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A Mathematical Study of Hawking Radiation on Collapsing, Spherically

Symmetric Spacetimes

Summary

In this thesis, we give a mathematical treatment of the late time Hawking radiation of massless bosons emitted by
a family of collapsing, spherically symmetric, charged models of black hole formation, including both extremal
and sub-extremal black holes. We further bound the rate at which the late time behaviour is approached. This
treatment relies heavily on analysing the behaviour of the linear scattering map for massless bosons (solutions
to the wave equation), which will be discussed further in this thesis. The thesis will be split into three chapters.

The first chapter will be an introduction and derivation of the underlying spacetime models, known as
Reissner—Nordstrom Oppenheimer—Snyder (RNOS) models. We will discuss the derivation of the Oppenheimer—
Snyder model [39], before moving on to the more general charged case. We will then summarise the interesting
and useful properties of these models.

The second chapter will cover the analysis of the scattering map for the wave equation on RNOS backgrounds.
The main results will be the forward boundedness and backwards non-boundedness of the scattering map on the
original Oppenheimer—Snyder space-time [39], and then the subsequent generalisation of this to RNOS models.
These results will be achieved primarily by using vector field methods: by considering different energy currents
and how they interact with the collapsing dust cloud, we will show that solutions of the linear wave equation
have bounded energy when going from past null infinity up until a spacelike hypersurface which intersects the
point of collapse of the dust cloud. Previous works allow us to extend this result to one on the whole spacetime.

The final chapter of this thesis will apply the above results to the calculation first considered by Stephen
Hawking [27, 28], in order to obtain the rate of radiation emitted by collapsing black holes. This result will
further make use of some high frequency approximations and also an r*” weighted energy estimate. In particular,
we will prove that for late times, the radiation given off by any RNOS model approaches its predicted Hawking
radiation limit, that of a black body of fixed temperature. We will also prove a bound on the rate at which this
limit is approached.

Frederick Alford
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Introduction

In this thesis, we will be studying the behaviour of solutions to the linear wave equation

Le¢ = \/;__gau(\/—_gg“"avq)) =0, (D

on spherically symmetric solutions to the Einstein equations
1
R'uv - ERg‘uv - 87rTluv. (2)

In general in this thesis, 7,y in (2) will be given by either the Maxwell energy momentum tensor (see already
(1.31)), or the energy momentum tensor of dust (1.2).

The overall goal of this thesis will be to give a mathematically rigorous treatment of Hawking radiation,
first considered in [27, 28]. This quantity is the rate at which radiation is emitted by black holes predicted by
quantum field theories on curved background spaces.

Classically, black holes, once formed, are permanent and (conjecturally) stable. The discovery of Hawking
Radiation was therefore a major breakthrough in understanding how black holes can vary radically over time, as
it describes a mechanism to decrease the mass of black holes and potentially cause them to evaporate entirely.
Since Hawking proposed this phenomenon in 1974 [27], there have been hundreds of papers on the topic within
the physics literature. For an overview of the physical aspects of Hawking radiation, we refer the reader to
[46] . Concerning a mathematically rigorous treatment of Hawking radiation, however, there are substantially
fewer works (see already [6] and Section 3.2 for a discussion of further references), and the mathematical status
of Hawking radiation still leaves much to be desired. As a result, it has not been possible yet to ask more
quantitative questions about Hawking radiation, which are necessary if one wants to eventually understand this
phenomenon in the non-perturbative setting. This thesis hopes to contribute towards solving this problem by
giving a new physical space approach to Hawking’s calculation allowing one to obtain also a rigorous bound on
the rate at which emission approaches black body radiation.

0.1 Summary of the Thesis

We begin in Chapter 1, by considering the possible spherically symmetric models of collapsing spacetimes.
We first consider the original model studied by Hawking, the Oppenheimer—Snyder model [39]. This model
considers chargeless, pressureless dust collapsing to form a black hole. We then proceed to add charge to the
dust and consider the effects on the behaviour of the surface of the dust cloud. This allows us to generalise to
the RNOS (Reissner—Nordstrom Oppenheimer—Snyder) models, which will be the topic of this thesis. The main
result of this chapter is the derivation itself of the metric of these models, and of the behaviour of the surface of
the dust cloud.

In Chapter 2, we construct the Scattering map. That is, we define the map taking initial data of solutions to
the wave equation from past null infinity, .# ~, to future null infinity and the event horizon, .+ U .#". The
main result of this Chapter, Theorem 2.7.2 is that this map is a linear, bounded map (with respect to an energy
norm defined in Section 2.3), but that its inverse (where it is defined) is not bounded. In the process of proving
this, we will also determine exactly where this inverse map ‘goes wrong’, which will allow us to proceed with

our treatment of Hawking radiation, despite the difficulty that non-invertibility imposes.
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In Chapter 3, we will perform the Hawking radiation calculation originally done in [27, 28] in a mathematic-
ally rigorous manner. This calculation determines the change in frequency of a solution from .# " to .# . In
particular, the calculation supposes the solution on .# * contains only positive frequencies, and determines the
size of the negative frequency components of the solution on .# ~. Here ‘size’ is with respect to the particle
current, which we will explain in more detail in Section 0.2. This chapter will culminate in Theorem 4, showing
that the size of these negative frequency components approaches a fixed limit, and will also prove a bound on
the rate at which this limit is approached.

There is also one appendix, concerned with pure Reissner—Nordstrom spacetime. Appendix A derives a
result bounding reflection coefficients, which is used in the Hawking calculation.

Throughout this thesis, we will be using the signature convention {—,+,+,+}, with summation convention
(repeated indices are summed over unless otherwise stated). Summations over Greek characters and early Latin
characters (a, b, c) will be over all 4 dimensions, where as summations over i, j, k are summations over the 3

spatial dimensions. The Fourier transform of a function f will be denoted by £, and will use the convention

A

1 e .
flo)= o /_ e () 3)

Fourier transform of a function on a cylinder will always be with respect to the non-angular variable.

Other conventions and notations are covered in Section 2.3.

0.2 Physical Derivation of Hawking Radiation

Before turning to the mathematical study of Hawking radiation, we briefly review the physical derivation of the
Hawking calculation. This section is not intended to be rigorous, it is only intended to give an overview of the
motivation for this thesis. For more on making the framework of quantum field theories on curved backgrounds
rigorous, we refer the reader to [30], [46]. In this section, we will be imposing/Z = 1, as well as the usual
G = c = 1. This section will be closely following Chapter 10 of [40].

0.2.1 Quantum Field Theory on a Curved Background

Let us consider a metric of the form
g = —N?dt* + h;j(dx' + N'dt)(dx/ + N’dt), 4)

known as a 3+ 1 decomposition.
On this background, let us consider a massless scalar field, with action

S— / VAV vy )
M

This has equation of motion given by (1). We can consider the momentum conjugate of this scalar field

(using our ¢ coordinate) to obtain

oS
M=—"  —./“go'"9, v. 6

As in all quantum mechanics, we now promote Y and IT to operators, and impose the following commutation

relations:
[w(t,x), 0(t,x)] =id(x—x)  [y(t,x), y(r,x)] = 0= [[I(t,x), I(z,x')]. (7)

We now consider what these operators act on. Assuming our manifold is globally hyperbolic, we know

that any solution is uniquely determined by data on Xy = {t = 0}. Let «, B € S, where S is a space of suitable
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complex solutions to (1). We define the particle current “inner product" as follows:
(0.B) = —i | v=85"(aVuB— BVt ®
0

Note we have not defined the function space on which this is an inner product yet.

‘We note from (1) that this current is conserved, as
VH(aVyup —BVua) =0. )

Thus, the integral (8) over any surface of constant ¢, ¥, is independent of 7. Also note the following properties:

(@.B) = ~(B,a) (10)
(a,p)=0 VBeS = a=0. (11)
However, as (o, o) = — (@, @), we have that this inner product (8) is not positive definite on S. We would

like to consider a subset of S, on which (, ) is positive definite, denoted S,. By (10), we know that (, ) is negative
definite on S, = {&: & € S, }. We would like to pick an S,, such that

S=S,®8S,. (12)

In general, there will be many ways to do this. For now, we will just pick one, though we will return to this
choice later.

In quantum theory, we define creation and annihilation operators (associated to f € S,) of a real scalar field
¢ by

a(f)=(f.9)  a(f)'=~(F.9). (13)
We then have the following commutation relations
la(f),a(®)] = (f,8)  la(f),a(g)] = 0= la(f)",a(g)'] = 0. (14)
As usual in quantum theories, we define the vacuum state, |0), by
a(f)|0y=0 VvfeS,  (0[0)=1. (15)
An N-particle state is defined by
a' (f1)a"(f2)..a"(£)0),  fi €Sp. (16)

We now finally define our Hilbert space, H,, to be the Fock space spanned by the vacuum state, the 1-particle
states, the 2-particle states, etc.

If we consider particles created by the creation operator a(f), the expected number of these particles
measured in state |@) is

(@INrlo) = (@la(f) a(f)|@). (17)

0.2.2 Bogoliubov Coefficients

We have defined H,, using S, for which there are many options. Therefore, there are in fact many different
options for this Fock space (these spaces would be isomorphic, but we already have an obvious map between
them, and they are not the same space using this map). We will now consider how to transform between two

different sets of creation and annihilation operators.
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Let S, and S;, be two different choices for a space of positive definite solutions to (12). Let {¢;} C S, be an
orthonormal basis for S, i.e.

(0i,0;) = &ij, (18)

and let {¢/} be an orthonormal basis for S;, (these exist, as S, and S;) restricted to any Cauchy surface are
subsets of L?(R?)).

As {¢;}U{¢;} is a basis of S, we can write

0f = Y. (Aij9; +Bij9)) (19)

J

for some A, B, known as Bogoliubov coefficients. We can rearrange for the B;; coefficient to get

Bij=—(9),9,). (20)

Annihilation and creation operators are then related by

a(@;) = ; (Aija(%’) - Bz‘ja(%‘)T) : 1)
Now we wish to consider the number of particles given by a(¢!) expected to be in the vacuum state given by
S,.
p (0la(9f) a(97)[0) = JZ;;<0|(—Bij)a(%)(—gik)a(%)*|0> = JZ;,BijBik = (BB");:. (22)
0.2.3 The Collapsing Setting

As stated previously, we have many choices of S,. However, if we have a preferential choice of timelike
coordinate, say 7, we have a preferential choice of S,: Let ¢, be the eigenfunction of the operator d, with
positive imaginary eigenvalue, that is

o9y =ipoPp po>0. (23)

Thus, if we have a preferred timelike derivative, we define S, to be the span of all such positive imaginary
eigenfunctions of d;.

We now consider an asymptotically flat gravitational collapse. Then near to .# ~ and .# ", we have a
preferential choice of timelike coordinate, given by the definition of asymptotically flat. This allows us to define
a canonical choice of Sf on .#*. These will now take the part of S;, and S; in equations (18) to (22).

Now suppose we wish to calculate the expected number of particles of frequency @ emitted by this
gravitational collapse. Let ¥/, be a function on future null infinity with frequency approximately @. Note that
here, approximately means that ' is supported on [® — €, @ + €] X S? for some small €. Here S is the 2-sphere.
This is required, as if ' was only supported at @, then W/, o ¢/®“, and we cannot have (y,, w,)) = 1.

Let ¢/, be the solution to (1) with future radiation field y;,, and which vanishes at 7" (as we are not
interested in the expected number of particles crossing the event horizon). Denote the past radiation field of v,

by l;/(f . We can split l//f ~ up into positive and negative frequency components:

vo =vg THwg T, (24)

Where ;Y is supported in [0,0] x $2, and ;Y ~ is supported in [—oo,0] x S2.
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Let ¢; be a basis of S,,. Then the number of expected particles emitted by the formation of the black hole is

Y BBy = (Y. Bij9;,Y But) = (Wy W ) (25)
Jk J %
= —i/wgf—avq—/f— — W) v ~sinBdvdOdg
=2 o) ~|*sin0dcd6de
O—=——o
0 .
=2 o) |*sinBdodode.
O——o

Here o is the Fourier space variable.

0.2.4 The Hawking Calculation

Let y; be a Schwartz function on the cylinder, with {;. supported in [® — €, @ + €], with (v, y;) = 1. Let ¢
be the solution to (1) which vanishes on the future event horizon, and has future radiation field equal to y. Let
Y ~- be the past radiation field of ¢. Then we must calculate
0
2 o| ¥, |*sin0dodOde. (26)
G=—oo

In his original paper [27], Hawking argued that at late times (to be defined more rigorously later) in the
formation of the Schwarzschild black hole the rate of radiation of frequency @ emitted would tend towards
that of a black body of temperature k' /27, where K is the surface gravity of the black hole. Since then, there
have been many heuristic arguments for this result to extend to all Reissner—Nordstrom black holes, along with
several more rigorous papers exploring this phenomenon (see Section 3.2 for a further discussion of these).

There are two ways to obtain similar results by considering quantum states on a non-collapsing Reissner—
Nordstrom background. Firstly, one can construct the Unruh state [44]. If one considers quantum states on the
permanent Reissner—Nordstrom black hole, one can show that there is a unique state that coincides with the
vacuum state on .# ~ and is well behaved at 2# " (i.e. is a Hadamard state). This state evaluated on .# " is a
thermal state of temperature k/27 (see [17], for example).

The second similar result can be obtained by constructing the Hartle—-Hawking—Israel state. If one again
considers quantum states on the permanent Reissner—Nordstrom black hole, one can show that there is a unique
state that is well behaved (Hadamard) at £+, . ~, 27+, 5~ [31]. This state is that of a thermal black body,
again of temperature k/27. The interpretation of this is that the black hole is in equilibrium with this level of
thermal radiation, and is therefore emitting the radiation of a black body of this temperature. This result has
been considered in a mathematically rigorous manner on Schwarzschild [29, 17], and more recently in a more
general setting [43, 23]. This thesis, however, will be focused on the collapsing setting, as it is believed that this
method will generalise more readily, as the Hartle-Hawking—Israel state has been shown not to exist in Kerr
spacetimes [31].

One of the reasons this result has gained so much traction in both the mathematics and physics communities
is that it provides the only known mechanism for black holes to lose mass. Without the ability to lose mass, any
black hole that has formed would be a permanent fixture of the universe, and could only grow in size. However,
if the black holes are able to emit radiation at a fixed rate, even if only in very small doses, then given enough

time, isolated black holes will disappear entirely, known as black hole evaporation.

0.2.5 Goal of this Thesis

In this thesis, we take (26) to be our starting point. We will impose the radiation field v («—ug, 6, @) at .Z ™,
and 0 at 5#*. We will rigorously define {/ - in terms of classical scattering theory, using results from Chapters
1 and 2. We will then rigorously calculate the limit that (26) approaches as 1y — o, on a family of collapsing
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models forming Reissner—Nordstrom blackholes. We will further include a rigorous bound on the rate at which

this result is approached, obtaining the result of Theorem 4:

Theorem 4 (Late Time Emission of Hawking Radiation). Letr w.(u,0,¢) be a Schwartz function on the 3-
cylinder, with {ry only supported on positive frequencies. Let ¢ be the solution of (2.1), as given by Theorem
2.4.1, such that

lim (10,0 (1.8, 9) = Y (1 ~ 10,6, 9) @7)
lgn r(u,v)o(u,v,0,0) =0 Yv>v,, (28)

Define the function y_ ,, by
()0 (1,0, 0) = ¥_1(6,0). 9)

Then for all |q| < 1, n € N, there exist constants A,(M,q,T*, y) such that

0 2w o|| V- (@,0,0 2
o||V_ . (0,0,0 2sin@d(x)d@d(p— |0l[¥sr-(@,0,9)) sin@dwdOde| < A,u,",
0 0
W=—00J =0./60=0 : A~

27| o]
e x —1

(30)
for sufficiently large uy.
Here, 5 is the reflection of W4 in pure Reissner—Nordstrom spacetime (as will be discussed in Section
3.3), and K is the surface gravity of the Reissner—Nordstrom black hole.
In the case |q| = 1, there exists a constant A(M,q,T*) such that

0 2r  rm A
[ [ 10l w(@,0.0)F sindodode| < 5. G
——wJo=0Jo=0 ’ )

for sufficiently large uy.

This result is restated in Theorem 3.4.1 and Corollary 3.4.6, including the precise relationship of A,;,A on
Y.

In terms of the Unruh state mentioned previously, one can view this result as the following statement: Let
us impose the vacuum state on past null infinity and evolve forward to future null infinity. Then at late times,
any number operator acting on this future null infinity state approaches the same number operator acting on the
Unruh state at future null infinity (and again a rate is included).

This result is especially physically relevant for the extremal case. As the surface gravity of the extremal
Reissner—Nordstrom black hole is 0, this is the only current model of black hole which may be stable to Hawking
radiation (though it may be unstable to classical perturbations [4, 5]). That is, any black hole with non-zero
surface gravity will emit radiation at a constant rate, and will therefore, if left alone, eventually evaporate.
However, this thesis will show that the extremal Reissner—Nordstrom black hole will emit only a finite amount

of radiation over time, and may therefore not evaporate, becoming a permanent fixture to the universe.



Chapter 1

RNOS Spacetimes

1.1 The Oppenheimer-Snyder Spacetime

Any discussion of collapsing spacetimes must start with the Oppenheimer—Snyder spacetime [39]. The
Oppenheimer—Snyder spacetime is a homogeneous, spherically symmetric collapsing dust star. That is to

say, a spherically symmetric solution of the Einstein equations:

1
where for dust, we have
VuT“V =0.

Here the vector u* is the 4-velocity of the dust, and p is the density of the dust. On our initial timelike
hypersurface, this density is a positive constant inside the star, but O outside the star. The case of the non-
homogeneous dust cloud was studied by Christodoulou in [11].

As this density is not continuous across the boundary of the star, the Oppenheimer—Snyder model is only a
global solution of the Einstein equations in a weak sense. However, it is a classical solution on both the interior
and the exterior of the star.

We therefore have two specific regions of the space-time to consider: inside the star (section 1.1.2), and
outside the star (section 1.1.1). We will finally give the definition of our manifold and global coordinates in
section 1.1.3. If the reader is uninterested in the derivation of the metric, they may want to skip to that section.

Finally in section 1.1.4, we discuss the Penrose diagram for this space-time.

1.1.1 Exterior

We will first consider the exterior of the star. This region is a spherically symmetric vacuum space-time, thus by
Birkhoff’s theorem, [40], this is a region of Schwarzschild space-time. It is bounded by the timelike hypersurface
r =rp(t*). This hypersurface will be referred to in this thesis as the boundary of the star. We will be using the

following coordinate system in the exterior of the star:

r

2M aM 2M
g=— (1 — —) dr*? + —dr*dr+ (1 + —) dr*+1r7ge  (t*,1,0,0) ER X [R*(t*),0) x §* (1.3)
r r
where g is the usual metric on the unit sphere, and ¢* is defined by
r
=1+ 2M1 (——1), 1.4
+2Mlog 5 (14)

in terms of the usual ¢ and r coordinates on Schwarzschild.
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As the surface of the star is itself free-falling and massive, we may assume that the surface of the star follows
timelike geodesics. This assumption is true in the Oppenheimer—Snyder model, but also generalises to other
models, provided the matter remains well behaved. Thus if a particle on the surface has space-time coordinates

x%*(7), then these coordinates satisfy

L (dx (axP\ _(_2m (dr 2+4Mdt*dr+ [ _2M (dr?
—8ab\ up dt | r dt r o dtdrt r dt
M\ AM oM dr\?
= (- (1——)+—fb+(1——> r'b2> (—) : (1.5)
r r r at

Here we are using the ¢ and r coordinates in equation (1.3), and using the fact that this space-time is spherically
symmetric to ignore % and Z—(ﬁ terms. Note that r;, = %.

Now, as rp(#*) is to be timelike and is the surface of a collapsing star, we assume ), < 0, and that the surface
emanates from past timelike infinity. Again, this is true in Oppenheimer—Snyder space-time, but also in many
other models of gravitational collapse. At some time, ¢, we have () = 2M (note that r,(¢*) does not cross
r = 2M in finite ¢ coordinate, as t — oo as r — 2M on any timelike curve). For t* > ¢} and r > 2M, we have that
the space-time is standard exterior Schwarzschild space-time, with event horizon at r = 2M.

In the exterior region, we define our outgoing and ingoing null coordinates as follows:

v=t"+r (1.6)
r
— 1~ r—4M1 <——1> 1.7
u r og | 537 (L.7)
2M
g=— (1 - 7) dudv + r(u,v)’gg. (1.8)

1.1.2 Interior

We now move on to considering the interior of the star. One thing that is important to note here is that as we go
from considering the exterior of the star to considering the interior, i.e. as our coordinates cross the boundary of
our star, our metric changes from solving the vacuum Einstein equations to solving the Einstein equations with
matter. Thus across the boundary, our metric will not be smooth, so we must be careful when wishing to take
derivatives of the metric. This will have implications on the regularity of solutions of (2.1) across the surface of
the star.

This derivation will closely follow the original Oppenheimer—Snyder paper, [39].

We first consider taking a spatial hypersurface in our space time, which is preserved under the spherical
symmetry SO3 action. We can therefore parametrise this by some R, 6, ¢, where 6 and ¢ are our spherical
angles. Then we locally extend this coordinate system to the space-time off this surface by constructing the
radial geodesics through each point with initial direction normal to the surface. In these coordinates, our metric
must be of the form

g=—dt* +e®dR* + ¢%gq. (1.9)

for o = w(7,R) and @ = ®(7,R).

Now our matter is moving along lines of constant R, 8 and ¢, as we assume our matter follows radial
geodesics which are normal to our initial surface. In these coordinates the dust’s velocity u* is therefore
proportional to d;. Thus, we have from equation (1.2) that Tt = —p, for density p. We also have that all
other components of the energy momentum tensor 7" vanish. Then the Einstein equations (1.1) imply that the

following is a solution:

¢® = —@e® (1.10)

¢® = (FT+G)3, (1.11)
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where ’ denotes derivative with respect to R, and F, G are arbitrary functions of R. Then we can rescale R to

3 . . . .
choose G = R2. We now assume that at T = 0, p is a constant density pg inside the star, and vacuum outside the

star, 1.e.
R<R
p(O.R) =P =T (1.12)
0 R >R,
for R, > 0 constant. Then the equation for 7% gives:
97poR* R<R
Fp = P = (1.13)
0 R >Ry
where, in these coordinates, {R = R} } is the boundary of the star. This has the particular solution
>
3 R
~3VaM (£)" R<R
F={ 2 R, =70 (1.14)
—3V2M R>R,

for M = 47rpoRi /3. This gives us a range for which our coordinate system is valid, as the angular part of the

metric, e® has to be greater than or equal to 0. Thus we obtain T < 3 5’2%. Now, if we transform to a new radial
coordinate, r = e%, then we obtain a metric of the form:
— (1= ) ae? 42, [P drdr 4 dr? g <y
r r S
8= b b (1.15)
—(1-2) a2 +2\/Mardt+dr’ + g r>r,
where .3
ro(T)? = RZ — = \/2M. (1.16)

2

In the region r > ry, (1.15) are known as Gullstrand—Painlevé coordinates.
3
Once rp(7) <2M,ie. T> 1, = 4%’1 ((2%) g 1), we have r = 2M is the surface of an event horizon, and
the r > 2M section of our space-time is exterior Schwarzschild space-time.
Thus any point which can be connected by a future directed null geodesic to a point outside » = 2M at T > 1,
1s outside our black hole, and any point which cannot reach r > 2M at T > 7, is inside our black hole. The future

directed, outgoing radial, null geodesic which passes through r = 2M, T = 7, is given by:

r=ry(1) (3—2 ”’(T)). (1.17)

2M

Thus the set of coordinates obeying both (1.17) and t € [1,-, 7] is part of the boundary of our black hole, where

(2 R\ 9
TC—2M<§ (m) 4). (1.18)

Before .-, no part of the star is within a black hole, and for 7 > 7, all of the collapsing star is inside the black

hole region.
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Thus, we define our ingoing and outgoing null geodesics by defining their derivative:

dt—(1—+/2M/r)"dr r>rp

du = (1.19)
a(dt—(1—/2Mr2/r})"Ydr) r<r,
dt+ (14++/2M/r)"'dr r>rp

dv = . 1.20
! B(dt+(1++/2Mr2/r})7ldr) r<r (120

These coordinates exist, thanks to Frobenius’ theorem (see for example [40]) with @ and B real functions on the

manifold, bounded both above and away from 0. However, we may not be able to write & and 3 explicitly.

Remark 1.1.1. Note that when using different coordinates across the boundary of the star, r = rp(T), such as
in (1.19) and (1.20) compared to (1.15), one should be concerned that these coordinates may define different
smooth structures on . For example, the function f(T,r,0,Q) =r —ry(7) is smooth on r = ry(7T) with respect
to (t,1,0,0), but is not smooth with respect to coordinates (t,x := (r —r(7))>,0,0).

However, when considering (in the exterior) the coordinates in (1.3) compared to (1.15), the change of
coordinates is smooth with bounded (above and away from 0) Jacobian. Thus a function is smooth with respect

to (1.3) if and only if it is smooth with respect to (1.15), so this is not a concern in this case.

1.1.3 Global Coordinates and the Definition of the Oppenheimer—-Snyder Manifold

We summarise the work of the previous sections by defining our manifold and metric with respect to global

3
coordinates. Fix M > 0,R;, > 0, let 7,- =4/ 23%, and consider R* = R x R3. Here R is parametrised by 7 and
RR? is parametrised by the usual spherical polar coordinates. We then define .# by:

M =R\ {1 € [1,,00),r = 0}. (1.21)

In these coordinates, we then have the metric:

— (1 — 2Ar/1—3r2> dt?+2, /2Ar/1—2r2drd’c—|—dr2—|—r2gsz r<rp(7)

- S (1.22)
_(1_2%”) dt?+2 27Mdrdr+dr2+r2gsz r>rp(7)
where r,(7) is defined by
e 3t 2/3
ry(T) = (Rb —7\/2M) . (1.23)

Note that choice of R}, is equivalent to choosing when 7 = 0. Also note the r = 0 line (as a subset of R*) ceases
to be part of the manifold .# when the singularity “forms" at 7., where r;, = 0. For T < 7., r = 0 is included
in the manifold, as the metric extends regularity to this line.

We define our future event horizon by:

T
AT = {r: 75(T) <3—2 r;;}) ,TE [TC,TC]} U{r=2M,t > 1.}. (1.24)

Note that geometrically, this family of space-times (Hlloc Lorentzian manifolds), (.#,gu,), is a one
parameter family of space-times. The geometry depends only on M, as R}, just corresponds to the coordinate
choice of where 7 = 0. Thus constants which only depend on the overall geometry of the space-time only
depend on M.



1.2 Generalising to the RNOS model 11

We can also explicitly calculate p in these coordinates for r < r,(7):

3M 3M R}
ry(T) 4 (Rb/ —32—1\/21\4) rplT

In the exterior of the space-time, we have one timelike Killing field, d;+ = dr, which is not Killing in the
interior. Throughout the whole space-time, we have 3 angular Killing fields, {Q,-}?Zl, which between them span

all angular derivatives. When given in the usual 6, ¢ coordinates, these take the form:

Q) = cos pdg — sin @ cot 6, (1.26)
Q3 = —sin@dy —cos P cot 09,

1.1.4 Penrose Diagram of (.7 ,g)

We now look to derive the Penrose diagram for the space-time
(A ,g). Recall that the Penrose diagram corresponds to the range
of globally defined radial double null coordinates. Using the original
R and 7 coordinates in (1.9), we obtain that the interior of the dust

cloud has metric

S ) (dR* +R*gg) (1.27)

3
2R,2

3V2M

forR<Rpandt<71.= . We then choose a new time coordin-

ate, 1 such that

2
3

T \/ "\
n(t) = / <1 — 32—M3T> dt'. (1.28) Figure 1.1 Penrose diagram of
©'=0 2Ry? Oppenheimer—Snyder space-time

Then we change to coordinates u = 1 — R, and v =1 + R. Thus we

obtain the metric to be of the form

4

oV 3

g= (1—%) (—dudv+R(u,v)*gs2). (1.29)
Rbj

In this coordinate system, the range of u and v is given by u4+v <27, and 0 < v —u < 2R. Thus the interior
of the star is conformally flat. Hence the Penrose diagram for the interior is that of Minkowski space-time,
subject to the above ranges of u+ v and v —u. We also note that we have that RpeaRY4 blows up as
approaches 1. = 1(7.), so this corresponds to a singular boundary of space-time.

On the exterior of the dust cloud, our solution is a subregion of Schwarzschild space-time. The boundary of
this region is given by a timelike curve going from past timelike infinity to » = 0. Matching these two diagrams
across the relevant boundary, we obtain the Penrose diagram shown in Figure 1.1. Again, remember the metric

is only a piecewise smooth and H, 110 . function of u and v.

1.2 Generalising to the RNOS model

In this section, we begin the novel work of this thsis. We will generalise background models of spherically

symmetric dust cloud collapse to include charged matter. In section 1.2.1, we derive the metric of Reissner—
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i

Figure 1.2 Penrose diagram of Minkowski (left) and Schwarzschild (right) space-times, with appropriate
boundaries.

Nordstrom Oppenheimer—Snyder (RNOS) spacetimes in the exterior of our collapsing dust cloud. If the reader
is not interested in this derivation, they may skip straight to section 1.2.4, where the background manifold is

defined, with some interesting and/or useful properties stated.

1.2.1 Derivation

In this section, we derive our metric under the following assumptions: We assume our manifold is a spherically

symmetric solution of the Einstein—-Maxwell equations

Ruv — %Rguv =8nT v (1.30)
Tuy = L (FWFV“ — lFO‘ﬁFaBguv> (1.31)
4r 4
VyF'H =0 (1.32)
ViuFvoa+VyFou+VeFuy =0, (1.33)

with coordinates t* € (—o0,00), (8, @) € S, r € [#,(t*), ). We define

Fp := max{ry(t*),rs} (1.34)
ri =M(1++1—¢g?%). N (1.35)

Here r = r,(t*) is a hypersurface generated by a family of timelike, ingoing AT

radial curves such that, for any fixed 0, ¢, the curve {t*,r,(t*), 0, @} describes
the motion of a particle moving only under the electromagnetic force, with
charge to mass ratio matching that of the black hole. That is, we assume that the
surface of the cloud is itself massive and charged, with the same charge density
as the cloud itself. For our results, we will actually only require certain bounds
on rp and 7, (see already Remarks 2.7.2, 3.4.8), but here we will derive the
behaviour of r, in full. We also note that we are looking solely at the exterior
of the black hole. Thus, we will not be considering the region r,(t*) < ry. We

will instead use 7, (") = max{r,(¢t*),r; } as the boundary of our manifold. The f

topology of our manifold {r*,r > 7,(¢*),0, ¢} is that of a cylinder in 3+ 1D
Figure 1.3 Penrose Diagram
of RNOS Model, with space-

like hyper surface X;«.
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Lorentzian space. As this is simply connected, equation (1.33) means we can
choose an A such that
F =dA. (1.36)

Given an asymptotically flat, spherically symmetric solution of the Einstein—-Maxwell equations, we know
that our solution is a subset of a Reissner—Nordstrom spacetime (see for example [42]). This gives the first two
parameters of our spacetime; M, the mass of the Reissner—Nordstrom black hole spacetime our manifold is a
subset of, and ¢ = Q/M, the charge density of our underlying Reissner—Nordstrom spacetime. We will assume
g has modulus less than or equal to 1, as otherwise our dust cloud will either not collapse, or will form a naked
singularity rather than a black hole.

Exterior Reissner—Nordstrom spacetime has global coordinates:

2M | g*M? XM g*M? XM g*M?
g:_<1__+qr2 )dt*2+2<——qr2 )dt*dr+<1+7—qr2 )dr2+r2g52 (1.37)

A=-"—dr", (1.38)

where g2 is the metric on the unit 2-sphere.
We now proceed to calculate the path moved by a radially moving charged test particle, with charge density

q. The motion of this particle extremises the following action:

1
S = / LdT=m 5gabv“vb—qv”lAadr (1.39)
r=rp r=ryp
1 XM ¢*M? “\ 2 XM M2\ dt* XM ¢*M? 2
—m - (1-=+13 aN L = _1 ddr (M 4 dr
r=ry \ 2 r r dt r r dt dt r r? dt
_szdt*
r drt

for v* the velocity of the particle with respect to 7, A as defined in (1.36), and 7 the proper time for the particle,
i.e. normalised such that g ,v*v’ = —1.
We can then use first integrals of the Euler—Lagrange equations to find constants of the motion. Firstly, L is

b

independent of explicit T dependence, and so g,,v*V” is constant. By rescaling 7, we choose gabvavb to be 1.

The second constant we obtain is from L being independent of ¢*. Thus

r 7'2

M g*M?\ dr* 2M  g*M?\ d M
rr=(1-= L) (21T (1.40)
drt r r2 drt r

1S constant.

Using (1.40) to remove dependence of gabv“vb on %, we obtain

|2 - o 4°M 2 |_2M M (dr 2 L (2M MY di” dr
r r? r - r r? dt r r? dt drt
)

LT (m)z
o A\ 7.
1_27M+% dt

r

o PME\?
2M ¢*M? L (T _r_2> dr?

r r2 |2 @M | dt
r r2

M PM\ 7 fdr\?
:1+(1—7+qr2 ) (ﬁ) , (1.41)

=gV + [ 1+
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which rearranges to

dr\* M 2 oM ¢*M?
— ) =(T"—"—) —(1—— 1.42
2 2 2 22
:<T*_qM) _(1_1\_4) L qz)M
r r r

From (1.40), we can see that if this particle’s velocity is to be future directed, we need 7* > 0.
For |g| <1,T* > 1, and (|¢|,T*) # (1,1), equation (1.42) tells us that % is positive. As % is a continuous
function of r, this implies that r;, must tend to oo as t* — —oo. If ¢ = %1, i.e. the extremal case, and T* = 1, then

we have 5—; = 0. Thus the dust cloud will not collapse, so we will not be considering |¢| = 1 = T*.
We can also see, from writing out the statement gabv“vb = —1, that
XM ¢*M? XM @PM?\ dr IM M2\ [ dr\?\ [dt*\?
—(1—— 2| —— — 1+ —-— — — ] =-1 1.43
( ( r+ r2 >+ (r r2 dt*+ +r r2 dt* dt ( )
which tells us that & > —1.
1.22 T <1

We now look at the behaviour of 7, in the case where T* < 1.
If T* < 1, then looking at r — oo we can see % vanishes at a finite radius, so the dust cloud will tend to that
radius, either reaching it at a finite time, or as t — —oo.

We therefore look at integrating equation (1.42) to obtain 7(r), which gives us

(S

T= — ’
D D

* 220\ 2 2 2142
((T r—q M) —(r —2Mr—|—qM )) 2M(1—6]2T*) . I_T*2 2M(1_q2T*)
> 2372 S0 (1.44)
1-T* 2(1—T*?)3/

where D = M\/(l — ?T*)2 — ¢2(1 — ¢?)(1 — T*?) is a constant.

Equation (1.44) tells us that in the case 7* < 1, the dust cloud’s radius obtains its limit within a finite (and
therefore compact) proper time interval. As ¢* is a continuous increasing function of 7, r;, obtains its limit in
finite coordinate (t*) time. We will call this finite time ¢*. At this point, the curve would collapse back into the
black hole, hitting the past event horizon. Therefore, in order to have a collapsing model, we will, in the 7% < 1

case, assume that the radius of the dust cloud, r,(z*) remains at r,(¢* ) for all t* < r*.

123 T*>1

Here we have that our dust cloud radius tends to oo, as T — —oo. Thus the main part we will need to concern
ourselves with is what happens to the surface of the dust cloud as T — —oo, r;, — oo, Equations (1.42) and (1.40)

give us that

. dr  * T+ -1 \
bl s e (1.45)

where we will refer to a € [0, 1) as the asymptotic speed of the surface of the dust cloud.
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1.2.4 Definition of the RNOS Manifold and Global Coordinates

We have a 3 parameter family of collapsing spacetimes, with parameters M > 0, g € [—1,1], and T* € (0,0).
However, we exclude the points with 7* = 1 = g. The topologies of the underlying manifolds are all given by:
M =R x [1,0) x §? (1.46)

={(",x,0,9)}.

We scale the second coordinate in (1.46) to define r = x7,(¢*), so that the boundary is not at 1, but is at

Fp(t*) = max{ry,ry(t*) }, where t* is the first coordinate. Then we have metric

M ¢*M? XM ¢*M? M ¢*M?
g:_(1——+q—)dz*2+2(——q >dt*dr-|— (1+——q : )drz-i-rzgsz (1.47)
r r

" eR r e [fp(t"),oo)

where M > 0, g € [—1,1], ry is given by (1.35), and g is the Euclidean metric on the unit sphere.
Note that 7,(¢*) is not a smooth function of #*. Thus our manifold’s smooth structure, as given by (¢*,r)
coordinates, is not the same as the smooth structure given by (¢*,x) coordinates.

We have derived the following statements about r:

N dr
rp(t*) = P € (—1,0] (1.48)
AT st () = ryrp(t7) >y VT <1, (1.49)

where . is the black hole horizon for the Reissner—Nordstrom spacetime given by (1.35).

We also have 2 possible past asymptotic behaviours for rp,. If T* < 1, we have

(") =ry V&' <t*, (1.50)
and if 7" > 1, we have
d T2 —1
o —ai= Y — e (-1,0] as 11—~ (1.51)

If T* = 1, then ry, ~ (—1%)%/3 as 1* — —oo,

The RNOS models have the same exterior Penrose diagram as the original Oppenheimer—Snyder model, see
Figure 2.1, derived in [2], for example.

We will also be using the double null coordinates given by:

. M _ M
u:t*—/ szw—szds (1.52)
S:3M1_T+qs_2
v="t"+r (1.53)
1 2M ¢*M?
8u:§(1—7+qr2 )(a,*_ar) (1.54)
1 2M ¢*M? M §PM?
8V:§((1+——q ! >a,*+<1_—+" i )a) (155)
r I r I
2M ¢*M?
g:_<1—7+qr2 )dudv+r(u7v)2gsz. (1.56)

Much of the later discussion will be concerning u and v coordinates. Therefore, we will find it useful to

parameterise the surface of the cloud by u and v. That is, given any u, define vj(u) to be the unique solution to

r(u,vp(u)) = rp(t* (u,vp(u))). (1.57)
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We will also define u;, in the domain v < v, as the inverse of v, i.e.
up(v) 1= V;l (v). (1.58)

We will be making use of the following properties of vj:

vp(u) = ve i =v(ti,ry) as u — oo (1.59)
Ae™ M+ O(e 2 <1

Ve —vp(ut) = Ae 3(6 ) ld (1.60)
C+0u™) lq] = 1.
Ae KU 4 O (e 2Ku <1

V) =2"° (=) g (1.61)

&+0™) gl =1

These are straightforward calculations, once we note in the extremal case we can choose where u = 0 to remove
the u~2 term to be zero in v. — v,. Here, k is the surface gravity of the Reissner—Nordstrom black hole that our
cloud is collapsing to form, given by

KV kP = xk?, (1.62)

where k¢ is the null Killing vector field tangent to the horizon. In Reissner—Nordstrom, k* = d;+, and we have

ViF

K= <2+2 1_q2_q2>M' (1.63)

Finally, we have four linearly independent Killing vector fields in our space time. The timelike Killing field,
J;+ does not preserve the boundary {r = r,(t*)}. However, we have 3 angular Killing fields, {Q;};_, (as given

in (1.26)) which span all angular derivatives and are tangent to the boundary of the dust cloud.



Chapter 2

The Scattering Map

2.1 Introduction and Overview of Main Theorems

In this chapter we will be studying energy boundedness of solutions to the linear

wave equation

1
——a(v/—88"9,9) =0
\/_—g ( b¢)

on both Oppenheimer—Snyder space-time (.#,g) [39] and RNOS [1] back-

grounds, as discussed in the previous chapter.

O = 2.1)

In the case of Oppenheimer—Snyder, we will further consider two different

sets of boundary conditions: reflective, where we will impose the condition

¢ =0 on r=rp(t"), (2.2)

where this is understood in a trace sense, and permeating, where we will be
solving the linear wave equation throughout the whole space-time, including
the interior of the star. In the case of the RNOS backgrounds, we will only be
considering reflective boundary conditions, as the interior will depend entirely
on one’s choice of matter model. We will then be using these results to define a
scattering theory for these space-times.

The first main theorem dealing with solutions of (2.1) in the bulk of the

space-time is informally stated below:

Theorem 1 (Non-degenerate Energy (N-energy) boundedness). In both RNOS
space-times (with reflective boundary conditions) and Oppenheimer—Snyder
space-time (with permeating boundary conditions), let the map ﬁ(tg ) take the
solution of (2.1) on a time slice Z’S (or Ly,), forward to the same solution on
a later time slice, X, U (ST N {t* € [15,1]]}) (or o, U(AF N {7 € [10,T1]}))-
Then 54’@871;) is uniformly bounded in time with respect to the non-degenerate
energy. Furthermore, for ti‘ <t (or 11 < 1), its inverse is also bounded with
respect to this non-degenerate energy.

The contents of this theorem are stated more precisely across Theorems
2.5.3,2.54, 2.5.5.

The sphere (),2M) and the time slice ¥+ (for r* < ) are shown in Figure
2.1. The sphere (7.,2M) and the time slice X; (T < 7.) are shown in Figure 2.2.
Non-degenerate energy will be defined more accurately later in this chapter,
but it can be defined as the energy with respect to an everywhere timelike vector

field (including on the horizon ) which coincides with the timelike Killing

Figure 2.1 Penrose diagram of
RNOS space-time with reflect-
ive boundary conditions, with
spacelike hypersurface ;.

Figure 2.2 Penrose Diagram
of Oppenheimer—Snyder
space-time with permeating
boundary conditions, with
spacelike hypersurface X .
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vector in a neighbourhood of null infinity .#*. This energy controls the L? norm of each 1* derivative of the
field, ¢.

In the reflective case of Oppenheimer—Snyder, we also go on to show forwards and backwards boundedness
of higher order derivatives, see Theorem 2.6.1 and 2.6.2. In the permeating case we go on to show forwards and
backwards boundedness of 2"? order derivatives, see Theorem 2.6.3.

We then consider the limiting process to look at the radiation field on past null infinity .# ~, and obtain the

following result.

Theorem 2 (Existence and Non-degenerate Energy Boundedness of the Past Radiation Field). In both RNOS
space-times (with reflective boundary conditions) and Oppenheimer—Snyder space-time (with permeating
boundary conditions), we define the map .% — as taking the solution of (2.1) on Z,g, t* <X (orE,U(HTN{r<
T0})) to the radiation field on .9 ~. F~ is well-defined, and is bounded with respect to the non-degenerate
energy.

This theorem is stated more precisely as Theorem 2.7.1.

On Reissner—Nordstrom space-times, we know that the future radiation field exists, so the map ¢ from
data on X« to & U exists (see [35] for example). It is also bounded in terms of the N-energy, [13, 3]. It is,
however, unbounded, going backwards, in terms of the N-energy (see for example [16]). This is stated more
precisely as Proposition 2.7.2. This result immediately applies to Oppenheimer—Snyder space-time. Together
with Theorem 2 and a new result about decay towards the past on asymptotically null foliations (see Lemma
2.7.1), this allows us to define the inverse of .% —, .# ™ (see Proposition 2.7.1). This combination also gives us
the final theorem:

Theorem 3 (Boundedness but non-surjectivity of the scattering map). We define the scattering map,

S EN S EN X EN. 2.3)
ST =G0 Ft

on RNOS space-times (with reflective boundary conditions) and Oppenheimer—Snyder space-time (with permeat-
ing boundary conditions) from data on %~ to data on . U". ST is injective and bounded, with respect
to the non-degenerate energy (L> norms of d,(r¢) on &~ and ¢+ and 9,(r9) on Z ). One can then define
the inverse, ., of (2.3), going backwards from . *(éjji) (dense in éﬁi X gév% ), in either the reflective or
permeating case. However, .~ is not bounded with respect to the non-degenerate energy. It follows that ./ is
not surjective. Moreover, é’j: X {0} 4+ is not a subset of Im(.#).

This Theorem is stated more precisely as Theorem 2.7.2.

In proving Lemma 2.7.1, we obtain a result on the rate at which our solution decays (towards i, with respect
to this asymptotically null foliation) for data decaying sufficiently quickly towards spatial infinity. However we
do not look at optimising this rate, as only very weak decay is required for Theorem 3.

The non-invertibility of . is inherited from that of ¢ . This ultimately arises from the red-shift effect
along .77, which for backwards time evolution corresponds to a blue-shift instability. It is the existence of
the map .% * mapping into the space of non-degenerate energy however, that extends this non-invertibility to
data on .# ~. Note that for .# —, the notion of energy is completely canonical. This is in contrast to the pure
Reissner—Nordstrom case, where no such .Z T exists.

It remains an open problem to precisely characterise the image of the scattering map ..

2.2 Previous Work

There has been a substantial amount of work done concerning the scattering map on Schwarzschild. However
there has been considerably less concerning the scattering map for collapsing space-times such as Oppenheimer—
Snyder. The exterior of the star is a vacuum spherically symmetric space-time and therefore has the Schwarz-

schild metric by Birkhoff’s Theorem, [40]. We will thus be using a couple of results in this region from previous
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papers. However, we will not be discussing the scattering map on Schwarzschild very much beyond this. For a
more complete discussion of the wave equation on Schwarzschild, see [14].

Most previous works on scattering in gravitational collapse, such as [8, 26, 6, 34], assume that the star/dust
cloud is at a finite radius from infinite past up to a certain time and then proceed to let this cloud collapse, as in
the RNOS model with 7* < 1. Thus these models are stationary in all but a compact region of space-time. This
model allows these previous works to avoid the difficulty of allowing the star to tend to infinite radius towards
the past, as happens in the original Oppenheimer—Snyder model that we will be studying here. Also, dynamics
on the interior of the star have not been examined, and so only the case of reflective boundary conditions has
been studied previously. The energy current techniques we will be using here can, with relatively little difficulty,
also be applied to these finite-radius models. These energy current methods are also more easily generalisable to
other space-time models: for example, to obtain boundedness of the forward scattering map, all that is required
to apply these techniques is that the star is collapsing. Nonetheless, in this thesis, the only interior we will
consider is that of the Oppenheimer—Snyder model.

In this thesis, we look at defining the scattering map . geometrically as a map from data on .# ~ to data
on 7" U.#" (equation (2.3)). This is treating scattering in terms of the Friedlander radiation formalism (as in
[21]). In the above papers ([8, 26, 6, 34]), their solution is evolved forward a finite time, then evolved back to
t = 0 with respect to either Schwarzschild metric (for the horizon radiation field) or Minkowski metric (for the
null infinity radiation field). Then the authors show that the limit as that time tends to infinity exists. All this is
done using the language of wave operators. For a comparison of these two approaches to scattering theory, the
reader may wish to refer to Section 4 of [38].

Let us discuss two related works in more detail. The work [8] studies the Klein—Gordon equation ((2.1) is
the massless Klein—Gordon equation, thus is studied as a special case) on the finite-radius model discussed
above. In this context, the author obtains what can be viewed as a partial result towards the analogue of Theorem
1 for each individual spherical harmonic. However they do not find a bound independent of angular frequency.

Again in the finite-radius model, [26] studies the Dirac equation for spinors. However, as this has a 0" order
conserved current, this allows a Hilbert space to be defined such that the propagator through time is a unitary
operator. Thus there is no need for the (first order) energy currents we will be using. This also allows questions
of surjectivity to be answered with relative ease.

There have been no mathematical works considering the scattering map in the charged case. There have,
however, been other works considering the underlying models of charged collapse, and there have been other
works considering scattering on Reissner—Nordstrom backgrounds.

Most papers modelling collapsing models focus on the interior of the collapsing star. This thesis, however,
will not focus on the specifics of interior models such as these in the charged case. There are many such models,
which entirely depend on what equation of state is chosen for the interior of the dust cloud.

For simplicity in the charged case, this thesis will assume only that the surface of the collapsing cloud follows
the motion of charged particles in the exterior spacetime, as discussed in Section 1.2. In fact the techniques in
this chapter do not require an assumption this substantial, and will allow the results to be generalised beyond
this. However, to avoid becoming mired in the details of the interior of the dust cloud, we will restrict to these
RNOS models.

Generally, study of the scattering map in the exterior sub-extremal Reissner—Nordstrom spacetime is paired
together with that of Schwarzschild, as it has similar behaviour (see [14]). The extremal case has been studied
in detail separately, see [3]. Behaviour in this case differs substantially from the sub-extremal case. Scattering
in the interior has also been studied independently, [32]. The exterior of the RNOS Models (see Section 1.2)
is a spherically symmetric, vacuum solution to the Einstein—Maxwell equations, and thus has the Reissner—
Nordstrom metric, by uniqueness (see [42], for example). However, this thesis will not be discussing the
scattering map on Reissner—Nordstrom much beyond this, and instead will quote results from [14] (in the
sub-extremal case) and [3] (in the extremal case). We refer the reader to these for a more complete discussion of

scattering in Reissner—Nordstrom spacetimes.
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2.3 Notation

In this section, we will be using similar notation to [2, 1].

We will be considering the following hypersurfaces in our manifold, equipped with the stated normals
and volume forms. Note these normals will not neccessarily be unit normals, but have been chosen such that
divergence theorem can be applied without involving additional factors.

T ={(t",n0,0) 1" =15} dv = r*drdw dn = —dt*
(2.4)
1 XM ¢*M?
Ly :=1{(t",1,0,0) 1 u(t",r) = uo} deE(l———l—q 5 )rzdvda) dn= —du
r r
(2.5)
1 XM ¢*M?
Ty ={(",r0,0) :v(t",r) =} dV:§<1———i—q 5 )rzdudco dn= —dv
r r
(2.6)
Siean = {7 (17),0,0) st. 1* € 15,11} dV = r’di*dw dn=dp = dr— fydt”*,
2.7)

where dw is the Euclidean volume form on the unit sphere i.e.
dw =sin0d0do. (2.8)

Note that d@ will not be used as the volume form on the unit sphere in Chapter 3, to avoid confusion with @
being a frequency.

We will also later be using, for the permeating case, the eventually null foliation, ifo. These are the set of
points with T = 1y for r < rp,, and v = vy for r > r;,. Here vy is the value of v at (g, 7, (7))

Yo = (Ze N{r < rp(10)}) U Zp, N {r>rp(10)}). (2.9)

This will have the same volume form as X, for r < r,(7) and the same volume form as X, for r > r,(1).

We will finally make use of
Lok = (ZumgirN{r* < —RPHUEN{r € [-R,R]}) U (Zv=y+rN{r* > R}). (2.10)

The volume form of izo & matches that of X, , X,, and ¥, in each section.

Whenever considering the reflective case, we will restrict these surfaces to r > 7,(t*). However, in the
permeating case, or when considering pure Reissner—Nordstrom spacetime, this will not be required.

We define future/past null infinity by:

It =RxS§? dV = dudw I~ =R xS? dV = dvd ®. 2.11)

Past null infinity is viewed as the limit of X, as ug — c. For an appropriate function f(u,v,0,¢), we will

define the function “evaluated on .# " to be
f(V797§D)|j* = ug@mf(uavaeaq))' (212)

Similarly, .# * is considered to be the limit of £, as vy — . For an appropriate function f(u,v,0, ), we

will define the function “evaluated on . " to be

f(,0,9) := lim f(u,1,0,9). @.13)
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From here onwards, any surface integral that is left without a volume form will be assumed to have the
relevant volume form listed above, and all space-time integrals will be assumed to have the usual volume form
el ().

We will be considering solutions of (2.1) which vanish on the surface r = r,(t*) (in a trace sense). We will
generally be considering these solutions to arise from initial data on a spacelike surface. Initial data will consist
of imposing the value of the solution and its normal derivative, with both smooth and compactly supported.

We will then consider the following seminorms of a spacetime function f, given by:

171y = [ 1£Pav. (2.14)
We will also define the H'! norm as:
1 o
7 i,y = [ 190 S+ 10nf P+ ¥ 1Py (2.15)
0 i
2 |9uf1? 1 &2
; = — 2.1
1B, /Z (1_%@)2*#%” av 2.16)
r r2
2 |0ufI? |
: = — dv 2.17
1A, /E (1_2_M+M>2+r2|!wu , (2.17)
r r2

where Y is the induced gradient on the unit sphere. This is a tensor on the unit sphere, and we define the norm

of such a tensor by
n

ITP= Y |Thw.al (2.18)

ai 7a27---am:1
for T an m tensor on S”, in any orthonormal basis tangent to the sphere at that point.

Note that we have not yet defined the spaces for which the A'! norms will actually be norms.

The generalisation of the H! norm are the H" norms, which we will define on X by

ni,na,n3
1<ni+ny+n3<n
ny,n,n3>0

L s any n
s,y = X [ olVmoman fiPav. (2.19)
1 Ztgr

Let C5’(S) be the space of compactly supported functions on surface S, which vanish on {r = r,(t*)} NS.
We will define the H' (X4;) norm on a pair of functions ¢y, ¢ € Ci’(E;:) as follows:

H(¢0,¢1)|\H1(z,6) = H‘PHI—'I‘(Z,S) forany ¢ s.t. (@]x,., 091z, ) = (90, 1)- (2.20)

We similarly define the H'(X,,) and H'(Z,,) on ¢ € C5(Zy,v,) as follows:

190l (5, ) = 19105, TOrany ¢ st dls, = do. (2.21)

uo,VO

We will also need to consider what functions we will be working with. For this, we will be using the same

notation as [15, 2]. We first need to look at the notions of energy momentum tensors and energy currents (note



22 The Scattering Map

this energy momentum tensor will be expressed as 7', and is different from T in (1.1)).

1

TNV(¢) =VuoVyo — Eguvvp¢vp¢ (2.22)

T =X"Tyuy (2.23)

KX = VrIY (2.24)

I =X Ty +wVp(9%) — 9> Vyw (2.25)

X-energy(¢,S) = /dn(JX). (2.27)
N

Here, dn is the normal to S. It should be noted that applications of divergence theorem do not introduce any

additional factors with our choice of volume form and normal, i.e.

o=
ety 1] z

with similar equations holding for ¥, , and in the permeating case.

dn(JX®) + | dn(J%®) - / dn(J%®), (2.28)
Zt()k S[l‘g,[ﬂ

*
n

For any T}, obeying the dominant energy condition, X future pointing and causal, and § spacelike, then the
X-energy is non-negative.

For any pair of functions, ¢g, ¢ € Cy’ (Z,g), and X a causal, future pointing vector, we define the X norm by

| (o, ¢1)||)2(,2,5 := X-energy(¢, %) for any ¢ s.t. (¢|2z6,3z*¢\2,5) = (0, ¢1). (2.29)

We similarly define for ¢ € C5’ (X, )

l00l} 5, ,, = X-energy(9, Zupyy)  forany ¢ st. 9lx, . = . (2.30)

g,V

Note that for any causal, future pointing X which coincides with the timelike Killing vector field d;+ in a
neighbourhood of .#*, we have that the X norm is Lipschitz equivalent to the H! norm.

For causal timelike vector X, we define the following function spaces

85 = Clx 5, (CF (%) % G5 (Zyy)) 231)
gg = ClX7ZM0,VQ (C(O)o (ZanVO ) ) (232)

uo AVO

where these closures are in H, 110 . with respect to the subscripted norms.
For yy € C3(4*), we define

lwoll3, o+ = /ﬁ 10,y |*dvdw (2.33)

Iwoll3, - = // |0,y dud . (2.34)
We define the energy spaces é’j; by

8 * 5}
EVL=Cly, 7+(C(IT)). (2.35)

We will finally be considering "well behaved" functions to prove results, and extending our results by density
arguments. If a function on .7 is smooth and compactly supported on ¥+ for every t* (or compactly supported

on X; and in H 120 -(Zr) for every 7), then we will refer to this function as being in Cf;,,,. (or ng).
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2.4 Existence and Uniqueness of Solutions to the Wave Equation

Consider initial data given by ¢ = ¢y and d;+@ = ¢ on the spacelike hypersurface ng; (or dr¢ = ¢ on Xy,). For
the reflective case, we also impose Dirichlet conditions on the surface of the star, ¢ =0 on r = R(¢). We first
show existence of a solution to the forced wave equation,

Og¢ = (V—88"p9)=F (2.36)

1
——0,
V=g
for g as given in (1.47) and (1.22).

These are standard results which can be taken from literature, but there is no elementary reference. For
completeness we will include a proof here.

2.4.1 The Reflective Case

In the reflective case, we initially prove existence and uniqueness for smooth, compactly supported initial data.
We will be proving existence up until the surface of the star passes through the horizon. For later t* times, we are
then in exterior Schwarzschild space-time with the usual boundary ar r = 2M, so can refer to standard existing
proofs of existence and uniqueness (see for example proposition 3.1.1 in [14]). The proof below closely follows
that of Theorems 4.6 and 5.3 of Jonathan Luk’s notes on Nonlinear Wave Equations [33], and comes in two
parts:

We proceed by first proving uniqueness via the following lemma:

Lemma 2.4.1 (Uniqueness of Solution to the Forced Wave Equation). Ler ¢ € Cg,. be a solution to equation
(2.36) in some region r > rp(t*) > 2M, t* | <t;5 < t}, with

O =0o0nr=ry(t")

¢ = o on %,

al*¢ = 0
(2.37)

with g.p given by (1.47).
It follows that 3A,C > 0 s.t.
tf * * * *
S[UP ]||¢”H1(2,*) <C <H(¢0,¢1)||H1(2,5)+/[* 1F |25, (£7)d1 )eXP (Alef —241) - (2.38)
ettty -1

In particular, if .9’ € Cy,. are both solutions to the above problem, then consider { = ¢ — ¢'. We have
that { solves equation (2.36) with F = 0 and has 0 initial data. Thus, { = ¢ — ¢’ = 0 everywhere, and we have

uniqueness.

Proof. We first consider coordinates (t*,p, 0, @), where p = r — rp(t*) + r4. This causes dy= to be tangent to
the boundary r = rj,(¢*). The metric then takes the form

2M  g*M? 2M M 2M  g*M?
g:_((l__+‘1 . )__(2_‘1_>r-b_ (1+__‘1 . )be)dz*Z (2.39)
r I r r r r
M ¢*M? M g*M? M g*M?
(o (122 ) sy ) 2dpadr + 1+ L2 ) ap?
r r? r r? r r?
—|—I"<l' ap)zgsz
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We integrate the following identity:

Ao (9a(§"99) —F)) =0 (2.40)

for
b= /—gg® (2.41)
7= \/—gF. (2.42)

We look at the casesa =b =0, a=1i,b = j, and {a,b} = {0,i} separately, where i, j € {1,2,3}.

£ ;
[ s sarmss (- Janrons)
0 t*

(2.43)
/ / 009 0:(8"0;9)dpdw*dt* = (/ﬁ/ (902")(9:09,9)dpda’dr* — </ / ) 8¢8¢dpdw>
- ) (2.44)
/l*1 /Z 909 (:(§°09) + do(8°9:9))dpdw*dt* = /t*' /Z (908 (90909 )dpdw?dt”*. (2.45)

Here we have integrated by parts. Using the fact that as ¢ = 0 on our boundary and d is tangent to our boundary,
we can see that dy¢ = 0 on our boundary. We have used this to simplify the above boundary terms. Using

T\ e (e ey, () (o ew), (e |7
(2.46)
for a,b = 0,1, we see that
<A'r? a,b=0,1
008" | (2.47)

=0  ab=2,3.

(Note that coordinate singularities have been removed from g% by multiplying by \/—g.)
We then have, by summing (2.43), (2.44) and (2.45) together, that

/ §19:09,0 — g°(39)2dpde® = / §79:09;0 — 3% (9p0)2dpdes® + ~ / (302™)0u0 9y — Fopddpd’ds*

X
1

< /2 710,000 — g% (309 dpd o’ (248)

0

1 /4
3 [ 00l iz + A1,
0

Note that the bar is removed from F as the factor of \/—g is absorbed into the volume form in the norms of F
and ¢.
Then we define
E(t}) = /E §70:00;¢ — g% (d9)*dpdw*. (2.49)
q
As the surface of the star is timelike, we have that —ggy = g!! is bounded above and below by positive
constants independent of time (from equation (1.5)). We note that the 7> term from using g instead of g is

identical to the volume form in ||¢ |2 (s This implies E(t) ~ || ¢ || Thus, using the fact that the RHS

i)’
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of (2.48) is increasing in ¢{, we have

* * ZT *
1) = sup 100s, <€ sup ()< CUOsy +C [ 10l Fllags, ) + 4101, dr
0

el ] ety 1]

* * tik * IT * *
<CF() +C\Jf ) / 1F 2, di™ +C / A F()dt

/ f()

Fls. i) + T e At 2.50)
0

C2
<Cfy)+—=
2 t(’)‘

2

We can then subtract the f(¢{)/2 term from both sides to end up with an inequality of the form

S S AU+ [ 70 ar @5

An application of Gronwall’s inequality gives our result, but with * | replaced with ;. We then repeat the same
argument with time reversed to obtain the final result. [

Note we have written out the above argument explicitly in coordinates. It could be written out using the
energy momentum tensor and a suitable vector field multiplier, as we have done in Section 2.5.

Next we need to deal with existence. To do this, we prove the following theorem:

Theorem 2.4.1 (Existence of Reflective Solutions). Let F € C*([t*|,#}];Ci(£+)) Vk € N and g, as above. Let
also ¢o and @ smooth, compactly supported functions on Iy: such that ¢o(ry(15), 0, @) = 0, and such that these

initial conditions are not incompatible with the wave equation at r = ry(t*)*. There exists a Cy,. solution to
equation (2.36) subject to (2.37).

*By this, we mean that setting ¢ |Z’8 = ¢ and J @ |Ef(’§ = ¢; imposes the value of all first and second order
derivatives of ¢ on X, other than 8,%¢. As we also require ¢ to vanish on the surface r = r(¢*), this boundary
condition imposes that - + 7,0,¢ = 0 and (J+ + ,0,)* ¢ = 0 on r = r,(t*). We require that setting ¢ | Ty = do
and J;+ ¢y | Ty = @1 does not cause a contradiction between this boundary condition and the wave equation at
(16,75 (15), 0, @).

Proof. We begin the proof with the case (¢o, ¢1) = (0,0). Let the set Cy C Cfy/,- be the image under the map
Og of Cy (.#). We define the map W by:

WZC()-)R

t*
Dgwr—>/l/ YF\/—gdpdOdodt* =: (F,y)
lil Z’t*

This is well defined by our previous uniqueness lemma: suppose two functions Y1, y» € Cy have L,y = U yh,.
Then we can choose #; to be far back enough that Z,g does not intersect the support of either y; or ;. Thus
V1 — Y, solves (2.1) with vanishing initial data. Lemma 2.4.1 then gives y; — ¥, = 0 everywhere, i.e. they are
equal.

We then proceed by quoting Lemma 5.2 in [33], which relies on definitions of H—* spaces. The space
H~*(X;+) is defined to be the dual of H¥(X,+) (the space of bounded linear maps from H*(%,+) to R). Note also
that, as a Hilbert space, H*(X;) is reflexive, i.e. the dual of H*(Z;+) is H*(X;+). In the permeating case, we
define H*(X;) in an identical manner.

Lemma 2.4.2. Suppose y € Cj((—oo,t]) X X;+), supported away from r = rp(t*), and g as above. Fix t; €
(—oo,t]). Then for any m € Z, 3C = C(m,t5,t{,8) > 0 s.t.

i * * * %
H‘I’HH’"(E,;) < C/t* [BeWllgm-1(s,.y(s)dt™ ¥ty € [1g,17]. (2.52)
0
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Remark 2.4.1. To see this from [33], one must first “Euclideanise”, i.e. replace angular and r coordinates with
some X,y,z in order for these coordinates to be everywhere regular. We can then extend our metric smoothly to
inside the star. Using the result of Lemma 2.4.1 allows the proof to proceed exactly as in [33]. Note that linear
maps on the space extended inside the star are also linear maps when restricted to functions on the outside of

the star.

Lemma 2.4.2 then gives the bound

W (Oey)| =

t*
/ ‘ / yF\/—gdpd@dedt*
l‘s Z’t*

fn fn
<c ( / HFHHk—l(zt*)(f*)dt*> (0P IWlhyors,) <€ / 10wl s, (5)ds. (2.53)
- -1 -

for smooth and compactly supported functions away from the horizon. We then take the closure of such functions
with respect to the H k norm, for which W is linear and bounded. Thus by Hahn—Banach (Theorem 5.1, [33]),
there exists a function ¢ € (L!'((—oo, T); HK(Z+)))* = L*((—o0, T); H*(X;+)) Vk, which extends W as a linear
map. This means

(Fy) = (0.0ey) VY e (A). (2.54)

Now [, obeys
(Oevi, v2) = (v1,0c2) V¥ € G (=00, 17) X Epr). (2.55)

Thus equation (2.54) means that ¢ is a solution of (2.36) in the sense of distributions.

We then consider the following equation which d;+¢ solves, in a distributional sense:

VvV (9) =ho + R, (2.56)
for
v = (=%, -2¢", 25", ~2¢%) (2.57)
h= \/l__gav (g"°v—¢) (2.58)
Fi = —=0y ("'v/=8) 49 +8"3:3;0 — F. (2.59)

V=8
We explicitly have 4 and Fj, as we have ¢ and its spacelike derivatives. We can then easily solve this along
integral curves of v¥ to obtain that ¢ exists as a function and is continuous.

We then look at the difference between equation (2.56) and the wave equation (2.36). Here we are considering

everything as distributions rather than functions. This gives us that
WV (0 —0r0)—h(9—d-9) =0. (2.60)

Applying the zero distribution is the same as integrating against the zero function. We also know ¢ — d;¢ is
zero on the initial surface. It is then zero along all integral curves of v, and is therefore the zero function
everywhere. Thus dy+ ¢ exists everywhere and is continuous.

Then, by considering equation (2.36) and its derivatives, we can determine further weak derivatives with
respect to time. If F € CX([t* |,#}];C5(Xs+)) Vk, then our final solution has finite H*(Z,+) norm for all k and
all t* € [t*,,1{], This means it is smooth. Due to finite speed of propagation of the wave equation it is also
compactly supported on each X;«.

Finally, we show ¢ is a classical solution. Let y be an arbitrary function in Cy’(.#), supported away from
the boundary. We can then integrate (2.54) by parts. Using the fact ¢ is smooth, we can see that Ll,¢ = F.

By choosing k = 1, we note that ¢ extends W to the closure of Ci’(.#) under the H "' norm. In particular,

this includes functions which are smooth with non-vanishing derivative at the horizon. From this set, we can
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choose any arbitrary smooth compactly supported function y. Let us choose one which is zero at the boundary,
but with non-zero normal derivative at the boundary. The boundary term we obtain when integrating (2.54) by
parts gives that ¢ =0 on r = r,(t*), as required, provided F = 0 on the boundary.

Now let (¢o, ¢1) be smooth, as in the statement of the theorem. Let u € Cj ([0,#]] x X;+) be any function
with (u, du) = (¢o, ¢1) ont =1, and u = 0 on the boundary r = r,(¢*). Then if we solve

O,v=F =F —Ogu (2.61)
(v,9,v) = (0,0) ont =1, (2.62)

then ¢ := v +u is our required solution. The existence of such a u for which F> vanishes at r = r;, makes use of

* in the statement of the Theorem. L]

Remark 2.4.2. Theorem 2.4.1 will allow us to extend other results. Suppose we obtain any result on boundedness
between times slices X+ in the H' (Xs+) norm (not necessarily uniform in time). We can use a density argument
to obtain that given initial data in H' (X4 ), there exists an H Y(Zp) Vt* solution. Again, this would be a solution

in the sense of distributions (see already Theorem 2.5.2).

2.4.2 The Permeating Case

The proof for the permeating case follows almost identical lines to that of the reflective case. There are fewer
concerns about the boundary, but the solution itself cannot be shown to be smooth for smooth initial data.

We still have Lemma 2.4.1 applying in this case, with almost no change to the proof. Lemma 2.4.2 also
remains the same for all m < 2. This can be seen by considering (7,R, 8, @) coordinates ((1.27) in chapter 1).
We can then commute with both angular derivatives and dz, and also rearranging (2.36) for 81%¢. This just leaves

the analogue of Theorem 2.4.1:

Proposition 2.4.1 (Existence of Permeating Solutions with Initial Data Constraints). Suppose
FeClY([t_1,11]:H (X;)), and g as above. Suppose also we are given (¢o, ¢1) € H' (X;) such that there exists
a function u € O (H' () NH?(A) with (¢o,¢1) = (u, dzu) on L. Then there exists an H*([T_1,71] X L¢)

weak solution to equation (2.36), subject to:

¢ =¢o
2e0 = 0y } on Ly,. (2.63)

Proof. Again, we begin with the (¢, @) = (0,0) case. We define the map W exactly as in the reflecting case.

We define it on C}, the image under the map [, on CJ(.# ). Note the components of g are H! _ functions, so

loc

have weak derivatives in L?

7»c- Thus this operator still exists. As before, this operator is well defined, is linear,

and is bounded.
Thus, again by Hahn-Banach, there exists a function ¢ € (L' ((—oo, 71); H¥(Z;+)))* = L= ((—o0, 71 ); H¥(Z;+))

Vk < 2 such that
(Foy) =(0.L.y) Yy e GG (Aa). (2.64)

As before, we can show ¢ has a 7 derivative by considering the equation obeyed by d;¢ as a distribution. If F is
in H', then ¢ has two weak spatial derivatives. It also has a 7 derivative with spacelike weak derivatives. By
integrating (2.64), we obtain that it also has a second weak time derivative. Thus it is H2, and thus our solution
is a weak solution of (2.36).

We then proceed with the final section in exactly the same way. Note that given our function, u, we can take
F>, = F — Ugu well behaved. Thus our solution is H 2 and therefore is a solution in a weak sense. However, this

sense is sufficient for the applications listed in later sections. [

The final thing we need in order to complete existence of solutions is the following: we need to show that

initial data matching our condition (¢, ¢;) = (u, dzu) on X is dense in H' (Z,):
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Proposition 2.4.2. Let (¢o, ¢1) be any pair of functions in C5 (Xg)) x C5(Xq,). Then there exists a sequence of
globally defined functions u, € C5 (A )N D;l (H'(.#)) such that

Hl():f())
(un’ZTOaa‘cun‘Efo) —_— (¢Ov¢l)- (2.65)

Proof. We first remove the region over which g is not smooth by defining a smooth sequence (¢ ,, 91,,) such
that

(00,15 91.1) m (90, 91) (2.66)

and 9,9, = @1, = 9,91, = O for the region [r, — 1 /n,r, + 1/n].

Let x be a smooth cut-off function which is 1 outside [—2,2] and 0 inside [—1, 1]. We first construct ¢; ,,: Let
O = ¢1x(n(r—rp)). It is clear that this tends to ¢; in the H? norm. It is also clear that it and its r derivative
are 0 in the required region. Then we choose ¢, = x(n(r —rp))do + (1 — x(n(r—rp)))do(rs)-

It is clear to see that the r derivative vanishes while y = 0. All that remains is to show that

(1 =2 (n(r=15))) (90 = 90()),0) [l 1 (., ) = O- (2.67)

It is easy to see that the L? norm of this tends to 0. Similarly the angular derivatives tend to 0 in L2. Then all

that is left to prove is that the r derivative tends to 0.

19-(90 = 0.n) 1225 ) = (1 = % (n(r = 1)) 990 — g (n(r = 1)) ($0 — Do (r6)) [ 25, )
<11 =x(n(r=r))0r90ll 25, ) + [Inx (n(r—15)) (G0 — o (o)) 25, ) (2:68)
< |1 =2(n(r=rp))llz2(z,,) sup |0r ol
+  sup{n(@o— 9o (ro)) 12 (n(r —ro)) 2z, )

r€lrp—1/n,rp+1/n
The first term in the RHS tends to 0, as (1 — x(n(r—rp))) € [0,1] is only supported in r € [r, —2/n,r, +2/n].
The supremum in the second terms tends to |d,@o(rp)|, so is bounded. The x’ in the second term is bounded and
only non-zero in a region whose volume tends to 0. Therefore the whole second term also tends to 0.
Now, given the pair (@, §1,,), we define u, := (§o , + 701 ,) (1 — x((2n7))).
As drr, < 1, we have that dyu, = druy, = 9,du, = 0 for all r € [r, — 1/2n,r, + 1/2n]. We also have
(Un, Ozttn) = (@0, P1,,) at T = 0. Thus we can see

1
—80(\/—ggab8bun) — H'-terms + (8ag“b)8bun. (2.69)
V=8 a7b€Z{r7T}

Uguty, =

The only terms in the sum where 9,g% ¢ Hllo . is at r = r,. However, in that region we have d,u, = dytu, = 0.
Thus Ugu, € H, !

loc*

As ¢p and ¢, are compactly supported, we then obtain that Ueu, € H L 0
Combining Propositions 2.4.1 and 2.4.2 gives us the following Theorem:

Theorem 2.4.2 (Existence of Permeating Solutions). There exists a dense subset D of H' (L) with the following
property. Given initial data (¢o,¢1) € D, there exists an ng solution to (2.1) and (2.63) in the permeating

case.

Proof. We use the subset given by
D = {(u,du),u € Cy(A)NO,  (H' (M)} (2.70)

This is dense, by Proposition 2.4.2, and has an Hg\ﬂ solution by Proposition 2.4.1. [

Remark 2.4.3. As previously, Theorem 2.4.2 allows us to extend other results. Suppose we obtain a result on

boundedness between times slices L in the H'(X;) norm (not necessarily uniform in time). Then we can use a
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density argument to obtain the following: given initial data in H' (X)), there exists an H' (X;) V7T solution, in

the sense of distributions (see already Theorem 2.5.6).

2.5 Boundedness of the Wave Equation

In this section we work towards proving Theorem 1, as stated in the overview. We will prove the result stated in
that Theorem firstly for the RNOS model with reflective boundary conditions, then we will prove the result in
the Oppenheimer—Snyder case with permeating boundary conditions.

2.5.1 The Reflective Case

We will prove this boundedness result in two sections. We will first prove that going forwards we have a uniform

bound on the H'! norm, i.e. there exists a constant C(M,q, T*) such that
191115,y < €Ol (s, Viy 2 1. (2.71)
In the second section we will prove the analogous statement going backwards in time:
H¢’HH1(2,6) < CH‘PHHI(;]*) Vig <1 <t; (2.72)

Note the backwards in time version includes a condition on #] <17, as, were ¢; > 1., we can lose arbitrarily
large amounts of energy across the event horizon.
From here on in this thesis, when we say solution, unless stated otherwise, we mean ¢ which has finite

H! (X;+) norm for all t*, and is a solution of (2.1) in a distributional sense, i.e.

/J// ¢ 0 =0 VfeCT(A). (2.73)

Again, note that smooth compactly supported solutions of (2.1) are dense within these functions with respect to
the H! (X/+) norm. The methods in this section will closely follow [2].
We begin by proving a local in time bound on solutions of (2.1) which are compactly supported on each X+,

though this can be extended to all H! functions by a density argument.

Theorem 2.5.1 (Finite in Time Energy Bound). Given an RNOS model given by M ,q,T*, ¢ a solution of the
wave equation (2.1) with reflective boundary conditions (2.2), and a time interval t; < t{ < t7, we have that
there exists a constant C = C(M,q,T*,t5) > 0 such that

C_1H¢||H1(z,3) < H‘PHI—'H(Z,T) < CH‘PHHI(E,S) (2.74)

Proof. We start by choosing a vector field in the region ¢* € [t;,{] which is everywhere timelike, including on
the surface of the dust cloud. We will also choose this vector field to be tangent to the surface of the dust cloud.

For example
X = Jp + (1) 0. (2.75)

Then we have that

2442 2242
—dr () %((u”f < )(a,up) (1+2ﬂ—q,f” )fb<r*>a,*¢ar¢

2202 2 o
" (1 B e . (z— M) m,a*)r) <ar¢>2+}2|v¢\2>. 2.76)

l"
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Note, in every RNOS model, when the dust cloud crossed r = r, 7, (t*) # 0, and as r,(¢*) € (—1,0], we
have that there exists a time independent constant A = A(M, g, T*) such that

A0y < = L @) <A, @77
Then we look at the energy current through the surface of the dust cloud
dp(JX) =0 (2.78)

once we notice that on the surface of the dust cloud XYV, ¢ =0 and dp(X) = 0 for dp the normal to the surface
of the dust cloud.
If we then calculate KX, we get:

KX| = ‘ (1+%) 2 @y - (A4 (1422 @2) 1)) 209,0

r r

M\ ro(t*)  (2M  ¢PM?N ., 2 2
_ ((1 _ 7) ) (7 )6 ) 92| < BIO e, 279)
for B = B(t*) a continuous function of r*.
Define
16y == [ ar' @) = o, 280
Now, if we integrate KX in the space t* € [t;,1;] and apply (2.28), we get
* tT * * * * * tik * * *
f@) = | B@)f()dr” < fig) < f(e)+ | BE)f(7)dr". (2.81)

* *
Iy Iy

Then an application of Gronwall’s Inequality to each of the inequalities in (2.81), and applying (2.77) to the
result gives us that

¥ ¥
] [ B(t*)dr*

-1
[ B(t*)dt” ;
(Ae 0 ) H¢H12-'11(2t5) < H¢H}2ql(ztl*) < (Ae 0 > H¢H§1(Zzg)' (2.82)

*
K\ Jgk

.2 [ BG)dr .
Letting C~ = Ae™0 gives us the required result. [
Theorem 2.5.1 gives us the conditions mentioned in Remark 2.4.2, so we have the following Theorem:

Theorem 2.5.2 (H' Existence of Reflective Solutions). Let (9o, ¢1) € H' (%), where 1§ <t}. There exists a

solution ¢ to the wave equation (2.1) with reflective boundary conditions such that
(@lz,: 0+ Olx,) = (90, 01)- (2.83)

Here this restriction holds in a trace sense, and ¢ is a solution in the sense of distributions. Finally, ¢ € H' (%)
forallt* <t

Proof. This is a result of Theorem 2.4.1 and a density argument. This density argument relies on the bounds
given by Theorem 2.5.1. [

Remark 2.5.1. Note that our existence result, Theorem 2.5.2 allows us to define the forwards map:

Flan) - X - &X (2.84)

ff(tg ) (00, 01) := | 9|z, 8t*¢|z*> where ¢ is the solution to (2.1) and (2.37). (2.85)
) tl 1‘1
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Then Theorem 2.5.1 gives boundedness of ﬁ(f(’fvtf)"

[ F sy (90, 01) [[x < Cll(do.d1)llx  Vig <17 < (2.86)
for some C =C(M,15,t) > 0.

Now we wish to obtain a bound for our solution which does not depend on the time interval we are looking

in. We first prove such a uniform boundedness result for the case T* < 1:

Theorem 2.5.3 (Uniform in Time Energy Bound for 7* < 1). Given an RNOS model given by M, g and T* < 1,
and @ a solution of the wave equation (2.1) with reflective boundary conditions (2.2), we have that there exists a
constant C = C(M,q,T*) > 0 such that

M 0lnz,) < 10115, < Clo s,y Va5 <o <. 287

Proof. This proof is identical to the proof for Theorem 2.5.1. Once we note that for 7% < 1 and ¢* < t*,
Fp(t*) = (") = 0, we can take B(¢*) = 0 for * < *. Therefore the constant given by Theorem 2.5.1 is actually

a uniform in time bound for all #; < ¢*, i.e. take

€2 = pehs B (2.88)

]

The T* > 1 case is much more difficult than the 7* < 1 case, so we will break this boundedness result into
two different Theorems. We will start with the forward bound:

Theorem 2.5.4 (Uniform Forward in Time Energy Bound for 7* > 1). Given an RNOS model with parameters
qand T* > 1, and a solution ¢ of the wave equation (2.1) with reflective boundary conditions (2.2), we have
that there exists a constant C = C(M,q,T*) > 0 such that

H¢|’I—'I1(Z,T) < C|’¢||H1(zt5) Vg <ty <t.. (2.89)

Proof. We will proceed similarly to Theorem 2.5.1, but we will take the vector field

X = 0. (2.90)
Then we obtain the following results:
KX=0 (2.91)
—ar ) =L (142 M ot (1ML TN 5 24 Lo (2.92)
( =5 t— (O )" + — T2 (0r¢ +3 o :
" Fp(t*) . 2M  ¢*M? 2M  ¢*M?*N |, 5
dp(J*) =— 5 (1+7(7)) 1—7+ o) 1+7— 2 rp(t*) ) (9r9)” >0, (2.93)

recalling that 7, € (—1,0].
Now if we take an arbitrary #; < 1, then in the region t* <15, r > rp,(t*) > r4(t5) > r. Thus there exists an
€ > 0 such that

> €. (2.94)

Therefore in the region t* <1,

el0ns, <= [ () <191, (2.95)

t*
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Then, as before, we integrate KX in a region t* € [t},#;] for t} <3 <. Once we note that the boundary
term has the correct sign, we have

H‘PH;ZL'II(EIE) < 871”‘1)”%11(2[?)- (2.96)

An application of Theorem 2.5.1 will then allow us to extend our bound over the remaining finite interval [£;, ;]

to obtain the required result. [
Now we look at obtaining the backward in time bound:

Theorem 2.5.5 (Uniform Backward in Time Energy Bound for 7* > 1). Given an RNOS model given by M, g
and T* > 1, and a solution ¢ of the wave equation (2.1) with reflective boundary conditions (2.2), we have that
there exists a constant C = C(M,q,T*) > 0 such that

191l g, ) < ClOlla () Vo<t <t (2.97)

Proof. For this proof, we will need to use the modified currents, as defined in (2.25). Given asymptotic speed
a <1 (see (1.45)), let b € (a,1). Looking in the region t* < 0, we will use the vector field and modifier

X = f(t*) 0 — bo, (2.98)
. 1
fE) =1+ ——7 (2.99)
log (W)
w= —2 (2.100)
2 '
We then calculate
1+ _ o7 M M
Xw — _ 4 r b (1 - T) (0r-0)°

2442 2442
dpU™) = —L (b £ (1 +1o(r") ((1 R £ ) - (1+27M AL )w*)) (0,6)?
(2.102)
_drr(Emy = L (1 LM szz) F() (9 9)2 — 2b (1 LM szZ) 0,0
2 r r2 g r r2 ! 4
2242 2 o
(12 T ) e+ 22 (2= CE) ) Qo4 e Fol 20
L 2bm (2—"2M) 98,¢—2b (Hz_M_qzﬁz,ﬂ) 98,*¢+b—M (2_‘12_M) ¢_22>
r r r r I r r r r

We now note that either a # 0, or r,(t*) ~ /rp as t* — —oo. In either of these cases, terms of order

AN
(]r*| (log (%)) ) dominate terms of order r—2 as t* — —eoo. Thus for sufficiently negative ¢*, KX* < 0.

Similarly we have dp (JX,w) > 0, for sufficiently negative ¢*, since b+ f(t*)r,(t*) — b—a > 0 as t* — oo,
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Finally, we consider —dt*(JX"). Integrating over X+, we obtain:

x| XM @M M g*M?
2nq42 2 o
(120 T ) 700+ 2 (2= T ) ) @0+ s PP

72

2bM M M g*M? bM M\ 02
+ (2—q—) ¢8r¢—2b(1+——q : )¢at*¢+—(2—q—)¢—2>
r I r r

r r r r

L ((HZTM—"ZfZ) (£~ 5319

2142 2
+b(1+27M—"f ) ((aﬁ«p—w—"’) —2¢ar¢> (2.104)

# (1= 2L D) () - 0100 + 5o+ 2 (2 T *””)2)

r

2
! <<1+2—M— "ZMZ) ) -b)@rop+b (142 - ngz) (3r0-20-2)

~
2n42 2 2 2pq02 o
(14 D) S (120 D) () - 00,0 + s PP

2
+b_M(2_q2_M) (e+a,¢> )
r r r

We then note a version of Hardy’s inequality. If / is a differentiable function of one variable, with 2(0) =0,
then

(@)2 <c [ @hn), (2.105)

r

dC > 0 s.t. /
o

providing the right hand side is finite.
Using (2.105), we have that there exists a t* independent constant A such that

M g*M? 2 PN 62 o
OS/E <b<1+7_qr2 )<8t*¢_a’¢_g) “’(”qrz )?—zﬂLpf(f*)!W!z (2.106)
bM sz (P 2

Note f(*) — 1 as t* — —oo, and b < 1. Thus for sufficiently large negative ¢*, there exists a t* independent

€ such that
elos,) <~ [ d' @) <e 9l ) 2.107)
Finally, for negative and large enough t*, t* <, say, we have — th* dt*(JX W) non-decreasing in t*.
Therefore
1915,y <4190, V6 <t <13, (2.108)
Combining (2.108) with Theorem 2.5.1 for the interval [£},;] gives us the final result. ]

2.5.2 The Permeating Case

We now look at the permeating case. In the Oppenheimer—Snyder model for the interior of the star, we have that

our metric is C°, but piecewise smooth. Thus, as given by Theorem 2.4.2, we are dealing with a weak solution
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rather than a classical solution, i.e. ¢ € H'(X;) a solution to

ab . o
/T_oo/ V=889 (\/_g> dvdt =0 Yy eCy(A). (2.109)

(Note that in the coordinates chosen below, the determinant of \/—g is r%sin 6)
The metric in the interior of our star has the form (see Section 1.1.2):

) —(1— )d’c +2‘/2Mr dtdr +dr* +r? g r<ry:= (R2 2\/2M)
ds” = g

—(1-2yar?+2,/2Mardr+dr? + r’gge r>r

Wl

(2.110)

for constants R;, and M. Here, r}, is the boundary of the star.

We note that the null hypersurface given by r = r,, (3 2\/> ) is part of our event horizon. This means
when we construct the backwards scattering map, we will require data on this as well as the r =2M, 7 > 1,
surface.

We begin our study of boundedness by noticing that our usual d;-energy does not give the same bound as
before. This is due to the fact that d; is no longer a Killing vector. We therefore obtain a term arising from K 9

inside the star. We can still obtain a bound from integrating K 9 however it is now exponentially growing in 7:

Lemma 2.5.1 (Finite in Time Forwards Bound in the Permeating Case). Let ¢ € H(%W be a weak solution to the

wave equation (2.1) with permeating boundary conditions. There exists a constant B= B(M) > 0 such that

||¢)HH1 (Ze,) 2/ drt JX[(P]) <=2 dT(JXM,])eB(rrro) < 4||¢||§11(ZTO)63(1140) V1> 1 (2.111)

Zfo
for suitably chosen future directed timelike X.

Proof. Choose f(r) to be a smooth cut off function
f(rn<=0 ré¢ [M,3M| : (2.112)

Note f has bounded derivatives. Then if we let X = d; + f(r)d, we have that:

5 (,2|V¢|2 (0¢ ) +2f0:00,¢ + ( —2f /21\r/1r2 ) r<r,
—dt(J%) = . ’ . (2113)
: (%IV¢|2+<81¢)2+2faf¢ar¢+ (1 —ZTM 2f 3 ) (99) ) =1

e

%(—%Ww2<ﬂ4¢0@¢> %?+&§?)%¢&¢

b Ty

+((1—”‘3—3’2)f’—(1—4M!2)¥+”7Af’2)(ar¢)2> r<ry
2.114)
%(—%Wm%(%f’)(am)z—%’ M9.69,¢

(=2 — (1- )2 (a,¢>2> r>n

\

Thus K¥ can always be bounded by multiples of —dt(J%).

—/ dt(JX)=— | ar(J5)+ / KX—/ dn(J%). (2.115)
Y I T=T0 JL¢ HAN{r<2M}

ki)
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We can also note that the contribution from the part of the horizon in (2.115) is of the form —7;,X b for
future directed normal n. By the dominant energy condition, we have that this term has the correct sign. Thus
letting g(7) = — J5_dT(J¥), we have that

g(7) < g(m) +A/T g(s)ds, (2.116)

s*=1)
which gives us our result by Gronwall’s Inequality. [l

Remark 2.5.2. For the purposes of the scattering map however, we will not want to disregard the surface term
from the event horizon. Instead we will want to consider a norm on the horizon such that the map from a surface
Y to Xy U (S N{r < 2M}) is bounded in both directions. Letting X = d + f(r)d,, then we have

2
~ dn(J¥) :% (3, /zﬂ—wf(r)) (af¢+3(1—1/2—M>ar¢> + (3 (1—,/214> _f> %|§7¢|2.
ry rp ry I
(2.117)

If we then use the f from Lemma 2.5.1, we have all these terms being positive definite. Therefore the norm

we will consider on the surface contains only the L* norms of the angular derivatives and the derivative with

respect to the vector d; +3 (1 — %’) oy

Lemma 2.5.2 (Finite-in-Time Backward Non-degenerate Energy Boundedness for the Permeating Case). Let
(NS H(%Vr be a weak solution to the wave equation (2.1) with permeating boundary conditions. There exists a
constant B = B(M) > 0 such that for all 1y < 1) < T.-, we have

1017, ) < 419117z, ™ ™ (2.118)
Here (1,-,r = 0) is defined by equation (1.18).

Proof. This is proved identically to the previous lemma. We bound KX below instead of above, and we ignore
the boundary term, as T N{t < 7.~} =0. O

Lemmas 2.5.1 and 2.5.2 give us the conditions mentioned in Remark 2.4.3. Thus we have the following

Theorem:

Theorem 2.5.6 (H' Existence of Permeating Solutions). Let (¢, ¢) € H'(Ly,), where Ty < T,-. There exists a

solution @ to the wave equation (2.1) with permeating boundary conditions, such that

(Plzq, Iclx,,) = (0. 1) (2.119)

Here this restriction holds in a trace sense, and ¢ is a solution in the sense of distributions. Finally, ¢ € H! (X7)
forall T < 7.

Proof. This is a result of Theorem 2.4.2 and a density argument. This density argument relies on the bounds
given by Lemmas 2.5.1 and 2.5.2. U

Remark 2.5.3. As in the permeating case, our existence result Theorem 2.5.6 allows us to define the forwards
map:

Flam)  6iq — b2y (2.120)

Tz (90,01) i= <¢|zqaar*¢|zq) where ¢ is the solution to (2.1) and (2.63). (2.121)

We can use Lemmas 2.5.1 and 2.5.2 to bound the solution over any finite time interval. Thus we can now

consider only the case where r;, > 2M, i.e. 2r—1:[ < & for some small, fixed epsilon. Once we have a uniform
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bound for 2r—1;’[ < g, we can bound solutions of the wave equation for 7 < 7, using Lemmas 2.5.1 and 2.5.2.
Previous work on the external Schwarzschild space-time gives us the required bounds for T > 7.
This brings us to our next result:

Proposition 2.5.1 (Forward Non-degenerate Energy Boundedness for the Permeating Case, Sufficiently Far
Back). Let ¢ be a solution to the wave equation (2.1) with permeating boundary conditions (as given by
Theorem 2.5.6). There exists a constant, A = A(M) > 0, and a time, T* such that

1Pllg1(s,) <AlPlgz,) Yoo<m <t (2.122)

Proof. For this proof, we choose a time dependent vector field. Let Y = h(7)d;. Then we have that

L (RIVOP+(0:0°+ (1-247) (9.0)2) r<r,

—dt(J¥) = . :
3 (V0P + 0P+ (1-2) (9,07)  r=n,

(2.123)

(
-3 (f—élwr%h'(am)z — 243002099

) (- 2) -2 @er) s 2129

b

4§ (RIP08+ @02+ (1-2) @0F)  r2n

Now, we would like both of these to be everywhere positive definite. For this, we need to pick 2 > 0 and

bounded. We also need /' < 0, with —4' > 3¥ ;. Thus we can choose, for example,
"p

M\ /A oM\ VA
h(t)=1-— (r—b) el— (rb(r*)) ,1] (2.125)
h,(f)__<rb>1/42M<_ rp (1) 1/42M<_3Mh 2.126)
N 2M dry — 2M 4;’[2) rl% '
N
where we have chosen 7* s.t. <r”2(;,1)> > 6. This choice also gives us

1

2M 2M N\ #+
1— 1— 2 <—2/d <1011 5 - 2.127
(1-7) ( (e9) ) 0l = =2 A7) = 19l 2120

Finally, we apply these inequalities to divergence theorem (the permeating equivalent of (2.28)) in the region
T € [19, T1] to obtain

T
”¢||12L'1‘(270) > —2/2 dt(J¥) = -2 g dt(J¥)+2 KY > _2/)2 dt(J") ZA“‘P”%I‘(ZTI) (2.128)
70 T 7

=79 J Lz
as required. [

Theorem 2.5.7 (Forward Non-degenerate Energy Boundedness for the Permeating Case). Let ¢ be a solution
to the wave equation (2.1) with permeating boundary conditions (as given by Theorem 2.5.6). There exists a
constant A = A(M) such that

12l (s,) <AlOlm ) Vo< (2.129)

Proof. Previous works on Schwarzschild exterior space time (e.g. [14]), gives us that (2.129) holds for 7, <
To < 71. Thus if we prove the result for the case 7; < 7., we can combine these results to obtain (2.129) for all
< T].
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Let A and 7* be defined as in Proposition 2.5.1. Let B be as defined in Lemma 2.5.1. Remember 7, is defined
to be the time at which the surface of the star crosses r = 2M. We then have that

||¢||§,1(2T1) < 4AeB(rC—T*)||¢||;MZTO) V1 < 71 < .. (2.130)

O
In a similar way, we can obtain a boundedness statement for the reverse direction:

Theorem 2.5.8 (Backwards Non-degenerate Energy Boundedness for the Permeating Case). Let ¢ be a solution
to the wave equation (2.1) with permeating boundary conditions (as given by Theorem 2.5.6). There exists a
constant A = A(M), and a time T*~ such that

1012,y <AIz,) VY<T<TT. (2.131)

Proof. As before, we consider Y = h(7)d;. However, this time we require the sign of K* to be non-positive.

Thus, we choose

1
2M N\ 4
h(t)=1+ (—) € [1,2]. (2.132)
b
s\ 1/4
rp 1/42M Vb(T ) 2M 3M
H(t) = (—) s el 2.133
O =m 4rb_< 2M 4r2 = 12 ( )
. r (1*7) 1/4 y X
Therefore, if we choose 757 s.t. ( b S > > 12, we have K* < 0 (see equation (2.124)). Then, as before
we obtain:
gl 1 2M
2 >—/ dt(JV)=— [ dz(J¥ —/ K'>— | dt()H>=(1-—— 2 .
19115,y = Zq ) Ze . =nJt. T Jrg V23 rp(T*7) 1015 e,
(2.134)
O

Corollary 2.5.1 (Uniform Boundedness for the Permeating Case). Let ¢ be a solution to the wave equation
(2.1) with permeating boundary conditions (as given by Theorem 2.5.6). There exist constants B= B(M) >
0,b = b(M) > 0 such that

B9l s, ) < 19lms,) <BlOlie,, Vo0 <. (2.135)

Proof. We have the forward bound due to Theorem 2.5.7. The backwards bound is done by combining Theorem
2.5.8 and Corollary 2.5.2 over the finite time interval [7*~, 7.-]. O

Corollary 2.5.2. Let ¢ be a solution to the wave equation (2.1) with permeating boundary conditions (as given
by Theorem 2.5.6). There exists a constant, C = C(M) > 0, such that

_/z dn(J") S_/g an(J") < Clols, ) Yo < v < %o+ rh(T) (2.136)
Y0

V1
where n is the normal to ¥,
Proof. We integrate K¥ between the relevant surfaces and use Stokes’ theorem to obtain these bounds. [

Remark 2.5.4. The first order energy results from this section can be given using the forwards map and the

energy space notation from (2.27) and (2.31). Let X be strictly timelike everywhere (for example, as in Lemma
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2.5.1). We then have that there exist Ay = A1(M) > 0 and Ay = Ay(M) > 0 such that

AT (90, ) lIx < 1|5 42 (90, 01)Ix < A1ll(90,91)lx Vig <ty <1l (2.137)
A M1(90,00)lIx < (|- Fzy.7 (90, 01)l1x < Acll(90, 1) 1x Voo <71 < 7 (2.138)
| Z 2,2 (00, 01)|x < Az[(do, 1) 1x Vi < 7- < < T (2.139)

2.6 Higher Order Boundedness

We now try to extend Theorems 2.5.3, 2.5.4 and 2.5.5 to H" norms. However, it turns out that this cannot be
done unless the surface of the dust cloud has asymptotic velocity 0, i.e. 7 < 1. We begin with the following

3-part Lemma:

Lemma 2.6.1. Given an RNOS model given by M,q,T* < 1, and a solution ¢ € Cg,,. of the wave equation
(2.1) with reflective boundary conditions (2.2), we have the following results:

1. Let Q; be the angular Killing vector fields earlier (see (1.26)). Then [, (ﬁgl’a}"a}i"‘m“”%) only

contains at most n'* order derivatives. Furthermore, all coefficients of these derivatives are smooth and
have all their derivatives bounded. Thus there exists a constant D = D(M,n) > 0 such that

2. There exists a t§ <t} and a constant C = C(M,t}) > 0 such that

< D[[9]|gn(z,.)- (2.140)
Lz(zt*)

O, ( Largmapton- ”'¢)

rlpl

C 19013,y + 1913 15 ) 2 1913, 0" <15 (2.141)

Here - is the t* derivative with respect to (t*,p = r — ry(t*) +2M, 0, @) coordinates, as given in (2.39).

3. Given any finite time t; < t{ <t}, there exists a constant A = A(n,ty,t{ ,M) such that
1 2 2 2
10 < 101 <4101, @142)

Remark 2.6.1. Note that when calculating || y||2 Hi(x,.)y We can use the 0+ derivative in place of the oy derivative.

This is due to the fact that these norms can differ by at most a factor of 2, since
19 Wll2 (s, = 10: Wl 25,y SN @ +709) Wl 25,0y = 190 W25,y S N0 W 25,0y HIO Wl 2, - (2.143)

This in turn implies

(10 W2, + 10 W25, ) < 10V, ) + 10rW s,y <2 (10 Wi, + 19 W25, )
(2.144)

NS

Proof. 1. Note Q; and d;+ commute with (J. Thus for this part we only need to check [, ( ol I~ ](I))
explicitly. Using the fact that [l,¢ = 0, we obtain:

( o 1¢) - ”2%';' <(n —2)329" 39 +2(r — M)A 29— 4MIp " o —nd" 1o — 2(r—M)8,"¢>
T

lp| "

llf|| VRV, (2.145)

Given in the above case, |p| < n— 1, then we have our result.
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2. We first look at how the wave operator commutes with oy

O ( Lorgr- ”(¢)) =0, (%QP ((9,*4—1‘1,(9,)"'[’4)) (2.146)
r

r|l’|

m

pl [, 7
_ Z (”l ’P|> o (Qp3 \P|*m8rm¢>—|—(B0unded lower order terms) .
r

m=0

As Jp+ and Q commute with [y, we can ignore the m = 0 term in the sum. Then, by the first part of the
Lemma, we can bound the right hand side of (2.146). It is bounded by |r}| times a constant multiple of

the H"*! norm, plus lower order terms:

. (o),

<D (161Bng,.) + 521013, ) - (2.147)
LZ(EZ*)

We also have that QF ét’i (¢) = 0 on the boundary of the star. Thus we can then proceed by using an elliptic

estimate (such as in [37]) on ét’iq).

We consider the elliptic operator, L, given by

2M  AM 2M 1o 1o
(1 i (1 + T) r’b2> Py + r—zﬁw:f(t*,r)arszr ﬁﬁw. (2.148)

Thus we have
/Et* (L‘I/)ZZ/EZ* f2(8rw)2+2r—§82w4m/+ (Ay)?
- 2@+ ladl+ 25 oy Svve - | ) ivavy @149
> [ 50207+ 5 aV vl = SR+ SFVYE - [ ivaiy

t*

1 1 2 2 2f ¢ :
22” ||H2 ) §||at*‘l/||yl(zl*)—CH‘I/HHl(ZZ*)—/S r—zvllf-arV‘I/-

f*

By rearranging equation (2.1) in coordinates given by (2.39), we have that
1,y < € (10 Wl s, +1TeWl, )+ 1¥ I, )- (2.150)
Combining (2.149) and (2.150) with y = ét’w (=0 on S;+), and noting that

19 W12 s,y <€ (10 W s,y + W13, ) (2.151)

we obtain

1970120, < € (19 9135, + 1013, + 752110 i, )- 2.152)

We then look at y = ‘1 QP 9" 1(¢), where p is a multi-index of size 1 (as this also vanishes on S;+).
As the L? norms of 82 v and 0,9,y are bounded by the left hand side of (2.152), we repeat the above
argument to get that

1970 25,y + 1 3 0) 2y < C (105013 g+ 101y + 210, )
(2.153)
for |p| = 1.

We repeat this argument n times to obtain that (2.153) is true for all |p| < n. The coefficient of 97 in
(2.1) (with respect to the coordinates in (2.39)) is bounded above and away from 0. This means, we can
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rearrange (2.1), to bound all r derivatives to obtain:
10125,y < € (1957011 5,0) 191 ngs,) + 75210 W15, ) - (2.154)

If we then choose £ such that 7,2C < 1, then we can rearrange the above to get the required result.

. We proceed in a very similar way to our previous results for finite-in-time boundedness; we use energy

currents, Stokes’ theorem, and then Gronwall’s inequality. For this case, our energy currents will be
Z Z s ( ot ”'¢>) : (2.155)

where 0+ is timelike, so — J5.. dt*(Jét*) ~ . ||2 5.) Note here that Q are our angular Killing vector

fields, and p is a multi-index. Now, as [, ‘1|Q 8" 1=lp |¢ # 0, we obtain an extra term in our bulk
integral:

¢ = _ _
/1 (Kat*+8t* (LQP&IZ_]_W(P) ( 1|Qpa” 1- |P|¢>)
=t} riP

= [ (=ar(Jo)) - / (—dt*(J%)) — / dp(J9). (2.156)

Zzg 1 S [t§11]

As in part 2, we have that the coefficients of 97 in (2.1) are bounded above and away from 0. Suppose we
have bounded the L? norms of all derivatives up to N* order that have fewer that 2 r derivatives. We can

then use (2.1) to bound the remaining derivatives up to N*” order.

Now we consider the new second term in (2.156). The first part of this Lemma gives us that the sum of

these additional term can be bounded by

n=N n—1 _ e .
Z Z a <r|p|gpa 1— P|¢) (Q”& 1- |P¢)

n=11p|=0
_Nn : d 1—[p|
(A pn—
/ /[*dz (J (Qa ¢))

n= 1|p\ 0

fn
< C/t*_[* ||¢||§N(Et*)dt* (2.157)
-0

where we have used that (J, commutes with d;+ and each €;. As usual, we can then bound the K I+ terms
by a multiple of this.

Finally, we note that Q” ét'fl*lp ‘q) =0onS 5.7 and d;« is tangent to this surface. Therefore dp (J éf*)
also vanishes. Thus from equation (2.156), we obtain

s)i= Y ¥ [ (ar @ ey g+ [ syar (2.158)

n=1 |p|=0"Z¢; 1=ty

g(ty) <glty)+C . g(t*)dt". (2.159)
o
Then, in a similar manner to Gronwall’s inequality, we will show g(#*) < (" 1) g(ty) fort™ > 1.
The g(1}) = 0 is trivial. We proceed to prove that if g(z) is non-zero, then g(¢*) < (14 8)e!" ) g(z3)
for all § > 0. Suppose that there exists a #; such that g(£3) = (1+8)e€2~0)g(1}), but up to this point,
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g(t3) < (14 8)eC270)g(1¥). Then we obtain

ty ts .
2(53) < (148)g()+C | g(t)di* < (1+8)g(t3)+C [~ (1+8)eCC ) g(rg)dr*
=t} t*=t;

= (14 8)g(t5) + [(1+ 8)e g (1)) (2.160)
(1+8)eE0g (1) = g(55),

which gives us a contradiction.
We similarly have g(r;) < Ui~ g(t}).

Thus by letting A = ¢€(1 ) in the statement of the Lemma, we are done.

h

The above lemma then allows us to come to our n'" energy uniform boundedness results:

Theorem 2.6.1 (Forward n'" order Non-degenerate Energy Boundedness for the Reflective Case). Given an
RNOS model given by M,q,T* < 1, and a solution ¢ € Cg,,. to the wave equation (2.1) with reflective boundary
conditions (2.2), there exists a constant E = E (n,M) such that

H‘PHH"(E,I*) < EH‘PHHn(z,S) Vo € Coye  Vig <17 <1 (2.161)
Proof. As with previous uniform boundedness results, we look at bounding the energy uniformly for sufficiently
far back in time. Then we use our local result (part 3 of Lemma 2.6.1) to obtain a uniform bound for all #*.

If 7% < 1, then for sufficiently negative times, r;, = 0, and therefore d ¢ = 9,*4) is a solution to the
wave equation (2.1) with reflective boundary conditions (2.2). Therefore we have uniform boundedness of
19/ g1 (5,.)- Then by Lemma 2.6.1 part 2, we have H" boundedness, as required. Therefore we now focus on
the 7" =1 case.

We proceed inductively, by considering 07 (¢). Here 9« = dy+ + 70, is the partial ¢* derivative with respect

to the coordinates given in (2.39).

Lg (éﬁ (¢)) =g (9 +fbar)n¢)

(n) "0 (979" ) + r, (Lower order terms with bounded coefficients)

m=0 \"
n ) M 4M
-Y ) 7" <_ (1 - —) (972010 —OrmorTIe) = oI (2.162)
m=0 \M r d ’
m—1_, o m mA1_, o
+ 2 oy +2ar 2¢ Q2 oy "0y d))

+ 7, (Lower order terms with bounded coefficients).

In RNOS models with 7* = 1, 7, < 0 for sufficiently negative t*. We have, by the induction hypothesis, that
for some A =A(M,n) >0

ty ty
/ 1 / |7}, (Lower order terms with bounded coefficients)|* dr* < / 1A||¢||i-,,,(2 >|f27|2dt* (2.163)
t* X 16 t6

4%
7[0
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We also have that if we fix * to be large and negative enough, then r;,(1*) > A[r*|%/3> > 0,0 < —r, < B|r*|~!/3
for all +* <t¢*. This means that if 7,1] <17,

1 —1
/ Z N b m (m 2

for some C = C(M,n,t*) > 0.
So now we consider the modified current JX-¢/2(9”(¢)), as given by (2.25). Here X = 9, + €9, and
0 < & < 1is a fixed, small constant. Given we are already restricting ourselves to #;,7; <t*, we can calculate

2
| )
S }"b4C H‘PHHn():%) (2164)

24 _ m—l—l ‘P)

C/2 3
< = 1*[7%3|0]3, <1733 013~
< gl 1ol 50 S I [ =)

= [ ar @) = elazo s, (2.165)
for some positive constant, ¢ = ¢(M,n,t*) > 0. We also have
dp(J" (X"(¢))) > 0. (2.166)

Thus applying generalised Stokes’ theorem, we obtain

= [ arer@rey < [ ar oG / | / 3 (3119) Tg(31(9)) +K* </ dr*

Y x *
g

< [ aruEeraze) (2.167)
o

tr A .. *|— .
—i—/* || O+ ,ri(PHU(Zt*) (A’rbH—C’t ‘ 4/3> H(pHH"(ZZS)_KX78/2rdt

[ Lo (£ (0)

(% (1 _ A_4> (atl}ierZarmfl(p _ alrifmarm+l¢) . 4;”_];4at111n+larm¢> >dl‘*.

r r

We now note that in the case m > 2, every term has a coefficient which can be bounded by Ar'b2 [ry <

B|t* |*4/ 3. We can similarly bound any terms with a 1 /72 coefficient. Thus we have that

1y =0 n n . m 2 M n—m m— i A aM m—n m .
_/ték /Et* 3,*8,*(1) (mgo <m> rp m(; (1—7) (a[* +2ar lq)_at* ar +1¢)_r_2&t* +lar (P))dt

g *|— nr; n n— n
s/thv N3] 2 s di” —/ / b (grtlg — 9n192) 391 (0)di
0 Ly
(2.168)

Here, we have used part 2 of Lemma 2.6.1 to bound d;-9/(¢) by ||920 || 71 (Z,0)-
In order to bound the final term, it is useful to note that swapping between d;« and d;« introduces terms with
a factor of 7. Any derivative that now has an extra factor of 7}, can be absorbed into the B term in (2.168). Thus

we can freely swap between the two derivatives when bounding this final term. We can similarly ignore any Jr
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terms.

¥ 1 _
/ ‘ / Mo (grtl g — 1 92) 8- (0)de* > / ! / ””ban Y979 —079) ot g dr
t l‘

/ Bl 33912, (2.169)
nrb * T *|— i *
/ /t* 3 —- 0 LA 09" ¢ dt —/t* B|t*| 47| t’iq)”ill(zt*)dt

nr i *|— 3
/ / ban 1 an—i—lV(P dt /t* B|l | 4/3” tr’l‘q)’l)qu(zt*)dt
r* 0

nrb tf ol — =
> [ e T A LT

0

nrb nry

||¢||Hn+l(2*)

10115 :
r tO . ti« H11+1(EIT)

We then have, that

tf X.e/2r 2 —4/3 2 *
/[g /I*K £/2r gy >/ / 3| "y o[ 2dt* / DI |08 9 12 s, " (2.170)

for some fixed constant D = D(M,n,t*) > 0.

Finally, we note that
[ 1903203 (A1 €T Nl e
. O Q|| [2(x,4) b H"(2,¢)
<A / L+ 1) N2+ (114 16°12) 101,
/,tl/ ELE5 Vlar 2.171)

< [ (1l ) DO, + EO s,
0

for E = E(M,n,t*) > 0. This is given " negative enough that || < €/n and that we can apply part 2 of Lemma
2.6.1.
Adding these all together, we get

tf .. * | — \n *
19115, < CIOIrs, + DOy +4 [ (1751 +16°147) 1201, e (2172)
1 0 0
t;‘ .. * | — I *
< QI s, 4 [ (ol 11 42) 137201,
0 0

where constants C, D, A all only depend on M, n and ¢*.
Thus by Gronwall’s inequality, we have

tT *|— * S5 (4% * | —
1915015, < O,y ex (A | (=1 4/3))dr <CY0lers,, oxp (A (RO +1277) ),
’ 2.173)

for all 1; <t <t*. We can then proceed to cover the interval [t* 7] by using part 3 of Lemma 2.6.1. Thus we
obtain our result. [

The last theorem we then prove in this section is backwards n'* order energy boundedness.

Theorem 2.6.2 (Backwards n'" order Non-degenerate Energy Boundedness for the Reflective Case). Let

¢ € Cy« be a solution to the wave equation (2.1) with reflective boundary conditions. There exists a constant

*
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E = E(n,M) such that
||¢||H"(Zf6) <ElQllanz,y VO EGy Vi Eltgyte]: (2.174)

Proof. This is proved identically to Theorem 2.6.1, but let X = d« — €d,, and we are done (for positive
definiteness of the surface terms, see Theorem 2.5.5). O]

We finally look to extend the boundedness result in the permeating case to the H> norm. Note we cannot

extend the result beyond this, as we do not know that solutions with higher order derivatives even exist.

Theorem 2.6.3. Let ¢ € ng be a solution to the wave equation (2.1) (as given by Theorem 2.4.2). There exists
a constant C = C(M) > 0 such that

I01ze, ) <ClOlFE,,) Yo<u<t (2.175)

1017, ) < CI9lGe,)  YRo<T <t (2.176)

Proof. As in the reflective case, we first prove the local in time case. Let

X =0+ (é) 0, 2.177)

where ¥ is a smooth cut-off function which vanishes outside [1/2,3/2] and is identically 1 inside [2/3,4/3].
Note that X is tangent to the boundary over which irregularities of g occur. This means that derivatives of
components of g in the X direction are still Hllo o

We then proceed to write (2.1) in terms of this X:

'—af(Xq)) - (2‘ /ZM’ + X7 ) 9 (X9)+ (1 - Zf‘jf — 7 (2 21y —l—xr'b)) 929 + L A¢

+Lower Order Terms r<r

—aT(X¢)+(2 27M+xr'b)ar(X¢)+< _ZTM_fb(z 2%4+xr'b))83¢+,%4&¢
+Lower Order Terms r>rp.
(2.178)
Here note:
2Mr? 2Mr? _ 2Mr? 2M 2Mr? 2M
1-— 5 —Tb 2 = + X7 =1- — 1/ — 2 — =X\ — (2.179)
I"b I"b l"b rp l"b ry
2Mr: 2M
:1_—3r+ r(z—xn’>>0
T

1_27M—fb<2,/2%4+xfb>_1_2_M+,/2M(,/Z—M— ,/2M> (2.180)
2M 2M /
_1_T+,/rrb (Z_X ’”b)>0

We can approximate ¢ on X; by smooth functions, and then manipulate (2.178) in an identical way to (2.149) to

obtain:
/E (9:X9)> > €97 (s, —CIX O (s, = CUO NI s, — /S 2fV9.9,Yod . (2.181)
T T7,r=0

Here € > 0 and C > 0 may depend on the time interval we are considering. One can then show that for smooth
approximations to ¢, the final term in (2.181) vanishes.
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Thus to prove the local in time result, we can consider the following:
78 = 191 s,y = [ de (X (X)) ~ 191egs, (2.182)

Looking at [J,(X ¢) as a distribution, we obtain:
L 1@ xx0]= [ 1(0(X0) - X(030)) XX0] < Clo e, 2.183)

As in previous cases, we have that |[K* (X ¢)| < —Cdt (J*(X¢)) for some C > 0. Applying Stokes theorem
and boundedness of H!(X) norms, we obtain:

—f i) / f(D)dt < f(n) <Cf(n)+ Cf( )dt (2.184)
To
for some C = C(M, 19, 7;) > 0. Then an application of Gronwall’s lemma gives the local result, in either
direction.

Once we are sufficiently far back in time, we can consider

1/4
Y+ (1 + (2M) ) or, (2.185)
p

as given in the proof of Proposition 2.5.1 and Theorem 2.5.8. Define

80 =16, [ de (75 (T9) ~ 101, (2.186)

C C’
L 1@sronyErol= [ |(C(T6)~T(Cy0) Y To| < 00y < pe@*. @187

Now we can choose T < 7" negative enough that :FKYi (T¢) > 0. Thus

FEETO) + | (Dg(TO) Y T9| < f—zg(wi, (2.188)
b

In this region we can use the boundedness of H' norms given by Theorems 2.5.7 and 2.5.8 to obtain

s(r)" <Ce(r) + [ Sgle)tar (2.189)

70 rb

T] C
g(70)” <Cg(m)™+ | —glr) dr. (2.190)

T rb

An application of Gronwall’s lemma completes the proof, on noting that | _Too 1p(T)72dT < oo 0

2.7 The Scattering Map

We now consider bounds on the radiation fields. We will be considering the maps ¢ and .% ~, which take
data from X+ to dataon .~ and .¥ * respectively. We will also consider their inverses (where defined), ¥~
and .Z*, which take data from .# " and .#~ respectively to X,:. We will look at obtaining boundedness or
non-boundedness for these.

J’_

Finally, we will define the scattering map, .& T:=%1 o.Z7T, and consider boundedness results for this.
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2.7.1 Existence of Radiation Fields

To look at these maps, we will first need a definition of radiation field. We will then need to show it exists for all

finite energy solutions of the wave equation.

Proposition 2.7.1 (Existence of the Backwards Radiation Field). Given ¢ a solution to the wave equation (2.1)
with boundary conditions (2.2), there exist Y _ such that

1
r(u,v)¢(u,v,0,0) e, v_(v,0,0) (2.191)

U—s—o0

1
)0 (4,0, 0, 0) 25 i, (u, 6, ). (2.192)

y—o0

Proof. This existence has been done many times before, see for example [35, 2]. [

2.7.2 Backwards Scattering from X,

Now we have existence of the radiation field, we define the following map:

7o & — 7 (&) cHbl) (2.193)
(¢’Z,§vat*¢|2,é) = Y
where the y_ is as defined in Proposition 2.7.1, and the X is any everywhere
timelike vector field (including on the event horizon) which coincides with
the timelike Killing vector field d;+ for sufficiently large r. An X with these
properties is chosen, so that the X norm is equivalent to the H' norm.

We define the inverse of .% ~ (once injectivity is established on the image
of F )as FT.

* Firstly, we will show .# ~ is bounded. (Proposition 2.7.2)

e Then we will show that . T, if it can be defined, would be bounded,

which gives us that .% ~ is injective. (Proposition 2.7.3)

* Finally, we show that Im(.# ~) is dense in &,_. (Proposition 2.7.4)

We will then combine these results in Theorem 2.7.1 to obtain that .% ~ is

a linear, bounded bijection with bounded inverse between the spaces é‘g(* and
Ic

PR
&

We will begin with the following:

Proposition 2.7.2 (Boundedness of .% 7). There exists a constant A(M,q,T*) such that

17 @3 = [

j_(av(ﬁ_(q))))zdvdw §A||¢||§,1(th). (2.194)

Proof. We will first prove this for compactly supported smooth functions, and then extend to H'! functions using
a density argument.

Let X, w and #; be as in the proof of Theorem 2.5.5. Let ¢ be smooth and compactly supported on
Y;. Take vo large enough such that on X, ¢ is only supported on v < v;. We integrate KX in the region
Dy, = {v € [vo,v1],t* <13}, for any vy < vy.
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We then apply generalised Stokes’ Theorem in D, to obtain the following boundary terms:

— / dr* (J5") = / KXY — / dv(JX") + / dp(JX") — lim du(J%,w)
f; Dy, {v=vo} Stg.a3) o= J{u=uo }N[vo,v1]

> — /{ }dv(JX’W)— lim du(JX™) (2.195)
v=y0

to==e J{u=uo }N[vo,v1]

where 7 is the value of #* at the sphere where {v = vo} intersects {r = r,(t*)}.

2
_ X.w\ _ . _?
A'VZV()} dV(] ) N /{'v VO} 2 (at ¢ a ¢ > (2196)
1 2M q2M2 . M q2M2 )
+5 ((1—7+ 2 )f(t )+ (7— ;: >b) (09 — 0,0)> >0

- du(J*
/{M=uo}ﬂ[vo,\/1] ( )

* 2
= fr)=b >((1+21r\/1 qz}fuz)at*(p_(l—z—M—i-szZ)ar(p)

{u=up}Nvo,vi] 2 (1 — ZTM + #

2172
b 142 -1 b9?
29 | dpae 00 | -2 (2.197)
1_T+ r2

(12204 28) ) (1420 88),

2
22 (1- 2 4 £F) Y9l

+

However, as we know that r¢ tends to an H/!

Joc function, and the volume form on {u = ug} is 72, we can see

that the terms in (2.197) with a factor of ¢ tend to 0 as uy — 0. Similarly, by applying the rotational Killing
fields Q; (defined in (1.26)) to @, we can see rQ2;¢ has an Hlloc limit. Thus terms in (2.197) involving Y¢ will
also tend to O in the limit ugy — oo.

Thus in the limit ug — o (and therefore r — oo, t* — —o0) we obtain:

_ 2442
— lim du(J") = lim =0 (1—2—M+q ad )(a,»«p 0,0)? Pdvd
o= J{u=up }N[vo,v1] uo—>—° JLu=up}N[vo,v1] 4 r
. 1-b 2M q2M2> 5
= lim ] ——+ O (rg) — o (r dvdw
Jm [ ( : (0-(r0) — 31(r0)
(2.198)
1—
_ 2% v — o, dvdcoze/ 2wV dvdw
ﬂ_ﬂ[\/o,vl] 4 ( ! ll/ ll/ ) f—ﬂ[\}o,vl]( ll/ )

where to get from the first line to the second, we have ignored terms of order ¢, as these tend to 0.
Substituting (2.198) and (2.196) into (2.195), and noting that — [5 _ dt*(JX") can be bounded by the H!
gl

norm, we have that:
W (ZF (¢ 2dvdw < A (0] 2 , 2.199
/fﬂ[vo,w]( ( ( ))) ' N H HHI(Z’E) ( )

where A is independent of vg. Thus taking a limit as vp — —co and imposing Theorem 2.5.1 in the region [, ]
gives us the result of the theorem. [

We then move on to showing .% T, if it exists, would be bounded:

Proposition 2.7.3 (Boundedness of .Z *). There exists a constant A such that

||¢>|\H1 5 <A/ Z7(¢)))*dvd . (2.200)
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To prove this, we will first need to show a decay result:

Lemma 2.7.1 (Decay of Solutions Along a Null Foliation). Let ¢ be a solution to (2.1) with reflective boundary
conditions. Then

lim dv(J%) = 0. (2.201)

Vo—r—o° Z"O

Similarly, let ¢ € ng be a solution to (2.1) with permeating boundary conditions and Q;¢ € ng. Then

lim dv(J¥) =0, (2.202)

Vo—r—o° EVO
for JY as in Theorem 2.5.1.

Proof. We first deal with the reflective case by showing the result for ¢ compactly supported on some X, , and
then extend the result by a density argument.

Firstly, we calculate —dv(J%*) and —du(J%").

) _l _2]_‘4 C[2M2 ° 5
[ )-2/%(1 + ) @0 —d0P + I0

) r
2M2
MM 2, Lgar R bt TR
_/ (1—— 2 ) (814(])) +ﬁ|v¢’ :/):VO (au¢) —|—Tr’V¢’ rdudo
(2.203)
2142 qM 2
1 2M q M l + - 2 1 o
_ du(J% :_/ <1——+ ) — | 9«p—0, += 2
/Euoﬂ[vwd U™) 2 Jx,yNlvo,vi] r r2 1— 2M s q2M2 ¢ ¢ 2 Vo
(2.204)
1 - 2_M + q21;42 o
= (00) + 9o rdvdn > 0
ZuyNvo,vi] 4r
Integrating K% in the area Dy, :={v € [vo,vi]} N {u > up}, using (2.91), (2.93), and then letting uy — —oo

gives us that

- / dv(J%) < — / dv(J%). (2.205)
Zy, Zy,

We then proceed to use the »” method [12]. We consider the wave operator applied to r¢:

2
% - r24&( o) M (1 - M) rg. (2.206)
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We apply (2.206) to the following integral over D,

[ a0 oo (- | ) lqzwuvmf)dudw

4r9,(r9)0,0,(r¢) 1 2M  ¢*M?

1
M2 2(8u(r¢))28v (————l- 3 ) dudvd®

roor?

>+q
<i4i<r¢> M(l_quM> r¢) 9u<r¢>+<1 ’+W)( o dudvd®

1 2M + q2M2

/DMO
/Duo

(2.207)
(1 _am + 3q2M2) (a (’,¢))2 1 Iy 5

- r 72 u 1 o N M - q M ,

= /Duo 1_2_M+¢ 2rau <|Y7F‘P| ) o (1 — >8u((r(])) Ydudvd @

(1- 32 (3,(r¢))?
2,

u) 1 2M+q2M2
M g'MPN (1 3¢°M\ M
" 1__+q aalVrol+ (1= T2 ) 5(r0)? ) dudvdo
r? 2 )P
2M q2M2
-I- 1 v
- / (9u9)° |Y7¢|2 207udva?co2—/l _/ dv(J%) | dv
. 2 Jv T

In order to obtain the last line, we have used that for r large enough,

1M —3(]2?42 1 1 (r¢)2
/Ev 1 er M 2er (0u(r))*dudw > 5/ (9u(r¢))*dudw = 5/2 r2(9,0)% + 9, (raur¢2) —8u2eruda)

v

1 1 oM g*M? M\ M
p r2(au¢)2——(1——+q )(1—"—) ﬁ(pzdudw

r

I" r

(2.208)

The left hand side of (2.207) is independent of vy, so if we choose ¢ to be compactly supported on X, (these
functions are dense in the set of H' functions), then we can let vy tend to —eo to obtain

Vi at* 4r 2
/_m <_ /zvo dv(J )> dv < /ZV] (—1 i (9u(r9)) )dud(o. (2.200)

Thus there exists a sequence v; — —oo such that
- / dv(J%) =0 asi— oo, (2.210)
%,

We then note that given any € > 0, and a solution ¢ to (2.1) with finite J;« energy on X,,, there exists a
smooth compactly supported function ¢¢ such that

16— Gell,. 5, < €/2. (2.211)

Furthermore, by (2.205), we know that for all vi < v, we have

10— Pello,. x, <€/2. (2.212)
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By (2.210), there exists a vi < vq such that

19clla,. 5, <€/2. (2.213)

By combining (2.212) (2.213), and (2.205) again, we obtain that

10052, < 19135, < 19¢ll3. ., + 16— 9ellz. 5, <e. (2.214)

forall v <wvj.
Thus given any solution ¢ to (2.1) with finite d;+ energy, and given any € > 0, there exists a v; such that

19115, =, <&, (2.215)

forall v <wj.
Next we look at the permeating case. For this case, let Y = h(7)d;. We then have

—1 2
(390 8) ) s (o))
—dn(J¥) = 2<’OW+( \/7 +\/T ¢ +\/j ¢ " (2216)
§(HV0P + (000 + (1-247) (29)?) r<n

where 7 is the normal to £+.
We then perform something similar to the reflective case above. However, as we do not have an explicit

coordinate system u, v, we will use d; and d,. Let f be given by

2Mr?

3 r<rp
flt,r)= " (2.217)
w/z%/[ r>rn
so our metric is of the form
g=—(1—fAdt* +2fdrdr+dr* +r’gg. (2.218)
Again, let y := r¢. We obtain
. 1 o
G+ (1= 0@~ (14 Ny = 'O = (1+ 1IN+ ff = )Y+ dw. (2219)

Note that (2ff’ — f) is not continuous over r = ry.



2.7 The Scattering Map 51

Then, in a similar way to the reflective case, we obtain that:

C/ r(d: — (14 £)0,) w)*dud »* >/ (Dz+ (1= £)0,)(r(dz — (1 + £)3,)w)*dudvd *
>

-/ ( ~(1+02) (FVE - @1 -] + (1 PP
—[(@ = (1+ 1)) 2ff = Ny
+(1+2rf = £)((d: — (1 +f)8r)w)2> dudvd ®®

> [ S+ (e 1 oy dudvao?

+ / / 2dudvd ®® + / / vyl dudvd »* (2.220)
r<ry 2rb r>r, ¥

+ [ @i =PI vidvde®+ / @I = Hydvde?

-/ 12|§7w|2+1<<af— (14 1)) ¥ dudvdo?

3M
/ / 2dudvd o® + / / = l//zdudvda) — / —yldvdw®.
r<ry Zrb r>r, T r=ry I"b

We will only be using this r” method to bound the Y-energy for the exterior, so we note

2
/ (au‘V)zdudwz = / rz(au(b)z +0d, (raur¢)2) — 3,42r£duda)2
X ﬁ{r>rb} r

Evm{rzrb}

2
> / r2(9,0)*dudw* — / “ vyl dudw?
. {r>rp} r=r, b

= 2 (3,0)* — / szduda)z. (2.221)
r=r, 'p

0 {r>rp}

Now, we need to bound the y/r;, surface term, and therefore also bound the 3My/ rl% surface term in (2.220).

We proceed by noting
2
/ lwzduda)z = _/ (0 — (1+£)0) (1;5 <2M3r ) wz) dudvd w®
r=rp I r<ryp r r,
1 4M  2M
_/ ——1;/ —(14+f)or)y (1—|—f)r—zll/2+ ((1+f) +r—rrb> )('l//zaludvdco2
r<rp b b

< / <<af—<1+f>ar>w>2—(}w(af—(wf)ar)w) +Cr—§4w2dudvdw2
I‘<Vb

b
<[ (@e-a+ £’ + Y auavaer (2.222)
<rp rb

Dividing equations (2.220) and (2.222) by 4C, say, we can absorb the y? term in (2.222) by our y? bulk
term in (2.220). This gives us

_ 2 2 " 15 0 2 " T
[ et pagyraaarze [1 [ (Gvore@er)ze [ antm)
(2.223)
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T

Figure 2.3 Left: Region for integrating in the r” method as above. Right: Region for integrating for interior
decay see below.

Finally, we need to consider the interior of our star. To do this, we will restrict ourselves to v < v; < 0. In

2Mr? 1 [2M
_ 3 w=—24 (2.224)
" "

We will integrate the modified current JXW asin (2.25).
This has the properties that:

this region, we will consider

—V.JEY >0 (2.225)
VI, > c —3 dt(J")) = d;(logry)c(—dt(J¥)) (2.226)
"p
[2M 6M
ldT(J5)| < A(—dt(JY)) + —31//d17(¢) +4r—3¢2. (2.227)
b b

We now integrate V.JX" in the region Ry, ,, := {v <v;,T > 7y} to obtain:

v [ M arry).
[fo,rl]ﬂ{r<rb} rb

(2.228)

/ _dn(J¥") — / _dn(P) = ¢ /
Evlﬁ{fffo} Zfoﬂ{val} R

0:V1

Here 7; is chosen such that (7,r,(7;)) has v < vy.
The terms on the left hand side of equation (2.228) can both be bounded by dataon X,,,.
As Zr—’;l — 0, by choosing 7; sufficiently far back, we can combine equations (2.220) and (2.228) to see

o [om y
Cz/co ‘/g/ir(—dn(J )). (2.229)

M is not

This C only depends on our initial data on X,,, and is finite for compactly supported data. As el
integrable, there must be a sequence of v; — oo such that the required result holds. The same loglc as before

then gives the required result.
]
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Proof of Proposition 2.7.3. Fix t] <t, and let ¢ be a solution of (2.1) with boundary conditions (2.2) such that
¢ has finite dj» energy on Y. Note as 1; <1; fixed, finite d;+ energy is equivalent to having finite X energy. An
explicit calculation gives

( | oM ¢*M?

2 <_/ dr* (J%) < |6 |12 2.230
) ) 1 < s, ) = 1l 2230

Oy

We prove Proposition 2.7.3 by simply integrating K" in the region D, ,, = {u > up,v > vo,t* <1{}. We

will then let uy — —oo to get:

- / dr*(J%) = lim (— / dt*(]al*)> (2.231)
)y up——o° ZZTQ{MZM()}

*
n

—_ lim du(J%)— lim dv(J% ) — / dp(J%)
S[VOJT]

Uo7 =0 J Ly, {v>vo} Uo—r = JL, {u>up}
< ooy Vedvdo — / dv(J7).
<Ly @90) [ 40™)

Here we have used (2.93) to ignore the S[vo,]] term. Letting vo — —oo, and using Lemma 2.7.1, we obtain

2M q2M2 2 *( 70 2
- - < — ) < - ' '
( (1) +rb(t;‘)2> ”¢”H‘<Eq> = /Z*d’ (J >_/j<8vw ) dvdo (2.232)

1
Theorem 2.5.1 on the interval t* € [¢], 7] then gives us our result. [l

We now have that .# ~ is bounded and injective, so the inverse is well
defined. We also have that .Z T is bounded where it is defined. The final result

needed to define the scattering map on the whole space & 9" is that the image

of .Z~ is dense in é"j*,:
Proposition 2.7.4 (Density of Im(.% ) in @@ji). Im(F ™) is dense in @@ji.

Proof. We prove this using existing results on the scattering map on the full
exterior of Reissner—Nordstrom spacetime. We show that compactly supported

smooth functions on .~ are in the image of .% ~. These are dense in 5}*_.

Given any smooth compactly supported function y_ € & a’*_, supported
in v > vg, we can find a #; such that the sphere (j,7,(z;)) is in the region
v < vp. Using previous results from [25], there exists a solution, ¢’ in Reissner—
Nordstrém with radiation field y and vanishing on the past horizon. By finite speed of propagation, ¢’ will be
supported in v > v. Thus both ¢’ and its derivatives on Xy vanishes around r = rp,.

We then evolve (¢’ T o ¢’ |Zl6) from X;: in RNOS, call this solution ¢. By finite speed of propagation and
uniqueness of solutions, we must have ¢ = ¢’ for r* < ;. By boundedness of .# * (Proposition 2.7.3) we have
that ¢ is in é"gg , and so the radiation field, y_, is in the image of .% ~. U

Theorem 2.7.1 (Bijectivity and Boundedness of .% 7). .% ~ is a linear, bounded bijection with bounded inverse
between the spaces é"g* and éﬁi.

Proof. .#7 is continuous (linear and bounded, by Proposition 2.7.3), and its image, éOEX*, is a closed set.
Ic

Therefore (Z 1) (égj) is closed. Thus
7 &)= (7)) (&) =a((F) (&) 2 e (2.233)

as .7 _(éag*) is dense in gji (Proposition 2.7.4).
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However, as .% ~ is also bounded, we have
or— X 81*
7z (éazt*) C éoj, (2.234)

Therefore

T ) =)

=& (2.235)

Thanks to Propositions 2.7.2 and 2.7.3, %~ and % T are bounded, and thus we have the required result. [

2.7.3 Forward Scattering from ;-

In a similar manner to Section 2.7.2, we define the map taking initial data on X to radiation fields on 7 MSB A

gt & 9 (&) CHL (T uS) (2.236)
(‘P‘E,gval*(ﬂztg)'_) (¢|,%”+7w+)

where Yy is as in Proposition 2.7.1, and X is again any everywhere timelike vector field (including on the event
horizon) which coincides with the timelike Killing vector field d;+ for sufficiently large r. We will define the
inverse of 41 (only defined on the image of ¥ ™T) as

G g+ (@@’;) — & (2.237)
g+(¢ ’Ztgk ) 81‘*(]) ’Ztéf) = (¢ ’ZZZ‘F 9 8l‘*¢ |Et§)'

Remark 2.7.1. Note that 9+ are defined using scattering in pure Reissner—Nordstrom. Thus they have been
studied extensively already, see for example [14] for the sub-extremal case (|q| < 1) and [3] for the extremal

case (|q] = 1).
We will be using the following facts about &
Lemma 2.7.2. o G is injective.

* For the sub-extremal case (|q| < 1), 4" is bounded with respect to the X norm on ;= and 7" and the
0= norm on Z . In the extremal case (|q| = 1), we use the weaker result that 9 is bounded with respect
to the X norm on X+ and the O normon I and €.

e G is not surjective into & g+ Jor both sub-extremal and extremal Reissner—Nordstrom.
* &~ is not bounded, again with respect to the X norm on %;x and 7", and the o norm on I+.

Proof. Thanks to T energy conservation, we have that ¢ is injective.

For ¢ bounded in the sub-extremal case, we apply the celebrated red-shift vector [13] in order to obtain
boundedness of the X energy on J#.

In the extremal case, we do not have the red-shift effect. In this case, the best we can do is apply conservation
of T energy which immediately gives the weaker extremal result.

For ¢ not surjective, we can look at any solution with finite d;+ energy on X, but infinite X energy, such
as ¢ =/r—ry, 09 =0. Let 97 (¢) = (¢, ¥ ), which has finite X and J;- energy respectively (the angular
component vanishes by spherical symmetry). ¢ is injective from the d;+ energy space, thus no other finite 0,
energy data on X+ can map to (¢, ¥ ). Therefore no finite X energy solution can map to (¢, ¥, ), and thus
G+ (5{;) #+ éaf% X éﬁi For a more detailed discussion of non-surjectivity in the sub-extremal case see [16]
(note this proves non-surjectivity for Kerr, but the proof can be immediately applied to Reissner—Nordstrom).
For the extremal case, again see [3].

By taking a series of smooth compactly supported functions approximating (¢, ¥ ) in the above paragraph,

we can see that ¢~ is not bounded. ]
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2.7.4 The Scattering Map

We are finally able to define the forwards Scattering Map:

g8y — (6] (2.238)

ST =G o FT
and similarly with the backwards scattering map:

ST I(EY ) ey (2.239)
ST =F o9,

Note .~ is defined only on the image of ..

Theorem 2.7.2 (The Scattering Map). The sub-extremal (|q| < 1) forward scattering map .+ defined by
(2.238) is an injective linear bounded map from & a’*, to & j(f+ U @“’j}i The extremal (|q| = 1) forward scattering
map ./, again defined by (2.238), is an injective linear bounded map from & U to é"j’fi U é"ji In both cases,
St is not surjective, and its image does not even contain 0+ cg’ji When defined on the image of ./, its

inverse .~ is injective but not bounded.
Proof. This is an easy consequence of Theorem 2.7.1 and Lemma 2.7.2. 0

Remark 2.7.2. [Generality of Theorem 2.7.2] It should be noted that in the reflective case, proving Theorem
2.7.2 only uses the following two behaviours of rp:

* The tangent vector (1,i,(t*),0,0) at the point (t*,r,(t*),0, @) is timelike (for all t*,0, ¢, including at
tr=1tk).

* There exists at* and an € > 0 such that for all t* < t*, i, (t*) € (—1+¢€,0).
Provided ry, obeys these points, then Theorem 2.7.2 remains true.

This is in immediate contrast with Reissner—Nordstrom spacetime. The scattering map in Reissner—
Nordstrom spacetime is an isometry with respect to the 7' energy, and this immediately follows from the
fact that 7 is a global Killing vector field. Moreover, this imposes the canonical choice of energy on .#*.

However, in the RNOS model, if one considers the T energy on .# —, then .% T gives an isometry between
éf;, and é"gj. Thus, we are forced to consider the non-degenerate X energy, when considering the solution on
;+. This is the main contrast with Reissner-Nordstrom spacetime, where we consider T' energy throughout the
whole spacetime.

In both Reissner—Nordstrom and RNOS spacetimes, we can consider the backwards reflection map, which
takes finite energy solutions from .# to .# ~. On both these surfaces, choice of energy is canonically given by
the existence of Killing vector fields in the region around .#*. In Reissner—Nordstrém this map is bounded,

however in RNOS, this map does not even exist as a map between finite energy spaces.






Chapter 3

Hawking Radiation

3.1 Overview

The problem of Hawking radiation for massless zero-spin bosons can be for-
mulated as follows. We study solutions of the linear wave equation (2.1) on
the exteriors of collapsing spherically symmetric spacetimes. In this exterior,
the spacetime is a subset of Reissner—Nordstrom spacetime [41]. Therefore we

have coordinates t*, r, 8, ¢ for which the metric takes the form

M AM? M g*M?
g:_(l__+q_2>dt*2+2(——q 5 >a’t*dr (3.1
r r r r
oM ¢*M?

where g¢ is the metric on the unit 2-sphere, and r = r. is the horizon of the
underlying Reissner—Nordstrom metric, as given by (1.35). Here r,(*) is the
area radius of the boundary of the collapsing dust cloud as a function of ¢*.
See Section 1.2 for further details of this. We refer to M as the mass of the
underlying Reissner—Nordstrom spacetime, and g € [—1,1] as the charge to
mass ratio. In particular, we are allowing the extremal case, |g| = 1.

We will be imposing Dirichlet conditions on the boundary of the dust cloud,
ie.g =0on {r=ry(t")}.

These collapsing charged models will include the Oppenheimer—Snyder

¥/

i

Figure 3.1 Penrose Diagram
of RNOS Model, with space-
like hyper surface X,,.

Model [39] (for which ¢ = 0), and we will refer to these more general models as Reissner—Nordstrom

Oppenheimer—Snyder (RNOS) models, as defined in Chapter 1.

The main Theorem of this chapter is informally stated below:

Theorem 4 (Late Time Emission of Hawking Radiation). Letr w.(u,0,¢) be a Schwartz function on the 3-
cylinder, with . only supported on positive frequencies. Let ¢ be the solution of (2.1), as given by Theorem

2.4.1, such that

lim r(u,v)¢(u,v, Ga(p) = W+(M_M0797(P)

V—ro0
lHim r(u,v)9(u,v,0,0) =0 Yv>v,,
U—yoo
Define the function y_ ,, by
lim r(u,v)(u,v,0,0) =wy_, (v,0,0).

U—>—o0

(3.2)
(3.3)

(3.4)
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Then for all |q| < 1, n € N, there exist constants A,(M,q,T*, ) such that

0 2r @ v 0 2
/ / / |coH¢/,uo(w,9,<p)yzsineda)d9d<p—/ ollVor (08,0 G 04wdode| < Ay,
w=—oJ9=0.J6=0 H

27| o]
e x —

(3.5)
for sufficiently large uy.
Here, - is the reflection of Y4 in pure Reissner—Nordstrom spacetime (as will be discussed in Section
3.3), and K is the surface gravity of the Reissner—Nordstrom black hole.
In the case |q| = 1, there exists a constant A(M,q,T*) such that

0 2 T A
/ / / ||| ¥y (@, 6,0)]” sin0dwdBdp| < ——, (3.6)

for sufficiently large uy.

This result is restated in Theorem 3.4.1 and Corollary 3.4.6, including the precise relationship of A,;,A on
Y

This proof will rely on certain scattering results for solutions of (2.1), which are proven in our Chapter
2. It will also make use of scattering results in pure Reissner—Nordstrom spacetime, some high frequency
approximations, and finally will use an r*” weighted energy estimate, based very closely on the estimates given
in [3].

Physically, in order to be normalised, any massless boson cannot have frequency equal to @. Instead, we
will be considering a W, which has ¥, peaked sharply about ®. The integral [°_|c ||y ,—|2do represents the
number of such particles emitted by the black hole (see Section 0.2, or [28, 40] for a discussion of why this is
the case).

The limits (3.5) and (3.6) demonstrate that a sub-extremal Reissner—Nordstrom black hole forming in the
collapse of a dust cloud gives off radiation approaching that of a black body with temperature % (in units where
h = G = ¢ = 1). In the extremal case, this limit demonstrates that the amount of radiation emitted by a forming,
extremal Reissner—Nordstrom black hole tends towards 0. This is thus a rigorous result confirming Hawking’s
original calculation in both extremal and subextremal settings.

Equation (3.5) and (3.6) give estimates for the rate at which the limit is approached. In the case of (3.5), this
rate is very fast. In the case of (3.6), however, we note that the bound for the rate obtained is integrable. This
means that, as the ‘final’ temperature is zero, the total radiation emitted by an extremal Reissner—Nordstrém
black hole that forms from collapse is finite. Thus, extremal black holes are indeed stable to Hawking radiation.

3.2 Previous Works

Hawking radiation on collapsing spacetimes has been mathematically studied in several other settings, for
example [8, 25, 18, 20]. Each of these papers primarily work in frequency space, and work in different contexts
to this thesis. Let us discuss some of these differences in more detail.

The original mathematical study of Hawking radiation, [6], considered Hawking radiation of massive or
massless non-interacting bosons for a spherically symmetric uncharged collapsing model, and performs this
calculation almost entirely in frequency space. Thus [6] obtains what can be viewed as a partial result towards
Theorem 4, where the surface of the collapsing star is assumed to remaining at a fixed radius for all sufficiently
far back times, and no rate at which the limit is approached is calculated.

In [25], Hawking radiation of fermions is studied for sub-extremal charged, rotating black holes. The Dirac
equation itself has a 0 order conserved current, which avoids many of the difficulties of considering the linear
wave equation, for which no such current exists. The extremal case is not considered in [25].

The paper [18] considers the full Klein—-Gordon equation, but on the Schwarzschild de-Sitter metric. This
paper is also the first paper in this setting to obtain a rate at which the limit is obtained, independent of the
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angular mode. The asymptotically flat case we will be studying introduces several of new issues, due to the lack
of a cosmological horizon at a finite radius.

The paper [19] looks at calculating the Hawking radiation of extremal and subextremal Reissner—Nordstrom
black holes in one fewer dimension, with no rate obtained. This paper also considers Hawking radiation in the
context of the Unruh-type vacuum rather than Hawking radiation generated from a collapsing spacetime.

Hawking radiation on a charged background has been considered in several other papers in the physics
literature, the most relevant being [22, 9]. The second of these, [9], considers Hawking radiation emitted by
extremal black holes in the style of Hawking’s original paper. Many papers also make use of the surprising fact
that the extremal Reissner—Nordstrom Hawking radiation calculation is very similar to an accelerated mirror in
Minkowski space [24].

A more thorough discussion of the physical derivation of Hawking radiation in general, along with a full
explanation of Hawking’s original method for the calculation, can be found in chapter 14.4 of General Relativity
by Wald, [45].

As mentioned in the introduction, one can also rigorously consider the Hartle—Hawking state in order to
determine the thermal temperature of a black hole [29, 17], but we will be considering the collapsing model
derivation of Hawking radiation in this thesis, as this derivation is more generalisable.

In contrast to many of the above works, the considerations of this thesis are almost entirely in physical space.
We will be using the Friedlander radiation formalism, [21], for the radiation field, and we hope this will make

the proof more transparent to the reader.

3.3 Classical Scattering and Transmission and Reflection Coefficients

of Reissner—-Nordstrom Spacetimes

We will begin this section by first stating a well known result which will be used frequently in this chapter:

Theorem 3.3.1 (Existence of Scattering Solution in pure Reissner—Nordstrom). Let W (u, 0, @) be a smooth
function, compactly supported in [u_,u | x S* on the 3-cylinder. Then there exists a unique finite energy smooth
solution, ¢ (u,v,0,Q) to (2.1) in the region r > r such that

‘}LIEOF(M>V)¢(M7V797(P) = W+<”a97q)) (3.7)
uli_r}gr(u,v)q)(u,v, 0,¢p)=0. (3.8)

Further, there exist functions WYry and Y ;- such that

lim_r(u,v)9 (u,v,0,9) = Y- (1,0,9) (3.9)
y— —o0
lim r(u,v)¢(u,v,0,0) = Yry. (3.10)
U—r—oo
Finally, ¢ (u,v,0,¢) =0 forallu> u,. i
We refer the reader to [15] (sub-extremal) and [3] (extremal) for this result. X -
Another result we will frequently use is the existence of a domain of de- ”AQ “, Q -
s N
pendence: (o
B
Theorem 3.3.2 (Domain of Dependence of the wave equation). Let ¢ (5,7,6, @) A
be a smooth solution of (2.1), such that on surface X, O (t5,1.0,9) is supported = % Y
onr € [ry,ri). A §
Then ¢ vanishes in the 4 regions {t* > t;} " {v <v(t5,r0) }, {t* > 15} N{u < =

u(ts,r) b, {t* <eiyn{v>v(t,r)} and {t* <t} 0 {u>u(t],ro)}
(0 3 0} { (0 V) { O} { (O o)} Figure 3.2 The Domain of De-

pendence
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This result is a trivial consequence of 7T-energy conservation.

An important part of the Hawking radiation calculation is the use of transmission and reflection coefficients,
so we will discuss their definitions and useful properties here. For a more full discussion of these, we refer the
reader to [15, 10].

We will define the transmission and reflection coefficients in the same way as [15]. We first change
coordinates to the tortoise radial function, r*, and then consider fixed frequency solutions of the wave equation,
W =€ ug 1 (r*)Y,,(0,9). The equation obeyed by this ug 1, (r*) is

W+ (0* = V))u =0, (3.11)
where ) .
1 oM M M @M
Vl(r):ﬁ(l(l—kl)—FT(l—qT)) (1—7+qr2 ) (3.12)

Considering asymptotic behaviour of possible solutions, there exist unique solutions Uy,, and Uy, s [10],
characterised by
Upor ~ € 1@ as r* — —oo (3.13)

Upns ~ @7 as r* — oo, (3.14)
inf

We can also see that Uy, and Uj, r are solutions to (3.11). Moreover U;,,r and Uin r are linearly independent,
so we can write Uy, in terms of Uy, s and Ui, r

T 1.mUnor = Roy 1 mUinf + Uiny. (3.15)

Here R and T are what we refer to as the reflection and transmission coefficients, respectively.

Now we consider Reissner—Nordstrom spacetime again. For a Schwartz function y (u), we can impose the
future radiation field vy (1)Y;,,(0,9) on ., and 0 on 5. Therefore we can consider only one spherical
harmonic, and our solution of the wave equation is of the form ¢ = Ml]/. We then rewrite the wave
equation in terms of v, and take a Fourier transform with respect to the timelike coordinate ¢z, where J; is our
timelike Killing vector field. We obtain that (ﬁ(a), r*) obeys (3.11) for each fixed value of ®. By considering

r* — —oo, we know that

1

E/ V(o,redo ~ _/ Vot (@) ) 4 g () dw as 1t — —o.

y(rie) = o e

Similarly we can consider r* — co:

1 1

y(r,e) = ﬁ/ ¥(w,r)edo ~ ﬁ/ W (0)e ) 4§ () dw as 1 — eo,
- - (3.17)
Using that Y-+ =0 and ¥+ = Y, (u), we obtain
W (r*, 0) = Y (0) T 1 mUnor (r*) = Wi (@) (Ropy mUing (r) + Uins (7)) - (3.18)
Therefore we can obtain our solution on .7~ and .¥ —:
| R - ;
Vo ()= 5 /w W (O) T do (3.19)
1 ~ ~ D iou
Vo () =5 /w W (O)Rg e 0. (3.20)

We will only be using two properties of R and 7. Firstly, as a result of conservation of T energy, we have

Roptml* +1Tosml?* = 1. (3.21)
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Secondly we will consider the decay of the reflection coefficient for large w. Corollary A.0.1 states there

exists a constant C (independent of M, gq,/,m, ®) such that

C(l+ 1)2
2 -

Lm —_— 3.22
The final Theorem we will be using is (part of) Proposition 7.4 in [3], which we will restate here:

Proposition 3.3.1. Let ¢ be a solution to (2.1) in an extremal Reissner—Nordstrom spacetime, with radiation
field y =r¢. Let M < ro < 2M. Then there exists a constant, C = C(M,ry) > 0 such that:

r\ —2
1-—) |9, 2'9d9dd+/ 219, wisin 6d6dod i
/Zulﬂ{r<r0}< M) |0y y|”sin Qdv a0} |0, y|” sin odu (3.23)

vu+r

o 12
< 2 ) .
_C/%ﬂ m{u>u1}(M + (u—u1)?) [9uw| +‘Y7w‘ sin 0d0d pdu

o 2
+C (M2 + (v—uy — 1)) | 9w ]2 + )W] 5in 0dOddv.
FI={v<u;}

Proof. To prove this, we have taken the r -+ in the original statement of the theorem to be where r* =0. [

3.4 The Hawking Radiation Calculation

In this section we will be proving Theorem 4 from the overview, which is a combination of Theorem 3.4.1 and
Corollary 3.4.6.

Theorem 3.4.1 (Hawking Radiation). Let v (u,0,¢) be a Schwartz function on the 3—cylinder. Let ¢ be the
solution of (2.1), as given by Theorem 2.4.1, such that

ILm r(u,v)(u,v,0,0) =y, (u—up,0,0) (3.24)

lim r(u,v)9(u,v,0,9) =0 Vv >, (3.25)
Define the function Y - ,, by

lim r(u,v)9(u,v,0,0) = ¥4y (v,6,9). (3.26)

Then for |q| < 1, there exists a constant A(M,q,T*) such that
| / /2 6|V (0,6, 9)sin0dodBdg (3.27)
O=—c0J§

/ / o/ (coth (Z[o1) [wr (0,6, 0) + yrn(0,6,9) ) 25in 6dcdbde
O——

<A (LT [y ]+ @ LE[ ve,ur o))

for sufficiently large uy.
Here, W ,»— and Wy are the transmission and reflection of Y. in pure Reissner—Nordstrom spacetime, as
defined by Theorem 3.3.1, K is the surface gravity of the Reissner—Nordstrom black hole. Finally, 1.T. and I .E.
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are given by

LE.[sve,uy, utg] = /_;/SZ (M + 10— ve) (M + g — 1)| W + W 2] sin 646 @dlu
+ (M +up—u1) /_ w /S [P+ (ve —)) 3|2 sin 04O pdu (3.28)
F0uo =) [ [ [0+ M= v0) 4 (ve = )) 10,y P+ ¥ Py ] sin 60 o,
+ [ / :to_ul /S (M4 (1 g+ 1)) () Psin GdOd(pdu] *
LTyl = [ [0 41+ 91 (095 () + v ()]?) sinOdOdpd (3.29)

2

Yo72f‘ . Note that 1.T.[y| controls
similarly weighted norms of Y ;- and Wry, thanks to reflection and transmission coefficients being bounded
above by 1 (see Section 3.3). Finally, it should be noted that the final term in 1.E. (marked by | ]*), is only
required in the extremal (|q| = 1) case.

Here, V is the derivative on the unit sphere, and we write |Y7|4| fI? to mean

In the case |q| = 1, there exists a constant A(M,q,T*) such that

N ® . L.T.
\ | 1ol Pdoaede— | \crwzdo}SA< 3[72/+]+”g/21-E[‘I/+,Vc7uo—\/_Muoyuo]>, (330)

for sufficiently large uy.
Furthermore, let us fix 6 > 0. If we suppose that |q| < 1, and that W be such that all .E.[y,v¢, (1 —
“3k(1-6)

O)uo, up| terms decay faster than e “0_ Then there exists a constant B(M,q,T*,y.,d) such that

ollwPdo— | |o|coth (Zlo|) Wy Pdo— | |o||vrnPdo| < Be<(1-0)m 3.31)
L lollw _lol) ¥ v

for sufficiently large uy.

3.4.1 The Set-up and Reduction to Fixed /

We will prove Theorem 3.4.1 by first restricting to a fixed spherical harmonic,
as these are orthogonal. We further restrict Y (x) to be a smooth compactly
supported function in one variable. Let ¢ be the solution to (2.1), subject to
v =0on r=r,(t*), with future radiation field ¥;,,(6, @)y (u—up), and ¢ =0
on ¢, as given by Theorem 2.4.1. Here Y}, is spherical harmonic, see for
example [36]. Note that this result will then immediately generalise to Schwartz
functions by an easy density argument.

We will generally be considering y(u,v), given by

Y(uv)Y (8, 9) = r(u,v)9(u,v,6,0) (3.32)
Figure 3.3 The set-up for the
rather than ¢ itself. Note y(u,v) is independent of 6, ¢, as spherical symmetry Hawking radiation calculation

of our system implies that if we restrict scattering data in Theorems 3.3.1 and
2.4.1 to one spherical harmonic, the solution will also be restricted to that harmonic.
Re-writing the wave equation for fixed /,m in terms of y, we obtain:

1 M g*M? 2M M
40,0,y = — (1 — r—2+ qrz ) (1(1+ 1)+ — (1 _ %)) v =: —4V(r)y. (3.33)

w(u,vp(u)) =0, (3.34)
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where v, 1s as given in (1.57).

3.4.2 Summary of the Proof
This proof will be broken up into 5 sections.

1. Firstly we will consider the evolution of the solution determined by
scattering data (0, YY) ,,) on S+ + .7 through the region R := {v €
[Ve,00) }, where v, is the value of the v coordinate at (£7,2M) given by
(1.53). Note that evolution in R; is entirely within a region of Reissner—

Nordstrom spacetime, so is relatively easy to compute.
We will obtain that
V(o) = T mWs(o), (3.35)

where valjm is the transmission coefficient (section 3.3) from .# ™ back
to 7 in Reissner-Nordstrom for the spherical harmonic ¥; ,, (again see

[36]). Here, when we say "~", we mean to leading order for large 1, and

the exact nature of these error terms will be covered in more detail in the

full statement of Corollary 3.4.2. Figure 3.4 The regions we will
consider in the Hawking radi-

2. Secondly we will consider the reflection of the solution off the surface of ation calculation
the dust cloud. This will occur in the region Ry := {v <vg,u <u; }N{r>
rp} for the same ug in the definition of v .

We will obtain that, for v <v,,

W(up,v) ~ yup(v),ve), (3.36)

where here u = up(v) is parametrising the surface r = r,(¢*) in terms of

the null coordinates. See Corollary 3.4.3 for a precise statement of this.

3. Thirdly we will consider the high frequency transmission of the solution from near the surface of the dust

cloud to .# ~. This will occur in a region we will call R3 := {v < v.,u > u; }.

In a very similar manner to (3.35), we will obtain

Vs (0)=Ts1mP(ui,o), (3.37)

where Ty, is the transmission coefficient from .7’ to .# ~ (or equivalently from .72~ to .# ).

However, as y ‘Zu, n{v<v.} 18 supported in a small region, we will also obtain that
Vy-(0) = T mW(u1,0) = ¥(ui,0). (3.38)

See Corollary 3.4.4 for the precise statement of this.

4. Before the final calculation, we will consider the integrated error terms, /.E., and how they behave,
depending on our future radiation field, y... We will look to show that, provided ¢ is only supported on

o >0,
LE.[yy,ve,up,up] < Ay(uo—up) ", (3.39)

for all n, provided M < u; < ugy. Here A,, depends on n,M,q and v itself.

5. Finally, we will consider the actual calculation of [y ,1,up] on .# ~. We will use a conserved current to
show that

/ qu?jyzda:/ o|vr, [2do. (3.40)
ocR ccR
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Using a useful Lemma by Bachelot (Lemma I1.6 in [7], Lemma 3.4.2 here), we obtain for the sub-extremal

case
(o) . [ - . - 7.L. .
| 1ol Pdo = [ 101Rotn P10+ TosmPlolcoth (o) 19 Pdo. 4

Here, « is the surface gravity of the Reissner—-Nordstrom black hole, as given in (1.63). We obtain the
equivalent result on the extremal case, using Lemma 3.4.3.
Thus combining (3.40) and (3.41), we will obtain the final result:

o T 2
lim 7]y, 1, uo] %/ % (coth (%) —1) |o]|y4*do, (3.42)

ug—ro°

subject to an extra condition on the support of y..

We also obtain the extremal equivalent:

o |, |2
lim I[l//+,l,u0]z/ M(1—1)|cr||1i/+|2dcr:0. (3.43)

ug—roo —o0

See Theorem 3.4.1 and Corollary 3.4.6 for the precise statement of this.

We will prove this result almost entirely in physical space rather than frequency space, which will hopefully
be a more transparent proof.

3.4.3 Evolution in Pure Reissner—Nordstrom

In this section we will be considering the following problem: In Reissner—Nordstrom spacetime, if we im-
pose radiation field vy (1)Y;,,(6,¢) on " and that our solution vanishes on .7, what happens to the
solution on a surface of constant v as we let v —+ —o? By transporting our solution along the Killing vec-
tor, T, this is equivalent to considering a solution with radiation field y, (u —u9)Y; ,(6,¢) on .#* on a

surface of fixed v, and allowing uy — o. We obtain the following result:

Proposition 3.4.1 (Reissner-Nordstrom Transmission). Let ;. : R — C be a
smooth, compactly supported function. Let y be the solution of (3.33), as given
by Theorem 3.3.1, with radiation field on . equal to v, and which vanishes
on . Let ve,u; € R. Define

Uy (0) :=Ts 1 mPr(0), (3.44)

Then there exists a constant A(M,q) such that

/ 10w (14, ve) — Do (1) 2 < ALT. [y | (F(r,ve) — 14 )% (3.45)
U= Figure 3.5 The first region we

- will consider in the Hawking
/ |l,l/(u,v)|2du) <ALT.|y4], (3.46) radiation calculation

uj

(1+1)* sup(

v<v¢

provided r(uy,v.) < 3M.
Moreover, if |q| < 1, then we also have a constant B(M,q) such that

/M:M |y (u,ve) — Wop- (u)|2du <ALT.[yi|(r(uy,ve) — r+)2 +A|V’(”1,Vc)|2, (3.47)

again provided r(u;,v.) < 3M.
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In the case |q| = 1, we have

/Moou W (u,ve) = W (u) Pdu < ALT [y ) (o — ur ) (r(ur,ve) — 1)

FAM? + (o — 1)) | W (ur,ve) = Yo () (3.48)
+4I'E'[W+7V67 MI,M()]~

Here 1.T. and 1 .E. are as defined in Theorem 3.4.1.

Remark 3.4.1. We can also define the past radiation field in pure RN by Wgy, which is given by

gy = Ro 1 mWs, (3.49)

where Ro,l,m are the reflection coefficients from .+ to %~ in Reissner—Nordstrom for the spherical harmonic
Y} (again see [36]).

Proof. We know from many previous works on Reissner-Nordstrom (see [35] for example) that

lim y(u,v) = Y- (u), (3.50)

v—r—co0

for y - as in the statement of the Proposition.
The proof of (3.45) is fairly straightforward:

2
du

(o)

/ “ aduwdv

2 oo Ve
du:/ / Vwydv
=u u=uy |J—oo
ve [ pe 2 \?
(/ </ V2|l//|2du) a’v) (3.51)
—oo \Ju
o Ve 2
< sup </ \w(u,v)\zdu) </ V(u1,v)dv)
v<v, uj —o0

<AL+ 1D)*(r(ur,ve) — r4)? sup (/: |l//(u,v)|2du) :

<V,

/ 10w (U, ve) — W - (u)\zdu = /
u=u, u

IN

Here, we have used Minkowski’s integral inequality to reach the second line.

In the case of |g| < 1, we first show that to prove (3.47), it is sufficient to bound [, (u—u; )29y (u,ve) —
Ay (u) .

Let x be a smooth cut off function such that

x(x)4 €[0,1] xe€l0,1]. (3.52)
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Then for any function ¢,

[ Jownpansa [
u=u u=uy
§8/°° (u—w)?
_ool u—u 2
<16 [ (0P ot vom 1 (57 )
u=u
+2M|¢(u1,vc)|2/0|X(X)|2dx

<16 [ ()10 ) P 20011, v0) [ 2P+ 82 (o) i

2 2
0 (u,v) — ¢ (u1,ve) X (”;j”) ‘ v ‘¢(u17vc)x (“j_wul) ‘ du (3.53)

u—ug

2 oo
)| au 2mtptuno [ coPax
M x=0

300 (1) — (11, ve)M ' 1 (

<16 [ (=100 () Pdu+ AMOI0 (r,v0)

Here, we have used Hardy’s inequality.
Now we prove (3.47), in a similar way to (3.45):

2 2

du

(o]

/m (u—u1)2|8ul//(u,vc)—8ul//%(u)|2du:/ (=)’ /vc8vaul//dv du:/w (u—ul)z'/VCVl//dv
u=uy u=uy —oo U=ui —o0

ve [ poo 12\ 2
< (/w </Ml (u—u1)2V2|l,lI|2du> a’v) (3.54)

< sup ( / f\w(»t,v)\zdu) ( / V;fgg {(uu1>v<u,v>}dv>2

< B(I+ 1)*(r(uy,ve) —ry)? sup (/: ]l//(u,v)|2du) :

v<Vv,

Here we have used that there exists a constant C(M, q) such that
C' I+ 1% <V (u,v) <C(I+1)% 04, (3.55)

for r <3M.
In order to prove (3.46), we use similar logic to (3.53) to show

/ 16 (1, v)Pdu < 16/ (1= 119)? |9 h (1, )| dut+ A(M) 0 (110, ve) 2, (3.56)
U——oo0 U——oo
And we then consider
v u > u
o=4 , (3.57)
ﬁm(ulyvc) u<up

to obtain

/m]w(u,v)lzdug/m_ \¢(u,v)]2du§16/m_ (10— 110)? |0 (1,v) [ dut+ A(M) [ (o, ve) 2 (3.58)

< 16/ (10— 10)? 9y (u,v)|* due 4 A (M) (tt0, ve) | + (o — wr) [ (un, ve) |
u=u
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In order to bound y(ug,v,), we look at

2

|y (u, ve)|* < (3.59)

/ " 0,y (u,ve)du
ug

< (L st ate) (f 0+ o 7)oyt o)

<5 ; (M2 + (uo — u)?) |0y (u, ve) | *du.

We then consider the conserved T-energy. In u,v coordinates, this is given by:
Teenery(9,%) = | |0u(uv) P+ V() [w(u,v) P (3.60)

We apply (3.33) to a weighted version of the T-energy in the region u > uy:

oo

/: (M2 -+ (1 — 10)?) (19w, )2+ V] w(e,v)2) dus =/ (M2 + (u— p)?) |y [Pl (3.61)

uo

—/> N 2(u—ug) (laul//(u,v')lz+V]l//(u,v')\2) dvdu
US>,V >v
< / (Mt (u—u0)?) |0y [Pdu
uo
We bound the u < ug in a similar way:
7 00 4 (= 0)®) (10 00) 4V 1)) (.62

ui
_ / Y (M4 (1= 10)?) |9 P

uj

[0 o= )?) (1w, 0) P+ VI )P v
_ / 2(1tp — 1) (| w (V) 2+ VI (u,)|?) dv'du
u€Euy,up],V'>v

uo Ve
< [0+ =) e Pt [ (0 + (o= 0)?) [,y

—o0

For the extremal case, we simply use Poincaré’s inequality to bound

2140714]

214()714]
/ W — W |Pdu SA(uo—Ml)z/u 100W — QW |Pdu+ (M* 4 (ug — 1)) | (w1, ve) — W (ur)|?

SALT.[y (g — un)*(r(un) = ) + (M2 + (o — ur)*) [y (ur, ve) = Y- () .

(3.63)

We are then left to bound

[ oo 1 00
[ v Pau= [ Slw—ve Pax<d [ jaw - o Pax (3.64)
u=2uy—u; x=0X x=0

<4 (10— 20 + 11 )*|0u W — Du W |*du.

u=2up—uy

This can then be bounded in exactly the same way as (3.61) to obtain

/2 (u—2u0—|—u1)2|8uw—8,,1//%&—\2(114§2/ (=20t m ) (0 P ) du
u=2up—u; U=zup—uj

%}

<4 (1 — 2ug + u1)?| 9wy |*du, (3.65)

u=2ug—uj

as required. [
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We will also need to calculate the r-weighted energy of our solution on X

Proposition 3.4.2 (Reissner—Nordstrom Weighted Bounds). Let v, : R — C be a smooth, compactly supported

function. Let \ be the solution of (3.33), as given by Theorem 3.3.1, with radiation field on . equal to v,
and which vanishes on 7. Let ) be a smooth function such that

=1 x>1
x(x)<el0,1] xel0,1], (3.66)
=0 x <
Let ry > ry and v, be fixed. Define Y - and Ygn as in Theorem 3.3.1.
Then there exists constants A(M,q,ro,x) and B(M,q,ro, ) such that
r—=1o0\ 2 2 ve=2rg 2
/E 1 () PlacyPdu < A / (14 (ve — 21— )2) |9u W P (3.67)
ve U—=—oo0
Ve
+/ (1+(VC_V)2)|avWRN|2+l(l+1)|WRN|2dV)7
y=—o0
forl#£0, and
r—ro\ 3 2 ve=2r " 3 2
/Z X\ )" |Ouy|“du < B /_ (14 (ve —2r5 —u)”) | OuW - | “du (3.68)

——o00

+/_C (1+ (ve—v)?) |9le/RN|3+2M|ll/RN|2dV),

for1=0. Here, rjy = 1(v—u) when r = ry.

Remark 3.4.2. In the extremal (q = 1) case, (3.67) follows easily from Proposition 3.3.1, but the proof we will
offer below will not distinguish between the extremal and sub-extremal cases.

Proof. We first write the conserved T —energy flux through in terms of y, though the surface

Ly 7= (Zuzye—2p N{r <ro}) U(E,.N{r>ro})

(3.69)
An explicit calculation gives:
_ |- 2 o
T —energy(9,%, o) = /E . 2|9,0]* + #1(1 +1)|¢]* | sin0dOdpdv (3.70)
u:vc—Zré r=ro
o, M
+/Z oy |210008 L (14 1)|f? | sin6dedgdy
Ve r>ro
_ / 2 (10w +V ()| w?] dv+ 2 (|9 w? +V (r)y?] du
e 2r*ﬂ{r<r0 Z,.N{r>rp}
= [, 2[evPevinar,
where here we define ér* to be the r* derivative along £, i.e
~ d, r<n
O =4 =70 3.71)
8u r>r

We define 0, := < —|— szz) 0.
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We note here that even if / = 0, the T —energy bounds (y (52) v)?/r? for any ro > 2M:

|w|2d i q2M2>

70

|t/f|2

lO 10

~ 2
<A() [ 1300w Par=AGr) /_ 2ol Whar G
v,0

<BM.ro.2) [ |yl VlyPar

v,0

Here we have used Hardy’s inequality.
We look at the integral of x (5572) r”(d,W)? on X, :

- 1 2M 2M? B P
/2 X( 2M >rp|a l”|2d”_/<v {5 (l_r_2+qrz ) (Pr” 1X+MX'> Iauw|2+2erV(r)au(|qf|2)] dvdu
2M  ¢*M?\ (1 B P
_/< {(1—_ 4 ) (E <pl”l’ 1X—|—A—/Ix/) |aull/|2+ar(x,,pv(r))|v/|2)] dvdu

2rP~ 21(l+1)|q/|2dv (3.73)
I={v<v.}
pr”! 2 2 2
S/ dvdu~|—A/ |0 W]~ +V (r)|y|“dvdu
v<ve 2 v<ve,r>rg

+ / 2rP721(14 1) | w]?dv.
e (I+1)|yl

For p = 1, we obtain

/ x (r_ r‘)) ERTIET gA/ 10 w2+ V (r)| w|2dvdu. (3.74)
%, M V<V, F2rg

c

Then for p = 2, we obtain

/ x (r_ r°> 2|9, y2du < A/ C (A/ PRV +V(r)|l[/|2dv/du) dv (3.75)
ve M y=—00 Vi< r>rg
+ 10y > +V (r)|w|*dvdu+ 20(1+1)|wl|?dv.

V<V, r2rp I N{v<vc}

By T - energy conservation, we have that

Ve Ve v _
/ (/ 0y |? +V(r)|l,l/|2dv’du) dv = / (/ T — energy(¢),2v/70)dv/) dv  (3.76)
y=—00 VI<ve,r>rg y=—o0 Y=—o0

- / / / Ouydu dud du+ / / / EXIRE N
%_,MSVC—Z}’S ulgu u//gul ef_ﬂ/SVc V’SV v//gvl
T~ u<ve—=2r I v<ve

where we have integrated by parts to obtain the last line. (Note ¥ on .# ~ or #~ is Schwartz, so we have
arbitrarily large polynomial decay.)
Combining (3.75) and (3.76), we obtain:

r—ro
f (5

) |0, w|du < A (/ (14 (ve — 215 — u)?) |9y y|*du (3.77)
A uLv=2r}

I~ v<v,

+ (14 (ve —v)2) [P 4100+ 1>wf\2dv>.
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for I # 0, and
r—r\ 3 2 / x 3 2
— | rldwlrdu<A 14+ (ve =215 —u)’) |0, w|°du 3.78
/Ex( ) Plai (Méwm( (ve— 205 — ) |2, (3.78)
+ (14 (ve=v)*) |9yl +2M|w|2dv>,
I~ v<v,
for I = 0, as required. O

Corollary 3.4.1 (Pointwise Bounds). Let v : R — C be a smooth, compactly supported function. Let  be the
solution of (3.33), as given by Theorem 3.3.1, with radiation field on .9 equal to ., and which vanishes on
HT. Let ry > ry and v, be fixed. Then there exists a constant A(M,q,ro) such that

W (u1,ve) P ALEW, ve,u,ugl, (3.79)

for any uy > v —rg. Here, ry = %(v —u) on r = rg. Here we define Y 5- and Wgy as in Theorem 3.3.1.

Proof. This is a fairly straight forward consequence of Proposition 3.4.2.

2
+2

2

Ve 2 Ve—T
|l//(u1,vc)|2§2' /_ 3y wiw (v)dv +2‘ /_ ? ey, ve)du (3.80)

/ul Ou W(W Vc>du

*
Ty

<2([" o) ([ 0+ 6= v P )

Ve—ry—M 5 Ve 5 5 uj uj )
+2/ F2dv / 2|90 (14, ve) v +2/ dv / 190w, ve) Py
—oo Y Ve—r5—M Ve—r5—M

e g " 2 2 “ « 2
<A / (M2 + (ve — 25— 10)?) |0uW - | du-l—/ (11— ve+7)|9uV |2l
u U——o0

+/_C_ (M2 +M(uy = ve +15) + (ve = v)?) |av‘l/RN|2+l(l+1)|l[/RN|2dv),

as required. 0

Proposition 3.4.3 (Extremal Weighted Energy Bounds). Let v, : R — C be a smooth, compactly supported
function. Let y be the solution of (3.33), as given by Theorem 3.3.1, on an Extremal Reisnner—Nordstrom
background, with radiation field on 9" equal to v, and which vanishes on . Let uy,v. be such that
r(u1,ve) < 3M. Then there exists a constant C = C(M) > 0 such that

r

-2
M
/ (1 - —) 10, w|?sin 0dOdodv < C(u; — v )2 LE.[Wy ,ve,u1, ug). (3.81)
Zulﬂ{vgvc}

Proof. We will be considering the solution to the wave equation (2.1), ¢, with radiation field {, given by

Ul = Wy (3.82)

_ x (57¢) Wrv(ve) v > ve

Wl - = (%) v (v , (3.83)
VRN v <,

where ¥ is as defined in Proposition 3.4.2.

By a standard domain of dependence argument, we can see that

_2 -2
/ <1 _%) |8V1//|2dv:/ (1 _%) 10,52, (3.84)
Ly N{v<ve} r Ty {v<ve} r
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Here we will be making use of Proposition 3.3.1. By choosing ry = %M , we can then bound

-2 o (2
/ { }(1—]‘—4) 10,9 sin0d@dpdv < C (M2+(u—u1)2)|8u1/7|2+‘y7li/‘ sin 0d0d pdu
Eulﬂ v<ve

r A~ N{u>ur }
° 2
e (M2 + (v =) )| § + | V9| sin0d0dpdy
J-N{v<uy }
< C(u; —VC)ZI.E.[l//+,vC,u1,u0]. (3.85)
]

Corollary 3.4.2 (Hawking Radiation Error from Reissner—Nordstrom Transmission). Let f be a smooth
compactly, supported function with f(0) = 1. Let y; : R — C be a Schwartz function. Let y be the solution of
(3.33), as given by Theorem 3.3.1, with radiation field on ¥ equal to ., and which vanishes on 7. Let
ve, Uy € R, both tending to —oo, with v, < uy. Let ug be fixed. Define

vo(u) = Wl ve) = fu—w)y(ur,ve) uzur (3.86)
0 u < uj

In the extremal case, we also restrict Y to be supported on positive frequencies, and ug — uy < u; —ve. Then

there exists a constant A(M,q, f) > 0 such that

/

A (erc(vrul)l.T.[llf+] +I.E.[1[/+,vc,ul,uo]l/zl.T.[l//+]l/2> | <1

A ( (ln<%)+u07u|>l.T.[l[/+]

(”1“’6)2

[ e lo0) (r  ~ 0 o <
occR

+<”1 _Vc>1/21~E-[W—i—yvmuly”O]l/zl'T~[V[+]l/2 |Q| =1

\

(3.87)
where K is given by (1.63). Here I.E.[W,v.,ui,up| are “Integrated Errors" due to the tail of Wy, Y- and
Wrn, and I.T.[W.,ve,uy,up| are “Integrated Terms", both given in the statement of Theorem 3.4.1. where
VRN, V.- are as defined in Proposition 3.4.1 and Remark 3.4.1.

Remark 3.4.3. We have chosen the above form of W to ensure that it is a weakly differentiable function. If yy

were less well behaved, then we do not know for certain that the integral in (3.87) would converge.

Remark 3.4.4. Wherever v.,uy,uqg occur in Corollary 3.4.2, they occur as a difference. Thus when we propagate

our solution along T, these differences remain the same.

Proof. We will consider |g| < 1 first:

1/2 1/2
[ eton e P lioflao <a( [ i —wPac) ([ (€40 (o P+ ) do)
ocR ocR ocR
oo ) u 5 21/2
<a ([ o v Paus [ e Pt iR )
up —o0

- " 1/2
([ (v Pt 1) 4 v Pt vt [ @l P4 By P

Ui

<A LTy ](r(ur,ve) — ri 2+ LE [y ug)) ' (3.88)

- “ 1/2
([ v Pt [ Rl P v Pt Iy, v P
ui —o0

1/2(

<A ((r(ulavc) - r+)21.T.[I//+] +I.E.[I/I+,VC,M1,M0]) I'T'[W+]))l/2’

as required. We have used Proposition 3.4.1 to bound f,: W — l//o|2du, and Corollary 3.4.1 to bound
ACHI
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For the |g| = 1 case, we have Kk = 0. We then proceed slightly differently to obtain our result, by first noting:
—icd, U =Vy. (3.89)

Here,  is the Fourier transform of y with respect to u. While this transform may not exist in an L? sense, as
V1 is an L? function on X, this implies that o, { exists in a distributional sense.
We will write

vo(uv) = W(u,v) — fu—up)y(u,v) uzu 3.90)
0 u < uj

Substituting (3.90) into (3.89), we obtain

—i6aWo = Vo — oW — W(ur, )V flsy, (3.91)
where
1 u>u
Li>u, = ) (3.92)
0 u<u

‘We therefore obtain:

S a2 o [v e (T A o
ol G P linP)as) <2 [ [ R (1% (V0 + vy )Ty, ) ) dvdo

_|_

/ ’G|(|%f|2—|ll70(u,—°°)|2)do‘
oeR
o Ve R vy
/GE]R |o| /v:wR (””OV%) dvdG' (3.93)
2 1/2
+2<// (1_1‘_4> W’O|2dudv> (// 2 ’vllf| dudv)
uIvsve d u V<VL 1——
2
+2sup |y(u1,v) (// (1——) |l//0|2dudv)
v<v, uJv<v,

1/2
(/u>u /v<v M fzdudv) +ALE. [WJH Ve, Ut, I/l()] .
1 — =

}"

<2

We note that

M ? 2 A(r(ulavc>_M)
//S (1—7) [Vol*dudy < === 1.T[y] (3.94)

using Proposition 3.4.1, and given f is a compactly supported function, we can bound

/ / zfzdudv < AL+ 1) (r(ur, ve) — M), (3.95)
u>uy <vC _
‘We can also bound
0 2
// 1 [yl* ————dudv < A sup |V—w2dv < C(u; —vC)ZI.E.[l//Jr,vC,ul,uo], (3.96)
u Jv<vy, 1__ f£0Jv ( _%)

using Proposition 3.4.3.
Thus we have

[0l (e P = 90 o] <2
ocR

o[V o
I R (0 .
/G & ]o] / o (zwovwo) dvdc‘ (3.97)

+ ((uy _vC)I.T.[W+]I.E.[1//+,vc,Mmto])l/z~
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I(1+1)
7*2

Given that we know in some sense that ¢ — @ -, and V ~
-4+ 0¢(u,v)andV = l(ljzl) +oV.
0.4 .
Then we obtain

as v — —oo, we will replace ¢ =

o Ve L= @

o R e dvdo
L (e (255) )
N /(_ |8V (101,v) | wol I3, v

#2 [ vin)livol |8vols.dv
/ R ilffojf_<%%> do
ceR |O| U—"ve

+ALT. [y, ] ((r(ul,vc) —M)*In (% — 1)

(3.98)

O Ve - ——
— R (iypV dvdo| <I(l+1
/GER’G|/——00 (“/’0 ‘VO) V G‘ = (+ )

<I(+1)

Uupg —uy
) —M
i (r(ur,ve) ))
M+ uyg —uy
_|_—I.T.[IV+]1/21-E-[W+7Vc‘7u17”0]1/2'

Uip—Vve

We have bounded || ||y, using Proposition 3.4.1, and |8V (uy,v) < A(I4+1)* (1 — %)3 In(4; —1),byan
explicit calculation. Also, as Y 5 is compactly supported, we can bring the integral over v inside the Fourier
transform. Denoting Sy - = W - — Y -, We then obtain
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<

GGR‘ ’ U—yve

/ IR i*%("’%’> do
GER’G| U—"ve

(0}
+|[ IR
ceR‘G\

o . X p— — — (v,
<[ = ,%_<‘fo> do| + |8y s | Y= Y- (0
G€R|G| U—Ve U—v, 0
T - i
+\[§‘/66RR(51W(—GW%( c)e )dc‘ (3.99)
_ - Sy — W (e
[+ 8y ||| YO W ()
U—">Vve 12

+ \/E‘/ R (Yo + 80 ) (—0)8y- (ve)e ") d"’

\/»/GG]R/G’G]RchG/ V- (0) W (0 —0')e )dG/dG‘

+ 2018wl 29w I12
H1O0W - (ve) W (V)| +2[Wsp— + Y - (|12l S Wi 12
F(Wor- (ve) + 8V - (ve)) S W (ve)|

— I o N\ ,—iv.o’ do'd
\/7/(7€R/GGR|O'HO" - (—O) Wy (0—0')e ) o G‘
+ AIT[II/+] I/ZI'E'[II/+7 VCJ l/ll 9 MO] 1/2
(I+1)? '

Here we have used that the Fourier transform of u~! is \/7/2 6 /|c|, and we have used Hardy’s Inequality
to bound

Hf—C) <2[|0uf || 2- (3.100)
M—Vc L2
Thus we have
' 10119 =190 do
oeR
V(0 —0')e ™ )do'd 3.101
\/>/GGR/GGR‘GHG’ ‘V%( O) Y- (0—0)e > o G‘ ( )

A (m (”1]‘7 ) +u0—u1) %

+ ((ul — VC)I.T.[III+]I.E.[1[/+7VC7ul?”to])l/z :
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If ¥ is only supported on positive frequencies, then we can simplify the following

\[ /ceR/G/eR o] |o'| "

A

—0)Y - (0—0')e ’”“G’)dc’da

A IGR%RO@Z(— o)e ) do’ (3.102)
5| L B (v Pe)e™ ) do| = p- (vo)?
< LE.[yy,ve,ur,up).

]

3.4.4 The Reflection

In this section we will consider evolving our solution in the small compact (in r, t* coordinates) region, given by
Ry :={v<veu<u }nN{r>rny}.

We will consider the surface r = r,,(1*) to be instead parametrised by v = v;(u), or equivalently by u =
up(v) = v, ' (v), as in (1.57).

Proposition 3.4.4 (Reflection Energy Bounds). Let W be a smooth solution to (3.33) subject to (3.34). Define
the function Wy by
Yo = w(u,ve) — w(up(v),ve). (3.103)

Then there exists a constant A(M,q,T*) such that

ve | duy| ! ) Ae 3 T.yy] |q| <1
— |0 —9 dv < 3.104
/vh(ul) av | Wiy = dyo(uv)ldy < AGIT [y gl=1 (.104)

uy

for any sufficiently large u,.
Furthermore, there exists a constant B(M,q,T*) such that

—3Kuy
Ve dub 2 Bule IT[II/+] |Q| <1
— — dv < . 3.105
L | 019 = volan Py < S gy o (3.105)
u
Finally, there exists a constant C(M,q,T*) such that
LT.[yy] —xu
ve C—5re M gl <1
[T RS S (3.106)
vp(ur) Cm |q‘ =1.
If y; decays quickly enough as u — oo, then
Ve oo
/ [y (uy,v)|2dv < e’<<"03"1>/ ¢ |9 vy |2du. (3.107)
vp(up) u=—oco
Remark 3.4.5. Note the form of Wy here is the solution to the equation
3,0, Wp =0, (3.108)

with initial conditions

Vo(u,ve) = w(u,ve). (3.109)
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Therefore, yy is reflected as if it were in Minkowski spacetime. Thus, Proposition 3.4.4 gives a bound on how
much the solution differs from a reflection in 1 + 1 dimensional Minkowski.
This solution Y takes the form:

vo(u,v) = w(u,ve) — w(up(v),ve). (3.110)

Proof. We begin by considering how the derivatives of ¥ and yy vary on the surface of the dust cloud, and
applying (3.33):

Ve 2 Ve 2
/ (u—ul)p|8uly—8ul//0|2du§/ (u—ul)p/ 3,0, ydv du:/ (u—uy)? Vydv| du
S[ul,oo) S[ul,oo) Vb(ul S[ul,oo) Vb(”l)
< [ I VW, G110
[

uy,%°)

S/w /C ()(u—ul)p(v—vb(u))V2|l,U|2dvdu.
u=uj Jv=vpu

We then proceed to do the same to compare the derivatives of y on the surface of the dust cloud to the

derivatives of y on X, :

/>: )| ™ (up (v) — ur)P 0y (1, v) — Ouyr(up(v),v)|*du

1

Ve 2
< [ 1 ) —w)?| [ v av
Uy Vb(”l)
Ve 2
S/ |u2|_1(ub(v)—u1)p/ Vydv| dv (3.112)
Zu, vp(u1)

7—1 2
<, W )~ I e [P

SA/m / C ( )|”Z’7l(”b(")_ul)p (/MV(u',vc)du') V|l//|2dvdu,
u=uy Jv=vy(u "

Combining equations (3.111) and (3.112), we obtain

/ iy |~ (up(v) — ur )P |90y y — Oy ol *dv (3.113)

<2/M Ml/v " (v—vb () (= uy)PV 4 )|~ (up (v) — up )P (/I:V(u/7vc)du'>)V]I//|2dvdu

A(l+1)? fu:u, fvvivb(u) (ub(v)l’_z—l—ub( )P le _K”1)V|l//|2dvdu lg] < 1
AU+ J2 0 1 o (0= ()2 4 282 |y Pdvdu gl =17

where we have used the behaviour of u;, and v, for late times to obtain the final line.

We first consider the extremal case, and the non-extremal case for sufficiently good decay. We will be using
energy boundedness results from [1] (Theorem 1).

This tells us that the non-degenerate energy of ¢ on X, bounds the non-degenerate energy of ¢ on X,
i.e. there exists a constant A(M, g, T*) such that for all u’ > u

) , 2 M 2M2
/ 19,y ”i’ﬂ(lu VZZJW +(I+1) (1 =1 )|¢(u ve)|Pdu (3.114)
u 1—T—|—r—2 r r?
(9 2 M 2M2
247 fM”+qu'A42+l<l+1>(1— L) lowPay

A /Vc / 2
¢ (', v)|“dv.
(A

wwe) o ve)?

v
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Here we have used that ¢ vanishes on the surface of the dust cloud in order to apply Poincaré’s inequality. In

the extremal case, we can bound this non-degenerate energy as follows:

oo 2 2442
/ %+1(1+1) (1 2]:4+QM >|¢(u ve) Pdu (3.115)
" o 2242
<a [0 a0t 10+ 1) (1- 24 T o) Pa
oo 242
gA/ (M2+(u—u0)2+u(2))|8u¢(u,vc)\2+l(l+1)( _2ﬂ+qM >|¢(u ve)|2du.

We can use (3.61) and (3.62) to bound this by I.7.[y ] plus u% times 7" energy. Cambining (3.114) and (3.115),
we obtain (3.106) for the extremal case. We then proceed by combining this with (3.113):

p—2
(I+1) / / ( v—vp(u ))upz—l—%) V|y|*dvdu (3.116)
u=uy Jv= Vb - Ve

ui

N (e o T L

<A(+1)"2 sup (((v—vb(u))up_z—FM)V)

u>uy,v<ve Uy —"ve

IN(Grros r<§%j>2> (el ) 1Ty
- Al + 1)—2?(2;11.[%] up <((v—vb(u))ul’—2 N M) v) ‘

U u>up,v<ve Uy —"Vve

The two cases we will be considering are the cases p = 0 and p = 2. These give the following results:

Au3l.T.
/ !u2|‘1!3vw—8v%|2dv§%—8w (3.117)
Xy l/ll
ABLT.
[ 1 ) 0y — Py < AT (3.118)
T, u

1

In the less well behaved sub-extremal case, we instead consider energy currents in order to bound

oo Vc VC
/ / V|w|2dvdu < A/ / V|o|2dvdu. (3.119)
u=uy Jv=vp(u) u=uy Jv=v,(u)

We apply divergence theorem to the following vector field

2142 . . 2142
J:=M8u+a(v—vc)8v—(1—2—M+q M )(M—a(v—vc))%wzv (W (1—2—M+q u

in the region u > uy,v € [vy(u),v.]. Here, o = a(M,q,T*) > 0 is chosen such thator~! > 8(1 —¢?)~! and
o~ > (v—v)u)(v) for v —v, sufficiently small.
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A simple calculation reveals the following results:
M—o(ve—v) (M ! M
2r3 r r

) - (1 N 2_M+ QZM2>)> I+ 1)]9]> (3.121)
2M4(8 — ¢?)

o
V.J= (22+
Mq2> <q

. (M4(1F6—q2) (2_ :

2445 2

G*M3 (4 —3q
- (7 ) a |¢|2
r r

+ (0 (1-2i4+"2M2) +0(vc—v)) 19[2>0

_2a(ve—v)[9v9[>  MI(I+1)|¢ (M —a(ve—v))|9[
—du(J) = 1_2M L}gﬂ + 2r2 — o 2r
M? @M\ o  aM? , M 5
+(zrs (1— p )*z*w(“—q —T))“P’
2M  ¢*M?
+(0(1——+q > )+0(vc—v))|¢)|2
_ 2M[9,9? M¢a¢ M (2M M 2M q2M2 5
_dV(J)|V:vC = 1 Y, 2];/[2 - . 4r 1—7 + 1—7+ r |(p| (3 122)
4M|9.9 |

T 2M+q2M2

Zub(l_ (V_VC)”b> |0 ‘Mz
1— 2M+q2M2

(du—wydv)(J)|s = >0,

(3.123)

for v, — v sufficiently small. Here ‘sufficiently small’ only depends on m,q, T*.

We then apply divergence theorem:

/V J+/
Ly {v<ve}

to obtain

0,0 2d 2M/ ) 62d
Vv v 1y< u.
/ ﬂ{v<vc}( c )| v | -« vc| u |

An application of Hardy’s inequality to the function f (

yields
ve f2’¢|2 219 412
<
Lo <a [ Pl -
<4 [" PP -
Vp
Choosing f(x) = x1/—log(x) gives

/vv —log( )|¢|2dv<4/ —log( MV

Provided v, —v < A?/’, then this can be rearranged for

Ve vc i
/ —log (
Vp M

(~du(1)+ [ (du=vyan)() = |

W|¢|2d\/’

v ) G Ve —V
dv < 16/ o
Jiofav<ts [ e ("

(=dv(J)),

Ve

(3.124)
X

(3.125)

) @, for f a smooth function which vanishes at 0

12 )
A loldy

o (191 +

(3.126)

(3.127)

2, (1 1 9]
)( _V) |(9¢)| <2+4( lg(vcﬂ;v))) MZdV
(3.128)
) (ve —v)*|0v0 )7, (3.129)
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and as we know the form uz takes for v close to v, we have that

Ve

w. (v 2a’v<A —1lo ( _
/ oy NP <A [ e (Y

< ~atog () vyt | 20

v) (ve —v)?|0,0 | (3.130)

This can be used to immediately obtain (3.106), and we can also apply it to (3.113) to obtain

[ 11 ) = )7 0 = 3, yo Pty

p—1
<A(l+1)%e Fn

log (Vc —A‘/’[b(”))

Ae 3T [y,] p=0
Aure 3T [y,] p=2. '

(vc—vb(ul))/z | |8u¢|2du/:V(u,vc)du

(3.131)

Finally, we can use Hardy’s inequality on the function y(uy,v,(u)) — Wo(u1,vp(u)), as this vanises on

u=uj,toget

L bl oty = [y, a) = Yo, () P (3.132)
vp(Ug uj

(o)

<4 | (u—ur)?[0uy (e, vo(u) — AW (ur,vp(u))Pdu

Uy
:4/2 )(MZ(V))_I(ub(u)—u1)2\8vllf(ul,v)—aV‘/’O(ul’v)|2du'
VplUl

The proof of (3.107) requires using a weighted 7' —energy estimate to obtain

[ gy o) P> [ 0,y P (3.133)
U=—o0 U=—oo
0o 2
zae—Ku()/ |au‘;/ﬁ5uavcz)ldz du
u=uy | — e + qr_z

> ae

K'M()/VC |aV‘V<u17V)’2 dv

Y
=V (ur) 1—27M—{—%

> ae” K= 9,yr(uy,v) [Pdv > ae K03 [y (uy, v) | Pd.

As required. Here we have again used Theorem 1 from [1], followed by Poincaré’s inequality. [

Note we still have other error occurring across the rest of X, :

! A KMII'E' » Ve ) <1
/ 1 ’aulll(”hvc)_auly(}f*(u)’zdug ¢ [w+ Ve, 1 MO] |q|

_ (3.134)
— ALE [y, ,ve,uy,u)] gl =1

Corollary 3.4.3 (Hawking Radiation Error from the Reflection). Let v : R — C be a smooth, compactly
supported function. Let  be the solution of (3.33), as given by Theorem 2.4.1, with radiation field on ¥+
equal to Y., and which vanishes on 7. Let f be a smooth compactly supported function such that f(0) = 1,

and define
W<M7VC)_f(u_u1)W(u17vC) U= u

Wo(u) = . (3.135)
0 u<ug

vi(v) = . (3.136)
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Then there exists a constant A(M,q,T*) such that

3k

Avire LTy gl <1

[ (et 10D 190 ~ [9iowP|do < ,
oER %I.T.[l//ﬁ lql =1

(3.137)

as ug,u; — oo with uy < ug. Here K is the surface gravity, as in (1.63) and 1.T.[y. ] is as defined in the statement
of Theorem 3.4.1

Proof. This proof is similar to that of Corollary 3.4.2. We consider |g| < 1 first

1/2 1/2
[ Geloh il - FemPlao <a( [ fwo-wenlae) ([ (40} (7 + i) do)
ocR ocR c

oo 1/2
gA(/ |1,fo_wlov,,yzdu) (3.138)

uj

eR

o 1/2
(7 1vnossl+ 1ol + 1291 0v0) -+ 9, v

1

<A ( / T|w<u1,vc>—w(u,v»—w(ul,vb(u»ﬁdu) "

v 12
(/ lwo — w1 ovp|* + | wol* +[9u(wo — wi ovp) >+ laullfo|2du>
uy

<A (I-T-[‘I/+]M1€_3K”1)l/2 (1.T.[y.])"/?

3k

< Aie TULT.[yy].

As required. Here, we have used Proposition 3.4.4 to reach the penultimate line.
We next consider |g| = 1, where kK =0

1/2 1/2
[ Jolliin? < 1ewllao <a( [ o*l-wwifac) ([ (% +1wP)do)
ocR ocR ocR
o 12 /o 1/2
<a([Tawn-awomPa)  ( ["iwenk +lvila)
uj uj
(3.139)
IT. 1/2
<a (M) i)
1
A
< 1T [yy]
uj
[

3.4.5 High Frequency Transmission

We now consider how our solution on ¥, is transmitted to .# ~. We first look to bound the energy through

the surface 2,

surfaces back to their past radiation fields is bounded with respect to the non-degenerate energy (Theorem 7.1

)» as all other energy is transmitted to .# ~. However, the map taking solutions on space-like

in [1]). Thus we need to look at non-degenerate energy through X, ). The non-degenerate energy on a surface
Y., takes the form

a 2
/ LI (3.140)
Zvl__éﬂ_+ﬂlq

r r2
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where we can absorb the y term using Hardy’s inequality:

2.2 2 2
/ (1—2—M+Mq )( [v’| du 2/ v dr<8/ yPdr=4 [ — 12V 4 341
X,

> — — oM | M2
r r rrb rrb L1 — +r2

r

We have the following proposition:

Proposition 3.4.5 (High Frequency Reflection in Pure Reissner—Nordstrom). Let ¥ be a smooth solution to
(3.33), and let vy € R. Then there exists a constant A(M,q,T*) such that

J

There also exists a constant B(M,q,T*) such that

A / EA"S 2/ 2
—d <B — M du+(1+1 dv | . 3.143
Lo L A v S SORNULC) B

1
VlauwlzdusA(/ Vla yPdu+ [ !Il/f (w1, ) =y ( )Izldv)- (3.142)
v (ug) Ech{u<ul} V= vh "‘1

vp (1)

Furthermore, there exists a constant C(M,q,T*) such that

/ lwwzdvsc(/ Loyt [ kul, W=y ( >|2}dv>. (3.144)
I {v<vp(ur)}

ﬁ{u<u1} \% v=vp,(uy)

Proof. Given that r, — o as v — —co, there exists some v* such that V' < 0 for all v < v*. We then proceed
using (3.33):

1 ve 1
Ey(v): = lowPde=E o+ [ [ Al w2 —av(—> Ay Pdudy’
0= [ laPae=Eve [T )= a (5 ) 1Py

2202
w (1= 2 2y

< Ey (v, —|—/ o, w|*dv + 2 v’—/ 2ay
v(ve) v V2 19uv Zulﬂ{v’e[v,vc]}’ | ﬂ*ﬂ{v’e[v,vc]}l |
(3.145)
Ve
< Ey(v +A/ Ev(VdV + 2dv'—/ 2V
V( C) max{v,v*} V( ) L, N{Vepv]} |W| J-N{V e} |ll/|
Ve Ve
<Ey(v0)+4 By (V)av + ()P =y )Pl = | v () Py
max{v,v*} V'i=vp (ug I N{v<vp(up)}
To reach the penultimate line, we have used (3.141).
We then apply Gronwall’s Inequality to obtain
1 Ve
| louPdu< (/ SlawyPdut [ Hw<u1,v>\2—w<v>\2\dV) ehtat, (3.146)
Evz V Zvc V= Vb(ul

for all vy < wp(uy).
By keeping the .# ~ term in (3.145), we can then bound

2dv<B(/ o, w|?du + (uy,v)|” — ()2 dv), (3.147)
/f—n{v<vb<m>}|w B zvm{u<u1}V| WEdut [ W EIE =l 0F]

as required.
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We perform a similar calculation for the remaining result, (3.143)

EAS Vau(|wl?) 1 25
Ev::/ — 2 du=E(v +/ / ——8 —— | |9 dudv
0032 [y ey 1 W M 2 Zonfusi 1 — 2 M\ o 2 V]
;
e VP 14 )
<E(v.)+A EMW)dv + / / _— dudyv'
(0) Ve ( ) Ty {v<ve} 1 — 2M+q2M2 Z/ﬂ{u<u1} 1 2M_|_ M2 "V’
r
(3.148)
Ve ve M ¢*M?
<E(v.)+A E(v’)dv’+A<l+1)2/ lwlzdv+/ / (1——+q )|l,t/|2dudv’
Vi=vy L N{v<ve} v JEyn{u<u ,r<2M} r
Ve
<EG)+A [ EM)aY +A(1+1) / yr 2,
Vi=vy L, N{v<ve}
to which another application of Gronwall’s Inequality obtains the result. [

The final Proposition in this section is:

Proposition 3.4.6 (High Frequency Transmission). Let Y be a smooth solution to (3.33), (3.34) such that

0 2
/ %du —E, <oo (3.149)
a1 — 20 O

/ WPdu=: Ly, < oo, (3.150)

1

Then we have that there exists a constant A(M,q,T*) such that

/vgvc

Proof. We will start this result by considering the interval [v,(u;),v.]. This section is done in a similar manner

2 e
dv= /
v=vp,(u)

2 Ve 23]
< H\/VH / / V| (u,v)>dudy
L2(Zy,) Jv=v,(u;) Ju=—oco

M 2M2 2
<A(l+1) / / (1—— a )ll”(“;V)’ dudv
v=vp(uy) Ju=—oo r

2, “ EATS
<au+n - oy PV (/md dv

72

<A+ 1)* (Luy + (ve —vp(ur)) (Ey, + (1 +1)*Lyy))
<A ((z+ 1)SLy, + (1+ 1)4Evc) .

2
WVl - — vz, | dv<a ((1+ 0Ly, + (I + 1)4EVC) . (3.151)

to Proposition 3.4.4.

2

/1 Vy(u,v)du| dv

(3.152)

L 0w @)= atasPav= [~
1% v=vpUj

b (u1)

/ Dy, v)du

For the region v < v., we will use Theorem 2 from [1], which gives us energy boundedness of the scattering
map, that is

vy (1 u=u1 |g, 2
/vb EXPe yZdv<A/ ' W(;‘Mvi(ujﬁly +VIydu <A(+172 By +(1+172Ly,),  (3.153)

—=—o00

which gives us our result. 0

Propositions 3.4.5 and 3.4.6 give rise to the following corollary.
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Corollary 3.4.4 (Hawking Radiation Error from High Frequency Transmission). Let y : R — C be a smooth,
compactly supported function. Let W be the solution of (3.33), as given by Theorem 2.4.1, with radiation field
on I equal to W (u—ug), and which vanishes on 7. Let f be a smooth compactly supported function such
that f(0) = 1, and define

II/I(V) — Zf(ulav) - (1 _f((l+ 1)2<ub(v) _ul))) II/(MUVC) u i uj ' (3.154)
u ui

Let y ;- be the past radiation field. Then there exists a constant A(M,q,T*) such that

[ 1o
ocR

as ug,uy — o with uy < ug. Here K is the surface gravity, as in (1.63) and 1.T.[y.], I.E.[Wi,v¢,u1,up| are as

A (LT [ys]e ™ 4+ LE. [y ve,ur,u))  |g| < 1

Wy P =19 = [9rw|*| do < A (11,[1,/ ] 7/2

" . (3.155)
Tﬂ”ﬁ LE.[Wy,ve,ui,uo) lql=1

defined in the statement of Theorem 3.4.1. In the extremal case, we will also required uj > ug /2.

Suppose further that |q| < 1, and that W, W - and Wry decay sufficiently fast that all 1.E [y, v., (1 —
O)uo, up| terms decay faster than e 3(=0)u0  Then for all & > 0, there exists a constant B(M,q,T*, 8,y
such that

1011 = vl = [ | dos < B0, (3.156)
(e3

Proof. Define the following
V2 1= VY- — Y1 — YN (3.157)

Note that y» is only supported in v < v, as v > v, is out of the past light cone of the collapsing cloud. Thus, the
solution in v > v, coincides with that of Reissner—Nordstrom.
We can expand (3.155) to get:

| 10119 P =93P = 19raPl do = [ (o1 {196+ 2% (91 + 92) By + ¥ o) [do. (.158)

We can then bound

| 1olRe (92 n) do < [vellizgm i (3.159)

* N = oy 2 2\ o
L |o|Re (1 Yy ) do < Hm o [(1+M?0%) W | 2 - (3.160)
| Io1Re (3192) do < 1wl 12l - (3.161)
| IoliPdo < vz V2l (3.162)

We already have a bounds on ||y [2( -, given by Proposition 3.4.4:

[y H%}(ﬂ—) < H‘V(”l>V)Hi2({ve[vb(ul),vc}}) + “V(”17Vc)|2|’f||i2(j—) (3.163)

IT[II/] - IE[W ,VL-,MI,MQ} -
_ A (e sl ) g <
- A <1T[l//+]ué + 1-E-[W+,VC7M17MO}>

U+ 1) (+ )28 gl =1
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We also have a bound on ||y || 71+, thanks to Proposition 3.4.6:

Il ey <200 =Wl gy + 2108 B ey

2
<AVl e+ v+ 201Yrv 31 - v

- aV W‘Eul

(L Dy (vl | (41 / 2
<A + o, y|“du 3.164
( vy, (u1) V(ur,ve) va{us»n}| v G160
+(l+1)6/ |Il/|2dv—|—1.E.[W+,VC,M1,M()]>
Zul ﬂ{vgvc}
((l+1)21T (Wile ™ + (1 +1)%e" LE [y, ve,u1,uo]) g <1
A (BT g (1 DARLE [y, v, 0] gl =1
We bound [|y2|| 2., as follows:
1w2ll72y <20 = Will22 o gy + 21WRNIE (3.165)
< 2(ve —vp(u1))?]|0y ‘I’(”lav)_av‘I/f*(V)HLz ({velvy(ur) e}
+2||I//”L2 ﬂ{v<vh(u1)}+21E [Wvamul MO]
1
< 20— vy(a))? ( [ D ypas e wdv)
2y N{u<u; } Vv Ty N{v<ve}
en([ b [T )l (] ) +2LE e )
2o {u<u }y V v=v;(u1)

(1+1)*

<A ((l + 1)6("0 - Vb(ul))zH v(up,v) H[Z}({ve[vb(ul)?vc]}) + V(v ,)I-E[‘V%VCMI,MO]

+ (ve = v () [[W(u1,v) = Wl g1 (oepoy (uy)wel})

(|| V()| 2 vepy () v Wﬂ*(V)”Lz({ve[vb(ul),vc]})) )

I+1)*
< (14 10— DIV B )+ g E W Vet 0]

A1+ 1)? (LT [y )e 2 + LE. [y ve,ur,uple®™)  |g| <1
A+ 12 (MU [y vy o) gl=1"

Finally, we consider (1 +M?c2)¥, for which we will use the following Lemma:

Lemma 3.4.1. Let f be a smooth function supported in the interval [0, €|, for € < 1. Then there exists a constant
A such that:

A8||f||,2;- (3.166)

H 1+ 62
Proof. Let f_; be defined by f_1(0)=c(1+0 )’l f(c). Then f_; is an L? solution to the equation:

— )+ foa(x) = f(x). (3.167)

For x < 0 and x > €, we have that f_; = Ae* +Be . In order for f_; to be L?, this means that

A€ x<0
f= . (3.168)
Bet™* x> ¢
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The solution to (3.167) in the interval [0, €] is therefore

fo1(x) =A™ —g(x),

where

X X X1 X2
= / f(xl)d)q +/ / f(X3)dX3dX2dX1 + .
x1=0 x1=0 Jxp=0 Jx3=0

assuming such a sequence converges. To show that such a sequence converges, we write:

X X X1 X
lg(x)] < / |f (x1)]doxy + / / | (x3) |dxzdxadox) + ...
0 x1=0 Jxp=0 Jx3=0

X1=

X X1
<Ilgoel e+ | [ Iz I lzgedads + .

e

<Vl ligoay (14 5+ 5-++-) < cosme Vel o

We can similarly bound the derivative of g(x):

20| < !f(x)|dx2+/xx O/_ |F(x3) [dxsds + ...

X1
<+ 20,6 11122 (0,6 %2 + -

x=0

< V@I Ve oy (24 5+ 5

5

. > < |f(x)| + sinh(€) Vel £l 2 po.e) -

(3.169)

(3.170)

(3.171)

(3.172)

We then need to consider the values of A and B which allow this function to be twice weakly differentiable:

f-1(e)=A+g(e)=8B
fli(e)=A+g'(e) =—B.

Solving these gives

A _gle)+g'(e)
2
g(e)—g'(¢e)
b= 2

Then the L? norm of f_; can be bounded by:

oo Fol t
I oy < [ 18P ax 2 [ AP Oars2 [t P
£ —oo 0

<a (P + P+ [ let )

< A (cosh(e)? +sinh(g)? + e cosh(€)?) &| | 7.

as required.

We can apply this Lemma to o(14+M?62)~ 1 to get that

2
S lI/1||L2(dr/—)-

o
1 +M?2c?

2(5-)

(3.173)
(3.174)

(3.175)

(3.176)

(3.177)

(3.178)
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We then use (3.22) to obtain

N * . . ° 1+1)?
0406 drli = [ (026 P Rl P < [~ (1ame?2 U g g
gA/ (I+1)*(1+M*6)| ¥, [Pdo <AL+ 1) LT .[y.] (3.179)

Substituting into (3.158) gives the required results.
For the result with sufficiently fast decay of y, we can use (3.107) to bound fvvbc(ul) |y (uy,v)[>dv more

accurately. Setting u; = (1 — %5 Juy, all I.E. terms will decay sufficiently fast to obtain our result. [

3.4.6 Treatment of the LLE. Terms

In this section we show the arbitrary polynomial decay of the /.E. terms, provided that {; vanishes and has all
derivatives vanishing at @ = 0. This result has been largely done in the extremal (|¢| = 1) case, in [3]. This
gives our first Theorem:

Theorem 3.4.2. [Decay of the LE. terms in the |q| = 1 case] Let Y be a Schwartz function on the cylinder,
with Wy compactly supported on 6 > 0. Then for each n, there exists an A, (M, y.) such that

LE.[yy,ve,ur,uo] < An(ug —ur)™", (3.180)

as ug — Ve, Uy — ve — oo, with ug > uy. Here, 1.E. is as defined in Theorem 3.4.1, in the case of an extremal
(lg| = 1) RNOS model.

Proof. As ¢, and all it’s @ derivatives vanish at @ = 0, then §_, := @ "y is also a Schwartz function. Instead

of imposing W, as our radiation field on .# , we can use y_,. The resulting solution has the property
iy, = . (3.181)

We then apply Theorem 4.2 (with uq as the origin) from [3] to y_,, to see

/%_ (14 (= u0)2)" | OuWr- > + (1 + (1t — 1)2)" |V W o |2 sin 0dOd pdu (3.182)
+ y_(l+(v—uo—R)2>"|auwW|2+(1+(v—uo—R)2>"|WRN|2sin9d9d<pdu
SAn[W+]'

Restricting the integral to u < uj, we can see that

LEyeven] SA [ (1 =00,y P+ (14 (u= 10?2y Psin 0dd pdu

+/ (1+ (v —uo— R)*219uznr 2+ (1+ (v — o — )|V yipw 2 sin 04 6d @dlu
P

< Anly ) (1+ (g — ug)?) ™" 3/2, (3.183)

giving our result. [

We now look to extend this result to the sub-extremal case. The following section will closely follow that of
the extremal case [3].
The next ingredient needed for the »*” method is integrated local energy decay, or /LED. This will be done

in a manner similar to [13].

Proposition 3.4.7 (ILED for sub-extremal Reissner—Nordstrom). Let ¢ be a solution of (2.1) on a sub-extremal
(lq| < 1) Reissner—Nordstrom background. Let ty be a fixed value of t, and let R be a large fixed constant. Then
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there exists a constant A = A(M,q,R,n) such that

1
/0 (/ \8,4)]2) dt SA[ dn(J9) <A | —dt(J?) (3.184)
—oo \JZ,N{|r*|<R} I %1

10 ) daion i
/_m (/wr*ISR} di(J )) di <A /iro,Rdn(J /o) <a Y /z,o di(J*[3/Q%9)). (3.185)

o +j<1 o +j<1
Proof. Consider Reisnner—Nordstrom spacetime in r*,¢, 8, ¢ coordinates. For ease of writing, we will denote

2M M?*¢?
D(r)=1-==+ rzq. (3.186)

As done so far in this chapter, we will restrict to a spherical harmonic. We will first consider the case [ > 1.
We choose w = I’ /4 +hD/2r, ' (r*) = (A% + (r* — R)?)~!, and consider divergence theorem applied to

h/
JX ::JXv“’+5[5¢Za,* (3.187)
D r"—R
ﬁ =

r A2+ (=R

for A and R yet to be chosen.
Note that the flux of this current through any 7 = const surface is bounded by the d,«¢ and d;¢ terms of the
T energy. The bulk term of this is given by

/ * _ P\2 _ A2 / / 1"

2D((r* — R)2 +A2)3 r r 2D) " 2r2 2Dr
(3.188)
Calculating the coefficient of h¢? gives us
(i+1) (D D\ D D'
r2 r 2D 2r2  2Dr
M* r\4 r\3
=Sl () —3ea+n-1(5)
r7(<+>M aan -~
F I+ 1) —4q® —8) (i)2+ 1542 (1> —6q" (3.189)
M M

= Ari; ((x=D(x=2)((1+ 1) +3(x— 1)) — (1 —g*) (21 +1) —4)x* + 15x = 6(1 +¢%)))

=1(I+1)(x=3)x> + Bx = 8)x> + ¢*((21(1+1) — 4)x* + 15x — 64°),
where x = r/M. Searching for roots of this, we can see there is a root at » = M, but this is strictly less than 0 for
r < 2M, and strictly greater than O for » > 3M. In this interval, we consider the function
f) =11+ Dx=3011+1)=1)+ Q11 +1)—4g* —8)x ' +15¢°x 2 —64*x 3 (3.190)
F @) =11+ 1)(1=2¢° ) + (8 +4¢%)x 2 —30¢°x > + 18¢*x* > 0, (3.191)

for x > 2. Therefore the coefficient of #¢? in (3.188) has exactly one root, in a bounded region of r*. We label
this point rjj, and we let

h(rg) = 0. (3.192)

As h has a positive gradient, this means that f(x)k > 0, with a single quadratic root at r;j. Provided R > rjj, we

also know h > 1 /2A for sufficiently large values of 7*. Thus to ensure KX is positive definite, it is sufficient to
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show that R and A can be chosen such that

(r* —R)2 _A2
2D((r —R)? + A2)3

27 (D)o (3.193)

We only need to consider the region |r* —R| < A. By choosing R —r; —A >> M, we can ensure that in this
region, D > 1—¢, M (L) > 1(1+1)(1—¢), and r < r*(1 —€). Thus it is sufficient to choose R and A, with
R—ry—A >> M, such that

A (AZ o (V* _R)Z) I”*3

l(l+1)7t(1_8)_ ((r*—R)2+A2)3

> 0. (3.194)

Lety=" *XR, then we are looking for the maximum of

(1=y)(y+%)

3.195
(1+y%)? G199)
If we choose R —r; = 1.001A, and choose 0.001A >> M, then
wp 1=Y)0+1.000)° 7 (3.196)
u =, .
—1§£)§1 (1+y?)3 2
and we have KX is positive definite.
11+ 1)Dtanh (218
- D(M2+r*2) 73 D(M2+r*2)2 ’
1+ 1)Dtanh (715
— D(M2+r*2) 73 D(M2+r*2)2 :
To bound the T-energy locally, we can thus consider
: —dr(J%
A Y KX[9/Q%¢] > % (3.198)
la|+j<1 M= +r
A Y K¥o/Q%9) > A(—dt(J*)  V|r*| <R, (3.199)
af+j<1

where Q are the angular Killing Fields, as given by (1.26).
For the [ = 0 case, we again follow the example of [13] and take X = d,+. Given that all angular derivatives

vanish, applying divergence theorem to JX in the interval r* € (—oo, ry), we obtain

t I t
/ " @005+ (302 sin0abdgdi + [ Z2 [" ((0,6) + (3-0)) Psin0dOdpdrdr
—o0 rf=—oco0 I —o0
< 4T-energy(Zy). (3.200)
Let . .
F(r*) = / 2D (0,0)*r? sin0dOd pdr*dt. (3.201)
rf=—oc0 I —oo

Then (3.200) implies
2D 8D
F'(r') < =—F(r") + —T-energy (). (3.202)
r r
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Noting that 2D g+ =21log (LJF) , an application of Gronwall’s inequality yields

r*:—oo r

2
F(r) <A (r > T-energy(Z,;). (3.203)
i
By applying this to (3.200), we can obtain
r2 © 7 2D 2 2
(—;)/ / — (0:0)° + (9+9)”) sin 0dOd pdr*dt < AT-energy (3.204)
to *—=—o0
fo
/ ( / —dt(.la’)> dt < AT-energy (3.205)
—oo \JLN{|r*|<R}

We now have the result for all / using X,.

Once we note that the region {t < ,|r*| < R} is entirely in the domain of dependence of £, g, we can
consider the alternative solution, (5, given by the data of ¢ on ito_‘ R, but vanishing on 7~ and .¥ ~ to the future
of £, g. We evolve this forward to ¥;, we can apply the above result. As ¢ = ¢ to the past of g, We have the
result. [

Remark 3.4.6 (Degeneracy at the Photon Sphere). For the | > 1 case, as | — oo, the root of the h function

chosen tends towards the root of

3M  2M*g?
1—-—+=—
r I

=0, (3.206)

known as the photon sphere, r = r,. If we do not require control of the T-energy at this particular value, then

we do not need to include angular derivatives

/ ) ( / —dt(J* )dt <A Z / —dt(J%[9/9]). (3.207)
o \JEin{e<|r—ry|<R)

Remark 3.4.7 (Forward and higher order ILED). By sending t — —t, Proposition 3.4.7 immediately gives us

the result in the forward direction:

) - % — %13J 0%
/ro (/Z,m{|r*|<R} dr(J >>‘”<A ) / dr(J70/Q%¢)). (3.208)

jt+lal<l

We can also apply the Proposition 3.4.7 to 8,j Q%¢ to obtain

) "¢\ Ao
/to </Z;ﬂ{r*|§R}|V 9| )dt<A Z / 1(J7[0/ Q% 9]), (3.209)

jtal<n
where we have rewritten terms in V"¢ involving more than one r* derivative using (2.1).

Proposition 3.4.8 (Boundedness of r* Weighted Energy). Let Y. be a Schwartz function. Let  be the solution
to (3.33) on a sub-extremal Reissner—Nordstrom background, with radiation field on . equal to v, and
which vanishes on 7. Let R be a constant, and let ty be a fixed value of t. Then for each n € Ny, we have the
following bounds:

Y /)E (M>T2 4 [P P2 dn(J7 Q%) ¢)) <A, Y / (M +u®) (1+1)*" |9y \ du,
Jjtal<n” =0k 1<j+|m|<n+1
(3.210)

where A, = a,(M,q,ty,R,n).
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Proof. We start by bounding an r” weighted norm on X,,, N r* < —R for some up € R and R large.

/ (—R—r*)p|8vl//|2dv:/ (= RO P+ (—R— )PV (lyP)dudv (3.211)
YunNr*<—R u>ug,r*<—R

IN

- / (=R — )PV |y 2dudy
u>ug,r*<—R

A/ / V|w|*dvdu
u=uyg

gA/ / |8u1//+|2dudu:A/ (1= 1) [ [2du.
u=ugy Ju'=u u=u

Here we have used T energy boundedness to reach the last line, along with an explicit calculation to show that
—dy((—R—r*)PV) < AV. A is a constant which depends on M, g, and the choice of R. Note this calculation
applies for all p € N for sub-extremal Reissner—Nordstrom, but in the extremal case this only applies up to
p = 2. By applying this result to 8,j Q%¢, we obtain the required bound for £, g N {r* < —R}.

For r* € [—R, R], we note that T-energy boundedness of 8,j Q%¢ is sufficient for our result, as the constant
A, may depend on our choice of R.

For the equivalent result on X,, N r* > R, a similar approach does not work, as the 7" energy on X, does not
approach 0 as v — co. Instead, we will make use of the vector field multiplier u?d, +v?9,. Let ug < vo — R. This
will closely follow the proof of Proposition 8.1 in [3].

/ ROV Pdut [ 0y Y]y
Yo Nuvg—R

”0 ﬁ{v V()

= w10, W > +VV |y du
FIH{u<vyg—R}

+/ V0o, + 1V |w|du (3.212)
Xy Vo Rﬂ{v>V0}

+ / (3 (2V) +3u(2V)) [ 2dudv.
ug,vo—R],v>vg

‘We then note

A"|<A -2 1=0

8V(v2V) +8u(u2V) — 2tV—|—l‘r*V/ = t(2V+I’*V/) < AV\t|log( ) <AV ( r) 17& (),
— < g \m

(3.213)

using that |¢| < r* +max(vop — R, —Vp) in the region we are considering. Here A depends on the choice of vy and

R. We can then take a supremum of (3.212) over ug < vo — R and v > v to obtain

sup u?| 0, W > + vV y|?du+ sup V00w + 1PV |w|dv

V>V Y,Nu<vg—R u<vo—R Eﬂ{v>V0}

< / W20 y|? + 2V |y du
IHtn{u<vy—R}
+/ V0o, | +u’V|y|Pdy (3.214)
Xy Vo RO{VZVO}

+A (v log (M> + r_2> || dudv.

u<vyg—R,v>v



3.4 The Hawking Radiation Calculation 91

We can bound the final integral using the following:

Vo— —R
/ / Vlog ) | 2dvdu < / / Vlog +Vlog< ) a2 |ylPdvdu
v=y0 —oo Jy=y M M

vo—R oo
<A/ 2log( )/ u?V|y|*dvdu
v=V0

2 G 2
+A/ log / vV |y | dudv

+A/ 2/ \w|*dudy

<& sup / V0o, + 1V || Pdu
n{v>vo}

u<vg—R

+ € sup 2|0, W +v*V | w|2du

v>v0 J EyNu<vg—R

+€& sup / |l;/|2dv,
u<vg—R JE,N{v>vp}

where v and R are sufficiently large.
We can then apply Hardy’s inequality to (1 + R/M)w () as in Proposition 3.4.2) to get

sup / lw?dv <A sup V|w|?dv+ sup V2|9, w*dv.
u<vo—R Zﬂ{v>v0} u<vg—R Y ﬁ{v>vo} u<vp—R Y, ﬁ{v>v0}

We can then rearrange (3.214) to see
sup | 10,y + 2V yPdu+ sup 19,y 2+ 2V |y Py
v>v Y ZyNu<vo—R u<vgp—R ):um{V>VO}

<A 2|0, W +v2V | w|du
I+n{u<vo—R}

+A/ 10w+ 2V |y dv.
u=v( Rm{V>VO}

By taking an appropriate limit of this, we can see that

/ 210,y + 2V |y Pdus [ 1oy + iV |y Pdv
Y, Nu<vo—R J—n{v>vp}
<A u?| 9, w2 +v?V|y|*du

FI+r{u<vo—R}

-|—A/ 10, w? + iV |y 2.
u=v( Rﬂ{V>VO}
We can also consider a time reversal of this statement to get

210,y + 7V |y Pdu [ V210,912 + 12V |y 2dv

Zu:vofRﬂ{VZVO

/wm{ungR}

<A u?| 9, w|? +v?V | w|?du
ZyyNu<vo—R

+A V0o, |? +uV || dv.
J—n{v>v}

(3.215)

(3.216)

(3.217)

(3.218)

(3.219)

In order to add more u and v weighting to this, we commute with the vector field S = ud — U +vd,.

(9udy +V)S(f) = S[(0udy + V) ] + (2V — 3,V ) f +2(3uy + V) f.

(3.220)
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Thus an easy induction argument gives

n—1
(0u0y +V)S"y| <AV =9V Y Sy, (3.221)
k=0
noting that
A(l+1)*log (&
07 (V =10 V)| <AV —r*9V| < ( )3 g(M). (3.222)
r
Repeating (3.214), but applied to "y, we obtain
Fy = sup W29,5" w2V |S"y2du+  sup / 210,82+ VISP (3.223)
v>v Y LyNulvo—R u<vg—R Zum{"zvo}
< / u?|9, 8"y > +2V|S"y|2du+ / V20,8 | + PV |S"w|2du
erﬂ{ugV()—R} ZL«:V@*RQ{VZVO}
+A (v1og (1) + r*z) 15" |2 dudv
u<vg—R,v>v M
v (I+1)%10g (37) ok, 1 2 2
+A Z/ 3 M/ |Sky)| |u? 0, 8"y +v*9,8" yr| dudv
k=07 u<vo—R,v=>vg r
< / u?|9, 8"y > 2V |S" w2 du + / V20,8 | + PV |S"w|*du
erﬂ{MgV()—R} Zu:vome{VZVO}
4 (1)) 2 2
n=1 [ mo—r (I+1)*log (ﬂ)
1/2 / M 1/2
AeF, +AF, d F,
AR AT Y | g ]
<A u?|0,8"y|* +v?V|S" y | du +A/ V20,8 | 4+ uPV|S"w | du
FIHn{u<vo—R} Zu=vy—RM{v>v0}
( ) 2 1/2
r(u,v
12"a [ R (14 1) log (TO> 1/2
+AF, / 3 = du F,
=0\ Ju=—eo 4V (u,v0)r(u,vo)
<A W2 9uS W2 42V S 2du+ A / 1210,8" % + 12V |S" y2du
FI+{u<vo—R} Zy=yy—rN{v=v0}
12" 1
+Ae(l+1)F,'" Y F,
k=0
<A u?0,8"w > +2V Sy |2du+ A / V20,8 | + uPV |S"w|2du
ﬂ*ﬂ{ugvo—R} ZLl:VO*Rm{VZVO}
n—1
+A(I+1)? Y Fe.
k=0
As Fp is bounded by (3.218), we can inductively obtain
Y (/ w (1 + 120, (S5y) 2 +v2V (1 + 1) Sy |*du (3.224)
k+m<n vo U=<vo—R

+ V(I 1D[0((v) WP + PV (1 + 1>2'"|<(vav>’<w>|2dv>
f_ﬂ{VZV()}
<ay [/ (14102100} W)+ vV (L4 1| ((ud) ) Pdu
ktmen \ /TN {u<vo—R}

v v2<1+1>2m|av<skw>|2+u2v<1+1)2'"|<Skw>|2dv),
z‘fu:vO—Rm{VZVO}
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along with the time reversed result

k+m<n

) ( Lo P DA WP 2V (1 1) () ) P

+ / V(I +1)20, (S ) [F + V(I +1>2’”|(S"w>|2dv>
Zu:vome{VZVO}

<A ) (/ 3 Ru2(l+1)2’"|8M(Skl;/)|2+v2V(l+1)2’"|(Sk1//)|2du
»OQM,VQ*

k+m<n

(3.225)
+ / V(I +1)20,((vd)w) |2 +u®V (1 + 1)2m\((vav)kq/)\2dv) .
I—n{v>vy}
All that is now left for the result is to bound

L | (110, 2V (4 125 ) s
Zu:vome{VE VO}

k+m<n
< )
k+m+j<n

/ VK14 1)27| 951 9 |2 (3.226)
Zu:vome{VZVO}

+vV (1+ 1) (050 y) Pdv.

for fixed and arbitrarily large R, vy. We have used (3.33) to remove any d, d, derivatives, and have replaced any

d, derivatives with d; + d, derivatives. As d; and Q are Killing fields, it is sufficient to bound

—R
M

V2o yPav <A / %(r _1) PAED ok y gy, (3.227)
Z:u:vo—R

/Elt—VO—Rm{V>v0}

for k > 0.

We can immediately apply Proposition 3.4.2 (with time reversed) to obtain the kK = 0 case
2 2 2, .2 2 2
/ 1P|V dugA/ﬁ(M )|y P10+ 1) | [Pdu. (3.228)
u=vy—R

Here the constant A depends on choice of vy and R. We would now like to generalise this to the following result
(closely based on Proposition 7.7 in [3]).

—R o .
/ X (r — 1) rPMofylPdv<A Y / (M*" + (u—ug)™) (1+1)¥ |9y |*du, (3.229)
Tu=vo -k M 1<m+ j<k/u=vo—R

where A depends on M, g,n,R. From here, we will denote vo — R = ug.

We will prove this inductively. First, we consider commuting (3.33) with 0, to obtain

n—1 . ) n—1 2
0u0 ()W) + VAl y == (Vy)+Voly =— ) (”) 0. Valy <A (l;nl_)j 10/ wl. (3.230)
j=0 \J =0 "
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We then look at applying this to the following generalisation of the right hand side of (3.229)

k—1
/ 2’1oy yldy = / _ D+ prr ol + 2R (xﬂ’é’flif )3 (lj) vl W)
= UZUR j:()

M—MR
— Doy (xrPV) |05 V| dudv + / X P21+ 1) 105 Yy, Pdu (3.231)
_ 2j 70 qm (l+1) k—jy2
<A Y, —ar((l+1)% (0" y))dudv + A WSy 10,/ w|*dudv
uZuR,r*E[R,R+M]m+j<k 1 u>uR J=P
<A [+ 12|97y, Pdu+A D P dud
< Y+ DYor e Pdut Zm,plvw\uv,

UZUR 4 j<k—1

where we have used Proposition 3.4.7.
For our induction argument, we will assume we have proved (3.229) for k < n, where n > 1. We first
consider 3.231, withk=n+1and p =1+ 2n.

J

& (l + 1>2j |81+”_j1//|2dudv
n) 'V

Xr1+2n|3vn+1w|2dv§/ Z (1+ D) |gm+y, |2du+/

U=uR U=UR m+j<n
(3.232)
<A (L+ D)9y Pdu
u= ”Rm+]<n
. 9, "Iy 4 (14 1) x|,y dudv
u uR
<A Y ( l+1)zj\8,j”“1//+|2du+A x Y (1+1)%"01%119] (9, + 9,) w|*dudv
U=UR m+ j<n UZUR - j=Q
n
<A (I+ D[  yy Pdu+A x Y 1+ 12D (V) Pdudy
u= ”Rm+]<n UZUR  j=()

FAL [T ) (4 1300 P
U=UR | < j<n” U=l

<A Z / M2m _MR)Zm-H)(l+1)2j|a'7l+lw+|2du

0<m+j<n

+A X Z (14 1)20=0+2.201 97~ 1 (v ) Pdudy

UZUR j=0

<A Y (DY) yPdu,

USUR | <t j<n+]1

where we have used that d; is a Killing field along with our induction hypothesis in the final three lines.
We then proceed to prove (3.229):

/ 2+2"\a"+1w12dv<A/ Y (0¥ o0y Pdu (3.233)
Zu:uR U=UR m+j<n
LA / Z ya“n T2 4 (14 1) 2|0y 2dudy
>MR j=0
<A Y (M (u—up)) (L + 1) |97y Pdu

u— uRm+j<n

LA / 2 Y 0+ 120D 251310, + 3, wlPdudy
>UR

<A Y[ (P ) (4 )0 P
1<m+ j<n+1’4=vo—R

applying (3.232), along with identical reasoning as used in (3.232). [
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Proposition 3.4.9 (Integrated Decay of Higher Order Energy). Let . be a Schwartz function. Let y be the
solution of (3.33) on a sub-extremal Reissner—Nordstrom background, as given by Theorem 3.3.1, with radiation
field on I equal to ., and which vanishes on . Let R be a constant, and let ty be a fixed value of t. Then
for each n € Ny, we have the following bounds:

In 15 151
/ / / / ( / —dt(Ja’[8,”¢])) dtddty..dty,. (3.234)
Dpt1=—0 Jigp=—0c0 Jij=—oc0 Ji=—0c0 \JX;p

j ‘ ‘ m<n ) r*<—R t —|— ‘} 5’ ’ Q

<A, Z / r2+2j|aul+jatmgaw|2du
j+|0€|+m§l’l v=t9g+R,r*>R

s X[ e prlatiaratyfay
0 r

Jj+lal+m<n
ta, Y[ —astola%e),
j+la)<2n+27Eo

where A, = Ap(M,q,n,R).

Proof. This proof again closely follows that of [3]. We will consider T energy through a null foliation, ¥, g (see

(2.10)).
We first look at how the wave operator commutes with both d,, and 9,

n—1 )
2,0, (A1) L VY = — (V) +Valy = Y <’;) (—1) 1" Iy aiy < A Z iyl (3.235)
=0
n—1 . ) ) )
a,0,(00) +vaty = ot +vaty - X (1) Vol <a Y vieriiagyl (3.236)
j=0 =0

We apply the r” and r*” methods to the null segments of £, g to obtain:

‘R
/ Py (r ) |9k 2du (3.237)
v=to+R,r*>R M

_/ < P Dy + = x) 95w — P4V, (\&[:*W) dvdu
<to+R,r*>R

—I—/ 2r’ xR (3k Z( ) )E- Jak - Vo) )dudv
<to+R,r*>R

> / <pr”‘1Dx + —x’) 0Ky | — 0 (1P V) (|a/f—1 W) dvdu
<to+R,;*>R M

k—2
-af 10k Y Ve o] yldudv [ rvIof vy
<l()+R r*>R j:0 B2

2 “/ xr’! <p|85w12+ (p—z)V|a5—11,42> dudv
v<to+R,r*>R

—A |05 y2d +V |9k y|dr*dr
R<r*<M+R <ty

k—2
—AY / AV 9y R dudy.
] 0 <[()+R r*>R
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__#*\P _r*_R) ak 2d
/u=lo+R( ’ ) x( M | Vll/| v
— _ L x\p—1 (_r*)p I k12
/u<lo+R (p( A M X) 19, vl
— (=), (105 W) — 21 (-r <a’<- i < )ak - Jvaw) dvdu

— P
> [ (e e S abvi o () (196 )
u<ty+R

k—2
—Ax(—=r*)P19yw| Y ViK1 |0] wldvdu (3.238)
=0

> a/ x(=r P! (p!8v"w|2 (=K — p)vyav"”wz) dudy
u<to+R
—A/ |05y ? +V |0k y|drtar
—r*>M~+R.t<t;

k—2
Ay / AR 3y Py
Jj=0 0

By summing (3.237) and (3.238) when p = 1, k = 1 (as then the two summations vanish), we obtain:

7

r—R 2 * = 2 / 2-2j 1019 1)
u - 1 J t
/v—t0+R,r*>R rx ( M ) |a II/| du+ u:to—i-R( r )x ( M ) |8 w' dV—I— Z l+ dt(‘] [a (p])

tO]

to —
> a/ T-energy(X; g)dt (3.239)
t

—=—o00

Here we have used Proposition 3.4.7.

We then consider the p = 2, k = 1 case to obtain
* _r*
/ rzx( ) [0 wlzdu+/ *)2x< ) 10, l//|2dv+/ Z (I+ 1)*2dt (J% [0/ Q%))
v=to+R,r*>R U= ZOJFR M Ly j=

1 * _R
Za/o (/ rx (r ) 19| du (3.240)
t=—oco \ Jv=1+R M
P

! M_M(‘r*)%( ) (P (o= 2V v av

/th

> a/ / T-energy (%, g)dt'dt.
[=—o0 Jt'=—o0

—(+1)* Hdr(J* [ahp]))

By using mean value theorem and 7T-energy boundedness (see [12] for an example of this), one can thus obtain
ﬁ T-energy gA(—z)—Z/ (M* 4+1?) [0y |* +1(1+1) |y | *du. (3.241)
%R I+
By considering T-energy boundedness between £, g and 2~ U .#_, we can also obtain:
to t t +R 2
/ / (/ EXo. ydu+/ Wy, | dv) (3.242)
[—=—oc0 [/:700 =—

1‘0+R ) to+ 2
= [ o R Pt [ 0t Ryl

<A /ﬁ<M2+u )Gy P+ 101+ 1)y Pl
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We now proceed to prove the result inductively, given the case n = 0 is (3.240) (Provided R > 3«). We first
look to bound the r and r* weighted summations. We take p =2+ 2n,k =n+ 1 in (3.237)

/ 2 (102 + V(98w R) dudv (3.243)
<to+R
<A xr2+2”|8u1+”1//|2du
v=ty+R

+A 108y 2 V|9t yPdrtdr

R<r*<M+R,t>ty

n—1
+AY / 21+ 12A2719m y P dudy
m=1 v<to+R

+/1;<t +R2xr2+2nR (a,:l+llp(—l)n ;ZFVV/) dudv
)]

<A prplmyRauka Y (17 [ a9

v=to+R m+|a|<n+1 0

+a4 Y / 22014 1)%(9)+ 9y Pdu
jtk+m<n”V=to+Rr* =R

wmy (= P2+ 191 oy Py
j+k+m<n u=to+R,r*<—R

+A ) / dt(J% [0/ Q% 9] +/ x (14 1%V |y dudv
JHm<2n42 Zto+R,r* 2R

- / 2xr* PR (TN (— 1)LV y) dudvy
<to+R

<A Z / r2+2j(l_|_1)2k|aul+jalmw’2du
Jrktm<n’V=lotRZR

w4y ()2 2 (14 120} oy
jtktm<n”u=to+R*<—R

+a Y /—dt (97 Q%6))

Jj+m<2n+2

+ / 2xr* PR (90 g (—1)" 9LV ) dudv
v<to+R
In order to bound the final term in (3.243), we first note that the usual method of separating does not work:
/ xr* PR (P g (— 1)LV y) du gA/ o P 4 (1 1)V |y du. (3.244)
v=t+R v=t+R

Unfortunately, we have no way to bound rV |y/|?. If we consider lower order terms in r, we can use Hardy’s
inequality.

/ Vil gA/ 1+ 129y +A V|w|2du. (3.245)
v=t+R v=t+R v=t+R,|r*|<R
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Thus, the only term we need to be concerned about in (3.243) is the leading order in r behaviour of the final

term. This behaves as follows:

/ 21(l+1)xr”R(8,f+1l/7w)du:/
v=t+R v

(a V’Z ( >a” I (xr")afw> du (3.246)

=t+R

<A [(L+ D)r|duw)* +1(1+1) Z r=119] w2 du
v=t+R j:1

+ 11+ )07 (") (|WI?) du
v=t+R

n—1
<Al DA+ 1) Y A9y
v=t+R j=1

+ Rl(l+1)9,’5«“(xr">|w|2du—l(l+1)n!(—1)”|w|2/~
v=t+

As a;i“ (r") < Ar~2, we can use (3.245) to bound this. Combining (3.243), (3.245) and (3.246), we obtain

[ oy s vigyP)duv<a Y| Ao P (3.247)
<ty+R v=to+R,/*>R

Jjt+k+m<n

wmy (= P+ 103y Py
j+k+m§}’l u=to+R,r*<—R

+A / (I3 Q%9)),
JAm<2n+27%1

as required.
The (—r*)” section is made much more easy by the exponential behaviour of the potential. We take
p=2+2nk=n+11in(3.238):

| =) (O o (V| ) dudy
u<ty

<A x(=r* )220y yPdv + A X (=) (9] y P dudy
u=ty+R u<to+R,—r*<2(2+2n)/x
+A |07y | 4V |0k y|2drdr
R<—r*<R+M <ty

n—1
+A Z / x(—r*)3+2”K2”_2JV2|8vfl//|2dudv
j 0 u<to+R
<A x(=r* )T ot yPdy
u=to+R

+A |07y |2+ V|0 y drtdr (3.248)
R<—r*<max{R+M,2(2+2n)/x},t<ty

l 1 2 n—1
+ Z/ l+2]K_2n 21V]81w|2dudv
u<t0+R

<A Y / 2110, 9" Q% yPdu
j+loFmn V=R 2R

+A Z /M to+R,* < R(_r*)ZHj‘avlﬂatmgall/!zdv
0

JjHlal|+m<n

Y[ o)),
Z

]+|(X|<2n+2

as required. In the final inequality, we have used the induction hypothesis.
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By repeating the above argument, we can also show that

/<t +RX(—F*)2n (|a‘f‘+1l[/’2 + (—r*)V’aflﬂz) dudv—|—/v<[ +R%r2n (|a'}+nw|2+v|a;zw|2) dudv (3‘249)
S)) <to
<a ¥y P29+ gm0y
j+|a|+m<n v=tg+R,r*>R

oy (~r') 219 iy ay
Jj+| | +m<n/u=toHRT<=R

+a Y[ —art@iete)

Jt|a|<2n+17 %10

We now look to prove the final part. Assuming the result is true in the n case, apply (3.234) to d; . We then

integrate twice with respect to 7y to obtain

fo 1n+3 L) | P |
/ / / / / —dt(J2 [ 9)) ) dednvdy. dizms (3.250)
12n+3:—00 t2n+2:—oo [1:—00 [—=—o0 Zf,R

fo n+3
242k 2k| ) 1+k 1.,.12
<A Z / / / r * (l+1) ‘aqu atmJr I/]’ dudt2n+2dt2n+3

jHk+m<n’ T/ o v=t+R,r*>R

To 2n+3
+A Z / / / (_r*)2+2k(1 + I)Zk‘avlJrkathrl ‘dedt2n+2dt2n+3
Jjtk+m<nY VT u=t+R,r*<—R

1o Don+3 _
+A Z / /_ ( . —dt(_]ar[atJ'HQa(P])) dtn adion 3.

jtlal<2n+27

The final term here can be immediately bounded using Proposition 3.4.7. To bound the earlier terms, we

note that d,, + d, = d;, and we can use (3.33) to remove any mixed u, v derivatives.

o [hn+3 . .
) / / / PP+ 1)219,H o y P dudty o dtan s (3.251)
jktm<n? —oo ) —eo JV=IHRFZR

o  fhnt3 . .
242 2k| 2 2
<A ) / / / r (4 1)70, 0" w| dudty 2 dian 43

jrkmsnt o0 —oe JV=IARFZR

o [n+3 ) '
+A Z / / / F2+Zj<l—|- 1)2k!919tm(Vllf)|2dudt2n+2dt2n+3
jthm<n’ =) =0 Jv=t+Rr*>R

o  fhn3 . .

242 2k 22 2

<A ) / / / rP T (14 1)%19, 0"yl dudty,  dta 43
Jjtk+m<nY T/ T v=t+R,r*>R

Ty n+3 . '
+A Z / / / I’ZJ(I + 1)2k—0—2V|ada[mw|2dudl2n+2dt2n+3
jtk+m<n’ —®J T v=t+R,r*>R

1o . .
A X[ oy,
jtk+m<nt1” —oJv=t+R 2R

o . .
+A Z / /M . r*<R(_r*)1+21(l + 1)2k|8vl+Jatml//‘2dudt2n+3
Jktm<n41Y T JUSITRITS

a yr o [ (/E —dt<J‘9’[8ﬂ'Q“¢])> dionss

jHal<an+37

<a ¥ P21 4 1) 2|91 gy 2
jAkrm<n41/V=IHRITZR

4 Z /u t+R r*<R(_r*)2+2j(l+1)2k|al}+jatm‘l/|2d"
Jtk+m<n+174= T

w4 ¥ [ —auta/atg),

jtlo|<2n+4 7 =
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as required. An identical argument follows for the —r* > R region. O

Theorem 3.4.3 (Boundedness of the u and v Weighted Energy). Let w be a Schwartz function on the cylinder.
Let ¢ be a solution to (2.1) on a sub-extremal Reissner—Nordstrom background. Further, let ¢ vanish on 7+
and have future radiation field equal to .. Then there exists a constant A, = A,(M,q,n) (which also depends

on the choice of origin of u,v) such that

2
/ (M2~ 20—k gitmk 1 oy, 2y, (3.252)
k=02j+m+2|at|<2n A~ {u<0} " ‘
2
+ Z Z / (MZJ*k + V2Jfk)‘a\{+k+mga v |2dv
k=01<j+|al| 2j+2a|+m<2nt+2” ¥ Mv=0}

2
<A Z Z / (MZJ—k+u2]—k)|ad+k+mgaw+|2du
k=01<j+|al 2j+2]al+m<2n+2” 7

Proof. This result again follows closely that of [3]. It is an easy combination of Propositions 3.4.8 and 3.4.9,
applied to T"Q%, for « < n— jand m < 2n — 2k — 2. All that remains is to note

to iy 15} 11 3
/ / / / (/_ —dt(] ’[a,n(])])) dtdt\dty..dty, 11 (3.253)
fopp1=—00 Jip=—00 fj=—o0 Jt=—o00 \JE; R

0] tn %) 4] t+R t+R
_ / / ( / 10uW | sin 0dOd pdu + / \avazsinededq)dv) dedtydty. dtys
o] [1:—00 [—=—o —oo

p1=—00 JIp=— —

1 t+R —_— 5 t+R - .
:m(/ (u—to = R |0,y Psinodedpdu-+ [ (=10~ R0,y | sm@dedgodv),

by repeated integration by parts. [

Corollary 3.4.5 (Arbitrary polynomial decay of I.LE. Terms). Let v be a Schwartz function on the cylinder,
with . supported on @ > 0. Then for each n, there exists an A, (M, q, W) such that

I-E-[II/+7VC,M1,M0] SAn(uo_ul)_nv (3.254)

as ug — Ve, Uy — Ve — oo, With ug > uy. Here 1.E. is as defined in Theorem 3.4.1.

Proof. This proof is identical to that of Theorem 3.4.2. U

3.4.7 Final Calculation

We now have all the tools we need to calculate the final result. We wish to calculate:

(o]

1y Lol i= | |ol|y-do (3.255)

where y ;- is the radiation field on .% .

Proof of Theorem 3.4.1. We will define y and y; as in Corollary 3.4.3, that is

Vo) = w(u,ve) = flu—up)y(u,ve) u>u | (3.256)
0 u<<up

uy,v) — (11— f(up(v) —u ui,v v e vp(uy),v
() = W(ur,v) = (1= f(up(v) —ur)) y(ur,ve) [V (1) 5]7 (3.257)
0 v & [vp(ur),ve]
where f is a smooth compactly supported function with f(0) = 1.
Note this coincides with the definition of yj in Corollary 3.4.2 and the definition of y; in Corollary 3.4.4.
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For this final calculation, we will be using Lemma /7.6 from [7]:

Lemma 3.4.2. For 3 >0, u € C5(R), we define

F(§)= /Re"éeﬁ “ul (x)dx. (3.258)

Then we have

_ T n
[ e F@Ra = [ [gleom (el @R (3.259)
R R B
‘We also have a similar Lemma for the extremal case:

Lemma 3.4.3. Let A € R+, v, € R be constants. Define

p(v) = . (3.260)

Then for all u € Cy (R), we have
/ \o||a]*do :/ |o|liop|*do. (3.261)
R R

Proof. This proof proceeds in an almost identical way to the proof of Lemma 3.4.2 (see [7]).

/ 6|\ p[2do = lim (/ ole 8|G||uop|2d6)
ocR e—0
= lim (/// ' ocr|© e eIl o pire

2
= lim I6]e €191 G wy)( ’)A—d dy' (3.262)
£—0JJuwer \Joer YNy e

= lim / /
e—0 y&/eR

2020, )2
| 2 <£ y ;yz ) _W2> )
= lim // . > | u)aly —w)dydw
W

p(x)dxdx' d G)

e—0

av 7] /—70 1712
-l WGRM< ) )u<y>u<y—w>dydw= | tim(oleelel)(aP)d

— [ Iollado.
ocR

as required. 0

In order to use Lemmas 3.4.2 and 3.4.3, we take a sequence of functions in Ci’(R) which approximate v/
with respect to the L? and H' norms.

By considering {/;, we can see

el Gy 1= —i/ GeoVe—V) yidy = —i/ Geic(v“_vb("))llfl (vb(u))—du _ / i6 (ve—vp (1)) (w1 0vp) du.
Ty N{v<ve} R du R
(3.263)
In the extremal case, this is similar to the form of F' in (3.258), once we note that v, — vb( ) Ae KU 4 0( _ZK”)
for large u.

Thus, we define

Yo (u) = —%log (V_Tv”(”)> —u— %log (140(e ™ ) = u+0(e ™), (3.264)
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as u — oo. Then combining (3.263) and (3.264) gives

—ieinCGl/Afl _ / eic(vc—vb(u)) (llll ovb)'du _ / eiGAe_KYSE (Wl ovb)/du _ / eiGAe*KW (1//1 OVbO’}’S_El)ldW.
R R R

(3.265)
Then we can apply Lemma 3.4.2 to obtain:
.2 T e
/R 6|19 Pdo = /R olcoth (X [o1) [y 0w, 0 5 P (3.266)
Note that |o|coth (£]o|) < £+ o]
In the extremal case, v, — v;(u) = Agu™' +O(u~3), so we define
A Ao )
= = = 0] 3.267
= T Ao O G267
as u — oo, For p as in Lemma 3.4.3, we have
A A
= = = . 3.268
Thus we can apply Lemma 3.4.3 to yjov,0 ¥, ! to obtain
| lolwevor Pdo= [ |ollwovor oxomfdo= [ |o|lldo.  (3.269)
ceR ceR ocR
as in the sub-extremal case.
We now note that in both the extremal and sub-extremal cases, we have:
[ x+loh|lwiovor P~ giowf|do
cceR
o 1/2 /oo 1/2
SA(/ \8u(1//1ovh)]2+K2|wlovh\2du) (/ ‘lV]OVbO’}/l—ll/]OVb|2du>
uj uj
o] () 2 \'?
<A(LT.[y.])"? (/ / (w1 o vp)du du) (3.270)
uj u

1/2 | ) /
<a@r ) [T v ldu
uy

2 1/2
du)
uy

12 Y(u1) o ) 1/2 ,
<ariy)? [ [Cwow)Pan) " a
231 uj

< Aly(ur) —w [LT. [y ],

where we have dropped the subscript from sz, Y£. We have used Minkowski’s integral inequality to reach the
penultimate line.
By using (3.266) and (3.269), we obtain

N T N N
' / \o|(|w-|2—coth (Z101) \wf-\z—\wmz)do
occR K
<af oo P~ i - 19| do
ceR
T - _—
+A/ |G\Coth<—\6\>’|yllovbor1|2—]wlovb]2’d6
cEeR K
T _— o
+a [ olcon (Zjol) |7l - 0P| do
ocR K

4 " o
w4 [ lolcotn(Zial) [190P ~ | do.
ocR K

(3.271)
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In the extremal case, we set u; = uy —/Mug. Then we can apply (3.270) and Corollaries 3.4.2, 3.4.3 and 3.4.4

to obtain the required result, again noting |o|coth (£]c|) < £ + 0.

If we have sufficient decay in the non-extremal case, then we set u; = (1 — %5 ), and again use Corollaries

34.2,3.43and 3.4.4. ]

Corollary 3.4.6 (Particle Emission by the RNOS Models). Let f be a Schwartz function on the cylinder, with f
supported in [—1,1] X Sy, and such that

/ |f(x,0,0)?dx=1. (3.272)
Then let ¢ be the solution to (2.1), (3.34) with data on 7" vanishing, and radiation field on .9 given by

lim r(u,v)¢ (1, v, 0, 9) = f(@(u— up))e' 1), (3.273)

y—yoo

as given by Theorem 2.4.1.
Let W - be the past radiation field, and let n € N. Then there exist constants A,(M,q,T*, f,®) and
AM,T*, f,®) such that

2w o|x|

0 oo —1
~ . ~ ~ 2 -
| lollw, Psinodedpdo — [ (¥ 1) Y el | fim (6= D dx| < Auiy” gl #1
- - I,m
(3.274)
0 . A
[ lollw, Pdo< -5, gl =1,
——00 MO
where
fim= / Y1 usin6d6dg, (3.275)
S

are the projection of f onto spherical harmonics, Y .

Proof. This result follows easily from Theorem 3.4.1 and Corollary 3.4.5. In the sub-extremal case, one can
choose u; such that e™* =y to obtain

2’V7+l7m|2d6

~ . o T ~ N o -
'/f o119 sin6dododo — | |ofcoth (101) X o P1¥1mPdo ~ [ 161Y [Rosim
- Im -

I,m

< Antty "+ ud"LE [y, ve, %ln(uo), uo)

< Anug". (3.276)

Note also that )
% / FVo — oVddn (3.277)
S

is a conserved quantity, therefore by taking appropriate limits, we obtain

/ cy¢+y2do:i/ y-/vw—wwu:i/ l[_/Vl[/—I//VI/_/dv:/ olw, [fdo. (3278
O=—o 2) 7+ 2)9- O=—o0
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Thus, we have

N > T . . o0
‘/J !G|W|Zsm9d9d(pd6—/ |o|coth <’—<]G|> Z’Tc,l,m|2!l//+l7m|2d6_/
- Im -

~ 2 e T ~
;( | (o1=0)p1nPdo~ [ |oleoth (%o
- [~ (oliRes

> < n . . 0 .
(/- (o= 101Resnf~Iolcots (Flol) Hosn?) [is1nPda~2 [ lolliiinac) ‘ .
O=—

—o0

(3.279)

) |ll7+l7m|2do-) ‘

)

Im

2, which allows us to simplify:

Finally, we note that |75 ,> =1 — |R

oo 7r 5 .
/ <°’ - —|o]coth (;!6!) !To,z,m\z) |1l *do (3.280)
°° T -
= [ (o-lol+Io (1—coth(;ro|)) Totnl?)
X 2nw|x| -1 - N 2
—2/ ( —| | e K- 1) \wa,l,m\z) | fim (x—1)| dx

an\x\ ~ 217 2
> 1) aeanl? o (e 1)

as required. We have used that f (x—1) is only supported on ¢ > 0. The calculation follows identically for the

extremal case. O]

Remark 3.4.8 (Generality of Theorem 3.4.1 and Corollary 3.4.6). Similarly to Remark 2.7.2, the only behaviour
of ry, required to prove Theorem 3.4.1 and Corollary 3.4.6 are

* The tangent vector (1,i,(t*),0,0) at the point (t*,r,(t*),0, @) is timelike (for all t*,0, ¢, including at
tr=1tr).

o There exists at* and an € > 0 such that for all t* < t*, i, (t*) € (—1+€,0).
This allows Theorem 3.4.1 and Corollary 3.4.6 to be generalised more easily using these methods.

As discussed in the introduction, Corollary 3.4.6 is the calculation of radiation of frequency @ given off by
the RNOS model of a collapsing black hole, see [28] for a full discussion of this. We will however, comment
that the quantity of particles emitted by Extremal RNOS models is integrable. This means that the total number
of particles given off by the forming extremal black hole is finite, and thus the black hole itself may never

evaporate.

3.5 Future Work

In this thesis, we have considered Hawking radiation in collapsing Reissner—Nordstrom, with reflective boundary
conditions on the surface of the collapse. There are several ways in which we would like to generalise this result
going forward.

Firstly, we could change the background for the collapse to a Kerr black hole. This result would be of special
significance for two reasons. On the one hand, this has physical application - all black holes that have been
observed have some angular momentum. On the other hand, other methods for calculating black hole emission,
like the Hartle-Hawking—Israel state mentioned in the introduction, do not generalise to this rotating case. We
would then proceed to considering the collapsing Kerr—Newman case, where we allow both rotation and charge.

Secondly, we could consider other equations of motion beyond the wave equation. The most obvious

example of this would be the Klein—Gordon equation (of which the wave equation is a special case). Further
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generalising this to the charged Klein—Gordon case would allow us to consider what charges are emitted by the
black hole, and thus consider whether extremal black holes could become sub-extremal, or whether sub-extremal
black holes become closer to extremal through this emission of charge.

Finally, extending this result beyond Dirichlet boundary conditions to include the interior of the collapse
would allow us to understand whether different matter models could possibly have any influence in the emission

of particles from the black hole, or whether this emission is, as theorised, independent of the matter collapsing.
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Appendix A

High Frequency Behaviour of the Reflection
Coefficient

In this appendix, we will be considering solutions to the equation

W’ + (0% — V))u =0, (A.1)
where ) 210
1 oM M XM M
Vz<r)=—2(l<l+1>+—(1—q—>) (1——+qz ) (A-2)
r r r r r

. . . . _d
Throughout this appendix, we will be denoting ' = I

We define solutions Uy, and Uy, s as follows:

Upoy ~ €17 s oo (A.3)

Uinf ~ 1" r*— oo, (A.4)

We define the coefficients Ll - and L ,+ as follows

Unor =Y g+ Upnp + U 7 Upp . (A5)
Note that these coefficients are related to the reflection and transmission coefficients mentioned in 3.3 by the
following
- U v
A.6
w7l7m ujf ( )
- 1
= A7
w,l,m ﬂ(ﬂf ( )

We then prove the following result:

Theorem A.0.1. There exist constants A,C, independent of M,q,1,m,® such that for all ® > C(l + 1)2M -2

A(l+1)?
e < = (A.8)
Proof. We first consider the red-shift energy current
Oreq = U +iou|*> =V |ul? (A.9)
Qred/ = _V/‘u‘z'

by integrating Q,.q[Ujor], We obtain that

4% 4+ > = —/ V' |Upor|*dr*. (A.10)
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Therefore, all that is left to show is

) V/
—/ (l+1)2\Uhor]2dr <AM2, (A.11)

for some constant A. To show this, we consider the Morawetz energy current given by

Qnor = y(Iu'* + (@ = V)[uf?) (A.12)
/
o =Y lu' P+ (@ = V)y) Jul?,
with .
ToMRV
=— — —ds | . A.13
Integrating %or/, we obtain
2 2_ = 0 ‘V/‘d 2 2 2
20° > 20 —e 7 (407U 7+ |” +2007) (A.14)

e e M*|V'| U P2 MV, AP
_/ (l+1)2| hor| + (l—l—l)z(w V) 4 |Uh0r| dr
2y ) 2
7f:7wM 2 M- M-V / 2k
> (1+1) —1 | |\V||Unor|“d
—/_we ((l+1) (I+1)2 Vi Unorl“dr

o M2 2 12 2 oo
e MWV g [ MP@? MRV
S I+172 (HTSUZC_I /_ V! [Unor .

provided that
M?*0* MV
(I+1)2 = (1+1)2

+1. (A.15)

Now, if we assume that 2 (1+1) > A(” ’”)“X + 1+ 6, for any fixed 6 > 0, we have

“ / 2 3. % 2 MZVm%x
—/_ V' Upordr” < e 017, (A.16)
as required. Note that
M2V,
sup mwzc (A.17)
lg|<1 ((+1)
O]

Corollary A.0.1. Let Iéw#m be the reflection coefficient of a Reissner—Nordstrom spacetime, as defined above.
Then there exists a constant B, independent of M, q,l,m such that

B(l+1)?

- A.18
S TP (A.18)

2 ~
Ro1ml” <

Proof. Let A,C be as given by Theorem A.0.1, and without loss of generality, assume A > 1. From T-energy

conservation (in this formalism, this is given by ]I(u/ it) = const), we know
Sy =[P+ 1> 1. (A.19)

Therefore, in the region > > C(I+1)>M~2,

o P AGED? A1)

2 _
_ A.20
IR w1m| 0, |2 |ﬂy+|2+1 _A(l+1)2—f—M2w2 ~14+M?0? ( )
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Then in the region > > C(l+ 1)2M*2 > M~2, we have

Aa+nz<yw+nz

Ry iml? <
|a),l7m| = M2wm2 _1—|-M2602’

and in the region w? < C(I+1)>M~2, we have

3 1 [+1)2
|Rm,l,m|2§ 1 <( +C)( + )

(1+C)(1+1)?
— 14+C(141)2 ‘

1+ M2@?

<

Therefore letting B = max{1+C,2A} gives the result.

(A.21)

(A.22)
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