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Abstract: The evolution from low-temperature superconductors (LTSs) to high-temperature superconductors (HTSs) has created a great amount of opportunities for superconducting applications to
be used in real life. Dynamic voltage is a special superconducting phenomenon, and it occurs when
the superconductor takes a DC transport current while simultaneously exposed to an AC magnetic
field. The dynamic voltage is crucial for some superconducting applications as it is the energy source
by which to energise the load, such as flux pumps. This article investigates the missing aspects that
previous studies have not deeply exploited: the optimisation of energy efficiency for the dynamic
voltage in an HTS tape with different working conditions (e.g., currents and magnetic fields). First,
the mechanics of superconducting dynamic voltage were explicated by typical analytical solutions,
and the modelling method was validated by reproducing the behaviours of the Bean model and
analytical solutions of dynamic voltage. After the feasibility of the modelling was proved, in-depth
modelling was performed to optimise the energy efficiency of an HTS tape with different DC transport
currents and AC magnetic fields. Owing to the physical limitations of the superconducting tape (e.g.,
quench), a safe operating region was determined, and a more delicate optimisation was performed
to discover the optimal operating conditions of the HTS tape. The novel conceptualisation and
optimisation approaches for the superconducting dynamic voltage in this article are beneficial for the
future design and optimisation of superconducting energy/power applications under complicated
electromagnetic conditions.
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1. Introduction
The fast development of superconductor technology has enabled various superconducting devices to move from laboratories to energy, transportation, and medical applications [1–4], such as the superconducting fault current limiter (SFCL) [5–8], superconducting
power transmission cable [9,10], and magnetic resonance imaging (MRI) [11]. Both the
low-temperature superconductors (LTSs) and high-temperature superconductors (HTSs)
have the remarkable advantage of zero-resistance behaviour when they are operating in the
superconducting state [12]. However, the zero-loss attribute only exists with DC conditions
(e.g., static magnetic field and DC transport current), and both LTSs and HTSs experiences
losses when they are taking AC transports or exposed to AC magnetic fields [13]. These
power dissipations can be categorised as the “AC loss” [14]. AC losses will result in heat
dissipations and create burdens for the cryogenic system of superconducting applications.
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Another situation can also lead to AC losses when the superconductor is taking
a DC current and simultaneously exposed to an AC magnetic field. This is a special
superconducting behaviour where a DC voltage can be found in the same direction as
that of a DC current, which is generally recognised as the dynamic voltage. Meanwhile,
a virtual DC resistance can be found due to the effect of the DC voltage and current
(known as the dynamic resistance) [15–17]. This dynamic voltage/resistance phenomenon
is relevant to DC superconducting applications but in AC background fields, e.g., superconducting synchronous machines and nuclear magnetic resonance (NMR) magnets. The
dynamic voltage/resistance phenomenon is even more important for operating the rectifier–
transformer-type flux pumps as this is the energy source used to charge the loads [18].
Accordingly, the study of dynamic voltage/resistance is necessarily crucial for the design
of these superconducting devices and their energy efficiencies.
There are several studies on the superconducting dynamic voltage carried out by
analytical methods [15–17], modelling [19–24], and experiments [25–27]. The total energy
by which to generate the superconducting dynamic voltage consists of two parts: one is
the useful dynamic voltage used to charge the electromagnetic load (e.g., for flux pumps);
the other part is the magnetisation loss in the superconducting materials. However, one
important investigation is missing: the optimisation of the energy efficiency of the superconducting dynamic voltage to energise electromagnetic applications, e.g., flux pumps.
As the separation of the total energy contributing to the dynamic voltage and the
magnetisation losses in the HTS tapes are difficult or even unable to be achieved by experiments, in this study, a professional superconducting modelling method was used based on
the finite-element method (FEM) by COMSOL. First, the basic physics of superconducting
dynamic voltage were explained using classic analytical solutions, and the modelling was
performed to re-produce the Bean model and the analytical behaviours of dynamic voltage.
After the modelling method was verified, in-depth studies were carried out to optimise
the energy efficiency of a DC-carrying HTS tape under different AC magnetic fields with
respect to different amplitudes of the DC transport current and AC magnetic field and
different AC frequencies. Due to the physical constraints of the HTS tape, a suitable operating region was confirmed, and a more precise optimisation was executed to find out the
optimal operating conditions of this particular HTS tape. This new concept and method
for the energy efficiency optimisation of superconducting dynamic voltage can provide
useful guidance and information for the future design and optimisation of superconducting
energy/power devices under various current/field conditions.
2. Physics of Dynamic Voltage
The physics of superconducting dynamic voltages must trace back to the fundamental
physics of superconductivity, which cover complicated thermodynamics, electromagnetics,
and quantum mechanics. However, for engineering applications, analytical models are
accurate enough to describe the physical phenomenon of superconductivity and superconducting dynamic voltage. The Bean model is one of the most straightforward and efficient
analytical models [28], which is shown in Figure 1.
The original Bean model (no DC transport current) estimates the electromagnetic
performance of a superconductor with an infinite length of height and depth (the z and y
directions in Figure 1) exposed to a perpendicular AC magnetic field, and only the width
of the superconductor is considered (the x direction in Figure 1). Consequently, the current
profile in the x direction is negligible if compared to the y direction. An approximation can
be made that induced currents only exist in the y direction (“+” or “−”, two-way).
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Figure 1. Bean model for a superconductor with an infinite length of height and depth (z direction
and y direction) exposed to a perpendicular AC magnetic field, showing magnetic field and current
profiles for (a,b): the original Bean model (no DC transport current), and (c,d): the Bean model with
an extra DC transport current.

For the Bean model in Figure 1a,b with no DC transport current in the y direction, as
soon as the AC magnetic field starts increasing in the “+” cycle, screening currents JAC are
induced in the two ends of the superconductor and progressively penetrate into the interior
of the superconductor. When the AC magnetic field BAC hits its peak value that fully
penetrates the superconductor, the screening currents JAC occupy the entire cross-section of
the width (in Figure 1a, the x cross-section, either −JAC or +JAC ). In Figure 1a,b, the slope is
the derivative of the magnetic field inside the superconductor, whose value JAC is always
equal to the superconducting critical current density:
J AC = ± Jc =

∂( B AC /µ0 µr )
∂x

(1)
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In the “−” cycle (Figure 1b), when the BAC decreases by two times of the full penetration value, the current density profiles will be completely reversed (in Figure 1b, either
+JAC or −JAC ). After the entire cycle finishes, whilst the magnetic field profiles has been
changing for the time being, the flux central line does not move during the whole cycle,
and thus no net flux is induced. Accordingly, the total energy supplied by the system is
merely converted to the magnetisation loss in the superconductor (Qtotal = Qmag ).
For the Bean model with the addition of an extra DC transport current, as shown in
the Figure 1c for the “+” cycle, the whole cross-section in the x direction is composed of
three current elements (−JAC , JDC , and +JAC ) when the BAC goes up to reach the peak value
of full penetration, and, during this process, the flux central line shifts right to the border
line between JDC and +JAC . Correspondingly, as shown in the Figure 1d for the “−” cycle,
three current elements occupy the whole cross-section and are displayed in the sequence of
+JAC , JDC , and −JAC when the BAC decreases by two times of the full penetration value, and
during this process, the flux central line shifts left to the border line between +JAC and JDC .
In the entire cycle, the flux central line shifts to the right border line and then shifts to the
left border line, leading to a net flux ∆∅ in the middle of the superconductor:
∆∅ =

2al IDC
( B AC − B AC,th )
Ic

(2)

where l and a are the length (y direction) and width (x direction) and of the superconductor,
IDC is the DC transport current, Ic is the critical current, and BAC,th is the threshold field
by which to achieve the full penetration of the superconductor. Based on Faraday’s law,
the net flux ∆ϕ can induce a DC voltage that has an identical direction to that of the DC
current in the superconductor, and is generally known as the dynamic voltage:
Vdynamic =

2al IDC f
dφ
=
( B AC − B AC,th )
dt
Ic

(3)

where f is the frequency of the AC magnetic field.
3. Modelling Method
In this study, the H-formulation incorporated into the FEM software COMSOL was
used to simulate the phenomenon of superconducting dynamic voltage because the E-J
power relation of the H-formulation is able to well present the superconducting characteristics, which are close to those of real superconducting behaviours and critical state models
such as the Bean model.
The detailed derivation of the H-formulation has been presented in our previous
work [29], whose core governing equation is:
∂ ( µ0 µr H )
+ ∇ × (ρ∇ × H ) = 0
∂t

(4)

where H is the magnetic field intensity, µ0 is the permeability of free space, µr is the relative
permeability, and ρ is the resistivity of the material.
The critical current is an important variable used to determine the dynamic voltage.
In order to model the accurate critical current of the HTS tape, a realistic critical current
model of an anisotropic field was used to supplement the H-formulation:
Jc0

Jc ( B) =

q

1+

2

(kBpara ) + Bperp 2
BC

!b

(5)

where Bperp is the perpendicular magnetic flux density component to the wide surface of
the HTS tape, and Bpara is the parallel magnetic flux density component to the wide surface
of the HTS tape [30]. Table 1 presents the detailed parameters of the modelling method.
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Qdynamic can be a source of loss for a single (isolated) HTS tape within an AC magnetic
field and with a DC transport current, and this energy will dissipate in the form of heat
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Qdynamic can be a source of loss for a single (isolated) HTS tape within an AC magnetic
field and with a DC transport current, and this energy will dissipate in the form of heat
(similar to the AC loss). However, if this HTS tape is connected as a superconducting bridge
into a flux pump, the energy Qdynamic can be regarded as the energy source that can charge
the load of flux pump (useful energy). The total energy Qtotal is defined as the dynamic
energy Qdynamic plus the magnetisation AC loss Qmag in the HTS tape:
Qtotal = Qdynamic + Qmog

(7)

Figure 4 shows the instantaneous dynamic voltage, total energy Qtotal , and the Qdynamic /
Qtotal ratio of a 4 mm HTS tape carrying DC transport currents at 30 A and exposed to
different perpendicular 50 Hz sinusoidal AC magnetic fields, with peaks at 90 mT, 180 mT,
270 mT, and 360 mT. It can be seen that the frequency of the dynamic voltage was roughly
two times the frequency of the applied AC magnetic field. The maximum instantaneous
dynamic voltage occurred at every time after the AC magnetic field passed over the “0”
point. The minimum instantaneous dynamic voltage happened around when the AC
magnetic field reached the minimum or maximum and when the time derivative of the
AC magnetic field was 0. As shown in the waveforms of Vdynamic , some “in-between
valleys” appeared just before the magnetic field passed through the “0” point (e.g., around
t = 0.0095 s). This phenomenon was more obvious when the magnetic fields increased
to higher amplitudes, and potential reasons could be the magnetisation and that the
interaction between the newly induced current and the residual current was more intense
when the AC magnetic field reached higher amplitudes. The maximum total energy
Qtotal happened approximately the same time as soon as the appearance of “in-between
valleys”, which revealed that the magnetisation loss accounted for the majority at this
moment as the “in-between valley” implied that the Qdynamic had a relatively low value.
The Qdynamic /Qtotal ratio monotonically increased with the increasing AC magnetic field,
which also agreed with the Equation (3). However, one important thing that should be
carefully noted is that the Qdynamic /Qtotal reached 100% for around 1–1.5 ms with the AC
magnetic field 360 mT case, which appeared abnormal as the AC loss could not be avoided
when the superconductor was taking the AC current or AC magnetic field. Therefore,
the reason for the Qdynamic taking 100% of the Qtotal could be that the superconductor had
already been quenched with the 360 mT case, and the Qdynamic was no longer a normal
energy of the dynamic voltage but a significant loss component. When the HTS tape was
quenched within a higher magnetic field, the HTS tape was no longer superconducting
but became very resistive, and the effect of superconducting magnetisation became much
less significant. Therefore, at this moment, Qdynamic (the resistive component: the transport
current times the voltage) dominated Qtotal , and the effect of the Qmag was negligible. This
quench deduction can also be proved by the waveforms of Vdynamic and Qtotal with the
360 mT case always floating above 0 (even the minimum was over 0), while the other three
normal cases always had minimum values touching down to 0.
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Figure 4. Instantaneous dynamic voltage, total energy Qtotal , and the Qdynamic /Qtotal ratio of a 4 mm
HTS tape carrying a DC transport current at 30 A, and exposed to different perpendicular 50 Hz
sinusoidal AC magnetic fields, with peaks at 90 mT, 180 mT, 270 mT, and 360 mT.

More straightforwardly, Figure 5 illustrates the average Qdynamic /Qtotal ratio for a
whole cycle of a 4 mm HTS tape carrying 30 A DC transport currents and exposed to
different perpendicular 50 Hz sinusoidal AC magnetic fields, with peaks at 90 mT, 180 mT,
270 mT, and 360 mT. Although the average Qdynamic /Qtotal ratio gradually increased from
32.9% to 71.4% as the AC magnetic fields’ peak increased from 90 mT to 360 mT, the 360
mT case was not valid for real applications because, at this time, the HTS tape had already
become non-superconducting (quenched) and generated a considerable amount of loss and
heat. Therefore, a lower Qdynamic /Qtotal ratio should be chosen before this point to ensure
the safety for its use in real operations.

Figure 5. Average Qdynamic /Qtotal ratio for a whole cycle of a 4 mm HTS tape carrying a 30 A DC
transport current and exposed to different perpendicular 50 Hz sinusoidal AC magnetic fields, with
peaks at 90 mT, 180 mT, 270 mT, and 360 mT.
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Figure 6 presents the instantaneous dynamic voltage, total energy Qtotal , and the
Qdynamic /Qtotal ratio of a 4 mm HTS tape carrying different DC transport currents at 30 A,
40 A, 50 A, and 60, and exposed to a perpendicular 50 Hz sinusoidal AC magnetic field
(90 mT peak). The overall shapes of dynamic voltage waveforms were similar to those of
the dynamic voltage waveforms from the benchmarks with different AC magnetic fields,
shown in Figure 4. However, the dynamic voltage waveform of the 60 A DC transport
current case was different from those of the 30 A, 40 A, and 50 A cases: there were nontypical “opposite peaks” of the dynamic voltage waveforms in the 60 A case, which revealed
that the 60 A case did not have the relaxation of the zero dynamic voltage or zero Qtotal .
Additionally, the Qdynamic /Qtotal ratio also hit 100% for approximately 2–3 ms in duration
around the time point when these “opposite peaks” of the dynamic voltage appeared. All
of these occurrences implied that the quench could happen around the “opposite peaks”
when the HTS tape was taking a 60 A DC transport current.

Figure 6. Instantaneous dynamic voltage, total energy Qtotal , and the Qdynamic /Qtotal ratio of a 4 mm
HTS tape carrying different DC transport currents (30 A, 40 A, 50 A, and 60 A) and exposed to a
perpendicular 50 Hz sinusoidal AC magnetic field (90 mT peak).

Similar to Figure 5, Figure 7 demonstrates the average Qdynamic /Qtotal ratio for a whole
cycle of a 4 mm HTS tape carrying different DC transport currents (30 A, 40 A, 50 A, and
60 A) and exposed to a perpendicular 50 Hz sinusoidal AC magnetic fields (90 mT peak).
Obviously, the average Qdynamic /Qtotal ratio increased with the increasing amplitude of the
DC transport current. The average Qdynamic /Qtotal ratio reached 81.8% in the case of DC
transport currents of 60 A, but this did not necessarily mean that it achieved high energy
efficiency because the HTS tape again had already been quenched and become resistive,
and the Qdynamic at this time was not the useful energy but the energy loss. Consequently, a
safe boundary of the Qdynamic /Qtotal ratio should be properly set for real operations.
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Figure 7. Average Qdynamic /Qtotal ratio for a whole cycle of a 4 mm HTS tape carrying different DC
transport currents (30 A, 40 A, 50 A, and 60 A) and exposed to a perpendicular 50 Hz sinusoidal AC
magnetic field (90 mT peak).

Figure 8 shows the instantaneous dynamic voltage, total energy Qtotal , and the Qdynamic /
Qtotal ratio of a 4 mm HTS tape carrying a DC transport current at 30 A and exposed to
the perpendicular sinusoidal AC magnetic fields, with the peak at 90 mT, at frequencies
of 50 Hz, 100 Hz, 500 Hz, and 1000 Hz. It can be seen that both the amplitude and
frequency of the instantaneous dynamic voltage had a linear correlation with the frequency
of the AC magnetic field, which agreed well with the analytical solution in Equation (3).
For example, the amplitude and frequency of the instantaneous dynamic voltage in the
1000 Hz case were both two times the amplitude and frequency of those in the 500 Hz case.
The waveform patterns of Qtotal were fairly similar to the waveform patterns of Vdynalic ,
which also possessed a factor of two for the frequency. The situation of the Qdynamic /Qtotal
waveforms with a wide range of frequencies was significantly different from the situations
with different AC magnetic fields (Figure 4) and DC transport currents (Figure 6), where
the Qdynamic /Qtotal ratio slightly decreased by 12.3% when the frequency greatly increased
from 50 Hz to 1000 Hz, but maintained its level on the whole. If we do not consider the
heat accumulation caused by the high-frequency magnetisation loss (discussed later), the
higher operating frequency will not cause the quench of the HTS tape, which could be an
advantage for high-frequency operations for dynamic voltage generation.
Based on the analysis from Figures 4–8, some extreme cases briefly shaped the boundaries for safe operation, e.g., either the 4 mm HTS tape carrying a DC transport current
at 30 A and exposed to an AC magnetic field with a 360 mT peak, or that carrying a DC
transport current at 60 A and exposed to an AC magnetic field with a 90 mT peak. Figure 9
illustrates the strategy for further optimisation of the energy efficiency of dynamic voltage generated from a 4 mm HTS tape carrying a DC transport current and exposed to a
perpendicular AC magnetic field, with the boundaries for safe operation. As shown in
Figure 9, the cases with all the combinations of DC transport currents and AC magnetic
fields were modelled one by one, and the successful cases (safe operation) and unsuccessful
cases (unsafe operation) are marked in Figure 9. For example, the DC transport current of
50 A/AC with a magnetic field of 180 mT and the DC transport current of 40 A/AC with a
magnetic field of 270 mT also quenched the HTS tape, while the DC transport current of
40 A/AC with a magnetic field of 180 mT were able to survive. Therefore, the DC transport
current of 40 A/AC with a magnetic field of 180 mT was chosen as the candidate for further
optimisation, and the “Nelder–Mead” optimisation tool embedded in COMSOL was used
to further optimise the dynamic voltage and the energy efficiency with the constraints of
safe operation (e.g., no quench).
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Figure 8. Instantaneous dynamic voltage, total energy Qtotal , and the Qdynamic /Qtotal ratio of a 4 mm
HTS tape carrying a DC transport current at 30 A and exposed to the perpendicular sinusoidal AC
magnetic fields, with the peak at 90 mT, at frequencies at 50 Hz, 100 Hz, 500 Hz, and 1000 Hz.

Figure 9. Strategy for further optimisation of the energy efficiency of dynamic voltage generated
from a 4 mm HTS tape carrying a DC transport current and exposed to a perpendicular AC magnetic
field, with the boundaries for safe operation.

Figure 10 depicts the possible optimised case: the instantaneous dynamic voltage,
total energy Qtotal , and the Qdynamic /Qtotal ratio of a 4 mm HTS tape carrying a DC transport
current at 32.5 A and exposed to a sinusoidal AC magnetic field, with the peak at 237 mT.
After the optimisation, the maximum instantaneous dynamic voltage was over 0.083 V/m,
while the minimum dynamic voltage touched down to 0 V/m. There was no “opposite
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peak” in the waveforms of the dynamic voltage and Qtotal , and the Qtotal waveform had a
minimum value close to zero. The peak of the Qdynamic /Qtotal waveform was over 95% but
never reached the 100% line. All this evidence could prove that the HTS tape operated in
the superconducting state (no quench) and within the safe region, and with a reasonably
high energy efficiency.

Figure 10. Possible optimised case: the instantaneous dynamic voltage, total energy Qtotal , and the
Qdynamic /Qtotal ratio of a 4 mm HTS tape carrying a DC transport current at 32.5 A and exposed to a
sinusoidal AC magnetic field, with the peak at 237 mT.

Having properly optimised the DC transport current and AC magnetic field to generate
the dynamic voltage with a good energy efficiency, the proper operating frequency of the
AC magnetic field should be chosen. As mentioned above, the operating frequency was
linearly correlated with the dynamic voltage, which should be ideally as high as possible.
The frequency of the AC magnetic field did not lead to the quench of the HTS directly, but
the corresponding magnetisation loss (in Watts) increased with the increasing frequency,
and the accumulated heat could probably have caused the quench of the HTS tape. In
general, the operating frequency is largely dependent on the cooling approaches, material
composition, and the geometry of the superconducting devices. For a small-to-medium
scale HTS flux pump, the operating frequency could be chosen from 20 Hz to 2000 Hz.
5. Conclusions
This article has explored the energy efficiency optimisation of dynamic voltage in an
HTS tape taking different DC transport currents and exposed to different AC magnetic
fields. In the beginning, the fundamental physics of the superconducting dynamic voltage
were explained using the Bean model and classic analytical solutions. The modelling
method was based on the H-formulation merged into the FEM software, COMSOL, whose
feasibility was verified by reproducing the typical behaviours of the Bean model and the
analytical solutions of the dynamic voltage. Comprehensive simulations were executed to
optimise the energy efficiency regarding the dynamic voltage in a 4 mm HTS tape taking
DC transport currents from 30 A to 60 A, AC magnetic field magnitudes from 90 mT to
360 mT, and frequencies from 50 Hz to 1000 Hz. Due to the physical constraints of the HTS

Electronics 2022, 11, 1098

13 of 14

tape (e.g., quench), a safe operating region was defined. A more accurate optimisation was
carried to explore the optimal operating conditions: a DC transport current at 32.5 A and
an AC magnetic field with a peak at 237 mT, where both a reasonable dynamic voltage
and energy efficiency can be achieved for the HTS tape. It should be noted that eddy
currents can be induced in the metal layers (e.g., copper stabilisers and silver over-layers)
and interact with the superconducting layer, particularly for high-frequency operation.
Future works such as an eddy-current analysis and a comprehensive thermo-coupled
model can be established to make more realistic designs and optimisations. In this article,
the optimisation approach, analysis, and results of the study of superconducting dynamic
voltage are useful for the future design and optimisation of superconducting energy/power
devices under complex electromagnetic conditions.
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