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Abstract

We study two models of random growth by aggregation on the plane, which turn

out to share similar asymptotic features.

The first part of this thesis focuses on the Hastings–Levitov model HL(0), ac-

cording to which clusters of particles are built on the complex plane by iterated

composition of random conformal maps. Following the scaling limit result of Norris

and Turner (2012), who proved that the limiting shape of large HL(0) clusters is a

disc, we show that the fluctuations around this deterministic shape are described

by a random holomorphic Gaussian field F on {|z| > 1}, of which we provide an

explicit construction. We find that the boundary values of F perform an Ornstein–

Uhlenbeck process on an infinite–dimensional Hilbert space, which can be charac-

terised as the solution of a Stochastic Fractional Heat Equation. When the cluster

is allowed to grow indefinitely, this boundary process converges to a log–correlated

Gaussian Field, which coincides in law with the restriction of a Gaussian Free Field

on the 2–dimensional torus to the unit circle {|z| = 1}.
The same scaling limit and boundary fluctuations are found by Jerison, Levine

and Sheffield (2014) to arise in a different growth model, namely Internal Diffusion

Limited Aggregation (IDLA). According to this discrete model, the aggregation

process defines a Markov Chain on the infinite space of IDLA configurations, for

which Jerison, Levine and Sheffield ask the following mixing question: how long

does it take for IDLA dynamics to essentially forget where it started? We provide

a partial answer to this question in the second part of this thesis, using coupling

techniques to obtain an upper bound for this forget time. Finally, we specialise to

IDLA on the cylinder graph ZN ×Z, and show that our bound is polynomial in the

size N of the base graph, as N →∞.
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Chapter 1

Introduction

The question of obtaining a rigorous description of spatial growth phenomena ob-

served in nature has received much attention in the last few decades in the mathe-

matical community. One possible approach to this problem, on which we focus here,

is to model the growth as the result of subsequent aggregation of particles, which

randomly move in the surrounding space. We refer to such dynamics as random

aggregation.

1.1 Discrete aggregation models

A random aggregation model consists of an underlying infinite graph together with

an aggregation rule. We focus here on deterministic, planar, undirected graphs, on

whose vertex set the particles live. Say that a vertex v of the graph is filled if it

is occupied by exactly one particle, and v is empty otherwise. Starting from one

particle (i.e. filled vertex), we grow increasing clusters of particles by aggregating

one vertex at the time, according to the prescribed aggregation rule. When a vertex

is added to the cluster we declare it filled, so that the cluster coincides with the set

of filled vertices.
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Introduction

1.1.1 The Eden model

Arguably, the simplest of such models is the so called Eden model [Ede61], intro-

duced by Eden in 1961, according to which at each step one empty site adjacent to

the cluster is chosen uniformly at random, and added to the cluster. More precisely,

let the underlying graph be the d–dimensional lattice Zd, and take the initial clus-

ter to be the singleton E(0) = {0}. Define a family of growing clusters (E(n))n≥0

recursively as follows. Write u ∼ v if u is adjacent to v, that is |u− v| = 1, and let

∂E(n− 1) = {v /∈ E(n− 1) : v ∼ u for some u ∈ E(n− 1)}

denote the outer boundary of the set E(n − 1). Then, if ωn is a uniformly chosen

element of ∂E(n− 1), set

E(n) = E(n− 1) ∪ {ωn}.

For such family of growing clusters it is natural to ask if there is a limiting shape

as the number of particles diverges, i.e. as n → ∞. This question was settled by

Richardson in [Ric73], showing that there exists indeed a limiting shape, and it

is compact and convex (see also [CD81, Kes93]). The problem of determining the

limiting shape remains open.

1.1.2 Diffusion Limited Aggregation

A variant of the Eden model was introduced a few years later by the physicists

Witten and Sander [WJS81, WJS83], seeking to explain the formation of arms, or

dendrites, in metal–particles aggregation. This is the celebrated Diffusion Limited

Aggregation, in short DLA, and it is defined similarly to the Eden model, with the

crucial difference that the position of the next added particle is chosen according to

the harmonic measure of the outer boundary of the cluster seen from infinity, rather

than according to the uniform measure on the same set. More precisely, at each

integer time n ≥ 1 we start a simple symmetric random walk ω(n) = (ω(n)(t))t≥0 on

4



1.1. Discrete aggregation models

Figure 1.1: A large Eden cluster (simulation by Jason Miller).

Zd from infinity, independent of everything else, and let τn := inf{t ≥ 0 : ω(n)(t) ∈
∂D(n− 1)} denote the first time the walk reaches the outer boundary of D(n− 1).

Then set

D(n) = D(n− 1) ∪ {ω(n)(τn)}.

Note that this aggregation rule promotes the formation of arms, or dendrites. In-

deed, once an arm starts forming, it gains a large harmonic measure, and it therefore

keeps on growing. This is also clear from simulations (see Figure 1.2).

The asymptotic behaviour of DLA clusters is very different from that of Eden

clusters, and it is far less understood. In 1987 Kesten [Kes87, Kes90] obtained an

upper bound for the length of arms in DLA, showing that in dimension d they can

grow at most at rate n2/(d+1) as the number n of particles in the cluster diverges.

After that, the only other result on DLA is due to Ebertz-Wagner [EW99], who

showed that large 2–dimensional DLA clusters contain almost surely infinitely many

holes. We refer the reader to [Hal00, MS13] for nice accounts on the topic, and to

[SS16] for a multi–particle version of DLA growth.
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Introduction

Figure 1.2: A large DLA cluster (simulation by Vincent Beffara).

1.1.3 ...and many more

Aside from DLA and the Eden model, many discrete models of random aggrega-

tion have been studied in the literature. In fact, to obtain a new model from the

ones described above, one could either change the aggregation rule (i.e. change the

measure with respect to which the location of the new added particle is chosen),

or change the underlying graph on which the particles live, or change both. An

example of aggregation rule change is given by the Internal DLA (IDLA) [DF91,

LBG92, JLS14a, JLS14b, JLS13, JLS12, AG10, AG13a, AG13b, AG14], where the

location of the next added particle is sampled according to the harmonic measure of

the outer boundary of the cluster seen from the origin. Other important examples

are the Dielectric Breakdown Models of parameter γ > 0, in short DBMγ, accord-

ing to which the location of the next particle is sampled from the γth power of the

harmonic measure of the outer boundary of the cluster seen from infinity [NPW84].

Thus γ = 0 corresponds to the Eden model, γ = 1 to DLA, and γ ∈ (0, 1) in-
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1.2. A continuum model: Hastings–Levitov growth

terpolates between the two. Finally, we would like to mention DLA on cylinder

graphs [BY08] and on regular trees [BPP97], Directed DLA [Mar14], Stretched

IDLA [BKP12], Diffusion Limited Deposition [ACSS16] and First Passage Percola-

tion [HW65, Kes86, Kes03, CD81, Mar04] (see also the recent survey [AHD15] and

references therein).

1.2 A continuum model: Hastings–Levitov growth

A common feature of some of the discrete aggregation models described above (e.g.

Eden model and DLA) is that their asymptotic properties, such as the limiting

shape and Hausdorff dimension, have been numerically found to depend on the

underlying lattice structure (see for example [BBRT85, MBRS87], where simulations

of such models are discussed). This led researchers to look, in the late 1980’s, for

off–lattice analogues [Roh11]. In 2000 Carleson and Makarov [CM01] introduced

a deterministic growth model on the complex plane, defined in terms of Loewner

flows driven by time-dependent measures on the unit circle. Following their ideas,

Hastings and Levitov [HL98] proposed a one parameter family of random growth

models, now called HL(α) for α ∈ [0,∞). The first part of this thesis is concerned

with the study of the α = 0 case, that we now describe.

1.2.1 The HL(0) model

Let D denote the open unit disc in the complex plane, and let K0 = D be the initial

cluster. We grow an increasing family K0 ⊂ K1 ⊂ K2 . . . of compact subsets of the

complex plane, that we call clusters, as follows. Fix P ⊂ C\D to be a (non–empty)

connected compact set having 1 as a limit point, and such that the complement of

K = D∪P in C∪{∞} is simply connected. We regard P as the basic particle. For

concreteness, note that the slit P = [1, 1+δ] satisfies all the above assumptions (this

is indeed the particle shape used in all HL(0) simulations included in this thesis).

At each step, a new particle Pn, consisting of a distorted copy of P , attaches

to the cluster Kn−1 according to the following growth mechanism. Let D0 =

7



Introduction

Figure 1.3: HL(0) cluster with 500 particles (simulation by Henry Jackson).

(C ∪ {∞}) \K0 and D = (C ∪ {∞}) \K. Then there exist a unique conformal iso-

morphism F : D0 → D and a unique constant c ∈ R+ such that F (z) = ecz +O(1)

as |z| → ∞. We think of F as attaching the particle P to the closed unit disc D

at 1. The constant c is called logarithmic capacity of K, and can be interpreted as

the expected value of log |BT |, for B planar Brownian Motion started at infinity,

stopped at the first hitting time T of K (cf. Proposition 2.1).

F P
1 + δ1

Figure 1.4: The conformal map F attaching the particle P = [1, 1 + δ] at 1.

Set G = F−1, and observe that G(z) = e−cz + O(1) as |z| → ∞. Let (Θn)n≥1

be a sequence of i.i.d. random variables with Θn ∼Uniform[−π, π), and set

Fn(z) := eiΘnF (e−iΘnz) , Gn(z) = F−1
n (z) .

8



1.2. A continuum model: Hastings–Levitov growth

Then the map Fn attaches the particle P to the unit disc at the uniformly chosen

point eiΘn . Define Φn(z) := F1 ◦ · · · ◦ Fn(z), Dn = Φn(D0) and Kn = (C ∪ {∞}) \
Dn. We say that the conformal map Φn grows an HL(0) cluster up to the n-

th particle, while Γn = Φ−1
n maps it out. Note that, by conformal invariance,

choosing the attachment angles to be uniformly distributed corresponds to choosing

the attachment point of the n-th particle according to the harmonic measure of the

boundary of the cluster Kn−1 seen from infinity. With this notation, then, one has

Dn+1 = Φn ◦ Fn+1 ◦ Γn(Dn) .

This suggest the following interpretation for the attachment mechanism: given the

cluster Kn, first map it out via Γn, then attach a new copy of the particle P to the

unit circle at a uniformly chosen point eiΘn , and finally grow back the cluster Kn.

It is then clear that, although we are attaching identical copies of the particle P

at each step, the particle shape gets distorted each time by the application of the

conformal map Φn, as shown in Figure 1.5 below.

Φn = F1 ◦ · · · ◦ Fn

Figure 1.5: The conformal map Φn, which grows the cluster up to the nth particle.

1.2.2 Overview of related work

As already mentioned, the HL(0) model described above belongs to a larger class of

Hastings–Levitov models so called HL(α), indexed by a real parameter α ≥ 0. The

case α = 0 has already been described in detail. When α > 0 the growth mechanism

is the same, except that at each step the size of the new particle Pn is renormalised
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so that its logarithmic capacity is given by

cn =
c

|Φ′n−1(eiΘn)|α . (1.1)

If α = 2 this results in growing clusters of particles roughly of the same size, and

in general (1.1) has the effect of attenuating the natural distortion of the α = 0

model (see (1.4) below). In [HL98] Hastings and Levitov argued by comparing local

growth rates that the choice α = 1 should correspond to the Eden model, α = 2 to

DLA and in general α ∈ (1, 2) to DBMα−1.

Figure 1.6: HL(1) cluster (left) and HL(2) cluster (right) with 25000 particles.
Different colours correspond to different arrival times (simulations by Alan Sola).

Although α > 0 is needed for these models to be realistic, the renormalization

(1.1) creates long range dependences which make them very difficult to analyse.

In fact, to the best of our knowledge there are no rigorous results on (the non–

regularised version of) HL(α) models for α > 0. A first regularised version of

HL(α) appears in [RZ05], in which Rohde and Zinsmeister obtained bounds for the

Hausdorff dimension of suitably regularised clusters for α ∈ [0, 2]. More recently,

a different type of regularization was considered by Sola, Turner and Viklund, in

[JVST15], where they showed that the limiting shape of regularised clusters is given

by a disc for any α > 0, provided that the regularization is strong enough.

10



1.2. A continuum model: Hastings–Levitov growth

The case α = 0 does not feature such long range dependences, and is much better

understood. In [RZ05] Rohde and Zinsmeister obtained a scaling limit for HL(0)

clusters as the particle size is kept fixed while n → ∞. Moreover, they showed

that the boundary of these limiting clusters is almost surely one-dimensional. More

recently, in [NT15, NT12] Norris and Turner obtained a detailed description of

HL(0) clusters in the small particle limit, that we now discuss.

1.2.3 Scaling limit

We are interested in studying asymptotic properties of HL(0) clusters, i.e. describing

Kn as n → ∞. While the number of particles diverges, to see a non-trivial shape

of finite size we want to send the size of the particle to 0.

Assumption 1.1. Assume that P is such that the unique map F : D0 → D extends

continuously to D0 = {z ∈ C : |z| ≥ 1}. Moreover, assume that there exists δ > 0

such that

P ⊆ {z ∈ C : |z − 1| ≤ δ}, 1 + δ ∈ P, P = {z̄ : z ∈ P}. (1.2)

Under the above assumption, which is in force throughout the thesis, Norris and

Turner [NT12] prove the following.

Lemma 1.1 ([NT12],Corollary 4.2). Assume (1.2) and let c denote the logarithmic

capacity of D ∪ P . Then, as δ → 0, δ2/6 ≤ c ≤ 3δ2/4.

Thus sending the size of P to 0 is equivalent to sending its logarithmic capacity

c → 0. Finally, fix t > 0 and assume that nc → t as n → ∞, c → 0. We call this

small particle regime.

The existence of an asymptotic shape for HL(0) clusters in the small particle

regime was proved in [NT12], where the authors show that large clusters converge

to Euclidean balls. More precisely, they prove the following.
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Theorem 1.1 ([NT12], Proposition 5.1). Let m = bδ−6c and ε = δ2/3 log(1/δ), and

let

Eδ :=
{

sup
n≤m

sup
|z|≥e5ε

∣∣Φn(z)− ecnz
∣∣ < εe6ε+cn

}
.

Then, in the small particle regime, P(Ecδ ) decays faster than any polynomial in δ as

δ → 0. In particular, almost surely1 the event Eδ holds for δ small enough.

Note that for any fixed n the function z 7→ Φn(z)− encz is holomorphic outside

the unit disc D, and it converges to 0 as |z| → ∞. It therefore follows from the

maximum principle that

sup
|z|≥e5ε

∣∣Φn(z)− ecnz
∣∣ = sup

|z|=e5ε

∣∣Φn(z)− ecnz
∣∣→ 0 as nc→ t (1.3)

almost surely. Thus

Φn(z) ≈ etz as nc→ t,

which shows that the map that grows the n–particles cluster is close, in the small

particle limit, to the map that grows an Euclidean ball of radius et around the

origin. In this sense we say that the scaling limit of HL(0) clusters is an Euclidean

ball.

Remark. The convergence in (1.3) implies that Φn → etz uniformly on all compact

sets in (C∪{∞})\D. Thus the associated sequence of random clusters Kn converges

to the disc etD in the Carathéodory sense.

Remark. Although one can let |z| → 1 as n → ∞ in Theorem 1.1 of Norris and

Turner, the limiting shape result breaks down (and it should) if |z| → 1 too fast

with respect to δ. On the other hand, we will show in Chapter 3 that it does not

break too much: it still holds in the sense of distributions, for a suitably small space

of test functions (see Chapter 3, Section 3.3 for more details).

1Note that the only randomness is in the attachment angles. For each sequence (Θk)k≥1, and
each δ > 0, we build a sequence of conformal maps (Φn)n≥1 which grow the cluster with basic
particle size δ. For different values of δ such sequences of conformal maps are coupled by using
the same sequence of attachment angles, and by simply attaching a rescaled version of the basic
particle P , according to the value of δ.
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1.2. A continuum model: Hastings–Levitov growth

n = 100.

n = 5000.

n = 500.

n = 100000.

Figure 1.11: HL(0) clusters (simulations by Henry Jackson).

The analysis carried out by Norris and Turner in [NT12] is rather sophisticated,

and it gives much more information than what stated in Theorem 1.1. In particular,

it provides very accurate estimates on the distortion of the conformal map Φn, that

are crucial for our analysis. On the other hand, the limiting shape of large clusters

can be guessed by very simple heuristic arguments, that we now discuss.
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Heuristics: a smoothing dynamics (distortion helps)

To fix ideas, take the particle P to be the slit [1, 1 + δ] for some small δ > 0, and

let Pn+1 denote the (n+ 1)th copy of P in the cluster, that is

Pn+1 = Φn

(
eiΘn+1P

)
=
{
z : z = Φn(w) for some w such that e−iΘn+1w ∈ P

}
.

ΦnΘn+1

δ

`(Pn+1)

We measure the distortion of the conformal map Φn by comparing the size of

P with the one of Pn+1, where by size of the particles we mean their arc length,

denoted by `(·). By the mean value theorem, we have

`
(
Pn+1

)
=

ˆ 1+δ

1

|Φ′n(reiΘn+1)|dr = δ |Φ′n(r0e
iΘn+1)|, (1.4)

for some r0 ∈ [1, 1 + δ]. For small δ, r0 ≈ 1, from which we deduce that

`
(
Pn+1

)
≈ δ |Φ′n(eiΘn+1)|, δ � 1.

On the other hand, it is easy to check that the density of harmonic measure at

the attachment point Φn(eiΘn+1), that is the probability density that the (n + 1)th

particle attaches to the cluster Kn at that point, is proportional to |Φ′n(eiΘn+1)|−1.

Putting this together with (1.4), we conclude that:

- particles attaching to the cluster at unlikely locations are large, and

- particles attaching to the cluster at likely locations are small.

This shows that the distortion intrinsic in the model helps preventing the formation

14



1.2. A continuum model: Hastings–Levitov growth

of arms, which, together with radial symmetry, suggests that the limiting shape

could be an Euclidean ball.

Heuristics: a Loewner flow argument

This second heuristic argument is inspired by the discussion of anisotropic Hastings–

Levitov models by Sola, Turner and Viklund in [JVST15], and it provides an exact

guess for the limiting shape.

The main observation is that Hastings–Levitov clusters are Loewner hulls asso-

ciated to the Loewner flow driven by a specific random measure, consisting of Dirac

masses at the attachment points. More precisely, recall that (Θk)k≥1 denotes the

sequence of attachment angles, and define

ξn(t) :=
n∑
k=1

eiΘk1[c(k−1),ck)(t).

Let (ft)t≥0 be the Loewner flow driven by the random measure δξn(t), where δx

denotes the Dirac delta measure centred at x, i.e.

∂tft(z) = zf ′t(z)

ˆ
|z|=1

z + ζ

z − ζ dδξn(t)(ζ), f0(z) = z. (1.5)

Then Φn(z) = fnc(z) for the slit particle P = [1, 1+ δ]. Using the Loewner equation

(1.5) for ft, we find

∂tft(z) = zf ′t(z)

ˆ
|z|=1

z + ζ

z − ζ

( n∑
k=1

dδeiΘk (ζ)1[c(k−1),ck)(t)

)
= zf ′t(z)

n∑
k=1

( ˆ
|z|=1

z + ζ

z − ζ dδeiΘk (ζ)

)
1[c(k−1),ck)(t)

= zf ′t(z)
n∑
k=1

z + eiΘk

z − eiΘk 1[c(k−1),ck)(t).

Now, if we assume that there exists a deterministic scaling limit, then the random

sum appearing in the last term above should converge to a deterministic limit itself.

15
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To get an idea of how this limit should look like, we compute its expectation:

E
( n∑

k=1

z + eiΘk

z − eiΘk 1[c(k−1),ck)(t)

)
=

n∑
k=1

E
(
z + eiΘk

z − eiΘk
)

1[c(k−1),ck)(t)

= E
(
z + eiΘ1

z − eiΘ1

)
=

ˆ
|z|=1

z + ζ

z − ζ
dζ

2π
= 1.

Thus if there is a deterministic limit for the random map Φn = fnc, then it must

coincide with the solution ft to∂ft(z) = zf ′t(z)

f0(z) = z

evaluated at time t = nc. The above is easy to solve, to get ft(z) = etz. Thus

we conclude that if there exists a random conformal map ft such that Φn → ft as

n→∞, nc→ t, then it must be ft(z) = etz.

Remark. While the scaling limit result of Theorem 1.1 is concerned with the im-

age, under the cluster growth, of points outside the cluster, Norris and Turner also

look at the internal structure of large clusters. Under additional assumptions on

the particle P , they identify a genealogical structure in the cluster, and prove in

[NT15, NT12] that (in the small particle limit, and in logarithmic coordinates) this

converges to the so called Brownian Web, which can be informally described as

an uncountable family of coalescing 1–dimensional Brownian Motions starting from

any point in time and space [Arr79, Arr81, TW98, FINR04]. This provides an in-

teresting connection between these two seemingly unrelated models. We refer the

reader to Section 3.4 of Chapter 3 for more details, and for some open questions in

this direction.

1.2.4 Pointwise fluctuations

Once convergence to a deterministic limit for the sequence of conformal maps

(Φn)n≥1 has been established, it is natural to ask what are the fluctuations around

16



1.2. A continuum model: Hastings–Levitov growth

this limit. This is the question we answer in Part I of the thesis.

As it turns out, it is convenient to formulate fluctuation results in logarithmic

coordinates, as this makes the underlying multiplicative structure of the model into

an additive one. We thus look at the holomorphic function log Φn(z)
z

on {|z| > 1},
where the branch of the logarithm has been fixed so that log Φn(z)

z
→ nc as |z| → ∞.

Then the law of large numbers of Theorem 1.1 reads

log
Φn(z)

z
≈ nc as nc→ t. (1.6)

Our results can be divided into local and global fluctuations.

Local fluctuations

Suppose we fix z ∈ C \ D, say z = eσ+ia for some σ > 0, a ∈ [−π, π), and look

at the limiting fluctuations of log Φn(z)
z

around its mean as the HL cluster grows

(n→∞) and the point z approaches the unit disc radially (σ → 0). We prove that,

provided σ → 0 slowly enough, these limiting fluctuations are Gaussian. Moreover,

approaching the unit disc radially from different angles results in asymptotically

independent fluctuations. Our main result for this regime is the following.

Theorem (Local fluctuations). Pick any t > 0, and let z = eia+σ for some a ∈
[−π, π), σ > 0. Then as n→∞, nc→ t and σ → 0 slowly enough,

log Φn(z)
z
− nc√

c log( 1
2σ

)
−→ N (0, 1)

in distribution, where N (0, 1) denotes the law of a standard complex Gaussian ran-

dom variable. Moreover, the correlation between fluctuations at two different points,

say z = eia+σ and w = eib+σ, vanishes in the limit, unless the angle a− b converges

to 0 fast enough with σ.

A precise statement of the above result is provided in Theorem A.1 of Appendix

A.1. To prove it, we identify a sequence of (complex) backwards martingale differ-
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ence arrays, defined in (2.10). We then invoke a Central Limit Theorem of McLeish

[McL74], that we adapt to our setting in Appendix B, to show that such sequence

has a Gaussian limit. The assumptions of such CLT are proved to hold by combin-

ing distortion estimates for the conformal maps F,G with a crucial good event of

Norris and Turner [NT12]) (see also Theorem 2.3 below).

Note that the only Gaussian random field on T = ∂D having the correlation

structure defined above is the one given by an uncountable collection of i.i.d. N (0, 1)

random variables indexed by points on the unit circle. Although almost surely finite

at every point, this random field is very wild, in the sense that, apart from not being

continuous a.s., it is not even separable (i.e. it cannot be recovered by only looking

at a countable collection of points).

Global fluctuations

At the price of keeping z away from the unit disc while the cluster grows, we see

that the fluctuations of log Φn(z)
z

become rather well behaved. In order to emphasize

the dependence on t in this regime, and to ultimately view the limit as a stochastic

process, we now assume nc→ 1 as n→∞, and study the asymptotic behaviour of

the map Φbntc for t ∈ [0,∞).

Then, by the same techniques that allow us to prove the local fluctuations result,

we can show (cf. Theorem 2.1) that, for any fixed z ∈ C \ D, these fluctuations are

again centred Gaussian, with variance now depending on |z| and t. Moreover, the

correlation structure is sufficiently well behaved to enable us to prove a functional

central limit theorem for log Φbntc when restricted to any circle of the form rT := {z :

|z| = r}, r > 1 (cf. Theorem 3.1). Finally, we push our analysis forward to obtain

limiting fluctuations of log Φbntc viewed as a càdlàg stochastic process taking values

in the space of holomorphic functions on C \ D. Our main result is the following.

Theorem (Global fluctuations). Let H denote the space of holomorphic functions

on {|z| > 1}, and for n ≥ 1 set Fn(t, z) = 1√
c

(
log

Φbntc(z)

z
− bntcc

)
. Then there

exists a continuous stochastic process F = (F(t, ·))t≥0 taking values in H such

18



1.2. A continuum model: Hastings–Levitov growth

that Fn → F in distribution as n → ∞, with respect to the Skorokhod topology on

the space of càdlàg functions from [0,∞) to H . Moreover, F can be obtained as

the holomorphic extension of its boundary values on {|z| = 1} to the outer unit

disc {|z| > 1}. These boundary values are given by a distribution-valued stochastic

process W = (W(t, ·))t≥0, formally defined in Fourier space by

W(t, ϑ) =
∑

k∈Z\{0}

(Ak(t) + iBk(t)√
2

) eikϑ√
2π

, (1.7)

for (Ak)k, (Bk)k independent collections of Ornstein-Uhlenbeck processes on R, so-

lutions todAk(t) = −|k|Ak(t)dt+
√

2 dβk(t)

Ak(0) = 0,

dBk(t) = −|k|Bk(t)dt+
√

2 dβ′k(t)

Bk(0) = 0 ,

(1.8)

where (βk)k, (β′k)k are independent collections of i.i.d. Brownian Motions on R.

A precise statement of this result is given in Theorem 3.3. This provides an

explicit construction of the limiting Gaussian holomorphic field F and, perhaps

more interestingly, of its boundary values W(t, ϑ) = F(t, eiϑ).

Note that, at least formally, equations (1.7)-(1.8) can be summarised by saying

that W solves2 the following Stochastic Fractional Heat Equation:dW(t, ·) = −
√
−∆W(t, ·)dt+

√
2 dξ(t, ·),

W(0, ·) = 0,

(1.9)

where ∆ is the Laplace operator in the spatial variable, and ξ denotes complex

space–time white noise on the unit circle T = {|z| = 1}. We show in Chap-

ter 3 that such W can be made sense of as an Ornstein–Uhlenbeck process in

a suitable infinite–dimensional Hilbert space. This is a Gaussian Markov pro-

cess, which converges to its stationary distribution as t → ∞. Note that, since

2By this we mean that translating the above SPDE in Fourier space one recovers (1.7)-(1.8)
for the Fourier coefficients of W.
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Ak(t), Bk(t)→ N
(
0, 1
|k|

)
in law as t→∞, we have3

W(t, ϑ)
t→∞−→ W∞(ϑ)

(d)
=
∑
k 6=0

1√
|k|
(Ak(∞) + iBk(∞)√

2

) eikϑ√
2π

, (1.10)

for (Ak(∞))k, (Bk(∞))k independent collections of i.i.d. standard Gaussian random

variables on R. This is (the complex version of) a well-known Fractional Gaussian

Field on the unit circle T, which be realised as

W∞ = (−∆)−1/4W,

for W white noise on T. Fractional Gaussian Fields can be studied in greater

generality: we refer the interested reader to [DRSV14, LSSW14] and references

therein. For d ≥ 1, let ∆d and Wd denote the Laplace operator and white noise

on the d–dimensional torus Td respectively, and let s > 0 be a real number. Then

(−∆d)
−s/2Wd defines a Fractional Gaussian Field. This is a (random) continuous

function if s > d/2, and otherwise it takes values in the space of distributions.

Moreover, at the critical parameter s = d/2 it defines a log–correlated Gaussian

Field (LGF), which coincides with the Gaussian Free Field (GFF) on Td when

d = 2. Restricting the GFF to T1 one obtains the LGF (−∆1)−1/4W1, which by

(1.10) has the same law as W∞. In this sense we say that, as t→∞, the boundary

fluctuations of HL(0) clusters are given by the restriction of a (complex) GFF on

the 2–dimensional torus to the unit circle.

1.2.5 Heuristics: a universal fluctuations process

In a way, W defined in (1.9) is a very natural fluctuation process. Let us give some

heuristics in support of this statement4. Write Φt in place of Φbntc for simplicity,

and for s ≤ t let Φs,t := Φ−1
s ◦ Φt, i.e. Φs,t = Fbnsc+1 ◦ · · · ◦ Fbntc. Then Φ0,t = Φt,

3It is easy to see that the convergence in (1.10) holds in the sense of Finite Dimensional Dis-
tributions, i.e. for any finite collection of sufficiently smooth test functions φ1, . . . , φk we have
that the joint law of (W(t, ·), φ1), . . . , (W(t, ·), φk) converges, as t → ∞, to the joint law of
(W∞, φ1), . . . , (W∞, φk).

4We thank Vincent Beffara and James Norris for suggesting this heuristic argument.

20



1.2. A continuum model: Hastings–Levitov growth

and

Φ0,t = Φ0,s ◦ Φs,t (1.11)

for all s ≤ t. Let, informally, φs,t(z) denote the fluctuations of Φs,t(z) around its

deterministic limit et−sz in logarithmic coordinates, so that

log Φs,t(z) = log z + (t− s) + φs,t(z) for |z| > 1. (1.12)

Thus

log Φ0,t(z) = log z + t+ φ0,t(z),

log
(
Φ0,s ◦ Φs,t

)
(z) = log Φs,t(z) + s+ φ0,s

(
Φs,t(z)

)
= log z + (t− s) + φs,t(z) + s+ φ0,s

(
et−sz

)
,

where in the last equality we have used the first order approximation in the argument

of the fluctuation term φ0,s. This together with (1.11) implies that

φ0,t(z) = φ0,s(e
t−sz) + φs,t(z). (1.13)

Note that φs,t is independent of φ0,s for all s ≤ t, since Φs,t is independent of Φ0,s.

Moreover, all the functions appearing in (1.13) are holomorphic on {|z| > 1} by

(1.12). It follows that, assuming their boundary values are nice enough, they can

be recovered as the holomorphic extension to {|z| > 1} of their values on {|z| = 1}.
Thus (1.13) also holds formally on the unit circle. For any ϑ ∈ [0, 2π), we take

z = eiϑ in (1.13) and expand both sides in Fourier series, to find

∑
k

A0,t(k)eikϑ =
∑
k

A0,s(k)e−(t−s)|k|eikϑ +
∑
k

As,t(k)eikϑ,

where the exponential term in the second sum above comes from the holomorphic

extension procedure. We therefore conclude that

A0,t(k) = A0,s(k)e−(t−s)|k| + As,t(k)
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for all k and all s ≤ t. As s approaches t, it is natural to assume that As,t(k) behaves

like Gaussian noise, so that As,t(k) ≈ Bk(t), for Bk complex Gaussian process, with

real and imaginary parts given by (possibly correlated) multiples of real Brownian

Motions. Differentiating, still formally, the above equality at t then gives

dA0,t(k) = −|k|A0,t(k) + dBk(t). (1.14)

To conclude, we argue that the Brownian noises corresponding to different Fourier

frequencies should be independent standard complex Brownian Motions. This is a

simple consequence of rotation invariance. Indeed, writing φt in place of φ0,t for

brevity, for any ϑ, ϕ ∈ [0, 2π) we must have that φt(e
iϑ) and φt(e

iϕ) have the same

law, by rotation invariance of the model. Expand both terms in Fourier series, to

get

φt(e
iϑ) =

∑
k

Ak(t)e
ikϑ, φt(e

iϑ) =
∑
k

Ak(t)e
ikϕ =

∑
k

[
Ak(t)e

ik(ϕ−ϑ)
]
eikϑ.

Assuming that the Fourier coefficients are jointly Gaussian, then, we deduce that

the Gaussian vectors
(
Ak(t)

)
k

and
(
Ak(t)e

i(ϕ−ϑ)k
)
k

must have the same law. This

shows that the complex Fourier coefficients must be rotationally invariant in law,

which forces the noises Bk to be (multiples of) standard complex Brownian Motions,

since their covariance matrix must be a multiple of the identity matrix by rotation

invariance. Moreover, all pairwise correlations vanish, since

E[Ak(t)Aj(t)] = E[Ak(t)Aj(t)]e
i(k−j)(ϕ−ϑ)

for all ϕ, ϑ, which implies E[Ak(t)Aj(t)] = 0 for all k 6= j. Thus the Fourier coeffi-

cients (Ak(t))k must be pairwise independent. Since pairwise independence implies

independence for jointly Gaussian random variables, this shows that the driving

Brownian Motions (Bk(t))k appearing in the SDEs (1.14) should be independent.

The above argument explains, still at a heuristic level, the form of the SDEs

(1.8) for the Fourier coefficients of the boundary process W . Moreover, it suggests
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1.3. Back to discrete models: Internal DLA

that the fluctuation process W should be in some sense universal, as we have made

no use of the specific definition of the HL(0) model in the above derivation. Indeed,

the same process is known to describe the fluctuations of another growth model,

this time discrete, on which we focus in the second part of this thesis.

1.3 Back to discrete models: Internal DLA

Let us define another discrete aggregation model, so called Internal DLA (or IDLA),

on the d–dimensional grid Zd. This model was introduced by Meakin and Deutch

[MD86] in 1986 and, as the name suggests, is defined along the lines of Diffusion

Limited Aggregation, with the crucial difference that the cluster grows from the

inside rather than the outside. More precisely, assume that the initial cluster consists

of the singleton A(0) = {0}. At each integer time n ≥ 1, we start a simple symmetric

random walk ω(n) from the origin, independent of everything else. Let τn := inf{t ≥
0 : ω(n)(t) /∈ A(n−1)} denote the first time the walk exits the current cluster. Then

we set

A(n) = A(n− 1) ∪ {ω(n)(τn)}.

Although the IDLA dynamics looks similar to the one of external DLA, these two

growth processes are very different in nature. Indeed, while external DLA promotes

the formation of arms, IDLA tends to smooth them out, thus leading to much more

regular clusters5.

Contrary to external DLA, which has proven to be very difficult to analyse,

much is known about asymptotic properties of IDLA clusters. In 1992 Lawler,

Bramson and Griffeath [LBG92] show that large IDLA clusters in Zd are Euclidean

balls, apart from an error o(
√
r), where r is the radius of the ball, in all dimensions

d ≥ 2. Few years later Lawler [Law95] improves the error to O(r1/3), and asks

5Such smoothing effect is also present in HL(0) growth, as pointed out in Section 1.2.3, although
of different nature. Indeed, while in IDLA we attach particles of the same size, and the smoothing
comes from the attachment location, in HL(0) the attachment point is chosen exactly as in external
DLA, and the smoothing is due to the fact that the size of the attached particle is random,
depending on the distortion properties of the conformal map Φn.
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Figure 1.12: IDLA cluster with n = 100000 particles on Z2 (simulation by Wilfried
Huss).

whether the same can be proved with a smaller power of the radius. The question

remains open until 2010, when Asselah and Gaudillière prove, in a series of papers

[AG10, AG13a, AG13b], that fluctuations from circularity are at most of size
√

log r

in dimension d ≥ 3, and at most log2 r for d = 2. They also show in [AG14] that

fluctuations of size
√

log r do occur all dimensions (matching the upper bound, and

thus determining the right asymptotic order of maximal fluctuations, for d = 3).

At the same time and independently, Jerison, Levine and Sheffield [JLS12, JLS13]

prove that fluctuations from circularity are of order at most log r in dimension 2, and
√

log r in higher dimension. Their result for d = 2 is believed to be sharp, although

this is still open. The same authors then look at average fluctuations from circular

shape in [JLS14a], showing that they converge in law to the so called augmented

Gaussian Free Field in all dimensions. Seeking to obtain exactly the Gaussian Free

Field as the limit of average fluctuations, in the sequel paper [JLS14b] the same

authors consider IDLA on the cylinder graph. More precisely, fix N ≥ 2 integer,

and let ZN := Z/NZ denote the N–cycle. We consider an IDLA process starting

from the half–filled configuration

A(0) = {(x, y) ∈ ZN × Z : y ≤ 0}.
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At each step, we choose one vertex of the form (x, 0), x ∈ ZN uniformly at random,

and start a simple symmetric random walk on ZN ×Z from it. By recurrence of the

vertical coordinate, such walk will exit the current cluster in a finite time almost

surely. When this happens, we add its exit location to the cluster. Let (A(n))n≥0

denote the resulting stochastic process on the space Ω of configurations,

Ω = {A ⊂ ZN × Z, A ⊇ {(x, y) : y ≤ 0}}.

The first result of [JLS14b] states that the limiting shape of such clusters for large

N is given by a cylinder, with fluctuations of size at most logN .

Theorem 1.2 ([JLS14b], Theorem 2). For any finite a, t > 0, there exists a constant

C = C(a, t) such that, for T = tN2 and N large enough,

{
(x, y) : y ≤ n

N
− C logN

}
⊆ A(n) ⊆

{
(x, y) : y ≤ n

N
+ C logN

}
for all n ≤ T , with probability at least 1−N−a.

In particular, rescaling the mesh size by 1/N we deduce that the limiting shape

of such clusters above level 0 is the cylinder T × [0, t], where T denotes the 1–

dimensional torus.

Remark. Note that, as already pointed out in (1.6), the HL(0) scaling limit of

Norris and Turner is equally given by the cylinder T × [0, t] (in fact, this is the

reason behind the choice of calling t the asymptotic height of the IDLA clusters).

Jerison, Levine and Sheffield also address the average fluctuations around this

shape. As a measure of the deviations from the rectangular shape, they introduce

the so called discrepancy function

DN,n := N(1AN (n) − 1{y≤n/N2}), (1.15)

where AN(n) is obtained from the cluster A(n) by filling all the squares of side–

length 1 such that their top–right corner belongs to A(n), and then rescaling the
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mesh–size by 1/N both in the horizontal and vertical direction:

AN(n) =
{[n1 − 1

N
,
n1

N

]
×
[n2 − 1

N
,
n2

N

]
: (n1, n2) ∈ A(n)

}
⊂ T× R, (1.16)

For such discrepancy function they prove the following.

Theorem 1.3 ([JLS14b], Theorem 3). Let ϕ ∈ C∞(T×R) be a test function of the

form

ϕ(x, y) =
∑
|k|≤K

αk(y)e2πikx,

for some finite integer K and some αk’s supported in the annulus 0 < c1 ≤ |y| ≤ c2

and such that α−k = αk, so that ϕ is real. Let T = btN2c. Then, as N →∞,

DN,T (ϕ) :=

ˆ
T×R

DN,T (x, y)ϕ(x, y)dxdy → N
(
0, S2

t (ϕ)
)

in distribution, with

S2
t (ϕ) =

∑
0<|k|≤K

(1− e−4π|k|t

4π|k|
)
|αk(t)|2.

Informally, this tells us that DN,T (x, y)→ Dt(x)δy−t, where

Dt(x) =
∑

k∈Z\{0}

√
1− e−4π|k|t

4π|k| (αk + iβk)e
2πikx,

for (αk)k∈Z, (βk)k∈Z independent collections of (real) i.i.d. N (0, 1) random variables.

Thus, if W(t, x) denotes the boundary fluctuations of an HL(0) cluster at time t,

as defined in (1.7), we find that6

Dt(x)
(d)
= W(t, x) (1.17)

in the sense of equality in law of random distributions. This shows that not only

6Here the equality is intended to hold apart from an absolute multiplicative constant, due to
the different Fourier normalizations.
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IDLA clusters on the cylinder graph and HL(0) clusters share the same limit, but

also they have exactly the same fluctuation process. One could then ask whether

they share other asymptotic properties: see Section 3.4 in Chapter 3 for some open

questions in this direction.

1.3.1 Asymptotic fluctuations: a different scaling

In the IDLA fluctuations result of Jerison, Levine and Sheffield the authors show

that at scaling 1/N the fluctuations of the discrepancy function in the vertical

direction are killed, while the ones in the horizontal direction converge to the GFF. A

natural question7 then arises: is there a different scaling for the vertical coordinate,

such that the associated discrepancy function D̃N,T converges, in that scaling, to

a truly 2–dimensional limit? More precisely, recall the definition of the filled and

rescaled cluster AN(n) from (1.16), and the associated discrepancy function DN,n =

N(1AN (n) − 1{y≤n/N2}). For scaling coefficients aN , bN to be determined, define the

rescaled cluster

ÃN(n) =
{[n1 − 1

N
,
n1

N

]
×
[n2 − 1

bN
,
n2

bN

]
: (n1, n2) ∈ A(n)

}
⊂ T× R,

and the rescaled discrepancy function D̃N,n = aN(1ÃN (n) − 1{y≤n/(NbN )}).

Question 1.1. Is there a choice of aN , bN such that D̃N,n converges to a non–trivial

2–dimensional limit

D̃N,n(x, y)→ D̃t(x, y),

as N →∞ and n = btN2c, in the sense of distributions?

Although at present we are not able to answer this question, we believe that,

due to Theorem 1.2, bN should be of order at most logN for large N . To get some

insight on how an IDLA cluster should look like in the strip of height C logN on

which the discrepancy function is supported, one could ask the following, simpler

question.

7We thank Tom Holding for this question.
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Question 1.2. Fix N � 1, and let (A(n))n≥0 be an IDLA process on the cylinder

graph ZN × Z. How does A(n) look like above its lowest hole, for n� N?

Answering this question is the aim of the second part of this thesis, which we

devote to the study of the so called shifted IDLA process, first introduced in [JLS14b]

(see Section 7 therein).

1.4 Shifted IDLA: a recurrent Markov chain

Let (A(n))n≥0 denote, as in the previous section, an IDLA process on the cylinder

graph ZN × Z starting from A(0) = {(x, y) ∈ ZN × Z : y ≤ 0}. We now define an

associated Markov process (AS(n))n≥0, so called shifted IDLA.

Definition 1.1 (Shifted IDLA). Let S be the map from the space of IDLA config-

urations Ω to itself defined as follows. For A ∈ Ω, let

kA := max{k ≥ 0 : (x, y) ∈ A for all x ∈ ZN , y ≤ k}.

Define the shift operator S by

S : A 7→ S(A) := {(x, y − kA1(kA > 0)) : (x, y) ∈ A}.

Then, if (A(n))n≥0 denotes the time evolution of a IDLA cluster, define the shifted

chain (AS(n))n≥0 by setting

AS(n) := S(A(n))

for all n ≥ 0.

In words, AS(n) is obtained from A(n) by shifting the cluster down in the vertical

direction, so that the lowest empty site is at level 1 (i.e. it is of the form (x, 1) for

some x ∈ ZN). This construction defines a new Markov chain (A(n))n≥0 on the

infinite space Ω of configurations. Note that the chain consists of one communicating
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class, since from any configuration one can get to {(x, y) : y ≤ 0}, and from there

to any other configuration, in finitely many steps with positive probability. Thus

either all configurations are recurrent or they are all transient. If it is the case that

the chain is recurrent, one could ask if it is also positive recurrent, which would in

turn imply the existence of a stationary distribution8. This turns out to be indeed

the case.

Proposition 1.1. Fix any integer N > 0, and let (AS(n))n≥0 denote a shifted IDLA

Markov chain on the cylinder graph ZN × Z. Then the chain is positive recurrent,

and hence it has a stationary distribution µN .

The above result follows from Proposition 4.1 in Chapter 4, where we prove

the same statement for all cylinder graphs of the form G × Z, with G any finite

connected graph. By the ergodic theorem, then, we have that the law of the chain

(AS(n))n≥0 converges to µN as n→∞. In other words, if we wait long enough then

the configuration AS(n) looks like a configuration drawn from µN . But how long

do we have to wait? This question, of independent interest, was posed in [JLS14b]:

we provide a partial answer to it in Chapter 4. Before going into the details of our

approach, let us give some heuristics on what this would tell us about the stationary

measure µN .

Fix N � 1 large enough, and let Tmix = Tmix(N) denote the first n ≥ 0 such

that the law of the cluster AS(n) is close, in some suitable sense, to the stationary

measure µN . Suppose we can show that Tmix is at most polynomial in N , i.e. there

exists a finite absolute constant m > 0 such that Tmix ≤ Nm. Then AS(Nm) is close

in law to µN . Suppose further that it is possible to generalise Theorem 1.2 to the

case T = Nm. More precisely, suppose we can show that for any a > 0 and m ≥ 1

there exists a finite constant C = C(a,m) such that the maximal fluctuations of

IDLA up to time T = Nm have size at most C logN with high probability. Then

at time Tmix the associated shifted IDLA cluster is both close in law to µN and

8Note that, as long as N ≥ 3, such stationary distribution can never be a reversible distribution.
Indeed, if the chain can go from configuration A to configuration B is one step, it cannot go from
B to A in the next step. This makes the detailed balance equation fail, thus showing that the
shifted IDLA chain is not reversible.
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has height at most C logN with high probability. This motivates the following

conjecture.

Conjecture 1.1. For ` > 0, let E` = {A ∈ Ω : h(A) ≤ `} denote the set of all IDLA

configurations with height at most `. Then for any a > 0 there exists a positive

constant C ′ = C ′(a) such that, for N large enough,

µN
(
EC′(a) logN

)
≥ 1− 1

Na
.

The difficulty in proving this conjecture is twofold. First, one has to come up

with a suitable notion of mixing, which can be used for Markov chains on an infinite

state space, and which makes no use of the stationary distribution (since we have

no information about it). Second, once the notion of mixing has been fixed, one

needs to show that the associated mixing time is polynomial.

We attack this problem by introducing an auxiliary notion of mixing that adapts

well to coupling techniques, that we call forget time.

1.4.1 The IDLA forget time

In [JLS14b] the authors ask the following question: how long does it take for an

IDLA process on the cylinder graph to mostly forget its initial profile? In other

words, let (A(n))n≥0 and (A′(n))n≥0 denote two IDLA processes on the cylinder

graph ZN × Z, starting from different initial configurations A(0), A′(0), both con-

taining the half–space {(x, y) : y ≤ 0}. Let

T := inf{n ≥ 0 : A(n) = A′(n)} (1.18)

denote the first time the two processes meet. How large can T be? Our main result

in this direction, namely Theorem 1.4 below, shows that if we are allowed to couple

the two processes in a clever way, then T is not too large.

Notation. Recall that Ω = {E ⊆ ZN × Z : E ⊇ {(x, y) : y ≤ 0}}. For any E ∈ Ω,

write |E| for the cardinality of E ∩ {(x, y) : y > 0} and recall that h(E) := max{y :
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(x, y) ∈ E for some x ∈ ZN} denotes the height of E. Finally, for E,F ∈ Ω write

E∆F = (E \F )∪ (F \E) for their symmetric difference, and note that if |E| = |F |
then |E∆F | is an even number.

Theorem 1.4. Let (A(n))n≥0, (A′(n))n≥0 be two IDLA processes as above, and

assume that |A(0)| = |A′(0)| =: n0. Let h0 := max{h(A(0)), h(A′(0))}, and 2d :=

|A(0)∆A′(0)|. Recall the definition of the forget time T from (1.18). Then there

exists a coupling of the two IDLA processes such that, if P is the probability measure

associated to their joint law,

P(T > t) ≤ C̄ e−λ̄t (1.19)

for positive constants C̄ , λ̄ > 0, with λ̄ = λ̄(d,N) and C̄ = C̄ (λ̄, d,N, h0).

Note in particular that the decay rate λ̄ does not depend on the initial height of

the clusters.

Remark. The above theorem is true in greater generality. Indeed, we can prove

that it holds for all cylinder graphs of the form G×Z, for any finite connected graph

G (cf. Theorem 4.1 in Chapter 4). Moreover, we can allow the driving random walks

to have a deterministic drift ∂ in the vertical direction. In this setting, the constants

C̄ and λ̄ would become λ̄ = λ̄(d,G, ∂) and C̄ = C̄ (λ̄, d, G, h0, ∂).

To prove Theorem 1.4 we exhibit a coupling that achieves (1.19). This coupling

is divided into several trials, each trial having a positive probability of success (by

which we mean that the processes are coupled by the end of the trial). At the

beginning of each trial, we have two IDLA configurations that differ by a controlled

number of particles. We make them match as quickly as possible using the freezing

coupling, by which we mean that we use the same driving random walks to grow

both processes, and whenever a walk happens to exit from one cluster but not from

the other we freeze it, to restart it at a later time. The fact that this is a valid

coupling follows from the abelian property of IDLA. With this procedure the two

configurations will match very quickly (apart from the frozen particles). Now we
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want to make sure that these matching configurations are nice enough (in some sense

to be specified later) so that the frozen particles will couple with high probability

upon release. We call this extra releases phase: as the name suggests, we achieve

nice configurations simply by releasing enough extra particles while using the trivial

coupling (so that the two configurations continue to match), until the processes hit

a nice configuration. At this point we release the frozen particles. If they couple,

we declare the trial successful, and otherwise we move to the next trial.

The main technical difficulty of this procedure is that all our estimates depend

on the so called discrepancy9 of the IDLA clusters, that is the difference between the

height of the cluster and the height of the lowest empty site. Thus, before starting

a new trial we must have a strong control on the discrepancy of the cluster.

1.5 Organisation of the thesis

The thesis is divided into two parts: in Part I (Chapters 2 and 3) we discuss

Hastings–Levitov growth, while Part II (Chapter 4) is concerned with Internal DLA

on cylinder graphs. The material presented in Part I consists of the paper Fluctu-

ation results for Hastings–Levitov planar growth, published in Probability Theory

and Related Fields [Sil15]. The material discussed in Part II is an extract of the

paper The reset time of Internal DLA on a cylinder [LS], which is currently being

written jointly with Lionel Levine.

We begin Chapter 2 by collecting some preliminary estimates for the basic confor-

mal maps F (cf. Figure 1.4) and its inverse, to then prove the pointwise fluctuation

result (cf. Theorem 2.1). We then explain in Chapter 3 how to use this result to

obtain a global description of the fluctuations (cf. Theorem 3.3), and construct the

boundary values process (cf. Section 3.3 therein). We conclude the chapter, and

the first part of the thesis, by collecting some open questions. Chapter 4 is then

devoted to the study of the forget time of IDLA on cylinder graphs. We start by

considering general cylinder graphs of the form G× Z, and obtain an upper bound

9Not to be confused with the discrepancy function defined in (1.15).
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for the forget time via coupling techniques (cf. Theorem 4.1). We then specialise to

G = ZN , and show that this bound is at most polynomial in N , for N large enough.
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Chapter 2

Pointwise fluctuations for HL(0)

In this chapter we present a detailed proof of the global fluctuations result. Theo-

rem A.1 on local fluctuations is obtained by the same arguments, and we leave its

discussion for Appendix A.1. The chapter is organised as follows. In Section 2.1

we collect some preliminary estimates for the basic conformal maps F,G. We then

introduce in Section 2.2 our main tools, namely two sequences of backwards mar-

tingale difference arrays (2.10), and prove Theorem 2.1 on pointwise fluctuations.

2.1 Preliminary estimates

Fix a particle P as in the introduction, and, if D denotes the open unit disc, let

K0 = D, K = D ∪ P . Moreover, set D0 = (C ∪ {∞}) \K0, D = (C ∪ {∞}) \K. It

follows from the Riemann Mapping Theorem that there exists a unique conformal

map1 F : D0 → D such that F (z) = ecz+O(1) as |z| → ∞, for some constant c ∈ R.

We assume that the particle P is regular enough so that F extends continuously to

the boundary of D0. Set G = F−1.

Conformal maps are very rigid, and simply from the definition of F,G we can

deduce the following properties:

(P1) |F (z)| > |z| for all z ∈ D0, |G(z)| < |z| for all z ∈ D,

1Throughout this chapter and the next, by conformal map we mean a conformal isomorphism.
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(P2) there exists a constant C > 0 such that |F (z)| ≤ C|z| for all z ∈ D0 and

|G(z)| ≥ |z|/C for all z ∈ D.

Indeed, (P1) follows trivially from Schwarz lemma, while (P2) is a consequence of

the prescribed behaviour at infinity for F,G.

Notation. Throughout the chapter, C denotes a finite, positive constant which can

change from line to line, and which is either absolute or only depends on the maps

F,G. Whenever this constant depends on other parameters, say α, β . . ., we make

it explicit in the notation by using C(α, β . . .).

In order to obtain finer distortion estimates for the maps F,G it is often useful to

relate the logarithmic capacity c to geometric properties of the particle P . Assume

the following:

Assumption 2.1. There exists δ > 0 such that

P ⊆ {z ∈ C : |z − 1| ≤ δ}, 1 + δ ∈ P, P = {z̄ : z ∈ P}. (2.1)

We regard δ as measuring the diameter of the particle P .

Remark. Assumption 2.1 is in force throughout Chapters 2 and 3.

The following result appears in [NT12] (cf. Proposition 4.1 and Corollary 4.2

therein).

Proposition 2.1. There exists an absolute constant C > 0 such that, for all z ∈ D:

|z − 1| > 2δ, it holds:∣∣∣∣ log
(G(z)

z

)
+ c

∣∣∣∣ ≤ Cc

|z − 1| ,
∣∣∣∣ d

dz
log
(G(z)

z

)∣∣∣∣ ≤ Cc

|z − 1|2 . (2.2)

Moreover,
δ2

6
≤ c ≤ 3δ2

4
(2.3)

for δ small enough.
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In light of (2.3) we use c and δ interchangeably, and all statements are intended

to hold for c, δ small enough. Combining (2.2) and (2.3) we deduce the following

improved bound.

Corollary 2.1. There exists an absolute constant C > 0 such that, for all z ∈ D:

|z − 1| > 2δ, it holds: ∣∣∣∣ log
(G(z)

z

)
+ c

z + 1

z − 1

∣∣∣∣ ≤ Cc3/2|z|
|z − 1|2 . (2.4)

Proof. We follow the proof of [NT12], Proposition 4.1. Let u, v denote the real

and imaginary part of log G(z)
z

respectively, so that they are harmonic functions

on D. Then by optional stopping u(z) = −E(log |BT |) < 0, T being the first

hitting time of K for a Brownian Motion B starting from z. Introduce the particle

P1 ⊃ P defined by P1 =
{
z ∈ D0 :

∣∣ z−1
z+1

∣∣ ≤ r
}

, for r = δ/(2 − δ), and set

D1 = (C ∪ {∞}) \ (D ∪ P1). Then the unique conformal map G1 : D1 → D0

satisfying G1(∞) =∞ and G′1(∞) > 0 is given by

G1(z) =
z(γz − 1)

z − γ for γ =
1− r2

1 + r2
.

Set F1 = G−1
1 , and A = {z ∈ ∂P1 : |z| > 1}. Then G1(A) = {eiϑ : |ϑ| < ϑ0} with

ϑ0 = cos−1 γ. Moreover, u ◦ F1 is harmonic and bounded on D0 and, using that

A
G1 ϑ0

G1(A)

1
2π

´
|ϑ|≤ϑ0

(u ◦ F1)(eiϑ)dϑ = −c, the optional stopping theorem yields

(u ◦ F1)(z) = −c+
1

2π

ˆ
|ϑ|≤ϑ0

(u ◦ F1)(eiϑ) Re
( 2eiϑ

z − eiϑ
)

dϑ .

39



Pointwise fluctuations for HL(0)

It follows that

(u◦F1)(z)+c+Re
( 2c

z − 1

)
=

1

2π

ˆ
|ϑ|≤ϑ0

(u◦F1)(eiϑ)
[

Re
( 2eiϑ

z − eiϑ
)
−Re

( 2

z − 1

)]
dϑ .

Using (2.3), then, we find 1− cosϑ0 = 1− γ � δ2/2 ≤ C
√
c, from which∣∣∣∣Re

( 2eiϑ

z − eiϑ
)
−Re

( 2

z − 1

)∣∣∣∣ ≤ 2|z||1− eiϑ0|
|z − eiϑ||z − 1| ≤

C|z|√c
|z − eiϑ||z − 1| ≤

C|z|√c
dist(z,G1(A))2

.

Since (u ◦ F1)(eiϑ) < 0 for all ϑ in the integration range, we find∣∣∣∣(u◦F1)(z)+c+Re
( 2c

z − 1

)∣∣∣∣ ≤ C|z|√c
dist(z,G1(A))2

∣∣∣∣ 1

2π

ˆ
|ϑ|≤ϑ0

(u◦F1)(eiϑ)dϑ

∣∣∣∣ =
C|z|c3/2

dist(z,G1(A))2
.

Now take G1(z) in place of z, to get∣∣∣∣u(z) + c+ Re
( 2c

z − 1

)∣∣∣∣ ≤ ∣∣∣∣u(z) + c+ Re
( 2c

G1(z)− 1

)∣∣∣∣+

∣∣∣∣Re
( 2c

G1(z)− 1

)
− Re

( 2c

z − 1

)∣∣∣∣
≤ C|z|c3/2

dist(G1(z), G1(A))2
+

2c|G1(z)− z|
|G1(z)− 1||z − 1| ,

(2.5)

where in the second inequality we have used that |G(z)| < |z|. Using the explicit

expression for G1, one shows that |G1(z)− 1| > |z− 1|/2 and |G1(z)− z| ≤ C
√
c|z|

for δ small enough, from which

2c|G1(z)− z|
|G1(z)− 1||z − 1| <

C|z|c3/2

|z − 1|2 . (2.6)

Moreover, reasoning as in [NT12] one shows that there exists an absolute constant

C1 such that dist(G1(z), G1(A)) ≥ |z − 1|/C1. Putting this together with (2.5) and

(2.6) we finally obtain ∣∣∣∣u(z) + c+ Re
( 2c

z − 1

)∣∣∣∣ ≤ C|z|c3/2

|z − 1|2

for all z ∈ D such that |z − 1| > 2δ.
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Now note that u(z)+c+Re
(

2c
z−1

)
and v(z)+Im

(
2c
z−1

)
are the real and imaginary

part of the holomorphic function z 7→ log G(z)
z

+ c + 2c
z−1

on D ∩ {z : |z − 1| > 2δ}.
It then follows by Cauchy’s integral formula that∣∣∣∣∇(v(z) + Im

( 2c

z − 1

))∣∣∣∣ =

∣∣∣∣∇(u(z) + c+ Re
( 2c

z − 1

))∣∣∣∣ ≤ C|z|c3/2

|z − 1|3 .

Finally, using that
∣∣v(z) + Im

(
2c
z−1

)∣∣→ 0 as |z| → ∞, we get

∣∣∣∣v(z)+Im
( 2c

z − 1

)∣∣∣∣ ≤ ˆ ∞
0

∣∣∣∣∇(v(z+s(z−1))+Im
( 2c

z + s(z − 1)− 1

))∣∣∣∣·|z−1|ds ≤ C|z|c3/2

|z − 1|2 ,

which concludes the proof.

We combine Proposition 2.1 and Corollary 2.1 to obtain corresponding estimates

for the function F , which are collected below.

Corollary 2.2. There exists a constant C > 0 such that, for all z ∈ D0 with

|F (z)− 1| > 2δ, it holds:

|F (z)− ecz| ≤ Cc|z|
|z| − 1

,

∣∣∣∣ log
(F (z)

z

)
− c z + 1

z − 1

∣∣∣∣ ≤ Cc3/2|z|2
(|z| − 1)3

.

Proof. For the first inequality, note that (2.2) readily implies that

|G(z)− e−cz| ≤ Cc|z|
|z − 1| (2.7)

for all z ∈ D : |z − 1| > δ, and δ small enough. Therefore, by setting w = F (z) and

using (P1)-(P2), we obtain

|F (z)− ecz| = ec|G(w)− e−cw| ≤ Cc|w|
|w − 1| ≤

C ′c|z|
|z| − 1

, (2.8)

for all z ∈ D0 such that |F (z)− 1| > 2δ and δ small enough, as claimed.

For the second inequality, note that, since |F (z) − 1| > 2δ by assumption, we
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can use (2.4) to get∣∣∣∣ log
F (z)

z
− c z + 1

z − 1

∣∣∣∣ ≤ ∣∣∣∣ log
G(w)

w
+ c

w + 1

w − 1

∣∣∣∣+ 2c

∣∣∣∣ 1

w − 1
− 1

G(w)− 1

∣∣∣∣
≤ Cc3/2|w|
|w − 1|2 +

2c|G(w)− w|
|w − 1||G(w)− 1| ≤

Cc3/2|z|
(|z| − 1)2

+
2c|G(w)− w|

(|z| − 1)2
.

Moreover, it follows from (2.8) that

|G(w)− w| ≤ |F (z)− ecz|+ (1− e−c)|w| ≤ Cc|z|
|z| − 1

+ Cc|z| ≤ Cc|z|2
|z| − 1

for c small enough. Putting all together, we end up with∣∣∣∣ log
F (z)

z
− c z + 1

z − 1

∣∣∣∣ ≤ Cc3/2|z|
(|z| − 1)2

(
1 +

√
c|z|

|z| − 1

)
≤ 2Cc3/2|z|2

(|z| − 1)3

for c small enough, as claimed.

2.2 Pointwise fluctuations

In this section we prove that, fixed t ≥ 0 and z ∈ C\D, the fluctuations of log Φbntc(z)

around its mean are given by a complex Gaussian random variable, whose variance

is independent of Arg(z).

Notation. Throughout the thesis N (µ, σ2) denotes the Gaussian distribution on R

with mean µ and variance σ2.

Our main result is the following.

Theorem 2.1. Fix any t > 0. Pick a ∈ [−π, π), σ > 0, and let z = eia+σ. Define

v2
t (σ) := log 1−e−2(σ+t)

1−e−2σ , and let Fσ(t, eia) be a complex Gaussian random variable

with i.i.d. real and imaginary part, distributed according to N (0, v2
t (σ)). Then it

holds:
1√
c

(
log

Φbntc(z)

z
− bntcc

)
−→ Fσ(t, eia)

in distribution as n→∞, c→ 0 and nc→ 1.
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We prove Theorem 2.1 for σ ≤ 1, which we assume without further notice. This

entails no loss of generality (see discussion in Section 3.2), and it has the advantage

of slightly simplifying the notation.

Remark. From this point onwards, with the exception of Appendix A.1, whenever

we write n→∞ or c→ 0 we mean that n→∞, c→ 0 and nc→ 1.

Our main tool for the proof of Theorem 2.1 consists of two sequences of back-

wards martingale difference arrays, that we now define. Note that
∣∣Φbntc(z)

z

∣∣ > 1 for

all z ∈ D0, so log
Φbntc(z)

z
defines a holomorphic function on D0 (cf. [BF09], Theorem

II.2.9). We fix the branch of the logarithm by requiring that log
Φbntc(z)

z
→ c as

z →∞. For σ > 0 and a ∈ [−π, π) as in Theorem 2.1, then, we find:

log
Φbntc(e

ia+σ)

eia+σ
=

bntc∑
k=1

log
Fk ◦ Fk+1 ◦ · · · ◦ Fbntc(eia+σ)

Fk+1 ◦ · · · ◦ Fbntc(eia+σ)
=

bntc∑
k=1

log
F (e−iΘkZσ

k,bntc(a))

e−iΘkZσ
k,bntc(a)

,

where Zσ
k,bntc(a) := Fk+1 ◦ · · · ◦Fbntc(eia+σ). Moreover, if Fk,n := σ(Θk,Θk+1 . . .Θn),

then

E
(

log
F (e−iΘkZσ

k,bntc(a))

e−iΘkZσ
k,bntc(a)

∣∣∣∣Fk+1,bntc

)
=

1

2π

ˆ π

−π
log

F (e−iϑZσ
k,bntc(a))

e−iϑZσ
k,bntc(a)

dϑ

= lim
|z|→∞

log
F (z)

z
= c .

(2.9)

We therefore set

Xσ
k,bntc(a) =

1√
c

(
log

∣∣∣∣F (e−iΘkZσ
k,bntc(a))

e−iΘkZσ
k,bntc(a)

∣∣∣∣− c),
Y σ
k,bntc(a) =

1√
c

Arg

(
F (e−iΘkZσ

k,bntc(a))

e−iΘkZσ
k,bntc(a)

) (2.10)

where Arg(z) ∈ [−π, π). The above computation then shows that (Xσ
k,bntc(a))k≤bntc

and (Y σ
k,bntc(a))k≤bntc form sequences of backwards martingale arrays with respect

to the same filtration (Fk,n)k≤bntc (see [Bil95], Section 35 for the definition of mar-
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tingale arrays). Moreover,

bntc∑
k=1

(
Xσ
k,bntc(a) + i Y σ

k,bntc(a)
)

=
1√
c

(
log

Φbntc(e
ia+σ)

eia+σ
− bntcc

)
.

Remark. Throughout the chapter we identify C with R2, and often refer to complex

random variables as random vectors and vice versa, depending on which point of

view we seek to emphasize.

The following result appears in [McL74], Corollary 2.8, as a Central Limit The-

orem for (forward) martingale difference arrays (see also [Bil95], Theorem 35.12).

It is straightforward to adapt the proof to backwards martingale difference arrays

(we do this is Appendix B for completeness), to obtain the following.

Theorem 2.2 (McLeish, [McL74]). Let (Xk,n)1≤k≤n be a backwards martingale dif-

ference array with respect to Fk,n = σ(Xk,n . . .Xn,n). Let Sk,n =
∑n

j=k Xj,n. Assume

that:

(I) for all η > 0,
n∑
k=1

X 2
k,n1(|Xk,n| > η)→ 0 in probability as n→∞,

(II)
n∑
k=1

X 2
k,n → s2 in probability as n→∞, for some s2 > 0.

Then S1,n converges in distribution to N (0, s2).

Note that the above theorem is concerned with scalar random variables, while we

have 2–dimensional vectors. In order to reduce to the scalar case, recall that by the

Cramér–Wold Theorem (cf. [Dur10], Theorem 3.9.5) it suffices to prove convergence

in distribution of all linear combinations of the vector entries. To this end, pick any

α, β ∈ R, and note that by linearity
(
αXσ

k,bntc(a) + βY σ
k,bntc(a)

)
k≤bntc is again a

backwards martingale difference array with respect to the filtration (Fk,bntc)k≤bntc.

We are going to apply Theorem 2.2 to this linear combination. To this end, we

collect here some estimates for (Xσ
k,bntc(a)) and (Y σ

k,bntc(a)). Since a and σ are fixed,

we omit them from the notation throughout this section.
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2.2. Pointwise fluctuations

Lemma 2.1. There exists a constant C > 0 such that, for c small enough, it holds

|Xk,bntc| ≤ C/
√
c, |Yk,bntc| ≤ C/

√
c for all n ≥ 1, k ≤ bntc.

Proof. It follows from (P1) that log
∣∣F (e−iΘkZk,bntc)

e−iΘkZk,bntc

∣∣ > 0, from which Xk,bntc > −
√
c.

Moreover, (P2) gives |Xk,bntc| ≤ C/
√
c +
√
c ≤ 2C/

√
c for some constant C > 0

and c small enough. Finally, since Arg
(F (e−iΘkZk,bntc)

e−iΘkZk,bntc

)
∈ [−π, π), we have |Yk,bntc| ≤

π/
√
c.

Much better estimates can be obtained by restricting to a certain good event,

which is shown in [NT12] to have high probability for large n. The following result

identifies this event.

Theorem 2.3 ([NT12], Proposition 5.1). Fix a positive integer m and a constant

ε > 0. For n ≤ m define the events

En(ε) : = {|e−cnΦn(z)− z| < εe6ε for all z : |z| ≥ e5ε}

∩ {|ecnΓn(z)− z| < εe5ε+cn for all z : |z| ≥ ecn+4ε} ,

and set E(m, ε) :=
⋂m
n=1En(ε). Then it holds

P(E(m, ε)c) ≤ C(m+ ε−2)e−ε
3/(Cc)

for some constant C > 0. In particular, by setting m = bδ−6c and ε = δ2/3 log(1/δ),

one obtains that δ−kP(E(m, ε)c)→ 0 as δ → 0, for any k ≥ 0.

We refer to E(m, ε) as the good event.

Remark. Without further notice, we take m = bδ−6c and ε = δ2/3 log(1/δ) as in

the last part of the above theorem, so that2 ε� δ and m� n.

Lemma 2.2. Assume that limδ→0
δ
σ

= 0. Then there exists a constant C(t) > 0

such that, for n large enough, on the good event E(m, ε) it holds

max
k≤bntc

{
|Xk,bntc| ∨ |Yk,bntc|

}
≤ C(t)

√
c

σ
. (2.11)

2If a, b → 0 (respectively a, b → ∞) write a � b to mean lima,b→0
b
a = 0 (respectively

lima,b→∞ b
a = 0).
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Proof. For any k ≤ bntc we have

max
{
|Xk,bntc|; |Yk,bntc|

}
≤ 1√

c

(∣∣ logF (e−iΘkZk,bntc)− log(e−iΘkZk,bntc)
∣∣+ c

)
≤ 1√

c

[(
sup
|ξ|≥eσ

1

|ξ|
)
·
∣∣F (e−iΘkZk,bntc)− e−iΘkZk,bntc

∣∣+ c

]
,

where the last inequality follows from the mean values theorem, and the fact that

|F (e−iΘkZk,bntc)| > |e−iΘkZk,bntc| > eσ almost surely by (P1). Now note that

|F (e−iΘkZk,bntc)− 1| > |Zk,bntc| − 1 ≥ σ � 2δ, so by Corollary 2.2 we have

|F (z)− z| ≤ |F (z)− ecz|+ (ec − 1)|z| ≤ Cc|z|
|z| − 1

+ 2c|z| ≤ 2Cc|z|2
|z| − 1

(2.12)

for z = e−iΘkZk,bntc. Moreover, since we are on E(m, ε), there exists a constant C(t)

depending only on t such that eσ < |Zk,bntc| ≤ C(t). This, together with (2.12),

yields

max
k≤bntc

{
|Xk,bntc| ∨ |Yk,bntc|

}
≤ 1√

c

(
2Cc|Zk,bntc|2
|Zk,bntc| − 1

+ c

)
≤ C(t)

√
c

eσ − 1
+
√
c ≤ 2C(t) ·

√
c

σ

as claimed.

We now make use of the above bounds to prove that the backwards martingale

difference array (Xk,bntc)k≤bntc, with Xk,bntc := αXk,bntc + βYk,bntc, satisfies Assump-

tions (I)-(II) of Theorem 2.2. In doing so, we provide an explicit formula for the

limiting variance.

Lemma 2.3. Assume that limδ→0
δ
σ

= 0. Then for all η > 0 it holds

bntc∑
k=1

X 2
k,bntc1(|Xk,bntc| > η)→ 0

in probability as n→∞.
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2.2. Pointwise fluctuations

Proof. For any ε > 0 we have:

P
( bntc∑

k=1

X 2
k,bntc1(|Xk,bntc| > η) > ε

)
≤ P

(
max

1≤k≤bntc
|Xk,bntc| > η

)
≤ 1

η
E
(

max
1≤k≤bntc

|Xk,bntc|
)

=
1

η
E
(

max
1≤k≤bntc

|Xk,bntc| ;E(m, ε)c
)

+
1

η
E
(

max
1≤k≤bntc

|Xk,bntc| ;E(m, ε)

)
.

The fact that the first term in the r.h.s. converges to zero as n → ∞ follows from

Lemma 2.1 and Theorem 2.3, while convergence to zero of the second term is a

straightforward consequence of Lemma 2.2.

We now concentrate on Assumption (II). The first step consists in replacing

condition (II) with a more convenient one, involving conditional second moments.

The following result shows that, provided σ is large enough with respect to c, this

is allowed.

Lemma 2.4. Assume limδ→0

√
δ
σ

= 0, and that

bntc∑
k=1

E(X 2
k,bntc|Fk+1,bntc) → s2 in

probability as n→∞ for some s2 > 0. Then also

bntc∑
k=1

X 2
k,bntc → s2 in probability as

n→∞.

Proof. LetMk,bntc := X 2
k,bntc−E(X 2

k,bntc|Fk+1,bntc). It is readily checked that (Mk,bntc)k≤bntc

is a backwards martingale difference array with respect to the filtration (Fk,bntc)k≤bntc.

We aim to show that for any η > 0 it holds

P
(∣∣∣ bntc∑

k=1

Mk,bntc

∣∣∣ > η
)
→ 0

as n→∞. Indeed,

P
(∣∣∣ bntc∑

k=1

Mk,bntc

∣∣∣ > η
)
≤ 1

η2
E
([ bntc∑

k=1

Mk,bntc

]2)
=

1

η2

bntc∑
k=1

E(M2
k,bntc)

(∗)
≤ 1

η2

bntc∑
k=1

E(X 4
k,bntc)

=
1

η2

bntc∑
k=1

E(X 4
k,bntc;E(m, ε)c) +

1

η2

bntc∑
k=1

E(X 4
k,bntc;E(m, ε)) .

Above, (∗) follows from the general inequality E((X −E(X))2) ≤ E(X2), which we
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apply to each term with respect to E( · |Fk,bntc). The fact that both terms in the

r.h.s. converge to zero as n → ∞ is now a consequence of the bounds for |Xk,bntc|
and |Yk,bntc|, and hence for |Xk,bntc|, obtained in Lemmas 2.1–2.2.

In light of the above result, it remains to compute the limit in probability of

bntc∑
k=1

E(X 2
k,bntc|Fk+1,bntc) = α2

bntc∑
k=1

E(X2
k,bntc|Fk+1,bntc) + β2

bntc∑
k=1

E(Y 2
k,bntc|Fk+1,bntc)

+ 2αβ

bntc∑
k=1

E(Xk,bntcYk,bntc|Fk+1,bntc) ,

and prove that it coincides with (α2 +β2)v2
t (σ), where v2

t (σ) is the limiting variance

introduced in Theorem 2.1. The following result shows that, in fact, it suffices to

compute the limit of the first term in the r.h.s. above.

Proposition 2.2. Almost surely, it holds

E(X2
k,bntc|Fk+1,bntc) = E(Y 2

k,bntc|Fk+1,bntc)

E(Xk,bntcYk,bntc|Fk+1,bntc) = 0

for all k ≤ bntc.

Proof. All equalities in this proof are intended to hold almost surely. Introduce the

holomorphic function f(z) := 1√
c

(
log F (z)

z
− c
)

defined for |z| > 1, so that

[
f(e−iΘkZk,bntc)

]2

= X2
k,bntc − Y 2

k,bntc + 2iXk,bntcYk,bntc .

Taking conditional expectations both sides, we find

1

2π

ˆ π

−π

[
f(e−iϑZk,bntc)

]2

dϑ =E(X2
k,bntc|Fk+1,bntc)− E(Y 2

k,bntc|Fk+1,bntc)

+ 2iE(Xk,bntcYk,bntc|Fk+1,bntc).

(2.13)

Set z = eiϑ, and observe that the function z 7→
[
f
(
Zk,bntc

z

)]2

is holomorphic on

D = {|z| < 1}, and extends continuously to D. Applying Cauchy’s integral formula
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2.2. Pointwise fluctuations

to this function, then, yields

1

2π

ˆ π

−π

[
f(e−iϑZk,bntc)

]2

dϑ =
1

2πi

ˆ
|z|=1

[
f

(
Zk,bntc
z

)]2
dz

z
= lim
|z|→0

[
f

(
Zk,bntc
z

)]2

= lim
|z|→∞

f 2(z) = 0.

Going back to (2.13), this implies that both real and imaginary part of the r.h.s.

must vanish almost surely, which is what we wanted to show.

Proposition 2.2 already shows that the limiting Gaussian vector Fσ(t, eia) must

have i.i.d. entries. It remains to compute the limiting variance, that is to show that

for all η > 0 it holds

P
(∣∣∣∣ bntc∑

k=1

E(X2
k,bntc|Fk+1,bntc)− v2

t (σ)

∣∣∣∣ > η

)
→ 0 (2.14)

as n→∞. To this end it is clearly enough to work on E(m, ε), the advantage being

that on this event we have

∣∣Zσ
k,bntc(a)− eia+σ+(bntc−k)c

∣∣ ≤ C(t)ε

for all k ≤ bntc, as it follows directly from the definition of E(m, ε) as long as σ � ε.

Our strategy is then to replace each Zk,bntc by its deterministic approximation, and

show that, provided σ is large enough with respect to c, this does not affect the

limiting variance.

Recall that the Poisson kernel for the unit disc D is given by Pr(ϑ) = Re
(1 + reiϑ

1− reiϑ
)

for r < 1, and that the function reiϑ 7→ Pr(ϑ) is harmonic in D. Moreover, given

any continuous function f on T = ∂D, its harmonic extension Hf inside D is given

by Poisson’s integral formula

(Hf)(reiϑ) =
1

2π

ˆ π

−π
Pr(ϑ− t)f(eit)dt = (Pr ∗ f)(ϑ) . (2.15)
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We denote by Qr(ϑ) the harmonic conjugate of Pr(ϑ) in D which is 0 at 0, i.e.

Qr(ϑ) = Im
(1 + reiϑ

1− reiϑ
)

.

Before proceeding with the proof of (2.14), let us give a short sketch of how the

limiting variance is computed. Note that

E(X2
k,n|Fk+1,n) =

1

2πc

ˆ π

−π

[
Re

(
log

F (e−iϑZσ
k,bntc)

e−iϑZσ
k,bntc

)
− c
]2

dϑ

=
1

2πc

ˆ π

−π

[
Re

(
log

F (e−iϑZσ
k,bntc)

e−iϑZσ
k,bntc

)]2

dϑ− c,

where the second equality follows from (2.9). Now, using that on the event E(m, c)

we have3

Zσ
k,bntc ≈ eσ+(bntc−k)c ,

and that by Corollary 2.2

Re

(
log

F (e−iϑZσ
k,bntc)

e−iϑZσ
k,bntc

)
≈ cRe

(
e−iϑZσ

k,bntc + 1

e−iϑZσ
k,bntc − 1

)
,

we obtain

1

2πc

ˆ π

−π

[
Re

(
log

F (e−iϑZσ
k,bntc)

e−iϑZσ
k,bntc

)]2

dϑ ≈ c

2π

ˆ π

−π

[
Re

(
e−iϑ+σ+(bntc−k)c + 1

e−iϑ+σ+(bntc−k)c − 1

)]2

dϑ

=
c

2π

ˆ π

−π

[
Pe−σ−(bntc−k)c(ϑ)

]2

dϑ = cPe−2σ−2(bntc−k)c(0) ,

where the last integral has been computed using Poisson’s integral formula (2.15).

Finally, this yields

bntc∑
k=1

E(X2
k,n|Fk+1,n) ≈ c

bntc∑
k=1

Pe−2σ−2(bntc−k)c(0)− bntcc ≈
ˆ σ+t

σ

Pe−2x(0)dx− t

= log
1− e−2(σ+t)

1− e−2σ
= v2

t (σ) .

3Write an ≈ bn if the sequences (an), (bn) converge to the same limit as n→∞.
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2.2. Pointwise fluctuations

Let us now implement this strategy by showing that all the errors in the above

approximations vanish in the limit.

Lemma 2.5. Assume limε→0
ε
σ

= 0. Then there exists a constant C(t), depending

only on t, such that on the event E(m, ε) we have∣∣∣∣E(X2
k,bntc|Fk+1,bntc) + c− c

2π

ˆ π

−π

(
Pe−σ−(bntc−k)c(ϑ)

)2
dϑ

∣∣∣∣ ≤ C(t)cε

(σ + (bntc − k)c)3

for all k ≤ bntc, and n large enough.

This result follows by a more general one, namely Lemma 3.2 stated in the next

section, and the proof is therefore omitted. Assume now that σ � √ε. Then we

deduce from Lemma 2.5 that on E(m, ε) it holds:

∣∣∣∣ bntc∑
k=1

E(X2
k,bntc|Fk,bntc)−

bntc∑
k=1

c

2π

ˆ π

−π

(
Pe−σ−(bntc−k)c(ϑ)

)2
dϑ+ bntcc

∣∣∣∣
≤
bntc∑
k=1

C(t)cε

(σ + (bntc − k)c)3
≤ C(t)ε

ˆ σ+bntcc

σ

dx

x3

= C(t)ε

(
1

2σ2
− 1

2(σ + bntcc)2

)
→ 0

as n → ∞. Note that
√
ε � δ1/3 (apart from logarithmic corrections), so the

assumption σ � √ε is stronger than the previous one σ �
√
δ.

In conclusion, we have shown that, provided σ � √ε, the limiting variance is

given by the deterministic expression

lim
n→∞

(
c

2π

bntc∑
k=1

ˆ π

−π

(
Pe−σ−(bntc−k)c(ϑ)

)2
dϑ− bntcc

)
=

ˆ σ+t

σ

1

2π

ˆ π

−π

(
Pe−x(ϑ)

)2
dϑdx− t

=

ˆ σ+t

σ

(Pe−x ∗ Pe−x)(0)dx− t =

ˆ σ+t

σ

1 + e−2x

1− e−2x
dx− t = log

1− e−2(σ+t)

1− e−2σ
= v2

t (σ) .

Finally, if σ > 0 is kept fixed as n→∞ the assumption σ � √ε is trivially satisfied,

so this concludes the proof of Theorem 2.1.
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Chapter 3

Global fluctuations for HL(0)

This chapter is concerned with the proof of the global fluctuations result, and the

rigorous construction of the boundary process. We proceed in steps. In Section

3.1 we prove Theorem 3.1, describing the fluctuations of all points on the circle

{|z| = eσ} simultaneously, for any σ > 0. This is then used in Section 3.2 to obtain

a functional central limit theorem for the process (t, z) 7→ log Φbntc(z), viewed as a

stochastic process taking values in the space of holomorphic functions on {|z| > 1}
(cf. Theorem 3.3). Finally, in Section 3.3 we present an explicit construction of the

boundary values of the limiting fluctuation process. These are shown to be given by

a distribution–valued continuous process, which is rigorously defined as a Ornstein–

Uhlenbeck dynamics in a suitable infinite–dimensional Hilbert space. We conclude

the chapter by collecting some open questions in Section 3.4.

3.1 The fluctuation process on C(T)

Having a pointwise convergence result, it is natural to ask if this can be extended

to obtain convergence of random fields. Recall that T = {|z| = 1} denotes the unit

circle, and let C(T) denote the space of continuous functions from T to C, equipped

with the supremum norm

‖x‖∞ = sup
ϑ∈[−π,π)

|x(eiϑ)| . (3.1)
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Moreover, let D[0,∞) denote the space of càdlàg functions x : [0,∞)→ C(T). The

goal of this section is to prove the following result.

Theorem 3.1. Fix any σ > 0, and let Fσn denote the C(T)-valued càdlàg stochastic

process defined by

Fσn (t, eia) =
1√
c

(
log

Φbntc(e
ia+σ)

eia+σ
− bntcc

)

for eia ∈ T and t ≥ 0. Then there exists a continuous zero mean Gaussian process

Fσ : [0,∞)→ C(T) whose covariance structure is given by

Cov
(
Fσ(t, eia)

)
= v2

t (σ)

 1 0

0 1

 ,

Cov
(
Fσ(t, eia),Fσ(s, eib)

)
=

 cs,t(σ, a− b) ĉs,t(σ, a− b)

−ĉs,t(σ, a− b) cs,t(σ, a− b)

 ,

where v2
t (σ) = ct,t(σ, 0), and for s < t

cs,t(σ, α) := Re

(
log

1− e−2σ−(t+s)+iα

1− e−2σ−(t−s)+iα

)
, ĉs,t(σ, α) = Im

(
log

1− e−2σ−(t+s)+iα

1− e−2σ−(t−s)+iα

)
,

such that Fσn → Fσ in distribution as n→∞, in the sense of weak convergence of

probability measures on the space D[0,∞) equipped with the Skorokhod topology.

Note that the limiting process is rotationally invariant in the spatial coordinate,

as one expects from the rotation invariance of the original model. The rest of this

section is devoted to the proof of the above result.

Fix any σ > 0. It is trivial to check that Fσn belongs to D[0,∞) for all n ≥ 0.

Since D[0,∞) equipped with the Skorokhod metric is a complete separable space,

it follows by Prohorov’s theorem that Fσn → Fσ weakly if and only if the finite

dimensional distributions (FDDs) of Fσn converge to the ones of Fσ, and (Fσn )n≥0 is
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3.1. The fluctuation process on C(T)

tight (see [EK09], Lemma 4.3).

n = 100.

n = 5000.

n = 500.

n = 100000.

Figure 3.5: Image of 20 concentric circles of the form eσT, σ > 0, under the HL(0)
cluster growth (simulations by Henry Jackson).

3.1.1 Convergence of finite dimensional distributions

The following result is a direct consequence of the discussion in [Igl68, Whi70].

Lemma 3.1 ([Igl68, Whi70]). Assume that:
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(i) for any t > 0 the family of probability measures of (Fσn (t, ·))n≥0 on C(T) is

tight, and

(ii) for any 0 ≤ t1 < . . . < tM and any −π ≤ a1 < . . . < aM < π, M ∈ Z+, it

holds
Fσn (t1, e

ia1) . . . Fσn (tM , e
ia1)

...
...

Fσn (t1, e
iaM ) . . . Fσn (tM , e

iaM )


−→


Fσ(t1, e

ia1) . . . Fσ(tM , e
ia1)

...
...

Fσ(t1, e
iaM ) . . . Fσ(tM , e

iaM )


in distribution as n→∞.

Then the FDDs of Fσn converge to the ones of Fσ as n→∞. In other words, for any

M ∈ N+ and any 0 ≤ t1 < . . . < tM , the random vector (Fσn (t1, ·), . . . ,Fσn (tM , ·)) in

C(T)M converges in distribution to (Fσ(t1, ·), . . . ,Fσ(tM , ·)).

We start by showing that (ii) holds. To this end, let us again reduce to the

scalar case by considering linear combinations. Recall the definition of the random

variables Xσ
k,n( · ), Y σ

k,n( · ) given in (2.10). For (αlj)1≤l,j≤M in RM×M , we look at the

weak limit of

∑
l,j

αljFσn (tl, e
iaj) =

bntM c∑
k=1

∑
l,j

αlj

[
Xσ
k,bntlc(aj)+iY

σ
k,bntlc(aj)

]
1(k ≤ bntic) =

bntM c∑
k=1

X σ
k,bntM c,

where we have set

X σ
k,bntM c =

∑
l,j

αlj

[
Xσ
k,bntlc(aj) + iY σ

k,bntlc(aj)
]
1(k ≤ bntlc) (3.2)

for k ≤ bntMc. Then
(
X σ

k,bntM c
)
k≤bntM c

is a backwards martingale difference array

with respect to the filtration (Fk,bntM c)k≤bntM c. We can therefore apply Theorem

2.2 to show weak convergence, provided that Assumptions (I) and (II) are satisfied.

Note that all terms in the r.h.s. of (3.2) satisfy the estimates of Lemmas 2.1 and
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2.2, from which one can easily show, reasoning as in Lemma 2.3, that Assumption

(I) holds. Furthermore, Lemma 2.4 is still in force, from which we conclude that,

provided σ �
√
δ, the limiting variance is given by the limit in probability of

bntM c∑
k=1

E
(
(X σ

k,bntM c)
2|Fk+1,bntM c

)
. We now focus on the computation of this limit.

Expand the square and use linearity to see that the above sum equals

∑
l,j

∑
r,s

αljαrs

bntlc∧bntrc∑
k=1

E
[(
Xσ
k,bntlc(aj) + iY σ

k,bntlc(aj)
)(
Xσ
k,bntrc(as) + iY σ

k,bntrc(as)
)∣∣∣∣Fk,bntlc∨bntrc

]
.

It follows that it suffices to compute the limit in probability of

bnsc∑
k=1

E
[(
Xσ
k,bntc(a) + iY σ

k,bntc(a)
)(
Xσ
k,bnsc(b) + iY σ

k,bnsc(b)
)∣∣∣Fk,bntc

]

for arbitrary a, b ∈ [−π, π) and 0 ≤ s ≤ t. Moreover, by rotational invariance we can

set b = 0 without loss of generality. The following result simplifies the computation.

Proposition 3.1. Almost surely, it holds

E(Xσ
k,bntc(a)Xσ

k,bnsc(0)|Fk+1,bntc) = E(Y σ
k,bntc(a)Y σ

k,bnsc(0)|Fk+1,bntc)

E(Xσ
k,bntc(a)Y σ

k,bnsc(0)|Fk+1,bntc) = −E(Xσ
k,bnsc(0)Y σ

k,bntc(a)|Fk+1,bntc)

for all k ≤ bnsc.

Proof. All equalities in this proof are intended to hold almost surely. Introduce the

holomorphic function f(z) := 1√
c

(
log F (z)

z
− c
)

defined for |z| > 1, so that

[
f(e−iΘkZσ

k,bntc(a))+f(e−iΘkZσ
k,bnsc(0))

]2

=
[
Xσ
k,bntc(a)+iY σ

k,bntc(a)+Xσ
k,bnsc(0)+iY σ

k,bnsc(0)
]2

.

After taking conditional expectations with respect to Fk+1,bntc both sides, and re-
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calling Proposition 2.2, we find

1

2π

ˆ π

−π

[
f(e−iϑZσ

k,bntc(a)) + f(e−iϑZσ
k,bnsc(0))

]2
dϑ =

= 2
[
E(Xσ

k,bntc(a)Xσ
k,bnsc(0)|Fk+1,bntc)− E(Y σ

k,bntc(a)Y σ
k,bnsc(0)|Fk+1,bntc)

]
+ 2i

[
E(Xσ

k,bntc(a)Y σ
k,bnsc(0)|Fk+1,bntc) + E(Xσ

k,bnsc(0)Y σ
k,bntc(a)|Fk+1,bntc)

]
.

(3.3)

On the other hand, Cauchy’s integral formula yields

1

2π

ˆ π

−π

[
f(e−iϑZσ

k,bntc(a)) + f(e−iϑZσ
k,bnsc(0))

]2
dϑ =

= lim
|z|→0

[
f

(
Zσ
k,bntc(a)

z

)
+ f

(
Zσ
k,bnsc(0)

z

)]2

= 0 ,

and hence both real and imaginary part of the r.h.s. of (3.3) must vanish almost

surely, which is what we wanted to show.

It remains to compute the limit in probability of
∑

k E(Xσ
k,bntc(a)Xσ

k,bnsc(0)|Fk+1,bntc)

and
∑

k E(Xσ
k,bntc(a)Y σ

k,bnsc(0)|Fk+1,bntc). As in the previous section, we do this by

approximating by a deterministic quantity.

Lemma 3.2. Assume limε→0
ε
σ

= 0. Then there exists a constant C(t), depending

only on t (t > s), such that on the event E(m, ε) the following hold:∣∣∣∣E(Xσ
k,bntc(a)Xσ

k,bnsc(0)|Fk+1,bntc) + c− c

2π

ˆ π

−π
Pe−σ−(bntc−k)c(a− ϑ)Pe−σ−(bnsc−k)c(ϑ)dϑ

∣∣∣∣
≤ C(t)cε

(σ+(bnsc − k)c)3∣∣∣∣E(Xσ
k,bntc(a)Y σ

k,bnsc(0)|Fk+1,bntc) + c− c

2π

ˆ π

−π
Pe−σ−(bntc−k)c(a− ϑ)Qe−σ−(bnsc−k)c(ϑ)dϑ

∣∣∣∣
≤ C(t)cε

(σ+(bnsc − k)c)3

for all k ≤ bnsc and n large enough. Above Qr(ϑ) = Im
(

1+reiϑ

1−reiϑ
)
, r < 1, denotes the

conjugate Poisson kernel.

We discuss the proof of Lemma 3.2, from which Lemma 2.5 also follows by setting

a = 0 and s = t, in Appendix A.2. As a consequence of the above result we obtain
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3.1. The fluctuation process on C(T)

that, after further assuming σ � √ε, on the event E(m, ε) it holds:

∣∣∣∣ bnsc∑
k=1

E(Xσ
k,bntc(a)Xσ

k,bnsc(0)|Fk+1,bntc) + bnscc− c

2π

bnsc∑
k=1

ˆ π

−π
Pe−σ−(bntc−k)c(a− ϑ)Pe−σ−(bnsc−k)c(ϑ)dϑ

∣∣∣∣
≤
bnsc∑
k=1

C(t)cε

(σ + (bnsc − k)c)3
≤ C(t)ε

ˆ σ+bnscc

σ

dx

x3
= C(t)ε

(
1

2σ2
− 1

2(σ + bnscc)2

)
→ 0

as n→∞. This in turn implies that

lim
n→∞

bnsc∑
k=1

E(Xσ
k,bntc(a)Xσ

k,bnsc(0)|Fk+1,bntc) =

= lim
n→∞

(
c

2π

bnsc∑
k=1

ˆ π

−π
Pe−σ−(bntc−k)c(a− ϑ)Pe−σ−(bnsc−k)c(ϑ)dϑ− bnscc

)

=
1

2π

ˆ σ+s

σ

ˆ π

−π
Pe−(t−s)−x(a− ϑ)Pe−x(ϑ)dϑ− s =

ˆ σ+ t+s
2

σ+ t−s
2

Pe−2x(a)dx− s

= log

∣∣∣∣1− e−2σ−(t+s)+ia

1− e−2σ−(t−s)+ia

∣∣∣∣ ,
as claimed. Similarly,

lim
n→∞

bnsc∑
k=1

E(Xσ
k,bntc(a)Y σ

k,bnsc(0)|Fk+1,bntc) =
1

2π

ˆ σ+s

σ

ˆ π

−π
Pe−(t−s)−x(a− ϑ)Qe−x(ϑ)dϑ

=

ˆ σ+ t+s
2

σ+ t−s
2

Qe−2x(a)dx = Arg

(
1− e−2σ−(t+s)+ia

1− e−2σ−(t−s)+ia

)
.

This concludes the proof of (ii) in Lemma 3.1. It remains to show that (i) holds.

Pick any t > 0. Suppose we could show that:

(a) for all ν > 0, there exists Mν > 0 and n0 ∈ N+ such that

sup
n≥n0

P
(
‖Fσn (0, ·)‖∞ > Mν

)
≤ ν,

(b) for all ν > 0 it holds

lim
η→0

lim sup
n→∞

P
(

sup
|a−b|<η

|Fσn (t, eia)−Fσn (t, eib)| ≥ ν

)
= 0 . (3.4)
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Then it would follow from Theorem 7.5 in [Bil99] that the sequence of probability

measures on C(T) associated to (Fσn (t, ·))n≥0 is tight.

Since Fσn (0, ·) ≡ 0, (a) is trivially satisfied. The fact that also (b) holds follows

by the same reasoning as in Section 3.1.2 below, and the proof is therefore omitted.

3.1.2 Tightness

To conclude the proof of Theorem 3.1 it remains to show that the family of proba-

bility measures associated to (Fσn )n≥0 on D[0,∞) is tight. Corollary 7.4 in [EK09]

provides a characterization for tightness in this space. In particular, it tells us that

if:

(a’) for all ν > 0 and all t ∈ [0,∞)∩Q, there exists a positive constantM = M(ν, t)

such that

lim sup
n→∞

P(‖Fσn (t, ·)‖∞ > M) < ν ,

(b’) for all ν, T > 0 there exists a positive constant η = η(ν, T ) such that

lim sup
n→∞

P(ω(Fσn , η, T ) ≥ ν) ≤ ν ,

where ω denotes the modulus of continuity on D[0,∞), then the desired tightness

follows. We start by showing (b’). It is clear that it suffices to restrict to the event

E(m, ε). We are set to show that for any ν, T > 0 it holds

lim sup
n→∞

P

(
sup

s,t∈[0,T ],|t−s|<η
α∈[−π,π)

|Fσn (t, eiα)−Fσn (s, eiα)| ≥ ν ; E(m, ε)

)
→ 0 as η → 0 .

(3.5)

It is convenient to switch to logarithmic coordinates. Following the notation intro-

duced in [NT12], Section 5, we set D̃0 = {w ∈ C : Re(w) > 0}, D̃ = {w ∈ C :

ew ∈ D}, and let F̃ be the unique conformal map from D̃0 to D̃ such that F̃ (w) =

w+ c+o(1) as Re(w)→∞. Moreover, let G̃ = F̃−1, so that G̃(w) = w− c+o(1) as

Re(w) → ∞. Finally, for all k ≤ n set F̃k(w) = F̃ (w − iΘk) + iΘk, G̃k = F̃−1
k and
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3.1. The fluctuation process on C(T)

Φ̃k = F̃1 ◦ · · · ◦ F̃k, Γ̃k = Φ̃−1
k . Then Fσn (t, ϑ) = 1√

c

(
Φ̃bntc(iϑ+ σ)− iϑ− σ − bntcc

)
and, assuming t ≥ s without loss of generality, we have:

P

(
sup

s,t∈[0,T ],|t−s|<η
α∈[−π,π)

|Fσn (t, eiα)−Fσn (s, eiα)| ≥ ν ;E(m, ε)

)
=

= P

(
sup
|t−s|<η
z:Re(z)=σ

∣∣∣∣(Φ̃bntc(z)− z − bntcc
)
−
(

Φ̃bnsc(z)− z − bnscc
)∣∣∣∣ ≥ ν

√
c ; E(m, ε)

)
.

(3.6)

Note that on E(m, ε) we have z = Γ̃bntc(w) = Γ̃bnsc(w
′) for some w ∈ D̃bntc and

w′ ∈ D̃bnsc such that |Re(w)− σ− bntcc| < ε, |Re(w′)− σ− bnscc| < ε. Moreover,

since |t− s| < η, it must be |w − w′| < bntc − bnsc+ 4ε < 4η as long as n is large

enough. For any k ≥ 0, if w ∈ D̃k define Mk(w) = Γ̃k(w)− w + kc. Finally, let

T := inf
{
k ≥ 0 : ξ /∈ D̃k for some ξ such that Re(ξ) = σ + k − ε

}
,

and note that on E(m, ε) we have T > bntc for all t ≤ T . It follows that the r.h.s.

of (3.6) is bounded above by

P

(
sup
|t−s|<η

w :|Re(w)−σ−bntcc|<ε
w′:|Re(w′)−σ−bnscc|<ε

|w−w′|<4η

∣∣∣∣(Γ̃bntc(w)− w + bntcc
)
−
(

Γ̃bnsc(w
′)− w′ + bnscc

)∣∣∣∣ ≥ ν
√
c ; E(m, ε)

)

≤ P
(

sup
|t−s|<η

w :|Re(w)−σ−bntcc|<ε
w′:|Re(w′)−σ−bnscc|<ε

|w−w′|<4η

∣∣∣Mbntc∧T (w)−Mbnsc∧T (w′)
∣∣∣ ≥ ν

√
c

)
.

We control the above probability by mean of a 3-dimensional version of Kolmogorov’s

continuity theorem (cf. [Dur96], Theorem 1.6). To this end, we show the following.

Lemma 3.3. Fix any s, t ∈ [0, T ] with s ≤ t, and any w,w′ such that |Re(w)−σ−
bntcc| < ε, |Re(w′)−σ−bnscc| < ε and |w−w′| < 1. Then there exists a constant
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C = C(σ, T ), depending only on σ and T , such that

E
(∣∣∣Mbntc∧T (w)−Mbnsc∧T (w′)

∣∣∣8) ≤ C(σ, T )c4|(t, w)− (s, w′)|4,

where |(t, w)− (s, w′)| denotes the Euclidean norm in R3.

Proof. Clearly the l.h.s. of the above inequality is upper bounded by

C

[
E
(∣∣∣Mbntc∧T (w)−Mbnsc∧T (w)

∣∣∣8)+ E
(∣∣∣Mbnsc∧T (w)−Mbnsc∧T (w′)

∣∣∣8)] (3.7)

for some absolute constant C > 0. We control the two terms separately.

Set G̃0(w) = G̃(w)−w, so that Mk+1(w)−Mk(w) = G̃0(Γ̃k(w)− iΘk+1)+ c, and

E(Mk+1(w)−Mk(w)|σ(Θ1, . . . ,Θk)) =
1

2π

ˆ π

−π
G̃0(Γ̃k(w)− iϑ)dϑ+ c = 0

for all k ≤ bntc ∧ T . It follows that
(
Mk∧T (w)

)
k≤bntc is a martingale. Moreover, we

deduce from the estimates in (2.2), which now read

|G̃0(w) + c| ≤ Cc

Re(w)− δ , |G̃′0(w)| ≤ Cc

(Re(w)− δ)2
, (3.8)

that |M(k+1)∧T (w)−Mk∧T (w)| = |G̃0(Γ̃k(w)− iΘk+1) + c| ≤ Cc/σ for all k < bntc.
Recall the following result, which appears in [DFJ68].

Theorem 3.2 ([DFJ68]). Let (Mn)n≥0 be a martingale with M0 = 0. Then, for all

ν ≥ 2 and n ≥ 1, it holds

E(|Mn|ν) ≤ Cν n
ν/2−1

n∑
k=1

E(|Mk −Mk−1|ν) ,

where Cν is an explicit constant, depending only on ν.
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3.1. The fluctuation process on C(T)

We use the above bound with ν = 8, to get

E
(∣∣∣Mbntc∧T (w)−Mbnsc∧T (w)

∣∣∣8) = E
(∣∣∣ bntc−1∑

k=bnsc

(
M(k+1)∧T (w)−Mk∧T (w)

)∣∣∣8)

≤ C(bntc − bnsc)3

bntc−1∑
k=bnsc

E
(∣∣M(k+1)∧T (w)−Mk∧T (w)

∣∣8) ≤ Cc4

σ8
|t− s|4

(3.9)

for some absolute constant C > 0 and n large enough.

Let us now look at the second term in (3.7). For k ≤ bnsc ∧ T set M̃k =

Mk(w)−Mk(w
′). Then

(
M̃k∧T

)
k≤bntc is a martingale, and by (3.8)

∣∣M̃(k+1)∧T−M̃k∧T
∣∣ =

∣∣G̃0(Γ̃k(w−iΘk+1)−G̃0(Γ̃k(w
′−iΘk+1)

∣∣ ≤ Cc

σ2
(|w−w′|+|M̃k∧T |) .

This, together with the bound in Theorem 3.2, yields

E
(∣∣∣M̃bnsc∧T ∣∣∣8) = E

(∣∣∣ bnsc−1∑
k=0

(
M̃(k+1)∧T − M̃k∧T

)∣∣∣8)

≤ bnsc3
bnsc−1∑
k=0

E
(∣∣M̃(k+1)∧T − M̃k∧T

∣∣8)
≤ bnsc3Cc

8

σ16

bnsc−1∑
k=0

(
|w − w′|8 + E

(
|M̃k∧T |8

))
.

It then follows from Grönwall’s inequality that

E
(∣∣∣M̃bnsc∧T ∣∣∣8) ≤ bnsc4Cc8

σ16
|w − w′|8e

Cbnsc4c8

σ16 ≤ C(σ, T )c4|w − w′|8 (3.10)

for n large enough and a constant C(σ, T ) depending only on σ and T . Putting

(3.9) and (3.10) together, and using that |w − w′|8 ≤ |w − w′|4 since |w − w′| < 1
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by assumption, we find

E
(∣∣∣Mbntc∧T (w)−Mbnsc∧T (w)

∣∣∣8)+ E
(∣∣∣M̃bnsc∧T ∣∣∣8) ≤ C ′(σ, T )c4|(t, w)− (s, w′)|4 ,

for n large enough and C ′(σ, T ) = max{C/σ8;C(σ, T )}, as claimed.

Kolmogorov’s continuity theorem now yields the existence of a random variable

M > 0 such that

sup
|t−s|<η

w :|Re(w)−σ−bntcc|<ε
w′:|Re(w′)−σ−bnscc|<ε

|w−w′|<4η

∣∣∣Mbntc∧T (w)−Mbnsc∧T (w′)
∣∣∣ ≤M |(t, w)− (s, w′)|1/16 ,

with E(M 8) ≤ C(σ, T )c4, for C(σ, T ) as in the statement of Lemma 3.3. Therefore

we find

P

(
sup
|t−s|<η

w :|Re(w)−σ−bntcc|<ε
w′:|Re(w′)−σ−bnscc|<ε

|w−w′|<4η

∣∣∣Mbntc∧T (w)−Mbnsc∧T (w′)
∣∣∣ ≥ ν

√
c

)
≤ P

(
M 8 ≥ ν8c4

4
√
η

)

≤ 4C(σ, T )

√
η

ν8
,

and sending first n→∞ and then η → 0 we conclude that (3.5) holds. This proves

tightness, and hence it concludes the proof of Theorem 3.1.

3.2 The fluctuation process on H

Notation. Recall that T = {z ∈ C : |z| = 1}, and set αT = {z ∈ C : |z| = α}
for any α ∈ R+. Let

(
C(αT), ‖ · ‖∞

)
denote the space of continuous function on

αT equipped with the supremum norm. Moreover, for a subset D of the com-

plex plane, denote by H (D) the space of holomorphic functions on D. Whenever

D = {|z| > 1}, denote H (D) simply by H . Finally, let CH [0,∞) denote the space

of continuous functions from [0,∞) to H .
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We have shown in the previous section that, for any fixed σ > 0, Fσn → Fσ as

n→∞ in distribution with respect to the Skorokhod topology on the space D[0,∞)

of càdlàg functions from [0,∞) to C(T). Note that, for any t ≥ 0, the continuous

function Fσn (t, ·) coincides with the restriction of the holomorphic function

Fn(t, z) =
1√
c

(
log

Φbntc(z)

z
− bntcc

)
, (3.11)

defined for all |z| > 1, to the circle eσT. We show below that also the limit Fσ(t, ·)
can be interpreted as the restriction of a holomorphic random function F(t, ·), de-

fined for all |z| > 1, to eσT. Moreover, we provide an explicit construction of F ,

and prove that Fn → F in distribution as n → ∞, with respect to the Skorokhod

topology on the space of càdlàg functions from [0,∞) to H .

Define, for all N ≥ 1, a distance dN on H by setting

dN(φ, ψ) = sup
|z|≥e1/N

|φ(z)− ψ(z)| ∧ 1 , and let d(φ, ψ) =
∑
N≥1

dN(φ, ψ)

2N
. (3.12)

Since (H , dN) is a complete separable metric space for all N ≥ 1, this makes

(H , d) into a complete separable metric space (i.e. Polish space). It follows that,

if DH [0,∞) denotes the space of càdlàg functions from [0,∞) to H equipped with

the Skorokhod metric dH , then also (DH [0,∞),dH ) is a complete separable metric

space. It is clear that each Fn defined in (3.11) is a random variable in DH [0,∞).

Let us now describe the explicit construction of F . Let D = R/2πZ, and recall

that if we set ek(ϑ) = eikϑ/
√

2π for k ∈ Z, then (ek)k∈Z forms an orthonormal basis

(in short ONB) for L2(D) with respect to the inner product (f, g) =
´ π
−π f(ϑ)g(ϑ)dϑ.

On this basis, that we refer to as Fourier basis, the Poisson kernel Re
(

1+z
1−z

)
reads

P1/r(ϑ) = Re
(1 + eiϑ/r

1− eiϑ/r
)

=
√

2π
(
e0 +

∑
k∈Z\{0}

r−|k|ek(ϑ)
)
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for any r > 1. Take two independent collections (βk)k∈Z and (β′k)k∈Z of i.i.d. Brow-

nian Motions on R, and denote by (Ak)k∈Z and (Bk)k∈Z the solutions to

dAk(t) = −|k|Ak(t)dt+
√

2 dβk(t) ,

Ak(0) = 0

dBk(t) = −|k|Bk(t)dt+
√

2 dβ′k(t)

Bk(0) = 0 .

Then Ak, Bk perform independent Ornstein-Uhlenbeck processes on R with invariant

distribution N (0, 1/|k|). Define formally

W(t, ϑ) =
∑

k∈Z\{0}

(Ak(t) + iBk(t)√
2

)
ek(ϑ) (3.13)

for (t, ϑ) ∈ [0,∞)× [−π, π). Finally, for (t, reia) ∈ [0,∞)× {|z| > 1} set

F(t, reia) =
1√
2π

(
P1/r ∗W(t, ·)

)
(a) =

1√
2π

ˆ π

−π
Re
(1 + ei(a−ϑ)/r

1− ei(a−ϑ)/r

)
W(t, ϑ)dϑ .

We remark that, although W is only defined formally for now, its holomorphic

extension F is a well defined function. This can be seen, for example, by expanding

F in Fourier basis, and checking that VarF(t, z) <∞ for all (t, z) ∈ [0,∞)×{|z| >
1}.

Theorem 3.3. F is a random variable in CH [0,∞) ⊂ DH [0,∞). Moreover, Fn →
F as n→∞ in distribution with respect to the Skorokhod metric dH on DH [0,∞).

The question of how to make sense of the boundary values W defined formally

in (3.13) is addressed in the next section, where we show that W can be rigorously

defined as an Ornstein-Uhlenbeck process on a suitable infinite-dimensional Hilbert

space.

The rest of this section is devoted to the proof of Theorem 3.3.

Lemma 3.4. F is a random variable in CH [0,∞). Moreover, F is Gaussian (in the

sense that all finite–dimensional marginals of F(t, z) are complex Gaussian random

vectors), and its restriction to [0,∞) × eσT agrees in distribution with Fσ defined

in Theorem 3.1, for any σ > 0.
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Proof. The fact that F is Gaussian is true by construction. Fix any t ≥ 0, and

expand F(t, ·) in Fourier basis, to get

F(t, reia)=

(
e0 +

∑
k 6=0

r−|k|e−ikaek,
∑
k 6=0

(Ak(t) + iBk(t)√
2

)
ek

)
=
∑
k 6=0

r−|k|
(Ak(t) + iBk(t)√

2

)
eika

(d)
=
∑
k≥1

r−k
[
Ak(t) cos ka−Bk(t) sin ka

]
+ i
∑
k≥1

r−k
[
Bk(t) cos ka+ Ak(t) sin ka

]
(3.14)

for any r > 1 and a ∈ [−π, π), where the last equality holds in law as stochastic

processes, and it follows from the independence of the OU processes. This provides

an almost surely convergent power series expansion for F(t, ·) at all z with |z| > 1,

and hence it shows that F is a Gaussian stochastic processes taking values in H .

Recall from (3.12) the definition of the distances (dN), d on H . To see that F
is continuous, we have to show that for all compacts of the form [0, T ] it holds

almost surely that, if tn → t ∈ [0, T ] as n → ∞, then d
(
F(tn, ·),F(t, ·)

)
→ 0, i.e.

dN
(
F(tn, ·),F(t, ·)

)
→ 0 for all N ≥ 1. We have:

dN
(
F(tn, ·),F(t, ·)

)
= sup
|z|≥e1/N

∣∣F(tn, z)−F(t, z)
∣∣ = sup

|z|=e1/N

∣∣F(tn, z)−F(t, z)
∣∣

= sup
a∈[−π,π)

∣∣∣∑
k≥1

e−k/N
[
(Ak(tn) + iBk(tn))− (Ak(t) + iBk(t))

]
eika
∣∣∣

≤
∑
k≥1

e−k/N
(
|Ak(tn)− Ak(t)|+ |Bk(tn)−Bk(t)|

)
.

To show that the last term converges to 0 as n → ∞ almost surely for all tn, t ∈
[0, T ], then, it suffices to prove that the sequence of continuous functions gM(t) =∑M

k=1 e
−k/N |Ak(t)| converges uniformly on [0, T ] as M →∞. Indeed, we find

sup
t∈[0,T ]

|gM(t)− g∞(t)| = sup
t∈[0,T ]

∞∑
k=M+1

e−k/N |Ak(t)| ≤
∞∑

k=M+1

e−k/N sup
t∈[0,T ]

|Ak(t)| .

On the other hand Doob’s maximal inequality for the submartingale (e−2ktA2
k(t))t≤T
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yields

P
(

sup
t∈[0,T ]

|Ak(t)| ≥ ek/2N
)
≤ P

(
sup
t∈[0,T ]

{e−2ktA2
k(t)} ≥ ek/N−2kT

)
≤ E(A2

k(T ))

ek/N
≤ 1

kek/N
,

so by Borel-Cantelli sup
t∈[0,T ]

|Ak(t)| < ek/2N for all but finitely many k ≥ 1, almost

surely. This proves uniform convergence on compacts, and hence almost sure con-

tinuity of F .

To conclude the proof, we show that F has the same covariance structure of Fσ

on the circle eσT, for arbitrary σ > 0. Indeed, it follows from (3.14) that real and

imaginary parts of F(t, eσ+ia), a ∈ [−π, π), are independent centred real Gaussian

random variables, with

E
[
(ReF(t, eσ+ia))2

]
= E

[
(ImF(t, reσ+ia))2

]
=
∑
k≥1

e−2kσ(1− e−2kt)

k
= log

1− e−2(t+σ)

1− e−2σ
.

Moreover, expanding F(s, eσ) as in (3.14), one further checks that for s < t

Cov
(
ReF(t, eσ+ia),ReF(s, eσ)

)
= Cov

(
ImF(t, eσ+ia), ImF(s, eσ)

)
= Re

(
log

1− e−(t+s)−2σ+ia

1− e−(t−s)−2σ+ia

)
,

and

Cov
(
ReF(t, eσ+ia), ImF(s, eσ)

)
= −Cov

(
ImF(t, eσ+ia),ReF(s, eσ)

)
= Im

(
log

1− e−(t+s)−2σ+ia

1− e−(t−s)−2σ+ia

)
.

By rotational invariance in the spatial coordinate, this is enough to conclude that

F and Fσ have the same covariance structure, and hence the same law, on every

circle of the form eσT, for arbitrary σ > 0, as claimed.

Proof of Theorem 3.3. For any N ≥ 1, denote by HN the operator that maps a

continuous function on e1/NT to its holomorphic extension to the outer region {|z| ≥
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3.2. The fluctuation process on H

e1/N}. More precisely,

HN : C
(
e1/NT

)
−→H 0

(
{|z| ≥ e1/N}

)
x 7→ HN(x)

with H 0({|z| ≥ e1/N}) :=
{
x ∈H ({|z| ≥ e1/N}) s.t. lim|z|→∞ x(z) = 0

}
, and

HN(x)(reia) :=
1√
2π

ˆ π

−π
Re

(
1 + e1/N+i(a−ϑ)/r

1− e1/N+i(a−ϑ)/r

)
x(e1/N+iϑ)dϑ.

Moreover, let DN [0,∞) and DHN
[0,∞) denote respectively the space of càdlàg

functions from [0,∞) to
(
C(e1/NT), ‖ · ‖∞

)
, and the space of càdlàg functions from

[0,∞) to
(
H ({|z| ≥ e1/N}), dN

)
, both equipped with the Skorokhod topology.

Finally, let fN : DN [0,∞)→ DHN
[0,∞) be defined for x ∈ DN [0,∞) by

fN(x) : [0,∞)→H ({|z| ≥ e1/N})

t 7→ HN(x(t, ·)) .

We claim that the proof of Theorem 3.3 amounts to showing that the map fN is

continuous. Indeed, assume so. Then it follows from Theorem 3.1, together with the

continuous mapping theorem (cf. [Bil99], Theorem 2.7), that fN(F1/N
n )→ fN(F1/N)

in distribution with respect to the Skorokhod metric on DHN
[0,∞). Moreover, recall

from (3.14) the definition of F . Then, since by Lemma 3.4 the stochastic process

F1/N agrees in law with F on [0,∞) × e1/NT, we deduce that the corresponding

holomorphic extensions fN(F1/N) and F agree in law on [0,∞) × {|z| ≥ e1/N}. It

follows that fN(F1/N
n )→ F in distribution with respect to the Skorokhod metric on

DHN
[0,∞). Since fN(F1/N

n ) ≡ Fn on [0,∞) × {|z| ≥ e1/N}, with Fn defined as in

(3.11), this shows that Fn → F in distribution with respect to the Skorokhod metric

on DHN
[0,∞). N being arbitrary, we conclude that Fn → F in distribution with

respect to the Skorokhod metric dH onDH [0,∞), which is what we wanted to show.

It remains to prove that for all N ≥ 1 the map fN is continuous from DN [0,∞)
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to DHN
[0,∞). Since fN only acts on the spatial component, it suffices to show

that the holomorphic extension map HN is continuous from
(
C(e1/NT), ‖ · ‖∞

)
to(

H ({|z| ≥ e1/N}), dN
)

for all N ≥ 1. Indeed, take (φn)n, φ in C(e1/NT) and

suppose that ‖φn − φ‖∞ → 0 as n→∞. Then we have:

dN(HN(φn), HN(φ)) = sup
|z|≥e1/N

∣∣(HNφn)(z)− (HNφ)(z)
∣∣ ∧ 1

= sup
|z|=e1/N

∣∣(HNφn)(z)− (HNφ)(z)
∣∣ ∧ 1

= sup
|z|=e1/N

|φn(z)− φ(z)| ∧ 1 ≤ ‖φn − φ‖∞ → 0

as n → ∞, where the second equality follows by applying the maximum principle,

which is in force since (HNφn)(z)→ 0 as |z| → ∞ by construction for all N, n ≥ 1.

This concludes the proof.

3.3 The boundary process

We have proved weak convergence to a limiting Gaussian process F taking values in

the space H of holomorphic functions on {|z| > 1}, of which we have provided an

explicit construction. In this section we address the question of a rigorous definition

of the boundary values W of F , formally given by (3.13).

3.3.1 Abstract Wiener Space construction

It is clear that we have no hope to define W(t, ·) pointwise, since the formal series

(3.13) diverges almost surely at each point. One could try, on the other hand, to

make sense of it as a complex Gaussian process taking values in a suitable Hilbert

space of functions on the unit circle.

For convenience of the reader, we review below the construction of Gaussian

random variables, and then Gaussian stochastic processes, on infinite dimensional

Hilbert spaces. This will then be applied to rigorously define the boundary process

W . Our presentation follows [DPZ14, She07].
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3.3. The boundary process

Gaussian random variables on a Hilbert space

Definition 3.1. An Abstract Wiener Space is a triple (H,B, µ), where:

(i)
(
H, (·, ·)H

)
is a Hilbert space,

(ii)
(
B, ‖·‖B

)
is the Banach space completion of H with respect to the measurable

norm ‖ · ‖B on H, equipped with the Borel σ-algebra B induced by ‖ · ‖B, and

(iii) µ is the unique Borel probability measure on (B,B) such that, if B∗ denotes

the dual space of B, then µ ◦ φ−1 = N (0, ‖φ̃‖2
H) for all φ ∈ B∗, where φ̃ is the

unique element of H such that φ(h) = (φ̃, h)H for all h ∈ H.

Note that (iii) also reads as follows: if X is a random variable on (B,B) dis-

tributed according to µ, then φ(X) ∼ N (0, ‖φ̃‖H) for all φ ∈ B∗. In this case we

say1 that X is a standard Gaussian random variable on H. We refer the reader to

[Gro67, She07] for the definition of measurable norm on a Hilbert space, and for

existence and uniqueness of such a measure µ. Here we will only need the following

two properties.

Facts. Let H be a Hilbert space with inner product (·, ·)H , and let ‖ · ‖2
H = (·, ·)H .

Then:

(a) unless dim(H) <∞, any measurable norm on H is strictly weaker than ‖ ·‖H ,

and

(b) if T is a Hilbert-Schmidt operator on H, i.e.

∞∑
i=1

‖Tei‖2
H <∞ , (ei)

∞
i=1 ONB of

(
H, (·, ·)H

)
,

then ‖T · ‖H is a measurable norm on H.

Note that if dim(H) =∞ then ‖·‖B 6= ‖·‖H by (a). When ‖·‖B is itself induced

by an inner product, which will turn out to be the case in our construction, B is

itself a Hilbert space.

1Note that, unless dimH < ∞, a standard Gaussian random variable X on H does not take
values in H, but only in the larger Banach space B.
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Brownian Motion on a Hilbert space

Definition 3.2. Let (H,B, µ) be an abstract Wiener space, and denote by µt the

unique2 probability measure on B, such that µt ◦ φ = N (0, t‖φ̃‖2
H) for all φ ∈ B∗.

Finally, let CB[0,∞) the space of continuous functions from [0,∞) to B, equipped

with the σ-algebra generated by the coordinate functions x 7→ x(t). Then (cf.

[DPZ14], pp.81-85) there exists a unique probability measure µ on CB[0,∞) such

that, if W is a random variable in CB[0,∞) distributed according to µ, then the

following hold:

• W (0) = 0 µ-a.s.

• W has independent increments,

• for any 0 ≤ s < t, W (t)−W (s) is distributed according to µt−s.

If a random variable W on CB[0,∞) is distributed according to µ we call it (cylin-

drical) Brownian Motion on H.

Proposition 3.2 ([DPZ14], Proposition 4.3). Let (H,B, µ) be an Abstract Wiener

Space, and let (ek)k be an ONB of H with respect to (·, ·)H . If W is a Brownian

Motion on (H, (·, ·)H), then there exists a collection of i.i.d. real-valued Brownian

Motions (βk)k such that

W (t) =
∑
k

βk(t)ek ,

where the above series converges in L2(B) for all t ≥ 0.

Note that by setting t = 1 in the above result we deduce the following.

Corollary 3.1. Let (H,B, µ) be an Abstract Wiener Space. If X is a standard

Gaussian random variable on H, i.e. X ∼ µ, then there exists a collection (Ak)k of

i.i.d. N (0, 1) real random variables such that X =
∑
k

Akek.

2Existence and uniqueness follow trivially by existence and uniqueness of µ.
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3.3. The boundary process

OU process on a Hilbert space

Having constructed a Brownian Motion W on H, one could then go ahead and define

stochastic integration with respect to it. For a detailed account on the theory of

stochastic integrals with respect to a Brownian motion taking values in an infinite-

dimensional Hilbert space we refer the reader to [DPZ14], Chapter 4. Here we are

only interested in a very special case, namely the one of deterministic integrands

which diagonalise on the ONB (ek)k of H. Indeed, in this case the definition of

stochastic integral with respect to W reduces to the one of a countable collection of

stochastic integrals on R.

Definition 3.3. Let (H,B, µ) be an Abstract Wiener Space, and assume that the

norm ‖ · ‖B on B is induced by an inner product (·, ·)B, so that B is itself a Hilbert

space. Let (ek)k denote an ONB for H, and let W (t) =
∑

k βk(t)ek be a Brownian

Motion on H. If Ψ(t) =
∑

k ak(t)ek for some collection of continuous real-valued

functions (ak(t))k such that
∑

k

´∞
0
|ak(t)|2dt <∞, then

ˆ t

0

Ψ(s)dW (s) :=
∑
k

ˆ t

0

ak(s)dβk(s)ek , ∀t ≥ 0 .

3.3.2 The boundary process W

Let us now see how the above definitions read in the case of our interest. Recall that

D = R/2πZ, and for f, g ∈ C∞(D) with Fourier expansion f(ϑ) =
∑

k∈Z f̂kek(ϑ),

g(ϑ) =
∑

k∈Z ĝkek(ϑ) introduce the inner product

(f, g)H :=
∑
k 6=0

|k|f̂k ĝk .

Let ∼ be the equivalence relation on C∞(D) which identifies two functions if they

differ by a constant, and set Hs(D) := C∞(D)/ ∼. We identify each equivalence

class of Hs(D) with its representative having zero average on D. Denote by H the

Hilbert space completion of Hs(D) with respect to (·, ·)H . We seek to define an
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abstract Wiener space (H,B, µ) for a suitable choice of measurable norm on H.

By property (b), in order to construct a measurable norm ‖ · ‖B on H it suffices

to find a Hilbert-Schmidt operator T on H, and set ‖ · ‖B = ‖T · ‖H . In fact,

we are going to construct a one-parameter family of such operators, and hence of

measurable norms on H.

For any a ∈ R, let (−∆)a be the operator that acts on L2(D) functions by

multiplying the Fourier coefficients by |k|2a, that is

(−∆)a
(∑

k∈Z

f̂kek

)
(ϑ) :=

∑
k 6=0

|k|2af̂kek(ϑ).

Set

Ha =
{
f ∈ L2(D) : (−∆)af ∈ L2(D)

}
� ∼ ,

and equipHa with the inner product (f, g)a := ((−∆)af, (−∆)ag). Then
(
Ha, (·, ·)a

)
is a Hilbert space, and in fact it is the Hilbert space completion of Hs(D) with

respect to the inner product (·, ·)a. Denote by ‖ · ‖a the norm induced by (·, ·)a, and

note that if a > b then ‖ · ‖b ≤ ‖ · ‖a, so that Ha ⊂ Hb. It follows that, whenever

b < a, ‖ · ‖b is well defined on Ha, and moreover ‖f‖b = ‖(−∆)b−af‖a. In order

for ‖ · ‖b to also be measurable on Ha, then, it suffices to show that (−∆)b−a is a

Hilbert-Schmidt operator on Ha. To this end, note that if fk = (−∆)−aek for k 6= 0,

then (fk)k 6=0 is an ONB for Ha. Moreover,

∑
k 6=0

‖(−∆)b−afk‖2
a =

∑
k 6=0

(
(−∆)bfk, (−∆)bfk

)
=
∑
k 6=0

(
(−∆)b−aek, (−∆)b−aek

)
= 2

∑
k≥1

k4(b−a) ,

which converges if and only if b < a− 1/4. We have therefore proved the following.

Proposition 3.3. Whenever b < a− 1/4 the norm ‖ · ‖b is measurable on Ha.

Note that (f, g)H =
(
(−∆)1/4f, (−∆)1/4g

)
by definition, so (−∆)−1/4 provides a

Hilbert space isomorphism between the spaces H and H1/4, that when convenient

we identify. It follows that in order to get a measurable norm on H it suffices to

have a measurable norm on H1/4. By Proposition 3.3, any norm of the form ‖ · ‖−ε
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for ε > 0 will do.

Let Ba denote the Borel σ-algebra on Ha for the norm ‖ · ‖a. Then for any

ε > 0 there exists a unique Borel probability measure µ−ε on (H−ε,B−ε) such that

(iii) in Definition 3.1 holds, i.e. µ−ε ◦ φ−1 = N (0, ‖φ̃‖H) for all φ continuous linear

functionals on H−ε, where φ̃ is the unique element of H such that φ(h) = (φ̃, h)H

for all h ∈ H. It follows that (H,H−ε, µ−ε) is an Abstract Wiener Space for any

ε > 0.

Definition 3.4. A random variable X is said to be a standard Gaussian on the

Hilbert space H ∼= H1/4 if X ∼ µ−ε as random variable on H−ε, for all ε > 0.

Remark. This definition is consistent, meaning that if −ε1 < −ε2, so that H−ε2 ⊂
H−ε1 , then by property (iii) of Definition 3.1 the restriction of µ−ε1 toH−ε2 coincides

with µ−ε2 .

To conclude this abstract construction, we point out that X as above has a very

simple expansion in Fourier basis. Indeed, if fk = (−∆)−1/4ek = ek/
√
|k|, then

(fk)k is an ONB for H1/4
∼= H. It then follows from Corollary 3.1 that there exists

a collection (Ak)k∈Z i.i.d. real N (0, 1) random variables such that

X(ϑ) =
∑
k 6=0

Akfk(ϑ) =
∑
k 6=0

Ak√
|k|

ek(ϑ) .

Moreover, in light of Proposition 3.2 it is now easy to construct a Brownian

motion W on H: simply take a collection of i.i.d. real-valued Brownian Motions

(βk)k∈Z, and set

W (t, ϑ) =
∑
k 6=0

βk(t)fk(ϑ) =
∑
k 6=0

βk(t)√
|k|

ek(ϑ) ,

where for any t ≥ 0 the above series converge in L2(H−ε), for any ε > 0. From W

we construct an Ornstein-Uhlenbeck process on H as follows. Let Ψ : [0,∞) → B

be defined by

Ψ(t) =
∑
k 6=0

√
2|k|e−|k|tfk =

∑
k 6=0

e−|k|tek ,
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and set W̃(t) :=
´ t

0
Ψ(t− s)dW (s) for all t ≥ 0. Then by Definition 3.3 we have

W̃(t, ϑ) =
∑
k 6=0

[ˆ t

0

e−|k|(t−s)dβk(s)

]
ek(ϑ) ,

so that the coefficients of W̃ perform independent OU processes on R. Take an

independent copy W̃ ′ of W̃ . Then we have

W̃(t, ·) + iW̃ ′(t, ·)√
2

=
∑
k 6=0

(Ak(t) + iBk(t)√
2

)
ek(·) ,

for independent OU processes (Ak)k, (Bk)k on R, which equals the r.h.s. of (3.13).

This provides a rigorous construction of the boundary process W of the limiting

holomorphic field F as an OU process on H−ε, for any ε > 0.

Remark. Note that, by linearity,

dW(t, ·) = −
[∑
k 6=0

|k|
(Ak(t) + iBk(t)√

2

)
ek(·)

]
dt+

√
2
[∑
k 6=0

dβk(t) + idβ′k(t)√
2

ek(·)
]
,

where we have denoted by (βk), (β′k) the i.i.d. real Brownian Motions driving the

OU processes (Ak), (Bk). This shows that W solves the Fractional Stochastic Heat

Equation

dW(t, ·) = −(−∆)1/2W(t, ·) +
√

2 dξ(t, ·)

for ξ complex space-time white noise on the unit circle T.

Remark. We point out that the convergence result Fn → F of Theorem 3.3 can

be interpreted as a convergence result for the corresponding boundary values, seen

as distributions acting on a suitable space of test functions. More precisely, let

Wn denote the boundary values of Fn, so that Wn(t, ϑ) = Fn(t, eiϑ) for (t, ϑ) ∈
[0,∞)× [−π, π). As space of test functions we take

{
ϕ ∈ C∞(T) : ϕ = P1/r ∗ ψ for some ψ ∈ C∞(T) and some r > 1

}
.
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For each such ϕ, we have:

(Wn(t, ·), ϕ) = (Wn(t, ·), P1/r ∗ ψ) = (P1/r ∗Wn(t, ·), ψ)

= (Fn(t, rei·), ψ)→ (F(t, rei·), ψ)

as n → ∞ in distribution, as continuous functions on T. It would be interesting

to understand if such convergence holds for a larger class of test functions, and

ultimately as stochastic processes taking values in H−ε for ε > 0.

3.4 Further developments

As mentioned in the introduction, arguably the main open problem in this area is

to obtain rigorous results on (the non-regularised version of) HL(α) models with

α > 0, with a particular interest for α ∈ [1, 2]. In this last section, on the other

hand, we would like to collect some open questions for the α = 0 case, which has

proven to be already very interesting from a mathematical point of view, and it has

the advantage of being more tractable than the case α > 0 due to its intrinsic i.i.d.

structure.

Maxima of the cluster boundary

Once the question of fluctuations of cluster boundary has been settled, one is led to

wonder about the asymptotic behaviour of the maxima of the cluster. For n ≥ 0,

set mn = sup{|z| : z ∈ Kn}. It follows from the analysis carried out in [NT12] that

|mn− ecn| → 0 almost surely as n→∞, c→ 0 and nc→ t for some t > 0. It would

be interesting to have a description of the fluctuations around this deterministic

behaviour. Do they depend on the particle shape P? A possible approach to

this question could be to move away from the boundary of the cluster, and define

mn(σ) = sup{|Φbntc(z)| : |z| = eσ}. Our results control the fluctuations of mn(σ)

around its mean for σ > 0 fixed as n → ∞. How do these fluctuations look like if

σ → 0 quickly enough as n→∞?

77



Global fluctuations for HL(0)

Log-correlation and branching structure

Log–correlated Gaussian fields appear to arise in correspondence with underlying

branching structures. To make this statement more precise, let us give some exam-

ples.

Branching Random Walk

For N ∈ N+ consider a binary tree GN = (VN , EN) of depth N , and assign to each

edge e ∈ EN a standard Gaussian random variable Xe in an independent fashion.

Let LN denote the set of leaves of the binary tree (so that |LN | = 2N), and for each

v ∈ LN denote by γv the unique path from v to the root. Then set

Yv =
∑
e∈γv

Xe .

It is easy to see that, when the set of leaves is seen as embedded in the unit interval

[0, 1] (i.e. the leaves are identified with 2N equispaced points in [0, 1]), the correlation

between two leaves v, v′ ∈ LN decays logarithmically with their Euclidean distance

|v− v′|, for all N . In other words, at each level N ≥ 1 the random field (Yv)v∈LN is

a log–correlated (Gaussian) field.

Branching in IDLA

A branching structure is also present in the Internal DLA model described in the

Introduction of this thesis. Indeed, one could imagine to colour, each time a new

particle is added to the cluster, the last edge along which the corresponding random

walk has jumped in order to exit the cluster. More precisely, define the set of

coloured edges recursively as follows. Given the cluster A(n−1) with n−1 particle,

start an independent random walk ω(n) = (ω
(n)
k )k≥0 from the origin and, if τn is the

first exit time of ω(n) from A(n− 1), colour the edge (ω
(n)
τn−1, ω

(n)
τn ). It is easy to see

that the set of coloured edges forms a tree. Moreover, if one considers two points on

the cluster boundary (which is asymptotic circular), then it follows from the work
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in [JLS14a] that the correlation between fluctuations from circularity at the two

points decays logarithmically with their distance.

Branching in HL growth

The fact that a branching mechanism arises in the growth of HL(0) clusters was

discovered by J. Norris and A. Turner in [NT12]. Think for simplicity of the particle

P as being a slit, i.e. P = [1, 1+δ] ⊂ C. Then each time a new particle arrives it gets

attached to exactly one particle in the cluster, at exactly one point, almost surely.

Call this parent particle. This identifies an ancestral structure in the cluster. Given

any finite set of points, it is shown in [NT12] that the corresponding ancestral lines

converge to backwards coalescing Brownian Motions, i.e. Brownian Motions which

evolve independently backwards in time until they coalesce, at which point they

merge. This result can be rephrased by saying that the cluster boundary converges,

in a finite dimensional sense, to the so called Brownian Web. Here the underlying

(forward) branching structure is then really a backwards coalescing structure of the

cluster boundary3, but nonetheless one obtains log-correlated fluctuations.

In all the above examples log-correlated Gaussian fields arise as fluctuation fields

of several different models, all featuring some kind of underlying branching structure.

We believe it would be very interesting to understand to what extent this is a general

phenomenon, and, if so, how robust it is with respect to variations of the branching

mechanism (e.g. introduction of correlation between branches).

Genealogical structure of Internal DLA

As already observed, IDLA clusters on the cylinder ZN × Z have the same scaling

limit as (the logarithm of) HL(0) clusters, as N → ∞. Moreover, they share the

same boundary fluctuation process (see (1.17) in the Introduction). It is therefore

natural to ask whether they have further properties in common. In particular, as

3Note that the dynamics of backwards coalescing Brownian Motions is different from the one
of forward branching Brownian Motions, since for example in the latter paths can intersect after
branching.
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mentioned in the previous open question, we know that the genealogical structure

of HL(0) clusters scales to the Brownian Web. Note that one could also identify a

genealogical structure in IDLA clusters by saying that a vertex w is the parent of

another vertex v if w and v are neighbours, and if v has been added to the cluster

via a jump of the driving random walk along the edge connecting w to v. Then,

given any finite collection of points on Z2 one could draw the associated random

lines of ancestors connecting it to the origin. Do these random curves also converge

to coalescing Brownian Motions? Do their scaling limit reflect the geometry of the

underlying lattice structure?
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Internal DLA on cylinder graphs
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Chapter 4

IDLA on cylinder graphs

4.1 Introduction

Let G = (V,E) be a finite, connected graph. We consider Internal Diffusion Limited

Aggregation, in short IDLA, on the infinite cylinder CG := G×Z. This is a discrete–

time Markov process (A(t))t≥0 in the space of connected subsets of G × Z, which

we call clusters, defined as follows.

Assume that the initial IDLA configuration is such that

A(0) ⊇ {(x, y) ∈ V × Z : y ≤ 0} . (4.1)

We say that ω = (ωk)k≥0 is a simple random walk on CG if ω moves in the y

coordinate with probability 1/2, and otherwise it moves in the x coordinate by

taking a simple random walk step on G. See Section 4.2.1 for a more precise

definition. Let π denote the stationary measure associated to a simple random walk

on G. At each discrete time t ≥ 1, we start a nearest neighbour walk ω(t) = (ω
(t)
k )k≥1

on CG from a vertex (x, 0), with x distributed according to π. Let τ (t) denotes the

first exit time of the walk from A(t− 1), i.e.

τ (t) := inf{k ≥ 0 : ω
(t)
k /∈ A(t− 1)},
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and define recursively

A(t) := A(t− 1) ∪ {ω(t)

τ (t)}

for all t ≥ 1. This corresponds to choosing the location of the next added particle

according to the harmonic measure of the outer boundary of the cluster seen from

the zero level G× {0}. We remark that the driving random walk is instantaneous,

i.e. we do not take into account how long it takes for the walk to exit the cluster,

but rather increase the time by 1 each time we add a new particle to it. Note further

that each vertex of CG contains at most one particle: if it does contain one, we say

that it is occupied (or filled), and otherwise we say that it is empty.

This procedure defines a Markov chain (A(t))t≥0 on the infinite space of con-

nected subsets of G×Z. The chain is clearly transient, since once a vertex has been

filled it can never become empty again. In order to make it recurrent, we introduce

the following shift procedure: each time the cluster is completely filled up to level

k > 0, we shift the cluster down by k.

Definition 4.1 (Shifted chain). Let S be the map from the space of IDLA config-

urations to itself defined as follows. For a given IDLA configuration A, let

kA := max{k ≥ 0 : (x, y) ∈ A for all x ∈ G, y ≤ k}.

Define the shift operator S by

S : A 7→ S(A) := {(x, y − kA1(kA > 0)) : (x, y) ∈ A},

where 1 denotes the indicator function. Then, from the IDLA chain (A(t))t≥0 we

build the shifted chain (AS(t))t≥0 by setting

AS(t) := S(A(t))

for all t ≥ 0.

This defines a new Markov Chain on the same configuration space Ω (in fact, the
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shifted chain only takes values in a strict subset of Ω, consisting of all configurations

with at least one empty site at level 1). Note that recurrence of the shifted IDLA

process is not clear (in principle, the process could grow arbitrarily long arms), nor

is the existence of a stationary distribution.

The shifted chain was first introduced in [JLS14a], where the authors ask the

following question: how long does it take for the shifted IDLA process to forget

where it started? In this chapter we partially answer this question by providing an

upper bound for this random time, that we call forget time. Our main result is the

following.

Theorem 4.1. Let (A(t))t≥0, (A′(t))t≥0 be two IDLA processes starting from A(0), A′(0)

respectively. We assume that A(0), A′(0) satisfy (4.1), and that they have the same

number of vertices above level 0, i.e. |A(0) ∩ {y > 0}| = |A′(0) ∩ {y > 0}|. Define

the forget time T ∈ [0,+∞] to be the first time the two configurations match, i.e.

T := inf{t ≥ 0 : A(t) = A′(t)},

with the convention that inf ∅ = +∞. Finally, let 2d = |A(0)∆A′(0)| denote the

cardinality of the symmetric difference of the initial configurations, and h0 denote

the maximal height among A(0) and A′(0). Then there exists a coupling of the two

IDLA processes such that, if P denotes the joint law of (A(t))t≥0 and (A′(t))t≥0

under such coupling, it holds

P(T > t) ≤ C̄ e−λ̄t (4.2)

for positive constants C̄ , λ̄ > 0, with

λ̄ = λ̄(d,G), C̄ = C̄ (λ̄, d, G, h0).

We point out that the advantage of looking at the forget time (rather than a

different notion of mixing time) is that its definition does not require any information

about the stationary distribution, and in fact it makes sense also for transient chains.
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On the way to proving the above theorem, we show that the flat configuration

is positive recurrent for the shifted chain. Since the chain consists of only one

communicating class, this settles both the question of recurrence and existence of

the stationary distribution for (AS(n))n≥0.

Proposition 4.1. The shifted chain (AS(t))t≥0 is positive recurrent, and hence it

has a stationary distribution.

4.1.1 Organisation of the chapter

This chapter is organised as follows. In Section 4.2 we fix the notation, review the

Abelian property of IDLA and use it to define the freezing coupling. In Section

4.3 we focus on one IDLA process, obtaining an upper bound for the first time

the discrepancy falls below a given threshold (see Proposition 4.3). On the way to

controlling the discrepancy, we show in Remark 4.3.1 that the associated shifted

IDLA process is positive recurrent, thus proving Proposition 4.1. In Section 4.4 we

then obtain a lower bound for the probability that the frozen particles couple (and

hence that the trial is successful) when released from good configurations. We put

all together in Section 4.5, to conclude the proof of Theorem 4.1. Finally, we devote

Section 4.6 to the case of the N–cycle base graph, and provide a lower bound for

the decay rate λ̄ of Theorem 4.1 in terms of the size of the base graph N , for N

large enough.

4.2 The freezing coupling

4.2.1 Notation

Let us start by fixing the notation in use throughout the chapter.

The cylinder graph CG

Let G = (V,E) be a finite, connected graph and write N for the cardinality of

the vertex set V of G. We define the cylinder graph CG by placing infinitely many
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copies of G one above the other. More precisely, let the vertex set of CG be given

by {(x, y) : x ∈ G, y ∈ Z}. Moreover, two vertices (x, y) and (x′, y′) are said to be

adjacent, i.e. joined by an edge, if and only if either x = x′ and |y − y′| = 1, or

y = y′ and x is a neighbour of x′ in G. See Figure 4.1 for an example.

G CG = G× Z

Figure 4.1: A graph G (left) and the associated cylinder graph CG = G×Z (right).

We refer to x and y as the horizontal and vertical coordinate respectively, and

call G× {k} = {(x, k) : x ∈ G} the kth level of CG.

Simple random walk on G

Recall that (xk)k≥0 is a simple random walk on G if, at each step k ≥ 0, given xk

the next location xk+1 is chosen uniformly at random among the nearest neighbours

of xk in G. An α–lazy simple random walk on G is a process that, at each integer

time k ≥ 0, stays in place with probability α and otherwise jumps to a uniformly

chosen neighbour of the current location. We say that a simple random walk on G

is lazy if it is 1/2–lazy.

Simple random walk on CG

Fix p ∈ (0, 1). We say that ω = (xk, yk)k≥0 is a simple random walk on CG if, at

each step k ≥ 0, ω moves in the y coordinate with probability 1/2, stepping from

(xk, yk) to (xk, yk + 1) with probability p and to (xk, yk − 1) with probability 1− p.
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Moreover, if it does not move in the y coordinate then it performs a lazy simple

random walk step on G, i.e. it either stays in place with probability 1/2 or it jumps

from (xk, yk) to (x′k, yk), for x′k uniformly chosen neighbour of xk in G× {k}. Note

that if a simple random walk on CG starts from (x0, 0) with x0 distributed according

to the stationary measure π, then xk is distributed according to π for all k ≥ 0. For

simplicity, we take p = 1/2 throughout the chapter, so that the vertical coordinate,

when it moves, performs a simple symmetric random walk on Z. All our results can

be adapted to the transient case p > 1/2.

A cluster is simply a subset of the vertex set of the cylinder graph CG. Given

an IDLA cluster A, we denote by h(A) its height, that is

h(A) = max{y : (v, y) ∈ A for some v ∈ G}.

We assume (4.1) throughout the chapter, so that h(A) ≥ 0. With a slight abuse of

notation we write |A| for |A∩{y > 0}|, denoting the number of vertices in A above

level 0.

4.2.2 The Abelian property

We now review the Abelian property of IDLA, first observed by Diaconis and Fulton

in [DF91]. To this end it is useful to introduce the notion of stack of cards. For

each vertex z of the cylinder graph CG denote by Ez the set of edges of the graph

incident to z. A stack of cards at z is an infinite sequence of edges in Ez. Let us

assume that to each such vertex z we have associated an infinite stack of cards

z 7→ (dzi )i≥1 ∈ EN+
z .

Let σ denote an initial distribution of particles on G × {0}, that is σ(z) =number

of particles at (v, 0), v ∈ G, at time 0. A legal move consists of the following steps:

- Pick z ∈ CG with at least 2 particles.
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- Move the top particle to one of the nearest neighbours, following the edge of

the top card at z.

- Discard the top card at z.

We write (z, e) for the legal move consisting of moving one particle from z to a

neighbour of z following the edge e ∈ Ez, and then discarding the top card at z.

Note that, since we have an infinite stack of cards at each point, we never run out of

cards. Assume1 that after finitely many steps the process stabilizes, i.e. it reaches

a configuration with at most one particle at each site (such configuration is called

stable). The Abelian property tells us that, as long as we start from the same initial

configuration and use the same stack of instructions, any two sequences of legal

moves will result in the same final configuration. We stress that for this to hold it

is crucial for the particles to be indistinguishable.

Proposition 4.2 (see [DF91]). Fix an initial configuration of particles σ, and assign

to each vertex of CG an infinite stack of instructions. Let α1, . . . , αm and β1, . . . , βn

be any two finite sequences of legal moves resulting in stable configurations η1 and

η2 respectively. Then m = n and η1 = η2.

Proof. We begin by observing that any two legal moves commute: this is trivially

true from the definition of legal move. Now, let α1 = (z1, e1) for some vertex z1

and edge e1 adjacent to z1. If this is a legal move, then in the initial configuration

there were at least 2 particles at z1. It follows that there exists βi in the second

sequence of legal moves such that βi = (z1, e1). Indeed, there must be at least one

instruction of the form βj = (z1, ej) in the sequence, otherwise there would still

be at least 2 particles in the final configuration, which is not allowed. Moreover,

if we take i to be the smallest among all indices j such that βj = (z1, ej) then it

must be the case that βi = (z1, e1). Now, using that any two legal moves commute,

we can exchange βi and βi−1, then βi and βi−1 and so on until we obtain that the

sequence βi, β1 . . . βi−1, βi+1 . . . βn of legal moves gives the same final configuration

1We really have to assume this here, since we are on an infinite graph and the bottom half is
filled.
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as β1 . . . βn. It follows that it suffices to show that the two sequences of legal moves

α1, . . . , αm

βi, β1 . . . βi−1, βi+1 . . . βn

give the same final configuration. But they start with the same legal move α1 = βi,

so we are left to prove that

α2, . . . , αm

β1 . . . βi−1, βi+1 . . . βn

give the same final configuration. Iterate to conclude that m = n and the sequence

α1, . . . , αn is simply a permutation of β1, . . . , βn. Since any two legal moves com-

mute, we gather that the two sequence must give the same final configuration.

To build an IDLA cluster with n particles above level 0, starting from the half

filled cylinder graph, we choose the initial configuration by placing the n particles

on vertices of G× {0} independently from each others, according to the stationary

measure π of a simple random walk on G. We then assign to each vertex v of CG
an infinite stack of i.i.d. instructions, each consisting of a uniformly chosen edge

among all possible edges adjacent to v. Thus the initial configuration and the

stack of instructions are random, but the Abelian property tells us that there is no

additional randomness in the model.

4.2.3 The freezing coupling

The Abelian property gives us some freedom on how to grow an IDLA cluster. For

example, it implies that we can freeze some of the driving random walks before

they exit the cluster, and restart them at a later time. Indeed, at each move we

can either keep on evolving the current driving random walk, or start a new one

(which would correspond to freezing the current one). This version of IDLA with

freezing will generate stacks of instructions which are identical in law to the ones of

standard IDLA. We can then construct an IDLA process using exactly these stacks
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of instructions, to recover, by the Abelian property, the same configuration of IDLA

with freezing after all frozen particles have been released. This is the main idea

behind the freezing coupling, that we now describe.

Let A(0), A′(0) be two initial IDLA configurations. We assume that they satisfy

(4.1) and that they have the same number of vertices above level zero, i.e. |A(0)| =
|A′(0)| =: n0 (recall that by |A| we mean the number of occupied vertices in A

strictly above level zero). Finally, assume that at least one of the two configurations

has an empty site at level 1 (if not, just shift everything down). To couple the IDLA

processes (A(t))t≥0, (A
′(t))t≥0, at each new release we use the same driving random

walk on both clusters. If the walk exits both clusters at the same time, then we add

the exit location to both clusters. If, on the other hand, the walk reaches, say, a

vertex z ∈ A(t)\A′(t), then we add the vertex z to A′(t), and one frozen particle at

location z in A(t). More formally, let F (t), F ′(t) denote the sets of frozen particles

in A(t), A′(t) respectively, and set F (0) = F ′(0) = ∅. Then, if the driving random

walk exits A(t) ∩ A′(t) at z, we proceed as follows.

• If z /∈ A(t) ∪ A′(t) no freezing occurs, and we set

A(t+ 1) = A(t) ∪ {z}

F (t+ 1) = F (t)

A
′(t+ 1) = A′(t) ∪ {z}

F ′(t+ 1) = F ′(t).

• If z ∈ A(t) \ A′(t), we set

A(t+ 1) = A(t)

F (t+ 1) = F (t) ∪ {z}

A
′(t+ 1) = A′(t) ∪ {z}

F ′(t+ 1) = F ′(t).

• If z ∈ A′(t) \ A(t), we set

A(t+ 1) = A(t) ∪ {z}

F (t+ 1) = F (t)

A
′(t+ 1) = A′(t)

F ′(t+ 1) = F ′(t) ∪ {z}.
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After an almost surely finite number of releases the two IDLA clusters will match.

Let

T = inf{t ≥ 0 : A(t) = A′(t)}

denote this matching time. Then A(T ) = A′(T ), but clearly F (T ) 6= F ′(T ). In fact,

let2 2d = |A(0)∆A′(0)|. Then |F (T )| = |F ′(T )| = d and F (T ) ∩ F ′(T ) = ∅, since

F (T ) = A(0) \ (A(0) ∩ A′(0)),

F ′(T ) = A′(0) \ (A(0) ∩ A′(0)).

We stress that the law of A(T ), A′(T ) is not, in general, the law of an IDLA cluster

with T particles, since we still have to finish off the evolution of the driving random

walks which resulted in a freezing step. On the other hand, the Abelian property

tells us that if we now release all the frozen particles, i.e. keep on evolving the

corresponding random walks until they exit the cluster, then the final clusters will

have the same law as IDLA clusters with n0 + T + d particles above level zero.

4.2.4 The freezing coupling phase

Let A(0), A′(0) denote the two initial IDLA clusters, and (A(t))t≥0, (A
′(t))t≥0 be

the associated IDLA processes of which we would like to couple the dynamics. As

a first attempt, we could think to evolve both processes according to the freezing

coupling, and wait until they match. Once they do, we want to release (i.e. finish

off the evolution of) the frozen particles. We could do this by releasing them in

pairs, one frozen particle for each cluster, possibly coupled so as to maximise the

probability for them to meet before they exit their clusters. If all pairs meet before

exiting, then the final configurations have the law of IDLA clusters (since we have

finished evolving all particles), and they match, so the forget time has occurred.

Clearly, releasing the frozen particles right after the matching time T is not a

2It is easy to see that if the two configurations have the same number of particles above level
zero, and are completely filled below level zero, then the symmetric difference must consist of an
even number of particles. We remind the reader that the symmetric difference of two sets is defined
as A∆B = (A ∪B) \ (A ∩B).
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good strategy, as we have no information on the clusters A(T ) = A′(T ), and hence

on the probability that two frozen particles will couple upon release (for example,

this probability will be small if the frozen particles are too close to the boundary of

the clusters). Instead, we keep on adding new particles to both clusters while using

the trivial coupling (so that they keep on matching), until the clusters become good.

Only then we will release the frozen particles.

Definition 4.2 (Good clusters). Let D, h̃ be two fixed integers to be specified later.

We say that A(t) is good if the following conditions hold:

(i) all levels of the cluster apart from the top D ones are completely filled, and

(ii) all the frozen particles in F (t) are at least at distance h̃ from the boundary

of the cluster. More precisely, if hF := max{y : (x, y) ∈ F (t) for some x ∈
G}, with the convention that hF = 0 if F (t) = ∅, then we ask that A(t) is

completely filled up to height hF + h̃.

Condition (ii) is easy to ensure: it suffices to release enough extra particles.

Indeed, if h0 denotes the maximal initial height among the two initial configurations,

then3 all frozen particles will be at height at most h0, i.e. hF ≤ h0. It follows that

(ii) holds as long as the cluster is completely full at least up to height h0 + h̃. This

is in turn guaranteed if the cluster contains at least (h0 + h̃+D)N particles above

level zero, and (i) holds. We conclude that if n0 ≤ (h0 + h̃ + D)N it suffices to

release extra (h0 + h̃ + D)N particles to ensure that as soon as (i) holds then also

(ii) holds. Condition (i) requires more work, and we discuss it in detail in the next

section.

We will show that, after releasing enough extra particles, the cluster becomes

good. At this point we release the frozen particles in pairs. If their distance h̃ from

the boundary of the clusters if large enough, then any pair of frozen particles has

a positive probability to couple before one of them exits its cluster. Since we have

at most d pairs of frozen particles, they will all couple with positive probability, in

3Note that frozen particles can only occupy locations in A(0)∆A′(0) by definition of the freezing
coupling. In particular, once the two clusters match no further freezing occurs.
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which case the final IDLA clusters match, and the forget time has occurred. If, on

the other hand, a pair fails to couple, then after releasing all the frozen particles

we end up with two IDLA clusters of the same cardinality, differing by at most 2d

particles. We can thus restart the coupling.

The method described above works well, but we can do better. To see this, note

that the first matching time of two IDLA processes evolved with freezing coupling

coincides with the first time both clusters contain the subset of vertices A(0)∆A′(0).

Indeed, freezing can only happen at locations in this set, and hence once the set

is filled the clusters must match. Moreover, A(0)∆A′(0) is itself contained in the

rectangle {(v, y) : y ≤ h0}, so, as long as the two clusters contain such rectangle,

they must match. But conditions (i)-(ii) force the clusters to contain the even larger

rectangle {(v, y) : y ≤ h0 + h̃}. It follows that, instead of waiting for the two clusters

to match and then wait for them to become good, we can instead simply evolve both

clusters according to the freezing coupling, and wait until the first time they become

good: when they do, they must also match.

To implement this strategy, starting with initial clusters A(0), A′(0) we release

(h0 + h̃+D)N particles (h̃, D to be chosen later) while using the freezing coupling.

This increases the initial height of the configurations by at most (h0 + h̃ + D)N .

Starting from the new height, we then need to bound the time it takes for the

clusters to become good, i.e. for (i) to hold. This is the object of the discussion in

the next section.

4.3 The discrepancy decay phase

In order to formalise condition (i) in the previous section, it is useful to introduce

the notion of dicrepancy.

Definition 4.3 (Discrepancy). Let A be a connected cluster in CG satisfying (4.1).

We define the discrepancy of A, denoted by δ(A), as the distance between the lowest
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empty site and the highest vertex in the cluster. More precisely,

δ(A) := h(A)−min{y : (v, y) /∈ A for some v ∈ G}+ 1

(note that δ(A) = h(AS), where AS denotes the shifted version of A).

h(A)δ(A)

A

Figure 4.2: Summary of notation.

Then (i) could have been equivalently stated as

(i) the discrepancy of the cluster is at most D.

In this section we focus on one single IDLA process, that we keep on calling (A(t))t≥0,

and obtain bounds on the random time

T := inf{t ≥ 0 : δ(A(t)) ≤ D}

as a function of the initial height. We use different methods to control the dis-

crepancy, according to whether the density of the cluster is low or high, where the

density of the cluster is defined as the proportion of occupied vertices in the smallest

rectangle containing the cluster above level 0. When the cluster has low density, the

discrepancy might decay quite slowly (for example, for a configuration consisting

of a column of height δ, in order to fill one level we might have to release up to

δ(N − 1) + 1 particles). On the other hand, since there are many empty sites below

the top level, it is very unlikely for the cluster to increase its height. This suggests

that the density of the cluster increases on average, and so the cluster quickly be-

comes of high density. Once this happens, we can control the number of empty sites
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below the top level of the cluster, although we do not know their position. For the

discrepancy to decay below D, then it suffices to fill all these empty sites, while

making sure that the height of the configuration does not increase too much.

We distinguish between high and low density clusters by controlling the so called

excess height.

Definition 4.4 (Excess height). We call excess height of a cluster A the difference

between the minimal height and the actual height of A, i.e.

E(A) := h(A)− |A|
N
.

We say that a given configuration has high density if its excess height is bounded

by a constant C (to be chosen later), independent of the cardinality of the cluster.

Figure 4.3: Clusters with high excess height (left) and low excess height (right).

As a first step, we show in Lemma 4.1 that, for a suitable choice of C, the excess

height of a configuration drops below C quickly under the IDLA dynamics. Once

the excess height is controlled, also the number of holes (i.e. empty vertices) below

the top level is controlled. It only remains to fill those holes. To this end, we release

a deterministic number of extra particles, enough (to have a good chance to fill all

the holes) but not too many (not to increase the excess height too much). If we

filled all the holes we are done: the discrepancy must now be controlled. If we failed,

we again wait for the excess height to drop below a given constant, and iterate. We

will succeed after a Geometric number of i.i.d. attempts.
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4.3.1 Decay of excess height

The excess height is easier to control than the discrepancy. Indeed, as well as being

independent of the positions of the holes in the configuration, the excess height only

changes by a small amount at each step, thus allowing us to construct associated

supermartingales with bounded increments (see (4.6) below).

The following result controls the time it takes for the excess height to fall below

some given constant.

Lemma 4.1. Let (A(t))t≥0 denote an IDLA process on the infinite graph CG, and

assume that A(0) satisfies (4.1). For t ≥ 0 let E(t) := E(A(t)) denote the excess

height of A(t). Finally, recall that π denotes the stationary measure for a simple

random walk on the base graph G, and let

mπ := min
v∈G

π(v). (4.3)

Then for any η ∈ (0, 1) there exists a constant C = C(G, η,mπ) such that, if

S := inf{t ≥ 0 : E(t) < C}

denotes the first time that the excess height drops below C, then

P(S > t) ≤ e−
η2

32N2 t ,

for t large enough depending on C(G, η,mπ) and on the initial excess height E(0).

Remark. It is worth pointing out that knowing that the excess height is smaller

that C does not guarantee that (i) holds, since there could still be an empty site at

a very low level.

Lemma 4.1 is an easy consequence of the following result.

Lemma 4.2. Let Ft := σ{A(s) : s ≤ t}, and write h(t) in place of h(A(t)) for

brevity. Then for all η ∈ (0, 1) there exists an integer constant C(G, η,mπ) such
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that, while E(t) ≥ C, it holds

E(h(t+ 1)− h(t)|Ft) <
1− η
N

.

Proof. Pick any η ∈ (0, 1), which is kept fixed throughout the proof. Assume that

E(0) ≥ C, with C to be chosen later. Note that, while E(t) ≥ C, there are at least

C particles above level b|A(t)|/Nc.
We say that a level is bad if it contains at least one hole (i.e. empty site). It

follows that, if E(t) ≥ C, then there are at least C bad levels below (and including)

the top one h(t). Indeed, since h(t) ≥ |A(t)|
N

+ C then there are at least |A(t)|
N

+ C

levels in the cluster, and at most
⌊ |A(t)|

N

⌋
of them can be completely filled.

For each vertex x in G, let ν
(k)
x (x′) denote the probability that a simple random

walk on CG, starting from (x, 0), reaches level k for the first time at (x′, k), for

x, x′ ∈ G. Let

lG := inf
{
n ≥ 1 : min

x,x′∈G
ν(n)
x (x′) ≥ mπ

2

}
. (4.4)

In words, lG is the lowest level such that a simple random walk starting at level

zero has probability at least mπ/2 to reach that level for the first time at any given

vertex, uniformly over the starting location.

Since there are at least C bad levels, we can find at least C
lG

bad levels at distance

at least lG one from the other. We treat these bad levels as traps. More precisely,

for the driving random walk to increase the height of the configuration, the walker

has to survive all the bad levels without falling into a hole, until it reaches the

top. Since we are taking the bad levels sufficiently far apart, the walk has time to

mix in between, so it gets to each bad levels for the first time at an approximately

π–distributed point. It follows that it has probability at least mπ/2 to fall into a

hole. By taking enough bad levels, then, we can make the probability for a walker

to survive all of them arbitrarily small.

Formally, since at each bad level the walker has probability at least mπ
2

to fall
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lG

Figure 4.4: An example of the trajectory of a driving random walk surviving all the
bad levels at distance at least lG one from the other.

into a hole, we have

P(h(t+ 1)− h(t) = 1|Ft) ≤
(

1− mπ

2

)C/lG
. (4.5)

Clearly, by choosing C large enough (depending on G, η,mπ) we can make sure that

the right hand side is smaller than 1−η
N

, which concludes the proof.

Proof of Lemma 4.1. Let n0 := |A(0)|. It follows from Lemma 4.2 that

M(t) := h(t)− n0 + (1− η)t

N
, t ≥ 0

is a supermartingale up to the stopping time S. Moreover

|M(t+ 1)−M(t)| ≤ |h(t+ 1)− h(t)|+ 1− η
N
≤ 2 (4.6)

for all t < S. Finally, using that |A(t)| = n0 + t we see that

{E(t) > C} =
{
h(t)−

⌈n0 + t

N

⌉
> C

}
⊆
{
M(t) > C +

η

N
t
}
.
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It therefore follows from Azuma’s inequality that

P(S > t) ≤ P
(
E(t) > C

)
= P

(
M(t)−M(0) > C +

η

N
t−M(0)

)
≤ exp

{
− (C + ηt/N −M(0))2

8t

}
≤ exp

{
− η2

32N2
t
}
,

where the last inequality holds for t large enough so that ηt
2N

> M(0)−C = E(0)−
C.

It is useful to understand how the above time S depends on the initial excess

height of the configuration.

Corollary 4.1. Let (A(t))t≥0 denote an IDLA process on the infinite graph CG, and

assume that A(0) satisfies (4.1). Then for λ small enough (depending only on η,N)

it holds

E
(
eλS
)
≤ ĉ(λ) exp

{
2Nλ

η
(E(0)− C)

}
,

with C as in Lemma 4.1, and ĉ(λ) = ĉ(λ, η,N) := 1 + λ
η2

32N2−λ
.

Proof. In Lemma 4.1 we have shown that

P(S > t) ≤ e−
η2

32N2 t for all t ≥ 2N

η
(E(0)− C).

It follows that, as long as λ < η2/32N2, integrating by parts we find

E(eλS) =

ˆ ∞
0

eλt
d

dt

(
− P(S > t)

)
dt ≤ 1 +

ˆ ∞
0

λeλtP(S > t)dt

≤ 1 +

ˆ 2N
η

(E(0)−C)

0

λeλtdt+

ˆ ∞
2N
η

(E(0)−C)

λe−
(

η2

32N2−λ
)
tdt

= eλ
2N
η

(E(0)−C)

[
1 +

λ
η2

32N2 − λ

]
,

as claimed.

Remark. Lemma 4.1 implies that the associated shifted Markov chain (4.1) is

positive recurrent, thus proving Proposition 4.1. Indeed, since the chain consists of

one communicating class, to see this it suffices to show, for example, that the flat
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configuration A0 = {(x, y) ∈ CG : y ≤ 0} is positive recurrent. This corresponds to

the cluster being a perfect rectangle in the associated IDLA process. Let (A(t))t≥0

be an IDLA process with A(0) = A0, and define T0 to be the first time t such that

A(t) = {(x, y) ∈ CG : y ≤ k} for some k ≥ 1 (we call such configurations perfect

rectangles). Here is a wasteful way to show that EA0(T0) <∞. Let C = C(G, η,mπ)

be the integer constant in Lemma 4.1. Starting from A0, release CN particles: with

probability at least m−CNπ , mπ defined as in (4.3), the final configuration will be

a perfect rectangle. If not, then the excess height has increased by at most CN .

We keep releasing particles until the excess height falls again below C: this takes

a random time with exponential tails, and hence finite expectation, by Corollary

4.1. Once the excess height is at most C, there are at most CN holes below the

top level in the configuration. We release as many particles as the number of holes

below the top level: with probability at least m−CNπ the final configuration will be

a perfect rectangle. If not, the excess height is at most C + CN : we again wait

for it to fall below C, and iterate. After at most a Geometric(m−CNπ ) number of

attempt, the final configuration will be a perfect rectangle. Each attempt takes CN

releases, plus the time it takes for the excess height to fall below C starting from

C + CN , which has exponential tails. Thus, using for example Wald’s identity, we

conclude that the total time it takes to go from A0 back to a flat configuration has

finite expectation. This shows that the shifted chain is positive recurrent, therefore

proving Proposition 4.1.

4.3.2 Filling the holes

At the stopping time S we have a cluster A(S) with excess height at most C, for

C = C(G, η,mπ) as in the statement of Lemma 4.1. Note that, by definition, if

the excess height decreases then it decreases by 1/N . Since it must have decreased

between time S − 1 and S by minimality of S, and it starts from E(0) multiple of

1/N , we must have E(S) = C. This implies that there are exactly CN holes below
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the top level {(x, y) : y = h(S)}. Indeed, if |A(0)| = n0 then |A(S)| = n0 + S, and

h(S) = E(S) +
n0 + S

N
= C +

n0 + S

N
,

thus there are h(S)N − (n0 + S) = CN holes up to (and including) the top level

h(S).

Observe that each time we add a new particle to the cluster the lowest hole has

probability at least mπ to become filled (independently of everything else). Hence it

will take at most a Geometric number of releases of parameter mπ to fill the lowest

hole. In total, then, it will take at most the sum of CN i.i.d. Geometric(mπ) to fill

all the holes up to the top level of A(S). Some care is needed, though: we cannot let

the excess height increase too much while releasing these extra particles. To ensure

this we proceed as follows.

Let (Gi)
CN
i=1 be a collection of i.i.d. Geometric(mπ) random variables. For any

ε > 0, then, we can find D = D(C,N,mπ, ε) such that

P
( CN∑

i=1

Gi > D

)
< ε . (4.7)

It follows that if we release D particles then we have probability at least 1 − ε to

fill all the holes below the top levels in A(S). If we fail, then the excess height has

increased by at most D. If D > C, then, we keep on releasing particles until the

excess height falls again below C. When this happens we are again in the situation of

having exactly CN holes below the top level. We can therefore iterate the previous

procedure by releasing D particles: with probability at least 1 − ε we fill all the

holes, and otherwise we wait for the excess height to fall again below C and restart.

After a Geometric(1− ε) number of attempts we will have filled all the holes below

the top level, which implies that the resulting cluster will have discrepancy at most

D.

The next proposition is the main result of this section, and it tells us that the

discrepancy falls below D quickly.
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Proposition 4.3. Let (A(t))t≥0 denote an IDLA process on the infinite graph CG.

Assume that A(0) satisfies (4.1), and that E(0) = C − 1, with C as in Lemma 4.1.

Let δ(t) := δ(A(t)) denote the discrepancy of A(t). Recall the definition of D from

(4.7), and assume that δ(0) > D. Recall that

T = inf{t ≥ 0 : δ(t) ≤ D}.

Then there exist λ∗ = λ∗(ε, C,D) > 0 and an explicit constant c = c(ε, λ∗, C,D)

such that

P(T > t) ≤ c e−λ
∗t . (4.8)

Proof. Define the following random times:

τ0 := 0,

τk := inf{t ≥ τk−1 +D : E(t) < C} , k ≥ 1,

sk := τk − (τk−1 +D) , k ≥ 1.

Then, by definition, at times τi there are at most CN holes below the top level. As

already observed, the number of releases needed to fill all these holes is stochastically

dominated by the sum of CN i.i.d. Geometric(mπ), so (4.7) implies that at times

τi + D we have filled all the holes with probability at least 1 − ε. If this happens,

then δ(τi + D) ≤ D, and we stop. Otherwise E(τi + D) ≤ C + D, and we start

again. Let

K := min{k ≥ 0 : δ(τk +D) ≤ D}

denote the number of attempts needed to succeed. Then K � Geometric(1 − ε),
where � denotes stochastic domination. Note that the times si’s are not in general

identically distributed, since si denotes the time it takes for the excess height to fall

below C, starting from E(τi−1 + D) ≤ C + D. Since we are only interested in an

upper bound for T , though, we can make them i.i.d. simply by assuming that they
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always start from excess height C +D. More precisely, let

ŝ := inf{t ≥ 0 : E(t) < C starting from E(0) = C +D}, (4.9)

and let (ŝi)i≥1 be a sequence of i.i.d. random variables equal in law to ŝ. Then we

have that

T � KD +
K∑
i=1

ŝi.

We use this to estimate the moment generating function of T . For λ ∈ R, set

M(λ) := E(eλŝ). We have

E(eλT ) ≤ E
[

exp
{
λ
(
KD +

K∑
i=1

ŝi

)}]

=
∞∑
k=1

E
[

exp
{
λ
(
kD +

k∑
i=1

si

)}
1(K = k)

]
≤ 1− ε

ε

∞∑
k=1

[
eλDM(λ)ε

]k
,

(4.10)

where the first equality above follows from the Monotone Convergence Theorem.

Note that the term in the square brackets is a continuous function of λ, and it

converges to ε < 1 as λ→ 0. It follows that there exists λ∗ = λ∗(ε, C,D) > 0 small

enough so that the above series converges. This, together with Markov’s inequality,

yields

P(T > t) ≤ e−λ
∗tE(eλ

∗T ).

The inequality (4.8) then follows by setting c = c(ε, λ∗, C,D) to be the last term in

the chain of inequalities (4.10).
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4.4 Releasing the frozen particles

Let A(0) = A′(0) be two matching IDLA clusters satisfying (i)-(ii) of Definition 4.2,

i.e. such that

δ(A(0)) ∨ δ(A′(0)) ≤ D, A(0) ∩ A′(0) ⊇ {(x, y) : x ∈ G, y ≤ h0 + h̃},

and let F (0) ⊆ A(0), F ′(0) ⊆ A′(0) denote the sets of frozen particles, with

|F (0)| = |F ′(0)| = d, F (0) ∩ F ′(0) = ∅, F (0) ∪ F ′(0) ⊆ {(x, y) : x ∈ G, y ≤ h0}.

Note that the last condition above implies that all frozen particles are at distance

at least h̃ from the boundary of the clusters. We now want to release the frozen

particles in pairs, coupled so as to maximise the probability of them to exit the

clusters at the same location.

Since we have very little information about the location of the particles, we

choose an arbitrary pairing. More precisely, we label the elements of F (0), F ′(0) by

F (0) = {(v1, y1), . . . , (vd, yd)}

F ′(0) = {(v′1, y′1), . . . , (v′d, y
′
d)}.

At each step, we release two simple random walks ωi and ω′i from (vi, yi) and (v′i, y
′
i)

in A(i− 1) and A′(i− 1) respectively. The walks are coupled as follows: if yi > y′i,

then ωi stays in place until ω′i reaches level yi. From the first time the two walks

are at the same level yi, they take the same steps in the y coordinate, while moving

independently in the first coordinate. Since the first coordinate performs a lazy

walk, there is a positive chance for ωi and ω′i to meet before exiting the rectangle of

height h0 + h̃. If they meet, they stick together until they exit the clusters.4

4If the paired walks fail to meet before one of them exits the cluster, we can use the freezing
coupling to keep the clusters matching. If the clusters continue to match, then if two paired frozen
particles couple before exiting the rectangle of height h0 + h̃, they will exit their clusters in the
same location, and the cardinality of the symmetric difference between the final IDLA clusters will
decrease by 2. On the other hand, this is only useful if d is very large. We choose not to discuss
this case here, and ask all pairs of frozen particles to couple.
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Let pi denote the probability that ωi and ω′i couple before either ωi exits A(i−1)

or ω′i exits A′(i− 1). Then

min
i≤d

pi ≥ p̃, (4.11)

for some p̃ = p̃(h̃, G). We therefore conclude that

P(all pairs couple) ≥ p̃d. (4.12)

Remark. Clearly, the choice of evolving the paired driving random walks inde-

pendently until they either meet or they exit the respective clusters is not optimal.

Instead, one could use more clever couplings based on the geometry of the base graph

G. In Section 4.6 we will discuss the case of the base graph being the N–cycle, i.e.

G = ZN with symmetric driving random walks.

At the end of this procedure we are left with two matching clusters with discrep-

ancy at most D+d, together with two disjoint sets of frozen particles of cardinality

at most d. Note that all frozen particles are at distance at most D+ d from the top

level of their respective clusters.

4.5 Putting all together

We can finally conclude our discussion by proving Theorem 4.1. Let A(0), A′(0)

denote two IDLA clusters with |A(0)| = |A′(0)| = n0 and |A(0)∆A′(0)| = 2d, and

let (A(t))t≥0, (A′(t))t≥0 be two IDLA processes on the cylinder graph CG starting

from A(0), A′(0) respectively. Recall from the statement of Theorem 4.1 that T

denotes the first time the two clusters match, that is A(T ) = A′(T ) and there

are no frozen particles. We prove the theorem by explaining how we can couple

together the IDLA processes so that the stopping time T has exponential tails.

Our coupling is divided into a random number of trials, each consisting of the extra

releases phase, the discrepancy decay phase and the release of the frozen particles.

If at the end of a trial the clusters do not match, we declare the trial unsuccessful

and proceed with the next one.
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Remark. It is important to note that all our estimates for the length of each

trial depend on d, and on the initial height of the clusters. At the beginning of

the first trial we have h(A(0)) ∨ h(A′(0)) =: h0, which is prescribed by the initial

configurations. Note that, on the other hand, at the end of a trail we are left with

two clusters with the same number of particles, both of discrepancy at most D+ d.

We can therefore shift both clusters down in the vertical direction by the same

number of rows, so that at least one of the two has an empty site at level 1. This

clearly does not change the law of the process, and it has the advantage of making

the initial height for all subsequent trials at most D + d. We perform this shifting

procedure at the start of each trial without further mention.

4.5.1 The coupling

The first phase consists of a deterministic number of extra releases while using the

freezing coupling. Let

e1 = (h0 + h̃+D)N,

ei = (h̃+ 2D + d)N, i ≥ 2.

At the beginning of each trial i we release enough extra particles to ensure that both

clusters contain ei particles above level 0 (note that e1 > h0 and ei > D+d for i ≥ 1).

This guarantees that when the discrepancy of the cluster falls below D all the frozen

particles are at least at distance h̃ from the boundary of the cluster. Clearly, this

requires at most ei + d releases for each trial i ≥ 1 (the d extra releases come from

the fact that up to d releases could result in freezing). Recall now the definition of

the constant C = C(G, η,mπ) from Lemma 4.1, and define D̄ = D̄(C + d,N,mπ, ε)

as in (4.7) with C + d in place of C, i.e. such that

P
( (C+d)N∑

i=1

Gi > D̄

)
< ε . (4.13)

Consistently with the notation used in the previous sections, define the following
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random times.

- Let S1 be the time it takes, under IDLA dynamics, for the excess height to

fall below C, starting from excess height e1 + d.

- For i ≥ 2, let Si be the time it takes, under IDLA dynamics, for the excess

height to fall below C, starting from excess height ei + d.

- For i ≥ 1, let T̄i be the time it takes, under coupled IDLA dynamics, for the

discrepancy of both clusters to fall below D, starting from excess height C+d.

Note that, for each trial k ≥ 1, after the initial extra releases the two clusters contain

at most ek + d particles above level 0, and so they trivially have excess height at

most ek + d. We then keep on releasing extra particles while using the freezing

coupling, and wait for the excess height to fall below C. This takes Sk releases for

each cluster. Since at most d releases will result in a freezing step, to make sure the

excess height has fallen below C we in fact release Sk + d particles. Thus the final

excess height is at most C + d in both clusters. Note that by Lemma 4.1 we know

that Sk has some exponential moments for all k ≥ 1, and in fact by Corollary 4.1

we have

E(eλS1) ≤ ĉ(λ) e
2Nλ
η

(e1+d−C),

E(eλSk) ≤ ĉ(λ) e
2Nλ
η

(ek+d−C), k ≥ 2
(4.14)

as long as λ < η2/32N2, with ĉ(λ) = 1 + λ
(

η2

32N2 − λ
)−1

as in Corollary 4.1.

Once the excess height is controlled, we keep on releasing particles while using

the freezing coupling until the discrepancy falls below D. As explained in the

previous section, we do so by trying to fill all the holes below the top level in the

cluster and, in case of failure, waiting again for the excess height to fall below C,

to then iterate. This takes at most T̄k steps. We remark that, since we are now

considering two coupled clusters, we have to take into account that freezing might

occur. To this end, at each stage we release extra d particles. Exactly the same

proof of Proposition 4.3 with C + d and D̄+ d in place of C,D then shows that, as
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in (4.10), for all k ≥ 1 it holds

E(eλT̄k) ≤ 1− ε
ε

∞∑
j=1

[
eλ(D̄+d)M(λ)ε

]j
= (1− ε) eλ(D̄+d)M(λ)

1− eλ(D̄+d)M(λ)ε
(4.15)

for all λ < λ∗, where λ∗ = λ∗(ε, C, D̄) has been defined in Proposition 4.3, and

M(λ) = E(eλŝ) is the moment generating function of the random time ŝ defined in

(4.9).

Finally, let p̃ be defined as in (4.12). We remind the reader that p̃ is a lower

bound for the probability that any two frozen particles couple upon release, uniform

over all pairs of starting points. Then each trial has success probability at least p̃d.

It follows that the random number of trials needed for the two IDLA processes to

couple is stochastically dominated by a Geometric random variable K of parameter

p̃d, independent of everything else. Putting all together, then, we have

T �
K∑
i=1

[
ei + Si + T̄i + 2d

]
.

This shows that, for λ small enough (so that all quantities below are finite),

E(eλT ) ≤
∞∑
k=1

e2λkd E
[

exp
{
λ

k∑
i=1

(ei + Si + T̄i)
}]

(1− p̃d)k−1p̃d

= eλ(2d+e1)

∞∑
k=1

eλ(k−1)(2d+e2) E(eλS1)E(eλS2)k−1E(eλT̄1)k(1− p̃d)k−1p̃d

= eλ(2d+e1)E(eλS1)E(eλT̄1)p̃d
∞∑
k=1

[
eλ(2d+e2) E(eλS2)E(eλT̄1)(1− p̃d)

]k−1

≤ C (λ)
∞∑
k=1

[
eλ(2d+e2)ĉ(λ)e

2Nλ
η

(e2+d−C)(1− ε) eλ(D̄+d)M(λ)

1− eλ(D̄+d)M(λ)ε
(1− p̃d)

]k−1

(4.16)

with

C (λ) := eλ(2d+e1)ĉ(λ)e
2Nλ
η

(e1+d−C)p̃d(1− ε) eλ(D̄+d)M(λ)

1− eλ(D̄+d)M(λ)ε
.

Since the term in the square brackets in (4.16) is continuous in λ, and it converges
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to 1− p̃d < 1 as λ↘ 0, there exists λ̄ > 0 such that the above series converges for

all λ ≤ λ̄. It follows that Theorem 4.1 holds with C̄ equal to the right hand side of

(4.16).

4.6 Example: the N–cycle

In this section we specialise to the case G = ZN := Z/(NZ), that is we take the

base graph to be a cycle on N vertices. This is the model analysed in [JLS14b],

where the authors let N → ∞ and look at the fluctuations of the limiting cluster

around its asymptotic deterministic shape.

The aim of this section is to understand how the decay rate of T depends on

N , the size of the base graph, as N grows. The discussion below is intended to hold

for N large enough.

Figure 4.5: IDLA cluster on ZN × Z (simulation by Tom Holding).

Notation

For sequences of non–negative real numbers (aN)N≥0 and (bN)N≥0, write aN =

O(bN) if limN→∞
aN
bN

<∞, and write aN � bN if both aN = O(bN) and bN = O(aN).
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Let A(0), A′(0) be two initial IDLA configurations. Recall that

h0 := h(A(0)) ∨ h(A′(0)),

|A(0)∆A′(0)| = 2d.

We stress that, while in the previous section h0 and d where thought of as being

constant, they are now allowed to depend on N , although we choose not to make

this explicit in the notation.

Let us now compute the quantities that appear in (4.16), or better we are only

interested in their asymptotic behaviour as N →∞.

We have G = (V,E) with V = {1, 2, . . . , N}, E = {(i, i + 1), 1 ≤ i ≤ N − 1} ∪
{(1, N)}. Note that the graph might be periodic: to break periodicity, we assume

the driving simple random walks on ZN×Z to be lazy. It turns out to be convenient

to make the driving walks only lazy in the horizontal coordinate: more precisely, we

assume that they make a step in the horizontal direction with probability 1/4, stay

in place with probability 1/4 and move in the vertical direction otherwise. This

induces a
(

1
2

)
–lazy simple random walk on the base graph G = ZN when looking

at the walk only when it does not move in the vertical direction. The stationary

measure of such projected walk on G is clearly the uniform one, π(v) = 1/N for all

v ∈ V , and so mπ = 1/N .

Recall from (4.4) that lG denotes the lowest height such that when a simple

random walk on ZN × Z starting at level 0 reaches that height, it has probability

at least 1/2N to be at any given vertex, i.e.

lG := inf
{
n ≥ 1 : min

1≤i,j≤N
ν

(n)
i (j) ≥ 1

2N

}
.

Lemma 4.3. Let G = ZN . Then, for N large enough, lG ≤ N logN .

Proof. Let ω = (x(t), y(t))t≥0 be a simple random walk on CG starting from (0, 0),

and denote by τk the first hitting time of level k, i.e.

τk := inf{t ≥ 0 : y(t) = k}.
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We are interested in computing the law of x(τk) explicitly. To this end, recall from

[LL10] that for (x, y) ∈ Z2 the potential kernel a(x, y) is defined as

a(x, y) :=
∞∑
n=0

[
P(0,0)((x(n), y(n)) = (0, 0))− P(0,0)((x(n), y(n)) = (x, y))

]
.

Let ∆Z2 denote the discrete Laplacian on Z2, i.e. ∆Z2f(x, y) := 1
4

[
f(x+1, y)+f(x−

1, y) + f(x, y + 1) + f(x, y − 1)
]
− f(x, y) for any function f : Z2 → R. Then it is

easy to check that

∆Z2a(x, y) =

1, if (x, y) = (0, 0),

0, otherwise.

We claim that for i ∈ {0, 1, . . . , N − 1} and any k ≥ 1, it holds

P(0,0)(x(τk) = i) =
1

4

∑
j∈Z

[
a(jN + i, k + 1)− a(jN + i, k − 1)

]
. (4.17)

Indeed, define f(i, k) := P(0,0)(x(τk) = i) for i, k as above, and extend it to the

interior of the upper half plane by periodicity in the first coordinate. Further, set

f(i, 0) = 0 for all i ∈ Z. Then it is easily checked that f(i, k) equals the r.h.s. of

(4.17) for all j ∈ Z, k ≥ 0, as the two functions have the same discrete Laplacian

and boundary values. Since f(i, k) coincides with P(0,0)(x(τk) = i) for k > 1 and

0 ≤ i ≤ N − 1, the claim follows.

We now use the asymptotic expansion for the potential kernel

a(x, y) =
1

π
log(x2 + y2) + c+O

( 1

x2 + y2

)
,

for c absolute constant, to get, for k,N � 1,

a(jN+i, k+1)−a(jN+i, k−1) = log
(

1+
4k

(jN + i)2 + (k − 1)2

)
+O

( 1

(jN)2 + k2

)
.
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Note that ∑
j∈Z

O
( 1

(jN)2 + k2

)
≤ O

( 1

k2

)
+O

( 1

N2

)
for k,N � 1. It follows that

P(0,0)(x(τk) = i) =
∑
j∈Z

log
(

1 +
4k

(jN + i)2 + (k − 1)2

)
+O

( 1

k2

)
+O

( 1

N2

)
.

Splitting the sum in the right hand side into jN ≤ k − 1 and jN > k − 1 we then

see that, as long as k � N ,

∑
j∈Z

log
(

1 +
4k

(jN + i)2 + (k − 1)2

)
� 1

k

k

N
+

2k

N2

∑
j>k/N

1

j2
� 1

N
,

where we have used the asymptotic estimate
∑

j≥n
1
j2
� 1

n
. It follows that5 for

k = N logN and N large enough, it holds

1

2N
≤ P(0,0)(x(τk) = i) ≤ 3

2N
(4.18)

for all 0 ≤ i ≤ N − 1. Thus lG ≤ N logN for N large enough.

Fix η = ε = 1/2 (the precise value of η and ε does not play any role, as long

as 0 < η, ε < 1). To compute the constant C = C(N) of Lemma 4.2, by (4.5) we

impose (
1− 1

2N

)C/lG ≤ 1− η
N

=
1

2N
,

which, for N large enough, is equivalent to e−C/2NlG ≤ 1
2N

. Using that lG ≤ N logN ,

we see that it suffices to take

C = 4N2 log2N.

Finally, to compute the constant D̄ = D̄(d,N) in (4.13), we take a collection

5In fact (4.18) holds for any k � N , but we do not try to optimise the logarithmic factor at
this stage.
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(Gi)
(C+d)N
i=1 of i.i.d. Geometric(1/N) random variables, and ask that6

P
( (C+d)N∑

i=1

Gi > D̄

)
<

1

2
.

Since P
(∑(C+d)N

i=1 Gi > D̄
)
≤ (C+d)NE(G1)

D̄
= (C+d)N2

D̄
, it suffices to ask that D̄ >

2(C + d)N2, say

D̄ = 4(C + d)N2. (4.19)

If d = O(N2), for example, we could take D̄ = 16N4 log2N . It remains to compute

h̃, the minimum distance of the frozen particles from the boundary of the cluster,

and p̃, the minimum over all pairs of frozen particles of the probability that they

couple before one of them exits the cluster, cf. (4.11).

Let ω = (x(t), y(t))t≥0 and ω′ = (x′(t), y′(t))t≥0 denote two lazy simple random

walks on ZN×Z, and assume that y(0)∨y′(0) ≤ h0. We want to couple the walks so

as to maximise the probability that they meet before one of them exits the rectangle

of height h0 + h̃ (h̃ to be determined). Assume that y(0) > y′(0) without loss of

generality. We couple the trajectories of the walks ω, ω′ as follows. We let ω′ evolve

until it first reaches the level y(0), while ω stays in place.

y′(0)

y(0)

≥ h̃

Figure 4.6: A schematic illustration of the coupling.

If

t∗ := inf{t ≥ 0 : y′(t) = y(0)},
6Note that here there is room for improvement: we are only asking to each released particle to

fill the lowest hole, but we could do much better.
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then at time t∗ the two walks have coupled in the y coordinate, so we use the trivial

coupling in that coordinate to keep them matching:

y(t) = y′(t∗ + t), t ≥ 0.

Moreover, we couple the x coordinates by letting either x or x′ move at each horizon-

tal step, that is either xmoves and x′ stays in place or vice versa. Thus x(t)−x′(t∗+t)
is a (non–lazy) simple random walk on ZN . Let τx denote the first time at which

the two walks ω, ω′ match in the x coordinate, i.e.

τx := inf{t ≥ 0 : x(t) = x′(t∗ + t)}.

We denote by Pi,j the joint law of ω(·) and ω′(t∗ + ·) under the above coupling,

and let τ y
h̃

be the first hitting time of level y(0) + h̃ ≤ h0 + h̃, i.e.

τ y
h̃

:= inf{t ≥ 0 : y(t) = y′(t∗ + t) = y(0) + h̃}.

Then, if ω̂ = (x̂(t), ŷ(t))t≥0 is an auxiliary (non–lazy) simple random walk on the

cylinder graph, independent of everything else, starting at (j, 0) under P̂j, and τ̂k

denotes the first time ω̂ reaches level k, we have7

1− p̃ ≤ max
1≤i≤N

P̂i
(
x̂(t) 6= 0 for all t ≤ τ̂h̃

)
≤ max

1≤i≤N
P̂i(x̂(τ̂2) 6= 0)P̂x(τ̂2)(x̂(τ̂4) 6= 0) · · · P̂x(τ̂h̃−2)(x̂(τ̂h̃) 6= 0)

≤
(

max
1≤i≤N

P̂i(x̂(τ̂2) 6= 0)

)h̃/2
=

(
1− min

1≤i≤N
P̂i(x̂(τ̂2) = 0)

)h̃/2
.

(4.20)

7Assume that h̃ is even without loss of generality.
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Using again the explicit formula (4.17) for the distribution of x̂(τ̂2), we find8

min
1≤i≤N

P̂i(x̂(τ̂2) = 0) = P̂N/2(x̂(τ̂2) = 0) =
∞∑
j=0

[
a
(
jN +

N

2
, 3
)
− a
(
jN +

N

2
, 1
)]

=
∑

j∈Z\{0}

log

(
1 +

8

(j + 1
2
)2N2 + 1

)
+O

( 1

N2

)
�

∑
j∈Z\{0}

1

(j + 1
2
)2N2 + 1

+O
( 1

N2

)
≥ c

N2

for some absolute constant c > 0 and N large enough. Finally, plugging this into

(4.20) we obtain

1− p̃ ≤
(

1− c

N2

)h̃/2
for N large enough. To have p̃d bounded away from 0 as N →∞, we ask 1−p̃ ≤ 1/d.

To this end it suffices to choose h̃ such that

(
1− c

N2

)h̃/2
≤ 1

d
, (4.21)

i.e. h̃ ≥ 2
c
N2 log d. It follows that, for c′ = 2/c absolute constant, we can choose

h̃ = c′N2 log d.

Note in particular that h̃� D̄ as N →∞.

It only remains to plug all the above estimates in (4.16), to deduce the value of

λ. Recall that (4.16) tells us that, with η = ε = 1/2,

E(eλT ) ≤ C (λ)
∞∑
k=1

[
eλ(2d+e2)ĉ(λ)e4Nλ(e2+d−C) eλ(D̄+d)M(λ)

2− eλ(D̄+d)M(λ)
(1− p̃d)

]k−1

, (4.22)

with

C (λ) := eλ(2d+e1)ĉ(λ)e4Nλ(e1+d−C)p̃d
eλ(D̄+d)M(λ)

2− eλ(D̄+d)M(λ)
,

8Assume that N is even for simplicity of notation. This entails no loss of generality, since we
are only concerned with the asymptotic behaviour as N →∞.
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as long as λ is small enough so that eλ(D̄+d)M(λ) < 2. Above, M(λ) = E(eλŝ), for

ŝ defined as in (4.9) with D̄ in place of D. In particular, by Corollary 4.1 with

E(0) = D̄ + C we have

M(λ) ≤ ĉ(λ)e4NλD̄,

as long as λ < 1/128N2. Moreover, ĉ(λ) → 1 as λ → 0, as so ĉ is bounded by an

absolute constant for λ small enough. It follows that in order to have eλ(D̄+d)M(λ) <

2 it suffices to take λ� 1/(D̄N + d) as N →∞. This also ensures that

ĉ(λ)
eλ(D̄+d)M(λ)

2− eλ(D̄+d)M(λ)
→ 0

as N → ∞. Note further that 1− p̃d is bounded away from 1 as N → ∞. Indeed,

the inequality (4.21) guarantees that p̃ ≥ 1− 1/d, from which

p̃d ≥
(

1− 1

d

)d
,

which converges to e−1 if d� 1 as N →∞, and is clearly strictly smaller than 1 if

d = O(1). It follows that for the series (4.22) to be convergent it suffices to take λ

small enough so that

eλ(2d+e2)+4Nλ(e2+d−C) = O(1) (4.23)

as N →∞. Recalling that e2 = (h̃+ 2D̄+ d)N , we see that (4.23) holds as long as

λ = O
( 1

N2(D̄ + d)

)
(4.24)

as N →∞. In particular, if d = O(D̄) then by (4.19) we find

λ = O
( 1

N2D̄

)
= O

( 1

N4(C + d)

)
.

For example, if d = O(N2) then we find λ = O
( 1

N6 log2N

)
. If, on the other hand,

d� D̄ as N →∞, we find

λ = O
( 1

N2d

)
.
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In particular, as long as d is polynomial in N , we can choose λ to be some finite

inverse power of N . Finally, for λ satisfying (4.24) it is easily checked that

C (λ) ≤ e5λ[d+(h0+D̄)N2] (4.25)

for N large enough.

In conclusion, we have shown that there exists an absolute constant c > 0 such

that, for λ̄ =
c

N2(D̄ + d)
, we have

P(T > t) ≤ C̄ (λ̄)e−λ̄t,

where C̄ (λ̄) is the right hand side of (4.22) with λ = λ̄. It follows that, for any ε > 0

we can ensure that P(T > t) < ε as long as t is large enough so that C̄ (λ̄)e−λ̄t < ε.

This is in turn satisfied if

t >
1

λ̄

(
log C̄ (λ̄) + log

1

ε

)
. (4.26)

Note further that, with this choice of λ̄, the term inside the square brackets in (4.22)

converges to 0 as N → ∞. By summing the series, then, we see that for N large

enough the sum is bounded by an absolute constant c′ <∞. It follows that

C̄ (λ̄) ≤ c′C (λ̄) ≤ c′e5λ̄[d+(h0+D̄)N2]

by (4.25). This shows that (4.26) holds as long as

t > 10
[
d+ (h0 + D̄)N2

]
+

1

λ̄
log

1

ε
,

which is polynomial in N as long as both d and h0 are, and ε is at most exponential

in N .
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4.7 Further developments

The techniques we used in this chapter to bound the forget time on IDLA on cylinder

graphs are far from optimal. It would be very interesting to optimise the bound in

Theorem 4.1, even just for the particular case G = ZN treated in the above section.

For this N -cycle graph we believe the optimal bound to be close to N2, although

our techniques cannot get down to this order without substantial modifications. A

possible approach to improving our results could be to try to estimate the decay of

the discrepancy directly, without going through the excess height.

Another interesting question is to identify which notions of mixing can be con-

trolled by our methods. More precisely, note that the shifted IDLA chain lives on

an infinite state space, and we can make the forget time arbitrarily large simply

by picking suitably bad initial configurations (think about A(0), A′(0) consisting of

two disjoint, arbitrarily high columns). It follows that there is no hope of obtaining

an upper bound for the forget time of the chain which is uniform in all starting

configurations. On the other hand, some configurations are more likely then others,

and it is natural to take this into account when choosing the starting configurations

A(0), A′(0). This is the idea behind the definition of the reset time, due to Lovász

and Winkler [LW98], which is the minimum expected matching time for two coupled

shifted IDLA processes starting from two independent samples of the stationary dis-

tribution of the chain. Estimating the reset time of the shifted IDLA process is work

in progress [LS], and it requires to show that the stationary distribution gives high

probability to low height configurations (or, at least, that starting from stationarity

we get to a low height configuration quickly).

Finally, as mentioned in the introduction of the thesis, one could try to use our

mixing result together with the maximal fluctuation result by Jerison, Levine and

Sheffield [JLS14b] to show that the stationary distribution of shifted IDLA on the

cylinder graph ZN×Z gives high probability to configurations with height O(logN),

for N large enough. This is also work in progress.
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Appendix A

The local fluctuations result

A.1 Local fluctuations

In this appendix we prove the following local fluctuations theorem for HL(0) clusters.

Theorem A.1. Pick any t > 0, and let z = eia+σ, w = eσ for some a ∈ [−π, π),

σ > 0. Define ε = δ2/3 log(1/δ) as in Theorem 2.3, and assume that σ → 0 as

c→ 0, with limε→0

√
ε
σ

= 0. Then, as n→∞, nc→ t and σ → 0, it holds:

 log Φn(z)
z
− nc√

c log( 1
2σ

)
,

log Φn(w)
w
− nc√

c log( 1
2σ

)

 −→ (N1,N2)

in distribution, where (N1,N2) is a random vector with centred complex Gaussian

entries, and covariance structure given by

E(N1N2) =


1

1+α2 − α
1+α2

α
1+α2

1
1+α2

 ,

for α = limσ→0
a

2σ
∈ [0,∞], with the convention that 1

1+α2 = α
1+α2 = 0 when α =∞.

Theorem A.1 follows by the same arguments that lead to Theorem 3.1, consid-

ering now
Xσk,n(·)√
log( 1

2σ
)

in place of X σ
k,n(·). Under the assumption σ � √ε Lemmas
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2.3-2.4 still apply, so that Theorem 2.2 holds. Together with Proposition 2.2, this

shows that in the limit as σ → 0, n → ∞ and nc → t, real and imaginary part

of
log

Φn(eia+σ)

eia+σ −nc√
c log( 1

2σ
)

are asymptotically i.i.d. centred Gaussians, with limiting variance

given by

lim
σ→0

1

log
(

1
2σ

)[ 1

2π

ˆ σ+t

σ

ˆ π

−π

[
Re

(
e−iϑ+x + 1

e−iϑ+x − 1

)]2

dϑdx−t
]

= lim
σ→0

1

log
(

1
2σ

) log

∣∣∣∣1− e−2(σ+t)

1− e−2σ

∣∣∣∣ = 1 .

For two point correlation we reason as in Section 3.1.1, to gather that the limiting

covariance between Re
(

log
Φn(eia+σ)

eia+σ −nc√
c log( 1

2σ
)

)
and Re

(
log

Φn(eσ)
eσ

−nc√
c log( 1

2σ
)

)
is given by

lim
σ→0

1

log
(

1
2σ

)[ 1

2π

ˆ σ+t

σ

ˆ π

−π
Re

(
e−i(ϑ−a)+x + 1

e−i(ϑ−a)+x − 1

)
Re

(
e−iϑ+x + 1

e−iϑ+x − 1

)
dϑdx− t

]
=

= lim
σ→0

1

log
(

1
2σ

) log

∣∣∣∣1− e−2(σ+t)+ia

1− e−2σ+ia

∣∣∣∣ = lim
σ→0

log(1 + e−4σ − 2e−2σ cos a)

2 log 2σ
=

1

1 + α2

whenever a/2σ → α ∈ [0,∞], where the last equality is obtained by Taylor expand-

ing around a = 0, σ = 0. The same holds for imaginary parts correlation.

Finally, the asymptotic covariance between Re
(

log
Φn(eia+σ)

eia+σ −nc√
c log( 1

2σ
)

)
and Im

(
log

Φn(eσ)
eσ

−nc√
c log( 1

2σ
)

)
is given by

lim
σ→0

1

log
(

1
2σ

)[ 1

2π

ˆ σ+t

σ

ˆ π

−π
Re

(
e−i(ϑ−a)+x + 1

e−i(ϑ−a)+x − 1

)
Im

(
e−iϑ+x + 1

e−iϑ+x − 1

)
dϑdx− t

]
=

= lim
σ→0

1

log
(

1
2σ

)Arg

(
1− e−2(σ+t)+ia

1− e−2σ+ia

)
= lim

σ→0

1

log 2σ
arctan

(
sin a

cos a− e2σ

)
=

α

1 + α2

whenever a/2σ → α ∈ [0,∞], where the last equality is obtained by Taylor expand-

ing around a = 0, σ = 0. This concludes the proof of Theorem A.1.

A.2 Proof of Lemma 3.2

Fix any k ≤ bnsc and set for simplicity

Z1 = Zk,bntc(a), Z2 = Zk,bnsc(0), W1 = eia+σ+(bntc−k)c, W2 = eσ+(bnsc−k)c.
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Moreover, introduce the functions gϑ(z) = Re
(

log F (e−iϑz)
e−iϑz

)
, hϑ(z) = cRe

(
e−iϑz+1
e−iϑz−1

)
.

Then

E(Xk,bntc(a)Xk,bnsc(0)|Fk+1,bntc) =
1

2πc

ˆ π

−π
gϑ(Z1)gϑ(Z2)dϑ− c ,

and we have to show that∣∣∣∣ 1

2πc

ˆ π

−π
gϑ(Z1)gϑ(Z2)dϑ− 1

2πc

ˆ π

−π
hϑ(W1)hϑ(W2)dϑ

∣∣∣∣ ≤ C(t)cε

(σ + (bnsc − k)c)3
.

(A.1)

Trivially, the l.h.s. is bounded above by

1

2πc

ˆ π

−π

(
|gϑ(Z2)| · |gϑ(Z1)− hϑ(W1)|+ |hϑ(W1)| · |gϑ(Z2)− hϑ(W2)|

)
dϑ .

We bound each term separately. Recall the definition of E(m, ε), from which it

follows that

max
ϑ∈[−π,π)

{
|Zk,bntc(ϑ)| ∨ |Zk,bnsc(ϑ)|

}
≤ eσ+(bntc−k)c(1 + 2ε) ≤ 2et+2 = C(t) ,

min
ϑ∈[−π,π)

{
|Zk,bntc(ϑ)| ∧ |Zk,bnsc(ϑ)| − 1

}
≥ eσ+(bnsc−k)c(1− 2ε) ≥ σ + (bnsc − k)c

2

as long as n is large enough and σ � ε. We combine the above estimates with the

bounds in Corollary 2.2, to get

|gϑ(Z2)| ≤
∣∣∣∣ log

F (e−iϑZ2)

e−iϑZ2

− ce
−iϑZ2 + 1

e−iϑZ2 − 1

∣∣∣∣+ c

∣∣∣∣e−iϑZ2 + 1

e−iϑZ2 − 1

∣∣∣∣ ≤ Cc3/2|Z2|2
(|Z2| − 1)3

+
2c|Z2|
|Z2| − 1

≤ C(t)c3/2

(σ + (bnsc − k)c)3
+

C(t)c

σ + (bnsc − k)c
≤ 2C(t)c

σ + (bnsc − k)c

(A.2)

for n large enough. Similarly, we find

|hϑ(W1)| ≤ c

(
1 +

2

|W1| − 1

)
≤ c

(
1 +

2

σ + (bnsc − k)c

)
≤ C(t)c

σ + (bnsc − k)c
(A.3)

on the event E(m, ε) for, say, C(t) = t+ 3 and n large enough.
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In order to bound the remaining terms, observe that, by definition, on E(m, ε)

we have

max
ϑ∈[−π,π)

{∣∣Zk,bnsc(ϑ)− eiϑ+σ+(bnsc−k)c
∣∣ ∨ ∣∣Zk,bntc(ϑ)− eiϑ+σ+(bntc−k)c

∣∣} ≤ C(t) ε ,

from which we get |Z1 −W1| ≤ C(t)ε and |Z2 −W2| ≤ C(t)ε. Combining this with

Corollary 2.2 we finally obtain

|g(Z1)− h(W1)| ≤ |g(Z1)− h(Z1)|+ |h(Z1)− h(W1)|

≤ Cc3/2|Z1|2
(σ + (bnsc − k)c)3

+
2c|Z1 −W1|

(|Z1| − 1)(|W1| − 1)

≤ C(t)c3/2

(σ + (bnsc − k)c)3
+

C(t)cε

(σ + (bnsc − k)c)2

≤ 2C(t)cε

(σ + (bnsc − k)c)2

for n large enough. Similarly one shows that the same bound holds for |g(Z2) −
h(W2)|. Putting now this together with (A.2) and (A.3) gives (A.1).

The second statement of the lemma follows by the same arguments, and the

proof is omitted.

124



Appendix B

McLeish Central Limit Theorem

In this section we prove of Theorem 2.2. For convenience of the reader, and to fix

an easier notation, we recall the statement here.

Theorem B.1. Let Xk,n, k = 1 . . . n be a backwards martingale difference array

with respect to Fk,n := σ(Xk,n . . . Xn,n). Let Sk,n :=
∑n

j=kXj,n. Assume that:

(i) for all ε > 0,
n∑
k=1

X2
k,n1(|Xk,n| > ε)→ 0 in probability as n→∞,

(ii)
n∑
j=1

X2
j,n → σ2 in probability as n→∞, for some σ > 0.

Then Sn,n → N (0, σ2) in distribution as n→∞.

The proof of the above result follows the one of [McL74] with minor modifications

due to the fact that we are dealing with backwards martingales instead of forward

ones. We start with a simple preliminary result.

Lemma B.1 ([McL74]). Consider two collections of integrable random variables

(Tn)n∈N and (Un)n∈N satisfying the following:

(I) Un → a in probability as n→∞,

(II) (Tn), (TnUn) are Uniformly Integrable (UI) sequences,

(III) E(Tn)→ b as n→∞,
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McLeish Central Limit Theorem

for some real constants a, b. Then E(TnUn)→ ab as n→∞.

Proof. It holds E(TnUn) = E(Tn(Un−a))+aE(Tn). The last term converges to ab by

the third assumption, so it is enough to show that E(Tn(Un−a))→ 0 as n→∞. In

fact, we can show that Tn(Un−a)→ 0 in probability, which (by uniform integrability

of the sequence) implies convergence in L1, which in turn implies convergence in

expectation. To this end, note that by uniform integrability for any η > 0 we can

find a constant K = K(η) > 0 such that P(|Tn(Un − a)| > K) < η for n large

enough. Hence for any ε > 0 we have

P(|Tn(Un − a)| > ε) = P(|Tn(Un − a)| > ε, |Tn| > K) + P(|Tn(Un − a)| > ε, |Tn| ≤ K)

≤ P(|Tn| > K) + P(|Un − a| > ε/K) < 2η ,

where the last inequality follows from the uniform integrability of (Tn), and by

choosing n large enough thanks to the convergence in probability Un → a.

We can now prove the above theorem.

Proof of Theorem B.1. The proof consists in showing that the characteristic func-

tion of Sn,n, that with a slight abuse of notation we call Sn here, converges to the one

of a N (0, σ2) random variable. Note that, as a consequence of the dependence of the

summands (Xk,n)k≤n, the characteristic function of Sn does not split in the product

of n characteristic functions. On the other hand, we can make use of the Martin-

gale property at the price of Taylor expanding the complex exponential. Recall the

identity1

eix = (1 + ix) exp
(
− x2

2
+ r(x)

)
, with |r(x)| ≤ |x|3 ∀x : |x| < 1 . (B.1)

For t real we have:

eitSn =
n∏
k=1

eitXk,n =
n∏
k=1

(1 + itXk,n) exp

(
− t2

2

n∑
k=1

X2
k,n +

n∑
k=1

r(tXk,n)

)
.

1This identity can be seen by Taylor expanding log(1 + z) around 0.
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To prove convergence of the expectation of the above quantity we would like to

apply Lemma B.1, but we need the integrability assumptions to be verified. To this

end we introduce a cut off. Let

Zk,n := Xk,n · 1
( n∑
j=k+1

X2
j,n ≤ σ2 + 1

)
.

Define Jn := max
{

1 ≤ k ≤ n :
∑n

j=kX
2
j,n > σ2 + 1

}
, with the convention that the

max ∅ = 0. Note that Zk,n = 0 if k < Jn. Let S̃n :=
∑n

k=1 Zk,n.

Claim B.1. It holds Sn − S̃n → 0 in probability as n→∞.

Indeed, for any ε > 0 we have

P(|Sn − S̃n| > ε) = P(Jn ≥ 1) = P
( n∑

j=1

X2
j,n > σ2 + 1

)
→ 0

as n→∞.

In light of this claim and of the continuity of the function x 7→ eix it is enough

to prove the theorem for S̃n in place of Sn, that is to show that E(eitS̃n)→ e−t
2σ2/2

as n→∞. We have:

E
(
eitS̃n

)
= E

[( n∏
k=1

(1 + itZk,n)

)
· exp

(
− t2

2

n∑
k=1

Z2
k,n +

n∑
k=1

r(tZk,n)

)]
= E(TnUn)

(B.2)

with

Tn =

( n∏
k=1

(1 + itZk,n)

)
, Un = exp

(
− t2

2

n∑
k=1

Z2
k,n +

n∑
k=1

r(tZk,n)

)
.

It only remains to verify Assumptions (I)-(II)-(III) of Lemma B.1 to conclude the

proof.

We first prove (I), i.e. that Un → σ2 in probability as n→∞, for σ2 defined as
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McLeish Central Limit Theorem

in the statement of the theorem. Pick any η > 0, then:

P
(∣∣∣ n∑

k=1

X2
k,n −

n∑
k=1

Z2
k,n

∣∣∣ > η

)
= P

( n∑
k=1

X2
k,n1

( n∑
j=k+1

X2
j,n > σ2 + 1

)
> η

)

≤ P
( n∑

j=1

X2
j,n > σ2 + 1

)
→ 0 as n→∞ .

We have shown that
∑n

k=1 Z
2
k,n → σ2 in probability. Hence

exp

(
− t2

2

n∑
k=1

Z2
k,n

)
→ exp

(
− t2σ2

2

)
(B.3)

in probability, by the continuity of the exponential. Now recall that

Un = exp

(
− t2

2

n∑
k=1

Z2
k,n +

n∑
k=1

r(tZk,n)

)
.

In light of (B.3), it is enough to show that exp
(∑n

k=1 r(tZk,n)
)
→ 1 in probability.

We have:∣∣∣∣ n∑
k=1

r(tZk,n)

∣∣∣∣ ≤ n∑
k=1

|t|3 ·
∣∣Zk,n∣∣3 ≤ |t|3 n∑

k=1

∣∣Xk,n

∣∣3 ≤ |t|3( max
j=1...n

|Xj,n|
) n∑

k=1

X2
k,n ,

where the first inequality follows from (B.1). Note that for any η > 0

{
max
j=1...n

|Xj,n| > η
}

=
{ n∑
k=1

X2
k,n1(|Xk,n| > η) > η2

}
,

and so assumption (i) implies that maxk |Xk,n| → 0 in probability as n → ∞. Us-

ing also assumption (ii), then, we conclude that the far r.h.s. of the above chain of

inequalities converges to 0 in probability as n→∞, which is what we aimed to show.

We now prove (II). To see that (TnUn) is a UI sequence it suffices to observe that
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the sequence is uniformly bounded: |TnUn| = |eitS̃n| = 1 for any t real. Moreover

|Tn| =
n∏
k=1

|1 + itZk,n| =
n∏

k=Jn

|1 + itXk,n| ≤
n∏

k=Jn

exp

(
t2

2
X2
k,n

)

= exp

(
t2

2

n∑
k=Jn

X2
k,n

)
≤ exp

(
t2

2
(σ2 + 1)

)
.

It follows that also (Tn) is a uniformly bounded sequence, which is therefore UI.

It remains to prove that (III) holds. This follows from the fact that Zk,n is itself

a sequence of backwards martingale differences.

E(Tn) = E
( n∏
k=1

(1 + itZk,n)

)
= E

(
(1 + itZ1,n)

n∏
k=2

(1 + itZk,n)

)
= E

[( n∏
k=2

(1 + itZk,n)

)
E
(
1 + itZ1,n|F2,n

)]
= E

( n∏
k=2

(1 + itZk,n)

)

which, iterating, gives E(Tn) = 1 for all n. It follows trivially that E(Tn) → 1 as

n→∞.

We have shown that the sequences (Tn), (Un) defined in (B.2) satisfy the as-

sumptions of Lemma B.1 with a = σ2 and b = 1. Therefore we conclude that

E(eitS̃n) = E(TnUn)→ σ2

as n→∞, which is the thesis.
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Appendix C

Weak convergence of

Banach–space valued stochastic

processes

We collect here some results concerning weak convergence of càdlàg stochastic pro-

cesses taking values in a Banach space. Our discussion is based on [EK09, Igl68],

to which we refer the reader for the details.

Let (E, ‖·‖) be a complete separable metric space (i.e. Polish space), and denote

by DE[0,∞) the space of càdlàg functions x : [0,∞)→ E. Let Λ′ denote the set of

increasing continuous functions λ : [0,∞) → [0,∞) such that λ(0) = 0, λ(t) → ∞
as t → ∞. Finally, write Λ ⊂ Λ′ for the subset of Lipschitz λ ∈ Λ′ such that

γ(λ) := sup
0≤s<t

∣∣∣ log
λ(t)− λ(s)

t− s
∣∣∣ <∞.

Definition C.1 (Skorohod metric on DE[0,∞)). For x, y ∈ DE[0,∞), set

d(x, y) := inf
λ∈Λ

[
γ(λ) ∨

ˆ ∞
0

e−ud(x, y, λ, u)du
]
,

where d(x, y, λ, u) := sup
t≥0
‖x(t ∧ u)− y(λ(t) ∧ u)‖ ∧ 1.

The following theorem justifies the introduction of the above metric.

Theorem C.1 ([EK09], Theorem 5.6, p.121). If (E, ‖·‖) is a complete and separable
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Weak convergence of Banach–space valued stochastic processes

metric space, then so is (DE[0,∞),d).

Let E denote the Borel σ-algebra associated to the metric d on DE[0,∞). We

seek for sufficient conditions for weak convergence of Borel probability measures on

(DE[0,∞), E). To this end, recall the definition of finite dimensional distributions

(FDDs).

Definition C.2 (FDDs). For any k ∈ N+ pick 0 ≤ t1 < · · · < tk, and let πt1...tk :

DE[0,∞)→ Ek denote the projection map

πt1...tk(x) =
(
x(t1), . . . , x(tk)

)
.

Then each πt1...tk induces a probability measure on Ek equipped with the product

σ-algebra Ek. For every x ∈ DE[0,∞), the probability measures {πt1...tk(x) : k ∈
N+, 0 ≤ t1 < · · · < tk} are called finite dimensional distributions (FDDs) of x.

Fact C.1 ([EK09], Proposition 7.1, p.127). A probability measure on DE[0,∞) is

uniquely determined by the totality of its FDDs.

Proposition C.1 ([EK09], Lemma 4.3, p.112). Let (xn)n≥0 be a sequence of ran-

dom variables on (DE[0,∞), E), and denote by (µn)n≥0 the associated probability

measures. Assume that:

(i) the family (µn)n≥0 is relatively compact, and

(ii) the FDDs of xn converge weakly to the ones of x as n→∞.

Then xn → x weakly as n→∞.

In the rest of this section we discuss sufficient conditions for (i) and (ii) to hold.

C.1 Tightness of probability measures on DE[0,∞)

Pre-compactness of family of probability measures is often difficult to check. The

concept of tightness reduces it to checking compactness of certain sets, the advantage
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C.1. Tightness of probability measures on DE[0,∞)

being that, on a complete separable metric space, these are completely characterized

by the Ascoli-Arzelà theorem. Recall that a family (µn)n≥0 of probability measures

on DE[0,∞) is said to be tight if and only if for any ε > 0 there exists a compact

set Kε ⊂ DE[0,∞) such that infn≥0 µn(Kε) > 1− ε.

Theorem C.2 (Prohorov’s theorem, [EK09], Theorem 2.2, p.104). A family of

Borel probability measures on (DE[0,∞), E) is pre-compact if and only if it is tight.

We conclude that if the FDDs of µn converge to the ones of µ, and (µn)n≥0 is

tight, then µn → µ weakly on DE[0,∞). In order to state a criterion for tightness

we need the following definition.

Definition C.3 (Modified modulus of continuity). For any η, T > 0 denote by ∆η,T

the set of all partitions (ti) of the form 0 = t0 < t1 < · · · < tk−1 < T ≤ tk for some

k ∈ N+, such that mini≤k(ti − ti−1) > η. Then, given x ∈ DE[0,∞), the modified

modulus of continuity of x is defined as

ω′(x, η, T ) := sup
(ti)∈∆η,T

max
i

sup
s,t∈[ti−1,ti)

‖x(t)− x(s)‖ .

Remark. Note that, if ω(x, η, T ) := sup
s,t∈[0,T ]
|t−s|<η

‖x(t)−x(s)‖ denotes the usual modulus

of continuity, then it holds

ω′(x, η, T ) ≤ ω(x, 2η, T ) (C.1)

for all x ∈ DE[0,∞), η, T > 0.

The following result follows from the Ascoli-Arzelà characterization of compact

sets in DE[0,∞), and provides a useful criterion for tightness.

Theorem C.3 ([EK09], Corollary 7.4, p.129). Let (xn)n≥0 be a sequence of random

variables taking values in DE[0,∞), and denote by (µn)n≥0 the associated Borel

probability measures. Then (µn)n≥0 is tight if and only if the following hold:
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(i) for all ν > 0, t ∈ [0,∞) ∩Q, there exists Γν,t ⊂ E compact such that

lim inf
n→∞

P(xn(t) ∈ Γν,t) ≥ 1− ν ,

(ii) for all ν, T > 0 there exists η > 0 such that

lim sup
n→∞

P(ω′(xn, η, T ) ≥ ν) ≤ ν .

C.2 Convergence of probability measures on prod-

uct spaces

Once tightness has been checked, in light of Proposition C.1 in order to show weak

convergence one has to show convergence of FDDs. These are probability measures

on Ek equipped with the product σ-algebra Ek. In this section we discuss some

criteria for weak convergence of such measures in the case E = C(T) and ‖·‖ = ‖·‖∞
(the supremum norm on T). Our presentation is based on [Igl68].

Fix any k ∈ N+. Since (C(T), ‖ · ‖∞) is a complete separable metric space, it is

well known that so is C(T)k with the metric

ρ(x, y) = max
i=1...k

‖xi − yi‖∞ ,

for any x = (x1 . . . xk), y = (y1 . . . yk) ∈ C(T)k. Moreover, the Borel σ-algebra

on (C(T)k, ρ) coincides with the product σ-algebra. It then follows by Prohorov’s

Theorem that a family of probability measures (µn)n≥0 on this space is relatively

compact if and only if it is tight. Moreover, if (µn)n≥0 is tight, and the FDDs

converge to the ones of a probability measure µ on the same space, then µn → µ

weakly.

Proposition C.2 ([Igl68], Lemma 1). A family of probability measures (µn)n≥0 on

C(T)k is tight if and only if each family of marginals (µin)n≥0 is tight on C(T).
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C.2. Convergence of probability measures on product spaces

Definition C.4 (FDDs of a product measure). For any l ∈ N+ pick 0 ≤ ϑ1 < · · · <
ϑl, and let πϑ1...ϑk : C(T)k → Ck×l denote the projection map

πϑ1...ϑl(x) =


x1(eiϑ1) . . . x1(eiϑl)

...
...

xk(e
iϑ1) . . . xk(e

iϑl)


.

Then each πϑ1...ϑl induces a probability measure on Ck×l equipped with the usual

Borel σ-algebra. For every x ∈ C(T)k, the probability measures {πϑ1...ϑl(x) : l ∈
N+, 0 ≤ ϑ1 < · · · < ϑk < 2π} are called finite dimensional distributions (FDDs)1 of

x.

Proposition C.3 ([Igl68], Lemma 3). Let µ, µ′ be probability measures on C(T)k,

and assume that the FDDs of µ and µ′ coincide. Then µ = µ′.

Combining the above result with Proposition C.2 one concludes that the follow-

ing holds.

Theorem C.4 ([Igl68], Theorem 4). Let (µn)n≥0, µ be Borel probability measures

on C(T)k. Then µn → µ weakly if and only if:

(i) the FDDs of µn converge to the ones of µ, and

(ii) for all i = 1 . . . k, the family of marginal measures (µin)n≥0 on C(T) is tight.

1Note the slight abuse of notation: this definition of FDDs is different from Definition C.2,
since it concerns probability measures on a different space. Whenever we will use the term FDDs,
it will be clear from the context whether we refer to Definition C.2 or C.4.
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