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Abstract

Effects of particle shape and flexibility on suspension dynamics

by David Andrew KING

Particles suspended in a Newtonian fluid may lead to non-Newtonian behaviour, de-

pending on their shape and flexibility. Particles can now be precisely engineered from

linked, double-stranded DNA sequences or rods. To design functional nano-materials

from these systems, it is important to predict the suspension properties for a given par-

ticle specification. We study this question theoretically, focusing on two classes of DNA

particles; nano-stars and nun-chucks. Nano-stars are constructed from straight, rigid

rods joined at fixed angles, to form e.g. Y-shapes. Nun-chucks are two rods linked at

their ends by a flexible joint.

We determine a set of sufficient symmetry conditions on the particle shape for a

dilute suspension to be Newtonian. We demonstrate these for nano-stars and further

show that the lengths of their constituent rods may be engineered so that the suspen-

sion is Newtonian, despite the particles not possessing the appropriate symmetries. We

present a simple geometric method to determine the magnitude of the elastic response

of concentrated nano-star suspensions. We find that the linear elastic response for bent

and branched particles increases proportional to the concentration cubed whereas for

rods it increases only linearly. The non-linear response is also different; concentrated

thin rod suspensions always shear thin, but suspensions of bent/branched particles can

shear thicken, depending on the bending modulus of the particles. These properties are

very sensitive to the shape of the particle. The diffusion of branched particles in concen-

trated suspensions is also discussed through a simple, two-dimensional model, which

indicates a glass transition in these systems.

We develop a formalism describing the dynamics of the nun-chuck particles in dilute

suspensions. We address problems ranging from the motion of the particles under shear

flow in the absence of Brownian motions to the steady state non-linear elasticity. We

discuss briefly how our approach may be extended to concentrated suspensions and the

transition to liquid crystalline states for these particles.
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Chapter 1

Introduction

It is difficult to overstate the importance of particulate suspensions in the modern world.

Countless examples can be found both around the home and in industry. Examples from

the home include many food stuffs (e.g. egg whites, cake batter, custard etc), and beauty

products (e.g. shampoos, hair gels, make up and, perhaps most pertinently at the time

of writing, hand sanitiser). Industrial examples range from thermoplastics and rubbers

to printer ink, paints and even liquid crystal displays. Despite their association with

the modern age, such systems have been essential for life since its beginnings. Many

important biological materials like cellulose and collagen, which make up the structure

of plants and animals, are particulate suspensions. Such materials were even exploited

by humanity well before industrialisation. Natural rubbers made from the sap of trees

or vines being maybe the best examples. The earliest known use of these materials is by

the indigenous mesoamerican cultures who used latex from the Hevea brasiliensis tree

to make containers, waterproof textiles and even balls for sports. More recently, through

a great many technological and scientific advances, it has become possible to engineer

these systems for specific purposes. This is why these materials so ubiquitous today and

some authors even refer to the 21st century as “the polymer age” [4] in analogy to the

stone, bronze and iron ages of history.

The utility of these suspensions stems from the wide variety of their mechanical

responses. A notable and familiar example is custard powder paste, which is essentially

a simple suspension of cornstarch in water. Custard can be poured slowly like a liquid

but, when struck sharply, it firms up and responds like a solid. Remarkably, despite

not being able to stand on custard without sinking, it is possible to walk across it [5].

This kind of response is called “viscoelastic” because the suspension displays both the

properties of a viscous fluid and elastic solid simultaneously. The processing of various

suspensions and polymeric materials often depends on their mechanical response and

flow properties; this behaviour is referred to as their “rheology”. Nowadays, testing

the rheology is a crucial step in quality control for foods [6–8], pharmaceuticals and

cosmetics [9, 10]. Hence, it is extremely important to reliably predict the rheology and

other properties of the suspension from the features of the suspended particles.
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This problem is also fundamentally interesting for reasons beyond practical appli-

cations. The study of suspensions touches on a very wide range of physics including,

but not limited to, statistical mechanics, fluid dynamics, non-equilibrium thermody-

namics, phase transitions, electrostatics, optics and even field theories. This diversity

stems from the variety of the suspended particles which may be large or small, sin-

gle molecules or polymer chains, flexible or rigid, straight or branched, charged or un-

charged, inert or reactive, and even living bacterial suspensions. Hence there is an

almost indefinite supply of physical phenomena to study theoretically, each associated

with its own unique subtle challenges which often require new techniques and models

to be developed.

In this thesis we focus on the relationship between the features of the suspended

particles and the properties of the suspension by considering a few specific cases theo-

retically. This question has been studied for over a century now, so, before discussing

the particular problems we will study, we will give a brief, by no means exhaustive,

account of the development of the subject to place our work in a wider context.

While particulate suspensions have been exploited by humanity for centuries, it was

only relatively recently that their form was properly understood and studied. Colloidal

gold has been used since ancient times to stain glass but it was only in 1774 that Juncher

and Macquer recognize it as a suspension of “extremely finely divided gold in a fluid”

[11]. In 1827 Robert Brown famously studied the irregular “Brownian” motion of pollen

grains suspended in water and was able to rule out the possibility that this motion had

a living cause, but could not discern its origin. Other early experiments include those of

Thomas Graham in 1861 who systematically studied the diffusion of dissolved particles

through a membrane, varying their size. It was Graham who coined the term “colloids”

to describe those solutions where the particles could not diffuse through the membrane.

The theoretical study of particle suspensions dates back to the seminal work of Al-

bert Einstein and Paul Langevin. In 1905 Einstein [12] found the famous relationship

between the mean squared displacement of a Brownian particle and its diffusion con-

stant 〈|r(t)−r(0)|2〉= 2dDt. (1.1)

Here, the left hand side is the mean squared displacement measuring the average

squared difference between the position vector of the particle initially and at a later

time t. On the right hand side, d is the number of spacial dimensions in which the

particle moves and D is the diffusion coefficient. Langevin proposed his equally famous

equation in 1908 [13] which describes Brownian motion through a random forcing term.

A year later, Einstein went on to consider the effect of suspended particles on viscosity

[14, 15]. He showed that introducing a dilute suspension of spheres to a viscous solvent

increases the solvent viscosity from ηs to ηs(1+ 2.5nν), where n is the number den-

sity and ν is the volume of each sphere. These groundbreaking theoretical predictions
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were confirmed by Jean Perrin in 1910 [16]. This work was essential in establishing

the discrete, molecular nature of matter. In this paradigm, Brownian motion may be

understood as originating from collisions of the solvent molecules with the much larger

dissolved particles

This basic understanding of the systems allows us to define the class of suspensions

we will consider more precisely. Generally we aim to describe suspensions of Brownian

particles. These are sufficiently small so that that their Brownian motion is not neg-

ligible compared with their size (consider the difference between a pollen grain and a

pebble) and sufficiently large so that the solvent can be regarded as a continuous fluid.

This sets the average size of the particles, L to lie in the range

1nm . L . 10µm. (1.2)

Furthermore, we will only consider the particles to be suspended in a very viscous,

Newtonian fluid. This, along with the relatively small size of the particles, means that

the Reynolds number is small and the solvent fluid obeys the Stokes or “creeping flow”

equations supplemented by appropriate boundary conditions at the particle surfaces

[11, 17, 18]. This allows for a relatively simple treatment in many cases.

Within this general framework, many different kinds of particles can be considered.

Those addressed in this thesis can be divided into two broad classes; rigid and flexible. A

well-known framework for the determining the motion of rigid particles in a Stokesian

fluid based on mobility and resistance matrices [17, 18] exists and famously Batche-

lor [19–21] provided a rigorous method for determining the rheology of a suspension of

rigid particles beyond linear order in concentrations. Extensions to his theory can be

used to consider still more concentrated suspensions [22] or even active bacterial sus-

pension [23]. We will not focus in great detail on these methods but will at times exploit

their results, in particular the mobility matrix framework. By far the most important

examples of flexible particles are polymers. These are large molecules constructed from

many smaller repeating units called monomers. This structure was first proposed by

Hermann Staudinger in 1920 [24] and already by 1929 Wallace Corothers was synthe-

sising polymers with well defined structures, like Nylon [25]. The industrial floodgates

were then opened as it became possible to design polymeric systems for particular pur-

poses.

Alongside these practical advances came an explosion of theoretical work, with much

of the classical polymer theory being laid down from the 1930s to the 1960s [4]. The

works most relevant to this thesis are those of Rouse [26], Zimm [27], Fixman [28] and

Kirkwood [29, 30], who studied in great detail the dynamics of a single polymer. The

principle of these methods is to model the polymer as a string of connected spherical

beads suspended in the viscous solvent. These beads perform Brownian motion and

interact via hydrodynamic forces mediated by the solvent. There are also other forces
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between the beads, namely spring-like forces, which act to maintain an average distance

between the neighboring beads, or hard-core repulsive forces preventing the chain from

intersecting itself.

In the Rouse model the hydrodynamic interactions and excluded volume effect are

neglected but the beads interact with their neighbors through spring-like bonds. This

results in a model that can be handled very easily since the beads interact locally along

the chain. Zimm improved on this model by including the average effect of the hydrody-

namic interactions. Here, the function representing the hydrodynamic interaction is re-

placed by its average over all polymer configurations. This average must be determined

self-consistently because the presence of the hydrodynamic interaction affects the poly-

mer distribution which, in turn, affects the interaction. At various points throughout

the thesis we will exploit this kind of self-consistent argument. While the Zimm ap-

proximation is somewhat crude, it does introduce an important qualitative effect to the

Rouse model; non-local interactions between the beads along the chain. This qualitative

difference results in improved estimates for the diffusion constant and relaxation times.

Fixman and Kovac described how rigid constraints, such as requiring the chain to

be a perfectly straight rod, or any other shape for that matter, can be included into the

theory by using constraining forces [31, 32]. This method is equivalent to the method

of Lagrange multipliers for variational problems. Kirkwood also adressed this problem

by using generalised coordinates and outlined the method we will use for computing the

viscoelastic properties of suspensions.

These methods provide a neat formalism to compute many different properties of

the suspension and, by manipulating the constraining forces or interactions between

the beads, many different types of particle may be considered. This approach works

best in dilute suspensions because the models focus on a single particle. In concentrated

suspensions, however, the inter-particle interactions become extremely important. Con-

centrated suspensions often have the most pronounced differences from simple fluids,

due the interactions between the suspended particles. Such as, van der Waals forces,

Coulombic forces for charged particles, Osmotic pressure and depletion forces [11] or

more singular interactions originating from the fundamental constraint that the par-

ticles cannot intersect each other (or themselves). This latter kind of interaction is

the focus of much of the “modern” polymer theory developed from the 1960’s to the

1980’s. This field was kick-started by Sam Edwards and his application of field theory

techniques to the polymer chain [33]. He also birthed the “tube concept”, a powerful

approximate treatment of the constraints that no two polymers may intersect. These

interactions preventing intersection are referred to as “entanglements” and may be ex-

pressed through certain conserved topological invariants [34, 35]. For example, imagine

two infinite lines A and B which are subject to the constraint that they cannot cross.

These two lines may be imagined as two infinitely thin, infinitely long polymers. In
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this system if initially A is above B, it will remain that way in perpetuity. The con-

straint that the lines cannot pass through each other effectively conserves the property

that A is above B. Unfortunately, this elegant mathematical approach often leads to

intractably difficult calculations. Despite this, progress was made by Iwata who de-

scribed the decrease in the diffusion coefficient of a polymer in the presence of these

entanglements [36–38].

Instead of this complicated framework, Edwards proposed that the entanglements

act to confine the polymer to a tube. The polymer can move freely within the tube, and

in particular along its length, but cannot pass through it. This concept was used by

de Gennes for his groundbreaking “reptation” theory [39], describing how the polymer

chain could wriggle free of its tube, like a snake, and diffuse through space. This theory

was placed on more concrete mathematical footing by Doi and Edwards in a landmark

series of papers [40–42] extending the theory to provide a remarkably accurate descrip-

tion of the rheology of polymer melts. Doi and Edwards also studied the behaviour of

concentrated rigid rod suspensions [43, 44]. This provides the starting point for much of

our work, and will be discussed in detail as a case study to demonstrate the techniques

and concepts employed throughout this thesis.

Since these breakthrough studies the theory has been extended and advanced. In

the 1990’s tube renewal and constraint release were added to the theory which could

account for polydispersity of chain lengths [45]. The theory was also applied to branched

polymers [46–49]. For branched polymers, reptation can no longer proceed as it did for

linear polymers. This is because if the polymer wriggles along the tube associated with

one branch, then the other branches become entangled. This results in exponentially

slow relaxation times as the polymer waits for its arms to fully retract into their tubes

before it can move. These ideas have also been applied to a wide range of systems from

living polymers [50] to polymers directed by nematic liquid crystals [51].

If the concentration is increased further then suspensions of anisotropic particles

can undergo phase transitions to orientationally ordered states [52]. These phases are

called “liquid crystals” and come in many different forms. Those most relevant to us

are nematic phases, states where the centres of mass of the particles are distributed

uniformly in space, but there is long range orientational order (i.e the anisotropic parti-

cles all line up in a particular direction). Such systems have many applications, such as

electronic displays, but they are also fundamentally interesting because they occupy the

intermediate region between simple liquids and crystalline solids. Properties of these

liquid crystalline states can be studied by extensions to the techniques outlined pre-

viously [53] and we will review these methods as part of our case study later in this

chapter. The possibility of forming these states is an important feature of particle sus-

pensions that offers many interesting lines of enquiry which we will touch on briefly,

though it will not be our main focus.
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The theories we have discussed provide the tools to describe a wide variety of par-

ticle suspensions over a large range of concentrations. In addition to these theoretical

developments, great advances in experimental techniques and computational methods

were also made. It is beyond the scope of this theoretical study to review all of these

in detail, but it is worth mentioning a few important points. Nowadays, it is possible

to use a variety of experimental techniques to study the flow properties of suspensions

over a wide range of timescales and for many different deformations [54]. For instance,

two point micro-rheology using particle tracking can be used to study the low frequency

(∼ 10−3Hz) rheology of suspensions with small viscoelastic modulus (∼ 10−5Pa) [55]. In

the opposite regime, where the viscoelastic modulus (∼ 103Pa) and frequency (∼ 103Hz)

are larger, active microrheology can be used [56–58]. Rheo-optical measurements [59,

60] can be used to give detailed insights into the rich array of structural transitions,

such as crystallization or shear banding [61, 62] displayed by suspensions under de-

formation. Similar insights can be gained from modern day simulations which follow

pioneering studies like those of Frenkel and Macguire [63, 64] and Kremer and Grest

[65]. With the availability of commercial simulation packages like LAMMPS [66] and

the ability of modern computers to comfortably simulate complex systems accounting

for entanglements (at least 50 polymer chains each made up of 10,000 monomers [67])

simulations provide a vital tool for studying particulate suspensions.

One of the more recent advances in the field has been the development of DNA

nano-particle systems [68, 69]. Following the pioneering work of Nadrian Seeman [70]

it is now possible to exploit the highly specific interactions between the different base

pairs to perform “DNA origami” to engineer particles of precise shapes and dimensions

from DNA [71–74]. These properties of DNA can also be used to design self-assembling

hydrogels with specific heirarchical structures. The assembly of these structures is re-

versible and can be triggered by a number of external stimuli such as pH, temperature,

the presence of enzymes or magnetic fields [75–79]. Such capabilities along with the

bio-compatibility of DNA make these systems promising candidates for important ap-

plications, such as bio-sensing, drug delivery and tissue engineering.

In this thesis we reference these DNA nanoparticle systems heavily and focus in par-

ticular on DNA nanostars. These are particles constructed from double stranded DNA

sequences rigidly joined together at fixed angles. We consider the effect of changing the

shapes of these particles and introducing some flexibility to the joints on the properties

of the suspension. As discussed, the theoretical methods for addressing these problems

are well developed; we do not intend to revolutionize them or synthesise them all into

a grand unified theory but rather to extend this line of research by considering some

specific questions and model systems. In the theoretical study of such systems, it is

generally more efficient to address simple idealized models and strive for qualitatively

rather than quantitatively accurate predictions and this is the approach we adopt in

this thesis. Let us define this last point slightly more carefully. Imagine a quantity
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y which depends in some way on another quantity x. Our aim is to determine their

relationship. For our purposes the following two predictions are equivalent:

y= x2 vs y=
p

17π x2, (1.3)

while predictions of the form

y= x3 or y= ex, (1.4)

are qualitatively different from each other and those given previously. Since we are

largely interested only in the functional forms, numerical factors may often be ignored

or absorbed into generic constants. In the interest of simplifying the models, the double

stranded DNA sequences will be modelled as infinitely thin, perfectly rigid rods. This

assumption is reasonable, due to their large aspect ratio (∼ 20) and stiffness (persistence

length ∼ 390Å)[80].

1.1 Purpose and Structure of the Thesis

We now outline the specific problems tackled in each part of the thesis. In the next

section 1.2 we will study suspensions of rigid rod particles from dilute suspension to

concentrated ordered suspensions. This work is very well known and can be found in

texbooks [81, 82]. We intend this section to be a brief case study which introduces

many of the methods and results we will reference throughout the thesis. This system

also displays many of the physical phenomena we discussed in the previous section. In

terms of the DNA particles, the rods can be thought of as isolated double stranded DNA

strands making it the perfect starting point for our discussion.

In Chapter 2 we address a fundamental question about the rheology of dilute suspen-

sions. The rheology of a fluid is understood through the constitutive equation relating

the stress, σ, and the rate of strain tensor κ. For a Newtonian fluid, the stress is lin-

early related to the strain rate by a time independent 4th rank tensor. For isotropic,

incompressible fluids this tensor is isotropic and determined solely by the fluid’s vis-

cosity. For small strains, the stress in a general fluid is characterised by the complex

viscosity, η∗(ω). This is defined such that the stress response to the oscillatory shear,

κxy = γ̇ℜ(eiωt), is given by σxy = γ̇ℜ(η∗(ω)eiωt) where γ̇ is the shear rate and ω is the

angular frequency. The real and imaginary parts of η∗ represent the viscosity and elas-

ticity of the solution respectively, both of which may be dynamic. A fluid whose complex

viscosity has both real and imaginary parts is viscoelastic. The complex viscosity of a

Newtonian fluid is a real constant, independent of frequency. Our results do not depend

on the form of κ, oscillatory shear is used as an illustrative example.

The presence of particles can change the behaviour of the fluid, and can produce non-

Newtonian rheology. In dilute suspensions, the magnitude of this effect is proportional
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to the concentration of particles, and is therefore very small. However, it is possible to

measure this effect through the intrinsic complex viscosity [81, 83], defined as,

[η∗(ω)]= lim
n→0

η∗(ω)−ηs

nηs
. (1.5)

If the suspension is Newtonian, then the intrinsic viscosity will be independent of fre-

quency. While the most extreme phenomena occur at large concentrations or strains, it

has been shown that there exists a small linear viscoelastic effect in dilute suspensions

of certain particle shapes. This is not the case for spheres in the dilute limit, which only

change the viscosity in dilute suspension, keeping the response otherwise Newtonian.

A suspension of spheres does show a non-Newtonian response, however this only comes

in at second order in concentration [20, 21] and we neglect all such effects in this dis-

cussion. On the other hand, when their Brownian motion is taken into account, rigid

rod-like particles show a finite, linear elastic response at lowest order in concentration

[81]. Other particle shapes, such as spheroids [84] and propeller-like particles [85], have

also been shown to behave similarly. Clearly, the presence of elasticity in these suspen-

sions depends on the particles’ shape. In Chapter 2 we ask the question "for which

particle shapes is a dilute suspension Newtonian?" This question is answered using a

symmetry argument. We determine two sufficient symmetry conditions on the particle

shape for a dilute suspension to be Newtonian for all strain rates, assuming the spatial

distribution of the particles remains uniform. One of the two symmetry conditions is

relaxed for the suspension to be Newtonian only in the linear regime. We demonstrate

these for nano-star particles and further show that the lengths of their constituent rods

may be engineered so that the suspension is Newtonian, despite the particles not pos-

sessing the appropriate symmetries.

In Chapter 3 we discuss introducing flexible joints between the legs of the nano-

stars. For simplicity, we only consider the simplest particle, which we call a “Nun-

Chuck”. These are constructed from two rigid rods joined at their ends by a short flexible

linker. We develop a formalism for describing the dynamics of these particles in dilute

suspension. This allows us to address a wide range of problems including the motion

of the particles under shear flow, their translational diffusion and the linear and non-

linear rheology. We do not find any significant differences between suspensions of these

particles and suspensions of rigid rods. However, most of the differences between these

two systems are expected to be observed at higher concentrations due to the effect of

flexibility on the reptation mechanism. The approach we outline in this chapter can be

extended to higher concentrations and this possibility is briefly discussed.

The most important work in this thesis is presented in Chapters 4 and 5. There

we will turn our attention to concentrated suspensions of DNA nano-stars and uncover

radically different rheology depending on the shape of the suspended particles.

The interactions between the particles in suspensions are generally what lead to
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the pronounced non-Newtonian behaviour [22]. The strongest effects are observed for

concentrated suspensions, where the number density of particles, ρ, is large such that

ρL3 À 1, with L being a typical length-scale of the particles. Hydrodynamic and ex-

cluded volume interactions will always be present and have an effect on the rheology

[11], but for certain particle shapes and concentrations a different kind of interaction

dominates [81, 86, 87]. These are the ‘kinetic’ or ‘topological’ constraints we discussed

previously, which originate from the fundamental property that no two particles can

cross [4, 81]. This is the case when the particles are very long compared to their width

and the particles are rarely in close contact, such that ρVexc ¿ 1, where Vexc is the

excluded volume of the particles. For a thin rod-like particle of length L and width b
satisfying b/L ¿ 1, this excluded volume is Vexc ∼ L2b. As the excluded volume is neg-

ligible, all equilibrium properties are known precisely; the system is equivalent to an

ideal gas [63, 64]. On the other hand, the non-equilibrium properties, such as the rheol-

ogy, are severely affected by the non-crossing condition. This is often referred to as the

‘entanglement effect’ [43, 44, 81].

Due to the nature of the nano-star systems we are focusing on how kinetic con-

straints affect the rheology of the suspension depending on the shape of suspended

particles. The concentration range considered is, 1/L3 ¿ ρ¿ 1/Vexc, ensuring that the

kinetic constraints are the dominant interaction and that there is no long range orien-

tational order in the system. Each of the particle shapes we will consider is constructed

from infinitely thin, rigid rods. We consider the joints between the rods to be effectively

rigid and unaffected by thermal fluctuations. Such particle shapes can be divided into

three different classes; straight, bent and branched. Straight particles are simply rods,

see Fig.(1.1a). Bent particles are two rods joined at some angle, see Fig.(1.1b). Branched

particles are those where three or more component rods meet at a point as in Fig.(1.1c).

We refer to the bent or branched particles as ‘wire frames’.

The kinetic constraints in these systems can also be responsible for a glass tran-

sition. Suspensions of 3D crosses, particles consisting of three mutually perpendicular,

infinitely thin rods joined at their midpoints, have been shown to have glassy dynamical

behaviour in the range of densities we are considering [88]. In this system the transla-

tional diffusion coefficient goes to zero with an exponential dependence on the density.

The majority of particles are rendered effectively immobile by the kinetic constraints

imposed by their surroundings and the system is frozen in an isotropic, disordered state.

The geometry of the suspended particles must influence this behaviour. In Fig.(1.1)

we some examples of the systems we are considering. A dense suspension of rods is

shown in Fig.(1.1a), a dense glassy state of L-shaped wire frames is shown in Fig.(1.1b)

and in Fig.(1.1c) we sketch a suspension of 3D branched wireframes. In each panel a

particular test particle is highlighted in blue. The rod may still diffuse in this concen-

tration regime by the reptation mechanism [81, 89]. However, the wire frames cannot.

This is because the reptation process relies on the rods’ ability to diffuse freely along
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FIGURE 1.1: Sketches of the systems considered. (a) A dense suspension of rod like parti-
cles. A test rod is shown in cyan. The motion of the test rod is restricted by the surrounding
red rods, but it can still diffuse along its length, so the suspension is still in a fluid state.
(b) L-shaped particles in dense suspension. The cyan test L-shape is trapped by the sur-
rounding red L-shapes. If it moves along the length of one of its legs, the other becomes
entangled. The system is frozen in a glassy state. (c) A dense suspension of branched 3D

cross wire frames frozen in a glassy state.

their length even though their transverse motion is severely hindered. If a wire frame

diffuses along the length of one of its constituent rods, then any one of the others will

quickly become entangled, blocking its motion.

It is interesting to compare the rheology of glassy states of wire frames, Fig.(4.1b),

to dense fluid states of rods, Fig.(1.1a). For flexible polymers, it is well known that

branched star polymers display significantly different flow behaviour from linear chains,

with extremely slow stress relaxation [46–48, 81, 90]. This is as a result of the branching

making reptation impossible. It is reasonable then to expect an equally pronounced

difference in behaviour between rigid branched particles and rods. In fact, it has been

observed in simulations [91] that the viscosity for dense suspensions of branched 3D

crosses is significantly larger than for rods and that the viscosity has a much stronger

dependence on concentration [92].

Evidently, we cannot use the standard approach based on the tube model [43, 81],

where the reptation mechanism is used in a hydrodynamic formalism. Instead we must

use a new approach which determines the rheological properties of these glassy states

directly from the constraints on each particle. In Chapters 4 and 5 we restrict our

attention to a simple question which gives useful insight into the problem. We do not

address in detail the time (or frequency) dependence of the rheological response here,

but rather focus on its instantaneous magnitude. Our hope is that the method presented

here will form a useful basis for more detailed studies in the future.

In Chapter 4 we introduce a simple geometric method for determining the instan-

taneous magnitude of the stress response to step strain in these glassy systems. This

method is applied to a simple two dimensional model system where a particle is placed

on a plane surrounded by a random distribution of point-like constraints it cannot cross.
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We find two striking differences in the stress response depending on whether the parti-

cles are straight rods or slightly bent (by an angle of about 15◦):

1. The stress response for bent and branched particles is significantly larger than for

straight rods.

2. The non-linear response for bent and branched particles is qualitatively different

from rods; suspensions of rods always shear soften, whereas suspensions of bent

and branched particles shear harden below a critical density set by the bending

modulus of the particles themselves.

This method is extended to three dimensions in Chapter 5 where we demonstrate that

these two conclusions carry over analogously using two different methods: a simple ap-

proach based on the understanding built up from the two dimensional model in Chapter

4 and a more detailed method where we use a mean-field-like approximation to replace

the constraints placed on a test particle by those found on average.

We conclude the thesis in Chapter 6 with a summary of the results presented in each

chapter and a discussion of possibilities for future work. This includes some suggestions

for extending Chapter 3 to concentrated suspensions to possibly find and study liquid

crystalline phases of nun-chuck particles as well as how to tackle the dynamics of the

wire frame glasses studied in Chapters 4 and 5.

1.2 Case Study: Rigid Rod Suspensions

To illustrate many of the phenomena and techniques discussed in the introduction, let

us consider in detail a simple case study. The system we consider is a suspension of

rigid rod particles. In the context of the DNA particles on which we focus these can be

considered as models for double stranded DNA sequences.

We will consider the suspension over a range of concentrations. First consider dilute

suspensions with ρL3 ¿ 1, where L is the length of the rods and ρ is the number density.

We then move on to concentrated suspensions with ρL3 À 1. Finally we briefly touch

on liquid crystalline phases which are formed when ρL2b ∼ 1 with b being the diameter

of the rod. Throughout we will assume that the rods are extremely thin so that the

aspect ratio L/b →∞ is very large. We will follow the classic textbook treatment [81,

82] very closely. Extensive use of Onsager’s variational principle is made throughout

the thesis so we take this opportunity to introduce this method. Rather than providing

a discussion of this in complete generality we will illustrate it purely by example. More

details on this principle can be found in the original papers by Onsager [93, 94], an

excellent review of its potential applications by Doi [95] or his textbook [82].
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1.2.1 Onsager’s Variational Principle

Onsager’s variational principle can be stated simply: the velocities of a collection of

particles driven by potential forces, including Brownian forces, in a viscous fluid are

those which maximise the Rayleighian. The Rayleighian, L , of a system is generally

written

L = Ḟ + 1
2
Φ, (1.6)

where Ḟ is the time derivative of the Helmoltz free energy and Φ is the energy dis-

sipation function. The Rayleighian needs to be written as a function (or possibly a

functional) of the velocities of the particles of the system. We can use this principle to

determine the equations of motion for a rod like particle in a viscous fluid.

We begin by determining the Rayleighian. The first term of the Rayleighian is de-

termined easily. The free energy is generally written

F =U −TS, (1.7)

where U is the internal energy, T is the temperature and S is the entropy of the system.

If the probability of finding a rod with its centre of mass at position r in orientation u,

which is the unit vector pointing along the rod, is given by ψ(r,u) then the internal

energy is given by

U = ρ
∫

drdu ψ(r,u)U(r,u). (1.8)

Here U(r,u) is an externally imposed potential. This can be generalised to include any

interactions between the rods, but for now we only consider the simplest case.

The entropy is written using the Gibbs definition so that the total free energy is

F = kBTρ
∫

drdu
[
ψ(r,u) logψ(r,u)+ψ(r,u)βU(r,u)

]
. (1.9)

Here and throughout the thesis we will use β = 1/kBT. The time derivative of the free

energy is computed directly

Ḟ = kBTρ
∫

drdu ψ̇
(
logψ+1+βU

)
. (1.10)

In order to write this in terms of the velocities of the rod, we need an expression for the

time derivative of the distribution function, ψ̇. This comes from the conservation, or

continuity, equation for ψ, which can be written in two ways:

∂ψ

∂t
=− ∂

∂r
· (vψ)− ∂

∂u
· (u̇ψ)

(1.11a)

or
∂ψ

∂t
=− ∂

∂r
· (vψ)−R · (ωψ)

. (1.11b)
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In both equations v is the velocity of the centre of mass of the rod. The first equation

is formulated in terms of the rate of change of the orientation, u̇ whereas the second is

written with the angular velocity of the rod ω about the centre of mass. In order to write

it in terms of this we needed to introduce the rotational derivative which is defined as

R=u× ∂

∂u
. (1.12)

This operator satisfies standard relations for differential operators such as the product

rule and integration by parts. Using the continuity equation in the time derivative of

the free energy (1.10) gives

Ḟ =−kBTρ
∫

drdu
(
∂

∂r
· (vψ)−R · (ωψ))(

logψ+1+βU
)
. (1.13)

Integrating by parts we find that

Ḟ = kBTρ
∫

drdu ψ

(
v · ∂Ũ

∂r
+ω ·RŨ

)
, (1.14)

where we have defined the modified potential

Ũ = logψ+1+βU . (1.15)

To finally obtain the Rayleighian, we need the energy dissipation function. We do

this following Kirkwood’s formalism. This includes the non-local hydrodynamic interac-

tion of one part of the rod with another.

We place N spherical beads of diameter b along the rod so that they just touch, i.e.

L = Nb. The position of each bead can be written

rl
n = r+nbu, n ∈ [−N/2, N/2]. (1.16)

The velocity is then

vl
n = v+nbu̇, (1.17)

or by using the definition u̇=ω×u we have

vl
n = v+nbω×u. (1.18)

As each bead moves through the fluid, it experiences a viscous drag force Fn. This leads

to a power dissipated per bead of Fn ·vrel
n , where vrel

n is the velocity of the nth bead

relative to the fluid. If there is a background fluid flow described by the shear rate

tensor κ then this relative velocity is

vrel
n = vn −κ ·rn. (1.19)
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The viscous drag force can be written in terms of the velocities of the other beads in the

following way

Fn =
N/2∑

m=−N/2
H−1

nm · (vm −κ ·rm), (1.20)

where H−1
nm is the inverse mobility matrix which expresses the hydrodynamic coupling

between the nth and mth beads. This expression is derived in appendix A and there we

show that the inverse mobility matrix is well approximated by

H−1
nm = 4πηsb

log(L/2b)
δnm

(
1− 1

2
uu

)
, (1.21)

where ηs is the viscosity of the solvent. The energy dissipation function is then the

average total energy dissipated

Φ= ρ
∫

drdu ψ
N/2∑

n,m=−N/2
(vn −κ ·rn) ·H−1

nm · (vm −κ ·rm)

= 4πηsb
log(L/2b)

ρ
N/2∑

n=−N/2

〈
(vn −κ ·rn) ·

(
1− 1

2
uu

)
· (vn −κ ·rn)

〉
,

(1.22)

where we have defined the average as 〈· · · 〉 = ∫
drduψ(· · · ). To write this in terms of the

velocity of the whole rod we can use expressions (1.16) and (1.18) for the velocities and

positions of the beads

Φ= 4πηsL
log(L/2b)

ρ

〈
(v−κ ·r) ·

(
1− 1

2
uu

)
· (v−κ ·r)

〉
+ πηsL3

3log(L/2b)
ρ

〈
(ω×u−κ ·u) ·

(
1− 1

2
uu

)
· (ω×u−κ ·u)

〉
.

(1.23)

In deriving this expression we replaced the sums with integrals and used Nb = L. We

can now define the translational and rotational friction constants

µT = 4πηsL
log(L/2b)

, (1.24a)

µR = πηsL3

3log(L/2b)
. (1.24b)

More precise hydrodynamic calculations are possible, for instance an exact solution is

known for prolate ellipsoids [18, 96], but these expressions suffice for our purposes.

The Rayleighian can now be written compactly:

L =kBTρ
〈(

v · ∂Ũ
∂r

+ω ·RŨ
)〉

+ρµT

2

〈
(v−κ ·r) ·

(
1− 1

2
uu

)
· (v−κ ·r)

〉
+ρµR

2

〈
(ω×u−κ ·u) ·

(
1− 1

2
uu

)
· (ω×u−κ ·u)

〉
.

(1.25)
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According to Onsager’s principle, the linear and angular velocities of the rod are those

which maximise the Rayleighian, i.e they solve

δL

δv
= 0, and

δL

δω
= 0. (1.26)

These lead to

v= κ ·r−DT (1+uu) · ∂Ũ
∂r

, (1.27a)

ω=u×κ ·u−DRRŨ , (1.27b)

where we have defined the translational and rotational diffusion constants

DT = kBT
µT

, and DR = kBT
µR

. (1.28)

Substituting these velocities into the continuity equation (1.11) yields the Smoluchowski

equation including the effect of externally applied forces and the background fluid flow.

In the next sections we will show how this equation governs much of the behaviour of

the suspension and can be used to compute correlation functions and the viscoelastic

response.

1.2.2 Dilute Suspensions

Strictly speaking the equations we have derived are only valid in dilute suspensions,

but the general form of the Rayleighian (1.25) is the same for all concentrations. The

difference between concentrated and dilute suspensions comes in the form of the mobil-

ity matrices. For the moment, let us focus on dilute suspensions, as this allows us to

introduce further useful techniques in a simple context.

Smoluchowski Equation

Arguably the most important equation for describing the behaviour of the suspension is

the Smoluchowski equation. This tells us how the distribution functionψ evolves, allow-

ing us to compute the evolution of important quantities like correlation functions and

the stress. The Smoluchowski equation is found very easily by substituting the veloc-

ities of the particle found using Onsager’s principle (1.27) into the continuity equation

(1.11)

∂ψ

∂t
= ∂

∂r
·
(
DT (1+uu) · ∂Ũ

∂r
ψ−κ ·r ψ

)
+R · (DRRŨψ−u×κ ·u ψ

)
. (1.29)
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The terms including the modified potential can then be manipulated to cast (1.29) in a

more familiar form

∂ψ

∂t
=DT

∂

∂r
· (1+uu) ·

(
∂ψ

∂r
+ψ∂βU

∂r

)
− ∂

∂r
· (κ ·r ψ)

+DRR · (Rψ+ψRβU
)−R · (u×κ ·u ψ

)
.

(1.30)

Note that the inclusion of the matrix (1+uu) between the derivatives with respect to

r shows that the translational diffusion of the rod is anisotropic. This is because when

the rod moves parallel to its length, it experiences less drag than when it moves per-

pendicularly. This generally means that the translation and rotation of the rod are

coupled. However, is is easy to check that if the suspension is homogeneous with uni-

form positional distribution, then it will remain this way no matter the orientational

distribution.

Correlation Functions

Using the Smoluchowski equation we may determine expressions for important corre-

lation functions. First, consider the mean squared displacement of the centre of mass

in the absence of an external potential and background fluid flow. This is given by

CT(t)= 〈|r(t)−r(0)|2〉 . (1.31)

We can use the Smoluchowski equation to obtain a closed evolution equation for this

correlation function. First we define the Green function of the Smoluchowski equation,

G(r,u,r′,u′; t), as the solution to

∂G
∂t

= DT
∂

∂r
· (1+uu) · ∂G

∂r
+DRR2G, (1.32)

with the initial condition

G(r,u,r′,u′; t = 0)= δ(r−r′)δ(u−u′). (1.33)

This is interpreted as the probability of a rod with initial position and orientation (r′,u′)
being found with (r,u) after a time t. With this definition, the mean squared displace-

ment is written

CT(t)=
∫

drdudr′du′ G(r,u,r′,u′; t)ψeq(r′,u′)|r−r′|2, (1.34)

where ψeq(r′,u′) is the initial distribution of the suspension which we assume to be in

equilibrium. Now we differentiate (1.34) with respect to time, take the derivative inside
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the integral and use the Smoluchowski equation (1.32) to write

∂CT

∂t
=

∫
drdudr′du′ ψeq(r′,u′)|r−r′|2

[
DT

∂

∂r
· (1+uu) · ∂G

∂r
+DRR2G

]
. (1.35)

Using integration by parts, all of the derivatives can be taken off the Green function,

producing

∂CT

∂t
=

∫
drdudr′du′ G ψeq(r′,u′)

[
DT

∂

∂r
· (1+uu) · ∂

∂r
+DRR2

]
|r−r′|2, (1.36)

which, after simple calculation, gives

CT(t)= 8DT t ≡ 6DRod
c t. (1.37)

Here DRod
c is the diffusion constant for the centre of mass,

DRod
c = kBT log(L/2b)

3πηsL
. (1.38)

Next, we study the rotational motion of the rod, by computing the correlation func-

tion

CR(t)= 〈u(t) ·u(0)〉 . (1.39)

Its time derivative is computed by following the same steps as before

∂CR

∂t
= DR

∫
dudu′ G ψeqR2(u ·u′), (1.40)

where we do not need to write the integrals over r and r′ because the equilibrium dis-

tribution is homogeneous. The rotational derivatives are computed easily using suffix

notation

Ru=Rαuβ = εαµνuµ
∂

∂uν
uβ = εαµβuµ, (1.41)

where εαβγ is the Levi-Civita symbol and repeated indices are summed. The summation

convention is used throughout the thesis unless otherwise stated. Applying (1.41) twice

gives

R2u=RαRαuβ =−2uβ. (1.42)

Hence equation (1.40) reduces to

∂CR

∂t
=−2DR

∫
dudu′ G ψeq(u ·u′)=−2DRCR . (1.43)

Since at time t = 0 we have CR(0)= 1 we obtain

CR(t)= 〈u(t) ·u(0)〉 = e−2DR t. (1.44)
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This allows us to compute the mean squared displacement of the orientation u

〈|u(t)−u(0)|2〉= 2(1−CR(t))= 2(1− e−2DR t). (1.45)

For very short times DR t ¿ 1, this reduces to

〈|u(t)−u(0)|2〉≈ 4DR t, (1.46)

allowing us to interpret the short time motion of the orientation as the normal Brownian

motion of a point-like particle on a plane. This picture can be easily understood. The

orientation of the rod, specified by the unit vector u, can be visualised as a point on the

unit sphere. Thus the trajectory of u(t) can be thought of as the Brownian motion of

a particle on that spherical surface. For very short times the particle can only move a

very small distance. Over these small distances, the sphere is approximated by the flat

plane and so the motion of the orientation is approximated by the motion of a point on

a plane.

Viscoelasticity

Previously we discussed that one of the most important features of particulate suspen-

sions is their viscoelastic rheological response. A viscoelastic fluid is one which behaves

neither wholly as a viscous fluid or an elastic solid. Dilute suspensions of rigid rod-like

particles are one of the simplest systems displaying this phenomenon. Throughout the

thesis we will consider the rheology of the systems we study, so this simple test case

presents the perfect oppourtunity to introduce the methods we will be using.

The rheology of a material is characterised by the constituitive equation relating

the stress tensor σ to the strain rate tensor κ. Our starting point for determing this

relationship is, once again, Onsager’s variational principle. This tells us that the stress

is given by

σαβ = ∂L ∗

∂καβ
, (1.47)

where L ∗ is the Rayleighian evaluated at the extremum linear and angular velocities.

It can be shown that the motion of the centre of mass only contributes an isotropic

tensor to the stress. The isotropic part of the stress tensor for an incompressible fluid

is determined solely by the external conditions. This is irrelevant for the constitutive

equation and so we shall ignore it here and throughout the thesis. Also, for the purposes

of this discussion, we do not consider the effect of an external potential. With this in

mind, the orientational part of the Rayleighian evaluated at the extremum is

L ∗ = kBTρ
〈
(u×κ ·u) ·RŨ

〉+ρµR

4
〈
(u ·κ ·u)2〉+·· · , (1.48)
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where we have only retained the terms that depend on κ. The first term can be manip-

ulated using integration by parts and the identity

R · (u×κ ·u)=−καβ(3uαuβ−δαβ), (1.49)

which can be derived easily using (1.41). We retain the term καα for notational reasons,

even though it strictly vanishes due to incompressibility. This gives

L ∗ = ρkBT
〈
3uαuβ−δαβ

〉
καβ+ρµR

4
〈
uαuβuγuδ

〉
καβκγδ+·· · . (1.50)

Taking the derivative with respect to the strain rate tensor yields the stress in the

familiar form

σαβ = ρkBT
〈
3uαuβ−δαβ

〉+ρµR

2
〈
uαuβuγuδ

〉
κγδ. (1.51)

The first term including the tensor Qαβ = 〈
3uαuβ−δαβ

〉
originates entirely from the

Brownian motion of the rod. It is zero if the orientational distribution is uniform and

expresses the effect of the thermodynamic force driving the system towards the equilib-

rium, isotropic state. It is this part of the stress tensor which leads to the suspensions

elastic response. The second term, which originates from the energy dissipation, gives

the viscous response of the solution. It is also worth noting that the tensor Qαβ is the

tensor order parameter used when studying liquid crystalline phases in this system and

is often referred to as the Landau - de Gennes tensor [52].

In order to use this expression for the stress tensor to generate a closed constitutive

relation, we must determine the averages as functions of the applied strain rate. This

is easiest to do when considering the linear response of the system where the applied

strain rate is small, κ¿ 1. The first task is to determine the evolution of the tensor

Qαβ. This is done by following the same methods as outlined previously, resulting in

∂Qαβ

∂t
=−6DRQαβ+ 1

3
(καβ+κβα)+καµQβµ+κβµQαµ−2κµν

〈
uαuβuµuν

〉
. (1.52)

As we are only considering small strain rates, we only need to determine Qαβ to first

order in κ. This means that the averages multiplying κ in the above may be replaced by

their equilibrium values

Qαβ = 0 and
〈
uαuβuµuν

〉= 1
15

(δαβδµν+δαµδβν+δανδβµ). (1.53)

Hence we can approximate (1.52) as

∂Qαβ

∂t
=−6DRQαβ+ 1

5
(καβ+κβα). (1.54)
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This equation is solved easily

Qαβ(t)= 1
5

∫ t

−∞
dt′ e−6DR (t−t′) (καβ(t′)+κβα(t′)

)
. (1.55)

The stress to first order in κ then follows easily

σαβ(t)= 3
5
ρkBT

∫ t

−∞
dt′ e−6DR (t−t′) (καβ(t′)+κβα(t′)

)+ 1
30
ρµR

(
καβ(t)+κβα(t)

)
. (1.56)

One of the common ways of understanding the linear rheology of a suspension is through

its complex viscosity, η∗(ω). This is defined such that the stress response to the oscilla-

tory shear, κxy = γ̇ℜ(eiωt), is given by σxy = γ̇ℜ(η∗(ω)eiωt) where γ̇ is the shear rate and

ω is its angular frequency. The complex viscosity for a dilute suspension of rods is

η∗(ω)= ηs + ρkBT
10DR

(
1

1+ iω/(6DR)
+ 1

3

)
. (1.57)

The fact that this has both real and imaginary parts illustrates that this suspension is

indeed viscoelastic. That being said, the size of the viscoelasticity is of order ρL3, which

for dilute suspensions is very small. As we will see, in more concentrated suspensions

the viscoelasticity is much more conspicuous.

Before discussing concentrated suspensions, however, it is worth touching on the

non-linear response briefly. In this case κ is not small and so to find the stress it is

necessary to determine the fourth moment
〈
uαuβuµuν

〉
. This poses a significant chal-

lenge, because, as shown in equation (1.52), the evolution of the nth order moments

form an infinite hierarchy; the evolution of the second depends on the fourth, and the

fourth on the sixth, etc. There are a number of ways in which this may be overcome by

approximations or numerical calculation, a useful one to discuss here is the decoupling

approximation. Here the goal is to express the moment
〈
uαuβuµuν

〉
solely in terms of〈

uαuβ
〉

by using some knowledge about the distribution in various limits, for example

by insisting the approximation holds in the isotropic and perfectly ordered states. If this

is done, the stress is expressed as a non-linear function of Qαβ, and the evolution equa-

tion for that tensor is also non-linear. This allows an analytic calculation for the stress

for arbitrary κ which is qualitatively accurate, but does suffer from some quantitative

discrepancies compared with more rigorous methods. Nonetheless, this method is very

useful for making progress in more concentrated suspensions where the calculations

would otherwise become intractable.

1.2.3 Concentrated Suspensions

We now move on to consider concentrated suspensions of rod-like molecules. Here, the

entanglements of a given rod with those surrounding it radically affect its motion and

therefore the properties of the suspension as a whole. Once the entanglement effect is
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FIGURE 1.2: (a) A sketch of a concentrated rod suspension. A particular test rod is high-
lighted in cyan with the other surrounding rods in red. The fact that the cyan rod cannot
cross the red rods constrains it to the orange tube. (b) The reptation mechanism for rods.
The rod may move along the length of the tube until about half of it pokes out of the end,
moving from i to ii. It can then rotate a little more before moving from ii to iii and disengage

from the tube.

accounted for, many of the derivations are the same as outlined in the previous section.

Therefore, we will only focus on how the governing equations are modified and point

out the most important physical differences. For clarity, we are considering suspensions

where the density lies in the range 1/L3 ¿ ρ ¿ 1/L2b. The upper here is set so that

there is no orientational order in the system.

Reptation

The bases for studying the motion of a single rod in concentrated suspension are the

tube model and reptation. The tube model posits that the constraints that no two rods

can intersect eachother essentially act to constrain each rod to a tube. The rods can

move freely along their tubes, but cannot move perpendicularly to their length. Evi-

dently, the linear velocity as derived from Onsager’s principle (1.27) must be altered to

account for this. The obvious alteration is to simply set the component of the diffusion

matrix DT(1+uu) perpendicular to the length of the rod equal to zero, with the result

being

v= κ ·r−2DTu
(
u · ∂

∂r

)
Ũ . (1.58)

The angular velocity also needs to be changed to account for the entanglement effect

on the rotational diffusion. This is done by following the standard reptation argument

[89]. While the rod stays within its tube its direction is fixed. However, if the rod moves

sufficently far (∼ L/2) along the length of the tube, it is free to rotate by a small angle

δθ ∼ a/L, where a is the tube radius, which will be estimated later. After this small

rotation, the rod is in a new tube, and so the process repeats. Hence the Brownian

rotation of the rod in concentrated suspension can be viewed as a random walk where

the step size is δθ and the time between jumps, τ, is the time taken for it to diffuse L/2
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along its length:

τ∼ L2

DT
≈ 1

DR
. (1.59)

Then the mean squared displacement of the orientation is estimated using standard

formulae

〈|u(t)−u(0)|2〉 ∼ (δθ)2

τ
t ≈ DR

( a
L

)2
t. (1.60)

so that the rotational diffusion constant in concentrated suspension is estimated as

D̃R(ρ)∼ DR

(
a(ρ)

L

)2
. (1.61)

Here we have explicitly indicated that the tube radius must depend on the density of

the rods. This dependence can be estimated straightforwardly. Imagine the tube as a

cylinder of length L and radius a. The radius is set so that the number of rods that

intersect the cylinder on average is approximately one. In concentrated suspension, we

expect a ¿ 1, so the surface areas of the ends of the cylinder are negligible compared

with that of its side. When rolled out flat this surface is a rectangle with side lengths

2πa and L. If we neglect, for now, the orientational distribution of the surrounding rods,

the average number of rods, N̄, which intersect this imagined flat rectangle is the same

as that intersecting the curved surface of the side of the tube. For a rod to intersect

this flat rectangle, its centre of mass must lie somewhere in a cuboid with dimensions

πa×L×L. The average number of such rods is

N̄ = ρπaL2. (1.62)

Setting this equal to unity provides an estimate for the tube radius

a ∼ 1
ρL2 . (1.63)

The rotational diffusion constant in concentrated suspension is therefore

D̃R(ρ)∼ DR(ρL3)−2. (1.64)

The orientational distribution of the surrounding rods can be taken into account by a

slightly more elaborate argument (see appendix 9.I of [81]):

D̃R(ρ;u)= DR(ρL3)−2
(

4
π

∫
du′ ψ(u′)|u×u′|

)−2
. (1.65)

This represents a significant change in the diffusion of the rod because, in concentrated

suspension, ρL3 À 1.
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Smoluchowski Equation

With these changes in the diffusion constants, the Smoluchowski equation governing

the distribution function in concentrated suspension can be found

∂ψ

∂t
=DTu · ∂

∂r

(
u · ∂ψ

∂r
+ψu · ∂βU

∂r

)
− ∂

∂r
· (κ ·r ψ)

+R · D̃R(ρ;u) · (Rψ+ψRβU
)−R · (u×κ ·u ψ

)
.

(1.66)

Note that the rotational diffusion constant must appear between the two rotational

derivatives. This is to maintain the same form of the equilibrium distribution (the

entanglements do not effect this by definition), and to make sure the total integral of ψ

is conserved.

With this equation correlation functions can be computed using the same methods

as outlined for dilute suspensions. The most important difference is for the rotational

motion, which is much slower due to the supression of the diffusion constant by a factor

of (ρL3)2. The translational motion is not affected as badly, and is only reduced by a

factor of two. This is entirely due to the ease with which the rod moves along its length,

even in concentrated suspension.

Viscoelasticity

The entanglements in concentrated suspension have a significant impact on the non-

equilibrium properties of the suspension, such as the viscoelasticity. Despite these ef-

fects, the general form of the Rayleighian does not change, only the diffusion constants

when they appear. This means that the stress tensor has the same form (1.51). To

see the effect of entanglements on the viscoelasticity, let us consider the linear stress

response to steady shear strain with shear rate γ̇. Since we are only considering the

linear response, the effective diffusion constant can be taken to be constant of the form

(1.64). The result for the stress in this case is

σ≈ c1
ρkBT
D̃R(ρ)

γ̇+ c2ρµ̃Rγ̇, (1.67)

where c1 and c2 are positive constants and we use µ̃R to indicate that, in concentrated

suspension, there is some change to µR but it is not as severe as the effect on the diffu-

sion constant. The first term in the above expression represents the elastic stress, σel,

and the second term represents the viscous stress σv. Using the approximation to the

diffusion coefficient (1.64), we can estimate the relative sizes of these stresses compared

with the solvent viscosity
σel

ηs
∼ (ρL3)3, (1.68a)

σv

ηs
∼ (ρL3). (1.68b)
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For concentrated suspensions we have taken ρL3 À 1. This shows that the contribution

from the suspension to the the stress is very large, and also that the elastic stress is

significantly larger than the viscous stress. The viscoelasticity of the suspension in this

concentration regime is therefore very conspicuous. This illustrates the importance of

topological entanglements in suspension dynamics.

1.2.4 Liquid Crystalline Phases

We now briefly consider order, liquid crystalline phases of these suspension of rigid rods.

These form for concentrations ρL2b & 1 where all the rods align in a particular direction

without the application of any external field. We will only briefly summarise the study

of these phases and indicate some of the important points we will return to later.

Our primary goal is to obtain an equation for the evolution of the Landau- de Gennes

tensor Qαβ. This expresses the orientational order of the system; it is zero in the

isotropic state and non-zero when there is some global ordering. The evolution equa-

tion for this quantity will be different in this concentration regime from those we have

considered thus far, because of the importance of the excluded volume interaction. It is

straightforward to show that the volume inaccessible to a rod in with orientation u by

one in orientation u′ is given by

νexc(u,u′)= 2bL2|u×u′|. (1.69)

Onsager [97] showed that this excluded volume can be accounted for through a self

consistent field

UMF (u)= ρkBT
∫

du′ ψ(u′)νexc(u,u′). (1.70)

To obtain an equation for Qαβ the effect of this potential must be included. Some ap-

proximations must also be used in order for the equation to close. The first of these

is a pre-averaging approximation for the diffusion constant. In this approximation we

replace

D̃R(ρ;u)→ D̄R(ρ)=
∫

du ψ(u)D̃R(ρ;u) (1.71)

This approximation makes the equations easier to handle and takes into account the

tube dilation effect. This is where, as the rods all line up in the same direction, the

average tube radius increases. Next we need to approximate the excluded volume in-

teraction. The goal is to express it in terms of the tensor Qαβ. To this end, we expand

|u×u′| in powers of u ·u′,

νexc(u,u′)= 2bL2
(
1− 1

2
(u ·u′)2 + 1

8
(u ·u′)4 +·· ·

)
. (1.72)
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If this expansion is used in the self consistent potential field we obtain

UMF (u)= ρL2bkBT
(
c0 − c2uαuβ〈uαuβ〉+ c4uαuβuγuδ〈uαuβuγuδ〉− · · ·) , (1.73)

where the cn are constants. In order to express this only in terms of Qαβ we retain only

the first two terms and write this as

UMF (u)= ρL2bkBT
(
c0 − c2uαuβQαβ

)
. (1.74)

We can now find an evolution equation for Qαβ in the same way as in dilute suspension,

∂Qαβ

∂t
=−6D̄RQαβ+4D̄R c2ρL2b

(
Qαγ〈uγuβ〉−Qγδ〈uαuβuγuδ〉

)
. (1.75)

This is not yet a closed equation since it still includes the fourth moment. As we dis-

cussed in section 1.2.2, we can use a decoupling approximation for this term to write

Qαβ〈uαuβuγuδ〉 =Qαβ〈uαuβ〉〈uγuδ〉. (1.76)

This approximation is useful because it preserves the trace and the symmetry of the ten-

sor and it becomes exact in the perfectly ordered state. This same kind of approximation

can be applied to the pre-averaged diffusion constant which gives

D̄R = DR

(
1− 3

2
QαβQαβ

)−2
. (1.77)

This gives the final, closed equation for Qαβ which holds for the isotropic and perfectly

ordered state.

A great deal of physics can be determined from this equation and we will show two

examples here. Let us assume that all of the rods are oriented with uniaxial symmetry

about an axis pointing in direction n, this is the director of the nematic phases. This

lets the Landau-de Gennes tensor be written as

Qαβ(t)=Q(t)
(
nαnβ− 1

3
δαβ

)
, (1.78)

where Q(t) represents the orientational order around the director and is called the “or-

der parameter”. This form leads to

∂Q
∂t

=−6D̄R

[(
1− 2

9
c2ρL2b

)
Q− 2

9
c2ρL2bQ2 + 4

9
c2ρL2bQ3

]
, (1.79)

which can be written in the form

∂Q
∂t

=−6D̄R
∂H
∂Q

, (1.80)
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with

H = 1
2

(
1− 2

9
c2ρL2b

)
Q2 − 2

27
c2ρL2bQ3 + 1

9
c2ρL2bQ3. (1.81)

This shows that Q(t) evolves towards the minimum of H, because D̄R > 0, hence H plays

the role of the free energy. This free energy function has a very typical form and we can

see that there will be a first order phase transition when the coefficient of Q2 changes

sign. This means that above the critical density

ρc = 9
2

(c2L2b)−1, (1.82)

the isotropic state becomes unstable to an ordered phase with non-zero order parameter.

Let us touch on the time dependence of the order parameter briefly . If we are study-

ing the system close to isotropic state then we can take Q ¿ 1. Its evolution equation is

now particularly simple
∂Q
∂t

=−6D̃R

(
1− 2

9
c2ρL2b

)
Q. (1.83)

Hence the order parameter relaxes exponentially with timescale

τQ = 1
6D̃R(1− 2

9 c2ρL2b)
. (1.84)

This indicates that the relaxation time diverges at some particular concentration, show-

ing that the dynamics of these ordered phases are very interesting and significantly

different from dilute suspensions. The framework outlined here can be used for more

detailed studies including calculating the viscoelastic response.

The discussion of this well known system has introduced many of the techniques

and concepts we will use throughout the thesis. It has also shown the wide variety

of behaviours even a relatively simple suspension can show at different concentrations

and how these can be studied theoretically.
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Chapter 2

Viscoelasticity of Stars in Dilute
Suspension

2.1 Introduction

We begin by considering the effect of particle shape on the rheology of dilute suspen-

sions. In the introduction we have discussed how it has been observed that certain

particle shapes, such as rods and ellipsoids, lead to non-Newtonian dilute suspensions,

whereas a dilute suspension of spheres is Newtonian. While the methods studying the

rheology in such systems are well known [17, 18], it is unclear a priori which particle

shapes will lead to a non-Newtonian response, without simulations or cumbersome cal-

culations. In this chapter, we aim to understand and characterise the properties that a

particle shape must have for a dilute suspension to be Newtonian. We determine two

simple symmetry conditions on the particle shape which, when both are satisfied, are

sufficient for the suspension to be Newtonian. These are derived by considering the sym-

metries of the particle, without referencing its specific shape. As long as the positions of

the particles remain uniformly distributed and inter-particle interactions are negligible,

these hold for all strain rates. In the case of small rates, one of these two conditions is

relaxed, and there is only one sufficient condition for purely viscous behaviour. Exam-

ples of particle shapes with Newtonian dilute suspensions are shown in Fig.(2.1a), the

underlined shapes have a Newtonian response for all strain rates. The conditions pre-

sented here makes this identification straightforward where explicit calculations would

be extremely difficult, e.g. for the Archimedian solids.

We also consider how these results apply to the DNA nano-stars discussed in the in-

troduction. We consider wire frame particles constructed from thin rigid rods all joined

at a point and provide a general method for describing the rheology of dilute suspen-

sions of these particles, based on the Onsager Principle [93, 94]. This is a powerful tool

for describing the behaviour of a wide range of systems [82, 95]. Our goal is to use this

approach to demonstrate the predictions of the symmetry argument for small strains for

specific shapes as well as demonstrate how these wire frames can be engineered for a

particular purpose. Specifically, as a proof of concept, we construct a class of shapes not
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FIGURE 2.1: a) Examples of particle shapes which have Newtonian dilute suspensions for
small strains. Due to their symmetry, the Platonic and Archimedean solids produce no
elasticity. Some wire frame shapes share this property if the ratios of the rod lengths are
chosen correctly. The underlined shapes lead to Newtonian suspensions for all strain sizes.
b) Examples of particle shapes which, generally, lead to non-Newtonian dilute suspensions.

found by the symmetry argument whose dilute suspensions also have a purely viscous

linear response.

Our results are only valid in dilute suspensions where the effect of the particles

is very small, and therefore less important for practical applications. Nevertheless,

they indicate something fundamental about the particles’ influence on the viscoelastic

properties of the fluid. For particular particle shapes, all non Newtonian behaviour is

due to inter-particle interactions.

2.2 Overview for General Shapes

We begin with a brief overview of the method for determining the viscoelasticity of a di-

lute suspension of particles of general shape, a full description may be found in Makino

and Doi [85].

There are two contributions to the stress in these systems: one arising purely from

the hydrodynamics of the suspended particles and the other from their Brownian mo-

tion. As we are dealing only with dilute suspensions, we may neglect the interactions

between particles and consider only the motion of a single particle. We assume that

the particle sizes, velocity and viscosity of the fluid are such that the Reynolds number

may be taken to be small. In this regime, the hydrodynamic motion of the particle is

conveniently described using the grand mobility matrix [17, 18], which linearly relates

the linear velocity, v, angular velocity, Ω, and stresslet, S, of the particle to the linear

velocity, v0, angular velocity Ω0 and the rate of strain tensor κ of the background fluid
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flow as well as the external force, F, and torque, T.
v−v0

Ω−Ω0

S

=


a b̃ g̃
b c h̃
g h K




F
T
κ

 (2.1)

The quantities a, b̃ · · ·K are the mobility tensors, which depend on the geometry and

orientation of the particle.

The Brownian motion of the particle is included through the effective potential UB =
kBT logψ, written in terms of the distribution function of the particle, ψ. This depends

on the orientation of the particle but is assumed not to depend on its position. The

orientation of the particle is represented using a right-handed, ortho-normal set of three

vectors u1,u2 and u3 fixed to the particle. We will use the symbol Γ to refer to the

orientation of the particle. The Brownian potential creates an effective torque,

T=−R(kBT logψ), (2.2)

but it is assumed that there are no external forces, F = 0. In the above equation we

introduced the rotational derivative operator,

R=uµ× ∂

∂uµ
. (2.3)

Here and henceforth repeated indices are summed unless otherwise stated, in this case

the sum runs over the index µ= 1,2,3.

Using this framework, the hydrodynamic stress per-particle is,

(SH)i j = K i jklκkl , (2.4)

and the Brownian stress per particle is,

(SB)i j = hi jkRk(−kBT logψ). (2.5)

In these and all further expressions, all indices used indicate the laboratory frame com-

ponents.

In general the stress tensor for the system is written as:

σ=−p1+2ηsκ−n〈SB +SH〉 (2.6)

where p is the pressure, 1 the 3×3 identity matrix and ηs the solvent viscosity. The

angle brackets denote averaging over the orientational distribution 〈· · · 〉 = ∫
dΓ ψ (· · · ).

All viscoelastic properties follow from these expressions.
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2.3 Symmetry Conditions

A suspension of particles can be Newtonian if the Brownian and hydrodynamic stresses

satisfy certain conditions. In the linear regime, the hydrodynamic stress contributes a

constant to the complex viscosity and is therefore always a purely viscous, Newtonian

contribution. The Brownian stress depends implicitly on the strain, via ψ, and can be

shown to decay with time, contributing both real and imaginary parts to the complex

viscosity. Therefore, in the linear regime, if the Brownian stress vanishes, the solution

is purely viscous and Newtonian.

We consider the particles to be suspended in an incompressible fluid, therefore the

isotropic part of the fluid stress tensor is determined solely by the external conditions

and is irrelevant for the viscoelasticity. As such, if the Brownian stress tensor becomes

isotropic, then it may be taken to vanish without loss of generality, and the suspension

is purely viscous.

For larger strains the Hydrodynamic stress can produce non-Newtonian stresses.

However, if the mobility tensor K is independent of the particle’s orientation then its

average must be independent of time, and therefore 〈SH〉 is purely viscous. For K to be

independent of the particle’s orientation in the laboratory frame it must be an isotropic

tensor, so that it is invariant under all rotations from one orientation to another.

We therefore have two conditions which, if both are satisfied, are sufficient for the

rheology to be Newtonian for all strain sizes: I) the Brownian Stress tensor must be

isotropic and II) the mobility tensor K must be isotropic. These statements are true

assuming the particle distribution remains uniform and inter-particle interactions are

negligible. If we only require the suspension to be purely viscous in the linear regime,

then only the first condition needs to hold.

To determine which particle shapes satisfy these conditions we consider the sym-

metry group, G , of the particle. This is a set of 3×3 rotation matrices, R, which leave

the orientation of the particle unchanged. For example, consider a cubic particle whose

faces and edges are all identical and whose density is uniform. If we rotate this particle

by π/2 about an axis passing through the centre of any one of its faces, the orientation

of the particle is outwardly the same. The only difference is the definition of the unit

vectors, u1,2,3.

Under the action of R, the vectors’ components transform according to the standard

rule

uµi → (u′)µi = Raiu
µ
a, (2.7)

where the symbol uµi denotes the ith component of the vector uµ.

The physical consequence of these symmetries is that by applying the above trans-

formation to the orientation vectors and imposing the same background fluid flow, the

response of the particle would be the same as measured in the laboratory frame. Specif-

ically, SB and SH are preserved under the action of the transformation, (2.7).
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Beginning with SB, we use equation (2.5) and write it in terms of the transformed

vectors u′,
(SB)i j =−RaiRb jRckhabcRdkRdUB, (2.8)

where we have taken into account that RUB and h transform as a psuedo-vector and

third rank tensor respectively and |R| = 1.

We may then use the identity, RdkRck = δcd, to find that the Brownian stress must

satisfy,

(SB)i j = (RT ·SB ·R)i j. (2.9)

This must hold for each member of the shape’s symmetry group, therefore the following

commutation relations are implied:

[SB,R]= 0 ; ∀ R ∈G . (2.10)

We now make use of Schur’s First Lemma [98], which states that if a matrix commutes

with all members of an irreducible representation of a group, then it is proportional to

the identity matrix. An irreducible representation is one where each member cannot be

cast in block diagonal form by the same similarity transformation [99].

Condition I can now be understood as a condition on the particle shape; its symmetry

group must have an irreducible representation in 3×3 matrices. If it does, the relations,

(2.10), and Schur’s First Lemma imply SB ∝ 1.

To ensure that a dilute suspension of particles is Newtonian for all strain rates,

condition II must be met. The relation between the Hydrodynamic stress and the strain

via K is mathematically the same as that between the stress, strain and elastic modulus

for solids, with K playing the role of the elastic modulus. The symmetry conditions

needed for the solid elastic modulus to be isotropic have been widely studied [100, 101].

By considering how the symmetries reduce the number of independent components of

the tensor K , it has been shown that when K is invariant under a symmetry group with

an irreducible representation of degree five it is isotropic [101]. This is true for spheres,

icosahedra and higher symmetry shapes, but not for cubes or lower symmetry shapes.

Since shapes with icosahedral symmetry also satisfy condition I, they will be purely

viscous and Newtonian for all strain sizes, whereas shapes with cubic or tetrahedral

symmetry will only have this property in the small strain regime.

We can now understand why a dilute suspension of spheres is purely viscous, whereas

rigid, rod-like particles have a viscoelastic linear response in dilute suspension. The

symmetry group of a sphere, O(3), has a well known irreducible representation in 3×3

matrices, hence the elasticity must vanish. Rods, on the other hand, are rotationally

symmetric about their axis, chosen to align with u3, and are symmetric under the in-

version, u3 →−u3. These symmetries do not have an irreducible representation in 3×3

matrices. Therefore, dilute suspension of rods can have a finite viscoelasticity.
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Fig.(2.1a) shows examples of shapes that produce purely viscous dilute suspensions

for all strain sizes and small strains. Next, we construct a particular class of shapes

not found by this symmetry argument whose dilute suspensions have a purely viscous

stress response to small strains.

2.4 Wire Frame Particles

We consider shapes comprised of rigid, thin rods or legs. Each leg is indexed by l and

has a different length L l . We call these shapes ‘wire frames’. We only consider shapes

where legs meet at one point, see Fig.(2.2), but the formulae can be easily modified when

this is not the case.

These particles provide a simple way to test our predictions and construct shapes of

different symmetries within the same framework. They are also presented as a model

for recently synthesised DNA nano-particles [102]. Since double stranded DNA is very

rigid with persistance length of ∼ 390Å [80] and a typical aspect ratio ∼ 20, the approx-

imation of rigidity and large aspect ratios should be appropriate. We construct a formu-

lation, based on Onsager’s variational principle[82, 93–95], to describe these shapes in

general, into which any given shape may be specified.

Onsager’s variational principle was introduced in section 1.2 for rigid rods and our

approach is a minor elaboration of that calculation. The principle states that the linear

and angular velocities of the particle are those which extremise the Rayleighian, L , of

the system. The Rayleighian is defined as,

L = Ḟ + 1
2
Φ, (2.11)

where Ḟ is the time derivative of the Helmholz free energy and Φ is the energy dissi-

pation function. The rate of change of the free energy is determined following the same

method as in section 1.2 and the result is

Ḟ =
∫

dr dΓ ψ
(
Ω ·R+v · ∂

∂r

)
(kBT logψ+U)=

〈(
Ω ·R+v · ∂

∂r

)
(kBT logψ+U)

〉
,

(2.12)

where v and Ω are the linear and angular velocities of the particle respectively.

To determine the energy dissipation function we use the same standard ‘Shish-

Kebab’ approach [81] as we did for rods in section 1.2. We place Nl spherical beads

of radius b along each leg of the shape, such that they just touch, i.e. the length of the

l th leg is L l = Nlb. Fig.(2.2b) shows this for a particular wire frame shape. The position

vector and velocity of the nth bead on leg l are written as

rl
n = r+nbel and vl

n = v+nb Ω×el , (2.13)
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FIGURE 2.2: (a) One of the wire-frame particles considered, with N = 4 in-plane legs and
unequal lengths of the in and out of plane legs, L∥ 6= L⊥ (b) The ‘shish-kebab’ procedure as
applied to the shape from panel (a). The wire-frame is replaced by spheres with diameter b
placed along each leg of the shape. The unit vectors el associated with some of the legs are

also indicated.

where n ∈ [0, Nl] and the unit vector el points along the leg. The viscous drag force on

each bead is calculated just as in (1.20) in terms of the velocity of the other beads

Fl
n =

N∑
l′=0

Nl′∑
m=0

(H−1)l,l′
nm · (vl′

m −κ ·rl′
m), (2.14)

where (H−1)l,l′
nm is the inverse mobility matrix and expresses the hydrodynamic coupling

of the mth bead on leg l′ and the nth bead on leg l. This coupling is difficult to handle

exactly, but a simple approximation can be made. We assume that the rods are very

long compared to their width, such that the majority of beads on different legs are very

far apart. This allows the hydrodynamic interaction between beads on different legs to

be neglected, which becomes an accurate approximation in the limit of infinite aspect

ratio L l /b (see appendix A). In this approximation the inverse mobility matrix becomes,

(H−1)l,l′
n,m ≈ δl,l′(H−1)l

n,m. (2.15)

Since the beads are all spherical, we can determine (H−1)l
n,m from the Oseen Tensor in

a standard way [17, 18, 81],

(H−1)l,l′
n,m ≈ δl,l′(h−1)n,m(1− 1

2
elel), (2.16)

where the constants (h−1)n,m are determined by the relation,

Np∑
p=0

1
8πηs|p−m| (h

−1)n,p = δn,m. (2.17)
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Using these expressions, the energy dissipation function becomes

Φ=
〈 ∑

n,m;l
(h−1)n,m(vl

n −κ ·rl
n) · (1− 1

2
elel) · (vl

m −κ ·rl
m)

〉
. (2.18)

Substituting the expressions for the positions and velocities of the beads (2.13) into

(2.18) we find Rayleighian for a general wireframe shape

L =
〈(
Ω ·R+v · ∂

∂r

)
(kBT logψ+U)

〉
+ 1

2

〈∑
l
νl(v−κ ·r) · (1− 1

2
elel) · (v−κ ·r)

〉
+ 1

2

〈∑
l
µl[(Ω×el)−κ ·el] · (1−

1
2

elel) · [(Ω×el)−κ ·el]
〉

+
〈∑

l
λl(v−κ ·r) · (1− 1

2
elel) · [(Ω×el)−κ ·el]

〉
,

(2.19)

where, to simplify notation, we have identified the three constants,

νl =
Nl∑

n,m=0
(h−1)nm , µl =

Nl∑
n,m=0

nmb2(h−1)nm , λl =
Nl∑

n,m=0
nb(h−1)nm. (2.20)

Using the techniques in appendix 8.I of [81] (see also appendix A), these can be evalu-

ated to give

νl =
8πηsL l

log(L l /b)
, µl =

8πηsL3
l

3log(L l /b)
, λl =

4πηsL2
l

log(L l /b)
. (2.21)

In principle, this provide a complete description of the behaviour of a dilute suspension

of general wire frames. By appropriately choosing the unit vectors, el , we can describe

any wire frame shape. In the following, we are only concerned with computing the elas-

tic stress. This requires finding the relevant components of the grand mobility matrix

for different particle shapes, from which the elastic stress may be found using tech-

niques and expressions in Makino and Doi [85]. There they show that the elastic stress,

σE, as a function of time is given by,

σE(t)= nkBT
5∑

i=1

∫ t

−∞
dt′ G i e−(t−t′)/τiκ(t′), (2.22)

where the constants, G i, are elastic moduli corresponding to the different decay time

scales, τi. For our purposes, it is only necessary to determine the moduli, G i, which are

in general given by

G1 =
4

[
(c2 − c3)(h̃231 − h̃321)+ (c1 − c2 +D)(h̃312 − h̃132)+ (c3 − c1 −D)(h̃123 − h̃213)

]2

(c2 − c3)2 + (c1 − c2 +D)2 + (c3 − c1 −D)2 ,

(2.23a)
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G2 =
4

[
(c2 − c3)(h̃231 − h̃321)+ (c1 − c2 −D)(h̃312 − h̃132)+ (c3 − c1 +D)(h̃123 − h̃213)

]2

(c2 − c3)2 + (c1 − c2 −D)2 + (c3 − c1 +D)2 ,

(2.23b)

G3 = 2
(
h̃232 − h̃322 + h̃311 − h̃113

)2 , (2.23c)

G4 = 2
(
h̃313 − h̃133 + h̃122 − h̃221

)2 , (2.23d)

G5 = 2
(
h̃121 − h̃211 + h̃233 − h̃332

)2 . (2.23e)

Here we have defined D2 = c2
1 + c2

2 + c2
3 − c1c2 − c1c3 − c2c3.

To determine the components ci and h̃i jk we need to find the angular velocity Ω.

This is done easily using Onsager’s principle, which states that the linear and angular

velocities are those which maximise the Rayleighian, solving

δL

δv
= 0 and

δL

δΩ
= 0. (2.24)

Once we have Ω, its form may be compared to (2.1) to find the mobility matrices, c and

h̃.

2.4.1 Tetrahedral Symmetry

We consider a wire frame shape with tetrahedral symmetry and show that as predicted

in the first section, a dilute suspension of these particles is purely Newtonian. The

shapes are comprised of four legs of equal length, L, which meet at the centroid of an

imagined tetrahedron and point outwards to the corners. Since each leg is the same

length, the friction constants are all equal and given by the standard expression [17, 18,

81],

µl =µ= 8πηsL3

3log(L/b)
(2.25)

Defining one of the leg vectors, e0, to be parallel to the u3 vector then the others may be

written in terms of rotations of this vector,

e1 = R1(θ) ·e0, and e2,3 = R3(±φ) ·e1, (2.26)

where R1(θ) and R3(±φ) are anticlockwise rotations about the u1 and u3 axes respec-

tively by the angles θ = cos−1(−1/3) and φ = 2π/3. This can be used to show that the

terms involving the angular velocity in the final term of the Rayleighian (2.19) is zero,

since
∑

l el = 0. This means that the angular velocity is decoupled from the linear ve-

locity. Extremising the Rayleighian with respect to angular velocity, we find that the

angular velocity must satisfy the equation

µ
∑
l

el × (Ω×el)=−kBTR logψ+µ∑
l

el ×κ ·el (2.27)
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where the sum runs over all legs of the object. This equation can be solved easily for Ω

to yield

Ω=− 3
2µ

kBTR logψ+2


κ32 −κ23

κ13 −κ31

κ21 −κ12

 . (2.28)

Comparing this to the form expected from (2.1) we can the components of the matrix c
and the tensor h̃

c1 = c2 = c3 = 3
2µ

,

h̃132 =−h̃123 = h̃213 =−h̃231 = h̃321 =−h̃312 = 2,
(2.29)

all other components of h̃ are zero.

These components can now be substituted into the expressions for the moduli G i

(2.23), and it is plain to see that the all vanish, G i = 0 ∀i ∈ [1,5]. Therefore, the linear

elastic stress for a dilute suspension of tetrahedral particles vanishes identically. This

is as predicted by the symmetry conditions we presented previously.

2.4.2 3D Stars

Now we consider a different class of wire frame particles, “3D Stars”. These are com-

prised of N evenly spaced, co-planar legs of equal length with two anti-parallel legs

pointing orthogonally out of plane, as shown in Fig.(2.2). We only consider the case for

which N ≥ 3, as when N ≤ 2 the particle is not three dimensional but is planar. The

lengths of the in and out of plane legs are L∥ and L⊥ respectively. The in plane legs are

separated by an angle φ= 2π/N and their unit vectors are,

el = cos(lφ)u1 −sin(lφ)ul , (2.30)

with 1≤ l ≤ N. The unit vectors for the out of plane legs are given by,

e−1,0 =±u3. (2.31)

It is straightforward to show us these definitions that, once again, the terms containing

Ω in the final term of (2.19) vanish. This is because they include the sums

N−1∑
n=0

cos3
(
2πn
N

)
=

N−1∑
n=0

sin3
(
2πn
N

)
= 0 ; N ≥ 3

N−1∑
n=0

sin
(
2πn
N

)
cos2

(
2πn
N

)
=

N−1∑
n=0

cos
(
2πn
N

)
sin2

(
2πn
N

)
= 0 ; N ≥ 3.

(2.32)
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Therefore the angular velocity is again decoupled from the linear velocity and when we

extremise L with respect to it, we find it must solve

∑
l
µl el × (Ω×el)=−R(kBT logψ+U)+∑

l
µl el ×κ ·el . (2.33)

We now define the friction constants, µ∥ and µ⊥, calculated from (3.43) for the in and

out-of-plane legs respectively

µ∥ =
8πηsL3

∥
3log(L∥/b)

, and µ⊥ = 8πηsL3
⊥

3log(L⊥/b)
. (2.34)

Now we write the equation for the angular velocity explicitlyN−1∑
l=0

µ∥


1−cos2(lφ) −sin(lφ)cos(lφ) 0

−sin(lφ)cos(lφ) 1−sin2(lφ) 0

0 0 1

+2µ⊥


1 0 0

0 1 0

0 0 0


Ω

=−RkBT logψ+µ∥
N−1∑
l=0


sin2(lφ)κ32

−cos2(lφ)κ31

cos2(lφ)κ21 −sin2(lφ)κ12

+2µ⊥


−κ23

κ13

0

 .

(2.35)

We now use the sums

N−1∑
n=0

cos2
(
2πn
N

)
=

N−1∑
n=0

sin2
(
2πn
N

)
= N

2
for N ≥ 3, (2.36a)

and
N−1∑
n=0

sin
(
2πn
N

)
cos

(
2πn
N

)
= 0 for N ≥ 3, (2.36b)

and then solve forΩ. Comparing the solution to the grand mobility matrix (2.1), we find

the following for the mobility tensors c and h̃

c1 = c2 = 1
µ∥(N/2+2γ)

, (2.37a)

c3 = 1
µ∥N

, (2.37b)

h̃231 =−h̃132 = N/2
N/2+2γ

, (2.37c)

h̃123 =−h̃213 = 2γ
N/2+2γ

, (2.37d)

h̃312 =−h̃321 = 1
2

. (2.37e)

All other components of h̃ are zero and γ ≡ µ⊥/µ∥. Substituting these into the expres-

sions for the moduli (2.23), it is evident that G3 =G4 =G5 = 0, and a little more algebra
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FIGURE 2.3: (a) The required ratio of leg lengths, x = L⊥/L∥, for the elasticity to vanish
plotted as a function of the number of in-plane legs, 3≤ N ≤ 12, for aspect ratios, a = L⊥/b =
10 (triangles) and a →∞ (circles). These ratios are solutions to (2.39) for x, which in the
case a →∞, are simply x = (N/4)1/3. The (dark) blue and (light) orange lines indicate the
solutions for N = 4 and N = 12 respectively. Panel (b) shows the elastic modulus, G, as given
in (2.38), plotted as a function of γ ≈ L3

⊥/L3
∥. The blue curve corresponds to N = 4 and the

orange N = 12.

shows that G2 = 0 also. Therefore we are only left with G1 ≡ G, which after some ma-

nipulation becomes

G = 6
(

N −4γ
N +4γ

)2
. (2.38)

This is the single elastic modulus of the suspension and is plotted in Fig.(2.3b) as a

function of the ratio γ for N = 4 and N = 12. The elastic modulus has a minimum of zero

when γ = N/4. This means that when the ratio of leg lengths, x = L⊥/L∥, satisfies the

transcendental equation

4x3 log(a/x)= N loga, (2.39)

the suspension is purely viscous. The aspect ratio a is defined as L⊥/b. This recovers the

expected result; a dilute suspension of symmetric cross shapes with N = 4 and L⊥ = L∥
(equivalent to an octahedron or a cube) has a purely viscous linear stress response.

A plot of the solutions to this equation for 3≤ N ≤ 12 and a = 10 is shown in Fig.(2.3a,

triangles), we also show the solutions in the limit a →∞ (circles), which allows γ to be

approximated as x3.

It is intriguing that we can engineer the elasticity to vanish for any N by choosing

the right ratio, x. For instance, when N = 3 the particle has the symmetry of a trigonal

bi-pyramid of variable height. The symmetry group for such an object does not satisfy

the conditions given previously, yet when the ratio of lengths is chosen appropriately

the elasticity still vanishes, in the small κ regime.

This phenomenon, while not explained by a simple symmetry argument, can be
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FIGURE 2.4: (a) The rod rotates about the axis going into the page (shown by the solid
arrows). This causes, a test fluid packet to moves along the streamline represented by the
dotted blue lines. (b) This results in a net flow towards the ends of the rod and away from the
broadsides, characteristic of the stresslet singularity. (c) When the cross rotates about the
same axis, we sum the stresslet flows produced by the constituent rods. The flow induced
by the horizontal rod is shown by the shaded arrows, and the striped arrows for the vertical
rod. If the rods are the same length then the magnitudes of these two flows are equal and

therefore they cancel. The same construction can be applied to the three dimensions.

physically understood by considering the stresslet produced by the rotation of the parti-

cle. When a rod rotates about an axis perpendicular to its length, the surrounding fluid

flows towards the ends, but away from the broad-side of the rod [81]. The resulting flow

is typical of the stresslet singularity, whose magnitude depends on the length of the rod.

This is sketched in Fig.(2.4a & b).

When a planar cross rotates, the stresslet flows cancel each other in the plane of

the shape because the two equal length rods perpendicularly bisect each other, this is

shown in Fig.(2.4c). This construction may be applied to the N = 4, γ = 1 wire frame.

Shapes where N 6= 4 can be engineered to produce no stresslet by tuning the rod lengths

such that the out of plane rod produces a stresslet which cancels that produced by those

in plane.

2.5 Discussion

We have discussed the origins of non-Newtonian rheology for dilute suspensions of rigid

particles and determined sufficient conditions the shape must satisfy for a dilute sus-

pension to be Newtonian. To have a purely Newtonian response for all strain rates the

symmetry group of the shape must have irreducible representations of degree 3 and de-

gree 5, whereas in the regime of small strain rates the symmetry group only needs an

irreducible representation of degree 3 for Newtonian behaviour. This allows for simple

classification of suspensions without the need for detailed calculation.

We also developed a framework for studying the rheology of wire-frame particles

constructed from thin, rigidly connected rods using Onsager’s variational principle. This
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was used to demonstrate the vanishing elasticity for octahedral and cubic shapes in the

linear regime, as well as find a set of bi-pyramidal shapes which, despite their symmetry

group not satisfying the appropriate condition, have Newtonian dilute suspensions for

small strains. This is physically explained in terms of the stresslets produced by the

rotation of each constituent rod.

The study of wire frame shapes has relevance for the design of DNA nanostar sus-

pensions where understanding which particle shapes lead to a particular rheological

response is very important.
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Chapter 3

Dynamics of Nun-Chuck Particles in
Dilute Suspension

We now move on to discuss the effect of flexibility on the behaviour of DNA nano-particle

suspensions. Determining the properties of dilute suspensions of flexible polymer chains

is a classic problem which has been extremely widely studied [4, 81], our problem will

be a specific example of this. Flexibility in the DNA nano-star systems that we have

discussed in Chapters 1 & 2 can be realised in several ways. An obvious way to make

the particle more flexible is to make the double stranded DNA sequences much longer

than their persistence length, or to shorten the persistence length by replacing the dou-

ble stranded sequences with single stranded sequences. These changes will just turn

the rigid nano-star particles into flexible branched or linear polymers. The behaviour

of these systems as a function of particle properties such as persistence length, the

length of the legs, the number of legs and inter-particle chemical interactions have been

extremely well studied [46, 103]. Another way of introducing flexibility is to link the

double stranded sequences with single stranded, flexible “linkers”. The introduction of

these linkers has been shown to have a profound impact on the phase behaviour and

rheology of hydrogels formed from DNA nano-star building blocks [102, 104]. Here we

study the simplest case of one such particle in dilute suspension; two equal length rigid

rods joined by a short, fully flexible linker. We refer to these particles as “Nun-Chucks”

in reference to the Japanese martial arts weapon “Nunchaku” constructed from two

wooden sticks joined at their ends by a short chain. We sketch the particles in Fig.(3.1).

Such particles have recently been synthesised to study the bending properties of double

stranded DNA dynamically [105] and a model similar to this has been used to study the

diffusion of enzymes or other biomolecules with complex structures [106].

In this chapter we aim to describe the behaviour of the Nun-Chuck particles in dilute

suspensions as a function of the flexibility of joint. In the limit that the joint becomes

perfectly rigid, our results must converge to those of rigid rods. This serves as a pre-

liminary check of our results in the absence of systematic experimental or simulation

studies. Such studies are currently being undertaken 1 and we hope that the results

1These studies are being done as part of the PhD projects of Jiaming Yu (simulations) and Ren Liu
(experiments).
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FIGURE 3.1: Sketch of the nunchuck particles we consider. (a) A realistic model of the
system. The two double stranded DNA legs (shown in cyan) are linked by a short flexible
link (in blue). (b) The simplified ball joint model we consider. The red sphere indicates the

joint between the legs which introduces the inter-leg potential discussed in the text.

presented here can both guide and be corroborated by that work in the future. In di-

lute suspensions, we expect the effect of a moderately flexible joint to only slightly alter

the behaviour of the system from that of rigid rods. That being said, there are a wider

range of motions that the particle may execute. A rigid rod may only translate and

rotate, whereas the legs of the nun-chuck can rotate with respect to eachother. These

extra modes of motion are expected to have an effect on various relaxation times of the

system which will influence the rheology and transport properties of the suspension.

The largest effects of these extra motions are expected to be seen in concentrated

suspensions. Notably the reptation process, which allows rod-like particles to diffusion

in concentrated suspensions, will need to be modified as will the orientational phase be-

haviour at high concentrations. With the goal of describing these interesting systems in

mind, the formulation we present here aims to describe the qualitative behaviour of the

nun-chucks in dilute suspension in a way which can be easily extended to concentrated

suspensions. To make sure that our results converge to those for rigid rod particles in

the fully rigid limit, we follow the approach for rigid rods closely. We outline the basic

model, geometry we will use and the derivations of the governing equations in section

3.1. We then use these to study the motion of the particles in the absence of Brownian

motion in section 3.2. We then study the Brownian motion in section 3.3 and derive an

exact formula for the translational diffusion coefficient in section 3.3.1. To simplify our

treatment we introduce a Zimm-like approximation in section 3.3.2 which allows us to

compute orientational correlation functions. In section 3.3.3 we demonstrate that this

approximation becomes consistent in the rigid limit with well known results for rods.

We conclude the chapter by discussing the viscoelastic response, providing a detailed

analysis of the linear response in section 3.4.1 and an approximate, asymptotic analysis

for the non-linear response at large strain rates in section 3.4.2.
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3.1 Basic Model and Governing Equations

We begin by introducing the basic model we will use and deriving the governing equa-

tions for a dilute suspension of Nun-Chuck particles. It is natural to model the nun-

chuck as being made up of three parts; each of the two rigid rods and the flexible linker.

The rods are easily modelled as perfectly rigid cylinders length L and radius b of the

kind discussed in section 1.2. The flexible linker, on the other hand, is less straightfor-

ward. It seems natural to take this to be a worm like chain segment [4, 81, 107] with

persistence length lp and total length l. A similar model has been presented here [108]

and they were able to calculate the distribution for bending fluctuations using a detailed

analysis. However, this is quite complicated and it is more efficient to replace this worm

like chain with a simple ball joint shown in Fig.(3.1(b)). This replacement reduces the

degrees of freedom in the model but must be made carefully. Before we discuss how

we handle this replacement, let us discuss the way we parameterise the position and

orientation of the nun-chuck.

3.1.1 Co-ordinates and Geometry

There are many possible choices of co-ordinates for describing the position and orienta-

tion of the Nun-Chuck. For instance we could choose the position of the joint and the

vector joining the ends. Here, we choose to use position of the centres of mass of each

of the rods, r1,2, and the two unit vectors which run parralel to each rod away from the

joint, u1,2. This is because it is easy to immediately write down the continuity equa-

tion and Rayleighian in terms of these co-ordinates and the algebraic manipulations

are much less involved. It is also straightforward to take the completely rigid limit by

setting

u1 =−u2, (3.1)

in which case all of our expressions should reduce to the well known formulae for rigid

rods. However, in order to use these co-ordinates, we must take into account the fact

that the four vectors r1,2 and u1,2 are related to each other. This is because the rods

must be joined at the same point. This constraint can be written as

r1 − L
2

u1 = r2 − L
2

u2. (3.2)

It will be discussed later in this section how this constraint can be incorporated into the

dynamics of the nun-chucks.

Often it is most convenient to derive general results in terms of the vectors r1,2 and

u1,2 but, for many calculations and to help visualisation, it will be necessary to work

with specific angles which describe the configuration of the nun-chuck. Taking the joint

of the nun-chuck to be at the origin, we may of course describe the vectors u1 and u2 in
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polar co-ordinates in the standard way

u1 =


sinθc cosφ

sinθc sinφ

cosθc

 and u2 =


sinζc cosξ

sinζc sinξ

cosζc

 . (3.3)

The reason for the subscript “c” on the polar angles will become apparent later. It is also

useful to describe the behaviour of the angle between the two legs of the nun-chucks,

which we will call χc. This can be calculated from cosχc =u1·u2, however it is important

to introduce another parameterisation of the vectors directly in terms of this angle. To

achieve this we first imagine fixing the polar angle, θc from the z-axis to u1 and then the

angle χc to between u1 and u2. This constrains u2 to lie on the light blue cone, shown in

Fig.(3.2). To fully determine the vector u2 we need to specify where it lies on the circle

at the base of the blue cone. This is done through the angle γ ∈ [0,2π], which describes

how much the vector r0 must be rotated anti-clockwise about u1 to the vector r(γ). The

vector r(γ) points from the head of u1 to the head of u2 and is always perpendicular to

u1. The initial vector, r0, is defined to lie in the u1-z plane. With these definitions in

mind, we can write an expression for u2

u2 = cosχc u1 +r(γ). (3.4)

We now need an expression for the vector r(γ). This begins with the initial vector r0,

which can be deduced using simple geometry

r0 = sinχc


cosθc cosφ

cosθc sinφ

−sinθc

 . (3.5)

To obtain r(γ) we employ Rodrigues’ rotation formula [109] for the rotation of a vector

about a known axis

r(γ)= r0 cosγ+ (u1 ×r0)sinγ+u1(u1 ·r0)(1−cosγ)

= r0 cosγ+ (u1 ×r0)sinγ,
(3.6)

where the second equality follows because r0 is perpendicular to u1. These expressions

give a very useful way of writing a configuration of the nun-chuck where the direction

of one of the legs as well as the angle between the two legs are specified.
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FIGURE 3.2: A sketch of the geometry used to specify a nun-chuck configuration with a
fixed angle θc from the z-axis to the vector u1 and χc between u1 and u2. The unit vectors
u1,2 associated with the legs of the nun-chuck are shown in red and the angles are shown
in orange. Fixing the angle χc between the two unit vectors forces u2 to lie on the light
blue cone. We also show vector r(γ) in blue which determines where on this cone the vector
u2 lies. As shown, r(γ) is obtained by rotating the vector r0 anti-clockwise about u1 by an
angle γ, the angle is shown in orange. The resulting angle ζc from the z-axis to u2 is also

indicated in orange.

3.1.2 Distribution Function and Averages

When we consider the Brownian motions of the nun-chuck in later sections of this chap-

ter, we will be interested in the distribution function ψ. This can be written in many

ways, we will generally write it as ψ(r1,u1;r2,u2) and interpret this as the probability

of finding a nun-chuck with the centres of mass of the legs at positions r1 and r2 with

orientations u1 and u2. At equilibrium, the suspension is expected to be uniform and

therefore independent of r1 and r2. We also expect that at equilibirum the distribution

only depends on the angle between the two legs,

ψeq(r1,u1;r2,u2)=ψeq(χc). (3.7)

This is why the way of writing u2 in terms of u1, χc and γ is extremely useful; it allows

efficient evaluation of equilibrium averages. To take these averages explicitly, we need

to know the phenomenological interaction potential energy between the two legs due to

the ball joint. However, we are able to outline the general procedure and deduce some

useful identities for equilibrium averages of various types. In general the equilibrium

average is calculated from

〈· · · 〉eq =
∫

dr1dr2du1du2 ψeq(r1,u1;r2,u2)(· · · )=
∫

du1du2 ψeq(u1 ·u2)(· · · ), (3.8)
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where we have used the fact that the equilibrium distribution is expected to only depend

on the angle between the legs of the nun-chuck.

We consider some particular equilibrium averages which we will encounter fre-

quently in this chapter. The first type of average we consider is

〈F(u1 ·z)G(u1 ·u2)H(u2 ·z)〉eq, (3.9)

all three functions F, G and H are general. For this kind of average we need to use the

geometry introduced in section 3.1.1. The first thing to note is that the integral over u2

is taken by integrating over all χc and γ,∫
du2 (· · · )=

∫ 2π

0
dγ

∫ π

0
dχc sinχc (· · · ). (3.10)

We can then use (3.4) and (3.6) to determine u2 ·z,

u2 ·z≡ cosζc = cosχc u1 ·z+r0 ·zcosγ+z · (u1 ×r0)sinγ. (3.11)

The last term in this equation vanishes since u1, r0 and z are all co-planar. The remain-

ing two terms are evaluated simply to give

cosζc = cosχc cosθc −sinχc sinθc cosγ. (3.12)

The average is now written as

〈F(u1 ·z)G(u1 ·u2)H(u2 ·z)〉eq = 1
2(2π)2

∫ 2π

0
dφ

∫ 1

−1
d(cosθc)F(cosθc)

×
∫ 1

−1
d(cosχc)ψeq(cosχc)G(cosχc)

∫ 2π

0
dγ H(cosχc cosθc −sinχc sinθc cosγ).

(3.13)

where the numerical factors before the integral are required for normalisation given the

convention that we normalise the equilibrium distribution through∫ 1

−1
d(cosχc) ψeq(cosχc)= 1. (3.14)

Other than the φ integral, it is difficult to take these integrals in general. Useful

progress can be made, however, by expanding each of the functions, F, G, H and ψeq

in terms of Legendre polynomials, and using various addition and integral identities

[110]. Fortunately, for the most part, we will only encounter cases where H is relatively
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simple. For instance, if H(u ·z)= (u ·z), then we have

〈F(u1 ·z)G(u1 ·u2)(u2 ·z)〉eq = 1
2(2π)

∫ 1

−1
d(cosθc)F(cosθc)

∫ 1

−1
d(cosχc)ψeq(cosχc)G(cosχc)

×
∫ 2π

0
dγ (cosχc cosθc −sinχc sinθc cosγ).

(3.15)

We notice that, unlike the azimuthal angles φ, ξ, and γ, it is almost always more con-

venient to work in terms of the cosines of the polar angles θc, ζc and χc rather than

the angles themselves. Because of this, unless otherwise stated, we will always work in

terms of the new variables

θ = cosθc, ζ= cosζc and χ= cosχc. (3.16)

The second term in the γ integral now vanishes and we are left with,

〈F(u1 ·z)G(u1 ·u2)(u2 ·z)〉eq = 1
2

∫ 1

−1
dθ θF(θ)

〈
χG(χ)

〉
eq , (3.17)

where we are using the short hand for the angles (3.16) and a shorthand for the χ

integral.

Other useful averages can be found by following essentially the same steps. In par-

ticular we have

〈F(u1 ·z)〉eq = 1
2

∫ 1

−1
dθ F(θ). (3.18)

and

〈F(u1 ·z)G(u1 ·u2)〉eq =
∫ 1

−1
dθ F(θ)

〈
G(χ)

〉
eq . (3.19)

3.1.3 Joint Potential

If the flexible linker is modelled by a worm like chain segment then an energy cost is

incurred whenever the angle between the legs is changed, because of the energy taken to

bend the chain segment. This energy must be taken into account in the ball joint model.

We do this by introducing an interaction potential between the two legs of the nun-

chuck, Uint. The only variable that this potential depends on is the angle between the

legs of the particle, χc. In fact, since the potential must have the symmetry, Uint(χc) =
Uint(χc+nπ), we can conclude that this must only be a function of cosχc. Any particular

choice we make for Uint will be some form of educated guess as there is no clear way

of determining the form of this potential from first principles. In this study, we will

consider two physically motivated forms of this potential. The first, which is chosen
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largely for simplicity, is a simple linear form

Uint(χ)
kBT

=α(1+u1 ·u2)=α(1+χ). (3.20)

The motivation for this form is that we expect the minimum potential energy to be at

χ=−1, corresponding to u1 =−u2, and that the potential be quadratic in small angular

deviations about this minimum. The factor α encodes the stiffness of the nun-chuck.

The larger the value of α, the more rigid the nun-chuck, the smaller the more flexible.

This form for the potential greatly simplifies our mathematical analysis in many cases

and is generally what we will use throughout this chapter. It does, however, suffer from

the major problem that it does not preclude the two legs lying directly on top of each

other. Strictly speaking, even for long, thin legs their excluded volume must prevent

this configuration from being realised. The second choice of potential attempts to take

this into account. To do this, we choose the simplest function which has its minimum

at χ = −1 with quadratic angular deviations about this minimum but with a positive

divergence at χ= 1. This divergence corresponds to the case, u1 =u2, i.e. the legs of the

nun-chuck overlapping each other. In which case we choose the potential to be

Uint(χ)
kBT

= α

2
1+χ
1−χ . (3.21)

Here again we have included the "rigidity factor" α. The factor of two in the above

equation comes from insisting that the coefficient of the quadratic term in the expansion

about the minimum at χ=−1 is α.

It is now clear that the equilibrium distribution is written in the standard way,

ψeq(χ)∝ e−Uint(χ)/kBT . (3.22)

The constant of proportionality in the above definition can be determined by the nor-

malisation condition ∫ 1

−1
dχψeq(χ)= 1, (3.23)

and the geometric factor of sinχc has been absorbed in the definition of the new variable

χ. In order to connect this phenomenological description with the more realistic case

where the joint is a worm like chain segment, we would like a means of estimating

the rigidity parameter in terms of the properties of the worm like chain segment, such

as the persistence length. To do this, let us consider the tangent vector to the chain

segment, t(s), which is a function of the position s along the chain. Standard formulae

tell us that its correlations are given by

〈
t(s) · t(s′)

〉= e−|s−s′|/lp . (3.24)
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The legs of the nun-chuck are parallel to the chain segment at its ends, which means

that we can assign, u1 = t(0) and u2 = t(l). Hence at equilibrium the following should

hold

〈u1 ·u2〉eq =−〈t(0) · t(l)〉 =−el/l p. (3.25)

For our purposes, it is sufficient to use the simple form (3.20) to calculate the left hand

side, which gives

cothα− 1
α
= e−l/l p. (3.26)

In principle, this allows us to estimate α for a given ratio l/lp. It is also useful in re-

stricting the range of α for which our treatment should be valid. If we consider the chain

segment to be made up of N links of size b such that l = Nb and that the persistence

length is written lp = nb then we expect the chain segment to be essentially rigid if we

have

0. N/n. 1, (3.27)

and flexible if

N/n& 1. (3.28)

We only aim to describe quite flexible nun-chucks since very rigid nun-chucks are better

treated as perturbations to rigid rods. Hence we require α to satisfy

cothα− 1
α
. e−1. (3.29)

Evidently for this to be the case α cannot be too large. To estimate its size we expand

the left hand side to linear order in α to find that,

0<α. 3/2. (3.30)

This analysis is somewhat crude, and can easily be refined by solving the inequality

(3.29) numerically, but it does capture the the appropriate order of magnitude. A more

important issue with this method is the assumption that the statistics for the tangent

vectors of the chain segment are ideal and obey the standard from (3.24). This need not

be the case due to the influence of the long rods attached to its ends. A method more

akin to [108] can resolve this problem but it does not alter the final conclusion. While

many of the techniques we use do not depend on the size of α, our analysis of the linear

viscoelasticity in section 3.4.1 does rely on a technical approximation which requires α

to be not too large. This discussion allows us to confidently restrict our attention in that

case to α. 3/2 knowing that we are studying fairly flexible nun-chucks.
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3.1.4 Equations of Motion

Now that we have discussed the basic model, the co-ordinates we will use and their ge-

ometry we can derive the equations of motion of the Nun-Chuck. We choose to do this

by using Onsager’s Variational Principle [93–95]. Our goal is to determine equations of

motion for the vectors r1,2 and u1,2, which will be coupled together. To use the varia-

tional principle as discussed in section 1.2 we need to write down the Rayleighian for

the system, L . The advantage of using this method is that the geometric constraint

(3.2) is included easily using Lagrange multipliers.

The Rayleighian is written in general as

L = Ḟ + 1
2
Φ+C, (3.31)

where Ḟ is the rate of change of the Free Energy, Φ is the energy dissipation function

and C are the Lagrangian constraints. We will compute each of these terms in turn.

First, the Free Energy is written in standard from in terms of the distribution function

ψ(r1,u1;r2,u2)

F =
∫

dr1dr2du1du2 kBTψ logψ+ψU

=
∫

dX kBTψ logψ+ψU ,
(3.32)

where U is the combination of the external and inter-leg potentials and we have intro-

duced the notation
∫

dX to indicate integration over all four vectors r1,2 & u1,2. The

time derivative of F can then be found by considering the continuity equation for the

distribution function, which is written as,

∂ψ

∂t
=− ∂

∂r1
· (v1ψ)−R1 · (ω1ψ)− ∂

∂r2
· (v2ψ)−R2 · (ω2ψ). (3.33)

Here v1,2 are the velocities of the centres of each rod, ω1,2 are the angular velocities of

each rod about their centres and R1,2 ≡ u1,2 × ∂
∂u1,2

are the rotational derivatives asso-

ciated with each rod’s unit vector. Taking the time derivative of F, using the continuity

equation (3.33) and integrating by parts we find

Ḟ =
∫

dX ψ

(
v1 · ∂

∂r1
+ω1 ·R1 +v2 · ∂

∂r2
+ω2 ·R2

)
kBT Ũ , (3.34)

with Ũ = logψ+βU .

To determine the energy dissipation function, we consider the same "Shish-Kebab"

approach we used in sections 1.2.2 and 2.4. Here we place 2N spherical beads of radius

b along the shape, N on each rod. The position of bead n ∈ [−N/2, N/2] on leg l ∈ [1,2] is
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given by

rl
n = rl +nbul , (3.35)

and the velocity of this bead therefore is

vl
n = vl +nb ωl ×ul . (3.36)

The energy dissipation function can then be written in terms of this velocity, the fluid

velocity gradient, κ, and the inverse mobility tensor, H−1, as

Φ=
∫

dX ψ
∑
l,l′

N/2∑
n,m=−N/2

(vl
n −κ ·rl

n) · (H−1)l,l′
n,m · (vl′

m −κ ·rl′
m). (3.37)

Just as in section 2.4 we approximate (H−1)l,l′
n,m by assuming that the rods are very long

compared to their width and, due to the excluded volume interaction between the rods,

the majority of beads on different legs are unlikely to be found close together. This

approximation becomes accurate in the limit of very large aspect ratios, as discussed in

appendix A. This allows us to write

(H−1)l,l′
n,m ≈ δl,l′(h−1)n,m(1− 1

2
ulul), (3.38)

where the constants (h−1)n,m are determined by the relation

∑
p

(h−1)n,p hp,m = δn,m. (3.39)

Using these relations the energy dissipation function becomes

Φ=
∫

dX ψ
∑
l

N/2∑
n,m=−N/2

(h−1)n,m(vl
n −κ ·rl

n) · (1− 1
2

ulul) · (vl
m −κ ·rl

m). (3.40)

Substituting the expressions for the positions of the beads (3.35) and the velocities (3.36)

this becomes

Φ=µT

∫
dX ψ

∑
l

(vl −κ ·rl) · (1−
1
2

ulul) · (vl −κ ·rl)

+µR

∫
dX ψ

∑
l
ω2

l −2ωl · (ul ×κ ·ul)+|κ ·ul |2 −
1
2

(ul ·κ ·ul)2,
(3.41)

where we have defined the translational µT and rotational µR friction constants as fol-

lows:

µT = ∑
n,m

(h−1)n,m ≈ 4πηsL
log(L/2b)

, (3.42)

µR = ∑
n,m

nmb2(h−1)n,m ≈ πηsL3

3log(L/2b)
. (3.43)
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All that is left now to complete the Rayleighian for this system is to apply the constraint,

(3.2). This is done by adding a term of the following form the Rayleighian

C =
∫

dX λ ·
[
(v1 −v2)− L

2
(ω1 ×u1 −ω2 ×u2)

]
, (3.44)

where λ is a vector of Lagrange multipliers whose values are to be determined. We

note that strictly this constraint enforces that the ends of the two legs move at the same

velocity, not that they are at the same positions. However this is unimportant in our

model given that the legs of the nun-chucks only interact with each other via the inter-

leg potential which does not depend on their relative positions and we have neglected

the hydrodynamic interactions between them.

Putting each of these together we obtain the Rayleighian

L =
∫

dX ψ
(
v1 · ∂

∂r1
+ω1 ·R1 +v2 · ∂

∂r2
+ω2 ·R2

)
kBT Ũ

+ µT

2

∫
dX ψ

∑
l=1,2

(vl −κ ·rl) · (1−
1
2

ulul) · (vl −κ ·rl)

+ µR

2

∫
dX ψ

∑
l=1,2

ω2
l −2ωl · (ul ×κ ·ul)+|κ ·ul |2 −

1
2

(ul ·κ ·ul)2

+
∫

dX λ ·
[
(v1 −v2)− L

2
(ω1 ×u1 −ω2 ×u2)

]
.

(3.45)

We now use this to find expressions for the velocities, v1,2 and ω1,2. According to On-

sager’s principle, these are the velocities which extremise the Rayleighian, i.e. δL /δv1 =
0 etc. This yields expressions for each velocity in terms of the modified potential Ũ , the

fluid gradient κ and the Lagrange multiplier, λ

v1 = κ ·r1 − kBT
µT

(1+u1u1) · ∂Ũ
∂r1

− 1
µTψ

(1+u1u1) ·λ, (3.46a)

ω1 =u1 ×κ ·u1 − kBT
µR

R1Ũ + L
2µRψ

u1 ×λ, (3.46b)

v2 = κ ·r2 − kBT
µT

(1+u2u2) · ∂Ũ
∂r2

+ 1
µTψ

(1+u2u2) ·λ, (3.46c)

ω2 =u2 ×κ ·u2 − kBT
µR

R2Ũ − L
2µRψ

u2 ×λ. (3.46d)

The first terms on the right hand side of the above equations are exactly what we would

obtain for two separate rods in solution, the second terms couple the motion of the two

rods together via the constraint. These terms are precisely those we would write down

by including by hand a Fixman-like [31, 32] constraining force.

These equations can now be substituted into the constraint (3.2) to obtain an equa-

tion for λ. We outline this process and how to solve this equation in appendix B.1, the
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result is

λ= µTLψ
16

[
(u1 ·κ ·u1)M ·u1 − (u2 ·κ ·u2)M ·u2

]
− kBTψ

8

[
M · (1+u1u1) · ∂Ũ

∂r1
−M · (1+u2u2) · ∂Ũ

∂r2

]
− kBTLµTψ

16µR

[
M · (u1 ×R1Ũ)−M · (u2 ×R2Ũ)

]
.

(3.47)

Here we have used the matrix M defined as,

M ≡
(
1− 1

4
u1u1 − 1

4
u2u2

)−1
= 1+ f (u1·u2)

(
u1u1+u2u2

)+1
3

(u1·u2) f (u1·u2)
(
u1u2+u2u1

)
,

(3.48)

with the scalar function f , defined to be

f (u1 ·u2)= 1
3− 1

3 (u1 ·u2)2
. (3.49)

This solution for λ can now be substituted into the equations, (3.46a)-(3.46d), to obtain

expressions for the velocities in terms of only the modified potential and fluid gradient.

We can write these equations as

v1 =κ ·r1 − L
16

[
(1+u1u1) ·M ·u1

]
(u1 ·κ ·u1)+ L

16

[
(1+u1u1) ·M ·u2

]
(u2 ·κ ·u2)

− A11 · ∂Ũ
∂r1

− A12 · ∂Ũ
∂r2

− B11 ·R1Ũ − B12 ·R2Ũ ,
(3.50a)

ω1 =u1 ×κ ·u1 + 3
8

(u1 ·κ ·u1)(u1 ×M ·u1)− 3
8

(u2 ·κ ·u2)(u1 ×M ·u2)

− A†
11 ·R1Ũ − A†

12 ·R2Ũ − B†
11 ·

∂Ũ
∂r1

− B†
12 ·

∂Ũ
∂r2

,
(3.50b)

v2 =κ ·r2 − L
16

[
(1+u2u2) ·M ·u2

]
(u2 ·κ ·u2)+ L

16

[
(1+u2u2) ·M ·u1

]
(u1 ·κ ·u1)

− A22 · ∂Ũ
∂r2

− A21 · ∂Ũ
∂r1

− B22 ·R2Ũ − B21 ·R1Ũ ,
(3.50c)

ω2 =u2 ×κ ·u2 + 3
8

(u2 ·κ ·u2)(u2 ×M ·u2)− 3
8

(u1 ·κ ·u1)(u2 ×M ·u1)

− A†
22 ·R2Ũ − A†

21 ·R1Ũ − B†
22 ·

∂Ũ
∂r2

− B†
21 ·

∂Ũ
∂r1

.
(3.50d)

The matrices Alm, A†
lm, Blm and B†

lm, are defined through their action on a vector x

All ·x= Dt(1+ulul) ·x− 1
8

Dt(1+ulul) ·M · (1+ulul) ·x, (3.51a)

Alm ·x= 1
8

Dt(1+ulul) ·M · (1+umum) ·x, (3.51b)
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Blm ·x=−(±1)Drt(1+ulul) ·M · (um ×x), (3.51c)

A†
ll ·x= Dr1 ·x+ 3

8
Drul × [M · (ul ×x)], (3.51d)

A†
lm ·x=−3

8
Drul × [M · (um ×x)], (3.51e)

B†
lm ·x= (±1)Drtul × [M · (1+umum) ·x]. (3.51f)

We shall refer to these matrices as “mobility matrices”. When a ±1 appears in the above

expressions it is taken to be positive when l = m and negative when l 6= m. The diffusion

coefficients used above are defined as follows

Dt = kBT
µT

, (3.52a)

Dr = kBT
µR

, (3.52b)

Drt = kBTL
16µR

. (3.52c)

The terms equations (3.50a-3.50d) which are independent of the modified potential Ũ
we define as v(0)

l (κ) and ω(0)
l (κ). These are interpreted as the velocities with which the

particle would move in the presence of the fluid gradient alone. With all of these defini-

tions, the equations (3.50a-3.50d) describe how the nun-chuck moves in the presence of

external fluid flows, applied fields and Brownian motion. If we want to study the motion

of the nun-chuck in the absence of Brownian motion then we simply replace Ũ with U .

These velocities can also be used to determine the Smoluchowski equation describing

the evolution of the distribution function ψ. To do this, we simply substitute (3.50a-

3.50d) into the continuity equation (3.33) and the result is

∂ψ

∂t
=∑

l,m

∂

∂rl
· Al,m ·

( ∂ψ
∂rm

+ ψ

kBT
∂U
∂rm

)
+∑

l,m
Rl · A†

l,m ·
(
Rmψ+ ψ

kBT
RmU

)
+∑

l,m

∂

∂rl
·Bl,m ·

(
Rmψ+ ψ

kBT
RmU

)
+∑

l,m
Rl ·B†

l,m ·
( ∂ψ
∂rm

+ ψ

kBT
∂U
∂rm

)
+∑

l

∂

∂rl
·
(
v(0)

l (κ)ψ
)
+Rl ·

(
ω(0)

l (κ)ψ
)
.

(3.53)

This equation is very useful but also quite cumbersome. It allows us to, in principle,

calculate many important quantities such as the complex viscosity and orientational

correlation functions. However, because the mobility matrices Alm, Blm etc depend on

the orientation of the particle in a complicated way, the calculations involved will be

very long winded and it is unlikely they can be performed analytically, unless we make

some simplifying approximations.
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3.2 Non-Brownian Motion

The significant difficulty in studying the Brownian motion is due to the complicated

forms of the mobility matrices in the Smoluchowski equation (3.53). In order to gain

some insight into how this affects the general behaviour of the nun-chucks and their

hydrodynamics, we first study their behaviour in the absence of Brownian motion. We

focus on two important illustrative cases; sedimentation under gravity and the motion

under a simple rotational flow. These are chosen as illustrative examples of the motion

of the nun-chucks under an external force and velocity field respectively. In the latter

case, we are actually able to find an analytic solution but in both cases most of the

physical insight comes from simple linear stability analysis. This study will give us

some insight into general features of the motion of the nun-chucks which can inform

our discussions when Brownian motion is included. In this section we only consider

the orientational motion in detail, since the motion of the centre of mass may then be

inferred straightforwardly.

3.2.1 Sedimentation

First we consider the sedimentation of the nun-chuck. In this case the centre of mass of

the nun-chuck is acted on by a uniform force of magnitude, F, in the negative z direction.

Such a force is generated by a potential of the form

UF =−F
2

(r1 +r2). (3.54)

This models the nun-chuck settling under gravity. We neglect all effects of the bound-

aries. This is justified when considering the nun-chucks falling over a macroscopic dis-

tance because since the size of the DNA nun-chucks is on the order of a few micro-

meters.

For rigid rods, there is no translation-rotation coupling and therefore under gravity

they settle at a constant speed in a constant orientation. For the nun-chuck particles,

the downward motion of the centre of mass causes a drag force on each leg which pro-

duces a torque on each leg about the joint. This generally makes the legs rotate with

respect to each other, making the motion significantly more complicated. Understand-

ing this motion of the nun-chucks will be important in our discussion of the translational

diffusion coefficient in section 3.3.1.

To determine the equations of motion for the orientation of the nun-chuck, we use the

expression for the angular velocities of the legs, (3.50b) and (3.50d), and the potential

for the force, but we set the Brownian torque to zero. We do, however, need to keep the

torque generated by the potential acting between in the legs. The modified potential is
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then simply, Ũ =β(Uint +UF ), and we have

ωl =−∑
m

A†
lm ·Rm(βUint)−

βF
2

∑
m

B†
lm ·z. (3.55)

Using the definitions of the mobility tensors, we find after several lines of algebra

ω1 =
[Dr

2
3−χ
3+χ

∂(βUint)
∂χ

+2βFDrt
χθ−3ζ
9−χ2

]
(u2 ×u1), (3.56)

the equations for the other leg, labelled by “2”, can be found by swapping the indices,

1 ↔ 2, and interchanging the angles, θ↔ ζ. Recall that throughout we are working in

terms of the variables defined in (3.16) for the polar angles, unless otherwise stated.

Using the relation u̇l =ωl ×ul , we obtain

u̇1 =
[Dr

2
3−χ
3+χ

∂(βU)
∂χ

+2βFDrt
χθ−3ζ
9−χ2

]
(χu1 −u2), (3.57)

and similar for u̇2. We can obtain a closed set of equations for the variables, θ, ζ and χ,

by considering the z-components of these equations and by use of the following identity

∂χ

∂t
≡ ∂

∂t
(u1 ·u2)= u̇1 ·u2 +u1 · u̇2. (3.58)

which follows from the product rule.

All together, the relevant equations for the orientation of the nun-chuck are,

∂χ

∂t
= Dr

(χ2 −1)
3+χ

[
(3−χ)

∂(βUint)
∂χ

− βFL
4

(θ+ζ)
]

, (3.59a)

∂θ

∂t
= Dr(χθ−ζ)

[
1
2

3−χ
3+χ

∂(βUint)
∂χ

+ βFL
8

χθ−3ζ
9−χ2

]
, (3.59b)

∂ζ

∂t
= Dr(χζ−θ)

[
1
2

3−χ
3+χ

∂(βUint)
∂χ

+ βFL
8

χζ−3θ
9−χ2

]
, (3.59c)

where we have used 16LDrt = Dr, which can be deduced from (3.52). These equations

cannot be solved analytically, but since we are interested in the case when the nun-

chuck falls over a macroscopic distance, we only need to consider the long time be-

haviour. To that end, we set the time derivatives to zero and find the fixed points of

these equations. The two relevant physical fixed points are

χ=−1 & ζ=−θ, (3.60a)

and

χ= 1 & ζ= θ. (3.60b)

These respectively represent the nun-chuck stretched out like a rod with an angle of π
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between the two legs and folded up with the legs exactly on top of each other. We refer to

these configurations as “straight” and “flat” respectively. To study the stability of these

points we expand these about the fixed points

χ=±(1−δχ) , θ = θ0 +δθ , ζ=±θ0 +δζ, (3.61)

where we take the positive sign in the first perturbation with that in the third and

likewise with the negative. The quantities δχ, δθ and δζ are all taken to be the same

order and small. Expanding the equations, (3.59a-3.59c) to first order in this small

quantity we obtain the matrix equation for the flat case

∂

∂t


δχ

δθ

δζ

= Dr

32


32α+−8βFLθ0 0 0

θ0(βFLθ0 −8α+) 8α+−βFLθ0 βFLθ0 −8α+
θ0(βFLθ0 −8α+) βFLθ0 −8α+ 8α+−βFLθ0



δχ

δθ

δζ

 , (3.62)

and for the straight case we find

∂

∂t


δχ

δθ

δζ

= Dr

32


−128α− 0 0

θ0(βFLθ0 +32α−) −(βFLθ0 +32α−) −(βFLθ0 +32α−)

θ0(βFLθ0 −32α−) (βFLθ0 −32α−) (βFθ0 −32α−)



δχ

δθ

δζ

 , (3.63)

where we have defined the constants

α± ≡ ∂(βU)
∂χ

∣∣∣
χ=±1

. (3.64)

We can determine the stability of the flat and straight configurations by studying the

eigenvalues of the matrices on the right hand sides of (3.62) and (3.63), as a function of

the ratios, βFL/α±. The three eigenvalues in the flat case are

λ+
1 = 0, λ+

2 = Dr

16
(
8α+−βFLθ0

)
, and λ+

3 = Dr

4
(
4α+−βFLθ0

)
, (3.65)

and in the straight case we have

λ−
1 = 0, λ−

2 =−2Drα−, and λ−
3 =−4Drα−. (3.66)

Notice that all the eigenvalues in the straight case are less than or equal to zero, no

matter the size of the ratio βFL/α−. This means that the straight configuration is stable.

If the nun-chuck is perturbed arbitrarily away from this configuration, it will return to

that configuration. In the flat case, on the other hand, the eigenvalues may be positive

or negative depending on the ratio βFL/α+. In particular, if the force is large enough

such that βFLθ0 > 8α+ then the flat configuration is stable, but if it is any smaller

then this configuration is unstable. Realistically, though, we expect there to be a very
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FIGURE 3.3: A plot of the three angles χ (blue line), θ (orange line) and ζ (green line)
as a function of reduced time t/Drα. These are the full numerical solutions to equations
(3.59). We chose a relatively small value of reduced force FL/α = 1 and initial conditions
where the nun-chuck legs start almost on top of each other χ(t = 0) = 0.9. We can see that
the conclusions of the eigenvalue analysis for small forces are borne out, that the straight

configuration is the stable, long time behaviour of the nun-chuck.

FIGURE 3.4: Solutions for the angles χ (blue), θ (orange) and ζ (green) in the case where
the reduced force is large FL/α= 100. The initial conditions are the same as in Fig.(3.3). In
panel (a) we used the simple linear potential (3.20) and this shows that the flat configuration
is the stable fixed point approached after long times. This is the conclusion drawn from
the eigenvalue analysis. In panel (b) we used the potential which includes an excluded
volume effect (3.21). As discussed in the text, this destabilises the flat configuration. In this

particular case, the straight configuration is stable.

large energy cost to putting the legs on top of each other, due to their excluded volume.

As such the value of α+ →∞, and no reasonable force could satisfy the condition that

βFL/α+ À 1. Therefore, we expect the flat fixed point never to be stable, unless there is a

special energetic reason for the nun-chuck legs to lie exactly parallel. When the excluded

volume of the legs is taken into account a more detailed analysis is needed because the

right hand sides of the equations (3.59) have divergences when χ= 1. However, for most

purposes this case is not particularly relevant. In section 3.3.1 we only consider the case

of small forces when considering the translational diffusion of the nun-chuck and the

observation that the only stable configuration is perfectly straight in this case is very

useful.

We can compare the conclusions of the simple analysis to full numerical solutions
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to equations (3.59). Where relevant, we will use both the simple linear form of the

potential (3.20) as well as the more complicated form to include the excluded volume

effect (3.21). We compute the solutions in as functions of the reduced time variable,

t/Drα, and use the reduced force variable, βFL/α.

In Fig.(3.3) we plot the numerical solutions for χ in blue, θ in orange and ζ in green

for a relatively small reduced force βFL/α= 1. For these solutions, we used the simple

potential (3.20) as there is no qualitative difference when the more complex form (3.21)

is used. The initial conditions were chosen so that the nun-chuck started almost flat,

but, after a brief transient behaviour, the nun-chuck remains stably in the straight

configuration. This demonstrates that, as predicted from the stability analysis, the

straight fixed point is stable and the flat fixed point is unstable for small forces.

In Fig.(3.4) we plot the numerical solutions for χ in blue, θ in orange and ζ in green

for a very large reduced force βFL/α = 100. In this case the stability analysis predicts

that, if the excluded volume effect is not taken into account, the flat configuration is

stable and the straight configuration is unstable. If the excluded volume is taken into

account, then the flat configuration is not expected to be stable. In panel (a) of this

figure, we use the simple potential (3.20) without the excluded volume and in (b) we

use the potential (3.21) with excluded volume, in both cases the initial condition is the

same. We can clearly see that, as predicted, without the excluded volume effect, after

a transient behaviour, the nun-chuck remains stable in the flat configuration. When

the excluded volume is taken into account, however, the flat configuration is obviously

unstable and, in fact, the nun-chuck rapidly approaches the straight configuration and

remains stable there. A more detailed analysis is required to fully understand the be-

haviour of the nun-chuck in this case. For many purposes, however, the case of very

large external forces is not particularly relevant.

3.2.2 Rotational Flow

Now we consider how the particle moves under the influence of a background fluid flow.

Here we choose a simple rotational flow where the fluid is steadily rotating about the

z-axis with a rate of strain tensor given by,

κ=


0 γ 0

−γ 0 0

0 0 0

 . (3.67)

It can be shown [111] that in order to correctly account for the torque generated by the

fluid flow variation over surface of the legs, we must effectively modify the fluid gradient

tensor to

κ̃= κ−ν2κT , (3.68)
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where the parameter, ν2 ∝ (b/L)2 log(L/b), decreases with increasing aspect ratios. In

the case of simple rotation we are considering, this amounts to changing the rate of

strain, γ, to, γ̃= (1+ν2)γ, because κ is anti symmetric. This does not change the struc-

ture of the problem and, for the aspect ratios we are considering, presents only a minor

correction, we will therefore make no distinction between κ and κ̃ in this section.

It can be shown that in the presence of a fluid gradient given by (3.67), a rod will

rotate about the z-axis with constant angular speed, γ, and fixed angle to the z-axis. In

the case of nun-chucks, we expect the motion to be more complicated.

To determine the equations of motion for the orientation of the nun-chuck, we use

the expression for the angular velocities of the legs, (3.50b) and (3.50d), but we set the

Brownian torque to zero while keeping the torque generated by the potential acting be-

tween in the legs, as before. The modified potential is then simply, Ũ =βUint. Also, since

the rate of strain tensor is anti-symmetric, the terms of the form ul ·κ ·ul in equations

(3.50b) and (3.50d), will vanish. This means the angular velocity of a particular leg, l,
is given by,

ωl =ul ×κ ·ul −
∑
m

A†
lm ·Rm(βUint). (3.69)

The first term of this equation represents the angular velocity of the leg induced by the

fluid gradient and is the same as that for rigid rods. The second is that induced by the

interaction between the legs. Using the relation, u̇l =ωl ×ul , and the definition of the

mobility matrices A†
lm in equations (3.51a), (3.51b) we obtain,

u̇1 = (1−u1u1) ·κ ·u1 − 1
2

3−χ
3+χ

∂(βUint)
∂χ

(u2 −χu1), (3.70)

and the equivalent for u̇2 but with the re-labelling 1 ↔ 2. Written in components the

first term is, γ(u(1)
y ,−u(1)

x ,0), where u1
j stands for the jth component of u1.

We can derive a closed equation for the angle between the legs of the nun-chuck

using (3.58) and (3.70)

∂χ

∂t
= γ(u(1)

y u(2)
x −u(1)

x u(2)
y )− 1

2
3−χ
3+χ

∂(βU)
∂χ

(1−χ2)

+γ(u(2)
y u(1)

x −u(2)
x u(1)

y )− 1
2

3−χ
3+χ

∂(βU)
∂χ

(1−χ2).
(3.71)

Evidently, the terms proportional to γ cancel each other and the others sum to give our

equation for χ,
∂χ

∂t
= (3−χ)(χ2 −1)

3+χ
∂(βUint)

∂χ
. (3.72)

This equation is separable and therefore in principle can always be integrated, no mat-

ter the form of Uint, to find χ as a function of time. However, we generally end up with a

complicated and unmanageable form. We can gain more useful insight by studying the

fixed points of this equation and their stability.
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If we assume that the potential monotonically increases away from χ = −1, we can

clearly see that equation (3.72) has three fixed points at, χ=±1,3. Only those at χ=±1

are physical. We can analyse the stability of these points by writing, χ(t) = ±(1−δχ),

with δχ¿ 1. Expanding (3.72) to first order in δχ gives

∂δχ

∂t
=±2

∂(βU)
∂χ

∣∣∣
χ=±1

δχ(t) (3.73)

the positive signs are associated with the fixed point at χ= 1 and the negatives that at

χ=−1. The derivative of the potential evaluated at these points is a constant indepen-

dent of δχ and is large and positive at χ = 1, due to the high energy cost of having the

two nun-chucks overlapping. Therefore we can conclude that the fixed point at χ = 1

is unstable. On the other hand, at χ = −1, while ∂(βUint)/∂χ is positive here, it comes

multiplied by −1, meaning that the fixed point with the nun-chuck straight is stable.

No matter the form of the potential, close to χ = −1, it can be approximated by the

simple linear form, (3.20). Therefore, if we start the nun-chuck in an initial configura-

tion with the angle between the legs close to π, then the legs will exponentially approach

anti-parallel. The time constant for the exponential approach is given by (2βα)−1, with

α being the rigidity of the nun-chuck. This implies the intuitive result that more rigid

nun-chucks approach rod-like behaviour faster than more flexible particles.

This discussion allows us to understand the motion of the nun-chuck under the in-

fluence of this flow. After an initial transient behaviour, the nun-chuck ends up with

its two legs fixed anti-parallel to each other, and rotating as a rod about the z-axis, at

a fixed angle to that axis and with angular speed γ. This is conceptually similar to the

behaviour we found for the nun-chucks under gravity, where it was also observed that

the long term behaviour was the same as for rigid rods. In this case, however, we are

able to find an exact solution for the motion for all times, assuming knowledge of χ as a

function of time.

Let us consider the vectors, a≡u1+u2 and b≡u1−u2. In components, these vectors

satisfy the following differential equations

∂

∂t


ax

ay

az

=


γay

−γax

0

− 1
2

(3−χ)(1−χ)
3+χ

∂(βUint)
∂χ


ax

ay

az

 , (3.74a)

∂

∂t


bx

by

bz

=


γby

−γbx

0

+ 1
2

(3−χ)(1+χ)
3+χ

∂(βUint)
∂χ


bx

by

bz

 . (3.74b)
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By using equation (3.72), we can simplify the second terms of the above equations. Tak-

ing for example the first of these, we have

1
2

(3−χ)(1−χ)
3+χ

∂(βUint)
∂χ

=−1
2

1
1+χ

∂χ

∂t
=−1

2
∂

∂t
log |1+χ(t)|. (3.75)

Equations (3.74a) and (3.74b) now take on the simple forms

∂

∂t


ax

ay

az

=


γay

−γax

0

+ 1
2
∂

∂t

(
log |χ(t)+1|

)
ax

ay

az

 , (3.76a)

∂

∂t


bx

by

bz

=


γby

−γbx

0

+ 1
2
∂

∂t

(
log |χ(t)−1|

)
bx

by

bz

 . (3.76b)

The x- and y- components of these vectors are totally decoupled from the z components,

hence we can solve for them separately. We first subtract the second term from equa-

tions, (3.76a) and (3.76b), and multiply by the integrating factors, µa,b(t) to give

µa(t)
∂

∂t

(
ax

ay

)
−µa(t)

1
2
∂

∂t

(
log |χ(t)+1|

)(
ax

ay

)
=µa(t)

(
γay

−γax

)
, (3.77a)

µb(t)
∂

∂t

(
bx

by

)
−µb(t)

1
2
∂

∂t

(
log |χ(t)−1|

)(
bx

by

)
=µb(t)

(
γby

−γbx

)
. (3.77b)

The integrating factors are determined by insisting that the left hand side is an exact

derivative

µa(t)= 1√|χ(t)+1|
and µb(t)= 1√|χ(t)−1|

. (3.78)

Equations (3.77a) and (3.77b) can then be written in the simple forms

∂

∂t

(
µaax

µaay

)
=

(
γµaay

−γµaax

)
and

∂

∂t

(
µbbx

µbby

)
=

(
γµbby

−γµbbx

)
. (3.79)

These equations can be solved straightforwardly

ax(t)= A
√

|1+χ(t)|cos(γt+ϕ) and ay(t)= A
√
|1+χ(t)|sin(γt+ϕ), (3.80a)

bx(t)= B
√

|1−χ(t)|cos(γt+ϑ) and by(t)= B
√

|1−χ(t)|sin(γt+ϑ), (3.80b)

where the constants A,B,ϕ and ϑ are determined by the initial conditions. The compo-

nents u(1,2)
x,y then follow directly

u(1)
x (t)= 1

2

[
A

√
|1+χ(t)|cos(γt+ϕ)+B

√
|1−χ(t)|cos(γt+ϑ)

]
, (3.81a)
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u(1)
y (t)= 1

2

[
A

√
|1+χ(t)|sin(γt+ϕ)+B

√
|1−χ(t)|sin(γt+ϑ)

]
, (3.81b)

u(2)
x (t)= 1

2

[
A

√
|1+χ(t)|cos(γt+ϕ)−B

√
|1−χ(t)|cos(γt+ϑ)

]
, (3.81c)

u(2)
y (t)= 1

2

[
A

√
|1+χ(t)|sin(γt+ϕ)−B

√
|1−χ(t)|sin(γt+ϑ)

]
. (3.81d)

As t →∞ we know from from equation (3.72) that χ(t)→−1, putting this behaviour into

the above expressions we see that u(2)
x,y →−u(1)

x,y which is required geometrically.

The vectors a and b satisfy a number of other geometric constraints and the z-

components of these vectors can be determined by enforcing one of these, namely

|a|2 = 2
(
1+χ(t)

)
and |b|2 = 2

(
1−χ(t)

)
. (3.82)

This yields

a2
z = (2− A2)(1+χ(t)) and b2

z = (2−B2)(1−χ(t)). (3.83)

Therefore the z components of u1 and u2 are given by

u(1)
z = 1

2

[√
(2− A2)(1+χ(t))+

√
(2−B2)(1−χ(t))

]
, (3.84a)

u(2)
z = 1

2

[√
(2− A2)(1+χ(t))−

√
(2−B2)(1−χ(t))

]
. (3.84b)

Again it is clear that the legs end up at a fixed angle to the z-axis as t →∞ and χ→−1,

with u(1)
z =−u(2)

z , as expected. It is interesting to note that, unlike rods, the angle that

the legs eventually make to the axis of rotation is different from the angle they initially

make to that axis. The final z-components of the legs are given by

u(1,2)
z (t →∞)=±u(1)

z (0)−u(2)
z (0)√

2|χ(0)−1|
. (3.85)

This is determined not only by the initial orientations of the legs with respect to the

z-axis, but also the initial angle between the legs.

Before considering these solutions in a specific case, we note that the constants A,

B, ϕ and ϑ, which are determined by the initial conditions, are all related to eachother

due to the geometric constraints on the vectors u1 and u2. By normalising each of u1

and u2 we find the condition that

cos(ϕ−ϑ)=
√

(2− A2)(2−B2)
A2B2 . (3.86)

To illustrate these solutions we consider a specific case. We choose the simple lin-

ear form of the inter-leg potential (3.20). To show that the choice of Uint makes little

qualitative difference to the solutions, we plot the numerical solution for χ(t) to (3.72)
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FIGURE 3.5: Solutions of (3.72) for the angle χ as a function of time t for various initial
conditions between −1 and 1. In panel (a) we used the simple linear form of the inter-arm
potential (3.20) and in panel (b) the more complicated form with excluded volume is used
(3.21). Clearly all solutions approach the stable fixed point χ = −1 as expected. When the
excluded volume is included this approach is much faster, otherwise there is no qualitative
difference between the two potentials. For simplicity, in both cases we chose α = 1. The
biggest differences are for initial conditions close to χ= 1, which are unlikely to be found in

equilibrium.

in Fig.(3.5) for a variety of initial conditions. Panel (a) shows the solution for the simple

linear potential (3.20) and panel (b) shows the potential with excluded volume (3.21).

In both cases the stable fixed point at χ=−1 is approached quickly. When the excluded

volume interaction is included, this point is approached noticeably faster. For simplicity

we chose a value of α= 1 in both cases.

The case we consider is one where the nun-chuck starts with both legs in the x-z
plane and one leg parallel to the x-axis with the angle between the legs being χ(0). The

initial conditions therefore are

u(1)
x (0)= 1, u(1)

y (0)= 0, u(1)
z (0)= 0, (3.87a)

u(2)
x (0)= cosχ(0), u(2)

y (0)= 0, u(2)
z (0)= sinχ(0). (3.87b)

Here we are no longer using the short hand (3.16) for the angles, to make the geometry

more obvious. This gives the following values for the constants of integration

A =
√

1+cosχ(0) and B =
√

1−cosχ(0) (3.88a)

ϕ=ϑ= 0. (3.88b)

We plot the solutions for the z- and x-components of the vectors in Figs.(3.6) & (3.7)

respectively. The angles of each leg to the z-axis progressively decrease over time, until

the legs are anti-parallel to each other. The x-components initially oscillate in phase

until the legs are anti-parallel where they finally oscillate out of phase and over time

their magnitude becomes smaller as each leg gets closer to the z-axis.

While it is pleasing to have this exact solution, the majority of the insight came from
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FIGURE 3.6: The z-components of the vectors u1 (blue line) and u2 (orange line) as a func-
tion of time for the test case. They change smoothly with each leg making a lesser angle to

the z-axis as time goes on. Ultimately the legs end up anti-parallel to each other.

FIGURE 3.7: The x-components of the vectors u1 (blue line) and u2 (orange line) as a func-
tion of time for the test case. They each oscillate initially in phase and eventually become
out of phase while the amplitude decreases. This is so that after large times the nun-
chuck legs become anti-parallel and they each make a lesser angle to the z-axis as shown

in Fig.(3.6).

the analysis of the fixed points of equation (3.72). This illustrated the general feature

that under the influence of a fluid gradient, at long times, when Brownian motion is

neglected, the nun-chucks behave like rigid rods. This observation is useful for our

analysis of the non-linear viscoelasticity later, where we can consider the effects of the

fluid flow as dominating over the Brownian motion.

3.3 Brownian Motion

We now move on to study the Brownian motion of the nun-chucks. Our aim is to com-

pute quantities such as the translational diffusion coefficient and various orientational

correlation functions. This is generally very difficult because of the complexity of the

mobility matrices appearing in the Smoluchowski equation (3.53). Here we present two
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approaches. One which is, in principle, formally exact, based on the fluctuation dissipa-

tion theorem. We use this to give an expression for the translational diffusion coefficient

of the nun-chucks. The expression is too complicated to compute analytically, however

we are able to derive a formal lower bound on the diffusion coefficient as well as argue

that the diffusion coefficient of a rigid rod of equal length should be a physical upper

bound. This method however involves a number of complicated calculations. We also

provide a second method which overcomes this difficulty. This is to pre-average the

mobility matrices in the Smoluchowski equation (3.53), similar to the Zimm approxima-

tion [27] used in the study of flexible polymers. This greatly simplifies the calculation of

correlation functions. This allows us to identify the constants which control the orienta-

tional correlation times which will be very useful when it comes to extending our theory

to concentrated suspensions. We also briefly discuss dynamic light scattering as this is

an important experimental technique for studying the Brownian motion of polymers.

3.3.1 Translational Diffusion

One of the most important quantities to calculate when considering the Brownian mo-

tion of the nun-chucks is their translational diffusion constant, Dc. To calculate this,

we follow closely the techniques used in the study of flexible polymers and exploit the

fluctuation dissipation theorem. This requires considering the influence of a small, uni-

form, constant force F, such as gravity. Without loss of generality we choose to direct

this force in the ẑ direction. The potential associated with this force is given by

Uext =−F
2

(r1 +r2) ·z. (3.89)

In steady state the presence of this field will cause the centres of mass of the particles to

move with a constant velocity 〈Vc〉ss, where the subscript "ss" indicates that the average

should be taken in the steady state. The fluctuation dissipation theorem then relates

this velocity to the translational diffusion coefficient

Dc = lim
F→0

kBT
F

〈Vc ·z〉ss. (3.90)

In order to use this expression we must know the steady state distribution function for

the particles in the presence of this force, ψss. This is the steady state solution to the

Smoluchowski equation (3.53) with the external potential (3.89). The magnitude of the

force F can be taken to be small so we can expand ψss about the equilibrium distribution

in the absence of the force

ψss ≈ψeq(1+φ)+O (F2), (3.91)

where the function φ represents the first order deviation of the steady state distribution

away from ψeq. By writing the Smoluchowski equation to first order in F we obtain an
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equation to solve for φ

∑
l,m

Rl · A†
l,m ·ψeqRmφ= ∑

l,m
Rl ·B†

l,m · ψeq

kBT
Fz. (3.92)

The manipulations for obtaining this equation are given in Appendix B.2. This equation

cannot be solved analytically and so we leave its treatment for later. For now, we assume

φ is known and proceed to determine a general expression for Dc.

By definition the average velocity of the centre of mass in steady state is

〈Vc〉ss = 1
2

∑
l
〈vl〉ss =−1

2

∑
l,m

〈
Alm · ∂Ũ

∂rm
−Blm ·RmŨ

〉
ss

. (3.93)

Using the expression for the steady state probability distribution, (3.91), the modified

potential Ũ becomes

Ũ = log(1+φ)+βUext. (3.94)

Thus, to first order in F, the average steady state velocity is given by

〈Vc〉ss = F
4kBT

∑
l,m

〈
Alm ·z〉

eq −
1
2

∑
l,m

〈
Blm ·Rmφ

〉
eq, (3.95)

where we are now averaging over the known equilibrium distribution function. Finally

the expression for the translational diffusion constant is obtained

Dc = 1
4

∑
l,m

〈
z · Alm ·z〉

eq −
kBT
2F

∑
l,m

〈
z ·Blm ·Rmφ

〉
eq. (3.96)

We can define the two contributions to the diffusion constant as

D(0)
c = 1

4

∑
l,m

〈
z · Alm ·z〉

eq (3.97a)

and

∆Dc =−kBT
2F

∑
l,m

〈
z ·Blm ·Rmφ

〉
eq (3.97b)

The first of these, D(0)
c , amounts to studying the diffusion of the nun-chuck in its equi-

librium orientation, ignoring the deformation due to the external field. This is the same

as the Kirkwood approximation for flexible polymers [29, 30, 81]. The second, ∆Dc, rep-

resents the change in the diffusion constant away from the equilibrium value due to the

forces effect on the orientation of the nun-chuck and requires knowledge of φ.

First Approximation

Before determining the change in the distribution function φ from equation (3.92) we

can make a first approximation to Dc by simply ignoring ∆Dc. We will later show that
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this corresponds to a lower bound on the diffusion coefficient.

Upon using the definitions for the matrices Alm in equations (3.51a) and (3.51b) and

some tedious algebra, we find an expression for D(0)
c explicitly in terms of equilibrium

averages

D(0)
c = 2

3
Dt+1

4
Dt

[〈
4(u1 ·z)(u2 ·z)(u1 ·u2)

9− (u1 ·u2)2

〉
eq
−

〈
(u1 ·z)2 (

3+ (u1 ·u2)2)
9− (u1 ·u2)2

〉
eq

]
. (3.98)

It can be readily checked that this expression reduces to the translational diffusion

coefficient of a rod for u1 =−u2 (up to logarithmic corrections in the aspect ratio). Which

is to be expected since this corresponds to the case when the nun-chuck is perfectly

straight and rigid. Now, using the geometry from section 3.1.1 and general results for

equilibrium averages from section 3.1.2, we can write (3.98) as a single equilibrium

average

D(0)
c = Dt

12

〈
5χ2 −69
χ2 −9

〉
eq

. (3.99)

We can compute this numerically as a function of the rigidity α using the two poten-

tials (3.20) and (3.21). We show the results in Fig.(3.8) where we plot the ratio of the

approximate nun chuck diffusion coefficient D(0)
c divided by the diffusion coefficient for

a rigid rod of equal total length DRod
T . The result for the linear potential (3.20) is shown

in blue and for the potential including excluded volume (3.21) in orange. Notably the

nun-chuck diffusion coefficent never exceeds that of rods but only differs by about 3 %.

The fact that the difference is so small is difficult to explain intuitively and may well be

coincidental. The reason why the ratio D(0)
c /DRod

T is less than one, however, is intuitively

understood. We recall that we are essentially studying the diffusion of the nun-chuck

fixed in its equilibrium orientation. For all finite values of α this orientation has the two

legs separated by some angle less than π. This means that we can never have a config-

uration where both legs are travelling parallel to their length. As such the nun chuck

is, on average, expected to experience more drag than the rod which always reduces its

diffusion coefficient compared to that of a rod.

This, however, is not consistent with what is expected from the theory of flexible

polymers [81] where generally the diffusion constant is inversely proportional to the ra-

dius of gyration. Since the flexibility of the nun-chuck reduces its radius of gyration, we

therefore expect a larger diffusion coefficient compared to that of a rod. This shows that

the behaviour of the nun-chucks is not easily inferred by interpolating the behaviour of

rigid rods and flexible polymers.

Change in Distribution

We now aim to determine the change in the distribution function in steady state, φ,

caused by the force, F. This can be used to find the correction to the translational
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FIGURE 3.8: A plot of the ratio of the approximate nun-chuck diffusion coefficient, D(0)
c to

that of a rigid rod, DRod
T , of the same overall length as a function of joint stiffness for the

two potentials U1 being the linear form (3.20) (blue line) and U2 the more complex form
(3.21)(orange line). The dotted black line indicates the asymptotic value of 1 reached by
both potentials as α→ ∞. We see that clearly the flexibility reduces the mobility of the
particle compared to the ideal, rigid case. However the effect of flexibility is very small, at

most about 3 %.

diffusion coefficient, ∆Dc. We first need to write equation (3.92) explicitly in terms of

the angles χ, θ and ζ. This can be done relatively straightforwardly by applying the

geometry from section 3.1.1. We will focus first on the right hand side of the equation.

We need to calculate the terms B†
lm ·z. After some long but simple algebra we find,

∑
m

B†
1m · z = 4Drt

χθ−3ζ
9−χ2 u1 ×u2, (3.100)

and similarly ∑
m

B†
2m · z = 4Drt

χζ−3θ
9−χ2 u2 ×u1. (3.101)

These expressions, along with the form of the equilibrium distribution function, ψeq ∝
exp(−βUint(χ)), can be used to find the right hand side of equation (3.92) exactly. This

comes out to be

(ζ+θ)
[∂Uint

∂χ

(1−χ)(5χ+9)
3−χ −4+6

∂

∂χ

(1−χ2

3−χ
)
+ χ(1−χ)

9−χ2

]
. (3.102)

The important feature of this expression is that it is written as (ζ+θ)F (χ). It can be

shown, after a lot of algebra, that taking an ansatz for φ of the form (ζ+θ)φ(χ), results

in an ODE for the function φ(χ), due to the cancellation of the (ζ+θ) factors. It can also

be shown that the solution for the function φ(χ) is unique. Unfortunately, the resulting

ODE is too difficult to handle analytically. However, progress can be made by means

of a variational principle. In the following discussion, all the functions we take will be

taken to have the same form as the ansatz, i.e. φ= (ζ+θ)φ(χ).
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We first consider the following equilibrium average

∑
l,m

〈
Rlϕ · A†

lm ·Rmφ
〉

eq
. (3.103)

After some manipulation this can be written explicitly

〈(
2−θ2 −ζ2 − 3

2
(θ+ζ)2 1−χ

3+χ
)
ϕ φ+ 1

2
(θ+ζ)2 (3−χ)(1−χ)

3+χ
[∂φ
∂χ

ϕ+ ∂ϕ

∂χ
φ+ (1+χ)

∂ϕ

∂χ

∂φ

∂χ

]〉
eq

(3.104)

The integrals over θ and ζ can be computed using the geometry discussed in section

3.1.1. The important results being∫ 2π

0
dφ

∫ 2π

0
dγ

∫ 1

−1
dθ

(
2−θ2 −ζ2)= 4

3
, (3.105)

∫ 2π

0
dφ

∫ 2π

0
dγ

∫ 1

−1
dθ (θ+ζ)2 = 2

3
(1+χ), (3.106)

where it should be remembered that, from (3.12), the angle ζ is a function of θ, χ and γ.

Putting these results into (3.104) gives

∑
l,m

〈
Rlϕ · A†

lm ·Rmφ
〉

eq

= Dr

∫ 1

−1
dχ ψeq(χ)

[(4
3
− 1−χ2

3+χ
)
ϕφ+ 1

3
(1−χ2)(3−χ)

3+χ
(
ϕ
∂φ

∂χ
+φ∂ϕ

∂χ
+ (1+χ)

∂ϕ

∂χ

∂φ

∂χ

)]
.

(3.107)

This expression is the same when φ and ϕ are interchanged, implying the useful relation

∑
l,m

〈
Rlϕ · A†

lm ·Rmφ
〉

eq
= ∑

l,m

〈
Rlφ · A†

lm ·Rmϕ
〉

eq
. (3.108)

Let us now consider this expression but with both functions equal, φ = ϕ. This yields

some quadratic functional, S0[ϕ], of ϕ. Using equation (3.107), we can write this explic-

itly as

S0[ϕ]= ∑
l,m

〈
Rlϕ · A†

lm ·Rmϕ
〉

eq

= Dr

∫ 1

−1
dχ ψeq

[(4
3
− 1−χ2

3+χ
)
ϕ2 + 1

3
(1−χ2)(3−χ)

3+χ
(
2ϕ

∂ϕ

∂χ
+ (1+χ)

(∂ϕ
∂χ

)2)]
.

(3.109)

Integrating the second term by parts we find

∫ 1

−1
dχ ψeq(χ)

2
3

(1−χ2)(3−χ)
3+χ ϕ

∂ϕ

∂χ
=−

∫ 1

−1
dχ

∂

∂χ

[
ψeq(χ)

(1−χ2)(3−χ)
3(3+χ)

]
ϕ2

+ψeq(χ)
(1−χ2)(3−χ)

3(3+χ)
ϕ2

∣∣∣∣1
−1

.
(3.110)
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The boundary terms vanish, so we are just left with the ϕ2 term. Substituting this back

into the functional S0, we find

S0[ϕ]=

Dr

∫ 1

−1
dχ ψeq(χ)

[(
(χ+1)(χ2 +6χ+33)

3(3+χ)2 + ∂Uint

∂χ

(1−χ2)(3−χ)
3(3+χ)

)
ϕ2 + (1−χ)(1+χ)2(3−χ)

3(3+χ)

(∂ϕ
∂χ

)2
]
.

(3.111)

This shows that the functional S0[ϕ] is positive definite for all real functions ϕ. This is

because, in the range −1< χ< 1, we know that

(χ+1)(χ2 +6χ+33)
3(3+χ)2 ≥ 0, (3.112a)

and
(1−χ)(1+χ)2(3−χ)

3(3+χ)
≥ 0. (3.112b)

We may also assume that the potential between the legs of the nun-chuck is always forc-

ing the legs away from each other, i.e away from χ= 1, and has only only one minimum

at χ=−1. This lets us know that for χ ∈ [−1,1], we have U ′
int(χ) ≥ 0 and hence for that

range of χ
∂Uint

∂χ

(1−χ2)(3−χ)
3(3+χ)

≥ 0. (3.113)

It then follows directly that S0[ϕ] ≥ 0 for all ϕ, since ψeq ≥ 0 and ϕ ∈ R. This result

is very useful in constructing the variational principle and bounding the translational

diffusion coefficient.

We now consider the following equilibrium averages

B[ϕ]=
〈 ∑

l,m
z ·Blm ·Rmϕ

〉
eq

and B†[ϕ]=
〈 ∑

l,m
Rlϕ ·B†

lm ·z
〉

eq
. (3.114)

After similar manipulations which lead to equation 3.111, we find these to be,

B[ϕ]=−B†[ϕ]= 8
3

Drt

∫ 1

−1
dχ ψeq(χ)

χ2 −1
3+χ

(
ϕ+ (χ+1)

∂ϕ

∂χ

)
, (3.115)

for arbitrary ϕ. This means that the change in the diffusion coefficient, (3.97b), can be

written in two ways,

∆Dc =−kBT
2F

〈 ∑
l,m

z ·Blm ·Rmφ
〉

eq
= kBT

2F

〈 ∑
l,m

Rlφ ·B†
lm ·z

〉
eq

(3.116)

Where φ is the solution to equation (3.92). We can now place a bound on ∆Dc. In all

that follows, φ, is the exact solution to (3.92), and ϕ is an arbitrary function of the form

(ζ+θ)ϕ(χ).
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We first consider S0[φ] and integrate once by parts to give

S0[φ]=−
∫

dX φ
∑
l,m

Rl ·
(
ψeqA†

lm ·Rmφ
)=−βF

2

∫
dX φ

∑
l,m

Rl ·
(
ψeqB†

lm ·z)
, (3.117)

where the second equality follows from equation (3.92). We may then integrate this

expression by parts again to find

S0[φ]= βF
2

〈 ∑
l,m

Rlφ ·B†
lm ·z

〉
eq

= (βF)2∆Dc ≥ 0. (3.118)

The final inequality follows from the fact that S0[φ] is positive definite. This gives

a bound on ∆Dc. We have now determined that ∆Dc ≥ 0 and as such the Kirkwood

approximation to the diffusion coefficient, D(0)
c is in fact a lower bound on the diffusion

coefficient. This implies that, under the action of the external force, the flexibility of the

nun-chuck allows it to assume an orientation which lowers the drag compared to the

equilibrium orientation. This is consistent with the discussion in section 3.2.1, where

Brownian motion was neglected and we found that the only stable configuration for a

sedimenting nun-chuck is with χ = −1, i.e the nun-chuck is stretched out like a rigid

rod. This implies that the hydrodynamics of the nun-chuck act to straighten it out. The

Brownian motion acts on average to bend the nun-chucks away from this configuration,

which means we can predict that Dc can be no larger than the diffusion coefficient of a

rod of equal length. Another way of phrasing this is to say that; in any orientation other

than perfectly straight, it will always experience some excess broadside drag compared

to a rigid rod, and as such will move through the fluid slower, and the Brownian motion

allows the nun-chuck to explore these bent configurations. The fact that the fluctuations

act to increase the diffusion constant above the average value D(0)
c has been seen in

similar asymmetry dumbell models [106].

Unfortunately, due to the complicated forms of the mobility matrices, it is difficult

to determine a rigorous upper bound on the diffusion constant. However, based on our

rigorous lower bound and this physical argument for the upper bound we can conclude

that

D(0)
c ≤ Dc ≤ DRod

T . (3.119)

The study of the Kirkwood estimate D(0)
c showed that the difference between this and

DRod
T is at most about 3 %. Therefore we expect that D(0)

c should be an adequate ap-

proximation for the diffusion coefficient for most purposes. However, it is interesting to

improve this approximation and determine how the distribution function changes under

the influence of the external force.

We now construct a variational principle for determining the exact solution, φ, to

equation (3.92). This will allow us to get a better estimate for the diffusion coefficient
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Dc than the Kirkwood approximation D(0)
c . Let us consider the functional

S[ϕ]= ∑
l,m

〈
Rlϕ · A†

lm ·Rmϕ
〉

eq
−βF

∑
l,m

〈
Rlϕ ·B†

lm ·z
〉

eq
. (3.120)

By leaving the summations, indices and rotational derivatives implicit, we may right

this the following shorthand, S[ϕ] = ϕA†ϕ−βF ϕB†z. This allows us to compute the

difference, S[ϕ]−S[φ] more efficiently

S[ϕ]−S[φ]=ϕA†ϕ−βF ϕB†z−φA†φ+βF φB†z

=ϕA†ϕ−2ϕA†φ+φA†φ,
(3.121)

where the second line follows from the first by exploiting the fact that φ is the exact

solution to equation (3.92) to derive that, ϕB†z = ϕA†φ, for arbitrary ϕ. We then use

equation (3.108) to write

S[ϕ]−S[φ]=ϕA†ϕ−ϕA†φ−φA†ϕ+φA†φ= (ϕ−φ)A†(ϕ−φ)= S0[ϕ−φ]≥ 0 (3.122)

The final inequality follows from the positive definite property of S0. This gives us a

variational principle. We have determined that for an arbitrary function, ϕ, the func-

tional S[ϕ]≥ S[φ]. Therefore the exact solution φ minimises the functional S[φ], i.e.

φ solves,
δS
δφ

= 0. (3.123)

To use this variational principle we need a trial function for φ. Since we expect the

distribution to change in a way which reduces the probability of finding a nun-chuck

with χ close to 1, we make the simple choice,

φtrial(χ; q)∝−eq(χ−1) (3.124)

Where, q ≥ 0, is a variational parameter to be determined. A larger value of q “cuts off”

the range of angles near χ= 1 more sharply than smaller values. Substituting this trial

function into S gives a function of this variational paramter, S(q). We can minimise this

with respect to q to find an estimate for the change in distribution function and hence

and estimate for ∆Dc. While the function S(q), can be expressed in terms of exponenital

integrals, it is more convenient to perform the minimisation numerically. For simplicity

we take the potential to be of the simple form in equation (3.20), since we have already

seen that using a different potential only changes the diffusion coefficient by less than

1%.

In Fig.(3.9), we plot the value of q which minimises S(q) as a function of the stiffness

α for 0 < α < 20. We can see that q always lies between one and two and initially

it decreases to a minimum at α ≈ 3 before slowly increasing again. The increase of
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FIGURE 3.9: A plot of the value of the variational parameter q, which minimises the func-
tional S, as a function of rigidity α. From the form of the trial function (3.124) larger values
of q correspond to the range of inter-leg angles close to χ= 1 being cut off more strongly. As
expected, for large values of α, the value of q increases. This is essentially because the prob-
ability distribution must approach a delta function at χ=−1 for α→∞. The non-monotonic
behaviour of q for small α is hard to explain and may be an artifact of the choice of trial

function

q for large alpha is expected, since the more stiff the nun-chuck the more we expect

the configurations near χ = 1 to be suppressed. The minimum near α = 3, however, is

difficult to explain physically and may well be an artifact of our choice of trial function.

In Fig.(3.10) and Fig.(3.11), we plot ∆Dc and the total diffusion constant, Dc, as a

function of α for 0<α< 20. The lower bound of, D(0)
c , is clearly satisfied. We can see that

the correction to D(0)
c is decreasing monotonically with increasing stiffness. This is to be

expected because, as we make the nun-chuck more rigid, the more it behaves like a rigid

rod and so the external force has less of an effect on the orientational distribution. This

means that the Kirkwood estimate becomes more and more accurate, as indeed it does;

when we take the limit α→∞, the estimate D(0)
c approaches the diffusion coefficient of a

rod of the same length (see Fig.(3.8)). We can also see that the correction to the Kirkwood

estimate using this trial function is, at most, ∼ 1% and this occurs for α= 0. Therefore,

we can say that D(0)
c is a good estimate for the translational diffusion coefficient, with

and error of only around 2% for most nun-chucks which can be described by this model.

In Fig.(3.12), we plot the equilibrium distribution function and the new steady state

distribution function under the force F, as a function of χ. We take the force size to be

moderately small, as is needed for the fluctuation dissipation theorem to hold, choosing

an arbitrary value of 0.5 for the reduced force, βFL. Even so, we see no significant

change, other than the expected reduction of probability close to χ= 1.

The deviation of steady state average of χ from the equilibrium value is clearly pro-

portional to βFL. In Fig.(3.13) we plot the percentage difference between the steady
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FIGURE 3.10: A plot of the change in diffusion constant due to the change in orientation
distribution of the nun-chuck ∆Dc as a function of rigidity α. We have normalised ∆Dc by
DRod

T . Evidently the bound ∆Dc ≥ 0 is satisfied and ∆Dc is monotonically decreasing to zero
as α→∞ as indeed it must.

FIGURE 3.11: A plot of all three estimates for the diffusion coefficient, each normalised by
DRod

T as functions of the rigidity α. First, the dotted black line gives the physical upper
bound, the diffusion coefficient for a rigid rod of equal total length. Second, the blue line is
the lower bound of the Kirkwood estimate, D(0)

c . Third, the improved estimate Dc calculated
using the variational method. We see that the correction to the Kirkwood estimate if fairly

small, with Dc differing by at most of order 1 % from D(0)
c at low values of α.
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FIGURE 3.12: Plots of the distribution function in equilibrium, ψeq(χ), and in steady state,
ψss(χ) in the presence of the force F. We chose an arbitrary value of 0.5 for the reduced
force βFL and a value of α = 0.1. This value of the rigidity was chosen since the largest
differences are expected for more flexible nun-chucks. We see that the forms of the distri-
butions are largely the same but the presence of the force acts slightly to straighten out the
nun-chuck, suppressing the likelihood of orientations close to χ = 1 and increasing that of

those near χ=−1.

state and equilibrium averages. This is calculated by,

Percentage Difference= ∆〈χ〉〈χ〉eq
×100≡ 〈χ〉ss −〈χ〉eq

〈χ〉eq
×100. (3.125)

In the figure we also give the values of ∆〈χ〉 and 〈χ〉eq for α = 0.1. In this case, the

steady state average is noticeably smaller than in equilibrium. This shows that as the

nun-chuck moves under the action of the force, F, it is pushed away from equilibrium,

which on average has the legs perpendicular to each other, χ∼ 0, to straighter configu-

rations. As α increases and the nun-chucks become more rigid, the steady state average

approaches the equilibrium average with the percentage difference decreasing to zero.

This must be the case because the force has less of an effect on more rigid nun-chucks.

3.3.2 Zimm Approximation

The previous section showed that it is possible to study the Brownian motion of the nun-

chucks exactly, but the calculations involved are extremely detailed. This difficulty is

due to the very complicated forms of the mobility matrices Alm, Blm, etc in the Smolu-

chowski equation (3.53). To overcome this difficulty we need to introduce some kind of

approximation. We look to the study of flexible polymers for inspiration. There, it is the

hydrodynamic interactions between the monomers making up the polymer which lead

to a very complicated Smoluchowski equation. One approximation used to simplify mat-

ters, while still including the effects of the hydrodynamic interactions, is to pre-average

the mobility matrices which replaces them by constant matrices which might need to be

determined self consistently. This approximation was first introduced by Zimm [27] and
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FIGURE 3.13: A plot of the percentage difference between the steady state average and the
equilibrium average as a function of α. As expected this decreases to zero as α→∞. The
largest differences are for flexible nun-chucks. For reference we include the values of the
equilibrium average at α= 0.1 and the difference between that and steady state at the same
value. We see that they are both negative but the percentage difference in this very flexible

case if of order 25%.

bears his name. It has been used to great success in the study of flexible polymers and

produces results which are not too different from more sophisticated methods [81]. We

will use this Zimm approximation here and make the replacements

Alm →〈Alm〉 ≡
∫

dX ψ(r1,u1;r2,u2) Alm(u1,u2), (3.126)

and the same for the other mobility matrices (3.51a-3.51f). Each matrix is now constant,

independent of the nun-chuck’s orientation but is still a function of its flexibility. This

approximation should include the qualitative features introduced by the hydrodynamics

and geometric constraints encoded by the mobility matrices. If we focus on problems

near equilibrium, which we will for the remainder of this section, then we may use the

equilibrium distribution in (3.126) and replace Alm, say, with

〈Alm〉eq =
∫

du1du2 ψeq(u1 ·u2) Alm(u1,u2). (3.127)

It should be remembered that these pre-averaged matrices are still functions of the

rigidity α. The general forms of these pre-averaged matrices can be derived without

making specific reference to the inter-leg potential.

The Zimm approximation may be crude but it has several advantages. First, it sim-

plifies the Smoluchowski equation enough to be handled analytically in many cases.

Second, it may be demonstrated that this approximation exactly captures the initial

behaviour of some important correlation functions, we will show some examples of this

later. The approximation also does not change the equilibrium distribution, as such the

long time behaviour is also exact. Thus this Zimm-like approximation should provide

a qualitative description of the particles’ dynamics, including flexibility as well as the

hydrodynamics.
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Most importantly, the Zimm model used here can be extended to denser suspensions

using standard techniques. The correlation times of the orientation and position of

the nun-chucks will be written in terms of the averaged mobility matrices, 〈Alm〉eq(α),

〈Blm〉eq(α), etc. In concentrated suspensions, the motion of the nun-chucks is hindered

by entanglements with the surrounding particles. These entanglements can be thought

of as effectively constraining each leg of the nun-chuck to lie in its own tube. This is the

same concept as discussed for rigid rods in section 1.2.3. Using reptation like scaling

arguments based on this tube model, it is hoped that the orientational correlation times

and translational diffusion coefficient can be estimated for a nun-chuck in concentrated

suspension. The correlation times will be functions of the tube radius, which is related

to the concentration of the suspension and the orientational distribution. This then

allows us to infer the form of the Smoluchowski equation in concentrated suspension.

This is essentially an extension to the method employed for studying rigid rod particles

[43, 44, 81]. Without making the Zimm pre-averaging approximation this approach is

not possible or at least prohibitively difficult.

The aim of such an approach is not to produce an exact theory, but rather to find

a theory which provides qualitatively accurate results of a large concentration range,

by building on a detailed description at low concentrations. We will briefly discuss this

approach in Chapter 6.

Calculating Coefficients

Here we present the equilibrium averaged mobility matrices. We only give the calcula-

tion of one general term here as an example before stating the final results because the

steps are essentially the same for each matrix.

We define the average of a matrix O (u1,u2) by its average action on a particular unit

vector. In other words, 〈O〉eq is defined by the following equation

〈O〉eq · ẑ≡
∫

du1du2 ψeq(u1 ·u2) O (u1,u2) · ẑ, (3.128)

where we could have taken ẑ to be an arbitrary vector independent of u1,2, however, to

make use of the geometry discussed section 3.1.1, we chose it to be the unit vector in the

z direction.

As an example of the kind of calculation needed to take the equilibrium averages of

the mobility matrices, let us consider the average 〈F(u1 ·u2)u1u2〉eq ·z. Which we can

write as ∫
du1du2 ψeq(u1 ·u2) F(u1 ·u2) (u2 ·z) u1. (3.129)
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We can employ the geometry explained in section 3.1.1 to write this explicitly in terms

of the angles φ, θc, χc and γ. For now we will not use the variables defined in (3.16).

〈F(u ·v)uv · z〉eq = 1
2(2π)2

∫ 2π

0
dφ

∫ 1

−1
d(cosθc)

∫ 2π

0
dγ

∫ 1

−1
d(cosχc) ψeq(cosχc)F(cosχc)

× (cosχc cosθc −sinχc sinθc cosγ)


sinθc cosφ

sinθc sinφ

cosθc

 .

(3.130)

Clearly the x- and y- components vanish after integrating over φ, leaving

z
2(2π)

∫ 1

−1
d(cosθc)

∫ 2π

0
dγ

∫ 1

−1
d(cosχc)ψeq(cosχc)F(cosχc)cosθc

(
cosχc cosθc −sinχc sinθc cosγ

)
.

(3.131)

The term including cosγ will vanish when integrated over γ. Now we can use the vari-

ables (3.16) and this average is given by

〈F(u1 ·u2)u1u2〉eq · z = 1
2

∫ 1

−1
dθ θ2

∫ 1

−1
dχ ψeq(χ) χF(χ)= 1

3
〈χF(χ)〉eqẑ. (3.132)

Thus, the average of a matrix of this kind is simply proportional to the identity. Similar

steps are followed for all of the other mobility matrices and we find that all of the matri-

ces are proportional to the identity and, Blm = B†
lm = 0. The results for all the matrices

are given below

〈A11〉eq = 〈A22〉eq = Dt

24

〈
43χ2 −219
χ2 −9

〉
eq
1 ≡ Do

T1, (3.133a)

〈A12〉eq = 〈A21〉eq =−Dt

24

〈
23χ2 +57
χ2 −9

〉
eq
1 ≡ Dx

T1, (3.133b)

〈A†
11〉eq = 〈A†

22〉eq = 3
4

Dr1− 3
8

Dr

〈
1−χ2

9−χ2

〉
eq
1 ≡ Do

R1, (3.133c)

〈A†
12〉eq = 〈A†

21〉eq = 1
4

Dr〈χ〉eq1− 1
8

Dr

〈
χ(1−χ2)

9−χ2

〉
eq
1 ≡ Dx

R1, (3.133d)

Blm = B†
lm = 0, ∀ l,m, (3.133e)

where we have defined the constants Do
T , Dx

T , Do
R and Dx

R to simplify notation.
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We are now able to write down the pre-averaged, or Zimm-Smoluchowski equation,

which has been simplified greatly

∂ψ

∂t
=Do

T

∑
l

∂

∂rl
·
( ∂ψ
∂rl

+ ψ

kBT
∂U
∂rl

)
+Dx

T
∑
l 6=m

∂

∂rl
·
( ∂ψ
∂rm

+ ψ

kBT
∂U
∂rm

)
+Do

R

∑
l
Rl ·

(
Rlψ+ ψ

kBT
RlU

)
+Dx

R
∑
l 6=m

Rl ·
(
Rmψ+ ψ

kBT
RmU

)
+∑

l

∂

∂rl
·
(
v(0)

l (κ)ψ
)
+Rl ·

(
ω(0)

l (κ)ψ
)
.

(3.134)

While this is still quite complicated, this equation may be handled much easier than

the full equation (3.53) and correlation functions may be determined easily. It also has

the advantage that the motion of the centres of the rods and their directions have now

become de-coupled. The effect of the coupling between them is expressed entirely in the

coefficients in this approximation. In the next section we will compute some correlation

functions, and show their consistency with well know results for rods, when we take the

fully rigid limit. This equation will also form the basis of our study of the viscoelasticity.

3.3.3 Consistency with Rods

For the Zimm approximation to be useful, not only does it need to make the equations

simple enough to handle but it must also converge accurately to the well known results

for rods in the rigid limit. In this section, we perform this very important consistency

check by considering the translational and rotational diffusion constants of the nun-

chucks within the Zimm approximation.

Translational Diffusion

First we consider the diffusion of the centre of mass of the nun-chuck. The centre of

mass of the nun-chuck is written

RCM = 1
2

(r1 +r2) , (3.135)

so the mean squared displacement is described by the correlation function,

CT(t;α)= 〈|RCM(t)−RCM(0)|2〉 = 1
4

〈∣∣ ((r1(t)+r2(t))− ((r1(0)+r2(0))
∣∣2〉 (3.136)

This is written as a function of the stiffness factor α and time. For consistency with the

translational diffusion coefficient of rigid rods, we must have

lim
α→∞CT(t;α)= 6DRod

T t = 6
kBT log(2L/b)

6πηsL
t = kBT log(2L/b)

πηsL
t. (3.137)



3.3. Brownian Motion 81

We can follow the method of Green’s functions used for rods in section 1.2.2 to find an

evolution equation for this correlation function for the nun-chucks in the Zimm approx-

imation. Simple computations give

CT(t;α)= 3(Do
T +Dx

T)t ≡ 6DZ
T t, (3.138)

where we have defined the Zimm approximation to the nun-chucks translational diffu-

sion coefficient, DZ
T . We can also use standard results (see Chapter 3, section 3.4.2 in

reference [81]) to find the initial rate of change of this correlation function from the full

Smoluchowski equation. The result is,

∂CT

∂t

∣∣∣
t=0

= 1
2

∑
lm

〈Tr(Alm)〉eq =
3
2

∑
l,m

〈z · Alm ·z〉eq = 6D(0)
c . (3.139)

This shows that the Kirkwood approximation to the diffusion coefficient, derived in

section 3.3.1, really gives the initial rate of change of the mean squared displacement.

It is also straightforward to use previous results to show that DZ
T = D(0)

c . This means

that for the translational diffusion of the nun-chuck, the Zimm approximation amounts

to replacing the true diffusion coefficient with the Kirkwood approximation. In section

3.3.1 we showed that the difference between D(0)
c and the true diffusion coefficient is

small, of order 1%.

The consistency with the result for rigid rods in the rigid limit is now readily verified.

Consider the limit

lim
α→∞CT(t;α)= lim

α→∞3(Do
T +Dx

T)t = lim
α→∞

Dt

2

〈
5χ2 −69
χ2 −9

〉
eq

. (3.140)

Taking the rigid limit, α→ ∞ is equivalent to forcing χ = −1 in the final equilibrium

averages, which implies

lim
α→∞CT(t;α)= 4Dtt = 4

kBT log(L/2b)
4πηsL

t = kBT log(L/2b)
πηsL

t. (3.141)

This is exactly consistent with equation (3.137), up to logarithmic corrections in the

aspect ratio. These corrections vanish in the limit of large aspect ratios, which is the

limit we need to take to make our assumption of negligible hydrodynamic interactions

between the legs of the nun-chuck accurate.

Rotational Diffusion

We now show the consistency of the rotational diffusion. This is done by considering the

correlation function

CR(t;α)= 〈|(u1(t)−u2(t))− (u1(0)−u2(0))|2〉 (3.142)
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In the rigid limit, u1 =−u2, and this becomes

lim
α→∞CR(t;α)= 4

〈|u1(t)−u1(0)|2〉 . (3.143)

Therefore, if our results are to be consistent with those known for rigid rods we must

have

lim
α→∞

∂CR

∂t

∣∣∣
t=0

= 16DRod
R = 16

3kBT log(2L/b)
8πηsL3 = 6kBT log(2L/b)

πηsL3 . (3.144)

Unfortunately, in this case, even with the Zimm approximation we cannot obtain a

closed evolution equation for this correlation function to compare to the full form for

rigid rods. The initial rate of change, however, is obtained easily

∂CR

∂t

∣∣∣
t=0

= 4(Do
R −〈χ〉eqDx

R). (3.145)

This is the same if calculated using the Zimm-Smoluchowski equation (3.134) or the full

equation (3.53). Evaluating this result in the rigid limit gives

4(Do
R +Dx

R)= 4
(3
4

Dr − 1
4

Dr

)
= 2Dr = 6kBT log(L/2b)

πηsL3 (3.146)

This is also exactly consistent with the rod expression (3.144), up to logarithmic correc-

tions.

3.3.4 Orientational Correlations

The advantage of the Zimm Approximation we have introduced is that it allows ori-

entational correlation functions to be computed more easily. However, it is not always

the case that we can find closed evolution equations for these functions. In those cases

we will need to use other approximations. In this section we show how we can under-

stand orientational correlation functions in the the case of very flexible nun-chucks and

very rigid nun-chucks. The former case is the most interesting since in the latter we

expect only minor corrections to the results for rigid rods. This study will also identify

which constants in the Zimm-Smoluchowski equation (3.134) control which correlation

functions. This can help us study concentrated suspensions of nun-chucks in the fu-

ture. We will compute two correlation functions which give us an understanding of the

oreinational Brownian motion of the nun-chuck particles.

Flexible Limit

The first correlation function we consider is, 〈u1(t) ·u1(0)〉. This measures how well

aligned the orientation of one leg is at time, t, with its initial orientation. The evolution
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equation for this correlation function is

∂

∂t
〈u1(t) ·u1(0)〉 =−2Do

R 〈u1(t) ·u1(0)〉−α∆〈u2(t) ·u1(0)〉+α∆〈(u2(t) ·u1(t))(u1(t) ·u1(0))〉 ,

(3.147)

where ∆= Do
R −Dx

R . In the case when the nun-chuck is very flexible, we can take α¿ 1.

This allows us to replace the final two averages with their values as calculated when

α= 0. These are the solutions to the equations

∂

∂t
〈u2(t) ·u1(0)〉 =−2Do

R〈u2(t) ·u1(0)〉, (3.148a)

∂

∂t
〈(u2(t) ·u1(t))(u1(t) ·u1(0))〉 =−(6∆+2Do

R)〈(u2(t) ·u1(t))(u1(t) ·u1(0))〉+2∆〈u2(t) ·u1(0)〉.
(3.148b)

These are easy to solve, and so to first order in α we find

〈u1(t) ·u1(0)〉 = (1−k0)e−2Do
R t − α∆

2Do
R

[
k1e−2Do

R t − (k0 +k1)e−(6∆+2Do
R )t

]
, (3.149)

where we have defined the constants, k0 = 〈(u2(0) ·u1(0))(u1(0) ·u1(0))〉 and k1 = 〈u1(0) ·
u2(0)〉/(3Dx

R).

For larger times, the final term becomes irrelevant because of its much faster decay

time, and the total correlation function approaches a single exponential and the corre-

lation time is then approximately, τ = 1/2D0
R . At short times, on the other hand, the

rate of decay of the correlation function differs slightly from 1/τ by something of order

α. Therefore, if the correlation function is plotted on a log scale, the initial gradient

would be shallower than the gradient for large times by an amount proportional to α,

for small α.

Evidently, the important constant in controlling this correlation function is Do
R . This

is plotted as a function of α in Fig.(3.14). As the nun chuck becomes more rigid, Do
R in-

creases, and hence the correlation time, τ decreases. This can be understood in the

following way. If we consider the Brownian fluctuations to be caused by collisions of sur-

rounding fluid particles with the nun-chuck then, in the case when the nun-chuck is to-

tally flexible, the collision of on such particle with one leg of the nun-chuck has no effect

on the orientation of the other. On the other hand, for more rigid nun-chucks, a collision

with one leg of the particle, definitely changes the orientation of the other. Therefore,

the orientation of a given leg on a more rigid nun-chuck becomes de-correlated from its

original position faster than a more flexible particle.

The other orientational average we consider is the average of angle between the two

legs, i.e 〈u1(t) ·u2(t)〉. The evolution equation for this quantity is

∂

∂t
〈u1(t) ·u2(t)〉 =−4∆〈u1(t) ·u2(t)〉−2α∆〈1− (u1(t) ·u2(t))2〉. (3.150)
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FIGURE 3.14: A plot of the constant Do
R normalised by Dr as a function of rigidity, α. This

was calculated assuming the inter-leg potential has the simple linear form (3.20).

As before we determine the second average with α= 0, so the average, 〈(u1(t) ·u2(t))2〉,
solves the equation

∂

∂t
〈(u1(t) ·u2(t))2〉 = 4∆〈1−3(u1(t) ·u2(t))2〉, (3.151)

which is also easily solved giving the result,

〈u1(t) ·u2(t)〉 = e−4∆t
[
〈u1(0) ·u2(0)〉+α

( c
4
+ 1

3

)]
−α

( c
4

e−12∆t + 1
3

)
, (3.152)

where we have defined c = 〈(u1(0) ·u2(0))2−1/3〉. Again, for larger times we may neglect

the second exponential and the correlation time for this function is τ= (4∆)−1, whereas

for shorter times the decay rate is modified by an amount proportional to α. The con-

stant ∆ controls the correlation function in this case, and is plotted in Fig.(3.15) as a

function of α. The timescale τ gives the timescale for the approach of the angle between

the legs to its equilibrium. As the rigidity increases, this timescale decreases. This is

to be expected since as the nun-chuck becomes more rigid, the angle between the two

legs is held very strongly close to its equilibrium value. In the limit of t →∞, equation

(3.152) predicts 〈u1 ·u2〉→−α/3. It is easy to show that this is the equilibrium average

in the limit α→ 0.

Rigid Limit

We now consider the orientational Brownian motion for very rigid nun-chucks. In this

case the correlation function 〈u1(t) ·u1(0)〉, will be closely approximated by the well

known expression for rigid rods. There will be corrections to this expression on the

order of the fluctuations of the average, 〈u1(t) ·u2(t)〉, away from −1. We focus on these

fluctuations here.
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FIGURE 3.15: A plot of the constant ∆ = Do
R −Dx

R normalised by Dr as a function of the
rigidity α. This was calculated numerically by assuming that the inter-leg potential had

the simple linear form (3.20).

Writing, 〈u1(t) ·u2(t)〉 = −1+〈ε(t)〉, we may find an equation for the small deviation

〈ε(t)〉 by expanding equation (3.150) to first order. This gives

∂〈ε〉
∂t

= 4∆−4∆〈ε(t)〉−4∆α〈ε(t)〉. (3.153)

Since we are considering rigid nun-chucks, we may take αÀ 1. We may therefore ne-

glect the second term in the above equation compared to the third and find that the

average deviation is given by

〈ε(t)〉 = 1
α
+

(
〈ε(0)〉− 1

α

)
e−4∆αt. (3.154)

Hence the small deviations of the angle between the legs away from π decay very quickly

over a timescale of order 1/α to a small equilibrium value of the same order. This allows

us to conclude that for very rigid nun-chucks we expect small corrections to rigid rod

behaviour on the order of 1/α.

3.3.5 Dynamic Light Scattering

A common technique for studying the Brownian motion of polymers and colloids is dy-

namic light scattering [112]. In this section we discuss briefly how our method can be

used to extract results relevant for those experiments. The principle quantity to cal-

culate is the dynamic structure factor, g(q, t). Here, q is the wave vector of the light

used in the scattering experiment. Using the shish kebab model, the dynamic structure

factor is given by

g(q, t)= 1
4N2

∑
l,l′

N/2∑
n,m=−N/2

〈
exp

[
iq ·

(
rl

n(t)−rl′
m(0)

)]〉
. (3.155)
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This is extremely difficult to calculate in general. We will consider two useful cases to

understand its main features.

Case 1: |q|L ¿ 1

This case is studied very simply. Defining the vector R as the centre of mass of the

nun-chuck, we can re-write (3.155) as

g(q, t)= 1
4N2

∑
l,l′

N/2∑
n,m=−N/2

〈
eiq·(R(t)−R(0))eiq·(rl

n(t)−R(t)
)
e−iq·(rl

n(t)−R(0)
)〉

. (3.156)

It is straightforward to show that |rl
n −R| ∼O (L), hence it follows that

q · (rl
n −R)∼ |q|L ¿ 1, ∀ n, l. (3.157)

This allows us to neglect the last two exponentials in (3.156),

g(q, t)≈
〈

eiq·(R(t)−R(0))
〉

. (3.158)

For large times, much longer than the correlation times of all internal motions of the

nun-chuck, the behaviour of R(t)−R(0) should become Gaussian, and so we have

g(q, t)∼ e−|q|
2Dc t, as t →∞. (3.159)

Here Dc is the exact diffusion coefficient of the centre of mass as calculated from (3.96).

The initial decay rate of the structure factor, τ−1
0 (q), can be calculated exactly using

standard techniques. The result is

τ−1
0 (q)= 1

4

∑
l,m

〈q · Alm ·q〉eq = |q|2D(0)
c , (3.160)

where D(0)
c is the Kirkwood approximation to the diffusion coefficient (3.99). This means

we can understand the form of g(q, t) as follows

g(q, t)∼
e−|q|

2D(0)
c t, t ¿ 1

e−|q|
2Dc t, t À 1

. (3.161)

This shows that the slope of log g against t slowly changes over time. However, this

change is only very slight; we have seen previously that D(0)
c only differs from Dc by

at most a few percent. This also shows a means by which the diffusion constant of

the nun-chuck may be measured experimentally and compared to the value for rigid

rods. Similarly, a careful measurement of the difference between D(0)
c and Dc may give
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experimental insight into the flexibility of the nun-chucks and the choice of inter-leg

potential.

Case 2: |q|L À 1

This case is much harder to study than Case 1, we do not give all of the details only

the general form and utility of the answer. Many of the calculations are extremely in-

volved and perhaps better approached numerically. Nevertheless, we outline a plausible

analytic approach which we hope to be useful in future studies of this problem.

The first step is to use the definitions (3.35) to write the dynamic structure factor as

g(q, t)=
〈

eiq·(r1(t)−r1(0)) sin(Q ·u1(t))
(Q ·u1(t))

sin(Q ·u1(0))
(Q ·u1(0))

〉
+

〈
eiq·(r1(t)−r2(0)) sin(Q ·u1(t))

(Q ·u1(t))
sin(Q ·u2(0))

(Q ·u2(0))

〉
,

(3.162)

where we have defined Q = Lq/2 and used the fact that averages generally need to

be symmetric under swapping the leg labels, 1 ↔ 2. This is challenging to calculate

analytically and even the initial decay rate is difficult to compute simply. However,

some progress can be made. The initial decay rate is defined by

τ−1
0 (q)=− 1

g(q)
∂g
∂t

∣∣∣∣
t=0

, (3.163)

where g(q)= g(q, t = 0) is the static structure factor. The static structure factor is given

by

g(q)=
〈

S2
Q(u1)

〉
eq
+〈

cos[Q · (u1 −u2)]SQ(u1)SQ(u2)
〉

eq , (3.164)

where the cosine factor in the second average is derived by taking into account the

geometric constraint (3.2) and we have defined SQ(u)= sin(Q ·u1)/(Q ·u1).

The time derivative of the structure factor at t = 0 is written

∂g
∂t

∣∣∣∣
t=0

=Do
T

L2 |Q|2
〈

S2
Q(u1)

〉
eq
+ Dx

T

L2 |Q|2 〈
cos[Q · (u1 −u2)]SQ(u1)SQ(u2)

〉
eq

+Do
R |Q|2

〈∣∣R1SQ(u1)
∣∣2〉

eq
+Dx

R |Q|2 〈
R1

(
cos[Q · (u1 −u2)]SQ(u1)

) ·R2(SQ(u2)
〉

eq .

(3.165)

In principle, we can now use the geometry in section 3.1.1 and previous results to cal-

culate all of the equilibrium averages in the above expressions. The manipulations are

difficult and not much insight is gained from the final result. We can extract the general

form by using the limit

lim
|Q|→∞

sin(Q ·u1)
(Q ·u1)

≈ π

|Q|δ(u1 ·z). (3.166)
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This identity needs to be applied carefully, for instance

〈
S2

Q(u1)
〉

eq
= 1

2

∫ 1

−1
dθ

sin2(Qθ)
(Qθ)2 ≈ π

2Q

∫ 1

−1
dθ δ(θ)

sin(Qθ)
(Qθ)

= π

2Q
, (3.167)

where we have used the shorthand (3.16) and Q = |Q|. If we had simply used the limit

twice we would have obtained a divergent answer. Using this method to calculate (3.164)

and (3.165), it follows that the general form for the decay rate is

τ−1
0 (q)= co

T(α)Do
T |q|2 + cx

T(α)Dx
T |q|2 + co

RL2Do
R |q|2 + cx

RL2Dx
R |q|2, (3.168)

where the constants co
T(α), cx

T(α), etc, are computed from equilibrium averages of fairly

complicated functions. This result shows that it is quite difficult to extract detailed in-

formation from this regime of light scattering. This is because not only are the diffusion

constants Do
T , Dx

T etc, dependent on features of our model but so are the constants co
T(α),

cx
T(α), etc. This means that these are all functions to be extracted from experiment and

it is difficult to consider each separately. More detailed studies are certainly possible

and more information may be gained from studying the depolarised light scattering for

example. This may be interesting to return to in the future but is beyond the scope of

our current study.

3.4 Viscoelasticity

A common feature of polymer suspensions is their interesting rheology which is fre-

quently non-Newtonain [4, 22, 54]. In Chapter 1 section 1.2 and Chapter 2 we discussed

how this comes about for rigid rods and other rigid particle shapes. It is important to

consider how the flexibility introduced by the joint between the nun-chuck legs affects

this behaviour. Many well known theories exist for the rheology of fully flexible poly-

mers [81] and there are ways to include rigid constraints into these methods [28, 29,

31]. This is essentially the approach we take, however we will phrase it in terms of

Onsager’s variational principle. In this section we consider the linear viscoelasticity

in detail, deriving an expression for the intrinsic complex viscosity. The non-linear re-

sponse will be considered briefly and our approach is informed by our discussion of the

non-Brownian motion in section 3.2. We use an approximate method to justify why we

should expect only small corrections to rigid rod behaviour for very large strain rates.

All of our results are derived using the Zimm approximation and we begin by deriving a

general expression for the stress tensor for the case where each of the mobility matrices

(3.51a - 3.51f) average to be proportional to the identity. This is appropriate when con-

sidering the linear elasticity where we can use the equilibrium average and it generally

simplifies our discussion. It should be noted, however, that the expression we derive

will not be appropriate in general for large, arbitrary strain rates.
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Our starting point is expression for the stress tensor, σαβ from the Onsager principle

σαβ = ∂L ∗

∂καβ
, (3.169)

where L ∗ is the Rayleighian evaluated at the extrememum linear and angular veloc-

ities. This is a very challenging calculation if we use the exact velocities in equations

(3.50a - 3.50d). However, when using the Zimm approximation, we replace the mo-

bility matrices in these equations with their averages. Here, for simplicity, we only

consider the case where these averages are proportional to the identity. It should be

noted that this approximation strictly does not satisfy the constraint we applied to the

Rayleighian, that the two rods meet at their ends. This is because the Zimm approxima-

tion effectively replaces the influence of one rod on the other by the influence of the other

rod in equilibrium, which instantaneously may not satisfy the constraint. However, if

we apply this approximation after substituting the exact velocities into the Rayleighian,

then this mitigates this issue, since the exact velocities cause the constraint to vanish

identically. We will write out the steps as if we had applied the approximation to the

velocities first and then substituted them, ignoring the constraint, since the outcome is

the same and the notation is clearer.

For the sake of notation, we can write the velocities in the Zimm approximation as

vl = vl(Ũ)+κ ·rl +V l(κ), (3.170a)

ωl =ωl(Ũ)+ul ×κ ·ul +Ωl(κ), (3.170b)

where we have split the velocities into three parts. The first terms depends on the

distribution function through the modified potential Ũ , and are given by

vl(Ũ)=−Do
T
∂Ũ
∂rl

−Dx
T
∂Ũ
∂rl

, (3.171a)

ω1(Ũ)=−Do
RRlŨ −Dx

RRlŨ . (3.171b)

The second terms are the linear and angular velocities that the leg would move with

in response to κ if it were a single rod not connected to the other. The third terms

are the corrections to these velocities which account for the other leg. The linear and

angular velocities that the particle moves with in the presence of κ are v(0)
l (κ) andω(0)

l (κ)

respectively, and we have defined

V l(κ)= v(0)
l (κ)−κ ·rl , (3.172a)

Ωl(κ)=ω(0)
l (κ)−ul ×κ ·ul . (3.172b)
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Evaluating the Rayleighian at these velocities and retaining only those terms which

contain κ, we find

L ∗ =
〈∑

l
Rl ·ωl

〉
+

〈∑
l
ωl ·RlUint

〉
+µT

〈∑
l

vl(Ũ) · (1− 1
2

ulul) ·V l(κ)
〉
+ µT

2

〈∑
l
V l(κ) · (1− 1

2
ulul) ·V l(κ)

〉
+µR

〈∑
l
ωl(Ũ) ·Ωl(κ)

〉
+ µR

2

〈∑
l
Ω2

l (κ)
〉
+ µR

4

〈∑
l

(ul ·κ ·ul)2
〉 . (3.173)

We may then differentiate this with respect to κ to find the stress. Which we write as

σαβ =σold
αβ +σnew

αβ , (3.174)

where σold
αβ

is the sum of the two stress tensors we would expect from each rod if they

were independent, and is given by the standard expression

σold
αβ =−kBT

∑
l

〈
Rn

l εnmαum
l uβl

〉
+∑

l

〈
(uβl vαl −(ul ·vl)uαl uβl )∂Uint

〉
+1

2
µR

∑
l

〈
uαl uβl uγl uδl

〉
κγδ.

(3.175)

Here ∂Uint is the derivative of the internal potential between the legs with respect to

the cosine of the angle between the legs, vl = u2 if l = 1 and vl = u1 if l = 2, repeated

indices are summed and εαβγ is the Levi-Civita symbol. The advantage of isolating the

tensor σold
αβ

is that its treatment is straightforward, since it is the same as for rods.

The new stress, σnew
αβ

, originates from the coupling between the two legs of the nun-

chuck, and can be written

σnew
αβ =µT

〈∑
l

(vl(Ũ)+V l(κ)) · (1− 1
2

ulul) ·
∂V l(κ)
∂καβ

〉
+µR

〈∑
l

(ωl(Ũ)+Ωl(κ)− 1
µR

RlUint) ·
∂Ωl(κ)
∂καβ

〉
−kBT

〈∑
l
Rl ·

∂Ωl(κ)
∂καβ

〉
.

(3.176)

To make use of these expressions we need to integrate the terms involving the veloc-

ities vl(Ũ) and ωl(Ũ) by parts to remove any derivatives of the distribution function.

Performing this process on σold
αβ

only changes the first term

σold
αβ =−kBT

∑
l

〈
Q l
αβ

〉+∑
l

〈
(uβl vαl −(ul ·vl)uαl uβl )∂Uint

〉
+1

2
µR

∑
l

〈
uαl uβl uγl uδl

〉
κγδ, (3.177)

where we have defined the tensor Q l
αβ

= ul
αul

β
− 1

3δαβ. This expresses the orientational

ordering of each leg, and is the standard Landau-de Gennes [52] order parameter as

used in the study of liquid crystals.
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Performing the same steps on σnew
αβ

, we can write

σnew
αβ =µT

〈∑
l
V l(κ) · (1− 1

2
ulul) ·

∂V l(κ)
∂καβ

〉
+µR

〈∑
l
Ωl(κ) · ∂Ωl(κ)

∂καβ

〉
+kBT

∑
l,m

glm(α)
〈
Rl ·

∂Ωl(κ)
∂καβ

− ∂Ωl(κ)
∂καβ

·Rl(βUint)
〉

,
(3.178)

where we have defined the constants, glm(α), as a function of the stiffness factor α

according to

glm(α)=


Do
R (α)
Dr

−1 if l = m
Dx

R (α)
Dr

if l 6= m
. (3.179)

To give an explicit expression for the stress as averages of combinations of the unit

vectors is an arduous algebraic exercise. The final result for the stress tensor is

σαβ = 3kBT
∑
l

〈
uαl uβl −

1
3
δαβ

〉
+ 3

2

∑
l

〈
uαl uβl

χ2 −1
3+χ ∂Uint

〉
+ ∑

l 6=m

〈(
uαmuβl − (ul ·um)uαl uβl

)
∂Uint

〉
+ 3kBT

8

∑
l

〈
uαl uβl gll(α)Go(χ)

〉
+ 3kBT

8

∑
l 6=m

〈
uαl uβl glm(α)Gx(χ)

〉
+ 3kBT

8

∑
l 6=m

〈
uαl uβm

(
g11(α)Fo(χ)+ g12(α)Fx(χ)

)〉
+∑

l

〈
uαl uβl uγl uδl

(µR

2
+ L2

16
µTEo(χ)

)〉
κγδ+

∑
l 6=m

〈
uαl uβl uγmuδm

L2

16
µTEx(χ)

〉
κγδ

+
(3
8

)2
µR

∑
l

〈
(1−χ2)

(
F2

o (χ)+F2
x (χ)

)
uαl uβl uγl uδl

〉
κγδ

−
(3
8

)2
µR

∑
l 6=m

〈
(1−χ2)FoFxuαl uβl uγmuδm

〉
κγδ,

(3.180)

where we have introduced the functions

Fo(χ)= 4χ
(9−χ2)

(3.181a)

Fx(χ)= 12
(9−χ2)

(3.181b)

Go(χ)= 4
3χ2(χ+3)−17χ−3

(χ+3)2(χ−3)
(3.181c)

Gx(χ)= 4
−χ2(χ−3)+35χ+3

(χ+3)2(χ−3)
(3.181d)

Eo(χ)= χ4 +36χ2 +27
(χ−9)2 (3.181e)
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Ex(χ)= −2χ(27+5χ2)
(χ−9)2 (3.181f)

It is straightforward to show that this expression is consistent with the result for rigid

rods by setting u1 =−u2, i.e. x =−1, subject to a caveat. The very first term on the right

hand side of the above equation is purely entropic and originates fundamentally from

the change in the distribution function under the applied shear. For a nun-chuck, whose

configuration is specified by the two unit vectors pointing along its legs, there are two

parts to this change; one for each unit vector. When we take the limit that u2 →−u1,

the distribution function should become independent of one of the two vectors and hence

we will only get one of these terms. If the rigid limit is applied to this expression, it is

too late as we have already assumed that the distribution function depends on both

variables. This means this term is twice as large as it should be when we apply the

limit to the above expression. Essentially, this is because the entropy keeps track of the

independent degrees of freedom in the problem. If we take the limit earlier, we would

obtain the same expression as for rods. The other terms do not suffer from this problem

because they originate from the energy dissipation which is purely hydrodynamic and

does not depend on the number of degrees of freedom used in the problem.

It is desirable to re-write this complicated expression in a more compact and easy

to interpret form, we recall that the stress tensor is defined up to an arbitrary isotropic

tensor, as discussed in Chapters 1 and 2. This means we can add any multiple of the

identity to the above expression to write the stress as

σαβ = 3kBT
∑
l,m

〈
qlm(χ)Q lm

αβ

〉
+µR

∑
l,m

〈
plm(χ)uαl uβl uγmuδm

〉
κγδ. (3.182)

Here qlm(χ) and plm(χ) are given by

qll(χ)= 1+ α

2
χ2 −1
3+χ − αχ

3
+ 1

8
(
g11(α)Go(χ)+ g12(α)Gx(χ)

)
, (3.183a)

qlm(χ)= α

3
+ 1

8
(
g11(α)Fo(χ)+ g12(α)Fx(χ)

)
, (3.183b)

pll(χ)= 1
2
+ 3

4
Eo(χ)+

(
3
8

)2
(1−χ2)

(
F2

o (χ)+F2
x (χ)

)
, (3.183c)

plm(χ)= 3
4

Ex(χ)−
(
3
8

)2
(1−χ2)Fo(χ)Fx(χ). (3.183d)

and we have defined the tensors

Q lm
αβ = 1

2

(
uαl uβm +uαmuβl

)
− 1

3
(
ul ·um

)
δαβ. (3.184)

When l = m these have the same form as the Landau-de Gennes order parameter used

in the study of rigid rods and expresses the orientational ordering of the each leg of the
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particle. When l 6= m, the tensor represents the orientation of the legs with respect to

each other. The advantage of the choice of these tensors is that they are both zero in

equilibrium, this not only makes them useful in the study of ordered phases, since when

they take on a finite value this represents additional ordering beyond the equilibrium

state, but also makes it easier to determine their time evolution, which is necessary

when considering viscoelasticity.

To make progress we notice that the functions qlm(x) and plm(x) have no divergences

in the physical range of −1 < x < 1 and hence will be well represented by their Taylor

series with nth order coefficients of qlm
n and plm

n respectively. This allows us to write the

stress tensor as

σαβ = 3kBT
∑
l,m

∞∑
n=0

qlm
n

〈
χnQ lm

αβ

〉
+µR

∑
l,m

∞∑
n=0

plm
n

〈
χnuαl uβl uγmuδm

〉
κγδ. (3.185)

This is much more convenient since it shows that we can study the stress by studying

each of the moments 〈χnQ lm
αβ

〉 and 〈χnuαl uβl uγmuδm〉 separately. In the next section, we

use the above expressions to consider the linear viscoelasticity for the dilute nun-chuck

systems.

3.4.1 Linear Viscoelasticity

To study the linear viscoelastic response of the suspension, the applied strain rate is

taken to be small κ¿ 1. The goal is to determine the constitutive relation linking the

stress to the strain rate. This will generally have the form

σαβ(t)=
∫ t

−∞
dt′ G (t− t′)καβ(t′), (3.186)

where G is the viscoelastic response function. This relation can be obtained by studying

the evolution equation for the stress tensor. The way that we have written the stress

tensor in (3.185) allows us to study the evolution of σ by studying the evolution of the

moments 〈χnQ lm
αβ

〉 and 〈χnuαl uβl uγmuδm〉 separately. This is simplified even further in the

linear limit of small strains because this allows the average in the second term of the

stress tensor (3.185) to be replaced with its equilibrium value making the first term the

only time dependent term in the stress.

To obtain an evolution equation for 〈χnQ lm
αβ

〉, we can follow the same process as in

section 1.2.2 for rigid rods but using the Zimm-Smoluchowski equation for nun-chucks

(3.134). After some manipulations we obtain

∂〈χnQ lm
αβ

〉
∂t

=
〈
H †(χnQ lm

αβ

)〉−∑
l

〈
ω(0)

l (κ) ·Rl
(
χnQ lm

αβ

)〉
eq

. (3.187)
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Where we have defined H † as the adjoint of the operators appearing on the right hand

side of (3.134) which are independent of κ

H †ψ= Do
R

∑
l
Rl ·Rlψ+Dx

R
∑
l 6=m

Rl ·Rmψ− Do
R

kBT

∑
l
Rlψ·RlUint−

Dx
R

kBT

∑
l 6=m

Rlψ·RmUint.

(3.188)

In principle, we are now in a position to write equation (3.187) explicitly for an arbitrary

interaction potential between the legs of the nun-chuck. We choose to focus on the

simplest case where the potential is given by equation (3.20). This allows us to gain

qualitative insights into the behaviour of the nun-chucks behaviour efficiently, since

the equation is relatively straightforward to handle. At the end of this section we will

discuss briefly how the choice of inter-leg potential affects our treatment. With this

approximation, we may write ∂Uint = αkBT. Then, after lengthy but straightforward

algebra, we can write equation (3.187) explicitly. There will be one equation when l = m
and when l 6= m. We give the evolution equations for the tensors 〈χnQ11

αβ
〉 and 〈χnQ12

αβ
〉,

which we denote by Q lm
n for simplicity, the other two equations can be found by replacing

1↔ 2:

∂Q11
n

∂t
=−6Do

RQ11
n −2∆n(n+3)Q11

n +2∆n(n−1)Q11
n−2 +4∆nQ12

n−1

+ 2∆α
kBT

(1+n)Q11
n+1 −

2∆α
kBT

nQ11
n−1 −

2∆α
kBT

Q12
n +J 11

n (κ),
(3.189a)

∂Q12
n

∂t
=−(4Do

R +2Dx
R)Q12

n −2n(n+3)∆Q12
n +2n(n−1)∆Q12

n−2 +2∆n(Q11
n−1 +Q22

n−1)

+ 2∆α
kBT

(1+n)Q12
n+1 −

2∆α
kBT

nQ12
n−1 −

∆α

kBT
(Q11

n +Q22
n )+J 12

n (κ),

(3.189b)

where we have defined the constant, ∆ = Do
R −Dx

R and the "forcing terms" J lm
n , which

depend on the imposed rate of strain κ. These are tensors with indices α and β and are

explicitly

J 11
n =1

3
〈χn〉eq(καβ+κβα)−2〈χnu1

αu1
βu1

γu1
δ〉eqκγδ

+ 3n
8

〈(χn−1 −χn+1)(F11(χ)−F12(χ))Q11
αβ(u1

γu1
δ+u2

γu2
δ)〉eqκγδ

+ 3
4
〈χnF11(χ)Q12

αβu1
γu1

δ〉eqκγδ−
3
4
〈χnF12(χ)Q12

αβu2
γu2

δ〉eqκγδ

+ 3
4
〈χn+1F12(χ)Q11

αβu2
γu2

δ〉eqκγδ−
3
4
〈χn+1F11(χ)Q11

αβu1
γu1

δ〉eqκγδ,

(3.190a)
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J 12
n =1

3
〈χn+1〉eq(καβ+κβα)−〈χnQ12

αβu1
γu1

δ〉eqκγδ−〈χnQ12
αβu2

γu2
δ〉eqκγδ

+ 3n
8

〈(χn−1 −χn+1)(F11(χ)−F12(χ))Q12
αβ(u1

γu1
δ+u2

γu2
δ)〉eqκγδ

+ 3
8
〈χnQ11

αβ(F11(χ)u2
γu2

δ−F12(χ)u1
γu1

δ)〉eqκγδ

+ 3
8
〈χnQ22

αβ(F11(χ)u1
γu1

δ−F12(χ)u2
γu2

δ)〉eqκγδ

+ 3
8
〈χn+1(F12(χ)−F11(χ))Q12

αβ(u1
γu1

δ+u2
γu2

δ)〉eqκγδ

. (3.190b)

As the averages in the forcing terms are taken in the equilibrium distribution, they may

be readily calculated

〈F(χ)u1
αu1

βu1
γu1

δ〉eqκγδ =
1

15
〈F(χ)〉eq(καβ+κβα), (3.191a)

〈F(χ)u1
αu1

βu2
γu1

δ〉eqκγδ =
1

15
〈χF(χ)〉eq(καβ+κβα), (3.191b)

〈F(χ)u1
αu2

βu2
γu1

δ〉eqκγδ =
1

30
〈(3χ2 −1)F(χ)〉eq(καβ+κβα). (3.191c)

It should be noted that the quantity Q12
n and its equation are symmetric under the

interchange of 1↔ 2, and due to this labelling symmetry, Q11
n =Q22

n .

The equations (3.189) form a hierarchy of coupled, linear ordinary differential equa-

tions for the quantities Q lm
n , where Q lm

n depends on Q lm
n−2, Q lm

n−1 and Q lm
n+1. Therefore

the solution for Q lm
n requires at least as much knowledge as the full solution to the

Zimm-Smoluchowski equation (3.134). To make progress, we need a an approximation

for terminating the hierarchy at finite n. We can do this by studying the asymptotic

behaviour of the solutions as n →∞. Our goal is to determine the leading behaviour of

the solutions in this limit and then consider the hierarchy up to a finite truncation N,

say, with Q lm
N+1 replaced with the asymptotic leading behaviour for large n.

We first consider the leading behaviour of the forcing terms. It is most convenient

to do this numerically. From equations (3.191), we can see that the forcing terms are

always in the form of a number, J lm
n , which depends on the rigidity α and n, multiplied

by the matrix καβ+κβα. By computing J lm
n for n ∈ [1,103], which is plotted in Fig.(3.16)

we can see that they are alternating and approaching zero. Plotting J lm
n on a log-log

scale for n ∈ [10,103], we can see the gradient is very close to negative one with an error

which decreases very quickly with increasing n. Thus an appropriate asymptotic form

is

J lm
n ∼ (−1)nb

n
, as n →∞, (3.192)

where b is some constant depending on the rigidity, α.
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FIGURE 3.16: A comparison of the forcing terms computed numerically (red data points) to
the asymptotic form (3.192) with the constant b fitted numerically (blue dotted lines). The
value of the rigidity was chosen to be α = 1. Here we only plot J11

n , but we see the same
for J12

n . (a) Plots of the forcing terms computed numerically and the asymptotic form. We
can see that the forcing terms are alternating, positive when n ∈ even and negative when
n ∈ odd and the asymptotic form appears to match the data very well. (b) A log-log plot of
the numerical calculation and the asymptotic form, again we can see close agreement. (c)
A log-log plot of the difference between the data and the asymptotic form. We can see that

the difference decreases very quickly to a very small value.
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Due to the alternating behaviour of the forcing terms, we expect the solutions also

to alternate. We may peel off this behaviour by writing

Q lm
n = (−1)n

Qn if l = m

Pn if l 6= m
, (3.193)

where we have used the labelling symmetry in equating Q11
n and Q22

n . These quantities

are still tensors, we have just dropped their indices for clarity.

The leading behaviour of Qn and Pn as n → ∞ can be determined by following a

standard procedure [113]. The first step is to find the differential equation analogues to

equations (3.189). These are constructed by first writing (3.189) in terms of the discrete

derivatives defined by

D(k)Qn ≡
k∑

j=0
(−1) j

(
k
j

)
Qn+k− j, (3.194)

where D(k)Qn is the kth order discrete derivative of Qn with respect to n. The discrete

derivatives are then replaced by continuous derivatives of the same order of the function

Q(n), which is a continuous function of its continuous argument. As long as the resulting

differential equation has an ordinary or regular singular point at n → ∞, the leading

behaviour of solutions to the difference and differential equations are guaranteed to

agree [113]. In our case, the resulting differential equations are

2∆α
kBT

(n+3)
∂3Q
∂n3 +

( ∂
∂t

+6Do
R +2∆(n+2)(n+5)+ 6∆α

kBT
(n+3)

)∂2Q
∂n2

+
(
2
∂

∂t
+12Do

R +4∆(n+2)(n+5)+ 2∆α
kBT

(2n+7)
)∂Q
∂n

+
( ∂
∂t

+6Do
R +2∆(5n+8)+ 2∆α

kBT

)
Q

= J11(n)κ(t)+ 2∆α
kBT

∂2P
∂n2 +4∆

(
n+2+ α

kBT

)∂P
∂n

+2∆
(
2(n+2)+ α

kBT

)
P,

(3.195a)

2∆α
kBT

(n+3)
∂3P
∂n3 +

( ∂
∂t

+4Do
R +2Dx

R +2∆(n+2)(n+5)+ 6∆α
kBT

(n+3)
)∂2P
∂n2

+
(
2
∂

∂t
+2(4Do

R +2Dx
R)+4∆(n+2)(n+5)+ 2∆α

kBT
(2n+7)

)∂P
∂n

+
( ∂
∂t

+4Do
R +2Dx

R +2∆(5n+8)+ 2∆α
kBT

)
P

= J12(n)κ(t)+ 2∆α
kBT

∂2Q
∂n2 +4∆

(
n+2+ α

kBT

)∂Q
∂n

+2∆
(
2(n+2)+ α

kBT

)
Q,

(3.195b)

where the functions Jlm(n) are the coefficients of the forcing terms discussed previously

divided by (−1)n and κ(t) is the time dependent, symmetric strain rate tensor (with

its indices removed). Unfortunately it can be checked that these equations have an

irregular singular point at n →∞. However, it can be shown that if the leading term in

the solution to the differential equation varies no faster that aebn, with b < 1 as n →∞
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then the leading behaviour of the solution to the difference equation is the same [113].

We will now show, using the method of dominant balance, that this is the case and that,

Q lm
n ∼ clm/n, where clm are constants.

The first step is to remove all the sub-dominant terms from the functions multiplying

the derivatives of Q and P. For instance,

∂

∂t
+6Do

R +2∆(n+2)(n+5)+ 6∆α
kBT

(n+3)∼ ∂

∂t
+2∆n2 +O (n). (3.196)

Now we consider the time derivatives. If we take the Fourier (or equivalently Laplace)

transforms in time, the time derivatives are replaced with iω. We cannot immediately

neglect iω compared to n because, in order to take the inverse transform we need to

integrate ω from negative to positive infinity. However, on physical grounds we expect

κ, Q and P as functions of frequency to vanish as ω→±∞, or be made of a sum of delta

functions at finite frequencies. Therefore, we can justify taking iω¿ n, since we can

always find an n À 1 such that |nQ|À |iωQ|. After dropping the appropriate terms the

equations become

2∆α
kBT

n
d3Q
dn3 +2∆n2 d2Q

dn2 +4∆n2 dQ
dn

+10∆nQ ∼ J11(n)κ(ω)+ 2∆α
kBT

d2P
dn2 +4∆n

dP
dn

+4∆nP,

(3.197a)

2∆α
kBT

n
d3P
dn3 +2∆n2 d2P

dn2 +4∆n2 dP
dn

+10∆nP ∼ J12(n)κ(ω)+ 2∆α
kBT

d2Q
dn2 +4∆n

dQ
dn

+4∆nQ.

(3.197b)

We can now add and subtract the two equations to find de-coupled equations for the

functions y(n) ≡ Q(n)+P(n) and z(n) = Q(n)−P(n). Dropping all sub-dominant terrms

again, we find

2∆α
kBT

n
d3 y
dn3 +2∆n2 d2 y

dn2 +4∆n2 d y
dn

+6∆n y∼ a(n)κ(ω), (3.198a)

2∆α
kBT

n
d3z
dn3 +2∆n2 d2z

dn2 +4∆n2 dz
dn

+14∆n z ∼ b(n)κ(ω), (3.198b)

where we have defined a(n) ≡ J11(n)+ J12(n) and b(n) ≡ J11(n)− J12(n). We are only

interested in the leading behaviour of the particular solutions two these two equations

as n →∞, since the homogeneous solution represents the behaviour in the absence of

the forcing starting from equilibrium and as such should be zero. We use the method of

dominant balance to determine the leading behaviour.

It can be shown that no two term balances are consistent. For example if we first

assume that the first term on the right hand side of equation (3.198a) asymptotically
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dominates over all the others we may write

d3 y
dn3 ∼ a(n)κ(ω)

n
kBT
2∆α

. (3.199)

Since a(n)∼ a/n as n →∞, with a constant, we can integrate this directly to find

y(n)∼−kBT
2∆α

aκ(ω)n logn. (3.200)

It is then straightforward to show that this result is inconsistent with the assumption

that the first term is the largest, for example the final term is growing like n2 logn and

as such dwarfs the first term as n →∞.

Another inconsistent example of a two term balance would be to neglect all but the

final term. This would result in the asymptotic relation

y(n)∼ aκ(ω)
n2 . (3.201)

It then follows that n2 y′(n) ∼−2aκ(ω)/n as n →∞, which is the same size as ny(n) and

therefore cannot be neglected.

We must then try three term balances. It may be shown that the only three term

balances for equations (3.198a) and (3.198b) which are consistent are

4∆n2 d y
dn

+6∆n y∼ aκ(ω)
n

, (3.202a)

4∆n2 dz
dn

+14∆n z ∼ bκ(ω)
n

. (3.202b)

The particular solutions can be found by elementary methods giving

y(n)∼−aκ(ω)
2∆n2 , (3.203a)

z(n)∼ bκ(ω)
6∆n2 . (3.203b)

This gives the leading behaviour for Q and P as n →∞.

Q(n)∼−(J11 +2J12)
κ(ω)
6∆n2 (3.204)

P(n)∼−(J12 +2J11)
κ(ω)
6∆n2 (3.205)

It is worth pointing out that this is the same behaviour as found in the incorrect two

term balance in equation (3.201), however it can be checked that this dominant balance

produces no inconsistencies. For example n2 y′′(n)∼ 1/n2 which is much less than any of

the terms we retained which are ∼ 1/n. This leading behaviour can be improved upon
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systematically by taking an asymptotic series of the form y ∼ ∑
p≥2 cp/np, and similar

for z, and determining the coefficients cp. In our case, however, the first term is suffi-

cient and we will show by comparison to numerical results that it is very accurate for

most important physical cases. It is also important to note that the size of α effects

the accuracy of our solution. We have neglected the terms containing α in (3.198a) and

(3.198b) but the larger α is, the larger n must be for this dominant balance to be accu-

rate. This means that we can only really expect the leading term to accurately capture

the solutions for modest values of α. This is fine for studying the behaviour of quite

flexible nun-chucks, but for more rigid nun-chucks we may need to retain many terms

in the asymptotic series and this method becomes intractable. Fortunately, flexible nun-

chucks are more interesting to study than very rigid nun-chucks which can be analysed

using simple perturbation theory about the well known rigid rod model.

With the leading behaviour of Q(n) and P(n), we now have an approximation for

terminating the hierarchy of equations. We know that for large n, the behaviours of

Q and P are given by equations (3.204) and (3.205) so to terminate the hierarchy we

can say that for some finite N, we can replace QN+1 with this known leading order

asymptotic behaviour as n →∞. This then gives a closed set of equations which can be

solved for Q lm
n .

For this to be useful analytically, we need this truncation to be accurate for calcu-

lating the stress when applied at quite a small n, say n ≈ 2. Remarkably, for the range

of α which describes flexible nun-chucks, discussed in section 3.1.3, we see accurate

agreement between the stress calculated numerically with the cutoff set at n = 2 and

n = 80. In Fig.(3.17) we plot the numerical solution to the hierarchy with the truncation

at N = 80 with a blue line and at N = 2 at with the dotted red line, we chose the value

of α = 1.5 to be at the upper end of the limit of validity for our treatment. We can see

that the solutions are extremely close to each other, in fact, when α. 1, the solutions

are virtually indistinguishable. However, when α& 2, the solutions with N = 2 break

down completely.

With the asymptotic cut off applied we may determine an analytic solution for the

moments Q lm
n . In this case, the heirarchy of equations (3.189), is truncated after N

equations, and we may write them in the following simple matrix form

∂v
∂t

= M ·v+Fκ(t), (3.206)

where all tensorial indices have been dropped for clarity, and we have defined the vector

of moments

v= (Q11
0 ,Q11

1 , · · · ,Q11
N ,Q12

0 ,Q12
1 , · · · ,Q12

N ), (3.207)
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FIGURE 3.17: Plots of the numerical solutions for the moments Q11
0 (panel (a)), Q12

0 (panel
(b)), Q11

1 (panel (c)) and Q12
1 (panel (d)). These are computed by numerically solving the

hierarchy of equations (3.189) with a cutoff of N = 80 (blue line) and N = 2 (red dashed
line) with the rigidity chosen to be α = 1.5. We can see that the solutions agree very well
with these different truncation levels, indicating that the truncation scheme is accurate
and still valid even for truncation at relatively small n, at least for this value of the rigidity.
There are some noticable differences between the solutions, and these only get worse for

increasing α. However, for smaller values the solutions are virtually indistinguishable.
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and the vector of forces

F= (J 11
0 , · · · ,J 11

N −(J 11
N+1+2J 12

N+1)/6∆(N+1),J 12
0 , · · · ,J 12

N −(J 12
N+1−2J 11

N+1)/6∆(N+1)).

(3.208)

The 2(N +1)×2(N +1) matrix, M, is determined from the right hand sides of equations

(3.189), with the quantities,Q lm
N+1 replaced with the asymptotic values found in (3.204)

and (3.205) which are taken into account in the force vector.

Using standard methods the solution for the vector v(t) is

v(t)=
2(N+1)∑

j=1
C jm j

∫ t

−∞
dt′ e−Drλ j(t−t′)κ(t′), (3.209)

where m j are the eigenvectors of the matrix M, −Drλ j, are the corresponding eigenval-

ues and C j are constants which depend on the components of the vector F and solve the

equation
2(N+1)∑

j=1
C jm j =F. (3.210)

This solution can be used to determine an analytic expression for the dynamic intrinsic

viscosity. This is written as

[η∗(ω)]= πL3

3log(L/2b)

[
K +

2(N+1)∑
j=1

C j

λ j + iω/Dr

]
, (3.211)

where we have defined the constant K by,

µrK = µr

15

∞∑
n=0

2p11
n 〈χn〉eq+p12

n 〈χn(3χ2−1)〉eq− kBT
3∆

∑
n>N

q11
n (J 11

n +2J 12
n )+q12

n (J 12
n +2J 11

n ).

(3.212)

This expression can be compared to that for rigid rods of the same total length as the

nun-chuck,

[η∗(ω)]rod =
πL3

3log(L/2b)
4

15

[
1+ 9

3+4iω/Dr

]
. (3.213)

The important feature of the intrinsic complex viscosity of the nun-chuck particles given

in equation (3.211), is that rather than having only one relaxation timescale, as is the

case for rods, there are many. This reflects the larger number of possible motions which

can be performed by the Nun-Chucks as opposed to rods. These timescales are deter-

mined by the eigenvalues and are (Drλ j)−1. For a truncation of N = 3, which should

be accurate for small values of α, we plot these relaxation timescales as a function of α

in Fig.(3.18). The timescales are normalised by the relaxation time of rods, 3Dr/4. We

can see that all of the timescales are smaller than that for rigid rods. By computing the

eigenvectors of the matrix M, we can investigate the modes corresponding to the relax-

ation times (Drλ j)−1. The exact forms of these modes are not particularly illuminating
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FIGURE 3.18: Plots of the relaxation timescales involved in the intrinsic viscosity (3.211)
for a truncation of N = 3 as a function of α. They are all normalised by that of rigid rods.
This shows that they are all smaller than that for a rod. Above the indicated critical rigidity
αc, the timescales start to develop imaginary parts. This indicates the breakdown of our
approximation; to accurately capture the behaviour for α≥αc we need a higher truncation.

but the expected general trend holds; the fastest decaying modes are those including

the highest order correlations, i.e. Q lm
2 decays faster than Q lm

1 etc.

The intrinsic complex viscosities of rods and nun-chucks are plotted in Fig.(3.19) as

a function of ω/Dr. They are both plotted divided by πL3/3log(L/2b). We can see that

intrinsic viscosity for nun-chucks, the response at ω= 0, is smaller than rods. This is to

be expected, as the intrinsic viscosity is expected to depend on the radius of gyration as

∝ R3
g [81], and the nun-chucks radius of gyration is smaller. In fact a simple calculation

gives the ratio of Rg for nun-chucks to that of rods as

RN.C
g

RRod
g

=
√

1
2

(
1−〈u1 ·u2〉eq

)
=

√
1
2

(
1− 1

α

)
+ 1

2
cothα. (3.214)

This function is monotonically increasing and reaches an asymptotic value of unity as

α→ ∞. For values of α less than about one, this predicts that the ratio of the nun-

cuck intrinsic viscosity to that of rods is between ∼ 0.4 and ∼ 0.5. In Fig.(3.19) we also

see that the frequency response of the intrinsic complex viscosity for nun-chucks is at

a higher frequency than for rigid rods. This reflects the fact that the relaxation times,

Drλ j, are all smaller than that of rods, 3Dr/4.

For a truncation at N = 2, N = 40 and N = 100 the ratio of intrinsic viscosities is

plotted as a function of alpha. In the case N = 2, the increasing behaviour predicted

by equation (3.214) is not followed and the value of the intrinsic viscosity is slightly
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FIGURE 3.19: A log-log plot of the intrinsic complex viscosity of nun-chucks (blue) and rods
(orange) both normalised by µr against dimensionless frequency, ω/Dr. The real parts are
shown in solid lines and the imaginary in dashed lines. We chose a truncation of N = 20

and rigidity value α= 1.5.

overestimated compared to the estimate from the radii of gyration. However, when the

truncation is at N = 40, we can see that the monotonically increasing trend expected

from equation (3.214) is followed for a small range of α, before un-physical, decreasing

behaviour sets in. The magnitude is also in-line with the radius of gyration estimate.

The physical range is roughly 0 < α < 1. The increase of the intrinsic viscosity is quite

weak, but it does show that our approximate formula reproduces expected physical be-

haviour.

We can increase the physical range of α by increasing the truncation, although the

effect is quite small even when the truncation is increased to N = 100. This is because

the validity of this simple truncation is inextricably linked to the size of α. The asymp-

totic behaviour found in equations (3.204) and (3.205) used to close the heirarchy of

equations (3.189) relied on a dominant balance which neglected all terms proportional

to α in the limit n →∞. Therefore, the truncation value of n for which the asymptotic

result is accurate depends on the value of α.

The accuracy of the truncation scheme employed here can be improved for larger

values of α by seeking corrections to the leading order behaviour derived in equations

(3.204) and (3.204), however it will not change the qualitative features of the intrinsic

viscosity plotted in Fig.(3.19). Also, as α gets large, and the nun-chucks become more

rigid, it would be more efficient to study their behaviour as perturbations to rigid rod-

like behaviour, which we have seen is recovered in our model in the limit α→∞.

Our method also relied on the use of the simple linear inter-leg potential (3.20).

If instead we were to use the any more complicated form, (3.21 for instance), then in

principle the same method could be used. The difference would be that the differential

equations (3.195) would become integro-differential equations whose leading behaviour
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FIGURE 3.20: (a) A plot of the intrinsic viscosity of the nun-chuck suspension, calculated
with truncations of N = 2 (red), N = 40 (blue) and N = 100 (orange). Clearly the result for
N = 2 fails to be accurate for larger values of α, whereas the higher truncations are more
reasonable over a wider range of rigidities. These show the expected increasing trend for
values of α. 1.5. (b) A zoomed in view of the indicated region of panel (a). This shows that
increasing the truncation from N = 20 to N = 100 increases the intrinsic viscosity slightly
for these larger values of α. The effect is only slight because for larger α the closure scheme

must be less accurate, as discussed in the text.

would be more difficult to discern.

3.4.2 Non-Linear Viscoelasticity

We now consider the non-linear response to a background fluid flow. In this case κ is

not small, and as such the average in the second term in equation (3.185) can no longer

be taken in equilibrium. Similarly, the averages of the mobility tensors needed for the

Zimm model cannot be taken in equilibrium. This makes the analysis significantly more

complicated. We can, however, still make some general statements about the behaviour

for very large strain rates compared to the rotational diffusion, κ/Dr À 1. To further

simplify the analysis we will assume that κ is constant, and restrict our discussion to

the steady state response.

In section 3.2 we studied the behaviour of the nun-chuck particles under the influ-

ence of a background fluid flow in the absence of Brownian motion. There we found

that the steady state behaviour of the nun-chucks is the same as that of rods. Thus for

large strains, when the influence of Brownian fluctuations is minimal, we expect to see

the same steady state rheology as rods. We only consider one concrete example, elonga-

tional flow. In this case we are able to use an approximate treatment to determine the

leading behaviour of the distribution function in steady state. Our treatment is some-

what crude and does not give accurate result for numerical coefficients, but it should

accurately capture the scaling when κÀ 1. Our analysis shows that the flexibility of

the nun-chuck should not affect the leading behaviour of the stress for large strains.
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Approximate Treatment

We consider the steady state stress in response to the elongational flow with strain rate

tensor given by

κ= g(3zz− 1) (3.215)

where, g, is the strain rate. Our aim is to determine the leading behaviour of the steady

state distribution function in the limit g →∞ using a relatively simple argument. This

will allow us to infer the leading behaviour of the stress in the same limit. At the end

of this section we will briefly discuss possible approaches to studying this problem more

rigorously.

We will show that the dominant behaviour of the stress in this limit is qualitatively

no different from that of rods, with only small corrections to numerical coefficients. Due

to the crude nature of the method we use here, we only expect to accurately predict the

scaling behaviour with g. In fact, the numerical coefficients we find must be incorrect

since, as we will see, they do not agree with known results for rods in the rigid limit.

Nevertheless, this method gives a qualitative understanding of the non-linear elasticity

for the nun-chuck system.

We aim to solve the Zimm averaged Smoluchowski equation in steady state, in the

presence of the the flow (3.215) in the limit g →∞. To do this, we first need some infor-

mation about the averaged mobility tensors. The flow has a symmetry under inversion

through the origin. This is enough to show that the averaged mobility matrices must

be diagonal. This can be done by assuming the most general form of the distribution

function satisfying these conditions, and computing the averages as in section 3.1.1.

Furthermore, the flow has rotational symmetry about the z-axis. This means we can

write the average of the mobility matrices as

〈A†
lm〉 = D⊥

lm(g)(xx+yy)+D∥
lm(g) zz. (3.216)

The constants, D⊥
lm(g) and D∥

lm(g) will depend on the shear rate because there are cal-

culated from the distribution function, which of course depends on g. We expect that

for g À 1, the orientational distribution function will be strongly peaked the legs are

mutually anti-parallel and aligned with the z-axis, we will show this assumption is con-

sistent later. By using the definitions in equations (3.51d) and (3.51e), we can estimate

the averages, 〈A†
lm〉, up to terms of the same order as the variance of the distribution,

which will be shown to be small. The results are

〈A†
ll〉 ≈

5
8

Dr1+ 3
8

Dr〈u1u1〉+O
(
ε2(g)

)
and 〈A†

lm〉 ≈ 3
8

Dr〈u1u1〉+O
(
ε2(g)

)
, (3.217)

where we have introduced the parameter ε2(g)¿ 1, which is the order of the varience of

the probability distribution, whose dependence on g will be determined. The average,
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〈u1u1〉 can be found to the same order

〈u1u1〉 ≈ zz+O
(
ε2(g)

)
. (3.218)

This allows us to determine the leading behaviour of the constants, D⊥
lm(g) and D∥

lm(g)

D⊥
ll(g)≈ 5

8
Dr +O

(
ε2(g)

)
and D∥

ll(g)≈ Dr +O
(
ε2(g)

)
, (3.219a)

D⊥
lm(g)≈O

(
ε2(g)

)
and D∥

lm(g)≈ 3
8

Dr +O
(
ε2(g)

)
. (3.219b)

Next, it is useful to extend the Zimm approximation to the angular velocity. The angular

velocity of either of the legs depends on its orientation, the shear rate as well as the

orientation of the other rod. In the same spirit as the Zimm approximation, we may

average the angular velocity of one leg over the orientations of the other. This means

we make the replacement

ω1(κ)→ ω̄1(κ)≡
∫

du2 P(u2|u1)ω1(κ), (3.220)

where P(u2|u1) is the probability of finding the second leg with orientation u2, given

that the orientation of the first leg is u1. This can be written directly in terms of the

orientational distribution

ω̄1(κ)=
∫

du2 ψ(u1,u2)ω1(κ)∫
du2 ψ(u1,u2)

. (3.221)

The angular velocity follows from previous results

ω1(κ)= 3gθ(u1 ×z)+ 3
2

g
χ(3θ2 −1)

9−χ2 u1 ×u2 − 9
2

g
3ζ2 −1
9−χ2 u1 ×u2. (3.222)

Using the definition (3.4) we can write

u1 ×u2 =u1 ×r0 cosγ−r0 sinγ. (3.223)

When we take the average of any term involving this, the sinγ term will vanish because

of the symmetries previously discussed. The cosine term will not vanish but it is is

straightforward to show that

u1 ×r0 =−sinχc

sinθc
u1 ×z. (3.224)

After integrating over the angles χ and γ, bearing in mind that ζ is a function of these

two variables as well as θ, we can see that the averaged angular velocity, ω̄1, will be of
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the form

ω̄1(κ)= g(3θ+ν(θ))u1 ×z, (3.225)

where ν(θ) is an odd function of its argument, and represents the departure from the

angular velocity the leg would rotate with in the absence of the other.

Let us now assume the orientational distribution is of the form, ψ ∝ ϕ(θ,ζ)e−βU .

This allows the Smoluchowski equation to be written to lowest order as

R1

[
· e−βU

(∂ϕ
∂θ

− 8g
5Dr

(3θ+ν(θ))ϕ
)
u1 ×z

]
+R2 ·

[
e−βU

(∂ϕ
∂ζ

− 8g
5Dr

(3ζ+ν(ζ))ϕ
)
u2 ×z

]
= 0.

(3.226)

This is solved easily for ϕ, and the distribution function becomes

ψ∝ e−βU(χ) exp
( 4g
5Dr

(θ2 +ζ2)+ 8g
5Dr

∫ θ

dθ′ν(θ′)+ 8g
5Dr

∫ ζ

dζ′ν(ζ′)
)
, (3.227)

plus corrections of order ε2. Currently, this solution is only formal, since the function,

ν(θ), is determined by knowledge of the orientational distribution function. At this point

though, we can still understand the physics of this solution.

The first factor is the equilibrium distribution function of the nun-chucks in the

absence of the shear flow. The second factor has the same structure as the well known

distribution for rods, due to the Zimm approximation, the two legs appear seperately.

The other factor encodes the interactions between the legs, which stem from the fact

that they are constrained to meet, and how they affect the particles motion in response

to the shear flow. The most important feature of this solution is that as g → ∞, the

distribution becomes strongly peaked at ζ,θ = ±1. We will exploit this fact to find the

leading behaviour of the function, ν.

We only show the calculation for the second term in equation (3.222), as the proce-

dure is identical for the third term. We assume that the function, ν, is such that as

g →∞ the orientational distribution is strongly peaked at θ,ζ=±1 so that it can be ap-

proximated by its maximum value over a range of size, ε, and zero outside of this range.

When ζ=±1, it follows that, χ=±θ. The average of second term is then approximated

as follows; first we compute,

∫ 2π

0
dξ

∫ 1

−1
dζ e−βU(χ)e

g
Dr (K(θ)+K(ζ))

[3
2

g
(3θ2 −1)χ

9−χ2 u1 ×u2

]
≈ 3πgε(g)egK(θ)/Dr

[
e−βU(θ)egK(1)/Dr

(3θ2 −1)θ
9−θ2 + e−βU(−θ)egK(−1)/Dr

(3θ2 −1)θ
9−θ2

]
(u1 ×z)

= 3πgε(g)egK(θ)/Dr egK(1)/Dr
(3θ2 −1)θ

9−θ2

(
e−βU(θ) + e−βU(−θ)

)
(u1 ×z),

(3.228)
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where we have defined the function, K , as the function of θ or ζ appearing in the expo-

nent of equation (3.227). This function is even in its argument, which allows the third

line to follow from the first. It should be noted that the first term in the second line of

the above equation originates from the peak at ζ = 1, and the second from the peak at

ζ=−1. The normalisation in equation (3.220), can be calculated in a similar way to be

2πε(g)egK(θ)/Dr egK(1)/Dr
(
e−βU(θ) + e−βU(−θ)

)
. (3.229)

Therefore, after following similar steps for the third term in equation (3.222), the func-

tion ν is found to be

ν(θ)= 3
2

(3θ2 −1)θ
9−θ2 − 9

9−θ2

( e−βU(θ) − e−βU(−θ)

e−βU(θ) + e−βU(−θ)

)
. (3.230)

In the limit g →∞, we need only describe the distribution accurately in the vicinity of

the points θ =±1. We may therefore approximate,∫ θ

dθ′ ν(θ′)≈ ν(1)
2

θ2. (3.231)

To calculate ν(1), we must note that the when evaluated at θ = 1, the term e−βU(θ) must

vanish in order to take into account the excluded volume between the nun-chuck legs.

Finally, we have the distribution function which should be qualitatively accurate as

g →∞
ψ∝ e−βU(χ) exp

( 18g
15Dr

(θ2 +ζ2)
)
. (3.232)

It must be noted that while this result is qualitatively accurate, the numerical constant,

18/15, which appears in the exponent must be incorrect, since it does not agree with the

expected result for rods in the rigid limit, which is 12. The reason for this discrepancy

is the failure of the pre-averaging approximation for the angular velocity (3.220) in the

rigid limit. In this limit, the approximation results in treating one half of the rod as

rotating at a different, orientation independent, angular velocity than the other, whose

angular velocity depends on its orientation. Evidently, while this approximation is qual-

itatively useful for flexible nun-chucks it is unreasonable for rigid particles. In further

calculations, we will replace the erroneous factor with a constant of order unity, c. This

allows us to verify the assumptions which allowed us to derive this result. We use this

distribution to determine the average, 〈(u1 ·z)2〉. This can be written,

〈θ2〉 = Dr

cg
lim
a→1

d
da

logZ (a) (3.233)

where we have defined,

Z (a)=
∫ 2π

0
dφ

∫ 1

−1
dθ

∫ 2π

0
dξ

∫ 1

−1
dζ e−βU(χ) exp

( cg
Dr

(aθ2 +ζ2)
)

(3.234)
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The integral over ζ is dominated by the contribution over the ranges, −1< ζ<−1+Dr/cg
as g →∞, hence it may be approximated by

Z (a)≈ 2π
Dr

cg
ecg/Dr

∫ 2π

0
dφ

∫ 1

−1
dθ ecgaθ2/Dr

(
e−βU(θ) + e−βU(−θ)

)
, (3.235)

we may then apply the same approximation to the integral over θ. Here we must bear

in mind that e−βU(1) → 0, due to the excluded volume, and we may define e−βU(−1) = 1.

Hence we obtain

Z (a)≈ 8π2
(Dr

cg

)2 1
a

ecg(1+a)/Dr , (3.236)

from which we find, by use of equation (3.233)

〈θ2〉 ≈ 1− Dr

cg
. (3.237)

We have therefore verified our assumption that 〈(u1 ·z)2〉 ∼ 1−ε2(g), and we have deter-

mined the dependence of ε2(g) on the shear rate; ε2(g) ∼ Dr/cg, with c being a con-

stant order unity. Similar methods can be used to verify that 〈χ〉 ∼ −1+O (ε2) and

Var(χ) ∼ O (ε2). In principle, we can use the approximate form of the orientational dis-

tribution found here to determine precisely the higher order corrections to the mobility

tensors in equations (3.217), which we can then use to find higher order corrections to

the orientational distribution. However, this does not provide any new insight in the

behaviour of the nun-chucks.

From this discussion it is now clear that the leading behaviour of the stress as g →
∞ for the nun-chucks is the same as that for rods. This is because of the fact that

the average of any quantity will be its value at the maximum of the distribution plus

corrections of order ε2. Therefore, the stress will be dominated by the value at the

maximum of the distribution, which we have have just seen is with u1 = −u2. Since

the expression we derived for the stress tensor becomes equal to that for rods when the

legs are anti-parallel, the dominant value at g →∞ is exactly the same as that for rods.

In general, if a quantity, such as a component of the stress tensor, for rigid rods can be

written as an asymptotic series for large g of the form

∑
p≥0

cp

(Dr

g

)p
, (3.238)

then in the nunchuck system, we expect that the form of the series is the same, but the

coefficients are modified to

cp → c̃p ∼ cp

[
1+ ∑

m≥1

(Drβα

g

)m]
, (3.239)
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where α is the rigidity of the nun-chuck, or any other appropriate energy scale associ-

ated with the potential between the two legs. The important observation here is that

in the limit of large g, the flexibility of the nun-chuck only serves to change the higher

order coefficients in a series expansion in 1/g.

Possible Exact Approaches

The approach that we have used here is useful to gain qualitative insight, but it is by

no means exact. It is worth considering how we may study the non-linear viscoelastic-

ity more precisely to better confirm our conclusions. A possible analytic approach is to

use boundary layer theory [113]. We expect that the distribution function is large and

rapidly varying within a set of configurations where the legs are close to anti-parallel

and close to z axis. The idea of a boundary layer analysis would be to use this expec-

tation to asymptotically determine the distribution function inside and outside this set

of configurations, which may then be asymptotically matched to give an approximation

to the distribution function over all configurations. The scaling of the size of the set of

configurations for which the distribution function varies rapidly with g/Dr could also be

determined asymptotically. This is essentially a more rigorous version of the argument

used here. If this approach is used, there is no need to replace the angular velocities of

the legs with their averages as we did in (3.220).

Another approach may be to study the problem numerically. Here the full Smolu-

chowski equation (3.53) would be solved numerically for the steady state distribution

function, from which the stress could be calculated directly. To solve the equation rea-

sonably efficiently, a Galerkin method could be used [114]. Here the distribution func-

tion would need to be expanded in orthonormal polynomials which satisfy the boundary

conditons. Legendre polynomials (or their associated counterparts) would appear to be

good candidates [110]. Then the equation to solve for the coefficients in the expansion

is a simple matrix equation.

While a further investigation of this problem would be very interesting and impor-

tant to have for the sake of completeness, the simple argument presented here shows

that no qualitative differences between rigid rod behaviour is expected. As such, it

may be more important to wait for experimental or simulation data on the rheology to

identify any interesting behaviours to study which might not be able to be anticipated

theoretically.

3.5 Discussion

In this Chapter we have investigated the behaviour of Nun-Chuck particles in dilute

suspension. These particles are constructed from two thin rigid rods connected at their

ends by a flexible linker. We used this as a model system for investigating the effects
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of introducing flexibility to the DNA nano-star systems. The equations of motion for

the particle were derived using Onsager’s variational principle. These equations were

used to study the non-Brownian motion of the particle under the influence of external

force and fluid velocity fields. When studying the Brownian motion, we determined an

exact expression for the translational diffusion coefficient on which we placed a rigorous

lower bound as well as a physically motivated upper bound. With the aid of a Zimm-

like approximation, we were able to compute orientational correlations and determine

which constants in our model control the correlation times. To check the consistency of

our results, we showed that they reproduce well-known formulae for rods in the rigid

limit. Finally, we studied the viscoelasticity of the suspension, providing a scheme for

analytically computing the intrinsic complex viscosity as well as an approximate method

for studying the non-linear response for very large strains.

Many of our results show only small changes from the results for rigid rods. How-

ever, having constructed this detailed model in dilute suspensions, it should be possible

to extend our theory to concentrated suspensions. These concentrated systems are ex-

pected to be much more interesting. This is because the reptation mechanism which

allows the particle to move through the entangled system must be different from that

for rigid rods, owing to the flexibility of the nun-chuck. The nun-chuck reptation will

also be different from fully flexible particles. We expect this to lead to noticeably dif-

ferent properties for the suspension. Similarly, the transition to orientationally ordered

phases is expected to be influenced by the flexibility of the joint which lowers the symme-

try of the particle compared to that of a uni-axial rod. In Chapter 6 we outline possible

approaches to these problems which we hope to pursue in the future.
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Chapter 4

Elastic Response of Wire Frame
Glasses - Two Dimensional Model

In this chapter and chapter 5, we will turn our attention to concentrated suspensions

of wire frame particles. Our aim will be to develop a theory which can predict the

size of the elastic response of these systems and how this is affected by the shape and

properties of the particles. Specifically, we are interested in comparing concentrated

suspensions of straight rod particles and bent and branched wire frames.

We begin this chapter with a brief discussion and some simple definitions before

stating the problem explicitly in section 4.1. We then present a simple geometric method

for determining the scaling of the elastic stress. This method is applicable to a wide

range of wire-frame shapes and is outlined in section 4.2. In section 4.3 we introduce

a two dimensional model system to which we apply this method. In section 4.6, we

extend our treatment to the non-linear elasticity. Our theoretical results are found to be

consistent with numerical calculations for the 2D system. The purpose of this chapter

is to introduce the method in the 2D model, where the calculation can be performed

simply and exactly. A full treatment of the problem in three dimensions will be given in

chapter 5.

The suspensions we consider are in the concentration range 1/L3 ¿ ρ¿ 1/Vexc. Here,

L is the length of the rod or one of the wire frame legs and the excluded volume is given

by Vexc = L2b with b being the diameter of the rods. This ensures that the kinetic

constraints are the dominant interaction and that there is no long range orientational

order in the system. Each of the particle shapes we will consider is constructed from

infinitely thin rigid rods. We consider the joints between the rods to be effectively rigid

and unaffected by thermal fluctuations. Such particle shapes can be divided into three

different classes; straight, bent and branched. Straight particles are simply rods, see

Figs.(4.1a) & (4.2c). Bent particles are two rods joined at some angle, see Figs.(4.1b)

& (4.2a). Branched particles are those where three or more component rods meet at a

point. These can be planar stars as in Fig.(4.2a) or fully three dimensional shapes, for

instance the shapes in Fig.(4.2d) with an extra rod piercing the plane.

In Fig.(4.1) we sketch two examples of the systems we are considering. A dense
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FIGURE 4.1: Sketches of the systems considered. (a) A dense suspension of rod like parti-
cles. A test rod is shown in cyan. The motion of the test rod is restricted by the surrounding
red rods, but it can still diffuse along its length, so the suspension is still in a fluid state.
(b) L-shaped particles in dense suspension. The cyan test L-shape is trapped by the sur-
rounding red L-shapes. If it moves along the length of one of its legs, the other becomes

entangled. The system is frozen in a glassy state.

suspension of rods is shown in Fig.(4.1a) and a dense glassy state of L-shaped wire

frames is shown in Fig.(4.1b). In each panel a particular test particle is highlighted in

blue. The rod may still diffuse in this concentration regime by the reptation mechanism

[81, 89]. However, the wire frames cannot. This is because the reptation process relies

on the rods’ ability to diffuse freely along their length even though their transverse

motion is severely hindered. If a wire frame diffuses along the length of one of its

constituent rods, then any one of the others will quickly become entangled, blocking its

motion. This is the origin of the glassy dynamics of concentrated wire frame suspensions

discussed in the introduction. The focus of these chapters of the thesis is the comparison

between the rheology of glassy states of wire frames, Fig.(4.1b) and dense fluid states

of rods, Fig.(4.1a). It has been observed in simulations[91, 92] that the viscosity for

dense suspensions of branched 3D crosses is significantly larger and more sensitive to

concentration than it is for rod suspensions. The results presented in these chapters

shed light on the essential physics underlying these observations by explaining them

using a simple theory.

It is clear that the starting point for our theory cannot be the standard approach

based on the tube model [43, 81], which uses the reptation mechanism in a hydrody-

namic formalism. Instead we must use a new approach which determines the rheolog-

ical properties of these glassy states directly from the constraints on each particle. In

these chapters, we restrict our attention to a simple question which gives useful insight

into the problem. We do not address in detail the time (or frequency) dependence of the

rheological response here, but rather focus on its instantaneous magnitude. Our hope is

that the method presented here will form a useful basis for more detailed studies in the

future. In Chapter 6 we discuss how it may be possible to extend this work to address
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these problems.

4.1 Basic Definitions and Problem Statement

We begin with some simple definitions before stating the problem explicitly. The rhe-

ological properties of a suspension are expressed by the constitutive equation relating

the stress tensor to the applied strain rate tensor, E(t). The stress will consist of two

parts; the elastic stress, which we call σ, and the viscous stress, σV . The viscous stress

is related to the energy dissipation in the system and can generally be written as a

function of time, σV (t) = V : E(t), where the 4th rank tensor V can be a function of the

deformation history of the suspension. The elastic stress is related to the change in the

free energy per unit volume, F, by the virtual work principle;

δF =σ : Eδt, (4.1)

where δF ≡ F(E)−F(0) is the change in the free energy, calculated as the difference

between the free energy in a system deformed by E and that in the undeformed state.

If the applied strain is small enough, the elastic stress will depend on it linearly,

σ(t)=
∫ t

−∞
dt′ E (t− t′) : E(t′), (4.2)

where the time dependent, fourth rank tensor E is the elastic response function.

To probe the rheology of these systems, we consider the stress response to a step

strain. In this case, the rate of strain tensor is given by,

E(t)= κδ(t), (4.3)

where we have defined the strain tensor, κ. We always take the strain to be simple x− y
shear for which κ has only one non vanishing component, κxy ≡ γ. The extension to other

strains is straightforward. For step strain, the viscous stress must also be proportional

to a delta function, and so can be taken to vanish for all practical timescales.

The virtual work principle for the elastic stress can be re-written,

σ= ∂F
∂κ

, (4.4)

and for small strains will take the form,

σ(t)= E (t) : κ= γExy(t), (4.5)

hence the choice of step strain allows us to directly probe the elastic response function.
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Typically the stress will start at a particular value, S0, and then decay. The initial

timescale for this decay, τ0, is expected to be the same for all concentrations. This is

because immediately after the deformation, the particles are free to move without hin-

drance from the surroundings. After a time, τint, the particles have moved sufficiently

to begin interacting with their neighbours and the decay timescale will increase to τ(ρ),

due to the entanglement effect. This new decay rate is a function of the particle density,

since for denser systems the entanglement effect is stronger. Therefore a reasonable

approximation for the time dependent elastic stress is,

σ(t)=
S0 e−t/τ0 , for t < τint

S0 eτint(1/τ(ρ)−1/τ0)e−t/τ(ρ) , for t > τint

. (4.6)

In concentrated suspensions, it is known that τ0 ¿ τ and hence we can ignore the initial

rapid decay of the stress and take σ(t) to be approximated by,

σ(t)≈ S0 e−τint/τ0 e−t/τ(ρ) ≡σ0(ρ)e−t/τ(ρ), (4.7)

where we have defined σ0(ρ) as the initial value of the stress measured in response to a

step strain. Throughout these papers, we refer to σ0(ρ) as simply ‘the elastic stress’.

From this discussion we see that there are two main parts to the stress response.

Its initial magnitude, σ0(ρ), and τ(ρ), the dominant timescale of the subsequent decay.

This timescale is generally very long, so the elastic stress persists for a long period after

the initial strain. There are many interesting questions relating to this timescale in the

case when reptation is not possible. In particular, is there a critical concentration at

which this timescale diverges? Or is the relaxation a single or stretched exponential, as

could be expected?[115]. While we do not address these problems here, we hope that the

methods we introduce may be of use in their resolution as will be discussed in Chapter

6. Here we focus on determining the scaling of the elastic stress σ0(ρ) with density.

4.2 General Method: Linear Response

To determine the elastic stress from the virtual work principle (4.4), we need the free

energy as a function of strain. The free energy is, of course, F = U −TS, where U is

the internal energy, S is the entropy, and T is the temperature. We consider the system

in the absence of an external potential, therefore the strain only changes the internal

energy if the particles themselves are deformed. This will be shown to contribute only

to the non-linear elastic response, which is dealt with in section 4.6. In this section,

we outline a simple, geometric method for calculating σ0 from the entropy change per

particle caused by the strain in the linear regime.
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In the glassy states, the motion of a test particle is impaired by the other particles

in the system, with its centre of mass confined to a ‘cage’ and only certain orientations

accessible at any given moment. We assume that the centre of mass of the test par-

ticle is fixed in place and that the particle positions are all uniformly distributed and

focus only on the constraints placed on the particles orientation. This is an assumption

which makes the calculations easier but could be relaxed in principle to perform a more

precise, detailed analysis but we do not expect it to impact the nature of our results.

Let us define the orientation of the particle as Γ. In two dimensions, Γ is represented

by the angle, φ, that the particle makes to a reference axis and in three dimensions,

three Euler angles specify Γ. The surrounding particles constrain the test particle to

a region in the configuration space. The size of this region depends on Γ and the con-

figuration of the surrounding particles C, and is written Ω(Γ,C). The test particle will

explore all ofΩ over a timescale of roughly τint, which is generally very short. Therefore

the particle essentially instantly equilibrates insideΩ. The entropy associated with this

particle then follows from the Boltzmann definition,

S(Γ,C)= kB logΩ(Γ,C). (4.8)

When the step strain is applied, the surrounding particles will move, and so the acces-

sible volume of configuration space will instantaneously change from Ω to Ω̃(κ). The

change in entropy caused by this transformation alters the free energy and hence yields

an elastic stress in the system. This method is similar to that introduced by Edwards

to study flexible polymers with topological constraints and crosslinks[34, 116, 117]. As

the surrounding particles rearrange due to their Brownian motion, the test particle can

explore more of the configuration space, so Ω begins to increase and the stress relaxes.

We are interested in the initial value of the elastic stress, σ0, so we only need to consider

the instantaneous change after the step strain.

If there are ρ particles per unit volume, the free energy per unit volume immediately

after the step strain is,

F(κ)=−kBTρ
∫

dΓψ(Γ)
〈

logΩ̃(Γ,C ;κ)
〉

, (4.9)

where ψ(Γ) is the orientational distribution function, which may be taken to be uniform

since the system in a disordered state, and 〈· · · 〉 denotes averaging over all configura-

tions, C, of the constraints. Differentiating this with respect to κ will give the stress

immediately after the step strain, σ0.

The advantage of equation (4.9) for the free energy is that Ω̃ can be calculated from

purely geometric considerations, without detailed knowledge of the dynamics of the par-

ticles. In three dimensions the geometry required will become very complicated, espe-

cially when defining the constraints placed on the test particle in order to calculate Ω̃.
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In two dimensions, however, the geometry is simple enough that the problem may be

solved exactly.

4.3 2D Model

The calculation of F(κ), becomes quite complex in three dimensions. Therefore, here we

first consider a simpler, two dimensional model.

In this model we only consider planar wire frames, as shown in Fig.(4.2) and each

particle is fixed parallel to the x-y plane. The wire frame particles are infinitely thin

so no two lie in the same plane and as such, each particle forms its own independent,

2D system. The rotation of each particle in the plane is constrained by many point-like

obstacles which it cannot cross, as shown in Fig.(4.3a). The number of obstacles per

unit area is, ν, and in the concentrated limit, νL2 À 1. These points play the role of the

other wire frame particles in three dimensions, preventing a test wire frame from freely

rotating from one orientation to another. We ignore the translational part of the entropy

and only consider the rotation of the test particle. The obstacles are also assumed to be

fixed and are displaced affinely when the deformation is applied. This model system

can be thought of as a cross section of a three dimensional system taken in the plane of

the test particle. The obstacle points are then the surrounding particles which intersect

this plane.

There are now two kinds of particle in the model and it is important to distinguish

between them. We shall refer to the wire frames or rods as “particles” and the constrain-

ing points will always be referred to as “points” or “constraints”. The number densities

of these two species are different and should also not be confused. The number den-

sity of the wire frame and rod particles is ρ which we refer to as “density” whereas the

number density of the constraining points is ν which we call “concentration”.

The particles we consider are all formed of rigid rods of the same length, L, referred

to as ‘legs’, which will be indexed by l. Each leg has the same length, L, and the legs

all meet at the same point which is fixed at the origin. The direction of the lth leg is

given by the unit vector, el , running parallel to it and pointing away from the origin.

The orientation of the particle is given by the angle φ of the l = 0 leg to the x-axis, so

that its unit vector is, e0 ≡ (cosφ,sinφ).

Imagine rotating the particle clockwise through a full turn. As the particle is rotated

one particle leg will eventually collide with one of the constraining points. Let us de-

fine the vector al as the position vector of the constraint which the lth leg first crosses

during this clockwise rotation. In a similar way we define, bl as the position vector of

the corresponding point for the anti-clockwise rotation. The important feature of these
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FIGURE 4.2: Sketches of the particle shapes considered. (a & b) An example of a bent
particle, an L-shape with arms of length L. (c) A rod of length 2L. (d) An example of a
branched particle, a ‘5-Star’. In each panel the unit direction vectors of the legs, el , are
shown and the orientation of the l = 0 leg is set at an angle φ from the x-axis, shown as
a dashed line. In panels (a) and (b), the L-shape is constrained to lie between the two
dotted lines. In (a) the angles, ηl and θl , from each leg to the nearest anti- and clockwise
constraint respectively, are shown. In (b) the angles which the constraints make to the
x-axis are shown; αl for the closest clockwise constraint to leg l and βl for the closest anti-
clockwise constraint. The points representing the constraints (see Fig.(4.3)) are omitted
from this sketch for clarity. The angle from the l = 0 to lth leg is ∆l . Shown in (a), this is

π/2 for the L-shape. For the 5-star in (d) this is 2lπ/5.
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FIGURE 4.3: A sketch of the 2D model system for rods. The rod is shown as a solid line at
an angle φ from the dashed x-axis. Panel (a) shows the constraining points surrounding the
rod with the two points closest to the rod highlighted in red. These two points constrain the
orientation to the range of angles, Ω. In (b) the step strain has been applied, indicated by
the blue arrows, and the constraining points closest to the rod have moved, with their new
positions shown in the darker, solid colour and their previous positions in a lighter colour.

This changes the range of accessible angles to Ω̃.

vectors is their angle to the x-axis defined in terms of the components of the vectors as,

tanαl =
al

y

al
x

and tanβl =
bl

y

bl
x
. (4.10)

Further, we define the angles indicated in Fig.(4.2a),

ηl =φ+∆l −αl and θl =βl −φ−∆l , (4.11)

where ∆l is the angle between the l = 0 leg and the lth leg.

The particle is constrained by the points which are closest to it. Consider the L-

shaped wire frame shown in Fig.2(a & b). This wire frame may only be rotated clockwise

by an amount equal to the smallest of η0 and η1. The anti-clockwise rotation, on the

other hand, is halted at smallest of θ0 and θ1. Therefore, for a general wire frame

shape, the range of accessible angles is,

Ω=min
l,m

ηl +θm. (4.12)

Where the subscripts both indicate a given leg of the wire frame, i.e. ηl is the angle

between the lth leg and the nearest clockwise constraint to it and θm is the angle be-

tween the mth leg and the nearest anti-clockwise constraint. The minimum should be

interpreted as running over all possible pairs of legs of the wire frame.

To obtain the free energy as given in equation (4.9), an average needs to be taken

over the distribution of constraints, which means averaging over all the angles, ηl and
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θm. The probability distributions, P(ηl) and P(θm), can be determined from a simple

argument. For any given area of size a, the average number of points inside is the same,

νa, and independent of the number found in a different area. Therefore, the points are

distributed according to a Poisson distribution. When the particle rotates through an

angle ηl , say, the lth leg sweeps out an area of size L2ηl /2. The probability that there

are no constraining points in this area is, P0(ηl) = exp(−νL2ηl /2). By definition the lth
leg firsts collide with a constraint after rotating clockwise through an angle ηl , so it

follows that P(ηl)=−P ′
0(ηl). So we find,

P(ηl)=
νL2

2
e−νL2ηl /2, (4.13)

and exactly the same form for P(θm).

When the shear strain is applied, the constraining points all move and the angles αl ,

βl , ηl and θl all change. We assume the the constraining points are displaced affinely

when the shear is applied, therefore the position vectors, al and bl , transform according

to the rule,

al → ãl = (1+κ) ·al , (4.14)

where 1 is the identity matrix. The transformation is the same for b̃l . For the simple

x-y shear we consider, the new angles can be determined from,

tan α̃l =
al

y

al
x +γal

y
= tanαl

1+γtanαl
, (4.15)

and an analogous expression for β̃l . We focus on small strains with γ¿ 1. Expanding

(4.15) in this limit, we find,

α̃l =αl −γsin2αl +γ2 sin3αl cosαl +O (γ3), (4.16)

and similarly for βl . The terms to second order in γ will contribute to the linear elas-

ticity. For the non-linear response, more terms must be retained. The angles, η̃l and θ̃l

are then found from,

η̃l =φ+∆l − α̃l and θ̃l = β̃l −φ−∆l , (4.17)

which leads to the transformed range of accessible angles,

Ω̃=min
l,m

η̃l + θ̃m. (4.18)

4.4 Numerical Method

This model forms the basis of the simple numerical calculations we use for comparison to

our analytic results. These are useful to test the accuracy of the approximations we use
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in our calculations. The accessible angle and the free energy are computed numerically

by the following simple procedure. First, a particle is placed in a random orientation in

the plane. Then the obstacles are placed at random on a circle surrounding the particle;

the number of obstacles is proportional to the density, πνL2. The two closest obstacles

to the particle are then found and their positions determine the accessible angle. The

positions of the obstacles on the circle are then all moved according to (4.15). The loga-

rithm of the ratio of the accessible angle before and after the transformation gives the

free energy for that configuration. These steps are repeated for many different configu-

rations of the particle and obstacles and the average free energy over these realisations

is calculated. This essentially calculates (4.9) numerically using a Monte-Carlo integra-

tion for the averages. The stress is determined by fitting the free energy to a quadratic

in γ and taking the derivative as per (4.4) analytically.

As mentioned in the introduction, the bending of the particles themselves becomes

important for the wire frame particles. For simplicity, our numerical calculations ne-

glect this feature by removing any particles which are forced to bend. When we derive

an expression for the free energy which includes the bending contribution, equation

(4.72), we will show that these removals essentially set the bending modulus of the par-

ticles to zero. We discuss the effect of this simplification on our numerical results in

section 4.6, where we consider the non-linear elasticity.

These numerical estimates are no replacement for dynamical simulations, which

should be performed to test our theoretical predictions fully. Simulations of systems

where the constituents are infinitely small can be challenging, due to the difficulty in

ensuring that every collision is identified [63, 64]. However, such simulations have been

performed for rods diffusing in planar arrangements of point like obstacles [118, 119].

Extending these simulations to bent or branched particles like L-shapes or crosses is an

interesting problem for the future but beyond the scope of this part of the thesis where

we aim to introduce a simple, analytic determination of the stress in these systems.

4.5 Calculations: Linear Response

In this section we present calculations for the linear elastic stress with two different

test particle shapes using the method outlined in section 4.2. We consider straight rods

first, and then focus on the simplest example of a wire frame particle, a bent particle

with two legs joined at an angle χ. We present the calculation for rods in explicit detail

so that we may emphasise the points of difference between straight rods and wire frame

particles.



4.5. Calculations: Linear Response 123

4.5.1 Rods

The first shape we consider is a rod of length 2L, which we can think of as two legs of

length L which are anti-parallel. The unit vectors giving the orientations of these legs

are therefore, e0 = (cosφ,sinφ) = −e1. In this case, the angle between the legs is given

by ∆1 = π. Using equations (4.16) and (4.17), we can determine the transformed angles

η̃0,1 and θ̃0,1,

η̃0,1 = η0,1 +γsin2(φ−η0,1)−γ2 sin3(φ−η0,1)cos(φ−η0,1), (4.19a)

θ̃0,1 = θ0,1 −γsin2(φ+θ0,1)+γ2 sin3(φ+θ0,1)cos(φ+θ0,1). (4.19b)

Note that the transformations do not depend on which leg is constrained, i.e the trans-

formations of η0 and θ0 are the same as for η1 and θ1 respectively.

According to (4.9), we need to compute the average of the transformed range of ac-

cessible angles over all configurations of constraints. This is more involved than simply

integrating the angles over the probability distributions (4.13) because of the minimum

in the definition of Ω̃ (4.18). The average to calculate is,

Avg=
〈

log
(

min
l,m∈[0,1]

η̃l + θ̃m

)〉
. (4.20)

This average may be written out explicitly by weighting each combination of l and m
by the appropriate probability. Consider the case when the constraints after the shear

is applied are both placed on the 0th leg. The probability of this occurring is the weight

with which log(η̃0 + θ̃0) appears in the average (4.20) and is the probability of realising

the four angles η0,1 and θ0,1 given that η̃1 > η̃0 and θ̃1 > θ̃0. Symbolically we may write

this probability as,

P(η0)P(θ0)Prob(η̃1 > η̃0)Prob(θ̃1 > θ̃0), (4.21)

where Prob(η̃1 > η̃0) is the probability that η1 > η0 and P(η0) and P(θ0) are as given in

(4.13). The contribution of this term to the average (4.20) is then,∫ π

0
dη0P(η0)

∫ π

0
dθ0P(θ0)Prob(η̃1 > η̃0)Prob(θ̃1 > θ̃0) log(η̃0 + θ̃0). (4.22)

There are four such contributions, corresponding to the possible pairs of η̃l and θ̃m which

can appear in the logarithm. In total, the average may be written compactly as

Avg= ∑
l 6=l′=0,1

∑
m 6=m′=0,1

∫ π

0
dηlP(ηl)

∫ π

0
dθmP(θm)Prob(η̃l′ > η̃l)Prob(θ̃m′ > θ̃m) log(η̃l + θ̃m).

(4.23)

We now turn our attention to the probabilities, Prob(η̃l′ > η̃l). This is difficult to work

with due to the inequality on the transformed angles. We would like to manipulate this

so that the inequality is placed on the un-transformed angles. We focus on the angles
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η0,1, but the argument is the same for the angles θ0,1. The question is, what condition

is placed on the angles η0 and η1 given η̃1 > η̃0?

Of course, if η̃1 > η̃0 then η̃1 −φ > η̃0 −φ. Then, using the definitions (4.17), the

condition becomes,

π− α̃1 >−α̃0. (4.24)

It is now convenient to re-arrange the transformation rule (4.15) to give,

cot α̃l = cotαl +γ, (4.25)

so that we may take the cotangent of the previous inequality (4.24), yielding

cotα1 +γ> cotα0 +γ, (4.26)

and hence

α1 >α0. (4.27)

Finally, using the definitions (4.11), we have demonstrated that if η̃1 > η̃0, then

η1 > η0. (4.28)

It follows, therefore, that

Prob(η̃l′ > η̃l)=Prob(ηl′ > ηl), (4.29)

for each l 6= l′. We can now write this as an integral of the probability distribution (4.13)

Prob(ηl′ > ηl)=
∫ π

ηl

dηl′P(ηl′). (4.30)

Using this identity in (4.23) we have

Avg= ∑
l 6=l′=0,1

∑
m 6=m′=0,1

∫ π

0
dηlP(ηl)

∫ π

0
dθmP(θm)

∫ π

ηl

dηl′P(ηl′)
∫ π

θm

dθm′P(θm′) log(η̃l + θ̃m).

(4.31)

For a given pair of indices (l,m) there is only one choice for the pair (l′,m′) so the no-

tation of this equation can be simplified by dropping the subscripts on the variables ηl′

and θm′ ,

Avg= ∑
l,m=0,1

∫ π

0
dηlP(ηl)

∫ π

0
dθmP(θm)

∫ π

ηl

dηl′P(ηl′)
∫ π

θm

dθm′P(θm′) log(η̃l + θ̃m). (4.32)

This tells us how to compute the average over the realisations of the constraints for

the free energy in (4.9). Taking the orientational distribution for the test particle to be
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uniform, the free energy that we wish to calculate is given in full by,

F =−kBT
2π

ρ

∫ 2π

0
dφ

∑
l,m=0,1

∫ π

0
dηlP(ηl)

∫ π

0
dθmP(θm)

∫ π

ηl

dηP(η)
∫ π

θm

P(θ) log(η̃l + θ̃m).

(4.33)

This expression holds in general, to lowest order in γ, for any particle with only

two legs. As we shall see, the difference between particle shapes is manifested in the

definitions of η̃l and θ̃m. Since we are focused on rods for now, we use the expressions

(4.19).

To make progress we notice that, because η̃l and θ̃m only depend on ηl and θm re-

spectively, the integrals over η and θ may be taken independently. For instance, the η

integral is ∫ π

ηl

dη P(η)= νL2

2

∫ π

ηl

dη e−νL2η/2. (4.34)

It is convenient to introduce the substitution x = νL2η, so that the integral reads,

∫ π

ηl

dη P(η)= 1
2

∫ νL2π

νL2ηl

dx e−x/2. (4.35)

This is to be computed in the limit νL2 À 1, so the upper limit on the integral may be

replaced with infinity and we have∫ π

ηl

dη P(η)≈ 1
2

∫ ∞

νL2ηl

dx e−x/2 = e−νL2ηl /2. (4.36)

Putting this result back into the free energy (4.33) and writing the probability distribu-

tions explicitly, we have

F =−kBT(νL2)2

8π
ρ

∫ 2π

0
dφ

∑
l,m=0,1

∫ π

0
dηldθm e−νL2(ηl+θm) log(η̃l + θ̃m). (4.37)

The logarithm must now be expanded to second order in γ. To do this, we introduce the

quantities

Ωlm = ηl +θm, and Ω̃lm = η̃l + θ̃m. (4.38)

The latter of which may be expanded using (4.19) to give,

Ω̃lm =Ωlm +γsin(ηl +θm)sin(ηl −θm −2φ)

− γ2

8

[
sin

(
4(ηl −φ)

)+sin
(
4(θm +φ)

)−4cos(ηl −θm −2φ)sin(ηl +θm)
]
.

(4.39)

For convenience we define the functions, f lm(ηl ,θm;φ) and glm(ηl ,θm;φ) such that,

Ω̃lm =Ωlm
(
1+γ f lm(ηl ,θm;φ)+ γ2

2
glm(ηl ,θm;φ)

)
. (4.40)



126 Chapter 4. Elastic Response of Wire Frame Glasses - Two Dimensional Model

This allows us to write,

log(η̃l + θ̃m)≡ logΩ̃lm = logΩlm +γ f lm + γ2

2
(glm − f 2

lm). (4.41)

Putting this into the free energy (4.37) we get,

F = F0 − kBT(νL2)2

8π
ργ

∫ 2π

0
dφ

∑
l,m=0,1

∫ π

0
dηldθm e−νL2(ηl+θm) f lm(ηl ,θm;φ)

− kBT(νL2)2

16π
ργ2

∫ 2π

0
dφ

∑
l,m=0,1

∫ π

0
dηldθm e−νL2(ηl+θm)(glm(ηl ,θm;φ)− f 2

lm(ηl ,θm;φ)
)
,

(4.42)

where F0 is the free energy of the undeformed state. This is an irrelevant constant that

we may drop. It is straightforward to show, using (4.39), that the integrals over φ of f lm

and glm vanish, leaving

F = kBT(νL2)2

16π
ργ2

∫ 2π

0
dφ

∑
l,m=0,1

∫ π

0
dηldθm e−νL2(ηl+θm) sin2(ηl +θm)

(ηl +θm)2 sin2(ηl −θm −2φ).

(4.43)

The φ integral is performed easily and the result is,

F = kBT
32

ργ2(νL2)2 ∑
l,m=0,1

∫ π

0
dηldθm e−νL2(ηl+θm) sin2(ηl +θm)

(ηl +θm)2 . (4.44)

To compute the ηl and θm integrals, we make the substitutions, xl = νL2ηl and ym =
νL2θm. As before, the limit νL2 À 1 allows the upper limit to be replaced with ∞,

F = kBT
32

ργ2 ∑
l,m=0,1

∫ ∞

0
dxld ym e−(xl+ym) sin2( xl

νL2 + ym
νL2 )

( xl
νL2 + ym

νL2 )2
. (4.45)

We note now that every term in the summation is identical, and there are four such

terms, so we obtain

F = kBT
8

ργ2
∫ ∞

0
dxdy e−(x+y) sin2( x

νL2 + y
νL2 )

( x
νL2 + y

νL2 )2
. (4.46)

This can be calculated for νL2 À 1, see appendix C.1. The final answer is

F ≈ kBTγ2

4
ρ
(
1− 2

(νL3)2

)
. (4.47)

This directly leads to the linear elastic stress using (4.4),

σ0(ν)∼ kBT
2

ργ
(
1− 2

(νL2)2

)
, (4.48)
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The important features of this expression are that it is approximately independent of

concentration, ν, and it agrees with a calculation based on a reptation theory.

In the case of rod shaped particles, it is possible to compute the elastic stress by an

alternative argument. The main details of this textbook derivation are left to appendix

C.2; here we summarise the main results. The relevant component of the elastic stress

is found to be,

σxy = kBT
2

ργ

e−4D0
r t , for t < τint

e4τint(Dr(ν)−D0
r )e−4Dr(ν)t , for t > τint

. (4.49)

where D0
r and Dr(ν) are the rod’s rotational diffusion coefficients in the absence and

presence of constraints respectively. The latter is estimated using the reptation ar-

gument such that, Dr(ν) ∼ D0
r (νL2)−2. As the average angle between constraints is

∼ (νL2)−1, the time taken for the rod to interact with the constraints is approximated

by, D0
rτint ∼ (νL2)−2. This leads to the initial elastic stress,

σ0(ν)∼ 1
2

kBTργe−b/(νL2)2 ∼ 1
2

kBTργ
(
1− b

(νL2)2

)
, (4.50)

where b is a positive constant. This is precisely the same form as in (4.48), found by our

geometric argument. The reptation argument does not predict the value of b exactly

and, due to the approximations used, we do not expect the value of 2 in (4.48) to be pre-

cise either. However, the prefactor of 1/2 and the scaling with density found by our new

geometric method agree precisely with those found using the well known techniques.

4.5.2 Wire Frame Particles

We now consider the simplest variant to a rod, a bent particle with two legs joined at

an angle χ. In the framework outlined previously we have ∆l = lχ in (4.11) and l = 0,1.

The free energy is then calculated by essentially the same procedure as for rods. Our

starting point is the general expression for the free energy (4.37), the only difference

being the expressions for the transformed angles η̃l and θ̃m. These can be deduced from

(4.15) and (4.17) for this bent particle,

η̃l = ηl +γsin2(φ+ lχ−ηl)−γ2 sin3(φ+ lχ−ηl)cos(φ+ lχ−ηl), (4.51a)

θ̃m = θm −γsin2(φ+mχ+θm)+γ2 sin3(φ+mχ+θm)cos(φ+mχ+θm). (4.51b)

These can be used to expand the logarithm in the free energy in the same way as previ-

ously in (4.41) to obtain an expression equivalent to (4.42), with the functions f lm and

glm being

f lm = sin2(φ+ lχ−ηl)−sin2(φ+mχ+θm), (4.52a)
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and

glm = 2sin3(φ+mχ+θm)cos(φ+mχ+θm)−2sin3(φ+ lχ−ηl)cos(φ+ lχ−ηl). (4.52b)

Again it is straightforward to show that the averages over φ of f lm and glm vanish. So

that the free energy is given by,

F =kBTγ2

16π
ρ

∫ 2π

0
dφ

∑
l,m=0,1

∫ ∞

0
dxl

∫ ∞

0
d ym

(νL2)2e−(xl+ym)

(xl + ym)2

×
[

sin2
(
φ+ lχ− xl

νL2

)
−sin2

(
φ+mχ+ ym

νL2

)]2
,

(4.53)

where we have employed the same substitutions as before; xl = νL2ηl and ym = νL2θm.

It is critical to note the difference between the above free energy and that for straight

rods (4.45). For straight rods, every term in the sum was the same. This was a conse-

quence of the symmetry of the particle and the shear flow. This lead to the constraints

on the l = 0 and l = 1 legs transforming in the same way; the tranformation rules (4.19)

do not depend on the indices. In the case of the bent particle considered here and general

wire frames, the symmetry is broken and this is no longer the case. The transformation

rules (4.51) are clearly different for different values of l and m and so each term in the

sum (4.53) is different.

At this stage we can drop the subscripts on x and y, and take the sums and φ integral

to give,

F = kBTγ2

16
ρ

∫ ∞

0
dxdy

(νL2)2e−(x+y)

(x+ y)2

[
1−cos2χ+2cos2χsin2

( (x+ y)
νL2

)]
. (4.54)

As it should, this expression agrees with that for rods (4.46) when we make χ = 0,π.

Now the square bracket can be expanded in powers of (νL2)−1, and the free energy is

then given by,

F = kBTγ2

2
ρ
[
a (νL2)2(1−cos2χ)+b cos2χ

]
, (4.55)

with the constants

a = 1
8

∫ ∞

0
dxdy

e−(x+y)

(x+ y)2 , (4.56a)

and

b = 1
4

lim
νL2→∞

∫ ∞

0
dxdy e−(x+y) sin2( x

νL2 + y
νL2 )

( x
νL2 + y

νL2 )2
≈ 1

2
. (4.56b)

The integral for b is the same as in (4.46) and is computed in appendix C.1. At first,

the integral for the constant a appears to diverge because of the inclusion of the point

x = y = 0. However, this point can be omitted for physical reasons. In any real system

there will be a finite excluded volume. This leads to the integral being cut off at small
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values, making it finite. In appendix C.3, we treat the excluded volume cut off more

rigorously, and find that the scaling found in (4.55) has only logarithmic corrections

which depend on the exact cutoff. To compare the results of our theory to the numerical

calculations, we may regard the coefficients of (νL2)2 and the constant term in (4.55) as

unknown fitting parameters.

The stress follows easily from (4.55) as,

σ0(ν)= ρ
[
a (νL2)2(1−cos2χ)+b cos2χ

]
kBTγ. (4.57)

This can show a concentration dependence very different from that of rods, depending

on the size of χ. For this different behaviour to be seen we require,

(νL2)2(1−cos2χ)& cos2χ. (4.58)

After some simple re-arrangement this is,

tanχ&
1
νL2 , (4.59)

which, since νL2 À 1, implies that if the particle is bent through an angle much larger

than χc ∼ (νL2)−1, the dominant scaling of the stress will be ∝ (νL2)2. This means

that even modestly bent particles (χ ∼ O (1)) will have a significantly different elastic

response than rods.

In particular if we consider ‘L-shaped’ particles, where χ = π/2 the elastic stress is

simply,

σ0(ν)∝ kBTρ(νL2)2γ. (4.60)

This is also observed for other symmetric, N-legged shapes with the legs all joined at

the same angle, 2π/N. Examples of these particles are Y-shapes and crosses have been

fabricated in practice from double stranded DNA [68, 102]. It is interesting to note

that these special, symmetric shapes have no elasticity in dilute suspension for fun-

damental symmetry reasons[1]. Suspensions of these particle shapes therefore will be

most sensitive to concentration changes. This has important implications for designing

these DNA systems as functional nano-materials, where it is desirable to have highly

tuneable, concentration or connectivity dependent properties.

Equations (4.60) and (4.48) show that wire frames behave in a strikingly different

way compared to rods. As νL2 À 1, we predict that the elastic stress for wire frames

is significantly larger than that of rods, and very sensitive to the concentration of con-

straining points. These results are qualitatively consistent with the numerical results,

see Fig(4.4). Here the numerical data for the stress per particle is plotted as a function

of concentration for rods, Y-shapes (N=3 stars) and X-shapes (N=4 stars) and compared

to the theoretical predictions (note that the data for rods has been multiplied by 20 for
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FIGURE 4.4: A log-log plot of the elastic stress per particle σ0 as a function of concentration,
ν, for rods, Y and X shaped particles. The points represent the numerical data; circles for
rods, triangles for Y-shapes and squares for X-shapes. Note that the data for rods has been
multiplied by 20. The dashed line is the theoretical result for rods (multiplied by twenty)
and the solid line the scaling theory for branched or bent particles, with the intercept fitted.
There is clear qualitative agreement between the theory and the data. For rods the stress
is small and approximately independent of concentration, whereas for branched particles
the stress is much larger and increases rapidly with the concentration. On the other hand
there is a quantitative discrepancy. The predicted scaling is ∝ ν2, but the fitted exponent
for the data is smaller ∼ 1.4. This can be explained by deviations from the linear elasticity

at very small strains in these systems.

ease of visualisation). The stress is calculated numerically by fitting the free energy to

a quadratic for strains between γ= 0.02 and 0.1.

There is, however, a quantitative difference between the predicted scaling and that

of the data. The stress for branched particles is predicted to scale as ν2, but the fitted ex-

ponent for the data is noticeably smaller, ∼ 1.4. In the numerical calculations, particles

which bend are removed from the system, i.e the bending modulus K = 0 in equation

(4.72). As will be shown later (section 4.6), this leads to strong shear thinning in these

systems even for relatively small strains, leading to the apparently smaller stress than

predicted by the linear theory.

4.6 General Method: Non-Linear Response

We now extend our approach to study the non-linear elasticity of these systems. To

calculate this we seek an expression for the free energy accurate to order γ4. In addition

to expanding the transformed entropy, logΩ̃, to this order, we need to introduce another

physical process; the deformation of the particles themselves. We only allow the particle

to be bent at the point where the legs join while keeping each of its constituent rods

perfectly straight. This choice is only made for simplicity and does not affect the nature

of our results. If we also allowed the legs themselves to bend to respect the constraints

then the general form of the Free energy we will derive in this section would still be the

same. As an example of this bending, we sketch in Fig.(4.5) how an L shaped particle
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FIGURE 4.5: A sketch of the bending mechanism for an L-Shaped wire frame. (a) An
undeformed configuration. The clockwise rotation of the L-shaped particle is constrained
by the point, P0, which hinders the leg, OP0. The anti-clockwise rotation is constrained by
the point P1 hindering leg OL1. The L-shape can only rotate between the orange line, OP0,
and the green line, OP1. The accessible configuration space is the angle between these two
lines, Ω. (b) When the step strain is applied, the points P0 and P1 are displaced to P̃0 and
P̃1 respectively. The L-shape must now lie between the lines OP̃0 and OP̃1. During the
deformation the orange and green lines have crossed over. The green lines now appear to
the right of the orange lines, therefore the L-shape cannot keep its original shape and Ω̃< 0.
(c) To satisfy the constraints, the particle must deform from its original state. Assuming its

two legs stay straight, the angle between them becomes π/2−|Ω̃|.

is forced to bend when the surrounding constraining points are displaced by the shear

deformation. This situation cannot occur for straight rods, but can for general wire

frame particles. It is very important to note that the bending of straight rod particles

is not precluded by them not having joint, like that at the corner of the L-shape, but

rather is a mathematical fact if they are infinitely thin.

To demonstrate this, consider the case in section 4.5.1 where the clockwise rotation

of the rod is constrained by a point at an angle α to the x-axis and the anti-clockwise

rotation by one at an angle β. An infinitely thin rod will need to bend if, after the

deformation, the lines from the origin to these points cross. For this to happen we must

be able to find a pair of angles with β > α, for which α̃ = β̃. The constraining angles

transform according to (4.15), which can be re-arranged to,

cot α̃= cotα+γ. (4.61)

Subtracting this from the equivalent expression for β̃, and insisting that the trans-

formed angles need to be the same, we find that cotα = cotβ. This implies, α = β+nπ.

Due to the symmetry of the particle shape, rotation of one of the constraining angles by

an integer multiple of π results in the same constraint. Therefore, for rods, α̃= β̃ if and

only if α=β and hence, bending is impossible.

We now turn our attention to wire frame particles. We would like to demonstrate

simply that these particles may be forced to bend. Consider the L-shaped particle shown

in Fig.(5). The clockwise rotation of this particle is constrained by the point P0 and its

anti-clockwise rotation by P1. Using the conventions of section 4.3, we may identify the

vectors corresponding to the lines OP0 and OP1 as a0 and b1 respectively. These vectors

make angles of α0 and β1 respectively to the x-axis and the range of angles accessible
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to the L-shape is given by,

Ω=β1 −α0 −π/2. (4.62)

Under the shear transformation, both of these angles change according to (4.61) and the

range of accessible angles changes to,

Ω̃(β1,α0,γ)= β̃1(β1,γ)− α̃0(α0,γ)−π/2. (4.63)

If Ω̃ becomes negative, then the particle is forced to bend. If this is possible, then there

must be a finite strain, γ∗, where the bending starts. This strain satisfies,

β̃1(β1,γ∗)= α̃0(α0,γ∗)−π/2. (4.64)

Taking the cotangent of this yields,

cot β̃1(β1,γ∗)=−tan α̃0(α0,γ∗). (4.65)

We then employ (4.61) and (4.15) and re-arrange to obtain,

(cotβ1 +γ∗)(cotα0 +γ∗)+1= 0. (4.66)

Assuming that γ∗ is small, which will be proven later, this equation can be solved for β1

to give,

β1 =α0 +π/2+γ∗ cos2α0. (4.67)

Alternatively, we can write

γ∗ =Ω/cos2α0. (4.68)

Evidently, there does exist a finite strain for which Ω̃ is zero for the L-shape shown in

Fig.(4.5). Increasing the strain above γ∗, leads to Ω̃ < 0 and so bending may occur for

this wire frame particle.

To deal with the possibility of bending we introduce the function, P(γ;Γ). This is

the proportion of particles with orientation Γ not bent at strain γ. The general form of

this function can be determined from simple considerations. When the system is not

strained, none of the particles are bent, hence P(0;Γ) = 1. The behaviour of the system

is symmetric under a change in sign of γ, which implies, P(γ;Γ) = P(−γ;Γ). The size of

strain is taken to be small so that this function is expanded to give,

P(γ;Γ)= 1−γ2/γ2
c(Γ), (4.69)

where we have defined the critical strain γc(Γ), whose scaling with constraint concen-

tration will be determined in the following section. This critical strain should be inter-

preted as the strain above which all particles in orientation Γ are bent. This strain also
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indicates roughly the limit of accuracy of the treatment presented here, as above this

strain additional processes not taken into account will need to be considered, such as

the non linear elasticity or potential breakage of the particles themselves.

We may also consider the orientational average of (4.69),

P(γ)= 1−γ2/γ2
c . (4.70)

This should be interpreted as the total fraction of particles which have not bent at strain

γ. We will use this for comparison to numerical results through the scaling of γc with

the concentration.

When a particle bends, it stores some elastic energy. This must contribute to the free

energy of the system and P(γ;Γ) can be used to determine this bending contribution.

The probability that a particle first bends at a strain γ is −∂P/∂γ. If the applied strain

is γ, but a particle in orientation Γ first bent at γ′ < γ, then the particle must bend by an

angle ϑ = (γ−γ′)∆(Γ), where ∆ depends on the particle shape. If the bending modulus

of the particle is K , the energy associated with this bending is, Kϑ2/2. The bending

contribution to the free energy from one particle in orientation Γ is given by;

FB(γ;Γ)= K
2
ρ∆2(Γ)

∫
dγ′ (γ−γ′)2

(
− ∂P(γ;Γ)

∂γ

∣∣∣
γ′

)
, (4.71)

where all the possible strains at which the particle could first bend have been summed

over, weighted by the appropriate probability. We can now write an expression for the

free energy per unit volume which includes both the entropic contribution and the bend-

ing contribution.

F(γ)=−kBTρ
∫

dΓψ(Γ)P(γ;Γ)
〈

logΩ̃(Γ;γ)
〉+K

2
ρ

∫
dΓψ(Γ)∆2(Γ)

∫ γ

0
dγ′ (γ−γ′)2

(
−∂P
∂γ

∣∣∣
γ′

)
.

(4.72)

The orientation needs to be averaged over the distribution function ψ(Γ), which for

our case can be taken to be uniform. The first term in the above equation represents

the entropic contribution, FS(γ). The factor of P needs to be included since a particle

which bends is forced to be in one configuration by the constraints, and as such does

not contribute entropically. One may be concerned that the logarithm in this term will

diverge in a way that is not cancelled by the factor of P when the particle is forced to

bend because, in that case, the set of configurations it is allowed to visit has zero size.

However, a discretized version of this problem may be performed which shows that this

is not the case. The essence of this calculation is to separate the configuration space of

the particle into small regions of a given size. These regions may or may not be occupied

by a single constraining point. If a region is occupied by a constraining point, then the

particle may not not visit it. The entropy is calculated as the logarithm of the number

of regions the particle may visit. In this picture, the particle is forced to bend when
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it lies in a region which has two constraint occupied regions as its neighbors. In this

case, there is only one accessible region and so the entropy vanishes. This justifies the

use of the factor of P as a convenient way to recover the result of zero entropy in the

continuous calculation.

The form of the free energy (4.72) is the basis of our treatment of the non-linear

elasticity in these systems. We will use this to determine the free energy to order γ4

first for rods, then for L-shaped particles. The latter shape is taken for ease, but we

would find the same features for any bent or branched particle.

4.7 Calculations: Non-Linear Response

4.7.1 Rods

The extension to non-linear elasticity for rods is straightforward. As discussed previ-

ously, there is no possibility for bending, so P(γ;Γ) = 1, and all that needs to be done

is to expand Ω̃ and the entropy to order γ4. After lengthy but straightforward algebra,

the first and third order contributions to the free energy can be shown to vanish after

integrating over φ. The second order contribution is that found previously in (4.47). The

fourth order contribution is, after averaging on φ,

〈γ4 sin3(η+θ)
32(η+θ)4

[
4(η+θ)cos(η+θ)+ (

2(η+θ)2 −3
)]〉

. (4.73)

The averages over η and θ are then taken in the same way as before, and the free energy

to 4th order in γ is obtained,

F(γ)
ρkBT

= γ2

4

(
1− c

(νL2)2

)
− γ4

32

(
1− d

(νL2)4

)
, (4.74)

where c and d are positive constants. The elastic stress is, dropping the subdominant

terms for νL2 À 1,

σ0 = kBTρ
(1
2
γ− 1

8
γ3

)
. (4.75)

This shows that the suspension of rods shear thins, as the coefficient of the cubic term

is negative. This is consistent with the results of a more detailed theory for this system

based on the reptation model [81], and serves as a useful reference for comparison to

the behaviour of the L-shapes.
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4.7.2 L-Shapes

For L-shapes, bending is possible since configurations can be found where Ω̃ ≤ 0. To

compute P(γ;φ) for these shapes, we first find the probability that a particle with orien-

tation φ has bent,

PB(γ;φ)= 1−P(γ;φ). (4.76)

This is the probability that Ω̃ ≤ 0 which, from the previous discussion, happens only

when the constraints are placed on different legs. Therefore there are two possibilities

for bending to occur,

(I) η̃1 < η̃0 , θ̃0 < θ̃1 and η̃1 + θ̃0 ≤ 0,

(II) η̃0 < η̃1 , θ̃1 < θ̃0 and η̃0 + θ̃1 ≤ 0.
(4.77)

The probability of bending is then the sum of the integrals of the constraint probabilities

over each of these regions. We give the calculation for region (I) in detail, the steps

are the same for (II) so we will simply state the result. The integral over region (I) is

formally,

PB(γ;φ)=
∫
η̃1+θ̃0≤0

dη1dθ0 P(η1)P(θ0)
∫
η̃0>η̃1

dη0 P(η0)
∫
θ̃1>θ̃0

dθ1 P(θ1). (4.78)

To make progress we require expressions for the transformed constraining angles, which

are deduced straightforwardly from previous definitions,

η̃0 = η0 +γsin2(φ−η0)−γ2 sin3(φ−η0)cos(φ−η0),

η̃1 = η1 +γcos2(φ−η1)+γ2 cos3(φ−η1)sin(φ−η1),

θ̃0 = θ0 −γsin2(φ+θ0)+γ2 sin3(φ+θ0)cos(φ+θ0),

θ̃1 = θ1 −γcos2(φ+θ1)−γ2 cos3(φ+θ1)sin(φ+θ1).

(4.79)

Let us define the function A(θ0) as the value of θ1 where θ̃1 = θ̃0. The function θ̃1 in (4.79)

is monotonic in θ1 for small values of γ, so it follows that if θ1 > A(θ0), then θ̃1 > θ̃0. We

also define B(η1) as the value of η0 where η̃1 = η̃0. These functions are found to be,

A(θ0)= θ0 +γcos(2θ0 +2φ)+ 1
2
γ2(sin(2θ0 +2φ)−sin(4θ0 +4φ)

)
, (4.80a)

B(η1)= η1 +γcos(2η1 −2φ)− 1
2
γ2(sin(2η1 −2φ)+sin(4η1 −4φ)

)
. (4.80b)

The integrals over θ1 and η0 in (4.78) are now,∫ π

B(η1)
dη0 P(η0)

∫ π

A(θ0)
dθ1 P(θ1). (4.81)
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FIGURE 4.6: A sketch of the θ0,η1 plane. The line η1(θ0) with γ = 0.1 and φ = π/2, is
shown. From (4.83) this must be approximately a line with gradient −1, which intersects
the two axes at (0,θ0(φ)) and (η1(0),0). The small variations about this line are too small to

be noticeable on this figure. The shaded region is where Ω̃< 0.

However it can be shown that A(0)< 0 and B(0)< 0 when,

π+γ
4

<φ< 3π+γ
4

and
5π+γ

4
<φ< 7π+γ

4
. (4.82)

In which case, the lower limits on the integrals in (4.81) are both replaced by zero.

In a similar fashion, we define the function η1(θ0) where η̃1 + θ̃0 = 0,

η1(θ0)=−θ0 −γcos(2θ0 +2φ)− 1
2
γ2(sin(2θ0 +2φ)−sin(4θ0 +4φ)

)
. (4.83)

This defines a line in the θ0, η1, plane, which is approximately a straight line between

the points (0,η1(0)) and (θ0(φ),0), with gradient negative one, as shown in Fig.(4.6). The

shaded region in Fig.(4.6) enclosed by the axes and this line is the region where Ω̃≤ 0.

For certain orientations this region vanishes, and bending is not possible. For the region

to exist, it is necessary for η1(0)> 0, which from (4.83) occurs for orientations satisfying

(4.82). Therefore, the contribution to PB from region (I) is determined from the integral,∫ θ0(φ)

0
dθ0

∫ η1(θ0)

0
dη1

∫ π

0
dη0dθ1 P(η0)P(η1)P(θ0)P(θ1), (4.84)

with φ satisfying (4.82) and,

θ0(φ)=−γcos2φ− γ2

2
(
sin2φ+sin4φ

)
. (4.85)

Using the substitutions xl = νL2ηl and yl = νL2θl as before, the η0 and θ1 integrals will
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each evaluate to one and we are left with,

1
4

∫ νL2θ0(φ)

0
d y0

∫ νL2η1(y0/νL2)

0
dx1e−(x1+y0)/2. (4.86)

This integral is evaluated in appendix C.4. The result to lowest order in γ, is,

1− e−νL2θ0(φ)/2 − 1
2
νL2θ0(φ)e−νL2η0(0)/2. (4.87)

Using the definitions of θ0(φ) and η0(0), this is expanded to second order in γ to give the

contribution to PB from region (I),

(I)=
0, if φ ∉ (4.82)(

νL2

2

)2
γ2 cos2 2φ , if φ ∈ (4.82).

(4.88)

The contribution from region (II) is calculated by following the same procedure, and is

found to be,

(II)=
0, if φ ∈ (4.82)(

νL2

2

)2
γ2 cos2 2φ , if φ ∉ (4.82).

(4.89)

The bending probability is simply the sum of these two contributions,

PB(γ;φ)=
(νL2

2

)2
γ2 cos2 2φ (4.90)

Taking the orientational average of this, we obtain the proportion of un-bent particles,

P(γ)= 1− (νL2)2γ2/8. (4.91)

From which the scaling of γc can be extracted,

γc ∼ 1
νL2 . (4.92)

Even though this was derived explicitly for L-shapes, this scaling is expected for any

bent or branched particles. In Fig.(4.7) this scaling is compared to numerical data for Y

and X-shaped particles and we see excellent agreement.

The entropic term will need to be expanded to fourth order as it was for rods but with

P(γ,φ) included before the orientational average is taken so that the integrals are only

taken over the region with Ω̃ > 0. The exact calculation is possible albeit long winded.

Fortunately the scaling can be found using the same pre-averaging method as in section

4.5.2 (up to logarithmic corrections, see appendix C.3). We replace the angles η and θ by

their average values, and pre-average logΩ̃ and P(γ,φ) over φ in (4.72). After several
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FIGURE 4.7: A log-log plot of the critical strain, γc, against dimensionless concentration,
πνL2. The points are data taken from the numerical calculations, triangles for Y-shaped
particles and squares for X-shapes. The solid line is the scaling predicted theoretically (with
the unknown intercept fitted to the Y-shape data). We see excellent agreement between the

predicted scaling and the data.

lines of algebra, we find,

〈logΩ̃〉 =− (νL2)2

(16)2 γ2 − (νL2)4

(16)4 γ4. (4.93)

The pre-averaged entropic free energy is then found by multiplying this by (4.91),

F̄S(γ)
ρkBT

= (νL2)2

(16)2 γ2 + (νL2)4

(16)4 γ4 − (νL2)4

8(16)2 γ
4. (4.94)

Hence, the general form of the free energy to fourth order for bent and branched parti-

cles is,

FS(γ)
ρkBT

= a
2

(νL2)2γ2 − b
4

(νL2)4γ4, (4.95)

where a and b are positive constants.

We now compute the bending contribution to the free energy, which requires us to

determine the angle through which the particle has bent at a particular strain. At the

strain when the particle starts to deform, γ′, the constraining points are positioned on

different legs at η= θ = 0. Therefore from (4.11), α=φ and β=φ+π/2, so that the angle

between the two legs is χ = β−α = π/2. Straining the system further to γ > γ′ changes

this angle to χ̃ = β̃− α̃. This process bends the particle through an angle, ϑ = χ̃−π/2.

Using previous results, it is straightforward to show that,

ϑ=−(γ−γ′)cos2φ− 1
2

(γ−γ′)2 sin2φ. (4.96)
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Only the first term is needed for the bending free energy to fourth order, which is given

by

FB(γ)= 1
4

K(νL2)2ρ

∫ 2π

0

dφ
2π

cos4 2φ
∫ γ

0
dγ′(γ−γ′)2γ′

= K(νL2)2

32
ργ4.

(4.97)

Finally, we obtain an expression for the free energy for wire frames accurate to order

γ4, which includes both the entropic and bending contributions,

F(γ)
ρkBT

= a
2

(νL2)2γ2 + b
4

(νL2)2
( K
kBT

− c(νL2)2
)
γ4. (4.98)

The constants a,b and c are all positive and depend on the particle geometry chosen.

The stress immediately follows,

σ0

ρkBT
= a(νL2)2γ+b(νL2)2

( K
kBT

− c(νL2)2
)
γ3. (4.99)

This should be compared to the stress for rods (4.75). Not only is the stress for the bent

particles significantly larger and more sensitive to concentration than for rods, the sign

of the cubic term is not necessarily negative. This means that while the rod system

will always be shear thinning, the bent particle system can shear harden. If the angle

bending modulus of the particles themselves is large enough,

K & (νL2)2kBT, (4.100)

the cubic term is positive and the response is shear hardening. Alternatively this condi-

tion can be seen as a critical concentration above which the behaviour transitions from

shear hardening to shear softening,

νc ∼
√

K
kBTL4 . (4.101)

These conditions are non-trivial, because, while we have assumed K À kBT, so the

particles are very rigid, we also take νL2 À 1. If K /kBT ∼ (νL2)p for any p ≥ 1, our

results are valid but only for p > 2 is shear hardening predicted.

This behaviour has an explanation at the level of the model presented here. When a

particle starts to deform, its orientation is completely determined by the surroundings,

and as such cannot contribute to the entropic free energy. This effect is captured by

the P(γ) factor in the first term of equation (4.72). As the applied strain is increased,

more and more particles begin to bend, so fewer and fewer contribute entropically. This

deficit leads to the shear thinning behaviour of (4.95). If, at a given strain, the bend-

ing contribution is not sufficient to make up this deficit, the total stress will be shear
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thinning. Therefore, there is some critical value of the bending modulus which must be

exceeded to see a shear hardening response.

Another difference between the behaviour of the wire frames and rods is the relative

size of the non-linear term in the stress. For rods both the coefficients of γ and γ3 in

(4.75) are of order one, implying non-linear effects are only important for larger strains.

On the other hand, the coefficient of γ3 in (4.99) is O ((νL2)4) but the coefficient of γ

is only O ((νL2)2). This shows that the non-linear effects can begin to be important at

very small strains. This can explain the difference between the numerical data and the

linear theory in Fig.(4.4). In the numerical calculations K = 0, so shear softening is

expected, reducing the measured stress compared to what is predicted from the linear

theory.

4.8 Discussion

We have discussed the elastic stress response to step strain in a dense suspension of rod-

like, bent and branched particles using a simple geometrical method. The principle of

this method is to determine the volume of configuration space accessible to a particular

particle, given the constraints placed on it by its surroundings, and how this volume

changes when the constraints are moved by the applied strain. The accessible volume

of configuration space is related to the entropy of the particle, and so when it changes

this leads to a change in the free energy of the system. The stress calculated from this

free energy should be interpreted as that measured immediately after the step strain is

applied.

In this chapter we illustrated this method on a simple 2D model system. Here a test

particle is surrounded by point-like constraints which it cannot cross. These points play

the role of the other particles in three dimensions by providing kinetic constraints. The

test particle is free to rotate about its fixed centre until it collides with the constraints.

The constraints are taken to transform affinely with the applied strain. We focus specif-

ically on the difference between straight rods and bent or branched wire frames, using

L-shaped particles as an example.

The crucial difference between rods and the other particles is that the constraints

on rotation can be placed on different legs. The consequence of this is that the range of

angles accessible to an L-shape after the strain is applied can be zero or even negative.

This means the particle must have deformed to satisfy the constraints. This must con-

tribute to the free energy. This is taken into account by introducing the function, P(γ),

interpreted as the proportion of particles which have not bent at a strain γ. We find

that, to lowest order in γ, this is given by P = 1− (γ/γc)2, where γc is the critical strain

above which most particles have bent. We determined that γc ∼ (νL2)−1, which agrees

well with the scaling found from simple numerical calculations for the 2D model. With

the inclusion of the bending mechanism, the free energy was found to O (γ4) and used to
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discuss the magnitude of the linear elastic stress as well as the nature of the non-linear

response for different particle shapes. The linear elastic stress for rods calculated by

this method agrees precisely with that found from a calculation based on a reptation

model.

This simple model shows two interesting differences between rods and wire frame

particles:

1) The linear elastic stress per particle for the wire frames scales proportional to

(νL2)2 whereas for rods it is roughly independent of concentration. This is a significant

difference. As we are taking νL2 À 1, the stress for wire frames is much larger than

for rods and much more sensitive to concentration. This stronger scaling is found for

any particle bent through an angle ∼ O (1) and so the rheology of the system is highly

sensitive to the particle shape. This is in good agreement with numerical data.

2) There is a critical concentration beyond which the elastic stress for branched

particles changes from shear hardening to shear softening. The value of this critical

concentration depends on the elastic modulus of the particle, νcL2 ∼ (K /kBT)1/2. This

is also very different from the behaviour for rods, where the system is always shear

thinning. It is important to recall that our results have all been derived for particles

constructed from infinitely thin rods. Therefore, to understand their relevance for real

physical systems, it is necessary to discuss the impact of the constitutive rods having

finite width. The most important difference will be for straight rod particles. When the

straight rods have finite thickness, it is possible for them to be forced to bend to respect

their constraints. If the thickness of the rod is b, then the strain above which the rod

will be forced to bend is approximately, γrod
c ∼ (ρbL)−1. For very thin rods with large

aspect ratios, this strain is quite large and certainly very large compared with that for

wire frames given in (4.92). This bending can lead to shear hardening in straight rod

systems above γrod
c not predicted by the model we present here. Nevertheless, the main

results of our work, that wire frame suspensions have much larger elastic moduli and

more pronounced non-linear behaviour at a given strain than straight rod suspensions,

are still true.

The ultimate shear hardening of rod suspensions above γrod
c is similar to that predicted

and observed for entangled networks of semi-flexible rods such as actin/fibrin bundles

for strains above ∼ 20% [120–122]. While these systems differ from ours in two key

ways; our systems have no persistent chemical cross links, only kinetic entanglements

and semi-flexible rods experience significant thermal bending fluctuations compared to

our rigid rods, there are certain similarities between the two systems’ behaviour. Specif-

ically, the large plateau modulus and shear stiffening response. As such, it is very inter-

esting to consider how the work presented here may be related to that on semi-flexible

networks, either by allowing for finite flexibility of the constituent rods or extending

our results to larger strains where the finite thickness of the constituent rods becomes

important.
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We hope the simple model presented here may be a useful starting point for inves-

tigating other interesting features of wire frame systems, such the decay timescale for

the stress in the system of branched particles. For such particles, the reptation pro-

cess which allows rods to diffuse in a densely constrained system is no longer possible.

Hence we may expect to find very different time dependence of the stress and the 2D

model provides a framework for investigating this where exact calculations are possible.

We discuss these possibilities briefly in Chapter 6.
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Chapter 5

Elastic Response of Wire Frame
Glasses - Three Dimensional Systems

In the previous chapter, we introduced a simple geometric method for determining the

initial stress response to a step strain of a dense, glassy suspension of wire frame par-

ticles. There the method was applied to a two dimensional model system which could

be treated easily. That model showed that there was a significant difference between

straight rod-like particles and bent or branched wire frames in both the magnitude of

the linear elastic response and character of the non-linear behaviour. Here, we extend

our discussion to three dimensional systems and compare suspensions of straight rods,

as in Fig.(5.1a), to suspensions of bent and branched wire frames, such as L-shapes

and 3D Crosses shown in Figs.(5.1b&c) respectively. For simplicity, in this chapter we

will often only consider simple wire frame shapes, such as L-shapes, but the general

conclusions will apply to other, more complicated, bent and branched shapes. We show

that the striking differences between wire frame and rod suspensions found in the two

dimensional model carry over analogously to three dimensions.

The principle of the geometric method outlined in Chapter 4 (sections 4.2 and 4.6)

carries over directly to three dimensions and so the general expression for the free en-

ergy (4.72) is also the same. Using the form of PB(γ) from equation (4.69) this can be

re-written as

F(γ)=−kBTρ
∫

dΓψ(Γ)P(γ;Γ)
〈

logΩ̃(Γ;γ)
〉
+ K

12
ργ4

∫
dΓψ(Γ)

∆2(Γ)
γ2

c(Γ)
. (5.1)

This is the starting point for all of our calculations in three dimensions. We will refer

to the first term as the entropic term, which contributes to both the linear and the

non-linear elasticity, and the second term as the bending term, which only contributes

to the non-linear elasticity. With equation (5.1) for the free energy we may determine

the elastic stress for the wire frame glass from purely geometric considerations. In three

dimensions it is difficult to make progress exactly without resorting to heavy algebra. In

this chapter we present two approaches to the problem. The first uses simple arguments

based on the understanding built up from the 2D model in Chapter 4. The second

is a more detailed approach which uses a mean field like approximation to replace the
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FIGURE 5.1: Sketches of the systems considered. (a) A dense suspension of rod like parti-
cles. A test rod is shown in cyan. The motion of the test rod is restricted by the surrounding
red rods, but it can still diffuse along its length, so the suspension is still in a fluid state.
Panels (b) and (c) show examples of dense suspensions of wire frame particles. (b) shows a
test L-shaped particle in cyan and a 3D cross particle is shown in (c). These particles are
completely trapped by their surroundings, shown in red. If they moves along the length of

one of their legs, the other becomes entangled. The system is frozen in a glassy state.

constraints placed on a test particle by those found on average. These both show striking

differences between wire frames and rods in both the linear and non-linear responses

in the same way as in two dimensions. We test the consistency of both approaches by

comparing the results for rigid rods to the well known Doi & Edwards theory [81] and

we find, to leading order in the density, they both reproduce the known result. While the

simple approach provides more intuitive explanations and essentially the same results

it is still very important to present the more detailed approach. The more detailed

model can not only test the accuracy of the approximate methods but can also form a

basis for future calculations where the simple arguments fail. We conclude this chapter

by discussing our results in reference to real DNA nanostar systems in section 5.2.4.

5.1 Simple Approach

We first tackle the problem in three dimensions by using a simple approach. This

method does not rely on an exact formulation of the constraints and their transfor-

mations as was used in two dimensions in Chapter 4 but instead aims to extract the

important behaviour by use of physically motivated scaling arguments.

5.1.1 3D Model

The model we will use for these 3D systems is constructed by analogy to that used in

Chapter 4 for 2D systems. We consider a single test particle whose centre is fixed at the

origin. The rotations of the particle about its centre are restricted by legs of surrounding

particles which pierce a sphere of radius L centred at the origin, surrounding the test

particle. We represent these intersections by points on the surface of the sphere, the
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FIGURE 5.2: A sketch of the 3D model we consider. The intersections of legs of surrounding
particles with the sphere encircling the blue, L-shaped, test particle are shown as red points
on that sphere. The position vectors of these points are, Lvi. These points are connected
together by red lines to make triangular cells which tessellate the surface of the sphere.
The legs of the test particle are constrained to lie in one of these cells. The cell occupied by
one leg of the test particle in this case is shown shaded in red. The identification of the cells
occupied by the particle totally determines its orientation as well as Ω, and all properties

of the cells are determined by the vectors of its vertices, vi.

position vectors of which are given by Lvi, where vi is a unit vector. The configuration

of the constraints is determined by the set of these unit vectors, C = C(v1,v2, · · · ). The

intersection points may be connected to each other to form “cells” tessellating the surface

of the sphere. Each leg of the test particle is then constrained to lie within one of these

cells. For simplicity, let us suppose that each of these cells are identical triangles. This

is sketched in Fig.(5.2), with an L-shaped, test particle shown in blue, the intersection

points shown in red joined by red lines to form the cells. The cell occupied by one leg of

the test particle is shown shaded in red. The unit vectors vi determine the vertices of

the cells and can be used to find the accessible volume of configuration space, which is

written, Ω(Γ;C({vi})). The orientations of each leg of the particle are identified as the

centres of the cells which they respectively occupy, which determines Γ. This simple

picture will be shown to arise from a mean field argument in section 5.2.1, where the

constraints are replaced by those found on average.

When the shear transformation is applied, we assume that each intersection point

is moved affinely so that the unit vectors vi transform according to,

vi → ṽi = (1+κ) ·vi

|(1+κ) ·vi|
, (5.2)

where κ is the strain tensor. Each cell then changes shape accordingly and the accessible

volume of configuration space transforms;

Ω
(
Γ;C({vi})

)→ Ω̃
(
Γ; C̃({ṽi})

)
(5.3)
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FIGURE 5.3: (a) A sketch of configuration of a kinked, test particle with opening angle χ.
Shown before the step shear is applied and as a cross section in the plane of the particle.
Both legs of the particle are constrained to lie in the shaded red cells which each have
angular size ∆θ. The central vectors of each cell are u1 and u2 which make an angle of χ
to each other. (b) After the strain is applied, the central vectors are transformed to ũ1 and
ũ2 and the angle between them is now χ+∆χ. The average angular size of a cell after the
shear is the same as before, ∆̃θ ≈∆θ. If the change ∆χ is bigger than ∆θ on average, then

the test particle cannot maintain its original shape and it must bend.

This formulation of the problem can be used for detailed calculations but it also allows

for the important physical features to be determined from simple considerations.

5.1.2 Bending Probability

In Chapter 4 it was shown that the most important difference between straight, rod-like

particles and general wire frames was that the wire frames can be forced to bend by the

surroundings when the shear stress is applied, whereas rods always remain straight.

This is quantified by the function P(γ;Γ), as introduced in (4.69). This is always one for

rigid rods, because the transformation (5.2) is one to one. This means all the vertices of

each cell tessellating the surface of the sphere are transformed to distinct points, and

no cell vanishes or overlaps with another. The value of Ω for a rod is always given by

the surface area of one of these cells, and is therefore never zero or negative; bending is

impossible. We wish to estimate the critical strain γc above which a general wire frame

particle will begin to bend.

To make this estimation we may consider a simple particle shape. A particularly

illustrative choice is a ‘kinked’ particle, a generalisation of an L-shape where the two

equal length legs are joined at an angle χ. This kind of particle was studied in detail in

Chapter 4. Before the strain is applied, each leg lies in a separate cell. Let us define

the two vectors pointing to the centre of each cell as u1 and u2. Initially these make an

angle of χ to each other,

cosχ=u1 ·u2. (5.4)
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This situation before the shear is sketched as a cross section in the plane of the test

particle in Fig.(5.3a).

When the shear transformation is applied, the two unit vectors change according to

the rule (5.2). This changes the angle between them to χ+∆χ, defined by,

cos(χ+∆χ)= ũ1 · ũ2. (5.5)

The change in the angle will be a function of the applied strain, ∆χ(γ), as well as the

orientation of the particle which is described by the two unit vectors u1 and u2. If, on

average, the size of this change in angle is larger than the average angular size of a cell,

∆θ, then the particle cannot maintain its original shape. This is shown in Fig.(5.3b).

Let us define the average size of ∆χ as its root mean square value,

∆χ(γ)=
√

〈∆χ2(γ)〉, (5.6)

the average here is taken over an isotropic distribution for the vectors u1 and u2. The

particle will be forced to bend if ∆χ > ∆θ, hence the critical strain for bending is esti-

mated from,

∆χ(γc)∼∆θ. (5.7)

The average squared change in angle is found by assuming ∆χ∼ γ, expanding both sides

of (5.5) and matching them to first order in the strain so that,

∆χsinχ= καβ(uα1 uβ1 +uα2 uβ2)cosχ− (καβ+κβα)uα1 uβ2 , (5.8)

here and henceforth summation is implied over repeated indices. From which it may be

shown that (see the appendixD.1 for details),

〈∆χ2(γ)〉 = 1
5
γ2 sin2χ. (5.9)

The average angular size of a cell will be approximately the same both before and after

the shear transformation. This can be estimated straightforwardly by using an argu-

ment similar to that used to find the tube radius for the reptation of rods[81, 89]. We

define ∆θ as the average angle through which the particle must be rotated to first come

into contact with a surrounding particle. When the particle is rotated about any axis

each of its legs sweep out a plane. The constraints on the test particle are imposed by

particles intersecting this plane. The area, a, of the region swept out by rotating the

particle by ∆θ is approximately,

a ∼ L2∆θ. (5.10)
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Therefore, the average number of particles intersecting this region can be approximated

as,

N ∼ ρLa ∼ ρL3∆θ. (5.11)

Choosing ∆θ so that N ∼ 1, determines the average angular size of each cell,

∆θ ∼ 1
ρL3 . (5.12)

Then using (5.6), (5.9) and the condition (5.7) for the critical strain, we have

γc ∼ 1
ρL3|sinχ| . (5.13)

This is a very illuminating result, showing explicitly the difference between straight

rods and bent wire frame particles. When the rod is straight, χ → 0,π, this critical

strain diverges. This shows that rods never bend, no matter the applied strain. On

the other hand, if the particle is even slightly kinked, then the critical strain decreases

to an extremely small value ∼ (ρL3)−1. We can estimate for which particle shapes the

bending mechanism becomes important by finding the opening angle χc where γc ∼ 1.

In the concentrated limit, this translates to,

χc ∼ 1
ρL3 . (5.14)

So for particles with opening angle χ& χc, L-shapes or 3D crosses for example, the sus-

pensions behaviour will be dominated by the bending mechanism. In the next sections

it will be shown that this is responsible for markedly different behaviour of suspensions

of wire frame particles compared to suspensions of rods.

5.1.3 Linear Response

Initially we focus on the linear response of these systems. This requires computing the

entropic free energy as in (4.9). The additional factor of P(γ;Γ) included in equation

(5.1) is not needed here as it only effects the non-linear stress. To check the accuracy of

the model we have constructed, we compare its results for rods to the well known Doi

& Edwards theory[81], which is based on the tube model. We then discuss the linear

elasticity for wire frame particles, by using the simple example of an L-shaped particle.

Rods

For rod-like particles, the model can be used to calculate the linear elastic stress exactly,

to leading order in the density. The orientation of the rod is specified by the unit vector

u running parallel to its length. The constraints on the particle are defined by the cell,

C, which it occupies. This cell is defined by the three vectors of its vertices, v1, v2 and
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FIGURE 5.4: A sketch of a test rod, shown in blue, with orientation parallel to u which is
constrained by the surroundings to lie in the red cell whose area is Ω(u;C). The vertices
of the cell are at positions given by v1, v2 and v3. The area Ω can be determined by first
finding the volume, V of the green polyhedron whose vertices are the origin and those of

the red cell.

v3. The accessible volume of configuration space is written, Ω(u;C). When the shear

transformation is applied, the vertices of C move according to the transformation rule

(5.2) and the accessible volume changes to Ω̃(u; C̃).

To determine the entropy, we must compute the ratio Ω̃/Ω. This can be calculated by

considering the change in volume of the polyhedron whose vertices are at the origin, v1,

v2 and v3. The polyhedron is sketched in Fig.(5.4). Using simple geometry, the volume

of this polyhedron before the shear is,

V =
∫

dΩ
∫ |u|

0
dr r2 ≡ 1

3
|u|3Ω(u;C). (5.15)

After the shear is applied the volume changes by definition to,

Ṽ = det(1+κ)V . (5.16)

This can also be written as,

Ṽ = 1
3
|(1+κ) ·u|3Ω̃(u; C̃). (5.17)

Dividing (5.17) by (5.15) and using (5.16) yields the ratio,

Ω̃(u; C̃)
Ω(u;C)

= |u|3
|(1+κ) ·u|3 det(1+κ). (5.18)

To calculate the entropy, we need to take the logarithm of this ratio,

log
Ω̃(u; C̃)
Ω(u;C)

= 3log |u|−3log |(1+κ) ·u|+ logdet(1+κ). (5.19)
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The final term of this can be treated using the identity, logdet A =Trlog A, which holds

for any square, non-singular matrix A. This yields

Trlog(1+κ)=−1
2

Trκ2 +O (κ3). (5.20)

The first order term in κ in this expansion vanishes because of the incompressiblilty

condition, Trκ= 0.

The other two terms in (5.19) are now expanded to second order in κ,

logΩ̃/Ω=−3u ·κ ·u− 3
2

[|κ ·u|2 −2(u ·κ ·u)2]− 1
2

Trκ2. (5.21)

The entropic free energy can now be obtained by averaging over u, which is written in

components as,

Fs(κ)
kBT

= 3ρκαβ〈uαuβ〉+ 3
2
ρκµακµβ〈uαuβ〉−3ρκαβκµν〈uαuβuµuν〉− 1

2
ρκαβκβα. (5.22)

To lowest order in density, the distribution of u can be taken to be isotropic. In which

case the averages are,

〈uαuβ〉 = 1
3
δαβ, (5.23a)

and

〈uαuβuµuν〉 = 1
15

(δαβδµν+δαµδβν+δανδβµ). (5.23b)

So that the free energy becomes,

F(κ)
kBT

= 3
10
ρκαβκαβ− 6

5
ρκαβκβα. (5.24)

Where once again we have used the fact that κ is traceless. We now restrict our attention

to the case of simple shear, where κ has only one non-vanishing component κxy = γ. In

this case, it is straightforward to show that,

F(κ)= 3
10

kBTργ2, (5.25)

and the linear elastic stress follows immediately,

σ= 3
5

kBTργ. (5.26)

This result is in precise agreement with the well known Doi & Edwards result. This

demonstrates the consistency of our simple 3D model.
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Wire Frames

An explicit calculation of the stress for general wire frame particles in 3D is very compli-

cated. However, the understanding developed in Chapter 4 can be used to determine the

scaling of the stress from a simple argument. As discussed in section 5.1.2, the crucial

difference between general wire frame particles and rods is the possibility of bending.

While rods can keep their shape for arbitrary γ, wire frame particles cannot and begin

to bend above a certain strain. We will exploit this fact to estimate Ω for general wire

frames.

Consider the L-shaped wire frame shown in Fig.(5.2). Each leg of the particle is

constrained to lie in a separate cell, which we will call C1 and C2. Let us now consider

two unconnected rods in orientations u1 and u2. We choose these to be the two unit

vectors pointing from the corner of the L-shape towards the centres of the cells C1 and

C2 respectively, so that these two rods are co-incident with the two legs of the L-shape.

The areas of each of the two cells are the regions of configuration space accessible to

each of the rods, which are written

ΩRod(u1;C1) and ΩRod(u2;C2). (5.27)

The configuration space available to an L-shape must be approximately equal to the

area of one of these cells. At equilibrium, before the strain is applied, the cells have

approximately equal area implying

ΩRod(u1;C1)≈ΩRod(u2;C2)≈ΩL(Γ;C), (5.28)

where ΩL is the volume of configuration space available to the L-shaped particle.

When the strain is applied the areas of the cells all change,

ΩRod(u1;C1)→ Ω̃Rod(u1; C̃1), (5.29a)

ΩRod(u2;C2)→ Ω̃Rod(u2; C̃2). (5.29b)

The space available to the L-shape also changes,

ΩL(Γ;C)→ Ω̃L(Γ; C̃). (5.30)

As shown previously, bending is impossible for infinitely thin rods so that neither of

the new areas are negative; Ω̃Rod(u1; C̃1) > 0 and Ω̃Rod(u2; C̃2) > 0. On the other hand,

for certain configurations, the L-shaped particle can become locked by its surroundings

and start to bend. Until the strain at which this happens, the accessible configuration

space for the L-shape can be approximated by the area of one of the deformed cells C̃1

or C̃2, which will both be approximately the same size on average. Above the critical
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strain for bending, γc(Γ), the L-shape cannot access any configuration space and Ω̃L = 0.

Therefore, we can estimate

Ω̃L(Γ; C̃)≈ P(γ;Γ)Ω̃Rod(u1, C̃1). (5.31)

Note that it does not matter which cell we choose for the right hand side of this equation

since they will both transform in the same way. The probability of not bending appears

in the above expression so that, in the average over orientations and constraints, the

possibility of a given L-shaped particle accessing a given volume of configuration space

appears with the appropriate probability.

Substituting this into the expression for the free energy (4.9) gives,

Fs(γ)
kBT

=−ρ〈
logP(γ;Γ)

〉−ρ〈
logΩ̃Rod(u1; C̃1)

〉
, (5.32)

where the angle brackets denote averaging over orientations Γ and constraint configura-

tions C. The second term is just the same as that for a single rod and may be calculated

in a similar manner as in the previous section. Therefore, this term must be of the form,

ρ
〈

logΩ̃Rod(u1; C̃1)
〉=−cργ2, (5.33)

where c is a positive constant of order unity. The first term in (5.32), however, is very

different. Using (4.69) we have,

ρ
〈

logP(γ;Γ)
〉= ρ〈

log
(
1−γ2/γ2

c(Γ)
)〉

. (5.34)

This may be expanded to O (γ2) to obtain the free energy relevant for the linear elasticity

of wire frame systems,
F(γ)
kBT

= ρ
〈

γ2

γ2
c(Γ)

〉
+ cργ2. (5.35)

Replacing γc(Γ) by its average, and using its scaling found in (4.92), this becomes,

F(γ)
kBT

= aρ(ρL3)2γ2 + cργ2, (5.36)

where a is another constant. For the dense suspensions we consider, where ρL3 À 1,

the first term dominates the second and the free energy scales like,

F(γ)∼ kBTρ(ρL3)2γ2. (5.37)

It follows then that the linear elastic stress for concentrated suspensions of L-shapes

scales as,

σ∼ kBTρ3L6γ. (5.38)
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This is far larger than that found for rods in (5.26), and much more sensitive to the

density and size of the particle. This is qualitatively consistent with the simulation

results[91, 92] for dense suspensions of rigid 3D crosses, sketched in Fig.(5.1c). Those

simulations showed that the zero shear rate viscosity of a dense suspension of these

particles increased by approximately three orders of magnitude when the volume frac-

tion was increased from 0 to 0.1. It is difficult to quantitatively compare these results to

ours because the density dependence of the zero shear rate viscosity is also determined

by that of the relaxation time of the stress, which is not addressed in this series of pa-

pers. We hope that the methods we have introduced can provide a useful framework for

studying this problem and more accurate comparisons can be made in the future.

The argument presented in this section shows that, even though the energy associ-

ated with bending the particles themselves only contributes to the non-linear elasticity

(as shown in (5.1)), the fact that wire frame particles can be forced to bend is responsible

for the very large magnitude of the linear elasticity in these systems. This is because the

accessible volume decreases very rapidly with strain when a particle is close to bend-

ing. In section 5.1.2 it was shown that γc is very small and the bending mechanism

becomes important for kinked particles with opening angle χ& (ρL3)−1. Therefore, the

very strong density dependence of the stress found in (5.38) is expected for particles

which are only slightly bent away from a straight rod, through an angle of about χ≈ 20◦

say. It is clear also that branched particles, such as Y-shapes or 3D crosses (shown in

Fig.(5.1c)), should exhibit the same scaling. This discussion shows that the elastic stress

in concentrated suspensions of wire frame particles is extremely sensitive to the parti-

cle shape, displaying radically different behaviour compared to rods for even modestly

bent particles. The example of 3D crosses is especially noteworthy, since a dilute sus-

pension of these particles has no elastic response for fundamental symmetry reasons[1].

This means that the behaviour of suspensions of these particles will be most sensitive

to concentration, exhibiting a sharp transition from a Newtonian fluid to an elastic gel.

5.1.4 Non-Linear Response

Rods

For rod like particles, the extension non-linear elasticity is straightforward because

there is no probability of bending, P(Γ;γ) = 1. Therefore all that needs to be done is

expand the entropy to O (γ4). The exact calculation is long winded but we can appeal to

the result in Chapter 4, as well as results based on the tube model for the general form.

These show that the suspension shear thins, with the stress to O (γ3) being given by,

σ= kBTρ(aγ−bγ3), (5.39)
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where a and b are positive, order unity and approximately independent of density for

ρL3 À 1.

Wire Frames

For wire frame particles, both the entropic and bending contribution to the free energy

are required. In particular, for L-shaped particles, the entropic free energy can be esti-

mated from the expression for the accessible configuration space volume for a rigid wire

frame (5.31) introduced in section 5.1.3. From the first term in (5.1) we have,

Fs(γ)
kBT

=−ρ〈
P(γ;Γ) logP(γ;Γ)

〉−ρ〈
P(γ;Γ) logΩ̃flex(Γ; C̃)

〉
. (5.40)

For simplicity, we introduce the following pre-averaging approximations,

〈
P(γ;Γ) logP(γ;Γ)

〉≈ 〈
P(γ;Γ)

〉
log

〈
P(γ;Γ)

〉
, (5.41a)

and 〈
P(γ;Γ) logΩ̃flex(Γ; C̃)

〉≈ 〈
P(γ;Γ)

〉〈
logΩ̃flex(Γ; C̃)

〉
. (5.41b)

These approximations make our analysis simpler, but do not change the nature of our

results.

Due to the fact that legs of the flexible L-shape behave as independent rods, we can

write 〈
logΩ̃flex(Γ; C̃)

〉∼−a
2
γ2 + b

4
γ4, (5.42)

where a and b are positive and approximately independent of ρ, so that the stress aris-

ing from this term is the same form as (5.39) for rods. Along with the definition (4.69),

this allows us to write the entropic free energy as,

Fs(γ)
kBT

=−ρ
(
1− γ2

γ2
c

)[
log

(
1− γ2

γ2
c

)
− a

2
γ2 + b

4
γ4

]
. (5.43)

Which, when expanded to fourth order in γ gives

Fs(γ)
kBT

= ρ
( 1
γ2

c
+ a

2

)
γ2 −ρ

( 1
2γ4

c
+ a

2γ2
c
+ b

4

)
γ4. (5.44)

Using the scaling of γc with density, and dropping the sub-dominant terms we obtain

the general scaling form of the entropic free energy for wire frame particles,

Fs(γ)
kBT

∼ g
2
ρ(ρL3)2γ2 − h

4
ρ(ρL3)4γ4, (5.45)

where g and h are positive constants which depend on the particle geometry. Note that

in deriving this form, we have assumed that the function P(γ;Γ) is exactly as given in
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(4.69) with no corrections O (γ4). This clearly need not be the case, however including

these terms does not alter the general from of (5.45). The term proportional to γ4 in

the entropic free energy (5.45) must appear with a negative sign since at a strain ∝ γc,

the entropic free energy is zero. This strain also approximately represents the limit

of the description presented here, because above this strain other effects, such as the

non-linear elasticity of the particles themselves, will begin to play a role.

The bending free energy is calculated directly from (5.1),

FB(γ)∼ K
4
ρ(ρL3)2CBγ

4, (5.46)

where we have defined the positive constant,

CB = 1
3(ρL3)2

〈
∆2(Γ)
γ2

c(Γ)

〉
, (5.47)

which is order unity and depends on the particle geometry.

The total free energy is therefore the sum of (5.46) and (5.45),

F(γ)
kBT

∼ g
2
ρ(ρL3)2γ2 + 1

4
ρ(ρL3)2

( K
kBT

CB −h(ρL3)2
)
γ4, (5.48)

This can lead to two different behaviours for the stress, depending on the value of K
relative to the density. This is due to the competition between the positive and negative

contributions to the coefficient of the γ4 term. If the coefficient of γ4 is positive, the

suspension shear hardens. This occurs when the bending modulus satisfies,

K
kBT

& (ρL3)2. (5.49)

This condition is non-trivial since, for our results to be valid we require both ρL3 À 1,

and due to the rigidity of the particles, K À kBT. We can take, K ∼ kBT(ρL3)p, for

any p ≥ 1 and our results will still hold, but only for p > 2 will we see shear hardening.

Alternatively this can be understood as a condition on the density, and equation (5.49)

would imply that above a critical density,

ρc ∼
√

K
kBTL6 , (5.50)

the suspension will shear thin. The exact values of K and ρ where the cross over be-

tween these two behaviours occurs depends on the particle geometry through the ratio

CB/h. This situation is qualitatively exactly the same as was found in Chapter 4 and

has the same explanation at the level of the model presented here.

This section has shown how the results of the two dimensional model presented in

Chapter 4 carry over to three dimensions. Here we used a simplified approach which
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relied on a number of assumptions and approximations based on what was found in two

dimensions. This is very useful and informative but it is important to see how these

results can be obtained using a more accurate detailed approach.

5.2 Detailed Approach

In this section we tackle the problem in three dimensions in detail. In the two dimen-

sional model presented in Chapter 4, it was possible to write down the volume of config-

uration space to a test wire frame exactly in terms of the positions of the constraining

points. We could then determine the free energy exactly using this and knowledge of

how the constraining points transform under shear. We aim to do the same in three di-

mensions. We find that, while it is possible to do this precisely, it is more convenient to

introduce a mean-field-like approximation where the constraints on a particular parti-

cle are replaced by those found on average. This simplifies the way that the constraints

on the test particle are determined by the surroundings as well as how they transform.

We are also able to discuss the accuracy of the approximations used quantitatively. This

method produces the same results as those found by the simple approach, but places

them on more rigorous footing and may allow for further calculations to be performed

in cases when the simple approach fails.

5.2.1 Detailed 3D Model

The model 3D model we use for the detailed approach is essentially the same as that

introduced in Section 5.1.1. The orientation of a test particle positioned at the origin

is constrained by surrounding particle which pierce a sphere of radius L centred on the

origin. As shown in Fig.(5.2), the points of intersection of the surrounding particles

with this sphere can be connected together to form cells which tessellate the surface of

the sphere and the orientation of the test particle is constrained to lie in one of these

cells. In Fig.(5.2) we drew these cells as equally sized equilateral geodesic triangles,

whose edges are all great circle segments. Here we aim to demonstrate how this picture

arises from a mean-field-like approximation where the constraints are replaced by those

found on average. While this quite simple, we show that it is somewhat inconvenient

for performing calculations. This difficulty is resolved by approximating the shape of

the cells, which is shown to only introduce a very small error. We then go on to apply

the mean field approximation to the transformed constraints and show that on average

they transform affinely. This justifies the assumption we made in both Chapter 4 and

section 5.1.1.

At this point, it is important to define two different frames which we will use through-

out our calculations. The first frame is the laboratory frame, which is aligned with the
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strain such that the simple x-y shear transformation can be written as

T ≡ 1+κ=


1 γ 0

0 1 0

0 0 1

 . (5.51)

The axes of this frame are denoted by X ,Y and Z, and all vectors in this frame are

indicated by capital letters.

The other frame is the particle frame, whose axes are labelled by x,y and z and

the vectors by lower case letters. This is aligned with the particle such that the rod is

parallel with the z axis, and and L-shape, for example, has one leg parallel with the

z-axis and the other parallel with the x-axis.

A vector, A, in the laboratory frame is related to the corresponding particle frame

vector, a, by the following transformation,

A=Rz(φ) ·R y(θ) ·Rz(χ) ·a≡ R ·a. (5.52)

Where Rz(φ) is the rotation matrix for an anti-clockwise rotation of φ about the z-axis.

The three angles φ,θ and χ define the orientation of the particle in the laboratory frame.

Defining Constraints

It is most convenient to discuss the constraints placed on the particle in the particle

frame. The orientation of the particle in the laboratory frame will only become relevant

when the transformation, T, is applied, as in the next section. The particle is always

oriented so that one leg, or the whole rod, lies parallel to the z-axis in the particle frame,

so this configuration is never constrained by definition. Therefore, the constrained con-

figurations are discussed in terms of their orientations relative to this reference config-

uration.

Let us define the angles, ξ ∈ [0,2π], η ∈ [0,π] and ζ ∈ [0,2π] to describe a constrained

orientation in the particle frame. These are the angles the particle would need to be

rotated by about the x,y and z axes respectively in order to overlap with one of the con-

straining points on the surface of the sphere in Fig.(5.2). We can calculate the accessible

area of configuration space in terms of these angles, using the volume element,

dΩ= dζdξd(cosη). (5.53)

Note that dξd(cosη) represents the surface area element on a unit sphere in the particle

frame. This can be understood as the sphere shown in Fig.(5.2). We shall refer to the

surface of this sphere as the “configuration sphere”, denoted by S . This is the configu-

ration space for the rigid rod particle; for the L-shaped particles the third rotation must
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FIGURE 5.5: (a) The configuration space of the cyan rod, S , is shown with the particle
frame axes indicated. The equatorial plane is shown in yellow. A red rod from the surround-
ings intersects S , becoming dashed when it is inside. The red rod prevents the cyan rod
from crossing the blue plane, Π. (b) The plane Π intersects, S along the curve, C =Π∩S .
This curve is a segment of a great circle. A rotation about the y axis by an angle η is shown.
(c) A constrained orientation where the cyan rod has collided with the plane, Π. The con-
straints on the orientation of the cyan rod are represented by several planes analogous to

Π.

be taken into account. To begin with, we will only consider the constraints placed on the

rod. This discussion will make it clear how to deal with the L-shaped particles.

The configuration of a test rod is constrained if a surrounding rod intersects a sphere

of radius L whose centre is coincident with that of the rod. We can always map this onto

a rod intersecting S . The rod intersecting S generates a plane, Π, passing through

the origin which the test rod cannot cross. This is shown in Fig.(5.5a), with the test

rod drawn in cyan and the constraining rod in red. Alternatively, we could understand

this constraint as a curve, C , on S . This curve is the intersection of the plane with the

sphere, C =Π∩S , and is therefore a segment of a great circle. This is shown as the blue

line in Fig.(5.5b). In panels (b) and (c) of this figure, we show how a constraint is placed

at an angle η. To fully constrain the orientation of the test rod to a cell, there must be

some parts of S which cannot be accessed from the starting configuration parallel to the

z-axis. This requires at least three surrounding rods to intersect S . The three resulting

great circle segments on S enclose the test rod to form the cells. In general, the cells

take the forms of curvilinear polygons on S , whose edges are great circle segments.

An example of such a cell is shown in Fig.(5.6), where five surrounding rods form an

irregular pentagon on S . The cell need not be convex, as seen in Fig(5.6b). If the test

particle were not a rod, but rather a shape with more legs, then this picture would carry

over in essentially the same way. The difference would be that each edge of the polygon

could come from a constraint on a different leg. These constraints would then transform

differently under the applied strain. It will be shown later that this is what leads to the

important difference between the L-shaped and rod systems.

We have now described how we can the constraints on a test particle can be for-

mulated in three dimensions. While this is accurate, it is difficult to proceed with this
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FIGURE 5.6: An example of the constraints placed on a test cyan particle. Viewed from the
side in (a) and above, looking down the z-axis, in (b). Here there are five constraining rods,
shown in red, intersecting S . These constrain the cyan rod to lie somewhere in the interior
of the polygon formed by the blue curves. Each edge of the polygon is a segment of a great
circle, and its area is Ω. We choose to show an example here where the polygon is concave

to illustrate the possible complexity of this definition.

definition of the constraints for two main reasons. First, since the surrounding particles

are only defined in terms of their statistical distribution, we would need to account for

every possible realisation of the constraints with each occurring with the appropriate

probability. For instance to calculate the entropy, we would need the probability that

the curvilinear polygon cell on S has a particular number of sides and set of internal

angles, as well as an expression for Ω in this case. The second difficulty comes in com-

puting the transformation, Ω→ Ω̃. While it is possible to relate all the relevant features

of the cell to the orientations and positions of the centres of the surrounding rods, and

then transform these according to the appropriate rules, the algebra quickly becomes

intractable.

To make progress we introduce a simple mean field approximation, where the exact

constraints for a given configuration are replaced with the average constraints. The pro-

cess is shown graphically in Fig.(5.7) and explained in detail in the figure caption. The

idea is to construct the cells by exploring S with a test particle until it is constrained.

Each time a constraint is encountered, it is replaced with what would be found on av-

erage. This results in the cells being geodesic triangles on S , with corners at angular

positions (0,0), (η,ξ+) and (η,−ξ−) and each edge being a great circle segment. On aver-

age, each cell has the same area. In this construction, we have assumed that the region

defining Ω is convex, later in this section it will be shown that the probability of this

assumption failing is extremely small in the case when ρL3 À 1. In this mean field pic-

ture the configuration sphere does indeed look like the simple sketch shown in Fig.(3.2).

This mean field approximation, while a great simplification to the original problem, is



160 Chapter 5. Elastic Response of Wire Frame Glasses - Three Dimensional Systems

FIGURE 5.7: Constructing the average constraints. (a) The cyan rod is initially in the
unconstrained configuration, (0,0). (b) First the test particle is rotated about the y-axis,
increasing η. As this happens, the particle sweeps out a plane, shown in cyan. (c) The first
constraining particle is reached, shown in red, at (η,0). On average, this is perpendicular to
the current orientation of the cyan particle. The line of longitude corresponding to the polar
angle η is shown in black. (d) Next, the cyan rod is moved along the first constraint until it
reaches the next constraint. During this motion, the end of the cyan rod traces out a great
circle segment on S . The next constraint it reaches must be at (η,ξ+), because it cannot
have a smaller or larger polar angle. If it were smaller, then the constraint imposed in (c)
would not be the first encountered during the rotation about the y-axis, and if it were larger,
then the region would not close. The new constraint is again on average perpendicular to
the current orientation of the cyan rod, and therefore intersects the z-axis. (e) The cyan rod
is then rotated along the second constraint, tracing out another great circle segment, which
must be part of a line of latitude. There can be no constraints until the cyan rod is back at
the pole, (0,0), because if there were, neither of the two constraints would be those closest
to the particle (assuming the region is convex). (f) The steps (d) and (e) are repeated but
moving along the first constraint in the opposite direction to (η,−ξ−). This process shows
that the cyan rod is constrained to lie in a geodesic triangle on S , where the corners at

(0,0), (η,ξ+) and (η,−ξ−) are all joined by great circle segments.
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FIGURE 5.8: An illustration of the area, ∆A(ρ) shaded in light blue, between a great circle
(blue) segment which intersects a line of longitude (green) at two points. The area, ∆A, is
small for ρL3 À 1, so we can approximate the blue great circle segment by the green section

of the line of longitude.

still not simple enough to be treated easily without cumbersome mathematics. The dif-

ficulty is with the edge of the triangle joining the corners at (η,ξ+) and (η,−ξ−). Unlike

the edges joining (η,ξ+) and (η,−ξ−) to (0,0), this great circle segment has no simple

parametrisation as a line of constant η or ξ. This makes the calculation of Ω more diffi-

cult. Fortunately we can make one further simplification to overcome this problem. The

great circle segment joining (η,ξ+) and (η,−ξ−) can be replaced with the line of latitude

which passes through these points. This will introduce some error, since there is an

area, ∆A, enclosed between the line of latitude and the great circle segment, shown in

Fig.(5.8). It will be shown later in this section that in the limit, ρL3 À 1, this error is

very small and will not affect the dominant term in our results. With this approxima-

tion, the angles, η,ξ±, completely determine Ω in a simple way. Using the element in

equation (5.53), and ignoring for now dζ since we are dealing with a rod, we have for a

particular realisation of the constraints,

Ω=
∫ ξ+

−ξ−
dξ

∫ η

0
dη sinη= (ξ++ξ−)(1−cosη). (5.54)

The important feature of this equation is that the contribution from the two angles are

separately multiplied together. We are only interested in logΩ to calculate the entropy,

and therefore the contributions from the two angles are totally decoupled,

logΩ= log(ξ++ξ−)+ log(1−cosη). (5.55)

This illustrates the advantage of the approximations: the constraints on the different

angles can be treated independently. The situation is the same for other particle shapes,

if these same approximations are made.
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We now need to discuss how the constraining angles are defined. As mentioned

previously these are only defined through their probability distribution. We can use

the same argument as in section 4.3 to show that their distribution is Poissonian. For

instance, the probability distribution for the angle η is

P(η)= ρL3

8
e−ρL3η/8, (5.56)

and the same for the other angles.

Finally, we assess the accuracy of the approximations made in this section. First, the

replacement of the great circle segment between (η,ξ1) and (η,−ξ2) with a line of lati-

tude. The accuracy of this approximation depends on the size of the area ∆A. Evidently

this area must depend on the angles, η and ξ1,2. For the purposes of this discussion they

can simply be replaced by their averages, which are calculated directly from (5.56) as

η∼ ξ1,2 ∼ 1/(ρL3). Simple spherical geometry yields a precise form of ∆A (see Appendix

D.2), which can be expanded for small angles to yield ∆A ∼ (ρL3)−3. This is extremely

small in the limit ρL3 À 1 and does not affect the leading order in any of our results.

Similarly, we can see that the probability of the constrained region being concave is very

small. For the region to be concave, there must be at least two additional rods which

intersect the region found in the mean field approximation. The area of this region is

∼ (ρL3)−2, and so the probability of two surrounding particles intersecting this region is

∼ (ρL3)−2. This again only produces sub-dominant corrections to our results.

We can now summarise our approach to the constraints for general particle shapes.

The volume element in configuration space is of the form given in equation (5.53), which

is the product of a solid angle element and a simple angle element on a circle. We can

treat the constraints on the surface of the sphere using a simple mean field approxima-

tion as described in Fig.(5.7) and its caption. This decouples the contributions to the

entropy from the polar and azimuthal angles on the sphere. Furthermore, if this mean

field approximation is applied to the third angle, then this contribution also becomes

decoupled. This allows us to treat the contributions from each angle separately. These

angles are chosen from distributions of the form (5.56). If the test particle shape has

multiple legs, then each leg can collide with a surrounding particle and generate a con-

straint. This means that each constraining angle has a probability of coming from a

constraint on a different leg. For instance, if the test particle shape has two legs, and

the first and second legs are constrained at η = η1 and η2 respectively, then the whole

test particle is constrained at η = min j=1,2η j. In other words, any leg may provide the

constraint depending on the closest potential collision for a given rotation. This is the

three dimensional equivalent of the discussion in 4.3.
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Deformation of Constraints

We need to understand how the constraints transform so that we can calculate, Ω̃. When

the transformation, T, is applied to the surroundings, the constraints change because

the centres of mass and orientations of the three constraining rods are moved. This

transformation maps the original geodesic triangle, in Fig.(5.7f), onto a new one. We

may apply the same simplifying approximation as before to this new region and say

that its boundary is defined by two lines of longitude and one of latitude. To define Ω̃

we only need to determine the new angles defining this boundary.

The rotation of the test particle is constrained when it collides with a leg of a sur-

rounding particle. When the test particle is rotated about any axis it sweeps out a plane.

The rotation of the particle in this plane will be hindered at the points where legs of the

surrounding particles pierce the plane. When the shear is applied, the surrounding par-

ticles move and so the constraining points in this plane all move. This transformation is

difficult to handle as it in general depends on the surrounding particles’ positions, ori-

entations and geometry. Here we employ the mean-field-like approximation to replace

the constraining points by those found on average before and after the shear.

Let us define the unit normal of plane of rotation as n̂. For now we will work in the

particle frame so that this plane contains the origin. A constraining point in this plane

is the point where the leg of a surrounding particle in direction u intersects it. If the

centre of the surrounding particle is at position r, then this point is given by,

p= r− r · n̂
u · n̂u. (5.57)

To apply the mean field approximation we need to average over all r and u of the sur-

rounding particle while ensuring it still passes through the point p. To do this straight-

forwardly, we split r and u into their components parallel and perpendicular to the

plane,

r= r∥+ r⊥n̂, (5.58a)

u=u∥+u⊥n̂. (5.58b)

The configuration of a surrounding particle passing through the point can now be refer-

enced as (r∥, r⊥;u∥,u⊥). Let us now consider the following four configurations

(r∥, r⊥;u∥,u⊥), (r∥,−r⊥;u∥,−u⊥)

(r′∥, r⊥;u∥,u⊥), (r′∥,−r⊥;u∥,−u⊥).
(5.59)

Here we choose the component r′∥ so that the second pair of points pass through the

same p as the first pair. The surrounding distribution of particles is assumed to be

homogeneous and isotropic, so each of these four configurations occur with equal prob-

ability. Therefore the average constraining point over these four realisations is given
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by,

〈p〉4 = 1
4

(
(r∥+ r⊥n̂)− r⊥

u⊥
(u∥+u⊥n̂)+ (r∥− r⊥n̂)− r⊥

u⊥
(u∥−u⊥n̂)

+ (r′∥+ r⊥n̂)− r⊥
u⊥

(−u∥+u⊥n̂)+ (r′∥− r⊥n̂)− r⊥
u⊥

(−u∥−u⊥n̂)
)

= 1
2

(
r∥+r′∥

)
.

(5.60)

This separation can be used in the complete average over all possible surrounding con-

figurations to show that the average constraining point is given by the average compo-

nent of the surrounding particle position, parallel to the plane of rotation of the test

particle, i.e

〈p〉 = 〈r∥〉. (5.61)

We now need to apply the same average after the shear transformation. The constrain-

ing point moves to

p̃= r̃− r̃ · n̂
ũ · n̂ ũ. (5.62)

We can apply the same separation, given that after the shear we are equally likely to

find any of the following four configurations,

(r̃∥, r̃⊥; ũ∥, ũ⊥), (r̃∥,−r̃⊥; ũ∥,−ũ⊥)

(r̃′∥, r̃⊥; ũ∥, ũ⊥), (r̃′∥,−r̃⊥; ũ∥,−ũ⊥).
(5.63)

It is important to note that the point (r∥,−r⊥;u∥,−u⊥), say, does not necessarily trans-

form to the point (r̃∥,−r̃⊥; ũ∥,−ũ⊥) under shear. All we are doing here is saying that the

average over new configurations of the surrounding may be split up as shown above.

Again this implies that the average constraining point after the shear is given simply

as,

〈p̃〉 = 〈r̃∥〉. (5.64)

Hence to determine how the constraining point moves on average, we just need to de-

termine how 〈r∥〉 transforms. This is done by considering the velocity of the centre of

the surrounding particle as derived from the grand mobility matrix (2.1). If we specify

the orientation of the particle by three, right handed, orthonomal vectors fixed to the

particle u1,2,3, then we can generally write the velocity of its centre of mass as

v(κP )= κ ·r+ g i jkuiu juk : κp, (5.65)

where summation on repeated indices is implied, g i jk are components of a mobility

matrix, which depends on the particle geometry and κp is the strain rate tensor written

in the particle frame. Hence the average component of r parallel to the plane of rotation
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is,

〈r∥〉 = 〈r∥〉+ (1− n̂n̂) · 〈v(κp)〉
= 〈r∥〉+ (1− n̂n̂) ·κ · 〈r〉+ (1− n̂n̂)g i jk〈uiu juk〉 : κp.

(5.66)

As the distribution of orientations of the surrounding particles is isotropic the average

in the third term must vanish. Then the average in the second term can be split up

using the symmetry of the distribution in the following way

〈r〉 = 1
2

[〈r∥+ r⊥n̂〉+〈r∥− r⊥n̂〉]= 〈r∥〉. (5.67)

Hence we have

〈p̃〉 = [
1+ (1− n̂n̂) ·κp

] · 〈p〉. (5.68)

Recall that this is the position of the point in the particle frame. To write this in the

laboratory frame we have to apply the transformation (5.52) and also note that the

strain rate tensor in the lab frame is

κ= RT ·κp ·R. (5.69)

Hence we find,

〈P̃〉 = [
1− (1− N̂N̂) ·κ] · 〈P〉 = (1− N̂N̂) · [(1+κ) · 〈P〉] , (5.70)

where N̂ is the normal to the plane of rotation in the laboratory frame. This discussion

has shown that the position of the constraining point in the plane of rotation of the

test particle transforms on average as if it were affinely transformed and then projected

back onto the plane. We may now outline how to determine one of the angles, η̃l say,

using this mean field like approximation.

To determine how a constraining angle, say, ηl , on a particular leg, l, of a shape

transforms, we only need to consider how one orientation constrained at ηl transforms.

Let this point be al(ηl), where the leg first collides with a constraint as in Fig.5.7(c). If

the unit vector pointing along the test particle leg is el in the particle frame, then

al(ηl)=R y(ηl) ·el . (5.71)

The corresponding point in the laboratory frame is determined easily,

Al(ηl)= R ·al(ηl). (5.72)
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According to the mean field argument presented above, these points transform affinely

Ãl(ηl)=
T ·Al(ηl)
|T ·Al(ηl)|

, (5.73)

where the denominator makes sure the transformed constrained orientation remains in

the configuration space of the test particle. The new angle, η̃l , is then determined from

the above expressions as,

η̃l = cos−1(Ãl(ηl) ·El), (5.74)

where the vector, El ≡ R ·el , is the orientation vector of the leg, l, in the lab frame. The

above formulae are the same for the other two angles, albeit with the appropriate rota-

tion matrices in equation 5.71. Throughout the above expressions we have maintained

the index, l, which indicates the leg of the shape which is constrained.

Change in Entropy

By analogy to the two dimensional case discussed in section (4.3), the accessible volume

is given in general by,

Ω= min
(l,l′),(m,m′),n

(ξ+l +ξ−l′)(ζ+m +ζ−m′)(1−cosηn), (5.75)

where ξ+l ,ξ−l′ and ζ+m,ζ−m′ indicate the anti-clockwise and clockwise constraints placed

on these angles respectively from a collision of the leg indexed by l, l′,m,m′ with the

surroundings. We also need to make sure to choose the minimum value of Ω over all

possible sets of leg indices, since the particle is constrained by the surrounding particles

which are closest to it. It follows directly that the transformed accessible volume is,

Ω̃= min
(l,l′),(m,m′),n

(ξ̃+l + ξ̃−l′)(ζ̃+m + ζ̃−m′)(1−cos η̃n). (5.76)

To calculate the free energy at a given order in the strain, γ, we would like a series

expansion for Ω̃ in γ. To that end, we expand the expressions for the transformed angles

for small γ to give,

ξ̃l ≈ ξl +γU l
1 +γ2U l

2, ζ̃l ≈ ζl +γV l
1 +γ2V l

2 , η̃l ≈ ηl +γW l
1 +γ2W l

2. (5.77)

We have only retained terms to second order for clarity, and the functions, U l
1,2 etc., are

functions of the constraining angles and the test particle orientation. The explicit forms

of these expansions are given in appendix D.3. The change in entropy is then calculated
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from δS = ρkB〈logΩ̃/Ω〉. Expanding this to second order we have,

δS
kBρ

≈
〈

min
legs

U1(ξl ,ξl′)
ξ+l +ξ−l′

+ V1(ζm,ζm′)
ζ+m +ζ−m′

+ W1(ηn)
1−cosηn

〉

+
〈

min
legs

U2(ξl ,ξl′)
ξ+l +ξ−l′

+ V2(ζm,ζm′)
ζ+m +ζ−m′

+ W2(ηn)
1−cosηn

− U 2
1 (ξl ,ξl′)

2(ξ+l +ξ−l′)2 − V 2
1 (ζm,ζm′)

2(ζ+m +ζ−m′)2 − W 2
1 (ηn)

2(1−cosηn)2

〉
,

(5.78)

where we have defined, for brevity U1(ξl ,ξl′)=U l
1 +U l′

1 etc, as well as,

W n
1 =Wn

1 sinη, and, W n
2 =Wn

2 sinη+ 1
2

(Wn
1 )2 cosη. (5.79)

The angle brackets denote averaging over orientations as well as all realisations of the

constraining angles, as chosen from a distribution as in equation (5.56). In the ex-

pression for the entropy, the minimum over all possible leg indices must still be taken.

Similar expansions can be found to any order in γ. We now have all the tools necessary

for calculating the free energy, as in equation (5.1), for a range of shapes.

5.2.2 Linear Elasticity

Now that we have determined the change in entropy for a general wire frame in three

dimensions, the calculations for the linear elasticity will go through in essentially the

same way as in two dimensions. As we found in two dimensions and when using the

simple approach in the previous section, we are able to compute the result exactly to

leading order in density for rods and demonstrate that it agrees with the well known

result [81]. For clarity we will present the derivation in some detail. For wire frames,

however, when the calculation is more complicated and otherwise the same as in two

dimensions we will only give an outline of the steps.

Detailed Calculation for Rods

We now compute the free energy, and hence the elastic stress for rods, using the method

outlined above. A rod can be thought of as being made up of two legs with unit direction

vectors, e± = (0,0,±1), in the particle frame. Due to the symmetry of the particle and the

applied transformation, T, there is no need to make a distinction between constraints

placed on either leg in calculating Ω̃, since the constrained area transforms the same

way. We therefore take both constraints to be placed the same leg, without loss of gen-

erality. Furthermore, no matter the constraints, we know from the discussion in section

5.1.2 that the transformed accessible area is always positive, Ω̃ > 0 and so P(Γ;γ) = 1.

It is also clear that the rotations about the z-axis are unconstrained. Therefore we ig-

nore the angle, ζ. Taking the orientational distribution to be uniform, ψ(Γ) = const, the
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expression for the free energy is then formally,

F(γ)
kBT

=−8ρ
∫
η1<η2

dη1dη2P(η1)P(η2)
∫
ξ+1 <ξ+2

dξ+1 dξ+2 P(ξ+1 )P(ξ+2 )

×
∫
ξ−1 <ξ−2

dξ−1 dξ−2 P(ξ−1 )P(ξ−2 )
∫

dΓ logΩ̃(Γ,η1,ξ+1 ,ξ−2 ;γ),
(5.80)

which is found by analogy to the two dimensional expresssion (4.33). In this expression

the probability distributions are taken to be of a form similar to equation (5.56),

P(η)= ρL3e−ρL3η, (5.81)

since the numerical factor in the exponent is unimportant. The transformed configura-

tion space volume, Ω̃, is a function of η1, ξ±1 , Γ and γ. The factor of 8 in (5.80) comes

from the fact that there is an equivalent contribution for each of the 4 possibilities of,

ξ±1,2 < ξ∓2,1, and the two for η1,2 < η2,1. Expanding equation (5.80) for small strains we

find,

F(γ)
kBT

= F0

kBT
−8ρ

∫
dηdξ P

[
γ

〈
f
Ω

〉
Γ
+γ2

〈 g
Ω

〉
Γ
− γ2

2

〈
f 2

Ω2

〉
Γ

]
. (5.82)

Here, F0 is the contribution at zero strain, which is an irrelevant constant, and we have

defined,

Ω̃=Ω+γ f +γ2 g, (5.83)

where the functions f and g can be inferred from previous results in section 5.2.1. The

notation, 〈· · · 〉Γ, indicates an average over all possible orientations. Finally, we also em-

ployed a short hand for the integrals and probability distribution functions, the three

integrals and six probability distribution functions in equation (5.80) are all put to-

gether in the symbol
∫

dηdξP.

The calculations of the averages over orientations are tedious and are reported in

Appendix D.4, only the necessary results are stated here. We find that, 〈 f 〉Γ = 0, and

using results from section 5.2.1 and neglecting the constant, F0, we have,

F(γ)
kBT

=8ρ
∫

dηdξ P

×
[〈

U 2
1 (ξ+1 ,ξ−1 )

2(ξ+1 +ξ−1 )2

〉
Γ

−
〈

U2(ξ+1 ,ξ−1 )
(ξ+1 +ξ−1 )

〉
Γ

+
〈

W 2
1 (η1)

2(1−cosη1)2

〉
Γ

−
〈

W2(η1)
(1−cosη1)

〉
Γ

]
.

(5.84)

Long calculations give the orientational averages (see Appendix D.4),

〈
U 2

1 (ξ+1 ,ξ−1 )
〉
Γ =

1
5
γ2 sin2(ξ+1 +ξ−1 ), (5.85a)
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〈
U2(ξ+1 ,ξ−1 )

〉
Γ = 0, (5.85b)〈

W 2
1 (η1)

〉
Γ =

1
5
γ2 sin4(η1), (5.85c)

〈
W2(η1)

〉
Γ =

1
10
γ2 sin2(η1)cos(η1). (5.85d)

The integrals over, ξ±1,2 and η1,2, can now be performed quite easily. Let us consider the

U 2
1 term in detail. The integral we need to take is the following,

I = 4
∫ π/2

0
dξ+1

∫ π/2

0
dξ−1

∫ π/2

ξ+1
dξ+2

∫ π/2

ξ−1
dξ−2 (ρL3)4e−ρL3(ξ+1 +ξ+2 +ξ−1 +ξ−2 )γ

2

5
sin2(ξ+1 +ξ−1 )

(ξ+1 +ξ−1 )2

×2
∫ π

0
dη1

∫ π

η1

dη2(ρL3)2e−ρL3(η1+η2).
(5.86)

The computation of this integral is largely the same as in section 4.5.1. In the limit,

ρL3 À 1, the η integrals simply give, 1/2, cancelling the factor of two. After integrating

over ξ±2 we have

I = 4
∫ π/2

0
dξ+1

∫ π/2

0
dξ−1 (ρL3)2e−2ρL3(ξ+1 +ξ−1 )γ

2

5
sin2(ξ+1 +ξ−1 )

(ξ+1 +ξ−1 )2 , (5.87)

We then make the substitutions x = ρL3ξ+1 and y = ρL3ξ−1 , and take the limit ρL3 →∞
for the upper limit of the integral to give,

I = 4
∫ ∞

0
dx

∫ ∞

0
d y e−2(x+y)γ

2

5

sin2( x
ρL3 + y

ρL3 )

( x
ρL3 + y

ρL3 )2
. (5.88)

This integral is now the same as that in (4.46) an may be taken following the steps in

Appendix C.1. The result is, to leading order in density

I ≈ γ2

5

(
1− 1

3(ρL3)2

)
. (5.89)

The same steps can be used to compute the W 2
1 and W2 terms in equation (5.84). All

together, the free energy for the rod system to order γ2 is,

F = 3
10

kBTργ2
(
1− c

(ρL3)2

)
+O ((ρL3)−3), (5.90)

where, c, is a positive constant of order unity. Differentiating this with respect to γ

yields the elastic stress,

σRod =
3
5

kBTργ
(
1− c

(ρL3)2

)
. (5.91)

This is exactly consistent with the well known result, σ= 3kBTργ/5 [81] and is the same

as the result derived using the simple approach in section (5.1.3). The correction of order
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(ρL3)−2 comes from the fact that our treatment is only valid when the constraints from

the surroundings are applied. This happens generally only after a time τint ∼ (ρL3)−2,

which is the time it takes for a free rod to diffuse across a tube of radius (ρL3)−1. This

is argument is based on the reptation model and is the same used as we used in two

dimensions to obtain equation (4.49).

Outline of Calculation for L-Shapes

In this section we outline the calculation of the linear elastic response for a system of

L-shaped particles. We will compute the entropic free energy, the first term in equa-

tion (5.1), to order γ4. Only the quadratic term is needed here, but to determine the

non-linear response in the next section we will need to include the bending contribu-

tion along with the quartic term. We are only interested in the general form of the

result and its scaling with density, so we will make some simplifications and ignore

some unimportant details. The first simplification is to remove the averages over the

random variables, ξ, ζ and η. This is done straightforwardly by replacing them with

their averages, for instance

η→〈η〉 = 1
ρL3 , (5.92)

and the same for each of the others. We showed that in two dimensions, this approx-

imation only introduced sub-dominant, logarithmic corrections to the scaling (see the

discussion after equation (4.55) and in Appendix C.3).

It will also be assumed that P(Γ;γ) is as in equation (4.69) with γc ∼ (ρL3)−1. These

assumptions have been shown using the simple approach in section 5.1.2 and will be

proven using the detailed mean-field approach in the next section. We also take the two

legs to be in the directions, e1 = (0,0,1) and e2 = (0,1,0), in the particle frame. Using the

results in section 5.2.1, we can calculate the free energy to a given order in γ. Before

stating any explicit results, we can make a general observation. We expect that the

free energy must be the same under a change of sign in γ, therefore, if we have the

expansion,

logΩ̃(Γ,γ)=Const.+a(Γ)γ− g(Γ)γ2 +b(Γ)γ3 −h(Γ)γ4, (5.93)

we only need to consider the even powers of γ, since all other powers must vanish.

Therefore, the free energy is written to order γ4,

F
kBT

= 〈g(Γ)〉γ;Legsγ
2 +

[
〈h(Γ)〉γ;Legs −

〈
g(Γ)
γ2

c(Γ)

〉
γ;Legs

]
γ4. (5.94)

Here, we have introduced the notation,

〈 · · ·〉Γ;Legs =
1

32

∑
l,l′=1,2

∑
m,m′=1,2

∑
n=1,2

1
8π2

∫ 2π

0
dχ

∫ 2π

0
dφ

∫ 1

−1
d(cosθ)

( · · ·), (5.95)
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as the average over all orientations and all possible combinations of constrained legs.

In this section, we will outline how to determine the scaling of g and h with the density.

Due to the way that we have defined the shape of the particle, the constraints on

rotations about the z and y particle frame axes both must be placed on the same leg.

We have seen previously that the entropic contribution to the free energy when the

constraints are both placed on the same leg is of the form of equation (5.90), with a

dominant term proportional to the density. For rotations about the x particle frame

axis the constraints may be placed on different legs, which leads to a different density

dependence of the entropic free energy as was found in two dimensions. Explicitly, the

contribution from this term at second order in γ is,

γ2ρ

8π2

∫ 2π

0
dχ

∫ 2π

0
dφ

∫ 1

−1
d(cosθ)

1
4

∑
l 6=l′

[
U

l,l′
1

(〈ξ〉)2

2
(〈ξ〉)2 − U

l,l′
2

(〈ξ〉)
〈ξ〉

]
. (5.96)

In appendix D.5, we give some details of the calculation of this term. It can be shown

that the lowest order in 〈ξ〉 of the U2 term vanishes when averaged over orientations,

for the U1 term we find,

(
U

l,l′
1

)2 ≈ sin2(θ)
(
sin(χ)cos(θ)sin(2φ)−cos(χ)cos(2φ)

)2 +O
(〈ξ〉2). (5.97)

Averaging the dominant term over orientations gives a constant, hence the leading be-

haviour of equation (5.96) is proportional to, 〈ξ〉−2. Therefore, using the scaling of 〈ξ〉
with ρ, the contribution to the entropic free energy at second order in γ from terms

where the constraints are placed on different legs scales ∝ ρ3. This dominates over all

other contributions, allowing us to conclude that in equation (5.94),

〈g〉 ∼ ρ3L6, and 〈h〉 ∼ ρ5L12, (5.98)

where the second statement follows because the contribution to O (γ4) in the entropic

free energy must include a term, U 4
1 /〈ξ〉4, which is dominated by a term proportional to

〈ξ〉−4.

This calculation shows that the detailed approach given in this section reproduces

the scaling results of the simple model as well as those of the exact calculations in

two dimensions. This lends credence to the results of the simple approach. The most

important of which is that the the linear elastic stress for a system of L-shaped particles

scales ∼ ρ3L6. This is far larger than for a system of rods, where the stress scales ∼ ρ,

and much more sensitive to the density and size of the particle. At this stage we can also

see that that the non-linear response will also be significantly larger and more sensitive

to concentration because of the ρ5L12 scaling of the quartic term in (5.94). It is clear

also that branched particles, such as Y-shapes or 3D crosses, should exhibit the same

scalings.
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5.2.3 Non Linear Elasticity

In order to extend the results of the previous sections to discuss the non-linear elas-

ticity, we need to introduce a bending mechanism. This is because, for general shaped

particles, the accessible volume after the shear transformation can become negative,

Ω̃ < 0, causing the particle to bend. The bending energy must be accounted for in the

free energy, as discussed in section 4.6 this requires knowledge of the probability of a

particle bending. We have already derived the form of this probability in two dimen-

sions in section 4.7.2 and provided a simple scaling argument for it in three dimensions

in 5.1.2. Our goal here is to show how the same result may be derived in using this

more detailed approach. We could follow essentially same steps as in two dimensions

but with the added complications of the three dimensional model but it more illustrative

to show how the result can be derived exactly using less information. For the argument

presented below to work, we need bending to be possible for some orientations. This has

already been shown in two and three dimensions. The two dimensional result may be

though of as a specific realisation of a three dimensional system where the test particle

is aligned in the plane of the applied shear. We do not discuss the non-linear response

of rods using this detailed approach as the results will be the same as found previously.

It suffices to say that within the range of strains we consider suspensions of rod-like

particles always shear thin with the stress being of the form (4.7.1).

Probability of Bending

The probability of a particle bending in a particular configuration is the probability that

the accessible volume of configuration space is negative, PB ≡ P(Ω̃ < 0). Just as in two

dimensions, to calculate this we need to integrate the probability distributions for the

constraining angles over the region where Ω̃ < 0. Let us consider specifically the case

of L-shaped particles discussed previously, for other particle shapes the analysis will

proceed in the same way. The bending only occurs when the constraints are placed on

two different legs, which is only possible for constraints placed on rotation about the

x-axis. Thus, bending is a possibility when the following conditions are met;

ξ̃+1 < ξ̃+2 and ξ̃−2 < ξ̃−1 , (5.99a)

or

ξ̃+2 < ξ̃+1 and ξ̃−1 < ξ̃−2 , (5.99b)

Either choice will give the same scaling result, so we choose to only focus on the first

case. Furthermore, we require Ω̃< 0. From equation (4.18), this happens when, ξ̃+1 +ξ̃−2 <
0. Hence, the probability of bending may be found from the integral

PB(γ)=
∫
ξ̃+1 +ξ̃−2 <0

dξ+1 dξ−2 P(ξ+1 )P(ξ−2 )
∫
ξ̃+2 >ξ̃+1

dξ+2 P(ξ+2 )
∫
ξ̃−1 >ξ̃−2

dξ−1 P(ξ−1 ). (5.100)
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Writing the transformed angles using equation (5.77), the last two integrals can be

written as, ∫ π/2

ξ+1 +O (γ)
dξ+2ρL3e−ρL3ξ+2 , (5.101)

where we have only retained the lowest order in γ which will contribute to the final

result for PB. Evaluating this integral for ρL3 À 1 simply gives e−ρL3ξ+1 . Equation

(5.100) is now written,

PB(γ)= (ρL3)2
∫
ξ̃1+ξ̃2<0

dξ1dξ2e−2ρL3(ξ1+ξ2). (5.102)

Here and henceforth the superscripts of ξ+1 and ξ−2 will be dropped. This integral can

now be evaluated using a simple argument, it may also be evaluated using the same

approach as in two dimensions for this method (see Appendix C.4).

In the space defined by ξ1 ∈ [0,π/2] and ξ2 ∈ [0,π/2], let us define the region B(Γ)

where ξ̃1+ ξ̃2 < 0. This region must depend on Γ and for some orientations may not exist

at all. However, assuming the region exists, we may apply the mean value theorem to

equation (5.102), which states that there exists a pair of constants, Ξ1,Ξ2 ∈ B(Γ) such

that,

PB(γ)= (ρL3)2|B(Γ)|e−2ρL3(Ξ1+Ξ2), (5.103)

where, |B(Γ)|, denotes the area of the region, B. This can be estimated from the expres-

sions for ξ̃1 and ξ̃2. First, we define the functions

ξ̃1(ξ1)= ξ1 +γA1(ξ1;Γ)+γ2B1(ξ1;Γ)+ (· · · )
ξ̃2(ξ2)= ξ2 +γA2(ξ2;Γ)+γ2B2(ξ2;Γ)+ (· · · ).

(5.104)

We can now the define the line, ξ∗2(ξ1), in the ξ1,ξ2-plane where, ξ̃2 =−ξ̃1. This will be of

the form,

ξ∗2(ξ1)=−ξ1 +γX (ξ1;Γ)+γ2Y (ξ1;Γ). (5.105)

This line is sketched in Fig.(5.9), which is the same general picture as Fig.(4.6) except

in this case the details of the region are unknown. The region B(Γ) is then the area

bounded by the ξ1 and ξ2 axes and the line ξ∗2(ξ1) which encloses the origin, shown

shaded in Fig.(5.9). The area of this region can be estimated from the points where

ξ∗2(ξ1) crosses the axes. This occurs at, γX (0;Γ)+O (γ2), on each axis. Therefore, to

lowest order in γ, the area of the region can be written,

|B(Γ)| ∼ γ2|X (0;Γ)|2 ≡ γ2 f 2(Γ). (5.106)

This argument gives us no precise information about the function f (Γ), however, for the

present purpose, we only require that it can be non-zero for some orientations. Next we

need to estimate the values of, Ξ1 and Ξ2. These must lie in B, and since the line ξ∗2(ξ1)
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FIGURE 5.9: A sketch of the ξ1,ξ2 plane. The line ξ∗2 (ξ1), is shown in black. From equation
5.105 this must be approximately a line with gradient −1, which intersects the two axes at
(0,γX (0;Γ)) and (γX (0;Γ),0). The small variations about this line are shown here schemat-
ically. The shaded region, B(Γ), is where ξ̃1+ ξ̃2 < 0. From this sketch, it is clear the area of

this region must be ∼O (γ2).

is approximately a straight line joining the points (0,γX (0;Γ)) and (γX (0;Γ),0), we must

have Ξ1,2 ∼O (γ). Substituting these results into equation (5.103) gives,

PB(γ)≈ γ2(ρL3)2 f 2(Γ)
(
1−O (γ)

)
. (5.107)

This is the probability of a particle in orientation, Γ, being bent at a particular strain,

γ. Therefore the probability that a particle in this orientation has not bent at strain γ

must be,

P(γ)≡ 1−PB(γ)∼ 1−γ2(ρL3)2 f 2(Γ). (5.108)

Comparing this expression to the form given in equation (4.69), we can determine γc,

γc(Γ)∼ 1
ρL3 f (Γ)

. (5.109)

The scaling found here is the same as stated in equation (4.92). This means that all

of the important features of the non-linear elasticity found using the simple approach

discussed in section 5.1.4 are retained.

Bending Free Energy

From the discussions of the previous sections, it is clear that the free energy for a sus-

pension of wire frame particles has the same general form as found in (5.48)

F(γ)
kBT

≈ g
2
ρ(ρL3)2γ2 + 1

4
ρ(ρL3)2

( K
kBT

CB −h(ρL3)2
)
γ4. (5.110)

This means that the same cross over between shear thickening and shear thinning is

predicted above the critical density given in (5.50). With this final piece, we have demon-

strated that all of the conclusions found using the simple approach are reproduced using
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this more detailed method. This should be no surprise because, due to the approxima-

tions we have used, the three dimensional model was reduced to three separate two

dimensional models. The advantage of this more detailed approach is that it may allow

approximate calculation of the numerical factors we could not discuss using the sim-

ple approach in section 5.1. Of course, these calculations will be very long winded and

will not offer any new insight however, to use our conclusions for the design of specific

systems it is useful to predict quantitites more accurately, i.e the cross over density for

shear thinning.

5.2.4 Discussion

We have discussed the elastic response of a dense suspension of rigid rod like and L-

shaped particles in three dimensions using two approaches. The first was a simple

approach which used scaling arguments motivated by the understanding built up in

Chapter 4. The second was a more detailed model which treated the problem exactly

within a mean-field-like approximation where surroundings of a test particle were re-

placed by those found on average. Both used a simple geometric method is used to

calculate the entropy of the system by determining the volume of configuration space

accessible to a particular particle, given the constraints placed on it by its surroundings

and are shown to give equivalent results. The change in accessible volume under the

transformation associated with an applied shear leads to a change in the free energy

of the system. For the L-shaped particles, it is possible that they need to bend when

the system is sheared in order for them to respect the constraints placed on them by

their surroundings. This bending mechanism contributes to the free energy of the sys-

tem. This is taken into account by introducing the function, P(γ), interpreted as the

proportion of particles which have not bent at a strain γ. We find that, to lowest order

in γ, this is given by P = 1− (γ/γc)2, where γc is the critical strain above which most

particles have bent. We determined that γc ∼ (ρL3)−1, and found the elastic stress up to

O (γ3), valid for strains less than this critical value. We showed the consistency of both

approaches by comparing the results for rigid rod suspension to the well known Doi &

Edwards theory based on reptation [81].

As for the 2D model presented in Chapter 4, both approaches find two very inter-

esting results. First, the elastic stress in a system of L-shaped particles is significantly

higher than that for a system of rods, scaling proportional to ρ3L6 as opposed to ρ. Since

we focus on the concentrated regime with ρL3 À 1, this represents a drastic change

in the suspensions behaviour. We also find that this behaviour is very sensitive to the

shape of the suspended particles, with the new scaling present for particles bent through

any angle ∼ O (1). This conclusion also holds for any branched particle shape, e.g. 3D

Crosses (see Fig.(5.1c)).
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Second, we find that there is a critical density above which the solution is shear

softening. This density depends on the bending modulus of the particle and is approx-

imately, ρc ∼ (K /kBT)1/2L−3. Conversely, if the particles are rigid enough, then the

suspension shear hardens. This is in contrast to the behaviour of a rigid rod system,

which always shear thins.

A potential realisation of the kind of system discussed here are DNA nano-stars,

where double stranded DNA legs are joined together at prescribed angles. We would

like to asses the possibility of realising the transition from shear hardening to softening

in experiments. To do this we assume that the bending of the particle only happens at

the joint between the legs, which is taken to be made from double stranded DNA and be

of length lJ . It may be shown using classical elasticity theory [123] that the energy of

bending a thin, straight rod into an arc of length lJ , say, and radius R is given by

EB(R)= BlJ

2R2 , (5.111)

where B is the “bending elastic modulus” of the rod and is esitmated for double stranded

DNA to be B/kBT ∼ 50nm [123]. When the particle is bent to different angles, it is only

the radius of the arc of the joint which changes, hence we write this energy as a function

of this radius. When the joint has been bent, the angle between the legs of the particle

is written in terms of this radius as

θ = lJ

R
. (5.112)

From our definitions, the angle bending modulus K can be determined from

K = d2EB

dθ2

∣∣∣
θ=0

. (5.113)

Using (5.112) this may be written in terms of the radius and we find K = B/lJ . Writing

the length of the joint in terms of the number of base pairs (which have a length of

approximately 0.3nm) the angle bending modulus is K /kBT ∼ 1500/nJ . Therefore, the

critical density for shear softening is

ρcL3 ∼
√

1500
nJ

∼ 40p
nJ

. (5.114)

Without knowing the precise architecture of the particle it is difficult to estimate nJ ,

however it seems reasonable for it to satisfy

1<p
nJ < 5. (5.115)

In which case 8 < ρcL3 < 40. The analysis presented here is valid in the concentration

range, 1 ¿ ρL3 ¿ 50, where the upper limit is set by the concentration at which ex-

cluded volume effects become important. We therefore hope that the transition between
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the two behaviours can be verified experimentally and that these results can have im-

plications for the design of these systems for a particular purpose. We will discuss this

and other opportunities for further work opened up by these results in the following

chapter.
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Chapter 6

Conclusions and Outlook

In this thesis we have investigated the effects of particle shape and flexibility on the

dynamics for some particular suspensions. We studied a number of model systems the-

oretically with the intention of modelling DNA nano-star suspensions. Since the nano-

stars can be precisely engineered, such systems have recently gained a great deal of

attention as potential functional materials, with applications in nano-engineering or

biotechnology. We developed different methods to study these systems and found sev-

eral interesting and important results. In this chapter we review our findings with a

particular focus on how they may be used to guide the design of DNA systems. The

work presented in this thesis opens many doors for future research; here we propose

some specific questions and possible routes to their resolution.

6.1 Viscoelasticity of Stars in Dilute Suspension

It is well known that a dilute suspension of spherical particles is purely Newtonian;

the presence of the particles acts only to increase the viscosity slightly [14, 15]. Dilute

suspensions of rigid rod-like particles, ellipsoids and other less symmetric shapes, on

the other hand, are known to be non-Newtonian, exhibiting a small elastic response

[81]. Evidently, the shape of the particles plays a crucial role in the rheology of dilute

suspenions and it is important to unpick this relationship.

In Chapter 1 we considered the simple question, “for which particle shapes is a di-

lute suspension Newtonian?”. Using a symmetry argument, we determined two suffi-

cient conditions the particle shape must satisfy for the suspension to be Newtonian for

all strains. These are that the symmetry group of the shape must have an irreducible

representation of degree 3 and degree 5, with the latter being relaxed when only con-

sidering the linear response.

Furthermore, we considered how these results apply to the DNA nano-star systems.

A general method for determining the rheology of a dilute suspension of wire frame

particles was developed using Onsager’s variational principle. The wire frame particles

are constructed from thin, rigid rods of various lengths all joined at a single point. This

allowed us to verify the results of the symmetry argument for shapes with tetrahedral
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and cubic symmetry. We also constructed a class of shapes not found by this symmetry

argument which also have a Newtonian linear response in dilute suspension.

The relevance of these results to the design of the DNA nano particle systems is

fairly limited. This is because the elastic response, if present, of a dilute suspension will

be extremely small. This means the difference between a suspension with the appro-

priate symmetries for a purely Newtonian response and one without will be small and

only detected through sensitive measurement. Nevertheless, these results do indicate

something fundamental about the origin of viscoelasticity in these systems. As we saw

in Chapters 4 and 5 it is also interesting to note that crosses with cubic symmetry are

Newtonian in dilute suspension, but exhibit an extremely large elastic response in con-

centrated suspension. Maximising the sensitivity of the elasticity of the suspension to

particle concentration is clearly useful if one is interested in detecting the presence of

these particles.

6.1.1 Future Work

In Chapter 2 we asked an answered a fairly simple, closed question and as such the

possibilities for future work are somewhat limited. It is obviously important to test our

predictions in simulation and experiment, in particular the existence of a zero in the

elastic modulus G (2.38) of a suspension of nano-stars of the type discussed in section

2.4.2. Furthermore, the effect of neglecting the hydrodynamic interactions between the

legs should be investigated. When the particle does not possess the symmetries required

for the elastic response to vanish identically, the inclusions of these interactions will

surely change the value of the ratio L⊥/L∥ where the zero in G occurs. It is also possible

that these interactions may lift this zero entirely. The discussion in appendix A is a

good starting point for this investigation.

6.2 Dynamics of Nun-Chuck Particles

In Chapter 3 we considered the effect of introducing flexible joints to the DNA nano-star

systems. Linking the rods with a small flexible linker has been shown to have a pro-

found effect on the phase behaviour and mechanical properties of hydro-gels constructed

from these particles [102, 104, 124]. To develop a complete understanding of the effects

of flexibility in these concentrated, entangled and connected systems it is necessary to

have a solid description for the dynamics of these particles in dilute suspension.

In this study, we focused on the simplest case of a nano-star with a flexible joint;

nun-chucks. These particles are constructed from two thin rigid rods, or legs, joined at

their end by a flexible linker. This flexibile linker introduces considerable complexity

to the model, so to overcome this we approximate it by a simple ball joint where the

energetic cost of changing the angle between the two legs is taken into account by a
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phenomenological inter-leg potential. The strength of this potential is controlled by a

single parameter, the rigidity, which is related to the persistence length of the flexible

linker. Using this simple model, we derive the general equations of motion for the

particle. These allowed us to study the motion of the particle under the influence of

an external force and velocity field in the absence of Brownian motion. The Brownian

motion was studied largely with the aid of a Zimm-like approximation, which replaces

the complicated mobility matrices with their averages. Without this approximation,

however, we were able to derive an expression for the translational diffusion coefficient

and bound it from above and below. This showed that there is very little difference

between the diffusion coefficient of a nun-chuck and a rod, with them being separated by

of order a couple of percent. The Zimm approximation allowed us to obtain an expression

for the intrinsic complex viscosity of “quite flexible”1 nun-chucks. This did show some

noticeable differences from the result for rods, with the magnitude being smaller and

the relaxation times being shorter. The viscoelastic response for very large strains was

also investigated and we found that there is no difference between the leading behaviour

of rods and nun-chucks.

Overall the work presented in this chapter showed that there is no striking differ-

ence between the behaviour of rods and nun-chucks in dilute suspensions. In the latter

case, much of the analysis is significantly more involved and relies on a number of tech-

nical approximations which may not hold in general. Despite this, we hope that this

study may still have some utility. This will largely be from the potential to extend our

techniques to higher concentrations, but also some of the techniques introduced should

prove helpful for studying other systems. For instance, the scheme by which we closed

the hierarchy of equations for the moments appearing in the expression for the stress

tensor (3.185), by determining the asymptotic behaviour, can be applied to many mod-

els and could provide more accurate results than other proposed closure schemes which

assume a particular form of the distribution function [125–131]. This method could also

be used for a more systematic study of the orientational correlation functions of the

nun-chucks.

6.2.1 Future Work

One clear direction for future study of this problem is to corroborate the results pre-

sented here. This should be done using a combination of simulations and experiments.

This is important to lend credence to our methods and results. Moreover, a system-

atic simulation or experimental study of the system may bring to light interesting be-

haviours of the suspension which cannot be anticipated with our theory.

1The rigidity (encoded through the parameter α in (3.20) and (3.21)) of the nun-chuck effects the
accuracy of the technical approximations we made to derive this result. We did outline how to improve
their accuracy for more rigid nun-chucks, but only gave the simplest result when α is small.
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FIGURE 6.1: A sketch of the nun-chuck reptation mechanism. (a) The initial configuration
of the nun-chuck (solid line) constrained to its tube (dashed line). (b) In a short time the
nun-chuck may only diffuse along the length of one of its legs. When this has happened,
some part of the tube is unoccupied (shown in blue) and one leg is closer to the wall of the
tube. (c) The unoccipied part of the tube vanishes and the leg closer to the tube wall is
rotated slightly back towards the centre of the tube (its configuration prior to this is shown

dotted). This process repeats until the tube has vanished.

Some areas of the work presented here can also be revisited, particularly the non-

linear viscoelasticity. The approximate approach we gave to this problem was quite

crude, so it is important to study this problem more precisely. We suggested a possible

analytical approach using boundary layer theory but perhaps more efficient progress

could be made by solving the Smoluchowski equation numerically. Such studies have

been undertaken before for many different systems [114], so it should be relatively

straightforward to modify those methods for this purpose.

Extension to Concentrated Suspensions

Without a doubt, the most interesting line of enquiry to follow up this study is its ex-

tension to higher concentrations. In this concentration regime, the motion of any given

nun-chuck is extremely hindered by entanglements with those surrounding it. This will

lead to radical changes to the mobility matrices which in turn has a profound effect on

the macroscopic properties of the suspension. In Chapters 4 and 5 we demonstrated an

example of these kinds of changes. We showed that concentrated suspensions of bent

wire frame particles have a much larger elastic response than concentrated rod suspen-

sions. The nun-chucks are very similar to the bent wire frames, albeit with a flexible

link between the legs. It is interesting to study whether or not this same jump in elastic

response is seen in nun-chuck systems or if the flexibility acts to wash out this increase.

A possible approach to determining this change is to use a reptation-like argument.

Here we discuss how such a process may look and how its results may be used. Our

ideas are largely based on those used for rigid rods [89] and fully flexible polymers [39,

43] but with some modifications to account for the nun-chucks features.

The entanglements with the surrounding particles essentially constrain each leg of

the nun-chuck to its own tube. This means that, over a short time, the nun-chuck may

only move in the direction of one leg or the other. This is the first step in the proposed

reptation process sketched in Fig.(6.1). Once this has happened, some part of the orig-

inal tube is unoccupied and, as is done in the theory for flexible polymers [39, 81], we
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assume this part vanishes. Once this step has been taken, one of the legs is closer to the

wall of its tube. This means that there is an effective force acting to rotate it towards the

centre of its tube. With this rotation, the angle between the legs of the nun-chucks has

increased for the next time step. This process repeats until the tube has vanished and

the nun-chuck has wriggled, or reptated, free of its surroundings. Codifying this process

into some kind of step-wise Langevin equation of the kind constructed for flexible poly-

mers [43] will allow us to estimate the form of orientational correlation functions as well

as the mean squared displacement of the nun-chucks in concentrated suspension. This

then gives the form of the mobility matrices which should appear in the Smoluchowski

equation as a function of the tube radius. Then all of the same problems studied in

Chapter 3 for dilute suspensions can be considered for higher concentrations.

The tube radius will be a function of density and the orientational distribution, as

was the case for rods in section 1.2.3. We can therefore follow the same method as

for rods, outlined in section 1.2.4 to study the transitions to orientationally ordered

phases and their dynamics. To do this, the excluded volume would need to be taken into

account. For very large aspect ratios, it has been shown that the true excluded volume

is well approximated by summing the pairwise excluded volumes between the legs [132]

i.e.

bL2νexc(u1,u2;u′
1,u′

2)= bL2 ∑
i, j

|ui ×u′
j|, (6.1)

where we have neglected any factors of two which may appear, and the vectors ui and

u′
j indicate the orientations of the legs i and j on two separate particles. This can be

used to construct a self consistent potential as in (1.70). Then we can find evolution

equations for the order parameter tensors 〈Q lm
αβ

〉 as well as the average angle between

the legs 〈χ〉. The same techniques (decoupling approximations etc.) explained in that

section may be able to close these equations. The aim is to cast the equations in the

form
∂

∂t
〈Q lm

αβ〉 =− ∂H
∂〈Q lm

αβ
〉 , (6.2a)

∂〈χ〉
∂t

=− ∂H
∂〈χ〉 . (6.2b)

The function, H, then plays the role of the free energy; the system evolves towards its

minimum at equilibrium. The phase behaviour of the system can then be studied by

investigating the minima of this free energy. This description would also allow us to

gain direct insight to the dynamics of the concentrated suspension. There are many

details of this approach which will need to be addressed. Nevertheless, it appears to be

promising line of attack for this very interesting problem.
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6.2.2 Liquid Crystalline Phases

The nun-chuck particles have quite low symmetry; generally they are only symmetric

under reflection in one plane. This means that they can form a range of liquid crystalline

phases, specifically they could form a biaxial nematic phase. The method outlined above

may provide a means of studying the dynamics of these phases, but it is desireable to

have a more efficient method to determine the existence of these phases and the crit-

ical densities where the transitions occur. Some approaches have been suggested in

the literature [133–136] for studying this problem using a density functional theory ap-

proach. Any approach to this problem focuses on determining the orientational distribu-

tion function which minimises the free energy and must involve some approximations.

The treatment presented by Vaghela et.al [136] approximates the excluded volume in-

teraction by following Straley [137] by computing it precisely for specific mutual particle

orientations so that it may be expanded simply over symmetry reduced basis functions.

This allows for a simple self-consistent field treatment, but however does not converge

to the well known results for rods in the straight and flat rigid limits. The approach of

Luckhurst [135] is very general, but it too approximates the two particle interaction by

assuming that it may be written, by means of a separability approximation, in terms of

single molecule properties only. Here we propose a method which avoids these approxi-

mations and, by design, converges to Onsager’s theory [97] for rigid rods in the straight

rigid limit. We do make an approximation for the excluded volume interaction, that it

is given by (6.1), but this has been shown to become accurate in the limit of large aspect

ratios [132].

Our proposed method follows the bifurcation analysis presented first by Kayser and

Raveché [138] for the isotropic-nematic transition in Onsager’s model for rigid rods and

later extended to biaxial particles by Mulder [139]. Here we discuss how these methods

can be applied to the nun-chuck system.

First, we introduce a convenient way of describing the configuration of the nun-chuck

that allows us to describe the excluded volume interaction easily. The configuration of

the nun-chuck can generally be described by the angle between the legs, χ, and the rigid

body rotation Γ given by three Euler angles. We need to describe the orientation of a

test nun-chuck, whose co-ordinates appear without the prime in the excluded volume,

and then the surrounding nun-chuck, whose co-ordinates are primed. We may define

the legs of the test nun-chuck to be in directions

u1 = (0,0,1) and u2 = Rx(χ) ·u1, (6.3)

where Rx(χ) is the rotation matrix about the x-axis by an angle χ. The surrounding nun-

chuck has an angle of χ′ between its legs and is rotated by three Euler angles relative

to the test nun-chuck. This rigid body rotation we write as Γ̂Γ′. This means the rigid

body rotation from orientation Γ to Γ′. The directions of the legs of the surrounding
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nun-chuck legs are then written

u′
1 = R(Γ̂Γ′) ·u1 and u′

2 = R(Γ̂Γ′) ·Rx(χ′) ·u1. (6.4)

With this in mind, we can write the free energy as

βF[ψ]=
∫

dΓdχ ψ(Γ,χ) logψ(Γ,χ)+β
∫

dΓdχ ψ(Γ,χ)Uint(χ)

+ ρbL2

2

∫
dΓdΓ′dχdχ′ ψ(Γ,χ)ψ(Γ′,χ′)νexc(Γ̂Γ′;χ,χ′).

(6.5)

The orientational distribution, ψ, is then determined by minimising the free energy.

This results in the standard self consistent equation

logψ(Γ,χ)= C−βUint(χ)−ρbL2
∫

dΓ′dχ′ ψ(Γ′,χ′)νexc(Γ̂Γ′;χ,χ′), (6.6)

where C is a constant determining the normalisation of the orientational distribution. It

is convenient to make the substitution ψ(Γ,χ)= e−βUintϕ(Γ,χ) and solve for the function

ϕ. This satisfies

logϕ(Γ,χ)=−λ
〈
ϕ(Γ′,χ′)νexc(Γ̂Γ′;χ,χ′)

〉
eq′ +C, (6.7)

where 〈· · · 〉eq′ means the equilibrium average over the primed variables and we have

defined λ = ρbL2. When the inter-leg potential tends to a delta function at χ = 0,π,

then ϕ becomes the orientational distribution for rods and the free energy reduces to

the Onsager expression [97].

A uniform ϕ, corresponding to the trivial equilibrium distribution ψ ∝ e−βUint is

always a solution to (6.7). However, above a critical density, this solution stops being

the minimum of the free energy. Bifurcation analysis proceeds to look for non-trivial

solutions which are infinitesimally separated from the trivial equilibrium. To do this

we expand about the trivial solution

ϕ=ϕ0 +εϕ1 +ε2ϕ2 +·· · , (6.8a)

λ=λ0 +ελ1 +ε2λ2 +·· · . (6.8b)

Substituting these into (6.7) and enforcing normalisation leads to the bifurcation equa-

tions,

ϕ1(Γ,χ)=−λ0

〈
ϕ1(Γ′,χ′)νexc(Γ̂Γ′;χ,χ′)

〉
eq′ , (6.9a)

ϕ2 − 1
2
ϕ1 =−λ0〈ϕ2νexc〉eq′ −λ1〈ϕ1νexc〉eq′ +const, (6.9b)

where we have dropped the arguments of the functions in the second equation. The

first equation takes the form of a linear eigenvalue problem for ϕ1 with the eigenvalues

being −(λ0)−1. If there exist eigenvalues consistent with the condition that λ0 ≥ 0, then
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this shows that the trivial solution becomes unstable above that corresponding density.

Specifically, if we are looking for the lowest density above which the trivial solution is

unstable then we are looking for the most negative eigenvalue of (6.7).

In order to follow the procedure in [139] for determining the eigenvalues and sym-

metries of the eigenfunctions we need to provide an appropriate representation of the

function ϕ and the excluded volume. In general ϕ can be expanded over Wigner matri-

ces, Dl;m,n(Γ) [110, 140] with coefficients which depend on χ. We can assume that the

distribution function (and later the excluded volume) has the same symmetry as the

nun-chuck itself. The only general symmetry we can identify is under reflection in the

plane of the particle. Using the symmetry properties of the D-functions [139, 140] we

can write

ϕ(Γ,χ)= ∑
l;m,n

Φl;m,n(χ)D̃l;m,n(Γ), (6.10)

where

D̃l;m,n(Γ)= Dl;m,n(Γ)+Dl;m,−n(Γ). (6.11)

The excluded volume can then be expanded in the same way

νexc(Γ̂Γ′;χ,χ′)= ∑
l;m,n

Vl;m,n(χ,χ′)D̃l;m,n(Γ̂Γ′). (6.12)

Substituting these expansions into the eigenvalue problem (6.9a) and using elementary

properties of the D-functions [140, 141] yields the following equation for the coefficients

of ϕ1

Φl;m,n(χ)=−λ0
∑
µ

8π2

2l+1

∫
dχ′e−βUint(χ′)Vl;µ,n(χ,χ′)Φl;m,µ(χ′). (6.13)

Then we can choose an appropriate basis to expand the functions of χ, such as Legendre

polynomials. This finally gives a matrix eigenvalue equation for the coefficients. It

is hoped then that the eigenvalues and eigenvectors can be studied using the same

methods as in [139, 141, 142]. The symmetry of the eigenfunctions will indicate the

symmetry of the liquid crystalline phase to which the trivial equilibrium distribution

becomes unstable.

As discussed, this approach only relies on an assumption on the form of the ex-

cluded volume, which becomes accurate for large aspect ratios. This is the limit where

Onsager’s approach, which only retains the second virial coefficient [97, 132], is appli-

cable. We hope, therefore, that this can provide a detailed, accurate picture of the phase

behaviour of the nun-chucks as a function of their flexibility. Once the liquid crystalline

phases have been identified a whole host of questions are opened. Of course a study of

the dynamics is important and might be treated as discussed previously in this section

but the possible textures of these phases are also interesting to study. Specifically, due

to the polar nature of the excluded volume when the nun-chuck is oriented like a “V”, it

may be possible to form “ferromagnetic” and “anti-ferromagnetic” domains [143]. These
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are domains where the particles are oriented in the same way, “<<” say, or the opposite,

“<>”. The dynamics and elasticity of these more complicated, textured phases may be

brought within reach of theoretical study by building upon the methods discussed in

this thesis.

6.3 Elastic Response of Wire Frame Glasses

In Chapters 4 and 5 we investigated the rheological properties of a concentrated sus-

pension of wire frame particles. We considered the elastic response to step strain specifi-

cally, and focused on comparing bent and branched wire frame glasses to rigid rod fluids.

This was done with the introduction of a simple geometric method that computed the

elastic response by considering the volume of configuration space available to the parti-

cle before and after the shear. We studied the problem in both two and three dimensions.

In the latter case we presented two approaches; a simple method based on the under-

standing built up from the two dimensional study and a more detailed method which

relied on a mean field approximation to replace the constraints placed on a test parti-

cle by those which would be found on average. We discovered two striking differences

between the wire frame and rod suspensions;

1. The linear elastic response of wire frame suspensions is significantly larger and

more sensitive to concentration than that for rods, scaling like ρ3L6 as opposed

to simply ρ. This result was derived for suspensions with ρL3 À 1 and so this

difference is very significant. This strong scaling was found for only very slightly

bent particles. This shows that the elastic response of these systems is extremely

sensitive to the shape of the suspended particles.

2. Above a critical density, the wire frame suspensions go from shear hardening to

shear softening. This critical density depends on the bending modulus of the par-

ticles themselves ρcL3 ∼ (K /kBT)1/2 and so may be tuned to be at a specific value.

Rigid rod suspensions, on the other hand, are always shear thinning. For realistic

DNA systems, this critical density is well within experimental range.

These two points are not only interesting from a theoretical point of view, as they indi-

cate a fundamental difference between these two types of particle, but also have rele-

vance to the design of the DNA nano-star materials. For instance, they may be exploited

to design a “mechanical sensor” for a particular DNA sequence.
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FIGURE 6.2: A cartoon of the design application proposed in the main text. Panel (a)
illustrates the first step of the process, extracting a single stranded DNA sequence unique
to a particular bacterium X . Panel (b) indicates the possible behaviours of a suspension of
the two rods A and B when X is and is not present. When X is present, due to the design
of A and B, they connect up to form an L-shape. The suspensions elasticity then increases

rapidly, as explained in the text. This increase allows the suspension to test for X .

6.3.1 Design Applications

Let us imagine that we would like to identify whether a particular bacterium, X , is

present. Here we outline how a wire frame system constructed from DNA may be en-

gineered for this task, using the results outlined above. A cartoon of our proposal is

shown in Fig.(6.2)

We assume that bacterium X can be identified by a unique DNA sequence. There

exist methods by which double stranded DNA sequences can be extracted from bacteria

samples and processed into single stranded sequences [144]. This means a unique,

single stranded sequence may be extracted from the bacterium. Now we imagine that

we have constructed two kinds of rods, A and B, from double stranded DNA. Both of

these rods have been designed with small single stranded overhangs. The overhang on

rod A is joined parallel to the rod whereas the overhand on rod B is designed so it comes

off at some angle ≥ 30◦. Each of these single stranded overhangs can be engineered to

be complementary to X so that if (and only if) the bacterium X is present, the two rods

join up to form a kinked wire frame of the type considered in Chapters 4 and 5.

This shows how the system can be used as a mechanical sensor. We prepare a con-

centrated suspension of rods A and B. The short overhangs have no qualitative impact

on the rheology and so the system behaves effectively like a rigid rod fluid. Then the

prepared sample to be tested is added. If the bacterium X is present, then the rods bind
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together to form a wire frame glass and the elasticity jumps by many orders of magni-

tude. Such a radical change in the suspensions properties may be able to be seen by the

naked eye when the sample is simply shaken by hand. However, if X is not present,

then the sample will remain fluid. This proposed kind of sensor could test for the pres-

ence of a particular bacterium relatively quickly without needing to culture a colony,

which takes a few days. There are, of course, many details of this proposal which would

need to be addressed, but this does appear to be a promising application for the results

found in this thesis.

6.3.2 Further theoretical work

There are many possible extensions to the work on concentrated wire frame suspen-

sions. For instance, the 3D cross particles shown in Fig.(5.1) have been shown to exhibit

a cubatic liquid crystalline phase [141, 142, 145]. It would be interesting to consider

how the geometric method we used for disordered, glassy states may be applied to ori-

entationally ordered phases. This will not be as simple as replacing the orientational

distribution function ψ with one possessing the appropriate symmetry in (5.1) because

the distribution of constraints will also change. That being said, there is no clear reason

why the methods we have presented cannot be applied to these systems.

Dynamics of wire frame particles in concentrated suspension

Perhaps the most important extension to this work is understanding the dynamics and

stress relaxation of the wire frame systems. Not only is this an important theoreti-

cal problem, it is also necessary to compare our results to existing simulations which

compute the zero shear rate viscosity [91, 92]. Investigating the dynamics of the wire

frames in concentrated suspensions requires knowledge of the diffusion constants. Here

we discuss how these may be studied from two different perspectives and present some

potential routes to the stress relaxation in these systems.

The diffusion of the wire frames in concentrated suspension is severely hindered by

the geometric constraints that no two particles can cross. It is very difficult to handle

this in 3D, as we have seen. Therefore, we limit this discussion to a simplified 2D

model. This model is essentially that used in Chapter 4. A planar wire frame particle is

placed on the plane surrounded by points it cannot cross. The centre of mass of the wire

frame, in the absence of the surrounding constraints, diffuses with diffusion constant

Dc, and its orientation diffuses with diffusion constant Dr. The surrounding points are

all allowed to move with diffusion constant D. The number density of these points is

ρ. We aim to determine the translational and rotational diffusion constants of the wire

frame particle in the presence of the constraining points, defined as D̃c(ρ) and D̃r(ρ)

respectively.
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Translational Diffusion

In Chapters 4 and 5 we mention that the translational diffusion constant of wire frames

goes to zero exponentially in the density. This may be demonstrated in this 2D model

using a simple argument. In general, if the centre of mass of a particle jumps a given

distance in a random direction at a given rate, its diffusion constant can be estimated

by

Diffusion Const. ∼ Jump Rate × (Jump Size)2. (6.14)

In the model, the centre mass of the wire frame remains locked in place by its sur-

roundings, until an area approximately equal to its length squared becomes emptied of

constraining points. When this happens, it can suddenly diffuse freely. The diffusion of

the centre of mass in concentrated suspension is then visualised in three steps:

1. For a period of time τlock, the centre of mass diffuses in a very small cage, essen-

tially not moving.

2. After this time, there may happen to be no constraints around the wire frame, and

it can diffuse freely over a distance s.

3. The constraints close in again around the particle and it is locked once more, as in

Step 1, and the process repeats.

The diffusion constant of the centre of mass is then estimated by

D̃c(ρ)∼ s2

τlock
, (6.15)

so we need to estimate the time τlock and jump size s.

The centre of mass of a wire frame can be thought of as being contained, on average,

to a square cage of side length a ∼ (ρL)−1. The wire frame generally rattles around this

cage, diffusing from one side to the other. Inside this cage, there are no constraints

by definition, so it may diffuse across the cage in a time, τcage ∼ a2D−1
c . Every time

it reaches the edge of its cage it may either find itself constrained (as is expected on

average) or in a vacuum of constraints. If it finds that the latter is the case, it may

continue to diffuse over a larger region as if there were no constraints, allowing it to

“jump”. In a time t, the wire frame will therefore have N = t/τcage chances to find itself

in a position where it may “jump”. Let us define n̄(t) as the average number of times

a wire frame particle can jump in a time t, i.e the number of times it finds itself in

a vacuum of constraints about equal to its diameter. Call the probability that it finds

no constraints in its surroundings P. We may now imagine a “game” where in a time

t, there are N trials to determine if the wire frame can jump. The probability of a

successful trial is P. Hence, the probability of n(t) successful trials follows a binomial
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distribution. The average of this distribution is n̄(t), given by

n̄(t)= NP = t
τcage

P = t
a2D−1

c
P = Dc(ρL)2P t. (6.16)

The probability, P, of finding a vacuum of constraints around the particle is that of

finding no constraining points in an area of approximate size L2. Since the number of

constraining points in a given area follows a Poisson distribution, we may estimate

P ∼ e−ρL2
. (6.17)

So it follows,

n̄(t)∼ Dc(ρL)2e−ρL2
t. (6.18)

The rate at which the wire frame jumps is the average number it executes per unit time,

n̄(t)/t. Hence, the jump rate, τ−1
lock, is determined,

1
τlock

≡ n̄(t)
t

∼ Dc(ρL)2e−ρL2
. (6.19)

We may now easily determine the jump size. Once the wire frame finds itself in a vac-

uum of constraints, it may only diffuse freely for a time τcage, on average. The average

distance it moves in this time determines the step size s,

s ∼
√

Dcτcage ∼ 1
ρL

. (6.20)

Putting the pieces (6.19) and (6.20) into (6.15), the translational diffusion coefficient for

the wire frames may be estimated:

D̃c(ρ)∼ 1
(ρL)2 ×Dc(ρL)2e−ρL2 ∼ Dce−ρL2

. (6.21)

We have therefore demonstrated that the translational diffusion coefficient of wire frame

particles decreases exponentially in the constraint concentration, ρ. This has been ob-

served in simulations [88] and the argument we have given here is essentially the ex-

planation of this result given in that paper. This result allows us to treat the centre of

mass of wire frame particles as fixed, both in the previous chapters and in the rest of

this section. This is contrasted with rod particles, which may always diffuse along their

length, if they are infinitely thin and the surrounding constraints are mathematically

point-like, meaning their translational diffusion can never be neglected.

It is important to consider how this heuristic result may be derived more rigorously.

In the following, we discuss the rotational diffusion using a more mathematical argu-

ment that begins from the multi-particle Smoluchowski equation describing the evolu-

tion of the system.
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Rotational Diffusion

The same approximate method outlined previously can be used to estimate the rota-

tional diffusion constant of a wire frame in the two dimensional model. Here we de-

scribe a more rigorous approach. For simplicity, we only consider a single rod of length

L whose centre of mass is fixed and find its diffusion constant D̃r(ρ). This will give

the same answer, in terms of scaling, as for a wire frame, because the most important

difference between rods and wire frames is that the centre of mass of a wire frame is

essentially fixed.

We assume the centre of mass of the rod is fixed at the origin and its orientation is

given by the angle φ it makes to the x-axis. It is surrounded by N point-like constraints,

each with positions r j, which it cannot cross. The joint probability distribution for every

member of the system is P(φ, {r j}; t). The generalized Smoluchowski equation for this

distribution, which takes into account the fact that the rod cannot cross any of the

surrounding particles, can be derived by following the procedure in [146]. The resulting

equation for P is

∂P
∂t

−Dr
∂

∂φ

(
∂

∂φ
−

N∑
j=1

T j +β∂U
∂φ

)
P −D

N∑
j=1

∇∇∇ j ·
(
∇∇∇ j −T†

j +β∇∇∇ jU
)
P = 0, (6.22)

where we have defined the functions

T j =
∂Wj

∂φ

∣∣∣∣
∂P +

=Θ(L/2−|p j|)δ(|q j|−b)(u ·r j), (6.23a)

T†
j =∇∇∇ jWj

∣∣
∂P + =−Θ(L/2−|p j|)δ(|q j|−b)q̂ j. (6.23b)

Here we have defined the function Wj as

Wj(φ,r j)=
1 if constraint j does not overlap with the particle

0 if constraint j does overlap with the particle
. (6.24)

Writing (6.24) explicitly in terms of step functions gives the explicit forms for T j and

T†
j. In these definitions ∂P + indicates evaluation just outside the surface of the particle.

Note that it is the functions T j and T†
j which encode the boundary conditions and that

they appear in the Smoluchowski equation as additional forces.

This is our starting point for determining the diffusion coefficient, D̃r(ρ), in concen-

trated suspensions for the wire frame particles. Our method will be essentially the same

as that introduced by Szamel and Schweizer [147, 148] however, our derivation will be

slightly different and more concise. The derivation given here also connects this method

with that of Edwards and Vilgis [115]. This kind of calculation has been used to study

many similar problems, such as the reptation of rods in concentrated suspension [147,
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148], the rotation of rods fixed to a lattice [149, 150] in three dimensions, the transla-

tional diffusion of rigid branched polymers [151, 152]2 and transport properties of hard

sphere fluid [153–155].

We determine the diffusion constant by exploiting the fluctuation dissipation theo-

rem. We used the same method when determining the translational diffusion constant

of the nun-chucks in section 3.3.1. This method is also outlined in the appendix of [115].

Imagine that a weak constant field is applied to the wire frame particle

U =−kBT gφ. (6.25)

In the steady state, this field will cause the wire frame to rotate with a constant angular

velocity Ω, which is proportional to g. The fluctuation dissipation theorem tells us that

this angular velocity is related to the rotational diffusion coefficient,

DFDT
r = lim

g→0

Ω

g
. (6.26)

Following the same steps as for the nun-chucks in section 3.3.1 and the appendix of

[115], we find an expression for the rotational diffusion coefficient

DFDT
r = Dr −D2

r

N∑
j=1

∫
dφdr j

∫ ∏
k 6= j

drkPeqT j(φ,r j)

[(
L †

N

)−1 N∑
l=1

Tl(φ,rl)

]
, (6.27)

where L †
N is the adjoint of the N-particle operator

LN = Dr
∂

∂φ

(
∂

∂φ
−

N∑
j=1

T j

)
+D

N∑
j=1

∇∇∇ j ·
(
∇∇∇ j −T†

j

)
(6.28)

This is the expression for the diffusion coefficient given in [115]. This is a difficult

expression to handle in general because it involves inverting the operator L †
N . Here

we propose a method which overcomes this difficult and provides a route for finding

DFDT
r as a series in powers of ρ. First, we introduce the function fN(φ, {r j}), which is the

solution to

L †
N fN(φ, {r j})=

N∑
j=1

T j(φ,r j), (6.29)

so that we may write

DFDT
r = Dr −D2

r

N∑
j=1

∫
dφdr j

∫ ∏
k 6= j

drkPeqT j(φ,r j) fN(φ, {r j}). (6.30)

Equation (6.29) has two parts, one regular and one singular, the latter being the part

2it must be noted that this study did not find the exponential dependence with density observed in
simulations, we will discuss possible reasons why this is the case later in this section
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proportional to the delta function limb→0δ(|q j|−b). The regular part yields a “Laplace-

like” equation

Dr
∂2 fN

∂φ2 +D
N∑

j=1
∇2

j fN = 0, (6.31)

and the singular part provides the boundary conditions

Dr
∂ fN

∂φ
−D

1
(u ·r j)

q̂ j ·∇∇∇ j fN = 1 ∀ j ∈ [1, N], (6.32)

which are to be satisfied at |q j| = 0 with |p j| ≤ L/2.

This, in principle, gives us all the pieces to compute the rotational diffusion coeffi-

cient of the wire frame. However, it is very difficult to make progress as the equation

for fN is extremely hard to solve. Further, it is desirable to solve this in the limit that

N →∞ at constant number density ρ = N/V , and obtain an expression for D̃r(ρ). The

first approach we take is perhaps the most natural, where we seek to expand D̃r(ρ) as

a power series in ρ about the known dilute, ρ = 0, case. We do this by first noting that

Peq ≈V−N and re-write (6.30) in the following way

DFDT
r = Dr −D2

r
N
V

∫
dφdR

∫ N−1∏
k=1

(
drk

V

)
T(φ,R) fN(φ,R, {rk})

= Dr −D2
rρ

∫
dφdR T(φ,R)F(φ,R).

(6.33)

It is now clear that when ρ = 0, the rotational diffusion coefficient of the particle is un-

changed. To write DFDT
r in this way we have used the fact that each of the constraining

points are indistinguishable and we have defined the functions

T(φ,R)=Θ(L/2−|P|)δ(|Q|−b)(u ·R), (6.34)

and

F(φ,R)=
∫ n∏

k=1

(
drk

V

)
fN(φ,R, {rk}). (6.35)

In these equations, Q and P are the components of R perpendicular and parallel to the

rod respectively and n ≡ N −1. We now follow the techniques outlined by Szabo et. al.

[156] to expand F(φ,R) as a series of the form

F(φ,R)= F0(φ,R)+ n
V

F1(φ,R)+ n(n−1)
2V 2 F2(φ,R)+ n(n−1)(n−2)

3!V 3 F3(φ,R)+·· · . (6.36)

The functions Fm are determined by requiring this expression to be exact for n = 0,1,2

etc. The first few terms are

F0(φ,R)= f1(φ,R), (6.37a)

F1(φ,R)=
∫

dr
(
f2(φ,R,r)− f1(φ,R)

)
, (6.37b)
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and

F2(φ,R)=
∫

drdr′
(
f3(φ,R,r,r′)−2 f2(φ,R,r)+ f1(φ,R)

)
. (6.37c)

Putting this series for F back into the expression for DFDT
r , which we now identify as

D̃r(ρ), and taking the limit N →∞ keeping ρ = N/V constant we have

D̃r(ρ)
Dr

= 1−ρDr

∞∑
m=0

ρm

m!
∆m, (6.38)

with the constants

∆m =
∫

dφdR T(φ,R)Fm(φ,R). (6.39)

As far as we know, this the only rigorous series for the diffusion constant derived using

this framework. Similar series can be derived using other methods [157–159]. This

is the best starting point for determining a series for D̃r(ρ), and will work well for

low concentrations where only a few terms are needed. However, as we are interested

in concentrated suspensions, it is very cumbersome to develop this series to sufficient

order. This is due in large part to the fact that the equation (6.29) only has analytical

solutions for small values of N. Therefore, a different argument is needed to make

progress. One possibility is to make a physical argument about which terms in the series

are dominant and attempt to re-sum them, as done in [115], but an easier alternative is

to construct a dynamical mean field theory along the lines of that presented in [147].

The behaviour of the wire frame is described by its orientational distribution func-

tion, ψ(φ, t). The goal of the dynamic mean field theory is to the include average effect

of the constraints on the dynamics of ψ. Our starting point is the N-particle Smolu-

chowski equation (6.22) in the presence of the weak potential (6.25). This is integrated

over the positions of all of the surrounding constraints to obtain the evolution equation

for ψ(φ, t),
∂ψ

∂t
−Dr

∂2ψ

∂φ2 + gDr
∂ψ

∂φ
+Dr

∂

∂φ

∫
dR T(φ,R)P2(φ,R; t)= 0. (6.40)

Here we have introduced the two-particle distribution,

P2(φ,R; t)= N
∫ N∏

k=2
drkP(φ,R, {rk}; t). (6.41)

This shows that the evolution of the one particle distribution ψ (6.40) is effected by the

two particle interactions between the wire frame and the constraints. The influence of

this on the rotational diffusion of the wire frame can be found by once again using the

fluctuation dissipation theorem as before, which gives

DFDT
r = Dr + lim

t→∞ lim
g→0

Dr

g

∫
dφdR T(φ,R)P2(φ,R; t). (6.42)

Therefore to find the rotational diffusion coefficient, we need to find the two particle
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distribution. The two particle distribution is part of a hierarchy where P2 depends on

P3, which depends on P4 etc. Including the effect of each term shows how the interac-

tions of increasingly many particles affect the dynamics. At this point this formulation

is exactly the same as that presented previously, where multiple particle interactions

are included term by term by the functions Fm. This is the essential difficulty of the

problem; the dynamic mean field theory introduces an approximation which overcomes

this.

Our discussion up to this point has shown that the effect of the constraints on the

diffusion of the wire frame cannot be entirely accounted for by only considering inde-

pendent binary interactions. However, this is the easiest case to handle mathematically.

The aim of any approximate scheme, therefore, is to gain as much insight into the prob-

lem by only considering two particle interactions. The idea is to replace the exact two

particle dynamics, which are affected by the three particle dynamics, by an “effective

dynamics” which we insist describes the diffusion of the wire frame and constraints ex-

actly, but are independent of three particle interactions. The effective dynamics of P2

are then given by

∂P2

∂t
= D̃r

∂

∂φ

(
∂

∂φ
−T(φ,R)− g

)
P2 + D̃∇∇∇·

(
∇∇∇−T†(φ,R)

)
P2. (6.43)

To determine the rotational diffusion coefficient of the wire frame using (6.42) the steady

state solution for P2 is determined perturbatively for small g. This gives the expression

for DFDT
r from (6.42)

DFDT
r = Dr +DrD̃r

∫
dφdR Peq

2 T(φ,R)(L̃ †)−1T(φ,R). (6.44)

where (L̃ †)−1 is the inverse of the adjoint to

L̃ = D̃r
∂

∂φ

(
∂

∂φ
−T(φ,R)

)
+ D̃∇∇∇·

(
∇∇∇−T†(φ,R)

)
. (6.45)

In the dynamical mean field theory, we insist that the effective constant D̃r is the exact

diffusion coefficient which would be determined by the fluctuation dissipation theorem,

i.e DFDT
r = D̃r. Hence we may solve (6.44) for the inverse of D̃r which recovers the result

of [148]
1

D̃r
= 1

Dr
−

∫
dφdR Peq

2 T(φ,R) f (φ,R). (6.46)

Here we have defined the function f (φ,R) as the solution to,

L̃ † f (φ,R)= T(φ,R). (6.47)

This equation may once again be split into its regular and singular parts, with the reg-

ular part giving a Laplace-like equation, and the singular parts supplying the boundary
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conditions

D̃r
∂2 f
∂φ2 + D̃∇2 f = 0, (6.48a)

[
D̃r

∂ f
∂φ

− D̃
(u ·R)

Q̂ ·∇∇∇ f
]
|Q|=0

= 1 ∀ |P| < L/2. (6.48b)

It is important to test this idea on a well known case, namely that of reptation for rod-

like particles. This has already been done in three dimensions [147, 148], and the two

dimensional derivation is a small modification to that calculation, so we only report the

details in appendix E.1. To demonstrate consistency with reptation the translational

diffusion of a rod like particle is considered when the rod is surrounded by a distribu-

tion of point like, uncrossable constraints of number density ρ. The orientation of the

rod is assumed fixed, and the goal is to determine the diffusion coefficient for motions

transverse to the length of the rod. Applying the method outlined above to find the ratio

of the transverse diffusion constant D⊥ to the longitudinal diffusion constant D∥ of a

rigid rod surrounded by point like constraints yields the result

D̃⊥
D∥

= C
(ρL2)2 , (6.49)

where C is a positive constant. This is precisely the scaling predicted using reptation

(see appendix C.2) and demonstrates the consistency of the dynamical mean field theory

method we have described.

We may now calculate the rotational diffusion coefficient. This means solving (6.48)

for f . It turns out that we can determine f precisely as a sum over Bessel functions.

We outline this solution in appendix E.2. The final result for the rotational diffusion

constant of the wire frame is

D̃r = D̃Dr

D̃+DrρL4Q
(
L2D̃r/D̃

) , (6.50)

where D̃ is the diffusion constant of the surrounding constraints. Note that this is an

implicit equation for D̃r, this structure is typical of self-consistent mean field theories

of the kind used here. There are two important cases to consider. The first is when the

obstacles are taken to be static, D̃ → 0. In this limit Q ∼ D̃(D̃rL2)−1, and so we find

D̃r ≈ Dr
(
1−Q0ρL2) , (6.51)

where Q0 is a positive constant. This shows that for some finite density of static ob-

stacles, all rotational motion of the wire frames ceases. This is intuitively consistent

because if more than one constraint is present within the circle spanned by the rotation

of the particle, then its motion will inevitably stop.
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The second case to consider is when we choose the surrounding points to behave as

if they were legs of wire frames whose centres lie in other planes, D̃ ∼ D̃rL2. This yields

D̃r ≈ Dr
(
1−Q(1)ρL2) . (6.52)

This also indicates that as the density increases, the motion of the wire frame stops

above a critical density. Once more this is an intuitively reasonable result. At high

densities, the wire frame may only move due to the motion of surrounding points and

so is slower than at low densities. Forcing the surrounding points to move like the wire

frame, their motion is also slowed. Once the density is sufficiently large all motion

becomes so slow that it effectively ceases.

These results appear to indicate a kind of glass transition in this model system,

where above a critical density all motion ceases. It should be noted that this result is

expected when using a dynamical mean field theory along these lines. It is certainly

unlikely that this method could recover any exponential dependence of the kind seen in

simulations [88]. This is because the mechanism that leads to exponential concentration

dependence of the diffusion constant relies on co-operation between a large number of

the constraining particles to form a vacuum around a given wire frame. The dynamical

mean field theory discussed here can never capture this because it only includes binary

interactions exactly. It may be possible to use the series solution (6.38), combined with

a physical argument and resummation technique akin to [115] to recover the exponen-

tial dependence. This will almost certainly be a formidable mathematical task and it is

probably more useful to investigate the problem through simulations. The two dimen-

sional model we have discussed here and in Chapter 4 provides a simple starting point

for this investigation.

One final question remains; how may this insight into the diffusion constants be

used to understand the stress response in these systems? A naive treatment may be to

follow what was done for rigid rods, outlined in section 1.2. Here the stress is derived

directly from the Rayleighian, which is assumed to have the same form in concentrated

suspension as in the dilute case. This yields an elastic stress of the form

σ∼σ0(ρ)e−cDr t, (6.53)

where c is a positive constant. It then follows that the relaxation time of the stress in

concentrated suspension is

τ(ρ)∼ 1
D̃r(ρ)

, (6.54)

which, from our discussion of the rotational diffusion, may be one of following forms

τ(ρ)∼ 1
Dr

(ρcL2 −ρL2)−1, (6.55a)
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τ(ρ)∼ 1
Dr

eaρL2
, (6.55b)

where ρc is the density at which the diffusion constant vanishes according to (6.52) and

a is some positive constant. There is an important difference between these two results.

In the first case, the relaxation time diverges and the elastic stress persists indefinitely

above a certain concentration. In the second case, however, the elastic stress decays over

an exponentially long time but does eventually vanish in equilibrium. Without a more

detailed analysis we cannot determine which of these cases is accurate, though they

do point towards a really remarkable difference between the response of suspensions of

straight rods and bent wire frames.

A more informed approach may be to attempt to include time dependence in the

geometric method outlined in Chapters 4 and 5. This could be done by either allowing

the cells (see Fig.(5.2)) to change size over time eventually relaxing to equilibrium, or

by allowing a test particle to jump between cells and keeping track of the number of

possible cells it has visited over a given time. A combination of these two ideas may also

be required. It is hoped that, due to the conceptual simplicity of the geometric method,

this may provide a feasible route into the problem, which avoids the heavy mathematics

required of a description which starts from the N-particle Smoluchowski equation.

Clearly this problem requires a great deal of attention from all sides theoretical,

experimental and computational. Given how far the study of particulate suspensions

has come in the relatively short time since the seminal works of the early 20th century,

we are in no doubt that the questions raised in this thesis will be answered before long.

In the meantime, we hope the work presented in this thesis has contributed in its own

small way to the understanding of these fascinating and important systems.
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Appendix A

Hydrodynamics

In this appendix we justify neglecting the hydrodynamic interaction between the con-

stituent rods of the wire frames discussed in Chapter 2 and Nun-Chucks in Chapter 3.

For illustrative purposes, let us consider two rods of equal length 2L and radius b which

perpendicularly bisect each other. One rod is labeled the “test rod” the other is labeled

the “driving rod”. The direction of the test rod is denoted by the unit vector t and the

unit vector d for the driving rod. First we discuss how to include the interaction between

these two particles in general. Our starting point are the standard Stokes equations for

creeping flow

ηs∇2u f +∇∇∇P =−g(r). (A.1)

Here ηs is the fluid viscosity, u f is the fluid velocity, P is the pressure and g is the

external force acting on a unit volume of the fluid. It is this last term which takes the

effect of the suspended particles into account. We may write this term as

g(r)=
∫ L

−L
ds ft(s)δ(r− st)+

∫ L

−L
ds fd(s)δ(r− sd), (A.2)

where ft(s) and fd(s) are the force densities exerted on the fluid by a segment of the test

and driving rod respectively at position s along each rod. Formally we may determine

the fluid velocity using the Green function of the Stokes equations, namely the Oseen

tensor

H(r)= 1
8πηs|r|

(
1+ rr

|r|2
)
. (A.3)

This solution is

u f (r)=
∫ L

−L
ds H(r− st) · ft(s)+

∫ L

−L
ds H(r− sd) · fd(s). (A.4)

Now, when there is only one rod present, we can find a precise expression for the force

density in terms of the linear and angular velocity of the rod. For the driving rod this is

f0
d(s)=

∫ L

−L
ds′H−1(s− s′) ·u f (s′d), (A.5)
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where the subscript “0” indicates that the test rod is imagined to be absent and the

inverse tensor, H−1, is given in the standard way by

H−1(s− s)= h−1(s− s′)
(
1− 1

2
dd

)
, (A.6)

with the function h−1(s− s′) being determined from∫ L

−L
ds′′

1
8πηs|s− s′′|h

−1(s′′− s′)= δ(s− s′), (A.7)

and because |s− s′′|−1 decreases very quickly is well approximated by

h−1(s− s′)= 4πηs

log(L/b)
δ(s− s′). (A.8)

It also follows that if the driving rod moves with linear velocity U and angular velocity

Ω, then the fluid velcity at a point s alongs its length must be

u f (sd)=U+ sΩ×d. (A.9)

Substituting this into the expression for the force density (A.5) we obtain

f0
d(s)= 4πηs

log(L/b)

(
1− 1

2
dd

)
· (U+ sΩ×d) . (A.10)

From this expression we may obtain the well known mobility relations for a rod. First

we integrate this along the length of the rod to obtain the relationship between the total

external force Fd and velocity

Fd =
∫ L

−L
ds f0

d(s)= 4πηs

log(L/b)

∫ L

−L
ds

(
1− 1

2
dd

)
· (U+ sΩ×d)

= 8πηsL
log(L/b)

(
1− 1

2
dd

)
·U.

(A.11)

Similarly, by integrating the torque along the length of the rod we find,

Td =
∫ L

−L
ds sd× f0

d(s)= 4πηs

log(L/b)

∫ L

−L
ds sd× (U+ sΩ×d)

= 8πηsL3

3log(L/b)
Ω.

(A.12)

These are, of course, completely well known and have been derived by many meth-

ods. Our goal is to determine how the linear and angular velocities of the test rod are

changed from these expressions by the presence of the driving rod.

First, we assume that it will be a good approximation to neglect the hydrodynamic

interaction between the two rods, which we will later show to be consistent. This allows
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us to replace fd by f0
d in equation (A.4) for the purposes of solving for ft(s). Using this

approximation the solution for the force density of the test rod is

ft(s)=
∫ L

−L
ds′H−1(s− s′) · (V+ s′t×ω)−∫ L

−L
ds′

∫ L

−L
ds′′H−1(s− s′) ·Hx(s′t− s′′d) · f0

d(s′′).
(A.13)

where V and ω are the linear and angular velocities of the test rod respectively and we

have defined the tensor

Hx(st− s′d)= 1
8πηs|st− s′d|

(
1+ (st− s′d)(st− s′d)

|st− s′d|2
)
. (A.14)

In equation (A.13) we can now use the approximate form of H−1(s− s′) in (A.6) as well

as the expression for f0
d in (A.10) to obtain

ft(s)= 4πηs

log(L/b)

(
1− 1

2
tt

)
· (V+ st×ω)

− 2πηs

log2(L/b)

(
1− 1

2
tt

)
·
∫ L

−L
ds′

1
|st− s′d|

(
1+ (st− s′d)(st− s′d)

|st− s′d|2
)
·
(
1− 1

2
dd

)
· (U+ s′Ω×d

)
.

(A.15)

By understanding the size of the second term on the right hand side of this equation we

can understand the effect of the hydrodynamic interaction between the two rods. Let

us first look at the effect of this term on the linear velocity, this is done as before by

integrating the force density over the length of the test rod to give

V= log(L/b)
4πηsL

(1+ tt) ·Ft

+ 1
2L log(L/b)

∫ L

−L
ds

∫ L

−L
ds′

1
|st− s′d|

(
1+ (st− s′d)(st− s′d)

|st− s′d|2
)
·
(
1− 1

2
dd

)
· (U+ s′Ω×d

)
.

(A.16)

Now we can see already that the term encoding the hydrodynamic interaction between

the two rods appears small in the limit of large aspect ratios L/b →∞, due to the factor

of log(L/b) in the denominator of the second term. However, if the s and s′ integrals were

to diverge rapidly enough then we may not be able to neglect this term. In order to check

that this does not happen we only need to consider the most divergent terms, namely

those with the most powers of s and s′ in the numerator compared to the denominator.

First, let us make a useful observation. Each of the integrals we will need to take is of

the form

I n
pq(L,b)=

∫ L

b
ds

∫ L

b
ds′

sp(s′)q

|st− s′d|n +
∫ −b

−L
ds

∫ −b

−L
ds′

sp(s′)q

|st− s′d|n . (A.17)
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The second term here can be manipulated so the integration is over the same range as

the first,

I n
pq(L,b)= (

1+ (−1)p+q)∫ L

b
ds

∫ L

b
ds′

sp(s′)q

|st− s′d|n . (A.18)

Hence if p+ q ∈ odd, then the integral will vanish. This can be used to simplify more

exact calculations using this interaction. Here it allows us to conclude that the integrals

appearing in equation (A.16) are I 1
00, I 3

11 and I 3
02. As each of these have the same

difference in powers between numerator and denominator we expect that they will all

scale in approximately the same way with aspect ratio, so it suffices to only treat one in

detail. We choose I 1
00 which is,

I 1
00(L,b)= 2

∫ L

b
ds

∫ L

b
ds′

1
|st− s′d| . (A.19)

In principle this can be considered for arbitrary directions t and d however for simplicity

we only consider the case where they are orthogonal so that we may write

I 1
00(L,b)= 2

∫ L

b
ds

∫ L

b
ds′

1√
s2 + (s′)2

. (A.20)

The integral over s′ may now be computed exactly using elementary methods

I 1
00(L,b)= 2

∫ L

b
ds log

∣∣∣∣L+
p

L2 + s2

b+
p

b+ s2

∣∣∣∣. (A.21)

This integral can also be computed analytically and yields the somewhat cumbersome

expression

I 1
00(L,b)= 4log

∣∣∣∣
(p

2+1
)
L/b

1+
√

1+ (L/b)2

∣∣∣∣−2b log
∣∣∣∣
√

(L/b)2 +1+L/bp
2+1

∣∣∣∣+2b
(
sinh−1(1)−sinh−1(L/b)

)
,

(A.22)

which simplifies in the limit of large aspect ratios to

I 1
00(L,b)∼ c1L− c2b log(2L/b), as L/b →∞ (A.23)

where c1 and c2 are positive constants of order unity whose precise values are unimpor-

tant.

We can now assess the impact of the hydrodynamic interaction between the two rods

on the linear velocity of the first rod. The characteristic size of the velocity is estimate

directly from equation (A.16) as

|V| ∼ log(L/b)
L

|Ft|+ 1
L log(L/b)

I n
00|U|

∼ log(L/b)
L

|Ft|+
(

c1

log(L/b)
− c2

L/b

)
|U|.

(A.24)
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We can now use the result that the characteristic velocity of the driving rod is approxi-

mately |U| ∼ log(L/b)|Fd|/L to obtain

|V| ∼ log(L/b)
L

|Ft|
[
1+ |Fd|

|Ft|
(

c1

log(L/b)
− c2

L/b

)]
. (A.25)

The second contribution in the square brackets on the right hand side vanishes in the

limit of large aspect ratios. This shows that for particles comprised of very long thin rods

the hydrodynamic interaction between the constituent rods only produces sub-dominant

effects on their motion. If we were to repeat the same calculation for the angular velocity

we would obtain a very similar result.
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Appendix to Chapter 3

B.1 Lagrange Multiplier Solution

Here we give some details of how to solve for the Lagrange multiplier, λ. To obtain the

equation to solve for λ, we substitute equations (3.46a-3.50b) for the velocities in the

time derivative of the constraint constraint (3.2). This leads to the following equation,

κ · (r1 −r2)− kbT
µT

(
(1+u1u1) · ∂Ũ

∂r1
− (1+u2u2) · ∂Ũ

∂r2

)
− 1
µTψ

(
21+u1u1 +u2u2

)
·λ

= L
2
κ · (u1 −u2)− L

2

(
u1(u1 ·κ ·u1)−u2(u2 ·κ ·u2)

)
+ kbTL

2µR

(
u1 ×R1Ũ −u2 ×R2Ũ

)
+ L2

4µRψ

(
(u1 ×λ)×u1 + (u2 ×λ)×u2

)
.

(B.1)

The first terms on each side of this equation cancel because of the constraint, (3.2), and

after a few simple manipulations this equation becomes

L2

4µRψ

(
21−u1u1 −u2u2

) ·λ+ 1
µTψ

(
21+u1u1 +u2u2

) ·λ
= L

2

(
u1(u1 ·κ ·u1)−u2(u2 ·κ ·u2)

)
− kbT

µT

(
(1+u1u1) · ∂Ũ

∂r1
− (1+u2u2) · ∂Ũ

∂r2

)
− kbTL

2µR

(
u1 ×R1Ũ −u2 ×R2Ũ

)
.

(B.2)

Then using equations (3.42) and (3.43), we obtain the equation to solve for λ

(
1− 1

4
u1u1 − 1

4
u2u2

)
·λ=

− kbTψ
8

(
(1+u1u1) · ∂Ũ

∂r1
− (1+u2u2) · ∂Ũ

∂r2

)
− kbTψ

16
LµT

µR

(
u1 ×R1Ũ −u2 ×R2Ũ

)
+ µTLψ

16

(
u1(u1 ·κ ·u1)−u2(u2 ·κ ·u2)

)
.

(B.3)

To solve this we need to find the inverse matrix M, defined through

M ≡ (1− 1
4

u1u1 − 1
4

u1u1)−1. (B.4)
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To do this, let us assume a simple form for M

M = A1+Bu1u1 +Cu2u2 +Du1u2 +Eu2u1. (B.5)

The unknown coefficients A,B,C,D,E are then determined by enforcing

M · (1− 1
4

u1u1 − 1
4

u1u1)= 1. (B.6)

This yields a system of simultaneous equations, the solution to one of which is A = 1

and the rest of the system becomes

3D = (u1 ·u2)B, (B.7a)

3E = (u1 ·u2)C, (B.7b)

3B = (u1 ·u2)D−1, (B.7c)

3C = (u1 ·u2)E−1. (B.7d)

These are then straightforwardly solved to give

B = C = 1
3− 1

3 (u1 ·u2)2
, (B.8a)

D = E = u1 ·u2

3(3− 1
3 (u1 ·u2)2)

. (B.8b)

Upon defining the scalar function f = (3− 1
3 (u1 ·u2)2)−1, we find the matrix M as in (3.48)

of the main text,

M = 1+ f
(
u1u1 +u2u2

)+ 1
3

(u1 ·u2) f
(
u1u2 +u2u1

)
. (B.9)

This finally gives the solution for the Lagrange multiplier,

λ= µTLψ
16

[
(u1 ·κ ·u1)M ·u1 − (u2 ·κ ·u2)M ·u2

]
− kbTψ

8

[
M · (1+u1u1) · ∂Ũ

∂r1
−M · (1+u2u2) · ∂Ũ

∂r2

]
− kbTLµTψ

16µR

[
M · (u1 ×R1Ũ)−M · (u2 ×R2Ũ)

]
.

(B.10)

B.2 First Order Smoluchowski Equation

Here we give the manipulations to obtain the Smoluchowski equation to first order in

the force, F, applied to the centre of mass of the nun-chuck.



B.2. First Order Smoluchowski Equation 209

Substituting the expression for the external potential, (3.89), and steady state prob-

ability distribution (3.91) into the steady state Smoluchowski equation (3.53) we find

∑
l,m

∂

∂rl
· Al,m ·

(
ψeq

∂φ

∂rm
− ψeq

kbT
Fz

)
+∑

l,m
Rl · A†

l,m ·
(
ψeqRmφ

)
+∑

l,m

∂

∂rl
·Bl,m ·

(
ψeqRmφ

)
+∑

l,m
Rl ·B†

l,m ·
(
ψeq

∂φ

∂rm
− ψeq

kbT
Fz

)
= 0

(B.11)

This equation can be simplified by noting that neither the matrices Alm or ψeq de-

pend on r1,2.

∑
l,m

∂

∂rl
· Al,m ·ψeq

∂φ

∂rm
+∑

l,m
Rl · A†

l,m ·ψeqRmφ

+∑
l,m

∂

∂rl
·Bl,m ·ψeqRmφ+∑

l,m
Rl ·B†

l,m ·ψeq
∂φ

∂rm
= ∑

l,m
Rl ·B†

l,m · ψeq

kbT
Fz

(B.12)

We now write φ= ρ(r1,r2) ϕ(u1,u2), and exploit the fact that none of the matricies,

A, B, etc. depend on r1,2 to find

∑
l,m

ψeqϕ
∂

∂rl
· Al,m · ∂ρ

∂rm
+∑

l,m
ρ Rl · A†

l,m ·ψeqRmϕ

+∑
l,m

∂ρ

∂rl
·Bl,m ·ψeqRmϕ+∑

l,m
Rl ·B†

l,m ·ψeqϕ
∂ρ

∂rm
= ∑

l,m
Rl ·B†

l,m · ψeq

kbT
Fz

(B.13)

Since the right hand side of this equation is only a function of the orientation vectors

u1,2, we conclude that ρ must be a constant. This gives the final equation satisfied by φ.

∑
l,m

Rl · A†
l,m ·ψeqRmφ= ∑

l,m
Rl ·B†

l,m · ψeq

kbT
Fz (B.14)
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Appendix to Chapter 4

C.1 Evaluation of rod free energy integral

The free energy for rods to second order in γ is given by the integral,

F = kBT
8

ργ2
∫ ∞

0
dxdy e−(x+y) sin2( x

νL2 + y
νL2 )

( x
νL2 + y

νL2 )2
. (C.1)

First, we apply the identity∫ ∞

0
dxdyf (x+ y)=

∫ ∞

0
dz

∫ z

−z
dwf (z)= 2

∫ ∞

0
dz z f (z), (C.2)

to obtain

F = kBT
4

ργ2
∫ ∞

0
dz z e−z sin2( z

νL2 )

( z
νL2 )2 . (C.3)

To compute this in the limit νL2 →∞, we expand the integrand in the variable, z/(νL2),

which yields

F = kBT
4

ργ2
∫ ∞

0
dz e−z

(
z− z3

3(νL2)2

)
. (C.4)

Taking the the z integral, we finally obtain the free energy as given in equation (4.47)

of the main text,

F ≈ kBTγ2

4
ρ
(
1− 2

(νL3)2

)
. (C.5)

C.2 Calculation for rods based on reptation

Here we follow a textbook procedure to find the elastic stress for rods. Under x-y shear

flow, a rod in two dimensions will rotate with angular velocity φ̇ = −γsin2φ, about its

centre. If the rotational diffusion co-efficient is Dr, then in the presence of this flow the

orientational distribution function, ψ satisfies the Smoluchowskii equation,

∂ψ

∂t
=Dr

∂2ψ

∂φ2 +γ ∂

∂φ

(
sin2φ ψ

)
. (C.6)
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The elastic stress is found from the change in the free energy according to the virtual

work principle (4.1). The free energy is written,

F = kBTν
∫

dφ ψ logψ. (C.7)

When the shear flow is applied, the distribution function changes and so does the free

energy. The change in the distribution function is determined from the Smoluchowskii

equation (C.6),

δψ= γ ∂

∂φ

(
sin2φ ψ

)
, (C.8)

while the change in the free energy is,

δF = kBT
∫

dφ δψ
(
logψ+1

)
. (C.9)

Substituting (C.8) into (C.9) and integrating by parts we find,

δF =−kBTγ
∫

dφ sin2φ
∂ψ

∂φ
, (C.10)

one final integration by parts yields the elastic stress,

σxy = kBT
〈

sin2φ
〉
. (C.11)

We now obtain an equation for the average 〈sin2φ〉. By definition, the time derivative

of this is,
∂

∂t
〈

sin2φ
〉= ∫

dφ sin2φ
∂ψ

∂t
. (C.12)

Using the Smoluchowskii equation and integrating by parts it is easy to show that,

∂

∂t
〈

sin2φ
〉=−4Dr

〈
sin2φ

〉−2γ
〈

sin2φ cos2φ
〉
. (C.13)

To calculate the linear elastic stress, the average in the final term can be replaced by

its equilibrium value,
〈

sin2φ cos2φ
〉 =−1/4. This allows (C.13) to be solved easily and

using (C.11) we find,

σxy = 1
2

kBTγe−4Dr t. (C.14)

So far, we have not mentioned the constraints placed on the rod which will clearly have

an effect on the dynamics, altering the diffusion constant in the Smoluchowskii equa-

tion.

The constraints effectively force the rod to move along its length in a channel of

width a ∼ 1/(ρL) and length approximately L. For a short time, the rod is unaffected

by these constraints, since it will not have diffused far enough to be hindered by them.

This is the case while it has not rotated through and angle of about a/L ∼ 1/(ρL2). If

the diffusion constant without constraints is Dr then this is true for times up to of order
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τint ∼ 1/(Drρ
2L4), as quoted in the main text. During this time period then, the stress

decays according to (C.14), but with Dr = Dr.

For times longer than τint, the rods orientation can only change via the reptation

process. When the rod has diffused roughly L/2 along its length, it can disengage from

its original channel, and rotate by an angle of order a/L. The time scale for this pro-

cess is approximately τ∼ L2/Dt, where Dt ∼ DrL2 is the translational diffusion constant

without constraints. Therefore the rotational diffusion coefficient estimated for the rep-

tation process is,

Dr(ρ)∼ a2

L2τ
∼ a2Dt

L4 ∼ Dr

(ρL2)2 , (C.15)

as given in the main text. Hence for times longer than τint, the stress decays as in (C.14)

but with Dr = Dr(ρ).

Putting all of these pieces together and ensuring that the stress is continuous, we

recover equation (4.49) of the main text.

C.3 A more rigorous treatment of integrals

Here we treat the divergent integral 4.54 more rigorously with a small lower cutoff. This

cutoff will ultimately be set by the excluded volume of the legs of the wire frame shapes.

If the width of the legs is b, then the probability of finding a constraining point with

angles less than or approximately b/L must be zero due to the excluded volume effect.

We define the small quantity, ε= b/L, and the reduced density p = ρL2 for convenience.

Thus the dominant term in 4.54 is,

p2
∫ π

ε
dθ

∫ π

ε
dη

e−p(θ+η)

(θ+η)2 . (C.16)

The integral is taken over a square with side length π with a smaller square with side

length ε taken out around the origin. To make progress without changing the scaling

we approximate this region as a quarter circle of radius π with a small quarter circle

radius ε removed. The integral is then written in polar co-ordinates, by defining the

vectors r= (θ,η) and d= (1,1) and the angle between them as ϕ,

p2
∫ π

ε

dr
r

∫ π/4

0
dϕ

e−
p

2pr cosϕ

cos2ϕ
. (C.17)

Transforming the radial integral to the variable, R = pr, we have, for large p,

p2
∫ ∞

pε

dR
R

∫ π/4

0
dϕ

e−
p

2R cosϕ

cos2ϕ
. (C.18)
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The R integral can then be evaluated as an incomplete gamma function[110],

p2
∫ π/4

0

dϕ
cos2ϕ

Γ(0,
p

2ρεcosϕ). (C.19)

Since we are taking the density to be in the range, 1/L2 ¿ ρ¿ 1/Vexc, we may take the

limit ρε→ 0, giving

− p2
∫ π/4

0

dϕ
cos2ϕ

[
γem + log(

p
2ρεcosϕ)

]
, (C.20)

where γem is the Euler-Mascheroni constant. The integral can now be taken exactly

using integration by parts for the second term,

− p2
[

tanϕ
(
γem +1+ log(

p
2pεcosϕ)

)
−ϕ

]∣∣∣π/4

0

= p2(| log pε|−C
)
,

(C.21)

where we have used pε¿ 1, to make the sign more obvious and defined the positive,

order unity constant, C.

Hence we find only logarithmic corrections to the ρ2 scaling discussed in the main

text. This does not change the qualitative features of our results.

C.4 Evaluation of Bending Probability Integrals

To get the contribution to the bending probability from region I), see (4.77), we need to

evaluate the integral,

1
4

∫ ρL2θ0(φ)

0
d y0

∫ ρL2η1(y0/ρL2)

0
dx1e−(x1+y0)/2. (C.22)

Where the functions, θ0(φ) and η1(y/ρL2) are defined in equations (4.85) and (4.83) of

the main text respectively. Taking the x1 integral gives,

1
2

∫ ρL2θ0(φ)

0
d y0

(
e−x1/2 − ex1/2−ρL2η1(y0/ρL2)/2

)
. (C.23)

Integrating the first term in the integrand is straightforward whereas the second inte-

gral is schematically, ∫ cγ+dγ2

0
dx eρL2γa(x/ρL2)+ρL2γ2b(x/ρL2). (C.24)

The integrand can be expanded in powers of x/ρL2, because over the whole integration

range x/ρL2 ∼O (γ),

∫ cγ+dγ2

0
dx eρL2γa(0)+ρL2γ2b(0)

[
1+ x

(
γa′(0)+γ2b′(0)

)]
, (C.25)
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clearly the integral of the second term in the square brackets will be O (γ3), and so only

the first term contributes to second order. Therefore and the result of the integral (C.23)

is,

1− e−ρL2θ0(φ)/2 − 1
2
ρL2θ0(φ)e−ρL2η0(0)/2, (C.26)

as given in equation (4.87) of the main text.
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Appendix to Chapter 5

D.1 Calculation of 〈∆χ2〉
In this appendix we give some details of the calculation of the mean squared value of

∆χ. Our starting point is equation (5.8) of the main text,

∆χsinχ= καβ(uα1 uβ1 +uα2 uβ2)cosχ− (καβ+κβα)uα1 uβ2 . (D.1)

Taking the square of this and averaging over u1 and u2 gives,

〈∆χ2〉sin2χ= cos2χκαβκγδ
〈
(uα1 uβ1 +uα2 uβ2)(uδ1uδ1 +uγ2uδ2)

〉
+ (καβ+κβα)(κγδ+κδγ)

〈
uα1 uβ2 uγ1uδ2

〉
−2cosχκαβ(κγδ+κδγ)

[〈
uγ1uα1 uβ1 uδ2

〉+〈
uδ2uα2 uβ2 uγ1

〉]
.

(D.2)

Let us refer to the three terms on the right hand side of this equation as I,II and III

respectively so that,

I= cos2χκαβκγδ
[〈

uα1 uβ1 uγ1uδ1
〉+〈

uα1 uβ1 uγ2uδ2
〉+〈

uγ1uδ1uα2 uβ2
〉+〈

uα2 uβ2 uγ2uδ2
〉]

, (D.3a)

II= (καβ+κβα)(κγδ+κδγ)
〈
uα1 uγ1uβ2 uδ2

〉
, (D.3b)

III=−2cosχκαβ(κγδ+κδγ)
[〈

uγ1uα1 uβ1 uδ2
〉+〈

uδ2uα2 uβ2 uγ1
〉]

. (D.3c)

The unit vectors are distributed isotropically but with a fixed angle χ between them. The

averages of the fourth rank tensors in the above equations can therefore be determined

easily, 〈
uα1 uβ1 uγ1uδ1

〉= 1
15

(
δαβδγδ+δαγδβδ+δαδδβγ

)
, (D.4a)

〈
uα1 uβ1 uγ1uδ2

〉= cosχ
15

(
δαβδγδ+δαγδβδ+δαδδβγ

)
, (D.4b)

〈
uα1 uβ1 uγ2uδ2

〉= 1
30

[
2(2−cos2χ)δαβδγδ+ (3cos2χ−1)

(
δαγδβδ+δαδδβγ

)]
. (D.4c)
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Using these in (D.3) for the specific case of simple shear, where κ has only one non-zero

component κxy = γ, it is straight forward to show that,

I= 2γ2

15
cos2χ+ γ2

15
cos2χ(3cos2χ−1), (D.5a)

II= 2γ2

15
(2−cos2χ)+ γ2

15
(3cos2χ−1), (D.5b)

III=−8γ2

15
cos2χ. (D.5c)

Hence we have,

〈∆χ2(γ)〉sin2χ= γ2

15
(
3−6cos2χ+3cos4χ

)= 1
5
γ2 sin4χ. (D.6)

From which, equation (5.9) of the main text is easily recovered.

D.2 Area Difference

In this appendix we calculate the area, ∆A, enclosed between the great circle segment

connecting the points (η,−ξ−) and (η,ξ+) and the line of latitude connecting these points.

This area is shown shaded in blue in Fig.5.8. We are free to shift our azimuthal angle

so that one of the lines of longitude bounding this region has ξ= 0 and the other may be

taken to be ξ=ϕ. First, we compute the area enclosed between these lines of longitude

and the line of latitude. This is straightforwardly,

AL =ϕ(1−cosη). (D.7)

Next we need the area of the geodesic triangle. An easy way to compute this is to use

the parametric equation for a great circle,

cotη=αcos(ξ−β), (D.8)

where α and β are constants. These constants are determined from,

cosη=αcos(β)=αcos(ϕ−β). (D.9)

Hence we have, β=ϕ/2, and α= cosη/cos(ϕ/2). The surface area of the geodesic triangle

is calculated by the following integral,

AG =
∫ ϕ

0
dξ

∫ cosη

cosη′
d cosη=

∫ ϕ

0
dξ(cosη−cosη′). (D.10)
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After some manipulation this is,

AG =
∫ ϕ

0
dξ

(
cosη− cotη′√

1+cot2η′

)
. (D.11)

We now use the equation for the geodesic D.8 to write, cotη′ =αcos(ξ−ϕ/2), which gives

the integral,

AG =
∫ ϕ

0
dξ

(
cosη− αcos(ξ−ϕ)√

1+α2 cos2(ξ−ϕ)

)
. (D.12)

This is readily calculated to be,

AG =ϕcosη−2tan−1 (
cosηtan(ϕ/2)

)
. (D.13)

Hence we have,

∆A = AL − AG =ϕ−2ϕcosη+2tan−1 (
cosηtan(ϕ/2)

)
. (D.14)

We now replace the angles, η and ϕ, with their average values, η̄ ∼ ϕ̄ ∼ (ρL3)−1, and

expand ∆A to leading order. Expanding for small η̄ gives,

∆A ≈ ϕ̄−2ϕ̄+ ϕ̄η̄2 + ϕ̄− 1
2
η̄2 sin2(ϕ̄). (D.15)

Clearly the ϕ̄ terms vanish and, after expanding for small ϕ̄, we are left with,

∆A ≈ ϕ̄η̄2 − 1
2
η̄2ϕ̄2 ∼ 1

(ρL3)3 +·· · , (D.16)

where we have used the scaling of the angles with density. We clearly see that in the

relevant concentration regime with ρL3 À 1, this area difference is extremely small

and so the approximation introduced in section 5.2.1 of the main text does not effect our

results.

D.3 Transformed Angle Expansions

In this appendix we derive the form of the small strain expansions of the deformed

constraining angles, as given in equation (5.77) in the main text. Recall the definition

of the transformed vectors as given in (5.73).

Ãl(η)= T ·Al(η)
|T ·Al(η)| (D.17)

Defining the transformation, T = 1+κ, we expand this to second order in κ and then use

it to determine the expressions for the transformed angles. Throughout this appendix
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we will write, Al(η)=A, for clarity. We begin with the relations

T ·A=A+κ ·A

|T ·A| =
[(

A+κ ·A) · (A+κ ·A)]1/2 (D.18)

Expanding the second line for small strains and combining with the first as in equation

(D.17) yields an expansion for the transformed vector.

Ã≈ (A+κ ·A)
[
1−A ·κ ·A− 1

2
(|κ ·A|2 −3(A ·κ ·A)2)]+O (κ3)

≈A+ (
κ− (A ·κ ·A)1

) ·A−
(1
2
|κ ·A|2 − 3

2
(A ·κ ·A)2 + (A ·κ ·A)κ

)
·A+O (κ3)

≈A+L1 ·A−L2 ·A+O (κ3)

(D.19)

In the final line, we have defined the matrices L1 and L2 for brevity. The subscript

denotes the order of the operator with respect to the deformation gradient κ; i.e in L1,

κ only appears to first order, whereas in L2 it appears to second order. These matrices

should be interpreted as strictly right acting. Such that the matrix can only act on the

vector written immediately to its right and the form of the matrix depends on the vector

on which it acts.

Using the above expression we have,

cos η̃l =A ·El +El · (L1 ·A)−El · (L2 ·A). (D.20)

Hence the transformed angle is given by,

η̃l = ηl −
1

sinηl
El · (L1 ·A)+ 1

sinηl
El · (L2 ·A)− cosηl

2sin2ηl
(El ·L1 ·A)2. (D.21)

From this we can infer the general from of W l
1 and W l

2.

W l
1 =− 1

sinηl
El ·

(
κ− (A ·κ ·A)

) ·A,

W l
2 =− 1

sinηl
El ·

(1
2
|κ ·A|2 − 3

2
(A ·κ ·A)2 + (A ·κ ·A)κ

)
·A− cosηl

2sin2ηl

(
El ·

(
κ− (A ·κ ·A)

) ·A)2
.

(D.22)

The functions, U1,2 and V1,2, from equation (5.74) of the main text can be found in the

same way.

D.4 Details of Rod Calculation

Using the expressions given in section 5.2.1 and appendix D.3, we compute the func-

tions U1(ξ+1 ,ξ−2 ) and U2(ξ+1 ,ξ−2 ) for a rigid rod. Formally, in terms of the transformed
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constraining points these are given by;

U1(ξ+,ξ−)=− α(ξ+,ξ−)
sin(ξ++ξ−)

, (D.23)

U2(ξ+,ξ−)= α(ξ+,ξ−)cos(ξ++ξ−)+2β(ξ+,ξ−)sin2(ξ++ξ−)
2sin3(ξ++ξ−)

, (D.24)

with the definitions,

α(ξ+,ξ−)=A(ξ+) ·L1 ·A(ξ−)+A(ξ−) ·L1 ·A(ξ+),

βξ(m,m′)= (L1 ·A(ξ+)) · (L1 ·A(ξ−))−A(ξ+) ·L2 ·A(ξ−)−A(ξ−) ·L2 ·A(ξ+).
(D.25)

Using result from appendix D.3, and defining A(ξ+)) = A and A(ξ−)) = B, we can give

these in component form for simple shear,

α(ξ+,ξ−)= γAX BY +γBX AY −γcos(ξ++ξ−)(AX AY +BX BY ), (D.26)

β(ξ+,ξ−)=γ2A yBY
[
1− A2

X −B2
X +cos(ξ++ξ−)AX BX

]
− γ2

2
cos(ξ++ξ−)

[
B2

Y (1−3B2
X )+ A2

Y (1−3A2
X )

]−γ2AX BX (A2
Y +B2

Y ).
(D.27)

These can be written exactly in terms of the orientation angles using the definitions in

equations (5.71) and (5.72) of the main text. The vectors A and B can be found to be,

A=


sin(θ)cos(ξ+)cos(φ)−sin(ξ+)(cos(θ)sin(χ)cos(φ)+cos(χ)sin(φ))

sin(φ)(sin(θ)cos(ξ+)−cos(θ)sin(ξ+)sin(χ))+sin(ξ+)cos(χ)cos(φ)

sin(θ)sin(ξ+)sin(χ)+cos(θ)cos(ξ+)

 , (D.28)

B=


cos(θ)sin(ξ−)sin(χ)cos(φ)+sin(θ)cos(ξ−)cos(φ)+sin(ξ−)cos(χ)sin(φ)

cos(θ)sin(ξ−)sin(χ)sin(φ)+sin(θ)cos(ξ−)sin(φ)+sin(ξ−)cos(χ)(−cos(φ))

cos(θ)cos(ξ−)−sin(θ)sin(ξ−)sin(χ)

 . (D.29)

Thus we can compute all of the averages of combinations of components necessary for

〈U1〉 and 〈U2〉. These are summarised below:

〈AX BY 〉 = 〈BX AY 〉 = 〈AX AY 〉 = 〈BX BY 〉 = 0, (D.30)

〈(AX BY )2〉 = 〈(BX AY )2〉 = 1
30

(
2−cos[2(ξ++ξ−)]

)
, (D.31)

〈(AX AY )2〉 = 〈(BX BY )2〉 = 1
15

, (D.32)

〈AX AY BX BY 〉 = 1
60

(
1+3cos[2(ξ++ξ−)]

)
, (D.33)

〈AX BY AX AY 〉 = 〈AX BY BX BY 〉 = 〈AY BX AX AY 〉 = 〈BX AY BX BY 〉 = 1
15

cos(ξ++ξ−),

(D.34)
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〈AY BY 〉 = 1
3

cos(ξ++ξ−), (D.35)

〈A2
Y 〉 = 〈B2

Y 〉 = 1
3

, (D.36)

〈A2
X A2

Y 〉 = 〈B2
X B2

Y 〉 = 1
15

, (D.37)

〈AX AY BX BY 〉 = 1
60

(
1+3cos[2(ξ++ξ−)]

)
, (D.38)

〈A2
X AY BY 〉 = 〈B2

X AY BY 〉 = 〈A2
Y AX BX 〉 = 〈B2

Y AX BX 〉 = 1
15

cos(ξ++ξ−). (D.39)

Substituting these appropriately into equations D.26 and D.27 gives,

〈α〉 = 0, (D.40)

〈α2〉 = 1
5
γ2 sin4(ξ++ξ−), (D.41)

〈β〉 =− 1
10
γ2 cos(ξ++ξ−)sin2(ξ++ξ−). (D.42)

Finally, these are substituted into equations D.23 and D.24 to yield the results,

〈U1〉 = 0, (D.43)

〈U 2
1 〉 =

1
5
γ2 sin2(ξ++ξ−), (D.44)

〈U2〉 = 0. (D.45)

These are as quoted in equations (5.85a) and (5.85b). A symmetry argument can be used

in order to obtain the averages in (5.85c) and (5.85d) without further calculation. The

rod is symmetric under rotations about the z-axis, and the surrounding distribution of

particles is isotropic, therefore if the particle were in a configuration with angles, φ,η,χ

the result of any calculation should be the same as that for a particle with φ,η,χ+π/2.

This implies, 〈ξ̃〉 = 〈η̃〉, and hence,

〈U1〉 = 〈W1〉, 〈U 2
1 〉 = 〈W2

1 〉, 〈U2〉 = 〈W2〉. (D.46)

With the definitions (5.79), previous results can be used to obtain equations (5.85c) and

(5.85d) of the main text.
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D.5 Details of L-shape Calculation

The exact expressions of U1 and U2 for L-shaped particles can be done by following the

method in appendix D.4 using the vectors,

A=


sin(θ)cos(ξ+)cos(φ)−sin(ξ+)(cos(θ)sin(χ)cos(φ)+cos(χ)sin(φ))

sin(φ)(sin(θ)cos(ξ+)−cos(θ)sin(ξ+)sin(χ))+sin(ξ+)cos(χ)cos(φ)

sin(θ)sin(ξ+)sin(χ)+cos(θ)cos(ξ+)

 , (D.47)

B=


−cos(θ)cos(ξ−)sin(χ)cos(φ)+sin(θ)sin(ξ−)cos(φ)−cos(ξ−)cos(χ)sin(φ)

−cos(θ)cos(ξ−)sin(χ)sin(φ)+sin(θ)sin(ξ−)sin(φ)+cos(ξ−)cos(χ)cos(φ)

sin(θ)cos(ξ−)sin(χ)+cos(θ)sin(ξ−)

 . (D.48)

As discussed in the main text, we can gain all the information needed for the argument

presented in section 5.1.3 by replacing ξ+ = ξ− = 〈ξ〉 and just considering the leading

terms of U1 and U2 in 〈ξ〉,

U
l,l′
1 ≈ sin(θ)sin(χ)cos(θ)sin(2φ)−cos(χ)cos(2φ), (D.49)

U l,l′
2

(〈ξ〉)≈ 1
128

γ2(4sin(θ)cos(θ)sin(3χ)
(
(cos(2θ)+7)cos(4φ)+2sin2(θ)

)
+8sin(θ)cos(χ)(sin(4φ)((3cos(2θ)+5)cos(2χ)−cos(2θ)−3)+8sin(2φ))

−2sin(χ)
(
4sin3(θ)cos(θ)cos(4φ)+sin(2θ)(cos(2θ)−16cos(2φ)+7)

))
.

(D.50)

Direct computation yields the results,

〈U1〉 = 0, (D.51)

〈U2〉 = 0, (D.52)

〈U 2
1 〉 =

1
5
γ2. (D.53)
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Appendix E

Appendix to Chapter 6

E.1 Dynamic Mean Field Theory for Rod Reptation in
Two Dimensions

In this appendix we demonstrate that the dynamic mean field theory introduced in sec-

tion (6.3.2) is consistent with the results of the repation theory. We consider a rod-like

molecule whose orientation is fixed parrallel to the x-axis and whose centre of mass is

free to diffuse. This is surrounded by N point-like constraints it cannot cross. We will

always consider the limit N →∞ while keeping the number density, ρ, fixed. Follow-

ing the steps outlined in section (6.3.2), the N-particle Smoluchowskii equation for the

system is given by,

∂P
∂t

= D∥
∂

∂x

(
∂

∂x
+β∂U

∂x

)
P +D⊥

∂

∂y

(
∂

∂y
−

N∑
j=1

T(y, yj)+β∂U
∂y

)
P

+Do

N∑
j=1

∂

∂x j

(
∂

∂x j
+β∂U

∂x j

)
P +Dx

N∑
j=1

∂

∂yj

(
∂

∂yj
−T†(y, yj)+β∂U

∂yj

)
P,

(E.1)

where the functions T and T† are defined through,

T(y, yj)=
∂Wj

∂y
=−∂Wj

∂yj
=−T†(y, yj). (E.2)

with

Wj = 1−Θ
(

b
2
−|yj − y|

)
Θ

(
L
2
−|x j − x|

)
. (E.3)

Following the dynamic mean field theory procedure we obtain the following equation for

the tranverse diffusion coefficient

1
D̃⊥

= 1
D⊥

−ρ
∫ L/2

−L/2
dξ

∫
dη δ(η) f (ξ,η). (E.4)

Here we have introduced the relative co-ordinates ξ= x−X and η= y−Y , where X and

Y are the co-ordinates of the constraining point invloved in the two particle interaction.
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The function f solves

(D̃∥+ D̃o)
∂2 f
∂ξ2 + (D̃⊥+ D̃x)

∂2 f
∂ξ2 = 0, (E.5)

subject to the boundary condition

(D̃⊥+ D̃x)
∂ f
∂η

∣∣∣
η=0

= 1 ∀ |ξ| ≤ L/2. (E.6)

It is convenient to transform to the variables α and β defined through

ξ=
√

D̃∥+ D̃oα (E.7a)

η=
√

D̃⊥+ D̃xβ. (E.7b)

Written in terms of these variables, the function f now solves(
∂2

∂α2 + ∂2

∂β2

)
f = 0 (E.8a)

∂ f
∂β

∣∣∣
β=0

= 1√
D̃⊥+ D̃x

∀ |α| ≤ L

2
√

D̃∥+ D̃o

. (E.8b)

We find f using Green functions

f (α,β)=− 1√
D̃⊥+ D̃x

∫ L/2
p

(·)

−L/2
p

(·)
dα′ G(α,β;α′,β′ = 0), (E.9)

where
p

(·)=
√

D̃∥+ D̃o and G solves

(
∂2

∂α2 + ∂2

∂β2

)
G = δ(α−α′)δ(β−β′) (E.10a)

∂G
∂β

∣∣∣
β=0

= 0 ∀ |α| ≤ L

2
√

D̃∥+ D̃o

. (E.10b)

We put this solution for f into the expression for the diffusion coefficient, making sure

to account for all the factors arising from variable changes, to obtain

1
D̃⊥

= 1
D⊥

+ρ
√

D̃∥+ D̃o

D̃⊥+ D̃x

∫ L/2
p

(·)

−L/2
p

(·)
dα

∫ L/2
p

(·)

−L/2
p

(·)
dα′ G(α,β= 0;α′,β′ = 0). (E.11)

The final result is then found by re-scaling the integration variables to make the result

dimensionless,
1

D̃⊥
= 1

D⊥
+ CρL2√

(D̃∥+ D̃o)(D̃⊥+ D̃x)
, (E.12)
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where C is a positive, dimensionless constant. To understand the implications of this

result we write this as an implicit equation for D̃⊥

D̃⊥ = D⊥

1+ CρL2D⊥√
(D̃∥+ D̃o)(D̃⊥+ D̃x)


−1

. (E.13)

The reptation result is valid for high densities where ρL2 À 1. Applying this limit to

our result yields

D̃⊥ ∼
√

(D̃∥+ D̃o)(D̃⊥+ D̃x)

ρL2 . (E.14)

To compare to the reptation theory, we take the limit that the surrounding points are

static, D̃o = D̃x = 0 and assume the longitudinal diffusion is unaffected by the presence

of the obstacles, D̃∥ = D∥. This gives

D̃⊥ ∼
√

D∥D̃⊥
ρL2 (E.15)

which when solved for D̃⊥ recovers the scaling predicted by the reptation argument

D̃⊥ ∼ D∥
(ρL2)2 . (E.16)

E.2 Dynamic Field Theory for Wire Frame Rotational
Diffusion

In this appendix we give the derivation of the rotational diffusion constant of a wire

frame following the techniques outlined in section 6.3.2. We need to solve the following

for f

D̃r
∂2 f
∂φ2 + D̃∇2 f = 0, (E.17a)

[
D̃r

∂ f
∂φ

− D̃
(u ·R)

Q̂ ·∇∇∇ f
]
|Q|=0

= 1 ∀ |P| < L/2. (E.17b)

The particle is in the direction u= (cosφ,sin(φ)) hence we have, Q̂= (−sinφ,cosφ). Then

writing the vector R in polar co-ordinates so that R= r(cosϕ,sinϕ) it is straightforward

to deduce that

Q̂ ·∇ f = sin(φ−ϕ)
∂ f
∂r

+cos(φ−ϕ)
1
r
∂ f
∂ϕ

. (E.18)

Hence we may re-write (E.17) as

D̃r
∂2 f
∂φ2 + D̃

1
r
∂

∂r

(
r
∂ f
∂r

)
+ D̃

r2
∂2 f
∂ϕ2 = 0, (E.19a)



228 Appendix E. Appendix to Chapter 6

[
rD̃r

∂ f
∂φ

− D̃
r
∂ f
∂ϕ

]
φ=ϕ

= r ∀ r < L/2. (E.19b)

It is apparent from the form of the boundary conditions that f will not depend on each

of the angles φ and ϕ seperately, but rather only the difference ξ = φ−ϕ. So the final

equations to solve are,

∇2 f + D̃r

D̃
∂2 f
∂ξ2 = 0, (E.20a)

(
rD̃r + D̃

r

)
∂ f
∂ξ

∣∣∣
ξ=0,π

= r ∀ r < L/2. (E.20b)

We can solve these equations analytically using Green’s functions and Green’s second

identity to obtain an exact expression for D̃r. Formally, the solution for f is

f (r′,ξ′)=
∫ L/2

0
dr G(r,ξ; r′,ξ′)

(
1
r
+ D̃r

D̃
r
)
∂ f
∂ξ

∣∣∣
ξ=0,π

, (E.21)

where G is the Green function satisfying

∇2G+ D̃r

D̃
∂2G
∂ξ2 = 1

r
δ(r− r′)δ(ξ−ξ′), (E.22)

with bounday conditions
∂G
∂ξ

∣∣∣
ξ=0,π

= 0 ∀ r ≤ L/2. (E.23)

Upon using the boundary conditions for f (E.20), a more useful form of (E.21) is,

f (r′,ξ′)= 1
D̃

∫ L/2

0
dr r G(r,ξ= 0; r′,ξ′). (E.24)

To compute the new diffusion coefficient we have to evaluate,

1
D̃r

= 1
Dr

−
∫

dξdr r2 cosξ Peq
2 Θ(r cosξ−L/2)δ(rsinξ) f (r,ξ). (E.25)

The equilibrium two particle distribution is by definition, ρ. The identity δ(rsinξ) =
r−1δ(sinξ) is used compute the integral over ξ

1
D̃r

= 1
Dr

−ρ
∫ L/2

0
dr r f (r,ξ= 0). (E.26)

Upon substituting (E.24) we have

1
D̃r

= 1
Dr

− ρ

D̃

∫ L/2

0
dr r

∫ L/2

0
dr′ r′ G(r,ξ= 0 ; r′,ξ′ = 0). (E.27)
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We now find an explicit expression for G which solves (E.22) subject to the boundary

conditions (E.23). We take an ansatz for G which incorportates the boundary conditions

G(r,ξ; r′ξ′)=
∞∑

n=0
Gn(r, r′)cos

[
n

(
ξ−ξ′)] , (E.28)

so that the G′
ns solve

1
r
H Gn = 1

r
∂

∂r

(
r
∂Gn

∂r

)
−n2

(
1
r2 + D̃r

D̃

)
Gn = 1

r
δ(r− r′). (E.29)

We can find Gn by considering the normalised eigenfunctions, χm
n (r), and corresponding

eigenvalues λn(m) of the operator H which solve

∂

∂r

(
r
∂χm

n

∂r

)
−n2

(
1
r
+ rD̃r

D̃

)
χm

n = rλn(m)χm
n . (E.30)

This is a Sturm-Liouville problem

H χm
n = w(r)λn(m)χm

n , (E.31)

with the weight function w(r)= r. Hence the eigenfunctions form a complete set and the

Green functions Gn can be found through the standard expansion

Gn(r, r′)=∑
m

1
λn(m)

χm
n (r)χm

n (r′). (E.32)

To find the eigenfunctions we recognise (E.30) as Bessel’s equation, and so χm
n are Bessel

functions. Since G mus be regular at r = 0, we find that

χm
n (r)∝ Jn

−i

√
λn(m)+ n2D̃r

D̃
r

 . (E.33)

The eigenvalues are determined by insisting that χm
n vanishes for r ≥ L/2, hence√

λn(m)+ n2D̃r

D̃
= 2i

L
jn(m), (E.34)

where jn(m) is the mth zero of the Bessel function of order n. The eigenfunction expan-

sion for Gn is then,

Gn(r, r′)=−
∞∑

m=1

Jn
( 2

L jn(m)r
)
Jn

( 2
L jn(m)r′

)
4 j2

n(m)
L2 + n2D̃r

D̃

c2
n(m)
L2 . (E.35)
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Here the dimensionless constants, cn(m), come from ensuring the eigenfunctions are

correctly normalised so that,

∫ L/2

0
dr r

(
χm

n (r)
)2 = 1= c2

n(m)
L2

∫ L/2

0
dr r

[
Jn

(
2 jn(m)

r
L

)]2
. (E.36)

Now that we have determined G, we can put this back into the equation for the diffusion

coefficient

1
D̃r

= 1
Dr

+ ρ

D̃

∫ L/2

0
dr r

∫ L/2

0
dr′ r′

∞∑
n=0

∞∑
m=1

c2
n(m)Jn

( 2
L jn(m)r

)
Jn

( 2
L jn(m)r′

)
4 j2

n(m)+ n2L2D̃r
D̃

. (E.37)

It is useful to make the integrals dimensionless by introducing the variables x = 2r/L
and y= 2r′/L so that,

1
D̃r

= 1
Dr

+ ρL4

D̃
Q

(
L2D̃r

D̃

)
. (E.38)

where we have introduced the dimensionless function

Q
(

L2D̃r

D̃

)
= 1

16

∫ 1

0
dx x

∫ 1

0
d y y

∞∑
n=0

∞∑
m=1

c2
n(m)Jn ( jn(m)x) Jn ( jn(m)y)

4 j2
n(m)+ n2L2D̃r

D̃

. (E.39)

Thus our final result for the rotational diffusion coefficient is

D̃r = D̃Dr

D̃+DrρL4Q
(
L2D̃r/D̃

) . (E.40)
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