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Abstract

Diffusion, sub-diffusion, and escape

Thomas Huw Gray

We study over-damped Brownian motion in various potential energy landscapes. Starting with
one-dimensional systems, we derive the diffusion coefficient for motion in a piecewise-defined
potential where the barrier height of each section is taken from a probability distribution.
When the distribution is exponential the usual transition between diffusion and sub-diffusion
is observed. The behaviour of the diffusion coefficient around the transition depends upon
the shape of the energy barriers. A coarse-grained simulation scheme, where particles are
moved between lattice sites located at the potential minima, is proposed. Good agreement
with Brownian dynamics simulations is observed. Motion in one-dimensional rough potentials
is studied, and a modified Langevin equation, valid on long time scales, is derived. This
result is extended to higher dimensions and used to derive an expression for the effective
diffusion coefficient. Comparison to that obtained from a lattice hopping model facilitates the
construction of the multi-dimensional coarse-grained simulation scheme.

Escape processes in multi-dimensional potentials are then studied. A framework to calculate
the mean first-passage time is proposed and found to offer good agreement with simulations,
even when the barrier to escape is small compared to the thermal energy. The framework
attempts to capture the effect upon the motion of a varying profile in the direction(s) normal
to the escape direction. Simulations reveal good agreement when the profile becomes more
confining, but only moderate agreement when it becomes less so.

Finally, we apply the above framework to a channel described by a confining parabolic
potential whose curvature varies periodically along its length. The diffusion coefficient is
derived under the assumption of rapid equilibration in the confining direction. Adding a
periodic potential along the channel can enhance the rate of diffusion, depending upon its phase
relative to the periodic curvature.
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Chapter 1

Historical context and introduction

We would like to begin by presenting the historical background to this thesis. As each chapter
starts by contextualising the work in terms of the recent history, we will focus our efforts here
on how the field advanced from the time of the first observations of Brownian motion to the
second half of the twentieth century. We hope that our presentation of, and commentary upon,
the developments over this period of time serve to place the work presented later in a broader
context.

In 1784, Jan Ingenhousz reported on the jittery behaviour of finely ground charcoal in
alcohol [141]. His aim was to demonstrate the potentially significant effect of an evaporating
medium on the motion of the sample immersed therein. Charcoal’s inanimacy meant that the
motion, which had been seen also in organic samples, could not be attributed to a living being,
and thereby highlighted the importance of cover-slips in making accurate observations. (The
cover-slip reduces evaporation). However, whether it amounted to an observation of what
has come to be known as Brownian motion is unclear, and maybe impossible to know. His
focus was on the motion induced by currents of evaporating alcohol, which is not Brownian.
However, by introducing a cover-slip it is possible that he created the conditions under which it
was possible to observe Brownian motion. The tangential aim of the experiment combined with
uncertainty over whether a not-sought-out phenomenon was observed mean that it is hardly
surprising that we credit Robert Brown with the discovery. In 1827 he observed the motion of
pollen grains in water and noticed the erratic behaviour of small particles ejected from them.
He studied their behaviour in more detail and described the phenomenon which now carries his
name [48].

Two years after Brown’s observations, in 1829, Thomas Graham published the first of his
papers on the subject of gaseous diffusion [114]. By allowing hydrogen or oxygen molecules to
escape from a small hole in a piece of platinum he was able – using an experimental set up which
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permitted the measurement of relative velocities – to establish that the hydrogen molecules
escaped four times more rapidly than the oxygen molecules [258]. Further experimentation led
Graham to propose the concept of equivalent diffusion volumes, which is the ratio of the volume
of gas diffused to the eventual volume of air replacing it in the starting jar [113, 115, 116]. He
noted that these volumes were not equal, but in inverse proportion to the square root of the
density of the gas. By later considering the diffusion of a gas into a vacuum Graham was able to
conclude that the rate of flow also obeys this relationship [117, 118]. Importantly, he stated that
this result holds at different temperatures, which paved the way for his later statement when
considering diffusion in liquids: that increasing the temperature leads to a noticeable increase
in the rate [119]. Although the effect of temperature on the motion is now well-established, this
was not the case when Graham was writing, nor in the half-century thereafter. Others believed
that temperature had no effect [240], and Perrin, who is credited with the decisive verification
of the theory of Brownian motion, summarised earlier work by saying “basing oneself purely
on what can be seen, it is impossible to state anything definitive” [204].

Whilst Graham greatly advanced the understanding of diffusion of both gases and liquids, it
was Adolf Fick in 1855 who first wrote down the now well-known laws governing the transport
of matter through diffusion [100]. Fick’s study of Graham’s work on the diffusion of salts in
water, and his own experiments in the same vein, led directly to his proposal of a “fundamental
law for the operation of diffusion”, which we now call Fick’s first law: the diffusive flux goes
from regions of high concentration to regions of low concentration, and is directly proportional
to the concentration gradient. (Fick drew a direct link to studies of the diffusion of heat in
a thermally conducting body, and the diffusion of electricity in a conductor, performed by
Fourier and Ohm, respectively [104, 199]). Fick’s second law, which we today recognise as the
free diffusion equation, follows from Fick’s first law when combined with a statement on the
conservation of matter.

Shortly after Fick established his laws of diffusion, investigations into the kinetic theory
of matter picked up speed. In part initiated by studies of the diffusion of molecules, this work
would ultimately play an important role in supporting the atomic theory of matter. August
Krönig in 1856 developed a gas kinetic model which accounted for translational motion [164].
This was promptly built upon in 1857 by Rudolf Clausius, who added vibrational and rotational
motions [70, 69], and later also introduced the concept of the mean free path between collisions
[71]. James Clerk Maxwell in 1860 realised that the properties of transport processes depend
upon the mean free path and studied the dynamics of elastic collisions between hard spheres
in order to calculate the distribution of velocities. It is important to note that the notion of a
distribution of velocities was new: Maxwell remarked at the start of his paper that it had been
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demonstrated by Krönig and Clausius (among others) that “the relations between pressure,
temperature, and density in a perfect gas can be explained by supposing the particles to move
with uniform velocity in straight lines” [188, 80]. This was the first time a statistical law had
been introduced to physics. In later work, Maxwell used his formalism to study the diffusion
of gases under the same conditions as those used by Graham in some of his experiments
[190, 120]. He derived an expression for the diffusion coefficient and evaluated it for carbon
dioxide diffusing into air. The value differed from Graham’s measurement by a factor of three,
likely as a result of a combination of the knowingly simplified treatment of air as a single-
species gas, and errors in the measurement of the tube through which the carbon dioxide moved.
Nonetheless, connecting theory and experiment in this way was a remarkable achievement.
Finally, Maxwell derived Graham’s law: that when two vessels of gas are connected by a small
hole, the volumes of gases diffusing are in proportion to the inverse ratio of the square root of
their densities [190, 115, 116].

Maxwell argued that collisions between molecules would lead towards a state of equilibrium
in which particle velocities follow his proposed distribution [188, 189]. His initial argument in
favour of the distribution was based on symmetry and independence of components associated
with different co-ordinate directions. However, he later argued [190] in favour of the distribution
on the grounds that

“...this distribution of velocities will not be altered by the exchange of velocities
among the molecules by their mutual actions.”,

which, in today’s language, is the requirement that the equilibrium distribution is stationary.
Shortly after Maxwell published this work, Ludwig Boltzmann in 1868 applied this idea of

a stationary equilibrium distribution to other systems not studied by Maxwell [39]. In 1872,
Boltzmann set out to demonstrate that irrespective of the initial distribution of particle velocities,
the system would move towards equilibrium where the velocities are distributed according to
Maxwell’s distribution. He derived the Boltzmann equation, introduced the quantity H, and
demonstrated that it decreases monotonically in time until reaching a constant value when the
distribution of velocities has attained its equilibrium, Maxwellian form [40]. Note that this
derivation is like Maxwell’s in the sense that it proceeds along mechanical grounds.

Objections to Boltzmann’s H-theorem followed in 1876 when Joseph Loschmidt stated
what became known as the “reversibility paradox” [179]. This states that it should not be
possible to deduce that a process is irreversible from time-symmetric dynamics. Boltzmann
based his work upon elastic collisions of hard spheres (which follow Newton’s time-symmetric
laws of motion), but asserted that the quantity H decreases monotonically. This dispute was
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eventually resolved in 1894-5 when Samuel Burbury noticed that a key step in Boltzmann’s
derivation violated time-reversal symmetry [56–58]. However, in the meantime, the challenge
led Boltzmann to reformulate his approach and ultimately to derive the Maxwell-Boltzmann
distribution from statistical thermodynamic principles [41, 246].

The debate over the atomic nature of matter was still unresolved, with sometimes heated
exchanges between those on opposing sides. Boltzmann adopted the pragmatic stance that
whether or not it was true, the atomic view of matter was a useful way of understanding
the thermal behaviour of gases, and one which would ultimately prove more useful than the
rival continuum description [246]. Sadly, decisive verification of the atomist standpoint came
only after Boltzmann died. Nonetheless, considerable progress towards that point was made
during his lifetime. In the late 1880s Louis-Georges Gouy re-aroused interest in Brownian
motion [111, 112] and Franz Exner performed experiments to attempt to study the relationship
between the temperature of the system and the velocity of the particles. This he did by dividing
the length of the path by the time taken to traverse it [94]. We now understand that this is
a misconception of the velocity of a Brownian particle. The experiments performed in this
era, before the theoretical framework had been developed, are characterised by contradictory
observations. Whether the motion was regular, wholly irregular, or even oscillatory was debated
[111, 85, 187, 186].

The mathematical foundation of Brownian motion followed just after the turn of the
twentieth century, with major developments coming in quick succession. In 1905 Einstein

“... intended to show that, in accordance with the kinetic-molecular theory of
heat, bodies suspended in a fluid and of a size visible under the microscope, must,
as a result of thermal molecular movement, produce movements of such a size as
to be easily visible through a microscope”

[86]. It is important to note that Einstein focussed on the displacement of the particles from
their starting positions, rather than on their velocity. This marked a departure from the previous
focus on tracing particles along their trajectories, a point which Smoluchowski highlighted a
year later when, following a different line of argument, he arrived at a formula for the mean
squared displacement, which differed from Einstein’s by only a numerical factor [250, 186].

It is interesting to note how little regard Einstein paid to the experiments which preceded
his calculation of some of the implications of kinetic theory applied to particles in solution. His
objective does not appear to have been to explain Brownian motion [186], and he remarked
that in any case [86]
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“the data available to me are so imprecise that I have not been able to make
any judgement regarding this [the phenomenon of Brownian motion]”.

Rather, the application followed the calculation, and maybe even steered experimental work in
the right direction.

Shortly thereafter, in 1908, Paul Langevin advanced his own description of the behaviour of
these particles in solution [171, 175]. Rather than working with probability density functions
and the corresponding partial differential equations, he applied a Newtonian, force-based
approach. Thus the concept of a stochastic force (originally termed “complementary force”)
was born. Under the now-usual assumption of Gaussian white noise, Langevin obtained a linear
growth of the mean squared displacement with time, exactly as Einstein and Smoluchowski had
done. His result agreed exactly with Einstein’s, differing from Smoluchowski’s by the same
numerical pre-factor of 64/27.

Inconclusive attempts at experimental verification of these theories’ predictions were made
by Theodore Svedberg. In 1906 he published two works on Brownian motion: one before and
one after reading Einstein’s 1905 paper [234, 235, 186]. The first was from a premise wholly
at odds with Einstein’s conception of the theory, whilst the second was an attempt to relate his
work to the theory and offer it support. However, he made an important contribution in 1907 by
demonstrating that the motion was not due to electric charges [236].

Jean Baptiste Perrin is credited with performing the experiments which offered decisive
support to the theory. His first experiments validated the principle of equipartition of energy by
studying the exponential distribution of particle density as a function of height in a solution
[186]. Whilst undoubtedly supportive of Einstein’s work, this was not a verification of his
theory of Brownian motion. That followed in his later experiments. These focussed on the
mean squared displacement and built upon those performed by Victor Henri [132, 133], which
presented results in contradiction with Einstein’s theory: the root mean squared displacement
was much too large in one, and the addition of chemicals in quantities insufficient to change
the viscosity of the bulk solution appeared to have a dramatic effect upon the same quantity
in another. However, Henri’s emulsion was not subjected to any procedure which would
ensure that the particles had a consistent radius. As good knowledge of this quantity is crucial
to assessing agreement with Einstein’s theory, the apparent inconsistencies were called into
doubt. Perrin used centrifugal techniques to prepare an emulsion of particles of equal, known
radius. The first results of experiments performed with such an emulsion were published
by Perrin’s student, Chaudesaigues [62], and were then built upon heavily by Perrin’s group
[202, 203]. Good agreement with expressions obtained from Einstein’s and Langevin’s theories
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was observed. This work was instrumental in settling the debate over the nature of matter in
favour of the atomists’ point of view.

Before we turn to the development of rate theory, and ultimately the development of the
diffusion model of chemical reactions, let us conclude this discussion of the theory of Brownian
motion with some brief comments on some of Smoluchowski’s later work. From his papers in
1916 and 1917, the Smoluchowski equation was deduced [251, 252]. This equation, a partial
differential equation for the time-evolution of the probability density function for the positions
of particles subjected to random and external forces, is an example of a Fokker-Planck equation
[102, 207], which is also known as the forward Kolmogorov equation due to its independent
discovery by Andrey Kolmogorov some years later in 1931 [160]. Under appropriate conditions,
Fokker-Planck equations can be formulated to describe the time-evolution of various quantities,
such as velocity. When describing position, the equation implicitly assumes that the system
is in the over-damped limit, where inertial effects play no role. This feature is made explicit
by the derivation of the Smoluchowski equation from the over-damped Langevin equation.
Although the studies in this thesis were performed in the over-damped limit, the broader context
would be incomplete without mention of a more general approach developed by Oskar Klein.
In 1922 he considered a dilute suspension of particles in a viscous medium and derived a partial
differential equation for the probability distribution, now known as the Klein-Kramers equation
[159]. By applying this to a one-dimensional system, Klein confirmed Smoluchowski’s work.
However, as he did not assume over-damped dynamics he was able to obtain more general
results and also examine the conditions under which Smoluchowski’s work was valid [262].
Among other things, this work enabled the study of ionic solutions, which couldn’t be treated
with Smoluchowski’s approach because of how the viscosity is affected by the presence of
charges. Let us now turn our attention to the development of rate theory, a field which would
ultimately intersect with the recently developed theories of Brownian motion.

In the late 19th century, the foundations of rate theory were being laid. Svante Arrhenius
studied reaction-rate data from which the Arrhenius law could be deduced [11]. (Although
Arrhenius credited this law to Van’t Hoff [249, 127], it has become known as Arrhenius’ law).
After the realisation that escape from a locally stable environment required the assistance
of thermal noise, progress had to await the advent of a theory of fluctuations. This came in
the first two decades of the twentieth century, with significant contributions from Einstein,
Smoluchowski, Fokker, Planck, and Ornstein, and built on the first theoretical descriptions of
Brownian motion [127].

The Arrhenius formula for the rate of reactions involves two quantities which require
calculation: the activation energy and the pre-exponential factor. Eyring and Polanyi in 1931
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handled the first with a mix of quantum mechanical principles and empiricism [96, 165]. The
pre-exponential factor, or its magnitude at least, proved more of a challenge. For instance,
Christiansen and Kramers used two methods to try to calculate the pre-exponential factor for
uni-molecular gaseous reactions [66], both premised on the notion of energy being required
to create an activated state which spontaneously turns into the products. Their first approach
applied Perrin’s radiation hypothesis [205] and produced a value six orders of magnitude too
small. Their second approach considered collisions between reactants and was more successful;
the discrepancy was only four orders of magnitude. The answer came in 1935 with the advent
of transition-state theory, which was put forward by Eyring [95] and Evans and Polanyi [90].
The factor was written in terms of quantities which could be easily obtained from the potential
energy landscape, and also in terms of the quantum statistical mechanical partition functions
for the metastable and activated states [127].

Christiansen in 1935/6 introduced the diffusive approach to reaction dynamics and revealed
the close relationship between the rate of diffusion and the rate of a reaction [67, 68, 262].
Then, in 1940, Kramers returned to reaction kinetics [162]. Starting from the Langevin equation
he (re-)established the Klein-Kramers equation. Under the assumption of large viscosity he
approximated the probability density function by separating it into a spatial density function and
a Maxwell distribution for the velocity. Next, he demonstrated that the spatial density function
satisfies the Smoluchowski equation, and moved quickly from there to an expression for the
(approximately stationary) diffusion current. Considering a potential where thermal equilibrium
is established around a minimum long before significant escape over the maximum has taken
place (in effect assuming that the energy difference between the two is large compared to the
thermal energy), he used Farkas’ ‘flux-over-population’ method to obtain an expression for the
reaction velocity [98]. Finally, by approximating the potential around the minimum and the
maximum by parabolae he concluded the derivation of the reaction velocity and obtained the
familiar exponential dependence upon the ratio of the barrier height to the thermal energy with
a pre-factor written in terms of the curvature of the potential at the minimum and maximum.

Actually, this result had been obtained by several others before Kramers presented his
derivation [98, 147, 17, 127]. Most importantly for this thesis, it had been anticipated by
Pontryagin, Andronov, and Vitt in 1933 [211]. They derived an expression for the mean
first-passage time for a particle to move from one position to another in a potential energy
landscape. Their double integral expression for a potential which rises to infinity as x →−∞ is

τ =
1
D

∫ xend

x0

dyeβU(y)
∫ y

−∞

dze−βU(z), (1.1)
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where D is the free diffusion coefficient, x0 is the starting position, xend (> x0) is the ending
position, U is the (one-dimensional) potential energy landscape, and β is the reciprocal of
the thermal energy kBT . This invaluable tool for studying over-damped Brownian dynamics
provides the foundations for this thesis.

We will now provide a little motivation for each chapter. Consider a series of equally
spaced lattice sites in one dimension. When transition rates (or trapping times) are exponential
in the amplitude between (on) each site, and these amplitudes are distributed exponentially
across the sites, a transition between diffusive and sub-diffusive behaviour is observed and well-
documented [43]. The same phenomenon is observed when particles undergo over-damped
motion in equivalent continuous potential energy landscapes. In chapter 2 we study how the
shape of the sections making up the landscape affects the behaviour of the diffusion coefficient
around the transition, and propose a simulation scheme which translates continuous motion
into discrete hopping on a lattice.

Zwanzig proposed how motion in rough potential energy landscapes could be treated by
absorbing the effect of the roughness into a redefined diffusion coefficient and potential energy
landscape [267]. His work rests upon a ‘separation of length-scales’ condition being satisfied.
In chapter 3 we attempt to develop a better understanding of this condition by studying its
application to a series of potential energy landscapes. Later, in chapter 4, we reframe Zwanzig’s
proposed formalism and use it to build the multi-dimensional version of the simulation scheme
developed in chapter 2.

As mentioned above when discussing Kramers’ derivation of Arrhenius’ law, the result can
be obtained from the double integral expression for the mean first-passage time. To do this
it is necessary to assume a large energy barrier to escape, which indicates one way in which
Kramers’ result is restricted in its applicability. Langer obtained the multi-dimensional version
of Kramers’ formula, which suffers in the same way [170, 169]. In chapter 5 we build on work
by Berezhkovskii and Szabo [20] to develop an analogous double integral expression for the
mean first-passage time in a multi-dimensional potential.

The problem of diffusion along channels of varying width can be treated by assuming a
state of equilibrium exists in the confining direction(s). A one-dimensional effective potential
can then be found, and the dynamics obey the Fick-Jacobs equation [99, 145]. In chapter 6
we derive the diffusion coefficient for a soft-walled, parabolic channel of varying curvature.
Attempts by Zwanzig [268], Kalinay and Percus [150], and Reguera and Rubí [214] to extend
the formalism to cases where the assumption of equilibrium breaks down are discussed. We
finish by studying the effect of adding to the channel a periodic potential of varying phase
relative to the periodic curvature.



Chapter 2

The disorder-induced transition in
one-dimensional continuous potentials

2.1 Introduction

It is well-known that the mean squared displacement of an ensemble of freely-diffusing,
over-damped, Brownian particles grows according to ⟨x2⟩= 2Dfreet, where Dfree denotes the
free diffusion coefficient, which is equal to kBT/γ: the ratio of the thermal energy to the
damping coefficient. Since this result was established and publicised by both Einstein [86]
and Smoluchowski [250], many studies of diffusion have been performed. A wide range of
phenomena, categorisable as diffusive, sub-diffusive, or super-diffusive depending upon how the
mean squared displacement grows with time, are found. Diffusive and sub-diffusive behaviour
has been observed in a variety of biological systems, with some displaying a transition between
the two. For instance, increasing the spatial density of obstacles placed upon a lattice on
which a colloid moves can bring about a transition from diffusive to sub-diffusive behaviour
[194]. Other systems exhibit the reverse of this transition over time, where the time-scale is
determined by, for example, the spatial density of solid phase domains in lipid bilayers [212],
and many-body volume-exclusion effects upon the motion of water molecules on the surface of
proteins [239]. There, a heavy-tailed distribution of waiting times for jumps from one trapping
site to another is believed to be the cause of the initially sub-diffusive behaviour.

Turning now to systems with a periodic background, we again find transitions over time
from sub-diffusion to diffusion. This is well illustrated by the motion of colloids over a substrate
with quasicrystalline-patterned holes [65, 230]. In fact, the transition is two-staged: from free
diffusion to sub-diffusion to diffusion at a reduced rate. This reflects the existence of multiple
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time-scales: the first to feel the confining nature of the minima; the second to begin to move
between minima [88, 180].

Over-damped motion in random potential energy landscapes exhibits a wide range of
phenomena, reflecting the many ways in which the landscape can be constructed. This is
well-illustrated by examining the growth of the mean squared displacement with time for two
potentials constructed from the same probability distribution, but according to different rules.

0

1

U
(x

)

(a) (b)

0 5 10 15 20
x/L

0
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U
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)

(c)

0 5 10 15 20
x/L
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Fig. 2.1 A series of potential energy landscapes constructed using different distributions and
methodologies. In both (a) and (b) the amplitudes are Gaussian-distributed, but in (b) only
positive amplitudes are allowed so that the potential is made up of barriers only, rather than
barriers and traps. (c) is a random walk potential, where the value at each step is given by the
value at the previous step plus a random, Gaussian-distributed increment. This is the potential
for the Sinai model. In (d) the amplitudes are taken from an exponential distribution.

The first type of potential is a random walk: the value at each point in space is the value at
the previous point plus an increment taken from a Gaussian distribution of some characteristic
roughness. An example is shown in Fig. 2.1(c). This is known as the Sinai model, and the
corresponding over-damped Langevin equation is

γ
dx
dt

= F (x)+ξ (t) , (2.1)
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where ξ (t) is the usual thermal noise, and F (x) is a quenched random force with the following
properties

⟨F (x)⟩= 0,

⟨F (x)F (y)⟩= σ
2
δ (x− y) ,

(2.2)

where σ is a measure of the strength of the roughness [42, 72]. A simple argument can be used
to obtain the growth of the mean squared displacement with time: the landscape is a random
walk, which means that at distance x from the origin the potential is typically of the order

√
σx.

Applying Arrhenius-style scaling tells us that the length of time taken to climb a barrier of this
size is given roughly by t ≈ τ1exp

(√
σx
)
, where τ1 is a characteristic time scale. Inverting this

expression predicts a mean squared displacement which grows according to

⟨x2⟩ ∼ [ln(t/τ1)]
4 . (2.3)

Sinai obtained this result rigorously for the equivalent discrete-time hopping model [227, 228],
and it has subsequently been established for the continuous potential energy landscape model
considered here by various people using a variety of methods [13, 101, 173]. This is a form of
anomalously slow growth of the mean squared displacement, as can be seen by considering the
long-time behaviour of the gradient of ⟨x2⟩ against t, which slowly approaches zero.

One interesting method is a real-space renormalisation group scheme. This was originally
used by Machta to study motion in disordered potentials, and we will discuss it in more detail
in chapter 4 [182–184]. Fisher, Le Doussal, and Monthus developed their own method and
applied it to the Sinai potential [101, 173]. By iterative decimation of the smallest barrier
between sites, they are able to form renormalisation group flow equations for the probability
distribution of changes in potential between sites. With each iteration of the scheme removing
barriers in a certain range of heights, successive iterations reduce the potential energy landscape
to a series of wide and deep wells separated from one another by high barriers. At each stage,
the particles are moved to the bottom of the deepest renormalised valley (now of a minimum
characteristic depth, thanks to the iterations) in which they started; these points are basins of
attraction, in a way. In the limit of many iterations (the long-time limit) the correct growth of
the mean squared displacement is obtained. The reason why the scheme works is interesting.
At long times the errors introduced by not splitting the probability distribution between sites
(particles are assigned to one valley, so no account is given to the presence of marginally less
deep valleys nearby) diminish as valleys deepen and broaden. Indeed “any such [remaining]
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error is wiped out by a later decimation which eliminates the two valleys in favour of a deeper
valley” [101].

Before shifting focus to the second type of potential, let us touch briefly on another
study involving the Sinai potential. Cates and Ball investigated the behaviour of a Gaussian
polymer in a random, white-noise potential, seeking to establish the size it adopts under
different circumstances, such as whether the disorder is annealed or quenched [61]. For a
three-dimensional quenched potential, they concluded that the polymer is “localised in the
sense that, even as [the volume] V → ∞, its configurations are dominated by those in which it
is trapped in a single small neighbourhood”. Furthermore, “if two long chains are placed in
the system and the volume V is allowed to increase indefinitely, the chains will nonetheless be
found in the same place with finite probability”, which approaches one in the limit of infinitely
long chains. These remarks serve to illustrate the way rare events/extremal values (very deep
minima) can dominate the behaviour of a system.

Cates and Ball used Flory-type energy balance arguments and obtained the same dependence
of the size of the polymer on the strength of the roughness as Edwards and Muthukumar did
with the rigorous replica method [84]. In outline, their argument ran as follows: first, “presume
the chain to shrink into a volume a corresponding to a place where the mean potential µ takes
on a lower value than usual”. Second, estimate the free energy of the chain in terms of µ and
other important parameters such as the number of links and the overall size of the chain – the
desired quantity. Third, estimate the lower-than-usual value of the mean potential in terms of a

and V . Fourth, minimise the resulting expression for the free energy over a to obtain the size of
the polymer. Finally, interpret the results and find that the starting premise was correct: the
system’s behaviour is dominated by the rare very deep minima.

The third step is of most interest to us because the principle underpinning the method of
estimation can be employed in other circumstances. It proceeds as follows: divide the volume
V into chunks of volume a, and calculate the mean potential over each one. The distribution
of these values is denoted by Pa (µ). Then, the most negative value of the mean potential
µ =−u is given by

∫−u
−∞

Pa (µ)≈ a/V . Later in this chapter we employ this kind of estimation
technique as part of an extreme statistics argument that predicts a transition between diffusion
and sub-diffusion for motion in one-dimensional potentials with exponential disorder.

Let us now turn to the second type of potential, where the landscape is made up of a series
of sections whose shape is described by some function f (x). In contrast to the Sinai model, the
level in each section is taken with reference to a common value, rather than the value at the
previous point. Examples of this construction can be seen in panels (a), (b), and (d) of Fig. 2.1,
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where the shape is given by

f (x) =
1
2

[
1− cos

(
2πx

L

)]
. (2.4)

Disorder is introduced by scaling this function by some amount Q, which is taken from a
probability distribution. Each section of the potential then forms a barrier or a trap, depending
upon the sign of the number drawn. The over-damped Langevin equation is

γ
dx
dt

=−Qx
d f
dx

+ξ (t) , (2.5)

where the subscript x on Qx indicates that, in general, the barrier height/trap depth changes
from section to section.

We will start by considering the simplest non-trivial case: the same value of Q in each and
every section. The long-time motion is diffusive with an effective diffusion coefficient Deff,
where Deff ≤ Dfree [88, 127]. Lifson and Jackson used a mean first-passage time formalism
(see e.g. [109]) to derive a general expression for Deff in one dimension [177]. Applied to this
system, one obtains Deff = Dfree/ [I0 (βQ/2)]2, where I0 is the zeroth-order modified Bessel
function of the first kind, and β = 1/kBT [267]. Jackson and Coriell attempted to extend this
work into two and three dimensions [144].

Zwanzig built on Lifson and Jackson’s work by proposing a framework to study the over-
damped Brownian dynamics of systems where the potential energy landscape comprises a rough
component superimposed onto a smooth background [267]. To illustrate his work, Zwanzig
calculated the effective diffusion coefficient for a surface characterised by Gaussian-distributed
roughness, and found a very strong dependence upon the thermal energy: Deff = Dfree/e(βσ)2

,
where σ is the root-mean-squared roughness.

Banerjee et. al. improved upon Zwanzig’s work by calculating the diffusion coefficient
without resorting to the spatial averaging which Zwanzig used [14]. Their technique avoided
the over-smoothing of the energy landscape, and hence the loss of the suppressing effect of
so-called “three-site traps”, which are formed when a deep minimum is sandwiched between
two tall barriers, on the rate of diffusion. Instead, by considering a discrete Gaussian lattice,
and summing over the transition rates between individual sites, Banerjee et. al. calculated an
exact expression for the mean first-passage time, and hence the effective diffusion coefficient

Deff = Dfree e−(βσ)2
[

1+ erf
(

βσ

2

)]−1

, (2.6)
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where erf(x) is the error function. This expression, which amounts to even-more-heavily
suppressed diffusion, gave excellent agreement with the results of numerical simulations for a
range of values of the characteristic roughness σ , confirming that the motion is diffusive.

Banerjee et. al. also commented on the effect of increased roughness on their numerical
simulations: large values of σ led to a long-lived transient regime during which the motion is
sub-diffusive. This behaviour is explicitly linked to the appearance of three-site traps, which
become much more likely as the roughness is increased. The probability of forming a three-site
trap is the joint probability of each of the three components occurring independently of one
another. In contrast to a simple barrier of height Q, which can be formed only by obtaining that
amplitude from the probability distribution, a three-site trap of depth Q can be formed in many
different ways, with the total amplitude split between the barriers and the central trap. For
large enough values of Q, the probability of forming a three-site trap is considerably greater
than obtaining a single barrier of that height. Hence it is the three-site traps – and not the tall
barriers – which lead to the long-lived, but transient, sub-diffusive regime [14].

It is interesting to note that Banerjee et. al. observed that, whilst the sub-diffusive regime
might be long-lived, the system is ultimately diffusive at very long times. Strong enough disor-
der might delay this transition until times which cannot currently be observed in simulations,
but the direction of travel from sub-diffusion to diffusion is unchanged. This observation refutes
the argument that merely encountering ever-higher barriers – as is bound to be the case by
the nature of the Gaussian distribution – is sufficient to induce sustained sub-diffusion. The
hallmark of that transition is a diffusion coefficient which vanishes for strengths of the disorder
beyond some critical value [78].

The purpose of this discussion was two-fold. First, to demonstrate that the behaviour of
a system is not solely determined by the type of disorder; the way in which the potential
energy landscape is constructed matters too. Whereas the Sinai potential induces anomalously
slow motion, the case above is diffusive, albeit at long times when the degree of disorder is
large. The critical difference is that in the Sinai model successive samplings of the Gaussian
distribution can carry the potential far away from the starting level because the value at each
location is calculated with reference to the value at the previous location, whereas in the latter
two models the value is always with regard to a fixed level. As we will see, this alone is
insufficient to guarantee diffusive behaviour for all distributions of amplitudes, a fact which
reiterates the importance of the combination of disorder and construction. But, for the case of
Gaussian roughness, it is sufficient. The second purpose was to demonstrate that distributions of
amplitudes with infinite tails do not necessarily produce sub-diffusive behaviour. As remarked
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above, the sub-diffusive phase, though potentially long-lived, is ultimately transitory. This is
the result of the tails of the distribution decaying ‘too quickly’ – a point to which we will return.

Random potential energy landscapes, where the energy of each site – or barrier height be-
tween sites – is taken from an exponential probability distribution, give rise to the possibility of
different phenomena from those discussed above. In addition to the aforementioned transitions
in behaviour over time (sub-diffusive to diffusive) [92, 231] is the possibility of an enduring
sub-diffusive regime brought about by a change in the parameter controlling the shape of the
exponential distribution [29, 33, 143, 10, 3, 192, 33, 43, 219]. We will study the diffusive
regime, and the transition to the sub-diffusive regime, for one-dimensional, piecewise-defined
energy landscapes comprised of flat sections, smooth maxima, and sharp maxima. To char-
acterise the motion we will work with averaged mean first-passage times ⟨τ⟩, and averaged

effective diffusion coefficients ⟨Deff⟩, where the angled brackets denote disorder averages over
the probability distribution.

When the exponential distribution of barrier heights is given by p(Q) = aβe−aβQ, where a

is a positive constant, the transition between sub-diffusive and diffusive behaviour is observed
at a = 1 for all energy landscapes considered. Writing a = 1+δ (where δ is small and positive)
in the expression for ⟨Deff⟩ facilitates study of the nature of the transition. Energy landscapes
with smooth barriers exhibit power-law behaviour ⟨Deff⟩ ∝ δ η , where η is determined by
the order of the first non-vanishing spatial derivative of the energy landscape evaluated at its
maxima. In stark contrast, landscapes with sharp barriers give rise to significantly stronger
dependencies.

In the next section we will derive a general expression for the averaged effective diffusion
coefficient by considering the mean first-passage time from one end of the energy landscape
U(x) to the other. Thereafter, we turn to study the three distinct cases mentioned above: Case 1:
energy landscapes composed of flat sections; Case 2: energy landscapes with smooth barriers;
Case 3: energy landscapes with sharp barriers. Case 1 will be seen to be a limiting form of Case
2, and both distinct from Case 3. The results of Brownian dynamics simulations performed for
Cases 2 and 3 are presented in the relevant sections.

We conclude by discussing the sub-diffusive regime corresponding to a < 1. Some agree-
ment between the random barrier model’s predictions and simulations of both the mean squared
displacement and the distribution of mean first-passage times is observed; the discrepancy is
believed to be a consequence of differing expressions for the mean first-passage time. Note
that, by writing a = βg/β = T/Tg, where Tg is the glass-transition temperature, the connection
to glassy system can be made explicit [33].
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2.2 Deriving ⟨Deff⟩

Consider a continuous, piecewise-defined potential energy landscape U (x) made up of a series
of repeat units, where each repeat unit contains N sections of width L. Each section features a
potential energy barrier over which particles must pass to move from one minimum to another.
An example of such a potential is shown in Fig. 2.2. The effective diffusion coefficient is given

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
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Fig. 2.2 Four repeat units of an example potential energy landscape are shown. Each repeat unit
contains N = 5 sections, indicated by the five differently sized energy barriers. These barriers
separate the potential energy minima, which lie at the same level, from one another.

by the Lifson-Jackson expression

Deff =
Dfree

⟨eβU⟩x⟨e−βU⟩x
, (2.7)

where ⟨⟩x denotes the spatial average over the repeat unit of N sections [177]. (Recall that
“effective” is used to indicate that the motion is diffusive, but proceeds slower than free diffusion).
Each particle’s motion in this type of potential energy landscape consists of relatively long
periods of time spent around the confining minima interspersed by relatively short transitions
between adjacent minima. This is reminiscent of diffusion on regular lattices. Derrida, and
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others, give the effective diffusion coefficient up to a factor of the lattice constant squared as

Deff =
N

∑
N
n=1

1
Wn+1,n

, (2.8)

where Wn+1,n is the transition rate from site n to site n+1 [78, 266, 128]. When the transition
rates are taken from some probability distribution ρ (W ), the expression for the effective
diffusion coefficient in the thermodynamic limit N → ∞ becomes

⟨Deff⟩=
〈

1
W

〉−1

, (2.9)

where ⟨⟩ denotes the disorder average over the distribution of transition rates ρ (W ) [78]. We
refer to this quantity ⟨Deff⟩ as the averaged effective diffusion coefficient. Note that in the
context of a potential energy landscape such as that shown in Fig. 2.2, disordered transition
rates are introduced via disordered barrier heights.

Building upon work carried out by Kalnin and Berezhkovskii [153] we will demonstrate
equivalence between Eq. (2.7) and Eq. (2.8). Having established the link, we will use Eq. (2.9)
to derive an expression for the averaged effective diffusion coefficient in terms of an averaged
mean first-passage time, and ultimately as a function of disorder and spatial averages over the
energy landscape.

Eq. (2.8) assumes that forward and backward transition rates between two lattice sites are
equal i.e. Wn+1,n =Wn,n+1. For potential energy landscapes, this means that all of the minima
lie at the same potential energy. To see this, recall that the transition rate over an energy barrier
depends upon the height of the barrier. Hence, for forward and backward rates across a single
barrier to be equal, it is necessary for the minima on either side of the barrier to lie at the same
potential energy. Consequently, demanding equality of forward and backward rates over all
barriers requires all of the minima to lie at the same potential energy, which can be set to zero,
as in Fig. 2.2. This allows us to rewrite Eq. (2.8) as follows

1
Deff

=
1

2N

N

∑
n=1

(
1

Wn+1,n
+

1
Wn−1,n

)
, (2.10)

where we have chosen the indices on the second term so that both transition rates in the sum
refer to the same starting site: the first is for a jump in the positive direction, whilst the second
is for a jump in the negative direction. By identifying the mean first-passage time τn from
site n to either of sites n−1 and n+1 as the reciprocal of the sum of the transition rates (i.e.
1/τn =Wn+1,n+Wn−1,n), and the probabilities of jumping to the left PL,n and to the right PR,n
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as Wn−1,n/τn and Wn+1,n/τn, respectively, we may rewrite Eq. (2.10)

1
Deff

=
1
N

N

∑
n=1

1
τn

PR,nPL,n

. (2.11)

This is a useful expression because the transition rates have been replaced by jump probabilities
and mean first-passage times, which, for continuous potential energy landscapes, are easy to
calculate.

Eq. (2.7) gives the effective diffusion coefficient in terms of spatial averages over the
(exponential of) the potential energy landscape. What is the physical equivalent of this spatial
averaging? It is the ensemble of particles exploring the potential energy landscape. More
specifically, it is the ensemble diffusing over a distance greater than the length of the repeat
unit. Only beyond this stage in the motion will the diffusive behaviour be described by the
Lifson-Jackson expression for Deff. This sets characteristic length- and time-scales for the
motion: NL and the time taken for a sufficient fraction of the ensemble to travel a distance of
NL, respectively.

Once this stage of the motion has been entered into, the relevant length-scale is NL, which
means that the focus is upon the time taken for a particle to move from one site to its identical
counterpart in either of the adjacent repeat units. Look now to Eq. (2.8) - the Derrida expression
for the effective diffusion coefficient. Once the effective diffusion regime has been entered into,
it no longer makes sense to characterise the motion in terms of transitions between lattice sites
within the same repeat unit. Rather, considering transitions between equivalent sites in adjacent
repeat units is more appropriate. This means that Eq. (2.8) becomes

1
Deff

=
1
τ

2PRPL

, (2.12)

where τ is the mean first-passage time from a site in one repeat unit to the same site in either
of the two adjacent repeat units, and PR and PL are the probabilities that a particle makes
the above transition to the right and left, respectively. For a particle starting from x = 0 in an
energy landscape with a repeat length of NL, the probabilities are [109]

PR = 1−PL =

∫ 0
−NL dyeβU(y)∫ NL
−NL dyeβU(y)

. (2.13)
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Because of periodicity, we can rewrite the integral currently defined over the range [−NL,NL]

as an integral over the range [0,NL]:
∫ 0
−NL dyeβU(y) =

∫ NL
0 dyeβU(y). Doing so, we find that

PR = PL = 1
2 .

The mean first-passage time is [109]

τ =
PR

Dfree

∫ NL

0
dyeβU(y)

∫ y

−NL
dze−βU(z)− PL

Dfree

∫ 0

−NL
dyeβU(y)

∫ y

−NL
dze−βU(z). (2.14)

Separating the first integral into two – one where the inner integral runs over the range [−NL,0],
and one where the inner integral runs over the range [0,y] – and inserting the expressions for
PR,L, we obtain

τ =
1

2Dfree

∫ NL

0
dyeβU(y)

∫ 0

−NL
dze−βU(z)+

1
2Dfree

∫ NL

0
dyeβU(y)

∫ y

0
dze−βU(z)

− 1
2Dfree

∫ 0

−NL
dyeβU(y)

∫ y

−NL
dze−βU(z).

(2.15)

As a result of periodicity, the third double integral in Eq. (2.15) can be rewritten over the range
[0,NL], and so cancels with the second double integral. The mean first-passage time is thus

τ =
1

2Dfree

∫ NL

0
dyeβU(y)

∫ 0

−NL
dze−βU(z). (2.16)

Recasting each of these integrals as a spatial average we find

τ =
(NL)2

2Dfree
⟨eβU⟩x⟨e−βU⟩x. (2.17)

Inserting Eq. (2.17) into Eq. (2.12), and recalling that PR = PL = 1
2 , we find

Deff =
Dfree

(NL)2 ⟨eβU⟩x⟨e−βU⟩x
. (2.18)

Finally, rescaling by the lattice constant (now NL) squared [128], we find

Deff =
Dfree

⟨eβU⟩x⟨e−βU⟩x
, (2.19)

which is the same as Eq. (2.7), the Lifson-Jackson expression for the effective diffusion
coefficient [177].
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Having demonstrated equivalence between Eq. (2.7) and Eq. (2.8) we will proceed to use
Eq. (2.9) to derive the averaged effective diffusion coefficient. Following the reasoning laid
out above, we write〈

1
W

〉
=

〈
1

W+

〉
=

1
2

〈
1

W+
+

1
W−

〉
=

〈
W++W−

2W+W−

〉
, (2.20)

where we relabelled W to W+ to make clear that the disorder average is being taken over a
transition rate in the positive direction (the symmetry of transition rates between adjacent sites
allows us to do this). Then, to construct the equivalent of Eq. (2.10), we introduced a transition
rate (from the same lattice site) in the negative direction. Replacing the transition rates by the
mean first-passage time and jump probabilities, we find〈

1
W

〉
=

1
2

〈
τ

PRPL

〉
= 2⟨τ⟩, (2.21)

where the last equality follows because we are considering motion from one lattice site to either
of the equivalent sites in the immediately adjacent repeat units.

Using this result in Eq. (2.9), and rescaling by the lattice constant (NL) squared, we find
the following expression for the averaged effective diffusion coefficient

⟨Deff⟩= lim
N→∞

(NL)2

2⟨τN⟩
, (2.22)

where we have relabelled τ to τN to emphasise that we are considering the mean first-passage
time from one site to either of the equivalent sites a distance of NL away.

We can rewrite Eq. (2.16) in a form more amenable to the calculation of the disorder
average. To do this we note that only the amplitude Q of the potential energy barrier differs
from one section to the next; the shape of the potential is unchanged. This means that all N of
the integrals making up the integral over N sections can be recast over the same range from
x = 0 to x = L. The expression for the mean first-passage time then becomes

τN =
1

2Dfree

[
N

∑
i=1

∫ L

0
dyeβUi(y)

][
N

∑
j=1

∫ L

0
dze−βU j(z)

]
, (2.23)
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where the indices i and j refer to the amplitudes Qi and Q j describing the ith and jth sections of
the repeat unit, respectively. Finally, Eq. (2.23) can be expanded to give

τN =
1

2Dfree

N

∑
i=1

∫ L

0
dyeβUi

∫ L

0
dze−βUi +

1
2Dfree

∑
i̸= j

∫ L

0
dyeβUi

∫ L

0
dze−βU j , (2.24)

The disorder-averaged mean first-passage time is then given by the following expression

⟨τN⟩=
∫

dQ1 · · ·dQN τN (Q1, · · ·,QN) p(Q1, · · ·,QN) , (2.25)

where p is the joint probability distribution for the N amplitudes making up the repeat unit.
Since the amplitudes are chosen independently of one another, p(Q1, · · ·,QN) becomes the
product of N individual probability distributions p(Q1) · · · p(QN), one for each amplitude.
Inserting Eq. (2.24) into Eq. (2.25), we find

⟨τN⟩=
NL2

2Dfree

∫
dQ1 ⟨eβU1⟩x⟨e−βU1⟩x

+
N (N −1)L2

2Dfree

∫
dQ1dQ2 ⟨eβU1⟩x p(Q1)⟨e−βU2⟩x p(Q2) .

(2.26)

Finally, inserting Eq. (2.26) into Eq. (2.22), we obtain

⟨Deff⟩=
Dfree∫

dQ1⟨eβU1⟩x p(Q1)
∫

dQ2⟨e−βU2⟩x p(Q2)
. (2.27)

Note that the spatial averages are taken over individual sections of the energy landscape, not
multiple sections as per Zwanzig’s approach. This is important for reasons given in [14] and
described in the introduction.

2.3 Case 1: Flat sections

We begin by considering the simplest non-trivial energy landscape: one composed of flat
sections. The ith section (i = 1,2, ...,N) of the energy landscape is defined over the range
[(i−1)L, iL] and given by Ui(x) = Qi. The spatial averages in Eq. (2.27) are

⟨eβU1⟩x =
1
L

∫ L

0
dx eβQ1 = eβQ1,

⟨e−βU2⟩x = e−βQ2.

(2.28)
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Fig. 2.3 Example energy landscapes composed of flat sections. The black (dashed) and red
(solid) lines correspond to a = 0.5 and a = 1.5, respectively. The width of each section of the
potential is L = 2.

Inserting these expressions and the probability distribution p(Q) = aβe−aβQ into Eq. (2.27),
and relabelling βQ1,2 = x,y, respectively, we find

⟨Deff⟩F =
1
a2

Deff∫
∞

0 dx e−(a−1)x
∫

∞

0 dy e−(a+1)y
, (2.29)

where the subscript F denotes the case of “Flat Sections”.
Whilst the second integral always converges (a > 0), the first does not: for values of a ≤ 1

it is unbounded, thereby predicting non-diffusive behaviour. However, for a > 1, it is finite,
and the averaged effective diffusion coefficient is non-zero. This is the first manifestation of
the transition between – as we will come to see – diffusive and sub-diffusive behaviour. For the
sake of brevity, we will not perform this analysis of divergence/convergence for every energy
landscape considered. One can show that the result is always the same: a transition at a = 1.
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The behaviour for a ≤ 1 will be discussed later. Evaluating the integrals in Eq. (2.29) we find

⟨Deff⟩F =

(
1− 1

a2

)
Dfree. (2.30)

We will now examine the behaviour of ⟨Deff⟩F in two limits. First, as a increases, the probability
distribution p(Q) becomes ever more skewed towards smaller values of Q. We expect, therefore,
to return to free diffusion as a → ∞. Second, a → 1+ looks at the behaviour around the
transition.

From Eq. (2.30), it is immediately clear that lima→∞⟨Deff⟩F = Dfree, as expected. To
examine the behaviour of the averaged effective diffusion coefficient around the transition
between diffusion and sub-diffusion we set a = 1+δ , where δ is a small, positive quantity,
and then consider the limit δ → 0

⟨Deff(a = 1+δ )⟩F =
δ (2+δ )

(1+δ )2 Dfree,

⇒ ⟨Deff(a = 1+δ )⟩F ∼ δ as δ → 0+
(2.31)

Around the transition, the averaged effective diffusion coefficient grows linearly with a.

2.4 Case 2: Smooth maxima

We will study two types of potential energy landscape with symmetric maxima: power law and
cosine forms. The behaviour of the averaged effective diffusion coefficient around the transition
is studied, and the connection between this behaviour and the energy landscape’s curvature is
drawn. Finally, we generalise our result and consider the case of asymmetric maxima.

2.4.1 Power law forms

The ith section (i = 1,2, ...,N) of the potential energy landscape is defined over the range
[(i−1)L, iL]. An exponent m characterises the shape of the energy landscape. For even values
of m, the energy landscape is given by

Ui(x) = Qi

[
1−
(

2x
L
− (2i−1)

)m]
, (2.32)
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whilst, for odd values of m, this expression describes the second half of the ith section:[(
i− 1

2

)
L, iL

]
(i.e. from U = Qi to U = 0); the other half is the mirror image in the line

x =
(
i− 1

2

)
L.
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Fig. 2.4 Example energy landscapes with smooth maxima: the black (dashed) and red (solid)
lines correspond to a = 0.5, m = 2 and a = 1.5, m = 7, respectively. The width of each section
of the potential is L = 2.

For the purposes of this calculation we will assume that m is even. However, the final
result also holds when m is odd: the only difference in the calculation is in the first line, where,
instead of integrating from 0 to L, we would integrate from L/2 to L and double the result. The
spatial average is

⟨eβU1⟩x =
eβQ1

L

∫ L

0
dx e−βQ1( 2x

L −1)
m

. (2.33)

Hence, the first of of the two integrals in Eq. (2.27) – the expression for the averaged effective
diffusion coefficient – is

aβ

∫
∞

0
dQ1

eβQ1

L

∫ L

0
dx e−βQ1( 2x

L −1)
m

e−aβQ1. (2.34)
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Swapping the order of integration, and changing variables to u = 2x
L −1, we obtain

∫
dQ1⟨eβU1⟩x p(Q1) = a

∫ 1

0
du

1
a−1+um . (2.35)

Correspondingly, the second integral is

∫
dQ2⟨e−βU2⟩x p(Q2) = a

∫ 1

0
du

1
a+1−um . (2.36)

The averaged effective diffusion coefficient is thus

⟨Deff⟩Sm,P =
Dfree

a2
∫ 1

0 du 1
a−1+um

∫ 1
0 dv 1

a+1−vm

, (2.37)

where the subscript Sm,P denotes the case of “Smooth maxima: Power Law Forms”. Both of
these integrals can be written in terms of a hypergeometric function

⟨Deff⟩Sm,P =

(
1− 1

a2

)
Dfree

2F1
( 1

m ,1; m+1
m ; −1

a−1

)
2F1
( 1

m ,1; m+1
m ; 1

a+1

) . (2.38)

Brownian dynamics simulations to test the above were performed as follows: for a given
value of m, an energy landscape stretching from x = 0 to x = 20L (i.e. 20 maxima) was con-
structed by sampling the exponential distribution of barrier heights. Reflecting and absorbing
boundary conditions were imposed at x = 0 and x = 20L, respectively, and a particle initialised
at x = 0. With kBT = γ = 1, the over-damped Brownian motion was simulated until the particle
reached the absorbing boundary; the time taken – the first-passage time – was recorded. A new
set of amplitudes was then generated and the above procedure repeated. First-passage times
were recorded for O

(
103 −104) energy landscapes and the averaged mean first-passage time

calculated. Finally, Eq. (2.22) was used to calculate the averaged effective diffusion coefficient.
Appendix A contains an analysis of the degree of sampling in Brownian Dynamics simulations,
which indicates that these parameters are sufficient for all but the smallest values of a in the
immediate vicinity of the transition to sub-diffusive motion. Appendix B contains an analysis
of the accuracy of the first-order simulation method used throughout this chapter and thesis.
Good agreement with results obtained from a higher-order scheme is found for the parameters
used, verifying its accuracy. Note that the expression for ⟨Deff⟩ obtained from Eq. (2.22) when
we impose one reflecting and one absorbing boundary (as in the simulations) is unchanged
compared to the case of two absorbing boundaries, for which we derived the result.



26 The disorder-induced transition in one-dimensional continuous potentials

Fig. 2.5 shows the simulation results and theoretical prediction for power law energy
landscapes with smooth maxima characterised by m = 2 and m = 6. Good agreement is
observed.
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Fig. 2.5 The results of Brownian dynamics simulations (red circles and blue triangles) are
presented alongside the theoretical predictions (solid and dashed lines) given by Eq. (2.38) for
two ‘Smooth’ energy landscapes characterised by m = 2 and m = 6, respectively.

Before we study the properties of the averaged effective diffusion coefficient, let us draw
the connection between Cases 1 and 2. Increasing the value of m flattens out the maxima, as
shown in Fig. 2.4. Thus, as m → ∞, the maxima become flat, exactly as in Case 1. Evaluating
Eq. (2.38) in this limit, we find

lim
m→∞

⟨Deff⟩Sm,P =

(
1− 1

a2

)
Dfree

2F1
(
0,1;1; −1

a−1

)
2F1
(
0,1;1; 1

a+1

) ,
=

(
1− 1

a2

)
Dfree,

(2.39)
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where we have made use of standard properties of the hypergeometric function [1]. This is
identical to Eq. (2.30) – the averaged effective diffusion coefficient for an energy landscape
composed of flat sections. Case 1 can thus be viewed as a limiting form of Case 2.
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Fig. 2.6 The averaged effective diffusion coefficient for energy landscapes with smooth maxima
characterised by the following powers: m = 2,3,4,9 (m = 2 is the upper-most line; m = 9 the
lower-most). The inset shows the behaviour around the transition.

By noting that limx→0± 2F1 (p,q;r,x) = 1 [1], the reduction to free diffusion as a → ∞ in
Case 2 (Eq. (2.38)) follows simply. As before, the behaviour around the transition between
diffusion and sub-diffusion can be investigated by setting a = 1+δ and considering the limit
δ → 0. Let us take the two hypergeometric functions in turn. First

2F1

(
1
m
,1;

m+1
m

;
1

2+δ

)
=

∞

∑
k=0

( 1
m)k(1)k

2k(1+m
m )kk!

(
1+

δ

2

)−k

. (2.40)

As δ → 0+, we obtain

2F1

(
1
m
,1;

m+1
m

;
1

2+δ

)
∼ C0 +C1δ + · · ·, (2.41)
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where the {Ci} are constants. For our purposes, the most important feature of this expansion
is C0 ̸= 0, because it means that this hypergeometric function makes no contribution to the
leading-order term in δ . Hence, we turn our attention to the other hypergeometric function:

2F1
( 1

m ,1; m+1
m , −1

δ

)
, which can be written as [1]

δ
1

[
Γ
(1−m

m

)
Γ
(m+1

m

)
21
[
Γ
( 1

m

)]2 −O(δ )+ · · ·

]

+δ
1
m

[
Γ
(m−1

m

)
Γ
(m+1

m

)
2

1
m Γ(1)Γ

( 1
m

) −O(δ )+ · · ·

]
.

(2.42)

Remembering that m ≥ 2, we see that, as δ → 0+, the above is dominated by the term in δ
1
m

2F1

(
1
m
,1;

m+1
m

;
−1
δ

)
∼ δ

1
m
[
C ′

0 +C ′
1δ + · · ·

]
, (2.43)

where the {C ′
i } are constants, and C ′

0 ̸= 0. The behaviour around the transition can now be
determined

lim
δ→0

⟨Deff(a = 1+δ )⟩Sm,P = lim
δ→0

δ (2+δ )(1+δ )−2 Dfree

× δ
− 1

m(
C ′

0 +C ′
1δ + · · ·

)
(C0 +C1δ + · · ·)

,

⇒ ⟨Deff(a = 1+δ )⟩Sm,P ∼ δ
1− 1

m
Dfree

C0C ′
0
+O

(
δ

2− 1
m

)
,

(2.44)

as δ → 0+. Eq. (2.43) makes clear that the exponent m, which governs the shape of the sections
of the energy landscape, determines the behaviour around the transition. Sending m → ∞ in
Eq. (2.44) produces a linear dependence upon δ , which, in light of the link between Cases 1
and 2 drawn earlier, is as expected.

This analysis makes clear what we noted in Case 1: the existence of the transition, and thus
the behaviour around it, is determined entirely by one of the two integrals in the expression for
the averaged effective diffusion coefficient,

∫
dQ1⟨eβU1⟩x p(Q1).
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2.4.2 Cosine energy landscape

The ith section (i = 1,2, ...,N) of the potential energy landscape is defined over the range
[(i−1)L, iL] and given by

Ui(x) =
Qi

2

[
1− cos

(
2πx

L

)]
, (2.45)

where the factor of one half is inserted so that the barrier height is Qi. The first spatial average
is:

⟨eβU1⟩x =
e

1
2 βQ1

L

∫ L

0
dx e−

1
2 βQ1cos( 2πx

L ). (2.46)

Hence, the first integral in the expression for the averaged effective diffusion coefficient is

aβ

∫
∞

0
dQ1

e
1
2 βQ1

L

∫ L

0
dx e−

1
2 βQ1cos( 2πx

L )e−aβQ1. (2.47)

Changing the order of integration and performing the integral over Q1, we obtain

∫
dQ1⟨eβU1⟩x p(Q1) =

1
L

∫ L

0
dx

2a
2a−1+ cos

(2πx
L

) ,
=

2a√
(2a−1)2 −1

.
(2.48)

In the same way, we find the following expression for the second integral

∫
dQ2⟨e−βU2⟩x p(Q2) =

1
L

∫ L

0
dx

2a
2a+1− cos

(2πx
L

) ,
=

2a√
(2a+1)2 −1

.
(2.49)

Hence, the averaged effective diffusion coefficient is

⟨Deff⟩C = Dfree

√(
a− 1

2

)2 − 1
4

√(
a+ 1

2

)2 − 1
4

a2 , (2.50)

where the subscript C denotes the case of a Cosine energy landscape.
Fig. 2.7 shows the results of Brownian dynamics simulations (performed as before) for

a cosine energy landscape; good agreement between simulations results and our theory is
observed.
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Fig. 2.7 The results of Brownian dynamics simulations (red circles) are presented alongside the
theoretical prediction (solid line) given by Eq. (2.50) for the cosine energy landscape.

We will now study the properties of the averaged effective diffusion coefficient for the
cosine energy landscape. Sending a → ∞ in Eq. (2.50), the reduction to free diffusion is
immediately apparent. Next, we turn our attention to the behaviour around the transition point.
In the usual way we set a = 1+δ and consider the limit δ → 0+. From Eq. (2.50) we find

⟨Deff⟩C ∼ Dfree
√

δ (1+O (δ )) . (2.51)

The averaged effective diffusion coefficient behaves as δ 1/2, which is an interesting result when
viewed in the context of previous work on “Power Law forms”. Eq. (2.44) tells us that, when
m = 2 (quadratic energy landscape), the averaged affective diffusion coefficient also behaves as
δ 1/2. Expanding each of the energy landscapes around its maxima

Ui,m=2 = Qi

[
1−
(

2δx
L

)2
]
,

Ui,cosine =
Qi

2

[
2− 1

2!

(
2πδx

L

)2

+ · · ·

]
,

(2.52)
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we see that the order of the first non-vanishing derivative (second) is the same. In the next
subsection we will demonstrate that the behaviour of the averaged effective diffusion coefficient
around the transition is determined by the order of the first non-vanishing derivative in the
series expansion of the potential energy landscape around its maxima.

It is evident from Fig. 2.5, Fig. 2.6, and Fig. 2.7 that, irrespective of the value of m,
the averaged effective diffusion coefficient saturates quickly to the free diffusive limit. This
reinforces the notion that the most interesting behaviour occurs in the region around the
transition.

2.4.3 Generalisation for smooth maxima

As remarked before, the relevant integral is:
∫

dQ1⟨eβU1⟩x p(Q1). Our approach is similar to
the saddle-point approximation used by Kramers [162].

Symmetric maxima

Consider a piecewise-defined potential energy landscape U(x) where each section has the same
general form; only the height of the central, symmetric maximum differs from one section to
the next. Expanding U1(x) about its maximum we obtain U1(x)≈ Q1 − 1

m!

∣∣U (m)
(L

2

)∣∣∣∣x− L
2

∣∣m,
where m is the order of the first non-vanishing derivative, and modulus signs have been used
both to introduce a minus sign and to account for piecewise defined maxima characterised by
odd exponents. Rewriting U (m)

(L
2

)
= Q1V (m)

(L
2

)
, the relevant integral is given approximately

by
aβ

L

∫
∞

0
dQ1

∫ L

0
dx eβQ1e−

1
m!

∣∣V (m)( L
2 )
∣∣∣∣x− L

2

∣∣m
e−aβQ1. (2.53)

Swapping the order of integration, evaluating the integral over Q1, and exploiting the symmetry
about x = L/2 we obtain

2a
L

∫ L

L
2

dx
1

(a−1)+ 1
m!

(L
2

)m ∣∣V (m)
(L

2

)∣∣(2x
L −1

)m . (2.54)

Changing variables to u= 2x
L −1 and dividing through to eliminate its pre-factor c= 1

m!

∣∣V (m)
(L

2

)∣∣,
we find ∫

dQ1⟨eβU1⟩x p(Q1)≈
a

a−12F1

(
1
m
,1;1+

1
m

;
−c

a−1

)
. (2.55)
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As before, the behaviour around the transition is determined by setting a = 1+δ and examining
the limiting form as δ → 0+. From Eq. (2.43), we deduce

1+δ

δ
2F1

(
1
m
,1;1+

1
m

;
−c
δ

)
∼ (1+δ )

δ
1− 1

m

[
C ′

0 +C ′
1δ + · · ·

]
. (2.56)

Since the averaged effective diffusion coefficient is inversely proportional to the above, we find

⟨Deff⟩ ∼ δ
1− 1

m
Dfree

C0C ′
0
, (2.57)

where C0 is a constant arising from the other integral in the full expression for Deff. Hence, the
link between the shape of the potential energy landscape around its maxima and the behaviour
of the averaged effective diffusion coefficient around the transition point is clear.

Asymmetric maxima

Suppose instead that the maxima are asymmetric. Then, in order to evaluate the relevant integral,
we must expand the potential energy landscape on both sides of the maximum. Denoting the
expansion to the left- and right-hand sides by UL and UR , respectively, we have

U1,L ,R = Q1

[
1− 1

mL ,R!

∣∣∣∣V mL ,R

(
L
2

)∣∣∣∣∣∣∣∣x− L
2

∣∣∣∣mL ,R
]
, (2.58)

Proceeding as in the previous case and evaluating the integral over Q1, we obtain

a
L ∑

i=L ,R

∫ L

L
2

dx

(a−1)+ 1
mi!

(L
2

)mi
∣∣V mi

(L
2

)∣∣(2x
L −1

)m , (2.59)

where we have used the symmetry of U1,L about x = L/2 to define both integrals over the same
spatial range. From results established when studying symmetric maxima, the above evaluates
to

a
2(a−1) ∑

i=L ,R
2F1

(
1
mi

,1;1+
1
mi

;
−ci

a−1

)
. (2.60)

The behaviour of the averaged effective diffusion coefficient around the transition point is then
easily found

⟨Deff⟩ ∼
δ

CL δ
1

mL +CRδ
1

mR

, (2.61)

where CL ,R are constants. The denominator of the above is dominated by the term with the
smallest exponent i.e. by the larger of mL and mR .
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This concludes the proof and demonstrates wider applicability than the simplest case of
symmetric maxima.

2.5 Case 3: Sharp maxima

The ith section (i = 1,2, ...,N) of the potential energy landscape is defined over the range
[(i−1)L, iL] in a piecewise manner. The first half from x = (i−1)L to x =

(
i− 1

2

)
L (i.e. from

U = 0 to U = Qi) is given by

Ui(x) = Qi

[
2x
L
− (i−1)

]m

, (2.62)

where m ≥ 2. The second half is the mirror image in the line x =
(
i− 1

2

)
L. We will employ the

same methodology as in the case of smooth maxima to derive the averaged effective diffusion
coefficient.
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Fig. 2.8 Example energy landscapes with sharp maxima: the black (dashed) and red (solid)
lines correspond to a = 0.5,m = 2 and a = 1.5,m = 7, respectively. The width of each section
of the potential is L = 2.
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The integrals in the expression for the averaged effective diffusion coefficient are

2aβ

L

∫
∞

0
dQ1

∫ L/2

0
dx e−(a−( 2x

L )
m
)βQ1,

2aβ

L

∫
∞

0
dQ2

∫ L/2

0
dx e−(a+( 2x

L )
m
)βQ2,

(2.63)

where the factors of two come from exploiting the symmetry of the integrand about the maxima.
Swapping the order of integration and changing variable enables us to write the averaged
effective diffusion coefficient as

⟨Deff⟩Sh =
Dfree

a2
∫ 1

0 du 1
a−um

∫ 1
0 dv 1

a+vm

, (2.64)

where the subscript “Sh” denotes the case of “Sharp Maxima”. Finally, evaluating these
integrals in terms of hypergeometric functions, we find

⟨Deff⟩Sh =
Dfree

2F1
( 1

m ,1; m+1
m ; 1

a

)
2F1
( 1

m ,1; m+1
m ;−1

a

) . (2.65)

Note that as a → ∞ the system returns to free diffusion. Fig. 2.9 shows the results of
Brownian dynamics simulations for two energy landscapes with sharp maxima. Good agreement
between the simulations and our theory is observed.

As in the case of smooth maxima, the averaged effective diffusion coefficient saturates
quickly to the free diffusive limit. In fact, the saturation takes place more rapidly for sharp
maxima.

Setting a = 1+δ in Eq. (2.65), the averaged effective diffusion coefficient becomes

⟨Deff⟩Sh =
Dfree

2F1

(
1
m ,1; m+1

m ; −1
1+δ

)
2F1

(
1
m ,1; m+1

m ; 1
1+δ

) . (2.66)

The first of the above hypergeometric functions – 2F1

(
1
m ,1,

m+1
m ; −1

1+δ

)
– is equal to some

constant C0 for δ = 0: it does not contribute to the leading-order behaviour around the
transition.

Turning to the second hypergeometric function, it is possible to show that, as δ → 0, it
becomes

1
m

[
ln
(

1+
1
δ

)
−ψ

(0)
(

1
m

)
− γ

]
[1+O (δ )] , (2.67)
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Fig. 2.9 The results of Brownian dynamics simulations (red circles and blue triangles) are
presented alongside the theoretical predictions (solid and dashed lines) given by Eq. (2.65) for
two energy landscapes characterised by m = 2, and m = 6, respectively.

where ψ(0)(x) = d
dx ln(Γ(x)) is the Digamma function, and γ is the Euler-Mascheroni constant

[1]. As δ → 0, the logarithm diverges towards plus infinity. Clearly, therefore, the behaviour of
the averaged effective diffusion coefficient around the transition point is considerably stronger
than in the case of smooth maxima. Furthermore, as m → ∞, − 1

mψ(0) ( 1
m

)
→ ∞. Therefore,

energy landscapes with sharper maxima will be characterised by averaged effective diffusion
coefficients that display a steeper behaviour around the transition.

Inserting these limiting forms into Eq. (2.66) we find:

⟨Deff⟩Sh ∼
mDfree

C0
[
ln
(
1+ 1

δ

)
−ψ(0)

( 1
m

)
− γ
] . (2.68)

This behaviour around the transition – [ln(1/δ )]−1 at the weakest – stands in stark contrast
to the power-law dependencies observed for smooth maxima: δ

1
2 to δ 1 (for m = 2 and m → ∞,

respectively).



36 The disorder-induced transition in one-dimensional continuous potentials

0 2 4 6 8 10
a

0.0

0.2

0.4

0.6

0.8

1.0

Deff
Dfree

0.1 0.2 0.3 0.4
[ln(1 + 1 )] 1

0.2

0.4

0.6

0.8

1.0

Deff
Dfree

Fig. 2.10 The averaged effective diffusion coefficient for energy landscapes with sharp maxima
characterised by the following powers: m = 2,3,6,7,2000,2001 (m = 2 is the lower-most
line; m = 2001 the upper-most). The inset shows the region around the transition point(
δ = 10−4 to 10−1), and highlights the linear behaviour for small values of δ .

2.6 Sub-diffusion

The averaged effective diffusion coefficient – Eq. (2.27) – is only non-zero for values of a > 1.
When a ≤ 1, one of the integrals in the denominator diverges, indicating a change in the
system’s behaviour: from diffusive to sub-diffusive.

The random barrier and random trap models offer a framework to study the sub-diffusive
regime. The former considers the hopping motion of particles over potential energy barriers,
and is characterised by transition rates; the latter considers the escape from potential energy
minima, and is characterised by trapping times. In one dimension, provided that one identifies
the reciprocal of the transition rates with the mean trapping time, the models predict identical
behaviour for the growth of the mean squared displacement with time, even though other
features of these systems differ [43].

By assuming a simple exponential relationship between barrier height (trap depth) Q and
mean first-passage (trapping) time τ: τ = τ0 eβQ, and the usual exponential distribution of
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barrier heights (trap depths) across lattice sites: p(Q) = aβ e−aβQ, the distribution of mean
first-passage (trapping) times can be calculated:

ψ (τ) =
p(Q)

dτ/dQ
=

aτa
0

τ1+a . (2.69)

Consider a particle which makes N jumps between sites on a one-dimensional lattice with
quenched disorder. The total elapsed time t is the sum over the N trapping times τ encountered

t =
N

∑
i=1

τi. (2.70)

Extreme value statistics aims to characterise the largest instance of a random variable for a
given number of samples of the underlying distribution. Arguments made when constructing
the distribution of the largest value enable us to predict the existence of the transition between
diffusive and sub-diffusive behaviour, as well as the characteristic sub-diffusive exponent. The
trapping model offers two variables: the trap depth and the mean trapping time. We will focus
on the latter and draw heavily on elegant work by Kozłowska and Kutner [161].

Let us begin by calculating the probability distribution P (τmax = Λ), where τmax is the
largest mean trapping time in a sample of size N, and Λ is some arbitrary value which satisfies
τ0 ≪ Λ ≪ ∞, where τ0 is the smallest possible mean trapping time. If the distribution of mean
trapping times is described by ψ (τ), then probability any one value is smaller than Λ is

p(τ < Λ) =
∫

Λ

τ0

dτ ψ (τ) = 1−
∫

∞

Λ

dτ ψ (τ) = 1− p(τ ≥ Λ) . (2.71)

Next, if the largest value is smaller than the threshold, then all of the N values are smaller than
the threshold. We then have

P (τmax < Λ) = [p(τ < Λ)]N , (2.72)

which can be approximated by noting that the probability p(τ ≥ Λ) of any one observation be-
ing greater than the threshold is small because of the inequality satisfied by Λ above. Therefore

P (τmax < Λ) = [1− p(τ ≥ Λ)]N ≈ exp [−N p(τ ≥ Λ)] , (2.73)
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which proves to be a useful form when later characterising the nature of the distribution, the
general form of which is given by

P (τmax = Λ) =
dP (τmax < Λ)

dΛ
= Nψ (τ)exp [−N p(τ ≥ Λ)] . (2.74)

Drawing N samples from a distribution, one is unlikely to obtain a value whose probability
of being drawn is much smaller than 1/N. Denoting this value by Λmax, we can write

p(τ ≥ Λmax) =
∫

∞

Λmax

dτ ψ (τ) =
1
N
, (2.75)

which enables us to recast the probability distribution P (τmax = Λ) in the following form

P (τmax = Λ) =
ψ (Λ)

p(τ ≥ Λmax)
exp
(
− p(τ ≥ Λ)

p(τ ≥ Λmax)

)
. (2.76)

Having obtained the general form for the extreme value distribution, let us turn to the
specific case at hand: the random trapping model. The mean trapping times obey the power
law distribution ψ (τ) = aτa

0/τ1+a, which means that

p(τ ≥ τmax) =

(
τmax

τ0

)−a

. (2.77)

Equating this expression with 1/N establishes the following relationship between the number
of samples and the largest value encountered

τmax = τ0N1/a. (2.78)

Before we use this relationship to demonstrate the existence of the transition from diffusive
to sub-diffusive behaviour, we will remark on a couple of features of the above. First, inserting
the distribution ψ (τ) into the expression for P (τmax = Λ) reveals that the largest mean
trapping time obeys a Fréchet distribution [105]. Second, repeating the analysis for the trap
depth instead of the mean trapping time reveals that the largest trap depth grows logarithmically
with the number of samples, and the extremal value obeys a Gumbel distribution [125]. These
distributions are useful in the study of floods, and protecting against them.

We are almost ready to study the behaviour of the total elapsed time, but first need to account
for the quenched disorder in our system, which means that the N terms in the sum t = ∑

N
i=1 τi

are not independent samples of the distribution, as in the analysis above. In one dimension, the
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number SN of independent mean trapping times is related to the number of jumps by SN ∼ N1/2

[43], which means that the total elapsed time can be rewritten as t ∼ N
SN

∑
SN
i=1 τi, where the sum

now runs over independent sites.
We truncate the distribution ψ (τ) at the largest value encountered, and label this distribution

Ψ(τ). As this distribution has a finite mean, in the limit of many jumps the sum is given by the
product of the mean and the number of jumps as follows

SN

∑
i=1

τi ≈ SN

∫
τmax

τ0

dτ τΨ(τ) . (2.79)

If the truncated distribution is given by Ψ(τ)=C τ−(1+a), where C provides the appropriate
normalisation, then we find the following expression for the time t

t =
C

1−a
N
SN

[
τ

1−a
max − τ

1−a
0
]
=

C

1−a
N
SN

[
τ

1−a
0 S1/a

N −SNτ
1−a
0

]
, (2.80)

where we have assumed a ̸= 1. The second equality follows from the earlier result τmax = τ0S1/a
N .

Using the relationship SN ∼ N1/2 enables us to recast the above solely in terms of N. We find

t ∼ C

1−a
τ

1−a
0

[
N

1+a
2a −N

]
. (2.81)

This analysis above follows closely that laid out by Bouchaud and Georges [44, 43]. It produces
exactly the same result as that adopted by Kozłowska and Kutner [161], which is based on a
discrete summation.

Let us now consider the behaviour of this expression in the limit of many jumps. For values
of a < 1, it is dominated by the first term; for values of a > 1 it is dominated by the second.
Hence, in the large-N limit, the elapsed time grows as follows

a < 1 : t ∼ N
1+a
2a ,

a > 1 : t ∼ N.
(2.82)

This change in behaviour predicts the transition between diffusion and sub-diffusion as a

is decreased from above one to below one, where the time to perform N jumps grows faster
than linearly with the number of jumps. Finally, noting that the mean squared displacement
is directly proportional to the number of jumps (see Appendix C), we can invert the above
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expressions to establish how the sub-diffusive exponent depends upon the value of a

a < 1 : ⟨x2⟩ ∼ t
2a

1+a ,

a > 1 : ⟨x2⟩ ∼ t.
(2.83)

This is the same result as obtained by Machta using a real-space renormalisation group analysis
[182, 184]. The intermediate case, a = 1, has to be treated separately because the integral
produces a logarithmic term. It can be shown that ⟨x2⟩ ∼ t/ln(t) [3].

In this work, rather than specifying the relationship between the barrier height and the mean
first-passage time, we specify the form of the potential energy barrier and subsequently derive
the mean first-passage time. For the energy barriers considered in this work, the double-integral
expression for the mean first-passage time cannot be evaluated analytically. As such, the above
expressions for the distribution of mean first-passage time and the mean squared displacement
are not expected to hold true. None-the-less, it is instructive to compare their predictions with
the results of numerical simulations. We will consider the distribution of mean first-passage
times, before studying the evolution of the mean squared displacement.

2.6.1 Distribution of mean first-passage times ψ (τ)

For U (x) = Q
[
1−
∣∣2x

L

∣∣m], the mean first-passage time from x =−L
2 to x = L

2 is [109]

τ =
L2

4D

∫ 1

−1
du e−βQ|u|m

∫ u

−1
dv eβQ|v|m. (2.84)

The distribution of mean first-passage times is calculated as before: differentiating Eq. (2.84)
with respect to the barrier height Q and inserting the result into Eq. (2.69), we find that

ψ =
2Dm
L2 aβQe−aβQ

[
eβQ

∫ 1

0
du e−βQum

+

e−βQ
∫ 1

0
du eβQum

−
∫ 1

−1
du e−βQ|u|m

∫ u

−1
dv eβQ|v|m

]−1

.

(2.85)

Unlike the random barrier (trap) model, where the mean first-passage time is a simple ex-
ponential, the derivative dτ/dQ cannot be expressed in terms of τ alone. Consequently, the
distribution ψ is not a power-law, though it is well-approximated as such for values of βQ ≳ 1.
In fact, for a given value of a, as βQ increases, the characteristic exponent approaches the
βQ-independent value of 1+ a. For tall barriers (large βQ), the mean first-passage time is
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approximately

τ ≈ L2

2D
Γ
( 1

m

)
eβQ

m(βQ)1+ 1
m
, (2.86)

whilst the distribution of mean first-passage times is

ψ ≈ 2D
L2

am2

Γ
( 1

m

) (βQ)1+ 1
m

e(1+a)βQ
. (2.87)

Studying the limiting form of the natural logarithm of Eq. (2.86) and Eq. (2.87), it is possible
to establish the following, approximate, relationship

lnψ ∼−(1+a) lnτ + const., (2.88)

which confirms that, in the large-amplitude limit, the distribution of mean first-passage times
obeys the power-law predicted by the random barrier model.

To test this prediction, we simulated as follows using unit values of thermal energy and
damping throughout: for a given value of a, the distribution of barrier heights p(Q) was
sampled until 105 values of Q larger than some large threshold value (we used QT = 15) were
obtained. The corresponding mean first-passage times over the quadratic (m = 2) maximum
were calculated [109], their distribution analysed, and the characteristic exponent, α , extracted
[4]. A threshold was used because large amplitudes are less probable than small amplitudes, but
more important in determining the exact behaviour of the distribution’s heavy tail. For the sake
of efficiency, discarding the more frequently drawn, but less important, smaller amplitudes to
allow us to focus on the tail is prudent. The results of these simulations are shown in Fig. 2.11.
Also presented are the results of a separate analysis of the behaviour of the distribution of mean
first-passage times: using Eq. (2.84) and Eq. (2.85) it is possible to extract the characteristic
power-law exponent α for a given value of Q, over a range of values of a. The first step is to
calculate the gradient of the distribution ψ (τ) at the value of τ corresponding to the value of Q

which is of interest. As the gradient changes only slowly with τ , the distribution may be thought
of as approximately a power law, which enables us to use the relationship between the gradient
and the characteristic exponent: gradient = −(1+α). Fig. 2.11 demonstrates that, for a given
value of a, as the value of Q at which the exponent α is calculated is increased, the deviation
from the random barrier model’s prediction decreases, so lending support to Eq. (2.88).

Choosing a constant threshold for Q affects the simulation results: the probability of
obtaining a value of Q larger than a threshold QT is e−aβQT . For unit thermal energy and
QT = 15, these probabilities are 0.22 and 1.4×10−6 for a = 0.1 and a = 0.9, respectively. This
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Fig. 2.11 The power-law exponent α is calculated for different amplitudes Q over a range of
values of a for a quadratic maximum (m = 2) by extracting the gradient of the distribution of
mean first-passage times at the value of τ corresponding to the values of Q indicated in the
legend. The exponents obtained from numerical simulations are also shown for comparison.
In that case, the distribution is built up by calculating mean first-passage times for a random
sample of barrier heights, and a statistical analysis package is used to extract the exponent [4].

means that the barrier heights, and hence the mean first-passage times, obtained for a = 0.1
will be distributed over a large range, thus allowing the characteristic exponent to be calculated
accurately. By contrast, the barrier heights obtained for a = 0.9 will be relatively tightly
distributed above the threshold, so giving rise to a characteristic exponent greater than that
predicted by the random barrier model.

Increasing the number of samples would produce a characteristic exponent very close to
the value predicted by the random barrier model. This is because the less-probable tail of
the distribution would be better sampled, and the largest amplitude in the sample would (on
average) be bigger. As the distribution of mean first-passage times becomes well-approximated
by a power-law with exponent (1+a) in the limit of large amplitudes, better sampling of this
region would give results closer to the line. Fig. 2.11 indicates that good agreement is observed
for Q ∼ 75, which, for a = 0.9, has a probability of occurrence of roughly 5×10−30. Were a
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Brownian particle to move in such a landscape it is clear that the mean time elapsed before
encountering a barrier of this height would be vast. Hence, we believe that the sub-diffusive
dynamics differ from the random barrier model’s predictions on possibly substantial time-scales.
In Appendix D we attempt to develop these ideas by building a cosine-based random trap
model. In the limit of large amplitudes, we obtain an expression for how the characteristic
exponent approaches the value predicted by the exponential random trap model.

2.6.2 Evolution of the mean squared displacement

In order to investigate the behaviour of the mean squared displacement we performed two types
of numerical simulations.

The first were Brownian dynamics simulations: an ensemble of particles was initialised
at x = 0 in a piecewise-defined cosine energy landscape, where the amplitude of each section
was obtained from the exponential distribution p(Q) = aβ e−aβQ. With unit values of thermal
energy and damping, the system evolved until the mean squared displacement was at least
1000L2. For a given value of a, this procedure was repeated for 500 energy landscapes, with
ten particles per landscape. After combining the trajectories ⟨x2 (t)⟩, the exponent 2ν was
extracted.

The second were a coarse-grained version of the above. Instead of advancing the position of
each particle according to a simulation scheme based upon the over-damped Langevin Equation,
we constructed a scheme based upon the random barrier model: the minima were regarded
as lattice sites, between which particles could hop. Consider the following part of an energy
landscape

U(x) =

Q1
[
1− cos

(2πx
L

)]
, −L ≤ x ≤ 0

Q2
[
1− cos

(2πx
L

)]
, 0 ≤ x ≤ L.

(2.89)

For a particle starting from x = 0, the probabilities of exiting the region [−L,L] to the left, and
to the right, are given by [109]

PL =

∫ L
0 dxeβU∫ L
−L dxeβU

=
eβQ2I0 (βQ2)

eβQ1I0 (βQ1)+ eβQ2I0 (βQ2)

PR =

∫ 0
−L dxeβU∫ L
−L dxeβU

=
eβQ1I0 (βQ1)

eβQ1I0 (βQ1)+ eβQ2I0 (βQ2)
,

(2.90)
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respectively, whilst the mean first-passage time to move from the central minimum to either of
the adjacent minima is [109]

τ = PR

∫ L

0
dyeβU

∫ y

−L
dze−βU −PL

∫ 0

−L
dyeβU

∫ y

−L
dze−βU . (2.91)

Fig. 2.12 illustrates the hopping process laid out above. In particular, it makes clear that the
same energy barrier has different probabilities of being crossed depending upon the direction
in which the particle is moving.
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Fig. 2.12 The hopping probabilities for a section of an example energy landscape are calculated
according to Eq. (2.68). The particles make transitions based upon these probabilities and a
mean first-passage time calculated for each minimum. (L = 1).

Simulations were carried out as follows: 103 particles were initialised at x= 0 in a piecewise-
defined cosine energy landscape Ui(x) = Qi

2 (1− cos(2πx/L)), where the amplitude of each
section was taken from the usual exponential distribution. Each particle made 500 jumps, with
the direction of each jump determined in accordance with the probabilities given above. The
time associated with each jump was taken from an exponential distribution whose mean was
the above mean first-passage time [33]. This process was repeated for 103 energy landscapes,
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and the resulting trajectories used to calculate the evolution of the mean squared displacement
with time. The exponent 2ν was then extracted.

We decided to use this coarse-grained simulation scheme because it is faster than conven-
tional Brownian dynamics simulations. That it cannot replicate the short-time behaviour where
the ensemble spreads out within a single minimum before particles make their first transition to
adjacent minima is unimportant, because we are interested only in the long-time, inter-well
behaviour. Fig. 2.13 shows the results of both types of simulations, and the random barrier
model’s prediction.
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Fig. 2.13 The exponents characterising the growth of the mean squared displacement with time
extracted from Brownian dynamics and coarse-grained simulations are plotted as a function
of a. The inset is an enlargement of the region around a = 1. The marked deviation from the
random barrier model’s result in the sub-diffusive regime (a < 1) is possibly the result of the
shape of the barriers disrupting the power-law distribution of mean first-passage times.

Good agreement between the results of Brownian dynamics simulations and coarse-grained
simulations is observed. However, significant disagreement with both the random barrier
model’s and Eq. (2.27)’s predictions is also apparent: the sharp transition from sub-diffusion
to diffusion at a = 1 is not borne out by the simulations. Rather, a gradual change occurs,
with sub-diffusive behaviour persisting well into the (predicted) diffusive regime. We do not
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have a concrete explanation for this observation. However, we believe that it is possible that
the system’s behaviour is transient, becoming diffusive only at very long times, beyond those
for which motion was simulated. As mentioned before, this topic is addressed in more detail
in Appendix D, whilst Appendix A contains an assessment of the degree of sampling in the
coarse-grained and Brownian dynamics simulations.

2.7 Conclusions

In this chapter we used the concept of an averaged effective diffusion coefficient ⟨Deff⟩ to build
upon work done by Banerjee et.al. and Zwanzig. The (one-dimensional) mean first-passage
time formalism was used to derive an expression for ⟨Deff⟩ in terms of the piecewise-defined
energy landscape U(x), and the probability distribution p(Q) from which the amplitudes of
each section of the landscape were taken. We calculated the averaged effective diffusion
coefficient for an exponential probability distribution p(Q) = aβe−aβQ for energy landscapes
characterised by flat sections, smooth maxima, and sharp maxima. In every case a transition
from sub-diffusive to diffusive behaviour was observed at a= 1. The behaviour of ⟨Deff⟩ around
the transition was found to depend heavily upon the nature of U(x). For energy landscapes with
smooth maxima, ⟨Deff⟩ scales as (a−1)1− 1

m , where m ≥ 2 is the order of the first non-vanishing
derivative of U(x) evaluated at its maxima. Conversely, energy landscapes with sharp maxima
displayed strongly divergent, non-analytical behaviour around the transition; the sharper the
energy landscape, the stronger the divergence. We also studied two aspects of the sub-diffusive
(a < 1) regime: the growth of the mean squared displacement with time ⟨x2 (t)⟩, and the
distribution of mean first-passage times ψ (τ). The shapes of the maxima here considered
resulted in a non-analytic expression for the mean first-passage time. As a direct consequence,
predictions made within the framework of the random barrier model, where τ ∼ eβQ, were no
longer expected to be accurate. Correspondingly, only limited agreement was found between
the exponent characterising sub-diffusion obtained from Brownian dynamics simulations and
that predicted by the random barrier model. Additionally, the distribution of mean first-passage
times was found no longer to be a power-law. However, in the limit of large barriers, a reduction
to power-law behaviour – with the same characteristic exponent as that predicted by the random
barrier model – is observed.



Chapter 3

Over-damped motion in one-dimensional
rough potentials

3.1 Introduction

Diffusion in rough potential energy landscapes has been of interest for many years because
its study offers insight into fields from transport processes in disordered media [127, 43, 29,
226, 3, 128] to protein folding [200, 261] and the study of glassy systems [76, 77, 197, 7]. In
one dimension, a wide range of behaviours exist, reflecting the many ways in which an energy
landscape can be constructed. When working with unbiased potentials, if the energy barriers
are of equal height then the long-time motion is diffusive; if the heights are exponentially
distributed then a transition between diffusive and sub-diffusive behaviour occurs as the mean
height is increased [192, 33].

Working in one dimension, Lifson and Jackson derived an expression for the effective
diffusion coefficient D∗, which captures the retarding effect of homogeneous energy barriers
upon the macroscopic diffusive motion: ⟨x2⟩= 2D∗t, where D∗ ≤ Dfree = kBT/γ , the ratio of
the thermal energy to the damping coefficient [177]. Their expression has attracted widespread
usage, and undergone modification so that it can be used to model disordered systems [122]. In
particular, the case of Gaussian-distributed amplitudes has received much attention: Zwanzig
proposed an expression for the effective diffusion coefficient: D∗ = Dfree/e(ε/kBT )2

, where ε is
the root mean square roughness [267]. This result has been demonstrated not to hold for the
case of motion on a discrete lattice; an even more heavily suppressed diffusion coefficient is
obtained [14], as described in the introduction to chapter 2. However, when Brownian dynamics
simulations are performed on a continuous Gaussian surface good agreement with Zwanzig’s
unamended expression is observed. This difference is attributed to spatial correlations: their
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presence brings about a smoothing of the potential energy landscape, removes the deep “three-
site traps”, and thereby leads to the reduction to Zwanzig’s result [14]. A study of diffusion
in a one-dimensional piecewise-defined energy landscape made up of triangular sections with
Gaussian-distributed heights reaffirms the spatial correlations hypothesis above: the results
of numerical simulations agree closely with Zwanzig’s proposed expression for the diffusion
coefficient over a wide range of values of the thermal energy [219]. The case of exponential
disorder is also explored and the usual transition to sub-diffusion is observed. Interestingly, the
sub-diffusive exponent obtained from numerical simulations differs from the random trap/barrier
model’s result in a similar way to what we observed in Fig. 2.13: the exponent overshoots the
model for smaller values of the parameter controlling the disorder, but undershoots through the
transition to diffusion. Although the potentials considered in each situation are quite different –
triangular vs cosine-shaped sections – the turnover from overshooting to undershooting happens
for similar values of the disorder parameter. This is mirrored by the diffusive regime, where
good agreement with the theoretical diffusion coefficient is obtained for weak disorder, but
deviations (over-estimates) appear for stronger disorder, closer to the transition.

Returning to lattices, further work built upon the one-dimensional results by considering
motion on a d-dimensional lattice with Gaussian disorder. By using an effective medium
approximation an expression for the diffusion coefficient was obtained and found to be in good
agreement with the results of numerical simulations [224, 225]. However, in this chapter we
wish to focus upon the primary thrust of Zwanzig’s paper, namely his attempt to construct a
theoretical framework within which diffusion in rough energy landscapes can be treated more
directly than is possible with the usual Smoluchowski equation. In particular, rough energy
landscapes where the background need not be flat.

Zwanzig’s framework has potential application in the study of hierarchical energy land-
scapes such as that of a protein’s potential surface [8, 208, 106, 140, 81, 255, 259]. Zwanzig
conjectured that diffusion in rough energy landscapes can be described by the usual symbolic
form of the Smoluchowski equation, but with modifications to both the diffusion coefficient and
the energy landscape, in order to account for the roughness properly [267]. In this chapter, we
demonstrate that Zwanzig’s proposal is only partially correct: over-damped Brownian motion in
rough energy landscapes can be modeled using a modified form of the Smoluchowski equation,
but a different modification to the potential energy landscape is required if the formalism’s
predications are to agree with the results of numerical simulations. The primary goal of this
chapter is to derive the correct form of the modified potential.

After recapping Zwanzig’s conjecture, we will restrict our focus to confining background
energy landscapes with constant roughness, and use the configurational partition function to
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derive the mean potential energy in equilibrium. Numerical simulations reveal disagreement
with Zwanzig’s proposal, but good agreement with our theory’s predictions. Comparing the two
approaches enables us to suggest a different modification to the energy landscape, and bring
Zwanzig’s proposed formalism into agreement. Using the modified Smoluchowski equation to
study the approach to equilibrium in a quadratic background, it becomes clear that Zwanzig’s
modification to the diffusion coefficient is better understood as a modification to the damping γ .
Consequently, we propose a modified over-damped Langevin equation, from which we derive a
Brownian dynamics simulation scheme. Good agreement between results obtained from this
‘modified’ scheme and the ‘original’ scheme (based upon the unmodified Langevin equation) is
observed. The modified scheme enables the time-step to be increased with increasing roughness
– in stark contrast to the original scheme where the time-step must be decreased – thereby
affording potentially significant reductions in computational time. We consider the case of
piecewise-defined roughness, where the amplitude of each section is taken from a probability
distribution. The corresponding modified Langevin equation is derived, and the results of
numerical simulations for the case of exponentially distributed amplitudes are presented: good
agreement is observed over a range of mean amplitudes. Finally, we address the question
of when this modified equation can be used and calculate the form of the boundary between
validity and invalidity for the case of polynomial backgrounds and cosine-based roughness.
This can be reformulated in terms of the characteristic length scales of the smooth background
and the superposed roughness. Separation of these length scales, as invoked in Zwanzig’s work,
is shown to be a looser condition than might first be supposed. Throughout this work we will
restrict our attention to cases where the amplitude of the roughness, Q, is not a function of
position.

3.2 Zwanzig’s proposal

Consider a particle diffusing in an energy landscape U (x) =U0 (x)+U1 (x), where U0 (x) is
a smooth background of characteristic length scale L0, and U1 (x) is a rough perturbation of
characteristic length scale L1. Zwanzig conjectured that, provided L0 ≫ L1, the behavior is
governed by the usual form of the Smoluchowski equation [267]

∂ρ

∂ t
=−∂J

∂x
, (3.1)

J =−D∗e−βUZ(x) ∂

∂x

[
ρ eβUZ(x)

]
, (3.2)
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where β = 1/kBT ,

D∗ =
Dfree

eψ+eψ− , (3.3)

is the redefined diffusion coefficient, Dfree = kBT/γ is the free diffusion coefficient, eψ±
are

given by
eψ±

=
〈
e±βU1(x)

〉
x, (3.4)

⟨(·)⟩x = 1
L1

∫ L1
0 dx (·) denotes spatial averaging (over the characteristic length-scale of the

roughness), and

UZ =U0 −
ψ−

β
, (3.5)

is the redefined potential energy landscape proposed by Zwanzig. Since ψ± are independent of
x, D∗ is independent of position and UZ is simply U0 shifted by a constant. Because the energy
landscape enters the Smoluchowski equation via its gradient, the position-independent offset in
Eq. (3.5) will not affect the motion.

Before we study the equilibrium properties of the system, let us briefly remark upon the
effective diffusion coefficient described in Eq. (3.3). Zwanzig obtained this form by considering
the effect of roughness upon the mean first-passage time between two points in a potential
[267]

τ =
1

Dfree

∫ b

x0

dyeβU0+βU1

∫ y

a
dze−βU0−βU1 ≈ eψ+

eψ−

Dfree

∫ b

x0

dyeβU0

∫ y

a
dze−βU0 . (3.6)

This is suggestive of motion in the smooth potential, albeit with a modified diffusion coefficient
calculated from the pre-factor to the integrals. This form for the effective diffusion coefficient
is familiar: in chapter 2 we found the same expression when considering motion in a potential
made up of a series of repeat units. Here the spatial average is taken over the characteristic
length-scale of the roughness; there it was taken over a full repeat unit. But in both cases the
principle is the same: the diffusive motion is retarded by the presence of a potential, whose
effect is quantified by spatial averages over the relevant length-scale.

The equilibrium solution to the unmodified Smoluchowski equation is the Boltzmann
distribution ρ (x) = e−βU(x)/Z, where the configurational partition function Z is

Z =
∫

dxe−βU0e−βU1. (3.7)

Under the assumption of separation of length-scales the term involving the rough contribution
to the potential U1 can be replaced by its spatial average [267] and then removed from within
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the integral to give the following, approximate expression for the partition function

Z ≈ ⟨e−βU1⟩x

∫
dxe−βU0 = eψ−

∫
dxe−βU0. (3.8)

This approximation coarse-grains the effects of the roughness. Provided that the amplitude of
the roughness does not vary with position, the mean potential energy in equilibrium calculated
according to Zwanzig’s proposed formula for the modified potential ⟨UZ⟩ is

⟨UZ⟩=
∫

dxUZ (x)ρ (x)≈ ⟨U0⟩0 −
ψ−

β
, (3.9)

where

⟨(·)⟩0 =

∫
dxe−βU0(x) (·)∫

dxe−βU0(x)
, (3.10)

indicates averaging with respect to the equilibrium distribution in the smooth background U0.
Let us now take a different approach to calculating the mean potential energy in equilibrium.

Rather than use Zwanzig’s proposed expression for the modified potential, we will use the
configurational partition function given in Eq. (3.8). The mean potential energy in equilibrium
is given by ⟨U⟩=−∂ lnZ/∂β

⟨U⟩ ≈ −∂ψ−

∂β
− ∂

∂β
ln
(∫

dxe−βU0

)
,

= ⟨U0⟩0 −
∂ψ−

∂β
,

(3.11)

This expression for the mean potential energy in equilibrium is different from the one we obtain
starting from Zwanzig’s proposed expression for the modified potential; the constant offsets
differ. Comparison of the two expressions – Eq. (3.9) and Eq. (3.11) – leads us to propose the
following form for the modified potential

U∗ =U0 −
∂ψ−

∂β
, (3.12)

which ensures consistency between the two approaches used to calculate the mean potential
energy in equilibrium. The corresponding current density is

J =−D∗e−βU∗(x) ∂

∂x

[
ρ eβU∗(x)

]
. (3.13)
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3.3 Constant roughness

To test our theory against Zwanzig’s proposal, we will consider a sample energy landscape

U (x) =
α

m
|x|m +Q [1− cos(nπx)] , (3.14)

where the first and second terms are the confining (α,m > 0) background U0, and the rough
addition U1, respectively. In this case, it can be shown that ⟨U0⟩0 =

kBT
m , and also that

eψ±
= e±βQ 1

2/n

∫ 2/n

0
dxe∓βQcos(nπx),

= e±βQ 2
2/n

∫
π

0
dθ eβQcos(θ) = e±βQI0 (βQ) ,

(3.15)

where I0 is the zeroth-order modified Bessel function of the first kind. Inserting these results
into Eq. (3.9) and Eq. (3.11) gives the following predictions for the mean potential energy in
equilibrium

Zwanzig: ⟨UZ⟩ =
kBT
m

+Q− ln(I0 (βQ))

β
, (3.16)

Partition: ⟨U⟩ =
kBT
m

+Q
[

1−
I′0 (βQ)

I0 (βQ)

]
. (3.17)

Brownian dynamics simulations were performed with an ensemble of 105 particles and
unit values of thermal energy and damping for two backgrounds: m = 2 and m = 10. The
time-step was 10−4 for Q ≤ 2.5, and 5×10−5 thereafter. To a reasonable approximation, the
combination α = 4,n = 4 satisfied the condition of separation of length scales – a point to
which we will return in a later section. Once the system had fully equilibrated, as determined
by comparison of the mean squared displacement to the theoretical value, the mean potential
energy was calculated by averaging over the ensemble of particles. Fig. 3.1 shows that the
simulation results agree with Zwanzig’s proposed formalism for only the smallest values of Q.
In contrast, good agreement between the results and our theory is observed for all amplitudes
considered. We conclude that Zwanzig’s framework is correct provided we use Eq. (3.12) and
Eq. (3.13) instead of Eq. (3.2) and Eq. (3.5).
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Fig. 3.1 The mean potential energy in equilibrium is plotted as a function of Q for two
background energy landscapes: the upper-most dashed and solid lines are for a quadratic
background (m = 2), whilst the lower-most are for a tenth-power background (m = 10).

3.4 Langevin Dynamics

We will now use the amended formalism to study the approach to equilibrium. The Smolu-
chowski equation can be solved analytically for quadratic (m = 2) background energy land-
scapes [247, 248]: for a system initialised to x = 0, the probability distribution ρ evolves
as

ρ (x, t) =
1√

2π f (t)
exp
(

−x2

2 f (t)

)
, (3.18)

where
f (t) =

1
αβ

[
1− e−2D∗αβ t

]
. (3.19)

The mean squared displacement is

⟨x2 (t)⟩=
∫

dxx2
ρ (x, t) =

1
αβ

[
1− e−2D∗αβ t

]
. (3.20)
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We are, in effect, considering diffusion in a smooth quadratic well, a problem that can be
addressed with the over-damped Langevin equation

γ
dx
dt

=−dU0

dx
+ξ (t) , (3.21)

where ξ (t) is the usual thermal noise with zero mean ⟨ξ (t)⟩= 0 and covariance ⟨ξ (t)ξ (t ′)⟩=
2γkBT δ (t − t ′). The mean squared displacement of a particle initialized to x = 0 in the energy
landscape U0 =

α

2 x2 can be derived from Eq. (3.21):

⟨x2 (t)⟩= 1
αβ

[
1− e−2αt/γ

]
. (3.22)

The same general form of Eq. (3.20) and Eq. (3.22) leads us to conclude that the effect of
the roughness can be accounted for by modifying the damping γ . This can be seen most
easily by using Eq. (3.3) to rewrite the exponent in Eq. (3.20) in terms of the damping:
−2αt/

(
γeψ+

eψ−
)

. Comparison with Eq. (3.21) reveals equivalence under

γ 7→ γ
∗ = γ eψ+

eψ−
. (3.23)

This expression, in conjunction with the modified energy landscape in Eq. (3.12), leads
us to propose the following: when considering the diffusive motion of Brownian particles in
energy landscapes comprising of a confining background U0 (x) and a superposed roughness
U1 (x), provided that the length scale of the roughness is sufficiently smaller than that of the
background (L1 ≪ L0), the dynamics can be described by the modified Langevin equation

γ
∗dx

dt
=−dU∗

dx
+ξ

∗ (t) , (3.24)

where U∗ and γ∗ are as before, and ξ ∗ has zero mean ⟨ξ ∗(t)⟩= 0, and the following covariance

⟨ξ ∗ (t)ξ
∗ (t ′)⟩= 2γ

∗kBT δ
(
t − t ′

)
. (3.25)

Modifying the damping coefficient means that the fluctuation-dissipation relationship much
also change, as can be seen in Eq. (3.25). This ensures that the behaviour of a free particle in the
modified regime is the same as the long-time behaviour of a particle navigating a rough energy
landscape in the original regime: the diffusion coefficients must agree. The coarse-grained
effect of the roughness is captured by the dimensionless number eψ+

eψ−
.
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Eq. (3.24) is analogous to Zwanzig’s modified Smoluchowski equation. One of the most
significant implications of this modified framework is found in the numerical simulation of
motion in rough energy landscapes. Consider the following two discretised expressions – one
for the original Langevin equation, one for the modified Langevin equation – which give the
change in a particle’s position at each time step of its simulated motion:

∆xO =−d[U0 (x)+U1 (x)]
dx

∆t
γ
+

√
2kBT

γ
∆t N (0,1) , (3.26)

and

∆xM =−dU0 (x)
dx

∆t
γeψ+eψ− +

√
2kBT

γ

∆t
eψ+eψ− N (0,1) , (3.27)

where the subscripts ‘O’ and ‘M’ refer to the ‘original’ and ‘modified’ Langevin equations
respectively, ∆t is the time step, and N (0,1) is a normal distribution with zero mean and unit
variance sampled at each time step.

In order for the simulation schemes to work well, ∆t must be small enough to resolve
motion on the smallest length scale present in the system. The original scheme contains both
the background U0 and the roughness U1, whilst the modified scheme contains only U0. Taken
with the requirement for separation of length scales, this implies that a larger time step can
be used in the modified scheme than in the original scheme. Depending upon the form of the
roughness (specified by Q and n in the above case), this factor can be between 50 and 100-fold.

Note also that eψ+
eψ−

is an increasing function of the amplitude of the roughness, often
rapidly so. In the modified scheme the ratio ∆t/eψ+

eψ−
decreases with increasing amplitude,

thereby increasing the accuracy of the simulations. Conversely, one could increase the time step
in line with eψ+

eψ−
without losing accuracy. Combining these two factors, the possibility of

significant increases in simulation speed becomes apparent. For large amplitudes of roughness,
where equilibrium is established only very slowly, and the original scheme requires a yet-
smaller-still time step to counterbalance the increase in amplitude, the modified approach
represents a significant improvement. Table 3.1 illustrates the scale of improvements possible
when the roughness is given by U1(x) = Q(1− cos(nπx)).

Fig. 3.2 shows good agreement between the trajectories produced by the original and modi-
fied simulation schemes. It is important to note that the modified scheme is not valid on the short-
est timescales. This can be seen most easily from its failure to follow the original scheme’s mean
potential energy trajectory upwards from zero, starting instead at Q

[
1− I′0 (βQ)/I0 (βQ)

]
.

However, this failure is not unexpected: in the modified scheme, the effects of the roughness
are manifest through its spatial average. Physically, this averaging is the spreading out of the
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Q ∆tM
∆tO

= I2
0 (βQ)

1 1.6
2 5.2
5 740
10 7.9×106

Table 3.1 The ratio of the time-steps for the original ‘O’ and modified ‘M’ simulation schemes is
given as a function of the amplitude of the roughness Q for the case U1(x) = Q(1− cos(nπx)).
The thermal energy kBT = 1.

particle ensemble into minima adjacent to the global minimum. Only when a sufficient fraction
of the ensemble has made this jump does the modified scheme become valid. This takes some
time, hence the discrepancy at the start of the motion.

The inset of Fig. 3.2 hints at under-optimisation of the modified scheme: the red, dashed
line extends to the left of the point at which the two schemes first coincide. A further doubling
of the time step used in the modified simulations ought to be possible, giving an overall 100-fold
increase in simulation speed.

3.5 Random roughness

Let us now turn to the case of piecewise-defined roughness, where the amplitude of each section
is taken from a probability distribution. Zwanzig developed his formalism by considering the
mean first-passage time from one point in an energy landscape to another. By relating the mean
first-passage times in the presence and absence of roughness with a multiplicative factor, he
deduced Eq. (3.3) – the effect of the roughness upon the diffusion coefficient.

If the width of each section of the roughness is L, then the mean first-passage time to move
from x = 0 to x = NL i.e. across N full sections is given by [109]

τ =
1
D

∫ NL

0
dy eβU

∫ y

0
dz e−βU , (3.28)

which, upon breaking up the integrals into their component parts across each section of the
energy landscape, can be written as

τ =
1
D

N

∑
i=1

∫ iL

(i−1)L
dy eβU0eβU1,i

∫ y

(i−1)L
dz e−βU0e−βU1,i

+
1
D

N

∑
i=2

N−1

∑
j=1

∫ iL

(i−1)L
dy eβU0eβU1,i

∫ jL

( j−1)L
dz e−βU0e−βU1, j .

(3.29)
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Fig. 3.2 The equilibration of an ensemble of 105 particles in a quartic background (α = 4,n =
4.3,Q= 2) is simulated using the original and modified schemes with kBT = γ = 1. ∆tO = 10−4

and ∆tM = 5×10−3. The uppermost lines are the mean potential energy; the lowermost the
mean squared displacement. The crucial differences between the schemes can be seen by
examining their short-time behaviour. The potential energy trajectories differ because the
modified scheme calculates the mean potential energy using a modified potential (Eq. (3.12))
which accounts for the roughness with a constant offset. But in the original scheme the effect of
the roughness is not fully felt until the particles have explored beyond their starting minimum,
which takes a little time. Second, the mean squared displacement trajectories differ because,
in the original scheme, the particles diffuse freely until they feel the confining effects of the
roughness. The growth then slows until they escape into the adjacent minima. Naturally, these
features are not present in the coarse-grained scheme, which has absorbed the effects of the
roughness into a modified damping coefficient, and motion proceeds in the smooth background
potential.

Assuming separation of length-scales, we can replace the terms involving the rough part of the
energy landscape by their spatial average, and hence remove them from within the integrals.
Doing so, we find
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τ =
1
D

N

∑
i=1

eψ
+
i eψ

−
i

∫ iL

(i−1)L
dy eβU0

∫ y

(i−1)L
dz e−βU0

+
1
D

N

∑
i=2

N−1

∑
j=1

eψ
+
i eψ

−
j

∫ iL

(i−1)L
dy eβU0

∫ jL

( j−1)L
dz e−βU0.

(3.30)

The amplitudes characterising the roughness are distributed according to a probability distribu-
tion p(Q), which means that the averaged mean first-passage time is given by

τ =
∫

dQ1 · · ·dQN p(Q1, . . . ,QN)τ(Q1, · · · ,QN). (3.31)

The separability of the joint probability distribution p(Q1, . . . ,QN) into a product of indi-
vidual probability distributions p(Q1) . . . p(QN) means that Eq. (3.31) can be rearranged into
the following form

τ =
1
D

N

∑
i=1

[∫
dQi p(Qi)eψ

+
i eψ

−
i

]∫ iL

(i−1)L
dy eβU0

∫ y

(i−1)L
dz e−βU0

+
1
D

N

∑
i=2

N−1

∑
j=1

[∫
dQi p(Qi)eψ

+
i

][∫
dQ j p(Q j)e

ψ
−
j

]∫ iL

(i−1)L
dy eβU0

∫ jL

( j−1)L
dz e−βU0.

(3.32)

Finally, by denoting the three integrals involving the probability distribution as follows∫
dQi p(Qi)eψ

+
i eψ

−
i = eψ+eψ−

,∫
dQi p(Qi)eψ

±
i = eψ±

,
(3.33)

we can rewrite the expression for the averaged mean first-passage time more compactly as

τ =
eψ+eψ−

D

N

∑
i=1

∫ iL

(i−1)L
dy eβU0

∫ y

(i−1)L
dz e−βU0

+
eψ+ × eψ−

D

N

∑
i=2

N−1

∑
j=1

∫ iL

(i−1)L
dy eβU0

∫ jL

( j−1)L
dz e−βU0.

(3.34)

The mean first-passage time from x = 0 to x = NL in the smooth background U0 alone is
given by

τ0 =
1
D

∫ NL

0
dy eβU0

∫ y

0
dz e−βU0, (3.35)
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which can be separated in exactly the same way as Eq. (3.29) to give

τ0 =
1
D

N

∑
i=1

∫ iL

(i−1)L
dy eβU0

∫ y

(i−1)L
dz e−βU0

+
1
D

N

∑
i=2

N−1

∑
j=1

∫ iL

(i−1)L
dy eβU0

∫ jL

( j−1)L
dz e−βU0.

(3.36)

Isolating the second term in Eq. (3.36) and substituting it into Eq. (3.34) produces the following
expression for the averaged mean first-passage time

τ = eψ+ × eψ−
τ0 +

1
D

[
eψ+eψ− − eψ+ × eψ−

]
×

N

∑
i=1

∫ iL

(i−1)L
dy eβU0

∫ y

(i−1)L
dz e−βU0,

(3.37)

which now contains τ0. Unlike the case of constant-amplitude roughness, the averaged mean
first-passage time cannot in general be related to the mean first-passage time in the absence of
roughness τ0 by a multiplicative factor.

In the limit of large N the first term in Eq. (3.37) dominates the averaged mean first-passage
time because the number of terms in the formula for τ0 grows as N2. This enables us to make
the following approximation

τ ≈ eψ+ × eψ−
τ0. (3.38)

For a physical system, this limit corresponds to a sufficiently short length-scale of roughness
when compared to the smooth background for the effect of the roughness upon the smooth
background to be felt in many sections. An example of what is meant by this can be seen in
the inset of Fig. 3.3, where rough features are observed some distance away from the global
minimum. If we use this approximate relationship as our starting point then, by following
Zwanzig’s reasoning, the equivalent of Eq. (3.23) for the case of random roughness is

γ 7→ γ = γ eψ+ × eψ−
. (3.39)

In order to create a modified Langevin equation, we must specify the modified energy landscape.
For the case of constant roughness, we found that U∗ =U0 −∂ψ−/∂β gives a mean potential
energy in equilibrium consistent with simulation results. Let us propose that

U∗ =
∫

dQ p(Q)U∗ =U0 −
∫

dQ p(Q)
∂ψ−

∂β
(3.40)
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and
⟨ξ (t)ξ

(
t ′
)
⟩= 2γkBT δ

(
t − t ′

)
(3.41)

is the correct form. Eq. (3.39) and Eq. (3.40) define the modified Langevin equation for random
roughness

γ
dx
dt

=−dU∗

dx
+ξ (t) . (3.42)

When each section of the roughness has the form Q [1− cos(nπx)], and the amplitudes are
distributed exponentially p(Q) = aβe−aβQ, we find

γ = γ
a2√

(a−1)2 −1
√

(a+1)2 −1
, (3.43)

and
U∗ =U0 +a

∫
∞

0
d(βQ) e−aβQ

[
1−

I′0 (βQ)

I0 (βQ)

]
. (3.44)

To test our hypotheses, Brownian dynamics simulations were performed using an ensemble
of 104 particles and unit values of the thermal energy and damping. The background energy
landscape and roughness are described by m = 1.5,α = 0.1, and n = 4.0, respectively. Motion
was simulated for a range of values of a (one energy landscape for each value), and good
agreement between the mean potential energy in equilibrium and Eq. (3.44) was found for
a ≳ 5. The discrepancy for a ≲ 5 is due to the breakdown of the assumptions that allowed us to
write Eq. (3.38).

3.6 Validity

We have so far focussed upon the implications of the modified Langevin equation, and neglected
the important matter of its validity. It is this topic to which we now turn. In moving from
Eq. (3.7) to Eq. (3.8) we assumed that the term involving the roughness could be replaced by
its spatial average, and hence removed from within the integral. Validity is thus a question
of when the difference between quantities derived from the exact and approximate partition
functions is deemed acceptably small. This makes it hard to address in a satisfactory manner
because the question is one of degree, not one of an absolute. Nonetheless, by studying the
mean squared displacement in equilibrium we hope to illustrate one way in which this element
of the work might be addressed.
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Fig. 3.3 The mean potential energy in equilibrium is plotted as a function of a. Each point
comes from simulating motion in one energy landscape, an example of which can be seen in
the inset (a = 8). Good agreement between numerical simulations based upon the unmodified
Langevin equation and our theory is observed for a> 5. This is the result of a clear separation in
length scales between the smooth background (m = 1.5,α = 0.1) and the superposed roughness
(n = 4).

The equilibrium probability distribution is given by ρ (x) = e−βU0e−βU1/Z. Hence, the
exact expression for the mean squared displacement in equilibrium is

⟨x2⟩=
∫

dxx2e−βU0e−βU1∫
dxe−βU0e−βU1

, (3.45)

whilst the approximate expression – obtained by invoking separation of length scales – is

⟨x2⟩ ≈ ⟨e−βU1⟩x
∫

dxx2e−βU0

⟨e−βU1⟩x
∫

dxe−βU0
=

∫
dxx2e−βU0∫
dxe−βU0

. (3.46)

We decided that, for a given background energy landscape and roughness, Zwanzig’s
approach – and hence the modified Langevin equation – would be deemed valid if the percentage
difference between the mean squared displacement in equilibrium calculated using Eq. (3.45)
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and Eq. (3.46) is less than 0.1%. Although this threshold is essentially arbitrary, it is strict,
which we believe is a plus.

To study validity we used the same model energy landscape as before: U (x) = α

m |x|
m +

Q(1− cos(nπx)), and focussed upon three smooth backgrounds, m = 2,4, and 10. For each
background, we selected an amplitude Q and a series of values of α for which we sought to
establish the value of n beyond which the modified Langevin equation is deemed valid. In this
way, a ‘boundary’ between validity and invalidity was established: n as a function of α .

Fig. 3.4 shows the behaviour of these boundaries for each background for three different
amplitudes of roughness (Q=1, 4, and 15), over a range of values of α . In each case the
boundary is well-described by

n(α,m,Q) = C (Q,m)α
1/m, (3.47)

where C is a constant for a given amplitude of roughness Q and characteristic power m.
For the same values of α and Q, larger values of m require larger values of n in order to

reach the same threshold of validity. Furthermore, for a given background energy landscape
(α,m), larger amplitudes of roughness Q also demand larger values of n: in other words
C (Q,m) is an increasing function of Q. However, note that this is an effect which diminishes
with Q – the lines representing Q = 4 and Q = 15 lie almost atop one another – but which does
so less rapidly for larger values of m. When m = 2 all three lines lie almost on top of each
other, but for both m = 4 and m = 10, there is clear separation between the line for Q = 1 and
the lines for Q = 4,15.

Fig. 3.5 shows the behaviour of the mean squared displacement calculated using the exact
expression (Eq. (3.45)) as a function of n for the quartic (m = 4) background potential energy
landscape. The red line is the value of the mean squared displacement obtained from the
partition function under the assumption of separation of length scales (Eq. (3.46)), whilst
the green dotted lines either side mark the region of validity (the exact value plus or minus
0.1%). The aim of this plot is to illustrate the approach to validity of the separation of length
scales condition. First, note the extended range of values of n for which the condition is
not satisfied: only for n ≳ 4.2 is the approximate value consistently within ±0.1% of the
exact result. Intuitively, this makes sense: only when the period function varies much more
rapidly than the background do we expect it to be possible to average out its effect. Second,
“consistently” hints at the caution which must be exercised when applying this condition: the
exact result passes through the region of validity (as demarcated by the green dotted lines) a
number of times before settling to a constant value. Care must be taken when searching for the
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Fig. 3.4 A plot of the phase space showing the boundaries between validity and invalidity.
These are established by connecting the first values of n for which the exact and approximate
expressions for the mean squared displacement in equilibrium (Eq. (3.45) and Eq. (3.46),
respectively) consistently agree with one another to within 0.1%. The top three curves are for
m = 10; the middle three for m = 4; the bottom three for m = 2. These boundaries aid our
understanding of how the separation of length scales condition depends on the shape of the
potential energy landscape.

true start of this region so as to avoid finding a region of coincidental agreement. For some
potentials, it could be better to search back-to-front by starting with very large values of n and
looking for the value of n below which disagreement exceeds 0.1%.

In establishing Eq. (3.47) as a good model for the boundary between validity and invalidity
we are in a position to understand better what is meant by the separation of length-scales
condition. Multiplying the expression for the potential energy landscape by β to render it
dimensionless and rewriting the resulting expression in terms of constants with the dimensions
of length gives

βU (x) =
∣∣∣∣ x
L0

∣∣∣∣m +βQ
[

1− cos
(

2πx
L1

)]
(3.48)
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Fig. 3.5 The approach to validity of the separation of length scales approximation is shown for
a quartic potential (Q = 2,m = 4,α = 4). As the value of n, which controls the periodicity of
the cosine roughness, is increased, the agreement between the exact and approximate results
improves until they coincide. The arbitrary, but strict, condition for validity is represented by
the green dotted lines, which are within 0.1% of the approximate value. Fig. 3.4 is constructed
from information in plots such as this one: the value of n beyond which the exact result lies
always within the green lines is the boundary value.

where L0 = (βα/m)−1/m and L1 = 2/n. Inserting these expressions into Eq. (3.47) we find

L0

L1
=

C (Q,m)

2

(
m
β

) 1
m

(3.49)

Evaluating Eq. (3.49) for Q = 1,β = 1 for each of the three values of m for which boundaries
were calculated (m = 2,4,10) gives the following constants: 2.5, 3.0, 5.5, respectively. If we
can interpret L0 and L1 as characteristic length scales of the background and the roughness
respectively then it is possible to pass comment upon the previously invoked separation of
length scales condition. Following Zwanzig’s work [267] we wrote this condition as L0 ≫ L1.
However, the constants obtained from Eq. (3.49) reveal that a high degree of validity can be
obtained for length scales rather closer to one another than might be inferred from this form
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of the condition. Perhaps all this serves to illustrate the difficulties associated with making
concrete statements on a topic which is by definition a matter of degree. We nonetheless
hope that this discussion has offered some insights into how the question of validity might be
addressed. Likely the most important result is that the shape of the boundary (Eq. (3.47)) is
closely related to the shape of the background energy landscape.

3.7 Conclusions

Zwanzig proposed a formalism for modeling diffusion in rough potential energy landscapes
based upon a modified version of the Smoluchowski equation. We tested Zwanzig’s proposal
and found that its predictions disagreed with the results of numerical simulations for all but
the smallest amplitudes of roughness. Using the configurational partition function, we derived
an alternative amendment to the energy landscape, which brought Zwanzig’s formalism into
agreement with simulations. We proposed a modified version of the over-damped Langevin
equation, which coarse-grained the effects of the roughness, from which we constructed a
simulation scheme. Peculiarities of the scheme lead to potentially significant reductions in com-
putational time. We extended our findings to the case of roughness with randomly distributed
amplitudes. We again proposed a modified Langevin equation and observed good agreement
with simulations for the case of exponentially distributed amplitudes. Finally, the question
of when this scheme is valid was then addressed by studying how the discrepancy between
the mean squared displacement in equilibrium calculated using the exact and approximate
formulae changes as a function of the properties of the potential energy landscape. Requiring a
discrepancy of less than 0.1% enabled a boundary between validity and invalidity to be drawn,
which was then reinterpreted in terms of characteristic length scales. Zwanzig’s separation of
length scales condition for validity was then examined and found to be satisfied more readily
than might first be supposed.





Chapter 4

Over-damped motion in multi-dimensional
disordered potentials

4.1 Introduction

In the previous chapters we studied motion in one-dimensional disordered potential energy
landscapes and noted that systems with an exponential distribution of barrier heights/trap
depths exhibit a transition between diffusion and sub-diffusion. The behaviour of the diffusion
coefficient around the transition was explored as a function of the shape of the energy barriers,
and numerical simulations were used to study the sub-diffusive exponent. In this chapter we
will turn our attention to motion in multi-dimensional disordered potentials, beginning by
describing some important experimental systems whose study helped motivate advances in this
field, before examining some of the theoretical approaches to used to study these systems.

Interest in transport through disordered solids was in part aroused by applications to
xerography, where some anomalous experimental features were observed [64, 237]. For
instance, the mobility of charge carriers through components inside a photocopier was found
to depend on the thickness of the material, rather than an intrinsic property of the material
itself [222]. Modelling the motion of carriers through the amorphous solid with a heavy-tailed
“hopping time” distribution ψ (τ)∼ τ−(1+α), where 0 < α < 1, for jumps between sites, Scher
and Montroll [222] were able to produce a model for the flow of current through the material
which was consistent with experimental observations of systems such as Selenium Arsenide
(As2Se3) [220, 206] and TNF-PVK (trinitrofluorenone and poly-Nvinylcarbazole) [110]. This
built on work by Scher and Lax [221], who developed a framework for stochastic transport in
disordered systems by generalising the Montroll-Weiss continuous-time random walk [193].
The result was an expression for the frequency-dependent conductivity across the lattice, which
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is closely related to the frequency-dependent diffusion coefficient for charge carriers. In the
zero-frequency, direct current limit, this quantity is found to be inversely proportional to the
mean of the hopping time distribution. Hence, for sufficiently strong disorder, the direct current
contribution to the overall conductivity vanishes, providing another illustration of how disorder
can affect the properties of various systems [221, 32].

Bernasconi et. al. investigated the influence of disorder and imperfections upon the
transport properties of amorphous media [32]. They modelled the imperfections as potential
energy barriers, and assumed that the transition rate is exponential in the height. Imposing an
exponential distribution of barrier heights produced the now-familiar power-law distribution of
transition rates between lattice sites. In this way, the same power-law distribution as used in the
previous case emerges more naturally. This feature of the model translates into a power-law
dependence of the low-frequency conductivity, making it similar to the work described above
[222], and to other systems such as Tellurium Arsenide (As2Te3) [87]. Experimental work
on hollandite (K1.54Mg0.77Ti7.23O16) [136, 60] revealed consistency with the assumption of
a distribution of transition rates which falls off strongly with barrier height [37, 38], making
the assumption of an exponential distribution reasonable. Consequently, the motion of the
potassium ions through the material provided a useful test case for the theory [36]. Good
agreement between the expressions for conductivity as a function of frequency, and sub-
diffusive exponent as a function of temperature was observed, highlighting the power of the
simple model in replicating the bulk properties of a complex process [32].

The study of these experimental systems contributed to the considerable interest in motion
in disordered potentials. Naturally, tools to explore the behaviour of these systems were sought,
and a variety of analytical techniques were developed to meet this need. A summary of some
important developments follows. We will start by discussing trapping models because they are
relatively simpler than barrier models.

Machta studied one-dimensional random walks in media with static disorder [182]. He
began by using a perturbation expansion to solve the master equation for the hopping process.
As he remarked, the problem with this approach is that contributions to the diffusion coefficient
are found at all orders of the expansion, which means that accurate results can be feasibly
obtained only in the limit of weak disorder, where only the first few terms of the expansion
need be considered. After demonstrating the limitations of this method, Machta presented a
real-space renormalisation group theory approach, a close analog of which was used to study
the long-time properties of randomly stirred fluids [103]. By clever rearrangement of the terms
of the perturbation expansion “the diffusion coefficient ... [was] moved entirely to the first two
terms of the series”, thereby circumventing the problem at the core of the “naive” perturbation
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expansion [182]. The transformation of a strongly disordered system into a weakly disordered
one, and the corresponding broadening of the systems open to investigation, represented a
significant advance. His expression for the diffusion coefficient agreed with the results of
numerical simulations [217], and was later confirmed by Zwanzig, who calculated the same
quantity exactly [266]. At the end of the paper, Machta remarked that “another open problem is
the application of the RG method to higher dimensional random walks”. He addressed precisely
this topic a few years later through a study of a system with “site disorder”, which amounted to
the random trapping model [184]. One of the most important findings is that the system exhibits
anomalous diffusion whenever the mean of the trapping time distribution diverges. Crucially,
this result was established for all dimensions. An interesting extension of this work studied
systems with different concentrations of traps [130]. Although the concentration affects the
properties of the motion in each regime, it does not disrupt the transition between diffusion and
sub-diffusion, whose appearance in all dimensions is remarked upon. The authors’ discussion
of the sub-diffusion exponent in terms of the upper-critical dimension serves to remind us
of the differences between one-dimensional and multi-dimensional systems: not only do the
exponents differ, but beyond two dimensions the exponent doesn’t change with dimension
(the two-dimensional system is a special case). This was remarked upon by Alexander, who
demonstrated that the sub-diffusive exponent agrees with the Scher-Lax model in more than
two dimensions [2]. In their review, Bouchaud and Georges illustrate this with reference to
how the average number of sites visited depends differently on the number of jumps according
to the dimensionality (the same trend is observed) [43].

Let us now turn from systems with traps to systems with barriers, and hence from trap-
ping times on sites to transition rates between sites. Unlike in one dimension, where the
diffusion coefficient and sub-diffusive exponent are model-agnostic, differences appear in
multi-dimensional systems at the most fundamental level: the barrier model displays no tran-
sition to sub-diffusion. In simple terms, in more than one dimension it is possible to ‘go
around’ the largest barriers, reducing their retarding effect on the motion sufficiently to prevent
a transition to sub-diffusion [6, 2]. Conversely, whatever the dimension, particles can’t avoid
falling into deep traps. To draw a connection to previous remarks on the contributions to the
conductivity, Alexander demonstrated that the random barrier model always produces a finite
direct current conductivity (and hence diffusion coefficient) in more than one dimension [2]. A
further difference concerns the diffusion coefficient: whilst it can be calculated easily for the
multi-dimensional trapping model, the same is not true of the barrier model, as we will see.

Zwanzig’s exact calculation of the diffusion coefficient in one dimension provided a useful
check for those trying to obtain exact results for multi-dimensional systems [266]. The effective
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medium approximation (EMA) was one prominent approach, which we will discuss here.
The general idea is to replace a disordered medium with an homogeneous “effective medium”
such that the bulk properties of the system are unchanged [43]. The result is a self-consistent
equation for the quantity of interest, which could as easily be the conductance of a network of
random resistors (see [157], which is based on [50, 166, 49, 156] among others) as a diffusion
coefficient. Bernasconi et. al. used the EMA to study one-dimensional systems [30, 32, 31].
The long-time motion was examined via the low-frequency limit of the Laplace-transformed
probability density function evaluated on the starting site, a quantity which is closely related to
the diffusion coefficient [30, 3]. The correct long-time dependencies were obtained.

Webman proposed a multi-dimensional effective medium approximation for diffusion on a
lattice with symmetric transition rates between sites [256]. It is closely related to Landauer’s
Effective Medium Theory [167], and Odagaki and Lax’s Coherent Medium Approximation
[198]. One substantial advantage of this work is that the approximation scheme does not
proceed in powers of the deviation away from the properties of the homogeneous medium,
which means that the formalism is not restricted to the case of weak disorder. Webman and
Klafter applied this method to a one-dimensional system and demonstrated that, in the case
of a non-singular distribution of transition rates between lattice sites, it produces the exact
expression for the long-time diffusion coefficient [257]. Haus, Kehr, and Kitahara produced a
simpler formulation than Webman and Odagaki and Lax, and used it to study a one-dimensional
test case: a system with two transition rates [129] . Good agreement with numerical simulations
is observed at short and long times, where the framework produces exact results.

Work and comments by Derrida and Luck help to put this considerable progress into
a broader perspective [79] . Like others before them, they considered motion on a multi-
dimensional lattice, but did not restrict their focus to the usual case of symmetrical transition
rates between nearest-neighbour sites. They succeeded in deriving expressions for the velocity
and the diffusion tensor, but noted that explicit calculation requires the solution of equations
which “it is almost impossible to solve ... except in the pure case or in some one-dimensional
situations”. Whilst they obtained agreement with exact one-dimensional results [78], progress
in higher dimensions was made only via the use of a weak-disorder expansion. Though this
provides a useful check on results produced by effective medium approximation methods
(agreement to at least first order is found), it serves more to highlight the great difficulties in
obtaining exact results for multi-dimensional systems. Bouchaud and Georges illustrate this
nicely, by describing the calculation of the diffusion coefficient as “equivalent to finding the
permeability of a disordered porous medium, the magnetic susceptibility of a random mixture
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of magnets, the permittivity of a mixture of dielectrics, etc”, for which “no exact expression is
known in arbitrary dimension, in contrast to the random traps model” [43].

Having outlined some of the important progress made in this area, let us now turn our
attention to the system at hand by placing it in the context of earlier work. In chapter 2 we
studied motion in one-dimensional disordered potentials using a combination of numerical
simulations and theoretical techniques. Our work centred on how the shape of the sections
making up a potential affects the motion in both the diffusive and sub-diffusive regimes, and
the behaviour of the diffusion coefficient around the transition between them. The shape of
the potential was found to cause the diffusion coefficient and sub-diffusive exponent to deviate
from the familiar behaviour of the random barrier/trap model. Whilst the former is relatively
simple to address, the latter is more complicated because the exponent is intimately linked to
the distribution of transition times. Accounting for the shape of the potential means that this
distribution is only asymptotically a power law. As remarked in chapter 2, we think that this
can alter the dynamics of the system on potentially significant timescales. Furthermore, we
believe that this effect will carry over to multi-dimensional systems.

Compared to one dimension, the behaviour of both the random barrier and random trap
models is more complicated. First, whilst the random barrier model is always diffusive, the
diffusion coefficient cannot be calculated exactly, even in the simple case of a truly exponential
relationship between the barrier height and mean trapping time. Accounting for the shape of
the potential will only compound these difficulties. Second, whilst it might still be possible
to calculate the diffusion coefficient for the trapping model, the sub-diffusive exponent is
expected to be beyond reach for the same reasons as in chapter 2. Taken together, it is clear that
numerical simulations are the best route for exploring the properties of these models. Extending
the coarse-grained scheme presented in chapter 2 will enable investigation of the deviations
from the better-studied cases.

In chapter 3 we studied how motion in one-dimensional rough potentials can be treated
using a modified over-damped Langevin equation. Here, we turn our attention to motion in
multi-dimensional periodic potentials which can be written as a sum of contributions from each
co-ordinate direction. This form permits application of our treatment of the roughness laid out
in chapter 3, and consequently the calculation of the effective diffusion coefficient in terms of
the amplitudes describing the potential in each direction. Whilst this reduces the number of
systems open to study, we believe that there are still enough which can be described in this
way, or be well-approximated as such, for this restriction not to matter too much. The motion
of charge carriers through disordered solids mentioned earlier is one such case. For further
context, we will now discuss another.
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Recent technological advances mean that it is possible to control and track the motion of
individual colloidal particles [231]. Provided that a random potential can be generated, this
offers another experimental system through which it is possible to gain insight into motion in
disordered potentials. Allow us briefly to describe a few ways in which such potentials have
been generated.

Laser beams can be used to induce dipole moments in colloidal particles, the strength of
which is directly related to the intensity of the beam; the particles are drawn to the regions of
highest intensity, which act as traps [12, 93]. By arranging a series of lasers to create a ring-like
series of optical traps (optical vortices [131, 108]), the motion of particles in tilted washboard
potentials was studied [174] (the tilt comes from using helical wavefronts, which focus as rings
instead of points and can impart angular momentum to the illuminated object [74]).

Whilst these studies concerned one-dimensional periodic potentials, others have addressed
one-dimensional random potentials. For instance, a potential with Gaussian disorder was
produced by using a holographic optical set-up, which is similar to optical tweezers [126]. By
tuning the imaging parameters, such as shutter speed, it is possible to vary the strength of the
Gaussian disorder. When the degree of disorder is small, some agreement with Zwanzig’s
theory [267] is observed.

More recently, these methods have been extended to investigate motion in multi-dimensional
potentials. An extended light field can be used to create a random potential energy landscape
[91]. Spatial light modulators induce randomly modulated intensity patterns, which, thanks
to the interaction between light and colloidal particles, corresponds to a random potential
energy landscape. For instance, the two-dimensional version of the holographic method used
above, where light is passed through a specially designed kinoform, has been used to create
two-dimensional Gaussian-disordered potentials [92]. The motion of individual particles was
tracked using video microscopy, and the evolution of the mean squared displacement with time
was established by observing many particles. As in the one-dimensional case, good agreement
with the results of numerical simulations was found when the disorder was weak. In another
case, a diffuser (a randomly arranged array of microlenses of varying radii of curvature and
size) was used to create a random light field [34]. The finite size of the colloidal particles means
that they experience a smoothed version of the resulting random potential, which is obtained by
convolving the intensity pattern with the particle weight function, which accounts for its volume.
It was demonstrated that the resulting distribution of energies follows a Gamma distribution,
which means that, with appropriate choice of particle sizes, it can be tuned between exponential
and approximately Gaussian. Motion in a Gaussian-disordered potential was studied using
numerical simulations, and the results were contrasted with those from experiments where the
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Gamma-distribution deviates markedly from a Gaussian [35]. Whilst the long-time motion was
similar, the behaviour at intermediate times was different due to the different relative densities
of deeper traps.

Another method has been used to create both periodic and disordered two-dimensional
potentials. A layer of colloids is constructed on top of a glass substrate, so forming a corrugated
surface, which acts as a gravitational potential for the particles diffusing over it. Ma et. al.

studied the diffusive dynamics for the case of a periodic, honey-comb pattern of colloids [181].
Others later extended the study to the case of active particles moving over the same surface
[65]. A disordered version of this model was created by using a bi-disperse mixture of silica
spheres [231]. Whilst this type of geometric disorder cannot be addressed with the simulation
method we will describe in this chapter, we are optimistic that a modified version would permit
study of such systems.

In each of these cases, the potential experience by the particles has smooth features. In the
former, the smoothing comes from the finite size of the particles being irradiated; in the latter,
it comes from the smooth spheres packed into a two-dimensional array. For this reason, we
think that it is important to build tools which enable one to account for these smooth features,
in contrast to the previously described models which have at their heart the assumption of
sharp-edged traps (barriers), thanks to the assumption of trapping times (transition rates) which
are purely exponential in the trap depth (barrier height).

Our starting point in building a coarse-grained simulation scheme is the same as in chapter 2.
We observe that the continuous motion of particles in a potential where considerable time
is spent around one minimum before a relatively quick transition to another is reminiscent
of particles hopping on a regular lattice. In that case, the effective diffusion coefficient can
be written in terms of hopping probabilities and the mean first-passage time. Equating this
expression with that derived from the continuous potential enables us to find expressions
for these quantities, which form the basis of a multi-dimensional coarse-grained simulation
scheme. We use this scheme to study motion in ordered and (exponentially) disordered two-
dimensional barrier-model potentials. Excellent agreement between the coarse-grained scheme
and Brownian dynamics is observed in the former. Whilst good agreement is observed for
weak disorder, a consistent discrepancy appears for stronger disorder. It is possible that this
is the result of an under-sampling of the exponential distribution in the Brownian dynamics
simulations.
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4.2 Effective diffusion in N-dimensions

Consider a multi-dimensional potential energy landscape which can be written as U (x1,x2, · · ·,xN)=

∑
N
i=1 [U0,i (xi)+U1,i (xi)], where, as in chapter 3, the U0,i and U1,i describe the smooth back-

ground and the superposed roughness, respectively. The over-damped Langevin equation in
N-dimensions

γ
dxxx
dt

=−∇∇∇U +ξξξ (t) ,

=−
N

∑
i=1

eeeiii
∂

∂xi
[U0,i (xi)+U1,i (xi)]+ξξξ (t) ,

(4.1)

where eeeiii is the unit vector in the ith co-ordinate direction, then decomposes into N over-damped
one-dimensional Langevin equations

γ
dxi

dt
=− ∂

∂xi
[U0,i (xi)+U1,i (xi)]+ξ (t) . (4.2)

Assuming that the condition of separation of length-scales is satisfied, we can form the
modified Langevin equation for each dimension by making the following replacements:

Ui (xi) 7→U∗
i (x) =U0,i (xi)−

∂ψ
−
i

∂β
,

γ 7→ γ
∗
i = γeψ

+
i eψ

−
i ,

ξ (t) 7→ ξ
∗
i (t) ,

(4.3)

where eψ
−
i = ⟨e−βU1,i(xi)⟩x, and ξ ∗

i (t) satisfies the following fluctuation-dissipation relation

⟨ξ ∗
i (t1)ξ

∗
i (t2)⟩= 2kBT γ

∗
i δ (t1 − t2) . (4.4)

Under these transformations, Eq. (4.2) becomes

γ
∗
i

dxi

dt
=− ∂

∂xi

[
U0,i (xi)−

∂ψ
−
i

∂β

]
+ξ

∗
i (t) . (4.5)

If we choose to work with a flat potential energy background, and the amplitude of the roughness
does not depend upon position, then Eq. (4.5) simplifies to

γ
∗
i

dxi

dt
= ξ

∗
i (t) , (4.6)
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which has the same form as the differential equation describing free diffusion, so the mean
squared displacement in each co-ordinate direction has the form

⟨x2
i ⟩=

2kBT
γ∗

t =
2Dfree

eψ
+
i eψ

−
i

t. (4.7)

The mean squared displacement as a whole is now easily obtainable. By noting that xxx =

(x1,x2, · · · ,xN), we see that xxx2 = ∑
N
i=1 x2

i . Hence,

⟨xxx2⟩=
〈 N

∑
i=1

x2
i

〉
=

N

∑
i=1

⟨x2
i ⟩, (4.8)

where the second equality follows from the independence of each direction from every other
direction. Finally, the mean squared displacement is

⟨xxx2⟩= 2
N

∑
i=1

Dfree

eψ
+
i eψ

−
i

t. (4.9)

In N-dimensions the mean squared displacement of a freely diffusing particle grows according
to ⟨xxx2⟩= 2NDfreet. Defining the effective diffusion coefficient by analogy, we find

Deff =
1
N

N

∑
i=1

Dfree

eψ
+
i eψ

−
i
. (4.10)

For example, when the potential energy landscape is made up of cosine functions

Ui (xi) =
Qi

2

[
1− cos

(
2πxi

Li

)]
, (4.11)

the effective diffusion coefficient is

Deff =
1
N

N

∑
i=1

Dfree

[I0 (βQi/2)]2
. (4.12)

The potential energy landscape in Eq. (4.11) is a regular array of potential minima separated
from one another by energy barriers. (This is a ‘barrier’ model because all of the minima lie at
the same potential). For all but the smallest values of the amplitudes Qi, the particles spend the
vast majority of their time localised around a minimum before making a quick transition over
a saddle point (these lie along the co-ordinate directions) into a nearest-neighbour minimum.
This behaviour encourages us to regard the motion as though the particles are constrained
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to move on a regular cubic lattice, where the lattice sites are the minima. Motion on this
lattice is described by hopping probabilities and mean first-passage times between sites, and an
expression for the effective diffusion coefficient can be derived in terms of these quantities. By
drawing equivalence with Eq. (4.10), we can obtain expressions for the mean first-passage time
and hopping probabilities, which, as seen in chapter 2, form the backbone of a coarse-grained
simulation scheme. We will derive these expressions in the next section.

4.3 Lattice hopping in N-dimensions

Consider an N-dimensional cubic lattice where the lattice constant in the ith dimension is Li,
and particles can make transitions between nearest-neighbour sites only. If the probability of a
particle jumping along the ith co-ordinate direction in the positive sense is P+

i , and the mean
time taken for a particle to jump from one lattice site to any of the 2N allowed sites is τ , then
the mean squared displacement can be shown to be

⟨xxx2⟩= 2

[
N

∑
i=1

L2
i P

+
i

]
t
τ
, (4.13)

where we have assumed that, along a given co-ordinate direction, the lattice is unbiased: i.e. an
equal probability of jumping in the positive or negative sense (P+

i = P−
i ). A derivation of

this result can be found in Appendix C. Recalling the earlier definition of the effective diffusion
coefficient, we find

Deff =
1
N

N

∑
i=1

L2
i P

+
i

τ
. (4.14)

4.3.1 Drawing equivalence with energy landscapes

Equating these expressions for Deff (Eq. (4.10) and Eq. (4.14)) gives

1
τ

N

∑
i=1

L2
i P

+
i =

N

∑
i=1

Dfree

fi
, (4.15)

where we have introduced fi = eψ
+
i eψ

−
i to simplify the notation. If we demand term-by-term

equality, then we find

P+
i =

τDfree

L2
i fi

. (4.16)
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The sum over all of the probabilities must be equal to one: ∑
N
i=1
[
P+

i +P−
i
]
= 1. As we

earlier specified that the lattice is unbiased, this condition becomes ∑
N
i=1 P+

i = 1
2 . By summing

over Eq. (4.16), we can derive an expression for the mean first-passage time

τ =
1

2Dfree

[
N

∑
i=1

1
L2

i fi

]−1

, (4.17)

which, when inserted into Eq. (4.16) gives the following expression for the probability of
hopping along the ith co-ordinate direction in the positive (or negative) sense

P+
i = P−

i =
1

2L2
i fi

[
N

∑
i=1

1
L2

i fi

]−1

. (4.18)

As remarked above, these expressions for the mean first-passage time and hopping proba-
bilities were derived for the case of a potential energy landscape where the particles are equally
likely to make transitions in the positive and negative sense along a co-ordinate direction.
Before we discuss the relationship between these lattice-based expressions and their continuous
potential counterparts, let us turn to the case of unequal probabilities.

4.3.2 P+
i ̸= P−

i

The mean first-passage time satisfies the following partial differential equation [109]

∑
i

−1
γ

∂U
∂xi

∂τ

∂xi
+∑

i, j
Di j

∂ 2τ

∂xi∂x j
=−1, (4.19)

where Di j is the diffusion tensor. Working in Cartesian co-ordinates Di j = δi jDfree, and
Eq. (4.19) simplifies to

∑
i

[
−1
γ

∂U
∂xi

∂τ

∂xi
+Dfree

∂ 2τ

∂x2
i

]
=−1. (4.20)

To pre-empt the next stage of the derivation, Eq. (4.20) can be rewritten as a pair of equations

−1
γ

∂U
∂xi

∂τ

∂xi
+Dfree

∂ 2τ

∂x2
i
=−Ci,

∑
i

Ci = 1.
(4.21)
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At this stage we make an assumption which enables us to solve this partial differential equation
exactly. We assume that the quantities Ci appearing in Eq. (4.21) are constants. The top line
of Eq. (4.21) can then be identified as the one-dimensional differential equation for the mean
first-passage time with partial – rather than total – derivatives, and with the right-hand side
rescaled by Ci. Consequently, we can make use of the one-dimensional solution to write

τ =
Ci

Dfree

[
p+i (I1,i +I2,i)− p−i I3,i

]
, (4.22)

where p±i are the probabilities that, given the particle jumps makes a jump along the ith co-
ordinate direction, it does so in the positive or negative sense [109] . Note that this is subtly
different to P±

i , which we defined as the probability of hopping along the ith co-ordinate
direction in the positive or negative sense. This distinction is made clearer by noting that the
former satisfy the summation condition p+i + p−i = 1 for all values of i = 1,2, · · · ,N, whereas
the latter satisfy ∑

N
i=1
[
P+

i +P−
i
]
= 1. The probabilities p±i are given by

p+i =

∫ 0
−Li

dxi eβU∫ Li
−Li

dxi eβU
,

p−i =

∫ Li
0 dxi eβU∫ Li
−Li

dxi eβU
,

(4.23)

whilst the I terms are

I1,i =
∫ Li

0
dyi eβU(yi)

∫ yi

0
dzi e−βU(zi),

I2,i =
∫ Li

0
dyi eβU(yi)

∫ 0

−Li

dzi e−βU(zi),

I3,i =
∫ 0

−Li

dyi eβU(yi)
∫ yi

−Li

dzi e−βU(zi).

(4.24)

By rearranging Eq. (4.22) to make Ci the subject, and then summing over all co-ordinate
directions, Eq. (4.21) gives

1 = ∑
i

Dfreeτ

p+i (I1,i +I2,i)+ p−i I3,i
, (4.25)
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which can be rearranged into the following expression for the mean first-passage time

τ =
1

Dfree

[
∑

i

1
p+i (I1,i +I2,i)+ p−i I3,i

]−1

. (4.26)

If instead we take the reciprocal of Eq. (4.26) then we obtain

1
τ
= ∑

i

Dfree

p+i (I1,i +I2,i)+ p−i I3,i
= ∑

i

1
τi
, (4.27)

where τi is the one-dimensional mean first-passage time in the ith co-ordinate direction. By
identifying the reciprocal of the mean first-passage time as a transition rate ri = 1/τi, we see
that the total escape rate r is given by r = ∑i ri. This type of expression for the total escape rate
leads us to propose the following expression for the probability of escape in the ith co-ordinate
direction:

Pi =
ri

∑i ri
=

1/τi

∑i 1/τi
. (4.28)

Finally, it follows that the probability of making a jump in the positive or negative sense along
the ith co-ordinate direction is

P±
i = p±i Pi = p±i

1/τi

∑i 1/τi
. (4.29)

Let us conclude this section by drawing equivalence between these expressions for the
mean first-passage time and hopping probabilities, and those in the previous sub-section. There
we assumed that the particle is equally likely to jump in the positive or negative sense along
the ith co-ordinate direction i.e. P+

i = P−
i . From Eq. (4.29), and our definitions of p±i ,

it is clear that we impose this condition by setting p+i = p−i = 1
2 . This has the immediate

consequence that I1,i = I3,i. (The equality of the double integrals comes from the absence
of bias: although evaluated over different sections of the potential energy landscape, equal
probabilities of jumping in the positive or negative sense imply that the barriers are equally
high. Given that the underlying form of the energy landscape is the same for each and every
section, equality of amplitudes leads to equality of integrals). Hence, Eq. (4.26) becomes

τ =
1

Dfree

[
∑

i

2
I2,i

]−1

=
1

2Dfree

[
∑

i

1
L2

i fi

]−1

, (4.30)

which is identical to Eq. (4.17). Taking this expression for the mean first-passage time and
substituting it into Eq. (4.29) we obtain the same expression for the hopping probabilities found
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earlier (Eq. (4.18)). This suggests that the two approaches to calculating the mean first-passage
time and hopping probabilities are equivalent.

Where does this equivalence come from? Superficially, the approaches are quite different.
The first draws a link between the diffusion coefficient derived from the modified over-damped
Langevin equation, and the diffusion coefficient derived from a model of particles hopping
on a regular cubic lattice. The second is based on the partial differential equation satisfied by
the mean first-passage time. We believe that our imposition of a common feature leads to this
equivalence. The common feature is a decoupling of the directions of escape from one another.
In the former, this happens when we enforce term-by-term equality in Eq. (4.15), the point at
which we equate the diffusion coefficients obtained from the over-damped Langevin equation
and the lattice hopping model. In the latter, it happens in Eq. (4.21) when we enforce precisely
the decoupling we describe by assuming that the Ci terms are constants.

These expressions for the mean first-passage time and hopping probabilities form the
backbone of the coarse-grained simulation scheme. Before we study their relationship to
quantities which can be measured using Brownian dynamics simulations, we would like to
note that the second approach adopted to calculating these quantities is more powerful than
the first. Starting from the partial differential equation for the mean first-passage time, we
were able to derive expressions without assuming that all of the potential energy minima are
equivalent. This is not possible using the first approach, which relies upon knowledge of the
system’s long-time behaviour.

4.3.3 Boundary conditions

In section 4.3.1 we drew equivalence between two approaches to calculating the effective
diffusion coefficient in order to obtain expressions for the mean first-passage time and hopping
probabilities, which are the backbone of the coarse-grained simulation scheme. The first was
based upon continuous motion in an energy landscape comprised of a regular array of potential
energy minima. The second was based upon hopping between well-defined, nearest-neighbour
sites on a regular cubic lattice. When the amplitudes characterising a minimum are large
compared to the thermal energy, the continuous motion of particles in the potential energy
landscape is very similar to that enforced in the discrete hopping model. Particles spend the
vast majority of their time in the vicinity of a minimum before making a quick transition to one
of the nearest-neighbour minima. The large amplitudes induce the particles to make transitions
over the saddle points, as these directions pose the smallest energy barriers to motion from one
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minimum to the next. Consequently, the particles follow closely the co-ordinate directions –
just as in the discrete, lattice hopping case.

However, when the amplitudes are comparable to, or smaller than, the thermal energy, clear
differences between the two motions become apparent. The energy difference between the
most favourable routes over the saddle points, and routes which pose a higher energy barrier, is
no longer significant enough to constrain the motion so closely to the co-ordinate directions.
Trajectories explore more of the potential energy landscape, and the concept of confinement
around a lattice site between transitions becomes considerably looser as the confining potential
becomes weaker.

How, given that the transition between hopping-like motion and free diffusion-like motion
is brought about by a continuous change in the amplitudes characterising potential energy
minima, are we to impose boundary conditions consistently? How are we to interpret these
expressions for the mean first-passage time and hopping probabilities? We believe that the
answer can be found in the special case when all of the amplitudes around a potential energy
minimum are zero, and the particles diffuse freely. In this situation, Eq. (4.30) tells us that the
mean first-passage time is given by

τ =
1

2Dfree

[
∑

i

1
L2

i

]−1

, (4.31)

which is the mean first-passage time from the centre of an N-dimensional ellipsoid of principal
axes {Li} to its surface [158]. To ensure consistency in this limit, the absorbing boundary will
be taken to be the surface of this N-dimensional ellipsoid, which passes through all of the
central lattice site’s nearest neighbour minima.

We now turn our attention to defining the hopping probabilities. In the limit of large
amplitudes almost all of the particles will escape over the saddle points into a small region
around one of the nearest-neighbour minima. The hopping probabilities can then be determined
by taking the ratio of the numbers of particles ending up in each of these minima to the total
number of particles. However, when the amplitudes are comparable to, or smaller than, the
thermal energy, the motion is not so rigidly constrained around these saddle point trajectories.
The significant possibility of escape across the boundary surface at points other than those in
the immediate vicinity of the nearest-neighbour minima makes the hopping probabilities harder
to define.

We again attempt to resolve this by considering the limiting cases. First, if the amplitudes
characterising a minimum are large compared to the thermal energy, then almost all of the
particles will exit through the boundary surface at the nearest-neighbour lattice sites. Secondly,
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if all of the amplitudes are zero (free diffusion), and the potential energy minima are equidistant
from one another so that the absorbing boundary is the surface of an N-dimensional sphere,
then we expect the particles to be evenly distributed across it. Moving from the former to the
latter, we expect the distribution of exit points to grow outwards from each of the lattice sites on
the sphere’s surface until uniformity is achieved. This leads us to propose ‘basins of attraction’
around each minimum as a way of dividing up the absorbing boundary. Lines drawn from the
central minimum through the maxima out to the absorbing boundary demarcate these regions.
The hopping probabilities are then interpreted as the ratio of the numbers of particles ending
up in each of these regions to the total number of particles. An illustration of the relationship
between the Coarse-Grained simulation scheme and the underlying potential energy landscape
is shown in Fig. 4.1.
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Fig. 4.1 The relationship between the parameters comprising the Coarse-Grained simulation
scheme and the underlying potential energy landscape is illustrated for the case of a potential
where all of the amplitudes describing the environment around each minimum are different.
The solid black line marks the absorbing boundary, which is separated into ‘basins of attraction’
by the dotted black lines. The red circles mark the locations of the central minimum’s nearest-
neighbour minima.
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4.4 Simulations – studying τ and P±
i

In this section we will present the results of Brownian dynamics simulations performed to
investigate the relationship between the expressions for the mean first-passage time and hopping
probabilities which form the basis of the coarse-grained simulation scheme, and the escape
process from a potential energy minimum described in the previous section.

We will use the potential energy landscape given in Eq. (4.11), and reproduced below

U (x,y) =
QX

2

[
1− cos

(
2πx
LX

)]
+

QY

2

[
1− cos

(
2πy
LY

)]
, (4.32)

where QX and QY are piecewise-defined functions

QX ,Y =

QX−,Y− −LX ,Y ≤ x,y < 0

QX+,Y+ 0 ≤ x,y < LX ,Y

(4.33)

This form produces saddle points of height Q along the co-ordinate directions.
Three cases attract our interest. First, all amplitudes equal (i.e. QX− = QX+ = QY− = QY+).

Second, pairwise equality (i.e. QX− = QX+ and QY− = QY+). Third, all amplitudes unequal.
The effective diffusion coefficient was calculated according to ⟨xxx2⟩= 4Defft.

Brownian dynamics simulations were performed with the following parameters for each of
the cases described above: 5×104 particles, a time-step δ t = 5×10−4, and unit values of the
thermal energy kBT and damping coefficients. The position of each particle was advanced until
it reached the absorbing boundary. With LX = LY = 1 throughout, the boundary was a circle of
radius one.

4.4.1 Results

All amplitudes equal

From Eq. (4.30), the mean first-passage time is

τ =
L2

X
4Dfree

[
I0

(
βQ
2

)]2

(4.34)

whilst the hopping probabilities (given by Eq. (4.29)) are all equal to 1
4 , as expected.

Simulations were performed for a range of values of the amplitude describing the potential
energy landscape (Q = 0−4), and the results can be found in Fig. 4.2.
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Fig. 4.2 The mean first-passage time and hopping probabilities are plotted as a function of the
amplitude for the case of all four amplitudes describing a potential energy minimum being
equal. (LX = LY = 1). The tight distribution of probabilities around 1/4 is as expected, given
the four-fold symmetry of the potential. Agreement between the theoretical expression for the
mean first-passage time (Eq. (4.34)) and the results of numerical simulations improves with
increasing amplitude Q, because escape via routes other than directly over the saddle points
becomes increasingly energetically unfavourable.

Pair-wise equality of amplitudes

From Eq. (4.30), the mean first-passage time is

τ =
1

2Dfree

[
1

L2
X [I0 (βQX/2)]2

+
1

L2
Y [I0 (βQY/2)]2

]−1

, (4.35)

whilst Eq. (4.29) gives the probability of making a jump in the positive x-direction as

P+
X =

1
2

L2
Y [I0 (βQY/2)]2

L2
X [I0 (βQX/2)]2 +L2

Y [I0 (βQY/2)]2
. (4.36)



4.4 Simulations – studying τ and P±
i 85

Simulations were performed for a range of values of the amplitude in the y-direction
(QY = 0−4) whilst the amplitude in the x-direction was held constant (QX = 3). The results
can be found in Fig. 4.3.
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Fig. 4.3 The mean first-passage time and hopping probabilities are plotted as a function of the
amplitude in the y-direction for the case of pair-wise equality of amplitudes. QX = 3 throughout.
(LX = LY = 1). As in Fig. 4.2 agreement between the theoretical expressions (Eq. (4.35) and
Eq. (4.36)) and the results of numerical simulations improves as the amplitude QY is increased
and escape is ever more focussed around the saddle points, where the energy barrier is lowest.

All amplitudes different

From Eq. (4.26), the mean first-passage time is

τ =
1

Dfree

[
∑

i

1
p+i (I1,i +I2,i)+ p−i I3,i

]−1

, (4.37)
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Fig. 4.4 The mean first-passage time and hopping probabilities are plotted as a function of the
amplitude QY+ . The other amplitudes were fixed throughout at the following values: QX− = 3,
QX+ = 3.5, and QY− = 4. (LX = LY = 1). As in Fig. 4.2 and Fig. 4.3, agreement between the
theoretical expressions (Eq. (4.37) and Eq. (4.38)) improve with increasing amplitude as the
escape process comes to be dominated by the routes of least resistance over the saddle points.

where p±i and the integrals Ii are as defined in Eq. (4.23) and Eq. (4.24), respectively. From
Eq. (4.29), the hopping probabilities are

P±
i = p±i

1/τi

∑i 1/τi
, (4.38)

Simulations were performed for a range of values of one of the four amplitudes (QY+ = 0−4)
characterising the potential energy landscape whilst the other three were held constant: QX− =

3,QX+ = 3.5, and QY− = 4. The results can be found in Fig. 4.4.

4.4.2 Discussion of results

From Fig. 4.2, Fig. 4.3, and Fig. 4.4 it is apparent that the mean first-passage times obtained
from Brownian dynamics simulations are consistently larger than the expressions which form
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the bedrock of the coarse-grained simulation scheme. (The one exception is the case of
all amplitudes equal to zero, for which the result is exact and good agreement is observed).
However, the size of the deviation remains roughly constant as the amplitude for which
motion was simulated increases. Consequently, the fractional error between the simulations
and the theoretical expressions decreases as the amplitude is increased. This makes sense
because increasing the size of the energy barrier forces the trajectories to follow the co-ordinate
directions more closely, which better satisfies the assumption underpinning the coarse-grained
scheme: decoupled directions of escape. Note that in the latter two cases (pairwise equality
and all amplitudes different) this effect will saturate when the varying amplitude significantly
exceeds the others. This is because further increases in the amplitude will lead only to
marginal increases in the mean first-passage time; the ‘other’ direction(s) of escape become
more attractive and eventually dominate the process to the near-exclusion of the unattractive
direction.

In the first case, Fig. 4.2 reveals that the hopping probabilities are distributed in a tight
range around 0.25, which fits the theory well. Good agreement is observed because of the
coincident four-fold rotational symmetry of the absorbing boundary and the potential energy
landscape. In the latter two cases, where the symmetry does not overlap as in the first case,
there is good agreement between the expression underpinning the coarse-grained scheme and
the results of Brownian dynamics simulations when the barriers to escape are large. However,
when the barriers to escape are small, there is a significant deviation between the theoretical
expression and the results of Brownian dynamics simulations. This is believed to be the result
of the breakdown of the assumption of decoupled directions of escape. When the barriers to
escape are small, the trajectories are not so tightly constrained to the co-ordinate directions,
and escape via energetically less favourable routes is observed.

4.5 Simulations – comparing the two schemes

In this section we present the results of two types of numerical simulations: Brownian dynamics
and coarse-grained. Whereas the former advances the position of each particle according to the
over-damped Langevin equation, the latter moves each particle to one of the nearest neighbour
lattice sites according to the hopping probabilities given earlier and on a timescale taken at
random from an exponential distribution whose mean is the mean first-passage time to these
lattice sites. In all cases, the thermal energy kBT and the damping coefficients in the x- and
y-directions, γx and γy, respectively, are set to one.
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Ordered potential energy landscapes

Here we will study potential energy landscapes where all of the minima are equivalent. In the
language of the previous section, this corresponds to the first two cases: all amplitudes equal,
and pair-wise equality. For the former, Eq. (4.12) predicts that the effective diffusion coefficient
is

Deff =
Dfree

[I0 (βQ/2)]2
, (4.39)

whilst for the latter it gives

Deff =
Dfree

2

[
1

[I0 (βQX/2)]2
+

1

[I0 (βQY/2)]2

]
. (4.40)

Brownian dynamics simulations were performed with the same parameters as in the previous
section to test the validity of these expressions. The results, which are shown in Fig. 4.5, also
provide a benchmark against which the coarse-grained simulation scheme (5×105 particles,
each of which made 102 jumps) can be judged.

First, note that there is good agreement between the results of the Brownian dynamics
simulations and the theoretical expressions for the effective diffusion coefficient. Secondly,
note that there is also good agreement between the results of the two simulation schemes over
the full range of amplitudes for which simulations were performed.

This agreement is reassuring. In the previous section, we compared the results of Brownian
dynamics simulations to the expressions for the mean first-passage time and hopping proba-
bilities used in the coarse-grained simulation scheme and noted that there was a discrepancy
between the two. (Though we also remarked that the fractional error decreased with increas-
ing amplitude). This discrepancy does not lead to a discrepancy between the results of the
coarse-grained simulations and the expressions for the effective diffusion coefficient. Perhaps
we should not be surprised by this. After all, the expressions underpinning the coarse-grained
scheme were derived by equating two formulae for the effective diffusion coefficient, which
likely serves to create internal self-consistency.

However, this does beg the question of what is the nature of the relationship between the
Brownian dynamics simulations for the mean first-passage time and hopping probabilities
and the expressions for these quantities underpinning the coarse-grained simulation scheme.
In the limit of large amplitudes, the directions of escape decouple from one another, and the
continuous motion appears lattice-like as the particles make transitions almost directly along
the co-ordinate directions. Agreement and equivalence is easy to understand. For smaller
amplitudes, where the decoupling is partial, the two are not directly comparable other than to
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Fig. 4.5 The effective diffusion coefficient is plotted as a function of the amplitude for the
two cases of ordered potential energy landscapes: all amplitudes equal (left-hand panel) and
pair-wise equality of amplitudes (right-hand panel). Excellent agreement between the results of
the coarse-grained simulation scheme and the theory (Eq. (4.39) and Eq. (4.40)) is observed
for all amplitudes Q, despite the discrepancies observed between the expressions for the mean
first-passage time and hopping probabilities and numerical simulations in Fig. 4.2, Fig. 4.3,
and Fig. 4.4. This is discussed in section 4.5.

say that the expressions for the mean first-passage time and hopping probabilities are good
approximations to the escape process studied using Brownian dynamics simulations.

Disordered potential energy landscape

We could construct a potential energy landscape where the four amplitudes characterising the
environment around a central minimum are unequal (as in Fig. 4.1), but the landscape as a whole
is made up of repeat units of these ‘tiles’. However, it is more interesting to study the case of a
disordered potential, where the amplitudes are taken at random from an exponential distribution
p(Q) = aβ e−aβQ. This produces the two-dimensional version of what we previously studied
in one dimension: the random barrier model. To the best of our knowledge, unlike in one
dimension, the effective diffusion coefficient cannot be determined analytically [43, 225]. Also
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unlike in one dimension, no transition from diffusive to sub-diffusive behaviour is expected
to take place. This is because of the considerably greater freedom around each minimum; the
presence of a single, very large barrier to escape no longer leads directly to a long escape time
because it merely makes one of four escape directions unattractive [43]. The probability of all
four amplitudes being very large is small, and the probability of a particle jumping into such an
arrangement is even smaller.

The results of preliminary simulations are shown in Fig. 4.6. For each value of a, the motion
of an ensemble of 2×104 particles was simulated in 15 realisations of the disordered potential
energy landscape. Each particle made 100 jumps. These are regarded as preliminary simulations
because motion was simulated in only a small number of potential energy landscapes. However,
we believe that the results can still provide useful information about the general behaviour.
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Fig. 4.6 The effective diffusion coefficient is plotted as a function of the amplitude for the cases
of an exponentially disordered potential energy landscapes. For all but the smallest values of a
the characteristic exponents are very close to one, indicating diffusive behaviour. The deviation
is small by comparison to that observed in Fig. 2.13, leading us to be confident that it does not
indicate sub-diffusive behaviour (which would be at odds with the theory described earlier.)
Rather, the deviation may indicate that the simulations should be performed for longer.
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For the range of values of a considered, Fig. 4.6 shows that the exponent characterising the
growth of the mean squared displacement ⟨xxx2⟩ ∼ t2ν is very close to one. Indeed, for all but
the smallest values of a, it is within a percent of one. Nonetheless, the exponent decreases as a

decreases, falling below one when a < 1. However, when compared to the behaviour observed
in one-dimension, where decreasing a below one produces a transition between diffusive and
sub-diffusive behaviour – see Fig. 2.13 – the slight fall below one does not lead us to believe
that the motion is truly sub-diffusive. We expect that more detailed simulations would see the
exponents rise closer to one. The effective diffusion coefficient depends strongly upon a for
values of a ≲ 3, decreasing steeply as can be seen in Fig. 4.6. Beyond a ≳ 3, the motion is
almost unhindered.

Larger values of a produce a probability distribution biased towards smaller amplitudes. In
this regime we see close agreement between the effective diffusion coefficients produced by the
two simulation schemes. This supports our assertion that the coarse-grained scheme is valid
for all amplitudes, not just the largest for which the directions of escape decouple from one
another. However, as a is decreased a discrepancy between the values of the effective diffusion
coefficient obtained from the two schemes emerges: those from the coarse-grained scheme are
consistently smaller than their Brownian dynamics counterparts. It is interesting to note that
the same effect is observed for the characteristic exponent in the one-dimensional simulations
performed in chapter 2.

This discrepancy might speak to one advantage of the coarse-grained scheme over Brownian
dynamics. The effective diffusion coefficient is a property of the motion defined in the long-time
limit. If the potential energy landscape is ordered, then this limit is reached once a small but
meaningful fraction of the ensemble has escaped from the starting minimum. By contrast, if
the potential is disordered then it is necessary for the ensemble to explore many minima in
order to sample thoroughly the probability distribution which controls the landscape, and hence
the motion.

For smaller values of a the distribution is less skewed towards small amplitudes, which
means that the mean first-passage time to move from one minimum to another will generally be
larger. The same length of simulation time will then see fewer transitions between minima, and
reduced sampling of the exponential distribution as a direct result. The shape of this distribution
means that fewer large amplitudes will be encountered. As it is these amplitudes which are key
to setting the rate of diffusion in the long-time limit we can expect the simulations to return
artificially large effective diffusion coefficients.

In contrast to Brownian dynamics simulations, where the position of each particle is updated
incrementally according to the local force from the potential and the random thermal force, the
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coarse-grained scheme moves particles from minimum-to-minimum according to quantities
calculated from the potential energy landscape. A fixed number of jumps (as opposed to a
fixed length of simulation time) means that the same number of sites are visited on average
in each simulation. Provided that the mean simulated time to escape from the most confining
minima is greater than the time taken for the integrals underpinning the coarse-grained scheme
to be evaluated, the coarse-grained scheme will reach the long-time limit more quickly than
the Brownian dynamics simulations. This might explain the consistently smaller values of the
effective diffusion coefficient produced by the coarse-grained scheme for smaller values of a.

4.6 Conclusions

Applying the modified Langevin equation formalism to an N-dimensional system enabled us
to derive an expression for the effective diffusion coefficient. By assuming that the dynamics
can be well approximated by particles hopping between lattice sites we derived expressions for
the mean first-passage time and hopping probabilities for a particle to move from a potential
energy minimum to any one of its nearest-neighbour minima. These quantities describe
a coarse-grained simulation scheme which gives excellent agreement with both Brownian
dynamics simulations and our theoretical predictions for the effective diffusion coefficient. We
concluded by using this scheme to study the two-dimensional random barrier model for the
case of exponential disorder. When the disorder was relatively weak, there was good agreement
between the values of the effective diffusion coefficient obtained using the two simulation
schemes. However, when the strength of the disorder was increased a discrepancy emerged: the
values from the coarse-grained scheme were consistently smaller than their Brownian dynamics
counterparts. This might reflect differences in how the schemes work: a fixed number of jumps
for the former versus a fixed length of time for the latter. Stronger disorder leads to larger
barriers and hence longer mean first-passage times. For a fixed length of simulation time, fewer
sites will be visited and the exponential distribution will be correspondingly less well sampled.
As larger amplitudes are less probable, but set the long-time behaviour, an under-sampling
translates into an artificially large diffusion coefficient.



Chapter 5

Escape processes in multi-dimensional
potentials

5.1 Introduction

For over-damped Brownian motion in a one-dimensional potential energy landscape there is an
exact result for the mean first-passage time between two points [109, 269]. The double integral
expression is an improvement upon Kramers’ formula, which is an approximate result obtained
in the limit of a large energy barrier to escape [162]. In higher dimensions, the extra freedom in
the shape of the absorbing and reflecting boundaries prevents a general expression for the mean
first-passage time from being derived [269]. However, it is possible to generalise Kramers’
one-dimensional formula to higher dimensions. The result – Langer’s formula – suffers from
the same restrictive assumptions as Kramers’ formula [169, 170].

When the escape process of interest occurs in a potential which doesn’t satisfy Langer’s
assumptions it is desirable to try to distill the problem into one dimension, where exact formulae
for the mean first-passage time can be employed. Usually this means attempting to determine
a ‘reaction co-ordinate’ for the system. This is a single, generalised variable which charts
progress from the starting point to the end.

There are myriad ways in which to connect the start and end points. The path of steepest-
descent is determined by the gradient of the potential [107, 238, 135]. In contrast, the path of
minimum resistance seeks to strike a balance between the gradient and the frictional forces
[28, 139]. When the barrier to escape is large these two paths overlap with one another in the
most important region – the region around the saddle point – to a very large degree. But when
the potential is relatively flat such overlap is less certain, and saddle point avoidance is known
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to occur [172, 18]. Alternatively, paths can be constructed according to the gradient of the
mean first-passage time [201].

Once the path is established, the reaction co-ordinate follows naturally. The potential
at each point on the path can be found, enabling calculation of the mean first-passage time.
Approached in this way, it is the path between the two points which is of most importance.
It should be constructed according to some principle which ensures that when the system is
reduced to one dimension, sufficient information is retained for the mean first-passage time
still to be accurate.

Berezhkovskii and Szabo took a different approach [20]. Their first-principle was that
Langer’s formula for the mean first-passage time is in some sense optimal. Next, they
demonstrated that Langer’s multi-dimensional expression can be obtained from Kramers’
one-dimensional formula, provided that the potential of mean force is evaluated along a certain
direction. They showed that the mean first-passage time is maximal along this direction, which
is fixed by the unstable mode at the saddle point, and coincides with the reactive flux if the
system is isotropic. At least for the double-well potential considered later in this chapter, a
method known as ‘Spectral gap optimisation of order parameters’ returns the same direction as
that obtained by Berezhkovskii and Szabo [241, 242].

Berezhkovskii and Szabo generalised their work by using the splitting probability [26]. This
quantity is a property of each point in the potential energy landscape: it is the probability that a
particle at that point will reach the absorbing surface marking the end of the escape process
before returning to the point at which it started. Consider an escape process in a double-well
potential, where particles start in one minimum and an absorbing boundary is placed in the other.
For points close to the starting minimum, the splitting probability is small; for points close to
the destination minimum, it is large. Points with the same splitting probability can be connected
to form lines/boundaries in the potential energy landscape. In this way the splitting probability
serves as a co-ordinate to chart the progress of an escape process. Berezhkovskii and Szabo
assumed that it is a slowly varying co-ordinate and projected the multi-dimensional diffusive
dynamics onto it and demonstrated that the resulting one-dimensional diffusion equation gives
the exact result for the flux between the two regions. When evaluated for the double-well
potential considered in their earlier work, they obtained the same result, and demonstrated
again that the motion takes place along a direction normal to the stochastic separatrix (the plane
of points for which the splitting probability is a half). This work builds upon previous efforts
at ‘milestoning’ [97], which breaks down an escape process into transitions between surfaces
of equal splitting probability [27]. The splitting probability has been treated as an optimal
co-ordinate [15, 163].
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We seek to build upon Berezhkovskii and Szabo’s work in two ways. First, rather than using
the potential of mean force in Kramers’ approximate expression for the mean first-passage
time, we use it in the double integral expression in the hope of extending the applicability of
their general method to cases where it cannot currently be applied, such as escape over a small
barrier.

Second, we demonstrate that the mean first-passage time calculated using the double integral
formula is not necessarily maximal when evaluated along the direction which maximises the
result calculated using Kramers’ formula. For the potential we studied, the maximal values
best model the mean first-passage times obtained from Brownian dynamics simulations.

Although we do not study the effects of anisotropy, there are similarities worth remarking
upon. When a system is highly anisotropic ‘fast’ and ‘slow’ directions are created in the
potential energy landscape, and progress from the initial to the final state is measured by
progress along the ‘slow’ co-ordinate. The potential of mean force approaches the potential
along this direction [22, 23, 25]. This exploits the same feature as projecting the multi-
dimensional dynamics onto the splitting probability, which is hoped to be a ‘slow’ direction.

Single-molecule pulling experiments, where a force is applied to a biological molecule
via optical tweezers [196, 124] (or another method), have attracted considerable attention
because of the insight the results can offer into features such as the mechanical properties
of biopolymers, the kinetics of molecular transitions, and the strength of ligand-receptor
interactions. The application of a force to a biomolecule ultimately leads to a transition between
states (eg folded and unfolded protein configurations) on a characteristic time scale, known
as the mean lifetime [82, 59, 232, 138]. This is an example of a system which has been
studied under the assumption of the presence of ‘fast’ and ‘slow’ directions, which we will now
describe.

The numerous and complicated interactions between the biomolecule and its surrounding
environment make modelling force-induced rupture difficult. One-dimensional potential energy
landscape models, based on a co-ordinate which is hoped to capture the state of the molecule on
its journey towards rupture, are an appealing starting point. But difficulties come in identifying
a suitable co-ordinate: the intuitive choice of the pulling direction is not necessarily appropriate
because changes in another variable may be much slower. Examples of this include the
likelihood that the extension of a protein under the action of a stretching force is correlated with
the fraction of correct dihedral angles [51, 52], or the fraction of correct amino acid contacts
[229], changes in either of which can be rate-limiting.

Suzuki and Dudko considered a two-dimensional model potential energy landscape, which
is described in terms of the pulling direction x and an unspecified degree of freedom C along
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which motion can be as slow as – or slower than – motion along x. They wrote

U (x,C) =U0 (C)+
k (C)

2
[x− x0 (C)]2 −Fx, (5.1)

where F is the applied biasing force and U0 (C) is such that the bound state and transition state
are resolved for constant x in the range of values around the location of the transition state.
Ultimately a cubic-linear form is used for U0, whilst quadratic and linear functions are used for
x0 (C) and 1/k (C), respectively.

The mean lifetime is calculated using two methods. First, Langer’s multi-dimensional
formula is applied. Second, it is assumed that the motion along C is considerably slower than
motion along x, so that the potential of mean force UMF can be calculated along the C-direction.
This is

UMF (C) =U0 (C)−Fx0 (C)− F2

2k (C)
+

1
2β

ln
(

βk (C)

2π

)
. (5.2)

The authors then assumed that the curvature of the potential around the bound and transition
states is comparable so that the logarithmic contribution can be neglected. The simplified
expression is then used in Kramers’ one-dimensional formula to give a formula for the mean
lifetime [232].

Brownian dynamics simulations were performed for a range of values of the applied force F

and the results are compared to the two expressions for the mean lifetime. Interesting behaviour
is observed: the mean lifetime is not a monotonic function of the applied force. Instead, it
initially increases with the applied force, before reaching a maximum and then decreasing. This
behaviour has been observed in experiments (eg [16, 83]), but is usually explained in terms of
so-called ‘catch bonds’ or multiple escape channels which are activated at different values of
the applied force [146]. That the effect can be produced from a potential which features only
one barrier to escape is noteworthy.

Langer’s formula offers a consistently better fit to the simulation data than the expression
calculated using the potential of mean force in Kramers’ formula. This is unsurprising because
the former accounts for the degree of diffusion anisotropy between the two directions, whereas
the latter effectively assumes instantaneous equilibration in the x-direction. Even though the
simulations were performed with a factor of ten between the diffusion coefficients in each
direction, the two methods give noticeably different results in both the low- and high-force
limits, coinciding briefly in the intermediate regime when crossing over one another.

Suzuki and Dudko built upon this work by retaining the logarithmic contribution to the
potential of mean force [233]. The result is another expression for the mean lifetime, which
should offer better agreement with the simulation results than the previous expression obtained
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in this way. However, it is unlikely to be as good as Langer’s formula because the assumption
of instantaneous equilibration is unchanged. The conditions under which the one-dimensional
result provides a good model – in the sense of offering good agreement with Langer’s formula
– for the mean lifetime are discussed. Given that the potential of mean force is calculated
along the C-direction it is unsurprising that the conditions are restrictive, requiring a high
degree of alignment between the dissociation path and the C-direction. Even a ten-fold
difference in diffusion coefficients provides only a small region of close agreement in the
controlling parameter space. Whilst the focus of this discussion has been passage over a single
barrier, conformational transitions can require passage over multiple barriers, which leads to
complicated force-extension profiles [9]. Zhang and Dudko describe how the potential can be
deduced from these profiles [263].

In section 5.2 we discuss Langer’s expression for the mean first-passage time and use it to
lay the groundwork for the derivation of our expression, which is in section 5.3. Thereafter the
common thread to this work is a comparison of Langer’s model to our model via Brownian
dynamics simulations. In section 5.5 we study the effect upon the mean first-passage time
of allowing the curvature of the potential in the non-escape direction to vary as a function of
the co-ordinate along the escape direction. The two models approach this topic differently:
Langer’s model considers the curvature at only the minimum and the saddle, whereas our model
tries to account for the transition between these values.

In section 5.6 we study transitions between the minima of a double well potential where
the direction of escape lies at an angle to the co-ordinate directions. We demonstrate that the
direction which is optimal for Langer’s formula is not necessarily optimal for our formula.

5.2 Langer’s expression for τ

Kramers’ diffusion theory of rate-activated processes [162] provided the scaffolding which
enabled others to construct its multi-dimensional equivalents. Starting from the Smoluchowski
equation, Langer derived a formula for the transition rate over a saddle point for a system which
started out in a potential energy minimum [169, 185, 260]. The mean first-passage time τ is
given by

τ ≈ 2π

λ+

√
|detHHHs|
detHHHm eβ∆U , (5.3)
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where HHH is the Hessian matrix of the potential energy U . For a smooth potential, the matrix
elements are calculated according to

Hi j =
∂ 2U

∂xi∂x j

where xi are the co-ordinate directions. Like Kramers’ derivation of the mean first-passage time
in one dimension, Langer’s multi-dimensional formula comes from evaluating the probability
current flowing over the saddle point. To simplify the calculation of the mean first-passage time
the potential is expanded to quadratic order around the saddle, which motivates the appearance
of the Hessian matrix in Eq. (5.3). (Note that if the potential has vanishing quadratic-order
terms then it will be necessary to re-derive this expression). The saddle point is assumed to have
only one unstable direction, which means that λ+ is the one positive eigenvalue of the transition
matrix MMM = −1

γ
HHHs which characterises the barrier crossing rate. The superscripts m and s

denote evaluation at the starting minimum and the saddle point respectively, and ∆U =U s−Um

denotes the difference in energy between the saddle point and the starting minimum. As usual,
γ is the damping coefficient and β = 1/kBT is the reciprocal of the thermal energy.

By writing the transition matrix in this form we have assumed that the diffusion tensor is
isotropic. Although for our purposes this restriction is unimportant, it should be noted that
for certain potentials (e.g. those for which the Hessian is diagonal everywhere) the effects of
anisotropy on the mean first-passage time are relatively mute, as we will later see. For now, let
us assume that in the vicinity of both the starting minimum and the saddle point, the potential
can be written as follows

U (x1,x2, . . . ,xN) =
N

∑
i=1

Ui (xi) , (5.4)

so that the Hessian is diagonal

HHH = diag
(
U ′′

1 ,U
′′
2 , . . . ,U

′′
N
)
, (5.5)

where the dashes denote differentiation with respect to the argument. Eq. (5.3) becomes

τ ≈ 2π

λ+

√
|∏N

i=1U ′′
i
(
xs

i
)
|

∏
N
i=1U ′′

i
(
xm

i
) eβ∆U . (5.6)

We now turn our attention to λ+, which satisfies

det
(
−1

γ
HHHs −λ1

)
= 0, (5.7)
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the solution of which is
N

∏
i=1

(
U ′′

i (xs
i )

γ
+λ

)
= 0. (5.8)

For simplicity, we assume that escape takes place along the x1 direction, which requires the
potential U1 to have a maximum at the saddle point; all of the other co-ordinate directions are
confining, though we do not assume that they have the same shape at the starting minimum and
the saddle point. Hence, the positive eigenvalue is associated with U1

λ+ =−
U ′′

1
(
xs

1
)

γ
=

|U ′′
1
(
xs

1
)
|

γ
. (5.9)

This can be substituted into Eq. (5.6) to give

τ ≈ 2π

Dfree

eβ∆U

|βU ′′
1
(
xs

1
)
|

√
|∏N

i=1 βU ′′
i
(
xs

i
)
|

∏
N
i=1 βU ′′

i
(
xm

i
) , (5.10)

where we have written the damping coefficient in terms of the free diffusion coefficient
Dfree = 1/βγ . Collecting together the contributions from the x1-direction, we find

τ ≈ 2π

Dfree

eβ∆U√
|βU ′′

1
(
xs

1
)
|βU ′′

1
(
xm

1
)
[

N

∏
i=2

βU ′′
i (xs

i )

βU ′′
i
(
xm

i
)]1/2

. (5.11)

This is equivalent to the common rendering in terms of frequencies ω associated with the
reactive and non-reactive modes at the minimum and the saddle point [47, 168, 170]

τ ≈ 2π

Dfree

eβ∆U

ωb

∏
N
i=2 ωs

i

∏
N
i=1 ωm

i
. (5.12)

The products in the numerator and denominator of Eq. (5.12) are taken over the non-reactive
modes at the saddle point and over all of the modes at the starting minimum, respectively. The
frequency ωb characterises the reactive mode at the saddle point – the equivalent of the escape
direction to which we refer in the above.

If we do not assume the diffusion tensor to be isotropic, the damping coefficient would be
direction-dependent, which means that γ would be replaced by γi in Eq. (5.8), and λ+ would
be written in terms of γ1. This means that the mean first-passage time Eq. (5.11) could not in
general be written in terms of the free diffusion coefficient; it would have to be recast in terms
of the diffusion coefficient along the direction of escape, which could be smaller than in the
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other directions. This results in a rescaling of the expression for the mean first-passage time,
and the overall effect is small.

Finally, we note that if the potential has the same curvature in the non-escape directions at
the starting minimum and the saddle point, Eq. (5.11) simplifies to

τ ≈ 2π

Dfree

eβ∆U√
|βU ′′

1
(
xs

1
)
|βU ′′

1
(
xm

1
) , (5.13)

which is in terms of the potential along the direction of escape alone. This is the famous
expression Kramers derived when considering an explicitly one-dimensional escape problem
[162]. Kramers assumed that there is a large energy barrier to escape, i.e. β∆U ≫ 1. This
creates a separation of timescales so that equilibration in the starting minimum is fast compared
to the rate of escape [162, 127].

In one dimension, the exact expression for the mean first-passage time is

τ =
1

Dfree

∫ xabs

x0

dyeβU(y)
∫ y

xref

dze−βU(z), (5.14)

where xref and xabs denote the locations of the reflecting and absorbing boundaries, respectively,
and x0 is the particle’s starting position. It is well established that Kramers’ formula can
be extracted from Eq. (5.14) under the same assumption of an energy barrier which is large
compared to the thermal energy [109, 269]. Although Eq. (5.14) can be derived from the
one-dimensional Smoluchowski equation, its multi-dimensional counterpart has proved elusive.
Greater freedom in the shape of absorbing and reflecting surfaces frustrates attempts to derive a
general expression [269].

Nonetheless, the nature of Eq. (5.11) – Kramers’ one-dimensional result multiplied by a
factor attempting to account for the effect of the additional confining directions – leads us to
wonder whether it is possible to model some types of escape process in multi-dimensional
potentials with a one-dimensional formula.

In the next section we demonstrate that for certain types of potential it is possible to derive a
modified version of Eq. (5.14) which attempts to account for the changing shape of the potential
in the non-escape directions. This enables us to relax Langer’s assumption of a large energy
barrier to escape without compromising validity. In the limit of large barriers our expression
can be approximated by Eq. (5.11).
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5.3 Theory

In higher dimensions, Berezhkovskii and Szabo demonstrated that it is possible to find a
direction along which to evaluate the potential of mean force such that when the result is used
in Kramers’ one-dimensional expression for the mean first-passage time, the result is Langer’s
multi-dimensional expression [20]. This reveals that it is possible to calculate mean first-passage
times for multi-dimensional processes using formulae derived for one-dimensional systems.
We seek to build upon this work by using the potential of mean force in Eq. (5.14) to establish
an expression for the mean first-passage time in N-dimensions using a one-dimensional formula
as follows:

τ ≈ 1
Dfree

∫ qabs

q0

dq1 eβUMF (q1)
∫ q1

qref

dq2 e−βUMF (q2), (5.15)

where UMF is the potential of mean force. Note that the free diffusion coefficient appears in this
expression because the diffusion tensor is isotropic. The potential of mean force, which is the
potential corresponding to the average force on a particle at a given location in one dimension
from all of the positions it might occupy in the other dimensions, is

e−βUMF (q) =

∫
dxxxδ (q− eee · xxx)e−βU(xxx)∫

dxxxδ (eee · xxx)e−βU(xxx)
=

L(q)
L0

, (5.16)

where eee is a unit vector, and q is the parameter along the direction specified by eee.
The coincidence of Langer’s N-dimensional formula with the result of evaluating Kramers’

one-dimensional formula occurs when the unit vector eee satisfies the following eigenvector
problem

βHHHsDDDeee =−λ+eee, (5.17)

where, as before, HHHs is the Hessian evaluated at the saddle point, DDD is the diffusion tensor, and
λ+ is the sole positive eigenvalue. When the system is isotropic, the diffusion tensor simplifies
to DDD = kBT

γ
1. Under these circumstances the unit vector eee, which points along the direction of

the unstable mode at the saddle point, coincides with the the direction of the reactive flux at the
saddle point [20].

We will first study the two-dimensional case and then generalise our result to N dimensions.
Our approach, like Langer’s, assumes that there is only one direction of escape. In section 5.7
we outline how it is possible to adapt our formalism to provide approximate results for escape
processes in potentials with multiple escape directions.
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5.3.1 Two Dimensions

Let us write eee = (ex,ey), then

L0 =
∫

dx
∫

dyδ (xex + yey) e−βU(x,y)

=
1
ey

∫
dxe−βU(x,−xex/ey),

(5.18)

which is an integral along the line y =−xex/ey assuming ey ̸= 0. Denoting the direction vector
of this line by lll, we have lll ∝ (ey,−ex). Since eee · lll = 0, integration takes place along a direction
perpendicular to eee. Similarly, we find that

L(q) =
1
ey

∫
dxe−βU(x,q/ey−xex/ey), (5.19)

which is very similar to the expression for L0. Importantly, the direction along which the
integral is evaluated is the same; the value of q merely introduces an offset. Recalling that q

is the co-ordinate along the direction described by eee, we see that this offset effectively marks
progress along the reaction co-ordinate.

There are two important directions: eee, the unstable mode which provides a reaction co-
ordinate and lll, which describes the lines over which the integrals are evaluated. The vector
eee defines a direction at an angle θ = tan−1 (ey/ex) to the positive x-direction. Clearly the
transformation relating the current co-ordinate system (x,y) to the new co-ordinate system
(x′,y′) is a rotation through this angle, as depicted in Fig. 5.1. In this case, we find that

L0 =
∫

dxxx′ δ
(
eee · xxx′

)
e−βU(xxx′)det(J) , (5.20)

where xxx′ = R (θ)xxx is the position vector in the new co-ordinate system. R (θ) and J are the
rotation and Jacobian matrices relating the two co-ordinate systems, respectively. Because the
systems are related by a rotation, det(J) = 1. Finally, by choosing to rotate through θ in order
to align the x′-axis with the direction eee, the vector eee is just the unit vector along the x′-direction.
Hence, Eq. (5.20) becomes

L0 =
∫

dx′dy′δ
(
x′
)

e−βU(x′,y′),

=
∫

dy′e−βU(0,y′).
(5.21)
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Fig. 5.1 The relationship between the co-ordinate axes, the direction of escape eee, and the
direction lll is shown for a double-well potential, which is described by Eq. (5.54) and Eq. (5.55).
Escape from one minimum to the other is studied later in this chapter. The blue cross marks the
position of the saddle point.

Similarly, we see that

L(q) =
∫

dx′dy′δ
(
q− x′

)
e−βU(x′,y′),

=
∫

dy′e−βU(q,y′).
(5.22)

In all, the potential of mean force is given by

e−βUMF(q) =

∫
dy′e−βU(q,y′)∫
dy′e−βU(0,y′)

. (5.23)

Inserting Eq. (5.23) into Eq. (5.14), the one-dimensional formula for the mean first-passage
time, we find

τ =
1
D

∫ qabs

q0

dq1

∫ q1

−∞

dq2

∫
dy′2 e−βU(q2,y′2)∫
dy′1 e−βU(q1,y′1)

. (5.24)
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This is an unwieldy expression. To get a better sense of how it compares to its one
dimensional counterpart we will study a class of potential energy landscape which facilitate
great simplification: in the (x′,y′) co-ordinate system the potential is given by

U
(
x′,y′

)
=UX ′

(
x′
)
+UY ′

(
x′,y′

)
, (5.25)

where UY ′ is confining. Note that this form of potential, where the co-ordinate directions are
coupled to one another via the U ′

Y term, differs from that considered in chapter 4. We choose to
consider this form of potential because it might be a useful model for escape processes in a
variety of systems, such as bistable optical traps [191, 265]. (Note that we could consider this
form in the unprimed co-ordinate system provided that eee lies along the x-direction). Inserting
Eq. (5.25) into Eq. (5.24), the following simplification occurs

τ =
1
D

∫ qabs

q0

dq1

∫ q1

−∞

dq2
e−βUX ′(q2)

∫
dy′2 e−βUY ′(q2,y′2)

e−βUX ′(q1)
∫

dy′1 e−βUY ′(q1,y′1)
,

=
1
D

∫ qabs

q0

dq1
eβUX ′(q1)

J (q1)

∫ q1

−∞

dq2 e−βUX ′(q2)J (q2) ,

(5.26)

where
J (q) =

∫
∞

−∞

dy′ e−βUY ′(q,y
′). (5.27)

We have arrived at a slightly simpler expression for the mean first-passage time. Crucially it
bears a good degree of resemblance to its one-dimensional counterpart: only the factors of
J separate it from Eq. (5.14). These factors attempt to account for the effect of the extra
dimension in which the motion takes place. We will discuss them in more detail later.

5.3.2 N dimensions

We will now outline how the derivation can be extended to the case of an N-dimensional
potential.

First, the position vector xxx and the vector describing the direction of escape eee are given by
(x1,x2, · · · ,xN) and (e1,e2, · · · ,eN), respectively.

Secondly, from the components of eee, it is possible to calculate the angles through which the
axes must be rotated in order to align the x1-direction with eee. For instance, θ2 = tan−1 (e2/e1)

is the angle in the x1 − x2 plane, whilst θN = tan−1 (eN/e1) is the angle in the x1 − xN plane.
Applying a series of rotation matrices – each defined by both the angle and the plane in which
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the rotation takes place – to the position vector xxx allows us to form the mapping between the
two co-ordinate systems, and hence to calculate the Jacobian matrix.

Thirdly, the Jacobian matrix – a product of unit-determinant rotation matrices – will again
have a determinant of one. Hence, the integrals in the expression for the potential of mean
force are given by

L0 =
∫

dx′1dx′2 · · ·dx′N δ
(
x′1
)

e−βU(x′1,x
′
2,··· ,x′N),

=
∫

dx′2 · · ·dx′N e−βU(0,x′2,··· ,x′N),
(5.28)

and

L(q) =
∫

dx′1dx′2 · · ·dx′N δ
(
q− x′1

)
e−βU(x′1,x

′
2,··· ,x′N),

=
∫

dx′2 · · ·dx′N e−βU(q,x′2,··· ,x′N),
(5.29)

which means that the final expression for the potential of mean force is

e−βUMF (q) =

∫
dx′2 · · ·dx′N e−βU(q,x′2,··· ,x′N)∫
dx′2 · · ·dx′N e−βU(0,x′2,··· ,x′N)

. (5.30)

Inserting this expression into the usual double integral formula for the mean first-passage time,
we find

τ =
∫ qabs

q0

dq1

D

∫ q1

−∞

dq2

∫
dx′2 · · ·dx′N e−βU(q2,x′2,··· ,x′N)∫
dy′2 · · ·dy′N e−βU(q1,y′2,··· ,y′N)

. (5.31)

If, as before, we assume that the potential energy landscape happens to have the form

U
(
x′1,x

′
2, · · · ,x′N

)
=U1

(
x′1
)
+

N

∑
i=2

Ui
(
x′1,x

′
i
)
, (5.32)

where all of the Ui are confining in the x′i direction, then Eq. (5.31) simplifies to the following
expression

τ =
∫ qabs

q0

dq1

D
eβU1(q1)

∏
N
i=2 Ji (q1)

∫ q1

−∞

dq2 e−βU1(q2)
N

∏
i=2

Ji (q2) , (5.33)

where Ji is Eq. (5.27) evaluated for the xi-direction.
We will now demonstrate how Langer’s expression for the mean first-passage time (Eq. (5.11))

can be obtained from Eq. (5.33). When the energy barrier to escape is much larger than the
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thermal energy, it is possible to approximate Eq. (5.33) as follows

τ ≈
∫

qmax

dq1

D
eβU1(q1)

∏
N
i=2 Ji (q1)

∫
qmin

dq2 e−βU1(q2)
N

∏
j=2

J j (q2) , (5.34)

where the labels qmax and qmin denote evaluation of the integral around the maximum and
minimum, respectively. Expanding the potential U1 to second-order around each of these points,
extending the limits of integration to infinity, and employing Gaussian integration leaves us
with the following expression

τ ≈ 2π

D
eβ∆U√

βU ′′
1 (qmin) |βU ′′

1 (qmax) |

N

∏
i=2

Ji (qmin)

Ji (qmax)
, (5.35)

where ∆U = U1 (qmax)−U1 (qmin). Finally, if we employ Gaussian integration to evaluate
approximately the functions Ji, then we find

Ji (qmin)

Ji (qmax)
≈

√
βU ′′

i (qmax,0)
βU ′′

i (qmin,0)
. (5.36)

Inserting this into Eq. (5.35) we obtain Langer’s formula.

5.4 Maximising the mean first-passage time

In section 5.1 we stated that Berezhkovskii and Szabo “demonstrated that Langer’s multi-
dimensional expression [for the mean first-passage time] can be obtained from Kramers’ one-
dimensional formula, provided that the potential of mean force is evaluated along a certain
direction ... the unstable mode at the saddle point”. Furthermore, “they showed that the mean
first-passage time is maximal along this direction”. This statement is potentially counter-
intuitive: why is it desirable to maximise the mean first-passage time? To answer this question,
we need to turn to the Transition State Theory (TST) approach to calculating rates of reaction.

Under the framework of TST it is assumed that the reactant and product regions are
separated from one another by a dividing surface, through which the system passes without
the possibility of subsequent return [243, 127]. This surface acts as the transition state. In the
potential energy landscape picture, this assumption corresponds to no trajectories recrossing the
saddle point which separates the reactant and product wells. But this is not a safe assumption
to make: it is well known that some particles pass over a saddle point and return to the reactant
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well before ever reaching the product well. For this reason, the TST rate provides an upper
bound on the true rate of reaction [245, 137]

To calculate the TST rate, it is necessary to specify the surface dividing the reactants from
the products. In the broadest sense, it could be placed anywhere between the reactants and the
products, but it is clear that some positions, such as immediately after the reactant well – or
immediately before the product well – are inappropriate choices. It is conventional to locate the
surface so that it intersects the saddle point [244]. Although this greatly reduces the number of
possible dividing surfaces, there is still considerable flexibility: the orientation of the surface
with respect to the saddle point is as yet unspecified.

The orientation of the surface affects the forward flux (the flux from reactants to products)
of particles through it, and hence the rate of reaction calculated according to TST, where
there is no possibility of subsequent return [243]. As remarked before, this assumption means
that the calculated rate is an upper bound on the true rate of reaction. To make best use of
the TST framework, it follows that it is necessary to select the surface which provides the
minimum calculated rate, so that the tightest upper bound is obtained. This approach – seeking
to minimise the rate of reaction by varying the surface – is known as Variational Transition
State Theory [154, 155].

How does this relate to the matter at hand? It can be demonstrated that Kramers’ one-
dimensional expression for the rate of reaction can be obtained from TST [209, 210, 127],
which means that it provides an upper bound for the true rate of reaction. Berezhkovskii
and Szabo sought to establish whether it was possible to extract Langer’s multi-dimensional
expression for the mean first-passage time from Kramers’ one-dimensional formula. To do this
they calculated the potential of mean force along some direction through the saddle point, and
fed it into Kramers’ expression for the rate of reaction, hence providing an upper bound for
the true rate. By varying the direction along which the potential of mean force is calculated it
is possible to establish the minimum rate of reaction, which corresponds to the tightest upper
bound on the true rate. As remarked in the paper, the optimal direction coincides with direction
of the unstable mode at the saddle point, and the resultant expression for the reaction rate is
Langer’s formula [20].

We seek to build on this work by employing the double integral expression for the mean
first-passage time, which, unlike Kramers’ formula, is exact for motion in one-dimensional
potentials. The reciprocal relationship between the mean first-passage time and reaction rate
means that, when varying the direction along which the potential of mean force is calculated,
one should seek the direction which gives the largest mean first-passage time, because this
will correspond to the minimal reaction rate. We make use of this variational principle in
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section 5.6.2 to demonstrate that the direction which maximises the mean first-passage time
calculated using Kramers’ formula is not necessarily the same as that which maximises it when
calculated using the double integral formula.

5.5 Illustrative Potential

Throughout this section we will use the following potential energy landscape

U (x,y) = Q
( x

L

)2(
1− x

L

)
+

α (x)
2

y2, (5.37)

where the curvature α (x) is a function of position along the escape direction, defined as follows

α (x) =


αL, x ≤ L

3 −δ

αL +
αR−αL

2δ

(
x−
(L

3 −δ
))

, L
3 −δ < x < L

3 +δ

αR, x ≥ L
3 +δ ,

(5.38)

where αL and αR are positive constants (so that the potential in y is confining), and 0 < δ < L/3.
The landscape has a minimum at (0,0) and a saddle point at (2L/3,0), which are separated
from one another by an energy barrier ∆U = 4Q/27. We will study how both the change in the
curvature and the width of the region over which the curvature changes (2δ ) affect the mean
first-passage time.

Before we study the cases of increasing and decreasing curvature, we will comment briefly
upon the case of constant curvature. The profile of the potential in the non-escape direction is
accounted for through the factors of J (q) in Eq. (5.33). When the curvature is constant, these
factors lose their position-dependence and Eq. (5.33) becomes one-dimensional. The same
is true of Eq. (5.35), Langer’s formula. The effect of extra dimensions is seen only when the
profile in the non-escape direction changes along the direction of escape. For this reason we
will not study potentials where the curvature is constant.

Finally, previous work demonstrated that the effects of constant-amplitude roughness upon
the mean first-passage time in one dimension can be accounted for easily, provided that there is
a separation in length-scales between the roughness and the underlying potential [121]. We
believe that this result continues to hold for this two-dimensional, constant-curvature potential.
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5.5.1 Brownian dynamics simulations

For both increasing and decreasing curvatures, Brownian dynamics simulations were performed
for a range of values of ∆U – and two values of δ – with the following parameters: 105 particles,
a time-step δ t = 10−4, kBT = γ = 1, and L = 1. To study the case of increasing curvature we
set αL = 1 and αR = 5. We reversed these values for the case of decreasing curvature. The
ensemble was initialised to the minimum at (0,0) and an absorbing boundary was placed at
x = 3L/2. Example potentials are shown in Fig. 5.2(a) and Fig. 5.2(b).

The results of these simulations and our theoretical predictions are shown in Fig. 5.2(c)
and Fig. 5.2(d) for the cases of increasing and decreasing curvature, respectively. Whereas the
former reveals good agreement over the full range of barrier heights, the latter shows significant
and growing disagreement. We explore the origin of this discrepancy in the next subsection.

5.5.2 Decreasing curvature in non-escape direction

In the previous subsection we demonstrated that our formula for the mean first-passage time
works well when the potential in the non-escape direction becomes more confining along
the direction of escape, but much less well when the reverse is true. Why is this the case?
Given that we know the expression for the mean first-passage time works when the curvature is
constant, how does the discrepancy change with the relative size of αL and αR?

To answer the first of these two questions we must look at how our formula attempts to take
account of the changing curvature in the non-escape direction. Eq. (5.26) includes factors of
J (q), as defined in Eq. (5.27). Viewed in isolation, this factor normalises the equilibrium
distribution of particle positions in the non-escape direction at point q along the direction of
escape.

Consider a potential where the curvature in the non-escape direction increases along
the direction of escape. The potential acts to compress the ensemble of particles, forcing
their distribution closer to the Boltzmann distribution. Furthermore, the increasing curvature
introduces an extra force on the particles, which retards their progress towards the absorbing
boundary. This increases the mean first-passage time, thereby providing more time for the
potential to compress the distribution closer to its equilibrium shape.

By contrast, when the potential in the non-escape direction becomes less confining, the
reverse is true. The broadening potential leaves the initially highly constrained ensemble of
particles attempting to expand outwards and attain its equilibrium shape. However, the effect of
decreasing curvature is to introduce a force assisting the particles towards the absorbing wall,
thus reducing the amount of time available for the expansion to take place. As a result of this,
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Fig. 5.2 (a) and (b) show contour plots of the potential energy landscape
(∆U = 2,L = 1,δ = 0.2) when the curvature increases and decreases along the direc-
tion of escape, respectively. (a) αL = 1, αR = 5; (b) αL = 5, αR = 1. The dashed line at
x = 3L/2 indicates the absorbing boundary used in the Brownian dynamics simulations. The
part of an example trajectory showing escape over the saddle is plotted in black. The rest of the
trajectory (starting from the red cross) is not shown so that the contours are clearly visible. (c)
and (d) show how the mean first-passage time varies as a function of the barrier height for
increasing and decreasing curvature, respectively. Results from simulations for two widths of
the region over which the curvature changes are presented.
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the distribution might be far from equilibrium for much of the time, leaving our model unable to
match the results of simulations. In language borrowed from anisotropy: increasing/decreasing
curvature works to create a ‘fast’/‘slow’ direction.

To test this hypothesis, we recorded the y-position of where particles struck the absorbing
boundary and compared the resulting histogram with the Boltzmann distribution which would
be established were the particles constrained to move in the potential U (y) = αR

2 y2.

0.00
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0.50

0.75

(y
)

model = 3.6449
sims = 3.6291

3 2 1 0 1 2 3
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sims = 1.3582

(b)

Fig. 5.3 Histograms of where in the y-direction the particles struck the absorbing boundary
at x = 3L/2. The solid black line is the Boltzmann distribution evaluated at the absorbing
boundary, where α (x) = αR. In both cases, ∆U = 2, L = 1, and δ = 0.2. (a) Increasing
curvature: αL = 1, αR = 5; (b) Decreasing curvature: αL = 5, αR = 1. We believe that the
discrepancy between predicted and observed mean first-passage times is the direct result of
the ensemble of particles being unable to establish instantaneous equilibrium in the y-direction
throughout the escape process.

For the case of increasing curvature, Fig. 5.3(a) reveals good agreement between the
histogram of escape positions and the Boltzmann distribution at the absorbing boundary. By
contrast, for the case of decreasing curvature, Fig. 5.3(b) reveals substantial disagreement
between the histogram and the Boltzmann distribution. Importantly, the histogram of particle
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positions is narrower than the Boltzmann distribution, suggesting that the particles escaped too
quickly for the ensemble to relax into its would-be equilibrium shape.

Let us conclude this section by presenting results from simulations performed for potentials
where αL is constant and αR takes values to cover both cases. Fig. 5.4 shows good agreement

4 2 0 2 4
R L

0

1

2

3

4

5 U = 3.0: BD Sims
U = 3.0: Integral Theory
U = 3.0: Langer's Theory

U = 2.0: BD Sims
U = 3.0: Integral Theory
U = 2.0: Langer's Theory

Fig. 5.4 The mean first-passage time is plotted as a function of the difference between the
curvature at the absorbing boundary αR and the starting minimum αL for two values of the
barrier height. αL = 5, δ = 0.2, L = 1. When the curvature increases from starting minimum
to absorbing boundary (αR > αL), we see consistently good agreement between our theory and
numerical simulations. The continuation of this agreement into the opposite regime (decreasing
curvature) improves our understanding of Fig. 5.3: for some combination of landscape and
system parameters, the ensemble can respond quickly enough to maintain equilibrium. This is
explored in more detail in chapter 6.

between the simulation results and our theory when the curvature increases along the direction
of escape (αR −αL > 0). This is reflected in Fig. 5.5 by the small fluctuations in the ratio of
these mean first-passage times about one. Furthermore, our theory offers better agreement with
simulations than Langer’s theory does.

The case of decreasing curvature along the direction of escape (αR −αL < 0) is more
interesting. Fig. 5.4 shows that our model performs well as αR is first reduced below αL = 5,
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Fig. 5.5 The ratio of the mean first-passage times from simulations and our model is plotted as a
function of the difference between the curvatures at the saddle point and the starting minimum.
αL = 5, δ = 0.2, L= 1. This illustration of agreement between theory and simulations extending
into the region of decreasing curvature is complementary to that presented in Fig. 5.4.

a finding confirmed by Fig. 5.5, which reveals that the discrepancy is no more than a few
percent until αR −αL ∼ −2.0 to− 2.5. However, further decreasing the curvature causes a
rapid increase in the disagreement.

The maximum rate at which the curvature can be decreased whilst preserving equilibrium
distributions will depend upon the mean first-passage time. This time must be large compared
to that taken by the ensemble to adjust to a new, less confining potential. In turn, this timescale
is determined by how quickly the curvature changes with the escape co-ordinate.

5.5.3 Approach to equilibrium

We will now analyse the discrepancy between our theory and simulation results which emerges
when the potential in the non-escape direction becomes less confining along the direction
of escape. The motion consists of two parts: the approach to equilibrium in the non-escape
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direction and the escape process itself. We believe that the relative size of the timescales
associated with these processes can indicate whether or not our expression for the mean
first-passage time will be a good model.

Let us begin by assuming that at and around the starting minimum the potential in the
non-escape direction is sufficiently confining for equilibrium to be established long before a
meaningful fraction of the ensemble has escaped over the saddle point. Consider an ensemble
of particles in equilibrium in the potential U (y) = α0

2 y2. If the curvature is suddenly decreased
to α1, then how long does it take for equilibrium to be reestablished?

If the initial distribution of particles was a delta function at some position y0, then the
distribution would approach equilibrium as follows

ρ (y, t|y0) =
1√

2π f (t)
exp

(
−(y−M (t))2

2 f (t)

)
, (5.39)

where f (t) is given by

f (t) =
1

α1β

[
1− e−2α1t/γ

]
, (5.40)

and
M (t) = y0 e−α1t/γ . (5.41)

Hence, for an ensemble of starting positions described by the Boltzmann distribution ρL (y0)

for the original well (curvature α0), the distribution p(y, t) approaches equilibrium as

p(y, t) =
∫

∞

−∞

dy0 ρL (y0)ρ (y, t|y0) . (5.42)

This expression evaluates to

p(y, t) =

√
α1β

2π (1−∆α (t))
exp
[

−α1β

2(1−∆α (t))
y2
]
, (5.43)

where
∆α (t) =

α0 −α1

α0
e−2α1t/γ . (5.44)

5.5.4 Validity when the curvature decreases

This exponential approach to equilibrium raises the usual difficulties in defining an equilibration
time teq. We can use the mean squared displacement for this purpose. From Eq. (5.43) it can be
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shown that the mean squared displacement evolves towards equilibrium according to

⟨y2 (t)⟩= 1
α1β

(1−∆α (t)) . (5.45)

Supposing that the system is a good approximation to its equilibrium shape when the mean
squared displacement is within 5% of its equilibrium value, we define teq as the time at which
∆α (t) first equals 0.05. From Eq. (5.44), we obtain

teq =
γ

2α1
ln
(

α0 −α1

0.05α0

)
. (5.46)

This threshold is necessarily arbitrary, but it is at least strict. Furthermore, nothing prevents the
application of a stricter condition if this one proves too lax.

For a small enough difference between the two curvatures, it is possible for the equilibration
time to be zero, or even negative. This is merely the consequence of the mean squared
displacement being always within the 5% tolerance we imposed. Nonetheless, we believe that
this feature offers some insight into when our model for the mean first-passage time might
break down. When the two curvatures are sufficiently similar for the equilibration time to be
zero or negative, the mean first-passage time across the region over which the curvature changes
is always much greater than the equilibration time. We believe that this separation of timescales
enables an equilibrium – or very-close-to-equilibrium – distribution to be maintained across
the region, thereby enabling our model for the mean first-passage time to work well.

When the two curvatures are dissimilar enough for the equilibration time to be positive,
we believe that teq can still be small enough compared to the mean first-passage time for our
model to work well. How can this be achieved? If the change in the curvature takes place over
a large distance, then the mean first-passage time should be much larger than the equilibration
time. This line of reasoning leads us to rewrite Eq. (5.46) in terms of the width ∆x of the region
over which the curvature changes from α0 to α1. Assuming as before a linear variation in the
curvature between the extremal values αL and αR, then from Eq. (5.38) and Eq. (5.46) we find

teq =
γ

2α1
ln
(

αL −αR

0.05α0

∆x
2δ

)
, (5.47)

where 2δ is the width of the region over which the curvature changes from αL to αR.
Choosing to consider the whole of the region over which the curvature changes i.e. ∆x = 2δ ,

Eq. (5.47) becomes

teq =
γ

2αR
ln
(

αL −αR

0.05αL

)
. (5.48)
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L τsims τmodel % diff. teq/τ2δ

1.0 1.5077 1.4230 5.6 1.3858
1.25 2.3154 2.2234 4.0 0.8869
1.5 3.3070 3.2017 3.2 0.6159

1.75 4.4871 4.3578 2.9 0.4525
2.0 5.8434 5.6918 2.6 0.3464

2.25 7.3505 7.2037 2.0 0.2737
2.5 9.0661 8.8935 1.9 0.2217

Table 5.1 A comparison of the mean first-passage times from simulations and our model.
(αL = 5,αR = 2,δ = 0.2L,∆U = 2).

L τsims τmodel % diff. teq/τ2δ

1.0 1.2811 0.9406 26.6 7.9698
1.5 2.6934 0.8160 21.4 3.5421
2.0 4.5706 3.7624 17.7 1.9924
2.5 6.8429 5.8787 14.1 1.2752
3.0 9.6657 8.4653 12.4 0.8855
3.5 12.8511 11.5223 10.3 0.6506

Table 5.2 A comparison of the mean first-passage times from simulations and our model.
(αL = 5,αR = 0.5,δ = 0.2L,∆U = 2).

Having derived an expression for the equilibration time, we now turn to the other timescale:
the mean first-passage time to move across the region over which the curvature changes.
Denoting the start and end points by xL = L/3− δ and xR = L/3+ δ , respectively, and the
mean first-passage time by τ2δ , our model gives

τ2δ =
1
D

∫ xR

xL

dq1
eβUX (q1)

Jy (q1)

∫ q1

−∞

dq2 e−βUX (q2)Jy (q2) . (5.49)

We know from Fig. 5.4 that this formula underestimates the mean first-passage time,
sometimes considerably so. However, for our present purpose, this is not a big problem.
We believe that the ratio teq/τ2δ can indicate whether the curvature changes too rapidly for
equilibrium to be sustained. Small values of this ratio would make us optimistic that our model
will perform reasonably well. Because Eq. (5.49) underestimates the true mean first-passage
time, the ratio teq/τ2δ will be an overestimation, resulting in a conservative estimation for the
range of applicability.

Brownian dynamics simulations were performed as before, except that the curvatures and
barrier height were fixed throughout, whilst L – which sets the potential’s length-scale – was
varied. The mean first-passage time from the minimum at (0,0) to the absorbing boundary
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at (3L/2,y) was recorded, and the percentage discrepancy between it and our theory was
calculated. Tables 5.1 & 5.2 contain this information, and also the ratio teq/τ2δ .

We believe that these tables support our primary assertion: our theory works better when the
curvature decreases over a greater distance. The usefulness of the ratio teq/τ2δ in assessing the
level of agreement between our theory and simulations is less clear. Although smaller values
of the ratio correspond to better agreement, the same ratio for different potentials does not
equate to the same percentage discrepancy (see Table 5.1: L = 1.25, and Tables 5.2: L = 3.0).
Nonetheless, it is considerably quicker to evaluate teq/τ2δ than it is to perform the numerical
simulations. The ratio might be able to serve as the first indication of whether our theory
is a good model: anything other than a small value means ‘no’. Finally, note that when the
difference between the two curvatures is larger, the ratio must be smaller in order to attain the
same percentage discrepancy.

We have so far discussed how it might be possible to determine whether or not our current
expression for the mean first-passage time will be a good model when the curvature in the
non-escape direction decreases along the direction of escape. Although important, a better
question to ask would be: how should our current expression be amended in order to secure
agreement regardless of how the curvature changes? We believe that establishing the actual

shape (not the equilibrium shape) of the distribution of positions in the non-escape direction as
a function of the co-ordinate along the direction of escape is necessary.

5.5.5 Discussion of equilibration

We will conclude this section with a brief discussion of equilibration in the context of drawing
comparisons with Langer’s formula, which assumes that equilibration in the starting minimum
takes place rapidly compared to escape over the saddle [127].

Around the starting minimum at (0,0), the potential – as described by Eq. (5.37) – can be
approximated by

U (x,y)≈ 1
2

(
2Q
L2

)
x2 +

1
2

αLy2, (5.50)

which means that we can write down expressions for the equilibration times in the x- and
y-directions as follows

teq (X) =
γ

4Q/L2 ,

teq (Y ) =
γ

2αL
,

(5.51)
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respectively. Langer’s expression for the mean first-passage time over the saddle (Eq. (5.11))
evaluates to

τ ≈ 2π

D
eβ∆U

2Q/L2

(
αR

αL

) 1
2

. (5.52)

Now, consider the potential described by αL = 5, αR = 0.5, L = 1, and ∆U = 4Q/27 = 1.
The equilibration times given above are teq (X)≈ 0.037, and teq (Y ) = 0.1, which means that the
relevant timescale for equilibration in the well as a whole is teq (Y ). The ratio of this quantity
and the mean first-passage time is given by

teq (Y )
τ

=
kBT

4πeβ∆U

(
αL

αR

) 1
2

≈ 0.0926 (5.53)

which is considerably smaller than one. This means that the particles are well-equilibrated
in the starting minimum long before many escape over the barrier. In fact, this value is an
underestimate of the ratio because – as can be seen from Fig. 5.2(d) – the true mean first-passage
time is larger than that predicted by Langer’s expression.

This calculation shows that the condition which must be satisfied for Langer’s formula to
be used is met, and comfortably so, for even a small barrier height of ∆U = 1kBT . Indeed, for
∆U = 0.5kBT , the ratio teq (Y )/τ ≈ 0.153, which suggests that validity extends down to very
small barriers to escape.

5.6 Double well potential

In the previous section, we studied potentials where the direction of escape lies along the x-axis.
Although useful for our then purpose – isolating features of the potential to enable comparison
between our expression for the mean first-passage time and Langer’s formula – the relatively
simple forms prevent a more general discussion. Here we consider escape from one minimum
of a double-well potential into the other, where eee does not lie along a co-ordinate direction.

5.6.1 Brownian dynamics simulations

Berezhkovskii and Szabo used the following potential energy landscape to demonstrate how
the direction of escape changes as a function of the degree of diffusion anisotropy [20]. Here
we will use it as an example where eee does not lie along the x-axis. The potential is

U (x,y) =
Ω2

2
(x− y)2 +U (x) , (5.54)
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where

U (x) =


−∆U + ω2

2 (x+ x0)
2 , x ≤ −x0

2

−ω2

2 x2, −x0
2 < x < x0

2

−∆U + ω2

2 (x− x0)
2 , x ≤ x0

2 ,

(5.55)

and ∆U = (ωx0/2)2 is the height of the energy barrier separating the minima from the saddle
point. For fixed values of x0 and Ω, changing ω changes both the barrier height and the
direction of the vector eee.

Fig. 5.6 Contour plots of the potential described by Eq. (5.54) for two values of the parameter
ω , which determines the barrier height: ∆U = (ωx0/2)2. In each case x0 = 1.2, and Ω = 2.
The part of an example trajectory showing escape over the saddle is plotted in black. The rest of
the trajectory (starting from the red cross) is not shown so that the contours are clearly visible.
The dashed line running through the saddle point at (0,0) indicates the direction specified by
eee. The red cross and circle show the starting minima and absorbing circle, respectively. (a)
ω = 0.5; (b) ω = 4.0

Brownian dynamics simulations were performed for a range of values of ω for two situa-
tions, which are differentiated from one another by the absorbing boundary condition. In each
case, an ensemble of 5×104 particles was initialised to the minimum at (−x0,−x0). With a
time-step of δ t = 10−4, the position of each particle was advanced until it reached the absorbing
boundary, at which point the first-passage time was recorded and the particle removed from the
system. The following two subsections contain the results of these simulations and details of
the absorbing boundaries.
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Boundary condition 1: absorbing circle

A circle of radius δ r = 0.1, centred on the minimum at (x0,x0) served as the absorbing
boundary. This enabled us to study the escape process as a whole: from one minimum to the
other. However, there is a degree of arbitrariness surrounding this boundary condition. The
radius is not obtained from first principles; it is a compromise between competing factors.
First is the desire to enforce a strict boundary condition around the minimum to ensure that
we recorded the first-passage time of particles which had truly made the transition over the
saddle. This is especially important when the barrier to escape is small compared to the thermal
energy, and the possibility of returning to the starting minimum remains significant even when
the particle is close to the final minimum. Second is the reality of an escape process where
the potential does not fall off to minus infinity, but remains confining, thereby creating a final
state where particles are distributed about the minimum. A more sophisticated boundary might
attempt to reflect the shape of the energy contours around the minimum. However, we believe
that this merely relocates the arbitrariness: one must pick the threshold energy. In any case, the
region around the minimum is relatively flat, so significant differences in the mean first-passage
time are unlikely.

Simulations were performed for a range of values of ω whilst keeping constant values of
x0 = 1.2 and Ω = 2. Fig. 5.7 shows good agreement between our theory and the results of
numerical simulations over the full range of values of ω . For larger values of ω , there is close
agreement between our theory and Langer’s theory, though our model is consistently closer to
the simulation data. The difference between the two models is most obvious for small values of
ω where Langer’s theory breaks down and significant discrepancies are observed.

Boundary condition 2: absorbing wall

To try and remove from the definition of the absorbing boundary the arbitrariness inherent in
the previous subsection we chose to position it at the stochastic separatrix, the line defined by
the series of points for which a particle is equally likely to return to the starting minimum or
continue to the final minimum. It can be shown that these points satisfy eee ·xxx = 0. Consequently,
the absorbing boundary is a straight line passing through the saddle point perpendicular to the
direction of escape [20].

How should Langer’s formula be adapted to this case? Recall that it can be obtained from
the double integral formula by decoupling the integrals, approximating the potential around the
minimum and the saddle as a parabola, extending the limits to infinity, and employing Gaussian
integration. By placing the absorbing boundary at the saddle point, we have halved the range
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Fig. 5.7 Mean first-passage times from simulations are plotted alongside our theory and Langer’s
formula. The energy barrier is ∆U = (ωx0/2)2, and x0 = 1.2. The absorbing boundary was a
small circle around the target minimum. Whilst our theory improves upon Langer’s formula
over the whole range of barrier heights, the improvement is most pronounced for the smallest
barriers (small ω). This is as expected because Langer’s assumption of a system which reaches
equilibrium in the starting minimum before a significant fraction of particles have escaped
becomes invalid in this region.

of integration for the integral centred on the maximum. Hence, the mean first-passage time is
half of its usual value

τ ≈ 1
2D

∫
qmax

dq1 eβUMF(q1)
∫

qmin

e−βUMF(q2). (5.56)

Brownian dynamics simulations were performed as described earlier. Fig. 5.8 shows good
agreement between our theory and the results over the full range of values of ω . As before,
there is a significant discrepancy between Langer’s theory and the simulation results for small
values of ω . For larger values of ω , the discrepancy becomes less important, but our theory
remains a better model.
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Fig. 5.8 Mean first-passage times from simulations are plotted alongside our theory and
Langer’s formula. The energy barrier is ∆U = (ωx0/2)2 and x0 = 1.2. In contrast to Fig. 5.7,
the absorbing boundary was the stochastic separatrix. As this line intersects the saddle point,
and hence lies halfway between the two minima, the mean first-passage times are approximately
half their previous values. Again, the greatest improvement upon Langer’s theory is seen for
the smallest values of the barrier height.

5.6.2 Optimising the escape direction

Berezhkovskii and Szabo started by calculating the potential of mean force along some direction
eee in the potential energy landscape. They then inserted this expression into Kramers’ formula
for the mean first-passage time (written as a product of two integrals), approximated it as a
parabola about both the minimum and the maximum, and used Gaussian integration to evaluate
the result. The mean first-passage time so obtained is maximal when eee satisfies Eq. (5.17), the
eigenvector equation. In general, it points along the direction of the unstable mode at the saddle
point, which coincides with the reactive flux if the diffusion tensor is isotropic [20]. (See the
discussion in section 5.4 for why it is desirable to maximise the mean first-passage time).

The direction specified by eee has nice, physical interpretations. However, Eq. (5.17) is
obtained from an approximate expression for the mean first-passage time, which does not work
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well for small ω . The double integral formula offers a consistently better fit to the simulation
data. But it is not necessarily the case that both expressions are maximal along the same
direction.

To investigate whether the approximations outlined above affect the direction which corre-
sponds to the maximum mean first-passage time, we proceeded as follows. First, for a given
potential, calculate eee, and define θ as the angle between eee and the vector describing another
line also passing through the saddle point. Second, sweep through a range of values of θ ,
calculating the potential of mean force and the mean first-passage time for each. Third, obtain
from this the angle for which the mean first-passage time is maximised.
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Fig. 5.9 The mean first-passage time, evaluated using the double integral expression, is not
in general maximised when evaluated along the direction described by eee, which is known to
maximise the approximate expression. (a) The mean first-passage time is plotted as a function
of the angle θ between the direction specified by eee and the direction along which the potential
of mean force is evaluated; (b) The angle for which the mean first-passage time takes its
maximum value θmax is plotted as a function of ω , which controls the height of the energy
barrier to escape: ∆U = (ωx0/2)2. (In section 5.4 we discuss why we seek to maximise the
mean first-passage time).
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Fig. 5.9(a) shows how the mean first-passage time varies as a function of θ . The mean
first-passage times are normalised by their value when θ = 0 to make it easier to compare the
behaviour for different values of ω on the same plot. The deviation initially grows with ω ,
before shrinking. This is confirmed by Fig. 5.9(b), which shows how the angle for which the
mean first-passage time is maximised varies as a function of ω . The largest deviation is about
0.17 radians, or almost ten degrees.

From Fig. 5.9(a) and Fig. 5.9(b) it appears that the largest deviations in the mean first-
passage time away from τ (θ = 0) correspond to the largest deviations in the angle away from
θ = 0. This deviation in the mean first-passage time is small: the largest deviation, which occurs
for ω ≈ 2.3, is only slightly larger than 2%. Nonetheless, this represents an improvement on
our earlier theory, bringing our model closer to the results of Brownian dynamics simulations.

5.7 Approximate usage of the formalism

When the potential energy landscape has multiple escape routes our method for calculating the
mean first-passage time does not work. This is because it relies upon identifying a direction
of escape and attempting to account for the perpendicular directions by calculating their
Boltzmann factors. These factors are finite only if the potential is ultimately confining in the
direction along which the factors are being calculated. If there are multiple escape directions,
then it could also be the case that the potential in the direction(s) perpendicular to a given
escape direction is not ultimately confining. Hence the Boltzmann factors will not be finite and
our method no longer works.

However, we believe that in the special case where the energy barrier to escape in one
direction is considerably smaller than in all of the other directions it is possible to use a modified
version of our approach to provide an approximate value for the mean first-passage time. First,
identify the direction with the smallest mean first-passage time, which, all other things being
equal, is that with the lowest barrier to escape. Secondly, in the direction(s) perpendicular to the
escape direction identify the points beyond which the potential is no longer confining. Thirdly,
calculate the ‘Boltzmann factors’ over this reduced spatial range, rather than to ±∞, which
would produce an infinite result. Fourthly, use these factors in our double integral expression
for the mean first-passage time. With sufficient separation between the timescales of escape in
the various directions this could produce a good approximation to the mean first-passage time.

There is another approach, which might work well even if there is not a separation in
timescales. It is based upon work in section 4.3, where we examined how the multi-dimensional
partial differential equation satisfied by the mean first-passage time could be solved approxi-
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mately. By assuming that the directions of escape decouple from one another, the reciprocal of
the overall mean first-passage time is the sum of the reciprocals of the mean first-passage time
along each co-ordinate direction calculated as though in isolation from one another according
to the usual, one-dimensional double integral formula. The results of numerical simulations in
section 4.4 revealed moderate agreement with theory, despite the crudity of this approximation.

There, the potential energy landscape could be written as a sum of contributions from
each co-ordinate direction, and the directions of escape lay along the co-ordinate directions.
Consequently, the potential in the direction perpendicular to the escape direction was constant
along the direction of escape. This means that the normal, one-dimensional expression for
the mean first-passage time could be used. If the potential did not have this property, then it
would be necessary to use the expression for the mean first-passage time which attempts to take
account of these variations in the potential in the direction(s) perpendicular to the direction
of escape. However, as these direction(s) are no longer necessarily confining, the approach
laid out above would have to be used: calculate approximate Boltzmann factors, use them to
calculate the mean first-passage time along each escape direction, and finally combine the mean
first-passage times to give an approximation to the overall mean first-passage time.

5.8 Conclusions

In one dimension, there is an exact expression for the mean first-passage time between two
points in a potential energy landscape. When these points are separated by a large energy
barrier, the exact, double integral formula can be approximated by Kramers’ result. In higher
dimensions the freedom associated with the shape of the absorbing and reflecting barrier(s)
prevents the derivation of a general, exact expression for the mean first-passage time. However,
there is an N-dimensional equivalent of Kramers’ result: Langer’s formula. Berezhkovskii and
Szabo demonstrated that it is possible to find a direction in a multi-dimensional potential along
which calculation of the potential of mean force (PMF) and subsequent evaluation of Kramers’
one-dimensional expression returns Langer’s N-dimensional result. We extended this approach
by using the PMF in the exact, one-dimensional expression for the mean first-passage time.
The resulting double integral expression can be approximated by Langer’s formula when the
barrier to escape is large.

We used a series of potentials to compare these two theories. First: a cubic profile in x and
a quadratic profile in y where the curvature changes along the direction of escape. Our theory
consistently outperforms Langer’s expression. When the potential becomes more confining
along the direction of escape our theory agrees well with simulations. However, when it
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becomes less confining significant discrepancies are observed. We believe that this asymmetry
is a consequence of how the two-dimensional escape process is treated as one-dimensional: the
confining direction contributes a Boltzmann factor to the expression for the mean first-passage
time. When the potential becomes more confining, the ensemble of particles closely resembles
the Boltzmann distribution, and our theory works well. But when the potential becomes less
confining, the ensemble cannot in general expand quickly enough to reach the Boltzmann
distribution; the particles escape too quickly, and our theory breaks down.

We then studied a double well potential where the escape direction doesn’t lie along the
x-axis. Two processes were simulated: escape from one minimum to the other, and escape from
one minimum to the stochastic separatrix (the line connecting points from which the particle is
equally likely to return to the starting minimum as reach the target minimum). In both cases
our theory agrees well with simulations and consistently outperforms Langer’s formula. In the
low-barrier limit this is particularly pronounced.

Finally, we demonstrate that the direction along which the mean first-passage time is
maximal when calculated using our model is not necessarily the same as when calculated using
Langer’s model. The maximal mean first-passage times are at most a few percent larger than
the values obtained when we evaluated our theory along the direction which is maximal for
Langer’s expression. This further improves the agreement between our model and simulations.



Chapter 6

Diffusion in soft-walled channels of
periodically varying curvature

6.1 Introduction

Transport processes in channels of varying profile have been studied for many years. With
applications in disparate fields such as zeolites and porous solids [218, 223], biological mem-
branes [134, 24, 178], separating particles by their size [73, 213, 195], and carbon nanotubes
[19], the importance of understanding these systems’ behaviour is clear.

A common starting point is the Fick-Jacobs equation, an effective, one-dimensional equation
for the evolution of the concentration of a solute along the centre-line of a multi-dimensional
tube. Jacobs’ treatment [145], which he attributed to Fick [99], was refined by Zwanzig [268],
who produced a more general version. By assuming that the system is fully equilibrated in
the direction normal to the length of the channel, Zwanzig reduced the multi-dimensional
Smoluchowski equation to a one-dimensional form with a modified potential. The changing
shape of the channel produces a logarithmic contribution to this potential, which leads to the
description of the effect upon the motion in terms of ‘entropic’ barriers [214].

However, it is not safe to assume that the system equilibrates fully in the confining direction;
a shape which varies too rapidly, for instance, can prevent equilibrium from being established
[123]. Zwanzig acknowledged the limitations of this approach and suggested how small
deviations from equilibrium might be accounted for. This work, based around a spatially
varying diffusion coefficient, has been built upon heavily [149–151, 54].

Introducing a linear bias along a periodic channel leads to motion described by a redefined
effective diffusion coefficient and a non-linear mobility. The former peaks for some value of
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the applied force, before falling to a constant value; the latter increases monotonically towards
a constant value [216, 215, 55].

Although channels which are symmetrical about their axis feature prominently in this field,
the more general case of a curved midline and varying width has also attracted attention. The
motion can still be mapped onto one dimension, albeit with a modified expression for the
spatially varying diffusion coefficient, which now reflects the variation in the midline of the
channel [45, 21, 75, 63]. Motion in serpentine channels, where the midline is curved but the
width is constant, has also been studied [254, 253].

Channels of curved midline and varying width can be created by using the same function
to describe both walls, but then introducing a phase difference between the two. The current
can be affected by this phase shift and a preferential direction of transport can emerge [176, 5].
Adding potential energy barriers to a channel of varying width can cause interesting effects
because of the interaction between the energetic and entropic contributions to the potential. For
instance, introducing a linear bias along the channel and tuning the phase difference between
the periodic channel and the periodic barriers can induce a resonance-like behaviour in the
non-linear mobility, and rectification can be observed [53]. Another example involves a channel
with cosine-shaped walls which connects two reservoirs of particles at different concentrations
over one period. By introducing a cosine energy barrier along the channel, and tuning the phase
relative to the walls, it is possible to produce transport from low to high concentration [264].

Here we study over-damped motion in a soft-walled channel whose profile varies periodi-
cally. By introducing a periodic potential along the channel it is possible to increase the rate of
diffusion above that observed without the potential, in some cases up to free diffusion. The
energy barriers enhance the motion.

6.2 Deriving the one-dimensional effective potential

We will consider motion in a channel

U (x,y) =Ux (x)+Uy (x,y) , (6.1)

where Ux is the potential energy contribution along the channel and Uy describes how the profile
of the channel varies as a function of the displacement along it. Note that this is the same
general form as that considered in chapter 5, and so different from that considered in chapter 4,
thanks again to the coupling between co-ordinate directions. In this case, we choose to use this
form for the potential because it enables us to construct confining channels where the profile
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varies as a function of the displacement along the channel. As remarked above, this is relevant
to the study of motion a variety of systems, such as biological membranes and porous solids.
If the channel is periodic in x, then the long-time motion will be diffusive, and so described
by an effective diffusion coefficient Deff. We will use Zwanzig’s derivation of the Fick-Jacobs
equation to explore the system’s behaviour.

Zwanzig restricted his attention to the effect upon the diffusion coefficient of changes in
the shape of the channel [268]. Here we will retain the effect of energy barriers. Our starting
point is the two-dimensional Smoluchowski equation for the probability density p(x,y, t)

∂ p
∂ t

= Dx
∂

∂x
e−βU(x,y) ∂

∂x
eβU(x,y) p+Dy

∂

∂y
e−βU(x,y) ∂

∂y
eβU(x,y) p, (6.2)

where Dx and Dy are the free diffusion coefficients in the x and y directions, respectively. By
inserting Eq. (6.1) into Eq. (6.2), integrating over the y-direction, and using the fact that Uy is
confining, we obtain

∂ρ

∂ t
= Dx

∂

∂x
e−βUx

∫
∞

−∞

dye−βUy
∂

∂x
eβUx+βUy p, (6.3)

where ρ (x, t) =
∫

∞

−∞
dy p(x,y, t) is the one-dimensional probability density. Let us assume that

the distribution is always in equilibrium in the y-direction, i.e.

p(x,y, t)≈ ρ (x, t)
e−βUy(x,y)

e−βA(x)
, (6.4)

where A(x) is defined through

e−βA(x) =
∫

∞

−∞

dye−βUy(x,y). (6.5)

Inserting Eq. (6.4) into Eq. (6.3) and carrying out the integration over y produces the following
partial differential equation for the one-dimensional density

∂ρ

∂ t
= Dx

∂

∂x
e−βUx−βA ∂

∂x
eβUx+βA

ρ, (6.6)
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from which we can deduce the following expression for the one-dimensional effective potential
U∗

U∗ (x) =Ux (x)+A(x)

=Ux (x)−
1
β

ln
(∫

∞

−∞

dye−βUy(x,y)
)
.

(6.7)

Before we restrict our attention to a particular channel it is worth remarking upon an
implication of Eq. (6.7). Variations in the shape of the channel impede motion, a feature
accounted for by the second term in the expression for the effective potential. However,
Eq. (6.7) implies that this retarding effect can be eradicated by introducing a potential in
the x-direction: by setting Ux =

1
β

ln
∫

∞

−∞
dye−βUy(x,y) the effective potential is zero and free

diffusion is predicted. This is a point to which we will return.
At this stage we would also like to draw a link to work presented in chapter 5. There, we

used the potential of mean force to build on work by Berezhkovskii and Szabo. After rotating
the co-ordinate system to align one axis with the direction of escape, the potential of mean
force is given by Eq. (5.23), which we reproduce here for ease of reference

e−βUMF(q) =

∫
dy′e−βU(q,y′)∫
dy′e−βU(0,y′)

. (6.8)

When the potential energy landscape can be written in the following form

U
(
x′,y′

)
=Ux′

(
x′
)
+Uy′

(
x′,y′

)
, (6.9)

Eq. (6.8) simplifies considerably to

e−βUMF(q) =
e−βUx′(q)

e−βUx′(0)

∫
dy′e−βUy′(q,y

′)∫
dy′e−βUy′(0,y′)

, (6.10)

which means that the potential of mean force is

UMF (q) =Ux′ (q)−
1
β

ln
(∫

dy′e−βUy′(q,y
′)
)

−
[
Ux′ (0)−

1
β

ln
(∫

dy′e−βUy′(0,y
′)
)]

,

(6.11)

where the second term is a constant. Save for this constant, Eq. (6.11) is identical to Eq. (6.7),
the expression for U∗ (x) derived earlier. The two approaches – the potential of mean force and
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integrating over the Smoluchowski equation – lead to the same result from the point of view of
the dynamics, which are unaffected by a constant offset.

6.3 Motion in a channel of periodically varying curvature

We will study motion in the potential energy landscape described by

U (x,y) =Uy (x,y) =
1
2

[
α0 +α1cos

(
2πx

L

)]
y2, (6.12)

where α0 > α1 so that the channel is always confining. The potential energy landscape is
periodic in x, which means that the long-time motion is diffusive, and hence characterised by
an effective diffusion coefficient Deff.

We can derive the effective diffusion coefficient by considering the mean first-passage time
from x = 0 to either of the equivalent points in the Nth repeat unit of the one-dimensional
effective potential given in Eq. (6.7). This is

τN =
PR

Dx

∫ NL

0
dyeβU∗(y)

∫ y

−NL
dze−βU∗(z)− PL

Dx

∫ 0

−NL
dyeβU∗(y)

∫ y

−NL
dze−βU∗(z), (6.13)

where PL and PR are the probabilities that the particle exits the region [−NL,NL] to the left
and right, respectively [109]. The symmetry of the energy landscape means that PL = PR =

1/2, and Eq. (6.13) simplifies to

τN =
N2

2Dx

∫ L

0
dyeβU∗(y)

∫ L

0
dze−βU∗(z), (6.14)

where we have used the periodicity of the potential to recast each integral over one period.
After evaluating Eq. (6.7) for the potential defined in Eq. (6.12), and inserting the result

into Eq. (6.14), we find

τN =
(NL)2

2Dx

〈√
α (x)

〉
x

〈
1/
√

α (x),
〉

x
(6.15)
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where ⟨⟩x denotes the spatial average. Through a series of changes of variable, it is possible to
show that the two averages in Eq. (6.15) are given by

1
L

∫ L

0
dy
√

α (y) =
2
√

α0 +α1

π
E (k)

1
L

∫ L

0
dy
√

α (y) =
2

π
√

α0 +α1
K (k) ,

(6.16)

where k2 = 2α1/(α0 +α1) and K and E are the complete elliptical integrals of the first and
second kind, respectively. This leads us to the following expression for the effective diffusion
coefficient

Deff = lim
N→∞

(NL)2

2τN
=

Dx (π/2)2

E
(√

2α1
α0+α1

)
K
(√

2α1
α0+α1

) . (6.17)

The equivalent result for a similarly defined potential has been obtained [46].

6.3.1 Zwanzig’s amendment

When deriving the effective diffusion coefficient we made use of the effective potential, which
was calculated assuming a state of equilibrium exists in the y-direction. This is not necessarily
a safe assumption to make. As we will see from Brownian dynamics simulations, it does not
hold in general. In fact, equilibrium is established only when the damping coefficient in the
y-direction is considerably smaller than in the x-direction, or when the length of the repeat unit
is large, so that the shape of the potential changes slowly along the channel. These are strict
conditions, which pose a problem for the theory by limiting its applicability.

Zwanzig tried to address this problem by considering small deviations away from the
equilibrium distribution [268]. He proposed using the following formula to calculate the
effective diffusion coefficient

1
Deff

=

〈
1

D(x)w(x)

〉
x
⟨w(x)⟩x, (6.18)

where w(x) controls the shape of the potential energy landscape according to

Uy (x,y) =V
(

y
w(x)

)
, (6.19)

and we denote z = y/w(x) for later convenience.
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Zwanzig demonstrated that the spatially varying diffusion coefficient is given approximately
by

D(x) = Dfree [1−κ (x)+ · · · ]≈ Dfree

1+κ (x)
, (6.20)

where he chose to interpret the bracketed expression as the leading order term of an infinite
series because doing so agreed better with simulations. The quantity κ (x) is defined by

κ (x) =
[
w′ (x)

]2 ∫ dzz2e−βV (z)∫
dze−βV (z)

= kBT
[
w′ (x)

]2
, (6.21)

where we have used the potential’s parabolic profile to evaluate the integrals.
Comparison of Eq. (6.12) and Eq. (6.19) gives the following expression for w(x)

w(x) = [α (x)]−
1
2 , (6.22)

which means that the spatially dependent diffusion coefficient is given by

D(x) =
Dfree

1+ kBT
4

α ′2

α3

. (6.23)

At this stage it is important to note that Eq. (6.23) was derived assuming that the system
is isotropic. Relaxing this constraint and repeating Zwanzig’s derivation leads to a slightly
modified version of the above

D(x) =
Dfree

1+ γy
γx

kBT
4

α ′2

α3

, (6.24)

where γx and γy are the damping coefficients in the x and y directions, respectively.
Finally, inserting Eq. (6.24) into Eq. (6.18), we reach the following expression for the

effective diffusion coefficient

Dfree

Deff
=

〈√
α (x)

(
1+

γy

γx

kBT
4

α ′2

α3

)〉
x

〈
1√

α (x)

〉
x
. (6.25)

When the curvature is described as before by α (x) = α0 +α1cos(2πx/L), Eq. (6.25) can be
rewritten as follows

Dfree

Deff
=

〈
1√

α0 +α1cos(2πx/L)

〉
x
×〈√

α0 +α1cos
(

2πx
L

)
+

γykBT (πα1)
2 sin2 (2πx/L)

γxL2 [α0 +α1cos(2πx/L)]
5
2

〉
x

.

(6.26)
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One feature to emerge from this expression for the effective diffusion coefficient is the
importance of the parameter combination γy/L2γx, which, for given values of α0 and α1 controls
the size of Zwanzig’s proposed correction. Small values of this parameter make the correction
much less important, and can be brought about by decreasing γy relative to γx, or increasing
the length of a period L. These changes have a common feature, which we touched upon
earlier: they act to reduce the deviation from equilibrium in the y-direction. The effect upon the
theoretical effective diffusion coefficient – calculated according to Eq. (6.26) – can be seen in
Fig. 6.5, where decreasing the value of this parameter combination takes the theory ever closer
to the fully equilibrated limit.

Finally, note that the expression for the effective diffusion coefficient derived assuming
full equilibration in the y-direction can be written in terms of α1/α0. The form of Zwanzig’s

correction means that the same is not true of Eq. (6.26); the term retains a α
− 1

2
0 dependence.

6.3.2 Brownian dynamics simulations

We will use Brownian dynamics simulations to study two aspects of the system’s behaviour.
The first is equilibration, or lack thereof. The second is the dependence upon the parameter
combination γy/γxL2.

Two types of simulation were performed. First, an ensemble of particles was released from
the origin and the motion of each particle was simulated until the long-time diffusive behaviour
was well-established. The effective diffusion coefficient was obtained from the mean squared
displacement. Second, an ensemble of particles was released from the origin and the position
of each particle was advanced until it reached one of the two absorbing boundaries placed
at (±xabs,y). The y co-ordinate of the points where particles hit the boundary were recorded.
Histograms and then probability distributions (referred to here as “hitting point distributions”)
were formed. The goodness-of-fit to a Gaussian ∼ e−βαdisty2/2 was tested, and the characteristic
curvature αdist extracted. Repeating this for different values of xabs enables the curvature profile
αdist (x) to be established.

Equilibration

From Fig. 6.1 we see that decreasing the damping coefficient in the y-direction leads to better
agreement between the actual curvature profile of the distribution and the theoretical curvature
profile, which mirrors the curvature of the potential energy landscape. We also see better
agreement between the effective diffusion coefficients from simulations and the theory derived
under the assumption of equilibration in the confining direction.
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However, it is interesting to note that even when the actual curvature profile is very different
from the curvature of the potential energy landscape, the discrepancy between the measured
and theoretical values of the effective diffusion coefficient is not very large for most values of
α1/α0. The much-reduced amplitude and considerable phase difference appear not to have a
dramatic effect upon the actual rate of diffusion compared to its theoretical rate. Whilst slower,
the reduction is not as great as might be anticipated from the deviations apparent in the top
panel of Fig. 6.1.
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Fig. 6.1 The effective diffusion coefficient and characteristic curvature at various points along
the channel are plotted for three values of the damping coefficient in the y-direction. In each
case L = 1, γx = 1, and α0 = 2. The curvature profile was obtained for α1 = 1. ‘Theory’ refers
to Eq. (6.17), which assumes equilibrium in the y-direction.

The parameter combination γy/γxL2

Under the assumption of full equilibration in the y-direction, neither the damping coefficient γy,
nor the length of a repeat unit L, enter into the expression for the effective diffusion coefficient,
which is written entirely in terms of α0, α1, kBT , and γx according to Eq. (6.17). Only when it
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is acknowledged that the ensemble of particles might not adopt the equilibrium shape do these
parameters appear.

Zwanzig’s attempt to account for slight deviations in the shape of the ensemble away from
its equilibrium form leads to Eq. (6.26), an expression for the effective diffusion coefficient
in terms of the combination of parameters γy/γxL2. This predicts that systems with different
values of the parameters γx, γy, and L which have the same value of this ratio behave in the
same way: their curvature profile and effective diffusion coefficient are the same. We will
investigate whether this is the case, and study the regimes demarcated by this ratio.

The results of Brownian dynamics simulations are shown in Fig. 6.2, which reveals a high
degree of overlap between results for systems described by different values of the parameters
(γx,γy,L), for which the ratio γy/γxL2 = 1. This is true of both the curvature profile and the
effective diffusion coefficient, and thus supports the implication of Zwanzig’s theory that the
value of this ratio controls the system’s behaviour.

As remarked above, and shown in Fig. 6.1, reducing the value of the ratio γy/γxL2 (in
this case by reducing γy) from 100 to 10−2 greatly improves agreement between numerical
simulations and Eq. (6.17), the theory derived assuming full equilibration in the y-direction.
Let us now turn to the opposite regime, where the value of the ratio is increased above one
by increasing γy whilst holding γx and L constant. The results of simulations performed as
described before are shown in Fig. 6.3. For convenience in what follows, we will describe the
curvature profile αdist (x) by

αdist (x) = χ0 +χ1cos
(

2π (x−∆x)
L

)
. (6.27)

A number of features of Fig. 6.3 demand our attention. First, it is evident from the upper
panel that the larger the value of γy, the longer the transient period during which the ensemble
of particles spreads out to attain its steady-state shape.

Secondly, larger values of γy lead to smaller amplitudes of variation in the curvature profile
χ1, though the curvature χ0, about which the variation takes place, increases slightly. These
features can be seen in both the upper panel of Fig. 6.3 and the lower panel of Fig. 6.4. The
decrease in χ1 arises because greater damping in the y-direction diminishes the ability of the
system to respond to changes in the shape of the potential. A slight increase in χ0 is observed
because an ensemble expands due to thermal forces, but contracts under the action of forces
from the potential energy landscape. The latter is effective more quickly than the former.

Thirdly, larger values of γy lead to a very slight increase in the phase shift ∆x/L. This can be
seen in the upper panel of Fig. 6.3 from the small change in the positions of the minimum and
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Fig. 6.2 The effective diffusion coefficient and characteristic curvature at various points along
the channel are plotted for different values of the parameters (γx,γy,L) for which the combina-
tion γy/γxL2 is equal to one. Simulations were performed for landscapes described by α0 = 2
and α1 = 1. As in Fig. 6.1, ‘Theory’ refers to Eq. (6.17), which assumes equilibrium in the
y-direction. The coincidence of these data points reinforces our conviction that the parameter
combination γy/γxL2 plays a crucial role in determining the behaviour of a given system.

maximum values of the curvature for successive values of γy. Indeed, it appears that the phase
shift is approaching a limiting value, possibly a quarter period ∆x/L = 0.25. The fractional
change in the phase shift is considerably less than that in the amplitude of the variation of the
curvature, χ1. Whilst the latter falls to around one third of its value as γy is increased from 100

to 101, the former increases by around 15%.
Fourthly, the lower panel of Fig. 6.3 reveals that the diffusion coefficient (obtained in the

long-time limit once the transient regime has died out) changes only slightly as the value of
γy is increased by an order of magnitude from 100 to 101. It appears that though the damping
coefficient in the y-direction affects the rate at which the system attains its steady-state regime,
the behaviour in that regime is all but unperturbed by it. This is not dissimilar to the behaviour
of the phase difference.
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Fig. 6.3 The effective diffusion coefficient and characteristic curvature at various points along
the channel are plotted for different values of the damping coefficient γy ≥ 1. Simulations
were performed for landscapes described by α0 = 2 and α1 = 1. The upper panel shows that
increasing γy delays the onset of the steady state and changes its properties (amplitude of
variation and the level about which that variation takes place). The lower panel reveals that,
once the steady state has been reached, the absolute value of γy does not affect the diffusion
coefficient. This is in marked contrast to Fig. 6.1, where reductions in γy led to dramatic
changes in Deff, hinting at a potentially interesting asymmetry in behaviour.

Finally, it seems that γy/γxL2 = 1 happens to act as a convenient demarcation line between
two very different regimes of behaviour. When the ratio is decreased below one the phase
difference decreases towards zero and the effective diffusion coefficient increases towards its
theoretical, fully equilibrated limit. By contrast, when the ratio is increased above one both the
phase and the diffusion coefficient change only slightly.
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Fig. 6.4 The three parameters describing the shape of the steady-state curvature profile in
Eq. (6.27) – the phase ∆x, baseline curvature χ0, and amplitude of curvature variation χ1 –
are plotted as a function of the damping coefficient in the y-direction. The relatively muted
changes in the phase shift ∆x for γy ≳ 1 stand in stark contrast to the behaviour for γy ≲ 1.
This asymmetry reminds us of that observed for the diffusion coefficient, as commented on in
Fig. 6.3.

Comment on Zwanzig’s modification

Before concluding this section and moving on to study the effect of adding a periodic potential
along a channel of periodically varying curvature, we would like to comment on Zwanzig’s
proposed modification to the expression for the effective diffusion coefficient.

Our discussion will be based around Fig. 6.5, which shows the results of simulations
performed for different values of γy and Zwanzig’s proposed model for the effective diffusion
coefficient. There are a number of important features.

First, agreement between the simulation data and Zwanzig’s theory is better for smaller
values of the ratio γy/γxL2. This makes sense because Zwanzig derived an expression for the
effective diffusion coefficient based on the assumption that the distribution of particles is close
to its fully equilibrated form. Decreasing γy improves the ability of the system to respond to
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changes in the shape of the channel along which motion takes place, hence bringing the actual
distribution of particles closer to the Boltzmann distribution.

However, consistently good agreement is observed only when the ratio takes a very small
value. From Fig. 6.5 we see that Zwanzig’s model does not capture the behaviour of the system
at all well when γy/γxL2 = 1; it works only for the smallest values of α1/α0. Decreasing the
ratio by a factor of ten extends the region in which Zwanzig’s theory is a better model than
the theory which assumes full equilibration. However, the extension is comparatively short,
as shown by the deviation of the dashed blue line in Fig. 6.5 away from the blue crosses for
α1/α0 ≳ 0.45. Decreasing the ratio by another factor of ten extends this region to α1/α0 ∼ 0.85,
and up to this point the theory is a good match to simulations. However, the simpler-to-evaluate
theory assuming full equilibration is an only slightly worse fit. Furthermore, for the largest
values of α1/α0, that theory once again becomes a better model than Zwanzig’s theory. The
combination of these effects – the restricted region of applicability and the marginal benefit
over the simpler theory assuming full equilibration – means that we will not make further use
of it.

Before we conclude this section by considering an alternative expression for the spatially
varying diffusion coefficient, let us remark upon one implication of Zwanzig’s model which is
consistent with simulation results: the expression for the effective diffusion coefficient appears
to involve the correct combination of parameters. For given curvatures α0 and α1, the system’s
behaviour seems to be controlled by the ratio γy/γxL2, exactly as in Zwanzig’s model. This
makes sense when we consider the origin of this combination of parameters: it comes from the
expression for κ (x)

κ (x) =
kBT

4
γy

γx

α ′2

α3 , (6.28)

which is related to the spatially varying diffusion coefficient D(x) by Eq. (6.20), reproduced
here for convenience

D(x) = Dfree [1−κ (x)+ · · · ]≈ Dfree

1+κ (x)
. (6.29)

This is a series expansion in κ (x). Zwanzig obtained the leading-order term and found that
summing the series as above led to better agreement with numerical simulations. The true,
un-summed, expansion for the spatially varying diffusion coefficient is a power series in κ (x),
which depends upon the ratio γy/γxL2. Adding terms to the series expansion should improve
agreement with numerical simulations, but will not change this dependency. Hence what
we observe in numerical simulations: that this ratio – which emerges from an approximate
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formulation of the theory with a limited range of applicability – appears to control the behaviour
of the system even when the theory does not work well.

One problem with the approach laid out above is the lack of information about the series
expansion in κ (x). Truncated at leading order, many functions can satisfy the relationship in
Eq. (6.29). For instance, both Dfree/

√
1+2κ (x) and Dfree/ [1+κ (x)/2]2 produce the same

leading-order term. This is a criticism levelled by Kalinay and Percus [150]. Considerable
effort has been employed to find higher-order corrections to the Fick-Jacobs equation, and
hence better models of diffusion processes in channels (though most of it has been deployed in
the case of hard-walled channels, rather than the soft-walled potentials considered here). The
results, written in terms of a spatially varying diffusion coefficient, are often complicated series
expansions in terms of the width of the channel and its derivatives [149, 148, 151]. Closed-form
expressions, such as those examples given above, can be obtained, but often at the cost of
neglecting certain contributions to the series expansion.
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Fig. 6.5 A comparison between the effective diffusion coefficients obtained from numerical
simulations and Zwanzig’s proposed theory described in Eq. (6.26). Only for small values of
the parameter combination γy/γxL2 is the theory a good match to simulations over a range of
values of the curvature. (α0 = 2, γx = 1, and L = 1 throughout).
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For a hard-walled channel, Kalinay and Percus found that by neglecting higher-than-first-
order derivatives of the channel’s width they were able to sum the remaining terms and thereby
write the spatially varying diffusion coefficient as follows [150]

D(x) = Dfree

tan−1
(√

κ (x)
)

√
κ (x)

, (6.30)

which is very close to the widely used estimate

D(x)≈ Dfree

[1+κ (x)]1/3 , (6.31)

found by Reguera and Rubí [214, 152]. Naive application of Eq. (6.31) to the soft-walled
potential considered here gives considerably better agreement with the results of simulations
than the model using Zwanzig’s expression for the spatially varying diffusion coefficient. This
can be seen by comparing Fig. 6.5 and Fig. 6.6. We note that each model for the effective
diffusion coefficient based on Eq. (6.31) is a better fit to the simulation data than its counterpart
based on Eq. (6.29).

As before, the level of agreement improves as the value of the ratio γy/γxL2 decreases.
When γy/γxL2 = 10−2 agreement is very good across the full range of values of α1/α0 for
which simulations were performed. For γy/γxL2 = 10−1 the new model is a better fit to the
simulation data over the full range of α1/α0 than the model which assumes instantaneous
equilibration in the confining direction. This is not the case when using Zwanzig’s expression,
as can be seen in Fig. 6.5. Finally, the model which assumes instantaneous equilibration is still
a better fit to simulation data when γy/γxL2 = 100.

6.4 Periodic energy barriers and a periodic channel

We will now modify the potential energy landscape studied in the previous section by adding to
it a series of potential energy barriers along the line of the channel. The potential now has the
form

Ux (x) =
Q
2

[
1+ cos

(
2π

L
(x−∆x)

)]
,

Uy (x,y) =
1
2

[
α0 +α1cos

(
2πx

L

)]
y2,

(6.32)
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Fig. 6.6 The data in Fig. 6.5 are plotted with a different model for the effective diffusion
coefficient: Eq. (6.31). There is considerable improvement in the level of agreement between
simulations and theory for all values of the parameter combination γy/γxL2, though, as before,
there is a large discrepancy for γy/γxL2 = 100. (α0 = 2, γx = 1, and L = 1 throughout).

where Q ≥ 0, and α0 > α1 to make the channel confining. We will study the effects of Q and
∆x on the motion of particles along the channel.

With the expression for the one-dimensional effective potential in Eq. (6.7), we can derive
the effective diffusion coefficient by considering the mean first-passage time from the potential
energy maximum at x = ∆x to either of the maxima at x = ∆x±NL. This is given by

τN =
PR

Dx

∫
∆x+NL

∆x
dyeβU∗(y)

∫ y

∆x−NL
dze−βU∗(z)

− PL

Dx

∫
∆x

∆x−NL
dyeβU∗(y)

∫ y

∆x−NL
dze−βU∗(z),

(6.33)

where PL and PR are the probabilities that the particle exits the region [∆x−NL,∆x+NL]

to the left and right, respectively [109]. The symmetry of the energy landscape means that
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PL = PR = 1/2, and Eq. (6.33) simplifies to

τN =
N2

2Dx

∫
∆x+L

∆x
dyeβU∗(y)

∫
∆x

∆x−L
dze−βU∗(z), (6.34)

where we have used the periodicity of the potential to recast each integral over one period.
After evaluating Eq. (6.7) for the potential defined in Eq. (6.32), inserting the result into

Eq. (6.34), and changing variables to θ = 2πx/L, we find

τN =
(NL)2

8π2Dx
I−I+, (6.35)

where the quantities I± are given by

I± =
∫ 2π+φ

φ

dθ e±
βQ
2 cos(θ−φ) [α0 +α1cosθ ]±

1
2 , (6.36)

and φ = 2π∆x/L is the phase difference. Finally, we obtain the effective diffusion coefficient

Deff = lim
N→∞

(NL)2

2τN
=

4π2Dx

I−I+
. (6.37)

6.4.1 For some phases φ , the diffusion coefficient increases with increas-
ing barrier height

The derivative of Deff with respect to βQ can be an informative quantity because it describes
the response of the system to an increase in the height of the potential energy barriers. To see
this, consider motion in the one-dimensional potential Ux (x) = Q

2 [1− cos(2πx/L)], for which
Deff = Dfree/ [I0 (βQ/2)]2, where I0 is the zeroth-order modified Bessel function of the first
kind. This is a monotonically decreasing function of the barrier height βQ, a fact reflected by
the gradient ∂Deff/∂ (βQ), which is zero when βQ = 0 and negative for βQ > 0. As expected,
adding – or increasing the size of – energy barriers reduces the effective diffusion coefficient.
Though discussed here for a specific potential, this behaviour is common to motion in one-
dimensional periodic potentials: ∂Deff/∂ (βQ) is generally negative, and at most vanishing at
βQ = 0 [177, 267]. Our quasi-one-dimensional system displays a more complicated behaviour

∂Deff

∂βQ

∣∣∣∣
βQ=0

=−D0 C (α0,α1)

2
cosφ , (6.38)
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where D0 = Deff (βQ = 0), and C (α0,α1) is a positive constant given by

C (α0,α1) =

∫ 2π

0 dθ cosθ
√

α0 +α1cosθ∫ 2π

0 dθ
√

α0 +α1cosθ
−
∫ 2π

0 dθ cosθ/
√

α0 +α1cosθ∫ 2π

0 dθ /
√

α0 +α1cosθ
. (6.39)

By varying the phase between the energy barriers and the curvature, it is possible for the
gradient in Eq. (6.38) to become positive, indicating a behaviour which cannot be observed in
purely one-dimensional systems. This is the central result of our work: adding energy barriers
can enhance the rate of diffusion along the rugged channel.

In the following section, we compare our theoretical predictions – as given by Eq. (6.37) –
with the results of numerical simulations. While agreement is expected when instantaneous
equilibrium in the transverse direction can safely be assumed, our results allow us to assess
the behaviour of the system when this condition is not satisfied (e.g., when diffusion in the
transverse direction proceeds at a finite rate). Remarkably, the counterintuitive enhancement
of the diffusion coefficient with increasing barrier height survives up to equal transverse and
longitudinal rates, thereby demonstrating its experimental relevance and potential practical
application.

6.4.2 Brownian dynamics simulations

We used Brownian dynamics simulations based on the over-damped Langevin equation to study
the two main aspects of this work: the effect of the phase difference φ upon the behaviour of the
effective diffusion coefficient, and the cancellation of energetic and entropic barriers to motion,
when motion in the transverse direction is taken into account (and equilibration cannot be taken
for granted). Unless stated otherwise, simulations were performed with 105 non-interacting
point particles, a time step δ t = 10−4 units, and unit values of the thermal energy kBT and
damping coefficients γx and γy. Motion was simulated until the long-time diffusive regime
was well established, and the effective diffusion coefficient was then extracted according to
Deff = limt→∞⟨x2 (t)⟩/2t.

Eq. (6.38) predicts that the gradient of the effective diffusion coefficient at βQ = 0 is
proportional to cosφ . We performed simulations for φ = 0 and φ = π to investigate the
extremal cases. We will start with the former, because the behaviour is familiar.

We expect a negative gradient at βQ = 0, and hence a monotonically decreasing effective
diffusion coefficient. Fig. 6.7 confirms these expectations and reveals good agreement between
theory and simulations over a range of amplitudes. This is because the potential energy
minima – around which the particles spend the bulk of their time – coincide with the points
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Fig. 6.7 Diffusion along the channel described by Eq. (6.32) is studied for the case φ = 0,
where the potential minima coincide with the points of minimum curvature. (a) The diffusion
coefficient Deff is plotted as a function of the cosine barrier height for three values of α1 where
α0 = 2. A monotonic decrease is observed and agreement between the simulation results
(symbols) and the theory (lines) given in Eq. (6.37) improves with increasing barrier height.
(b) A contour plot of the potential U (x,y) used in the simulations. α0 = 2, α1 = 1.8, and
βQ = 1.25525. Contours of constant potential (black lines) are drawn at regular intervals to
guide the eye.

of minimum curvature. The distribution can get closer to its equilibrium shape in the regions
of the channel where it would otherwise struggle most to do so. Agreement improves with
increasing amplitude because more time is spent around the minima. Finally, agreement is
better for smaller values of α1 because the variations in curvature are smaller.

Let us now turn to the case φ = π . Eq. (6.38) predicts that the effective diffusion coefficient
initially grows with the amplitude of the potential energy barriers. Fig. 6.8 confirms this and
reveals qualitative agreement between theory and simulations. However, quantitative agreement
is not as good as in the previous case. This is because the points of minimum curvature coincide
with the potential energy maxima. These are unstable points and particles pass through them
quickly, leaving little chance for the ensemble to equilibrate. When α1 = 1 we see good
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Fig. 6.8 Diffusion along the channel described by Eq. (6.32) is studied for the case φ = π ,
where the potential minima coincide with the points of maximum curvature. (a) & (b) The
diffusion coefficient Deff is plotted as a function of the cosine barrier height for two values
of the damping coefficient in the y-direction γy. Deff initially increases with the height of the
energy barriers, in contrast to Fig. 6.7, where a monotonic decrease is observed. Agreement
between simulation results (symbols) and the theory (lines) given in Eq. (6.37) is better in (a),
where α1 = 1, than (b), where α1 = 1.8. (c) A contour plot of the potential U (x,y) used in the
simulations. α0 = 2, α1 = 1.8 and βQ = 1.25525. Contours of constant potential (black lines)
are drawn at regular intervals to guide the eye.

quantitative agreement with the theory for values of βQ > 2. In contrast, for α1 = 1.8 there is
a lack of good agreement even for βQ = 4. This is because the size of the entropic barriers
to motion increases with the variation in the curvature of the channel, which is controlled by
α1. For smaller values of α1, the rate of diffusion along the channel becomes determined
by the height of the potential energy barriers at smaller values of the barrier height. Once in
this regime, equilibration is less important for close agreement with the theory. As expected,
decreasing γy improves agreement with the theory.

Fig. 6.9 provides insight into the origin of the behaviour of the effective diffusion coefficient:
increasing the amplitude of the cosine potential does not necessarily increase the barrier to
motion in the effective potential. The energetic and entropic contributions can interact with
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Fig. 6.9 The effective potential U∗ given in Eq. (6.7) is plotted for the landscape described in
Eq. (6.32). α1 = 1.8,α0 = 2. The panels (a)-(d) reveal how the effect of increasing the barrier
height βQ on U∗ depends strongly upon the phase difference φ between the barriers and the
curvature. The contrasting behaviours – a monotonic increase in the amplitude of the potential
(φ = 0) vs a decrease followed by an increase (φ = π) – explains the different response of the
diffusion coefficient to increasing βQ observed in Fig. 6.7 and Fig. 6.8.

one another so as to decrease the barrier to motion, as can be seen by comparing the panels for
βQ = 0 and βQ = 1.25525, chosen because it is a good approximation to the amplitude which
minimises the barrier.

The contour plots in Fig. 6.7 and Fig. 6.8 further our understanding of this effect. Fig. 6.7
reveals that introducing the cosine potential creates near-flat regions which extend away from
the centre of the channel. By contrast, the near-flat regions in Fig. 6.8 extend much further
along the line of the channel than away from it. The former will inhibit motion along the
channel by enabling particles to move significant distances in unproductive directions. The
latter comes close to providing a continuous near-flat region along the line of the channel,
which is combined with steeper barriers to motion away from it. The region either side of the
centre-line is flatter in Fig. 6.8 than in Fig. 6.7, and the saddle points are broader, which is
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beneficial for transport; it is easier for particles to move from a tighter minimum into a broader
saddle than vice versa.

6.5 Exact cancellation of energetic and entropic barriers

Let us return to a point made after the introduction of the effective potential in Eq. (6.7). The
effective potential is made up of two terms: one energetic and the other entropic. Without much
difficulty these terms can be made to cancel with one another, leaving a flat effective potential.
In turn, this leads us to conclude that an ensemble of particles would diffuse freely in such a
potential.

In this section we explore this behaviour for two cases. First, a channel of periodically
varying curvature, where the introduction of a series of potential energy barriers along the
channel is predicted to bring about free diffusion. Second, a piecewise-defined potential energy
landscape where the amplitude of each section is taken from an exponential distribution. The
transition between diffusion and sub-diffusion can be prevented from taking place, but only if
the curvature of each section is closely linked to both the height and the shape of the energy
barrier.

6.5.1 Cosine curvature and tuned potential

The following potential energy landscape

U (x,y) =Ux (x)+Uy (x,y)

=− 1
2β

ln
(

βα (x)
2π

)
+

1
2

α (x)y2
(6.40)

has been constructed by adding to the Uy term describing the profile of the channel a series of
potential energy barriers in the x-direction Ux such that the effective potential U∗ is exactly
zero. This predicts free diffusion.

Motion was simulated for a range of values of α1 for α0 = 2. In each case, the effect of
decreasing γy from one to 10−2 upon the effective diffusion coefficient was studied. Motion
was also simulated in the absence of the energy barriers. The results are shown in Fig. 6.10.

For all values of α1, the effective diffusion coefficient is larger in the presence of energy
barriers than in their absence. Again, as expected, decreasing γy improves agreement with the
theory.
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6.5.2 Extension to disordered potentials

We noted above that, under the assumption of full equilibration, it is possible to construct a
series of energy barriers along the line of a channel such that the entropic contribution to the
effective potential is eliminated. The example we considered was a channel with a periodically
varying curvature. It is well understood that motion in a periodic potential energy landscape
will be diffusive at long times when the ensemble stretches across multiple repeat units. The
behaviour in disordered potentials can be different.

As demonstrated in chapter 2, motion in a one-dimensional potential whose amplitudes are
taken from an exponential probability distribution exhibits a transition between diffusive and
sub-diffusive behaviour as the strength of the disorder is increased. The same transition would
be observed if the energy barriers were placed along the length of a two-dimensional channel
of constant curvature. This is because there is no entropic contribution to the effective potential,
so the behaviour is unchanged from the one-dimensional case. The question we seek to address
here is whether the disorder-induced transition can be prevented by the addition of a spatially
varying curvature.

In chapter 2 we showed that the effective diffusion coefficient for motion in a one-
dimensional disordered potential is given by Eq. (2.27), reproduced here for convenience

⟨Deff⟩=
Dfree∫

dQ1⟨eβU1⟩x p(Q1)
∫

dQ2⟨e−βU2⟩x p(Q2)
. (6.41)

It is simple to adapt this expression to the case at hand: all we need to do is replace the potential
terms by their effective potential counterparts. Doing so, we find

⟨Deff⟩=
Dfree∫

dQ1⟨eβU∗
1 ⟩x p(Q1)

∫
dQ2⟨e−βU∗

2 ⟩x p(Q2)
, (6.42)

where the ith section of the effective potential is given by

U∗
i (x) =

Qi

2

[
1− cos

(
2πx

L

)]
+

1
2β

ln
(

βα (x)
2π

)
. (6.43)

The transition between diffusion and sub-diffusion is observed when one of the integrals
(the one with respect to Q1) in the denominator of Eq. (6.42) no longer converges to a finite
value. We will focus our attention on this integral. If the curvature α (x) does not have any
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Q1-dependence, then we find

∫
dQ1⟨eβU∗

1 ⟩x p(Q1) =
2a
L

∫ L

0
dx

√
βα (x)

2π

1
2a−1+ cos(2πx/L)

, (6.44)

which does not converge for all values of a unless the numerator (square root of the curvature)
goes to zero more rapidly than the denominator at the two points when it does. This requires
a complicated form for the curvature. Furthermore, whilst such a form might solve the
convergence problem in this integral, it introduces a convergence problem in the other integral,
where the term involving

√
βα (x) appears in the denominator. The transition to sub-diffusion

cannot be eliminated in this way.
Instead, let us suppose that the curvature α (x) satisfies the following relationship√

βα (x) = e−βQ1 f (x)/2, (6.45)

where f (x) is an as-yet-unspecified function. The integral considered above becomes

∫
dQ1⟨eβU∗

1 ⟩x p(Q1) =
aβ

L

∫ L

0
dx

1√
2π

∫
∞

0
dQ1e−

βQ1
2 [2a−1+cos(2πx/L)+ f (x)]. (6.46)

Setting f (x) = 2 is a superficially attractive solution. First, whilst it solves the convergence
problem in this integral it introduces one in the other integral

∫
dQ2⟨e−βU∗

2 ⟩x p(Q2) =
aβ

L

∫ L

0
dx
√

2π

∫
∞

0
dQ2 e−

βQ2
2 [2a+1−cos(2πx/L)− f (x)], (6.47)

which now doesn’t converge for all values of a. Secondly, it leads to discontinuities in the
potential energy landscape because the curvature is fixed by the amplitude of the potential, so
jumps in value at every section.

The failure of this method to prevent the transition to sub-diffusion means that it is insuf-
ficient just to tune the curvature in each section of the potential energy landscape. It is also
necessary to tune the profile of the curvature. Given that this degree of tuning is required, the
obvious choice is a profile which eliminates the potential energy contribution to the effective
potential, and thereby produces free diffusion. From Eq. (6.43) and Eq. (6.47) the form required
is

f (x) = 1− cos
(

2πx
L

)
, (6.48)
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so that the ith section of the curvature profile is given by

αi (x) =
1
β

e−βQi[1−cos(2πx/L)]. (6.49)

Note that the profile f (x) =−cos(2πx/L) does not prevent the transition to sub-diffusion
from taking place. This is because it does not eliminate the contribution to the effective potential
from the energy barriers: a Qi/2 term survives, which means that the effective potential still
displays exponential disorder. Consequently, the transition from diffusion to sub-diffusion still
takes place, albeit at a = 1/2 rather than a = 1.

6.6 Connection to hard-walled potential

In this work we chose to restrict our focus to soft-walled channels where the confining potential
in the y-direction permits particles to explore out to y =±∞. The hard-walled potential, which
features more commonly in the literature, can be viewed as a limiting form of the soft-walled
case we studied.

Let us begin by considering Eq. (6.7), the expression for the effective potential U∗ (x)

U∗ (x) =Ux (x)−
1
β

ln
(∫

∞

−∞

dye−βUy(x,y)
)
. (6.50)

The limits on the integral reflect the fact that the soft-walled potential is defined out to y =±∞.
However, if we consider a hard-walled potential which is flat between y =±w(x)/2 and infinite
otherwise, then the expression for the effective potential becomes

U∗ (x) =Ux (x)−
1
β

ln
(∫ w(x)/2

−w(x)/2
dy
)
,

=Ux (x)−
1
β

ln [w(x)] .
(6.51)

Having derived the hard-wall expression for the effective potential, let us draw the link
between the soft- and hard-walled potentials. We chose to work with the potential described by

Uy (x,y) =
1
2

α (x)y2. (6.52)
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Suppose that we modify this expression to

Uy (x,y) =
1
2
[
α (x)y2]m , (6.53)

where m is a positive integer, and then rearrange it into the following form

Uy (x,y) =
1
2

[(
y

w(x)/2

)2
]m

, (6.54)

where we have defined w/2 = α−1/2.
Inserting Eq. (6.54) into the integral in Eq. (6.50) we find

∫
∞

−∞

dye−βUy =
∫

∞

−∞

dye−
β

2

(
y

w/2

)2m

,

=
w
2

∫
∞

−∞

dze−β z2m/2,

(6.55)

where, in moving from the first line to the second, we have changed variables to y = z/(w/2).
It can be demonstrated that the limiting value of the integral in Eq. (6.55) as m → ∞ is two.
Using this in Eq. (6.50), one obtains the same effective potential as in Eq. (6.51).

By drawing an explicit link between hard- and soft-walled potentials, we wish to point
out that our results derived for the case of a soft-walled potential have in fact much broader
relevance.

6.7 Conclusions

We used the Fick-Jacobs equation and numerical simulations to study the behaviour of particles
diffusing along channels with a periodically varying profile. Treating the variations in the
shape of the channel as entropic barriers to motion reduces the problem to diffusion in an
(approximate) one-dimensional potential. Two cases were studied: motion in the presence and
absence of a periodic potential along the channel.

Assuming small deviations from equilibrium, Zwanzig derived an expression for the
effective diffusion coefficient in terms of an average over a spatially varying diffusion coefficient.
Here, the formalism predicts that the behaviour of the system is determined by the damping
coefficients in the x- and y-directions and the length of the repeat unit of the periodic curvature
in the combination γy/γxL2. Motion was simulated for systems described by different values
of γx,γy, and L for which the combination above has the same value. The effective diffusion
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coefficient and the curvature profile of the ensemble along the channel were extracted. The
results from each combination of parameters were found to overlap well, offering support to
the predication that the behaviour of the system is determined by the value of this parameter
combination.

The value γy/γxL2 = 1 acts as an approximate demarcation line between two regimes of
behaviour. For γy/γxL2 < 1, decreasing the combination leads to an increase in the effective
diffusion coefficient towards the fully equilibrated limiting value. The phase difference between
the curvature profile adopted by the distribution and the curvature of the potential energy
landscape decreases towards zero. By contrast, for γy/γxL2 > 1, increasing the combination
was not observed to affect the value of the effective diffusion coefficient. Furthermore, the
phase difference increased only slightly, hinting at a possible limiting value of a quarter period.
Both quantities appear to be close to saturation, or saturated.

Except for very small values of the parameter combination, Zwanzig’s proposed formalism
does not accurately describe the behaviour of the system unless the curvature varies only
marginally. Numerical simulations reveal that the effective diffusion coefficient is often better
described by the theory which assumes full equilibration.

Adding potential energy barriers along the line of the channel can lead to rich behaviour.
For the cosine-based potential studied here, the position of the potential energy minima relative
to the points of minimum curvature determines how the effective diffusion coefficient responds
to increasing the height of the energy barriers. If the two coincide, then a monotonic decrease
is observed, and there is good quantitative agreement with the theory, which assumes full
equilibration. If the two are perfectly out-of-phase, so that the energy minima coincide with
the regions of maximum curvature, then the effective diffusion coefficient initially increases
above its zero-amplitude value, resulting in enhanced diffusion. Good quantitative agreement
is observed only when the energy barriers dwarf the entropic barriers. Before this point, lack of
equilibration in the confining direction precludes good agreement.

For a given channel it is possible to construct a series of energy barriers which cancel
out the entropic barriers; free diffusion is then predicted. Numerical simulations confirm that
adding these barriers increases the rate of diffusion, and decreasing the damping coefficient in
the confining direction leads ever-closer to free diffusion.

Finally, the case of exponentially disordered energy barriers was investigated. The familiar
transition between diffusion and sub-diffusion can be eliminated with an appropriate choice
of curvature profile. However, the profile must be tuned very carefully to achieve this, which
considerably diminishes the result. We include it for the sake of completeness.
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Fig. 6.10 Diffusion along the channel described by Eq. (6.40) is studied for the curvature profile
α (x) given in Eq. (6.32). (a) The diffusion coefficient Deff is plotted as a function of α1/α0
for a series of values of the damping coefficient in the y-direction γy (α0 = 2 throughout).
Smaller values of γy give better agreement with the theoretical prediction (free diffusion), as
expected for a theory based on the assumption of equilibration in the y-direction. The effective
diffusion coefficient in the absence of energy barriers (Ux = 0) is also plotted, and observed to
be smaller than in the presence of energy barriers: the barriers enhance the rate of diffusion. (b)
The contour plot of U (x,y) (α0 = 2,α1 = 1.5) reveals that the channel has a near-flat central
section along x. Contours of constant potential (black lines) are drawn at regular intervals to
guide the eye.





Chapter 7

Summary and further work

We will now summarise the main thrusts of this thesis before turning to what we believe might
be fruitful lines of further enquiry.

7.1 Summary

There are two main strands running through this thesis: one attempts to form coarse-grained
descriptions of over-damped Brownian motion; the other attempts to reduce multi-dimensional
systems to one-dimension. Let us take them in turn.

The term ‘coarse-grained’ was first used towards the end of chapter 2 when describing
a simulation scheme where each step moves particles between adjacent minima in a one-
dimensional potential. It is this interpretation of the term which features in chapter 4 where we
develop the multi-dimensional version of this simulation scheme. Within these two chapters
we use this scheme to study diffusive and sub-diffusive behaviour in ordered and disordered
potential energy landscapes. The possibility of reaching the long-time limit more quickly than
in Brownian dynamics simulations makes the scheme appealing. However, this is not the only
way in which the term can be understood.

In chapter 3 we study Zwanzig’s work on how motion in a rough potential can be treated.
He talks of a ‘separation of length scales’ between the rapidly varying roughness on the one
hand and the slowly varying bulk features of the potential on the other. The effect of the former
upon motion in the latter can be accounted for by redefining the damping coefficient and the
potential energy landscape. These changes preserve the form of the over-damped Langevin
equation, but alter its region of applicability: the new over-damped Langevin equation applies
only on length-scales longer than that of the roughness. This amounts to a coarse-graining of
the system, a fact reflected in the relative size of the time-steps which can be used in simulations:
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motion below the length-scale of the roughness requires a much smaller value than motion
above it.

This type of coarse-graining appears at the start of chapter 2, when we derive the expression
for the effective diffusion coefficient in a one-dimensional disordered potential. We suppose
that the landscape is made up of a series of repeat units, each of which contains some number
of regularly spaced minima separated by barriers of random height. This hints at a coarse-
grained description of the system, where the new over-damped Langevin equation is valid
only on length-scales longer than the repeat unit. Motion below this scale is transient as the
ensemble explores the potential which determines the effective diffusion coefficient and hence
the long-time behaviour.

If the repeat unit contains many minima then the transient period is potentially long-lived,
which raises the possibility of interesting behaviour. Consider the case of exponential disorder:
a transition between diffusive and sub-diffusive behaviour takes place as the strength of the
disorder is increased beyond a critical value. The diffusion coefficient is defined in the limit
of an infinitely long repeat unit, and the transition to sub-diffusion appears in the theory only
because of this. Yet sub-diffusive behaviour is observed on finite time/length-scales because
the ensemble has no way of ‘knowing’ that the energy landscape is finite, or, alternatively, that
it is made up of repeat units. Consequently, motion in a potential made up of long repeat units
with strongly disordered barrier heights will exhibit a long-lived sub-diffusive phase before
giving way to diffusion at very long times.

Central to this conception of coarse-graining is the ability to calculate an effective diffusion
coefficient for motion on some characteristic length-scale. Where this can be done, as in
chapters 2, 3, 4, and 6, it is possible to write down an over-damped Langevin equation describing
motion on and above that length-scale. Where this cannot be done, we find sub-diffusion.

The second theme, which is present in chapter 5 and chapter 6, is to study over-damped
Brownian motion in multi-dimensional potentials using one-dimensional formulae. In chapter 5
we study escape processes and use the potential of mean force to calculate a one-dimensional
effective potential. In chapter 6 we study diffusion along a channel of periodically varying
curvature and create an effective potential by integrating the Smoluchowski equation in the
confining direction under the assumption of a state of equilibrium. These potentials are identical
up to an additive constant. A striking feature common to both chapters is that the models for
the mean first-passage time and effective diffusion coefficient provide a reasonable fit to data
from simulations even when the assumption of full equilibration is not close to being satisfied.
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7.2 Further work

We will now outline some possible directions for further work.

7.2.1 Chapter 2

In chapter 2 we constructed a one-dimensional potential energy landscape out of sections with
the same cosine-based shape. All of the minima lay at the same potential, and were separated
from one another by energy barriers of random height. When the barrier heights were taken
from an exponential distribution, a transition between diffusive and sub-diffusive behaviour was
observed. We used Brownian dynamics simulations and a coarse-grained simulation scheme to
study the behaviour of this random barrier model.

In the sub-diffusive regime the exponent characterising the growth of the mean squared
displacement with time deviated from the theory. We believe that this is because the theory
assumes a power-law distribution of mean first-passage times across the potential energy
landscape. This is true when the transition rates from one minimum to another are exponential
in the barrier height. However, it is not the case for the cosine-based potential energy landscape
we considered: the shape of the potential produces sub-exponential rates. Consequently the
distribution of mean first-passage times is only asymptotically a power-law in the limit of very
large mean first-passage times.

In appendix D we build on the ideas presented in chapter 2 by introducing a random trap
model to study the effect of the shape of the trap upon the exponent characterising the growth of
the mean squared displacement with time in the sub-diffusive regime. By considering the limit
of deep traps we derive a model for how the exponent changes as a function of the number of
jumps particles make. It would be instructive to perform simulations to investigate this model’s
predictions. Earlier in chapter 2 the behaviour of the effective diffusion coefficient around
the transition between diffusion and sub-diffusion was investigated for sharp potentials and
contrasted with the case of smooth potentials. It would be interesting to repeat the derivation
in appendix D for a sharp potential to see whether the characteristic exponent is predicted to
behave differently.

7.2.2 Chapter 4

In chapter 4 we considered over-damped Brownian motion in multi-dimensional potential
energy landscapes built out of a regular array of minima and maxima. As in chapter 2, the
particles’ behaviour leads us to draw a link to motion between discrete sites on a regular
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cubic lattice. Equating the two expressions for the effective diffusion coefficient – one from a
coarse-grained Langevin equation, the other from the lattice model – enabled us to build the
multi-dimensional version of the coarse-grained simulation scheme used in chapter 2.

We used this scheme to study over-damped Brownian motion in ordered potential energy
landscapes, and found good agreement between the diffusion coefficients obtained this way
and those obtained from Brownian dynamics simulations. The scheme was then extended to
the case of disordered potentials and used to study a version of the two-dimensional random
barrier model. When the exponential disorder was relatively weak, there was good agreement
between the values of the effective diffusion coefficient obtained from the two simulation
schemes. However, for stronger disorder a clear discrepancy emerged: the coarse-grained
scheme returned consistently smaller values than the Brownian dynamics scheme.

As remarked in chapter 4, it is possible that this discrepancy arises because the coarse-
grained scheme reaches the long-time limit faster than the Brownian dynamics scheme. The
argument ran as follows: stronger disorder means more larger amplitudes, thereby creating
minima from which escape takes longer. A fixed length of simulation time in the Brownian
dynamics scheme will see fewer transitions than in the case of weaker disorder, and hence an
under-sampling of the distribution and a diffusion coefficient which is artificially large. By
contrast, the coarse-grained scheme samples the same number of minima because the particles
are moved from site-to-site.

Performing Brownian dynamics simulations to longer times would test whether this argu-
ment is correct. In any case, more detailed simulations are required before firm conclusions can
be drawn: the number of disorder realisations was small. Finally, the coarse-grained scheme
could be used to study the behaviour of the two-dimensional random trap model, which is
expected to show a transition to sub-diffusive behaviour, like its one-dimensional counterpart.

7.2.3 Chapter 5

In chapter 5 we investigated how one-dimensional expressions for the mean first-passage time
could be adapted to study escape processes in two-dimensional potential energy landscapes.
Our work built upon the framework provided by Berezhkovskii and Szabo, who demonstrated
that it is possible to extract Langer’s multi-dimensional formula for the mean first-passage time
from Kramers’ one-dimensional formula. The crucial step is selecting the right direction along
which to calculate the potential of mean force.

There are at least two ways in which Berezhkovskii and Szabo’s work, and our extension to
it, can be of use in analysing single-molecule pulling experiments as described in section 5.1.
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To recap: Suzuki and Dudko considered a two-dimensional model potential written in terms
of the pulling direction x and an unspecified degree of freedom C along which the motion
can be as slow as – or slower than – along x. They obtained a model for the mean rupture
time by using the potential of mean force along the C-direction in Kramers’ formula. The
result differed from both Langer’s formula and numerical simulations. First, Berezhkovskii
and Szabo demonstrated that there exists a direction along which applying Kramers’ formula
to the potential of mean force produces the same result as Langer’s formula. Studying how
this direction differs from the C-direction as a function of the landscape parameters might
offer more insight into when the potential of mean force along the C-direction will produce
a good approximation to the mean lifetime. Second, once this direction has been established,
the potential of mean force can be used in the one-dimensional double integral expression for
the mean first-passage time, rather than Kramers’ formula. This should offer better agreement
with numerical simulations over all barrier heights, but the difference will be most notable in
the high-force limit where the barrier to escape is low and the assumptions underpinning both
Kramers’ and Langer’s formulae break down.

All of the work presented in chapter 5 was performed in Cartesian co-ordinates, which
restricts the number of systems to which the results can be applied. It would be instructive to
develop the polar co-ordinate form, perhaps by analogy to the Cartesian case.

The first step would be to construct the polar form of Langer’s formula for the mean
first-passage time over a saddle point. It would then be necessary to calculate the potential of
mean force along some direction through the saddle point, and demonstrate that when used in
Kramers’ one-dimensional expression for the mean first-passage time it is possible to extract
Langer’s multi-dimensional expression. Although it is simple to draw the link between the two
cases, this conception is not without its difficulties. To see this, consider the potential of mean
force. In Cartesian co-ordinates it is evaluated along the (straight) line through the unstable
mode of the saddle point. Suppose that this holds in polar co-ordinates. The general form of
the unit vector describing the direction of the unstable mode is

eee =
a(r,θ) r̂rr+b(r,θ) θ̂θθ√

a2 (r,θ)+b2 (r,θ)
= a′ (r,θ) r̂rr+b′ (r,θ) θ̂θθ , (7.1)

where r̂rr and θ̂θθ are the radial and angular unit vectors, respectively, and a and b are calculated
from the properties of the saddle point.
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If the expression for the potential of mean force given in chapter 5 can be applied here, then
it will be necessary to evaluate the following integral∫

dxxxδ (q− eee · xxx)e−βU(xxx) =
∫

rdr dθδ
(
q− x(θ)a′ (r,θ)

)
e−βU(r,θ), (7.2)

where we have used the fact that all position vectors point radially xxx = x(θ) r̂rr to evaluate the
dot-product. Finally, we need to find an expression for q, which measures the position along
the path described by eee. As this is a curved path, we have

q =
∫ q

0
dl =

∫ q

0

√
(dr)2 + r2 (dθ)2, (7.3)

where q = 0 at the saddle point.
Perhaps it goes without saying, but if this is the correct approach, then it is likely to prove

difficult to use it.
Finally, as remarked at the end of chapter 5, all of the work was performed under the

assumption of Markovian dynamics. Investigating the behaviour for non-Markovian systems
would be a natural extension. This is an appealing line of enquiry because in one dimension the
Markovian and non-Markovian mean first-passage times are related by the Laplace transform
of the memory kernel. It would be interesting to explore whether this link can be extended to
the kind of higher-dimensional potentials considered in this chapter.

7.2.4 Chapter 6

In chapter 6 we studied the behaviour of particles diffusing along a soft-walled (parabolic)
channel of periodically varying curvature. By assuming that equilibrium in the confining
direction is established rapidly compared to the rate of motion along the channel, it is possible
to form an effective one-dimensional description of the dynamics: the Fick-Jacobs equation.
Variations in the width of the channel are interpreted as entropic barriers to motion because of
the way in which they contribute to the effective potential.

We observed that increasing the damping coefficient in the confining direction (whilst
holding other parameters constant) led to a saturation in the effective diffusion coefficient and
possibly also in the offset between the points at which the channel’s curvature is at its largest
and the points at which the ensemble adopts its most confined shape. The latter appears to
approach a quarter-channel offset. This makes us think of linear response theory and a heavily
damped system which is unable to respond quickly to a driving force. It may be interesting to
explore whether this analogy provides another route to investigate the system’s behaviour.
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Interesting behaviour was observed when a series of periodic potential energy barriers were
added along the channel. The effective diffusion coefficient did not necessarily decrease as the
height of the energy barriers was increased. Instead, the behaviour was found to depend upon
the phase of the energy barriers relative to the curvature. When the potential energy minima
coincided with the points of minimum curvature the usual monotonic decrease was observed
in Brownian dynamics simulations. However, when the potential energy minima coincided
with the points of maximum curvature the diffusion coefficient initially increased above its
zero-amplitude value: the addition of energy barriers enhanced the motion.

We restricted our attention to the case where the potential energy barriers and the curvature
have the same periodicity. This hints at some possible directions for further work. Whilst it is
possible for the periods of the functions describing the energy barriers and the curvature to be
different in a number of ways, we believe that the following broad categories emerge. First,
where the periods differ by an integer factor. Second, where the periods differ by a fractional
factor. Third, where the periods differ by an irrational factor. In each case the difference can
be in either direction, so that there are many potential energy minima between two points of
minimum curvature, or vice versa.

In the first of these three cases the repeat unit of the potential is unchanged, and the effective
diffusion coefficient can be calculated as laid out in chapter 6. In the second case the repeat unit
is longer than before because of the fractionally mis-matched periods. The calculation of the
effective diffusion coefficient then proceeds by considering the mean first-passage time across
some number of these repeat units, rather than some number of periods of either component
part of the potential energy landscape. The final case is likely to be the most interesting because
the irrational relationship between the two periods means that it is not possible to define a
repeat unit in the same sense as the previous two cases.

Chapter 6 considered only flat channels. Applying a linear bias along the channel and
studying the effect of the phase difference between the potential energy minima and the
curvature upon the motion, which is described by the mobility and a redefined diffusion
coefficient, might lead to some interesting results.

Finally, like the rest of this thesis, the work in chapter 6 was performed with inactive,
infinitesimally small particles. Some studies have revealed that particles of different sizes
can be induced to travel in different directions along the same flat channel. The mechanism
relies upon a channel constructed from asymmetric repeat units because this can lead to current
rectification in the presence of a zero-mean oscillating force. The strength of rectification
depends upon particle radius, which means that a constant force applied opposite to the
direction of rectification can produce separation by radius. Adding energy barriers – symmetric
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or asymmetric – along the channel might produce some interesting behaviour. Active matter
has recently emerged as an exciting and important area of research. It would be interesting to
see what effect using self-propelled particles has upon the behaviour of the system.
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Appendix A

A note on the number of samples used in
simulations

A.1 Background

To assess whether the degree of sampling was sufficient, we will consider a closely analogous
system where the behaviour of interest is known: the (one-dimensional) random trapping model.
Trap depths are taken from the usual exponential distribution p(Q) = aβe−aβQ, but the mean
trapping time for a lattice site is now a simple exponential τ = τ0eβQ, where τ0 is a constant.
As demonstrated in section 2.6, the combination of these two relationships leads to a power law
distribution of mean first-passage times across lattice sites ψ (τ)∼ τ−(1+a). If the mean of this
distribution is finite, then the motion is diffusive and the diffusion coefficient can be written in
terms of a and τ0. But if the mean of this distribution diverges, then the motion is sub-diffusive
with a characteristic exponent 2ν , which is determined by a.

As a particle moves between lattice sites it encounters a range of trap depths, and hence
trapping times. Extended to an ensemble of particles, the same traps are visited many times,
which transforms the sampling of trapping times into a sampling of mean trapping times,
which are distributed according to the power law above. As the exponent of this distribution
controls both the type of motion (diffusive or sub-diffusive), and the properties of that motion
(characteristic exponent 2ν or diffusion coefficient), we may use the accuracy with which the
exponent can be calculated from a certain number of samples of the distribution ψ (τ) to assess
whether the sampling used in the simulations was sufficient.
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A.2 Simulations of the trapping model

We performed simulations by allowing an ensemble of particles to explore a realisation of a
disordered potential energy landscape. The growth of the mean squared displacement with
time was recorded, before a new realisation of the potential was constructed and the process
repeated. Averaging over the various realisations of the disorder produced the final trajectory,
from which the characteristic exponent was extracted.

This informs our approach to testing whether the sampling was sufficient. Over the course
of the simulations, the ensemble will spread out sufficiently for some number of sites to be
well-sampled (by which we mean that the mean trapping time of the site would be accurately
established from the trapping times encountered on it). This number of amplitudes will be taken
at random from the exponential disorder distribution p(Q) = aβe−aβQ, and the mean trapping
time τ calculated for each. This is repeated for a number of potential energy landscapes. The
characteristic exponent α of the resultant sample is then extracted, and compared to the value
which would be expected given the value of a for which this process was performed. Naturally,
good agreement between the two corresponds to sufficient sampling.

To gain insight into how the disorder-averaged mean first-passage time ⟨τ⟩ and characteristic
exponent α behave as a function of the sample size, we performed simulations with the
following numbers of samples for each value of a: 2×102, 2×103, and 2×104. Let us start by
considering the first of these two quantities. From Fig. A.1 we see that increasing the number
of samples leads to better agreement with the theoretical prediction for a greater range of values
of a. In each case there is a significant deviation between theory and simulation for the smallest
value of a considered. This is not surprising, given the predicted divergence in the mean as
a → 1 and the accompanying transition to sub-diffusion. Thinking instead in terms of effective
diffusion coefficients, one would expect numerical simulations to return too large a value in this
regime. This is consistent with our findings presented in Fig. 2.7, where the deviation between
theory and the results of numerical simulations was most pronounced for the smallest values of
a considered.

In contrast to the disorder-averaged mean first-passage time, the characteristic exponent α

of the distribution is in good agreement with the theoretical prediction over the whole range of
values of a for which samples were taken. Furthermore, the agreement does not significantly
worsen when the number of samples is decreased by a factor of 100. The best agreement is
seen for smaller values of a, where, for a given sample size, the trapping times will tend to
be distributed over a greater range of values. (This is beneficial to the exponent-calculating
algorithm, which uses logarithmically spaced bins to assist in accurate determination [4]).
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Fig. A.1 Samples were drawn from the mean trapping time distribution and used to calculate
estimates of the disorder-averaged mean first-passage time. Good agreement with the theoretical
value is observed, except when a approaches one, where the behaviour of the system changes
from diffusive to sub-diffusive and this quantity diverges. The characteristic exponent of the
sample was also calculated, and found to be in close agreement with the distribution’s value
over a wide range of values of a, and even when the number of samples was not very large.

A.3 Estimating the number of samples used

Having investigated the effect of sample size upon the accuracy with which the diffusion
coefficient and characteristic exponent can be estimated, let us turn to the simulations performed
in section 2.6.2 to study the behaviour around the transition from diffusion to sub-diffusion.
Estimating the number of samples of the distribution of mean trapping times will enable us to
understand which of the data series in Fig. A.1 best corresponds to our work.

In the coarse-grained scheme, an ensemble of particles made 500 jumps per potential
energy landscape. According to the analysis laid out in section 2.6, the number of effectively
independent trapping times encountered per energy landscape is ∼

√
500 ≈ 22.4. Accounting
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for the 103 energy landscapes gives a rough estimate of 22400 samples of the mean trapping
time distribution.

In the Brownian Dynamics scheme, an ensemble of particles explored a potential energy
landscape until the mean squared displacement was around 1000L2, this value being chosen to
strike a balance between computational time and sampling the underlying distribution. The
root mean squared displacement is around ±31.6L, which means that it is reasonable to assume
that the minima in the region between −15L and +15L are well-sampled. We choose these
limits because the probability density of particle positions is expected to be greatest around
the starting point, and many particles will not explore anywhere near as far as ±31.6L away
from there. This gives roughly 30 well-sampled minima per landscape. Accounting for the
500 landscapes used, we reach a rough estimate of 15000 samples of the mean trapping time
distribution.

These analyses, approximate though they inevitably are, give a strong indication that the
most representative data series in Fig. A.1 is the one for 2×104 samples, where agreement
between theory and simulations is good over a range of values of a. This gives us confidence
that the degree of sampling in our simulations was sufficient.

A.4 Relationship of the simplified model to our system

We investigated this simplified model because its behaviour is well known, which means that
we can easily gain some understanding of the specific ways in which the number of samples
affects the accuracy of simulation results. The model we studied in this thesis is more compli-
cated because the distribution of mean trapping times is not a power law, though it becomes
increasingly like one in the limit of very large amplitudes. As described in section 2.6.1, we
expect this to lead to an exponent describing the growth of the mean squared displacement
which changes over time, potentially over a very long time. These ideas have been explored in
some detail in Appendix D.

We are thus confined to observe a portion of the transient system’s behaviour. From the
analysis above, we believe that our study of this portion is well sampled in the sense that
re-running the simulations would produce the same results. But if we increased the number
of samples, by increasing the number of steps per particle in the coarse-grained scheme, or
the mean squared displacement to be attained in the Brownian Dynamics scheme, we would
observe a different behaviour. The degree of difference will depend upon the scale of the
increase, and it is our contention (from work in Appendix D) that a significant increase would
be required to observe substantially different behaviour, let alone ultimate convergence to



A.4 Relationship of the simplified model to our system 187

the asymptotic, random barrier/trap model’s result. Although computationally demanding,
studies exploring the behaviour of the characteristic exponent over time might be of theoretical
interest; experimental applications are less clear given the potential for very long corresponding
time-scales of evolution.

We are confident that the degree of sampling contained within our simulations was sufficient
to observe accurately the behaviour of the system under study.





Appendix B

A note on the accuracy of the numerical
simulations

B.1 Background

Throughout this thesis, we used a first-order scheme to simulate over-damped motion [89].
By simple integration of the over-damped Langevin equation, the position of each particle is
changed by an amount ∆x at every time-step ∆t, where

∆x =−∆t
γ

dU
dx

∣∣∣∣
x0

+

√
2kBT ∆t

γ
N (0,1) , (B.1)

where γ is the damping coefficient, kBT is the thermal energy, and N is the zero-mean and
unit-variance Normal distribution. If the position of the particle before taking the step was x0,
then the position afterwards is x′ = x0 +∆x.

To establish the accuracy of the results of this scheme, we simulated the motion of an
ensemble of particles in a one-dimensional potential using first- and second-order schemes. By
choosing a potential for which the effective diffusion coefficient Deff can be calculated exactly,
it is possible to check the agreement between the results of each scheme against the exact
value, as well as each other. Our potential of choice was U (x) = Q

2 [1− cos(2πx/L)], which
has Deff = Dfree/ [I0 (βQ/2)]2, where Dfree = kBT/γ is the free diffusion coefficient, and I0 is
the zeroth-order modified Bessel function of the first kind.

Before we discuss the simulations, we will describe the second-order scheme, which is a
two-stage process [142]. The first stage is to advance the position of each particle according
to the first-order scheme described by Eq. B.1. The second stage has two inputs: the initial
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position x0 and the position generated by the first stage x′. Taking the mean of the positions
generated by the first-order scheme from these two inputs gives the final position of the particle.
Correspondingly, the incremental change in position is

∆x =−∆t
2γ

[
dU
dx

∣∣∣∣
x0

+
dU
dx

∣∣∣∣
x′

]
+

√
2kBT ∆t

γ
N (0,1) , (B.2)

so that the final position is x = x0 +∆x.

B.2 Testing different parameters

We will first explore the effect of the size of the time-step and the number of particles on the
results of numerical simulations. Unless specified otherwise, the damping coefficient, thermal
energy, and period L all have unit values.

B.2.1 Time-step

Motion was simulated with 104 particles over a range of values of the amplitude Q until the
diffusive regime was well established. Three time-steps were used: ∆t = 10−2,10−3, and 10−4

units. Fig. B.1 reveals that, for both schemes, the intermediate time-step ∆t = 10−3 leads to
fairly good agreement with the exact expression for the effective diffusion coefficient. However,
there are still some points where the deviation is large, and there appears to be a tendency
towards over-estimation of Deff. To ensure accuracy of the simulation results, it seems prudent
to adopt the smallest of the three time-steps considered here, which leads to much-diminished
deviations from the exact result in each case, whilst not being so small as to induce impractically
long run-times.

B.2.2 Number of particles

Motion was simulated with a time-step ∆t = 10−4 over a range of values of the amplitude Q until
the diffusive regime was well established. Three sizes of ensemble were used: 102,103, and 104

particles. From Fig. B.2 we can see that only the largest of the three ensembles led to
consistently good agreement between the simulated and exact values of the effective diffusion
coefficient over the full range of values of Q. The often close agreement attained using the
intermediate value of 103 particles suggests to us that between 103 and 104 particles should be
sufficient to obtain accurate results on an acceptable time-scale.
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Fig. B.1 The effect of the size of the time-step upon the value of the effective diffusion
coefficient calculated from numerical simulations performed using both the first- and second-
order schemes is plotted as a function of the amplitude Q. (104 particles were used).

B.3 Comparison of first- and second-order schemes

From Fig. B.1 and Fig. B.2, we can see that both schemes produced values for the effective
diffusion coefficient in close agreement with the exact values when 104 particles and a time-step
δ t = 10−4 was used. But the extra stages in the second-order simulation scheme compared to
the first-order scheme mean that it took longer to produce these results. The ratio of simulation
times in Fig. B.3 reveals that it took more than twice as long as the first-order scheme. For the
second-order scheme to be of use, it must be able to produce the same level of agreement with
the exact values as the first-order scheme in a shorter time. To investigate the feasibility of this,
motion was simulated using the second-order scheme for two time-steps: ∆t = 4×10−4 and
∆t = 10−3, which were chosen to ensure a shorter run-time than the first-order scheme with
∆t = 10−4, as above.

Fig. B.4 shows the ratio of the simulated and exact diffusion coefficients for the range of
values of the amplitude Q for which simulations were performed. It is instructive to compare
the mean µ and standard deviation σ of these ratios because the Gaussian nature of the thermal



192 A note on the accuracy of the numerical simulations

0 1 2 3 4
Q

0.2

0.4

0.6

0.8

1.0

1.2

D
ef

f/D
fr

ee

(a) First-order scheme
0 1 2 3 4

Q

0.2

0.4

0.6

0.8

1.0

1.2

1.4

(b) Second-order scheme

102 particles
103 particles
104 particles
Theory

Fig. B.2 The effect of the size of the number of particles in the ensemble upon the value of the
effective diffusion coefficient calculated from numerical simulations performed using both the
first- and second-order schemes is plotted as a function of the amplitude Q. (The time-step was
∆t = 10−4 units).

noise means that, when the simulations are working well, one would expect the mean to be
close to one and the standard deviation to be small. Table B.1 shows these quantities. Clearly,

Scheme ∆t µ σ

First-order 10−4 0.9938 0.0252
Second-order 4×10−4 1.0044 0.0229
Second-order 10−3 1.0422 0.0465

Table B.1 The mean and standard deviation of the data presented in Fig. B.4 are given. As
simulations performed with appropriate parameters should produce a mean close to one and a
small standard deviation, these values provide a way of assessing whether the time-step is too
large.

the smaller of the two time-steps used for the second-order scheme gives good agreement with
both the first-order scheme and the exact values. In contrast, the larger of the two time-steps
leads to results which exhibit a growing drift away from the exact values. To put it another
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Fig. B.3 The run-times for simulations performed using the first- and second-order schemes,
and their ratio, are plotted as a function of the amplitude Q. As the time-step was the same
in each case, the second-order method was expected to take longer because it involves more
stages. The ratio enables us to calculate how much larger the second-order time-step must be
for the simulations to be as fast as the first-order scheme.

way: a four-fold increase in time-step does not lead to worse outcomes for the second-order
scheme compared to the first-order scheme, but a ten-fold increase does. This concurs with
what we can see from Fig. B.1, where consistent over-estimation of the diffusion coefficient
corresponds to a drift in fractional deviation.

Finally, we can use this information to place a bound on the amount by which the run-time
of the simulations can be reduced without compromising the results. When the time-steps
used in the first- and second-order schemes were equal at 10−4, the first-order scheme ran
approximately 2.3 times more quickly than the second-order scheme. Hence, a four-fold
increase in the time-step leads to a reduction in simulation time by a factor of 4/2.3 ≈ 1.7.
Likewise, a ten-fold increase gives a factor of 10/2.3 ≈ 4.3. Somewhere between these two
values the systematic drift observed with the latter will become apparent. This is the maximum
enhancement available. We can probably say with some certainty that a factor of two – a 50%
reduction in simulation time – is possible. This saving does not matter so much for systems
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Fig. B.4 The deviation of diffusion coefficients obtained from numerical simulations away from
the exact values is studied by taking the ratio of these quantities. The distribution of values
about Deff/Dtheory = 1 informs our understanding of whether the time-step is too large.

where the long-time diffusive limit is reached relatively quickly (e.g. periodic potentials with a
small repeat unit), but it may be of use in studying motion in disordered potentials, as more
samples of the underlying distribution can be taken in the same simulation time.

In conclusion, we performed simulations to establish an appropriate time-step and number
of particles to produce good agreement with the exact result for a model potential (which
appears throughout this thesis). A time-step of 10−4 units and between 103 and 104 particles
offer accurate results in acceptable run-times. The accuracy of the first-order scheme was
further cemented by comparing its results to those from a second-order scheme, which was
determined to offer a potentially meaningful reduction in overall simulation time.



Appendix C

Lattice hopping diffusion coefficient

In this appendix we will derive an expression for the effective diffusion coefficient of a particle
hopping between nearest neighbour sites on an unbiased d-dimensional cubic lattice. Our
approach will be to calculate the mean squared displacement as a function of time, which
requires us to establish two quantities. The first is the mean squared displacement of a particle
after it has made N jumps, which we will denote by ⟨xxx2⟩N . The second is the probability that,
within some time t, the particle makes N and only N jumps, which we will denote by PN (t).
These two quantities are related to the mean squared displacement as a function of time ⟨xxx2 (t)⟩
through

⟨xxx2(t)⟩=
∞

∑
N=0

⟨xxx2⟩NPN(t). (C.1)

C.1 The probability

In this section we will derive the expression for the probability PN (t) that the particle makes
N and only N jumps in some time t. Let us begin by supposing that the probability density
function for a particle making a jump at time t is p(t) and furthermore that this is a Poisson
process so that we may write

p(t) =
e−t/τ

τ
, (C.2)

where τ is the mean first-passage time to move from one lattice site to any of the nearest
neighbour lattice sites.

We will proceed by evaluating P0, P1, and P2.
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C.1.1 P0 (t)

This is given by

P0 (t) = 1−
∫ t

0
dt ′ p

(
t ′
)
= e−t/τ . (C.3)

C.1.2 P1 (t)

This is given by

P1 (t) =
∫ t

0
p(t1)

(
1−

∫ t−t1

0
p(t ′)dt ′

)
dt1 =

t
τ

e−t/τ (C.4)

C.1.3 P2 (t)

This is given by

P2 (t) =
∫ t

0
p(t1)

(∫ t−t1

0
p(t2)

(
1−

∫ t−t1−t2

0
p(t ′)dt ′

)
dt2

)
dt1 =

1
2

( t
τ

)2
e−t/τ (C.5)

C.1.4 PN (t)

This pattern leads us to propose the following expression for PN (t)

PN (t) =
1

N!

( t
τ

)N
e−t/τ . (C.6)

The probabilities PN (t) can be written recursively, a feature which is apparent from Eq. (C.4)
and Eq. (C.5)

P1 (t) =
∫ t

0
p(t1)P0 (t − t1)dt1,

P2 (t) =
∫ t

0
p(t1)P1 (t − t1)dt1.

(C.7)

This encourages us to proceed with a proof by induction. Our starting point is the following
formula for PN+1 (t)

PN+1 (t) =
∫ t

0
p(t1)PN (t − t1)dt1. (C.8)

Inserting Eq. (C.6), our proposed expression for PN (t), into Eq. (C.8) we find

PN+1 (t) =
1

N!

( t
τ

)N+1
e−t/τ

∫ t

0
dt1 (t − t1)

N ,

=
1

(N +1)!

( t
τ

)N+1
e−t/τ ,

(C.9)
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which is identical to Eq. (C.6) evaluated for N+1 rather than N. Noting that Eq. (C.6) evaluated
for N = 0 returns Eq. (C.3), our previously found expression for P0 (t), we can conclude that,
by induction, the result holds for all positive integers N.

C.2 The mean squared displacement

Consider a particle hopping between well-defined sites on an unbiased d-dimensional lattice.
For a given co-ordinate direction the particle is equally likely to jump in the positive or negative
sense. However, the particle is more likely to jump along some co-ordinate directions than
others. When a particle has made a total of N jumps, its mean squared displacement ⟨xxx2⟩N can
be written as follows

⟨xxx2⟩N = ∑
∑i ni=N

[
L2

1[n1 −n2]
2 +L2

2[n3 −n4]
2 + · · ·+L2

d[n2d−1 −n2d]
2
]

× N!
n1!n2! · · ·n2d−1!n2d!

Pn1
1 Pn2

2 · · ·Pn2d−1
2d−1 Pn2d

2d ,

(C.10)

where Li is the lattice constant in the ith co-ordinate direction, n2i−1 and n2i are the number
of jumps made in the positive and negative sense along that direction, respectively, and
P2i−1 (= P2i) is the probability of making such a jump. This pair-wise equality of probabilities
enables us to simplify Eq. (C.10) a little:

⇒ ⟨xxx2⟩N = ∑
∑i ni=N

[
L2

1[n1 −n2]
2 +L2

2[n3 −n4]
2 + · · ·+L2

d[n2d−1 −n2d]
2
]

× N!
n1!n2! · · ·n2d−1!n2d!

Pn1+n2
1 Pn3+n4

3 · · ·Pn2d−1+n2d
2d−1

(C.11)

The similarity of the terms in Eq. (C.11) means that evaluating one should give enough
information to evaluate all. We will focus on the first sum, which we will denote by S1.

S1 = L2
1 ∑

∑i ni=N
(n1 −n2)

2 N!
n1!n2! · · ·n2d−1!n2d!

Pn1+n2
1 Pn3+n4

3 · · ·Pn2d−1+n2d
2d−1 . (C.12)

Currently we have a single condition, which incorporates all variables, constraining the eval-
uation of the sum. This is unwieldy; a series of more rigid constraints would aid evaluation.
We can achieve this by noting that the lattice is d-dimensional. By assigning some number
of the N jumps to each of these co-ordinate directions we ‘freeze’ our system and transform
the sum into a series of sums over all of the co-ordinate axes, each with a condition imposing
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Co-ordinate direction No. of jumps Condition
x1 N −m2 n1 +n2 = N −m2
x2 m2 −m3 n3 +n4 = m2 −m3
x3 m3 −m4 n5 +n6 = m3 −m4
· · · · · · · · ·

xd−1 md−1 −md n2d−3 +n2d−2 = md−1 −md
xd md n2d−1 +n2d = md

Table C.1 The number of jumps made along each co-ordinate direction is rewritten in terms of
new variables to ease evaluation of the sums in the expression for the mean squared displace-
ment. The previous, all-encompassing, condition specifying that there are N jumps in total is
broken down into one condition for each co-ordinate direction.

the number of jumps along that axis. These sums, which are over two variables, are easier to
evaluate than the original sum. Finally, we ‘thaw-out’ our system by summing over all of the
ways of distributing N jumps between d directions.

Following the notation established in Table C.1, we may rewrite the above as:

Sd =L2
1 ∑

n1+n2=N−m2

(n1 −n2)
2 N!

n1!n2!
Pn1+n2

1 ∑
n3+n4=m2−m3

Pn3+n4
3

n3!n4!
×·· ·

× ∑
n2d−3+n2d−2=md−1−md

Pn2d−3+n2d−2

n2d−3!n2d−2! ∑
n2d−1+n2d=md

Pn2d−1+n2d

n2d−1!n2d!
,

(C.13)

where Sd and S1 are related by

S1 =
N

∑
m2=0

m2

∑
m3=0

· · ·
md−2

∑
md−1=0

md−1

∑
md=0

Sd. (C.14)

We will begin by evaluating the sums in Eq. (C.13). The first thing to note is that the
exponents of the probabilities Pi can be written in terms of the condition for summation on
each sum, and thereby removed from within the sums:

Sd =L2
1P

N−m2
1 Pm2−m3

2 · · ·Pmd−1−md
2d−3 Pmd

2d−1 ∑
n1+n2=N−m2

(n1 −n2)
2 N!

n1!n2!
×·· ·

× ∑
n2d−3+n2d−2=md−1−md

1
n2d−3!n2d−2! ∑

n2d−1+n2d=md

1
n2d−1!n2d!

.

(C.15)

Each of these sums can be evaluated by using the condition of summation (eg n1+n2 = N−m2)
to rewrite one variable in terms of the other and then recast the sum over that single variable.
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Doing so, we find the following expression

Sd =L2
1P

N−m2
1 Pm2−m3

2 · · ·Pmd−1−md
2d−3 Pmd

2d−1

N−m2

∑
n1=0

[2n1 − (N −m2)]
2 N!

n1!(N −m2 −n1)!
×·· ·

×
md−1−md

∑
n2d−3=0

1
n2d−3!(md−1 −md −n2d−3)!

md

∑
n2d−1=0

1
n2d−1!(md −n2d−1)!

,

(C.16)

which is written in terms of two different types of sum. We will evaluate these sums in
Sec. C.2.1 before returning to the derivation in Sec. C.2.2.

C.2.1 Aside: evaluating sums

The first of the two types of sum in Eq. (C.16) to be evaluated is a standard result

N

∑
r=0

NCr = 2N , (C.17)

which we will use to evaluate the second, more complicated, sum

N

∑
r=0

NCr(2r−N)2 = N2
N

∑
r=0

NCr −4N
N

∑
r=0

NCrr+4
N

∑
r=0

NCrr2. (C.18)

The first of the three sums in Eq. (C.18) is readily evaluated. However, the second and third
are more complicated. We start with the second

N

∑
r=0

NCrr =
N

∑
r=0

N!
(N − r)!r!

r. (C.19)

The factor of r in the numerator means that the r = 0 term in the sum contributes nothing to the
result. Hence we can rewrite Eq. (C.19) as follows

N

∑
r=0

N!
(N − r)!r!

r = 0+
N

∑
r=1

N!
(N − r)!r!

r. (C.20)



200 Lattice hopping diffusion coefficient

Let’s now relabel r to r′ = r−1 so that the sum is indexed from 0 to N −1

N

∑
r=1

N!
(N − r)!r!

r =
N−1

∑
r′=0

N!
(N −1− r′)!(r′+1)!

(r′+1),

=
N−1

∑
r′=0

N(N −1)!
[(N −1)− r′]!(r′+1)r′!

(r′+1),

= N
N−1

∑
r′=0

(N −1)!
[(N −1)− r′]!r′!

,

= N2N−1,

(C.21)

where we have used Eq. (C.17) in the penultimate line to reach the final result. Let’s now move
on to the third sum in Eq. (C.18)

N

∑
r=0

NCrr2 =
N

∑
r=0

N!
(N − r)!r!

r2. (C.22)

Proceeding as before, the sum can be rewritten as

N

∑
r=0

N!
(N − r)!r!

r2 = 0+
N

∑
r=1

N!
(N − r)!r!

r2. (C.23)

Relabelling r′ = r−1, we find

N

∑
nR=0

N!
(N − r)!r!

r2 = 0+
N−1

∑
r′=0

N!
(N −1− r′)!(r′+1)!

(r′+1)2,

=
N−1

∑
r′=0

N!
(N −1− r′)!(r′+1)r′!

(r′+1)2,

=
N−1

∑
r′=0

N!
(N −1− r′)!r′!

(r′+1),

= N
N−1

∑
r′=0

(N −1)!
[(N −1)− r′]!r′!

r′+N
N−1

∑
r′=0

(N −1)!
[(N −1)− r′]!r′!

.

(C.24)

Finally, by relabelling r′′ = r′−1, Eq. (C.24) becomes

N

∑
nR=0

N!
(N − r)!r!

r2 = N(N −1)
N−2

∑
r′′=0

(N −2)!
[(N −2)− r′′]!r′′!

r′′+N2N−1,

= N(N −1)2N−2 +N2N−1.

(C.25)
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Pulling together the three results in Eq. (C.17), Eq. (C.21), and Eq. (C.25) we obtain the final
expression for the sum of interest

N

∑
r=0

NCr(N −2r)2 = N22N −4N[N2N−1]+4[N(N −1)2N−2 +N2N−1],

= N2N .

(C.26)

The main results are summarised here for convenience

N

∑
r=0

NCr = 2N ,

N

∑
r=0

NCr(2r−N)2 = N2N .

(C.27)

We will now return to the derivation and use these results to calculate the mean squared
displacement and hence the effective diffusion coefficient.

C.2.2 Back to the derivation

Using Eq. (C.27) in Eq. (C.16) leads to the following expression for Sd

Sd =L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−1 −md)!
1

md!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−1−md
2d−3 Pmd

2d−1,

(C.28)

which is written entirely in terms of the ‘frozen’ variables described earlier. We can now use
this expression in Eq. (C.14) to evaluate the quantity S1, which appears in our expression for
the mean squared displacement. To simplify the evaluation of the expression for S1, let us
define the quantity Sd−1 as follows

Sd−1 =
md−1

∑
md=0

Sd, (C.29)
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so that we might be able to proceed via inductive reasoning. Substituting Eq. (C.28) into
Eq. (C.29) we find

Sd−1 = L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−2 −md−1)!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−2−md−1
2d−5 P

md−1
2d−3

md−1

∑
md=0

P−md
2d−3P

md
2d−1

md!(md−1 −md)!
,

= L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−2 −md−1)!
1

md−1!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−2−md−1
2d−5 P

md−1
2d−3

md−1

∑
md=0

md−1Cmd(1)
md−1−md

[
P2d−1

P2d−3

]md

,

= L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−2 −md−1)!
1

md−1!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−2−md−1
2d−5 P

md−1
2d−3

[
1+

P2d−1

P2d−3

]md−1

.

(C.30)

By taking the factor of P2d−3 inside the bracket, we arrive at this simplified expression

Sd−1 =L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−2 −md−1)!
1

md−1!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−2
2d−5P

−md−1
2d−5 [P2d−3 +P2d−1]

md−1 ,

(C.31)

which reveals the pattern of evaluation. Each summation proceeds by creating a term of the
form aCb(1)a−bXb. In the above, the Xs are sums of probabilities over a common denominator
“one-step-ahead" in the overall sum: P2d−3 for the first case; P2d−5 for the second, and so on.
Each summation creates a term (1+X)a, and awaiting this term is a factor of the probability
appearing on the denominator in X , raised to the same power a. Thus, the fraction cancels
and the sum over probabilities is extended by one term. We propose the following general
expression for Sd−b

Sd−b = L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−(b+1)−md−b)!
1

md−b!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−(b+1)
2(d−(b+1))−1

[
∑

b
i=0 P2(d−i)−1

P2(d−(b+1))−1

]md−b

,

(C.32)
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and then proceed by induction. Starting with the base case, given by b = 0, we have

Sd = L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−1 −md)!
1

md!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−1−md
2d−3 Pmd

2d−1,

(C.33)

which is identical to what we found earlier on. Hence, the proposed result holds for b = 0. We
now assume that the result holds true for some value b = k, and use it to calculate the case
b = k+1. We have

Sd−(k+1) =

md−(k+1)

∑
md−k

Sd−k,

= L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−(k+2)−md−(k+1))!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−(k+1)
2(d−(k+1))−1

1
md−(k+1)!

×
md−(k+1)

∑
md−k

md−(k+1)Cmd−k

[
P−1

2(d−(k+1))−1

k

∑
i=0

P2(d−i)−1

]md−k

(1)md−(k+1)−md−k .

(C.34)

Recognising that the sum in the last line of the above evaluates to a term of the form (1+
X)md−(k+1) , we are able to write:

Sd−(k+1) = L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−(k+2)−md−(k+1))!
1

md−(k+1)!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−(k+2)−md−(k+1)
2(d−(k+2))−1

×P
md−(k+1)
2(d−(k+1))−1

[
1+

∑
k
i=0 P2(d−i)−1

P2(d−(k+1))−1

]md−(k+1)

.

(C.35)

Finally, taking the factor immediately outside of the bracketed term inside the brackets (the
exponents match), and then adding the extra term into the series by adjusting the range of
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summation, we find

Sd−(k+1) = L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−(k+2)−md−(k+1))!
1

md−(k+1)!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−(k+2)−md−(k+1)
2(d−(k+2))−1

[
k+1

∑
i=0

P2(d−i)−1

]md−(k+1)

,

= L2
1N2N (N −1)!

(N −1−m2)!
1

(m2 −m3)!
· · · 1

(md−(k+2)−md−(k+1))!
1

md−(k+1)!

×PN−m2
1 Pm2−m3

3 · · ·Pmd−(k+2)
2(d−(k+2))−1

∑
k+1
i=0 P2(d−i)−1

P
md−(k+1)
2(d−(k+2))−1

md−(k+1)

.

(C.36)

This result is identical to that produced by the formula proposed in Eq. (C.32) evaluated for
b= k+1. Hence, the result holds for all values of b in the range [0,N−1]. There is an important
feature to remark upon in this final calculation: m2 has been summed from 0 to N −1, not N.
Why? To simplify evaluation of the expression for ⟨xxx2⟩N we began by splitting up the single
sum over d co-ordinate directions into d sums, one along each co-ordinate direction. Collapsing
the problem in this way means that we only explicitly consider the squared displacements along
one direction; the final result is obtained by summing over the directions. Our notation signifies
this: there are N−m2 jumps along the co-ordinate direction of interest (x1 in this instance), and
m2 jumps along all other co-ordinate directions. If there are no jumps along x1 – corresponding
to m2 = N – then there is no contribution to the sum; remember that the squared displacement
along x1 is a factor in the sum (see Eq. (C.13)). Hence, summation over m2 only produces
non-zero contributions for the range [0,N −1].

We finish the calculation as follows

S1 = L2
1N2N (N −1)!

(N −1−m2)!
1

m2!
PN−m2

1

[
d−2

∑
i=0

P2(d−i)−1

]m2

⇒ S1 = L2
1N2NPN

1

N−1

∑
m2=0

(N −1)!
(N −1−m2)!

1
m2!

[
1

P1

d−2

∑
i=0

P2(d−i)−1

]m2

(1)N−1−m2

= L2
1N2NPN

1

[
1+

1
P1

d−2

∑
i=0

P2(d−i)−1

]N−1

= L2
1N2NP1

[
d−1

∑
i=0

P2(d−i)−1

]N−1

(C.37)
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To reach the final result, we need to evaluate the remaining sum. To do so, we begin by noting
that the sum of all of the probabilities must equal one:

2d

∑
i=1

= P1 +P2 + · · ·+P2d−1 +P2d = 1 (C.38)

Next, recall that pair-wise probabilities are equal (P2i−1 = P2i) to write

2(P1 +P3 +P5 + · · ·P2d−1) = 1

⇒
d−1

∑
i=0

P2(d−i)−1 =
1
2

(C.39)

Finally, using this result enables us to write:

S1 = L2
1N2NP1

(
1
2

)N−1

⇒ S1 = 2NL2
1P1

(C.40)

Now, exactly as hoped earlier on, the result for S1 is indexed in accordance with its correspond-
ing co-ordinate direction. Therefore, we can write down the general result:

Si = 2NL2
1Pi (C.41)

It is then a simple step to sum over the appropriate values of i and thus calculate the mean
squared displacement when N jumps are made:

⟨xxx2⟩N = 2N
d

∑
i=1

L2
i P2i−1 (C.42)

The last stage, as in the previous case, is to calculate the mean squared displacement as a
function of time. To do this we make use Eq. (C.6): the probability of a particle making N and
only N jumps in a time t is given by PN (t), where

PN(t) =
(t/τ)N

N!
e−t/τ , (C.43)



206 Lattice hopping diffusion coefficient

and τ is the mean first-passage time from one site to any of the nearest neighbour sites. Then,
the mean squared displacement is given by

⟨xxx2(t)⟩=
∞

∑
N=0

⟨xxx2⟩NPN(t),

= 2

[
d

∑
i=1

L2
i P2i−1

]
e−t/τ

∞

∑
N=0

(t/τ)N

N!
N,

= 2

[
d

∑
i=1

L2
i P2i−1

]
e−t/τ

[
0+

t
τ

∞

∑
N=1

(t/τ)N−1

(N −1)!

]
,

⇒ ⟨xxx2(t)⟩= 2

[
d

∑
i=1

L2
i P2i−1

]
t
τ
.

(C.44)

Finally, recalling that the effective diffusion coefficient in d-dimensions is defined through

⟨xxx2 (t)⟩= 2dDefft, (C.45)

we arrive at the following expression

Deff =
1
d

d

∑
i=1

L2
i P2i−1

τ
. (C.46)



Appendix D

The effect of trap-shape upon the
sub-diffusive exponent

D.1 Introducing the trapping models

In this Appendix we will build on ideas presented in chapter 2 by comparing the behaviour
of two trapping models. The first is the familiar exponential trapping model. The second
is developed from a continuous potential energy landscape where the mean trapping time is
affected not only by the depth of the trap but also the shape of the trap. This comparison
will enable us to study the effect of the shape of the trap on the growth of the mean squared
displacement with time.

D.1.1 Exponential trapping model

If the mean trapping time τe is related to the trap depth Q by τe = τ0 eβQ, and the trap depths
are distributed exponentially across the lattice sites according to p(Q) = aβ e−aβQ, then the
distribution of trapping times ψe (τe) is given by

ψe (τ) =
p(Q)

dτe/dQ
=

a
τ0

[
e−βQ

]1+a
,

⇒ ψe (τ) =
aτa

0

τ
1+a
e

,

(D.1)

and takes its usual power-law form ψe (τ)∼ τ−(1+a). The subscript ‘e’ denotes ‘exponential
trapping model’. Note that this is an exact result: the distribution is a power-law for all trapping
times (all amplitudes). Let us note also that the constant τ0 = L2/2Dfree, where L is the lattice
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constant and Dfree is the free diffusion coefficient. This choice ensures that the system behaves
correctly in the limit of all traps having zero depth.

D.1.2 Landscape-based model

Let us now turn to the potential energy landscape from which we will build our second trapping
model. Each section is described by

Ui (x) =−Qi

2

[
1− cos

(
2πx

L

)]
, (D.2)

and Fig. D.1 shows an example section of a bigger landscape.

1.0 0.5 0.0 0.5 1.0 1.5 2.0
x/L

2.0

1.5

1.0

0.5

0.0

U
(x

)

Q1

Q2

Q3

M M

X

X

Fig. D.1 Three sections of an example potential energy landscape. The particle, must ‘climb’
out of the central minimum in order to make a transition into either of the immediately adjacent
minima.

In chapter 2 we discussed how over-damped Brownian particles are expected to behave in
the random barrier version of this potential as a precursor to constructing the coarse-grained
simulation scheme. Their behaviour in this potential is expected to be very similar, for obvious
reasons: particles will spend considerable amounts of time around a minimum before making a
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quick transition to either of the immediately adjacent minima. As before, the minima will be
our lattice sites.

Whereas in the random barrier model, the mean first-passage time and hopping probabilities
to either of the immediately adjacent minima depended upon two amplitudes, here they depend
upon three amplitudes, as can be seen from Fig. D.1. However, the nature of the trapping
model means that the depth of the trap in which the particle starts has the most significant
effect upon these quantities. This makes sense because the symmetry of the trap means that
the particles are equally likely to reach the points marked ‘M’. Thereafter any difference in
hopping probabilities to the points marked ‘X’ comes from asymmetric back-flow into the
starting trap (there is less back-flow from deeper traps because the force from the potential
pushes the particles down more strongly).

Our purpose here is to study the effect of the shape of the trap upon the behaviour of the
system compared to the exponential trapping model. The reduced strength of the dependence
upon the neighbouring trap depths suggests that we build a model by discarding it altogether.
To do this, we calculate the mean trapping time to the points marked ‘M’ rather than to the
points marked ‘X’. The symmetry of the trap about its centre means that the expression for the
mean trapping time can be written as follows

τc =
1

2Dfree

∫ L

L/2
dyeβU

∫ y

0
dze−βU − 1

2Dfree

∫ L/2

0
dyeβU

∫ y

0
dze−βU , (D.3)

which, upon substituting Eq. (D.2) into Eq. (D.3), becomes

τc =
L2

8Dfree

[
I0

(
βQ
2

)]2

+
L2

2Dfree

∫ 1

1
2

due
βQ
2 cos(2πu)

∫ u

1
2

dve−
βQ
2 cos(2πv)

− L2

2Dfree

∫ 1
2

0
due

βQ
2 cos(2πu)

∫ u

0
dve−

βQ
2 cos(2πv),

(D.4)

where I0 is the zeroth-order modified Bessel function of the first kind, and we have performed
two changes of variable according to u = y/L and v = z/L to simplify the integrand. The
subscript ‘c’ denotes ‘cosine trapping model’.

Consider the free diffusion limit (Q = 0). From Eq. (D.4) we find τ0 = L2/8Dfree, which is
a factor of four smaller than the equivalent result from the exponential trapping model. This is
because the mean trapping time in the exponential model was calibrated to move the particle
between lattice sites a distance L apart, but in the landscape model we reduced the range of
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integration to eliminate the contributions from adjacent minima. Whilst this makes it easier to
study the effect of the shape of the trap upon the motion, it means that we need to rescale our
mean trapping time. Doing so we find

τc =
L2

2Dfree

[
I0

(
βQ
2

)]2

+
2L2

Dfree

∫ 1

1
2

due
βQ
2 cos(2πu)

∫ u

1
2

dve−
βQ
2 cos(2πv)

− 2L2

Dfree

∫ 1
2

0
due

βQ
2 cos(2πu)

∫ u

0
dve−

βQ
2 cos(2πv).

(D.5)

Now that we have an expression for the mean trapping time, we are in a position to study the
impact of the shape of the trap upon the behaviour of the system.

D.2 Calculating the characteristic exponent in the sub-diffusive
regime

To calculate the distribution of mean first-passage times we need to evaluate the derivative
dτ/dQ. Differentiating Eq. (D.5) with respect to Q, we find

dτc

dQ
=

βL2

4Dfree
I0

(
βQ
2

)
I1

(
βQ
2

)
+

βL2

Dfree

∫ 1

1
2

du
∫ u

1
2

dvcos(2πu)e
βQ
2 [cos(2πu)−cos(2πv)]

+
βL2

Dfree

∫ 1
2

0
du
∫ u

0
dvcos(2πv)e

βQ
2 [cos(2πu)−cos(2πv)]

− βL2

Dfree

∫ 1
2

0
du
∫ u

0
dvcos(2πu)e

βQ
2 [cos(2πu)−cos(2πu)]

− βL2

Dfree

∫ 1

1
2

du
∫ u

1
2

dvcos(2πv)e
βQ
2 [cos(2πu)−cos(2πv)].

(D.6)

The complicated nature of this expression means that, unlike in the exponential trapping model,
neither the derivative nor the distribution can be written in terms of τc. However, in the large-
amplitude limit it is possible to find an approximate expression for the mean first-passage time
which enables us to make more progress towards a distribution of mean trapping times. To
derive this approximate relationship we begin by plotting the integrand in Eq. (D.5) for two
values of Q for fixed kBT = 1.
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Fig. D.2 A diagram showing the approximation scheme employed to evaluate the mean trapping
time. The upper-left panel shows the integrand for Q = 2, whilst the three remaining panels
show it for Q = 3. (kBT = 1).

The contour plots in Fig. D.2 reveal that increasing the amplitude from Q = 2 to Q = 3
leads to a large increase in the size of the integrand in the region marked R2. By contrast, no
such increase is observed in the region marked R1. This suggests that for large amplitudes, the
expression for the mean trapping time is dominated by the double integral over the region R2.
This double integral can be approximated by a product of two integrals.

First, note that the rotational symmetry of the integrand around its maxima means that
the integral over R2 must be equal to one-quarter the value of the integral over the whole of a
maximum, where ‘whole’ refers to the interior of the diamond-shaped region bounded by the
dashed line in the bottom-left panel of Fig. D.2.

Then, note that in the large-amplitude limit, the value of the integrand in the triangular
regions T1−4 is much smaller than in the diamond-shaped region. Hence, the double integral
over the diamond-shaped region can be approximated by a double integral over the square-
shaped region (see the bottom-right panel of Fig. D.2). The double integral over the square
region decomposes into a product of two integrals, which can be readily evaluated.
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Hence, in the limit of large amplitudes, we can write

∫ 1

1
2

due
βQ
2 cos(2πu)

∫ u

1
2

dve−
βQ
2 cos(2πv) ≈ 1

4

∫ 1

0
due

βQ
2 cos(2πu)

∫ 1

0
dve−

βQ
2 cos(2πv),

=

[
I0

(
βQ
2

)]2

.

(D.7)

Using this result in Eq. (D.5), we find the following approximation to the mean trapping time

τc ≈
L2

2Dfree

[
I0

(
βQ
2

)]2

+
2L2

Dfree

1
4

[
I0

(
βQ
2

)]2

−0,

⇒ τc =
L2

Dfree

[
I0

(
βQ
2

)]2

.

(D.8)

We can now calculate a simpler expression for the distribution of mean trapping times than
Eq. (D.6). The derivative dτc/dQ can be obtained from Eq. (D.8)

dτc

dQ
=

βL2

Dfree
I0

(
βQ
2

)
I1

(
βQ
2

)
, (D.9)

where we have used the result I′0 (x) = I1 (x). The distribution of mean trapping times in the
large-amplitude limit then follows

ψc (τ) =
p(Q)

dτc/dQ
=

Dfreea
L2

e−aβQ

I0 (βQ/2) I1 (βQ/2)
. (D.10)

However, we still face the same problem as before: although the expressions for the
distribution and mean trapping time are simpler, it is still not possible to form a relationship –
exact or approximate – between these quantities. Another approximation is required: for large
arguments x, the modified Bessel functions of the first kind satisfy

Iα (x)∼ ex
√

2πx

(
1− 4α2 −1

8x
+

(
4α2 −1

)(
4α2 −9

)
(8x)2 2!

−· · ·

)
. (D.11)

For sufficiently large amplitudes we can neglect the corrections to the leading-order term and
thereby establish the following results for the mean trapping time

τc ≈
L2

πDfree

eβQ

βQ
, (D.12)
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and the distribution of mean trapping times

ψc (τc)≈
Dfreeaπ

L2
e−aβQ

eβQ/βQ
. (D.13)

These expressions – Eq. (D.12) and Eq. (D.13) – are similar enough to one another to enable
us to form an approximate relationship between ψ and τ . Unlike in the case of the exponential
trapping model, it is not possible to eliminate the dependence upon the amplitude. However,
this has its uses: the deviation of the relationship between ψ and τ from the exponential
trapping model can be attributed to the shape of the trap and investigated as a function of its
depth. The natural logarithms of these quantities can be related as follows

lnψc =−(1+a) lnτc −a ln(βQ)+a ln
(

L2

πDfree

)
+ ln(a) . (D.14)

The equivalent relationship for the exponential trapping model can be established from Eq. (D.1).
We find

lnψe =−(1+a) lnτe +a ln
(

L2

2Dfree

)
+ ln(a) . (D.15)

The most important difference between the two expressions for lnψ is the presence of
the term proportional to ln(βQ) in Eq. (D.14). As remarked before, this is attributable to
the shape of the trap and prevents the relationship between ψc and τc from being an exact
power-law. However, as the amplitude increases, this term diminishes in importance relative
to the contribution from τc. (Equivalently, τc scales with βQ much faster than linearly). The
behaviour of the two distributions is shown in Fig. D.3.

Fig. D.3 reveals that the distribution ψc becomes ever closer to a power-law as the amplitude
βQ, and hence the mean trapping time τc, increases. In the limit of very large mean trapping
times, the gradient d lnψc/dlnτc approaches the exponential trapping model’s value: −(1+a).
However, for smaller values of the amplitude the gradient differs significantly from this value.
For this reason, we do not expect the exponent characterising the growth of the mean squared
displacement to be constant. As time goes on, the ensemble of particles will explore more of
the potential energy landscape and reach ever-deeper traps, which have correspondingly large
mean trapping times. If we assume that the exponent characterising the motion is controlled by
the largest trap encountered, then we expect it to approach the exponential trapping model’s
value as the system evolves over time.

Suppose further that the characteristic exponent can be obtained from the gradient of
the distribution at the point corresponding to the deepest trap encountered. Combined with
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Fig. D.3 The behaviour of the distribution of the mean trapping times and its gradient are
plotted as a function of the mean trapping times for the case a = 0.5.

knowledge of the deepest trap expected to be encountered after some number of jumps, it is
possible to investigate how the characteristic exponent approaches its limiting value. If the
approach to this value is slow, requiring the ensemble of particles to make many jumps, then
the transient behaviour will be long-lived.

Let us begin by reiterating that we are studying systems with quenched disorder: each time
the particle returns to a lattice site it experiences the same trap depth, if not the same trapping
time, these following an exponential distribution about the mean. Bouchaud and Georges give
the number of unique sites SN visited by a particle which makes N jumps on a one-dimensional
lattice as SN ∼ N

1
2 [43]. Alternatively, SN = C N

1
2 , where C is a constant.

Let Qmax be the largest amplitude which is likely to be encountered when a particle makes
N jumps. Roughly speaking, it satisfies the following equation

SN

∫
∞

Qmax

dQ p(Q) = 1, (D.16)
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which states that the probability density associated with the amplitudes larger than Qmax is
sufficiently small that, on average, we would not expect to encounter any such amplitudes when
making N jumps. By evaluating Eq. (D.16) we can establish that

βQmax =
1

2a
ln(N)+

1
a

ln(C ) . (D.17)

To extract the exponent characterising the motion we need to calculate the gradient of lnψc

vs lnτc at the value of the amplitude given by Eq. (D.17)

d lnψc

dlnτc
=

dlnψc

dβQ
dβQ
dlnτc

, (D.18)

where we have used the chain rule to rewrite the desired gradient in terms of two more easily
established gradients. From Eq. (D.12) and Eq. (D.13) we find

dlnτc

dβQ
= 1− 1

βQ
,

dlnψc

dβQ
=−(1+a)+

1
βQ

,

(D.19)

which can be substituted into Eq. (D.18) to give

dlnψc

dlnτc
=−

(
1+a− 1

βQ

)(
1− 1

βQ

)−1

, (D.20)

which, as ever, is valid in the limit of large amplitudes. We can make use of this limit to
approximate the second term in parentheses in Eq. (D.20) as follows(

1− 1
βQ

)−1

≈ 1+
1

βQ
+

(
1

βQ

)2

+ · · ·, (D.21)

which can then be inserted into Eq. (D.20) to give the final result

−dlnψc

dlnτc
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βQ
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1+a
βQ

− 1

(βQ)2 +
1+a
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βQ

∞

∑
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(
1

βQ

)n

,

⇒ dlnψc

dlnτc
=−(1+a)− a

βQ−1
.

(D.22)
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We can now make use of Eq. (D.17) to write the gradient in terms of the number of jumps.
The expression for the gradient was derived under the assumption of large amplitudes. The
amplitudes follow an exponential distribution across lattice sites, which means that large
amplitudes are less likely than small amplitudes. As such, when rewriting the expression for
the gradient in terms of the number of jumps, we must bear in mind that it is valid in the limit
of many jumps, as only in that limit will many large amplitudes be encountered. Inserting
Eq. (D.17) into Eq. (D.22) gives

d lnψc

dlnτc
=−(1+a)− 2a2

ln(N)+2ln(C )−2a
. (D.23)

Finally, assuming that C is a constant of order unity, we can approximate Eq. (D.23) yet further
still

d lnψc

dlnτc
≈−

[
1+a+

2a2

ln(N)−2a

]
. (D.24)

The exponential trap model tells us that when the gradient has the following form

dlnψe

dlnτe
=− [1+a] , (D.25)

the mean squared displacement grows according to ⟨x2⟩ ∼ t2ν , where ν = a/(1+a). Pro-
ceeding by analogy, let us propose that the exponent characterising the motion is given by the
following expression

a 7→ a′ = a+
2a2

ln(N)−2a
, (D.26)

so that the mean squared displacement grows according to ⟨x2⟩ ∼ t2ν ′
, where ν ′ = a′/(1+a′).

The effect of the shape of the traps upon the motion is to make the characteristic exponent
depend upon the number of jumps taken.

Fig. D.4 shows how the characteristic exponent found from Eq. (D.26) behaves as a function
of the number of jumps taken. There is a regime where it is clear that the theory does not work:
this is when the predicted exponent is larger than one, which corresponds to super-diffusive
behaviour, when we know that the true behaviour is sub-diffusive. Whilst this feature doesn’t
enable us to establish the value of N beyond which the theory works, it does enable us to
establish a value of N below which the theory doesn’t work.

Note that this threshold increases as a increases. This is consistent with the underlying
assumption: the motion is described by a characteristic exponent which is set by the largest
trapping time so far encountered. Large trapping times are the result of deep traps, which are
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Fig. D.4 The solid lines show how the exponent obtained from Eq. (D.26) is predicted to depend
upon the number of jumps for four different values of a in the sub-diffusive regime. The dotted
lines show the corresponding exponents for the exponential trapping model.

described by large values of Q. The trap depths are distributed exponentially according to
p(Q) = aβ e−aβQ, which is biased towards smaller values of Q, and more strongly so for larger
values of a. Consequently, increasing the value of a makes deep traps less probable, so more
jumps are required to encounter them. Hence the larger range of values of N for which the
model makes unphysical predictions.

As shown by the line for a = 0.95, when a is close to one the predicted exponent stays
above one for a very large range of values of N. Agreement with the exponential trapping
model’s characteristic exponent will be observed essentially only in the asymptotic N → ∞

limit. By contrast, when a is small the predicted exponent shows a rapid descent to the
exponential trapping model’s value. For these reasons we believe that the model for the
exponent characterising sub-diffusive motion is likely to be best suited to systems with strong
disorder (small values of a).
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