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Abstract
Geometrical methods play an important role in classical dynamics, most notably in the
dynamical preservation of symplecticity in Hamiltonian systems. In this way, dynamics
derived from a Hamiltonian function admit energy-conserving integration schemes with
an error that remains bounded in the infinite time limit. Furthermore, the existence of
this scalar first integral greatly simplifies analysis of a system’s dynamics. On the other
hand, active systems imply power-injection at the microscale and thus dynamics that
can not be encapsulated within the Hamiltonian formalism. It is therefore surprising
that Hamiltonian functions should occured in a variety of active matter problems. Even
more surprising is that these appearances often manifest in overdamped systems, where
viscous damping forces dominate inertia driven effects.
Starting at the equations of motion for active systems, where constituent active particles provide energy input at the microscopic level, the emergence of symplectic structure
is investigated. In the presence of overdamped forces and torques, inertial forces are
negligible and time-evolution become purely kinematical in nature. This dissipative
structure precludes the existence of a dynamical Hamiltonian and there is therefore no
a priori reason for the existence of a conserved symplectic form. Yet in many active
systems, pairs of kinematic variables may be identified as conjugate to one another, and
thus a kinematically symplectic structure may be conserved throughout time-evolution.
Particular examples of kinematic symplecticity include both two- and infinite-body sedimenting active systems. Here, the constituent active particles break microscopic rotational symmetry through a preferred axis of translation due to their internal activity
manifesting as self-propulsion in a dissipative environment while sedimenting through a
viscous medium under the influence of an external gravitational force. This produces
hydrodynamically mediated forces and torques that induce collective interactions. Kinematic Hamiltonians are identified within the equations of motion and are exploited in
order to understand the periodic limit cycle behavior observed in the presence of dissipation. In the two-body system, the presence of gravitational torque and hydrodynamic
interaction with a nearby boundary result in transient decay to a stable limit cycle which
provides a model for “dancing Volvox”. In the case of the sedimenting infinite lattice,
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dubbed the “active Cosserat crystal”, the presence of activity allows for travelling waves
of position and orientation and the two-dimensional crystal acts as an elastic medium
with Lamé constants that depend on activity. In the presence of a plane boundary, we
show that the active Cosserat crystal can undergo a dynamical phase transition upon
tuning of the activity, resulting in the formation of new dissipative steady states. The
first of these is the “active Peiels transition”, whereby the lattice spontaneously dissociated into multimeric layers. The second is a spontaneously generated active oscillation,
whereby travelling waves of position and orientation are sustained through active energy
injection.
We then investigate the occurance of dynamical symplecticity for arbitrary inertial
active systems. The additional microscopic structure of these active particles endows
the underlying state space of these systems with non-trivial geometry. Following the
erlangen program of Felix Klein, the Lie group that acts transitively on this state space
is denoted as the principle group of the geometry and it is within this group that the
equations of motion are constructed. This provides tremendous advantages since the
algebraic structure of the Lie group itself allows the equations of motion to be formulated in a compact and expressive manner while time-evolution is guaranteed to remain
on manifold. The virtual power principle is employed in order to construct dynamical
equations of motion, which immediately admits a notion of generalized force as conjugate to the generalized velocity. Integrability criteria for these generalized forces are
derived and explicit conditions are written down for the experimentally relevant system
of rigid bodies, where the generalized forces include forces and torques. For integrable
generalized forces we construct a Hamiltonian function that encapsulates the dynamical
evolution.
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Chapter 1
Introduction
Active matter is relatively new as a field of research. Although the founding paper was
published in 1969 [2], it took more than 20 years before this hydrodynamic curiosity of
spontaneously generated stress in a fluid was established as a field in its own right. What
makes active systems special is that they are comprised of active particles which have
the ability to self locomote through transduction of some internal degrees of freedom
(e.g reaction with the surrounding medium or metabolism), with the result that energy
is input into a system at the microscopic level. This leads to many phenomena that go
beyond equilibrium theories of collective behavior including flocking, the spontaneous
generation of currents, and even the violation of the celebrated Mermin-Wagner theorem
[3] whereby orientational correlations of active particles in two-dimensions can occur over
much larger distances than would be expected in equilibrium. The combination of these
exotic collective properties and the natural extension to modelling living organisms is
what makes active matter such a fast growing and fascinating area of research. While
the process by which stored internal energy is converted into kinetic may be extremely
complex, the result can often be described by simple mathematics through the inclusion
of a small number of additional active terms in the equations of motion. Examples
of active systems where this is the case include Janus particles [4], which move via
diffuseophoresis towards higher concentrations of hydrogen peroxide, and any collection
of organisms that can self-propel [5–11].
On the other hand, geometrical methods have revolutionized the field of classical
mechanics since its inception, yielding some of the most important analytical techniques
available in modern physics. These include Lie’s theory of dimensional reduction through
symmetries, and the alternative formulations presented by Lagrange and Hamilton [12–
14], which encapsulate Newtonian dynamics within a single scalar functional, thus rendering analysis of the subsequent motion much more tractable. For instance, Lagrangian
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mechanics allows the symmetry theory of Lie to be expressed in a much more useable
fashion through Noether’s theorem. Hamiltonian mechanics takes this a step further
through the introduction of a Poisson bracket which allows symmetry to be expressed
as a commutation relation between operators, which later led to great advancements
in quantum mechanics. Furthermore, the symplectic geometry implied in Hamiltonian
mechanics yields a dynamical integration scheme that guarantees energy conservation,
thus providing an upper bound on numerical errors. For these reasons, Lagrangian and
Hamiltonian methods are ubiquitous throughout all disciplines of theoretical physics and
have spurred on the development of many further analytical techniques.
Unfortunately, only a subset of problems within Newtonian mechanics can be rendered in these first-integral forms: those with conservative forces that can be derived
from a potential. We define such systems as equilibrium if they admit a Hamiltonian
function H that is time-independent and time-reverse symmetric. When coupled to
a typical external environment, these equilibrium systems are guaranteed to obey the
fluctuation-dissipation theorem [15] and produce zero net entropy, since the Boltzmann
factor weighting path probability will be equivalent for both forward and backwards
paths.
We therefore begin at the kinematical and dynamical equations of motion for an
active system. The formulation of these equations already presents difficulties due to
the additional microscopic structure and non-triviality of the underlying space resulting
from the presence of activity. In the most relevant case for active matter, activity breaks
microscopic rotational symmetry through a preferred axis of self-propulsion. Therefore
the kinematics and dynamics of these orientational degrees of freedom must be incorporated within the equations of motion, which will introduce additional geometric terms
related to group structure. Furthermore, the total energy of the system is not conserved
in the presence of active forces that inject power at the microscale. This automatically forbids the a-priori construction of a Hamiltonian function. Nevertheless, if these
active forces are integrable but not time-reversal invariant, one may still recover a nonequilibrium Hamiltonian characterized by the presence of dissipative entropy-producing
steady states. Thus dynamical symplecticity is connected to the presence of integrable
forces.
It is therefore surprising that symplecticity occurs in the overdamped regime, where
the balance of viscous and active forces yield no change in momentum. The presence
of viscous damping precludes the existence of a conserved potential and hence also the
existence of dynamical symplecticity. In this way, time-evolution occurs solely through
the kinematic variables. Yet this potentially odd-dimensional system of equations may
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admit time evolution controlled by a Hamiltonian function if, through reduction by symmetries, we can find an even dimensional subspace where pairs of kinematic variables
can be identified as canonical co-ordinates. In this way, the state-space manifold contains Poisson structure [14, 16–18] with a kinematically symplectic subspace defined by
a Poisson bracket. This structure naturally appears in two experimentally relevant conditions involving sedimenting active particles that we pay particular attention to: the
two-body “dancing Volvox” problem [6]; and the infinite sedimenting lattice problem,
which we dub the “active Cosserat crystal”.
An overarching theme of this thesis is to understand and explain the repeated occurance of a preserved symplectic form in active matter [1, 19–26]. Thus this thesis
is split into two parts: the first is an investigation into the conditions under which the
overdamped dynamics common to active systems admit a symplectic kinematic structure
comprised of Chapters 2,3,4 and 5; while the second part of this thesis is an investigation
into the occurance of dynamical symplecticity in homogenous state-spaces comprised of
Chapters 6 and 7.
In Chapter 2 we begin our investigation into kinematic symplecticity by deriving the
equations of motion for a uniaxial rigid body motion. Using the generalized Stokes laws
[27], we can find explicit expressions for the active forces and interactions present in a
system of uniaxial active particles interacting through a viscous hydrodynamic medium.
We may express the hydrodynamic velocity at the surface of the particle in a basis of
spherical tensor harmonic functions, which results from both rigid body motion and
activity inducing a sustained slip velocity. The linear hydrodynamics of the background
medium allow the slip modes to be projected off the surface of the active particles into
the bulk medium. Thus, in the dilute limit, the background fluid flow-field can be
derived as a function of the activity yielding expressions for the hydrodynamic forces
and torques present.
In Chapter 3 we present a two-body hydrodynamically-interacting active problem
that models the “dancing Volvox” experiment [6]. Through a systematic reduction of
the equations of motion by symmetries, we obtain reduced kinematic equations displaying symplectic structure, such that the dance occurs to the rhythm of a non-linear
Hamiltonian oscillator. We further show that the stability of the experimental dancing
Volvox state results from periodic damping and forcing of the system imposed by gravitational torques and interaction with the bottom of the container. This highlights the
importance of monopolar flows in active matter.
In Chapter 4, we derive the lattice dynamics of both a one- and two-dimensional infinite lattice of sedimenting active particles. We call this active lattice an active Cosserat
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crystal in reference to the continuous media with microscopic rotational anisotropy studied by the Cosserat brothers [28]. The active Cosserat crystal is shown to admit travelling
waves for position and orientation for certain values of activity. We show that this system
also displays kinematic symplecticity in the form of Poisson structure which allows the
lattice dynamics, and hence stability properties, to be investigated through analysis of a
Hamiltonian function. This Hamiltonian is separable into two polarization modes corresponding to transverse and longitudinal lattice modes. In the long-wavelength limit the
lattice obeys a wave equation with Lamé constants that are determined by the activity.
In Chapter 5, we consider active Cosserat crystals in the presence of a planar boundary of the fluid [29]. The sedimentation behavior of the freely sedimenting crystal is
arrested through steric interaction with the boundary and can coalesce to form stable
flow-induced active Cosserat crystals [30]. Upon tuning activity, a spontaneous dynamical phase transition may occur, yielding one of two new dissipative steady state configurations: the first of these is formation of a multimeric crystal, which we dub the “active
Peierls transition”, whereby the crystalline lattice spontaneously forms multimeric layers, thus increasing the lattice periodicity; the second is the spontaneous development
and growth of active oscillations which are sustained through microscopic energy input.
These two phase active phases highlight some of the wide range of phenomena that can
occur far from equilibrium.
In Chapter 6 we present the mathematical foundations required to derive the main
results of Chapter 7, focusing on a conceptual understanding of key geometrical insights
and their relation to the advanced mathematics of Lie groups and Cartan’s exterior
calculus. These important concepts in differential geometry are presented in an intuitive,
rather than rigorous, manner extending ordinary calculus to general manifold spaces.
Inspired by Klein’s erlangen programme, we study the geometric properties of a manifold
through the principle Lie group that admits a transitive action upon it. An advantage
of this formulation over the more familar Riemannian approach from General Relativity
is that, rather than defining co-ordinate patches and connections, we instead utilize
the natural algebraic Lie group structure to construct a global non co-ordinate basis in
which equations of motion may be constructed. This greatly reduces the conceptual and
mathematical difficulty when compared to Riemannian calculus, since Lie groups admit
a globally defined curvature-free connection and are thus said to be parallelizable.
In Chapter 7 we derive the equations of motion for a system evolving under a general
Lie group action using the principle of virtual power [31, 32], similar to the mechanics
of d’Alembert. This naturally introduces a duality between the kinematics, defining
the generalized velocity or displacment, and the generalized forces. Using Klein’s no-
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tion of geometry, we construct these equations of motion for kinematic and dynamical
quantities in the principle Lie group which then admit a natural group operation on
lower dimensional state-space manifolds. The algebraic structure of the Lie group introduces additional geometric factors into these equations resulting in geometric equations
of motion which remain on-manifold throughout time evolution. We then derive the
integrability conditions for the generalized forces and thus also for the appearance of
dynamic symplecticity through an application of Poincaré’s lemma. We explicitly use
this procudure to construct the equations of motion for a system of arbitrary rigid bodies
in three-dimensions.

Part I
Symplectic Kinematics

Chapter 2
Active Mechanics and Stokes Laws
2.1

Introduction

At its most fundamental, physics begins at the study of the equations of motion. This
includes both a kinematic relation describing how a system of positional variables xi
evolves with time given a velocity and a dynamical relation describing the rate of change
of momentum variables pi resulting from applied forces. We say that a system displays
dynamic symplecticitity if we may define a Hamiltonian function H (xi , pi ) such that the
equations of motion are given by
ẋi =

∂H
,
∂pi

ṗi = −

∂H
,
∂xi

(2.1)

where i = 1, . . . , N . In this way, the most common physical situation in which symplectic structure plays an important role is that of equilibrium systems, where energy is
conserved.
However, this is not the only way that symplectic structure can arise. In the overdamped limit, where dissipative forces dependent on the velocity dominate inertia, the
dynamical equations reduce to a force balance between dissipative and non-inertial forces
which may be inverted to solve for velocity. In this way, the dynamical equations are
reduced to a system of kinematic equations for the positional variables. There is no
intrinsic reason for pairs of these kinematic variables to be conjugate to one another
and furthermore, the system need not be even-dimensional. In spite of this, symplecticity has arisen in many experimentally relevant overdamped systems [1, 19–26] with an
N −dimensional kinematical evolution of the form
ẋi = Vi (xi ) ,

(2.2)

2.1 Introduction

11

where N may either be even or odd. Through an investigation of the Lie symmetries of
these equations of motion [18, 33, 34], associated conserved Casimir functions zµ may
be constructed corresponding to directions perpendicular to the flow of the differential
equations such that
żµ = 0,
(2.3)
where µ = 1, . . . , l. This procedure is similar to the construction of conserved Noether
currents from symmetries, but may be applied to systems of equations of motion that
do not admit a Lagrangian description. These Casimir functions act as a co-ordinate
system perpendicular to the flow of the differential equations and thus constrain the
kinematic evolution to some sub-manifold of the full kinematic space. An example of
this procedure is the reduction of two-body systems to that of a single particle orbiting
about the centre of mass using translational Lie symmetries. In this way, the essential
kinematic motion of a system may be contained within a smaller dimensional sub-space.
It is therefore possible that both the kinematics on this N dimensional are contained
within some 2m even-dimensional sub-space through reduction by l Casimir functions
where N = 2m + l. We might then be able to define new canonical co-ordinates x³ , p³
on this sub-manifold with a Hamiltonian function H̃ (x³ , p³ ) such that
ẋ³ =

∂ H̃
,
∂p³

ṗ³ = −

∂ H̃
,
∂x³

(2.4)

define the kinematic evolution. The combination of these l Casimir functions and 2m
conjugate variables x³ , p³ with associated Hamiltonian H̃ form a generalization of Hamiltonian structure known as Poisson structure [14, 16–18]. However, the variables p³ that
appear here are positional variables, not momentum-like quantities thus are even under
time-reversal. Furthermore, the appearance of such a structure is highly non-obvious
and non-trivial, as it is exceedingly unlikely that we may not only reduce the equations
of motion to an even dimensional space, but also identify canonical co-ordinates for an
arbitrary kinematic system. Nevertheless, the repeated appearance of such a structure
in active matter suggests that some deeper principle is at play.
In this chapter, we develop the equations of motion for a suspension of uniaxial rigid
bodies, modelling many common active systems that display kinematic symplecticity.
In Sec.(2.23) we introduce the spherical tensor harmonics [35, 36] as a convenient set of
basis functions on the sphere which model the disturbance that active spheres cause to
an otherwise quiescent external linear medium due to the presence of interfacial forces
resulting from interactions with an external field [37–43] or internal metabolic processes
[6–11]. In this way, a model can be formulated for interparticular hydrodynamic forces
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resulting from the particular boundary condition that each sphere presents to the surrounding fluid, and thus expressions for active and dissipative forces may be derived.
The general procedure is to express the boundary conditions in the basis of spherical
tensor harmonics and then project each mode into the bulk of the fluid through a boundary integral method using the linear propagator associated with the fluid. Each active
sphere may then be convected and rotated by this imposed background flow pattern [44].
All together, this forms a closed system of update equations that may be integrated numerically or, in special conditions, analytically. The decomposition of linear, elliptic
PDEs as problems on a discrete basis is certainly not new, and the specific discretization scheme used here, known as the Galerkin method, has been applied to problems
ranging from the Schrödinger equation in quantum mechanics to black hole ringdown in
general relativity. However, as active matter is a relatively new field, it is important to
highlight the utility of these conventions which yield expressive mathematical formulations of many active body problems. The majority of the work presented here is adapted
from previous texts [27, 45] and has been applied successfully to numerous problems in
active matter [1, 46–49].
Armed with these spherical tensor harmonics, in Sec.(2.2) we derive explicit forms
for the resistance and mobility tensors of an active particle with arbitrary surface slip
conditions in terms of the linear propagator of the external medium. This allows us to
not only calculate the self-propulsion as a function of the surface slip properties, but
also inter-particle interactions through the background medium. Finally, in Sec.(2.3)
we derive explicit forms for these forces in the presence of an external fluid in the limit
of zero Reynold’s number [50]. In this limit, the non-linear terms of the Navier-Stokes
equation is negligible, thus the external fluid is well described by a system of linear PDEs
known as Stokes’ equations. Examples of regimes where this description is valid include
sedimentation experiments through viscous fluids, or the hydrodynamics of microscopic
organisms which occur at length and timescale such that the surrounding water behaves
as a viscous medium.

2.2

Overdamped active mechanics

We consider the case of i = 1, . . . , N uniaxial rigid particles of mass m and moment
of inertia tensor I whose centers of mass are located at Ri and whose orientations are
specified by the unit vector pi . The kinematic configuration space is, then, the N −fold
direct product of three-dimensional Euclidean space E3 (the space of positions) and the
two-sphere S 2 (the space of orientations). The velocities V i and angular velocities Ωi
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determine the evolution on this configuration manifold through the kinematic equations,

Ṙi = Vi ,

ṗi = Ωi × pi .

(2.5)

The velocities and angular velocities are themselves determined by Newton’s equations
of motion for linear and angular momentum, [12, 13]
mV̇ i = F i ,

I · Ω̇i + Ωi × I · Ωi = T i

(2.6)

where F i and T i are the total force and torque acting on the i-th particle. It is convenient
to classify the forces and torques by their contribution to the balance of energy. To this
end, we introduce the kinetic energy of the system by the positive-definite quadratic
form
1
1
K = mV i · V i + Ωi · I · Ωi
(2.7)
2
2
where repeated particle indices are summed over. Multiplying the equation for linear
momentum by V i , the equation of angular momentum by Ωi , and summing over all
particles we obtain an equation relating the rate of change of kinetic energy to the
power expended by the forces and torques,
dK
= F i · V i + T i · Ωi .
(2.8)
dt
Equilibrium forces and torques are defined to be even under time reversal and for which
the power is the total derivative

F Ci · V i + T Ci · Ωi = −

dU
.
dt

(2.9)

This implies the existence of a multibody potential energy function
U = U (R1 , . . . RN , p1 , . . . pN )
of the positions and orientations which is even under time reversal. Consistency with
the time derivative of this function and the kinematic equations then implies that the
equilibrium forces and torques are related to the potential as
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∂U
,
∂Ri

T Ci = −pi ×

∂U
.
∂pi

(2.10)

Here we confine our attention to mechanical systems in which the dissipative forces and
torques are linear functions of the velocities and angular velocities
∂R
∂V i
∂R
RR
.
= −(µ RT
ji V j + µ ij Ωj ) =
∂Ωi

TT
TR
FD
i = −(µ ij V j + µ ij Ωj ) =

TD
i

(2.11)

Power dissipation is then a positive-definite quadratic form of the velocities and angular
velocities determined by the Rayleigh dissipation function
µ TijT V i V j + 2µ TijR V i Ωj + µ RT
ij Ωi Ωj = 2R > 0.

(2.12)

The matrices µ TijT , µ TijR , µ RR
ij are symmetric and positive-definite friction tensors which
determine the dissipative forces and torques. These, in general, are many-body functions
of the positions and orientations of each particle. For a particle with three planes of
symmetry, the resistance tensors obey the constraint [51]
µ TijR = µ RT
ij ,

µ TiiR = µ RT
ii = 0

(2.13)

where no sum is implied on the repeated i index. Considering the remainder of the
forces and torques in Eq.(2.8) to be either non-conservative, and thus power injecting,
or odd under time reversal leads to the following energy balance equation
d
A
(K + U ) = −2R + F A
i · V i + T i · Ωi .
dt

(2.14)

A
This identification of the active forces, F A
i , and active torques, T i , is similar to the
definition proposed by Finlayson and Scriven, where active Cauchy stresses in fluid
mechanical continuua were identified through a power principle [2].
When the rate of change of kinetic energy is negligible in the power balance, the
dynamics becomes overdamped and the rate of change of potential energy is balanced by
dissipation and active power injection. In this limit, the velocities and angular velocities
can be obtained directly from the simultaneous solution of the momentum and angular
momentum balance equations,

V i = µTijT · F Cj + F A
+ µTijR · T Cj + T A
j
j

A
C
A
C
+ µRR
Ωi = µRT
ij · T j + T j
ij · F j + F j

.

(2.15)
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The matrices µTijT , µTijR , µRR
ij are symmetric and positive-definite mobility tensors inverse
to the friction tensors introduced above and inherit identical symmetry properties. The
kinematic equations are closed by the above relations and provide the time-evolution of
the overdamped mechanical system.
A
For a passive mechanical system (F A
i = 0, T i = 0) in unbounded potentials, it
remains possible that dissipation is balanced by loss in potential energy resulting in a
dynamical steady state. However, for a potential bounded from below, a dynamical fixed
point is reached with zero velocity and angular velocity, and vanishing conservative forces
A
and torques. In contrast, for an active mechanical system (F A
i ̸= 0, T i ̸= 0), even in the
presence of a potential bounded from below, a dynamical steady state can be reached
where the rate of change of potential energy is balanced by dissipation and the active
injection of power. These steady states could either be fixed points or limit cycles of
the overdamped dynamical system. They correspond closely to the dissipative structures
envisaged in the work Prigogine [52]. Much of the surprising aspects of active mechanical
systems can be traced to this property, as we shall indicate in the following chapters.

2.3

Stokes flow

In many experimentally relevant situations within active matter, linear overdamping
forces occur due to the immersion of active particles in a background viscous fluid that
is well described by the Stokes equations. These equations comprise the overdamped
limit of the Navier-Stokes equations which describe the evolution of the density Ä and
velocity v of a fluid with viscosity ¸ through the relations

"

Ä̇ + ∇ · (vÄ) = 0,
"

∂v
Ä
+ v · ∇v = −∇P +¸∇2 v + f .
∂t

(2.16)

Here, ∇P are external pressure gradients and f is a distribution of external forces
densities. These equations. Assuming the fluid is incompressible and that viscous drag
is much more important than inertia such that the Reynolds number Re = ÄU¸ L is small,
these equations quickly reduce to the Stokes equations
−∇P + ¸∇2 v + f = 0,

∇ · v = 0.

(2.17)
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This is a good approximation for many experimental situations, for example, microorganisms swimming in water. These active particles have a typical velocity of ∼ 1µm/s and
typical length scale ∼ 10µm while the kinematic viscosity of water ¿ = ¸/Ä ∼ 10−6 m2 /s
resulting in Re ∼ 10−5 .
By contrast with the Navier-Stokes equations, the Stokes equations are linear. This
linearity will be exploited later in order to build solutions of the flow-field through
the superposition of fundamental solution. By symmetry, the fundamental solution, or
Green’s function, of any linear medium of unbounded, infinite extent due to a point
source at a position Rj is given by
G (r ij ) = A1 I + A2 r̂ ij r̂ ij

(2.18)

where r ij = Ri − Rj is the separation vector between points in the source and the
medium. For the Stokes, medium, these coefficients are given by [27, 53, 54]
A1 = A2 =

1
.
8Ã¸rij

(2.19)

Thus, the flow in the medium at a point x is linearly related to a point force, or stokeslet
f ¶ (Rj ) by
1
(I + r̂ ij r̂ ij ) · f .
v (Ri ) =
8Ã¸rij
Common experimental setups involve a viscous medium confined between plane boundaries separated in the ẑ direction for which the Green’s function may be written as
G (r ij ) = A1 I + A2 r̂ ij r̂ ij + A3 r̂ ij ẑ + A4 ẑr̂ ij + A5 ẑẑ,

(2.20)

with coefficients that must be specified. In the limit that the separation between plane
boundaries is much larger than any other length scale, such as particle radius, we may
find an explicit form for the Green’s function when the particle is near to one of the plane
boundaries. This expression depends on the particular hydrodynamic slip condition
found at the boundary. In the case of free-slip interface, such that fluid may flow freely
tangentially to the boundary but not normally, the Green’s function is given by
GI (r ij ) = GU (r ij ) + GU r ∗ij · M,
M = I − 2ẑẑ,

(2.21)

where r ij = Ri − R∗j and R∗i = Ri + 2h where h is the perpendicular distance to the
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wall from Ri . Another possible boundary condition is the case of a no-slip wall, such
that both the tangential and normal fluid velocity at the wall are zero, and the solution
is given by [27, 55]
GW (r ij ) = GU (r ij ) − GU r ∗ij − 2h∇GU r ∗ij · M + h2 ∇2 GU r ∗ij · M,
M = I − 2ẑẑ.

(2.22)

For a force directed perpendicular to the boundary, these propagators are equivalent to
leading order in the gradients of x∗ since
GI (r ij ) · F ẑ = GU (r ij ) − GU r ∗ij

· F ẑ ≈ GW (r ij ) · F ẑ.

Therefore, to leading order, the long-ranged hydrodynamic flow field of sedimenting particles under an external gravitational force F = −mgẑ is independent of the particular
hydrodynamic slip conditions presented by the nearest plane boundary.

2.4

Spherical Tensor Representation of Boundary
Conditions

In order to determine the explicit form of these active forces and torques, we must
know something about the microscopic properties of the active colloids, specifically the
slip boundary conditions that are presented to the viscous medium. Here, we develop
the mathematical tools required to represent general boundary conditions, which may
be scalar, vector, or tensor fields defined on the surface of the colloid which may have
components along the surface, or perpendicular to it. The tensor hamonics are a set of
symmetric, traceless tensor which form a convenient, complete discrete basis onto which
these functions may be projected. We consider spherical active particles such that the
spherical tensor harmonics take the explicit form [27, 36, 56, 57]
Y l (Ä) =

(−1)l l+1 (l) −1
Ä ∇ Ä ,
(2l − 1)!!

(2.23)

2.4 Spherical Tensor Representation of Boundary Conditions

(a)

18

(b)

Figure 2.1: (a) Schematic of parameterisation of the ith active sphere. Ri denotes
the position of the centre of mass, pi the uniaxial orientation and Äi parameterizes its
surface. (b) Vector slip velocities v A (Ä) projected onto the surface of the active colloid.
Each spherical tensor harmonic corresponds to a unique mode. The letters s, a, t denote
decomposition into symmetric, antisymmetric, and trace components. (a) Schematic of
an extensile (V02s = S0 > 0) stresslet. (b) The translational V 3t mode. This is the
lowest order slip mode that produces active translation in an infinite medium. (c-d) The
V 3a , V 4a modes, which produce active rotation. The velocity in the bulk of the fluid set
into motion by an active mode decays as V l ∼ r−l .
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where Ä∈ S 2 is a vector paratemerizing the surface of the sphere, as shown in Fig.(2.1).
The first few tensor harmonics are given as
Y 0 (Ä) = 1,
3
Y³´µ

Y 1 (Ä) = Ä,

1
Y 2 (Ä) = ÄÄ − I,
3

1
(Ä) = Ä³ Ä´ Äµ − (I³´ Äµ + Iµ³ Ä´ + I´µ Ä³ ) ,
5

(2.24)

and are orthonormal under integration over the surface of the sphere such that


S2

Y n · Y m dÄ = ¶ nm .

The boundary condition presented to the external medium by the i−th sphere is given
by the combination of a distribution of pressures f (Ri + Äi ) and a slip velocity
v(Ri + Äi ) = V i + Ωi × Äi + v A (Äi ),

(2.25)

comprised of a rigid body motion superimposed with active slip. f , v are equivalent to
Dirichlet and Neumann boundary conditions respectively. The first two terms on the
right hand side represent slip due to rigid body motion while the third term v A is the
slip velocity due to activity. This active slip velocity occurs due to dynamical processes
within a thin interfacial layer between particle and fluid [42]. The presence of this layer
is usually much smaller than any other relevant lengthscales in the system, for example,
the cilia of many micro-organisms are usually much smaller than their radius or average
spacing [6, 9, 11, 58–60], therefore justifying the absence of its dynamical description.
For uniaxial activity, rotational symmetry is broken by the directional unit vector pi .
These boundary conditions may be written as a sum of spherical tensoral components
[27]
1
V li (pi ) · Y l−1 (Äi ) ,
v (Ri + Äi ) =
l (l − 1)! (2l − 3)!!
(2.26)
2l − 1 l
l−1
F (p ) · Y
(Äi ) .
f (Ri + Äi ) =
4Ãb2 i i
l
The force and active velocity coefficients F li , V li , are tensors of rank l which are symmetric and irreducible in their last l − 1 indicies, in order to yield a non-zero contraction
with Y l−1 . We may therefore decompose these tensors into a symmetric, antisymmetric
and trace components
lÃ
lÃ
V lÃ
· V li , F lÃ
· F li ,
(2.27)
i = P
i = P
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where
P

lÃ

=


l


∆ ,



l−1

∆




¶,

ϵ,

Ã=s
Ã=a
Ã=t

(2.28)

with ∆l as a rank 2l tensors that extracts the irreducible symmetric part upon contraction. ϵ, ¶ are the Levi-Civita and Kronecker tensors respectively which extract the
antisymmetric and trace parts of the tensor. The first few terms of the velocity may be
written down as
v (Ä) = V 1s · Y 0 (Ä) + V 3t · Y 2 (Ä) + V 2s · Y 1 (Ä) + V 2a · Y 1 (Ä)
achiral, polar

achiral, apolar

chiral, polar

1
=V + V03t p + V02s pp · Ä − Ä + Ω × Ä,
3
which may either polar if the term is odd under inversion symmetry p → −p, or apolar
if even. The active slip is encapsulated within the the self-translation V03t and stresslet
V02s . While the 3t mode is the first active mode to produce self-translation, the 3a and
other higher order chiral terms can produce self-rotation of the form ΩA = ÉA p.

2.5

Active forces and torques

The generalized stokes laws may now be written down as [27]
F lÃ
i =
j

−µ lÃ,T
· V j − µ lÃ,R
· Ωj −
ij
ij

∞
l′ Ã ′

′ ′

Ã
µ lÃ,l
· V jl Ã ,
ij
′ ′

(2.29)

where the indicies T = 1s, R = 2a are introduced as shorthand. The linearity of the
external medium enforces the linear dependence of the hydrodynamic force on these
generalized velocities. The µ ij are the resistance tensors which give the instantaneous
hydrodynamic resistance encountered by the ith rigid body translating with velocity V i
and angular velocity Ωi through a suspension of particles j = 1 . . . N [27, 51, 61–64] and
are, in general, many body functions dependent on every single particle in the suspension
and obey Onsager symmetry under simultaneous exchange of indicies i ´ j and mode
A ´ B [27, 65].
All we need now are explicit expressions for the resistance tensors, or equivalently, the
mobility matricies. For spheroidal particles defined by uniaxial symmetry, the one-body
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mobilities must be of the form [51, 53]
µTiiT = µT1 (I − pi pi ) + µT2 pi pi ,

R
R
µRR
ii = µ1 (I − pi pi ) + µ2 pi pi ,

(2.30)

µTiiR = µRT
ii = 0

where no summation is implied on the i index. There is no hydrodynamic coupling
between translation and rotation in the absence of chirality, as we have noted before in
R
Eq.(2.13). The scalar coefficients µT1 ̸= µT2 and µR
1 ̸= µ2 reflect the anisotropy of the
translational and rotational responses along and perpendicular to the axis of uniaxial
symmetry. For a single spherical particle in an unbounded medium, these coefficients
are equal such that
V i = µTiiT · F i , Ωi = µRR
ii · T i ,
(2.31)
1
1
R
,
, µRR
µTiiT = µT1 =
ii = µ1
3
6Ã¸b
8Ã¸b
when the particle is acted upon by a constant external force F i and torque T i . On
the other hand, in the dilute limit where interparticle spacing is much greater than the
average distance between particles, the two-body mobilities may be approximated as
pairwise and are given by [27]
µTijT =Fi0 (pi ) Fj0 pj G (r ij ) ,
1 1
0
µRT
ij = Fi (pi ) Fj pj ∇Ri × G (r ij ) ,
2

(2.32)

where r ij = Ri − Rj is now the interparticle separation between particles i and j, while
Fi0 and Fi1 are Faxén operators the correct for the finite size of the particles [44, 53]. In
the dilute limit, the leading contributions to the mutual mobilities do not depend on the
finiteness of the particles and the Faxén operators may be set to the identity. Eq.(2.32)
provides a natural truncation of the infinite summation in Eq.(2.29), since higher-order
active terms produce flow fields that decay faster with distance. We therefore write
down active forces and torques as
T,2s
A
TT
TR
A
FA
· Sj ,
i = µ ij · V j + µ ij · Ωj + µ ij

R,2s
A
RT
RR
A
TA
· Sj ,
i = µ ij · V j + µ ij · Ωj + µ ij

(2.33)

applicable to particles which self-propel, self-rotate and produce a stresslet flow of the
external fluid [7]. These expressions for the active forces and torques can now be substituted back into Eq.(2.15) in order to find expressions for the rigid body motion of each
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particle.

2.6

Discussion

Both the derivation of the dynamical equations of motion in Eq.(2.8) and characterization of forces in Eq.(2.14) imply and require some sort of duality between forces and
velocities. This duality is encapsulated within the virtual power principle which began
with d’Alembert’s reformulation of Newtonian mechanics as the vanishing of work done
by virtual displacements against all forces in a system [31]. In Part II we combine the
virtual power principle with Klein’s formulation of geometry [66, 67] in order to efficiently derive the geometric equations of motion for systems of particles with arbitrary
microstructure. Furthermore, using Cartan’s language of forms [67–70] we give a definition of generalized force in these systems and outline how such forces may be derived
from a potential function, generalizing the definition of torque in Eq.(2.10). Finally, we
derive integrability conditions for when a field of generalized may be represented by a
scalar potential. However, the contents of Part II are not required in order to understand the rest of this thesis. This virtual power principle has also been employed in
active matter to find the active forces and torques resulting from the deformation of
flexible bodies in a Stokes fluid [71].
In the overdamped limit, the hydrodynamically-mediated intercolloidal forces are
proportional to the velocities. These forces, for example F i = µ TijT · V j , are nonreciprocal since µ TijT · V j ̸= µ TjiT · V i and similarly for the associated hydrodynamic
torques. This at first peculiar result derives trivially from the presence of the underlying
fluid and its internal degrees of freedom which have been traced out. Hence, while the
interstitial fluid is still able to soak up extra energy and momentum that is lost from
the multibody colloidal system, this effect is hidden from the equations of motion, thus
giving the appearance of a violation of Newton’s third law.

2.7

Conclusion

We have presented the dynamical equations of motion of uniaxial active particles interacting hydrodynamically in an overdamped medium. Through energy input at the
microscale, activity admits the appearance of dissipative steady-states where rate of
change of potential energy is balanced by dissipation and the active injection of power.
These states fall outside of what is possible in equilibrium leading to many of the unique
characteristics of active matter. A mathematical description of the overdamped hydro-
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dynamic two-body interaction resulting from the presence of active forces and torques
has been outlined using the generalized Stokes laws [27], which closes the equations of
motion forming a completely self-determined kinematic description of the system. Using
these equations, we first investigate the two-body system comprised of these particles
in Chapter 3. Then, in Chapters 4 and 5, we investigate the active Cosserat crystal
comprised of these active particles.

Chapter 3
Period orbits of Active Particles
3.1

Introduction

Since Lighthill’s seminal work on the squirming motion of a sphere [11, 58], it has been
understood that freely moving active particles produce hydrodynamic flows that disallow monopoles and antisymmetric dipoles [42]. The minimal representation of active
flows by the symmetric dipole, the leading term consistent with force-free, torque freemotion, has been the basis of much theoretical work in both particle [7, 72, 73] and
field representations of active matter [74, 75]. The importance of multipoles beyond
leading order in representing experimentally measured flows around active particles has
now been recognized and their effects have been included in recent theoretical work
[9, 76]. Less recognised, however, is the fact that active particles in typical experiments
[77–80] are neither force- nor torque-free: mismatches between particle and solvent densities lead to net gravitational forces while mismatches between the gravitational and
geometric centers lead to net gravitational torques [6–8]. In this case, both monopolar
and antisymmetric dipolar flows are allowed and become dominant, at long distances,
over active contributions. It is of great interest, therefore, to understand how these
components influence the dynamics of active particles and, more generally, of active
matter.
Theoretical work on this aspect of active matter has been limited, even though
the effect of monopolar flow in passive, driven matter is well-understood [51, 63, 81–
83]. Attraction induced by monopolar flow near boundaries has been shown to cause
crystallisation of active particles [30]. Reorientation induced by monopolar vorticity
has been identified as the key mechanism in the emergence of the pumping state of
harmonically confined active particles [45, 84]. However, none of these studies have
focused on the dynamics of pairs, which forms the foundation for understanding collective

3.2 Full and reduced equations of motion

25

motion, or attempted an analytical description of motion. Here, we provide a theory
for the dynamics of density-mismatched, bottom-heavy, self-propelling and self-spinning
active particles confined between parallel planes. Starting from the ten-dimensional
equations for hydrodynamically interacting active motion in the presence of external
forces and torques, we derive, by exploiting symmetries, a lower-dimensional dynamical
system for the pair. For positive buoyant mass, negative gravitaxis, and negligible
reflected flow, we obtain a sedimenting state with limit cycle oscillations in the relative
orientation and horizontal separation. The dynamics are symplectic and a Hamiltonian
completely determines the properties of periodic orbits. On approach to the bottom
wall, reflected flow arrests sedimentation and yields a levitating state with limit cycle
oscillations that now includes the mean height. This second limit cycle can be understood
as a damped (by gravitational torque) and driven (by reflected flow) perturbation of the
first. These rationalize the Volvox dance [6, 8] and highlight the importance of monopolar
hydrodynamic flow in active matter. We now explain how our results are obtained.

3.2

Full and reduced equations of motion

We consider a pair of spherical active particles of radius b, density Ä, self-propulsion speed
vA , and self-rotation speed ÉA , in an incompressible Newtonian fluid of density Äf and
viscosity ¸ confined between parallel planes whose separation is L k b. Their geometric
centres, propulsive orientations, velocities, and angular velocities are, respectively, Ri ,
pi , V i and Ωi , where i = 1, 2 is the particle index. From Sec.(2.3), the equations of
motion for overdamped, hydrodynamically interacting, active particles in the presence
of body forces F Ci and body torques T Ci is given by [27]
V i = µTijT · F Cj + µTijR · T Cj + vA pi ,

(3.1)

C
C
RR
Ωi = µRT
ij · F j + µij · T j + ÉA pi .

Where the active forces and torques are given by
T
FA
i = vA pi /µ ,

R
TA
i = ÉA pj /µ .

(3.2)

Here µ³´
ij , for (³, ´ = T, R), are the mobility matrices inverse to the friction tensors [63].
These are calculated explicitly in Tab.(B.1) where we have used the notation
µTijT

³´

= µ³´
ij ,

µTijR

³´

= µ̃³´
ij ,

µRR
ij

³´

= µ̂³´
ij ,
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where µTijR is equal to the transpose of µRT
ij . Positions and orientations obey the kinematic equations Ṙi = Vi , and ṗi = Ωi × pi . The above follow directly from Newton’s
laws for active particles when inertia and active flows are neglected. The expression for
2
the exterior fluid flow v(r) around the colloids is then: v(r) = (1 + b6 ∇2 ) G · F i + 12 (∇ ×
G) · T Ci , where G is a Green’s function of Stokes equation [85] which satisfies the appropriate boundary conditions at the boundaries in the flow. The flow due to self-propulsion
and self-spin involve, respectively, two and three gradients of the Green’s function and
are thus subdominant [27, 76]. For a sphere in a gravitational field g, the force is
3
3
(Ä − Äf ) is the buoyant mass and the torque is T Ci =di × ( 4Ãb
Äg),
F Ci =mg, where m= 4Ãb
3
3
where di is the position of the centre of gravity relative to Ri [86]. The torque aligns di
parallel to g and positive/negative gravitaxis results when pi is parallel/anti-parallel to
di . Typical estimates of these parameters for a V olvox are b ∼ 300µm, vA ∼ 300µm/s,
mg ∼ 1nN, ÉA ∼ 1 rad/s [6]. Thus, the typical active forces F A ∼ 6Ã¸bvA ∼ 10−9 N
and torques T A ∼ 8Ã¸b3 É A ∼ 10−12 Nm. Thus, Brownian forces kB T /b ∼ 10−14 N and
torques kB T ∼ 10−20 Nm can be neglected for such systems of active particles. We now
present a reduced description of our deterministic equations of motion.

3.3

Reduction by translational and Onsager-Casimir
symmetries

We now perform a reduction of these equations of motion to co-ordinates that best match
the symmetries of the problem. Our dimensional reduction is motivated by a symmetry
of Stokes flow that constrains motion initially in a plane perpendicular to the torque
to remain in that plane. We choose y = 0 to be the plane of motion, set F Ci = −mgẑ,
3
Ägd is the magnitude of the gravitational torque,
T Ci = TR pi × ẑ, where TR = 4Ãb
3
and parametrise Ri = xi x̂ + zi ẑ and pi = sin ¹i x̂ + cos ¹i ẑ, so that V i = ẋi x̂ + żi ẑ,
and Ωi = ¹̇i ŷ. Using these and translational and time-reversal symmetries in Eq.(3.1),
the expression of Eq.(4.1) can then be written for each component. We first write the
non-vanishing contributions to the positional dynamics as
xy
ẋ1 = −µxz
12 mg − µ̃12 sin ¹2 TR + vA sin ¹1 ,

xy
ẋ2 = −µxz
21 mg − µ̃21 sin ¹1 TR + vA sin ¹2 ,

zy
zz
ż1 = −(µzz
11 + µ12 )mg − µ̃12 sin ¹2 TR + vA cos ¹1 ,

zy
zz
ż2 = −(µzz
22 + µ21 )mg − µ̃21 sin ¹1 TR + vA cos ¹2

The orientational dynamic is given as:
yy
yy
¹̇1 = −µ̃yz
12 mg − (µ̂11 sin ¹1 + µ̂12 sin ¹2 )TR ,

yy
yy
¹̇2 = µ̃yz
12 mg − (µ̂22 sin ¹2 + µ̂12 sin ¹1 )TR .
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Retaining terms in the mobility matrices to leading order in x1 −x2 , z1 and z2 , discarding
the decoupled equation for the horizontal component of the center of mass, and expressing the result in terms of the reduced variables 2È̇ = ¹̇1 + ¹̇2 , 2¹̇ = ¹̇1 − ¹̇2 , x = x1 − x2 ,
z = z1 − z2 , 2h = z1 + z2 , we obtain a five-dimensional dynamical system, partitioned
into two orientational equations
TR
sin È cos ¹,
8Ã¸b3
mg x
x
TR
,
cos
È
sin
¹
−
−
¹̇ = −
8Ã¸b3
8Ã¸ r3 (4h2 + r2 )3/2

È̇ = −

(3.3)

and three positional equations
mghx
,
2Ã¸(4h2 + r2 )3/2
mgz
,
ż = −2vA sin È cos ¹ −
2Ã¸(4h2 − z 2 )
"
"
2
1 z2
mg 4
−
+ +
.
ḣ = vA cos È cos ¹ −
8Ã¸ 3b r r3 h
ẋ = 2vA cos È sin ¹ +

(3.4)

The geometry of the reduced variables is shown in Fig. (3.1). The orientational equations describe the competition between gravitational torques that restore vertical orientations and hydrodynamic torques, from monopolar vorticity, that promotes relative
re-orientation. The first and second positional equations describe the change in relative
separation due to gravitaxis and reflected monopolar flow, the latter of which increases
horizontal separation and decreases vertical separation [83]. The third positional equation describes the competition between the tendency of the mean height to increase, due
to gravitaxis and reflected monopolar flow, and its tendency to decrease, due to gravitational forces and monopolar flow. Eqs.(3.3-3.4) describe the sedimentation of a pair
of passive particles when vA , ÉA = 0 [81]; the horizontal dynamics of a pair of phoretic
particles when vA ̸= 0, ÉA = 0 and both the height and orientation are fixed [83]; and the
coupled dynamics of horizontal separation and relative orientation when vA ̸= 0, ÉA ̸= 0
and the height is fixed [6].

3.4

Hamiltonian limit cycle

We now analyze Eqs.(3.3-3.4), assuming initial heights that are remote from both planes,
0 j z1 , z2 j L and parameter values, to be identified below, that ensure sedimentation
in the mean. In this limit, h k r and thus the terms resulting from the reflected flow
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Figure 3.1: Fixed point and limit cycles of the five-dimensional dynamics system of
Eq.(3.3-3.4). First column: coordinate system used to describe a pair of particles between two parallel plane surfaces. Second column: streamlines of the monopolar flow
(red curved arrows show flow-induced rotations of the particles) superimposed on a
pseudo colormap of the flow speed. The plots correspond to the following three cases:
top row: near the top surface, middle row: away from the surfaces, and bottom row: near
the bottom surface. Third column: stroboscopic images of the two-particle dynamics
in the three configurations. The dynamical system admits a fixed point at the top surface, while limit cycles are formed away from the surfaces and near the bottom surface.
Simulation details are given in Appendix A
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Figure 3.2: Plot of relative orientation ¹ and average height h as a function of x for the
three cases. The colorbar indicates time in the final 3 columns and L is the separation
of the planes. Simulation details are given in Appendix A
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of image charges are negligible. The attractor È = 0 of the first orientational equation,
reached on the time scale ÉR = TR /8Ã¸b3 , defines the slow manifold ¹1 + ¹2 = 0. On
this slow manifold and neglecting reflected flow, reorientation is principally due to the
monopolar vorticity, ¹̇ = −mgx/8Ã¸r3 , relative horizontal motion is principally due to
gravitaxis, ẋ = 2vA sin ¹, and relative vertical motion is absent, ż = 0. Remarkably, the
dynamics has the symplectic form ẋ = −∂¹ H, ¹̇ = ∂x H with Hamiltonian
H(x, ¹) =

mg
1
√
+ 2vA cos ¹
8Ã¸ x2 + z 2

(3.5)

which has the dimension of velocity and is a constant of motion. Position and angle are
canonically conjugate variables and the dynamics preserves the two- form dx ' d¹. Level
sets H(x, ¹) = E of the Hamiltonian, shown in Fig.(3.3a), define orbits in the x−¹ plane
labelled by the “energy” E. For closed orbits, ¹ vanishes at the turning points and x
reaches its maximum xm , giving E = mg/8Ã¸ x2m + z 2 + 2vA g 2vA as a bound for such
orbits. Trajectories on the orbit are obtained by integrating dt = −dx/∂¹ H = d¹/∂x H
at constant energy, from which the period follows directly. For small oscillations, a
quadratic approximation to the Hamiltonian shows that x and ¹ vary harmonically with
frequency É0 = 2Ã/T0 = mgvA /¸z 3 . For large oscillations, the trajectory integrals can
be obtained exactly in terms of elliptic functions [87]. The result for the period TE ,
scaled by the frequency of small oscillations, is shown in Fig.(3.3b). The mean height is
driven by the Hamiltonian limit cycle and its change per period is
∆h
3bz 2
= − (v0 + E) + ï3vA cos ¹ − v0 3 ð
TE
4r

(3.6)

mg
where angled brackets denote orbital averages at energy E and v0 = 6Ã¸b
. The right
hand side averages can be obtained exactly in terms of elliptic functions [87]. The mean
sedimentation speed ∆h/TE thus obtained is shown in Fig.(3.3c). The root of the above
equation determines the critical value E0 of the energy above (below) which the net
vertical motion is upward (downward). A typical sedimenting trajectory, E > E0 , is
shown in x − ¹ − h space in Fig.(3.3d).
The symplectic structure is destroyed when the re-orienting effect of the gravitational torque is included. The Hamiltonian increases monotonically at the rate Ḣ =
TR vA sin2 ¹/4Ã¸b3 to its maximum value of mg/8Ã¸z + 2vA at x = ¹ = 0, and this corresponds to the pair sedimenting with a vertical separation z and oriented vertically. We
next examine how reflected flow alters these exact results.
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Figure 3.3: Exact solution of the Hamiltonian limit cycle. (a) level sets of the Hamiltonian in which the reflection symmetries x → −x and ¹ → −¹ are clearly visible, (b)
variation of the period of large oscillations TE as a function of their amplitude scaled
by the period of small oscillations. Using experimental values [6], we obtain T0 ∼ 8s
giving TE ∼ 12s for xm = z = 3. This agrees well with the experimentally measured
time period of the “minuet” bound state [6], (c) sedimentation speed as a function of
the oscillation amplitude, and (d) orbit on a constant energy manifold in x, ¹ and h with
the level sets of H shown on a cross-section. Exact analytical results are compared with
numerical simulations of the full (Eq.(3.1)) and reduced (Eqs.(3.3-3.4)) equations in (b)
and (c) with TR , 1/h = 0.
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Stable fixed points of the dynamics
Limit cycle near bottom plane

The effect of reflected flow appears at different orders of h in the dynamical system. In
decreasing order of importance, h dynamics receive an O(b/h) reduction in the effective
mobility, z dynamics receive an O(b2 /h2 ) hydrodynamic attraction, x dynamics receive
an O(b2 /h2 ) hydrodynamic repulsion, and ¹ dynamics receive an O(b3 /h3 ) contribution
to reorientation. A levitating state at a mean height h⋆ can exist if the change in mean
height per period is zero, giving
− (v0 + E) + ï3vA cos ¹ − v0

"

"

3b
3bz 2
ð = 0.
−
3
4r
2h

(3.7)

The rate of change of the Hamiltonian on the true limit cycle is Ḣ = TR vA sin2 ¹/4Ã¸b3 −
mg 2
x2
and, if this is to vanish over an orbit, we must have
8Ã¸
2(x2 +z 2 )3/2 h2
2

ïḢð = ï2ÉR vA sin ¹ −

9b2 v02 x2
32 (x2 + z 2 )3/2 h2

ð = 0.

(3.8)

To O(z 3 /h3 ) the average over the true limit cycle can be replaced by an average over the
Hamiltonian limit cycle at some energy E ⋆ [88]. The above pair of equations, in which
averages are taken over Hamiltonian orbits, implicitly determines the values of h⋆ and
E ⋆ for which a levitating, periodic bound-state can exist in the presence of reflected flow
(see Fig.(3.4)). The vertical separation is driven to zero unless there are short-range
effects, unaccounted for in the above equations, that provide countervailing effects.

3.5.2

Krylov-Bogoliubov averaging

The constant of the motion
H(x, ¹) =

mg
1
√
+ 2vA cos ¹
8Ã¸ x2 + z 2

remains a constant if, to first order, perturbations introduced into the equations of
motion cancel. Then the perturbations have no effect on the average orbital quantities.
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Figure 3.4: Perturbative solution of the two-body system near the bottom plane, (a)
a stable limit cycle is formed in the presence of the bottom plane, (b) an overlay of
the numeric and analytic contours with E = 2.2. The colormap shows instantaneous
“power” input into the numerical limit cycle from perturbative effects which produce
small deformations to the shape of the orbit, (c) shows the period averaged levitation
height from the bottom plane h∗ /z against the maximum amplitude xm for the limit
cycle as ÉR is varied. Excellent agreement is shown between the analytic solution in
Eqs.(3.7-3.8) and the reduced numerics, and (d) the assumption ż = 0 breaks down near
a plane surface when considering the full equations of motion in Eq.(3.4). This leads to
disagreement with the full numerics in (c).
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Our equations of motion are
mgx
− ÉR sin ¹
8Ã¸r3
9b2 v02 x
,
ẋ = 2vA sin ¹ +
32h2
¹̇ = −

where the first term on the right hand side is the transient and the second term is the
perturbation. The average change of the H over a cycle is given by


Ḣ =


=

TE

TE

dH
dt =
dt



TE

(3.9)

∇H · ẋdt

∇H · ∆dt =

∇H · ∆
dx
ẋ

(3.10)

where the transient parts of ∇H · ẋ, which are the equations of motion far from the
planes, vanish by the symplectic structure. The remaining part needs to be evaluated
for the perturbation vector


−É
R sin ¹
∆ =  9b2 v02 x  .
32h2

We require the period average of ∇H ·∆/ẋ to vanish to ensure that the average “energy”
E ∗ over a cycle remains constant. We define h∗ to be the period averaged height from
the bottom plane. This immediately gives the condition
Ḣ = ï2ÉR vA sin2 ¹ −
=

4
TE

=0



xm
0

9b2 v02 x2
32 (x2 + z 2 )3/2 h∗2

ÉR 4vA2

∗

− E −
"

4vA2

−

√3bv0
4 x2 +z 2

E∗

−

ð
2

"

−

9b2 v02 x2
32(x2 +z 2 )3/2 h∗2

√3bv0
4 x2 +z 2

2

dx

which, under the transformation x = z tan ϕ, gives an integral of the form given in
Appendix C. This condition relates the “equilibrium” height h∗ and “energy” E ∗ . A
second condition comes from balancing levitation against sedimentation over a cycle
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immediately giving
ḣ = − (v0 + E) + ï3vA cos ¹ − v0
4
= − (v0 + E) +
TE



xm 3
2

"

E∗ −

0

= 0.

"

"

3b
3bz 2
ð.
−
4r3
2h∗
√3bv0
4 x2 +z 2

4vA2

−

E∗

− v0
−

3bz 2
4r3

√3bv0
4 x2 +z 2

−
2

3b
2h∗

dx

again this integral can be put in the form of Eq.(C.3) and thus we arrive at a second
condition relating h∗ and E ∗ . These can be solved simultaneously to give a unique
estimate for the orbit parameters of the limit cycle near the bottom plane. The pair
(E ∗ , h∗ ) is plotted as a function of ÉR in Fig.(3.4c).

3.5.3

Fixed point at top plane

For energy values E < E0 the net vertical motion is upwards. In this case, the dynamical
system must be modified to account for the proximity of the top plane. This is obtained
by replacing h by ±(L − h) in Eqs.(3.3-3.4). The effect of reflected flow from the top
surface is now the reverse and instead of being destabilising is stabilising. The limit
cycle is destroyed and, instead, a dimerised state is obtained due to the attractive flow
of the monopoles pointing away from the plane [82]. This is identical in mechanism but
distinct in detail to flow-induced phase separation of active particles which swim into
the plane surface [30].

3.6

Exchange of dancing partners

In this section, we consider two pairs of active particles near a plane no-slip and noshear surface. We emphasize that the qualitative features of bound states predicted in
the main text do not depend on the no-slip or no-shear nature of the plane surface. Here,
we show that the interaction times at the no-shear surface is much longer compared to a
no-slip surface [29] and that one of the scattering states involves these interacting pairs
exchanging partners.
The monopolar flow around an active colloid near the bottom of a parallel plate
geometry is of similar symmetry as that of a contractile dipole [82], whose axis is along
the normal to the bottom surface. This has the effect of repulsion between the bound
states. These contractile flows also produce a torque on the particles in other pairs
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which rotate nearby neighbours towards one another. Active swimming is then able to
bring the two bound pairs towards one another. Repulsion dominates when pairs are
separated from each other such that x k z. On the other hand attraction occurs if
x ∼ z. After the interaction particles can either leave as bound pairs or single particles.
Free particles are able to swim up towards the top surface while bound pairs stabilize
near the bottom of the cell and continue their dance indefinitely. If a no-slip surface is
used instead, the individual dancing behaviour remains the same however the inter-pair
interaction is weakened by the no-slip condition. The result is that the timescale for
pairs to come into contact is dramatically increased. Otherwise the actual interaction
and final states appear qualitatively unchanged (see Fig.(3.5). Multiparticle simulations
were done with ÉR = 0.02, v0 = 0.3, vA = 0.3. The sedimentation force was reduced
in these simulations for integrator stability since the effective hydrodynamic forces on
particles becomes extremely large when multiple particles come into close proximity.

3.7

Conclusion

We have presented overdamped equations for the hydrodynamically interacting dynamics
of a pair of self-propelling, self-spinning particles in the presence of external forces and
torques confined between planes. We have identified a regime away from both planes
where the dynamics is symplectic, with a Hamiltonian determing periodic orbits. A
second regime near the bottom plane has a limit cycle which can be related perturbatively
to the Hamiltonian oscillator. A third regime at the top plane is non-periodic with
a fixed point. Qualitatively, the reflection of the monopolar flow at the top/bottom
plane approximates extensile/contractile dipolar flow [82] and destablises/stabilises the
Hamiltonian limit cycle. A simple criterion has been found for bifurcations between these
states, determined by the value of Hamiltonian E. Notably, this mechanism is operative
at both no-slip and no-shear planes as it appears at leading order in the reflection;
next-to-leading order terms only alter the time-scales of motion. Our theory can be
extended to many-particle levitating states of active matter, such as active emulsion
droplets, by including next to leading order effects from symmetric dipoles. Our work
shows that active matter, which breaks time-reversal invariance [89] and is inherently
dissipative [27], may nonetheless be described by Hamiltonian dynamics. The presence
of this Hamiltonian on an odd-dimensional kinematic manifold is in fact indicative of the
more general Poisson structure, whereby invariant Casimir functions are used to reduce
the state-space of the manfold to an even-dimension sub-space. Here, these invariant
functions are given in Eqs.(3.4,3.3) by z, È and h once we move to the co-sedimenting
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Figure 3.5: Stroboscopic images of two active bound pairs near a plane no-shear and noslip surface. The presence of the no-slip condition at the surface weakens hydrodynamic
interactions and hence increases the interaction time scale. The particles are pulled down
towards the lower surface under the effect of their mutual sedimentation force. Here
scattering leads to an exchange of partners in the no-shear geometry and an exchange of
places in the no-slip geometry. The end product of scattering events is highly dependent
on the initial conditions.

Chapter 4
Overdamped Lattice Dynamics of
Sedimenting Active Cosserat
Crystals
4.1

Introduction

Since the work of the Cosserat brothers [28] research into materials with microscopic orientational degrees of freedom [90–92] has grown immensely in order to better model real
materials with non-trivial microstructure. These extra microscopic degrees of freedom
give rise to a large variety of macroscopic effects, from low energy coupled phononorienton fluctuations, to high energy orientational dislocation and disclination defects
[93]. On the other hand, active crystals have been studied experimentally in vitro [49, 94–
97] and it is understood that knowledge of activity and energy input at the microscale
is essential in order to understand macroscopic behavior [29, 30, 98–100]. The breaking
of rotational symmetry caused by uniaxial activity [11] or geometric anisotropy [51] endows any condensed structure formed from such particles with micropolarity. Therefore,
the sobriquet active Cosserat crystal aptly describes lattices of active particles. Significant difficulty exists in formulating Cosserat dynamics due to the non-trivial geometric
structure of orientational degrees of freedom within the underlying state space. However,
this can be overcome by utilization of a virtual power principle [31, 32] which presents
a streamlined derivation respecting the principle of objectivity [90]. Although such an
approach is known within active matter [2, 71], it has yet to see widespread adoption.
So far, theoretical work into materials with microstructure has primarily focused on
equilibrium behavior, where the existence of a conserved symplectic form yields profound
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insight into properties of the dynamical evolution [12, 13]. Due to both constant input
of energy at the level of each individual particle and removal of energy via damping
provided by an external medium, there is no a-priori reason for an active system to
contain equilibrium-like dynamics. In spite of this, Hamiltonian structure has appeared
throughout the field of active matter [1, 19–26] with the beneficial consequence that the
full machinery of analytical techniques used in equilibrium dynamics can be brought
to bear on these systems. Methods borrowed from equilibrium mechanics have been
successfully employed to rationalize the appearance of bounded closed orbits [1, 21, 26]
and justify the emergence of unique stable limit cycle behavior [1].
In this chapter, we apply a generalized form of Hamiltonian dynamics with no equilibrium analogue, known as Poisson structure [14, 16–18], to the active Cosserat crystal
comprised of either a one- and two-dimensional lattice of uniaxial active particles sedimenting under the influence of external gravity [101–104]. Dynamical evolution on the
odd-dimensional state-space of lattice vibrations is completely determined by a Hamiltonian flow, where coupled orientational-sedimentational modes play the role of conjugate
momentum to lattice vibrations. In Sec.(4.2), equations of motion for the active Cosserat
lattice are obtained through a linearization scheme which respects the geometrical constraints provided by the kinematics. In Sec.(4.3), a simple model of the sedimentation
of active Cosserat crystals is proposed, yielding a definitive form of the linear dispersion
matrix. We note that in this system, activity and geometrical anisotropy play an identical role, therefore results from experiments involving sedimenting active colloids are
expected to be equivalent to those involving sedimenting arrays of anisotropic particles
[104]. In Sec.(4.4), we investigate the symmetry and stability properties of the sedimenting one-dimensional active Cosserat crystal through the lens of Poissonian dynamics and
find conditions on the activity for which stable limit-cycle behavior can occur. We also
provide a systematic derivation of effective continuum field theories commensurate with
forms found in the literature [105] which model the analogous active Cosserat continuum when long-ranged hydrodynamics are neglected and allows crystalline melting to
be understood as a activity-induced Landau phase transition [106, 107]. In Sec.(4.5),
we repeate this analysis for the two-dimensional active Cosserat crystal and highlight
the profound effects that increased rotational symmetry and dimensionality have on the
dynamics compared to the one-dimensional crystal. Discrepancies between models for
the Cosserat crystals and equivalent Cosserat continuua are discussed in detail.

4.2 Linearised kinematics

4.2

41

Linearised kinematics

We now consider a regular infinite lattice of active particles as described in Sec.(3.2).
Their geometric centres, propulsive orientations, velocities, and angular velocities are,
respectively, Ri , pi , V i and Ωi , where i = 1, . . . , ∞ is the particle index. From Sec.(2.3),
the equations of motion for overdamped, hydrodynamically interacting, active particles
in the presence of conservative forces F Ci and body torques T Ci is given by [27]
V i = µTijT · F Cj + µTijR · T Cj + vA pi ,

(4.1)

C
C
RR
Ωi = µRT
ij · F j + µij · T j + ÉA pi .

Where the active forces and torques are given by
T
FA
i = vA pi /µ ,

R
TA
i = ÉA pj /µ .

(4.2)

Positions and orientations obey the kinematic equations
Ṙi = Vi ,

ṗi = Ωi × pi .

(4.3)

We consider the active system to have an initial configuration (R∗i , p∗i ) where R∗i is a
lattice position and p∗i is a constant vector. Perturbations about this state take the form
Ri = R∗i + ui ,

pi = p∗i + q i .

(4.4)

The kinematic constraint pi ·ṗi = pi ·(Ωi × pi ) = 0 reflects the fact that pi is a coordinate
on S 2 requiring p∗i · q i = 0. Orientational fluctuations are therefore described by the
remaining two degrees of freedom in q i . Expanding the velocity and angular velocity to
first order in these perturbations yields
V i = V ∗i +
Ωi = Ω∗i +

∂V i
∂Rj ∗

∂Ωi
∂Rj ∗

· uj +

∂V i
∂pj

· uj +

∂Ωi
∂pj

Inserting this into Eq.(4.3) yields
u̇i =V ∗i +
q̇ i =Ω∗i

×

∂V i
∂Rj
p∗i

∗

· uj +

∂Ωi
+ pi ×
∂Rj

∂V i
∂pj
∗

∗

"

"∗
∗

· qj ,

(4.5)

· qj .

· qj ,

· uj +

Ω∗i

∂Ωi
× q i + pi ×
∂pj

(4.6)
∗

· qj ,
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where the zeroth order terms V ∗i , Ω∗i × p∗i represent rigid body motions of the initial
state. When Ω∗i × p∗i = 0 and V ∗i is identical for every particle, we may transform to
a co-moving frame where the dynamics are defined by a 6N × 6N linear system of 3N
translational and 3N rotational degrees of freedom






 



d ui  J uu J uq  uj 
=
dt q i
J qu J qq
qj

(4.7)

ij

which describes the linear evolution of perturbations with 3N × 3N block Jacobian
matrices taking the form
J uu
ij =

∂V i
,
∂Rj

∗
J qu
ij =pi ×

J uq
ij =

∂V i
,
∂pj

∂Ωi
∂Ωi
∗
, J qq
.
ij =pi ×
∂Rj
∂pj

(4.8)

For the overdamped dynamics, these Jacobian matrices can be obtained from the differentials of the velocities and angular velocities
dV i = dµTijT · F Cj + F A
+ dµTijR · T Cj + T A
j
j

+ µTijT · d F Cj + F A
+ µTijR · d T Cj + T A
j
j ,

C
A
C
A
dΩi = dµRT
+ dµRR
ij · T j + T j
ij · F j + F j

C
A
C
A
+ µRT
+ µRR
ij · d T j + T j .
ij · d F j + F j

These differentials receive contributions from the infinitesimal changes in the mobilities and the forces and torques due to the infinitesimal changes in configurations. It
is important to note that the differentials of the configurations must obey the kinematic constraints. In particular, the differential dp must be perpendicular to p∗i . For
a parametrisation p∗i = (0, 0, 1) this would require dp = (dpx , dpy , 0). In the following
section we specify the forms of the mobilities and forces and torques for a suspension of
hydrodynamically interacting active particles.

4.3

Sedimenting active crystals

We investigate the linear stability of a lattice of active particles sedimenting under
gravity in a Stokes fluid of infinite extent. This idealises relevant experiment conditions
[101, 102, 104] where active particles remain remote from the boundaries of the container.
The conservative and active forces are determined by the expressions
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F Ci =mg,

T Ci = 0,

VA
i =vA pi ,

ΩA
i = ÉA pi .

(4.9)

where m is the buoyant mass of the particle, vA is the active speed and ÉA is the active
angular speed. The rigid body motion of the particles is then determined by the pair of
equations
µTijT · mg + vA pi ,
Vi=
j

Ωi =
j̸=i

µRT
ij · mg + ÉA pi .

(4.10)

representing the one-body translational motion of the i-th particle under gravitational
force and active motion, and hydrodynamic two-body interactions due to entrainment in
the flowfield produced by the other sedimenting particles. The rotational motion of the ith particle has no one-body hydrodynamic contribution and reorientation results entirely
from the vorticity produced by the sedimentation flow. These equations generalise the
dynamics of active particle pairs presented in [1] to a many-body system.
The elements of the Jacobian matrix that follow from the above are

l

∂µTil T
· mg
∂Rj

l

∂µTil T
· mg
∂pj

J uu
ij =
J uq
ij

=

J qu
ij =
l

p×

J qq
ij = 0

∂µRT
il
∂Rj

,
∗

+ vA ¶ij diag (1, 1, 0) ,
∗

· mg

(4.11)

,
∗

which we shall use to analyse the stability of one- and two-dimensional lattices in the
following sections.
It is interesting to point out that it is not possible to distinguish between geometric anisotropy and activity in the lattice dynamics since this one-body contribution is
determined by
V i = µT1 mg −

µT1 − µT2 (pi · mg) − vA pi + HI

(4.12)

where HI includes mutual hydrodynamic contributions. Moving to the co-sedimenting
frame and linearising about a state p∗i ∝ −g yields
J uq
ii · q i =

µT1 − µT2 mg + vA q i .

(4.13)
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Therefore, we consider spherical particles of radius b with a self-propulsion speed vA ,
with the understanding that vA may also be interpreted as an effective parameter which
includes anisotropic effects [104]. The one-body mobilities are then given by µT1 = µT2 =
µT = 6Ã¸b.

4.4

One-dimensional lattice

We now consider a one-dimensional lattice of particles with initial positions and orientations
R∗i = (x∗i , 0, 0) ,

p∗i = (0, 0, 1)

(4.14)

where x∗i = ia and a is the lattice spacing. The discrete translational invariance of the
system can be exploited to diagonalise the linearised dynamics in terms of plane wave
collective modes

∗

ui (t) e−ikxi ,

buk (t) =

∗

q i (t) e−ikxi .

q k (t) =
i

i

Inserting these plane wave solutions into Eq.(4.7) and summing over all lattice points
yields the Fourier-transformed linear equations of motion




 





d uk  J uu J uq  uk 
=
,
dt q k
J qu J qq
qk

(4.15)

k

where the block Jacobian elements are given by

−ik(xi −xj )
J ³´
.
ij e

J ³´
k =

∗

∗

lattice

Introducing the Stokes velocity v0 , the Stokes time Ä and the dimensionless active speed
v through the relations
v0 = µT mg,

Ä = b/v0 ,

v = vA /v0 ,

and evaluating the required matrix elements (detailed Appendix D), the Jacobian matrix
in the plane-wave basis is

4.4 One-dimensional lattice
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1
2
3
4
5

Λ³
−É2
É2
−É1
É1
0

E³
(0, −v, 0, 0, É2 )
(0, v, 0, 0, É2 )
(−É1 , 0, s, c, 0)
(É1 , 0, s, c, 0)
(0, 0, v, s, 0)
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Interpretation
coupled anti-phase transverse phonon-orienton mode
coupled in-phase transverse phonon-orienton modes
coupled anti-phase longitudinal phonon-orienton mode
coupled in-phase longitudinal phonon-orienton mode
one-body orientation coupled to sedimentation velocity

Table 4.1: Tabulation of the eigensystem comprised of eigenvalues Λ³ and eigenvectors
E ³ of Eq.(4.16) with É12 = −s2 − 2cv and É22 = cv.


Jk =

Here














0
0
−s (k)
0
0
0
s (k)
0
0
−2c (k)
0
0
0
c (k)
0
0
0
0

v
0
0
0
0
0

0
v
0
0
0
0

3b2
2a
i¼ ∞ sin (nka)
,
s (k) =
a n=1
n2
¼b ∞ cos (nka) − 1
c (k) = 2
.
a n=1
n3

0
0
0
0
0
0









.






(4.16)

¼=

(4.17)

The structure of this dynamical lattice matrix yields five non-trivial unique eigenvalues
and five non-trivial linearly independent eigenvectors. The eigenvectors naturally split
into two independent subspaces: longitudinal and transverse to the chain. The transverse
modes are coupled position-orientational waves while the longitudinal modes are coupled
position-orientation-sedimentation waves. A visualization of these modes is presented in
Fig.(4.1). Instabilities may only be realized through the in-phase modes since positive
real values may only occur in Λ2 , Λ4 . Furthermore, orientation-sedimentation coupled
perturbations are neither stable nor unstable, as indicated by the zero value of Λ5 since,
to first order, net sedimentation speed is not affected by a change in one-body orientation.
This indicates the presence of a conserved quantity.
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Figure 4.1: Schematic of the sedimenting 1d crystal as specified in Eq.(4.14) and coupled
phonon-orienton lattice modes presented in Tab.(4.1) evaluated at wavenumber k = Ã/2.
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Poisson structure

The linear equations given by Eq.(4.16) are explicitly
u̇1k = −su3k + vq1k ,
q̇1k = −2cu1k ,

u̇2k = vq2k ,

u̇3k = su1k ,

q̇2k = cu2k

(4.18)

where
ṙk = 2cu̇3k + sq̇1k = 0
is a conserved quantity under the dynamical flow. The remaining equations can be
closed yielding the second order equations
ü1k = − s2 + 2cv u1k ,

ü2k = cvu2k .

(4.19)

Making the co-ordinate transformations
p1k = −su3k + vq1k ,

p2k = vq2k , rk = 2cu3k + sq1k

the linear evolution can be cast in the form






u1k




u 
 2k 



d   
p1k  = 

dt 



 p2k 




rk

0
0 1
0
0 0
−1 0 0
0 −1 0
0
0 0

0
1
0
0
0

0
0
0
0
0







 ∇Hk ,





(4.20)

∇ = ∂/∂u1k , ∂/∂u2k , ∂/∂p1k , ∂/∂p2k , ∂/∂rk ,
with Hamiltonian

Hk = 21 (p21k + p22k − É12 u21k + É22 u22k ) ,
É12 = −s2 − 2cv, É22 = −cv.

(4.21)

where the momentum variable p1k conjugate to longitudinal displacements is a linear
combination of orientation and positional co-ordinates, while the momentum variable
p2k conjugate to transverse displacements is a purely orientational variable. Dynamical
evolution is therefore completely determined by this Hamiltonian, preserving the symplectic form dp1 ' du1 + dp2 ' du2 , and yielding a conserved quantity rk known as a
Casimir function [14, 16–18]. The reduction of the state-space to a direct product of a
symplectic manifold and Casimir functions is known as Poisson dynamics, generalizing
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Hamiltonian dynamics to odd-dimensional manifolds. We now use this Hamiltonian to
elucidate the stability behavior of the Poisson orbits. The potential function
Uk =

1
−É12 u21k + É22 u22k
2

(4.22)

may either be a saddle-point or parabolic, depending on the signs of É12 and É22 . From
Eq.(4.17), it is clear that both c, s2 < 0. Therefore, if v is large and negative, this implies
both É12 , É22 < 0. Therefore, the transverse fluctuations are unstable, while longitudinal
fluctuations are stable. As v is increased, there is a regime for v < 0 where É22 < 0 while
É12 > 0 and the potential function is an unstable paraboloid. When v > 0, É22 becomes
positive, thus restoring transverse stability [104], while longitudinal fluctuations remain
unstable, as shown in Fig.(4.2a). Thus, for isotropic activity, at least one eigenmode will
always be unstable resulting in melting of the sedimenting array. On the other hand,
we may consider an anisotropic body, or an active colloid where the activity depends on
spatial direction with longitudinal and transverse components v1 , v2 , yielding a modified
dispersion relation
É12 = −s2 − 2cv1 , É22 = −cv2 .
(4.23)
Now the potential may become positive-definite if v1 , v2 contain opposite signatures, resulting in the appearance of stable bound orbits about the sedimenting active chain with
frequencies É1 , É2 in the longitudinal and transverse directions respectively, as shown in
Fig.(4.2c). These frequencies are almost certainly non-commensurate and hence indicate
quasi-periodicity of the orbits. Such a situation may be realized experimentally by considering a one-dimensional chain of sedimenting triaxial bodies with minor axis aligned
longitudinally and major axis aligned transverse to the chain, or through imposition
of external fields in the transverse and longitudinal directions. In the next section, we
develop an equivalent continuum theory including only nearest-neighbour interactions
and compare this to the theory developed using the full long-ranged hydrodynamics.

4.4.2

Continuum approximation

We now derive approximate equations of motion for the dynamics of an active Cosserat
filament, the continuum analogue of the active Cosserat chain. Here, displacment and
orientation variables are now functions of an additional continuous variable x, parameterizing an active Cosserat filament, in addition to time. As the lattice lengthscale
a → 0, we utilize the long-wavelength form of the dispersion relations to construct our
continuum theory. However, taking the long-wavelength limit directly in Eq.(4.17) leads
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Figure 4.2: (a) Contour plots of Uk for v = −2, −0.5, 2. When v < 0 the u2k direction is
unstable while when v > 0 the u1k direction is unstable. At v = −0.5 both directions are
unstable. (b) Plot of the Hessian determinant H = É12 É22 of Uk against v, ka. Negative
values of H indicate the presence of a saddle point with a single unstable mode, while
positive indicate a parabolic potential with two unstable modes. (c) Contour plot of
Eq.(4.22) for v1 = −1.5, v2 = 1 with a superimposed Poincaré recurrence plot at u2k =
0. The apprearence of closed one-dimensional contours indicates stable quasiperiodic
orbital behavior. (d) Plot of incommensurate frequencies É1 , É2 against ka for anisotropic
activity. For all values of k, the Hamiltonian is positive definite and stable with massless
dispersion.
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to a divergent lattice sum, since both s, c are non-analytic in their gradients at k = 0
due to the long-ranged hydrodynamic forces present. We therefore truncate these sums
to n = 1, corresponding to considering hydrodynamic effects from nearest neighbours
alone, and discarding long-ranged effects. This yields analytic approximations
¼
s (k) = i sin ka ≈ i¼k,
a
¼b
1
c (k) = 2 (cos ka − 1) ≈ − ¼bk 2
a
2
The dispersion relations are then

(4.24)

É12 = −s2 − 2cv ≈ ¼ (¼ + vb) k 2 ,
1
É22 = −cv ≈ ¼vbk 2 .
2
In analogy with Eq.(4.18), the continuum equations that produce this dispersion are
given by
∂u3
∂u1
+ vbq1 , u̇2 = vbq2 , u̇3 = ¼
,
∂x
∂x
1 ∂ 2 u2
∂ 2 u1
q̇1 = −¼ 2 , q̇2 = ¼ 2 .
∂x
2 ∂x
These dynamics contain the conserved function
u̇1 = −¼

"

∂
∂ 2 u3
∂q1
∂r
=
¼ 2 +¼
∂t
∂t
∂x
∂x

"

(4.25)

=0

while the remaining variables close yielding the second order equations.
∂ 2 u2
1
∂ 2 u2
=
.
¼vb
∂t2
2
∂x2

∂ 2 u1
∂ 2 u1
=
−¼
(¼
+
vb)
,
∂t2
∂x2

(4.26)

These equations also contain Poisson structure defined by the Hamiltonian density
H = 21 (Ã12 + Ã22 ) − 21 ³

∂u1
∂x

³ = ¼ (¼ + vb) ,

2

+ 21 ´

∂u2
∂x

2

,

´ = ¼vb

(4.27)

where now Ã1 = ∂t u1 , Ã2 = ∂t u2 . This Hamiltonian density reproduces the continuum
equations in the sense of Eq.(4.20) when a variation of the form


¶H = ¶

Hdx,

¶ = (¶Ã1 , ¶Ã1 , ¶u1 , ¶u2 , ¶r )

(4.28)
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Figure 4.3: Comparison of the Felderhof [108] and Crowley [101] instabilities in onedimension through plots of É1 . (a) Here, v = 0 corresponding to passive sedimenting
spheres with entirely real and positive dispersion relations. When long-ranged hydrodynamics are taken into account, the dispersion relation forms a non-analytic cusp at
k = 0. (b) Here, v = −1/20 showing a strong discrepancy between the approximate
dispersion relation, which is purely imaginary, and the full dispersion relation which
contains real (solid) and imaginary (dotted) contributions.
is taken. The gradient operator acting on the Hamiltonian is understood to denote functional derivation with respect to the dependent fields. Although a discrepancy exists
between the linear theory and full lattice dynamics, as can be seen in Fig.(4.3), the
Hamiltonian density reproduces the same continuous transition behavior from longitudinal to transverse stability as v is increased. This suggests that a symmetry-based
gradient expansion is able to produce valid equations for the active Cosserat filament,
and is equivalent to a renormalization process through redefinition of the lengthscales
¼, b.

4.5

Two dimensional lattice

We now consider an infinite sedimenting two-dimensional lattice with initial positions
and orientations
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Figure 4.4: Schematic of a hexagonal two-dimensional crystal as specified in Eq.(5.7).
The lattice modes presented in Tab.(4.2) are illustrated at wavenumber k = Ã/2.
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³

Λ³

E³

Interpretation

1

−É2

−v k̂2 , v k̂1 , 0, É2 k̂2 , −É2 k̂1

coupled anti-phase transverse phonon-orienton mode

−É1

−É1 k̂1 , −É1 k̂1 , s, ck̂1 , ck̂2

coupled anti-phase longitudinal phonon-orienton mode

É1 k̂1 , É1 k̂1 , s, ck̂1 , ck̂2

coupled in-phase longitudinal phonon-orienton mode

0, 0, v, sk̂1 , sk̂2

one-body orientation coupled to sedimentation velocity

2
3
4
5

É2
É1
0

v k̂2 , −v k̂1 , 0, É2 k̂2 , −É2 k̂1

coupled in-phase transverse phonon-orienton modes

Table 4.2: Tabulation of the eigensystem of Eq.(4.30) comprised of eigenvalues Λ³ and
eigenvectors E ³ with É12 = − (s2 + 2cv) and É22 = cv yielding a qualitatively identical
eigenspectrum to the one-dimensional case.

R∗i = (x∗i , yi∗ , 0) ,

p∗i = (0, 0, 1)

(4.29)

where x∗i , yi∗ define the initial lattice configuration. The plane wave collective modes
buk (t) =
q k (t)

=

ui (t) e−i(k1 xi +k2 yi ) ,
∗
∗
q (t) e−i(k1 xi +k2 yi )
∗

i
i

∗

i

may be inserted into Eq.(4.7) to yield lattice dynamics with explicit form


0


0



sk̂1

Jk =
 c 1 − 3k̂1 k̂1



−3ck̂1 k̂2

0

0
0
sk̂2
−3ck̂1 k̂2

−sk̂1
−sk̂2
0
0
0

0 0 0

0

0

0 0 0

c 1 − 3k̂2 k̂2

v
0
0
0

0
v
0
0

0
0
0
0















(4.30)

where we define k̂1 = k1 /k, k̂2 = k2 /k and the lattice sums s (k) , c (k) are defined
in Appendix D. The structure of this dynamical lattice matrix yields five non-trivial
independent eigenvalues and eigenmodes.A visualization of these modes is presented
in Fig.(4.4). Previously, the breaking of rotational symmetry in the 1 − 2 plane resulted in separate non-trivial dynamics along and transverse to the one-dimensional
chain. However, the two-dimensional crystal containes discrete rotational in addition to
translational symmetry, which may be broken by application of a perturbation in the
k̂ = k̂1 , k̂2 direction. The longitudinal and transverse directions to this wavevector
provide a natural co-ordinate system and diagonalize Eq.(4.30), rendering it in the same
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form as Eq.(4.16).

4.5.1

Poisson structure

The linear equations given by Eq.(4.30) are explicitly

u̇k = −sk̂u3k + vq k ,

q̇ k = c I − 3k̂k̂ · uk

u̇3k = sk̂ · uk ,

(4.31)

where uk = (u1k , u2k ) , q k = (q1k , q2k ) are two-vectors in the plane of the crystal. The
zero eigenvalue indicates the presence of the conserved quantity analogous to that found
in the previous section
ṙk = 2cu̇3k + sk̂ · q̇ k = 0.
Eq.(4.31) can be closed to yield the second-order equations
ük = − s2 + 3cv k̂k̂ · uk + cvuk .

(4.32)

Choosing co-ordinates parallel and perpendicular to k defined as
u∥k =k̂k̂ · uk ,
p∥k =k̂k̂ · q k ,

u§k = I − k̂k̂ · uk ,

rk = r1k + r2k ,

p§k = I − k̂k̂ · q k

yields the Poissonian structure






u∥k



u 

 §k 




d 


 p∥k  = 
dt 


 p§k 




rk

0
0 1
0
0 0
−1 0 0
0 −1 0
0
0 0

0
1
0
0
0

0
0
0
0
0







 ∇Hk ,





(4.33)

∇ = ∂/∂u∥k , ∂/∂u§k , ∂/∂p∥k , ∂/∂p§k , ∂/∂rk
with Hamiltonian

Hk =

1
2

p2∥k + p2§k − É12 u2∥k + É22 u2§k ,

É12 = − (s2 + 2cv)

É22 = cv.

(4.34)

Therefore, the symplectic structure dp∥k ' du∥k + dp§k ' du§k is conserved and yields a
Poisson structure identical to the one-dimensional case. Due to this similarity, we expect
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to see a similar transition to unstable behavior as v is tuned, even though the lattice
sums s, c have different functional dependence on k.

4.5.2

Continuum approximation

We now derive approximate continuum equations of motion for the dynamics of the active Cosserat membrane, the continuum analogue of the two-dimensional active Cosserat
crystal. Here, displacement and orientational variables are now functions of the two continuous variables x, y in addition to time. Following the previous section by truncating
the hydrodynamics to only include nearest neighbour interactions yields
¼
s (k) = i (x̂ sin k1 a + ŷ sin k2 a) ≈ i¼k,
a
1
¼b
c (k) = 2 [cos k1 a + cos k2 a − 2] ≈ − ¼bk 2 .
a
2

(4.35)

The truncation introduces strong lattice-dependent effects that were absent from the
one-dimensional case, which vanish in the long-wavelength limit in order to preserve
rotational symmetry. This immediately leads to the continuum equations [102, 105]
u̇ = −¼∇uz + vbq, u̇3 = ¼∇ · u,
1
q̇ = ¼ ∇2 u − 3∇∇ · u ,
2

(4.36)

where u = (u1 , u2 ), q = (q1 , q2 ) and ∇ = (∂x , ∂y ). These equations contain a conserved
function
∂r
∂r
(4.37)
∇2 u3 + ∇ · q k = 0
=
∂t
∂t
These equations can be closed yielding the second order evolution
3
1
ü = −¼ ¼ + vb ∇∇ · u + ¼vb∇2 u.
2
2

(4.38)

This equation is identical to that of a linear elastic medium, where −¼ (¼ + 3vb/2) , ¼vb/2
are the Lamé parameters. However, unlike an elastic medium, the compression modulus
of the active medium may be negative, resulting in further contraction and instability
upon application of external pressure or shearing. We can define a Hamiltonian density
H=

− 21 ³ (∇ · u)2 + 12 ´ (∇u)2 ,
³ = ¼ (2¼ + 3vb) , ´ = ¼vb,

1 2
Ã
2

(4.39)
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where now Ã = ∂t u. This Hamiltonian density reproduces the continuum equations in
the sense of Eq.(4.33) when a variation of the form


¶H = ¶

Hdx,

¶ = (¶Ã , ¶u , ¶r )

(4.40)

is taken. Again, the gradient operator acting on the Hamiltonian is understood to denote functional derivation with respect to the dependent fields. On the one hand, the
Hamiltonian density is manifestly rotationally invariant with geometric factors ³, ´ dependent on the underlying microstructure. On the other hand, stable sedimentation may
still occur if activity or microscopic deformation is induced by the applied perturbation.
This is similar to many microstructural materials that display microscopic anisotropy
upon application of macroscopic strain or shearing. Once again, this can result in two
anisotropy parameters, v1 , v2 , along and transverse to the applied deformation which,
through similar analysis as done previously, may yield stable Poisson orbits. A possible
systems that may exhibit this behavior is sedimenting arrays of electrically charged fluid
droplets which deform under lattice compression.

4.6

Discussion

Many previous examples of non-linear symplectic structure arising in the field of active
matter share a common feature, namely the identification of orientational variables as
conjugate momenta to displacements [1, 19–26]. In Chapter 3 we showed that, through
dimensional reduction by Casimir invariants, the dynamics of the two-body active problem could be cast in a Hamiltonian form. We suspect a similar structure is present in
previous works involving two-body problems and that additional Casimir symmetries
could be found, reducing the dynamical space to a single conjugate pair. This implies a
certain non-trivial ubiquity of Poissonian dynamics within the field of active matter, even
at non-linear order, which appears to be a rich area for further research. The recurrence
of symplectic structure can be rationalized through the following heuristic argument:
many active system share a common motif with regards to time-evolution whereby, on
the one hand, positional variables are updated according to orientational state while on
the other, orientational variables are updated according to positional state. The absence
of on-diagonal response, as seen in Eqs.(4.16,4.30), implies conservation of phase volume
which, in two dimensions, is identically a conserved symplectic form. Indeed, both the
one- and two-dimensional Cosserat crystals can be decoupled into two and three dimensional Hamiltonian and Poissonian subsystems of the enitre state-space, comprised of
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transverse and longitudinal dynamics respectively, whereby the conjugate momenta are
monotonically dependent on orientation variables.
In addition, the presence of a non-analytic point at zero wavenumber in both the
one- and two-dimensional is indicative of an instability of the type studied by Felderhof
[108] and results due to the long-ranged hydrodynamic forces. This feature cannot
be modelled well by gradient expansion methods, which amount to a nearest-neighbor
approximation of the full theory [101, 102, 105], leading to discrepancy with discrete
lattice-based analysis. However, the important features of crystalline melting can be
encapsulated within an approximate theory based on truncated hydrodynamics which
correctly model the transition from stable to unstable crystal as activity is varied.

4.7

Conclusion

We investigated the sedimentation behavior of both the sedimenting one- and twodimensional active Cosserat crystal in an overdamped external medium and, using a
virtual power principle [31], derive the geometrical equations of motion for the lattice of
active uniaxial colloidal particles. In the presence of an overdamped external medium,
inertial forces are negligible and the lattice dynamics evolve on a five-dimensional statespace of translational and orientational modes. Remarkably, this state-space in endowed
with Poisson structure [14, 16–18], even in the absence of inertial and conservative forces,
with coupled sedimentation-orientational co-ordinates playing the role of conjugate momenta to the lattice displacements. We identify conserved Casimir functions and a
Hamiltonian which allowed the time evolution to be considered as an oscillator with
activity and wavenumber dependent frequencies. Together, these form a symplectic
foliation of the dynamical state-space, thereby reducing the problem to one of Hamiltonian dynamics. This is exploited to reveal the presence of stable position-orientationsedimentation coupled limit-cycle behavior, which is shown to occur in both one- and
two-dimensions in the presence of anisotropic activity.

Chapter 5
Flow-Induced Active Cosserat
Crystals
5.1

Introduction

Previously, we have introduced the notion of the active Cosserat Crystal, combining the
work of the Cosserat brothers [28] and the field of active matter. A natural synthesis
between these two fields exists due to the non-trivial geometric nature of the statespace of many active system, where microscopic rotational symmetry is broken due to
the presence of uniaxial activity [11] or geometric anisotropy [51], thus endowing active
particles with micropolarity. We futher showed that for many sedimentation experiments
involving active or geometrically anisotropic particles a Poisson structure exists [14, 16–
18] which allows the dynamical evolution to be analyzed through the means provided
by Hamiltonian dynamics [12, 13].
Using this quasi-equilibrium structure, we generalize and re-interpret previous analysis [30, 109] to encompase a wide variety of active matter experiments involving active
microswimmers in a viscous medium bounded by two parallel plane interfaces [49, 94–
97, 110]. Crystals have been shown to form when their separation is much greater than
the individual radii of the particles [29, 96, 111]. Randomly arranged clusters of active
particles that are confined this way may stay confined within a quasi two-dimensional
plane near either boundary due to a number of reasons: sedimentation forces dominating over active swimming [96, 111]; attractive particle-boundary interactions [49]; and
the presence of a one-body torque resulting in active particles preferentially swimming
perpendicular to the boundaries [30, 110]. Under certain conditions, these active colloids
are able to crystallize under the influence of their combined hydrodynamic interactions
[96, 111], condensing to form flow-induced active Cosserat crystals [29].
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In this chapter, we provide a full analysis of the two-dimensional lattices of active
Cosserat crystals that form as a result of flow induced forces, investigating their stability
as a function of microscopic variables and revealing insights into the universal mechanism
of flow-induced crystallization. Furthermore, we demonstrate how a macroscopic nonequilibrium response results due to energy input at the microscopic level. In Section
5.2 we derive the linearized equations of motion for the active Cosserat crystal near
a plane boundary. In Section 5.2.2 we outline the mechanism by which flow-induced
crystallization may occur in the presence of a plane boundary [29, 30]. In Sections
5.3 and 5.4 we combine theory and simulations to provide a quantitative analysis of
two new phase transition behaviors: the spontaneous multimerization of the crystalline
lattice which is an active analogue of the Peierls transition in condensed matter; and the
spontaneous generation of sustained position-orientation coupled oscillations, similar to
magnon-phonon modes in magnetostricted crystals [112], respectively. In Section 5.5,
we discuss how the linear pattern growth is arrested due to a combination of non-linear
terms in the equations of motion in conjunction with out of plane dynamics. This allows
the phase transitions to be expressed and develop into a new steady state configuration.

5.2

Active crystals at a boundary

We repeate the analysis from Sec.(4.3) with conservative and active forces now determined by the expressions
∂U
, T Ci = T (p∗i × pi ) ,
∂Ri
=vA pi , ΩA
S i = S (pi pi − I) ,
i = ÉA pi ,

F Ci =mg −
V

A
i

(5.1)

where m is the buoyant mass of the particle, T is the gravitational torque strength,
vA is the active velocity, ÉA is the active angular speed and S is the stresslet strength
[7, 9]. Here, the potential U (R1 , . . . , RN ) includes both steric inter-particle and particleboundary interactions. The rigid body motion of the particles is then determined by the
pair of equations
µTijT

Vi=
j

µRT
ij

Ωi =
j̸=i

"

"

"

"

∂U
· mg −
∂Rj
∂U
· mg −
∂Rj

+ Ã T,2s
: S j + vA pi ,
ij
(5.2)
+

R,2s
Ã ij

: Sj + µ

R

(T p∗i

× pi ) + ÉA pi .
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The inhomogeneity of Eq.(2.20) implies it is natural to consider the decomposition of
external force into components perpendicular and parallel to the bounding plane such
that
∥
F Ci =F i + F §
i ,
∥

(5.3)

F i =F i · (I − ẑẑ) ,

F§
i =F i · ẑẑ.

F§
i is equal to the resultant monopolar force due to a combination of gravitational and
steric forces. Force balance in the overdamped regime implies that initially
FA
i

∗

= vA pi /µT

∗

= vA /µT ẑ = −mg + ẑẑ ·

∂U
= −F §
i .
∂Ri

(5.4)

and thus the total monopolar force is equal and opposite to F A
i [30]. On the other
∥
hand, F i is directed parallel to the bounding plane and results from inter-particle steric
interactions. By Newton’s third law, the sum of these forces must vanish yielding
∥

F i = 0.

(5.5)

i

Unlike the perpendicular forces which are truly external to the system of particles, the
parallel forces result from inter-particle interactions and thus produce dipolar flows in
the viscous medium. These dipolar flows are subdominant to the monopolar flow fields
at long distances [58, 113] and in this way the long-ranged hydrodynamic effects from
the monopolar perpendicular component of forces will dominate the dipolar effects from
the parallel component. In this way, the linarized dynamics take the form
J uu
ij =
k



∥

∗

T,2s
J uq
:
ij = vA ¶ij diag (1, 1, 0) + Ã ij

J qu
ij

=
k



∂µTikT
T ∂F i 

,
· F§
k +µ ·
∂Rj
∂Rj
∂µRT
ik
· F§
p×
k
∂Rj

∂S j
∂pj

,
(5.6)

8

,
∗

R,2s
R
J qq
:
ij = −µ T diag (1, 1, 0) + Ã ij

∂S j
∂pj

,
∗

where µT , µR are the one-body translational and rotational mobilities of a sphere respectively.
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Collective behavior

We now consider a two-dimensional lattice of particles with initial positions and orientations given by
R∗i = (x∗i , yi∗ , 0) ,

p∗i = (0, 0, 1)

(5.7)

where x∗i , yi∗ define the initial lattice configuration. We again exploit the discrete translational invariance of the system to diagonalise the linearised dynamics in terms of plane
wave collective modes
buk (t) =
q k (t)

=

ui (t) e−i(k1 xi +k2 yi ) ,
∗
∗
q (t) e−i(k1 xi +k2 yi ) .
∗

i
i

∗

i

Inserting these plane wave solutions into Eq.(4.7) and summing over all lattice points
yields the Fourier-transformed linear equations of motion




 





d uk  J uu J uq  uk 
=
,
dt q k
qk
J qu J qq

(5.8)

k

where the block Jacobian elements of the linear response are given by
−i[k1 (xi −xj )+k2 (yi −yj )]
J ³´
.
ij e

J ³´
k =

∗

∗

∗

∗

lattice

Introducing the Stokes velocity v0 , the Stokes time Ä and the dimensionless active speed
v through the relations
v0 = mg/µT ,

Ä = b/v0 ,

v = vA /v0 ,
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Figure 5.1: (a) Eigenvalue plots with the solid line indicating the real and dotted line
indicating the imaginary components. (b-c) Polar plots corresponding to the previous
non-trivial real parts of the eigenvalues, comparing the full numerical solution to the
long wavelength analytical solution for (b) ka = 0.1 and (c) ka = 0.5. The isotropic
hydrodynamic forces dominate the spectra at long range resulting in the underlying
lattice affecting dynamics only at large wavenumber.
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and evaluating the required matrix elements, the Jacobian matrix in the plane-wave
basis is may be inserted into Eq.(4.7) to yield lattice dynamics with explicit form







Jk = 







J0uu + J1uu k̂1 k̂1
J0uq + J1uq k̂1 k̂1
J1uq k̂2 k̂2
J1uu k̂1 k̂2
sF § k̂1
J1uq k̂2 k̂2
J0uq + J1uq k̂2 k̂2
J1uu k̂1 k̂2
J0uu + J1uu k̂2 k̂2
sF § k̂2
0
0
−sF § k̂1
−sF § k̂2
»4 F § − G
qu
qq
qu
qq
qu
qq
J0 + J1 k̂1 k̂1
J1 k̂1 k̂2
0
J0 + J1 k̂1 k̂1
J1 k̂2 k̂2
qu
qq
qq
qu
qu
J1 k̂2 k̂2
J0 + J1qq k̂2 k̂2
J1 k̂1 k̂2
J0 + J1 k̂2 k̂2
0
0
0
0
0
0

J0uu =D0 − »1 F § ,
J0uq =v + »1 S,

J0qu = − cF § ,

J0qq =cS − µT,

J1uu = D1 + 3»2 F § ,

0
0
0
0
0
0









,






J1uq = −3»2 S,

J1qu = 3cF § ,

J1qq = −3cS.

(5.9)
The block functions
are all real functions of the wavenumber k. The lattice
sums s, c, »1 , »2 , »3 , »4 are defined in Appendix D, µ = bµR /µT mg and G = b∂z F § /mg
is the stiffness of the particle-wall steric interaction. D0 , D1 are contributions from the
interparticle potential. In the limit of zero bottom-heaviness, steric interactions and far
from any nearby boundary, these dynamics have been shown in Chapter 4 to constitute
a Poisson structure. We now apply this to common experimental situations.
J0³´ , J1³´

5.2.2

Stability of active Cosserat crystals

Considering a hard wall potential such that G → ∞ eliminates z directed perturbations
such that particle dynamics take place in a quasi four-dimensional subspace spanned by
Ri ≈ (X, Y, h) ,

(5.10)

pi ,

where h is constant. Therefore, Eq.(5.8) takes the form








uk1
u

  k1 


uq
uq
uu
uu


J0 I + J1 k̂k̂ J0 I + J1 k̂k̂ 
d 
uk2 
uk2 

 =  qu

,
qu
qq
qq

dt 
J0 I + J1 k̂k̂ J0 I + J1 k̂k̂ 
qk1 
 qk1 

k
qk2
qk2

Eigenvalue Λ³
1
(J0uu + J0qq − J0 )
2
1
(J0uu + J0qq + J0 )
2
1
(J uu + J qq − J)
2
1
(J uu + J qq + J)
2
[J0uu
uu

[J

[J
uu

−J

−J

−

[J0uu −

qq

J0qq
J0qq
qq
+ J] k̂, 2J k̂

qu

− J] k̂, 2J k̂

+

−

J0 ] l̂, 2J0qu l̂
J0 ] l̂, 2J0qu l̂
qu

Eigenvector E ³

longitudinal in-phase coupled phonon-orienton modes

longitudinal anti-phase coupled phonon-orienton modes

transverse in-phase coupled phonon-orienton modes

transverse anti-phase coupled phonon-orienton modes

Interpretation

Table 5.1: Tabulation of the eigensystem of Eq.(4.7) in terms of the unit vectors k̂, l̂ where k̂· l̂ = 0. Here, J02 = (J0uu − J0qq )2 +
4J0uq J0qu while J ³´ = J0³´ +J1³´ such that J 2 = (J uu − J qq )2 +4J uq J qu . In the infinite torque limit,corresponds to freezing out
orientational fluctuations, J0qq → −∞, Λ1 , Λ3 → −∞ leading to the eigensystem conprising of longitudinal and transverse
phonon modes with eigenvalues J0uu , J uu respectively. This corresponds exactly with previous work [30].
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1 0
I=
,
0 1





k 2 k 1 k2 
.
k̂k̂ =  1
k1 k2 k22

The structure of this dynamical lattice matrix yields four non-trivial unique eigenvalues
and four non-trivial linearly independent eigenvectors. The eigenvectors naturally split
into two independent subspaces corresponding to longitudinal and transverse waves along
k̂. The transverse modes are coupled position-orientational waves while the longitudinal
modes are coupled position-orientation-sedimentation waves. A visualization of these
modes is presented in Fig.(4.1). From Tab.(5.1) it is evident that Re (Λ2 ) > Re (Λ1 ) and
Re (Λ4 ) > Re (Λ3 ) for all k. The crystal lattice configuration is therefore stable if both
Re (Λ2 ) < 0,
Re (Λ4 ) < 0.
Necessarily, this implies that both J0uu +J0qq < 0 and J uu +J qq < 0. These conditions are
naturally satisfied since the lattice steric potential acts to restore translational stability,
while bottom-heaviness acts to restore orientational stability
Previous calculations of the response of flow-induced active crystals neglected the
orientational response [30]. These results can be reproduced by taking T → ∞, thereby
freezing out orientational fluctuations. In this limit,
Λ2 =



J uu
0


J qq
0


J uu

Λ4 = 
J qq

T →∞
¼→∞
T →∞
¼→∞

,

,

necessarily, require J0uu , J uu , J0qq , J qq < 0 for a stable crystal to exist. On the other
hand, in the absence of steric interactions and one-body torques, we can partially recover
previous results by setting J0uu = J1uu = J0qq = 0. The eigenvalues are then given by
Λ2 = −Λ1 =

Λ4 = −Λ3 =

√

J0uq J0qu =
J uq J qu =

√

√

cv,
−2cv.

(5.11)

For v > 0, Λ2 is purely imaginary, and hence stable, since c < 0 while, on the other hand
Λ4 is real and positive, and hence unstable, as was shown in Chapter 4. In the presence
of damping lattice forces and bottom heavy torques, both Λ1 and Λ2 are attenutative.
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Figure 5.2: Simulations of the formation of crystallites at (a-c) the top bounding plane
and (d-f) the bottom bounding plane. (g) At the top bounding plane, image charges produce attractive hydrodynamic forces assisting crystallite formation [30]. At the bottom
plane, these forces arrest crystallite formation. (h) Crystallites quickly reach a steady
state mean height from the wall.
For the remainder of this chapter we assume that v > 0 which corresponds to active
forces opposing sedimentational forces.

5.2.3

Flow-induced crystallization

Simulations displayed in Fig.(5.2), show that crystallization of these active particles can
occur near both the top and bottom planes. Using the previous linear stability analysis, the crystallization mechanism underpinning previous experiments can be elucidated.
The form of Λ4 in Tab.(5.1) suggests that the coupling between hydrodynamic torque and
activity in J uq J qu acts to promote the growth of any in-phase translational-rotational dis-
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placement. The underlying mechanism behind this is simply that hydrodynamic torques
rotate particles which then swim towards higher density perturbations, while areas of
higher density produce stonger torques [96, 111]. This positive feedback mechanism is
independent of wheither the crystal forms at the top or bottom wall and even applies in
the absence of long-ranged crystalline order.
On the other hand, an important asymmetry exists between crystals that form at
the top plane, where F § is directed away from the boundary, and the bottom plane,
where F § is directed into the nearest bounding plane [82]. The effects of the image
charges interactions are entirely encapsulated within the functions »1 , »2 , »3 , »4 which
are all positive at the top wall and negative at the bottom. Therefore, the hydrodynamic
forces near the top wall enhances crystallite growth at the top wall [30] while arresting
it at the bottom. This effect can be clearly seen in Fig.(5.2).
In addition to image charge flow, the bounding planes also stabilize aggregations of
particles against z perturbations. This is essential in order to stabilize the sedementation
component of the position-orientation-sedimentation linear instability of the sedimenting
active Cosserat crystal found in Chapter 4. Therefore, the main mechanism of crystallization can be summarized as follows: two-body hydrodynamic torque coupled with
activity result in a positive feedback mechanism by which high-density regions further
aggregate. This is compounded at the top wall by the attractive flow of the two-body
hydrodynamic forces, and arrested at the bottom wall. Furthermore, steric interaction
with the wall is necessary in order to stabilized against z perturbations.

5.3

Active Peierls transition

The passive Peierls transition [114] is characterized by a splitting of degenerate electron
energy states due to the presence off diagonal terms in the dispersion matrix of an
ionic crystal. On the other hand, the active Peierls transition is characterized by the
decomposition of a crystalline steady state into multimers due to the dominance of
off-diagonal active elements of the linear dispersion matrix. From Tab.(5.1), when the
inequality
J uq J qu − J uu J qq > 0
(5.12)
is satisfied, Λ4 is real and positive at its supremum over k. This results in the formation
and growth of a spatial, non-oscillatory pattern [115] on the crystal. The modulation of
the crystal by this growing wave pattern results in crystalline layers which are adjacent
over a distance of Ã/kmax , where kmax is the value of k for which Λ4 attains its supremum.
These layers are displaced in orientation and position towards one another and bind
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Figure 5.3: (a) The active Peierls transition. The initial homogeneous lattice spontaneously decomposes into multimeric layers. (b) A plot of the average thickness of
disjoint layers against time. The initial crystal with outer radius of 10 particles quickly
dissociates into 3 disjoint layers, each of which is on average 4 particles thick. (c) Average orientational perturbation of the crystal as a function of time. The particles that
make up the boundaries of each tetramer rotate in towards the centre of the cluster,
increasing the value of ïq 2 ð. (d) Plot of Λ4 against k for the parameters used in the
simulation against wavevector. Here, k0 ≈ Ã/4a resulting in the observed pattern of 4
particle multimers on average. The anisotropy of the hexagonal lattice strongly affects
the dynamics at k ∼ 1/a resulting in the pattern seen. (e) A phase diagram showing the
transition point from the stable crystal into a multimerized state. Each dot represents
a numerical simulation. The theoretical stability line defined by J uq J qu − J uu J qq = 0 is
plotted which, keeping (J0uu + J1uu ) , J0qq fixed, predicts an inverse relationship between
varying the monopolar force strength F § and the active speed v.
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together, forming multimers (Fig.(5.3a)).
A plot of Λ4 in Fig.(5.3d) reveals that the supremum over k occurs at a relatively
high wavenumber ∼ 1/a, therefore sensitivity to the microscopic lattice properties is to
be expected [116] and the 6-fold symmetry seen in Figure 5.3 is rationalized. The active
Peierls transition can therefore be seen as a relatively large k mode instability that occurs
when the response matrix develops a large block symmetric off diagonal component
J uq J qu , induced by a combination of active swimming and two-body hydrodynamics
torques resulting in the formation of high density multimeric clusters. However, the
initial linear growth of these clusters is arrested due to the presence of non-linear terms
in the dynamical equations of motion and hard-sphere steric repulsion, which we discuss
in Section 5.5, resulting the the formation of a new stable crystalline lattice with a new
periodicity depending on the value of kmax . Unlike the equilibrium Peierls transition,
this phenomenon is purely dissipative and requires the presence of activity.

5.4

Spontaneous active oscillations

The response matrix derived from an equilibrium potential D ij = ∂ 2 U/∂Ri ∂Rj is necessarily symmetric, resulting in a dispersion spectrum populated by real values. However,
for an active system there is no such symmetry requirement and we shown that spontaneously generated oscillatory waves sustained by active energy input may occur which
goes beyond what may be seen at equilibrium. From Tab.(5.1), it is clear that, although
all block functions are real for all k, when the off-diagonal product J uq J qu < 0 it is
possible for Λ4 to attain an imaginary character. If, in addition, Re (Λ4 ) > 0 this will
result in the generation and growth of a spatial oscillatory mode [115, 117], taking the
form of a spontaneously generated self-sustained standing wave on the active crystalline
lattice. Equivalently, these conditions can be written as
(J uu + J qq ) > 0
(J uu − J qq )2 + 4J uq J qu < 0

(5.13)

The first of these conditions may only be satisfied if the crystal forms near the top wall,
where image charge flow excites crystalline oscillations. For the second condition we
require that either v, S < 0 such that J uq becomes negative. If the first condition is
satisfied and not the second, the pattern that grows has no oscillatory character, while
if the second condition is satisfied and not the first, the response is underdamped, with
transient oscillations, as seen in Fig.(5.1b). Here we define kmax as the value of the
wavenumber at which Re (Λ4 ) obtains its supremum over k. Numerical analysis shows
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Figure 5.4: (a) A single oscillation of the active waves that spontaneously form and
grow. The combination of activity and two-body torque give rise to a growing oscillatory mode which is stabilized at non-linear order. (b) A plot of the real and imaginary
parts of Λ4 against k. The finite size of the crystal allows only discretized modes of
kn = nÃ/d to grow. Here, the n = 2 mode corresponding to ¼ = 20a is dominant. (c)
Translational initial growth of a single particle plotted against the theoretical behavior
predicted by linear analysis. Here, excellent agreement is made between the predicted
and actual frequencies and good agreement is found between the growth rates. (d) Average orientational displacements plotted against average translational displacement. A
period of simultaneous growth is observed followed by convergence towards a dynamical
fixed point as a result of the non-linearity. (e) The steady state average positional and
orientational time dependent displacement from the reference state. A phase shift is
present with the orientational slightly leading the translational oscillations.
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Figure 5.5: Quantization of the oscillation modes of the active crystal. For identical
parameter values, the active crystal comprised of (a) 200 particles shows an n = 1
standing oscillation while the active crystal comprised of (b) 500 particles shown an
n = 2 standing oscillation. This proportionality between excited mode and diameter of
the crystal is to be expected from Eq.(5.14).
that kmax occurs at a much smaller wavenumber than that found for the active Peierls
transition. In this case the underlying lattice anisotropy does not affect the spontaneous
active oscillations due to the longer wavelengths at which these patterns form, and thus
the crystal behaves like a continuous membrane. The vibrational spectrum of the finite
sized lattice seen in simulations is quantized, as would be expected of the vibrational
pattern of a finite continuum, and the active oscillations take the form of a standing
wave. This is clearly seen in simulations whereby theory and simulations only agree
when the fastest growing mode is taken to be the supremum over a discrete spectrum
knmax = sup (Λ4 (kn )) ,
n>0

kn =

nÃ
d

(5.14)

where d is the diameter of the active crystallite, rather than over the continuous range
kmax ∈ [0, Ã/2]. Fig.(5.5) clearly shows this quantization of the allowed wavemodes.
Finally, the associated eigenvectors take on an imaginary part which introduces a phase
shift between translational and orientational displacements in the oscillations and is
given by
ϕ = arg ([J uu − J qq + J] /2J qu )
(5.15)
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which is also seen in Fig.(5.4d).
Thus we conclude that spontaneous active oscillations, which are sustained through
energy input at the microscopic scale, are induced by the block antisymmetry of the
linear response matrix, resulting in complex eigenvalues and eigenvectors of the positionorientational coupled modes. Monopolar forces for crystals near the top wall drive
growth, forming a self-sustained oscillatory pattern on the crystal. This oscillatory
pattern is defined by the quantized wavenumber kn which extremizes the real part of the
position-orientation coupled eigenmodes as is well known in the theory of standing waves
with the position and orientational displacements phase shifted relative to one another.
We now demonstrate how these linear instabilities may be arrested at non-linear order.

5.5

Non-linear stabilization

The active Peierls transition and active oscillations, as predicted by the linear theory,
would grow in amplitude without bound, eventually destabilizing the system. However,
full 3 dimensional simulations of the non-linear equations of motion show that eventually
the system reaches a terminal steady steady state. Evidently, there exists some nonlinear mechanism in Eq.(4.1) through which the active Peierls transition and spontaneous
active oscillations reach a dynamical fixed point. Althought these equations cannot
be solved analytically, we can demonstrate a mechanism by which the initial linear
growth present in the active Peierls transition and spontaneous active oscillations is
arrested at non-linear order. To lowest order, mobility tensors depend on the pairwise
separation of colloids, while active slip velocities depend on orientation. Hence, while
expanding the mobility tensors to second order is a daunting task, investigating nonlinear orientational fluctuations is tractable. We do this by introducing the orientational
vector pi = (sin ¹i cos ϕi , sin ¹i sin ϕi , cos ¹i ) where ¹i is the angle that the director of the
ith particle makes with the ẑ axis, and ϕi is its azimuthal angle in the x − y plane. The
expressions for
T
FA
i =vA pj /µ ,

S i =S (pi pi − I) .
thus, for each individual particle, force balance in the ẑ direction implies that the magnitude of the perpendicular reaction force is
F § = −F A = vA cos (¹i ) /µT

(5.16)
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which decreases in magnitude as cos (¹i ) at non-linear orientational displacements. Therefore, the monopolar forces and torques which provide the driving force behind the active
Peierls transition and spontaneous active oscillations weaken at non-linear order, and
hence arrest growth. At large enough orientational fluctuations, we expect the pattern
growth to be fully arrested and the system to remain at a dynamical fixed point in the
case of the Peierls transition, and a stable non-linear limit cycle in the case of active
oscillations.

5.6

Discussion

One might wonder how the particular hydrodynamic slip conditions of the plane boundary, either free-slip or no-slip, affect these results. In the geometry considered where
sedimentation forces are directed perpendicular to the boundary and particles are distant from the wall, the long-ranged hydrodynamic flow-field for no-slip and free-slip
geometries are identical to first order, as detailed in Sec.(2.3). However, near the wall
the additional image charges required to satisfy the no-slip condition reduce the strength
of long-ranged hydrodynamic forces by a power of 1/r compared to those of the free-slip
condition [55, 113]. This changes the functional dependence of Jij³´ of k resulting in a
shift in the precise value of kmax . However, the general structure of the response matrix is
independent of this functional change, and thus we expect qualitatively similar behavior
independent of the specific hydrodynamic slip conditions. Simulations were performed
with both no-slip and free-slip boundary conditions, and qualitatively identical results
were found, whereby both the active Peierls transition and spontaneous active oscillations could be observed. This universality of the crystallization mechanism provides
strong evidence that the resulting dynamics are due to the presence [29], and not the
specific hydrodynamic slip conditions, of the plane boundary.

5.7

Conclusion

Dissipative induced effects give rise to new non-equilibrium collective behavior of active particles [118]. Many well known principles from equilibrium cannot be applied to
active systems, such as the conservation of energy, Newton’s 3rd law and the fluctuationdissipation theorem [15]. Here we show that, in the presence of an external boundary,
active Cosserat crystals can form which are stabilized through decidedly non-equilibrium
processes [29, 30, 49, 94, 96, 97] involving a combination of two-body forces, coupling
of activity to two-body torques and steric interaction with the boundary. The linear
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stability of these crystals is analyzed, including orientational and translational degrees
of freedom, thus providing a full theory of the lattice dynamics of active flow-induced
Cosserat crystals. The non-equilibrium coupling between orientational and translational
dynamics results in new non-equilibrium steady states, namely the active Peierls transition, involving the spontaneous decomposition of crystalline layers into multimers, and
spontaneous active oscillations which grow as a result of energy input at the microscale
from monopolar forces, forming a self-sustaining standing oscillation in the lattice. This
rich behavior governed by simple principles highlights some of the new, interesting collective phenomena that can only be observed in active systems that go far beyond
equilibrium dynamics.

Part II
Symplectic Dynamics

Chapter 6
Mathematical preliminaries
6.1

Introduction

Riemannian geometry gained prominence within physics during the 20th century due
to the theory of General Relativity. The basic idea behind Riemannian geometry is
to consider all manifolds as locally flat, or Euclidean, and then assign a co-ordinate
patch, or chart, to this region. The stretching of this local chart by the mapping is
measured by the metric tensor, such that infinitesimal distortions from Euclidean space
can be measured at different points on the manifold. The set of all these co-ordinate
patches which cover the entire manifold is called an atlas. Transition functions must be
introduced at the overlaps of co-ordinate charts, introducing the notion of a connection
between nearby tangent vector spaces. Intrinsic properties of the manifold, such as
curvature, are therefore viewed as features that are invariant under a change of atlas.
Independently, a separate notion of geometry was developed by Felix Klein. Rather
than study the geometry of a particular manifold, his insight was to study the properties of more symmetric, higher dimensional Lie groups that act transitively upon
the manifold, called the principle group of the geometry. Together, the manfold and
principle group define a Klein geometry. In this formulation, rather than study coordinate patches, intrinsic properties of the manifold are inherited from the principle
group through a projection map. As we shall see later, Lie groups admit a notion of
global parallelism through their group action, thus one can define a global basis without
reference to a co-ordinate system, implying a global, non-singular connection known as
the Maurer-Cartan form. Then, curvature of a manifold may be defined by the projection
of this connection from the Lie group down to the manifold. In this way, Klein geometry
works with the natural algebraic structure of the Lie group, while Riemannian geometry
ignores this structure on the manifold. However, Klein’s geometry has not been adopted
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Torsion

Cartan
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Figure 6.1: Schematic of the various geometrical frameworks. Adapted from Ref.[67]
in physics for a variety of reasons, most notably the inability to deal with inhomogenous
spaces that admit no principle group, for example, field theories containing topological
defects. Instead, physicists have adopted Élie Cartan’s theory of geometry which unifies
the perspectives of Riemann and Klein such that principle groups are defined locally on
a manifold, generalizing Riemannian geometry1 , as shown in Fig.(6.1).
On the other hand, active matter systems often contain particles with additional microscopic degrees of freedom associated with activity, such as an axis of self-propulsion.
These microscopic degrees of freedom are generally defined as a point in some homogenous state space whereby any two states can be related to one-another through some
Lie group action. For example, the state of a uniaxial particles can be thought of as
a point on the product manifold R3 × S 2 of three-dimensional Euclidean space and
the two-sphere. Therefore, inspired by Klein’s formulation of geometry, we will aim
to formulate the equations of motion in the principle group, rather than the homogenous state-space itself. Furthermore, we are also interested in determining whether a
system of dynamics defined on a Lie group may be encapsulated within a symplectic
Hamiltonian function, and thus be treated on an equivalent footing with some classical
equilibrium system. Therefore, we wish to formulate general integrability criteria for
vector fields representing forces on this Lie group.
In this chapter, we aim to provide a mathematical grounding required for the formulation of dynamical equations of motion and integrability criteria on Lie group manifolds.
1

Euclidean space is implicitly an Abelian translation group, thus Riemann geometry is a specific
case of the more general Cartan geometry.
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M

φ

U
p

p′

φ (U )

φ−1
φ (p)

φ (p′ )

Figure 6.2: Schematic of a smooth manifold map. The non-Euclidean manifold M
is co-ordinatized through a series of Euclidean patches. The tangent space of M is
inherited from the co-ordinate patch U through pushforward ϕ. Here, we assume p, p′
are infinitesimally separated and define the pushforward
!
! of this infinitesimal vector. A
!
finite vector may be defined as limp′ →p (p′ − p) / !!p′ − p!.

In Section 6.2 we introduce some fundamental ideas of differential geometry. In Section
6.3 we introduce the Lie and exterior derivatives that do not require a definition of connection, unlike the covariant derivative. In Section 6.4 we define integrability conditions
that allow a system for vector fields to be expressed as a set of functions, or co-ordinates.
In Section 6.5 we define the meaning of a Lie group manifold and demonstrate how the
group action may be exploited in order to avoid the need to use incredibly involved
tensoral calculus from Riemannian geometry. This chapter is not meant to be read as a
rigorous mathematical formulation of differential geometry and the reader is encouraged
to turn to the excellent book by Sharpe and Chern [67] for a more weighty mathematical
review.

6.2

Riemannian manifolds and smooth maps

We begin with a quick definition of a manifold from Riemannian geometry, which
amounts to the observation that at any point on the manifold, the local neighborhood
looks Euclidean, and thus can be described by some local Euclidean co-ordinate patch.
This leads us directly to the first definition
Definition 6.2.1. A smooth manifold M means that at every point x ∈ M there is a
differentiable map ϕ from some open subset U ¢ Rn onto the neighbourhood around p.
The smoothness of the map ϕ : U → M allows differential information to be inherited
from U in a small neighbourhood
around each point p ∈ U . To see this, define the vector
!
!
!
!
Xp = limp′ →p (p′ − p) / !p′ − p! where p′ is taken to be infinitesimally separated from p.
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Upon pushforward by ϕ this becomes
!

!

ϕ∗ (Xp ) = lim
(ϕ (p′ ) − ϕ (p)) / !!p′ − p!! = Xpa ∂a ϕ |p = Xp ϕ
′
p →p

(6.1)

to first order in the Taylor series around ϕ (p). In this way, we may equivalently define a vector as a differential operator on a smooth function ϕ through the associated
pushforward mapping ϕ∗ : Tp U ≃ U → Tϕ(p) M , whereby vectors with their tails at p
can be compared with vectors in the tangent plane of M at ϕ (p). This procedure is
shown in Fig.(6.2). We can then define the tangent space of the manifold Tϕ(p) M as the
space spanned by all these vectors, which equivalently may be thought of as differential
operators. There are two important ideas encapsulated within this brief introduction.
The first is the connection between geometry and calculus, whereby differential operators can be though of as vectors, and vice versa. This connection between vectors and
differential operators is an idea of fundamental importance in differential geometry. In
this way we may interpret basis vectors ea as directional derivatives ∂a such that their
action upon a scalar function ea ϕ may be interpreted as equivalent to ∂a ϕ . We define
the directional derivative as
∂a ϕ|p = lim
t→0

ϕ (p + tea ) − ϕ (p)
t

(6.2)

which is simply a reformulation of Eq.(6.1) in the more familiar terminology of calculus.
Consider the definition of the Taylor series for a function defined as
1
X0
n

n−1
(X0 )2 + . . . f (x) |x=0 ,
n→∞
n→∞
2!n
(6.3)
a
where the vector X0 = x ∂a in components. We could alternatively write this last term
as
X0 n
f (x) |x=0 = eX0 f (x) |x=0 .
(6.4)
lim 1 +
n→∞
n
We can think of X0 as the generator of translations in the xa direction based at the origin.
Thus the differential expresses a direction and magnitude and may be characterized as
a vector.
The second idea of importance is the identification that, in Riemannian geometry,
a vector basis is naturally inherited from a co-ordinate chart, known as a co-ordinate
basis. However, later when we study Lie groups in Sec.(6.5), we shall see that one may
define a non co-ordinate basis without reference to a co-ordinate chart using only the
group algebra, which leads to a number of simplifications that we will review.
f (x) = lim

1+

n

f (x) |x=0 = lim

1 + X0 +
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m′
f (m′ )
f (m)

m
LX ξ = 0

∇X ξ = 0

Flow lines of X

Figure 6.3: Parallel transport (blue) vs pushforward (red) of a constant vector À by
a flowfield X. Here, the connection is defined by the Euclidean space and preserves
lengths. Pushforward, by contrast, follows the advection of À by the flowfield X. The
covariant derivative ∇X and Lie derivative LX are simply the infinitesimal versions of
parallel transport and pushforward respectively.

6.3

Lie and exterior derivatives

For almost all physical applications we require a way to measure and compare vectoral
quantities. Consider how this is done in Euclidean space for two vectors at different
points: simply carry, or more precisely parallel transport, the first vector to the second
and place the two tail-to-tail. We could also have carried the second vector to the first
and it would have made no difference. Implicitly, this can be done because the Euclidean
co-ordinate system defines a global basis frame field which connects neighbouring tangent
planes with one another. Thus two vectors in different tangent planes are said to be
equivalent if they have the same components. On the other hand, we may use the integral
flow-lines of some vector field that pass by two infinitesimally separated points to define
equivalent vectors in nearby tangent spaces. Unlike parallel transport, which requires a
path and a connection, this map requires two nearby paths and therefore may not rigidly
preserve the components of each vector. This operation is known as the pushforward
by a vector flow. In the limit of infinitesimal distance flowed along a vector field, this
is known as the Lie derivative which does not need any notion of connection and may
be applied to both vector fields and individual vectors. We then introduce the exterior
derivate as a generalization of the Lie derivative. This derivative is more geometric in
many ways and is used to formulate a generalized version of Stokes’ theorem and an
extremely powerful and general integrability theorem known as Poincaré’s lemma which
we use later to determine the integrability of a vector field on a Lie group.
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n

Xn

n′ [X, Y ]m

Ym

Ym′

m

Xm

m′

Figure 6.4: Geometric intuition behind the Lie derivative LX Y = [X, Y ] at a point
m. The Lie bracket describes the non-commutivity of these two vector flows under the
infinitesimal action of the other. When the Lie bracket vanishes, these vectors define a
local co-ordinate system in the neighbourhood around m.
Definition 6.3.1. The Lie derivative of a smooth map f : M → M with respect to a
vector field X = X a ∂a where X a are scalar components is given by
LX f = Xf = X a ∂a f

(6.5)

yielding a scalar function.
This can also be thought of as the pushforward of X by the map f , or the application
of the differential vector field X on f .
Definition 6.3.2. The Lie derivative of a smooth vector field Y with respect to X is
given by
LX Y = [X, Y ]
(6.6)
where the Lie bracket [X, Y ] = XY − Y X is a vector field and XY is to be understood
as the application of Y then X on some arbitrary smooth map.
For example, in a local co-ordinate basis, the Lie bracket gives
[X, Y ] (h) = X (Y (h)) − Y (X (h)) = X a ∂a Y b ∂b h − Y a ∂a X b ∂b h
= X a ∂a Y b (∂b h) − Y a ∂a X b (∂b h)

(6.7)

when applied to a differentiable function h : M → R. The Lie derivative encapsulates
the non-commutivity between flowing along X then along Y versus flowing along Y first
then along X at each point and can be expressed in the commutator field [X, Y ], as
shown in Fig.(6.4).
The exterior derivative is another, more fundamental way to encapsulates the noncommutivity of vector fields into an antisymmetric derivative.
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Definition 6.3.3. The exterior derivative of smooth map f : M → M is given by
df = ¹ a ∂a f

(6.8)

in some one-form basis ¹ a dual to a basis vectors ea
A one-form is a vectorial object defined in the cotangent plane T ∗ M which is the
space of functions mapping vectors to scalars. Here, the exterior derivative df : T M → R
such that df (X) = Xf , a scalar function. df then tells us the rate of change of f in the
direction X where vector field Y : df (Y ) = 0 lie tangent to contours of constant f .
Definition 6.3.4. The exterior derivative of a one-form field È : T ∗ M → M is given
by
1
(6.9)
dÈ = ¹ a ∂a ' ¹ b Èb = ¹ a ' ¹ b (∂a Èb − ∂b Èa )
2
where ¹ a are a set of basis one-forms dual to a basis vectors ea
We denote ' as the exterior tensor product, an antisymmetrization of the tensor
product ¹. The exterior derivative may be defined on a tensor of any rank, yielding
an antisymmetric derivation, and increasing the rank of the tensor by one. Therefore,
just as action of the exterior derivative of a scalar field yields a vector (one-form) field,
action of the exterior derivative on a one-form field yields a directed area, or two-form,
field and so on. The exterior derivative can be thought of as dual to the Lie derivative,
equivalent when supplied a vector field X specifying direction. Using Eq.(6.9), the Lie
derivative of the one-form È can be expressed as [119]
LX È = dÈ (X) = ¹ a X b ∂b Èa + ¹ a ∂a X b Èb = ¹ a X b ∂b Èa + ∂a X b Èb .

(6.10)

The following identity
dÈ (X, Y ) = XÈ (Y ) − Y È (X) − È ([X, Y ])

(6.11)

will prove extremely useful for developing integrability theorems and will now be proven
for arbitrary vector fields X, Y . The one-form on any non-singular local neighborhood
may be written as È = gdf where f, g are scalar fields. This simply constitutes the
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rescaling of a local co-ordinate patch. Application of the above equation yields
LHS = dg (X) ' df (Y ) − dg (Y ) ' df (X)
= (Xg) (Y f ) − (Y g) (Xf ) ,

(6.12)

RHS = (Xg) (Y f ) + gXY f − (Y g) (Xf ) − gY Xf − g ([X, Y ] f )
= (Xg) (Y f ) − (Y g) (Xf ) + g ([X, Y ] f ) − g ([X, Y ] f )
= (Xg) (Y f ) − (Y g) (Xf ) ,

(6.13)

and Eq.(6.11) is proven. For example, let È be a scalar-valued one-form defined as
È = A (x, y) dx + B (x, y) dy,

(6.14)

where x1 = x, x2 = y are co-ordinates on some local patch. Let X = ∂x and Y = ∂y be
the local basis derived from these co-ordinates. Then Eq.(6.11) is given by
dÈ (∂x , ∂y ) = ∂x È (∂y ) − ∂y È (∂x ) − È ([∂x , ∂y ]) = ∂x B − ∂y A

(6.15)

where dx ' dy is a basis Euclidean two-form. Here, the failure of parallelograms to close
is equivalent to the non-vanishing of the directed area two-form dÈ and is equivalent to
the vanishing of curl familiar from vector calculus generalized to n−dimensions.

6.4

Integrability

The basic notion of integrability of a vector field is whether we may find a scalar function
f such that X is the gradient of that function. In this way, a scalar function encapsulates complete information about the vector field, greatly simplifying analysis. One
may extend this notion to define a system of integrable vectors fields as those whose
flow-fields are defined as the gradients of a set of scalar functions or, equivalently, a set
of co-ordinates. This idea encapsulates the notion of Frobenius or Pfaffian integrability. However, we are most interested in the question of wheither a single vector field
is integrable. This leads us directly to Poincaré’s lemma, a special case of Pfaffian integrability. We then discuss global topological barriers to integrability, culminating in
the formulation of a global integrability theorem for a vector field which forms the main
criterion for the appearance of dynamic symplecticity.
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Local integrability

We say that a set of vector fields {X i } may be integrated on some local patch of Euclidean
space if we may find a set of scalar function {f i } on M which yield {X i } upon taking
the gradient. Equivalently, we may say that {f i } form a co-ordinate system on M . The
requirement on {X i } for integrability is encapsulated in the following theorem [120, 121]
Theorem 1. Frobenius’ theorem: A set of vector fields {X i } are locally integrable if,
for all i, j, the Lie bracket
(6.16)
X i, X j
is linearly dependent on the vectors {X i }
All this theorem asks is whether, for each pair of vector fields, it is possible to rescale
the vector fields by a scalar function such that
X

′

i

, X

′

j

"

=0

(6.17)

′

j

(6.18)

where
X i = Lij X

i

defines a complete set of
with L a matrix of scalar functions. Then the basis X
closed parallelograms in each plane of the tangent space, with integral flow lines defining
′ i
form a co-ordinate basis while {X i }
a local co-ordinate system. We say that X
form a non-co-ordinate basis. As an example of a co-ordinate vector basis, consider the
vector fields
X = x∂x , Y = y∂y .
(6.19)
′

defined on R2 . The commutator
[X, Y ] = xy [∂x , ∂y ] = 0

(6.20)

vanishes and thus these vector fields can be integrated to the functions f x = 12 x2 , f y =
1 2
y . As an example of a non-co-ordinate basis, consider orthonormal polar co-ordinates
2
r̂ = ∂r , ¹̂ = 1/r∂¹ as shown in Fig.(6.5). The Lie bracket of these two vectors is
1
1
1
r̂, ¹̂ = ∂r , ∂¹ = − 2 ∂¹ = − ¹̂
r
r
r
"

(6.21)

which is non-zero, but linearly dependent on ¹̂. This basis may be rescaled by multiplying
¹̂ by r to yield a co-ordinates basis everywhere except the origin.
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θ^

θ^
0

^r

^r = r

Figure 6.5: Co-ordinate basis defined by local Euclidean patch consisting of the vectors
r, ¹ vs non co-ordinate basis given by orthonormal pair of vectors r̂, ¹̂ in polar coordinates. At all points r = r̂ while ¹ increases in magnitude away from the origin.
Frobenius integrability is formulated in the language of vector fields and Lie derivatives. We may also formulate integrability conditions in the language of one-forms and
exterior derivatives. This notion of integrability, known as Pfaffian integrability, is therefore equivalent and dual to Frobenius integrability. We can transform one into the other
since we may always locally find a system of one-forms {È i }, where È i (X i ) = 0, providing a duality between a system of vector fields and a system of one-forms. This set of
one-forms define a graded space composed of all exterior products of {È i } comprised of
two-forms, three-forms etc. For example, the graded space contains the space of threeforms defined by the space spanned by linear combinations of the form aijk È i ' È j ' È k .
We then have the following integrability theorem:
Theorem 2. A Pfaffian system is defined as a set of k linearly independent 1-forms
È 1 , . . . , È k on some local neighbourhood. This system is locally completely integrable
in the Frobenius sense if the following equivalent definitions hold:
1. The exterior derivative lies within {È i } such that
dÈ i ' È 1 ' · · · ' È m = 0 ∀i

(6.22)

2. The one-forms may be written as a linear transformation of one forms {df i } defining a co-ordinate basis such that
m

L−1

Èi =
j=1

i
j

df j

(6.23)
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b
a
c
d

∂S
Figure 6.6: Stokes theorem for forms. The inside of the surface S is tiled with parallelograms defined by the vector flow of two mutually commuting vector fields X (red) and
Y (blue).
for n functions f i and n2 functions of an invertible matrix Lij .
The set {È i } is then known as a differential ideal.
Inverting Eq.(6.23) shows that Lij È j may be integrated to yield the set of functions
{f i }, which define local co-ordinates. We remark that Eq.(6.22) is the form version of
Eq.(6.16) while Eq.(6.23) is the form version of Eq.(6.18).
A corollary to these integrability conditions is Poincaré’s lemma for Pfaffian systems
comprised of a single one-form.
Theorem 3. Poincaré’s lemma: A 1-form È is defined to be exact if È = df for some
scalar function f . È is said to be closed such that dÈ = 0. On any contractable2
manifold, all closed forms are exact, and thus integrable.
This is a special case of the Pfaffian integrability condition È ' dÈ = 0 and forms
the central integrability theorem that will be used throughout Chapter 7. As we will see
later, together with Eq.(6.11) we can now find explicit expressions for integrability on
local patches of manifolds for any choice of basis, co-ordinate or non co-ordinate.

6.4.2

Stokes theorem in forms

The raising of the grading of a form by application of the exterior derivative is essentially
a map from a scalar to a vector, a vector to a directed area, a directed area to a
directed volume etc. In each case, the exterior derivative defines the interior of some n
dimensional boundary, which is of course n + 1 dimensional. We have already seen how
local integrability can be defined equivalently by both the closure of parallelograms and
2

Defined in section 6.4.3
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the vanishing of the area two-form that is enclosed. Here, this idea is formalized in a
generalization of Stokes theorem that applies to non-local co-ordinate patches. Consider
a parallelogram at x ∈ M defined by mutually commuting vector fields X, Y on some
local patch. The one-form È defines a map from the edges of this parallelogram to a
scalar value W . The change in W as we circulate around an infinitesimal parallelogram
is then
¶W = È (X) + [È (Y ) + XÈ (Y )] − [È (X) + Y È (X)] − È (Y )
= XÈ (Y ) − Y È (X) = dÈ (X, Y )

(6.24)

where the last line follows by Eq.(6.11) in a co-ordinate basis. Therefore, the circulation
around the edges of the parallelogram is equivalent to the area form dÈ. We may extend
this to a finite area by considering an arbitrary closed path ∂S on M enclosing an area S
and “tiling” this area with small parallelograms. This results in a form version of stokes
theorem, namely that


È=
∂S

dÈ

(6.25)

S

since the LHS terms is the contribution to the boundary of the internal circulation,
while the R.H.S term is the total “area form” enclosed, as defined by the area form
dÈ. This proof can be easily extended such that Eq.(6.25) holds when È is an n−form.
For instance, in three-dimensions where È is a two-form we recover Gauss’ theorem
whereby the area integral over a surface equals the volume integral of the directed threevolume form dÈ within that surface. If È = df and ∂S is a contractible loop then the
one-dimensional Stokes theorem takes the form


È=
dS

df = [f ]xx00 = 0.

(6.26)

Thus the generalized circulation of any exact form vanishes and is a path-independent
property.

6.4.3

Global integrability

Consider the one-form È = dy defined on R2 , which obviously satisfies the integrability
condition dÈ = 0 and thus we may find a set of local integral curves f = y + c for
arbitrary constant c. However, if we consider the cylinder instead of R2 as shown in
Fig.(6.7), this function will be multivalued due to the presence of paths wrapping around
the cylinder, presenting a topological barrier to global integrability. These paths are
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(a)

(b)

Figure 6.7: Global topology as a barrier to integrability. The picture represents a 1-form
È = dy on (a) a flat plane and (b) on a cylinder. The global topological obstruction to
integrability is provided by closed loops (i.e non-trivial elements of the first homotopy
group Ã1 (M )) that cannot be continuously deformed to 0.
represented by non-trivial elements of the first homotopy group Ã1 (M ) defined as the
set of all topologically distinct paths under algebraic path composition. In other words,
elements of this group comprise classes of loops which cannot be continuously deformed
into one-another. Similarly, we may define Ãn (M ) as the set of all topologically distinct
n-surfaces under algebraic composition, and this provides a topological barrier to the
integration of n-forms. For the cylinder, Ã1 (M ) = Z, the set of integers. We therefore
present the following integrability theorem:
Theorem 4. A (scalar valued) n-form È is integrable on a manifold M if the follow
conditions hold:
1. M admits a globally-defined system of basis vectors (zero total curvature).
2. Ãn (M ) is a finite group (global topological condition).
3. dÈ = 0 everywhere (local geometric condition).
For what follows, we restict our attention to one-form fields. Therefore, we only
need to consider the triviality of the first, or fundamental, homotopy group Ã1 (M ).
Manifolds with trivial fundamental group are known as simply connected, which means
that every closed loop in the system can be smoothly contracted to a point. Using
Stoke’s theorem, Eq.(6.26) together with Poincaré’s lemma suggests that the integral of
any closed form around a path in a simply connected space vanishes, thus transforming
our local integrability condition into a global condition. If Ã1 (M ) is a finite group, then
this implies any element of the group has finite order n and thus repeatedly circulating
around a non-contractible loop n times will yield a contractible loop, in which case we
may apply Stokes’ theorem. If the accumulation in W that occured through circulating
this contractible is zero, then the total accumulation in W through a single circulation
must be ¶W = 0/n = 0. Therefore, we may assigne a single-valued scalar potential
function W to the one-form field È.
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Lie groups

Definition 6.5.1. A Lie group G is a smooth manifold equipped with an algebraic operation between elements that satisfies the group axioms and preserves the smooth structure
of the manifold.
Let h, g ∈ G be two Lie group elements. We define left group action as the diffeomorphic map Lg : G → G, h → gh while Rg : h → hg defines right group action.
Furthermore, we may also define the adjoint action Ig : h → ghg −1 as a combination of
both left and right actions. For an abelian Lie group, this is equivalent to action by the
identity element. Assuming G is a connected group, each of these actions carries differential information, therefore define associated pushforward maps Lg∗ , Rg∗ , Ig∗ which
map elements in the tanget space at h to elements in the tangent spaces at gh, hg, ghg −1
respectively. Importantly, only the adjoint pushforward maps elements in the tangent
space at the identity element back into itself. We can use these pushforward actions to
construct a globally defined basis without the use of co-ordinate patching in the following way: choose a basis of tangent vectors {ea } at the identity element ea ∈ Te G, known
as the Lie algebra, which may also be denoted as g. Then, group action also allows us
to define a global basis through either left or right pushforward of this basis. In this
way, the tangent bundle of the Lie group is the trivial product T G ≃ G × Te G of the
Lie group with its Lie algebra. The presence of this global, ready to use non-degenerate
basis is not only useful for defining equations of motion, but also immediately implies
that all Lie groups are curvature-free. Thus exploiting the underlying group algebra has
revealed a lot about the underlying manifold structure which would not immediately be
obvious from the standpoint of Riemannian geometry, are would likely require a lot of
laborious calculations to reach the same conclusion.
The fundamental connection between calculus and geometry is present here in a
similar form. We define the exponential map for a Lie algebra vector À
g = lim

n→∞

"

À
1+
n

"n

= exp À

(6.27)

which relates the Lie group element g to the Lie algebra element À through an infinite
number of infinitesimal group operations. Intuitively, g lies on the flow line defined by
XÀ which passes through the identity. The importance of this procedure is that we
can extend calculus to spaces that are most naturally defined by a non co-ordinate,
and therefore non-commutative algebra. The adjoint action on the Lie algebra Ig∗ is
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distinguished from other group actions since it maps the Lie algebra back into itself as
Ig∗ À = gÀg −1

(6.28)

Geometrically, this action corresponds to pushing forward by g −1 , flowing infinitesimally
by ¸, then pushing back to the identity by g. We may also define the ad operator as the
infinitesimal version of this action by
ad¸ À = lim n
n→∞

"

¸
¸
À 1−
− À = [¸, À]
1+
n
n

(6.29)

which is simply the Lie bracket from before, and corresponds to translational failure to
close when flowing along À then ¸ and vice versa. In this way, the Lie derivative has
a very natural analogue on a Lie group3 and non-Abelian group action can be treated
with the same mathematical notation already built up for non-commutative vector fields.
We may also define the structure constant of the group cabc which contains geometrical
information about the group action through the relation
c
[ea , eb ] = cab
ec .

(6.30)

This constant encapsulated geometrical properties about the Lie group manifold itself.
The invariant vector fields defined by the Lie algebra carry this geometrical information,
the consequence of which is that we may define a natural notion of parallel transport
through the Maurer-Cartan form ÈG ∈ g × T ∗ G : T G → g , a lie algebra valued form
defined on G which acts as a connection. Given a left invariant vector fields XÀ , Y¸
generated by the Lie algebra elements À, ¸ respectively, from Eq.(6.11) we see that
dÈG (XÀ , Y¸ ) = XÀ (È G (Y¸ )) − Y¸ (ÈG (XÀ )) − ÈG ([XÀ , Y¸ ])

= −ÈG ([XÀ , Y¸ ]) = − [À, ¸] = − [ÈG (XÀ ) , ÈG (Y¸ )]
= − (ÈG ' ÈG ) (XÀ , Y¸ ) .

(6.31)

This is the Cartan structure equation for the Lie group and defines a global zero-curvative
connection, the existence of which proves that Lie groups have zero curvature. Therefore,
the first condition of Thrm.(4) is automatically satisfied for any Lie group.
It is usually convenient to work with a particular matrix group for computation rather
than abstract group elements, thus we define an immersion Ä : G → GL where GL is
a matrix group of greater or equal dimensions. The pullback and pushforward are then
3

The clue is in the name!

6.5 Lie groups

91

defined as by LÄ(g)∗ Ä (À) = Ä (g) Ä (À) = g µÃ ÀÃ¿ where Ä (g) ∈ GL and Ä (ea ) = (ea )µ¿ ∈ gl,
the Lie algebra of GL. Henceforth, indices a, b, c, . . . will indicate Lie algebra indices
while greek indices will denote matrix components.

6.5.1

Directional derivatives in Lie groups

We now generalize the definition of a partial derivative for the non co-ordinate bases
found on Lie groups. Starting from Eq.(6.2), we may immediately write something of
the form
ϕ (g + tLg∗ ea ) − ϕ (g)
∂a ϕ = ea ϕ = lim Lg−1 ∗
= dϕ (ea )
(6.32)
t→0
t
where ϕ : G → R. The presence of a left pushforward is required so that the added vector
is in Tg G. Therefore, the generalized directional derivative measures the infinitesimal
difference in a function displaced by the flow of the left-invariant vector field associated
with ea mapping Lie algebra elements to equivalent differential operators. Technically,
we should in fact write ∂aL∗ since we may also define a derivative with respect to right
invariant fields. However, we will always take derivatives with respect to left invariant
quantities so this additional notation will be omitted.

6.5.2

Rigid Body Motion and the Killing Form

The construction of a global basis and Maurer-Cartan form through group action is not
unique, since we may either use left group action or right group action. However, true
scalar functions must be invariant under both, and therefore must be invariant under
adjoint action. As motivation for this, in the next chapter we will construct a virtual
power principle F (V ) where F : Te G → R is a generalized force while V ∈ Te G is a
generalized motion. Their contraction yields a scalar power output P which ought to
be invariant under the adjoint. To this end, we are interested in finding a symmetric
bilinear form B in the Lie algebra which may act as a metric
B :g×g→R

(6.33)

that is also invariant under adjoint group action such that, for any two vectors À i , À j ,
B Adg À i , Adg À j

= B Ài , Àj

(6.34)

or equivalently,
LX B = 0

(6.35)

6.6 Conclusion

92

for all vector fields X. The existence of such a conserved metric, known as a Killing form,
implies that group transformations preserve distance measurements and are therefore
“rigid”4 . We now show that only groups with skew-adjoint structure constants admit
an invariant Killing form. By Eq.(6.27) we see that
Adg À = gÀg −1 = e¸t Àe−¸t
= (1 + ¸t + . . . ) À (1 − ¸t + . . . )

= À + t [¸, À] + . . .
= À + tad¸ À + . . .

(6.36)

which, in the limit t → 0 corresponding to an infinitesimal group action. Therefore,
invariance of Eq.(6.34) implies the vanishing of the first-order contribution
B ad¸ À i , À j + B À i , ad¸ À j

= ad¸ À i , À j + À i , ad¸ À j

= 0.

(6.37)

Inserting Eq.(6.30) into Eq.(6.37) immediately yields
ccad Bdb + ccbd Bad = ccab + ccba = 0

(6.38)

leading to the conclusion that we may obtain a Killing form if cabc is either completely
skew-adjoint or vanishes [122]. This immediately implies that rigid body transformations may only consist of generalized rotations, including Lorentz boosts and unitary
transformations. For SO (3), the invariant Killing form can then be defined as
1
1
Bab = cacd cbcd = εacd εbcd = ¶ab
2
2

(6.39)

therefore the identity matrix plays the natural role of invariant metric on so (3), the Lie
algebra of SO (3), providing a map between the Lie algebra and its associated co-tangent
space. This Killing field may also be defined for matrix groups GL (N ) thus allowing
one to construct an inner product within the Lie algebra.

6.6

Conclusion

The tools necessary to develop geometrical equations of motion and integrability criteria
of vector functions on a Lie group have been presented in this chapter. The Lie derivative
provides a natural notion of the derivative of a function through advection with respect
4

On many Riemannian manifolds, Eq.(6.35) only holds for certain X, known as Killing vectors.
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to a vector field. Meanwhile, the exterior derivative gives the derivative of a function
with respect to all possible vector fields and can therefore be thorugh of as a geometric
dual to the Lie derivative. Using the language of differential geometry, we generalize
many of the usual concepts of integrability from vector calculus in a co-ordinate free
manner. This formulation can then be applied to vector fields on Lie groups, which
naturally admit a global non-co-ordinate basis. Finally, an invariant metric has been
identified with the Killing form, thus providing an inner product on the Lie algebra.
This allows an identification to be made between the Lie algebra and its associated cotangent space. In the next chapter we use the mathematics presented here to formulate a
principle of virtual power, which will be used to construct dynamical equations of motion
and define the notion of generalized force. Then, we derive integrability conditions for
these generalized forces.

Chapter 7
Geometrical Mechanics and
Dynamical Symplecticity
7.1

Introduction

Consider formulating the rotational dynamics of a rigid, extended body. Choosing some
external reference frame, we describe the state of the system by its orientation, or attitude, relative to this fixed frame represented by the matrix O. We might expect these
equations of motion to be written in a form similar to Newton’s equations, namely
Ȯ = OI −1 J,

J˙ = T,

(7.1)

where I, T are the inertia tensor of and torque tensor acting on the rigid body, J = IΩ is
the angular momentum and Ω is the angular velocity. One may derive the equations of
rotational dynamics directly from Newton’s equations by considering a system of point
particles with rigid body constraints such that their separation |xi − xj | is constant.
The advantage of this approach is that explicit forms for the inertia and torque tensors
are given, namely
F i ' xi ,
(7.2)
m i xi ¹ x i , T =
I=
i

i

where ¹ denotes a tensor outer product and ' denotes an antisymmetric tensor outer
product. However, there are also multiple disadvantages:
1. It is not obvious how O should be defined in terms of the xi or exactly how xi
transform under the application of O.
2. There is an ambiguity in the kinematic relation which may be defined as either
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Ȯ = OI −1 J or Ȯ = I −1 JO.
3. No clear definition of when torque may be derived from a potential function, and
thus difficulty in formulating a Hamiltonian description.
4. No clear way to generalize this procedure to particles with arbitrary microstructure.
In this chapter we derive geometric equations of motion that may be applied to a particle or system of particles with arbitrary microstructure. This is done by formulating
the equations of motion in the Lie group that acts transitively on the microscopic state
space, known as the principle group in Klein’s formulation of geometry. In this way,
kinematic equations are conceptualized as the action of infinitesimal Lie group elements
on the state space and thus a generalized velocity may be associated with a vector in
the Lie algebra. Through a virtual power principle, the dynamics may be developed
as a dual to the kinematics, representing generalized forces as one-forms dual to generalized velocity. Application of Thrm.(4) immediately yields integrability criteria for
these generalized forces, and thus can be used to determine the presence of dynamical
symplecticity. The rest of this chapter is dedicated to applications for specific group
manifolds. Most importantly, this theory is applied to the common situation in active
matter of N extended rigid bodies immersed in an external linearly damped medium,
generalizing the derivation presented in Sec.(2.2). Integrability criteria are derived for
forces and torques which comprise the generalized forces of the group of rigid body
N
motions (T 3 × SO (3)) . Throughout this chapter, a, b, . . . are taken to be Lie algebra
indices, i, j, . . . are taken to be particle indices and Greek letters are taken to be matrix
or tensoral indices.

7.2

Group action and kinematics on a manifold

As discussed in Sec.(6.5), Lie groups contain a natural adjoint action on their Lie algebra,
the tangent vector space at the identity element, given by
¸ ′ = g¸g −1 = Ig∗ ¸,

(7.3)

where g ∈ G is a group element and ¸ ∈ g is an element of the Lie algebra g = Te G, the
tangent vector space at the identity. The two-sided adjoint operator Ig∗ : Te G → Te G
is distinguished since it forms a map from the Lie algebra vector space back onto itself,
as opposed to either left or right action which constitute a pushforward action to a
different tangent plane Lg∗ , Rg∗ : Te G → Tg G. The state of a system can then be defined
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Figure 7.1: Two representations of the Lie algebra of rotations: the spatial, or Eulerian
frame ea ; and the body, or Lagrangian frame E a . The spatial frame is fixed relative to
an observer while the body frame is fixed relative to the object undergoing rotation. In
this way, definition of the angular velocity and inertia tensor depend on the frame they
are defined in.
as a collection of vectors within this vector space, for example, the orientation of a rigid
body is parameterized by an orthonormal choice of three vectors in so (3), the Lie algebra
corresponding to the rotation group SO (3), plus an angular velocity vector in so (3).
Consider the state of some fixed observed parameterized by some choice of vectors
ea , which form a basis of g and which we which we call the spatial or fixed frame. Define
some time-dependent Lie group action g (t) ∈ G transforming this basis to E a , which
we call the body or co-moving frame, such that at time t = 0 the axes are brought into
congruence. A spatial observer at rest relative to the spatial frame therefore sees the
state of the body frame undergo a time dependent motion
E a (t) = g (t) ea g −1 (t) = Ig∗ ea ,
g (0) = e, E a (0) = ea .

(7.4)

where e ∈ G is the identity element. We therefore say that the body frame and spatial
frame form adjoint representations of one-another. The spatial observer measures the
generalized velocity of the body fixed frame to be
Ė a =ġea g −1 − gea g −1 ġg −1 = ÉE a − E a É = [É, E a ] ,
É =ġg −1 .

(7.5)

We call the Lie algebra vector É the generalized spatial velocity, or the right invariant
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velocity since it is invariant under time-independent right group action
˙ (gh)−1 = ġhh−1 g −1 = ġg −1 .
(gh)
On the other hand, an observer co-moving with the body frame sees the spatial frame
undergo a time dependent motion
ea (t) = g −1 (t) E a g (t) = Ig−1 ∗ E a ,
g (0) = e, ea (0) = E a .

(7.6)

This body observer measures the spatial fixed frame as undergoing a generalized velocity
ėa =g −1 E a ġ − g −1 ġg −1 E a g = − [Ω, ea ] ,
Ω =g −1 ġ.

(7.7)

We call the Lie algebra vector Ω the generalized body velocity, or the left invariant
velocity since it is invariant under time-independent left group action
˙ = g −1 h−1 hġ = g −1 ġ.
(hg)−1 (hg)
We can think of the body velocity as that measured by a momentarily co-incident spatial
observer at each point in time. Indeed, notice that in the above formulation the body
and spatial velocities are equivalent at t = 0, when the frames are coincident. These two
definitions of the generalized velocity are related by the adjoint action
É = gΩg −1 = Ig∗ Ω.

(7.8)

Thus the kinematic equations of motion boil down to first choosing a frame of reference, then defining a time-dependent angular velocity which acts as a time evolution
operator on the state through the natural group action. We may therefore use either
Eq.(7.5) or Eq.(7.7) as our kinematic equations of motion. While the choice of frame
is arbitrary, expressing vector relations in terms of the body angular velocity usually
results in simplifications, since in the body frame many quantities such as the moment
of inertial tensor are constant. Finally, we can formulate the kinematic equations of any
homogeneous state-space through the natural group action of G on that manifold [67].
As an example, consider a uniaxial particle described by a unit vector p. The state-space
manifold is then the unit sphere S 2 , which is acted upon transitively by SO (3). We
may represent the state by p = pa E a by a single vector in so (3) where pa are a set of
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constants such that
ṗ = [É, p] = ϵabc É b pc ea .

(7.9)

One may also represent S 2 as a sub-manifold in R3 and, using the definition of the crossproduct, write the kinematic evolution as
ṗ = É × p.

(7.10)

The lower dimensionality of S 2 compared to SO (3) is naturally encapsulated within the
kinematic equations of motion since components of Ω parallel to p do not result in a
translation across the state-space of the particle. Thus, the state of the system is defined
by the position and velocity pair p, É.

7.3

Dynamics and the virtual power principle

D’Alembert’s principle states that the dynamics of the system, when projected onto
the kinematics, result in a static equilibrium between inertial and non-inertial forces.
This implies a natural dualization between the dynamical equations of motion, and the
kinematics. Previously, we showed that the kinematics are specified by a generalized
velocity vector in the Lie algebra. Therefore, we associate the dynamics with a oneform D : Tg G → R defined in the co-Lie algebra mapping a virtual generalized velocity
¸ to a scalar. This dynamical one-form can be defined as
D (¸) = Ã̇ (¸) − Ä (¸) ,

(7.11)

comprised of a generalized force Ä and rate of change of generalized momentum Ã̇. When
this form vanishes, a static balance is achieved between force and inertia defining the
dynamical equations of motion. The virtual power principle therefore immediately gives
us a notion of force and inertia as one-forms dual to the Lie algebra. We now use the
results of Sec.(7.2) in order to determine the time derivative Ã̇. We define ¹ a , Θa as a
basis set of one-forms in the spatial and body frames such that
¹ a (eb ) = Θa (E b ) = ¶ba .

(7.12)

The presence of an adjoint-invariant, symmetric, bilinear Killing form may be used as
a metric in the Lie algebra thus forming a natural map between the co-Lie algebra and
the Lie algebra [122], as discussed in Sec.(6.5.2) . Taking the derivative of this equation
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yields
a

a

¹̇ (eb ) + ¹ a (ėb ) = ¹̇ (eb ) − ¹ a ([Ω, eb ]) = 0.
Expressing the body angular velocity in spatial co-ordinates Ω = Ωa ea yields
a

¹̇ (eb ) = Ωc ¹ a ([ec , eb ]) = cacb Ωc ,
where cabc is the structure constant of G, representing the commutivity relations of Lie
algebra elements. As discussed in Sec.(6.5), this factor contains information about the
geometric structure of the group tangent bundle. Letting Ã = Ãa ¹ a = Πa Θa in the
spatial and body frames, we may now write down the relation
Ã̇ = Ã̇a + cbca Ãb Ωc ¹ a =

∂Ã
+ [Ω, Ã] .
∂t

(7.13)

This can be thought of as the combination of time derivative of the coefficients plus
convection of the basis vectors by the generalized velocity Ω. Therefore,we may write
our kinematic and dynamical equations as
ġ =gΩ,
∂Ã
+ [Ω, Ã] =Ä.
∂t

(7.14)

The presence of the underlying non-trivial geometry of the state-space is felt in both
the kinematics and the dynamics through the commutation relations with the angular
velocity. As discussed previously in Sec.(6.3), we can view [Ω, ·] as the Lie derivative with
respect to Ω, whereby the vectoral quantities are advected by the generalized velocity.
In order to close these equations, we must finally determined the generalized momentum one-form Ã as a function of the vector Ω. Moving to the body frame, we suppose
that the momentum is proportional to the angular velocity and that the inertia I is
constant, thus giving the expression
Ã = IΩ.

(7.15)

We may therefore write the dynamical equations of Eq.(7.14) as
I Ω̇ + [Ω, IΩ] = Ä.

(7.16)

In the absence of generalized forces Ä, we immediately identify these as the Euler equations when G = SO (3) [13, 14, 123].
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Through the virtual power principle, we have efficiently constructed a closed dynamical system of equations to self-consistently determine the time-evolution of the state of
a body once a generalized force Ä is specified. Assuming that the generalized force is
independent of velocity, this one-form will be a function of the state of the body E a ,
or equivalently, a function of the group element g that fully determines the body state
relative to a fixed spatial frame ea .

7.4

Integrability of forces and torques

Given a generalized force, we now investigate underwhat conditions the generalized force
may be written as the derivative of some scalar function U : G → R defined on the Lie
group such that
Ä = −dU.
(7.17)
where dU denotes the exterior derivative of some scalar potential, defined in Sec.(6.3).
By the Poincaré lemma, if the Lie group is simply connected such that all closed loops
can be continuously contracted to a point, the integrability condition is simply that
dÄ (À, ¸) = 0

(7.18)

for any arbitrary Lie algebra elements À, ¸. On a non-commuting basis, this condition
is given by (see Sec.6.3)
dÄ (À, ¸) = À a ¸ b (ea Äb − eb Äa − Ä ([ea eb ])) = 0.

(7.19)

Peeling off the arbitrary coefficients À i , ¸ j and defining directional derivatives on Lie
groups in the sense of Sec.(6.5.1), Eq.(7.19) then immediately becomes
c
∂a Äb − ∂b Äa − cab
Äc = 0.

(7.20)

The first two terms can be seen as a generalization of the vector curl operation to
arbitrary dimensions. This determines integrability for Abelian groups such as Rn where
the structure factor vanishes. On the other hand, a natural global basis exists on Lie
groups, as discussed in Sec.(6.5), which is non commutative and hence non co-ordinate.
Therefore, the third term of Eq.(7.20) is an extra factor required when integrability
conditions are formulated in this non co-ordinate basis. For an arbitrary group it is
most convenient to calculate this derivative in a matrix representation mapping the
group element g to the matrix Oµ¿ , and the Lie algebra basis vector ea to the matrix
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(ea )µ¿ = eµ¿ where the Lie algebra index is suppressed to avoid notational clutter. Given
the scalar function U (Oµ¿ ) we therefore write
−1
dU (Oµ¿ ) = OµÃ

∂U
.
∂O¿Ã

(7.21)

This follows from Eq.(6.32) since the left group operation Lg−1 ∗ → O−1 acts to push
the derivative ∂/∂Ojk in Tg G back to Te G. In most cases G is an immersed subgroup
within GL (N ), whereby the derivative must be projected onto Lie algebra elements corresponding to directions in G. For example, for G = SO (3) the Lie algebra elements are
represented by antisymmetric matrices. We therefore need to antisymmetrize Eq.(7.21)
yielding the relation
−1 ∂U
−1 ∂U
− O¿Ã
.
(7.22)
dU (Oµ¿ ) = OµÃ
∂O¿Ã
∂OµÃ
If Eq.(7.19) is satisfied along with the other conditions in Thrm.(4), the dynamics are
integrable. In this case, the virtual power form then vanishes for all specific motions Ω
yielding
D (Ω) =

dÃ
+ [Ω, Ã] , Ω + ïdU, Ωð =
dt

dÃ
, Ω + ïdU, Ωð = 0.
dt

The commutator term vanishes as it is antisymmetric in Ω. Using Eq.(7.15) this may
be expressed as the total time derivative
d 1
Ã, I −1 Ã + U = 0,
dt 2
"

(7.23)

where we define

dU
= ΩU = Ωa ∂a U
(7.24)
dt
as the rate of change of potential energy due to the motion Ω. This equation is a
statement of conservation of energy and defines a Hamiltonian function
1
H = Ã · I −1 · Ã + U
2

(7.25)

which encapsulated the dynamical evolution of the system. We may therefore construct
such a Hamiltonian wherever we have integrable generalized forces or, alternatively, given
a Hamiltonian, construct equations of motion in the Lie algebra equivalent to Eq.(7.14)
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through the relations
g −1 ġ

a

= Ωa =

∂H
,
∂Ãa

c
Ã̇a + cab
Ωb Ãc = −∂a U,

(7.26)

constituting Hamilton’s equations for dynamics on a Lie group manifold, where the integrability of the generalized force immediately implies a dynamically symplectic system.
We now apply this theory to one of the most common Lie groups found in active matter, the N −fold product group of three-dimensional translations and rotations which
constitutes the principle group of a system of N rigid bodies.

7.5

Application to three-dimensional rigid N-body
motion

Consider N rigid bodies in Euclidean space E 3 . The configuration of the i-th particle is
described by the position xi of its geometric center and the orientation of a right-handed
orthonormal triad eia attached rigidly to its geometric center. Here i = 1, . . . , N is a
particle index and a = 1, 2, 3 is the same Lie algebra index. The principle group of a
single particle is then a point on the Lie group G = T 3 × SO (3), the product group
of three translations and three rotations. The principle group of the entire system is
then GN , the outer product of G with itself N times. Given a potential U (xµi , Oiµ¿ ),
conservative forces and torques are defined by the gradient operations
C
Fiµ

∂U
= − µ,
∂xi

C
Tiµ¿

"

"

1
∂U
Ã ∂U
Oiµ
=−
− Oi¿Ã
.
¿Ã
2
∂Oi
∂OiµÃ

(7.27)

This allows for forces to depend on orientation and torques to depend on position, which
is not necessarily a special feature of active mechanics. The Lie algebra of this group
takes the form
aai , abj =0,
eai , ebj =ϵabc ¶ij ec ,

(7.28)

eai , abj =0,
where eai are generators of rotation and aai are generators of translations. The direct
product in G yields an Abelian action between translations and rotations, as the body
frame of the particles are independent from the translational basis defined relative to
a fixed spatial frame. Representing the Abelian translations by a vector field aai =
aµi while representing the non-abelian rotational generators by antisymmetric matrices
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µ¿
¿µ
(eai )µ¿ = eµ¿
i with ei = −ei , the virtual power form may be written as

É = F · T.

(7.29)

µ¿
µ
We define Fiµ = F (aµi ) and Tiµ¿ = T (eµ¿
i ) while F (ei ) = T (ai ) = 0. For a single
particle, there are three commutator relations between translational generators, three
between rotational generators, and finally nine between a translational and rotational
generators. For N particles, there are 3N (6N − 1) independent conditions that must
commutator relations in Eq.(7.28). A direct applicavanish, corresponding to the 6N
2
tion of Eq.(7.20) yields the explicit conditions

ϵÃµ¿
ϵÃ¼µ ϵ³´µ ϵ¼µ¿ Oj»´

∂Fiµ
= 0,
∂x¿j

∂Tiµ¿
− ϵÃµ¿ Tiµ¿ = 0,
∂Oj»³

(7.30)

∂Ti³´
∂Fiµ
− ϵµ³´
= 0.
ϵ¿³´ Oj»´
∂Oj»³
∂x¿j
We note that Ã1 (SO (3)) = Z2 , the finite group of two elements, and thus obeys the
global topological condition for integrability such that we may define a global scalar
function U in Eq.(7.27) which encapsulates the torque. We now apply these integrability
conditions to a few examples.

7.5.1

Translation group for one particle

Given Fµ as the components of some force-field defined on R3 for a single particle, in
the absence of any torques Eq.(7.30) becomes
ϵÃµ¿

7.5.2

∂Fµ
=∇×F =0
∂x¿

(7.31)

Rotation group for one particle

Consider a torque of the form

Tµ¿ =

1
(aµ O¿» b» − a¿ Oµ» b» )
2

(7.32)
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acting on a single particle in the absence of any forces. The condition that Tµ¿ is a
potential torque is then given by the second line of Eq.(7.30). This may be simplified as
(¶Ã³ ¶¼´ − ¶Ã´ ¶¼³ ) ϵ¼µ¿ O»´

∂T µ¿
− ϵÃµ¿ T µ¿ = 0.
∂O»³

(7.33)

Inserting Eq.(7.32) yields
(¶Ã³ ¶¼´ − ¶Ã´ ¶¼³ ) ϵ¼µ¿ O»´

∂T µ¿
= ϵÃµ¿ aµ O»¿ b» = ϵÃµ¿ T µ¿ ,
∂O»³

therefore, Eq.(7.33) is satisfied and we may write
Tµ¿ = O»µ
where

7.5.3

∂U
∂U
− O»¿
∂O¿»
∂Oµ»

1
U = aµ b¿ Oµ¿ .
2

(7.34)

Example involving stokeslet vorticity

As we showed in Chapters 3, 4 and 5, monopolar forces can play an important role in the
steady states of active matter. Here, we consider the integrability of the hydrodynamic
interactions common to many active systems. The fundamental solution of the Stokes
equation in an unbounded medium can be written from Eq.(2.19) as
G³´ (r) =

1
8Ã¸

I³´ r³ r´
+ 3 .
r
r

(7.35)

The gradient of which is
∇µ G³´ =

−I³´ rµ I³µ r´ Iµ´ r³ 3r³ r´ rµ
+ 3 + 3 −
r3
r
r
r5

(7.36)

The hydrodynamic force and torque on a small test particle of radius b due to the
presence of a point force (or stokeslet) fa is given by
3b
F³ =6Ã¸G³´ f´ =
4
T³´

"

f³ r³ r´ f´
+
r
r3
3b r[³ f´]
=3Ã¸∇[³ G´]µ fµ =
4 r3

"

(7.37)

7.6 Dynamics and Kinematics of SE (3)

105

here, square brackets on the indices implies antisymmetrization. The viscous torque
is simply the antisymmetric spatial derivative of the force, therefore it is obvious that
the force is not integrable. Surprisingly however, a dynamical system subject to viscous
torques where the positions of particles and stokeslet forces are fixed can be derived from
the potential since the integrability condition reduces to that found in Subsec.(7.5.2)
where r³ , f´ are fixed vectors. The potential is then given by
U = 3br³ f³ /4r3 .

7.6

Dynamics and Kinematics of SE (3)

The group G = SE (3) = T 3 ë SO (3) is the three-dimensional semi-direct product
group of translations and rotations. Here, the generators of translations are coupled to
the generators of rotations, distinguishing this group from the direct product T 3 ×SO (3).
In other words, we construct the dynamical equations that are seen by an observer in
the body frame who uses his own co-rotating co-ordinate system to measure positions.
The Lie algebra of this group takes the form
aa , ab =0
ea , eb =ϵabc ¶ij ec

(7.38)

ea , ab =ϵabc ¶ij acj
where the final commutator relation encapsulates this coupling. This Lie algebra admits
a four-dimensional matrix representation, namely




Ω V

∈g
0 0
where Ω ∈ se (3) and V ∈ T 3 . Exponentiation of this matrix yields the group element




O x

∈ G,
0 1
where O ∈ SO (3) and x ∈ T 3 . The group product is then simply










O x O′ x′  OO′ Ox′ + x
gg ′ = 
=
0 1
0 1
0
1

(7.39)
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the kinematic equations of motion can be found by using the definition of the leftinvariant velocity Ω = g −1 ġ yielding the kinematic equations
ẋ = OV,

Ȯ = OΩ.

(7.40)

Defining a generalized momentum as




IΩ mV 
J =
,
0
0
the dynamical equations of motion immediately follow as
I Ω̇ + Ω × IΩ = T,

mV̇ + Ω × mV = O−1 F.

(7.41)

The additional inertial term Ω × mV is immediately recognizable as the Coriolis force
arising due to dragging of the translational co-ordinate system resulting from the rotation
of the observer’s frame of reference.

7.7

Discussion

In formulating the equations of motion, it was necessary to postulate the existence
of a fixed spatial frame which the body frame moves relative to. This implies that
generalized velocities may only be measured relative to another frame of reference. On
the other hand it is common experience that an observer in a non-inertial rotating frame
experiences centrifugal forces, while an inertial observer does not. This asymmetry is
seemingly contradictory to the relative velocities that have been encountered here, and
was first seriously address by Ernst Mach, who postulated that inertial frames are defined
as having zero rotational motion relative to the fixed stars at infinity [124]. With the
advent of General Relativity, a more local statement of this principle can be formulated:
inertial frames are defined as co-moving relative to the background gravitational field.
An observer that measures inertial forces is therefore either accelerating or rotating
relative to this field. This is a direct consequence of the Lorentz group putting rotations
and boosts on an equal footing, since now Lie algebra elements in fact correspond to
angular velocity and linear acceleration.

7.8 Conclusion

7.8
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Conclusion

Lie groups that act transitively on some manifold are known as the principle group of that
manifold. The natural algebraic structure present within Lie groups makes it extremely
convenient to formulate equations of motion in the Lie group itself. The generalized
velocity is associated with a vector in the Lie algebra that acts as a kinematic evolution
operator on the manifold. The dynamics are defined by a virtual power principle, where
generalized forces are immediately identified as conjugate to generalized velocities. This
provides a streamlined derivation of the geometric equations of motion. Group pushforward acting on the Lie algebra defines a natural global non co-ordinate basis in which
global integrability conditions may be obtained. These conditions follow directly from
Poincaré’s lemma and generalize the well known “vanishing of curl” in three-dimensional
vector calculus to vector fields defined on arbitrary Lie groups. Generalized forces are
integrable if they obey these integrability conditions and admit a Hamiltonian description for the dynamics. Explicit integrability conditions have been derived for a system
of N rigid body particles, corresponding to each plane defined by a choice of two generators. Finally, dynamics as viewed by an observer in a non-inertial frame have been
considered through a coupling of the translational and rotational generators in the Lie
algebra. This corresponds to a dragging of the translational frame by rotational motion
and leads to the generation of the well known Coriolis force.

Chapter 8
Summary
In this thesis, we have investigated the occurance of both dynamical and kinematic
symplecticity for systems of active particles. We define dynamical symplecticity as the
duality between kinematic position variables and dynamic momentum variables that
naturally occurs in Newtonian dynamics due to the presence of conservative forces.
On the other hand, kinematic symplecticity is an emergent property of active matter
systems in the overdamped limit, where the inertial forces in the dynamical equations of
motion can be neglected. In the absence of inertia, there is no reason for the equations of
motion to preserve any symplectic structure, since active power injection and dissipation
at the microscale prevents the construction of an a-priori Hamiltonian encapsulating the
dynamics. Therefore, we must begin our investigation at the level of the equations of
motion.
In Chapter 2 we began our investigation into the kinematic symplecticity displayed
by overdamped active systems. First, we derived the equations of motion for a system of uniaxial rigid bodies immersed in a background fluid that is well modelled by
the Stokes equations of creeping flow, a linearized form of the Navier-Stokes equations
for incompressible fluids in the limit of zero Reynolds number. The viscous hydrodynamic resistance provided by this fluid yielded dissipative viscous forces that act on
any kinematically active particle. Activity of the particles induced a flow-field in the
background fluid, producing long-ranged interparticle forces and torques. Explicit expressions for these forces and torques were derived using the generalized Stokes laws [27].
This is done by first expressing the slip velocity on the surface of a spherical particle
due to both rigid body motion and active slip in a basis of spherical tensor harmonics
[27, 36, 56, 57]. These tensoral slip coefficients may then be propagated off the surface
of the particle into the fluid using the Green’s function of Stokes flow, defining a background flow field. This collective flow then exerts hydrodynamic forces and torques on
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each particle, defining a collective motion. As the viscous dissipation in these system is
much greater than the rate of change of kinetic energy, the inertial forces may be neglected yielding overdamped dynamics, whereby the instantaneous velocity is specified
by the balance of forces against viscous dissipation.
In Chapter 3 we studied the dynamics of a pair of sedimenting active particles interacting through such a viscous medium, providing a model for the “dancing Volvox”
experiment [6]. A reduction of the overdamped dynamical equations through the imposition of Casimir-Onsager symmetries yielded a system of five equations: two orientational; and three translational. In the absence of gravitational torques and far from
any bounding plane this state-space displayed non-trivial Poisson structure and hence
kinematic symplecticity. Moving to the co-sedimenting frame, the average height of the
two-particle system, the sum of orientation vectors and separation in height were each
shown to each be conserved quantities, and hence Casimir invariants, of the motion. The
remaining two variables, namely the separation vector in the x − y plane and relative
orientation variables were shown to be conjugate to one another with dynamics that
could be encapsulated by a Hamiltonian function, whose level sets defined closed orbits.
The stability of the dancing Volvox near a plane boundary could then be rationalized as
follows: First, the sedimentation of the oscillating pair is arrested at the bottom wall due
to the counteracting superimposed flow-field of the image charge system. This image
charge flow also acts to increase the “pseudo-energy” of the system as defined by the
level set of the Hamiltonian. However, this forcing of the natural oscillations is damped
by external gravitational torques. These gravitational torques act to create a stable
fixed point along the Casimir invariant defined by the sum of orientational variables,
confining the dynamics to a single plane. In this way, the transient oscillations decayed
to a limit cycle defined by the periodic damping and forcing. This work highlights the
importance of monopolar forces and torques within active matter that can result from
interaction with a boundary or an external field.
In Chapter 4 we studied the linearized dynamics of both the one- and two-dimensional
sedimenting lattice of these active particles. In reference to the work done by the
Cosserat brothers on materials with microscopic degrees of freedom [28], we dub these
arrays as active Cosserat crystals since their self-propulsion axes break microscopic rotational symmetry. Analysis of small perturbations about the initial lattice configuration
revealed that the crystal admits propagation of travelling waves of position and orientation, despite overdamping. At long wavelengths, these obey a vector wave equation
with Lamé constants determined by the activity. However, at any value of the activity,
at least one polarization mode of these waves was unstable, leading to the melting of the
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crystal. The dispersion relation of the unstable mode contained a non-analytic point at
zero wavenumber in both one- and two-dimensions, indicative of a Felderhof instability
[108] resulting from the presence of long-ranged hydrodynamic forces. Models based
on nearest-neighbour interactions cannot reproduce this behavior, distinguishing this
instability from the type studied by Crowley [101, 102, 105] These results are elucidated
by identifying an odd-dimensional Poisson structure consisting of a Hamiltonian and an
associated Casimir invariant, where linear combinations of position and orientation are
identified as conjugate variables. We rationalize the repeated appearance of kinematic
symplecticity in the following way: many systems in overdamped active matter contain an update rule whereby orientation tells position how to update and position tells
orientation how to update [125]. This leads to a system of equations of the form
ẋi = vA q i ,

q̇ i = Li (xi ) .

where xi are positional variables and qi orientational for the i−th particle. Comparing
these equations to Hamilton’s equations, we see that they are identical with orientation
taking the place of momentum and vA taking the place of inverse mass. Therefore, we
immediately see that these equations admit a Hamiltonian if the function Li controlling
the orientational update rule is integrable. However, unlike Hamilton’s equations for
dynamical systems, these equations of motion break time-reversal symmetry, and thus
are distinguished from an equilibrium system.
In Chapter 5 we consider an active Cosserat crystal sedimenting in a medium confined by two well-separated bounding planes. We show that steric interaction of either
active particles displaying positive gravitaxis with the top bounding plane or negative
gravitaxis with the bottom bounding plane can result in the formation of a stable active
Cosserat crystal similar to that seen in experiments [49, 96, 110, 111]. Inter-particle
steric interaction results in the presence of underdamped modes of position and orientation, unlike the freely sedimenting crystal. Tuning of the activity parameters can lead to
melting of the crystalline state and the emergence of one of two non-equilibrium phases:
a spatially modulated but temporally uniform state reached through an active analogue
of the Peierls transition [114]; and a spatio-temporally modulated state with sustained
oscillations of both position and orientation. Mathematical analysis suggests that the
active Peierls transition results from the dominance of the activity-induced positionorientation coupling over the on-diagonal equilibrium forces and torques. This results in
the dominance of off-diagonal terms in the linear response matrix similar to the classical
Peierls transition, resulting in an instabiliy and formation of a new steady state. On the
other hand, the spontaneous active oscillations result from an antisymmetric coupling
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between position and orientation that has no equilibrium equivalent. Mathematical
analysis suggests that this antisymmetric coupling can occur due to the presence of a
hydrodynamically significant contractile stresslet active slip mode. Near the top wall,
image charges provide a forcing resulting in complex eigenvalues of the longitudinal
position-orientation lattice vibrations with positive real component. Particle-based simulations confirm the presence of these dissipative, dynamical steady states and suggest
possible methods for experimental verification of these phenomena.
In Chapter 6 we outlined the mathematics required to formulate equations of motion
on Lie groups and highlighted the equivalence between vectors and differential operators.
While Lie groups can be treated within the framework of Riemannian manifolds, this
is unsatisfactory as co-ordinatization of the manifold is performed without regard for
the underlying algebraic structure of the group. Following the procedure of Klein, the
natural group action is exploited in order to construct a global non co-ordinate basis upon
which we may construct equations of motion. Co-ordinate independent integrability
conditions for vector fields on arbitrary Lie groups are formulate using Poincaré’s lemma.
In Chapter 7 the equations of motion were derived for an arbitrary Lie group through
the virtual power principle, associating a notion of generalized force as conjugate to generalized velocity. Lie groups admit a natural action mapping their own Lie algebra,
the tangent vector space at the identity element, back into itself through the adjoint
action. The state of the system is then usually defined by a set of Lie algebra vectors.
Kinematic evolution may then be defined by some time-dependent group action on this
state, defining a path through the Lie group starting from the identity element. The
tangent vector to this path then defines a generalized velocity in the Lie algebra through
pushforward group action. Employing a virtual power principle, generalized forces are
immediately identified as dual to the generalized velocities specifying the motion, and
hence as one-forms in the co-Lie algebra. The dynamical equations are then defined
through a balance between inertial, external, internal and constraint forces for an arbitrary virtual motion. On a simply-connected Lie group, the integrability conditions of
any generlaized force-field can be derived through an application of Poincaré’s lemma.
This co-ordinate free representation can immediately be applied giving generalization of
the well-known vanishing of curl for a vector field in R3 plus an additional commutator
term resulting from expressing the condiiton in a non co-ordinate basis. The dynamical equations of motion in the presence of integrable generalized forces may then be
encapsulated within some scalar Hamiltonian function and are said to be dynamically
symplectic. We apply this theory to derive the equations of motion of a system of N
arbitrary rigid bodies, whose principle group of this system is the N −fold product group
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of three-dimensional translations and rotations. One peculiar aspect of rotational dynamics is the symmetry between the mathematical treatment of two different frames of
reference rotating relative to one-another, and at the same time the presence of inertial
forces in one frame but not the other. This paradox was first discussed by Ernst Mach
[124], who postulated that some background field must exist against which rotations can
be defined. The geometric formulation here shows that this asymmetry is not limited to
rotations, but to any kinematic motion described by Lie group action.
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Appendix A
Simulation details
Full simulations details are provided that were used to make the figures in Chapters 3
and 5. The full equations of motion Eq.(4.1) were simulated using PyStokes, a python
package for simulating Stokesian hydrodynamics [126] using the following code:
import pystokes as ps
import pystokes . forceFields as pf
import numpy as np
import json
import scipy . io as sio
import scipy . integrate as spi
def make_simulation ( rp_in , tf , T , vA , v0 , b ) :
""" Perform a PyStokes simulation in a semi - infinite
medium bounded by a no - slip wall .
Parameters
---------rp_in : array
Initial positions and orientations of N
particle in the form
[ x1 , x2 , ... , xN , y1 , ... , yN , z1 , ... , zN ,
px1 , px2 , ... , pxN , py1 , ... , pyN , pz1 , ... , pzN ]
tf : float
Total integration time of simulation
T : float
External torque strength acting on each particle
vA : float
Active velocity of each particle
v0 : float
Sedimentation velocity of each particle
due to gravitational forces
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b : float
Radius of each particles
Returns
------array
Array of time points , state of system
"""
PI = np . pi
print ( " wallbounded sim " )
dim = 3
eta = . 1

# viscosity of the fluid
simulated

Np = round ( len ( rp_in ) / 6 )
rp0 = np . array ( rp_in , dtype = np . float64 )
if len ( rp0 ) = = Np * 6 :
pass
else : raise Exception ( " wrong dimensions of input array " )
S0 , D0 =0 , 0
# stresslet and dipole strengths
vs , ws , ts
= vA ,0 , - T * 8 * PI * eta * b ** 3
Tf , Npts

= tf , tf * 10

# Final time and number of points for
integrator
time_points = np . linspace (0 , Tf , Npts + 1 ) ; # # intervals at which output
is returned by integrator .

def buoyancy_force (F , r ) :
for i in range ( Np ) :
F [ i + Np * 2 ] + = - 6 * PI * eta * b * v0
return
def rhs0 (t , rp ) :
F = np . zeros ( Np * dim )
v = np . zeros ( Np * dim )
o = np . zeros ( Np * dim )
r = rp [ : dim * Np ]
p = rp [ dim * Np : ]
T = np . zeros ( Np * dim )
for i in range ( Np ) :
T[i]
= - ts * p [ i + Np ]
T [ i + Np ] = ts * p [ i ]
# T [ i + Np * 2 ] = 0 . 0

# torque is ts \ times p
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# S = np . zeros ( 5 * Np )
# S[i]
= S0 *( p [ i ]* p [ i ] -( 1 . 0 / 3 ) )
# S [ i + Np ] = S0 *( p [ i + Np ]* p [ i + Np ] -( 1 . 0 / 3 ) )
# S [ i + Np * 2 ] = S0 *( p [ i ]* p [ i + Np ])
# S [ i + Np * 3 ] = S0 *( p [ i ]* p [ i + Np * 2 ])
# S [ i + Np * 4 ] = S0 *( p [ i + Np ]* p [ i + Np * 2 ])
Rbm = ps . wallBounded . Rbm (b , Np , eta )
buoyancy_force (F , r )
ff = pf . Forces ( Np )
ff . softSpringWall (F , r )
Rbm . mobilityTT (v ,r , F )
Rbm . mobilityRT (o , r , F )
Rbm . mobilityRR (
o, r, T)
# Rbm . mobilityT2s (
v, r, S)
out = np . hstack (( v , o ) )
for i in range ( Np ) :
out [ i ]
= v [ i ] + vs * p [ i ]
out [ i + Np ] = v [ i + Np ] + vs * p [ i + Np ]
out [ i + Np * 2 ] = v [ i + Np * 2 ] + vs * p [ i + Np * 2 ]
out [ i + Np * 3 ] = o [ i + Np ] * p [ i + Np * 2 ] - o [ i + Np * 2 ] * p [ i + Np ]
out [ i + Np * 4 ] = o [ i + Np * 2 ] * p [ i
] - o[i
] * p [ i + Np * 2 ]
out [ i + Np * 5 ] = o [ i
] * p [ i + Np ] - o [ i + Np ] * p [ i
]
return out
dict_out = spi . solve_ivp ( rhs0 , (0 , Tf ) , rp0 , t_eval = time_points , method = ’
Radau ’ , atol = 1e -5 , rtol = 1e - 6 ) # ##
does not work ( sometimes )
print ( f " Success : { dict_out [ ’ success ’] } " )
return dict_out [ " t " ] , dict_out [ " y " ] . T
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Figure A.1: Stroboscopic images from the dynamics of two active particles near a plane
no-shear surface. A similar dynamics is also obtained near a plane no-slip surface but
with a longer time scale due to the reduced strength of the hydrodynamic interactions.

A.1

Chapter 3

The initial parameters were set to b = 1, vA = 1, v0 = 1. We then study the system near
a plane surface by computing the mobility tensors using the appropriate Green’s function
of Stokes equation which satisfies the boundary conditions of no-slip [55] or no-shear [127]
at a plane surface. Our system of active particles near a plane surface has no periodic
boundary condition and the particles are allowed to explore the infinite half-space around
the surface. For simulations near the bottom plane, an additional restoring torque of
strength ÉR = 0.022 was added due to bottom-heaviness of the colloids. In this case,
z becomes a dynamic variable and the separation changes greatly over the time period
of a cycle. In order to prevent the active particles getting too close to one another an
additional soft harmonic repulsion of strength ¼ = 2 was introduced when the particles
came within 6.3 units of radius b of one another. This kept the particles separated by
an average vertical distance z/b = 3 during integration allowing comparison to be made
with the analytics and numerics of the reduced equations. Making this potential soft
and longer ranged made numerical integration more stable and allowed larger integrator
step sizes to be taken which reduced the cost of running longer simulations. It was not
necessary to include a repulsive contact potential from the surface as the particles were
at least a distance b away due to hydrodynamic repulsion from the image charges. A twoparticle simulation of above equation leads to the formation of time-dependent bound
state as described in the main text. See Fig.(A.1) for snapshots from the dynamics.

A.2

Chapter 5

In Fig.(5.2), particles were initialized at random co-ordinates in the x − y plane at a
fixed distance from either boundary and a small random noise was added to the initial
orientation. In Figs.(5.3,5.4), colloids were initialized in a hexagonal lattice near to
the appropriate boundary with small orientational and translational displacements from
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the lattice position. This initial configuration was then embedded in a non-dynamical
super-crystal matrix. The effect of this super-crystal was to remove any edge effects that
might be dominant in the dynamics, allowing simulations involving a smaller number
of colloids to more accurately represent an infinite crystal. Thus, computation time
2
2
was reduced from Ntotal
to Ndynamic
+ Ndynamic Nnon-dynamic , where Ntotal = Ndynamic +
Nnon-dynamic , Nnon-dynamic k Ndynamic .

# of colloids
512
512
400
400
200/500
vA
0.13
0.13
0.02
0.01
-1

F0 /6Ã¸b
0
-3.0
-0.1
-4
-0.6

T0 /8Ã¸b2
0.80
0.36
0.16
0.1
0.04
S0
0
0
0
-1.5
0

ϵwall
0.1
0.1
0.1
0.1
-

wall
rmin
3.5b
3.5b
3.5b
3.5b
-

¼particle
0.5
0.5
0.5
0.25
0.1

particle
rmin
3b
3b
2.5b
5b
4b

Table A.1: Simulation parameters used to study active crystallization at the top and bottom walls, the active Peierls
transitions, and breathing modes. Throughout this paper b = 1, ¸ = 0.1. All simulations were done in the full 3d space
except in Figure 5.4b-e where the height was held fixed at L − h = 5b in order to aid comparison with the linear theory.
No-slip boundary conditions were used throughout as the weaker flow fields yielded better numerical stability. A truncated
Lennard-Jones potential was used to model the interaction between the wall and particles while a truncated harmonic
potential was used to model interparticle interactions.

Figure
Fig.(5.2a-c) (top)
Fig.(5.2d-f) (bottom)
Fig.(5.3a-c)
Fig.(5.4a-e)
5.5a
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Appendix B
Table of mobilities
Explicit expressions for the two-body mobility tensors for Sec.(3.2) in a Stokes fluid
confined between distantly separated parallel plane boundaries. The particles are at positions Ri = (xi , yi , zi ) where i = 1, 2 The first three rows contain the near bottom plane
expressions which satisfy the no-shear boundary condition. Here G³´ (x1 , z1 ; x2 , z2 ) =
Go³´ (x1 − x2 , z1 − z2 ) + (¶´Ä ¶Äµ − ¶´3 ¶3µ )Go³µ (x1 − x2 , z1 + z2 ) is the Green’s function
of Stokes equation which satisfy the no-shear condition at a plane surface [127], Ä
takes values x, y, which correspond to directions in the plane surface and Go³´ (r) =
1
(∇2 ¶³´ − ∇³ ∇´ ) r is the Oseen tensor. The vectors r = (x1 − x2 )2 + (z 1 − z2 )2
8Ã¸

and r∗ = (x1 − x2 )2 + (z 1 + z2 )2 are, respectively, inter-colloidal distance and the distance from one colloid to the other’s image charge. The last three rows are the near top
plane expression. We emphasize that we do not include any periodic boundary condition
and the particles are allowed to explore the full space between the planes.
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Table B.1: Explicit forms of mobility matrices near the bottom and top parallel no-shear planes, separated by a distance L.

Top plane

Top plane

Top plane

Bottom plane

Bottom plane

Bottom plane

µTijT = (1 +
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Appendix C
Exact solution for Hamiltonian limit
cycle
The two-body dynamics is described in Eqs.(3.3-3.4) of the main text. In an unbounded
domain these are simplified to the form
dx
d¹
=
=
3
mgx/8Ã¸r
2vA sin ¹
vA cos ¹ −

dh
mg
8Ã¸

4
3b

+ 1r +

z2
r3

= dt.

All the remaining variables are not dynamical. In particular, the separation z between
the particles now remains constant. In this limit, we obtain an integral of the motion
H(x, ¹) =

mg
1
√
+ 2vA cos ¹.
2
8Ã¸ x + z 2

(C.1)

We denote the level sets as H(x, ¹) = E. We now use the fact that z is a constant and
perform the following substitutions
x = z tan ϕ,

mg = 6Ã¸bv0 .

(C.2)

t

We can then find the time integrals
O dt′ for any quantity O (ϕ(t), E) that can be
expressed in the form c0 + c1 cos ϕ + c2 cos2 ϕ + c3 cos3 ϕ. Throughout, we use the variable
 ϕx O
 TE
 xm O
dϕ, where xm = z tan ϕm and xm is the
dx =
substitution
O dt =
ẋ
ϕ̇
mg √ 1
maximum amplitude such that E = 8Ã¸ 2 2 + 2vA . Under these substitutions the
integrals of interest take the form


ϕ

xm +z

c0 + c1 cos ϕ′ + c2 cos2 ϕ′ + c3 cos3 ϕ′
cos2 ϕ′ (a1 − cos ϕ′ ) (cos ϕ′ − a2 )

dϕ.

(C.3)
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Figure C.1: Plots of the 5 basis functions defined in Table (C.1) for E = 2.245.
We can then find an exact solution as a linear combination ³F + ´E + µΠ1 + ¶Π2 + ϵG of
elliptic integrals [87] and a 5th basis function G (see Table (C.1)). These integrals then
become
3


i=0

ci 1 − (n sin u)2
2 2

1 − (n sin u)

i

1 + (n sin u)2
2

1 + (n sin u)

1+

3−i

n
m

sin u

2

du,

(C.4)

where we have used the definitions

tan

ϕ
= n sin u,
2

n=

1 − a2
,
1 + a2

m=

a1 − 1
.
a1 + 1

By comparison with Table (C.1) it is easy to see that a linear combination of the 5
functions will span the space of the integrand in Eq.(C.4). The coefficients (³ . . . ϵ) are
given by

³=−

c0
− c1 + c2 − c3 ,
a2

´=

¶ = 2c3 ,

1
(a1 − 1)(a2 + 1)c0
1
, µ = c0
+
+ 2c1 ,
2a1 a2
a1 a2
(a1 − 1)(a2 − 1)c0
ϵ=−
4a1 a2
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To find the height h(x, E) we start from the dynamical systems and transform x using
Eq.(C.2) to get


h (x, E) =


ϕ E
2

ϕ

− v0 −
"

9v0
8z

cos ϕ′ −

cos2 ϕ′

"

cos3 ϕ′
2
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E
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3v0
4z

cos3 ϕ′
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dϕ′ .
3v0
4z

cos ϕ′

The above integral is of the form given in Eq.(C.3), and thus, can be rendered in the
analytic form
4z
(³F + ´E + µΠ1 + ¶Π2 + ϵG) ,
3v0
c0 =

9v0
3v0
E
− v 0 , c1 = −
, c2 = 0, c3 = −
,
2
8z
4z
4z
4z
(2vA + E) , a2 =
(2vA − E)
a1 =
3v0
3v0

The constant of integration can be set to 0 w.l.o.g due to translational invariance in
the z direction in the unbounded domain. We can also calculate other useful quantities
such as the average sedimentation velocity, the time period of the oscillation and the
maximum h amplitude of the closed orbits seen in a co-sedimenting frame of reference
1
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4
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0
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cos ϕ cos2 ϕ

dϕ
ϕ̇

0
0
cos ϕ0 − 3v
cos3 ϕ0 = 0. In each case the coefficients
where ϕ0 is the solution of E2 −v0 − 9v
8z
4z
for the ci s can be written down and hence the integral evaluated using Table (C.1).
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Common denominator

Table C.1: The 5 basis functions that make up integral in Eq.(C.3). F,E,Π are incomplete elliptic integrals of the first,
second and third kind respectively. These have been plotted in Fig.(C.1).
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Appendix D
Lattice sums
D.1

Lattice sums in one dimension

The Greens function of an unbounded viscous medium G given by
G (Ri , Rj ) =

1
(I + r̂ ij r̂ ij )
8Ã¸r

(D.1)

where r ij = Ri − Rj and r̂ ij = r ij /rij which may also be written as
G (Ri , Rj ) = ∇2 I − ∇∇ rij

(D.2)

The lattice sums required to calculate the hydrodynamical interactions of the 1 dimensional chain can be evaluated using

l

∂µTil T
· mg
∂Rj

1
∂
(mg + r̂ il (r̂ il · mg))
∂Rj 8Ã¸ril
l
∗
mg
=−
[− (ẑ + r̂ ij (r̂ ij · ẑ)) r̂ ij + I (r̂ ij · ẑ) + r̂ ij ẑ]∗
2
8Ã¸rij
mg
(D.3)
[ẑr̂ ij − r̂ ij ẑ]
=
2
8Ã¸rij
=

∗

where, by parity, l r̂ jl = 0. Using a similar procedure and setting r ∗ij = R∗i −R∗j = nax̂,
the following lattice sums can then be evaluated:

D.2 Lattice sums in two dimensions

eikna
ln
ikna

e
ln

D.2

∂µTil T
· mg
∂Rj

∂µRT
il
· mg
ẑ ×
∂Rj

=
∗

∗
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∞
sin nka
img
(ẑ
x̂
−
x̂ẑ)
2
4Ã¸a
n2
n=1

"

∞
cos nka
1
mg
(I
−
ẑẑ
−
3x̂x̂)
−
=
4Ã¸a3
n3
n3
n=1

(D.4)
"

(D.5)

Lattice sums in two dimensions

Taking the lattice to be square with r ij = nax̂ + maŷ, the two-dimensional lattice sums
required are then
ei(k1 n+k2 m)a
lnm

lnm

ei(k1 n+k2 m)a ẑ ×

∂µTil T
· mg
∂Rj

∂µRT
il
· mg
∂Rj

sin (nk1 + mk2 ) a
img ∞
[ẑr̂ ij − r̂ ij ẑ]∗
2
4Ã¸a nm
n2 + m2
ia
(D.6)
= − (ẑs (k) − s (k) ẑ) ,
¼
cos (nk1 + mk2 ) a − 1
mg ∞
[I − ẑẑ − 3r̂ ij r̂ ij ]∗
=
3
4Ã¸a nm
(n2 + m2 )3/2

=
∗

∗

a2
= c (k) I − ẑẑ − 3k̂k̂ ,
¼b

(D.7)

where ∞
nm implies summation over all lattice points n > 0, −∞ < m < ∞ in the
half-plane Γ. These sums are conditionally convergent [128, 129] yielding the finite
expressions for s (k) , c (k). The sum
s (k) =

∞
nm

r̂ ij

sin (nk1 + mk2 ) a
= s (k) k̂
n2 + m2

(D.8)

since sin k · r ij = 0 for r ij § k where r ij = (na, ma). Therefore, only components
parallel to the wavevector contribute when the sum is taken over all lattice points.

D.3

Lattice sum near wall

The Green’s function for a particle confined between two parallel planes can be approximated by the expression

G (r il ) · F § =

1
∗∗
§
∗∗
[(I + r̂ il r̂ il ) /ril − (I + r̂ ∗il r̂ ∗il ) /ril∗ − (I + r̂ ∗∗
il r̂ il ) /ril ] · F
8Ã¸

D.3 Lattice sum near wall
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when the separation between the plates L k b the radius of the particle and the particle
is located far from the nearest bounding wall. Here, r il = Ri −Rl , r ∗il = r il −2hẑ, r ∗∗
il =
r il +2 (L − h) ẑ where h = Rl · ẑ. Here r il is the separation vector between the i−th and
l−th particles and r ∗il is the separation vector between the i− th particle and the image
charge of the l−th particle reflected in the bottom plane while r ∗∗
il is the separation
vector between the i− th particle and the image charge of the l−th particle reflected in
the top plane. Using the fact that
∇Rj f (ril∗ ) = f ′ (ril∗ ) r ∗il (¶ij − ¶jl )

(D.9)

and similar for ril∗∗ , the lattice sum
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+ same for ril∗∗
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The Fourier transform can then be defined as
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= (s (k) ẑ − ẑs (k)) + » (k)
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h
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=»1 (k) I − 3»2 (k) k̂k̂ + +»3 (k) k̂ẑ + ẑ k̂ + »4 (k) ẑẑ.
As previously, s (k) is only conditionally convergent. On the other hand, » (k) is absolutely convergent.
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