

where 〈H〉{ξ′ 6=ξ} denotes the thermal expectation of H across all subspaces not including ξ. The constant in

the VSCF Hamiltonian is simply 〈H〉, as before.

Just as with the PAA, it is also possible to formulate VSCF in terms of all the modes in each subspace,

rather than splitting by q-point. However, since the number of modes in a subspace can be large, this can

make constructing and diagonalising the single-subspace Hamiltonians extremely computationally expensive.

Further, since the eigenstates are Bloch wavefunctions there may be no mixing between states with different

wavevectors, and since the wavevector of a state depends on its occupations at each q-point, this limits the

mixing between states at different q-points.

5.1.2 Symmetry-invariant subspace Hamiltonians

The full HamiltonianH is symmetry invariant. If spontaneous symmetry breaking is neglected then the VSCF

Hamiltonian HVSCF =
∑
ξHξ must also be symmetry invariant. Since each symmetry operator only maps

the modes in a given subspace onto other modes in that subspace, the VSCF Hamiltonian being symmetry

invariant means that each single-subspace Hamiltonian Hξ must individually be symmetry invariant. This

means that each single-subspace PES can be constructed as a sum containing only the single-subspace basis

functions which are individually symmetry invariant. These basis functions can be constructed using the

method presented in section 4.1.3.

The full PES can be expressed as a sum of products of single-subspace basis functions. Some of these

products will be symmetry invariant but contain single-subspace basis functions which are not individually

symmetry invariant. Such products are necessary for representing the full PES, but will integrate to zero

during the construction of the VSCF Hamiltonian, and so have no effect on the VSCF Hamiltonian. It is

convenient to call the basis functions which contribute to the VSCF Hamiltonian VSCF basis functions, and

the basis functions which do not non-VSCF basis functions. It is convenient to separate the PES into VSCF

and non-VSCF basis functions, and to remove the non-VSCF basis functions before the VSCF Hamiltonian

is calculated.

For example, consider a system containing two non-degenerate modes u1 and u2, with an inversion symmetry
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S which acts as Su1 = −u1 and Su2 = −u2. The full PES of this system might be

V = Au1
2 +Bu2

2 + Cu1
2u2

2 +Du1
3u2

3 . (5.7)

Every term in this PES is invariant under the symmetry S. Since
〈
u1

2
〉

and
〈
u2

2
〉

may be non-zero, the

term Cu1
2u2

2 will contribute to the coefficients of u1
2 and u2

2 in the single-subspace Hamiltonians H1 and

H2 respectively, and so this term is a VSCF basis function. However, since
〈
u1

3
〉

and
〈
u2

3
〉

must both be

zero as a result of the symmetry S, the term Du1
3u2

3 will not contribute to the VSCF Hamiltonian, and so

this term is a non-VSCF basis function.

5.1.3 Removing unneeded terms from potential fitting

If it were possible to remove the non-VSCF basis functions before the PES was constructed then the PES

would contain fewer free coefficients, and so it would be possible to fit the PES coefficients using fewer

electronic structure calculations. However, removing the non-VSCF basis functions entirely is not possible,

as their contributions to the calculated PES need to be accounted for. Instead, it is possible to use the

non-VSCF basis functions to reduce the number of samples at which electronic structure calculations must

be run, as will now be detailed.

The result of the electronic structure calculation at each sample V (u) can be separated into the sum of two

contributions: the contribution from VSCF basis functions V vscf(u), and the contribution from non-VSCF

basis functions V non-(u).

It is convenient to express the co-ordinate of each sample u as a sum of single-subspace co-ordinates,

u =
∑
ξ

uξ . (5.8)

It is further to convenient to define single-subspace symmetry operators, Sξ, which act as

Sξ (u) = S (uξ) +
∑
ξ′ 6=ξ

uξ′ , (5.9)

i.e. which only act on the normal modes within a given subspace. Following the reasoning presented in section

4.1.3, from every symmetry operator Sξ it is possible to construct a projection operator Pξ =
∑n
j=1 Sξj ,

where n is the order of the operator Sξ.

The VSCF basis functions are then those basis functions which are invariant under the action of every

projection operator, PξV
vscf = V vscf. For every non-VSCF basis function, there will be at least one projection

operator which maps that basis function to zero, PξV
non- = 0. Thus, acting with every projection operator
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in turn on the full PES will produce only the contribution to the PES from VSCF basis functions,(∏
P

Pξ

)
V =

(∏
P

Pξ

)
(V vscf + V non-) = V vscf . (5.10)

Acting with a projection operator Pξ on the PES V (u) is equivalent to averaging the PES across all co-

ordinates u′ which can be reached by acting with the symmetry operator Sξ on u,

PξV (u) =
1

n

n∑
j=1

V (Sju) . (5.11)

Thus, by sampling the PES at each value of u′ it is possible to isolate the contribution to the PES at u from

the VSCF basis functions only.

Since the VSCF basis functions are typically only a small subset of the total basis functions, this method

generally offers a significant computational cost reduction over fitting the entire PES and then removing the

non-VSCF basis functions afterwards.

There are a couple of disadvantages to this method. Firstly, the existence of non-VSCF basis functions

with large coefficients is an indicator that the subspaces are correlated and that VSCF might be a poor

approximation to the physical system. Without the calculation of these basis functions, this indicator is

not available. Secondly as detailed in section 3.5.5, it is common practice to improve the results of a VSCF

calculation using VMPn perturbation theory [107], since for most methods this adds a small improvement

in accuracy at little computational cost. However, the non-VSCF basis functions make a contribution to the

free energy correction calculated by VMPn, and if they are not present then VMPn will not offer the same

improvements in accuracy.

5.2 Size consistency and vibrational self-consistent field theory

When VSCF is interpolated to the large-supercell limit, two of the underlying approximations of the theory

interact in an unintended way.

The first approximation is the finite range of inter-atomic interactions, which leads to PES coefficients which

vary smoothly with q-point. This means that, in the limit of closely spaced q-points, the coefficients of

the inter-q-point terms in the PES must have the same values as the coefficients of the matching intra-q-

point terms. This can be illustrated with an example. Consider the one-dimensional system with one atom

per primitive cell. From this system, consider the quartic term V (4)dR1
dR2

dR3
dR4

, where the inter-atomic

separations |Ri −Rj | are all smaller than some cutoff radius Rmax. Transforming this term into normal-
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mode co-ordinates gives inter-q-point terms V
(4)
q1q1q2q2

|uq1
|2|uq2

|2 and intra-q-point terms V
(4)
q1q1q1q1

|uq1
|4.

The ratio between the coefficients of these terms is given by

V
(4)
q1q1q2q2

V
(4)
q1q1q1q1

=
1

6

4∑
i=1

4∑
j=1j>i

cos(2π(q2 − q1) · (R1 −R2)) . (5.12)

As |q2 − q1| decreases, this ratio tends to unity. Similar logic holds for all anharmonic terms. As such, in

the limit of close q-points, the inter-q-point interactions are as strong as the intra-q-point interactions.

The second approximation is the VSCF approximation, that there is no correlation between nuclear motion

along modes in different subspaces. This means that the VSCF Hamiltonian only contains intra-subspace

terms, and neglects the inter-subspace terms. This contradicts the first approximation, and has the un-

fortunate consequence that in the large-supercell limit the VSCF Hamiltonian may only contain harmonic

terms. Furthermore, since the anharmonic terms must be neglected in the large-supercell limit they must

also be neglected outside of this limit if VSCF is to be made size-consistent. This will be demonstrated more

rigorously in the following sections.

The problems faced when applying size consistency to VSCF are closely related to the lack of size con-

sistency of the PAA, as detailed in section 4.2.4. Both VSCF and the PAA try to neglect inter-q-point

interactions in favour of intra-q-point interactions, and both methods fail when, in the large-supercell limit,

these interactions cannot be neglected.

5.2.1 Interpolated vibrational self-consistent field theory

Rather than interpolating the full PES onto a fine q-point grid and performing VSCF on this PES, it is

preferable to calculate the single-subspace VSCF Hamiltonians on the fine q-point grid directly. This is

possible by interpolating the coefficients of the VSCF potential rather than the full PES.

In terms of the full PES V and the kinetic energy operator T , the VSCF Hamiltonian is

HVSCF = T + 〈V 〉+
∑
ξ

(
〈V 〉{ξ′ 6=ξ} − 〈V 〉

)
. (5.13)

The kinetic energy operator is already a sum of single-subspace operators, and needs little work to interpolate.

Additionally, the term 〈V 〉 is a constant, and while this is relevant to calculating the free energy it has no

effect on the VSCF eigenstates. As such, in order to calculate the eigenstates of the interpolated VSCF

Hamiltonian on a given q-point grid, it is only necessary to calculate 〈V 〉{ξ′ 6=ξ} for the subspaces ξ on that

grid.
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It is convenient to denote the supercell for which the PES is initially calculated as S′, which has size N ′ and

normal-mode co-ordinates {χ′}. The VSCF Hamiltonian will be interpolated onto a supercell S, which has

size N and normal-mode co-ordinates {χ}.

The full PES is initially constructed as a Taylor series in supercell S′, as

V =

∞∑
n=2

∑
χ′1...χ

′
n

V
(n)
χ′1...χ

′
n

n∏
j=1

uχ′j . (5.14)

Interpolating to the S supercell, this becomes

V =

∞∑
n=2

∑
χ1...χn

V (n)
χ1...χn

n∏
j=1

uχj , (5.15)

where the interpolated monomial coefficients can be calculated from the original coefficients as

V (n)
χ1...χn =

N

N ′
∑

χ′1...χ
′
n

f((χ− χ′)1...n)V
(n)
χ′1...χ

′
n
, (5.16)

where f((χ− χ′)1...n) is the interpolation tensor as defined in section 4.2.2.

In order to calculate each single-subspace potential, the full PES must first be written in a manner which

explicitly separates the modes in the subspace and the modes not in the subspace. Taking a binomial

expansion of
∑
χ =

∑
χ∈ξ +

∑
χ6∈ξ, and noting that the coefficients V

(n)
χ1...χn are invariant under the exchange

of any χ indices, equation 5.15 can be re-written as

V =

∞∑
n=2

n∑
l=0

(
n

l

) ∑
χ1...χl
χ∈ξ

∑
χl+1...χn
χ6∈ξ

V (n)
χ1...χn

n∏
j=1

uχj . (5.17)

Taking the expectation of this potential across all subspaces other than ξ gives

〈V 〉{ξ′ 6=ξ} =

∞∑
l=0

∑
χ1...χl
χ∈ξ

V (l)
χ1...χl

l∏
j=1

uχj , (5.18)

where the single-subspace PES coefficients V
(l)
χ1...χl are given by

V (l)
χ1...χl

=

∞∑
n=max(2,l)

(
n

l

)〈 ∑
χl+1...χn
χ 6∈ξ

V (n)
χ1...χn

n∏
j=l+1

uχj

〉
. (5.19)

Following the reasoning laid out in section 4.2.3, the single-subspace PES coefficients scale in the same way
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as the full PES coefficients,

V (l)
χ1...χl

∝ O(N) . (5.20)

5.2.2 The large-supercell limit

The coefficients of the terms in the VSCF PES may scale in the same way as those in the full PES, but

this does not mean that the VSCF Hamiltonian is size-consistent. In the full PES, the total contribution to

the free energy from the terms which scale as O(N−x) with x ≥ 1 will be size-extensive because there are

O(N1+x) such terms. In the VSCF Hamiltonian, this is not the case.

The VSCF Hamiltonian contains O(N) single-subspace Hamiltonians, and each single-subspace Hamiltonian

contains O(N0) terms. As such, the total contribution to the free energy from all terms which scale as

O(N−1) or faster will not be extensive, and the contribution to the specific free energy F
Ω from these terms

will tend to zero in the large-supercell limit. This means that all such terms must be dropped in order to

make the VSCF Hamiltonian size-consistent.

For subspaces at the Γ-point, the expectation value of every term in the single-subspace Hamiltonian scales

as O(N1), and so all terms are extensive. However, for subspaces not at the Γ-point, the expectation value

of any term V (n)
∏n
j=1 uχn with n > 2 will decay with N as O(N0) or faster, and so these terms must be

dropped. This means that the size-consistent single-subspace Hamiltonians become harmonic.

The different properties at the Γ-point arise from the fact that 〈uχ〉 may be non-zero if and only if qχ = 0.

This can be accounted for by making a change of variables,

u = 〈u〉+ ũ . (5.21)

This change of variables is useful because of the scaling of ũ with the supercell size. Since 〈ũ〉 is zero by

construction, any term 〈ũχ〉 will be zero, any term 〈ũχ1 ũχ2〉 will either be zero or will scale as O(N−1),

and any term
〈∏n

j=1 ˜uχj

〉
with n > 2 will decay with N as O(N−2) or faster, regardless of whether or not

the normal modes are at the Γ-point. Taking this scaling with supercell size into account, and noting that

the kinetic energy has no dependence on 〈u〉, the functional form of the size-consistent VSCF Hamiltonian

becomes

HVSCF = − 1

2N

∑
χ

∂2

∂ũχ∂ũχ
+
∑
χ1χ2

V (2)
χ1χ2

(〈u〉)ũχ1
ũχ2

+ V (〈u〉) , (5.22)

where V (2)(〈u〉)χ1χ2
and V (〈u〉) are functions of 〈u〉 which do not depend on ũ.

This functional form is simply a harmonic Hamiltonian whose origin has been offset from the static-lattice

position by a constant offset 〈u〉. As such, when size consistency is taken into account, VSCF is equivalent
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to an effective harmonic model with a constant offset. Such models have been widely studied and there exist

a variety of efficient methods for constructing and solving them [29].

It should be noted that the coefficients V (2)(〈u〉)χ1χ2 must obey translational invariance, and so the non-

zero coefficients must satisfy q1 = q2. However, the coefficients need not satisfy χ1 = χ2. That is to say,

the non-diagonal harmonic elements may be non-zero, meaning that the normal modes which diagonalise

the VSCF Hamiltonian may not be the same as those which diagonalise the Hamiltonian of the system as

calculated using the harmonic approximation.

This formulation of size-consistent VSCF is a generalisation of previously presented formulations. Keçeli

and Hirata [132] present the correct behaviour for the non-Γ-point modes, and Keçeli et al. [139] present the

correct behaviour for the Γ-point modes, but it is not believed that the two behaviours have been correctly

combined in previous applications. This omission is likely a result of the incorrect analysis of the scaling of

the expectation values of monomials with supercell size presented in previous works, as detailed in section

4.2.3.

5.2.3 Consequences of size consistency

That VSCF reduces from an anharmonic theory to a harmonic theory in the large-supercell limit is an

important result, and a result which, since its first publication in 2010 by Hirata et al. [14], has not recieved

the attention it warrants.

While harmonic theories are easier to work with than VSCF in general, they have more limited applicability

to physical systems. As previously mentioned, the motivation for using VSCF is to provide a theory which

is more accurate than harmonic theories. If VSCF reduces to a harmonic theory then this motivation is not

satisfied.

Keçeli and Hirata [132] present size-consistent VSCF as an improvement to previous formulations of VSCF

which were not size-consistent. However, the behaviour of VSCF in the large-supercell limit arises as a result

of the fundamental inaccuracy of the VSCF approximation in that limit, and enforcing size consistency simply

extends this inaccuracy to calculations performed using finite supercells. As such, calculations performed

in finite supercells using formulations of VSCF which are not size-consistent are likely to be more accurate

than calculations performed using size-consistent VSCF.

The accuracy of non-size-consistent VSCF calculations as a function of supercell size is subject to two

competing effects: the approximation that inter-atomic interactions have finite range improves as the size

of the supercell increases, improving the accuracy, but the VSCF approximation worsens as the size of

the supercell increases, reducing the accuracy. This means that, rather than consistently improving with
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supercell size, the accuracy of a given calculation will likely improve up to some supercell size, and then

worsen again as the supercell size is increased further. The issue is that, without prior knowledge of the true

free energy, there is no way to assess the accuracy of a given calculation, and so it is not possible to identify

which supercell will yield an optimally accurate result.

5.3 The dispersionless anharmonic oscillator

The shortcomings of size-consistent VSCF can be made clearer by considering a toy model to which the

VSCF method can be applied analytically. This will demonstrate many of the properties of the method

without introducing the complexities inherent to applying VSCF to a real crystal.

Consider a one-dimensional crystal of N non-interacting diatomic molecules which has the Hamiltonian

H =

N∑
R=1

(
−1

2

∂2

∂dR
2 + V (2)dR

2 + V (3)dR
3 + V (4)dR

4

)
, (5.23)

where each dR is the mass-weighted displacement from equilibrium of the inter-atomic separation of the

molecule at R-vector R. The degrees of freedom corresponding to the free translation of each molecule have

been neglected, such that the extended system is N -dimensional rather than 2N -dimensional.

It will be assumed that N is odd, such that the only q-point with q = q is the Γ-point, qΓ = 0. Relaxing

this assumption does not meaningfully change any results, but does increase the complexity of the example

unnecessarily.

Transforming into normal-mode co-ordinates, the Hamiltonian becomes

H =
∑
q1

(
− 1

2N

∂2

∂uq1∂uq1

+NV (2)uq1uq1

)
+
∑
q1q2

NV (3)uq1uq2uq1+q2
+
∑
q1q2q3

NV (4)uq1uq2uq3uq1+q2+q3
.

(5.24)

5.3.1 Polynomial expectation values

Since the molecules are non-interacting, the expectation of a monomial in displacement co-ordinates can

be written as a product of single-mode expectation values. Further, since every molecule is identical and

indistinguishable, every expectation value will be identical. This will be denoted as 〈dR〉 = 〈d〉,
〈
d2

R

〉
=
〈
d2
〉

etc. As such, the expectation values become〈∏
R

dR
nR

〉
=
∏
R

〈dnR〉 . (5.25)
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The expectation values 〈dn〉 are intensive, and so are independent of N .

It is possible to calculate the expectation values of monomials in normal-mode co-ordinates directly from

the expectation values of monomials in displacement co-ordinates. This calculation will now be performed

explicitly, for the monomials of up to order three.

The only translationally invariant monomial of order one is uΓ. The expectation of this is

〈uΓ〉=
〈

1

N

∑
R

dR

〉
=

1

N

∑
R

〈d〉

= 〈d〉
∝ O(N0) .

(5.26)

There are two kinds of translationally invariant monomials of order two. There is one term uΓuΓ, whose

expectation is

〈uΓuΓ〉=
〈

1

N2

∑
R1 R2

dR1
dR2

〉

=
1

N2

∑
R1

〈d2
〉

+
∑

R2 6=R1

〈d〉2


=
1

N

(〈
d2
〉

+ (N − 1) 〈d〉2
)

∝ O(N0) .

(5.27)

There are also O(N) terms uquq with q 6= Γ, whose expectations are

〈uquq〉=
〈

1

N2

∑
R1 R2

e2πiq(R2−R1)

〉

=
1

N2

∑
R1

〈d2
〉

+
∑

R2 6=R1

e2πiq(R2−R1) 〈d〉2


=
1

N

(〈
d2
〉
− 〈d〉2

)
∝ O(N−1) .

(5.28)

There are thee kinds of translationally invariant monomials of order three. There is one term uΓuΓuΓ, whose
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expectation is

〈uΓuΓuΓ〉=
〈

1

N3

∑
R1 R2 R3

dR1
dR2

dR3

〉

=
1

N3

∑
R1

〈d3
〉

+
∑

R2 6=R1

3
〈
d2
〉
〈d〉+

∑
R2 6=R1

∑
R3 6=R1,R2

〈d〉3


=
1

N2

(〈
d3
〉

+ 3(N − 1) 〈d〉2 〈d〉+ (N − 1)(N − 2) 〈d〉3
)

∝ O(N0) .

(5.29)

There are also O(N) terms uΓuquq with q 6= Γ, whose expectations are

〈uΓuquq〉=
〈

1

N3

∑
R1 R2 R3

dR1dR2dR3e
2πiq(R3−R2)

〉

=
1

N3

∑
R1

〈d3
〉

+
∑

R2 6=R1

(
1 + 2e2πiq(R2−R1)

) 〈
d2
〉
〈d〉+

∑
R2 6=R1

∑
R3 6=R1,R2

e2πiq(R3−R2) 〈d〉3


=
1

N2

(
〈d〉3 + (N − 3)

〈
d2
〉
〈d〉 − 〈d〉3

)
∝ O(N−1) .

(5.30)

There are also O(N2) terms uq1uq2uq1+q2
with q1 6= Γ, q2 6= Γ and q1 6= q2, whose expectations are

〈
uq1uq2uq1+q2

〉
=

〈
1

N3

∑
R1 R2 R3

dR1
dR2

dR3
e2πi(q1(R2−R1)+q2(R3−R1))

〉

=
1

N3

∑
R1

〈d3
〉

+
∑

R2 6=R1

(
e2πiq1(R2−R1) + e2πiq2(R2−R1) + e2πi(q1+q2)(R2−R1))

) 〈
d2
〉
〈d〉

+
∑

R2 6=R1

∑
R3 6=R1,R2

e2πiq(−R2 + R3) 〈d〉3


=
1

N2

(
〈d〉3 − 3

〈
d2
〉
〈d〉 − 〈d〉3

)
∝ O(N−2) .

(5.31)
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To summarise, in the limit of large N the expectation values of the monomials are:

monomial expectation value scaling of monomial no. of monomials

uΓ 〈d〉 O(N0) O(N0)

uΓuΓ 〈d〉2 O(N0) O(N0)

uquq
1
N (
〈
d2
〉
− 〈d〉2) O(N−1) O(N1)

uΓuΓuΓ 〈d〉3 O(N0) O(N0)

uΓuquq
1
N

〈
d2
〉
〈d〉 O(N−1) O(N1)

uq1uq2uq1+q2

1
N2 (〈d〉3 − 3

〈
d2
〉
〈d〉 − 〈d〉3) O(N−2) O(N2)

. (5.32)

5.3.2 The principal axes approximation

If the PES is mapped in the primitive cell, then the Hamiltonian is

H =
1

2

∂2

∂uΓ
2

+ V (2)dR
2 + V (3)dR

3 + V (4)dR
4 . (5.33)

Taking the principal axes approximation (PAA) at first order does not drop any terms, as the primitive cell

of this system only contains one normal mode.

Since no terms have been dropped, if this PES is interpolated to a larger supercell then the full Hamiltonian

is retained,

H =
∑
q1

(
− 1

2N

∂2

∂uq1∂uq1

+NV (2)uq1uq1

)
+
∑
q1q2

NV (3)uq1uq2uq1+q2
+
∑
q1q2q3

NV (4)uq1uq2uq3uq1+q2+q3
.

(5.34)

In contrast, if the PES is mapped directly in a larger supercell then, taking the PAA at the first order, the

Hamiltonian will instead be

H =
∑
q1

(
− 1

2N

∂2

∂uq1∂uq1

+NV (2)uq1uq1

)
+NV (3)uΓ

3 +
∑
q1

NV (4)(uq1uq1
)2 . (5.35)

This inconsistency arises because the PAA is not size-consistent and does not behave well under interpolation.

In addition, the expectation value
〈(
uq1uq1

)2〉
scales as O(N−2), but the sum

∑
q1
NV (4)

(
uq1uq1

)2
contains

only O(N1) terms, so the contribution of this sum to the free energy is not extensive.
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A purely quartic potential

The problems with the lack of size consistency can be emphasised by removing the harmonic and cubic terms

from the potential of the dispersionless anharmonic oscillator, leaving a purely quartic potential. Taking the

PAA at the first order, the Hamiltonian of this system is then

H =
∑
q

(
− 1

2N

∂2

∂uq∂uq
+NV (4)(uquq)

2

)
. (5.36)

Since the Hamiltonian is dispersionless, under the effective harmonic approximation all modes will have the

same frequency, ω. Using the results derived in appendix A, the zero-temperature free energy under this

approximation is then

F = 〈H〉

=
∑
q

(
1

2N

Nω

2
+NV (4) 2

(2Nω)2

)
=
Nω

4
+
V (4)

2ω2
.

(5.37)

This is minimised when the effective frequency is ω =
(
V (4)

N

)1/3

, giving a free energy F = 3
4N

2/3(V (4))1/3.

Since the effective frequency should be intensive and the free energy should be extensive, this demonstrates

that the PAA is clearly unphysical.

5.3.3 The VSCF Hamiltonian

The VSCF Hamiltonian consists of the Γ-point Hamiltonian,

HΓ = − 1

2N

∂2

∂uΓ
2

+NV (2)uΓ
2

+NV (3)uΓ
3 +

∑
q

3NV (3) 〈uquq〉uΓ

+NV (4)uΓ
4 +

∑
q

6NV (4) 〈uquq〉uΓ
2

(5.38)

and the q-point Hamiltonians,

Hq = − 1

2N

∂2

∂uq∂uq
+NV (2)uquq

+3NV (3) 〈uΓ〉uquq
+3NV (4)uq

2uq
2 + 6NV (4)

〈
uΓ

2
〉
uquq +

∑
q2 6=q

6NV (4)
〈
uq2uq2

〉
uquq .

(5.39)
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It should be noted that all terms which cannot be defined purely as products of uΓ and uquq are non-VSCF

terms and do not appear in the VSCF single-mode Hamiltonians.

Substituting in the polynomial expectation values, and defining µ = 〈d〉 and σ2 =
〈
d2
〉
−〈d〉2, the single-mode

Hamiltonians become

HΓ = − 1

2N

∂2

∂uΓ
2

+NV (2)uΓ
2

+NV (3)uΓ
3 + 3(N − 1)V (3)σ2uΓ

+NV (4)uΓ
4 + 6(N − 1)V (4)σ2uΓ

2

(5.40)

and

Hq = − 1

2N

∂2

∂uq∂uq
+NV (2)uquq

+3NV (3)µuquq

+3NV (4)uq
2uq

2 + 6V (4)
(
σ2 +Nµ2

)
uquq + 6(N − 3)V (4)σ2uquq .

(5.41)

Taking the large-N limit, these become

HΓ = − 1

2N

∂2

∂uΓ
2

+ 3NV (3)σ2uΓ +N
(
V (2) + 6V (4)σ2

)
uΓ

2 +NV (3)uΓ
3 +NV (4)uΓ

4 (5.42)

and

Hq = − 1

2N

∂2

∂uq∂uq
+N

(
V (2) + 3V (3)µ+ 6V (4)µ2 + 6V (4)σ2

)
uquq + 3NV (4)uq

2uq
2 . (5.43)

Changing co-ordinates to ũΓ = uΓ − µ, the Γ-point Hamiltonian becomes

HΓ = − 1

2N

∂2

∂uΓ
2

+N
(

2µV (2) + 3V (3)(µ2 + σ2) + 4V (4)µ(µ2 + 3σ2)
)
ũΓ

+N
(
V (2) + 3V (3)µ+ 6V (4)(µ2 + σ2)

)
ũ2

Γ

+N
(
V (3) + 4V (4)µ

)
ũ3

Γ

+NV (4)ũ4
Γ ,

(5.44)

The expectation of uΓ will be that which minimises the potential term of HΓ. This will be the value which

sets the coefficient of ũΓ to zero. As such,

2µV (2) + 3V (3)(µ2 + σ2) + 4V (4)µ(µ2 + 3σ2) = 0 . (5.45)

The scaling with N of the expectation values of the monomials involving ũΓ is different to that of the
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monomials involving uΓ. These are given by

〈ũΓ〉= 0〈
ũ2

Γ

〉
∝ O(N−1)〈

ũ3
Γ

〉
= 0〈

ũ4
Γ

〉
∝ O(N−2) .

(5.46)

In the limit of large N , the contribution of any terms whose expectations decay as O(N−1) or faster will have

no effect on the free energy calculation and should be neglected. As such, the single-subspace Hamiltonians

will become

HΓ = − 1

2N

∂2

∂uΓ
2

+N
(
V (2) + 3V (3)µ+ 6V (4)(µ2 + σ2)

)
ũ2

Γ (5.47)

and

Hq = − 1

2N

∂2

∂uq∂uq
+N

(
V (2) + 3V (3)µ+ 6V (4)(µ2 + σ2)

)
uquq . (5.48)

And so in the large-N limit the VSCF Hamiltonian becomes an effective harmonic Hamiltonian, where the

equilibrium is offset from the static-lattice co-ordinate by 〈uΓ〉 = µ and where every mode has the same

effective harmonic frequency, satisfying 1
2ω

2 = V (2) + 3V (3)µ+ 6V (4)(µ2 + σ2).

5.4 Calculating free energy

Once the VSCF Hamiltonian has been calculated, the final steps of the free energy calculation are to calculate

the eigenstates of the Hamiltonian, and to use statistical mechanics to calculate the free energy from the

eigenstates.

As detailed in section 3.5.4, under VSCF the free energy of the whole crystal is the sum of the free energy

in each subspace. The calculation of the free energy within each subspace is equivalent to a full vibrational

free energy calculation, except that this calculation is contained within a single subspace and the single-

subspace PES has already been calculated. There are many methods for calculating the vibrational free

energy, as detailed in section 3.5. As each subspace has a much lower dimensionality than the entire crystal,

it is possible to use highly accurate methods to calculate each single-subspace free energy, without these

calculations becoming excessively computationally costly.

Out of the systematically improvable free energy methods, the most natural choice for calculating the free

energy in each subspace is VCI, as detailed in section 3.5.6. VCI allows for finite-temperature calculations

with significantly less complexity than VCC, and there is no stochastic element to VCI calculations, unlike
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methods based on MD and MC.

Under VCI, the free energy in each subspace is calculated by first constructing the single-subspace Hamilto-

nian in an arbitrary basis of states, typically chosen as a subset of the states which diagonalise an effective

harmonic Hamiltonian as described in section 3.5.3. The Hamiltonian in this representation is simply a ma-

trix, which can be diagonalised numerically to give the single-subspace eigenstates and eigenenergies. The

free energy can then be calculated from the eigenenergies using statistical mechanics. The number of states

in the basis must be increased until the free energy converges.

In previous implementations of VSCF, where the VSCF Hamiltonian is a sum of single-mode Hamiltonians

rather than single-subspace Hamiltonians, each VCI calculation is performed in the one-dimensional spaces

described by the individual normal modes. These calculations are straightforward, and computationally

inexpensive. However, when the VSCF Hamiltonian is constructed as a sum of single-subspace Hamiltonians,

where each subspace contains the degenerate normal modes at a given q-point and its paired q-point, it is

necessary to perform VCI in every subspace, and the dimensionality of the VCI calculation in a given

subspace will be the same as the dimensionality of that subspace. These subspaces are regularly four- and

six-dimensional, and eight-dimensional subspaces are possible.

The number of basis states in an nd-dimensional subspace where ns basis states are required along each

mode scales as O(ns
nd). The cost of performing VCI is cubic in the number of basis states, and so scales

as O(ns
3nd). The number of states which are required along each mode, ns, varies with the temperature at

which the calculation is being run, and with the details of the single-subspace Hamiltonian, but is typically

a few tens of states. Thus, if the dimensionality of the subspace, nd, is six or eight then this can become an

extremely computationally costly calculation.

In order to make this calculation possible at reasonable computational expense, it is necessary to accelerate

the method. A number of such accelerations will be detailed in the remainder of this section.

5.4.1 Analytic states and integrals

The eigenstates in a given subspace have a dimensionality equal to the dimensionality of that subspace,

and the number of states which must be included in each subspace in order for the free energy calculation

to converge scales exponentially with the dimensionality of that subspace. When the dimensionality of a

subspace becomes large, it is possible that thousands or even millions of states are required. As such, it is

necessary to represent the single-subspace eigenstates efficiently, such that the calculations required when

constructing and working with these states do not become intractable.

This work represents the single-subspace eigenstates as linear combinations of the eigenstates of the effective
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harmonic Hamiltonian as described in section 3.5.3. The expectation values of the Hamiltonian, and any

other operators which can be represented using truncated Taylor expansions, can be calculated with respect

to harmonic eigenstates using analytic results, rather than having to perform computationally expensive

numerical integration. The details of calculating these analytic expectation values are presented in appendix

A.

5.4.2 Symmetry and single-subspace states

Separation of states by symmetry eigenvalues

Since the Hamiltonian commutes with every symmetry operator, HS = SH, any two states ψ and φ which

are both eigenstates of a given symmetry S but with different eigenvalues must obey 〈ψ|H |φ〉 = 0, since

〈ψ| SH |φ〉= 〈ψ|HS |φ〉
=⇒ λψ 〈ψ|H |φ〉= λφ 〈ψ|H |φ〉 .

(5.49)

In general, the crystal symmetry operators do not all commute with one another, and so it is not possible

to construct the basis states such that they diagonalise every symmetry operator. However, it is always

possible to select a subset of the symmetry operators which do mutually commute, and construct the basis

states so that they are eigenstates of these mutually commuting symmetry operators. The Hamiltonian in

this basis is then block-diagonal, as it may only have non-zero off-diagonal elements between states which

have the same eigenvalue with respect to every symmetry operator in the mutually commuting subset.

As the Hamiltonian is block-diagonal, it is only necessary to diagonalise the Hamiltonian within each block.

If the Hamiltonian contains n approximately equally-sized blocks, this reduces the computational cost by a

factor of O(n2). A consequence of block diagonalisation is that the eigenstates calculated from each block

of basis states will have the same eigenvalues with respect to the mutually commuting symmetry operators

as the basis states in that block. This can be used to reduce the cost of subsequent calculations, including

calculating the properties of the crystal from its eigenstates and performing VMPn.

The purely translational symmetries should always be included in the mutually commuting subset of sym-

metries. Doing this means that the basis states, and subsequently the single-subspace eigenstates, are Bloch

states with well-defined wavevectors. Since the VSCF states are products of the single-subspace eigenstates,

the VSCF states are also Bloch states. Conveniently, the harmonic eigenstates are already Bloch states,
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satisfying

SR |{pχ}〉 =

(∏
χ

e2πipχqχ·R
)
|{pχ}〉 , (5.50)

where |{pχ}〉 is the harmonic eigenstate with occupation pχ along each mode χ, and SR is the symmetry

operator corresponding to a pure translation along R-vector R.

Separation of states by q-point occupations

As detailed in appendix A, the Hamiltonian can be written as

H =
∑
{n†χ,nχ}

h{n†χ,nχ}
(
aχ
†)n†χ (aχ )nχ , (5.51)

where aχ
† and aχ are the harmonic creation and annihilation operators respectively along mode χ, n†χ and

nχ are non-negative integer powers, and h{n†χ,nχ} are scalar coefficients.

The Hamiltonian element between two harmonic eigenstates, 〈{pχ}|H
∣∣{p′χ}〉, may only be non-zero if the

Hamiltonian contains at least one non-zero coefficient h{n†χ,nχ} corresponding to a term which satisfies

n†χ − nχ = pχ − p′χ for all χ. This is relevant because there are two constraints on the Hamiltonian which

make the Hamiltonian in this basis extremely sparse, and which at some q-points will significantly reduce

the size of the blocks in the block-diagonal structure.

Firstly, if the PES is constructed from a Taylor expansion truncated at order n, then all terms in the

Hamiltonian must satisfy
∑
χ

(
n†χ + nχ

)
≤ n, and so 〈{pχ}|H

∣∣{p′χ}〉 may only be non-zero if
∑
χ

∣∣pχ − p′χ∣∣ ≤
n. This means that in an nd-dimensional subspace each row and column in the Hamiltonian will contain

at most O(nnd) non-zero elements. The total number of states in the basis scales as O(ns
nd), where the

number of states along each mode, ns, is typically at least an order of magnitude larger than n. As such,

the Hamiltonian will typically be extremely sparse.

Secondly, the single-subspace Hamiltonians may only contain terms which are invariant under translational

symmetry, i.e. where
∑
χ(n†χ − nχ)qχ is a G-vector. As previously mentioned, every q-point has an integer

nq which is the smallest positive integer such that nqq is a G-vector, and the star of q-points in a given

subspace all have the same value of nq. If nq > n, then the only terms which may appear in the single-

subspace Hamiltonian are those terms which are constructed as products of pairs of creation and annihilation

operators where each pair is individually translationally invariant. These pairs either must contain two

creation operators, aχ1
†aχ2

†, or two annihilation operators, aχ1
aχ2

, in either case satisfying q1 = q2, or

one creation operator and one annihilation operator, aχ1 aχ2
† or aχ1

†aχ2 , satisfying q1 = q2.

Each state |{pχ}〉 can be characterised according to its occupation at each q-point, with the q-point occu-
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pation pq defined in terms of the single-mode occupations pχ as

pq =
∑
χ

qχ=q

pχ −
∑
χ

qχ=q

pχ . (5.52)

The action of a translationally-invariant pair of creation and annihilation operators on such a state leaves

the q-point occupations invariant, and so if nq > n the action of the VSCF Hamiltonian on such a state also

leaves the q-point occupations invariant. This means that the Hamiltonian is block-diagonal with blocks

separated by the q-point occupations of the basis states, in addition to the blocks being separated by the

symmetry eigenvalues of those states. This further reduces the computational cost of calculating and working

with the VSCF eigenstates.

5.4.3 Converging the basis of states

The free energy can be written as a sum of contributions from each eigenstate,

F =
∑
ψ

Pψ (〈ψ|H |ψ〉+ T ln(Pψ)) . (5.53)

Increasing the number of states in the basis adds more terms to this sum, and also changes the values of the

thermal weightings {Pψ}.

The free energy is the sum of two terms. The first term,
∑
ψ Pψ 〈ψ|H |ψ〉, is the internal energy, and can

generally be well-represented by a small basis of states. The second term,
∑
ψ PψT ln(Pψ), is entropic, and

requires a much larger basis of states to model accurately, as the sum depends heavily on the eigenstates

with higher energies.

It is often not practical to include sufficient states in the VCI basis such that the free energy converges. This

problem can be avoided by partially accounting for those states which are not included in the VCI basis,

by treating these additional states implicitly, under the effective harmonic approximation. By including all

states in this manner, the number of states which needs to be included in the VCI basis before the free energy

converges is reduced. A method which allows for the implicit inclusion of these states is detailed below.

The explicit basis and the implicit basis

The harmonic eigenstates form a complete basis for the space. From this basis, it is only possible to consider

a small number of the basis states explicitly. The remaining states can be considered, but since there are

an infinte number of them they can only be considered implicitly. It is convenient to denote the explicitly
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considered basis of states as {ψ}exp, the implicitly considered basis as {ψ}imp, and the complete basis which

is the union of the two as {ψ}union.

Treating the free energy as a functional of the Hamiltonian and the eigenstates, F [H, {ψλ}], the free energy F

is that which minimises F [H, {ψλ}] with respect to the set of eigenstates {ψλ}. Performing this minimisation

while only considering states in {ψ}exp thus gives an upper bound on F . Any inclusion of {ψ}imp will also

give an upper bound on F , and so if this upper bound is lower than that which only considers {ψ}exp then

it must be closer to the true value of F .

Since {ψ}imp contains an infinite number of states, it is not possible to diagonalise the Hamiltonian in this

basis. However, it is possible to include the states in {ψ}imp without diagonalisation, approximating the

eigenstates of H as the effective harmonic eigenstates. This will in general be a poor approximation, but it

will nonetheless be a better approximation than not including these states at all.

Thermodynamic calculus

There are two eigenbases which can be constructed in each of the three basis sets: the VSCF eigenbasis {ψ}vscf

which diagonalises the VSCF Hamiltonian Hvscf, and the harmonic eigenbasis {ψ}har which diagonalises a

harmonic or effective harmonic Hamiltonian Hhar. Since the expectation of an operator can be calculated

with respect to the complete harmonic eigenbasis, it is possible to perform calculations directly in both

the explicit and complete bases {ψ}exp
har and {ψ}union

har . However, when using the VSCF eigenbasis it is only

possible to perform calculations directly in the explicit basis {ψ}exp
vscf.

Appendix B details how to calculate any one of F [H, {ψ}exp], F [H, {ψ}imp] and F [H, {ψ}union] given the

values of the other two, under the approximation that there is no state mixing between the explicit and

implicit bases. For the case of the harmonic eigenbases this approximation will be exact, since there is no

such state mixing between these bases.

A basis which is likely to give the best upper bound on F is the union of the VSCF eigenbasis in the explicit

basis and the harmonic eigenbasis in the implicit basis, F [Hvscf, {ψ}exp
vscf +{ψ}imp

har ]. However, this free energy

cannot be calculated directly, and instead must be calculated using a series of thermodynamic additions and

subtractions.

Firstly, it is necessary to calculate the partition function of the harmonic eigenbasis in the implicit basis, as

Z imp
har = Zunion

har − Zexp
har , (5.54)
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where Z is the partition function, which related to the free energy by

F [Hhar, {ψ}basis
har ] = −T ln

(
Zbasis

har

)
. (5.55)

This can then be used to calculate the expectation values of the harmonic and VSCF Hamiltonians in the

harmonic eigenbasis in the implicit basis,

〈Hhar〉imp
har =

(
Zunion

har 〈Hhar〉union
har − Zexp

har 〈Hhar〉exp
har

)
/Z imp

har

〈Hvscf〉imp
har =

(
Zunion

har 〈Hvscf〉union
har − Zexp

har 〈Hvscf〉exp
har

)
/Z imp

har .
(5.56)

The entropy of the harmonic eigenbasis in the implicit basis is calculated as

Simp
har =

(
F [Hhar, {ψ}imp

har ]− 〈Hhar〉imp
har

)
/T , (5.57)

which can be combined with the expectation of the VSCF Hamiltonian in this basis to give the free energy

of the VSCF Hamiltonian in this basis,

F [Hvscf, {ψ}imp
har ] = 〈Hvscf〉imp

har − TS
imp
har . (5.58)

Finally, this is combined with the directly-calculated free energy of the VSCF Hamiltonian in the VSCF

basis in the explicit basis, to give the free energy of the VSCF Hamiltonian in the combined basis, via

exp
(
−F [Hvscf, {ψ}exp

vscf + {ψ}imp
har ]/T

)
= exp(−F [Hvscf, {ψ}exp

vscf]/T )

+ exp
(
−F [Hvscf, {ψ}imp

har ]/T
)
.

(5.59)

5.5 Converging the self-consistent coefficients

The VSCF Hamiltonian is defined by two equations. Firstly, the free energy of the full Hamiltonian under the

eigenstates of the VSCF Hamiltonian is a minimum with respect to the coefficients of the VSCF Hamiltonian,

δF [H,H′]
δH′ = 0 . (5.60)

Secondly, the VSCF Hamiltonian is self-consistent, i.e. the single-subspace VSCF Hamiltonians H′ξ are
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equal to the single-subspace Hamiltonians generated when taking the expectation of the full Hamiltonian

with respect to the eigenstates of the VSCF Hamiltonian,

H′ξ = 〈H〉{ξ′ 6=ξ} + constant . (5.61)

The VSCF Hamiltonian can be written as a linear combination of single-subspace basis functions,

H′ξ = Tξ +
∑
j

xξjµj , (5.62)

where Tξ is the kinetic energy operator in subspace ξ, each µj is a basis function, and each xξj is a real

scalar coefficient. For a given set of basis functions, this means that the Hamiltonian can be parameterised

entirely by the vector of basis function coefficients x = {xξj}. The free energy can also be calculated as a

function of x only; F [H] ≡ F (x).

Similarly, the self-consistent Hamiltonian can be parameterised in terms of the same basis functions to give

Hξ = Tξ +
∑
j

yξjµj . (5.63)

The coefficient vector y = {yξj} is again a function of x only. For clarity, the coefficient vector x will be

referred to as the input vector, and y will be referred to as the output vector. It is also convenient to define

the error vector, e(x) = y(x)− x.

Thus the conditions for finding the VSCF Hamiltonian can be simplified to the self-consistency condition

y(x) = x (5.64)

or equivalently

e(x) = 0 , (5.65)

and the free energy minimisation condition
∂F (x)

∂x
= 0 . (5.66)

It should be noted that self-consistency is a necessary condition for free energy minimisation, but is not in

general a sufficient condition.

Most methods for finding the value of x which minimises the free energy will proceed iteratively, with each

iteration starting from some value xk, calculating one or both of yk = y(xk) and ∂F
∂xk

, and using these

to generate the next iteration xk+1. This continues until the conditions on x are satisfied to within some
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pre-determined tolerance.

5.5.1 Existing methods

There are a wide range of methods available for finding self-consistent solutions to free energy minimisation

problems, many of which are primarily developed in the context of DFT [140]. These self-consistency methods

can be categorised into two broad categories: mixing schemes, which calculate xk+1 as a function of previous

values of xk, and direct minimisation schemes, which use ∂F
∂xk

and other details of the free energy landscape

to move each iteration closer to the free energy minimum.

Direct minimisation schemes generally require the calculation of the gradient vector ∂F
∂x , and some direct

minimisation schemes require higher derivatives of the free energy with respect to x. In the context of

VSCF this gradient vector can be calculated using perturbation theory, and the cost of this calculation

is comparable to the cost of calculating the output vector y. The calculation of higher derivatives of the

free energy with respect to x requires the intermediate calculation of two-subspace potentials, and so the

computational cost, both in terms of processing time and memory requirements, is significant.

Mixing schemes do not require significant additional calculation at each iteration, beyond the calculation of

y from x. As such, it is preferable to use a mixing scheme as the primary method of converging the VSCF

coefficients. It is possible to automatically monitor the progress of the coefficient convergence, and so it is

possible to have a direct minimisation scheme available as a fallback option should the rate of convergence

of the mixing scheme fall below an acceptable threshold.

Damped iterative schemes

One of the simplest mixing schemes is the damped iterative scheme, where each input vector is constructed

as a linear combination of the previous input and output vectors,

xk+1 = γxk + (1− γ)yk , (5.67)

where γ is a damping constant between 0 and 1.

For cases where the anharmonicity is small, this has previously been found to yield reasonable convergence

[26]. However, for cases with larger anharmonic contributions, the function y(x) is likely to be highly non-

linear and may not be particularly smooth. This can mean that a simple damped iterative scheme will

converge slowly or fail to converge entirely. In particular, there are cases where ∂(y−x)
∂x is negative along one

or more directions in the vicinity of the solution y = x, and in these cases any iterative scheme will actively
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diverge from the correct solution with each iteration.

Pulay schemes

A more sophisticated and reliable mixing scheme, which has found widespread success in the self-consistency

schemes used in DFT, is the Pulay scheme [141, 142].

Given k previous iterations, the Pulay method constructs the input vector xk+1 as a linear combination of

the previous input vectors,

xk+1 =
∑
k

ckxk , (5.68)

where the real coefficients {ck} satisfy the condition
∑
k ck = 1.

The Pulay method assumes that the error vector is related to the input vector with the relationship,

ek = Axk + e0 , (5.69)

where A is an unknown real tensor.

Under this assumption, the error vector will be

ek+1 =
∑
k

ckek . (5.70)

Minimising |ek+1| with respect to {ck}, subject to the condition
∑
k ck = 1, yields the symmetric matrix

equation 
e1 · e1 . . . e1 · en 1

...
. . .

...
...

en · e1 . . . en · en 1

1 . . . 1 0

 ·

c1
...

cn

λ

 =


0
...

0

1

 (5.71)

which can be inverted directly to give xk+1.

Pulay schemes have two problems. The first is that each iteration is a linear combination of the previous

iterations, so if the solution is not a linear combination of the first few iterations then it will never be

found. This problem can be overcome by mixing in additional vectors to break out of the linearly dependent

subspace. These vectors can be generated using a damped iterative scheme, and if that is not sufficient then

alternative vectors can be generated using a direct minimisation scheme or random noise.

The second problem is that the Pulay scheme assumes that the output vector is approximately a linear
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function of the input vector. If this is not approximately true then the scheme will fail.

In DFT, the problem is parameterised in terms of the electron density. This makes convergence quite

straightforward, as the output electron density is generally a smooth and slowly-varying functional of the

input electron density. This in turn means that the output vector is almost always an approximately linear

function of the input vector, and so the Pulay scheme is a good choice.

For VSCF, this is not the case. Due to the extremely high dimensionality of the eigenstates, the problem

must be parameterised in terms of the auxilliary Hamiltonian. At low temperatures, small variations in the

auxilliary Hamiltonian can lead to large changes in the thermal weightings of the eigenstates. This means

that the output coefficients are able to vary rapidly as a function of the input coefficients.

This problem is exemplified by considering the case of linearly-dependent input vectors. These lead to

eigenvectors of the Pulay matrix which correspond to zero-length vectors in the space of output vectors,

and to which the Pulay scheme may allocate large prefactors. In the case of an almost-linear relationship

between the input and output vectors, this is unimportant; the corresponding vectors in the input space will

be very short, and so even with a large prefactor they will not have a large impact on the next iteration.

However, with a highly non-linear relationship these vectors may well correspond to large displacements in

the input space, causing the vectors to vary wildy with each iteration, and causing the Pulay scheme to fail

to converge.

Local vs global minimisation.

To find the best possible estimate of the free energy of the system within the constraints of VSCF, the

minimisation of F [H,H′] should be treated as a global optimisation problem in the space of the degrees of

freedom of H′.

However, global optimisation is in general far too computationally expensive to justify its use in this context.

Since the free energy is variational, treating the problem as a local optimisation starting from the effective

harmonic solution will always provide a better estimate of the free energy than that given by the effective

harmonic solution.

In cases where the locally-optimised VSCF solution is not sufficiently accurate, it seems unlikely that the

increase in accuracy from globally-optimised VSCF would justify the increased computational costs. In-

stead, it is likely that more accurate approximations than VSCF would prove a better use of computational

resources.
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5.5.2 New developments

Before a Pulay scheme can be used to find the self-consistent VSCF coefficients, it must be modified so

that the possiblility of a highly non-linear dependence of the error vector e on the input vector x does not

cause the convergence scheme to fail. This problem can be avoided by explicitly calculating the relationship

between the error vector and the input vector.

Linearised weighted Pulay

Rather than assuming that the error vectors are related to the input vectors by the matrix equation ek(x) =

A · xk + e0, it is possible to instead use linear regression to find the values of A and e0 which come closest

to satisfying this relationship for {xk}. Once A and e0 have been found, they can be used to calculate xk+1

directly.

Firstly, the vector space containing x can be extended with an additional fictitious dimension. Each xk

vector is extended into this additional dimension by a constant amount, l, to give extended vectors

x′ =
(
x1, . . . , xn, l

)
. (5.72)

The real parameter l can take any value other than 0, although for reasons of numerical stability l should be

chosen to have a similar order of magnitude to the other components in the vectors. Since the x vectors are

constrained to have a coefficient of l along the fictitious dimension, the addition of the fictitious dimension

has the effect of removing the origin, x = 0 from the space of x. This means the relationship between e

and x can be expressed as a linear matrix equation. Finding the value of x which minimises |e| is then a

constrained linear problem rather than an unconstrained non-linear problem. This is depicted in figure 5.1.

The relationship between the error vectors and the extended input vectors is then

ek = A′ · x′k , (5.73)

where A′ is an unknown real tensor.

Without regularisation, the tensor A′ can be found by minimising the weighted sum

L =
∑
k

wk|ek −A′ · x′k|
2
, (5.74)
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Figure 5.1: The arrows represent points x. The grey rectangle represents the space in which x may vary.
Left: the origin lies in the space of x. Any vector in the plane can be constructed as a linear combination
of the x vectors. The error vector e cannot be a linear function of the x vectors, as this function would be
origin-dependent.
Right: the origin has been removed from the space of x along the fictitious dimension, shown in orange. The
only points in the plane which can be constructed as a linear combination of the x vectors are those which
lie along the turqouise line. The error vector e may now be a linear function of the x vectors as this function
is origin-independent.

to give

A′ ·
(∑

k

wkx
′
k ⊗ x′i

)
=
∑
k

wkek ⊗ x′k . (5.75)

The weights {wk} should be chosen such that the fit focusses on the region with small |ek|. A particularly

natural choice of weights is wk = |ek|−2
, as this means that the weighted norms of every error vector, wk|ek|2,

will all be equal, and if the relationship between the error vectors e and the extended input vectors x′ is

approximately linear then the weighted norms of every extended input vector, wk|x′k|
2
, will be also all be

approximately equal. This significantly improves the numerical stability of the algorithm.

Once A′ is known, it can be used to find the value of x′ which minimises |A′ · x′|2 subject to the final

component of x′ being l. The vector xk+1 is then this value of x′ without the component in the fictitious

dimension. This minimisation can be performed directly, but it is more convenient to construct the standard

Pulay matrix equation but with each vector ek replaced by the corresponding vector A′ · x′k.

It should be noted that if the input vectors {xk} are linearly independent, this method reduces to the

standard Pulay scheme regardless of the weights chosen. In practice, where numerical noise almost always

causes {xk} to be linearly independent, regularisation must be used in order to bring any improvements

beyond the standard Pulay scheme.

Regularisation

The linearised weighted Pulay scheme presented above has two related problems. The first is that the

symmetric, positive semidefinite matrix X =
∑
k wkx

′
k ⊗ x′k is not always invertible. The second is that the
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fit can be extremely sensitive to small variations in x.

This can be seen by taking an eigenvalue decomposition of X,

X =
∑
l

λlvl ⊗ vl . (5.76)

Since X is positive semidefinite, λl ≥ 0.

The inverse matrix is then

X−1 =
∑
l

1

λl
vl ⊗ vl , (5.77)

which is ill-defined if λl = 0, and extremely sensitive to vl if λl is small.

Both of these problems can be adressed by introducing regularisation into the problem. Using L2-regularised

ridge regression [143], the eigenvalues of X are replaced with

λl → λl + λ , (5.78)

where λ is a positive real regularisation parameter. This makes X positive definite, guaranteeing that it is

invertible and removing the sensitivity to vl. However, this introduces new problems if ∂e∂x has large elements,

since in the absence of regularisation this would lead to large elements of A′, but these have been limited by

the regularisation.

This can be mitigated by instead replacing the eigenvalues of X with

λl → λl + λe−λl/λ . (5.79)

In the limit of λl � λ, the eigenvalues are unchanged. In the limit of λl � λ, the eigenvalues are replaced with

λ. In between these limits, the eigenvalue is replaced with a value which varies smoothly and monotonically

from λ to λl. This has the effect of regularising those directions in which there is little projection of the x′k

vectors, whilst leaving those directions with large projections from the x′k vectors unchanged. This in turn

leads to stable inversion of the X matrix without artificially constraining its values.

133



Chapter 6

Introducing caesar

The improvements to the mapping of the PES and to the implementation of VSCF theory presented in

chapters 4 and 5 respectively have been implemented in the software package caesar. caesar has been made

publicly available with an open-source license, and is currently hosted at github.com/veryreverie/caesar.

Within the constraints detailed in chapter 2, caesar seeks to provide automated anharmonic free energy

calculations for any static-lattice configuration, and to work with any electronic structure software which

can sample the Born-Oppenheimer PES.

caesar performs calculations in two steps: a harmonic calculation, which is presented in figure 6.1, and an

anharmonic calculation, which is presented in figure 6.2.

The inputs to the harmonic calculation are the crystal lattice matrix L, the static-lattice co-ordinate r0 and

two sets of q-points {q}; a coarse grid of q-points on which the PES will be mapped and a fine grid which

will be used to calculate the free energy. From these, caesar uses the spglib package [144] to calculate the

symmetry operators of the crystal {S}, and the crystal is optionally snapped to this symmetry, a process

which will be detailed in section 6.4.

The symmetry-invariant harmonic basis functions {µ} are generated on the coarse q-point grid, using the

algorithm detailed in section 4.1.3, and a set of samples {rj} which can be used to optimally fit these basis

functions are generated, using the algorithm detailed in section 4.4.4. Electronic structure calculations are

performed at each sample, which provide the value of the PES at each sample V (rj), optionally along with

forces f(rj) and other details of the PES, as will be detailed in section 6.1. The harmonic basis function

coefficients are then fitted from the PES samples, as detailed in section 4.4. This gives the harmonic PES,

V (r).
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Figure 6.1: The harmonic calculation performed by caesar. Rectangles represent algorithmic processes,
and circles represent data. Circles with bold borders represent the inputs to the algorithm. The electronic
structure calculations are detailed in section 6.1.
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The harmonic PES is then interpolated onto the fine q-point grid, where the harmonic free energy and other

properties are calculated. If the anharmonic calculation is to be performed using a different coarse q-point

grid to the harmonic calculation then the harmonic PES is interpolated onto this grid, and the normal modes

{û} on this grid are calculated.

The inputs to the anharmonic calculation include the inputs to the harmonic calculation; the static-lattice

co-ordinate r0, the crystal lattice matrix L and the q-point grid {q} on which the anharmonic PES will be

mapped; and additionally the normal modes {û} as calculated by the harmonic calculation. From these,

the symmetry-invariant anharmonic basis functions {µ} are calculated using the algorithm presented in

section 4.1.3. The non-VSCF basis functions are removed if they are not required, as detailed in section

5.1.3. The anharmonic calculation then proceeds identically to the harmonic calculation; optimal samples

{u} are generated, electronic structure calculations are performed at each sample, and the results of these

electronic structure calculations are used to fit the basis function coefficients, giving the anharmonic PES.

The anharmonic PES is generally calculated using a coarser q-point grid than the harmonic PES, and the

two can be interpolated and combined to give a more accurate PES, as described in section 4.3.

Before the VSCF calculation can be performed, it is necessary to perform an effective harmonic calculation,

such that the eigenstates of the effective harmonic Hamiltonian can be used as basis states for the VSCF

calculation1. The effective harmonic calculation uses the self-consistency algorithm presented in section

5.5 to find the normal-mode frequencies which minimise the free energy of the crystal under the effective

harmonic approximation, as detailed in section 3.5.3. This calculation does not require an explicit basis of

states, as the expectation values of operators can be calculated with respect to an entire harmonic basis, as

detailed in section 5.4.1. It should be noted that the effective harmonic calculation is constrained to keep

the normal-mode unit vectors û constant, as allowing these unit vectors to vary would greatly increase the

number of terms which must be represented in the PES.

The VSCF calculation itself begins with the calculation of the single-subspace basis functions, which are

calculated using the same method used to calculate the PES basis functions, as detailed in section 4.1.3.

Then, using the basis of states which diagonalise the effective harmonic Hamiltonian, the self-consistency

algorithm presented in section 5.5 is used to calculate the single-subspace Hamiltonians, and thus the VSCF

Hamiltonian. The VSCF Hamiltonian is then interpolated onto a fine q-point grid, as detailed in section

5.2.1, and finally the thermodynamic calculations detailed in section 5.4.3 are performed in order to calculate

the free energy and other properties under the VSCF approximation.

1If the harmonic Hamiltonian contains normal modes with imaginary frequencies then the eigenstates of the harmonic
Hamiltonian will not be well defined. In contrast, the effective harmonic Hamiltonian cannot contain normal modes with
imaginary frequencies, as a result of how this Hamiltonian is defined.
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Figure 6.2: The anharmonic calculation performed by caesar. Rectangles represent algorithmic processes,
and circles represent data. Circles with bold borders represent the inputs to the algorithm, including user
inputs and the outputs of the harmonic calculation. The electronic structure calculations are detailed in
section 6.1.
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6.1 Electronic structure as a black box

In order to be compatible with as wide a range of electronic structure implementations as possible, caesar

treats the electronic structure calculation as a black box. The only requirement on the electronic structure

package is that, given a configuration of nuclear co-ordinates r and the lattice vectors L, it must be able to

calculate the Born-Oppenheimer potential V , and optionally any additional information such as the forces,

Hessian or stress at that configuration.

In order to achieve this, caesar interacts with the electronic structure calculation purely through a user-

supplied script. This script is required to read the nuclear configuration, run the electronic structure calcu-

lation, and write out the required calculation results. For many electronic structure methods, this simply

entails the script calling the electronic structure package with specified input and output files, and pointing

at a user-supplied settings file if needed.

In order to accomodate as wide a range of electronic structure packages as possible, caesar is able to work

with a number of widely-used input and output electronic structure file formats, including formats compatible

with the QUIP molecular dynamics package [145] and the Atomic Simulation Environment package [146],

which provide compatibility with a wide range of electronic structure codes. Additional electronic structure

codes can be interfaced using external programs which convert files from one format to another, such as the

c2x file converter of Rutter [147].

Supercell generator Sample
structures

Sample
co-ordinates Input file writer

Electronic
structure

parameters

Electronic structure
script

Input files

Output filesOutput file readerPES samples

Figure 6.3: The electronic structure calculation wrapper implemented by caesar. Rectangles represent
algorithmic processes, and circles represent data. Objects with bold borders represent the inputs to the
algorithm.
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The details of the electronic structure black box are presented in figure 6.3. Starting with a co-ordinate r or

u, the algorithm first generates the commensurate supercell S which is most computationally inexpensive to

simulate. The atomic co-ordinates are then calculated for every atom in this supercell. The details of this

supercell, along with any necessary parameters, are converted into a format that the electronic structure

method can process, and written to a file. The user-provided electronic structure script is called, which is

expected to read the input file, and produce an output file containing the calculated PES data. This output

file is then read, and converted into a format that caesar can process.

6.2 Interchangeable calculation elements

There are many parts of the VSCF method which can be represented in a wide range of different ways.

For example, the PES can be represented as the interpolation of a grid of sampling points, or as a sum of

basis functions, and the basis functions themselves can have many different functional forms. For another

example, the free energy within each subspace can be calculated using a number of methods, ranging from an

effective harmonic approximation through to methods based on configuration interaction or coupled cluster

theories.

In order to allow for this variety of interchangeable parts, caesar is built in a modular manner, using object

inheritance to separate the abstract notions of the VSCF methods from the concrete implementations of

each method. Each building block of the method, such as the PES or the basis of states, is implemented as

an abstract class, containing only the interfaces needed for the other parts of the method to interact with

that block. Each abstract class then has one or more child classes, which each provide a particular concrete

implementation for each of the inherited interfaces.

For example, the PES is represented by the abstract class Potential, which has a method integrate()

which allows it to be integrated with respect to a set of basis states. A concrete implementation of this

is the class PolynomialPotential, represented as a weighted sum of polynomial basis functions. The

PolynomialPotential class implements integrate() by using the set of basis states to integrate each of

its component monomials in turn, and summing the result. The integration of a monomial would in turn

be an abstract method of the abstract BasisStates class, which would have a concrete implementation

HarmonicBasisStates, which would integrate monomials analytically.
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6.3 Exact symmetry representation

In cartesian co-ordinates, each symmetry S is represented by a tensor S and a translation vector s. In

general, the elements of the tensor and the vector are real numbers, making this representation unsuitable

for applications where exact comparisons are needed.

The symmetries can be represented exactly by storing their tensors in fractional co-ordinates, where they

have purely integer elements, and by replacing the translation vector with a group which describes how the

symmetry maps the static-lattice position of each atom at R = 0 onto the static-lattice position of another

atom, where the latter atom is represented by the index of its image in the primitive cell and its R-vector in

fractional co-ordinates.

This allows for calculations involving symmetry operators to be performed exactly and repeatedly, without

any accumulation of error with repeated calculation.

6.4 Snap to symmetry

caesar uses the utility spglib [144] to identify the symmetries of each system it is given.

Often, static-lattice configurations are calculated through the use of numerical algorithms [9], and will only

satisfy the given symmetry operations up to some pre-defined numerical tolerance. This can lead to numerical

error, and it is desirable to find the static-lattice structure which is closest to the given structure, but which

satisfies the symmetries exactly. This is known as snapping the structure to symmetry.

caesar performs the snap-to-symmetry algorithm in two stages, first snapping the lattice vectors, followed

by snapping the nuclear co-ordinates. In both cases, snapping is done by using the symmetry operators to

construct the set of linear equations which the elements of the given vectors must obey, before using linear

regression to find the vectors which are closest to the original vectors given the constraints.

6.5 Generating single-subspace potentials

For a system with N subspaces, a näıve implementation of VSCF constructs each of the N single-subspace

potentials by integrating each across the N −1 other subspaces, requiring the calculation of O(N2) integrals

to calculate every single-subspace potential. The computational cost of this calculation can be reduced by

replacing the näıve method with a bisection method.
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First, the subspaces are split into two approximately equal sets, ξ1 . . . ξN
2

containing the first N
2 subspaces,

and ξN
2 +1 . . . ξN containing the remaining subspaces. Then two multi-subspace potentials are constructed,

Hξ1...ξN
2

= 〈H〉ξN
2

+1
...ξN

(6.1)

and

HξN
2

+1
...ξN = 〈H〉ξ1...ξN

2

. (6.2)

Each multi-subspace Hamiltonian Hξi...ξj is used to generate a further two Hamiltonians, as

Hξi...ξ i+j
2

=
〈
Hξi...ξj

〉
ξ i+j

2
+1
...ξj

(6.3)

and

Hξ i+j
2

+1
...ξj =

〈
Hξi...ξj

〉
ξi...ξ i+j

2

. (6.4)

This process is repeated until the single-subspace Hamiltonians are reached.

By taking expectation values in this manner, the number of integrals required to calculate every single-

subspace potential is reduced to O(N log(N)).
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Chapter 7

Calculating the phase diagram of

elemental titanium

The developments to VSCF and related methods presented in this work will now be illustrated by applying

them to a system of interest. The chosen system is the modified embedded atom potential (MEAM) of

Hennig et al. [148], as adapted for use with the QUIP molecular dynamics package [145] by Schlegel [149].

This potential is designed to model elemental titanium [148], although the accuracy of this potential for

this purpose will not be evaluated. Instead, the aim is to accurately model the vibrational properties of the

fictional system which is described exactly by the MEAM potential.

There are a number of reasons why this sytem provides a good illustration of the developments in the method,

and of the limitations imposed by some of those developments:

• At low pressures, the solid phase diagram of the system contains only three phases [148], and so

mapping this phase diagram requires relatively few free energy calculations.

• Each phase has a primitive unit cell which is invariant under the action of many symmetry operators

[148]. This high-symmetry structure means that the potential reduction in computational cost from

exploiting symmetry is high.

• Each phase has a small primitive unit cell, containing at most three atoms [148]. This means that

the Born-von Karman supercell in which each vibrational calculation is performed must contain many

primitive unit cells in order for the free energy to converge, and so it is important to correctly handle

size consistency and interpolation.

• The MEAM potential as implemented in QUIP is extremely computationally inexpensive, allowing
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the necessary electronic structure calculations containing hundreds of atoms to be performed in a few

seconds each.

• One of the phases is unstable under the harmonic approximation, and contains a high proportion of

phonon modes with imaginary frequencies [148]. This phase is stabilised at finite temperatures by

anharmonic effects [62, 150]. This means that the free energy of this phase can only be accurately

calculated using anharmonic methods.

7.1 The phases of titanium

At low pressures, elemental titanium exhibits three solid phases, labelled α, β and ω [148, 151]. A number

of high pressure phases also exist [152], but these are not relevant to the current work.

The α phase has a hexagonal close-packed (hcp) crystal structure, with two atoms per primitive unit cell.

There are two free parameters in this structure: the volume per atom, Ω, and the ratio of the lengths of the

primitve R-vectors, c. The lattice matrix for this structure is

L = 3

√
4Ω√

3c


1
2 −

√
3

2 0

1
2

√
3

2 0

0 0 c

 , (7.1)

and the fractional co-ordinates of the atoms in the primitive unit cell are1

r1 =
(

0 0 0
)

r2 =
(

1
3

2
3

1
2

)
.

(7.2)

This is shown on the left of figure 7.1.

The β phase has a body-centred cubic (bcc) crystal structure, with one atom per primitive unit cell. The

only free parameter in this structure is the volume per atom, Ω. The lattice matrix for this structure is

L =
3

√
Ω

4


1 1 −1

1 −1 1

−1 1 1

 , (7.3)

1Due to translational invariance, the choice of origin for the fractional co-ordinates is arbitrary. For convenience, this origin
is consistently chosen so that one atom has a fractional co-ordinate of 0.
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Figure 7.1: The crystal structures of the three phases of titanium, with α titanium on the left, β titanium in
the centre and ω titanium on the right. The primitive unit cells of the α and ω phases, and the conventional
unit cells of the β phase, are shown as black boxes. The third lattice vector for each structure lies directly
out of the page. The atoms which are coloured turquoise have fractional co-ordinates of 0 along this lattice
vector, while the atoms which are coloured blue have fractional co-ordinates of 1

2 along this lattice vector.

and the fractional co-ordinate of the atom in the primitive unit cell is

r1 =
(

0 0 0
)
. (7.4)

This is shown in the centre of figure 7.1.

The ω phase has a hexagonal crystal structure, with three atoms per primitive unit cell. There are two free

parameters in this structure: the volume per atom, Ω, and the ratio of the lengths of the primitve R-vectors,

c. The lattice matrix for this structure is

L = 3

√
6Ω√

3c


1
2 −

√
3

2 0

1
2

√
3

2 0

0 0 c

 , (7.5)

and the fractional co-ordinates of the atoms in the primitive unit cell are

r1 =
(

0 0 0
)

r2 =
(

1
3

2
3

1
2

)
r2 =

(
2
3

1
3

1
2

)
.

(7.6)

This is shown on the right of figure 7.1.

7.2 Calculating the phase diagram from the free energy

The output of caesar is the vibrational free energy surface F (Ω, c, T ). This is used to calculate the Gibbs

free energy surface G(p, T ), and then the phase diagram for the system, using the method described in
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section 3.6.1.

When comparing multiple structures it is necessary to consider the total free energy, including the electronic

and vibrational contributions. Since the system under consideration is described by a classical potential,

the electronic contribution to the free energy is simply the energy of the static-lattice structure. All free

energies and Gibbs free energies in the remainder of this chapter should be assumed to include this electronic

contribution to the free energy.

Firstly, the calculated values of F (Ω, c, T ) are used to fit a third-order Birch-Murnaghan equation of state

[136] for each value of T . For β titanium, this is given by

FT (Ω) = α0 + α1Ω−
2
3 + α2Ω−

4
3 + α3Ω−

6
3 , (7.7)

and for α and ω titanium this is given by

FT (Ω, c) = α0

+α1

(
Ω

c

)− 2
3

+ α2

(
Ωc2

)− 2
3

+α3

(
Ω

c

)− 4
3

+ α4

(
Ω

c

)− 2
3 (

Ωc2
)− 2

3 + α5

(
Ωc2

)− 4
3

+α6

(
Ω

c

)− 6
3

+ α7

(
Ω

c

)− 4
3 (

Ωc2
)− 2

3 + α8

(
Ω

c

)− 2
3 (

Ωc2
)− 4

3 + α9

(
Ωc2

)− 6
3 .

(7.8)

Secondly, the values of c(Ω, T ) are found for which the stress tensor σ(Ω, c, T ) corresponds to an isotropic

pressure, i.e. for which σ ∝ 1. For the β phase, the pressure is guaranteed to be isotropic by symmetry, and

for the α and ω phases this corresponds to the values of c for which
(
∂
∂c

)
Ω
FT (Ω, c) = 0. Substituting these

values of c(Ω, T ) back into F (Ω, c, T ) gives the isotropic free energy surface F (Ω, T ).

Thirdly, the pressure p(Ω, T ) is calculated from F (Ω, T ) via

p(Ω, T ) = −
(
∂F (Ω, T )

∂Ω

)
T

. (7.9)

Finally, the Gibbs free energy G(p, T ) is calculated from F (Ω, T ) and p(Ω, T ), using the Legendre transform

G(p, T ) = F (Ω, T ) + p(Ω, T )Ω . (7.10)

Once the Gibbs free energy per atom has been calculated for all three phases, it is possible to construct the

phase diagram of solid titanium. The stable phase at a given temperature and pressure is the phase with
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the lowest Gibbs free energy per atom at those conditions.

7.3 Existing calculations

Hennig et al. [148] calculate the solid portion of the phase diagram of titanium using classical molecular

dynamics, similar to the methods discussed in section 3.5.8 of this work. They do not calculate and compare

the Gibbs free energy of the three phases. Instead, they calculate the most stable phase at a given temperature

and pressure by performing a classical molecular dynamics simulation of the system under those conditions

using a thermostat and barostat, and identify which phase is predominant in the simulation. The phase

diagram is then constructed by repeating these simulations at a range of temperatures and pressures [148].

The phase diagram of Hennig et al. [148] is reproduced in figure 7.8 below. This phase diagram is qualitatively

similar to the phase diagram of titanium as derived from experiments or calculated using other methods [151–

155].

As discussed in section 3.5.8, calculating the phase diagram in this way has a number of advantages and dis-

advantages compared to the VSCF method as implemented in caesar. The molecular dynamics simulations

sample the PES directly, and so no error is introduced through fitting processes, and no approximations need

to be made to the PES itself. Unlike in vibrational methods, molecular dynamics places no restriction on the

distance atoms may move from their static-lattice positions, and so the error arising from these restrictions

is not incurred.

However, the use of classical mechanics means the simulation does not include zero-point effects, and so

the phase diagram is likely to be inaccurate at low temperatures [152]. The method also requires a large

number of electronic structure calculations, each of which simulates a large number of atoms. Hennig et al.

[148] ran molecular dynamics simulations of systems containing 432 atoms, performing electronic structure

calculations at time steps of 1 fs, over simulations lasting for up to 1 ns. This means that identifying the

stable phase at each temperature and pressure required up to 1 million electronic structure calculations [148].

This scale of calculation may be feasible when using a MEAM potential, but is unlikely to be feasible in a

high-throughput context when using more accurate ab-initio electronic structure methods.

7.4 Calculating properties under the harmonic approximation

The first stage of the vibrational calculation is a harmonic calculation. This must be performed for each

value of Ω and c for each phase, and each calculation gives results for a range of temperatures T .
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7.4.1 Converging the harmonic supercell

In order to get accurate results, the Born-von Karman supercell used for each harmonic calculation must be

sufficiently large that the calculation result is converged. For consistency, the same supercell was used for

all calculations of each phase. These supercells were converged using a single representative structure from

each phase. These structures were all chosen to have primitive cell volumes of Ω = 17.5Å3, and the α and

ω structures were chosen to have R-vector ratios of c = 1.6 and c = 0.6 respectively.

The top panels of figures 7.2, 7.3 and 7.4 show the convergence of the free energy with respect to the q-point

spacing of the harmonic supercell, for the chosen structure in the α, β and ω phases respectively.

When the free energy was converged to an accuracy of 10−5 Ha per cell, the α, β and ω phases had q-point

spacings of 3.5 × 10−2 bohr−1, 4.6 × 10−2 bohr−1 and 2.6 × 10−2 bohr−1 respectively, corresponding to

harmonic supercells with supercell matrices

Sα =


6 0 0

0 6 0

0 0 3

 , Sβ =


5 0 0

0 5 0

0 0 5

 and Sω =


5 0 0

0 5 0

0 0 6

 . (7.11)

The bottom panels of figures 7.2, 7.3 and 7.4 show the phonon dispersion curves and phonon densities of

states for the converged supercells for the α, β and ω phases respectively. It should be noted that the β

phase has normal modes with imaginary frequencies, and that the contribution of these modes to the free

energy must be neglected under the harmonic approximation.

7.4.2 The harmonic phase diagram

In order to allow for comparison with the results presented in Hennig et al. [148], the vibrational properties

of each phase were calculated for values of Ω between 15 and 20 Å3 per atom, in steps of 0.5 Å3 per atom.

For the α phase, the ratio c was varied between 1.55 and 1.70 and for the ω phase c was varied between 0.55

and 0.65, in steps of 0.01 in each case. Each vibrational calculation was performed at temperatures between

0 and 1500 K, in steps of 300 K.

The isotropic free energy surfaces F (Ω, T ) for the three phases are shown in figure 7.5. As previously noted,

the β phase is unstable under the harmonic approximation over a range of volumes. Figure 7.6 shows

the proportion of normal modes of the β which have imaginary frequencies. As the volume increases, this

proportion tends to one. Under the harmonic approximation, the vibrational free energy is a sum of single-

mode contributions, and the modes with imaginary frequencies must be neglected from this sum. As such,
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Figure 7.2: α titanium
Top: Convergence of harmonic free energy with respect to q-point spacing. Free energies are shown relative
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Figure 7.3: β titanium
Top: Convergence of harmonic free energy with respect to q-point spacing. Free energies are shown relative
to the most-converged value for each temperature, on a semilog axis.
Bottom: Dispersion and density of states for harmonic phonons. Real frequencies are coloured turquoise
and imaginary frequencies are coloured orange. The fractional co-ordinates of the high-symmety q-points
are Γ = 0, H =

(
1
2 ,

1
2 ,

1
2

)
, P =

(
1
4 ,

1
4 ,

1
4

)
and N =

(
0, 1

2 , 0
)
.

149



0.030.040.050.060.070.080.09

q-point spacing (bohr−1)

−10−5

0

10−5

10−4

fr
ee

en
er

gy
d

iff
er

en
ce

(H
a

p
er

ce
ll

)

0 (K)

250 (K)

500 (K)

750 (K)

1000 (K)

1250 (K)

1500 (K)

2
× 2
× 2

2
× 2
× 3

3
× 3
× 4

3
× 3
× 5

4
× 4
× 5

4
× 4
× 6

5
× 5
× 6

5
× 5
× 7

6
× 6
× 8

6
× 6
× 9

q-point grid

Γ K M Γ D

−0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50

F
re

q
u

en
cy

(×
10
−

3
H

ar
tr

ee
s)

Figure 7.4: ω titanium
Top: Convergence of harmonic free energy with respect to q-point spacing. Free energies are shown relative
to the most-converged value for each temperature, on a semilog axis.
Bottom: Dispersion and density of states for harmonic phonons. The fractional co-ordinates of the high-
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Figure 7.5: Free energy calculated under the harmonic approximation. The α, β and ω phases are coloured
turquoise, orange and blue respectively. The coloured labels denote the temperature in Kelvin.
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Figure 7.6: The proportion of interpolated normal modes of the β phase which have imaginary frequencies
under the harmonic approximation.
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as the volume increases the vibrational free energy under the harmonic approximation tends to zero and

becomes an increasingly inaccurate estimate of the true vibrational free energy. This is why the free energy

curves of the β phase at different temperatures all tend to the same value, the static-lattice energy, at the

right of figure 7.5.

The phase diagram calculated under the harmonic approximation is shown in figure 7.7, and the phase

diagram calculated by Hennig et al. [148] is shown in figure 7.8 for comparison.

The phase boundary between the α and ω phases as calculated under the harmonic approximation in figure

7.7 is qualitatively similar to that calculated by Hennig et al. [148] in figure 7.8. The two are not expected

to be identical because, as previously noted, the calculations under the harmonic approximation do not

consider the effects of anharmonicity, and the calculations of Hennig et al. [148] do not consider the effects

of zero-point motion.

The phase boundary between the β phase and the other two phases is missing from figure 7.7, as the β phase

is not predicted to be stable under the harmonic approximation at any values of temperature and pressure.

This is because, as shown in figure 7.6, the β phase contains a high proportion of modes with imaginary

frequencies. The contribution of these modes to the free energy must be neglected under the harmonic

approximation, but an anharmonic calculation would be expected to show that the neglected contribution

is negative. This means the harmonic approximation is expected to overestimate the free energy of the β

phase.

The phase transition to a liquid phase is not shown in figure 7.7. As discussed in section 2.1.4, this transition

cannot be calculated using vibrational methods. Further, as discussed in section 3.2.5, the accuracy of the

harmonic approximation decreases as temperature increases, and so the region of the phase diagram close

to the melting temperature of titanium will be inaccurate.

7.5 Calculating anharmonic properties

7.5.1 Mapping the anharmonic potential energy surface

Since the β phase has only one atom per unit cell, the supercell whose supercell matrix is the identity matrix

1 only contains the three normal modes which correspond to translation in space. As such, the smallest

supercell which can be used to perform meaningful vibrational calculations is that with supercell matrix 21.

This supercell contains eight q-points, arranged into three q-point stars. Every q-point in this supercell is its

own pair, and so every normal mode in this supercell is real. The q-point star Γ∗ contains only qΓ = (0, 0, 0).
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Figure 7.7: The solid phase diagram of titanium under the harmonic approximation. The α and ω phases of
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All three normal modes at qΓ are degenerate, and these are the three purely translational modes, which

do not contribute to vibrational calculations. The q-point star H∗ contains only qH = ( 1
2 ,

1
2 ,

1
2 ). All three

normal modes at qH are also degenerate, forming a single degenerate subspace, ξH . The q-point star N∗

contains six q-points, qNa = (1
2 , 0, 0), qNb = (0, 1

2 , 0), qNc = (0, 0, 1
2 ), qNab = (1

2 ,
1
2 , 0), qNac = ( 1

2 , 0,
1
2 ) and

qNbc = (0, 1
2 ,

1
2 ). The normal modes at each q-point in N∗ are not related to one another by symmetry, and

so they form three degenerate subspaces, ξN1
, ξN2

and ξN3
, each of which contains six normal modes, with

a single mode at each q-point in N∗.

The PES has been fitted using a Taylor expansion truncated at sixtic order, as this is the highest order

for which computation is currently feasible. Without using the PAA, and neglecting symmetry, the sixtic

PES representation would contain more than
(

21
6

)
= 54264 unique monomial terms. Reducing this using

translational and space-group symmetry as described in section 4.1.3, and removing the non-VSCF basis

functions as described in section 5.1.1, gives a PES representation containing only 230 distinct basis functions,

and which correspondingly has 230 real coefficients which must be fitted.

Incluing forces in the fitting process, as described in section 4.4, it is possible to accurately map the PES

using a small number of sampling points per basis function. For these calculations, four sampling points

per basis function were used. In order to remove the non-VSCF basis functions, some of these sampling

points had to be duplicated up to 30 times, as described in section 5.1.1. This gave a total of 5324 sampling

points. Since the calculation included terms involving three or more q-points, the majority of these sampling

points could not take advantage of the non-diagonal supercell method, and had to be performed using the

full supercell containing eight atoms.

Figure 7.9 shows a one-dimensional slice through the PES along one mode from each of the four degenerate

subspaces. Each plot shows the true value of the PES along each mode, taken directly from electronic

structure calculations, along with the values of the sixtic anharmonic PES and the harmonic PES. The true

PES is clearly better represented by the anharmonic PES than by the harmonic PES, but the anharmonic

PES is still far from perfect. As can be seen in figure 7.5, in order to distinguish phases the free energy

calculation must have a better accuracy than 0.01 Hartree per atom, and the anharmonic PES does not

reliably achieve this.

The main reason for this lack of accuracy is that the sixtic form of the anharmonic PES does not have the

flexibility needed to capture all of the features of the true PES. Increasing the truncation order of the Taylor

expansion would increase the flexibility of the representation, but as the complexity of the PES increases

exponentially with the truncation order this is not computationally feasible.

A number of the problems with Taylor series PES respresentations discussed in section 3.4.3 can be seen

in figure 7.9. The true PES of β titanium softens with increasing displacement, i.e. the gradient of the
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Figure 7.9: One-dimensional slices of the PES of β titanium along one normal mode from each subspace
in the 21 supercell. The subspaces, in reading order, are ξH , ξN1

, ξN2
and ξN3

The true potential, sixtic
anharmonic potential and harmonic potential are shown in green, blue and orange respectively.
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PES
∣∣ ∂
∂uV (u)

∣∣ decreases as the displacement |u| increases. However, the functional form of a Taylor series

truncated at low order means that beyond a certain displacement the gradient must increase with increasing

displacement. This causes the Taylor series PES to reach an artificial maximum near the edge of where the

PES is sampled, and then to drop rapidly to large negative values. This can most clearly be seen for the

PES mapped along the mode in the ξH subspace shown in the top left panel of figure 7.9.

As discussed in section 2.1.4, the mapped region of the PES must contain a potential well which is sufficiently

deep to contain the vibrational wavefunctions. The error associated with only mapping the potential well

up to a depth of Vmax at temperature Tmax is expected to scale approximately as e−Vmax/kBTmax . As can

be seen in figure 7.8, in order to model the region of stability of the β phase of titanium, it is necessary

to perform accurate calculations at Tmax = 1500 K, and so the depth of the potential well must satisfy

Vmax >> 4.8×10−3 Hartree. As can be seen in the bottom left panel of figure 7.9, this means the PES must

be mapped up to a displacement of about 2 bohr per atom. This large displacement has consequences for

the accuracy of the fitted PES, as for a fixed set of basis functions there must be a trade-off between the

size of the region being mapped and the accuracy of that mapping.

7.5.2 The self-consistent harmonic method

As described in section 5.4, the full VSCF calculation relies on an effective harmonic calculation to provide the

basis of states from which the VSCF wavefunctions will be constructed. This effective harmonic calculation

is performed using the same self-consistent convergence method as VSCF, as described in section 5.5, except

that where in VSCF the free energy is minimised with respect to the VSCF wavefunctions coefficients, in the

effective harmonic calculation the free energy is minimised with respect to the effective harmonic frequencies.

This free energy minimisation is performed at multiple temperatures, giving temperature-dependent effective

frequencies.

The effective frequencies of the modes in the 21 supercell can be interpolated to arbitrary q-points, as

described in section 3.2.4, and this can be used to calculate an approximation to the free energy of the

system. This can be improved by combining the effective harmonic calculation in the 21 supercell with the

harmonic calculation in the 51 supercell, giving a Hamiltonian

H(51)
combined = H(21)

effective −H
(21)
harmonic +H(51)

harmonic . (7.12)

This is equivalent to modelling the short-range interactions as anharmonic, and the longer-range interactions

as harmonic.

For a given set of effective frequencies, the free energy is calculated using the analytic integrals described in
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Figure 7.10: The phonon dispersion and density of states of β Titanium with Ω = 17.5 (Å3 per atom),
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Figure 7.11: Free energy of the three phases of titanium. The free energies of the α and ω phases, coloured
turquoise and blue respectively, are calculated under the self-consistent harmonic approximation. The free
energy of the β phase, coloured orange, is calculated using an effective harmonic method. The coloured
dots show the results of individual calculations, and the coloured lines show the fitted third-order Birch-
Murnaghan equation of state.
For each phase, the different lines correspond to different temperatures, with the top line showing 0(K)
and the bottom showing 1500(K), and the intermediate lines spaced evenly between these temperatures in
intervals of 300(K).
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appendix A. Using such analytic integrals allows each free energy calculation to be performed quickly and

accurately, but also imposes a limitation on the frequencies which may be accurately calculated. Since the

domain of the analytic integrals is across all space rather than only across the mapped region of the PES,

these integrals will only be accurate if the nuclear density outside the mapped region of the PES is small.

Along a given mode with effective frequency ω, the nuclear density beyond some displacement u increases

as ω decreases, and so if the effective frequency becomes too small then a significant fraction of the nuclear

density will lie outside the mapped region of the PES, and the integral will become inaccurate.

This limitation becomes a problem when the PES erroneously drops to large negative values beyond the

mapped region, as the sixtic PES of β titanium does as shown in figure 7.9. This allows the free energy

minimisation to produce free energies which are artificially large and negative, simply by reducing the effective

frequency until the nuclear density escapes the mapped potential well. This meant that in a number of the

calculations there was no acceptable set of effective frequencies which minimised the free energy, and so at

least one effective frequency had to be artificially set to a lower bound of 10−4 Hartree.

The phonon dispersion curve and density of states of β Titanium with Ω = 17.5 Å3 per atom, calculated using

the effective harmonic method, is shown in figure 7.10, and can be compared to the same data calculated under

the harmonic approximation shown in the bottom panel of figure 7.3. Importantly, in the effective harmonic

phonon spectrum there are no modes with imaginary frequencies. This is guaranteed by construction at

the q-points commensurate with the 21 supercell, but is not guaranteed at the interpolated q-points. This

suggests that including only the anharmonic interactions which can be contained within the 21 supercell is

sufficient to ensure that the β phase lies within a well-defined potential well.

Figure 7.10 shows that the effective frequencies are strongly temperature-dependent. This is expected, as

the PES is very strongly anharmonic. The increase in frequency with temperature shown by most of the

modes is characteristic of potentials which are dominated by terms with higher order than harmonic; as the

temperature increases, the average vibrational displacements increase, and the average second derivative of

the potential increases.

The free energy of the β phase calculated using the effective harmonic method is shown in figure 7.11, along-

side the free energies of the α and ω phases calculated under the harmonic approximation for comparison.

This can be compared with the free energy calculated under the harmonic approximation shown in figure 7.5.

The free energies calculated using the effective harmonic method are generally lower than those calculated

using the harmonic approximation. This is consistent with the expectation that the average contribution to

the free energy from the modes with imaginary frequencies is negative.

The reduction in the free energy of the β phase using the effective harmonic method causes a corresponding

reduction in the Gibbs free energy, but this is not sufficient to make the β phase stable at any combination
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of temperature and pressure, and as such the phase diagram calculated using the effective harmonic method

is identical to that calculated under the harmonic approximation as shown in figure 7.7.

7.5.3 The vibrational self-consistent field method

Symmetry and the potential energy surface of titanium

Once the effective frequencies have been calculated, it is possible to perform the full VSCF calculation.

As previously noted, the ξH subspace contains three degenerate normal modes, and so provides a good

illustration of the effects of symmetry on VSCF discussed in section 5.1. It is important to note that the

directions of these modes are not uniquely defined by the calculation under the harmonic approximation; for

any given choice of the three unit vectors û1, û2 and û3, any orthogonal transformation of these unit vectors

will give a different, equally valid choice of unit vectors.

It is informative to consider the two symmetry-invariant single-subspace basis functions in the ξH subspace

at quartic order. The first basis function, V1, obeys full spherical symmetry, and can be written as

V1 = c1(u1
2 + u2

2 + u3
2)2 = c1(u1

4 + u2
4 + u3

4 + 2u1
2u2

2 + 2u1
2u3

2 + 2u1
2u3

2) , (7.13)

regardless of the choice of normal modes. The second basis function, V2, has the symmetries of a cube. For

a specific choice of normal modes, this basis function can be written as

V2 = c2(u1
4 + u2

4 + u3
4) , (7.14)

but this functional form will be different for a different choice of normal modes, and in general will also

contain terms of the form uiuj
3 − ui3uj .

This demonstrates the importance of performing VSCF using single-subspace potentials rather than single-

mode potentials; V1 cannot be approximately separated into single-mode terms, and separating V2 into

single-mode terms would result in a different set of terms, and so a different free energy, for each choice of

normal modes.

However, using single-subspace potentials comes at a cost. The computational cost and memory requirements

of the calculation scale unfavourably with the number of states in each basis of states. In order to achieve

the same accuracy from the basis of states that would be achieved with N basis states in each single-mode

basis, an n-dimensional single-subspace basis must contain O(Nn) states. For the present simulation, the

basis of states had to be limited to only include states with total occupation numbers of 15 or less. This
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meant that the basis of states in the three-dimensional ξH subspace contained 816 states.

Free energy calculations

The free energy of the β phase calculated using VSCF is shown in the top panel of figure 7.12. This

calculation was performed using the 21 supercell, and without using the PAA. The free energies calculated

using VSCF are lower again than those calculated using the effective harmonic method shown in figure 7.11,

particularly at larger volumes. However, the resulting Gibbs free energies are still not low enough to make

the β phase stable at any combination of temperature and pressure, and so the phase diagram calculated

using VSCF is again identical to that calculated under the harmonic approximation as shown in figure 7.7.

There are several reasons which might explain why the VSCF calculation disagrees with the results of Hennig

et al. [148]. As previously discussed, the anharmonic representation of the PES shows large deviations from

the true PES, and the effective harmonic frequencies had to be artificially limited to prevent them from

becoming too small. Both of these problems are caused primarily by the lack of flexibility inherent to the

sixtic Taylor expansion representation of the PES. Additionally, the 21 supercell is small, and likely does

not capture all of the important anharmonic interactions in the PES. The seven q-points at which non-

translational modes are found also all lie on the boundary of the Brillouin zone, and so the normal modes

at these q-points are not expected to be representative of the Brillouin zone as a whole. Rather, as can be

seen in 7.10, the majority of these normal modes have effective frequencies which are much higher than the

average frequency.

7.5.4 The principal axes approximation

The second order principal axes approximation

It is not computationally feasible to perform a VSCF calculation using a sixtic PES in a supercell larger

than 21 without making approximations. As discussed in section 3.4.3, it is standard practice to take the

PAA in order to make progress.

Taking the PAA at second order, the number of basis functions in the PES of β titanium in the 21 supercell

is reduced from 230 to 102. This also reduces the number of samples per basis function required in order to

remove the non-VSCF basis functions, reducing the total number of samples required to map the PES from

5324 to 1016 samples. Further, since taking the PAA at second order removes all of the terms which include

coupling between three or more q-points, the non-diagonal supercell method can be used for all electronic

structure calculations, such that each calculation contains at most four atoms.
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Volume (Å3 per atom)

−0.09

−0.08

−0.07

−0.06

F
re

e
en

er
gy

(H
a

p
er

at
om

)

15 16 17 18 19 20
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Figure 7.12: Free energy of the three phases of titanium. The free energies of the α and ω phases, coloured
turquoise and blue respectively, are calculated under the harmonic approximation. The free energy of
the β phase, coloured orange, is calculated using VSCF. The coloured dots show the results of individual
calculations, and the coloured lines show the fitted third-order Birch-Murnaghan equation of state.
For each phase, the different lines correspond to different temperatures, with the top line showing 0(K)
and the bottom showing 1500(K), and the intermediate lines spaced evenly between these temperatures in
intervals of 300(K).
Top: The PES of the β phase mapped on the 21 supercell without using the PAA.
Bottom: The PES of the β phase mapped on the 21 supercell using the PAA at second order.
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Figure 7.13: Free energy of the three phases of titanium. The free energies of the α and ω phases, coloured
turquoise and blue respectively, are calculated under the harmonic approximation. The free energy of
the β phase, coloured orange, is calculated using VSCF. The coloured dots show the results of individual
calculations, and the coloured lines show the fitted third-order Birch-Murnaghan equation of state.
For each phase, the different lines correspond to different temperatures, with the top line showing 0(K)
and the bottom showing 1500(K), and the intermediate lines spaced evenly between these temperatures in
intervals of 300(K).
Top: The PES of the β phase mapped on the 21 supercell using the PAA at first order.
Bottom: The PES of the β phase mapped on the 51 supercell using the PAA at first order.
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The free energy of β titanium calculated using the PAA at second order is shown in the bottom panel of

figure 7.12. It can be seen that there is little difference between this and the same free energy calculated

without using the PAA as shown in the top panel of figure 7.12, despite the PAA not being size-consistent

as discussed in section 4.2. This suggests that the terms which are neglected under the PAA at second order

do not make a large contribution to the free energy calculation.

The success of the PAA at second order may be a result of the specific form of the anharmonic PES. As can

be seen in figure 7.9, if β titanium is displaced from the static-lattice configuration along a typical normal

mode, the value of the true PES of β titanium initially decreases, then comes to a minimum and starts

increasing again, before starting to soften as the displacement approaches the edge of the potential well.

Using a sixtic potential, this behaviour is naturally represented as a negative harmonic term, a positive

quartic term, and a small negative sixtic term.

The free energy calculation depends mostly on the details of the bottom of the potential well, and with this

combination of terms these details are primarily defined by the harmonic and quartic terms. These are also

the terms which are largely unaffected by taking the PAA at second order. As such, it is possible that a

more accurate representation of the PES, for which more terms were relevant to the bottom of the potential

well, would be more strongly affected by taking the PAA at second order.

The first order principal axes approximation

Going further, and taking the PAA at first order, the number of basis functions in the sixtic PES in the

21 supercell is reduced to just 15. There is also no need to duplicate sampling points to remove non-VSCF

basis functions, and so the full PES can be sampled using just 60 sampling points. The electronic structure

calculations at these sampling points can also take full advantage of the non-diagonal supercell method, and

so each calculation only contains two atoms.

The free energy of β titanium calculated using the 21 supercell and taking the PAA at first order is shown

in the top panel of figure 7.13. When compared to the same free energy calculated without taking the PAA

shown in the top panel of figure 7.12, it can be seen that taking the PAA at first order introduces a large

negative error to the calculated free energy, particularly at larger volumes, where a larger proportion of the

normal modes are unstable under the harmonic approximation.

Under the PAA at first order there are only O(N) quartic terms in the PES of a supercell of size N . There

are no relevant normal modes at the Γ-point and so, as discussed in section 4.2.3, the expectation value of

each of the quartic term scales as O(N−1) or faster, and so there are not enough quartic terms in the PES for

the sum of their expectations to be extensive. This means that the effect of the quartic terms tends to zero

as the supercell size is increased. As discussed above, when modelled using a sixtic potential, β titanium is
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largely stabilised by the quartic terms, and so as the effect of these terms decreases the free energy becomes

increasingly negative.

This can be demonstrated more clearly by performing the same calculation using a larger supercell. The

bottom panel of figure 7.13 shows the free energy of β titanium calculated using the 51 supercell and

again taking the PAA at first order. As expected, increasing the size of the supercell increases the error

associated with using the PAA, and the erroneous reduction in the free energy at large volumes becomes

more pronounced.

7.5.5 Interpolating the anharmonic potential

As discussed in section 4.3, rather than calculating the anharmonic PES of a given supercell directly, it is

possible to reconstruct this PES by interpolate the anharmonic PES calculated using a smaller supercell,

and combining this with a calculation of the harmonic PES of the original supercell. If the anharmonic

interactions can be well represented using the smaller supercell, then this process should accurately reproduce

the PES of the original supercell at a fraction of the computational cost.

Figures 7.14 and 7.15 each show a one-dimensional slice of the PES of β titanium with Ω = 10 Å3 per

atom, along the normal modes of the 51 supercell with the largest imaginary and real harmonic frequencies

respectively. Each figure shows the PES calculated using the 51 supercell directly, along with a number

of PES interpolated from smaller supercells. Specifically, the PES was interpolated from PES calculated

using the 21, 31 and 41 supercells, taking the PAA at first order, and from the PES calculated using the 21

supercell without the use of the PAA.

It can be seen that interpolating the PES from that calculated using the 21 and the PAA produces a PES

which is only qualitatively similar to the 51 PES. The PES interpolated from that calculated using the 21

supercell without taking the PAA is a much closer match to the directly calculated PES.

However, if the PAA is taken then increasing the size of the supercell where the PES is calculated does

not systematically improve the interpolated PES. This can be seen most clearly in panel (d) of figure 7.14

and in panel (c) of figure 7.15, where the intepolated PES does not even qualitatively resemble the directly

calculated PES. This, again, is because the PES calculated using the PAA is not size-consistent.

If the PES calculated using the 51 supercell and the PAA were interpolated onto one of the smaller supercells,

the resulting PES would contain a number of terms which did not obey the PAA in the smaller supercell.

As such, these non-PAA terms are needed when interpolating from the smaller supercell back to the 51

supercell, and the fact that they are not included because of the PAA means that the interpolated PES is

wrong.
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(a) The anharmonic PES interpolated from the 21
supercell, taking the PAA at first order.
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(b) The anharmonic PES interpolated from the 21
supercell, without taking the PAA.
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(c) The anharmonic PES interpolated from the 31
supercell, taking the PAA at first order.
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(d) The anharmonic PES interpolated from the 41
supercell, taking the PAA at first order.
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(e) The anharmonic PES calculated using the 51
supercell directly.

Figure 7.14: One-dimensional slices of the PES of β
titanium, along the mode on the 51 supercell with the
largest imaginary frequency.

Each figure shows the true PES in green, the
harmonic PES in orange, and the sixtic anharmonic
PES in blue.
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(a) The anharmonic PES interpolated from the 21
supercell, taking the PAA at first order.
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(b) The anharmonic PES interpolated from the 21
supercell, without taking the PAA.
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(c) The anharmonic PES interpolated from the 31
supercell, taking the PAA at first order.
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(d) The anharmonic PES interpolated from the 41
supercell, taking the PAA at first order.
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(e) The anharmonic PES calculated using the 51
supercell directly.

Figure 7.15: One-dimensional slices of the PES of β
titanium, along the mode on the 51 supercell with the
largest real frequency.

Each figure shows the true PES in green, the
harmonic PES in orange, and the sixtic anharmonic
PES in blue.
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7.5.6 Limitations of caesar

It is unfortunately not possible to use caesar to perform VSCF calculations using larger supercells than

those presented above, due to computational limitations. The current version of caesar suffers from a

memory leak thought to be caused by a known bug in the compiler. This memory leak means that any

calculation lasting more than about a day, depending on hardware, runs into memory limits and has to be

terminated.

Due to these limitations, and to the inaccuracies of the anharmonic PES representation discussed above, it

was not possible to calculate the free energy of the β phase of titanium with sufficient accuracy to make

meaningful comparisons with the results of Hennig et al. [148].
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Chapter 8

Conclusions

This thesis has presented a study of the vibrational modelling of periodic solids. These models have been

presented as having two separate stages; first constructing a representation of the Born-Oppenheimer nuclear

potential energy surface (PES) in the region of phase space around some static-lattice nuclear configuration,

and then using this PES to calculate the free energy of the solid.

The investigation into representations of the PES has focussed on methods which represent the PES as a sum

of independent basis functions, and in particular on methods which use the polynomial terms of a truncated

Taylor expansion to construct these basis functions. An approximation to this representation, the principal

axes approximation (PAA), has also been investigated.

The investigation into the calculation of the free energy has focussed on mean-field methods, which model

a system with many dimensions as a set of smaller-dimensional subsystems, where each subsystem only

interacts with the averaged configuration of each other subsystem. In particular, the method of vibrational

self-consistent field theory (VSCF) has been investigated.

Two important properties of these methods have been analysed. The first property, symmetry invariance,

applies to methods whose results do not change unphysically when the system is transformed by a symmetry.

The second property, size consistency, applies to methods whose results are consistent as the size of the system

being simulated is increased.

168



8.1 Representations of the potential energy surface

In section 4.1.3, a method was presented by which the number of free parameters in a PES representation

can be dramatically reduced by exploiting the symmetries of the PES. The advantages of this method are

system-dependent, but for many systems this method offers an improvement in accuracy and a significant

reduction in computational cost, and this has been demonstrated in section 7.5.1. This result matches that

presented by Fu et al. [13], which was published while the investigations presented here were ongoing.

The method for exploiting the symmetry of the PES presented in this work can currently only be applied

to PES which are constructed from polynomial terms. However, the principles behind the method are more

widely applicable, and should be applied to other PES representations in future work.

In section 4.2, the requirements of size consistency on PES representations have been presented. If a PES

representation is size-consistent then calculations performed using a large number of atoms can be approxi-

mated by interpolating calculations performed using a smaller number of atoms, potentially offering another

dramatic reduction in computational cost. If a PES representation is not size-consistent, then the results

calculated using that PES will change depending on the size of the system being simulated, and it may not

be possible to converge the results of the calculation with respect to the size of the simulation. These results

have been demonstrated in section 7.5.4.

The main conclusions of the analysis of size consistency of the PES presented here match those presented

in Hirata et al. [71] and papers cited therein, but the details of these conclusions differ. Where the analysis

of Hirata et al. [71] and related papers suggests that the scaling of a term
∏
i ui

ni with the size of the

simulation depends only on the power
∑
i ni of that term, the symmetry analysis in section 4.2.3 of this

work demonstrates that different terms with the same power can scale differently, and that this scaling

is determined by how the term transforms under the symmetries of the system. This means that a size-

consistent PES can contain terms which are excluded by the analysis of Hirata et al. [71] and related papers.

This work has demonstrated that the PAA is not size-consistent. This suggests that the PAA in its current

form should not be used when modelling periodic systems. Other approximations should be found which

fill the same roll as the PAA but which do not violate size consistency. Possible avenues of research include

potentials which consider all coupling between q-points within a certain distance of one another within the

Brillouin zone, and potentials which consider all coupling between normal modes with harmonic frequencies

within a certain separation of one another.

The use of polynomial basis functions in this work enabled much of the investigation into symmetry invariance

and size consistency, but in chapter 7 it was demonstrated that these polynomials may not be well suited

to capturing the functional forms of the PES of real systems. Future work should investigate the symmetry
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invariance and size consistency of other forms of basis functions, and methods should be developed which

can use a range of basis functions as best suited to the problem. In particular, the adaptive representations

mentioned in section 3.4 appear to offer significant improvements over polynomials, potentially allowing for

sophisticated and highly-automated representations of the PES.

One constraint which would need to be considered when improving the behaviour of the PES at large

displacements is invariance under the action of the symmetries which do not preserve absolute displacement,

as discussed in section 2.4.1. For a PES to be invariant under these symmetries, it would need to have a

periodic dependence on the normal mode co-ordinates. This suggests that the PES should be constructed

in terms of Fourier-transformed co-ordinates of the form ν =
∫
e2πiν·uu. This Fourier transform is distinct

from the discrete Fourier transform which transforms R-vectors to q-points and vice versa.

8.2 Vibrational self-consistent field theory

In section 5.1.1, a symmetry-invariant formulation of the VSCF method has been presented, which approx-

imates the Hamiltonian of the system as a sum of single-subspace Hamiltonians rather than as a sum of

single-mode Hamiltonians. In future work, this formulation should be used in place of VSCF formulations

which are not symmetry-invariant. Unfortunately, this formulation dramatically increases the computational

cost of the method for some systems.

In section 5.2, it has been demonstrated that most formulations of VSCF are not size-consistent. In the large-

supercell limit, VSCF becomes formally equivalent to an effective harmonic theory, and any size-consistent

formulation of VSCF must also be equivalent to an effective harmonic theory outside of this limit. This result

matches that presented in Hirata et al. [71] and works cited therein, although the differences with those works

discussed in the previous section mean that the size-consistent formulation of VSCF presented here differs

from the size-consistent formulations of VSCF presented in Hermes et al. [133], in that additional terms are

included in the PES. An important consequence of this difference is that the VSCF method presented here

may include a non-zero offset 〈u〉 at the Γ-point, which is missing from the methods of Hermes et al. [133].

The fact that size-consistent VSCF is equivalent to an effective harmonic theory has major consequences for

the usefulness of the method. VSCF is significantly more computationally expensive than effective harmonic

methods, and if the results of VSCF are only as accurate as those calculated using effective harmonic methods

then the VSCF method should not be used for periodic systems.

While VSCF in its current form cannot be made size-consistent without being reduced to an effective har-

monic theory, it may be possible to construct a mean-field theory which does not have this property. In

particular, it may be possible to explicitly include the correlation between neighbouring q-points when cal-
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culating mean-field expectations, such that a single-subspace potential is constructed as

Vξ(uξ) =
∑
ψ∈ξ

〈ψ|Pψ(uξ)V (u) |ψ〉 . (8.1)

This would potentially avoid the problems with the VSCF approximation, although it is unclear what

the computational cost of this method would be or how this method would correspond to a system with

physically-meaningful states.

8.3 Final thoughts

In light of the shortcomings of the VSCF method presented in this work, attention should be turned to other

methods which can provide more accurate results than effective harmonic methods. As discussed in section

3.5, the methods which appear to offer increased accuracy for the least computational cost are those based

on molecular dynamics and Monte-Carlo simulations, including ring-polymer molecular dynamics (RPMD)

and diffusion Monte-Carlo (DMC).

These methods are traditionally combined with direct sampling of the PES, a process which can require

huge numbers of electronic structure calculations, and these calculations are often required to contain large

numbers of atoms.

There is no reason in principle why RPMD and DMC cannot be used with the PES representations presented

in this work. Such a combination might be slightly less accurate than sampling the true PES directly, but

should be significantly more accurate than effective harmonic methods. This combination would also enable

the use of the developments to the representation of the PES presented in this work, possibly allowing for

dramatic reductions in the computational cost of these methods.

It is hoped that the ideas presented in this work can be applied by other authors to other forms of vibrational

calculations, and that this will help advance the field towards the ultimate goal of producing a vibrational

method which is both accurate and efficient.
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[20] Igor Ying Zhang and Andreas Grüneis. Coupled cluster theory in materials science. Frontiers in Materials, 6:

123, 2019. ISSN 2296-8016. doi: 10.3389/fmats.2019.00123.

[21] Ove Christiansen. Vibrational structure theory: new vibrational wave function methods for calculation of

anharmonic vibrational energies and vibrational contributions to molecular properties. Phys. Chem. Chem.

Phys., 9:2942–2953, 2007. doi: 10.1039/B618764A.

[22] Venkat Kapil, Edgar Engel, Mariana Rossi, and Michele Ceriotti. Assessment of approximate methods

for anharmonic free energies. Journal of Chemical Theory and Computation, 15(11):5845–5857, 2019. doi:

10.1021/acs.jctc.9b00596. PMID: 31532997.

[23] Tapta Kanchan Roy and R. Benny Gerber. Vibrational self-consistent field calculations for spectroscopy of

biological molecules: new algorithmic developments and applications. Phys. Chem. Chem. Phys., 15:9468–

9492, 2013. doi: 10.1039/C3CP50739D.
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[25] Göran Grimvall, Blanka Magyari-Köpe, Vidvuds Ozoliņš, and Kristin A. Persson. Lattice instabilities in metallic

elements. Rev. Mod. Phys., 84:945–986, Jun 2012. doi: 10.1103/RevModPhys.84.945.

173



[26] Bartomeu Monserrat, N. D. Drummond, and R. J. Needs. Anharmonic vibrational properties in periodic

systems: energy, electron-phonon coupling, and stress. Phys. Rev. B, 87:144302, Apr 2013. doi: 10.1103/Phys-

RevB.87.144302.
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[71] So Hirata, Murat Keçeli, Yu-ya Ohnishi, Olaseni Sode, and Kiyoshi Yagi. Extensivity of energy and electronic

and vibrational structure methods for crystals. Annual Review of Physical Chemistry, 63(1):131–153, 2012. doi:

10.1146/annurev-physchem-032511-143718. PMID: 22224701.

[72] Jean-Louis Calais and Wolf Weyrich. Finite and infinite Born-von Kármán regions. International Jour-
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curacy of quantum mechanics, without the electrons. Phys. Rev. Lett., 104:136403, Apr 2010. doi: 10.1103/Phys-

RevLett.104.136403.

[101] Jacob Kongsted and Ove Christiansen. Automatic generation of force fields and property surfaces for use

in variational vibrational calculations of anharmonic vibrational energies and zero-point vibrational averaged

properties. The Journal of Chemical Physics, 125(12):124108, 2006. doi: 10.1063/1.2352734.

[102] John C. Thomas and Anton Van der Ven. Finite-temperature properties of strongly anharmonic and mechan-

ically unstable crystal phases from first principles. Phys. Rev. B, 88:214111, Dec 2013. doi: 10.1103/Phys-

RevB.88.214111.

179



[103] Stuart Carter, Susan J. Culik, and Joel M. Bowman. Vibrational self-consistent field method for many-mode

systems: A new approach and application to the vibrations of co adsorbed on cu(100). The Journal of Chemical

Physics, 107(24):10458–10469, 1997. doi: 10.1063/1.474210.

[104] Michel Krizek, Pekka Neittaanmaki, and Rolf Stenberg. Finite element methods: fifty years of the Courant

element. CRC Press, 2016.

[105] D.J. Hooton. LI. a new treatment of anharmonicity in lattice thermodynamics: I. The London,

Edinburgh, and Dublin Philosophical Magazine and Journal of Science, 46(375):422–432, 1955. doi:

10.1080/14786440408520575.

[106] Liang-Feng Huang, Xue-Zeng Lu, Emrys Tennessen, and James M. Rondinelli. An efficient ab-initio quasihar-

monic approach for the thermodynamics of solids. Computational Materials Science, 120:84 – 93, 2016. ISSN

0927-0256. doi: https://doi.org/10.1016/j.commatsci.2016.04.012.

[107] Alessandro Erba, Jefferson Maul, Matteo Ferrabone, Roberto Dovesi, Michel Rérat, and Philippe Carbonniére.
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Appendix A

Harmonic eigenstates

Under the harmonic approximation, the Hamiltonian separates into a sum of single- and double-mode harmonic

oscillators1, as

H =
∑
χ

χ=χ

Hχ(uχ) +
∑
χ

χ6=χ

Hχ(uχ, uχ) . (A.1)

The single-mode oscillators correspond to modes which are their own pairs, with χ = χ, and the double-mode

oscillators correspond to modes which are not their own pairs, with χ 6= χ.

The eigenstates of this Hamiltonian are product states of the eigenstates of the single- and double-mode oscillators,

which can in turn be calculated analytically and have well-defined functional forms [42].

When working with these eigenstates, it is necessary to calculate many integrals of the form 〈ψ1|X |ψ2〉, where ψ1

and ψ2 are eigenstates and X is an operator.

There are several ways of calculating these integrals. The simplest, but most time consuming, is numerical integration.

Alternatively, the operator X can first be converted into a function purely of harmonic creation and annihilation

operators [156]. Another method is to use the Hermite recurrence relations to calculate each integral in terms of a

sum of integrals of states with lower occupations [107].

All of these methods are more computationally intensive than is necessary. It is preferable to instead have analytic

expressions for the results of these integrals, so that integration can be performed by simply consulting a lookup

table.

This appendix presents the derivations and results of various analytic single- and double-mode integrals, including

the expectation values of various operators between two harmonic eigenstates, and the thermal expectation values of

1By changing co-ordinates to real periodic co-ordinates it is possible to separate the harmonic Hamiltonian further into a
sum of purely single-mode oscillators. However,the eigenstates of these oscillators do not have well-defined wavevectors, and it
is more straightforward to calculate the expectation values of operators defined in complex co-ordinates using states which are
also defined in complex co-ordinates.
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the same operators with respect to an entire basis of harmonic eigenstates.

A.1 Real modes

For modes which are their own pair, χ = χ, the single-mode harmonic Hamiltonian is given by

H(u) = − 1

2N

∂2

∂u2
+
N

2
ω2u2 . (A.2)

This is the quantum harmonic oscillator, a Hamiltonian whose solution exists in nearly every textbook on quantum

mechanics [157]. For completeness, the derivation will be briefly presented here.

Introducing the creation and annihilation operators,

a† =
1√
2

(√
Nωu− 1√

Nω

∂

∂u

)
(A.3)

and

a =
1√
2

(√
Nωu+

1√
Nω

∂

∂u

)
(A.4)

respectively, the Hamiltonian can be written as

H =

(
a†a +

1

2

)
ω . (A.5)

Then the harmonic states are defined as

|n〉 =
1√
n!
a†
n |0〉 , (A.6)

where |0〉 is the harmonic ground state,

〈u|0〉 =
(mω

4

) 1
4
e−

1
2
Nωu2

. (A.7)

These states satisfy the Schrödinger equation

H |n〉 =

(
n+

1

2

)
ω |n〉 . (A.8)

A.1.1 Calculating 〈p|un |q〉

The state un |q〉 is a superposition of states |q′〉 satisfying q − n ≤ q′ ≤ q + n, and for which q + n − q′ is even. As

such, 〈p|un |q〉 is zero if n+ p+ q is odd or if n < |p− q|.

If n+ p+ q is even, 〈p|un |q〉 can be calculated by first writing un in terms of creation and annihilation operators, as

〈p|un |q〉 =
1√

2Nω
n 〈p| (a† + a )n |q〉 , (A.9)
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and then using Wick calculus [158] to expand (a† + a )n as a series of normal-ordered operator products, to give

〈p|un |q〉 =
1√

2Nω
n 〈p|

 n
2∑
j=0

n!

2jj!(n− 2j)!
:
(
a† + a

)n−2j

:

 |q〉 . (A.10)

Taking a binomial expansion of
(
a† + a

)n−2j
gives

〈p|un |q〉 =
1√

2Nω
n

n
2∑
j=0

n−2j∑
k=0

n!

2jj!k!(n− 2j − k)!
〈p| a†ka n−2j−k |q〉 . (A.11)

Removing one of the sums by noting that 〈p| a†ka n−2j−k |q〉 is only non-zero if p− k = q− (n− 2j − k), introducing

l = n−|p−q|
2

− j, and simplifying a little, the final result is

〈p|un |q〉 =
n!
√

2
|p−q|

2n
√
Nω

n n+|p−q|
2

!

√
max(p, q)!

min(p, q)!

min(p,q,
n−|p−q|

2
)∑

l=0

2l
(

n+|p−q|
2

|p− q|+ l

)(
min(p, q)

l

)
. (A.12)

While this result is complicated, it can be expressed as 〈p|un |q〉 = 1√
Nω

n f(n, p, q), where f(n, p, q) has no dependence

on N or ω. As such, the values of f(n, p, q) need only be calculated once for each value of n, p and q.

A.1.2 Calculating 〈u2n〉 for a harmonic basis

Under the harmonic approximation, the thermal expectation of u2n is given by

〈
u2n〉 = (1− e−βω)

∞∑
p=0

〈p|u2n |p〉 e−βpω . (A.13)

The expression 〈p|u2n |p〉 simplifies to give

〈p|u2n |p〉 =
(2n− 1)!!

(2Nω)n

min(n,p)∑
l=0

2l

l!

(
n

l

)
l∏

k=1

(p− l + k) . (A.14)

Combining the two expressions, re-ordering the sums as
∑∞
p=0

∑min(n,p)
l=0 =

∑n
l=0

∑∞
p=l and then making the trans-

formation p→ p+ l, this becomes

〈
u2n〉 = (1− e−βω)

(2n− 1)!!

(2Nω)n

n∑
l=0

2l

l!

(
n

l

)
∞∑
p=0

(
l∏

k=1

(p+ k)

)
e−β(p+l)ω . (A.15)

This can be simplified by replacing p with − ∂
∂(βω)

, moving
∏l
k=1(− ∂

∂(βω)
+ k) through the sum across p, and taking
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the sum of the exponential to give

〈
u2n〉 = (1− e−βω)

(2n− 1)!!

(2Nω)n

n∑
l=0

2l

l!

(
n

l

)
e−βlω

(
l∏

k=1

(
− ∂

∂(βω)
+ k

))
1

1− e−βω . (A.16)

Noting that (− ∂
∂x

+ l) 1
(1−e−x)l = l

(1−e−x)l+1 , this becomes

〈
u2n〉 =

(2n− 1)!!

(2Nω)n

n∑
l=0

(
n

l

)(
2e−βω

1− e−βω

)l
. (A.17)

Noting that
∑n
l=0

(
n
l

)
xl = (1 + x)n, this finally simplifies to

〈
u2n〉 =

(2n− 1)!!

(2Nω)n

(
1 + e−βω

1− e−βω

)n
. (A.18)

A.2 Complex modes

For modes which are not their own pair, χ 6= χ, the double-mode harmonic Hamiltonian is given by

H(u, u) = − 1

N

∂2

∂u∂u
+Nω2uu , (A.19)

where it should be noted that the identical Hχ and Hχ terms from equation A.1 have been added together.

It is necessary to introduce two creation operators,

a† =
1√
2

(√
Nωu− 1√

Nω

∂

∂u

)
(A.20)

and

a† =
1√
2

(√
Nωu− 1√

Nω

∂

∂u

)
, (A.21)

and two annihilation operators,

a =
1√
2

(√
Nωu+

1√
Nω

∂

∂u

)
(A.22)

and

a =
1√
2

(√
Nωu+

1√
Nω

∂

∂u

)
, (A.23)

and then the Hamiltonian can be written as

H =
(
a†a + a†a + 1

)
ω . (A.24)

Then the harmonic states are defined as

|n, n〉 =
1√
nn

a†
n
a†
n |0, 0〉 , (A.25)
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where |0, 0〉 is the harmonic ground state,

〈u, u|0, 0〉 =

√
2mω

π
e−Nωuu . (A.26)

These states satisfy the Schrödinger equation

H |n, n〉 = (n+ n+ 1)ω |n, n〉 . (A.27)

It should be noted that while the Hamiltonian can be separated asH =
(
a†a + 1

2

)
ω+
(
a†a + 1

2

)
ω, and the operators

a† and a commute with a† and a , it is not possible to separate each eigenstate into a product of a uχ state and a

uχ state, and so the modes cannot be considered separately.

A.2.1 Calculating 〈p, p|unun |q, q〉

The state unun |q, q〉 is a superposition of states |q′, q′〉, satisfying q′− q′ = q− q+n−n and q+ q−n−n ≤ q′+ q′ ≤

q + q + n+ n. As such, 〈p, p|unun |q, q〉 is zero if p− p 6= q − q + n− n or if n+ n < |p+ p− q − q|.

If 〈p, p|unun |q, q〉 is non-zero then it can be evaluated by first taking binomial expansions of u = a†+a√
2

and u = a†+a√
2

,

noting that
[
a†, a

]
=
[
a†, a

]
= 0 and so normal-ordering these expansions does not introduce commutators, to give

〈p, p|unun |q, q〉 =
1

√
2Nω

n+n

min(n,p)∑
k=0

n∑
k=max(0,n−q)

(
n

k

)(
n

k

)√
p!q!(q + k)!(p+ n− k)!

p!q!(p− k)!(q − n+ k)!

〈
p− k, p+ n− k

∣∣q − n+ k, q + k
〉
.

(A.28)

Noting that
〈
p− k, p+ n− k

∣∣q − n+ k, q + k
〉

is only non-zero for p− k = q− n+ k, after a little simplification this

becomes

〈p, p|unun |q, q〉 =
1

√
2Nω

n+n

√
p!q!

p!q!

min(p,q)∑
k=max(0,p−n,q−n)

(
n

p− k

)(
n

q − k

)
(n+ p− p+ k)!

k!
. (A.29)

This can again be written as 〈p, p|unun |q, q〉 = 1√
Nω

n+n f(p, p, n, n, q, q), such that once the values of f have been

precomputed the overlap integrals can be calculated quickly.

A.2.2 Calculating 〈(uu)n〉 for a harmonic basis

Under the harmonic approximation, the thermal expectation of (uu)n is given by

〈(uu)n〉 = (1− e−βω)2
∞∑
p=0

∞∑
p=0

〈p, p| (uu)n |p, p〉 e−β(p+p)ω . (A.30)
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The expression for 〈p, p| (uu)n |p, p〉 can be simplified by introducing l = p− k, to give

〈p, p| (uu)n |p, p〉 =
1

(2Nω)n

min(n,p)∑
l=0

(
n

l

)(
n

l

)(
l∏

j=1

(p− l + j)

)(
n−l∏
j=1

(p+ j)

)
. (A.31)

Combining the two expressions, re-arranging the sums as
∑∞
p=0

∑min(n,p)
l=0 =

∑n
l=0

∑∞
p=l, and making the transfor-

mation p→ p+ l this becomes

〈(uu)n〉 =
(1− e−βω)2

(2Nω)n

n∑
l=0

(
n

l

)(
n

l

)
e−βlω

(
∞∑
p=0

(
l∏

j=1

(p+ j)

)
e−βpω

)(
∞∑
p=0

(
n−l∏
j=1

(p+ j)

)
e−βpω

)
. (A.32)

Using the same identities as for the χ = χ case, this becomes

〈(uu)n〉 =
(1− e−βω)2

(2Nω)n

n∑
l=0

(
n

l

)(
n

l

)
e−βlω

l!

(1− e−βω)l+1

(n− l)!
(1− e−βω)n−l+1

, (A.33)

which in turn simplifies to

〈(uu)n〉 =
n!

(2Nω)n

(
1 + e−βω

1− e−βω

)n
. (A.34)
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Appendix B

Thermodynamic addition and

subtraction

B.1 Thermal addition

Consider two bases of states, 1 and 2, taken to be non-overlapping such that every state in 1 is orthogonal to every

state in 2. In isolation, both bases independently diagonalise the projection of the Hamiltonian in that basis. The

i’th basis will have internal energy Ui, entropy Si and free energy Fi. The union of basis 1 and basis 2 is denoted

1 + 2.

If these bases are brought into thermal equilibrium with one another, there will in general be mixing between the two

bases. This is impossible to calculate without knowledge of the individual states. Instead, the equilibrium properties

of basis 1 + 2 can be approximated by bringing basis 1 and basis 2 into thermal equilibrium under the constraint that

their states cannot mix.

Under this approximation, the density matrix of the 1+2 basis, ρ1+2, is simply a weighted sum of the density matrices

of the 1 and 2 bases, ρ1+2 = P1ρ1 + P2ρ2, where the weights Pi must satisfy P1 + P2 = 1. The weights Pi are those

which minimise the free energy of the 1 + 2 basis.

In this case, the internal energy, entropy and free energy of the 1 + 2 basis are

U1+2 = P1U1 + P2U2

S1+2 = P1S1 + P2S2 − P1 ln(P1)− P2 ln(P2)

F1+2 = P1F1 + P2F2 + TP1 ln(P1) + TP2 ln(P2) .

(B.1)
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Minimising the free energy with respect to {Pi} gives

Pi =
e−Fi/T

e−F1/T + e−F2/T
. (B.2)

It is convenient to define the partition function, Zi = e−Fi/T . With this definition, the thermodynamic potentials of

the 1 + 2 basis are

Z1+2 = Z1 + Z2

U1+2 =
Z1U1 + Z2U2

Z1+2

S1+2 =
Z1U1 + Z2U2

Z1+2T
+ ln(Z1+2)

F1+2 = −T ln(Z1+2) .

(B.3)

B.2 Thermal subtraction

The process of thermal addition can be reversed in order to remove one system from another. If basis 1 is entirely

contained within basis 2, i.e. the states in 2 form a complete basis for every state in 1, then the properties of the

complement of basis 1 in basis 2, denoted basis 2− 1, can be calculated as

Z2−1 = Z2 − Z1

U2−1 =
Z2U2 − Z1U1

Z2−1

S2−1 =
Z2U2 − Z1U1

Z2−1T
+ ln(Z2−1)

F2−1 = −T ln(Z2−1) .

(B.4)
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Appendix C

Copyright permissions

Figure 7.8 of this work is reproduced from figure 5 of Hennig et al. [148]. Reprinted figure with permission from R.

G. Hennig, T. J. Lenosky, D. R. Trinkle, S. P. Rudin and J. W. Wilkins, Phyiscal Review B, 78, 054121, (2008) [148].

Copyright (2008) by the American Physical Society.

The license from the American Physical Society to reproduce this figure follows, and written permission has been

given by R. G. Hennig.
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