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Towards prediction of ordered phases in rechargeable battery
chemistry via group–subgroup transformation
Yunbing Ran1, Zheyi Zou2, Bo Liu3, Da Wang1, Bowei Pu1, Penghui Mi4, Wei Shi1, Yajie Li1, Bing He 4, Ziheng Lu5, Xia Lu6,
Baihai Li 7 and Siqi Shi 1,8✉

The electrochemical thermodynamic and kinetic characteristics of rechargeable batteries are critically influenced by the ordering of
mobile ions in electrodes or solid electrolytes. However, because of the experimental difficulty of capturing the lighter migration
ion coupled with the theoretical limitation of searching for ordered phases in a constrained cell, predicting stable ordered phases
involving cell transformations or at extremely dilute concentrations remains challenging. Here, a group-subgroup transformation
method based on lattice transformation and Wyckoff-position splitting is employed to predict the ordered ground states. We
reproduce the previously reported Li0.75CoO2, Li0.8333CoO2, and Li0.8571CoO2 phases and report a new Li0.875CoO2 ground state.
Taking the advantage of Wyckoff-position splitting in reducing the number of configurations, we identify the stablest Li0.0625C6
dilute phase in Li-ion intercalated graphite. We also resolve the Li/La/vacancy ordering in Li3xLa2/3−xTiO3 (0 < x < 0.167), which
explains the observed Li-ion diffusion anisotropy. These findings provide important insight towards understanding the
rechargeable battery chemistry.
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INTRODUCTION
The ever-growing demands for electrical energy storage have led
to the higher performance requirements for rechargeable bat-
teries1–5. Tremendous efforts have been devoted to the study of (i)
high voltage or capacity cathodes (e.g., Li[Ni1−y−zMnyCoz]O2, NMC
compounds)6,7, (ii) solid electrolytes (e.g., garnet, perovskite, and
NASICON family)8–15, and (iii) post-lithium battery chemistries (e.g.,
Na, K, and Mg batteries)16–22. A key commonality of the above
electrolytes and electrodes is that their properties (e.g., ionic
conductivity for electrolytes, phase stability, and voltage for
electrodes) are closely linked to the concentrations of mobile ions
and the corresponding ordered ground states during either the
preparation or ion-intercalation process. Unfortunately, it is difficult
to determine the ordered ground states in these systems because
of the low sensitivity of current spectroscopic techniques to the
light elements (e.g., H and Li)13. For example, even neutron
scattering cannot detect the precise occupation of Li+ in Li-
containing compounds, only giving a “disordered” distribution of
these ions in an averaged manner. Thus, it is difficult to directly
obtain the precise arrangements of mobile ions at the atomic scale.
For example, the exact ordered ground states of the lithium
graphite intercalation compounds (LGICs), a commercially success-
ful graphite anode, at their dilute limit (viz., LixC6 with 0 < x < 0.5)
and the accurate arrangements of Li/La/vacancy in Li3xLa2/3−xTiO3

(LLTO, 0 < x < 0.167), a solid electrolyte, are still under debate23,24.
Therefore, it is critical to resolving the ordered ground states of the
electrodes or solid electrolytes during the operation with the help
of foresighted calculations.
In this context, the theoretical lattice-gas model (LGM)25,26 is

widely used to determine the Li+ occupation ordering in guest-
host intercalation electrochemical systems, where the host is an

ordered-sites containing network and each site can be occupied
by a guest or vacancy. Various configurations associated with
rechargeable battery chemistries can be obtained by enumerating
possible mobile ion/vacancy arrangements on the given supercell,
which is produced by replication of the unit cell with a specified
integer number27–29. To overcome the enormous configurational
space challenge or avoid the large-scale first-principles calcula-
tions, several so-called “parameter-constructing” methods, includ-
ing sampling-based Metropolis Monte Carlo and fitting effective-
cluster-interaction-based cluster expansion, etc., have been
developed30–32. The most representative method is the cluster
expansion (CE). It sets up a mathematical framework where the
energy is expanded as a series of cluster basis functions that can
be multiplied by effective cluster interactions (ECIs). However,
prediction errors will inevitably occur when a large lattice
mismatch among configurations and small training sets of
configurations are encountered33.
The problem of the ordered arrangements of alkali-ion/vacancy

in alkali-ion batteries mentioned above can be treated as a
group−subgroup transformation (viz., reducing symmetry from
the parent structure) since all possible arrangements can be
classified into one of the subgroups. Different from supercells
which are determined ad hoc, structures obtained by group
−subgroup transformation have their lattices which are deter-
mined by the transformation matrix. Thus, all possible supercells
can be included. Moreover, unlike randomizing or enumerating
the arrangements of alkali-ion/vacancy, group−subgroup trans-
formation assigns alkali-ion/vacancy into distinct subsets of
Wyckoff positions in each subgroup to avoid enumeration34–36.
Therefore, ordered phases within diverse supercells and dilute
concentrations can be formulated rigorously.
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Previously, this method has been employed to find the
relationship among the high symmetric original structures in
existing ordered phases34–36. In this context, we describe a
prediction framework based on such a group−subgroup trans-
formation for generating possible ordered phases of electrolyte/
electrodes with variable concentrations of mobile ions during the
typical preparation/ion-intercalation process. High-precision first-
principles formation energies are further employed to determine
the ordered ground states. Potential variation, e.g., stacking of the
host lattice, is also included for comparison. By searching through
a comprehensive range of supercells, we identify the commonly
accepted ordered ground states of LixCoO2 and propose
Li0.875CoO2 as a new ordered ground state at x > 0.75. Moreover,
utilizing the Wyckoff position splitting approach to reduce the
number of configurations, the extremely dilute Li0.0625C6 phase
can be identified. By extending our group−subgroup transforma-
tion method to uncover the joint ordering of Li/vacancies with
immobile La in the solid electrolyte Li3xLa2/3−xTiO3, we reveal
that the Li-ion diffusion anisotropy is caused by the blocking
effect of La ions.

RESULTS
Constructing convex hull of LixCoO2 within transformed
lattices
Because the ordered ground states in LixCoO2 determine the 0 K
equilibrium voltage, understanding the ordering of Li/vacancy in
Li-de-intercalated phases is important for tailoring this material to
the specific electrochemical application. In the exploration of
LixCoO2 ordered ground states during the charging/discharging
process, the first and most important step is to determine the
possible configurations. To cover as many configurations as
possible, the most common method is to search within several ad
hoc supercells. However, the results may conflict with each other
when different supercells are used. For example, Van der Ven et al.
concluded that Li0.8333CoO2 is one of the ordered ground states
predicted by the cluster-expansion method37, whereas Wolverton
et al. suggested that Li0.8571CoO2 is the ordered ground state38.
This discrepancy might stem from the use of different sets of
supercells. Herein, using the group–subgroup transformation
method, the ordering of Li/vacancy in LixCoO2 is studied by

searching for configurations with different Li concentrations via
enumerating different sizes of supercells and obtaining ordered
phases from transformed lattices, thus avoiding possibly missing
stable configurations. In principle, the group–subgroup transfor-
mation method should enable us to obtain diverse supercells
based on the symmetry reduction and lattice transformation for
LixCoO2, where different Li concentrations are examined.
It is worth noting that the rearrangement of the LiCoO2 host

structure occurs by altering the stacking sequences of oxygen
during charge and discharge. The only difference between the
original and rearranged structures is how the O–Co–O slabs of
LiCoO2 relate to each other across the Li planes. Because ordered
phases are determined within a specific host structure, we must
consider these different host structures as an additional variable in
addition to the Li concentrations. Experimentally, three hosts have
been confirmed. The first is O339, which has ABC oxygen stacking
while the second is O1 and has an ABAB oxygen stacking40. The
stability of the O1 host is demonstrated to be restricted to zero Li
concentration. The third is referred to as H1-341,42, which features
the characteristics of both O3 and O1. Li is assumed to prefer the
octahedral sites of O3 to those of O1. Thus, the maximum Li
concentration that can be obtained in this host with x = 0.5 in
LixCoO2. Supplementary Table 1 presents the detailed structural
information of these hosts. The group–subgroup transformation
method is applied to each of these hosts. Motivated by the
experimental observations, we only consider trigonal and mono-
clinic candidate subgroups35. Finally, formation energies of 377
nonidentical configurations are used to determine the ordered
ground states.
As illustrated in Fig. 1, the O1-CoO2 host is more stable with

lower formation energy (60 meV per f.u.) than that of the O3 host
at zero Li concentration. This result is in good agreement with the
previously reported values of 4037 and 50 meV38. This is why in
electrochemical experiments, it is difficult to obtain single O3
−CoO2 with 0 Li in the structure. Several ground states at various
Li concentrations are identified, as indicated by the convex hull
formed by seven stable phases at x = 0.1667, 0.3333, 0.5, 0.6667,
0.75, 0.3333, and 0.875. Detailed structural information is provided
in Supplementary Table 2. Our computation reveals that the O3
host is stable above x = 0.3333. Below such a value, the H1-3 host
is stable, and an ordered ground state is observed at x = 0.1667.

Fig. 1 Convex hull of LixCoO2 (0 < x < 1). a Formation energies (per formula unit, ΔEf) of LixCoO2. Ordered ground states at x = b 0.875,
c 0.8333, d 0.75, e 0.6667, 0.3333, f 0.5, g 0.1667. Energies greater than 10 meV are discarded. The green and gray balls represent Li atoms and
vacancies, respectively.
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In the following section, we describe each stable ordered phase
obtained by the group–subgroup transformation method in detail.
To ensure the validity of the group–subgroup transformation

method, we present the ordering pattern of Li/vacancies in
Li0.5CoO2, which has in-plane 2 × 1 ordering with the Li-ions
arranged in rows and separated by rows of vacancies (Supple-
mentary Table 2). This arrangement was initially proposed by
Reimers and Dahn based on in situ X-ray powder-diffraction
measurements43 and was later confirmed by Shao−Horn based on
electron diffraction experiments35. Van der Ven et al.37 also
obtained this arrangement using the cluster-expansion method
and confirmed this ordering. In our work, this arrangement is
obtained by subgroup P2/m with lattice transformation of 2/3a+1/
3b−2/3c, b, c. In this subgroup, the Li sites (3a) split into 1a and 1e
subsets, and one of them is extracted. The ordered phases at
x = 0.1667, 0.3333, and 0.6667 are also verified. They have the
same
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trigonal lattice with
space group P3112 (Supplementary Fig. 1), which is consistent with

the theoretical prediction and experimental observation at
−170 °C35,37,38. Numerous arrangements within different super-
cells are compared, and they all indicate that
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ordering is
the most stable one (Supplementary Table 3). This provides a
reasonable explanation for why these orderings are successfully
confirmed in different works.
It is worth noting that at x > 0.75, there is no consensus on

whether x = 0.8333 or x = 0.8571 is the ground state37,38. This
inconsistency results from the differences in the sizes of ad hoc
supercells. Here, ordered phases in different supercells with sizes
up to eight times of the primitive cell are conducted for the
systematic investigation. The ordered phases at x = 0.8333 and
0.8571 mentioned above are completely included in
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supercells within k6 and k7 subgroups, respectively
(Supplementary Table 4). Figure 1 shows that the ordered ground
states are Li0.8333CoO2 and Li0.875CoO2. The energy of Li0.8571CoO2

slightly leaves the tie line between x = 0.75 and x = 0.875 with a
value of 3 meV.

Fig. 2 Phase transitions from LiCoO2 to Li0.875CoO2. a LiCoO2 original structure. b Isomorphic enlargement with an index of 4 in ab plane.
c Isomorphic enlargement with an index of 2 along c axis. Li1, Li2, Li3, and Li4 are colored in green, pink, yellow, and cyan, respectively.
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Figure 2 shows the transformation from LiCoO2 to the
Li0.875CoO2 within a 2 ´ 2 ´ 2 supercell. This structure is obtained
by isomorphic enlargement of the O3-LiCoO2 with a k-index of 8.
First, the cell is transformed using the lattice transformation −2b,
2a+2b, c in the ab plane (Fig. 2b). Then, the 2c transformation is
applied, as shown in Fig. 2c. In this subgroup structure, the Li can
occupy the 9e (0, 0.5, 0), 9d (0.83333, 0.6667, 0.1667), 3a (0.6667,
0.3333, 0.3333), and 3b (0, 0, 0.5) positions, respectively.
Comparison of the positions of lithium in both LiCoO2 and
Li0.875CoO2 indicates that the phase transition occurs after the
extraction of Li at 3a (0.6667, 0.3333, 0.3333) or 3b (0, 0, 0.5),
which also confirms the suitability of this method for determining
the ordered ground states with different Li concentrations in
different supercells.
We also investigate the ordered ground state at x = 0.75, where

phases with 2 × 2 and 2 × 4 ordering have been reported
previously34. By considering different supercells, both orderings
are obtained by the group–subgroup transformation. Our calcula-
tion shows that the 2 × 2 ordering phase is less stable with an
energy of 20 meV per f.u. higher than that of the most stable one.
Thus, the 2 × 4 ordering is the ground state.

Figure 3 shows the subgroup evolution of the supercell of 2 × 4
ordering. Starting from the O3-LiCoO2, we obtained C2/m from
space group R3m by a t-index of 3 due to the loss of the -3
symmetry operation. Subsequently, a loss of C-centering leads to
the formation of the P2/m structure with a k-index of 2. Finally,
isomorphic enlargement with an index of 2 is applied. The final
lattice transformation can be −1/3a−2/3b−2/3c, 2a, c, and the
reduced cell is adapted. This transformation leads the Wyckoff
position of Li splitting to change from 3a (0, 0, 0) to 2i (0, 0.75, 0),
1g (0.5, 0, 0.5), and 1h (0.5, 0.5, 0.5). Each of the positions can be
occupied by a vacancy. In this structure, the arrangement of
lithium and vacancies has been selected in agreement with the
previously predicted ordering by Van der Ven et al. and
Wolverton et al.37,41.

Identifying of the dilute ordered LixC6 phases
The intercalation process of lithium in the layered materials often
results in the formation of “stages”, such as LGIC. These stages
describe the 2D stacking sequence of the lithium layers between
the graphene layers, e.g., stage n contains n empty graphene
layers between each Li-filled layer. Similarly, different stages have

Fig. 3 Phase transitions from LiCoO2 to Li0.75CoO2. a LiCoO2 (R-3m). b Obtaining C2/m by loss of -3 symmetry operation. c Obtaining P2/m by
loss of centering. d Isomorphic enlargement of P2/m with an index of 2. All the structures are converted to the reduced cells. The blue
octahedron represents the CoO6 polyhedron.
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also been observed in LiFePO4, KC8, etc. using XRD and
electrochemical techniques44,45. However, detailed structural
information on stages with different Li concentrations from both
experimental and theoretical studies is still scarce, leading to a
non-unified description of such stages, especially for extremely
dilute Li concentrations46–48. For example, the precise arrange-
ment of atoms in each stage has rarely been reported either
computationally or experimentally.
To evaluate the thermodynamic stability of the LGIC with

various concentrations and stages, sequences with AA and AB
stacking have been considered because of the relative gliding
during charge and discharge processes49. For the former,
graphene layers have a stacking order of –A–A–A–A–, while

another stacking pattern is formed by shifting to a zigzag shape
(–A–B–A–B–) (Supplementary Table 5). In the current work, we aim
to use the group–subgroup transformation method and first-
principles calculations to (1) search for the ordered ground states
as a function of Li concentrations in the LixC6 (0 < x < 1) system, (2)
reproduce the experimental and theoretical studies on the stages
of LGIC, and (3) obtain a clear picture of the ordered phases for
dilute Li concentrations.
Firstly, we use group–subgroup transformation to search for

possible configurations in the LixC6 (0 < x < 1) system. Then,
formation energies of 585 nonidentical configurations are
obtained to determine the ordered ground states through
first-principles calculations. Figure 4 shows that the transition

Fig. 4 Convex hull of LixC6 (0 < x < 1). a Formation energies (per formula unit, ΔEf) of LixC6 as a function of Li composition. Ordered ground
states determined by the convex hull at x = b 0.0625, c 0.1667, d 0.3333, e 0.5. Energies larger than 50 meV are discarded.

Fig. 5 Illustration of LixC6 ordered phases with 0.0625, 0.0833, 0.167 Li. a Parent structure of AB stacking LiC6 b Isomorphic enlargement by a,
b, 2c. c P3 subgroup is obtained with t-index of 2. d Li0.0833C6 and Li0.1667C6 are obtained by a−b, a+2b, c. e Li0.0625C6 is obtained by 2a, 2b, c.
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from AB stacking to AA stacking is facilitated by increasing the Li
concentration, and the transition of stages occurs in the sequence
of stage IV, stage II, and terminal LiC6 with a stage of I. The
composition-induced stages occur at well-defined x values of
approximately 0.0625, 0.1667, 0.3333, and 0.5. Detailed informa-
tion on these stages is provided in Supplementary Table 6.
Of these ordered ground states, the experimentally and

computationally reported Li0.5C6 compound is well known for its
stage II ordering50. Using the group–subgroup transformation
method, we can compare the arrangements in several different
supercells nearing the convex hull, such as

ffiffiffi

3
p

´
ffiffiffi

3
p

´ 2, 2 × 2 × 2,
1 × 1 × 4, 1 × 1 × 6. Results indicate that stage II is more
energetically preferred than the other arrangements. It is
generally accepted that phases with concentrations between
0.5 and 1 are coexisting phases (stage I and stage II), even at
temperatures up to ~200 °C47,51.
In the dilute concentrations, because research on LGIC leads to

a large number of configurations, brute force computation is not
realistic. In previous research, the most stable dilute phase with
AB stacking was observed at Li0.0833C6, which has a stage of IV
within a

ffiffiffi

3
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3
p

´ 2 supercell49. This phase is verified by our
group–subgroup transformation when the 1c site is occupied in
the P3 subgroup with the transformation matrix of a−b, a+2b, 2c
(green color in Fig. 5d). With group–subgroup transformation,
the total configurational space is in hundreds, avoiding the
search for the ordered ground states in a space of more than 104

configurations within the dilute region (Supplementary Fig. 2).
Apart from this dilute phase at Li0.0833C6, we identify that a more
dilute phase occurs at Li0.0625C6 with a stage of IV.
The ordered ground state of Li0.0625C6 has a subgroup of P3 (no.

143) with transformation matrix 2a, 2b, 2c. During this process, the
site of Li in the parent structure splits from 2d to 3d, 1c, 1b, 3d, 3d,

1c, 1b, and 3d sites of the subgroup structure (Fig. 5e), and only
the 1c site is occupied by Li. It should be noted that the number of
configurations obtained by group−subgroup transformation is
greatly smaller than that obtained by enumeration, as illustrated
in Supplementary Fig. 2. To understand the interaction between Li
atoms in Li0.0625C6 and Li0.0833C6, we calculate the charge−density
differences using the 2 × 1 × 1 supercell (Supplementary Fig. 3).
The charge−density difference profile shows that the blue
isosurfaces only reside around a single Li atom in Li0.0625C6, which
suggests that the Li-atom interaction disappears in Li0.0625C6.
These findings confirm that the Li0.0625C6 with extremely low Li
concentration is the final extremely dilute concentration phase
during the charging/discharging process.
We also note that there is non-consensus on the ground state

at a Li concentration of x = 0.3333, i.e., stage II, stage III, and
stage II−IV have been proposed in various studies for this
concentration52,53. Using group–subgroup transformation, pos-
sible arrangements under different stages for Li0.3333C6 are
determined within different supercells as shown in Fig. 6.
Compared with the formation energies of stage III and
stage II−IV, the value of stage II is lower by 30 and 40 meV
per C6, respectively, indicating that the stage II phase of the
Li0.3333C6 compound is more stable. This computational obser-
vation is consistent with the experimental results of Yazami
et al.54. When comparing with the stage II structure of Li0.5C6,
the Li layers of stage II are not fully occupied. Similar conflicts
also appear at Li0.1667C6. This phase has the same subgroup as
Li0.0833C6, with another 1a site occupied (blue color in Fig. 5d).
Moreover, when comparing with the stage II phase mentioned
in previous work49, stage IV has lower formation energy of
20 meV per C6., which indicates that a higher stage is preferred
in dilute Li concentrations.

Fig. 6 Subgroup structures and Li/vacancy arrangements at Li0.3333C6. (a) stage II (b) stage III (c) stage II–IV. Subgroup structures and Li/
vacancy arrangements of stage II, stage III, and stage II−IV at Li0.3333C6.
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Identifying Li/La/vacancy orderings in Li3xLa2/3−xTiO3

Solid electrolytes have been widely studied because they are
applicable in energy-dense solid-state batteries and other
electrochemical devices. The elementary process of ionic trans-
port is known to be strongly affected by the distribution of local
ordering, i.e., the Li/vacancy ordering for Li-stuffed garnets13 and
the more complicated coupled ordering of Li/vacancies with
immobile La in Li3xLa2/3−xTiO3. In the latter case, the diffusion
pathways are strongly affected by the La ordering55–57. In
previous work, to elucidate the effect of La on Li diffusion, the
initial Li/La/vacancy ordering has been specified ad hoc55,58. To
address the La ordering rigorously, an effective guiding tool is
needed. Inspired by the effectiveness in predicting ordered
phases within transformed lattices, the group–subgroup method
is naturally employed to determine the blocking effect of La on
the Li diffusion pathway. Here, the starting structures are
generated by simultaneously assigning Li/La/vacancy to perovs-
kite A-cages so that configurations with different dimensionalities
of the Li+ diffusion pathway are included (see an example in
Supplementary Fig. 4).
It is worth mentioning that the La order is accompanied by a

change of symmetry in previous studies. For example, Li-poor
compositions exhibit orthorhombic symmetry with high La-site
occupancy in the La-rich layer, whereas the Li-rich composition
has tetragonal symmetry, and the occupancy of La becomes
homogeneous59–61. However, recent studies have shown that the
symmetry with Li-rich composition is also orthorhombic with the
Cmmm space group58,62,63. In order to understand the relationship
between the La ordering and symmetry, configurations at 3x =
0.125, 0.2, 0.25, 0.3125, and 0.35 are obtained in both hosts by
group–subgroup transformation (Supplementary Table 7). Among
all these structures, 100 symmetrically distinct ordered phases at
each concentration with minimal electrostatic energies are
selected for first-principles calculations. The ordered phases with

the lowest formation energies are selected as the representative
ordered ground states for further study.
As illustrated in Fig. 7a, it is found that the most stable

configurations have an orthorhombic symmetry, confirming the
recent experimental results63,64. Based on these ordered ground
states (Supplementary Table 8), the occupation ratio of La is
further explored. The average occupancy of La in the alternating
La-poor and La-rich layers is illustrated in Fig. 7b. A clear
ordering preference can be observed. This preference decreases
with increasing Li content, which is consistent with the
experimental results62.
Once the ordered ground states are determined, an analysis of

the blocking effect of La on the migration pathway is performed.
To further reveal the Li diffusion behavior in the Li3xLa2/3−xTiO3

systems, we calculate the energy barriers using the bond valence
site energy (BVSE, see in Supplementary Methods) method as
shown in Table 165,66. At low Li concentrations of 3x = 0.125 and
0.2, the BVSE energy barriers of the ab-plane are much lower than
that along the c direction, which is consistent with the
experimental result that Li ions diffuse in the ab-plane at low Li
concentrations of 3x < 0.2167,68. This is caused by La ordering
along the c-axis, as illustrated in Fig. 8a, b. One of the planes is
fully occupied by La (La-rich plane), and the rest of La are located
in the other plane (La-poor plane). Such alternating stacking
between La-rich and La-poor planes also agrees well with the
experiment results. In the high-Li-concentration region, i.e., at 3x
= 0.25, 0.3125, 0.35, the La ions order arranges along the a-axis, as
shown in Fig. 8c–e. In these systems, the BVSE energy barriers of
the bc-plane are much lower than that along the direction,
indicating that Li-ion diffusion in the bc-plane is unobstructed and
that the pathway remains two-dimensional. This conclusion
supports the experimental results that Li-ion diffusion is two
dimensional below 127 °C69. As discussed above, lithium-ion
diffusion for all the Li3xLa2/3−xTiO3 systems is strongly anisotropic
owing to the blocking effect of La. To eliminate the effect of
diffusion anisotropy, it is useful to introduce another fast ion
conductor (such as lithium silicate) into the grain boundary69.

DISCUSSION
In this work, we present that ordered ground states formed either
during the preparation or the ion-intercalation process in several
rechargeable battery materials, especially with transformed
lattices or dilute alkali-ion concentrations, could be predicted
using group–subgroup transformation. In LiCoO2, we solve the
ordering problem for different sizes and shapes of supercells,
including confirming the ordered ground states at x = 0.1667,
0.3333, 0.5, and 0.6667 and resolving the previous conflict

Fig. 7 Energy and ordering preference of Li3xLa2/3−xTiO3. a Comparison of the total energies at 3x = 0.125, 0.2, 0.25, 0.3125, and 0.35 within
orthorhombic and tetragonal symmetries. b Averaged La ordering preference in ordered ground states.

Table 1. BVSE energy barriers (eV) of Li3xLa2/3−xTiO3 along with
different directions.

x a b c

0.125 0.234 0.830 9.268

0.2 0.205 0.840 8.965

0.25 9.102 0.840 0.215

0.3125 9.277 0.293 0.205

0.35 9.0527 0.293 0.293
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concerning the ordered ground states of LixCoO2 at x = 0.75,
0.8333, 0.8571. And an entirely new Li0.875CoO2 ground state is
identified at x > 0.75. In LiC6, utilizing the Wyckoff splitting rule, we
identify the new stable Li0.0625C6 with a stage IV structure as the
most dilute phase, which has not been previously demonstrated
in experimental and computational studies. Besides, this method
also reveals the blocking effect of La on the diffusion anisotropy
of Li. This method has also been successfully applied in the
prediction of ordered phases in KxMn7/9Ti2/9O2

70. Moreover, partial
replacement, such as substituting Co3+ with Ni2+ and Mn4+ in Li
(NixMnyCo1−x−y)O2 layered oxides (coined NMC) would be an
interesting topic for further investigation. It is worth mentioning
that in the cases where framework ions can leave their original
site and migrate to the site of mobile ions, such as the transition
of LiCoO2 into cubic Li0.5CoO2, the phase transition is more

complicated and thus not discussed here. In addition, constraints
on crystal systems and k-indexes have to be implemented in
practical applications, ensuring that the group-subgroup transfor-
mation method is especially efficient when it comes to solving
ordered arrangements.
In addition to atomic ordering, this method is also valuable for

other ordering problems such as systems with magnetism, which
is closely related to the ordering of charges. It is also potentially
applicable to materials such as light-emitting Cs2InIInIIICl6 with
the charge ordering of InI/InIII and pristine Cr2Ge2Te6 (two-
dimensional van der Waals material) with ferromagnetic order-
ing71,72. Identifying the charge ordering, ferroelectricity, or
magnetic ordering and their evolutions would be comparatively
difficult but desired. Thus, in addition to rechargeable batteries,
we believe the group–subgroup transformation can also be

Fig. 8 Ordered ground states of Li3xLa2/3−xTiO3. 3x = a 0.125, b 0.2, c 0.25, d 0.3125, and e 0.35. Li-ion diffusion is anisotropic because of the
blocking effect of La.

Fig. 9 Application of group–subgroup transformation for prediction of the ordered ground states. a Determination of subgroups and
corresponding transformation matrix of the parent space group according to CELLSUB. b Subgroup structures are obtained by TRANSTRU with
transformation matrix as an input. The splitting of Li position is illustrated by different colors. Vacancy and Li can occupy independent sites
(illustrated by LixC6). c Formation energies are obtained by first-principles calculations, and ordered ground states are determined by the
convex hull.
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applied to other areas such as ferroelectrics and other charge-
ordering-related materials.

METHODS
Determining subgroups
Group–subgroup transformation starts from a space group of a highly
symmetrical parent structure (G). The extraction of alkali-ions from the host
structure results in the breaking of symmetry from either the point
group (P(G)) or the translation group (T(G)) to maximal t-subgroups or
k-subgroups, respectively (H). Maximal k-subgroups can be further
classified into Loss of centering translations, Non-isomorphism, and
Isomorphism. An example of these maximal subgroups is shown in
Supplementary Methods. Then, each of the subgroups further acts as a
new highly symmetrical parent group and has its maximal t-subgroups or
k-subgroups. Therefore, the group–subgroup relations can eventually be
divided into a number of steps G > H1 > H2 > ... > H, with each involving
either a maximal t-subgroup or k-subgroup, as illustrated in Fig. 9a. Thus,
the parent structure can be consecutively degenerated to lower symmetry
subgroups. The reduction factor in the point group is characterized by the
t-index (Eq. 1), which should be a divisor of the order of P(G) (|P(G)|).
The reduction factor in the translation group is further characterized by the
k-index (Eq. 2), which should be a divisor of the order of T(G) (|T(G)|)

t � index ¼ jPðGÞj=jPðHÞj (1)

k � index ¼ jTðGÞj=jTðHÞj (2)

For each step, the transformation matrix that determines new lattices of
the subgroup is compiled in the International Table of Crystallography, and
can also be accessed by the Bilbao Crystallographic Server73,74. Finally, H
transforms into the triclinic group P1, corresponding to the removal of all
symmetry and enumeration of all possible configurations. Given that such
a low symmetry causes a large number of configurations, it is necessary to
constrain the search to certain crystal systems that are detected by
experiments and an upper limit of k-index (k-index also indicates the
multiplication factor relating the volume of the primitive structure of the
subgroup to that of the original prototype structure)75.
In addition, the transformation of the lattice may occur because

symmetry operations in the subgroup inevitably change. In each of the
transformation matrix–column pairs (P, p), the 3 × 3 square matrix P
transforms the conventional basis (a, b, c) denoted as G into another
conventional basis H (Eq. 3)74. The column p of coordinates of the
origin O of H is referred to the coordinate system of G and is called the
origin shift.

a0 ¼ P11aþ P21bþ P31c

b0 ¼ P12aþ P22bþ P32c

c0 ¼ P13aþ P23bþ P33c

(3)

Splitting of Wyckoff position for each pair G > H
In the parent structure with high symmetry, atoms are symmetrically
equivalent if they share the same Wyckoff position under the manipulation of
symmetry. However, in the subgroup, because of the reduction of symmetry,
these atoms may become non-equivalent. This allows the high-symmetry
Wyckoff position of alkali-ion which corresponds to the high-symmetry group
of the prototype to split into different sets of positions in the subgroup
(Fig. 9b and Supplementary Fig. 6e). Each subset can then be occupied
independently by an alkali-ion or a vacancy, resulting in subgroup
configurations with different alkali-ion contents. The theoretical relation of
the Wyckoff positions for a group–subgroup pair G > H has been
demonstrated by Wondratschek et al.74.

Ground states determination
After configurations are obtained by assigning alkali-ion/vacancy to the
independent sets of positions, the StructureMatcher utility in Pymatgen is
employed to exclude identical arrangements76. It compares two
structures by reducing them to primitive cells and evaluates whether
the maximum root means square displacement is less than a predefined
tolerance cutoff. This method can effectively distinguish the nonidentical
structures and has proven useful in many previous works77,78. First-
principles calculations are then performed to obtain the formation
energies and determine the ordered ground states (for calculation

details, see Supplementary Methods)29,79. Taking the LixCoO2 compound
as an example, the formation energy of a given Li/vacancy configuration
with content x in LixCoO2 is defined as

ΔEf LixCoO2ð Þ ¼ E LixCoO2ð Þ � xE LiCoO2ð Þ � 1� xð Þ E CoO2ð Þ (4)

where E(LixCoO2) is the total energy of the configuration per LixCoO2

formula unit, and E(LiCoO2) and E(CoO2) are the energies of LiCoO2 and
CoO2 in the O3 host, respectively. The formation energy reflects the
relative stability of that structure concerning phase separation into a
fraction x of LiCoO2 and a fraction (1 – x) of CoO2.
Procedures of group–subgroup transformation and bond valence site

energy calculations are implemented in the high-throughput computa-
tional platform for battery materials80.
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