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Abstract: For a static and spherically symmetric black hole, a photon sphere is composed
of circular null geodesics of fixed radius, and plays an important role in observing the black
hole. Recently, in an Einstein-Maxwell-scalar model with a non-minimal coupling between
the scalar and electromagnetic fields, a class of hairy black holes has been found to possess
two unstable and one stable circular null geodesics on the equatorial plane, corresponding to
three photon spheres outside the event horizon. In this paper, we study quasinormal modes
of the scalar field, which are associated with these circular null geodesics, in the hairy black
hole spacetime. In the eikonal regime with l� 1, the real part of the quasinormal modes is
determined by the angular velocity of the corresponding circular geodesics. The imaginary
part of the quasinormal modes associated with the unstable circular null geodesics encodes
the information about the Lyapunov exponent of the corresponding circular geodesics.
Interestingly, we find long-lived and sub-long-lived modes, which are associated with the
stable and one of the unstable circular null geodesics, respectively. Due to tunneling through
potential barriers, the damping times of the long-lived and sub-long-lived modes can be
exponentially and logarithmically large in terms of l, respectively.
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1 Introduction

In the last decade, gravitational waves from a binary black hole merger were successfully
detected by LIGO and Virgo [1], and subsequently the first image of a supermassive black
hole at the center of galaxy M87 was photographed by the Event Horizon Telescope (EHT) [2–
7], which opens a new era of black hole physics. Due to the event horizon, a black hole is a
dissipative system, eigenmodes of which are quasinormal modes. The final stage of a binary
black hole merger is ringdown, in which the gravitational waveforms are described by a
superposition of quasinormal modes [8]. Quasinormal modes with complex frequencies have
vast applications in black hole physics [9–20]. In particular, a linear perturbation can induce
a discrete set of quasinormal modes, whose imaginary part is related to the damping time
scale. The spectrum of quasinormal modes therefore provides a perspective on the study of
stability of the background spacetime [21–26]. Moreover, the most dominant quasinormal
modes can be used to check the validity of the strong cosmic censorship conjecture [27–29].

Since exotic horizonless objects, e.g., wormholes and ultra-compact objects (UCOs), have
optical observations similar to black holes, they have recently attracted great attention [30–
37]. Interestingly, a reflecting boundary in the wormhole or UCO spacetime can produce a set
of time-delay echoes, which are characterized by quasinormal modes [38–41]. Furthermore,
UCOs have been conjectured to suffer from instabilities due to the existence of a family
of long-lived quasinormal modes, which appear in the neighborhood of a stable circular
null geodesic [42–44]. For instance, a linear ergoregion instability associated with long-lived
modes may occur for a spinning object with a sufficiently high rotation speed [45–47].
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Intriguingly, unstable null geodesics have been revealed to be closely related to a class
of quasinormal modes of perturbations in the black hole spacetime [9, 10, 16, 48–52]. In [9],
null geodesics were first found to be connected with quasinormal modes in Schwarzschild
and slowly rotating Kerr black holes. Using the WKB approximation in the eikonal limit,
the authors of [48] elaborated the connection in the static, spherically symmetric and
asymptotically flat black hole background. To be more specific, it verified that the real part
of quasinormal modes is proportional to the angular velocity of the corresponding unstable
circular null geodesic, while the imaginary part is determined by the Lyapunov exponent of
the orbit. Furthermore, the relation between null geodesics and quasinormal modes was
generalized to Kerr black holes of arbitrary spin in [16], which showed an extra precession
modification in the real part compared to non-rotating black holes.

The No-hair theorem asserts that a black hole is uniquely determined by its three
parameters, i.e., mass, electric charge and angular momentum [53–55]. However, hairy black
holes with extra freedom have been constructed in various models, which provide counter-
examples to the no-hair theorem [56–62]. Recently, a type of Einstein-Maxwell-scalar (EMS)
models with a non-minimal coupling between the scalar and electromagnetic fields have been
extensively studied in the literature [23, 26, 63–78]. In the EMS models, the non-minimal
coupling destabilizes scalar-free black holes and induce the onset of spontaneous scalarization
to form hairy black holes with a scalar hair [63]. In [24, 25, 79], the stability of the hairy
black holes was analyzed by calculating their quasinormal modes of various perturbations.
Decaying quasinormal modes may suggest that the hairy black holes are the endpoints of
the dynamic evolution from unstable scalar-free black hole solutions.

Surprisingly, it showed that in a certain parameter regime of the hairy black holes, there
exist two unstable and one stable null circular null geodesics on the equatorial plane, which
indicates three photon spheres of different sizes outside the event horizon [76, 77]. Due to a
double-peak structure appearing in the potential of the photon radial motion, the existence
of two unstable photon spheres can remarkably affect the optical appearance of black holes
illuminated by the surrounding accretion disk, e.g., leading to bright rings of different radii
in the black hole image [76] and significantly increasing the flux of the observed image [77].
The relation between null geodesics and quasinormal modes has been rarely reported for
black holes with more than one photon sphere. Moreover, multiple photon spheres appearing
in some spacetime signal the existence of long-live modes, which may render the spacetime
unstable [42–44]. Therefore, it is of great interest to study quasinormal modes of the hairy
black holes endowed with three photon spheres. Note that multiple photon spheres have
recently been reported in different black hole models [80–82].

In this paper, we use the WKB method to calculate quasinormal modes localized
at circular null geodesics of the hairy black holes with three photon spheres. The rest
of the paper is organized as follows. In section 2, we study null circular geodesics of
hairy black holes in the EMS model, as well as the orbital stability by evaluating the
Lyapunov exponent. Subsequently, quasinormal modes trapped at different circular null
geodesics are obtained in section 3. We conclude our main results in section 4. The
appendix A is devoted to derivations of some WKB formulas. We set 16πG = 1 throughout
this paper.
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2 Hairy black holes

In this section, we first briefly review spherically symmetric hairy black hole solutions in
the EMS model. Subsequently, we study circular geodesics for photons around the hairy
black holes and compute the corresponding Lyapunov exponents.

2.1 Black hole solution

In the EMS model, the action is given by

S =
∫
d4x
√
−g

[
R− 2∂µφ∂µφ− eαφ

2
FµνFµν

]
, (2.1)

where the scalar field φ is minimally coupled to the metric field and non-minimally coupled
to the electromagnetic field Aµ. Here, Fµν = ∂µAν − ∂νAµ is the electromagnetic field
strength tensor, and eαφ2 is the coupling function between φ and Aµ. Following [26, 63], we
restrict our attention to static, spherically symmetric and asymptotically flat black hole
solutions with the generic ansatz

ds2 = −N (r) e−2δ(r)dt2 + 1
N (r)dr

2 + r2
(
dθ2 + sin2 θdϕ2

)
,

Aµdx
µ = V (r) dt and φ = φ (r) . (2.2)

The equations of motion are then given by

N ′ (r) = 1−N (r)
r

− Q2

r3eαφ2(r) − rN (r)φ′2 (r) ,[
r2N (r)φ′ (r)

]′
= −αφ (r)Q2

eαφ2(r)r2 − r
3N (r)φ′3 (r) ,

δ′ (r) = −rφ′2 (r) , (2.3)

V ′ (r) = Q

r2eαφ2(r) e
−δ(r),

where primes denote derivatives with respect to r, and the integration constant Q is
interpreted as the electric charge of the black hole solution.

To find black holes solutions from the non-linear ordinary differential equations (2.3), one
needs to impose proper boundary conditions at the event horizon rh and the spatial infinity,

N(rh) = 0, δ(rh) = δ0, φ(rh) = φ0, V (rh) = 0,
N(∞) = 1, δ(∞) = 0, φ(∞) = 0, V (∞) = Φ, (2.4)

where Φ is the electrostatic potential. The two parameters δ0 and φ0 determine the
asymptotic behavior of the solutions in the vicinity of the horizon. Moreover, the black hole
mass M , which is related to the ADM mass, can be obtained via M = lim

r→∞
r [1−N(r)] /2.

In this paper, we set M = 1 and use a shooting method to numerically solve eq. (2.3)
for black hole solutions matching the boundary conditions (2.4). It is manifest that the
scalar-free solutions with φ = 0 (i.e., Reissner-Nordström black holes) can exist in the EMS
model. Nevertheless, we focus on hairy black holes with the non-trivial profile of the scalar
field φ. For instance, we exhibit the profile of the metric functions for the hairy black hole
solution with α = 0.9 and Q = 1.066 in the left panel of figure 1.
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2.2 Circular null geodesics

Owing to strong gravity near a black hole, photons are forced to travel in circular null
geodesics on photon spheres, which play an important role in determining properties of the
black hole image seen by a distant observer (e.g., the size of the black hole shadow). Here,
circular null geodesics of the spherically symmetric hairy black hole are studied. Without
loss of generality, we consider a photon moving on the equatorial plane with θ = π/2. To
obtain equatorial geodesics, we start from the Lagrangian

L = 1
2

(
−N (r) e−2δ(r)ṫ2 + 1

N (r) ṙ
2 + r2ϕ̇2

)
, (2.5)

where dots denote derivatives with respect to the affine parameter τ . The generalized
canonical momenta for this Lagrangian are defined as

−pt = N (r) e−2δ(r)ṫ = E,

pϕ = r2ϕ̇ = L, (2.6)

pr = 1
N
ṙ.

Note that the metric of the hairy black hole spacetime is independent of t and ϕ. So the
spacetime admits two Killing vectors, which are associated with the conserved energy E
and momentum L, respectively, in eq. (2.6). Varying the Lagrangian (2.5) with respect to r
yields the radial equation of motion for the photon,

d

dτ

∂L
∂ṙ

= ∂L
∂r
. (2.7)

With the help of eq. (2.6), eq. (2.7) becomes

e−2δ(r)ṙ2 = E2 − e−2δ(r)N (r)
r2 L2, (2.8)

which describes a null geodesic. For later use, one can introduce the geometric potential as

Vgeo (r) = e−2δ(r)N (r)
r2 . (2.9)

Accordingly, a null circular geodesic at r = rc can appear, provided that the conditions
Vgeo (rc) = E2/L2 and V ′geo (rc) = 0 are satisfied.

In figure 1, we present the geometric potential for hairy black holes with α = 0.9
for Q = 1.066, 1.064 and 1.059 in the right panel. When Q = 1.059 (the blue line), the
geometric potential possesses a single maximum outside the event horizon. Intriguingly for
Q = 1.066 and 1.064 (the red and orange lines), it displays a double-peak structure with
one minimum and two maxima, which implies that there exist three null circular geodesics
located at the extrema.
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Figure 1. Metric functions and geometric potential for hairy black hole solutions, where we take
α = 0.9. Left: the metric functions N (r) (solid line), φ (r) (dashed line) and δ (r) (dotted line)
for the hairy black hole solution with Q = 1.066 are plotted outside the event horizon (vertical
dashed line). Right: the geometric potential for different hairy black holes with Q = 1.066 (red line),
Q = 1.064 (orange line) and Q = 1.059 (blue line). For a large value of charge (e.g., the red and
orange lines), the geometric potential possesses a double-peak structure with one local minimum
and two local maxima. By contrast, the double-structure disappears as the charge decreases (e.g.,
the blue line), leaving only a single maximum of the geometric potential.

2.3 Lyapunov exponent

The Lyapunov exponent is proposed to characterize the rate of separation of adjacent
trajectories in the phase space [48, 83]. In a dynamical system, the sign of the Lyapunov
exponent can be used to determine whether adjacent trajectories converge or not. Specifically,
positive Lyapunov exponents correspond to the divergent trajectories, while negative ones
to the convergent trajectories. Therefore, we can study the stability of null circular orbits
around a hairy black hole by evaluating their Lyapunov exponents. Moreover, the Lyapunov
exponent can be closely related to quasinormal modes of black holes. Indeed, it showed
in [48] that, if the geometric potential has a single maximum, the imaginary part of
quasinormal modes is determined by the Lyapunov exponent of the unstable circular orbit
at the maximum in the eikonal regime.

To describe circular orbits in spherically symmetric spacetime, we focus on a two
dimensional phase space spanned by Xi (t) ≡ (pr, r). The equations of motion in this phase
space can be schematically written as

dXi

dt
= Hi (Xj) . (2.10)

To obtain the Lyapunov exponent of a given orbit, we need to linearize eq. (2.10) around
the orbit,

dδXi (t)
dt

= Kij (t) δXj (t) , (2.11)

where the linear stability matrix Kij (t) is

Kij (t) = ∂Hi

∂Xj

∣∣∣∣∣
Xi(t)

=
(

0 d
(
ṫ−1ṗr

)
/dr

ṫ−1N 0

)
. (2.12)
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The solution to the linearized equation (2.11) can be expressed as

δXi (t) = Lij (t) δXj (0) , (2.13)

where the evolution matrix Lij (t) satisfies

dLij (t)
dt

= Kim (t)Lmj (t) , (2.14)

and Lij (0) = δij . The principal Lyapunov exponent is related to the determination of the
eigenvalues of Lij , i.e.,

λ = lim
t→∞

1
t

log Ljj (t)
Ljj (0) . (2.15)

From eq. (2.12), the principal Lyapunov exponent can be written as

λ = ±

√
ṫ−1N

d

dr

(
ṫ−1ṗr

)
, (2.16)

where we choose the + sign for the Lyapunov exponent [48]. Specifically, the Lyapunov
exponent of a circular orbit at r = rc can be expressed in terms of the geometric potential,

λ|r=rc
=

√
−L

2e2δ

2ṫ2
V ′′geo

∣∣∣∣∣∣
r=rc

=
√
− 1

2Vgeo

d2

dx2Vgeo

∣∣∣∣∣
r=rc

, (2.17)

where the tortoise coordinate x is defined by dx/dr ≡ eδ(r)N−1 (r). For a circular null
orbit located at a local maximum of the geometric potential with V ′′geo < 0, the Lyapunov
exponent λ is positive, which implies that the orbit is unstable under small perturbations.
On the other hand, a circular orbit located at a local minimum has V ′′geo < 0 and hence has
a purely imaginary value of the Lyapunov exponent, which implies that the orbit is stable.
Therefore, a black hole with a double-peak geometric potential (e.g., Q = 1.066 and 1.064
in figure 1) has two unstable circular null geodesics at the local maxima and a stable one at
the local minimum. In addition, we introduce the angular velocity Ω of the circular orbit at
r = rc via

Ω|r=rc
= ϕ̇

ṫ

∣∣∣∣
r=rc

=
√
Vgeo

∣∣∣
r=rc

, (2.18)

which can be related to the real part of quasinormal modes [48].

3 Quasinormal modes

In this section, we consider the perturbation of the scalar field and compute its quasi-
normal modes that are associated with the circular null geodesics in the hairy black hole
background (2.2). For a scalar perturbation of mode

δφ = e−iωt
Ψωl (r)Ylm (θ, φ)

r
, (3.1)
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Figure 2. The effective potential Vl as a function of the tortoise coordinate x. Here we present a
local region of the effective potential for the hairy black hole with α = 0.9 and Q = 1.066. Note
that the effective potential tends to vanish as x→ ±∞. The horizontal dashed lines represent the
real parts of quasinormal modes ω2 in different cases, which intersect the effective potential at the
turning points labelled by x1, x2, x3 and x4. The black points denote the extrema of Vl at xa, xb

and xc, respectively, which correspond to the circular null geodesics in the eikonal limit. Around
the extrema, the effective potential can be approximated by a parabola between the blue points x−
and x+.

we can separate the angular variables and express the linearized equation for Ψωl (r) in the
following general form, (

d2

dx2 + ω2 − Vl (r)
)

Ψωl (r) = 0, (3.2)

where the effective potential is

Vl (r) = e−2δ(r)N (r)
r2

[
l (l + 1) + 1−N (r)− Q2

r2eαφ(r)2 −
(
α+ 2α2φ (r)2

) Q2

r2eαφ(r)2

]
.

(3.3)
In the eikonal regime (l� 1), the effective potential reduces to

Vl (r) ' l2
e−2δ(r)N (r)

r2 = l2Vgeo (r) , (3.4)

where Vgeo (r) is the aforementioned geometric potential. It is worth emphasizing that
the full perturbed fields around the hairy black hole background were considered in [24].
In particular, eq. (41) of [24] describes the scalar perturbation propagating in the hairy
black holes. In the eikonal limit with l→∞, keeping only the O

(
l2
)
leading terms in the

right-hand side of eq. (41) would reduce eq. (41) to eq. (3.2) with the effective potential (3.4).
Note that the terms coupling the gravitational and electromagnetic sectors with the scalar
perturbation are the order of l and hence are subleading in the eikonal limit.

In figure 2, we plot the effective potential Vl with l = 3 for the hairy black hole solution
with α = 0.9 and Q = 1.066. Like the geometric potential, Vl displays a double-peak
structure, i.e., two local maxima and one minimum. The effective potential Vl with l > 3 is
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found to have a similar profile. Since quasinormal modes are determined by the effective
potential Vl, multiple local extrema of Vl could lead to distinct types of quasinormal modes.
In the rest of the section, we apply the WKB approximation to studying quasinormal modes
trapped at the extrema of the effective potential with a double-peak structure. These
modes can be interpreted as photons moving in the circular null geodesics determined
by Vgeo (r), which leak out slowly. Since we are interested in the large l limit, the WKB
approximation can be accurate enough for computing quasinormal modes. Note that
quasinormal modes occur only when appropriate boundary conditions are imposed, i.e.,
purely ingoing modes at x = −∞ (at the event horizon) and purely outgoing modes at
x = +∞ (at the spatial infinity),

Ψωl ∼ e−iωx, when x = −∞,
Ψωl ∼ eiωx, when x = +∞. (3.5)

For comparison, we perform a direct integration to numerically solve eq. (3.2) to obtain
exact quasinormal modes of interest for hairy black holes [24, 42]. To accurately extract
exact modes, we use the NDSolve function built in the Wolfram Mathematica to search for
quasinormal modes satisfying the boundary condition (3.5), where the ingoing and outgoing
modes are expanded into series up to 14th order near the event horizon and in the far
field, respectively. Without causing any ambiguity, we denote the geometric potential, the
effective potential and the metric functions with respect to the tortoise coordinate x by
Vgeo (x), Vl (x), N (x) and δ (x), respectively.

3.1 Modes at global maximum

We first discuss the quasinormal modes of frequency ωa trapped at the global maximum of
the effective potential at x = xa. For such modes, the

(
ω2
a

)R line lies close to the global
maximum and intersects the potential at the turning points x1 and x2, around which
the WKB approximation fails. There exists some small positive constant δ such that the
WKB approximation is valid for x < x1 − δ and x > x2 + δ. Therefore, the solution of
eq. (3.2) can be approximated by the WKB expansions in (−∞, x1 − δ) and (x2 + δ,+∞),
which match the ingoing and outgoing boundary conditions, respectively. In the vicinity of
x = xa, the potential can be approximated by a parabola. If

(
ω2
a

)R is close enough to the
global maximum, there exist x− and x+ with x− < x1 − δ < x2 + δ < x+, such that the
effective potential is well approximated by a parabola for x− < x < x+ (see figure 2). In
(x−, x+), eq. (3.2) with an approximated parabolic potential can be exactly solved in terms
of parabolic cylinder functions. Furthermore, a complete solution requires that the two
WKB expansions should be smoothly connected by the exact solution in the overlapping
regions (x−, x1 − δ) and (x2 + δ, x+). The matching procedure then gives [84]

ω2
a − Vl (xa)√
−2V (2)

l (xa)
= i

(
n+ 1

2

)
with n = 0, 1, 2 · · · , (3.6)

where the superscript of V (2)
l (xa) denotes the second derivative over the tortoise coordi-

nate x.
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Table 1. Lowest-lying quasinormal modes living near the global maximum of the effective potential,
which are computed by a numerical method of direct integration and the WKB method. The exact
quasinormal frequencies are well approximated by the WKB results.

The matching condition (3.6) leads to a set of discrete quasinormal modes ωa, labelled
by the integer n. In the eikonal regime (l� 1), the quasinormal modes reduce to

ωa = l
√
Vgeo (xa)− i

(
n+ 1

2

)√√√√− V
(2)

geo (xa)
2Vgeo (xa)

, (3.7)

where xa becomes the global maximum of the geometric potential in the eikonal limit. Using
eqs. (2.17) and (2.18), one can express the quasinormal modes (3.7) as

ωa = Ωal − i
(
n+ 1

2

)
λa, (3.8)

where Ωa and λa are the angular velocity and the Lyapunov exponent of the unstable
circular orbit at the global maximum of the geometric potential, respectively. Interestingly,
since the Lyapunov exponent of the unstable circular orbit describes the instability timescale
of the geodesic motion, the Lyapunov exponent contributes to the imaginary part of the
quasinormal modes. Note that the case with a single maximum of the geometric potential
was found to have the same relation between quasinormal modes and circular null geodesics
as eq. (3.8) [48]. In table 1, we present the exact and WKB approximated quasinormal
frequencies of the lowest-lying modes (n = 0) near the global potential maximum for various l
in the hairy black hole with α = 0.9 and Q = 1.066. It shows that the WKB approximation is
quite accurate to obtain quasinormal modes trapped at the global maximum of the potential.

3.2 Long-lived modes at minimum

In this subsection, the quasinormal modes of low and high excitations trapped at the
minimum of the effective potential are derived via the WKB approximation, respectively.
We find that there exist long-lived quasinormal modes, which is related to the stable circular
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null geodesic with a purely imaginary Lyapunov exponent. It is noteworthy that the
existence of long-lived modes has been reported in the spacetime of ECOs with an unstable
photon orbit [42].

We first discuss the low-lying quasinormal modes of frequency ωbl. As illustrated in
figure 2, the

(
ω2
bl

)R line intersects the effective potential at the turning points x1, x2, x3
and x4. Suppose the WKB approximation is valid at a distance δ away from these turning
points, where δ > 0 is a small constant. If the

(
ω2
bl

)R line is close enough to the local
minimum at x = xb, both x2 − δ and x3 + δ can lie in the interval (x−, x+), in which the
effective potential is well approximated by a parabolic expansion. With the approximated
parabolic potential, the exact solution of eq. (3.2) can be expressed in terms of parabolic
cylinder functions for x ∈ (x−, x+). In addition, the effective potential can be approximated
by a linear function near x1 and x4, which leads to the exact solutions in the neighborhoods
of x1 and x4. The WKB expansions are required to match the exact solution in (x−, x2 − δ),
(x3 + δ, x+) and the neighborhoods of x1 and x4. This matching strategy then gives a family
of quasinormal modes [85],(
ω2
bl

)R
= Vl (xb) +

(
n+ 1

2

)√
2V (2)

l (xb),

(
ω2
bl

)I
= − γ2

n

2
∫ x3
x2

dx√
(ωR

bl)
2−Vl(x)

e−2
∫ x2

x1

√
Vl(x)−(ωR

bl)
2
dx + e

−2
∫ x4

x3

√
Vl(x)−(ωR

bl)
2
dx

 , (3.9)

where

γn = π1/4 1
2n/2
√
n!

(2n+ 1
e

) 1
2 (n+ 1

2 )
. (3.10)

Moreover, eq. (3.9) indicates
(
ω2
bl

)R− Vl (xb) ∝ n+ 1
2 , which means that a large n can drive

the
(
ω2
bl

)R line away from the local minimum, making x2 ∈ (x−, x+) and x3 ∈ (x−, x+)
impossible. Therefore, eq. (3.9) is only applicable to the low-lying modes with small n. In
figure 3, eqs. (3.9) is used to evaluate the lowest-lying modes (n = 0) of the hairy black
hole with α = 0.9 and Q = 1.066, which are denoted by gray dots. Additionally, a direct
integration numerically solves eq. (3.2) for exact modes, which are represented by blue
dashed lines. We plot the real part ωRbl against l in the left panel, which shows that the
WKB results match well with the numerical ones. As for the imaginary part ωIb in the right
panel, the WKB results differ a little from the numerical ones for a small l. Nevertheless,
the WKB results tend to approach the numerical ones as l increases, which demonstrates
that the WKB approximation is accurate enough when l is large enough. To be informative,
we provide the WKB approximated values of the long-lived modes of figure 3 and the
associated exact values in table 2.

In the large l limit, the real part ωRbl can be approximated by,

ωRbl ∼ Ωbl − i
(
n+ 1

2

)
λb ∼ Ωbl, l� 1, (3.11)

where Ωb is the angular velocity of the stable circular orbit at x = xb, and λb is the
corresponding Lyapunov exponent. Unlike the global maximum case, the Lyapunov exponent
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Figure 3. Real (left) and imaginary (right) parts of the lowest-lying quasinormal modes (n = 0)
trapped at the stable circular null geodesic. Blue dashed lines represent the exact modes obtained
by a numerical method of direct integration, while gray dots denote the WKB results. The real part
ωR

b increases monotonically with l. For a large l, the ratio between ωR
b and l is the angular velocity

of the circular geodesic. The magnitude of ωI
b decreases exponentially as l increases, which indicates

a class of long-lived modes.

Table 2. WKB approximated and exact values of the long-lived modes in figure 3.

λb is purely imaginary for the stable circular null geodesic, and hence contributes to the
real part of quasinormal modes. Nevertheless, the correction to ωRbl due to λb is negligible
for a small value of n in the large l limit. Hence, the real part of the low-lying quasinormal
modes trapped at the stable circular orbit is proportional to the corresponding angular
velocity. Schematically in the eikonal limit, the imaginary part ωIbl can be expressed as

ωIbl ∼ −d
(
e−c1l + e−c2l

)
, l� 1, (3.12)

where d, c1 and c2 are positive constants. It is observed that ωIbl decays exponentially with
respect to l due to the double potential barriers. In fact, ωIbl is related to the flux density of
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leaking modes outside the double potential barriers. An exponentially small value of ωIbl
indicates that the double potential barriers trap these modes in the potential valley with
an exponentially large damping time. The quasinormal modes living in the vicinity of the
stable null geodesic are thus dubbed as the long-lived modes. Since the long-lived modes
can accumulate around the stable null geodesic, their backreaction onto spacetime may
render the hairy black holes with a double-peak structure unstable [42–44].

To study quasinormal modes at high excitation (n� 1), we consider the
(
ω2
bh

)R line at
some distance away from the local minimum, which is illustrated in figure 2. In the vicinity
of each turning point, the effective potential can be approximated by a linear function. Then
in the neighborhoods of the turning points, eq. (3.2) can be exactly solved in terms of Airy
functions. Away from the turning points, WKB solutions provide a good approximation.
To obtain a complete solution, the WKB solutions should be smoothly glued up by the
exact solutions near the turning points, which leads to the generalized Born-Sommerfeld
quantization rule [85, 86],∫ x3

x2

√
ω2
bh − Vl (x)dx− i

4

(
e
−2
∫ x2

x1

√
Vl(x)−ω2

bh
dx + e

−2
∫ x4

x3

√
Vl(x)−ω2

bh
dx
)

= π

(
n+ 1

2

)
.

(3.13)
In the large l limit, we extract the real part of quasinormal modes from the quantization
rule (3.13), which reads ∫ x3

x2

√(
ωRbh

)2 − Vl (x)dx = π

(
n+ 1

2

)
. (3.14)

After the real part ωRbh is obtained, the imaginary part ωIbh is then given by

ωIbh = − 1
4ωRbh

∫ x3
x2

σ(x)√
(ωR

bh)2−Vl(x)
dx

e−2
∫ x2

x1

√
Vl(x)−(ωR

bh)2
dx + e

−2
∫ x4

x3

√
Vl(x)−(ωR

bh)2
dx

 ,
(3.15)

where
σ (x) = 2 cos2

(
−π4 +

∫ x

x2

√(
ωRbh

)2 − Vl (x)dx
)
. (3.16)

Since the
(
ω2
bh

)R line is not close to the local minimum, the left-hand side of eq. (3.14)
becomes large in the eikonal limit, leading to a large n. Thus, eqs. (3.14) and (3.15)
describe the quasinormal modes at high excitation with n� 1. In this case, σ (x) oscillates
dramatically between x2 and x3, and hence one has σ (x) ≈ 1 under the integration of
eq. (3.15). Consequently, the imaginary part of high excitation modes (3.15) can also be
schematically written as eq. (3.12) in the eikonal limit. So for l� 1, the quasinormal modes
at high excitation are also long-lived modes.

3.3 Sub-long-lived modes at local maximum

Finally, the quasinormal modes of frequency ωc, which live near the smaller local maximum
(i.e., the local maximum smaller than the global maximum), are investigated. As illustrated
in figure 2, we consider the

(
ω2
c

)R line lying in the vicinity of the local maximum at x = xc,
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which is associated with the outer unstable circular null geodesic. Following the analogous
strategy as before, the effective potential is approximated with a parabola in the interval
(x−, x+), and a linear function near the turning points x1 and x2. In addition, the turning
points x3 and x4 are assumed to lie in (x−, x+), which means that the WKB expansions
near x3 and x4 can match the exact solution with the parabolic potential. Considering
the boundary conditions and matching the WKB expansions with the exact solutions near
the turning points, we find the frequency of the quasinormal modes is determined by (see
appendix A for the derivation)∫ x3

x2

√
ω2
c − Vl (x)dx+ ξ + i

4e
−2
∫ x2

x1

√
Vl(x)−ω2

cdx =
(
n+ 1

4

)
π, (3.17)

where ξ is defined by

e−2iξ = e−iπν+(ν+1/2)
(
ν + 1

2

)−(ν+ 1
2 ) √2π

Γ (−ν) , ν + 1
2 = i

ω2
c − Vl (xc)√
−2V (2)

l (xc)
. (3.18)

Roughly speaking, the trapping in the potential valley and the tunneling through the left
potential barrier result in the first and last terms of eq. (3.17), respectively.

Since the distance between x3 and x4 is assumed to be small, the value of ν + 1/2
should be tiny compared to l. In fact, the matching condition (3.17) is valid to evaluate
quasinormal modes when the condition |ν + 1/2| � l is satisfied [85]. Note that the valley
of the effective potential becomes deeper/shallower as l increases/decreases. For a given n,
a large l would drive the

(
ω2
c

)R line away from the local maximum at x = xc, thus making
the first term in the left-hand side of eq. (3.17) small enough to satisfy eq. (3.17). However,
if
(
ω2
c

)R is not close enough to the local maximum, the condition |ν + 1/2| � l can be
violated, which indicates that the WKB result (3.17) is not a good approximation when
l is too large. In the case with large l, the effective potential can be approximated by a
linear function near the turning points x3 and x4, which leads to the WKB results (3.14)
and (3.15). For an even larger l, the

(
ω2
c

)R line can lie close to the minimum of the potential,
which corresponds to the aforementioned long-lived modes at low excitations. On the other
hand, when l decreases, the first term in the left-hand side of eq. (3.17) requires that the(
ω2
c

)R line moves toward the local maximum when n is fixed. Interestingly, a too small l
can make

(
ω2
c

)R greater than the local maximum, hence rendering the turning points x3
and x4 unable to exist. So the WKB result (3.17) may cease to exist when l is too small.

In figure 4, two branches of quasinormal modes are obtained using eqs. (3.17) and (3.18),
i.e., n = 0 in the upper row and n = 1 in the lower row. Moreover, we also plot the value of
|ν + 1/2| /l as a function of l for each branch of the quasinormal modes in the right column,
which checks the validity of the WKB approximation. Compared with exact modes (blue
dashed lines), the real part of the quasinormal modes (gray dots) is well approximated by
the WKB method. By contrast, the imaginary part of the WKB result matches that of
exact modes well except when l is too large, for which, as displayed in the right column, the
condition |ν + 1/2| � l is not well satisfied. It also shows that there exists a lowest l for
each branch (e.g., l = 6 for n = 0 and l = 32 for n = 1), below which the WKB results do
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Figure 4. Real part (left), imaginary part (middle) and |ν + 1/2| /l (right) of the quasinormal
modes, which are trapped at the local maximum of the effective potential, for the branches of n = 0
(upper) and n = 1 (lower). The left column shows that the real parts of the WKB results (gray
dots) agree well with these of exact modes (blue dashed lines). In the middle column, the imaginary
parts of WKB and exact results match well for small l, and start to deviate from each other when l
becomes larger. As shown in the right column, the value of |ν + 1/2| /l grows as l increases, which
means that the WKB approximation may not be accurate for a large l.

not exist. Note that the exact modes of n = 0 presented in figures 3 and 4 are precisely the
same. As expected, the exact modes are accurately described by the WKB results (3.17)
and (3.9) for small and large l, respectively.

To find the relation between the quasinormal modes and the parameters of circular null
geodesics, we focus on the limit |ν + 1/2| � 1. In this limit, the matching condition (3.17)
is further simplified (see appendix A for the derivation),

(
ω2
c

)R
≈ Vl (xc)+

√
−2V (2)

l (xc)2πI
I2 +π2/4

n−n∗− e−2
∫ x2

x1

√
Vl(x)−ω2

cdx

8I

 ,
(
ω2
c

)I
≈− log 2

2I

√
−2V (2)

l (xc)−

√
−2V (2)

l (xc)π2

I2 +π2/4

n−n∗− Ie−2
∫ x2

x1

√
Vl(x)−ω2

cdx

2π2

 , (3.19)

where I is

I = log
(√
−2V (2)

l (xc) (xc − x2)2
)

+ 2
∫ xc

x2


√
−2V (2)

l (xc)
2
√
Vl (xc)− Vl (x)

− 1
(xc − x)

 dx+ (γ + log 2π) , (3.20)

with a constant γ = 0.5772. Here, the number n∗ is defined as

n∗ ≡ 1
π

∫ xc

x2

√
Vl (xc)− Vl (x)dx+ log 2

8I −
1
2 , (3.21)
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Table 3. Pairs of sub-long-lived modes for different values of n. These quasinormal modes are
evaluated near the local maximum of the effective potential, corresponding to an unstable circular
null geodesic. The exact modes are numerically obtained using a direct integration, which can be
approximated well by the WKB method for small magnitude of 2π (n− n∗) /I.

which can be interpreted as the number of a resonance filling the potential well until(
ω2
c

)R = Vl (xc) in the eikonal limit. Moreover, the condition |ν + 1/2| � 1 requires

2π|n− n∗|
I

� 1, (3.22)

which provides a constraint on n and l. For quasinormal modes of given n, there appears to
exist a pair of adjacent integers l that well satisfy the constraint (3.22). For n ≤ 5, table 3
displays the quasinormal modes with such adjacent l. In this case, it shows that the exact
(obtained by a numerical direct integration method) and WKB (obtained from eq. (3.19))
results agree well with each other.

When n is large enough, the value of l satisfying the constraint (3.22) can be arbitrarily
large. In the large l limit, eq. (3.19) reduces to

ωRc ∼ l
√
Vgeo (xc) = Ωcl,

ωIc ∼ −
log 2
2 log lλc, (3.23)

where we use I ∼ log l for l� 1. Here Ωc is the angular velocity of the unstable circular null
geodesic at x = xc, and λc is the corresponding Lyapunov exponent. For these quasinormal
modes, the turning points x3 and x4 are very close to xc, and hence their real part ωRc
is proportional to the angular velocity Ωc. Similar to the global maximum case, the
Lyapunov exponent of the outer unstable circular orbit contributes to the imaginary part
of the quasinormal modes. However, these quasinormal modes can temporarily trap in the
potential valley, which gives a logarithmically decaying factor 1/ log l in their imaginary
part. For this reason, this type of quasinormal modes is dubbed as sub-long-lived modes.
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4 Conclusions

In this paper, we studied quasinormal modes of a scalar field in hairy black hole spacetime,
where the scalar field is minimally coupled to the gravity sector and non-minimally coupled
to the electromagnetic field with an exponential coupling function. Intriguingly, the hairy
black holes have been demonstrated to possess two unstable and one stable circular null
geodesics on the equatorial plane outside the event horizon, corresponding to two maxima
and one minimum of the geometric potential for null geodesic motion, respectively. It
showed that, apart from a constant prefactor, the effective potential governing quasinormal
modes of the scalar perturbation can be well approximated by the geometric potential in
the eikonal regime. To explore the relation between quasinormal modes and the parameters
of the circular null geodesics, we used the WKB method to compute quasinormal modes
living near the global maximum, the smaller local maximum and the minimum of the
effective potential.

In the large l limit, the real part of these quasinormal modes was shown to be propor-
tional to the angular velocity of the corresponding circular null geodesics, which implies
that the quasinormal modes can be related to particles traveling along the circular null
geodesics. However, since the imaginary part ωI describes the perturbation decay timescale,
ωI was found to have distinct behaviors, depending on the location of the quasinormal
modes. For the quasinormal modes near the global maximum, ωI can be interpreted as
slowly leaking out of particles trapped at the unstable circular null geodesics, and is related
to the Lyapunov exponent, which reflects the instability timescale of geodesic motion. On
the other hand, the effective potential valley between two maxima plays a key role in
determining the behavior of ωI of quasinormal modes near the local maximum and the
minimum in the eikonal regime. When l� 1, the depth of the potential valley was found to
be proportional to l2. The quasinormal modes living at the bottom of the potential valley
(i.e., the minimum) are metastable states with tunneling out through the high potential
barriers, which gives that ωI decays exponentially with respect to l. There appeared to be
two contributions to ωI of the quasinormal modes near the local maximum, i.e., classical
leaking out from the unstable circular null geodesics, which makes ωI proportional to the
Lyapunov exponent, and tunneling out through the global maximum barrier, which makes
ωI inversely proportional to log l. Due to the exponential and logarithmic suppressions in ωI ,
the quasinormal modes in the neighborhoods of the minimum and local maximum can live
for a long time, and hence were dubbed as long-lived and sub-long-lived modes, respectively.

In this paper, we focused on quasinormal modes near potential extrema. One may
wonder whether there exist some quasinormal modes, which live between the extrema and
are not exactly associated with any of them. We exhibit the l = 5 quasinormal modes of
the hairy black hole with α = 0.76 and Q = 1.045 in figure 5, where horizontal lines denote
the real parts of the exact numerical quasinormal modes ω2. The quasinormal modes at the
global maximum, the smaller maximum and the minimum of the potential are represented
by red, blue and green lines, respectively. Moreover, the exact numerical and the WKB
approximated quasinormal frequencies of the modes are presented in the right frame, which
shows that they are in good agreement. Interestingly, between the quasinormal modes at the
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Figure 5. The l = 5 quasinormal modes of the hairy black hole with α = 0.76 and Q = 1.045. The
orange line denotes the double-peak effective potential against the tortoise coordinate x, and the
horizontal lines represent the real parts of exact quasinormal modes ω2. Apart from the quasinormal
modes near the global maximum (red line), the smaller maximum (blue line) and the minimum
(green line) of the potential, there exist quasinormal modes (black dotted lines) between the potential
extrema, which can not be determined accurately by the WKB approximation.

potential extrema, there indeed appear several quasinormal modes, which are displayed as
black dotted lines. We find that the exact quasinormal frequencies of these modes noticeably
deviate from the WKB results, indicating that these quasinormal modes do not relate to
any extremum of the potential. As l increases, the potential peaks become higher, and the
potential valley becomes deeper, which, similar to energy levels in a finite square potential,
introduces more quasinormal modes living near and between the potential extrema. In
particular, it is expected that, when l � 1, a family of quasinormal modes is trapped at
each potential extremum, meaning that three extremum of double-peak potentials lead to
three families of quasinormal modes near the potential extrema.

The long-lived modes may accumulate along the stable circular orbit, and eventually
develop a non-linear instability. Moreover for a spinning object, the existence of long-lived
modes may also trigger an ergoregion instability at the linear level in the static limit [42].
These instabilities imply that long-lived modes trapped at the stable circular orbit could
destabilize the background spacetime by their backreaction. In the future studies, it is of
great interest to further address the instabilities of long-lived and sub-long-lived modes in a
hairy black hole, and explore the end point of a hairy black hole possessing three circular
null geodesics in a dynamic evolution.
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A Derivations of eqs. (3.17) and (3.19)

In this appendix, we follow [84–86] to give derivations of eqs. (3.17) and (3.19). As presented
in figure 2, we consider the

(
ω2
c

)R line close to the local maximum at x = xc, and discuss
the WKB solutions in different ranges of x. When x2 < x < x3, the WKB solution is

ΨI (x) ∼
[
ω2
c − Vl (x)

]−1/4
sin
(∫ x

x2

√
ω2
c − Vl (x′)dx′ +

π

4 + i

4e
−2
∫ x2

x1

√
Vl(x)−ω2

cdx
)
. (A.1)

For x > x4, the outgoing WKB solution is

ΨIII (x) ∼
[
ω2
c − Vl (x)

]−1/4
e
i
∫ x

x4

√
ω2

c−Vl(x′)dx′
. (A.2)

In the interval (x−, x+), the effective potential is approximated by a parabolic expansion,
for which the perturbative equation (3.2) can be exactly solved. To match the WKB
solution (A.2) in the region (x4, x+), the exact solution ΨII (x) is then given by

ΨII (x) ∼ Dν (t) , (A.3)

where Dν (t) represents the parabolic cylinder function, ν is defined in eq. (3.18), and
t ≡ eiπ/4[−2V (2)

l (xc)]1/4(x− xc). On the other hand, to match the solution (A.3) with the
exact solution ΨII (x) in the region (x−, x3), the WKB solution for x2 < x < x3 should be

Ψ′I (x) ∼
[
ω2
c − Vl (x)

]−1/4
sin
(∫ x3

x

√
ω2
c − Vl (x′)dx′ + ξ + π

2

)
, (A.4)

where ξ is defined in eq. (3.18). To satisfy ΨI (x) ∝ Ψ′I (x) for x ∈ (x2, x3), the sum of the
components of sine functions in eqs. (A.1) and (A.4) must be a multiple of π, which gives
eq. (3.17).

In the limit |ν + 1/2| � 1, the first term of the left-hand side of eq. (3.17) becomes∫ x3

x2

√
ω2
c − Vl (x)dx =

∫ x−

x2

√
ω2
c − Vl (x)dx+

∫ x3

x−

√
ω2
c − Vl (x)dx

≈
∫ xc

x2

√
Vl(xc)− Vl(x)dx

+ ia

2

(
log (ia)− 1− log

[√
−2V (2)

l (xc) (xc − x2)2
])

− ia
∫ xc

x2


√
−2V (2)

l (xc)
2
√
Vl(xc)− Vl(x)

− 1
(xc − x)

 dx, (A.5)

where we replace the effective potential by a parabola in the region (x−, xc), and a = ν+1/2.
Moreover, ξ in eq. (3.17) can be expanded as

ξ ≈ i

2

(
−iπa− a ln a+ ln 2

2 + iπ

2 + a [1− (γ + ln 2 + ln π)]
)
, (A.6)

where γ = 0.5772. From eqs. (3.17), (A.5) and (A.6), one can extract the real and imaginary
parts of ω2

c , which gives eq. (3.19).
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