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1 Introduction

Self-interactions for massless spinning particles are severely constrained; with minimal as-
sumptions, the only possibilities are Yang-Mills theory for spin-1 particles and general
relativity for spin-2 particles [1–4]. However, without additional assumptions such broad
statements cannot be made for scalar field theories, where Lorentz symmetry is less con-
straining. One powerful additional assumption is that a theory has a nonlinearly realized
symmetry. This leads to certain exceptional effective field theories, where nonlinearly re-
alized symmetries fix interaction terms with special properties. The on-shell avatar of a
nonlinearly realized symmetry is a soft theorem for amplitudes. In the simplest case, this
implies that an amplitude has a zero in the soft limit, i.e., the amplitude scales with a
positive power of an external momentum as this momentum is sent to zero.

Examples of exceptional theories include nonlinear sigma models and the Dirac-Born-
Infeld (DBI) scalar field theory. A nonlinear sigma model has a nonlinearly realized internal
symmetry and amplitudes that scale linearly with the soft momentum, i.e., an Adler zero [5]
(see ref. [6] for a recent geometric interpretation of soft theorems), while the DBI theory
has a nonlinearly realized higher-dimensional Poincaré symmetry and a quadratic scaling
of amplitudes in the soft limit. Beyond these two examples, there is a single possibility
for a single scalar field with a larger nonlinear spacetime symmetry and a cubic scaling
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of amplitudes in the soft limit, which is called the special galileon.1 No larger spacetime
symmetries can be nonlinearly realized and no non-trivial higher scaling can be obtained in
the soft limit [9–11], given certain assumptions. In addition to these theories with vanishing
soft limits, there is a scalar theory where the soft limit obeys a nontrivial soft theorem,
namely the dilaton, which spontaneously breaks conformal symmetry down to Poincaré
symmetry [12–16]. This dilaton theory can also be realized as the DBI theory of a brane
embedded into an AdS space of one dimension higher [17, 18]. The two formulations are
related by a complicated field redefinition involving all powers of the field [19, 20].

Aside from their improved soft behavior, these exceptional scalar theories display other
interesting structures. For example, they possess an intricate web of relationships — in-
cluding relations to theories of massless particles [21–23] — and interesting double copy
structures [24]. Additionally, these scalar theories can be thought of as analogues of gravity
in a precise sense [25–27]. The rich interconnections are indicative of recurring structural
motifs in quantum field theory that the study of these theories can help to uncover.

The above paradigm is well-established for flat space. There are good reasons to inves-
tigate possible generalizations for the other maximally symmetric spaces. Chief amongst
these are cosmology and holography: in the former, the inflationary period is usually mod-
eled as close to de Sitter (dS) space while, in the latter, one considers gravity duals that
asymptote to anti-de Sitter (AdS) space. In this paper, we will for definiteness write things
in the language of dS space in Lorentzian signature, though everything we consider can be
straightforwardly extended to AdS spaces and to any signature.

The possible shift symmetries of a scalar field in dS space can be conveniently classified
using flat ambient space. ForD-dimensional dS space with coordinates xµ, µ = 0, . . . , D−1,
we specify its embedding into the ambient space RD,1 through the ambient space coordi-
nates XA(x), A = 1, . . . , D + 1, that satisfy X2(x) ≡ ηABX

A(x)XB(x) = H−2, where the
ambient space metric is ηAB = diag(−1, 1, . . . , 1). A dS scalar field φ(x) can be repre-
sented by an ambient space field Φ(X) satisfying Φ(X(x)) = φ(x) and Φ(λX) = λwΦ(X)
for λ > 0, where the weight w specifies how to continue Φ away from the dS surface (see
ref. [28] for more details of the ambient space formalism in our conventions). The possible
shift symmetries of Φ can then be written as

δΦ = SA1...AkX
A1 . . . XAk(X2H2)(w−k)/2 + . . . , (1.1)

where . . . denotes possible field-dependent terms, SA1...Ak is a constant, symmetric, trace-
less tensor in ambient space, and k is an integer that denotes the order of the shift symmetry.
Restricting the transformation (1.1) to the dS surface gives the shift symmetry of φ, which
is independent of w. For a given k, the mass of φ consistent with the shift symmetry is
given by

m2
k = −k(k +D − 1)H2. (1.2)

1The flat space special galileon is a particular example of the more general scalar galileon theories [7],
which have shift symmetries that are constant or linear in the spacetime coordinates. The special galileon
has an additional shift symmetry that is quadratic in the coordinates [8].
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Although these squared masses are negative in dS space, the shift-symmetric scalars corre-
spond to unitary exceptional series representations of the dS group [29, 30]. Their Euclidean
sphere partition functions were calculated in ref. [31] using techniques developed in ref. [32].

It is a non-trivial problem to deform these shift symmetries to non-commuting symme-
tries and find interactions that are invariant under the resulting symmetry algebras they
form with the dS isometries. In ref. [28], a manifestly Z2-invariant interacting Lagrangian
for the case k = 2 was found. This theory is the dS version of the special galileon. The full
nonlinearly realized symmetry algebra is sl(D + 1,R), which is spontaneously broken to
the dS isometries. The expression for this Lagrangian in general dimensions takes a rather
complicated form involving hypergeometric functions. In this paper, we employ a kind of
duality transformation — a field redefinition that reduces to galileon duality in the flat
limit — to find another presentation of the theory. This new presentation is far simpler
and has an interpretation in terms of broken diffeomorphisms, at the expense of obscuring
the Z2 symmetry.

For k = 1, there naively appears to be two interacting theories on dS space that realize
an algebra with non-commuting shift symmetries. One is the dS DBI theory, constructed
by embedding a dS brane into an AdS space of one dimension higher [17, 18]. Another is
the dS conformal dilaton [33], which nonlinearly realizes conformal symmetry on dS space.
These are the dS versions of the brane and dilaton realizations of conformal symmetry
in flat space. In both cases, the full algebra is so(D + 1, 1), which is broken to the dS
isometries. We will argue that these two theories are equivalent, by finding a perturbative
field redefinition that relates the two theories up to very high order in the fields. This
is the dS version of the transformation of ref. [19] and is consistent with our expectation
that the symmetry breaking pattern alone determines the nonlinear theory governing the
interactions of the Goldstones (this has been proven for internal symmetries [34], but not
for spacetime symmetries).

Finally, we will see that the transformations for all of these nonlinear shift-symmetric
theories on dS space can be given a geometric interpretation. They can be seen as arising
from a subset of the infinitesimal diffeomorphisms of dS space. The diffeomorphisms of
dS space include the Killing vectors which leave dS invariant, as well as certain “exact
diffeomorphisms” whose infinitesimal vector fields can be written as the gradients of scalars.
Subsets of these exact diffeomorphisms can be identified with the nonlinearly realized
symmetries realized by the scalar fields, which are the Goldstone modes for the spontaneous
breaking down to the Killing symmetries.

Conventions. We denote the spacetime dimension by D. We use the mostly plus met-
ric signature convention and the curvature conventions of ref. [35]. We denote the dS
space Hubble scale as H, so that the Ricci scalar is R = D(D − 1)H2 > 0. Tensors
are symmetrized and antisymmetrized with unit weight, e.g., T(µν) = 1

2 (Tµν + Tνµ) and
T[µν] = 1

2 (Tµν − Tνµ). We define ε01···D = 1.
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2 Special galileon in dS space

We start with the k = 2 theory, which is the special galileon in dS space. A rather
complicated Lagrangian for this theory was written in ref. [28], with the advantage that
the Z2 symmetry φ→ −φ of the model is manifest. Here we find a much simpler Lagrangian
that is not manifestly Z2 symmetric. We then show how these two Lagrangians are mapped
into one another by a field redefinition that is like a dS version of galileon duality for the
highest-derivative terms. Galileon duality in flat space [36] is a type of invertible field
redefinition that preserves the galileon-like structure of the Lagrangian — it is local order-
by-order in powers of the field, but it involves an infinite series of terms.

2.1 Symmetry algebra

In the ambient space RD,1, the generators of the dS isometries are packaged into an anti-
symmetric tensor, JAB, that satisfies the so(D, 1) commutation relations,

[JA1A2 , JB1B2 ] = ηA1B1JA2B2 − ηA2B1JA1B2 + ηA2B2JA1B1 − ηA1B2JA2B1 . (2.1)

These isometries are realized on an ambient space scalar field as

δJABΦ ≡ JABΦ = XA∂BΦ−XB∂AΦ . (2.2)

The generators of the shift symmetries for a k = 2 scalar are packaged into a symmetric,
traceless tensor, SAB, which transforms as a tensor under the isometries,

[JA1A2 , SB1B2 ] = ηA1B1SA2B2 − ηA2B1SA1B2 + ηA1B2SA2B1 − ηA2B2SA1B1 . (2.3)

The unique possibility for the remaining commutators can be written as [28]

[SA1A2 , SB1B2 ] = − α2

ΛD+2 (ηA1B1JA2B2 + ηA2B1JA1B2 + ηA1B2JA2B1 + ηA2B2JA1B1) , (2.4)

where α is a dimensionless constant and Λ > 0 is an energy scale. For α2 > 0, these
commutation relations correspond to the algebra sl(D+1,R); this is true for any spacetime
signature or sign of the curvature. For α2 < 0, the commutation relations correspond to
a real form of sl(D + 1,C) that depends on the spacetime signature and the sign of the
curvature. When α2 = 0, we get the undeformed algebra of a free theory.

2.2 Manifestly Z2-invariant Lagrangian

We start by reviewing the formulation of the dS galileon given in ref. [28]. We nonlin-
early realize the algebra sl(D+ 1,R) on a scalar field through the following ambient space
transformation:

δΦ = SAB

(
XAXB − α2

ΛD+2∂
AΦ∂BΦ

)
, (2.5)

where the ambient space field has weight two,2

XA∂AΦ = 2Φ. (2.6)
2We can always change the weight by rescaling the field by powers of X2H2. This will modify the

ambient space form of the symmetry transformation but does not affect its form in the physical dS space.
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The ambient space transformation induces a transformation on the dS space field φ(x) =
Φ(X(x)) that we can write as3

δφ = σ − α2

ΛD+2

(1
2∇µ∇νσ∇

µφ∇νφ+H2σ(∇φ)2 + 2H2φ∇µφ∇µσ + 4H4σφ2
)
, (2.7)

where σ ≡ SABXA(x)XB(x).
A Lagrangian invariant under the above transformation was found in ref. [28] and

describes the unique ghost-free interacting theory of a k = 2 scalar, which is the dS space
version of the special galileon. In terms of the dimensionless field φ̂ ≡ −2αH2φ/Λ(D+2)/2,
this Lagrangian is

L√
−g

= ΛD+2

4H2α2

[
D−1∑
j=0

(1 + φ̂)D−j + (−1)j(1− φ̂)D−j

(2H2)(j+1)(1− φ̂2)D+3
2 Γ(j + 3)

×
[
(j + 1)fj+1(φ̂)− (j + 2)fj(φ̂)

]
∂µφ̂∂ν φ̂X(j)

µν (Π̂)

− 2
(D + 1)

(
1− (1 + φ̂)D+1 + (1− φ̂)D+1

2(1− φ̂2)(D+1)/2

)]
, (2.8)

where we have defined

fj(φ̂) ≡ 2F1

(
D + 3

2 ,
j + 1

2 ; j + 3
2 ; (∂φ̂)2

4H2(1− φ̂2)

)
, (2.9)

and where X(j)
µν are defined recursively by

X(0)
µν (Π̂) ≡ gµν , X(n)

µν (Π̂) ≡ −nΠ̂µ
αX(n−1)

αν (Π̂) + gµνΠ̂αβX
(n−1)
αβ (Π̂), (2.10)

with Π̂µν ≡ ∇µ∇ν φ̂. When expanded out, this Lagrangian contains only terms with even
powers of the field, so it is manifestly invariant under the Z2 symmetry that acts as φ→ −φ.

2.3 A simplified special galileon Lagrangian

There are other ways to nonlinearly realize the algebra sl(D + 1,R) on a scalar field.
Motivated by the reasoning described in section 4, we consider the following ambient space
transformation:

δΦ = SAB

( 1
H2X2X

AXB + 2α
Λ(D+2)/2X

A∂BΦ
)
, (2.11)

where the ambient space field has weight zero,

XA∂AΦ = 0. (2.12)

In terms of the dS field φ(x) = Φ(X(x)), this transformation is

δφ = σ + α

Λ(D+2)/2∇µφ∇
µσ, (2.13)

3To find this, we replace SAB = 1
2∂A∂B(SCDXCXD) and then use the embedding space reduction rules

discussed in ref. [37].
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where σ ≡ SABXA(x)XB(x). This transformation satisfies the same commutation relations
and symmetry breaking pattern as the transformation (2.5) and, as we will see, leads to a
much simpler formulation of the dS space special galileon.

We now search for a ghost-free action invariant under the transformation (2.13). By
imposing invariance under the symmetry order by order in the field and then resumming,
we get the following result:

L√
−g

= ΛD+2

4α2H2

 2
D + 1

(
cosh(D + 1)φ̂− 1

)
− e−(D+1)φ̂

D−1∑
j=0

(−1)j ∂
µφ̂∂ν φ̂X

(j)
µν (Π̂)

(j + 2)!H2j+2

 .
(2.14)

This is much simpler than the manifestly Z2-invariant Lagrangian (2.8), although the Z2
symmetry is no longer manifest.4 The equations of motion also take a relatively simple
form,

2α
Λ(D+2)/2

δL
δφ

= −e(D+1)φ̂ − e−(D+1)φ̂

D! εµ1...µDεν1...νDGµ1ν1 . . . GµDνD = 0 , (2.15)

where
Gµν ≡ gµν −

1
H2∇µ∇ν φ̂+ 1

H2∂µφ̂∂ν φ̂. (2.16)

This tensor Gµν transforms covariantly, like a metric, under the shift symmetry (2.13).
We can use it to build higher-order invariants and to couple to other matter fields, as
in ref. [27].

2.4 Mapping between Lagrangians

We now have two formulations of the special galileon Lagrangian in dS space: the manifestly
Z2-invariant Lagrangian (2.8) from ref. [28] and the new simplified Lagrangian (2.13), which
is invariant under a shift symmetry that is linear in the field. Since these realize the same
symmetry breaking pattern and are both ghost-free theories of the same derivative order,
we expect that these two Lagrangians are related to each other by a field redefinition. We
now show that this is indeed the case and that the field redefinition can be thought of as
a dS uplift of the flat space galileon duality transformations described in refs. [36, 38].

We start from the ambient space transformation in eq. (2.5),

δΦ(0) = SAB

(
XAXB − α2

ΛD+2∂
AΦ(0)∂BΦ(0)

)
, (2.17)

where Φ(0) has weight two. This describes the shift symmetry of the manifestly Z2-invariant
Lagrangian in eq. (2.8). Next we make a galileon duality transformation in its active
form [39] on the ambient space field,

Φ(1) = e−θδ̄Φ(0), with δ̄Φ(0) ≡ − α

2Λ(D+2)/2∂AΦ(0)∂AΦ(0), (2.18)

4Note also that with this Lagrangian we cannot realize other real forms of sl(D + 1,C) on real fields.
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where θ is a dimensionless real parameter. Under this field redefinition, the ambient trans-
formation in eq. (2.17) becomes [8]

δΦ(1) = SAB

(
XAXB + 2αθ

Λ(D+2)/2X
A∂BΦ(1) + α2(θ2 − 1)

ΛD+2 ∂AΦ(1)∂BΦ(1)
)
. (2.19)

We now set θ = 1, so we get

δΦ(1) = SAB

(
XAXB + 2α

Λ(D+2)/2X
A∂BΦ(1)

)
, (2.20)

with only a linear term in Φ. Now define the weight zero field Φ(2) ≡ Φ(1)/H2X2, so that

δΦ(2) = SAB

(
XAXB

H2X2

(
1 + 4αH2Φ(2)

Λ(D+2)/2

)
+ 2α

Λ(D+2)/2X
A∂BΦ(2)

)
. (2.21)

Finally, we define the weight zero field

Φ(3) ≡ Λ(D+2)/2

4αH2 log
(

1 + 4αH2Φ(2)

Λ(D+2)/2

)
, (2.22)

so that we get

δΦ(3) = SAB

(
XAXB

H2X2 + 2α
Λ(D+2)/2X

A∂BΦ(3)
)
, (2.23)

which is the form of the shift symmetry of the new simplified Lagrangian (2.13).
In summary, we have a redefinition defined by

Φ̂(3) = −1
2 log

(
1− 2

X2H2 e
−θδ̄Φ̂(0)

)
, δ̄Φ̂(0) = 1

4H2 (∂Φ̂(0))2, (2.24)

where θ = 1 and Φ̂(i) ≡ −2αH2Φ(i)/Λ(D+2)/2. In terms of physical dS fields, this is

φ̂(3) = −1
2 log

(
1− 2e−θδ̄φ̂(0)

)
, δ̄φ̂(0) = 1

4H2

(
(∂φ̂(0))2 + 4H2(φ̂(0))2

)
, (2.25)

where θ = 1 and φ̂(i) ≡ −2αH2φ(i)/Λ(D+2)/2. As a check of this result, if we just consider
the zero-derivative part of the transformation, then the field redefinition is5

φ̂(3) = tanh−1 φ̂(0), (2.27)

under which we can check that the potential terms of the two Lagrangians get mapped into
each other,

cosh
(
(D + 1)φ̂(3)

)
=
(
1 + φ̂(0))D+1 +

(
1− φ̂(0))D+1

2
(
1− (φ̂(0))2)D+1

2
. (2.28)

For general θ, the transformation (2.25) leads to a one-parameter family of Lagrangians
related by the ambient space duality. In the flat space limit H → 0, this becomes the flat
space galileon duality transformation [36, 38] in its active form [39] acting on the special
galileon.

5Defining δ̄0φ̂ = φ̂2 gives δ̄m0 φ̂n = (n+m−1)!
(n−1)! φ̂n+m, so then we get

− 1
2 log

(
1− 2e−δ̄0 φ̂

)
=
∞∑
n=1

∞∑
m=0

2n−1

n

(−1)m

m!
(n+m− 1)!

(n− 1)! φ̂n+m = tanh−1 φ̂. (2.26)
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3 DBI and conformal dilaton in dS space

In this section, we discuss two formulations of the nonlinear k = 1 theory in dS space,
corresponding to the brane and dilaton realizations of conformal symmetry. Given that
they both describe the same symmetry breaking pattern, we expect them to be related by
a field redefinition. We show up to some high order in the fields that this is indeed the case.

3.1 Symmetry algebra

The shift symmetries for a k = 1 scalar are packaged into a (D + 1)-dimensional ambient
space vector SA. Since they transform as a vector under the isometries, we have the
commutator

[JAB, SC ] = ηACSB − ηBCSA. (3.1)

The unique commutator which completes the algebra can be written as

[SA, SB] = −α
2H2

ΛD+2 JAB. (3.2)

For α2 > 0, these commutation relations correspond to the conformal algebra so(D, 2). For
α2 < 0 the algebra is so(D+ 1, 1), while for AdSD it is so(D− 1, 3) if α2 > 0 or so(D, 2) if
α2 < 0.

3.2 DBI Lagrangian

One way to nonlinearly realize the conformal algebra so(D, 2) on a scalar field in dS space
is through the ambient space transformation

δΦ = SA

(
XA − α2H2

ΛD+2 Φ∂AΦ
)
, (3.3)

where Φ has weight w = 1. A set of interactions invariant under this symmetry were given
in general dimensions in ref. [28], but they were quite complicated since the interaction
ansatz used there did not allow for their simplest form. If instead we look for a Lagrangian
in the P (φ, (∂φ)2) form, then there is a simple invariant interaction without a tadpole,

L√
−g

= ΛD+2

α2H2
1

(1− φ̂2)D/2

√√√√1− (∂φ̂)2/H2

1− φ̂2
, (3.4)

where now φ̂ ≡ −αH2φ/Λ(D+2)/2. Defining π̂ ≡ tanh−1 φ̂, this Lagrangian can be writ-
ten as

L√
−g

= ΛD+2

α2H2 coshD π̂
√

1− (∂π̂)2

H2 cosh2 π̂
. (3.5)

The tadpole interaction can be written as

L′√
−g

= −ΛD+2φ̂

α2H2 2F1

(1
2 ,
D + 2

2 ; 3
2; φ̂2

)
. (3.6)
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These Lagrangians realize the symmetry breaking pattern so(D, 2)→ so(D, 1) and can be
realized physically as the DBI theory of a dSD brane probing an AdSD+1 bulk.6

From the dS DBI Lagrangian (3.4), we can take various limits to recover other known
theories. For example, taking the flat limit H → 0 and Λ→ 0 with Λflat ≡ (ΛD+2/H2)1/D

and φ held fixed, we recover the theory of a flat brane in a two-time Minkowski bulk
spacetime,

lim
H→0

L√
−g

= ΛDflat
α2

√
1− α2(∂φ)2

ΛDflat
, (3.8)

i.e., flat space DBI with the sign of the quartic interaction that violates positivity con-
straints [42].7 This corresponds to the symmetry breaking pattern iso(D−1, 2)→ iso(D−
1, 1). If we instead take the limit Λ→ 0 with H fixed, then eq. (3.4) reduces after rescaling
to the theory of a dS brane probing a flat background [17, 18],

lim
Λ→0

H(D+2)2/2

Λ(D+2)2/2
L√
−g

= HD2/2

iDαD+2
1
φD

√
1 + (∂φ)2

H2φ2 , (3.10)

corresponding to iso(D, 1) → so(D, 1).8 The final limit we consider is more subtle since
we must give the field a vacuum expectation value that we send to −∞. We replace π̂ →
ln(H/2Λ) + π̂ in eq. (3.5) and then take the limit H → 0 with Λ and π̂ held fixed. Adding
the tadpole interaction and rescaling the Lagrangian, this gives the theory describing a flat
brane in a two-time dS bulk spacetime,

lim
H→0

HD+2

ΛD+2
1√
−g

(
L −DL′

)
= ΛD

α2 e
−Dπ̂

√1− e2π̂ (∂π̂)2

Λ2 − 1

 . (3.11)

This corresponds to the symmetry breaking pattern so(D, 2)→ iso(D − 1, 1).9

6Defining instead π̂ ≡ tanh−1(1/φ̂), the Lagrangian can be written as

L√
−g

= −ΛD+2

α2H2 i
D sinhD π̂

√
1 + (∂π̂)2

H2 sinh2 π̂
, (3.7)

which for D = 4 takes the same form as the DBI theory of a dS4 brane in an AdS5 bulk of refs. [17, 18] (see
also ref. [40]). In the case of AdS, i.e., replacing H → i/L in eq. (3.5), we get the theory of an AdSD brane
in an AdSD+1 bulk from ref. [41], which realizes the symmetry breaking pattern so(D, 2)→ so(D − 1, 2).

7Starting instead from AdSD with Λflat ≡ (ΛD+2L2)1/D fixed gives the standard DBI theory,

lim
L→∞

L√
−g

= −ΛDflat
α2

√
1 + α2(∂φ)2

ΛDflat
, (3.9)

corresponding to iso(D, 1)→ iso(D − 1, 1).
8The same symmetry breaking pattern is realized by the dS galileon [17, 18, 43].
9If we instead start in AdSD and replace π̂ → − ln(2ΛL) + π̂, then we get

lim
L→∞

1
(ΛL)D+2

1√
−g
(
L −DL′

)
= −ΛD

α2 e
−Dπ̂

(√
1 + e2π̂ (∂π̂)2

Λ2 − 1

)
. (3.12)

This is the conformal DBI theory, which describes a flat brane in an AdS bulk spacetime [44]. This realizes
the same symmetry breaking pattern so(D, 2)→ iso(D− 1, 1) as the Lagrangian in eq. (3.11). While these
two Lagrangians are inequivalent, as can be seen by calculating their 2 → 2 scattering amplitudes, we
expect there to be a field redefinition between them once we include the other invariant interactions.
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3.3 Conformal dilaton Lagrangian

An alternative way to nonlinearly realize the algebra so(D, 2) on a scalar field in dS space
is through the following ambient space transformation:

δΦ = SA

( 1√
H2X2

XA + α

Λ(D+2)/2

√
H2X2∂AΦ

)
, (3.13)

where Φ has weight w = 0. This is the form of the shift symmetry suggested by the
discussion of section 4. It satisfies the same commutation relations as the transformation
in eq. (3.3) and realizes the same symmetry breaking pattern so(D, 2)→ so(D, 1).

If we look for invariant interactions of the P (φ, (∂φ)2) form, then for the interaction
without a tadpole we get

L√
−g

= ΛD+2

2α2H2

[
− 1
H2 e

(D−2)φ̂(∂φ̂)2 + eDφ̂ − De(D−2)φ̂ − 2
(D − 2)

]
, (3.14)

where again φ̂ ≡ −H2αφ/Λ(D+2)/2. This agrees with the interaction in ref. [33] when
D = 4. For D = 2, the last term in square brackets should be understood as the D → 2
limit. When D = 1, the conformal dilaton Lagrangian (3.14) coincides with the special
galileon Lagrangian (2.14) in a space with half the Hubble constant, Hk=2 = Hk=1/2. This
is possible due to the Lie algebra isomorphism so(2, 1) = sl(2,R).

There are additional independent invariant Lagrangians. For example, in every di-
mension there is the invariant tadpole term eDφ̂. In any even dimension, there is also a
special interaction from the point of view of cohomology, the Wess-Zumino term, which in
dS4 is [33]

L′√
−g

= − Λ6

α2H2

[
φ̂− 1

4e
4φ̂ + 1

2H2 (∂φ̂)2 − 1
6H4 (∂φ̂)2�φ̂− 1

12H4 (∂φ̂)4
]
. (3.15)

There is also an interaction with the potential coshD(φ̂), which maps to the square root
DBI action (3.4) under the field redefinition discussed below. In dS4, this Lagrangian is
L√
−g

=− Λ6

α2H2

[ 1
2H2 (∂φ̂)2e−φ̂ cosh2(φ̂)(cosh φ̂− 3 sinh φ̂)− cosh4(φ̂)

+ 11
48H8 (∂φ̂)8e−4φ̂ + 1

24H6 (∂φ̂)6e−4φ̂
(
e2φ̂ − 4

)
− 1

24H4 (∂φ̂)4e−4φ̂
(
2e2φ̂ + 1

)
− 1
H2L

TD
1 (Π̂)

( 5
12H6 (∂φ̂)6e−4φ̂+ 1

24H4 (∂φ̂)4e−4φ̂
(
e2φ̂+1

)
+ 1

2H2 (∂φ̂)2e−3φ̂ cosh φ̂
)

+ 1
H4L

TD
2 (Π̂)

( 1
4H4 (∂φ̂)4e−4φ̂ + 1

12H2 (∂φ̂)2e−4φ̂
(
e2φ̂ + 2

))
− 1

12H8L
TD
3 (Π̂)(∂φ̂)2e−4φ̂

]
,

(3.16)
where LTD

n are terms that are total derivatives in the flat space limit and are defined
recursively by

LTD
n (Π̂) =

n∑
j=1

(−1)j+1 (n− 1)!
(n− j)! [Π̂

j ]LTD
n−j(Π̂), (3.17)

with [Π̂j ] ≡ Πµ1
µ2Πµ2

µ3 . . .Πµj
µ1 and LTD

0 (Π̂) = 1.
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As with the DBI Lagrangian (3.4), we can take limits of the dilaton Lagrangian (3.14)
to recover other theories. Taking H,Λ→ 0 with H2/Λ(D+2)/2 fixed gives the kinetic term
of the conformal galileon,

lim
H,Λ→0

L√
−g

= −1
2e

(D−2)φ̂(∂φ)2, (3.18)

which corresponds to the symmetry breaking pattern so(D, 2) → iso(D − 1, 1). This
corresponds to the same symmetry breaking pattern as the theory of a flat brane in two-
time dS space in eq. (3.11) and conformal DBI in eq. (3.12). A field redefinition that maps
linear combinations of the conformal galileons into linear combinations of the conformal
DBI interactions was worked out in refs. [19, 20], which shows the equivalence of these flat
space theories.

3.4 Mapping between Lagrangians

We can demonstrate the equivalence of the dS DBI and conformal dilaton Lagrangians by
finding a field redefinition that maps between them, as with the two formulations of the
dS special galileon. The transformation maps each dS conformal dilaton Lagrangian into
a certain linear combination of the dS DBI Lagrangians, as with the flat space versions of
these theories [19, 20]. For example, as mentioned above, the combination of conformal
dilaton Lagrangians with potential coshD(φ̂) maps to the square root DBI action (3.4).

We start with the DBI transformation

δΦ(0) = SA

(
XA − α2H2

ΛD+2 Φ(0)∂AΦ(0)
)
, (3.19)

where Φ(0) has weight one. Now set Φ(1) = e−θδ̄Φ(0), where δ̄ is defined such that for θ = 1
we have

δΦ(1) = SA

(
XA + α

Λ(D+2)/2

√
H2X2∂AΦ(1)

)
. (3.20)

Defining Φ̂(0) ≡ −H2αΦ(0)/Λ(D+2)/2, we find by a brute force calculation that, at least up
to high orders, we can write the action of δ̄ perturbatively in ambient space as

δ̄Φ̂(0) ≡
√
X2H2 (∂Φ̂(0))2

H2

(
1
2 −

1
4

Φ̂(0)
√
X2H2

− 1
8

(Φ̂(0))2

X2H2 + . . .

)

+
√
X2H2 (∂Φ̂(0))4

H4

( 1
16 + . . .

)
+ . . .

= −
√
X2H2

∞∑
j=1

(∂Φ̂(0))2j

H2j fj

(
Φ̂(0)
√
X2H2

)
, (3.21)

where fj is a power series. We do not know a closed-form expression for the fj , but we
have computed the terms contributing to δ̄ up to 17th order in the fields, which are listed
in table 1.
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Expansions of fj(x)

f1(x) =−
1
2

+
x

4
+
x2

8
+
x3

24
+
x4

96
+
x5

80
+

7x6

480
+

19x7

6720
−

37x8

17920
+

197x9

13440
+

113x10

8960
−

41323x11

1182720
−

53429x12

14192640

+
14633519x13

92252160
−

1095239x14

12300288
−

285950669x15

369008640
+ . . . ,

f2(x) =−
1
16

+
x2

32
+
x3

64
−

x4

120
+

13x5

3840
+

101x6

4480
−

281x7

17920
−

1093x8

26880
+

40387x9

430080
+

206869x10

2365440
−

4802311x11

9461760

−
222421x12

20500480
+

923059867x13

295206912
+ . . . ,

f3(x) =−
1
64
−

x

96
+

11x2

960
+

23x3

1920
−

209x4

13440
+

59x5

53760
+

1523x6

26880
−

979x7

15360
−

7505x8

39424
+

773923x9

1351680

+
104962307x10

184504320
−

317494109x11

67092480
+ . . . ,

f4(x) =−
17

3840
−

61x
7680

+
149x2

35840
+

411x3

35840
−

10481x4

430080
−

17x5

86016
+

286673x6

1892352
−

2239247x7

9461760
−

809516299x8

984023040

+
1380091937x9

421724160
+ . . . ,

f5(x) =−
19

17920
−

179x
35840

+
137x2

107520
+

2677x3

215040
−

99019x4

2365440
+

24859x5

9461760
+

54077893x6

123002880
−

28892971x7

30750720
+ . . . ,

f6(x) =−
13

430080
−

417x
143360

+
677x2

946176
+

58859x3

3784704
−

6993213x4

82001920
+

27430969x5

984023040
+ . . . ,

f7(x) =
189

901120
−

32833x
18923520

+
205627x2

98402304
+

34589413x3

1476034560
+ . . . ,

f8(x) =
52727

281149440
−

558697x
393609216

+ . . .

Table 1. Power series expansion of the first few fjs appearing in eqs. (3.21) and (3.27). These are
the contributions to (3.21) up to 17th order in fields. These expressions can be extended to higher
orders with additional effort, though we have not been able to find closed-form formulas for them.

For general values of θ, the first few terms in the shift transformation of Φ(1) = e−θδ̄Φ(0)

are

δΦ(1) = SA

(
XA + θα

Λ(D+2)/2

√
H2X2∂AΦ(1) + H2α2(θ − 1)

4ΛD+2

×
[
2(θ + 2)Φ(1)∂AΦ(1) − θXA

(
∂Φ(1)

)2
]

+ H4α3θ(θ−1)
4Λ3(D+2)/2

√
H2X2

[(
X2∂AΦ(1)−XAΦ(1)

)(
∂Φ(1)

)2
+ ∂AΦ(1)

(
Φ(1)

)2
]
+ . . .

)
,

(3.22)
so the shift transformation truncates to linear or quadratic order in the fields only for
θ ∈ {0, 1}. Note that we use the homogeneity condition XA∂AΦ(1) = Φ(1) to get eq. (3.22).

Setting θ = 1, we now define the weight zero field Φ(2) ≡ Φ(1)/
√
H2X2, so that

δΦ(2) = SA

(
XA

√
H2X2

(
1 + αH2Φ(2)

Λ(D+2)/2

)
+ α
√
H2X2

Λ(D+2)/2 ∂
AΦ(2)

)
. (3.23)

Finally, we define the weight zero field

Φ(3) ≡ Λ(D+2)/2

αH2 log
(

1 + αH2Φ(2)

Λ(D+2)/2

)
, (3.24)
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so that we get

δΦ(3) = SA

( 1√
H2X2

XA + α

Λ(D+2)/2

√
H2X2∂AΦ(3)

)
, (3.25)

which is the dS conformal dilaton transformation (3.13).
To summarize, the fields in the brane and dilaton presentations of the symmetry break-

ing pattern so(D, 2)→ so(D, 1) are related by the ambient space field redefinition

Φ̂(3) = − log
(

1− e−δ̄Φ̂(0)
√
H2X2

)
, (3.26)

where Φ̂(i) ≡ −αH2Φ(i)/Λ(D+2)/2 and the derivation δ̄ is defined in eq. (3.21). In terms of
dS fields, this is

φ̂(3) = − log
(
1− e−δ̄φ̂(0)

)
, δ̄φ̂(0) = −

∞∑
j=1

(
(∂φ̂(0))2 +H2(φ̂(0))2

)j
H2j fj

(
φ̂(0)

)
, (3.27)

where φ̂(i) ≡ −αH2φ(i)/Λ(D+2)/2. The first terms of the power series fj are given in table 1.

4 Broken diffeomorphisms and Goldstone modes

In this section, we outline a geometric interpretation of all the dS scalar field theories with
nonlinear symmetries — there is a unified description of them in terms of spontaneously
broken diffeomorphisms. This discussion parallels that of ref. [45] for the special galileon
in flat space.

4.1 Nonlinearly realized extensions of the isometry algebra

Under a general infinitesimal coordinate transformation δxµ = −ξµ(x), the metric trans-
forms as

δgµν = −2∇(µξν) . (4.1)

A special class of diffeomorphisms are those that leave the metric invariant. These cor-
respond to Killing vectors, which generate the isometries of the space. For example, in
stereographic coordinates, Xµ(x) = xµ

1+H2x2/4 and XD+1(x) = 1
H

1−H2x2/4
1+H2x2/4 , the dS metric is

ds2 = 1(
1 + H2

4 x
2
)2 ηµνdxµdxν , (4.2)

where η = diag(−1, 1, . . . , 1) and x2 ≡ ηµνxµxν , and the Killing vectors are given by

ξµ = ωµνx
ν + εν

[
δµν

(
1− H2

4 x2
)

+ H2

2 xµxν

]
, (4.3)

for constants εµ, ωµν , where indices are raised and lowered with ηµν and ηµλωλν = −ηνλωλµ.
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Any two vector fields commute into a third via the Lie bracket,

ξµ3 = ξν1∇νξ
µ
2 − ξ

ν
2∇νξ

µ
1 . (4.4)

The total set of vector fields forms an infinite-dimensional Lie algebra with the Lie bracket
as the commutator. The commutator of two Killing vectors gives another Killing vector,
so the isometries form a finite-dimensional Lie subalgebra of the algebra of all vector fields.
Our goal is to find an intermediate-sized algebra containing the subalgebra of isometries
by including additional diffeomorphisms, which will now be nonlinearly realized on a scalar
Goldstone mode instead of being isometries of the space. Importantly, we still wish the
algebra to be finite dimensional. Since we want the Goldstone mode to be a scalar field,
we consider diffeomorphisms whose generators are exact as one forms, i.e., ξµ = ∇µσ. The
dS Killing vectors are not exact, as can be verified by showing that they are not closed.

Taking the commutator of an exact diffeomorphism ∇µσ and a Killing vector ξµ gives
another exact diffeomorphism ∇µσ′ with σ′ ≡ ξµ∇µσ, so the exact diffeomorphisms form
a linear representation of the isometry group.

Commuting two exact diffeomorphisms formed from σa and σb gives a diffeomorphism
generated by the vector

ξµab ≡ ∇
νσa∇ν∇µσb −∇νσb∇ν∇µσa. (4.5)

One way to close the algebra is to require that ξµab is itself a Killing vector, which gives the
condition

∇(µξ
ab
ν) = ∇ρσa∇(µ∇ν∇ρ)σb −∇ρσb∇(µ∇ν∇ρ)σa = 0. (4.6)

We do not attempt to solve this equation in general, but rather restrict to the following
simpler sufficient condition that will be enough to encompass the exceptional scalar theories
of interest:

∇(µ∇ν∇ρ)σa = λ g(µν∇ρ)σa , ∇(µ∇ν∇ρ)σb = λ g(µν∇ρ)σb , (4.7)

where λ is some constant.
Before discussing the possible solutions to eq. (4.7), let us see the relevance for the

nonlinear scalar symmetries. The algebra including exact diffeomorphisms can be realized
nonlinearly on a Goldstone mode φ, provided the Goldstone mode transforms in the usual
linear way under the Killing vectors and nonlinearly under the exact diffeomorphisms
according to

δσaφ = σa + α

Λ(D+2)/2∇
µσa∇µφ . (4.8)

For example, the commutator of two of these transformations is

[δσa , δσb ]φ = − α2

ΛD+2 ξ
µ
ab∇µφ. (4.9)

From φ and the dS metric gµν , we can then build a metric that transforms covariantly
under the extended algebra, which can then be used to construct invariant interactions.

Returning to the condition (4.7), we can identify the following three sets of solutions
that separately form irreducible representations of the isometry group:
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• k = 0: this case corresponds to the trivial solution with ∇µσ = 0, i.e., σ is constant.
This is a degenerate case because the parameter σ corresponding to an exact dif-
feomorphism ∇µσ is only defined up to a constant, though the transformation (4.8)
depends on this constant. This constant represents a simple shift symmetry of the
scalar. From this point of view, the shift symmetry is not really an extension of the
spacetime isometries, but instead a kind of central extension realized by passing to
the nonlinear realization (4.8).

• k = 1: this case consists of the solutions with ∇(µ∇ν)σa = −H2gµνσa. This implies
that the exact diffeomorphisms are conformal Killing vectors. There are D+1 confor-
mal Killing vectors, corresponding to dilations and special conformal transformations.
In stereographic coordinates, the solutions read

σ = 1− x2H2/4
1 + x2H2/4(c+ cµy

µ) , yµ ≡ xµ/(1− x2H2/4) . (4.10)

These can be written as the restrictions of the ambient space objects SAXA. The
Killing and conformal Killing vectors together generate the algebra so(D, 2). The as-
sociated Goldstone mode is the dilaton. The following metric transforms covariantly
under the nonlinearly realized symmetries

G(1)
µν ≡ e2φ̂gµν , φ̂ ≡ − αH2

Λ(D+2)/2φ, (4.11)

and can be used to construct invariant Lagrangians as diffeomorphism invariants
(aside from a single Wess-Zumino term) [33].

• k = 2: lastly, we have the solutions with ∇(µ∇ν∇ρ)σa = −4H2g(µν∇ρ)σa. These
read in stereographic coordinates

σ =
(

1− x2H2/4
1 + x2H2/4

)2

(c+ cµy
µ + cµνy

µyν) . (4.12)

These can be written as the restrictions of the ambient space objects SABXAXB. The
associated Goldstone mode will be the special galileon with the nonlinearly realized
algebra sl(D + 1,R). In this case, we can construct the metric (2.16),

G(2)
µν ≡ gµν −H−2∇µ∇ν φ̂+H−2∇µφ̂∇ν φ̂, φ̂ ≡ − 2αH2

Λ(D+2)/2φ, (4.13)

which transforms covariantly under the nonlinearly realized symmetries.10

All of the above solutions can be written in the form

σ =
(

1− x2H2/4
1 + x2H2/4

)k
Pk(y) , (4.14)

10Actually, it transforms covariantly under a slightly larger set of symmetries, namely gl(D + 1,R).
However, since the special galileon Lagrangian is a Wess-Zumino term, it cannot be written in terms of this
metric, so it only has sl(D+ 1,R) symmetry. Similarly, the appearance of e−(D+1)φ̂ in eq. (2.15) breaks the
symmetry of the equation of motion down to sl(D + 1,R).
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where k ∈ {0, 1, 2} and Pk are k-th order polynomials in y, as given in eqs. (4.10) and (4.12)
for k = 1, 2. These solutions can be lifted to the ambient space functions

Σ = 1
(X2H2)k/2

SA1...AkX
A1 . . . XAk , (4.15)

where the overall factor of (X2H2)−k/2 is chosen so that Σ has weight zero. The nonlinear
realization (4.8) of the exact diffeomorphisms on the Goldstone mode φ can then be written
in ambient space as

δΦ = Σ + αH2X2

Λ(D+2)/2∇AΣ∇AΦ , (4.16)

where the ambient space field Φ has weight zero.
This discussion shows how we can identify the transformations of Goldstone scalars

in dS space with various subsets of non-Killing diffeomorphisms. The trivial case k = 0
yields a scalar field with a constant shift symmetry. The cases k = 1 and k = 2 are the
curved-space analogues of the flat space dilaton and special galileon. For flat space, it is
known that the corresponding algebras so(D, 2) and igl(D) = gl(D,R) n RD are the only
finite-dimensional Lie subalgebras of the diffeomorphism algebra properly containing the
Poincaré isometry algebra [46].11 We do not know if a similar statement has been proven
for dS space.

5 Conclusions

We have elucidated the structure of exceptional effective field theories of a single self-
interacting scalar field on dS space. A particularly interesting example is the k = 2 theory
with a mass m2 = −2(D+1)H2, which is the dS version of the special galileon. We found a
simpler formulation of this theory and showed that it is related to the original formulation
of ref. [28] by a field transformation that can be thought of as a dS uplift of galileon duality.
The k = 1 theory, with a mass m2 = −DH2, has two natural formulations: as the DBI
theory of a dSD brane probing an AdSD+1 bulk and as the dilaton of broken conformal
symmetry on dS space. We found strong evidence that these two formulations are also
equivalent, related by a field transformation that is a dS uplift of the transformation of
refs. [19, 20]. Finally, we gave a new interpretation of these symmetries as sets of broken
diffeomorphisms.

The coset construction gives a systematic way to build Goldstone effective field the-
ories that are invariant under a given symmetry breaking pattern for internal symme-
tries [34, 47, 48]. The effective field theories obtained are unique, in the sense that any two
theories with the same breaking pattern will be equivalent under field redefinitions of the
Goldstones. The Goldstones parametrize the coset, and the field redefinitions are different
parameterizations of the coset. For spacetime symmetries, the coset construction is more
involved [46, 48], and the number of the Goldstones is not generally equal to the dimen-
sion of the coset. As far as we know, there is no proof that effective field theories with the

11Note that flat space DBI has as its symmetry algebra iso(D, 1), which is not a subalgebra of D-
dimensional diffeomorphisms, so it is not realized in this way.
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same spontaneous spacetime symmetry breaking pattern, and the same degrees of freedom,
are always equivalent (this is expected to be the case, although there are subtleties when
coupling to matter [49, 50]). Our results here give more evidence that they are in fact
the same; different realizations of the same symmetry breaking pattern on the fields give
theories whose Lagrangians look very different, but which are related by non-trivial field
redefinitions involving all orders in powers of the field.

A natural extension of our study would be to explore where there are similarly sim-
ple (A)dS formulations of shift-symmetric theories that involve higher-spin particles. For
example, there are shift-symmetric theories containing spin-1 fields on curved and flat
space [51–53] that may have more unified formulations, and there may be higher-spin
examples as well [28].

An important open question is to understand the on-shell avatar of the symmetries of
these exceptional scalar theories in curved spacetimes, where the natural observable quanti-
ties are boundary correlation functions. This is the purview of the cosmological bootstrap,
which aims to classify the space of possible cosmological correlators, and so constrain the
physics of inflation (see, e.g., refs. [54–68] for recent developments). It is natural to wonder
about the role of these scalar theories in the bootstrap construction: how precisely are
their special properties reflected in their (A)dS correlators? We expect that, much like in
the flat space case, their correlation functions will display a rich web of interconnections,
which could help reveal some underlying general structures of cosmological correlators. An
intriguing direction to pursue is to search for (A)dS versions of the double copy and scat-
tering equations. Some aspects of color-kinematics duality and the double copy have been
studied in refs. [69–74], but much of the structure remains mysterious. Similarly, scattering
equations in AdS have just begun to be explored [75–77]. It is natural to expect that these
exceptional scalar theories will be similarly helpful in elucidating these structures as they
were in flat space.
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