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Abstract

Discrete time crystals beyond the MBL paradigm
Andrea Pizzi

Discrete time crystals (DTCs) are systems that, subject to a periodic forcing, respond

with a period larger than that of the drive. Breaking the discrete time-translational

symmetry of the underlying equations, DTCs maintain an innite autocorrelation time,

avoid ergodicity, and realize a novel nonequilibrium phase of maer. In most previous

proposals of DTCs, this peculiar behavior relied on the presence of (strong) disorder.

Indeed, according to the celebrated mechanism of many-body localization (MBL), disorder

can avert the otherwise generally expected ‘heat death’ to a featureless innite tempera-

ture state in a driven system. And yet, it has recently been discovered that alternative

mechanisms do exist through which thermalization can be avoided or signicantly slowed

down, such as connement from long-range interactions, so-called quantum scars, or

dynamical localization. is raises a number of natural questions: To what extent is

MBL needed to observe nontrivial dynamics? What classies a dynamics as nontrivial?

What mechanisms can stabilize what phenomenologies of time crystallinity? Are DTCs

possible in a classical seing and in which sense? In this dissertation, we address these

questions proposing and investigating various remarkable notions of DTCs beyond the

MBL-paradigm. Our journey across the zoology of time crystallinity embraces both

the quantum and the classical realms, and discusses DTCs in their quasi, higher-order,

fractional, and classical-stochastic avours. All these exotic phenomena are encompassed

by a unifying framework that we develop. Following this common thread, we justify

and emphasise the key elements that, we think, should characterise DTCs, namely their

many-body nature and the concept of universality in the nonequilibrium seing. Bring-

ing together problems from dierent elds such as condensed maer physics, statistical

physics, dynamical system theory, and epidemiology, we unveil striking ramications

of these remarkable dynamical phases of maer, advance our current understanding

of many-body nonequilibrium phenomena, and pave the way towards new potential

research avenues lying at the interface between multiple branches of science.

vii
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1
Introduction

1.1 Time crystals as nonequilibrium, emergent, collective

phases of matter

In his inuential paper ‘More Is Dierent’ [14], Philip Warren Anderson reects on

the implications of the reductionist hypothesis in science. From a reductionist perspective,

a large system might be analysed in terms of its many constituents. is point of view

may give the impression that the microscopic laws governing the elementary particles are

the only ‘truly fundamental’ ones. As Anderson notices, however, it turns out that “the

behavior of large and complex aggregates of elementary particles is not to be understood

in terms of a simple extrapolation of the properties of a few particles. Instead, at each

level of complexity entirely new properties appear, and the understanding of the new

behaviors requires research […] as fundamental in its nature as any other”.

Anderson’s idea that the whole can look very dierent from the sum of its parts can

be elucidated with a simple Gedankenexperiment, in which a system of classical water

molecules is placed in a container (what physicists would call a bath) at a temperature

𝑇0. We ask: how does the behavior of the water molecules change when varying 𝑇0?

If there is a way for the system to depend on the temperature 𝑇0 of the container, this

might be through the collisions happening between the water molecules and the walls

of the container. Intuitively, the larger 𝑇0 and the more a slow water molecule can be

speeded up when one such collisions occurs. e eect of raising the temperature is

therefore to increase the average speed of the water molecules, but the implications

of this increase crucially depends on the number 𝑁 of water molecules. If the system

is made up of a few (e.g., ten) molecules, its qualitative behavior is not fundamentally

dierent at high and low temperatures. For instance, any particle will eventually visit

any point of the volume of the container no maer what 𝑇0 is (although this exploration

takes longer for smaller 𝑇0). But if the number of molecules is very large (ideally 𝑁 = ∞,

but 𝑁 ∼ 10
23
as in a glass of water suces for practical purposes), something as familiar

1



2 Introduction

as truly remarkable happens: if cooled enough, the water freezes into ice, a space crystal
in which the interactions among the water molecules manage to frame them in a regular

laice despite their tendency to move under thermal agitation. In striking contrast with

the previous few-molecules case, a dramatic and sharp qualitative change happens at the

specic temperature 𝑇0 = 0
◦𝐶 , and for 𝑇0 < 0

◦𝐶 the water molecules do not visit the

entire volume of the container.

is example shows how, for a xed set of microscopic laws, the observed physics

crucially depends on the number 𝑁 of molecules in the system. Completely new phenom-

ena emerge as 𝑁 is increased towards innity: more is dierent, indeed. e relevance

of these emergent phenomena goes far beyond the melting of an ice cube, extending to

many of those complex systems in which a large number of entities (such as molecules,

atoms, neurons, people, or others) interact with one another giving rise to collective

eects. is scenario embraces virtually any branch of science, including physics, biology,

economy, and sociology, just to mention a few. From the point of view of physics, a central

concept in this context is that of phase transition, in which the phase of a system (loosely

dened by its qualitative features) changes abruptly, rather than smoothly, when varying

a parameter. at between ice and liquid water is an example of a phase transition, in

which the temperature acts as a control parameter.

An intimately related concept is that of symmetry breaking [15]. In a glass of liquid

water, the molecules move around chaotically so to ll space uniformly (at least in the bulk

of the system, and on average), as one would expect from the fact that the equations of

motion are themselves homogeneous. at is, the symmetry of the underlying equations

is maintained, on average, by the state of the system. By contrast, the molecules of a solid

block of ice are arranged in a regular laice, therefore occupying precise locations (ice

does not look continuous at the microscopic level). In this case, the equations are more

symmetric than their solution, that is, the system breaks the continuous translational

symmetry of the equations into a lower discrete translational one. is holds true more in

general, and a phase transition from a disordered phase to a more ordered, and therefore

somewhat less trivial, one is associated with the breaking of a given symmetry. For

instance, the paramagnetic-ferromagnetic transition in a spin system corresponds to the

breaking of the Z2 symmetry of the spins, and the normal-superuid transition in liquid

helium coincides with the breaking of a slightly more exotic symmetry called𝑈 (1) [15].
From the above discussion, one may well expect that any symmetry can be associated,

once broken, to a nontrivial phase of maer. Indeed, the possibility of systems breaking

time-translational symmetry has recently been put forward by Frank Wilczek [16, 17],

who dubbed them ‘time crystals’ and triggered an extraordinary amount of excitement

[18–21]. e original idea of a quantum time crystal was that of a system of particles in
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an Aharonov Bohm ring threaded by a magnetic ux, with aractive interaction. Wilczek

suggested that the ground state of such a system would, under suitable conditions, be a

rotating soliton, thus breaking the underlying continuous time translational symmetry

(on top of the space translational one) [17]. is suggestion was later proven incorrect

by Bruno [22], that with a no-go theorem ruled out time crystals for similar systems.

Bruno’s no-go theorem was then generalized by Watanabe and Oshikawa [23], that

under very general conditions showed the impossibility of continuous time translational

symmetry breaking in ground states as well as at thermal equilibrium.
†
e starting

point of these no-go theorems is a denition of continuous time translational symmetry

breaking, achieved by means of a small symmetry breaking rotating potential in [22] and

of time dependent long-range order in [23], both of which are in direct analogy with

conventional equilibrium statistical mechanics.

Since time crystals have been ruled out at equilibrium, the aention has shied

towards periodically driven systems. ese are characterized by equations of motion

with a discrete (rather than continuous) time-translational symmetry, being invariant

under translations in time by a multiple of the drive’s period, say,𝑇 . Under rather general

conditions, one expects these systems to eventually pick up the periodicity of the drive

and oscillate with the same period𝑇 . Excitingly, this expectation may fail and the system

respond still periodically but with a longer period 𝑛𝑇 and 𝑛 > 1 (typically, 𝑛 = 2), which

can be said to break the discrete time translational symmetry of the drive down to a lower

symmetry of the same kind [24–28].
‡
ese systems have been termed discrete time

crystals (DTCs), and have recently been experimentally observed in various connotations

[29–35].

As will be discussed inmore detail later, these nontrivial time phenomena are emergent.
Indeed, their behavior crucially relies on the presence of 𝑁 → ∞ interacting constituents

(which will make us refer to them asmany-body), in complete analogy with, e.g., standard

space crystals. e promise of DTCs is therefore to extend the notion of phase of maer

to the nonequilibrium realm. For this to be possible, a standpoint in the denition of the

DTCs should be the requirement that their qualitative behavior should not rely on the

†
In Ref. [20] it was noted that the second part of Watanabe’s and Oshikawa’s proof, that on ther-

mal equilibrium, is actually invalidated by an implicit assumption therein, while its conclusion on the

impossibility of continuous time crystals at thermal equilibrium is anyway still likely to be correct.

‡
is notion of symmetry breaking is fundamentally dierent from those adopted in equilibrium

statistical mechanics because it does not make use of energy, nor ground states, nor Gibbs ensembles,

that in a driven system are ill-dened. erefore, not only do the no-go theorems in [22, 23] not apply,

but neither do, in general, the Peierls-Mermin-Wagner type no-go theorems from equilibrium statistical

mechanics. For an extensive account of what it means to break the continuous and discrete time translational

symmetry, and how this can be fundamentally dierent from other more conventional symmetries, we

refer to Ref. [20].



4 Introduction

specic adopted model nor initial condition. In the spirit of the concept of universality

pertaining to quantum and classical many-body systems [36], the behavior of the system

should rather be robust, to some extent, to perturbations [25–28]. Equally, the breaking

of the time-translational symmetry should not just be a transient phenomenon, but rather

be persistent and last up to innite time, similarly as to how order is maintained over

arbitrary distances in a space crystal. In other words, a DTC should maintain an innite

autocorrelation time albeit perturbations.

On the one hand, because of their promise to retain memory of their far past, DTCs

are very much desirable to be realised in a quantum seing. In this seing, DTCs have

the potential to evade the otherwise generally expected mechanism of thermalization,

according to which a driven quantum many-body system should evolve towards a fea-

tureless state at long times. DTCs in this context are a step forward in the understanding

and control of many-body quantum maer out of equilibrium. is is a major challenge

in modern physics both from a foundational and from a technological perspective, being

it fundamental to our ability to store and manipulate information in the next generation

of quantum devices [37]. On the other hand, DTCs draw a renewed interest on classical

seings in which breaking of the discrete time-translational symmetry has been known

for a long time, and that can now be revised from the new and fundamental perspective

of nonequilibrium phases of maer and emergent phenomena.

1.2 e many-body localization paradigm

e discourse around the possibility of breaking the discrete time-translational sym-

metry of a periodic drive started in 2015 with Sacha [24]. His pioneering work, together

with others that followed [38–41], focused on a system of bosons bouncing on an oscillat-

ing mirror. In this seing, thermalization can be eluded thanks to all-to-all interactions.

Almost at the same time, other researchers started to investigate short-range interacting

quantum spin chains [25–28, 42, 43]. In this case, thermalization is evaded thanks to the

phenomenon of many-body localization (MBL) [44–46]. is second line of research has

become the predominant one, and the MBL paradigm has been established. In this Section,

we briey review the core ideas underpinning MBL and MBL-DTCs. e discussion of

the laer develops around an explicit example, and emphasizes some key aspects of DTCs

that will recur throughout this dissertation, such as their robustness to perturbations and

many-body nature.

More than 60 years ago, a seminal work by Anderson showed that disorder can

suppress the diusion of electrons through an inhomogeneous medium [47]. Indeed, it
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turns out that in one dimension any small amount of disorder is sucient to make the

probability density of the electronic eigenstates decay exponentially quickly in space.

is remarkable localization eect, that nowadays carries the name of its discoverer, is a

wave interference phenomenon and applies to quantum particles as well as to classical

waves such as light and sound [48–50]. For quantum particles, Anderson localization can

generally be proven exactly under the assumption that the particles do not interact with

one another. A natural question arises: can a similar phenomenon occur in the presence

of interactions?

Generally, one expects localization to be spoiled by interactions. Indeed, according to

the eigenstate thermalization hypothesis (ETH) [51], all the eigenstates of a generic (non-

integrable) many-body Hamiltonian look thermal rather than localized. is prescription

reects on the nonequilibrium unitary evolution of a system following a quantum quench,

that is, a change of its Hamiltonian at time 𝑡 = 0. For a generic system in this scenario

and lacking any symmetry, ETH predicts the expectation value of any local observable

to eventually reach its thermal value, determined solely by the initial value of the only

conserved quantity of the dynamics: energy. Because the system acts as its own reservoir,

this equilibration process is referred to as ‘thermalization’. In thermalizing systems, the

information on the initial condition is in principle maintained by the unitary dynamics,

but it becomes practically inaccessible because it gets spread across the system.

However, thermalization and ETH can fail if the disorder is large enough relative to

the interaction [52–56], which underpins MBL. e localization in this case relies on an

emergent integrability, which is characterized by an extensive number of integrals of

motion called ‘localized bits’ (l-bits) [57, 58] rather than by just a few thermodynamical

global conserved quantities. In the dynamics following a quench, this remarkable mecha-

nism defeats thermalization, and much more information on the initial condition than

just that on its energy remains accessible for an innite time. Since its proposal, MBL

has aracted considerable aention [59–62], and its signatures have been observed in

experiments [63–65]. For a more comprehensive account of the issues related to MBL

and thermalization in the quantum mechanics of closed systems, we refer the reader to

the reviews [66, 67].

If the stability of localization in the presence of interactions is surprising, even

more so is its stability in the additional presence of a periodic drive in so-called Floquet

systems. Normally, generic closed many-body Floquet systems are expected to heat up

to a featureless ‘innite temperature state’ [44, 68, 69], in which the possible outcomes

of a local observable are all equally likely. Nonetheless, thanks to a Floquet version of

MBL, strong disorder can suppress heating [44, 68, 69]. Because of its promise to evade

thermalization, Floquet-MBL has the potential to lead to novel nontrivial dynamical
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states of maer, the most celebrated of them certainly being, indeed, DTCs.

In the reminder of this Section, we review the salient features of MBL-DTCs by

discussing an explicit example from [1]. is allows us to highlight some key aspects

of DTC more in general, such as period doubling, many-body nature, and robustness,

and sets the ground for the discussion of analogies and dierences between MBL-DTCs

and other kinds of DTCs. For further details on MBL-DTCs, we point the reader to the

reviews [19, 20].

Consider a chain of 𝐿 interacting spins 1/2 driven according to a binary protocol.

is protocol consists of the alternation of two Hamiltonians 𝐻1 and 𝐻2, resulting in the

Floquet unitary operator

𝑈𝐹 = 𝑒−
𝑖
2
𝐻2𝑒−

𝑖
2
𝐻1, (1.1)

one cycle of the driving having period 𝑇 = 1 (ℏ = 1). As 𝐻1 and 𝐻2, we very generically

take

𝐻1 = 𝜋
𝐿∑︁
𝑗=1

𝜎𝑥𝑗 + 𝛿𝐻1, (1.2)

𝐻2 = 2

𝐿∑︁
𝑗=1

(
𝐽 𝑧
2, 𝑗𝜎

𝑧
𝑗 𝜎
𝑧
𝑗+1 + ℎ𝑧2, 𝑗𝜎𝑧𝑗

)
+ 𝛿𝐻2, (1.3)

where𝜎𝑥 , 𝜎𝑦 , and𝜎𝑧 denote the spin 1/2 Pauli operators,ℎ𝑧
2, 𝑗

are uniform random numbers

in [0, 1], and 𝛿𝐻1,2 are integrability-breaking perturbations. e Hamiltonian𝐻1 describes

an imperfect 𝜋-rotation, whereas the 𝑍𝑍 coupling in 𝐻2 should make the subharmonic

response robust to perturbations, and the disorder should hinder thermalization.

A rst insight into the dynamics of the system can be gained from the integrable

limit 𝛿𝐻1,2 = 0, in which the action of the Floquet operator 𝑈𝐹 on a product state in

the 𝑍 basis would be to just ip the spins. In this case, one trivially gets 〈𝜎𝑧
𝑗
(𝑡)〉 =

(−1)𝑡 〈𝜎𝑧
𝑗
(0)〉 at stroboscopic (integer) times 𝑡 . e system responds subharmonically,

with the magnetization oscillating with period 2 (frequency 1/2), that is, twice (half) that
of the drive. Such a period doubling points towards a DTC, but is not enough to dene

a proper non-equilibrum phase of maer. In fact, a DTC should not just be a result of

ne-tuning, but rather be robust to perturbations in the spirit of universality. To check

whether this is the case, we break integrability by considering small but non-vanishing

𝛿𝐻1,2 of the form

𝛿𝐻1,2 = 2

𝐿∑︁
𝑗=1

∑︁
a=𝑥,𝑧

(
𝛿 𝐽a(1,2), 𝑗𝜎

a
𝑗 𝜎

a
𝑗+1 + (𝜖a + 𝛿ℎa(1,2), 𝑗 )𝜎

a
𝑗

)
. (1.4)
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e parameter 𝜖𝑥 = 𝜋/40 describes the main imperfection in the 𝜋-rotation,† 𝛿 𝐽 𝑧
2, 𝑗

=

𝛿ℎ𝑧
2, 𝑗

= 𝜖𝑧 = 0 without loss of generality, and all the remaining coecients are uniform

random numbers in [0, 0.01]. Periodic boundary conditions are assumed (but similar re-

sults hold for open boundary conditions). As an initial condition, we take that considered

by Else and collaborators in Ref. [26], that is

|𝜓0〉 = 𝑒𝑖
\
2

∑𝐿
𝑗=1

𝜎𝑥𝑗 |⇑〉 , (1.5)

where |⇑〉 is the product state with all the spins polarized along 𝑧 and \ is the angle

of rotation of the spins around the 𝑥 axis. Varying \ , we can probe an entire family of

physically relevant initial conditions.
‡

Time crystallinity is investigated by means of two main observables. e rst may be

called subharmonicity [6] and is dened at stroboscopic times 𝑡 = 0, 1, 2, . . . as

𝑍 (𝑡) = (−1)𝑡 1
𝐿

𝐿∑︁
𝑗=1

〈𝜎𝑧𝑗 (𝑡)〉, (1.6)

where 〈. . . 〉 denotes quantum expectation value and, in the MBL case, average over

disorder realizations as well. In the presence of a period-doubled subharmonic dy-

namics, the spins rotate by an angle ∼ 𝜋 at every Floquet period, 〈𝜎𝑧
𝑗
(𝑡)〉 takes values

∼ +1,−1, +1,−1, . . . at times 𝑡 = 0, 1, 2, 3, . . . , respectively, and 𝑍 (𝑡) ∼ 1. e parameter

𝑍 (𝑡) can be used to track the degree of subharmonicity of the response in time, and a

nite and positive 𝑍 (𝑡) up to 𝑡 → ∞ is a signature of time crystallinity. By contrast, the

relaxation of 𝑍 (𝑡) to 0 corresponds to an ergodic behavior.

e second observable is the Fourier transform of the magnetization

�̃�(𝑓 ) = 1

𝑀

𝑀−1∑︁
𝑡=0

𝑒2𝜋𝑖 𝑓 𝑡
1

𝐿

𝐿∑︁
𝑗=1

〈𝜎𝑧𝑗 (𝑡)〉, (1.7)

where𝑀 is the number of Floquet periods over which the transform is computed. e

presence in the spectral response �̃� of a peak at a subharmonic frequency 𝑓 = 0.5 is a

signature of time crystallinity, whereas, by contrast, no such a peak is found when the

system behaves ergodically.

†
e term

𝜋
40

represents the leading and uniform contribution to the imperfection, but our results do

not rely on this specic choice.

‡
e choice of the initial condition is a key and subtle piece in the puzzle of the DTCs. In truth,

although being a valid one, the choice in Eq. (1.5) can generate some confusion when trying to emphasize

the role played by disorder in MBL DTCs. We postpone the discussion of these subtleties to the next

Chapter, and limit for now to note that the phenomenology of MBL-DTCs shown here is by no means

limited to the initial condition in Eq. (1.5), holding for instance for generic product states in the 𝑍 basis.
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Figure 1.1 |Many-body localized discrete time crystals. Discrete time crystallinity in an MBL

system is investigated by inspecting the subharmonicity 𝑍 (𝑡) in (a,c) and the magnetization

Fourier transform �̃�(𝑓 ) in (b,d). (a) For a vanishing ZZ interaction 𝐽𝑧
2, 𝑗

= 0, the system trivially

heats up towards a featureless innite temperature state in which𝑚 → 0 and 𝑍 → 0. e residual

time uctuations are due to nite-size eects and are expected to disappear in the thermodynamic

limit 𝐿 → ∞. ermalization happens over a timescale 𝜏 ∼ 1/𝑉 set by the magnitude 𝑉 of the

integrability-breaking terms, and that leads to a similar phenomenology for the considered system

sizes 𝐿 = 6, 8, 10 and 12. (b) Correspondingly, the Fourier transform exhibits some unremarkable

peaks that shi in frequencywhen perturbing themodel. (c) For a strong enough ZZ interaction 𝐽𝑧
2, 𝑗

uniformly distributed in [ 1
2
, 3
2
], the subharmonicity 𝑍 (𝑡) exhibits a plateau with an exponentially

long in system size lifetime, no maer of the presence of integrability-breaking terms. In the

thermodynamic limit 𝐿 → ∞, the subharmonic response is expected to persist up to innite

time: a DTC. (d) Correspondingly, the system spectral response exhibits a peak locked at the

subharmonic frequency 1/2, which is robust to perturbations of the Hamiltonian. e insets in

(b,d) refer to experimental data in an analogous system, were taken from Ref. [29], and show

the same qualitative physics of locking to a subharmonic frequency (d) versus not (b). Here, we

considered an initial rotation of the spins \ = 𝜋/8, and averaged the results over 100 disorder

realizations. e Fourier transform in (b,d) is computed over the rst 10
3
periods.

Representative examples of the exact dynamics generated by Eqs. (1.2, 1.3) are shown

in Fig. 1.1. Whenever the 𝑍𝑍 coupling 𝐽 𝑧
2, 𝑗

is too small (e.g., vanishing) and the magni-

tude 𝑉 of the integrability breaking terms suciently large, we observe heating: over

a timescale 𝜏 ∼ 1/𝑉 , the magnetization𝑚(𝑡) decays to its innite temperature value 0.

Correspondingly, no remarkable spectral property is observed: the magnetization Fourier

transform exhibits peaks whose frequency depends on the integrability breaking terms

(therefore being non-universal), and that would anyway disappear if the transform was

performed over a suciently long time interval, no maer of the system size. Something

strikingly dierent happens when 𝐽 𝑧
2, 𝑗

is increased. Indeed, the 𝑍𝑍 coupling can compen-

sate for the integrability-breaking imperfections in the drive and establish a robust time

crystalline response. e order parameter 𝑍 (𝑡) exhibits a plateau at a nite value > 0,
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indicating a subharmonic behavior. is plateau eventually decays to 0, but such a decay

occurs at a time that is exponentially large in system size, and the expectation is therefore

that no decay of 𝑍 (𝑡) will occur at all in the thermodynamic limit 𝐿 → ∞, the hallmark

of a DTC. Correspondingly, the spectral response of the system features a sharp peak at

the subharmonic frequency 1/2 that does not shi under small integrability-breaking

perturbations. e peculiar phenomenology of a MBL-DTC is explained by the unique

spectral structure of its Floquet operator [25–28, 42, 43], that will be addressed in more

detail in Chapter 2. Remarkably, this phenomenology of frequency locking in the spectral

response of a DTC can be observed in state-of-the-art experiments [29–32],
†
as can be

appreciated from the insets in Fig. 1.1(b,d), that we report from Ref. [29].

In essence, an MBL-DTC is therefore a dynamical phase of maer characterized by a

subharmonic response that, in the thermodynamic limit and thanks to interactions and

disorder, survives to innite time and is robust to perturbations. And yet, MBL is not

the only mechanism through which heating can be eluded. For instance, it is known for

undriven systems that transport can be suppressed due to the connement induced by

long-range interactions [70], or that thermalization can be signicantly slowed down due

to a many-body scarring mechanism [71]. e question whether, in a Floquet scenario,

these and other mechanisms can be leveraged to realize some notions of time crystallinity

is the core focus of this dissertation.

1.3 Discrete time crystals beyond theMBL paradigm: rules

of the game

In the above sections we have already encountered many fundamental concepts

relating to DTCs, such as the idea of symmetry breaking and that of collective dynamical

phenomena. So far, however, we have been vague on how a DTC is actually dened.

Indeed, providing denitions and classications of time crystalline phenomena is a

nontrivial enterprise, as witnessed by the existence of dierent schools of thought in

this maer [18–21]. On top of that, and most importantly, a delineation of strict and

mathematically-oriented denitions would come at the price of precluding the exploration

of original avenues for the realization of nontrivial dynamical eects.
‡

Indeed, the

†
Note, it has recently been questioned whether these experiments all realize a genuine incarnation

of an MBL-DTCs [35, 37]. e discussion around the subtle details in these experiments falls outside of

the current analysis, and anyway does not spoil the validity of the theoretical data in this gure, nor the

message that the reported experimental data are trying to convey.

‡
A precedent in equilibrium is that of space quasicrystals, that, aer being much blamed of not ing

the traditional crystallography, got nally accepted by the scientic community, leading to a Nobel prize

[72] and to a redenition of the term “crystal” by the International Union of Crystallography [73].
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many avours of DTCs that we will encounter denote truly remarkable nonequilibrium

phenomena, that are worth studying independently from their tag of DTCs, that is

ultimately arbitrary. In this Section, we emphasize what are the essential aspects of time

crystallinity that will serve as a common thread linking the discoveries throughout the

following chapters. In essence,

we will use DTC to refer to systems that break the time-translational symmetry
of a periodic drive in a way which is robust to perturbations as a result of the
interaction among a large number of elementary constituents.

is intentionally slightly vague demarcation stresses the three following fundamental

concepts, that echo from the general introductory Section 1.1 and that we deem necessary

for a DTC to deserve its name and be worth studying.

I. First and foremost, a DTC breaks the discrete time-translational symmetry of a

periodic drive, in analogywith symmetry breaking in other ordered phases ofmaer.

Practically, the time symmetry breaking corresponds to the spectral response of the

system featuring a sharp peak at a characteristic frequency dierent from that of

the drive. is for instance includes, but is not restricted to, subharmonic responses

such as that of the MBL-DTCs reviewed in the previous Section.

II. Second, the characteristic frequency of the system should be insensitive to the

details of the model, that is, should not dri under perturbations of the model nor

initial condition.
†
Because of this robustness, the characteristic frequency is the

universal distinctive feature of the DTC phase of maer.

III. ird, the robustness of the characteristic frequency should be an emergent eect,

that is, it should rely on the presence of interactions among an innite number 𝑁

of elementary constituents. It is in this sense that we say a DTC to be many-body

in nature.

On the basis of (I-III), we will say the DTCs to be ‘nonequilibrium many-body phases

of maer’. Note, to use this piece of jargon we will generally not require additional

features on top of (I-III), such as the presence of a notion of spatiality, the absence of a

mean eld (MF) limit, and a sense of long-range spatial order (on top of the temporal one)

in the system. ese features characterise MBL DTCs, but considering them as dening
for DTCs in general [19, 20] would be as arbitrary as restrictive, and so we will not.

†
To which perturbations exactly a DTC should be stable is arbitrary and will depend on which avour

of time crystallinity one considers. But in general, it is reasonable to request stability within a continuous

and experimentally accessible region of the parameter and initial condition spaces, rather than for isolated

points therein, so to make these phenomena relevant to experiments.
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Aer all, for instance, why should one require a notion of spatiality when dealing

with time crystals? e main reason why part of the DTC community has aached

much importance to the features of MBL-DTCs above, is perhaps that these set an

insurmountable gap between MBL-DTCs and dynamical system theory. Indeed, the

breaking of discrete time-translational symmetry in discrete dynamical systems has

been known for a long time, a fact that has oen been perceived as undermining the

novelty and importance of DTCs. is perception is however without basis, and potential

interconnections between dynamical systems and DTCs are intriguing and valuable

rather than not. erefore, since there is a priori no fundamental reason why the two

elds should be drastically separated, in our denition of DTCs we relaxed the above

additional conditions.

To support the claim that the importance of DTCs is not spoiled by analogies in

dynamical system theory, let us make a close analogy between our nonequilibrium seing

and the much beer established eld of equilibrium (undriven), statistical mechanics.

is is relevant since the two share (or should share) similar dening features for an

ordered many-body phase of maer. Let us consider for concreteness the prototypical

example of the Ising model in thermal equilibrium. At the core of this model is the

MF treatment, which corresponds to the exact solution of the fully-connected limit and

results in the celebrated equation𝑚 = tanh(𝛽 𝐽𝑚) for the magnetization𝑚 (with 𝛽 the

inverse temperature, and 𝐽 an eective interaction energy) [74]. Being able to provide

the clearest intuition into the physics of the Ising model, this equation is “well-respected”

and its simplicity is exciting rather than disappointing. e fact that a nonlinear equation

can feature a non-analytic solution is per-se trivial, but the fact that the nonlinear

(transcendent) equation𝑚 = tanh(𝛽 𝐽𝑚) emerges in a physical system as a result of the

interactions is not, and enriches the nonanalyticity of its solution with a deep physical

meaning that links to the many-body nature of the ferromagnetic phase. Equally, the fact

that time-translational symmetry breaking is possible in a simple, few-variables, nonlinear

dynamical system may appear not very exciting, but the fact that this dynamical system

may emerge in the MF limit of a microscopic many-body Hamiltonian is, and elevates

the MF equations far beyond being yet another dynamical system. Seing requirements

such as the absence of a MF limit as binding to what should be considered interesting

appears therefore unreasonable, since it would come with the risk of missing much

interesting physics, including the paramagnetic to ferromagnetic transition in the Ising

model, arguably one of the most iconic pieces of statistical mechanics.

We remark that, according to the point (III) above, “many-body” is for us synonymous

with “made of many interacting bodies”, which sounds like a tautology but that is worth

specifying. In fact, those closer to the MBL tradition may judge a system with (III)
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alone not to be “many-body enough”. is might be because, routinely dealing with

exponentially large Hilbert spaces, they tend to associate “many-body” with “intrinsically

computationally complex”, where the word “intrinsically” stresses that under no condition

one can circumvent this complexity in MBL systems. Although this is ultimately a maer

of personal taste, from a semantics standpoint we believe that this association is at best

misleading, whereas, from a physical point of view, the existence of a limit in which the

computational complexity disappears is anyway not a threat, as argued in the previous

paragraph.

Finally, note that throughout the chapters of this dissertation we will encounter cases

for which the duration of a sense of time-translational symmetry breaking as in (I) above

varies. We will mostly encounter cases in which an innite number of constituents allows

to break the time-translational symmetry up to an innite time but, with some exibility,

we will also account for cases in which time-translational symmetry breaking lasts for a

time that is nite but exponentially large in drive frequency, so-called prethermal DTCs,

or cases in which a large but nite number of particles 𝑁 allows for time-translational

symmetry breaking for a large but nite time, in which case we will talk about DTC

‘signatures’.

1.4 Outline

In this dissertation we argue that remarkable notions of DTCs exist beyond the MBL

paradigm, and we investigate their various avours by surveying our advances in this

timely eld, which encompass both the quantum and classical worlds.

In Chapter 2, we start our journey across the zoology of DTCs by challenging MBL

in the most obvious way, i.e., by removing it [1]. Specically, we compare the model in

Eqs. (1.2, 1.3) discussed above with one that is completely analogous but ‘clean’, that is,

without disorder. On the one hand, with a careful scaling analysis we provide evidence

that, in the thermodynamic limit and in contrast to localized DTCs, homogeneous systems

heat as expected. On the other hand, we show that, thanks to a mechanism reminiscent of

quantum scars, nite-size homogeneous systems can nonetheless exhibit very crisp signa-

tures of time crystallinity. Indeed, the large overlap of entire families of initial conditions

with two special eigenstates of the Floquet operator makes the subharmonic response

persist over timescales that are much larger than those set by the integrability-breaking

terms, with thermalization possibly occurring only at very large system sizes (e.g., of

hundreds of spins). In a nite-size system, this mechanism results in a phenomenology

of DTC that is very similar to that of MBL-DTCs. Beyond clarifying the emergence of
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heating in disorder-free systems, we cast a spotlight on nite-size homogeneous systems

as prime candidates for the experimental implementation of nontrivial out-of-equilibrium

physics.

In Chapter 3, we investigate the out-of-equilibrium properties of a system of inter-

acting bosons in a ring laice which, in contrast to MBL-DTCs, is amenable to a MF

treatment [2]. We present a Floquet driving that induces clockwise (counterclockwise)

circulation of the particles among the odd (even) sites of the ring which can be mapped to

a fully-connected model of clocks of two counter-rotating species. e clock-like motion

of the particles is at the core of a period-𝑛 DTC where 𝐿 = 2𝑛 is the number of laice

sites. In the presence of a “staircase-like” on-site potential, we report the emergence of a

second characteristic timescale in addition to the period 𝑛-tupling. is new timescale

depends on the microscopic parameters of the Hamiltonian and is incommensurate with

the Floquet period, underpinning a dynamical phase we call discrete time quasicrystals

(DTQCs). e rich dynamical phase diagram also features a thermal phase and an oscil-

latory phase, all of which we investigate and characterize. Possible realizations of our

simple, yet rich model with state-of-the-art ultracold atoms experiments are discussed.

In Chapter 4, we depart from the MF limit and consider a clean spin-1/2 system in the

presence of long-range interactions [3]. If DTCs generally feature a periodicity 𝑛 times

longer than that of the dive, with 𝑛 > 1 the dimension of the local (or single particle)

Hilbert space (e.g., 𝑛 = 2 for the standard spin-1/2 MBL-DTCs), a spin-chain with long-

range interactions can sustain a huge variety of dierent ‘higher-order’ DTCs with integer

and, surprisingly, even fractional 𝑛 > 2. In contrast to MBL DTCs, these exotic behaviors

are not stabilized by disorder but by a high drive frequency, up to exponentially large

times. We characterize these prethermal phases of maer thoroughly using a combination

of exact diagonalization (ED), semiclassical methods, and spin-wave approximations,

which enable us to establish their stability in quantum systems with competing long- and

short-range interactions. Remarkably, these phases emerge in a model with continous

driving and time-independent interactions, convenient for experimental implementations

with ultracold atoms or trapped ions.

In Chapter 5 we revisit prethermal DTCs from a classical perspective. Indeed, we

nd higher-order and fractional DTCs in the Hamiltonian dynamics of classical spins

on hypercubic laices, and argue that these phenomena should be thought as stable

to quantum uctuations rather than dependent on them. Our ‘back to basics’ classical

approach complements the quantum theory of Chapter 4 and, liingmuch of its numerical

complexity, grants access to the ecient simulation of extremely large system sizes (e.g.,

𝑁 ∼ 10
5
spins). is way, we are able to go beyond one-dimensional systems and

investigate how the dimensionality interplays with the interaction range. For instance,
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we can provide the rst numerical proof of prethermal phases of maer in a system with

short-range interactions, that is possible in dimension two and three. Our work paves

the way towards the exploration of novel prethermal phenomena by means of classical

Hamiltonian dynamics with virtually no limitations on the system’s geometry or size,

and thus with direct implications for experiments.

In Chapter 6, the discourse around the role of long-range interactions is extended to a

classical stochastic seing [6]. Within the ubiquitous framework of directed percolation

(DP), long-range interactions allow for normally forbidden one-dimensional classical

DTCs, of which we provide the rst rm example. More specically, we propose a

simple probabilistic cellular automaton (PCA) with power-law interactions that gives

rise to a novel bistable phase of long-ranged DP whose long-time behavior is not only

dictated by the system dynamics, but also by the initial conditions. In the presence of a

periodic modulation of the update rules in a ‘Floquet PCA’, a concept that we introduce,

we nd that the system responds with a period larger than that of the modulation for

an exponentially (in system size) long time. is breaking of discrete time-translation

symmetry of the underlying dynamics is enabled by a self-correcting mechanism of the

long-ranged interactions which compensates noise-induced imperfections.

In Chapter 7, these discoveries on classical DTCs are then used to revisit the problem

of biennial epidemics by means of a susceptible-infected-removed-susceptible (SIRS)

model for seasonal epidemic spreading on small-world graphs [7]. We derive a MF

description that accurately captures the salient features of the model, most notably a

phase transition between annual and biennial outbreaks. A numerical scaling analysis

exhibits a diverging autocorrelation time in the thermodynamic limit, which conrms

the presence of a classical DTC. We derive the phase diagram of the model both from

MF theory and from numerics. Our study oers new perspectives by demonstrating

that small-worldness and non-Markovianity can stabilize a classical DTC, and by linking

recent eorts to understand such dynamical phases of maer to the century-old problem

of biennial epidemics.

Chapter 8 concludes the main part of this dissertation with a summary and provides an

outlook of directions for future research. Appendix A is devoted to technical derivations

and complementary results.
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Time crystallinity and nite-size eects
in clean Floquet systems

A key motivation for the study of many-body localization (MBL)-discrete time

crystals (DTCs) has been the assumption that homogeneous Floquet systems gen-

erally heat to a featureless innite temperature state. Some works have however

shown that the standard diagnostics for time crystallinity apply equally well to

clean seings without disorder. is fact raised the question whether a homoge-

neous DTC is possible in which the originally expected heating is evaded. In this

Chapter, we answer this question with a side-by-side comparison of localized and

homogeneous systems, and clarify this issue showing explicitly the key dierences

between the two cases. We conrm that clean systems in the thermodynamic

limit are indeed generally expected to heat, and show that, nonetheless, nite-size

homogeneous systems can still exhibit very crisp signatures of time crystallinity

thanks to a mechanism reminiscent of quantum scars. Our investigation draws

renewed aention onto nite-size clean systems as a promising platform for the

implementation of nontrivial dynamical phenomena. Most results of this Chapter

are drawn from Ref. [1].

Among the plethora of contexts in which time crystalline phenomena have been

investigated, the original and arguably most studied one is that of a quantum spin

chain with local interactions, which is the focus of this Chapter. In these systems, time

crystallinity is typically proven by making use of exact diagonalization (ED) of nite-size

systems, its main diagnostics being

(i) the exponential scaling of the lifetime of the subharmonic response with system

size [26, 75, 76] and

15



16 Time crystallinity and scars in nite-size clean systems

(ii) the presence in the system’s spectral response of a peak rigidly locked to a subhar-

monic frequency, not shiing under perturbations [2, 3, 28–31, 42, 76].

ese two diagnostics are complementary and interconnected, and we have already

successfully used them when reviewing the MBL-DTCs in Section 1.2 of the introductory

Chapter. e fact that they make use of dynamical indicators is very natural, since

the dynamics of local observables such as the magnetization 〈𝜎𝑧
𝑖
〉(𝑡) is accessible in

experiments (in contrast, e.g., to the eigenstates).

As discussed in the Introduction, because of the general expectation of a ‘heat

death’ of short-range interacting systems towards a featureless innite temperature

state [44, 68, 69], much focus of the research on DTCs has been on disordered models,

which have the promise to evade the fate of thermalization through the mechanism of

MBL [44–46]. Indeed, it was shown that, under suitable conditions, all the eigenstates

of the MBL Floquet operator come in pairs with quasienergy dierence 𝜋 , which un-

derlines ergodicity breaking with a period-doubled subharmonic response for virtually

any physically relevant initial condition: a sucient condition for the realization of

a DTC [27, 42, 43]. For these reasons, MBL systems legitimately gained a privileged

position among the DTCs’ candidates. e devil’s advocate, however, would argue that

there is a priori no reason why the remarkable 𝜋-pairing condition on the eigenstates

should be necessary for the observation of a DTC. is suspicion is motivated by the

fact that physically relevant initial states such as ground states of local Hamiltonians

or experimentally accessible states occupy only a small corner of the full Hilbert space.

In the undriven seing, the lesson from quantum many-body scars is in fact that, even

in homogeneous many-body systems in which most of the eigenstates look completely

ergodic, there might still be special initial conditions for which the dynamics resem-

bles that of an integrable point, and thermalization is not straightforward [71, 77–80].

Similarly, it has been argued that even homogeneous Floquet systems can, against the

general expectation, evade thermalization [81–84], as it was for instance shown in the

context of so-called dynamical localization [85–87]. erefore, if it is true that a natural

denition of DTCs is obtained through the dynamics of local variables, and that one

may be pleased considering certain (rather than all) families of physically relevant initial

conditions, then it becomes legitimate not to take for granted that homogeneous Floquet

systems necessarily thermalize, and to wonder whether DTCs may be possible in the

absence of MBL. With this challenge in mind, the devil’s advocate would start testing the

diagnostics (i) and (ii) on families of homogeneous Hamiltonians and initial conditions.

Indeed, it turns out, this endeavour can be successful: there exist entire families of

physically relevant initial conditions for which the diagnostics (i) and (ii) on the duration
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and robustness of the subharmonic response, respectively, work equally well in the

disordered and homogeneous scenarios, a fact that resulted in some papers claiming the

existence of homogeneous (or ‘clean’) DTCs [88, 89]. In these papers, time crystallinity

is supported by analyses in complete analogy with those of the pioneering MBL DTCs,

although convincing cases on why the expected ergodicity should be broken are lacking.

Very recently, a more compelling eort in trying to understand homogeneous DTCs

has been made in Ref. [90], where the authors ascribed time crystallinity to a scar-like

mechanism preventing thermalization. e apparent success of the diagnostics (i) and (ii)

for various homogeneous models appears confusing. e question whether MBL truly

is necessary for a DTC is also posed by the observation of signatures of DTCs [using

diagnostic (ii)] in experiments in which the role played by disorder and interaction range

has remained unclear [30, 31].

Here, we clarify this issue studying both a homogeneous and anMBLmodel. For nite-

size systems 𝐿 < ∞, we show that a robust and exponentially long-lived subharmonic

response can emerge both in the presence and in the absence of localization, although its

origin is dierent in the two cases. In MBL systems, this behavior is due to the well-known

𝜋-pairing mechanism involving all the Floquet eigenstates, whereas in homogeneous

systems it is due to the 𝜋-pairing of just two eigenstates. ese have a large overlap with

the initial condition in a way that resembles quantum scars [71, 77–80]. We argue that

special care is needed when adopting the above diagnostics (i) and (ii) to identify a DTC in

a strict sense. In fact, it happens for the homogeneous case that not only the subharmonic

response is exponentially long-lived (i) and robust (ii), but that its magnitude is also

exponentially suppressed in system size, therefore disappearing in the thermodynamic

limit 𝐿 → ∞, a fact that has been overlooked in the past.

Our study leads to a twofold conclusion. On the one hand, we conrm that most likely

no such a thing as a homogeneous DTC exists (in a strict sense and in a quantum short-

range seing). On the other hand we show that crisp signatures of time crystallinity

in these systems are nonetheless beyond doubt. In particular, the widespread belief

that thermalization should occur over the timescale set by integrability-breaking terms

[19] holds rigorously only in the thermodynamic limit, and there are entire families of

physically relevant initial conditions for which very large nite-size systems can possibly

behave nontrivially for much longer times. We show that under certain rather general

and natural conditions thermalization only occurs at very large system sizes (of, e.g.,

many hundreds spins). We therefore argue that, although homogeneous DTCs may not

exist according to the strict mathematical denitions, strong time crystalline signatures

in large (but nite) homogeneous systems deserve much more consideration than they

had in the past, as they underpin many past and current experiments and are prime
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candidates for the observation of future nontrivial dynamical phenomena.

We emphasize that the phenomenology described here is markedly distinct from

that of prethermal DTCs, which are characterized by subharmonic responses that are

exponentially large in the driving frequency, rather than in system size [3, 75, 91–94].

Indeed, in the thermodynamic limit we expect our system to behave in a thermal fashion,

with heating happening over a timescale∼ 1/𝑉 ,𝑉 being themagnitude of the integrability

breaking terms, similarly to what shown in Fig. 1.1(a). e time crystalline signatures

described here are due to remarkable nite-size eects and hold for very general (non-

integrable) models.

e remainder of this Chapter is organized as follows. First, in Section 2.1 we introduce

the models. Second, in Section 2.2 we investigate the diagnostics (i) and (ii) and the

subtleties of nite-size eects by means of careful scaling analyses. By inspecting the

spectrum of the Floquet operator, we then reveal the mechanisms at the origin of the

subharmonic responses in the two cases, and use a scaling analysis to explain why

thermalization is ultimately expected in the thermodynamic limit. ird and last, in

Section 2.3 we discuss the results and their implications for future research.

2.1 Homogeneous versus disordered models

To carry on a comparison between the MBL and clean scenarios, for a binary drive

as in Eq. (1.1), we consider two models with and without disorder, respectively. As for

the former, we reuse the model for MBL-DTCs in Eqs. (1.2-1.4), in which we now draw

the ZZ couplings 𝐽 𝑧
2, 𝑗

uniformly in [ 1
2
, 3
2
]. As for the laer, we consider the following

homogeneous model

𝐻1 = 𝜋
𝐿∑︁
𝑗=1

𝜎𝑥𝑗 + 𝛿𝐻1, (2.1)

𝐻2 = 2

𝐿∑︁
𝑗=1

𝜎𝑧𝑗 𝜎
𝑧
𝑗+1 + 𝛿𝐻2, (2.2)

in which, as for Eqs. (1.2-1.4), the Hamiltonian 𝐻1 describes an imperfect 𝜋-rotation,

whereas the 𝑍𝑍 coupling in 𝐻2 should make the subharmonic response robust to per-

turbations. Again, the terms 𝛿𝐻1,2 are small integrability breaking perturbations, and

read

𝛿𝐻1,2 = 2

∑︁
a=𝑥,𝑧

𝐽a
1,2

𝐿∑︁
𝑗=1

𝜎a𝑗 𝜎
a
𝑗+1 + 2

∑︁
a=𝑥,𝑧

ℎa
1,2

𝐿∑︁
𝑗=1

𝜎a𝑗 . (2.3)

e parameter ℎ𝑥
1
= 𝜋/20 describes the main imperfection in the 𝜋-rotation around the 𝑥

axis, 𝐽 𝑧
2
= 0 without loss of generality, and the other coecients are small (∼ 0.05) and,
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just to ward o any ne-tuning, integrability, or hidden symmetry, are drawn at random:

𝐽 𝑧
1
≈ 0.0306, 𝐽 𝑥

1
≈ 0.0435, ℎ𝑧

1
≈ 0.0134, 𝐽 𝑥

2
≈ 0.0191, ℎ𝑧

2
≈ 0.0546 and ℎ𝑥

2
≈ 0.0550.

As an initial condition, we consider again a global rotation of the spins from the

𝑍 -polarized conguration as in Eq. (1.5). Note, our results are not contingent on this

choice, but rather hold for various families of experimentally relevant initial conditions,

such as the ground states of some standard families of homogeneous Hamiltonians, see

Section A.1 in the Appendix.

As usual, time crystallinity is investigated by means of the subharmonicity 𝑍 (𝑡) in
Eq. (1.6) and of the magnetization Fourier transform �̃� in Eq. (1.7). e former is used

for the diagnostics (i) on the duration of the subharmonic response, whereas the laer is

adopted for the diagnostics (ii) on the robustness of the subharmonic response.

Figure 2.1 | Subharmonicity plateaus: a careful scaling analysis. We investigate the scaling of

the subharmonicity 𝑍 (𝑡) with system size, for both the MBL (a,c) and the homogeneous (b,d)

models, and considering an initial rotation of the spins of angles \ = 0 (a,b) and \ = 𝜋/6 (c,d). In
all cases, the subharmonicity 𝑍 (𝑡) exhibits a crisp signature of time crystallinity: an exponentially

long (in system size) plateau. In the MBL system, the pleateau’s height does not decay with system

size (insets), underpinning its stability and persistence in the thermodynamic limit 𝐿 → ∞. On

the contrary, in the homogeneous seing, the value of the plateau decays exponentially (insets),

as can be beer appreciated for larger \ (c,d), pointing towards the onset of thermalization in

the thermodynamic limit, and to the impossibility of a homogeneous DTC in the strict sense.

e value of the plateau’s heights in (c,d) are obtained averaging 𝑍 (𝑡) over time. In (d), the

plateau begins at a time 𝜏 ∼ 1/𝑉 ∼ 20 (wiggly line), 𝑉 being the magnitude of the integrability

breaking terms. For the MBL seing (a,c), results are averaged over 100 disorder realizations (one

realization is ploed in faded colors for 𝐿 = 10), whereas results in the homogeneous case (b,d)

are averaged over a decade-long moving time window (one original time trace is ploed in faded

colors for 𝐿 = 16).
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2.2 Exact diagonalization results

Here, we present results obtained solving the models in Eqs. (2.1, 2.2) and Eqs. (1.2,

1.3) using ED techniques.

Diagnostics for DTCs

e subharmonicity 𝑍 (𝑡) in Eq. (1.6) is ploed in Fig. 2.1 to investigate the dynamics

from the perspective of diagnostics (i). To start with, we consider a vanishing initial

rotation \ = 0 of the spins. Both in the MBL and homogeneous models, 𝑍 (𝑡) exhibits a
non ergodic plateau of height ∼ 1, whose length grows exponentially with system size,

fullling the diagnostics (i) for time crystallinity. For this phenomenology, the standard

argument would be that, in the thermodynamic limit 𝐿 → ∞, the period-doubled response

is expected to extend up to innite time, thus realizing a persistent DTC. Naively, one

may think that this reasoning works equally well in the MBL as in the homogeneous case,

but in the laer it is actually undermined by a subtle observation. Aer a more careful

analysis, it turns out that the height of the plateau for the homogeneous model decreases
with system size, a crucial observation that, perhaps because hidden by time uctuations,

has not been reported before (to the best of our knowledge). In principle, the value of the

plateau may therefore vanish in the thermodynamic limit, and the subharmonic response

completely disappear.

In the homogeneous seing, the decay of the plateau height is a warning sign, pointing

towards thermalization in the thermodynamic limit. However, the range of plateaus

values obtained for \ = 0 is very limited (∼ 5%), and an extrapolation to 𝐿 → ∞ is dicult.

e decay of the plateau value is beer appreciated for substantially larger perturbations

of the initial condition, such as for \ = 𝜋/6. In this case, the range of values (∼ 65%) is

broad enough to allow more condent conclusions on its scaling, that appear exponential.

In striking contrast with the homogeneous scenario, the MBL model does not exhibit

such a scaling (uctuations of the plateau values are just due to noise, and are expected

to disappear for a large enough number of disorder realizations). is conrms that, as

expected, MBL systems can realize a robust DTC.

In the thermodynamic limit, we expect the plateau to disappear and thermalization to

occur over a timescale 𝜏 [marked with a wiggly line in Fig. 2.1(d)]. We have checked that

this timescale is set by the integrability breaking terms and scales as 𝜏 ∼ 1/𝑉 , 𝑉 being

the magnitude of the intergability breaking terms in the Hamiltonian.

e spectral response of the system, that is a standard probe for time crystallinity

and the focus of diagnostics (ii), is instead investigated in Fig. 2.2, where we plot the
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Figure 2.2 | Subharmonic peak: a careful scaling analysis. For both the MBL (a) and the homo-

geneous (b) seings, we consider the diagnostics (ii) regarding the presence of a subharmonic

peak in the system response. We plot the Fourier transform �̃�(𝑓 ) of the magnetization computed

over the rst 10
3
Floquet periods. In light grey, we report for reference the case of a small 𝐽𝑧

2
, for

which the subharmonic response disappears. e robust subharmonic responses are highlighted

by a peak locked to the frequency 0.5, in both cases. e dierence between the homogeneous

and the MBL scenarios is that the magnitude of the subharmonic peak does and does not decay

with system size. Indeed, in the absence of MBL (b) we observe an exponential decay of |�̃�(0.5) |
with system size, suggesting the disappearence of the subharmonic peak in the thermodynamic

limit. Here, we considered an initial rotation of the spins \ = 𝜋/10.

magnetization Fourier transform �̃�(𝑓 ) in Eq. (1.7). For both theMBL and the cleanmodels,

we verify the hallmark of time crystallinity: the presence of a peak rigidly locked to the

subharmonic frequency 𝑓 = 0.5 that does not shi in the presence of small perturbations.

e genuine many-body nature of the phenomenon is observed for both cases, as the peak

locks to the subharmonic frequency only for a large enough interaction. Again, subtle

nite-size eects are appreciated by taking a close look at the scaling of the magnitude

of the subharmonic peak: in the homogeneous (MBL) seing, the subharmonic peak

decays exponentially (does not decay) with system size, which suggests its disappearence

(persistence) in the thermodynamic limit, in complete analogy with Fig. 2.1.

𝜋-Pairing and the origin of the DTC behavior

e results of Figs. 2.1 and 2.2 show that the diagnostics (i) and (ii) work equally well in

theMBL and in the homogeneous seings, but that in the laer clean case the subharmonic

response is exponentially suppressed in system size. To gain a clearer intuition into this

maer, we rst have to beer understand the origin of the subharmonic response in

nite-size systems of the two types. To do so, in Fig. 2.3 we inspect the spectrum of

the Floquet operator 𝑈𝐹 . For a localized system, we conrm the expectation that all the
eigenstates come in pairs with quasienergy dierence approaching 𝜋 exponentially in

system size 𝐿. is 𝜋-pairing condition is distinctive of MBL DTCs, and is in striking

constrast with non-localized systems. In the homogeneous seing, in fact, only two

eigenstates are 𝜋-paired. Remarkably, these two special eigenstates are also those with the
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Figure 2.3 | Floquet spectra and the origin of subharmonicity. Polar plots of the eigenstates of
the Floquet operator𝑈𝐹 for both the MBL (𝐿 = 14, a) and the homogeneous (𝐿 = 19, b) seings.

e quasienergy and the overlap with the initial condition (for \ = 𝜋/10) are used as angular and

radial coordinates, respectively. e density of points is imprinted in the colorcode. Furthermore,

some eigenstates are duplicated, rotated by a phase 𝜋 , and ploed as circles. is way, two

𝜋-paired eigenstates are visually signalled by a dot centered in a circle. For graphical clarity, this

duplication is only performed for the 100 and 20 eigenstates with the largest overlaps with the

initial condition for the MBL and the homogeneous scenarios, respectively. (a) In the MBL case,

all the eigenstates (or at least the considered outer ones) are 𝜋-paired, as expected. (b) In the

homogeneous case, only the two outermost eigenstates (that is, those with largest overlap with

the initial condition, highlighted with red arrows) are 𝜋-paired, whereas all the others are not.

ese two special eigenstates are approximately given by
1√
2

( |⇑〉 ± |⇓〉), and their overlap with

the initial condition determines the magnitude of the subharmonic response (e.g., of the plateaus’

height in Fig. 2.1, or of the subharmonic peak in Fig. 2.2).

largest overlap with the considered initial condition, which explains why a subharmonic

response is still observed, and why its intensity strongly depends on the initial rotation

\ . By inspection, we nd that the two special eigenstates are approximately given by

1√
2

( |⇑〉 ± |⇓〉), the approximation becoming an equality in the integrable limit (obtained

for a drive with perfect 𝜋-ips and no perturbations, 𝐽
𝑥,𝑧
1,2

= ℎ
𝑥,𝑧
1,2

= 0). We remark that,

although the presence of a few non-thermal states may not be surprising in generic

Hamiltonians at low energies, the 𝜋-pairing of two of them in the Floquet seing is.

Since in the homogeneous case all the subharmonic response is ascribed to just two

special eigenstates, it becomes crucial to study how their overlap with the initial condition

scales with system size 𝐿. From the analysis in Fig. 2.4, we nd that such a scaling is

clearly exponential 𝑒−𝐿/λ(\ ) , the decay occurring on a characteristic system size scale λ(\ )
that depends on the initial rotation angle \ . On the one hand, the niteness of λ < ∞
suggests that, in the thermodynamic limit 𝐿 → ∞, the overlap with the two special states
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vanishes, and no subharmonic response survives at all, independent of initial condition.

On the other hand, for \ / 0.1 we nd that λ takes very large values, of the order of a few

hundreds. In this case, the onset of thermalization is appreciated only at remarkably large

system sizes, way beyond the reach of exact and even approximate methods (such as

density matrix renormalization group [88]). For instance, for the considered parameters,

λ has a maximum of ≈ 650 at \ ≈ 0.1, see Fig. 2.4. An insight into the scaling is provided

by the integrable limit, in which with a straightforward calculation one nds that the

overlap approximately scales as [cos(\/2)]2𝐿 , that is, λ(\ ) = [−2 log(cos(\/2))]−1 and
λ(\ ) ≈ 4\−2 for small \ (details in Section A.1 of the Appendix).
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Figure 2.4 | Scaling of the two largest overlaps. For the homogeneous seing, we investigate

the dependence of the two largest overlaps, corresponding to the 𝜋-paired eigenstates, on the

system size 𝐿 and initial rotation \ . (a) For all considered values of \ , the sum of the two overlaps

decays as 𝑒−𝐿/λ (exponential ts as doed lines). (b) e characteristic system size scale λ of the

decay is ploed versus the initial rotation \ . Even for small \ , we nd that λ never diverges,

meaning that thermalization is eventually expected in the thermodynamic limit. e scale λ can

take remarkably large values, up to a few hundreds, and is maximal for \ ≈ 0.1. e scaling in the

integrable limit is ploed for reference as a dashed line.

2.3 Discussion

In our analysis above, we showed that an exponentially long subharmonic response

robust to perturbations can emerge in both the MBL and the homogeneous seings

for nite-size systems. In the MBL case this behavior is due to a 𝜋-pairing mechanism

involving all the eigenstates, whereas in the homogeneous seing it is instead due to

the 𝜋-pairing of just two special eigenstates. is mechanism, which is genuinely many-

body in nature, is reminiscent of quantum scars [71, 77–80], in which a few anomalous

eigenstates that have a large overlap with the initial condition are responsible for weak

ergodicity breaking aer a quantum quench (that is, in the absence of a drive). ere

are however at least two important dierences with respect to quantum scars in the

non-driven seing. e rst is that quantum scars are fragile to perturbations, whereas
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the 𝜋-pairing of the special eigenstates that we observe here is robust to perturbations

of both the Hamiltonian and the initial condition, as long as these are homogeneous.

e second is that the weak ergodicity breaking of quantum scars consists of a few

oscillations before the ultimate onset of thermalization, occurring at relatively short

timescales, whereas the subharmonic response here is exponentially long in system size.

Furthermore, if the persistence of weak ergodicity breaking from quantum scars in the

thermodynamic limit is still an open question [95], the evidence suggests that in this

limit the subharmonic dynamics in our model is completely suppressed.

Indeed, our analysis suggests that the subharmonic response in homogeneous systems

is a nite-size eect. e ‘critical system size’ at which thermalization can be considered

to take place was identied in the ing parameter λ. It is worth noticing that the precise

estimation of this critical size is a hard task, that may be undermined by even more

severe nite-size eects. For instance, the analyses above were performed in a range of

system sizes 𝐿 for which the spectrum of 𝐻2 articially splits into ergodic ‘minibands’

(see Section A.1 in the Appendix), and one may expect that the scaling behavior could

change abruptly at the critical 𝐿𝑐 at which the minibands of 𝐻2 merge [96].

Here highlighted in the Floquet scenario, subtle nite-size eects in many-body

systems are known more generally to possibly occur in those many-body systems in

which some length scales, such as the correlation and localization lengths, are larger than

the system sizes amenable to ED techniques. Most prominently, in the non-driven seing,

the debate around the existence and nature of the MBL phase has shown how nite-

size eects can lead to controversial or misleading conclusions [97–100]. A well-known

example is that of the Andersonmodel on random-regular graphs [101, 102], for which the

existence of a metal-insulator transition has been proven analytically [103], and the value

of its critical point is known within a few percents [104–106]. For this model, ED on small

systems points to an incorrect critical point, and a naive analysis could suggest the absence

of the localized phase [99] and the existence of a highly debated critical/multifractal

phase [101, 102]. Our study draws the aention on analogous subtleties in the context of

periodically-driven systems and DTCs. Similarly, the discourse around the subtleties of

nite-size eects, their dependence on the choice of the initial condition, and the role of

disorder has been recently reinvigorated in Refs. [35, 37].

Finally, we remark that the surprising nite-size eects studied here are likely of

broad applicability. Indeed, our spin model in Eqs. (2.1, 2.2) is general, and the observation

of similar phenomenologies in previous studies on (non-integrable) systems of hard-core

bosons [88] and spinless fermions [90] suggests that analyses similar to ours may apply

to quite generic homogeneous Floquet systems.

To sum up, in this Chapter we claried the issue whether MBL is truly needed to
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evade heating in a Floquet and short-ranged scenario. is issue has been ultimately

raised by the fact that, as we observed, the standard diagnostics for DTCs (dened for

nite-size systems) are fullled both in the MBL and in the homogeneous seings. We

claried it by observing that, on top of these diagnostics, there is the fact that in the

clean scenario the subharmonic response is a nite-size eect, and its intensity (e.g., the

magnitude of the subharmonic peak) decays exponentially in system size. Our results

lead to the conrmation that only MBL systems can realize a quantum DTC according

to its strictest denition, stable to perturbations and persistent to innite times in the

thermodynamic limit.

Nonetheless, what is remarkable is that the subharmonic response in homogeneous

systems can be observed for many decades already for relatively small system sizes (e.g.,

∼ 10), whereas its weakening is possibly observed only at much larger sizes (e.g., ∼ 10
2

or perhaps even ∼ 10
3
). is mismatch makes clean moderate-size systems a unique

opportunity for implementation. Indeed, nowadays quantum simulators are typically

limited to a few dozen elementary units [37, 107], and their coherence times are way below

the timescales (e.g., of 10
10
drive periods) that are considered in theoretical works such as

in this Chapter. If the important and fundamental questions regarding the stability of a

DTC in the limits 𝐿 → ∞ and 𝑡 → ∞made MBL a necessity in some theories dealing with

strict mathematical denitions, this necessity is relaxed in most experimental scenarios,

in which the remarkable exponentially long subharmonic response could be observed

even in the absence of MBL. Moderate-size clean systems open therefore new avenues

for the observation of time crystalline signatures in experiments, and for technological

applications in the next generation of quantum devices.





3
Period-𝑛 discrete time crystals and qua-
sicrystals with ultracold bosons

Local spin chains like those studied in the previous chapters are not suited to

a mean eld (MF) treatment, and are therefore generally analysed by means of

scaling analysis within ED techniques. On the contrary, high-density bosonic

systems are amenable to semiclassical approaches. In this Chapter, we investigate

one such systems, in which interacting bosons are loaded into a ring laice. We

propose a Floquet driving inducing clockwise (counterclockwise) circulation of

the particles among the odd (even) sites of the ring. e clock-like motion of the

particles is at the core of a period-𝑛 DTC where 𝐿 = 2𝑛 is the number of laice

sites. By tilting the laice with a suitable on-site potential, a second characteristic

timescale emerges on top of the period 𝑛-tupling. Unlike the subharmonic period,

this new timescale is not robust to perturbations and is incommensurate with the

Floquet period, underpinning a discrete time quasicrystal (DTQC) dynamical phase.

Possible realizations of our simple, yet rich model with state-of-the-art ultracold

atoms experiments are discussed. Most results of this Chapter are drawn from

Ref. [2].

Among the plethora of proposed DTCs, most feature period-doubling 𝑛 = 2 [24–

32, 43, 75, 108–114]. e possibility of a “period-𝑛 DTC” (𝑛 > 2), which has been

discussed for 𝑛-hands clock models [76, 115], still lacks a physical implementation [116].

On the other hand, investigations of DTCs for ultracold bosons have for the most part

remained restricted to the context of a vibrating mirror in presence of a gravitational

eld [24, 38–41, 88, 117]. In light of the terric experimental progress and control with

cold atoms in optical laices [32, 118], proposals based on this platform would be very

desirable.

27
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In this Chapter we study the dynamical properties of bosons in a ring laice. For a

simple Floquet driving protocol of nearest-neighbor hopping and local interaction, we

nd period-𝑛 DTCs (𝑛 ≥ 2), thermal, and oscillatory phases. Surprisingly, in the presence

of a staircase-like on-site potential, a new dynamical phase emerges characterized by

three incommensurate frequencies (Fig. 3.1). e dynamics is strictly aperiodic, but

long-time ordered: a DTQC [119, 120].

e idea of time quasi-crystallinity has recently appeared in the literature with various

connotations and in various contexts such as dissipative classical systems [121], nite-

size systems [122], and quasiperiodically driven systems [123–125]. e term ’time

quasicrystal’ has also been adopted in an experiment with magnons in which one of

the system’s characteristic frequencies was incommensurate with the driving frequency

[126] and in a model where a periodic repetition in time of a (possibly large, but nite)

Fibonacci word was observed [40].

In striking contrast to the cases above, we consider a quantum, macroscopic, and

periodically driven system and we nd a DTQC phase that features a characteristic sub-

harmonic frequency
2𝜋
𝑛
and two other, generally incommensurate, intrinsic frequencies

𝜔
1,2
𝑛 . e rst frequency is locked to a submultiple of the driving frequency, breaking

discrete time-translational symmetry and robust to perturbations, similar to a standard

DTC, whereas the laer two frequencies depend on the microscopic parameters.

e remainder of this Chapter is organized as follows. In Section 3.1 we introduce our

model, study its solvable limits, and propose a set of suitable dynamical order parameters

to characterize the system. In Section 3.2 we then study the dynamics in the absence

of an on-site potential and nd a period-𝑛 DTC, a thermal, and an oscillatory phase.

e presence of a staircase-like on-site potential is investigated in Section 3.3, where

we additionally nd a DTQC phase. We demonstrate its rigidity, and nd analytical

expressions for the incommensurate frequencies
2𝜋
𝑛

and 𝜔
1,2
𝑛 . Finally, in Section 3.4

we summarize our results and outline possible experimental implementations using

state-of-the-art ultracold atom setups.
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Figure 3.1 | Two entwined, counter-rotating clos on a ring lattice. As a concrete example

we show the 𝑛 = 3 case. (a) Our Floquet driving scheme alternates (i) hopping between sites

2 𝑗 and 2 𝑗 − 1 (𝐽1, single line), (ii) hopping between sites 2 𝑗 and 2 𝑗 + 1 (𝐽2, double line), and (iii)

on-site interaction and on-site potential, see Eq. (3.1). For 𝐽1 = 𝐽2 =
𝜋
2
(i.e. 𝜖 = 0) the particles in

the odd (red) and even (blue) sites move clockwise and counterclockwise, respectively. (b) Fourier

transform of the generalized imbalance
˜I in Eq. (3.3). In presence of interaction (𝑈 = 0.05) and

a staircase-like potential (𝛿 = 0.96) we observe a DTC (for 𝜖 = 0.01) and a DTQC (for 𝜖 = 0.05).

e former is characterized by a single sharp peak locked at frequency
2𝜋
𝑛
, whereas the laer

also features sharp peaks at two frequencies 𝜔
1,2
𝑛 which are incommensurate with the driving

frequency.

3.1 Model and integrable limits

We consider a system of 𝑁 bosons on a one-dimensional ring laice with 𝐿 = 2𝑛 sites

governed by the Floquet Hamiltonian with period 𝑇 = 1 [127]

𝐻 =


−3𝐽1

∑𝑛
𝑗=1(𝑎

†
2 𝑗
𝑎2 𝑗−1 + ℎ.𝑐.), 0 < 𝑡 < 1

3

−3𝐽2
∑𝑛
𝑗=1(𝑎

†
2 𝑗
𝑎2 𝑗+1 + ℎ.𝑐.), 1

3
< 𝑡 < 2

3

3

∑
2𝑛
𝑗=1

[
𝑈
2𝑁
𝑛 𝑗 (𝑛 𝑗 − 1) + ℎ 𝑗𝑛 𝑗

]
, 2

3
< 𝑡 < 1

, (3.1)

where we set 𝐽1 = 𝐽2 = 𝜋
2
+ 𝜖 and ℎ2 𝑗−1 = ℎ2 𝑗 =

2𝜋
𝑛
𝑗𝛿 , that is a staircase-like on-site

potential. e ring structure implicitly corresponds to periodic boundary conditions

𝑎 𝑗 = 𝑎 𝑗+𝐿 . e Floquet Hamiltonian (3.1) alternates hopping between odd nearest-

neighbor links, hopping between even nearest-neighbor links, and on-site potential

and two-body interaction. In the following 𝑡 = 0, 1, 2, . . . denotes stroboscopic times.

We gain some intuition in the dynamical properties of the system by solving the

Heisenberg equation of motion
𝑑𝑎 𝑗
𝑑𝑡

= 𝑖 [𝐻 (𝑡), 𝑎 𝑗 (𝑡)] (ℏ = 1) in the two cases 𝜖 = 0 and

𝑈 = 0. e case 𝜖 = 0 is at the core of a period-𝑛 DTC and is schematically illustrated in

Fig. 3.1. Consider an initial product state in the Fock basis with 𝑛 𝑗 bosons in an odd (even)

site 𝑗 . During the rst part of the driving these particles move to site 𝑗 + 1 ( 𝑗 − 1), during
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the second they move to site 𝑗 + 2 ( 𝑗 − 2), and during the third the number of particles in

each site is conserved (irrespective of 𝑈 and {ℎ 𝑗 }). We thus nd 𝑛 𝑗 (𝑡) = 𝑛 𝑗±2𝑡 (0) with +
and − for even and odd sites 𝑗 , respectively. e bosons in the ring laice can be shown

to be equivalent to a fully-connected model of clocks with 𝑛-hands and of two species:

clockwise and counterclockwise rotating (details in Section A.2 of the Appendix). e

clocks tick at every Floquet period, so that aer a time 𝑡 = 𝑛 the system returns to its

initial condition, a mechanism at the core of a period-𝑛 DTC.

In the non-interacting limit (𝑈 = 0), the Heisenberg equation of motion is linear

and easily solved as ®𝑎(𝑡 + 1) = 𝐹 ®𝑎(𝑡), where ®𝑎 = (𝑎1, 𝑎2 . . . , 𝑎2𝑛)𝑇 and where 𝐹 is a

2𝑛 × 2𝑛 dimensional matrix. e dynamics is thus characterized by oscillations at the 2𝑛

frequencies corresponding to the phases of the 2𝑛 eigenvalues {λ 𝑗 } of 𝐹 . For instance,
for 𝜖 = 0 we nd doubly degenerate eigenvalues of the form λ1,2

𝑗
= 𝑒𝑖𝜙+𝑖

2𝜋
𝑛
𝑗
(with 𝜙 some

non-relevant phase), which correctly signal the period-𝑛 DTC with clock-like clockwise

(counterclockwise) rotation of particles.

We are now interested in the dynamics away from the solvable limits 𝜖 = 0 and𝑈 = 0.

To this end, we solve a semiclassical Gross-Pitaevskii Equation (GPE) of motion, which

is obtained from the Heisenberg equation upon replacing the bosonic operators with

𝑐-numbers ®𝑎 →
√
𝑁 ®𝜓 . In the limit of macroscopic occupation (𝑁 → ∞) for a xed nite

ring size 𝐿, considering a symmetry broken initial state with all the particles in site 𝑗 = 1

(i.e. 𝜓 𝑗 (0) = 𝛿 𝑗,1), the semiclassical dynamics can either be chaotic, signaling quantum

thermalization [128] or not, in which case we expect it to become exact [129]. We indeed

conrm this for our model explicitly using ED and nite-size scaling (see Section A.2 in

the Appendix).

To characterize the dynamics of the system we introduce suitable dynamical order

parameters. To track the clock-like circulation of the particles we introduce a generalized

imbalance on the odd sites

I(𝑡) =
𝑛−1∑︁
𝑗=0

𝑒𝑖
2𝜋
𝑛
𝑗 |𝜓2 𝑗+1(𝑡) |2, (3.2)

and consider its Fourier transform

˜I(𝜔) = lim

𝑀→∞

1

𝑀

𝑀−1∑︁
𝑡=0

I(𝑡)𝑒−𝑖𝜔𝑡 . (3.3)

A measure of the time crystallinity is given by

𝑍 (𝑡) = 𝑒−𝑖 2𝜋𝑛 𝑡I(𝑡), (3.4)
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whereas the chaoticness of the semiclassical dynamics is quantied by the distance 𝑑2

between two slightly dierent initial states
®𝜓 (0) = (1, 0, 0, . . . , 0)𝑇 and

®𝜓 ′(0) = (1 −
Δ,Δ, 0, . . . , 0)𝑇 with an arbitrary small Δ = 10

−10

𝑑2(𝑡) =
𝐿∑︁
𝑗=1

( |𝜓 𝑗 (𝑡) |2 − |𝜓 ′
𝑗 (𝑡) |2)2. (3.5)

A growth of 𝑑2(𝑡) to a nite value ∼ 1 corresponds to classical sensitivity to initial

conditions and signals quantum thermalization [128]. Finally, we consider the innite

time averages 〈𝑑2〉𝑡 = lim

𝑀→∞
1

𝑀

∑𝑀−1
𝑡=0 𝑑2(𝑡) and 〈𝑍 〉𝑡 = ˜I

(
2𝜋
𝑛

)
.

In the integrable limit 𝜖 = 0 we have a subharmonic response with perfect circulation

of the particles, the phase of I grows linearly in time,
˜I(𝜔) is peaked at 𝜔 = 2𝜋

𝑛
,

〈𝑍 (𝑡)〉𝑡 = 1 and 〈𝑑2〉𝑡 ≈ 0. In the following, we will use these quantities to characterize

the dynamical phases of the system.

3.2 Dynamical phases without on-site potential

We start by considering a vanishing on-site potential (𝛿 = 0). In Fig. 3.2 we focus on

the example 𝐿 = 6, but similar results can be obtained for any 𝐿 = 2𝑛, see Section A.2

in the Appendix. We nd that three dynamical phases are possible: (I) period-𝑛 DTC:

for small 𝜖 ≈ 0 the clock-like circulation of the particles is rigidied by the interaction

𝑈 ≠ 0 and signaled by 𝑍 ≈ 1. e characteristic frequency of the imbalance I is locked

to 𝜔 = 2𝜋
𝑛
, i.e. the frequency of the peak of

˜I is robust against perturbations. is is

the quintessential property of a DTCs: the interactions make the system subharmonic

response rigid to mistakes in the driving, that is the range of 𝜖 corresponding to the DTC

grows with𝑈 . We note that, mathematically, a robust subharmonic response is possible

only if the semiclassical dynamical equation is nonlinear, which occurs for non-vanishing

interactions𝑈 ≠ 0 and conrms the many-body nature of the DTC. (II) Oscillatory phase:

for a large 𝜖 but small interaction𝑈 the system exhibits non-ergodic oscillations with a

few characteristic frequencies signaled by sharp peaks in
˜I(𝜔). In contrast to the case

of a DTC, these frequencies are not locked, but rather depend on 𝜖 . (III) ermal phase:

for large 𝜖 and 𝑈 classical chaos emerges, i.e. 〈𝑑2〉𝑡 ∼ 1. e three phases touch in the

tricritical point 𝜖 = 𝑈 = 0.

We emphasize that the DTC behaviour here described is robust to perturbations of

the initial condition, as we will assess in a more general case in Chapter 4. Also, we

notice that dierent classes of initial conditions are expected to correspond to DTCs

with dierent periods. For instance, an initial state where one site every 2𝑚 is equally
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Figure 3.2 | Period-𝑛 discrete time crystal, exemplied for 𝑛 = 𝐿/2 = 3. For vanishing potential

(ℎ 𝑗 = 0) we characterize the semiclassical dynamics via (a) the distance between two slightly

dierent initial states 𝑑2(𝑡) in Eq. (3.5), (b) the real part of the time crystal order parameter 𝑍 (𝑡)
in Eq. (3.4), and (c) the Fourier transform of the generalized imbalance

˜I(𝜔) in Eq. (3.3). On-site

interactions (𝑈 ) rigidify the DTC, with 𝑍 (𝑡) ≈ 1 and
˜I(𝜔) sharply peaked at 𝜔 = 2𝜋/𝑛 for small

𝜖 (yellow lines). For larger 𝜖 and small interactions we nd an oscillatory dynamical phase (OS),

characterized by a few characteristic frequencies at which
˜I(𝜔) is peaked (red lines). e thermal

phase (TH) has 𝑍 oscillating chaotically,
˜I(𝜔) with no dominant peak, and 𝑑2 growing to a nite

value ∼ 1 indicating sensitivity to the initial conditions (blue lines). e dynamical phases are

identied as a function of 𝜖 and𝑈 via 〈𝑍 〉𝑡 (d) and 〈𝑑2〉𝑡 (e), which we compute as time averages

over𝑀 = 10
4
Floquet periods. e dashed lines are the same in (d) and (e), the crosses correspond

to the parameters considered in (a-c). We observe that interactions rigidify the DTC, which

expands from 𝜖 = 0 for increasing𝑈 .

occupied would lead to period𝑚-tupling (independently of 𝐿). In this case, a nite-density

occupation could still realize a DTC for 𝐿 → ∞ [127]. Moreover, in general our model

does not require any disorder since in a fully-connected system (to which our model

can be mapped) disorder is not a necessary ingredient to prevent thermalization under

Floquet driving [76, 111] (see Section A.2 of the Appendix). Finally, we note that the

eective full-connectivity of the equivalent clock model ultimately emerges from the

symmetry of the multi-particle bosonic wavefunction of the considered physical system

of cold atoms, and is in this sense an intrinsic property of the system which cannot be

broken by perturbations to the bosonic Hamiltonian.

e realization of period-𝑛 DTC in a simple bosonic model in a ring laice is the rst

major nding of this Chapter.
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Figure 3.3 | Discrete time quasicrystal. e on-site staircase-like potential leads to a DTQC,

here exemplied for 𝐿 = 4. (a) e dynamical phases are characterized by the Fourier transform

of the generalized imbalance
˜I(𝜔, 𝜖) for 𝛿 = 0.9,𝑈 = 2, and 500 Floquet periods. For a small |𝜖 |

we observe the DTC, corresponding to a single sharp peak locked at frequency
2𝜋
𝑛
. For larger 𝜖

we observe the DTQC, reected by a sharp peak locked at frequency
2𝜋
𝑛

and two further peaks at

frequencies 𝜔
1,2
𝑛 ≈ 𝜋 ± 2𝜖 (dashed blue lines). (b) e dynamical phases are characterized via the

quantities 〈𝑍 〉𝑡 = ˜I
(
2𝜋
𝑛

)
and 〈𝑑2〉𝑡 (inset) computed over 10

4
Floquet periods and for 𝜖 = 0.1. e

DTC, DTQC, and oscillatory phases correspond to 〈𝑍 〉 ≈ 1, 0.5, 0, respectively, and thermalization

is signaled by a nite 〈𝑑2〉𝑡 ∼ 1. Dashed lines serve as a reference and are the same in the main

plot and in the inset. e DTQC is rigidied by interactions, expanding from 𝛿 = 1 for increasing

𝑈 . For suciently large 𝑈 , the system enters a DTC. (c) We characterize the system as a function

of 𝜖 and 𝑈 for 𝛿 = 0.9. e minimum interaction required to enter the DTC phase increases with

|𝜖 |, and no DTC is possible at all if |𝜖 | is too large.

3.3 Tilted lattice and discrete time quasicrystals

Next, we show that tilting the laice with a staircase-like potential (𝛿 ≈ 1) favors

a new DTQC phase. In presence of such a potential, we gain a clear intuition of the

dynamics solving exactly the limit of 𝑈 = 0 and 𝛿 = 1 (with 𝜖 generally ≠ 0). In such a

limit, the system’s characteristic frequencies are linked to the eigenvalues of 𝐹 and turn

out to be
2𝜋
𝑛
, 𝜔1

𝑛 and 𝜔
2

𝑛 (details in Section A.2 of the Appendix). Only the rst frequency

is locked to a submultiple of the driving frequency, whereas the other two are generally

incommensurate with it and are given by

𝜔1,2
𝑛 =

2𝜋

𝑛
± 2 arccos𝑝𝑛 (𝜖)

𝑛
, (3.6)

where 𝑝𝑛 (𝜖) is a trigonometric polynomial in 𝜖 with 𝑝𝑛 (0) = 1, e.g. 𝑝2(𝜖) = cos 2𝜖 and

𝜔
1,2
2

= 𝜋 ± 2𝜖 for 𝐿 = 4. In the limit 𝜖 = 0 we nd 𝜔
1,2
𝑛 = 2𝜋

𝑛
, which consistently links

back to the period-𝑛 DTC. In the limit of a macroscopic number of bosons 𝑁 → ∞
(but nite 𝐿), this regime represents a proper dynamical phase, which we will refer to
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as a DTQC [119, 120]. e discovery of a DTQC and of its characteristic frequencies

[Eq. (3.6)] represents the second major nding of this Chapter. We emphasize that,

dierently from previous studies [123–125], the driving that we consider is perfectly

periodic and characterized by a single frequency whereas the system response features

a subharmonic frequency
2𝜋
𝑛

and two intrinsic frequencies 𝜔
1,2
𝑛 that depend on the

microscopic parameters of the system.

We show that these results are not an artifact of ne-tuning, but rather underline a

proper dynamical phase. A non-zero interaction (𝑈 ≠ 0) indeed rigidies the DTQC. is

means that, even if the frequencies 𝜔
1,2
𝑛 depend on the model parameters (particularly on

𝜖), the characteristic subharmonic frequency
2𝜋
𝑛
does not shi. For 𝛿 ≈ 1 we observe the

new DTQC phase, which is characterized by three main sharp peaks in
˜I, see Fig. 3.3(a).

One peak is locked to
2𝜋
𝑛
and does not change for 𝜖 and 𝛿 within a certain range, whereas

the other two are well approximated by the non-interacting prediction of Eq. (3.6). We

emphasize that, dierently from previous works [126], we believe the presence of two

incommensurate frequencies to be a necessary but not sucient ingredient for the

denition of a DTQC.
†
Rather, in analogy with the more established notion of DTC,

we judge essential the presence of the robust subharmonic peak, which is a genuine

many-body feature. Beyond the DTQC, we also still observe the DTC, oscillatory, and

chaotic phases, which are reected in
˜I(𝜔) featuring a single peak locked to

2𝜋
𝑛
, few

sharp peaks and no sharp peaks at all, respectively. In Fig. 3.3(b) we sketch the various

phases as a function of 𝛿 and 𝑈 for 𝜖 = 0.1 by looking at 〈𝑍 〉𝑡 = ˜I
(
2𝜋
𝑛

)
and 〈𝑑2〉𝑡 . e

interaction 𝑈 rigidies the DTQC, which expands from 𝛿 = 1 for increasing 𝑈 and is

signaled by 〈𝑍 〉 ≈ 0.5. For increasing interactions the system enters a thermal and/or a

DTC phase. In Fig. 3.3(c) we characterize the system as a function of 𝜖 and𝑈 for 𝛿 = 0.9.

We see that the interaction necessary to enter the DTC grows with 𝜖 . Eventually, if 𝜖 is

too large, no DTC is possible.

3.4 Discussion

An appealing feature of our proposal lies in its ultimate simplicity making it very

natural for experimental implementation. Indeed, the Hamiltonian (3.1) only requires

a number of basic ingredients such as nearest-neighbor hopping, local interaction and

on-site potential, which are all readily available for ring-shaped optical laices [130–

133]. e main diculty is the discrete time dependent switch of tunnelling between

†
A denition relying solely on the presence of two incommensurate frequencies would in fact clas-

sify a single, undamped, driven harmonic oscillator as a DTQC whenever the driving frequency 𝜔𝑑 is

incommensurate with the oscillator’s characteristic frequency 𝜔𝑐 .
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alternating bonds. For small systems this is easily achievable if alternating bonds point

in dierent real space directions. Alternatively, the even and odd site labels could be

imprinted onto two dierent spin states. is would enable the discrete switch also on

larger ring laices. More concretely, the dynamics of the rst and of the second third

of the Floquet Hamiltonian would in this case correspond to a transverse eld-induced

spin-ip and to a intra-well barrier lowering, respectively. Furthermore, we have also

checked that our results are robust against small undesired hoppings at odds with the

alternating Floquet protocol.

In conclusion, we have studied the nonequilibrium properties of interacting bosons

in a ring laice. Considering a Floquet driving which alternates hopping on even and

odd nearest-neighbor links, we induced a clock-like circulation of the particles whose

direction depends on the parity of sites. Introducing a suitable set of dynamical order

parameters and solving the exact dynamics in two integrable limits and a GPE across

the whole parameter space, we identied several dynamical phases: a period-𝑛 DTC, an

oscillatory phase, a thermal phase, and a new DTQC. e DTQC phase is characterized

by a frequency which is locked to a submultiple of the Floquet frequency and by a second

frequency which is incommensurate with it. Our work demonstrates a wide spectrum

of nonequilibrium, non-trivial dynamical phases of bosons, which represent a unique

opportunity for experimental investigation.

As natural for bosons in a nite-size laice, the proposed system can be eectively

mapped onto a fully-connected model. is enables a semiclassical GPE which, dealing

with a few degrees of freedom, in some sense connects the observed time-translational

symmetry breaking with traditional dynamical system theory. As argued in Section 1.3,

it is exciting how such a connection can occur in a non-dissipative system like the one

we considered. e natural next question regards the fate of time crystallinity in systems

where the full-connectivity is broken, e.g., in the presence of long-range power-law

interactions. is question is the focus of the next Chapter.





4
Higher-order and fractional discrete time
crystals in long-range interacting systems

In Chapters 2 and 3 we studied systems with short- and eectively innite-range

interactions, respectively. In this Chapter, we interpolate between the two limits

by investigating a clean spin-1/2 system in the presence of tunable long-range

interactions. Typically, the periodicity of a DTC is 𝑛 times longer than that of

the drive, where 𝑛 > 1 is the dimension of the local (or single particle) Hilbert

space (e.g., 𝑛 = 2 for the standard spin-1/2 MBL-DTCs). In striking contrast to

this paradigm, we discover that the dynamical phase diagram of a spin-chain with

long-range interactions fragments to host a huge variety of ‘higher-order’ DTCs

with integer and, surprisingly, even fractional 𝑛 > 2. ese exotic behaviors do not

require disorder, and last for a nite but exponentially long (in the frequency of

the drive) time. e stability of these prethermal phases of maer in the presence

of competing long- and short-range interactions is established by means of a

combination of complementary methods. Experimental implementations with

ultracold atoms or trapped ions are discussed. Most results of this Chapter are

drawn from Ref. [3].

Most work on DTCs, including the prevailing body of literature on MBL-DTCs, has

focused on spin-1/2 chains. As we described in Chapters 1 and 2, these systems exhibit a

2-DTC where at every Floquet period each spin (approximately) oscillates between the

states |↑〉 and |↓〉 leading to period doubling (𝑛 = 2). is fact naturally emerges from

the dimension 2 of the local Hilbert space of the spins [43], and can be generalized to

𝑛-DTCs in models of 𝑛-dimensional clocks [2, 76, 115], including the study of Chapter

3. Another well-studied seing is that of bosons in a gravitational eld bouncing on an

oscillating mirror [18], where the single-particle Hilbert space dimension is innite (as

37
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Figure 4.1 | A periodically driven, long-range interacting spin-ain. A spin-1/2 chain with

long-range interactions (signied in red) and initial z-polarization is driven with a monochromatic

transverse magnetic eld of strength ℎ, inducing a spin precession around x.

the particle’s position is continuous) and where 𝑛-DTCs with arbitrary integer [116] and

fractional [41] 𝑛 have been shown.

As discussed in the introductory Chapter 1, heating to a featureless ‘innite tempera-

ture’ state in these systems is typically avoided by introducing disorder, which leads to a

(Floquet) MBL phase [25, 26, 28]. An alternative mechanism to prevent heating has been

more recently put forward: prethermalization [75, 91, 93, 94, 134, 135]. According to this

phenomenon, when the frequency 𝜔 = 2𝜋/𝑇 of the drive is large, the system remains

stuck in a prethermal regime for an exponentially long time ∼ 𝑒𝑐𝜔 (𝑐 being the inverse of

some local energy scale), before ultimately meeting its heat death [91, 92, 136–138]. In

contrast to MBL , prethermalization requires no disorder and occurs in any dimensionality,

features that make it an excellent candidate for experimental implementation. e only

price to pay is a nite lifetime, which for essentially all current implementations can

nonetheless be tuned orders of magnitude larger than the achievable coherence times.

Another important dierence between MBL and prethermal DTCs is that in the laer

there is an energy edge for the initial condition above which the time crystalline reponse

is broken [37, 75]. Very recently, Ref. [93] has provided the theoretical framework to

study Floquet, clean, long-range interacting systems, in which novel prethermal phases

of maer are expected. While their framework allows for the possibility of 𝑛-DTCs with 𝑛

larger than the size of the local (or single-particle) Hilbert space, their concrete examples

are limited to 𝑛 = 2. As we are about to discover, part of the diculty in numerically

observing what we call ‘higher-order’ DTCs lies in their emergence at system sizes which

are typically beyond the reach of ED.

In this Chapter, we overcome this limitation by considering a system amenable

to a set of complementary methods, which enable us to discover an unusually rich

dynamical phase diagram hosting a zoo of novel, exotic, prethermal phases ofmaer. More

specically, we show that a clean spin-1/2 chain in the presence of long-range interactions
(Fig. 4.1) can sustain robust higher-order 𝑛-DTCs with integer and, remarkably, even

fractional 𝑛 > 2 (e.g., 𝑛 = 3, 4, 8/3 and beyond). ese novel dynamical phases give
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rise to a peculiar fragmentation of the magnetization spectrum, which is intriguingly

reminiscent of the plateau structure of the Fractional antum Hall Eect.

e remainder of the Chapter is organized as follows. In Section 4.1 we present a rather

general model of long-range interacting spins and thoroughly study its semiclassical

(that is, MF) limit, in Section 4.2 we show that the physics observed in MF extends far

beyond the corresponding ne-tuned limit, whereas in Section 4.3 we conclude with a

discussion of the results.

4.1 Model and mean-eld limit

We consider a one-dimensional chain of𝑁 spins in the thermodynamic limit (𝑁 → ∞),

driven according to the following time-periodic Hamiltonian

𝐻 (𝑡) = 𝐽

N𝑁,𝛼

𝑁∑︁
𝑖, 𝑗=1
𝑖≠ 𝑗

𝜎𝑧
𝑖
𝜎𝑧
𝑗

(𝑟𝑖, 𝑗 )𝛼
+ λ

𝑁∑︁
𝑗=1

𝜎𝑧𝑗 𝜎
𝑧
𝑗+1 − 𝜋ℎ[1 + sin(2𝜋𝑡)]

𝑁∑︁
𝑗=1

𝜎𝑥𝑗 , (4.1)

where 𝜎
(𝑥,𝑦,𝑧)
𝑗

denote the standard Pauli operators for the 𝑗-th spin, periodic boundary

conditions are assumed, and both ℏ and the drive frequency have been set to 1.† 𝐽 measures

the strength of a power-law interaction with characteristic exponent 𝛼 , λ is the strength

of a nearest-neighbor interaction, and 𝜋ℎ is the average over one drive period of the

monochromatic transverse magnetic eld. e Kac normalization N𝑁,𝛼 =
∑𝑁
𝑗=2(𝑟1, 𝑗 )−𝛼

guarantees extensivity, and conveniently allows to stretch the model to the Lipkin-

Meshkov-Glick (LMG) limit of all-to-all interactions (𝛼 = λ = 0), in which the underlying

complex physics is reduced to its essence and most easily interpreted.

e dynamics from an initially z-polarized state |𝜓 (0)〉 = |↑, ↑, . . . , ↑〉 is integrable
in the non-interacting limit 𝐽 = λ = 0, for which the magnetization 𝑚(𝑡) = 〈𝜎𝑧

𝑗
〉(𝑡)

at stroboscopic times 𝑡 = 0, 1, 2, . . . reads 𝑚(𝑡) = cos(2𝜋ℎ𝑡), that is, ℎ is the system’s

characteristic frequency. e essential question to diagnose a 𝑛-DTC is whether, upon

switching on the interactions, there exists a nite range of ℎ for which the system’s

characteristic frequency a remains instead locked to a constant value 1/𝑛 < 1, signalling

the stability of the DTC to perturbations of the drive. In the following we answer this

question armatively not only for the well-known 𝑛 = 2 case, but, if the interactions are

suciently long-range, also for integer and even fractional 𝑛 > 2, corresponding to the

higher-order DTCs. Note, the Z2 symmetry of the Hamiltonian in Eq. (4.1) raises, for a

2-DTC, the conceptual issue whether the subharmonic response stems from the time-

†
We postpone to Chapter 5 the important task of explicitly studying the role of 𝜔 , and in particular its

impact on the timescale of the expected ultimate thermalization.
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Figure 4.2 | Higher-order and fractional discrete time crystals. e time crystallinity is probed

by the Fourier transform |�̃�(a) | of the magnetization along z. e spectrum fragments in a

multitude of plateaus with constant frequency 1/𝑛 for a magnetic eld strength ℎ in a nite range
≈ 1/𝑛, each of which signals a higher-order 𝑛-DTC robust to perturbations of the drive (𝑛 is

indicated in blue font for some of the resolved DTCs). Especially remarkable are fractional 𝑛-DTCs,

with 𝑛 = 𝑝/𝑞 and 𝑝 and 𝑞 some coprime integers. e labels F and sF refer to the dynamical

ferromagnet and the stroboscopic ferromagnet, respectively. is spectrum refers to the LMG

limit (𝛼 = 0, λ = 0), at xed interaction 𝐽 = 0.5, restricting to the rst frequency Brillouin zone

−0.5 ≤ a ≤ 0.5, for 500 and 2000 drive periods in the top and boom panels, respectively.

symmetry breaking itself or it rather “piggybacks” on an underlying breaking of the Z2

symmetry [42, 75, 139]. is issue however disappears for the higher-order 𝑛-DTCs that,

because the Hamiltoanian lacks any Z𝑛 symmetry (𝑛 > 2), must indeed be a “genuine”

manifestation of time-symmetry breaking.

For the sake of clarity, we rst focus on the LMG limit of all-to-all interactions

(𝛼 = λ = 0), which allows for a conceptually simple semiclassical interpretation of the

various dynamical phases. e dynamics of the system is in this case described by a

semiclassical GPE for the complex elds𝜓↑ and𝜓↓ (details in Section A.3 of the Appendix)

𝑑𝜓↑
𝑑 (𝑖𝑡) = 𝜋ℎ[1 + sin 2𝜋𝑡]𝜓↓ − 4𝐽 |𝜓↑ |2𝜓↑,

𝑑𝜓↓
𝑑 (𝑖𝑡) = 𝜋ℎ[1 + sin 2𝜋𝑡]𝜓↑ − 4𝐽 |𝜓↓ |2𝜓↓,

(4.2)

where we can identify |𝜓↑ |2 − |𝜓↓ |2 → 𝑚 = 〈𝜎𝑧
𝑗
〉 and 𝜓 ∗

↑𝜓↓ = |𝜓↑ | |𝜓↓ |𝑒𝑖\ → 〈𝜎𝑥𝑗 〉+𝑖〈𝜎
𝑦

𝑗
〉

2
.

While in the limit 𝛼 → 0 the dynamics described by the GPE (4.2) is indeed 0-dimensional

and lacks any sense of locality, it carries the signature of many-body interactions in

its nonlinearity rather than in an exponentially large number of degrees of freedom

(similarly, e.g., to the paradigmatic MF equation𝑚 = tanh[𝐽𝑚/𝑘𝐵𝑇 ] of the Ising model

in equilibrium - see the considerations in the introductory Section 1.3). e presence
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Figure 4.3 | Phase space structure of the dynamical phases. Poincaré maps of the semiclassical

dynamics (4.2) for various magnetic eld strengths ℎ and a xed interaction 𝐽 = 0.5. Red

markers highlight the trajectory starting in the z-polarized state (𝑚 = 1, \ = 0, green asterisk).

(a) dynamical ferromagnet (F): the magnetization𝑚 remains ≈ 1 at all times; (b) stroboscopic

ferromagnet (sF): the magnetization𝑚 changes sign during the micromotion and yet it remains

positive at stroboscopic times; (c) 2-DTC: the system alternatively visits two islands of the phase

space – one with𝑚 ≈ 1 (numbered as 0) at even times, and the other with𝑚 ≈ −1 (numbered as

1) at odd times; (d,e) higher-order 𝑛-DTCs with integer 𝑛 = 4, 8, respectively: the system visits

cyclically 𝑛 islands of the phase space (accordingly numbered in red), with one tour of the islands

corresponding to one complete revolution of the spins around the Bloch sphere. (f) Higher-order

𝑛-DTC with fractional 𝑛 = 𝑞/𝑝 = 8/3: it takes 𝑝 revolutions of the spins for the system to tour 𝑞

islands of the phase space, resulting in a sharp magnetization oscillation frequency a = 𝑝/𝑞. e

insets on the right zoom on the island visited at times 𝑡 = 8𝑘 + 5, 𝑘 = 0, 1, 2, . . . for the 8-DTC

(top) and the 8/3-DTC (boom).

of such a limit highlights qualitative dierences between clean long-range DTCs and

MBL-DTCs, and is at the heart of their much richer phenomenology.

e dynamics of the magnetization𝑚 is obtained integrating the GPE (4.2) from an

initially z-polarized state (𝜓↑(0) = 1,𝜓↓(0) = 0), and the corresponding Fourier transform

|�̃�(a) | versus the magnetic eld strength ℎ is ploed in Fig. 4.2(b). As it is well-known

[111], the 2-DTC results in the system characteristic frequency a being locked to 1/2
for ℎ ≈ 1/2. Surprisingly, the same locking occurs at frequencies 1/𝑛 with integer and

fractional 𝑛 > 2 (e.g. 𝑛 = 3, 4, 8/3), giving rise to a fragmentation of the spectral line

of �̃�(a) in a sequence of plateaus of constant frequency for a nite range of ℎ ≈ 1/𝑛.
Each of these plateaus signals a higher-order (possibly fractional) DTC, the width of the

plateau being a signature of the DTC’s robustness to drive perturbations. e ‘halos’

surrounding the plateaus in Fig. 4.2 correspond to incommensurate (non-subharmonic)

frequencies adding a time-quasicrystalline aspect to the DTCs. e magnitude of these
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secondary peaks is in the order of a few percent compared to the dominant subharmonic

peak, resulting in weak aperiodic ne features on top of the subharmonic response.

e plateau at a = 0 for ℎ ≈ 0 signals the tendency of the spins to remain aligned

along z in a dynamical ferromagnetic phase (F). is corresponds to macroscopic quantum

self-trapping of weakly driven bosons in a double well [140], which can in fact be exactly

mapped to the LMG limit (details in Section A.3 of the Appendix). For ℎ ≈ 1, 2, 3, . . . , the

spins complete approximately 1, 2, 3, . . . revolutions around the Bloch sphere at each drive

period, respectively, and yet maintain a preferential alignement along z at stroboscopic
times, in what may be called a stroboscopic-ferromagnetic phase (sF).

Our results are conrmed by ED studies.

Indeed, the all-to-all coupling of the LMG limit makes the Hamiltonian invariant

under any permutation of the spins, leaving the dynamics conned to the symmetric

sector, consisting of Dicke-like states

��𝑛↑, 𝑛↓〉 labelled by the number of up and down

spins (with 𝑛↑ + 𝑛↓ = 𝑁 ) and thus composed of only N+1 elements. is allows a scaling

analysis extended up to large system sizes, showing a progressive emergence of the

spectral line plateaus for an increasing number of spins 𝑁 . For the standard 2-DTC,

the plateau is clearly visible already for 𝑁 ' 10, whereas, crucially, for the 4-DTC it

appears only for 𝑁 ' 100 (see details in Section A.3 of the Appendix). is observation

strongly suggests that signatures of the higher-order 𝑛-DTCs arise for larger system sizes

as compared to the standard 2-DTC, making them generally elusive to ED techniques.

is fact might explain the diculties in observing higher-order DTCs in the past and

motivates the choice of model (4.1) in the rst place.

e stroboscopic dynamics generated by the GPE (4.2) can be conveniently described

with Poincaré maps, popular tools in dynamical systems theory that here provide an

immediate interpretation of much of the underlying physics, which to some extent

characterizes the dynamical phases also when deviating from the LMG limit. In Fig. 4.3,

the trajectory starting in the z-polarized state (green asterisk) is highlighted with red

markers. For a weak drive ℎ ≈ 0, the spins tend to remain aligned along z in a dynamical

ferromagnetic phase (a), giving rise to a Poincaré map which closely resembles the phase

portrait of undriven bosons in a double well [140]. For ℎ ≈ 1, the micromotion consists

of approximately an entire revolution of the spins around the Bloch sphere per period

(not shown), with a preferential z alignment restored at stroboscopic times despite the

detuning in the magnetic eld strength (b). For ℎ ≈ 1/𝑛 and 𝑛 = 2, 4, 8 in (c), (d) and (e),

respectively, the 𝑛-DTC results in the presence of 𝑛 ‘islands’ in the phase space which

the system visits sequentially jumping from one to the next at each drive period. In 𝑛

drive periods, the system visits all the 𝑛 islands once, and the magnetization𝑚 completes

one oscillation.
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the higher-order DTCs is induced by the interactions, justing their classication as nonequi-

librium phases of maer. For concreteness, we show this for the 4-DTC in the LMG limit. (a,b)

Magnetization𝑚(𝑡) at stroboscopic times (le) and respective Fourier transform |�̃�(a) | (right)
for a slightly detuned magnetic eld strength ℎ = 1/4 + 0.01. For a weak interaction 𝐽 = 0.1 in

(a), the system trivially oscillates at frequencies a ≈ ±0.26, whereas a larger interaction 𝐽 = 0.5

in (b) re-establishes a robust subharmonic response at frequency a = 1/4. (c) Amplitude of the

subharmonic peak |�̃�(1/4) | in the (𝐽 , ℎ) plane. e 4-DTC phase opens up from the integrable

point 𝐽 = 0, ℎ = 0.25, that is, the interaction makes the 4-DTC robust. (d) A thermal region

of the phase space is characterized by a nite value ∼ 1 of the decorrelator time-average 〈𝑑2〉𝑡 ,
corresponding to semiclassical chaos. Both (c) and (d) are computed over 10

3
drive periods.

Furthermore, forℎ ≈ 3/8 the system behaves as a𝑛-DTCwith fractional𝑛 = 𝑞/𝑝 = 8/3
(f). In this case, the system cyclically visits 𝑞 islands of the phase space in 𝑞 drive periods.

Dierently from a 𝑞-DTC, however, during this time the magnetization 𝑚 completes

𝑝 oscillations, resulting in a characteristic frequency 𝑝/𝑞. Finally, larger interactions
𝐽 lead to chaotic Poincaré maps (not shown, but analogous to Ref. [111]), signaling

thermalization [128].

Since the island-to-island hopping that underpins the subharmonic response holds for

any point of any island, the islands themselves can be interpreted as stability regions of

the DTCs with respect to perturbations of the initial state. e Poincaré maps also provide

an interpretation of the subdominant frequencies visible as halos around the plateaus in

Fig. 4.2, that are in fact associated with the revolution period of the intra-island orbits

(e.g., those shown in the insets of Fig. 4.3). is also explains why these frequencies are

sensitive to perturbations of the drive, which deform the shape of the islands and thus

the orbits’ revolution periods, but are only weakly sensitive to perturbations of the initial

state.

It is well-established for the standard 2-DTC that the robust subharmonic response

hinges on the interaction being suciently strong. e fact that interactions are necessary

for the robustness of DTCs is critical, as it underpins the many-body nature of the DTCs

and it justies their classication as nonequilibrium phases of maer [19]. It becomes

thus of primary importance to assess the role of the interactions also for the higher-order
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DTCs. To this end, as a concrete example, in Fig. 4.4 we investigate the eects of the

interaction strength 𝐽 on the 4-DTC. If the interaction is weak, a slightly detunedmagnetic

eld strength ℎ = 1/4 + 𝜖 , with 𝜖 � 1, gives rise to envelopes (that is, beatings) with

period ∼ 1/𝜖 , resulting in the Fourier transform �̃� being peaked at a ≈ ℎ and in trivial

dynamics (a). Crucially, stronger interactions can compensate the mistake in the ipping

eld (b): the envelopes in𝑚(𝑡) disappear, the peak in �̃� is set back to the subharmonic

frequency a = 1/𝑛, and the discrete time symmetry is broken. e time-quasicrystalline

character of the DTC is observed in a small aperiodic modulation of the magnetization

on top of the subharmonic response.

e subharmonic peak magnitude |�̃�(1/4) | can be used to trace out the 4-DTC phase

in the (𝐽 , ℎ) plane (c). e 4-DTC phase opens up from the integrable point 𝐽 = 0, ℎ = 1/4
for increasing interactions, in analogy with the opening of the standard 2-DTC from

𝐽 = 0, ℎ = 1/2 [28]. is opening, which in dynamical system theory would be referred

to as Arnold’s tongue, conrms that larger interactions 𝐽 allow the higher-order DTCs to

bear larger detunings in the eld ℎ. However, at even larger 𝐽 ' 0.8 semiclassical chaos

sets in and the time crystalline order is broken irrespectively ofℎ. To see this, we introduce

a decorrelator 〈𝑑2(𝑡)〉𝑡 , measuring the average distance between two initially very close

copies of the system evolving under Eq. (4.2). 〈𝑑2〉𝑡 ∼ 1 corresponds to sensitivity to the

initial conditions, that is, to classical chaos, which in turn signals quantum thermalization

[128]. e decorrelator is similar in spirit to that of Eq. (3.5), and detailed in Section A.3

of the Appendix.

4.2 Stability beyond mean-eld

As shown, the DTCs rely on the interactions being suciently (but not too) strong.

Crucially, in contrast to the standard 2-DTC, higher-order DTCs also necessitate the

interactions to be suciently long-range. We now probe the robustness of the higher-

order DTCs along yet a dierent direction in the drive space, exploring the eects of

non-all-to-all interaction on higher-order DTCs, particularly assessing their stability

upon breaking the MF solvability of the dynamics with power-law (𝛼 > 0) and nearest-

neighbor (λ > 0) interactions. In this case, the system is no longer described as a collective

spin, and spin-wave excitations are rather generated. To account for them, we adopt

a spin-wave approximation (see details in Section A.3 of the Appendix), in which the

central dynamical variable is the density of spin-wave excitations 𝜖 (𝑡)

𝜖 =
2

𝑁

𝑁∑︁
𝑘≠0

〈𝑏†
𝑘
𝑏𝑘〉, (4.3)
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tions. e higher-order and fractional DTCs survive, most likely in a prethermal fashion, when

deviating from the LMG limit. For concreteness, we focus on the 4-DTC at ℎ = 0.27 and 𝐽 = 0.5,

and consider the eects of power-law (𝛼 > 0) and nearest-neighbor (λ > 0) interactions. (a) If the

interactions are suciently long-range (that is 𝛼 is small enough, here for a xed λ = 0.03), the

density of spin-wave excitations 𝜖 remains small throughout several time decades. Conversely,

shorter-range interactions lead to the proliferation of spin-wave excitations that makes the system

quickly thermalize destroying any time crystalline order [110]. (b) A sharp transition between

these two regimes is highlighted by the time-average 〈𝜖〉𝑡 over 103 periods versus 𝛼 (at a xed

λ = 0.03). e critical 𝛼𝑐 at which 〈𝜖〉𝑡 crosses the threshold 0.1 (inset), grows and possibly satu-

rates with the system size 𝑁 , suggesting the stability of the 4-DTC in the thermodynamic limit

𝑁 → ∞. (c,d) e stability of the 4-DTC for a whole region of the parameter space surrounding

the LMG point 𝛼 = λ = 0 is highlighted ploing the magnitude of the subharmonic peak |�̃�(1/4) |
and the average spin-wave density 〈𝜖〉𝑡 in the (𝛼, λ) plane. In (a,c,d), we used 𝑁 = 10

3
.

where 𝑏
†
𝑘
and 𝑏𝑘 are bosonic creation and annihilation operators for the spin-wave

excitations with momentum 𝑘 .

In the LMG limit (λ = 𝛼 = 0), no spin-wave excitation is generated and 𝜖 = 0 at all

times. When departing from such a limit, two scenarios are possible, see Fig. 4.5(a): (i) 𝜖

rapidly reaches a plateau / 0.1 (up to some small uctuations), for which we consider

the spin-wave approximation consistent, or (ii) 𝜖 rapidly grows to values ' 1, for which

the spin-wave approximation breaks down. Although the method is not exact and may

fail to capture the very long-time physics, it suggests that (i) and (ii) correspond to

prethermalization and thermalization, respectively [110, 141, 142].

We observe that the higher-order DTCs are stable (at least in a prethermal fashion)

for suciently long-range interactions (that is, suciently small λ and 𝛼), whereas

thermalization quickly sets in for shorter-range interactions, see Fig. 4.5(a). e transition

between these two dynamical phases is sharp and can be located comparing the spin-wave

density time average 〈𝜖〉𝑡 with a threshold 0.1, Fig. 4.5(b). e stability of the 𝑛-DTC in the

presence of competing power-law and nearest-neighbor interactions can be investigated

in the (𝛼, λ) plane ploing the amplitude of the subharmonic peak |�̃�(1/𝑛) | in Fig. 4.5(c)

and the time-averaged spin-wave density 〈𝜖〉𝑡 in Fig. 4.5(d). e 𝑛-DTC is stable for a

whole region of the parameter space surrounding the LMG point (𝛼 = λ = 0), that is, if the

interactions are suciently long-range. e DTC is also robust to arbitrary perturbations
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to the initial state, as long as the initial spin-wave density 𝜖 (0) is suciently small, as we

have checked by injecting a small amount of spin-wave excitations to the initial state.

For completeness, in Section A.3 of the Appendix we also investigate the stability of the

4-DTC against the introduction of a longitudinal eld of strength ℎ𝑧 . We nd in this case

that the expected prethermal nature of the DTC is only changed quantitatively, with the

heating time scaling exponentially with the ratio of the driving frequency (for us always

1) and the energy scale ℎ𝑧 . Finally, we note that the time-quasicrystalline character of the

DTCs is maintained throughout their whole stability region. In particular, we nd small

peaks at incommensurate frequencies that do (do not) vary when slightly perturbing the

drive (initial conditions).

4.3 Discussion

Higher-order DTCs in clean long-range interacting systems are qualitatively distinct

from DTCs of MBL Floquet systems. Indeed, the higher-order DTCs require the establish-

ment of order along directions dierent from ±z. For instance, in the 4-DTC the spins are

approximately aligned along −y and +y at times 𝑡 = 1, 5, . . . and 𝑡 = 3, 7, . . . , respectively.

In an MBL system, a disordered magnetic eld or short-range interaction along z would
immediately scramble the system when the spins are far from the z axis, precluding the
possibility of higher-order DTCs. us, our work establishes that translationally-invariant

systems with long-range interactions can circumvent these limitations [75, 93].

In the LMG limit of all-to-all interactions, the model (4.1) has a low-dimensional

semiclassical limit, which links the 𝑛-DTCs to the multifrequency mode locking of some

nonlinear discrete maps, which is ubiquitous in the natural sciences [143–146]. On the

one hand, our work establishes a connection between this class of DCTs and dynamical

system theory. On the other hand, it provides evidence for the stability of the higher-

order DTCs in a whole region of the parameter space surrounding the LMG limit, in

the presence of competing, MF-breaking, long- and short-range interactions, that is in a

genuinely quantum seing with no semiclassical counterpart.

e choice of a continuous Floquet drive with constant-in-time interactions and

monochromatic transverse magnetic eld, together with translational invariance, makes

model (4.1) a prime candidate for experimental implementation. For instance, bosons

in a double well [140] could be used to realize a truly all-to-all interacting model, that

is the LMG limit. In this case, the eld pulses would be simply implemented lowering

the barrier between the two wells to allow particle tunnelling, and the fact that no time

modulation for the particle-particle interaction is necessary should provide a major
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simplication. Power-law interactions with tunable alpha 0 ≤ 𝛼 ≤ 3 can instead be

realized in trapped-ion experiments [29, 147, 148].

In conclusion, we have discovered higher-order DTCs with a period that is not limited

from above by the size of the local (or single-particle) Hilbert space. anks to the

long-range interactions, and in the absence of disorder, the dynamical phase space of the

system fragments to host many higher-order 𝑛-DTCs with integer and even fractional 𝑛.

e physics of these exotic dynamical phases is most easily understood in the MF limit

of all-to-all interactions, in which we leveraged the tools of dynamical system theory,

such as Poincaré maps. Beyond this limit, that is when the MF solvability of the model is

broken in the presence of competing long- and short-range interactions, we assessed the

stability of the higher-order DTCs (at least in a prethermal fashion) using a spin-wave

approximation.

While showing that a whole zoo of exotic temporal behaviors exists beyond the

period doubling paradigm of MBL DTCs, this Chapter has also opened a series of natural

questions, for instance on the role of quantum uctuations and on the interplay between

interaction range and dimensionality. Furthermore, the data shown does not really capture

the expected ultimate heating to innite temperature, and the claim that thermalization

happens aer a timescale that is exponential in the ratio between the drive frequency and

a local energy scale remains unveried (which local energy scale should be considered?).

ese and other open issues are addressed in the next Chapter, in which the present

quantum treatment is complemented by a ‘back to basics’ classical approach.





5
Classical approaes to prethermal discrete
time crystals

Systems subject to a high-frequency drive can spend an exponentially long time

in a prethermal regime, in which novel phases of maer with no equilibrium

counterpart can be realized. Due to the notorious computational challenges of

quantum many-body systems, numerical investigations in this direction have

remained limited to one spatial dimension, in which long-range interactions have

been proven a necessity. Considering power-law interacting spins on one-, two-,

and three-dimensional hypercubic laices, we investigate the interplay between

dimensionality and interaction range in the stabilization of these nonequilibrium

phases of maer that break the discrete time-translational symmetry of a periodic

drive. Most results of this Chapter are drawn from Refs. [4] and [5].

roughout the dissertation we have so far mostly been interested in discussing the

fate of periodically driven systems. is focus will not change henceforth, but let us for

a moment take a step back and make some general considerations about the simpler

undriven seing, in which no drive is present. In this seing, thermalization can occur

in many-body systems undergoing non-dissipative dynamics aer a sudden quench (that

is, change) of their Hamiltonian. According to this phenomenon, local observables
†

take under very general circumstances a steady-state value uniquely determined by the

(conserved) energy of the system. Although classical and quantummechanics can capture

dierent avors of the phenomenon, the rough physical intuition behind it is the same

in the two descriptions: scrambling and energy redistribution among many interacting

elementary constituents make the system act as a large bath for its own small sub-parts.

†
Specically, their expectation value in the quantum case, and average over space, time, or realizations

of the initial conditions in the classical case.

49
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If the physical intuition and phenomenology of thermalization are similar in classical

and quantum dynamics, the two respective underlying mathematical mechanisms are

not. Classical dynamics consists of O(𝑁 ) nonlinear ordinary dierential equations and

can account for thermalization through chaos and ergodicity in phase space. antum

dynamics consists instead ofO(𝑒O(𝑁 )) linear ODEs, and captures thermalization through a

peculiar spectral structure according to the so-called eigenstate thermalization hypothesis

(ETH) [51].

Understanding how the same phenomenon can be explained by theories with so

strikingly dierent mathematical structures is very insightful. In this sense, the major

credit of the ETH is perhaps to have resolved the seemingly paradoxical emergence of

thermalization from a linear theory, rather than having discovered the phenomenon of

thermalization itself.
†
is is in line with the natural way forward of science: phenomena

are generally rst described/discovered within the simplest theoretical framework that

can account for them, and their understanding is later rened with more and more

accurate and complicated theories.

Curiously enough, if this natural course from a classical to a quantum description was

followed for thermalization, it was not followed for prethermalization, the phenomenon

introduced in Chapter 4 for which, under a drive at high frequency 𝜔 = 2𝜋/𝑇 , a many-

body system takes an exponentially long time ∼ 𝑒𝑐𝜔 to heat up to an innite temperature

state [91, 92, 134, 136–138]. Such a slow heating emerges from the mismatch between

the large drive frequency 𝜔 and the smaller local energy scales, which provides an

intuition for prethermalization both for quantum and classical systems. In the prethermal

regime, before the ultimate heating, the system undergoes an approximate (almost energy

conserving) thermalization with respect to an eective static Hamiltonian. Perhaps

because of the literature on quantum Floquet engineering, prethermalization has rst

been discussed within a quantum framework, and only recently within a classical one

[149–152], to which the concept of prethermal Hamiltonian can be extended [151, 152].

It is therefore natural to expect that prethermal phases of maer such as DTCs,

which we studied within a quantum framework in Chapter 4, could also emerge from

classical Hamiltonian dynamics. If this was the case, the stringent numerical constraint

of many-body quantum mechanics would be torn down, opening the way to large-

scale simulations of these nonequilibrium collective phenomena. In fact, the numerical

challenges of many-body quantum mechanics have restrained the study of these systems

in the experimentally most relevant scenarios. For instance, the analytical work of

†
oting from [51], “In generic isolated systems, nonequilibrium dynamics is expected to result in

thermalization [. . . ] However, it is not obvious what feature of many-body quantum mechanics makes

quantum thermalization possible”.
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Figure 5.1 | Driven classical spins on a lattice. (a) Schematics of the system for dimensionalities

𝐷 = 2 and 3. e spins are accomodated on a hypercubic laice and subject to intermiing

𝑧𝑧 interaction (red links), longitudinal 𝑧 eld, and transverse 𝑥 eld. e interaction range

is controlled by the characteristic exponent 𝛼 . For instance, in the 3𝐷 and 2𝐷 case we show

innite and nite 𝛼 , corresponding to contact and power-law interactions, respectively. (b) e

Hamiltonian ruling the system dynamics is binary: the 𝑧𝑧 interaction and longitudinal 𝑧 eld

(red) are alternated with the transverse 𝑥 eld (blue). (c) Initially (𝑡 = 0), each spin is moved away

from the North pole by a random Gaussian polar angle \ with zero mean and standard deviation

2𝜋𝑊 . e perturbed copy of the system {𝑺 ′} diers from {𝑺} of an amount ∼ Δ �𝑊 .

Ref. [75] envisioned prethermal DTCs under the assumption of short-range interactions,

for which a dimensionality two or three is required. Such a high dimensionality makes

the important task of numerically validating the theory, its assumptions, and limitations,

extremely dicult. Indeed, this has only been possible for generalizations to long-range

one-dimensional systems, by means of approximated methods as in Chapter 4 or of ED

simulations for relatively small system sizes in Ref. [93]. ese diculties are exacerbated

even more by the fact that some phenomena, like higher-order DTCs, only manifest at

system sizes exceeding by at least a factor 2 those in the reach of ED techniques (see

Section A.3 in the Appendix).

In this Chapter, we show that a theory based on classical Hamiltonian dynamics

can reproduce essentially all the key features of prethermal DTCs, while liing most

of the complexity that constrains the numerics of quantum many-body systems, and

thus opening the way to the numerical simulation of systems with virtually no limits on

dimension, geometry, system size, or interaction range. We consider a system of classical

spins on hypercubic laices in dimension one, two, and three, in the presence of time

dependent magnetic elds and interaction with tunable range (from nearest-neighbor

to all-to-all), see Fig. 5.1. e resulting Hamiltonian (thus, non-dissipative) dynamics is

dominated by two timescales. e rst is related to the prethermalization of the system

to an eective Hamiltonian 𝐻e, that occurs over a timescale 𝜏𝑝𝑡ℎ ∼ 1/λ, with λ the

Lyapunov exponent independent of 𝜔 . e second is related to the innite-temperature

thermalization, that occurs only aer an exponentially long time 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 . e separation

of timescales leaves room for the realization of prethermal 𝑛-DTCs with various orders,

like 𝑛 = 2, 3, 4, 20/7, and beyond.

Besides the conceptual contribution regarding the explanation of these phenomena
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Figure 5.2 | Classical phenomenology of a prethermal discrete time crystal. With a classical

analysis of spins with short-range interactions (𝛼 = ∞) on a two-dimensional laice (𝐷 =

2) we reveal the distinctive traits of a prethermal 4-DTC. With a one-to-one sphere-to-color

mapping (le), we unambiguously represent the state of each of the 𝑁 = 200
2
spins at some

representative times (each frame represents a time, and each pixel therein represents a spin).

With a period 4-tupled response, the spins are mostly polarized along +𝒛,−𝒚,−𝒛, +𝒚, +𝒛, . . . at
times 𝑡/𝑇 = 4𝑘, 4𝑘 + 1, 4𝑘 + 2, 4𝑘 + 3, 4𝑘 + 4, . . . , respectively. is is visualised by alternating

predominant colorations red, yellow, green, blue, red, . . . . is subharmonic response holds

across a long prethermal regime that extends beyond the timescale characterizing chaos, 𝜏𝑝𝑡ℎ ∼ 1

λ ,

with λ the Lyapunov exponent. Only at a very long time 𝑡 = 10
5𝑇 ∼ 𝜏𝑡ℎ does the system order

break, with the nucleation and proliferation of domains of opposite magnetizations. e innite

temperature state with random spin orientations is reached at later times 𝑡 = 10
7𝑇 � 𝜏𝑡ℎ . Here,

𝑔 = 0.255, ℎ = 0.1, 𝜔 = 3.14, 𝛼 = ∞, 𝑅 = 1, and𝑊 = 0.1.

as fundamentally classical, the access to large system sizes and dimensionalities (e.g.,

of 𝑁 = 50
3
spins in 3D) leads us to two further main technical contributions. e

rst is the unprecedented simulation of prethermal (and even higher-order) DTCs in

short-range interacting systems, whereas the second is an exhaustive account of these

phenomena across multiple directions in the parameter space, specically of the interplay

between dimensionality and interaction range. We conjecture our ndings to be robust

to quantum uctuations, which should make them observable in experiments and pave

the way towards the exploitation of classical systems for exploring novel nonequilibrium

phenomena in higher dimensions.

e remainder of this Chapter is organized as follows. In Section 5.1 we describe the

model, including its Hamiltonian, dynamical equations, observables, and initial condi-

tions. In Section 5.2 we present our main results. First, we provide a crisp presentation of

the core phenomenology of a prethermal DTC for short-range interacting spins in dimen-

sionality two and three. Second, for spins in a one-dimensional chain with long-range

interactions, we compare our classical model with its quantum counterpart, and nd

qualitative agreement. ird, we showcase numerics for an array of possible parameters,

comprehensively studying the interplay between dimensionality, interaction range, drive

frequency, and strength of perturbation of the initial condition. We conclude in Section 5.3

with a discussion of the results and an outlook on future research.

Before embarking into the technical results, let us make a remark on nomenclature.
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Strictly speaking, the concept of ‘higher-order’ as introduced in Chapter 4 only makes

sense in relation to a system of spin 1/2, for which the DTC period 𝑛𝑇 has 𝑛 larger than

the size 2 of the local Hilbert space. Here, we extend this notion of ‘higher-order’ to

classical spins (for which one might say that the size of the Hilbert space is innity)

under the assumption that our ndings are relevant for systems of quantum spin 1/2,
an idea that we support with numerics and discussion. Further, let us point out that the

notion of classical DTCs has also been adopted with various connotations by previous

works [153–156], and will also appear in the following chapters. Finally, we note that a

closely related and complementary study on prethermal DTCs in classical Hamiltonian

dynamics has been recently performed by Ye and collaborators in [157].

5.1 Classical spins on a hyper-cubic lattice: model

We present the model in four subsections, discussing the systems’ Hamiltonian, the

respective dynamical equations, the observables of interest, and the initial condition.

Hamiltonian

Consider a hyper-cubic laice with linear size 𝐿 and in dimension 𝐷 = 1, 2, or 3.

Each of the 𝑁 = 𝐿𝐷 laice sites, henceforth labelled with a linear index 𝑖 = 1, 2, . . . , 𝑁 ,

hosts a classical spin 𝑺𝑖 = (𝑆𝑥𝑖 , 𝑆
𝑦

𝑖
, 𝑆𝑧
𝑖
). e spins undergo driven Hamiltonian dynamics,

according to the following periodic, binary, classical Hamiltonian

𝐻 (𝑡) =


1

N𝛼

𝑁∑
𝑖, 𝑗=1

𝑆𝑧
𝑖
𝑆𝑧
𝑗

(𝑟𝑖, 𝑗)𝛼 + ℎ∑𝑁
𝑖=1 𝑆

𝑧
𝑖

if mod(𝑡,𝑇 ) < 𝑇
2

2𝜔𝑔
𝑁∑
𝑖=1
𝑆𝑥𝑖 if mod(𝑡,𝑇 ) ≥ 𝑇

2
,

(5.1)

with N𝛼 =
∑𝑁
𝑖=2

(
𝑟𝑖,1

)−𝛼
a Kac-like normalization factor ensuring that the magnitude of

the interaction term in Eq. (5.1) does not depend on 𝛼 , and 𝑟𝑖, 𝑗 a measure of the distance

between sites 𝑖 and 𝑗 . e rst half of the period of the Hamiltonian 𝐻 (𝑡) accounts for a
𝑧𝑧 interaction and a longitudinal 𝑧 eld of strength ℎ, whereas the second half describes

the action of a transverse eld of strength 2𝑔𝜔 . e parametrization of the laer has been

chosen such that the rotation around the 𝑥 axis caused by the transverse eld is equal to

2𝜋𝑔 irrespective of 𝜔 = 2𝜋/𝑇 . For instance, when 𝑔 is equal to 0.5, the second part of the

Hamiltonian acts as a 𝜋-ip of the spins.

To avoid an unphysical self-interaction of the spins we set 𝑟𝑖,𝑖 = ∞, whereas for 𝑖 ≠ 𝑗
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we take

𝑟𝑖, 𝑗 =

√︄ ∑︁
a=𝑥,𝑦,𝑧

𝐿

𝜋

���tan [𝜋
𝐿
(a𝑖 − a 𝑗 )

] ���2. (5.2)

For |𝑥𝑖 − 𝑥 𝑗 | � 𝐿, |𝑦𝑖 − 𝑦 𝑗 | � 𝐿, and |𝑧𝑖 − 𝑧 𝑗 | � 𝐿, the distance in Eq. (5.1) reduces to

the familiar Euclidean one, 𝑟𝑖, 𝑗 ≈
√︁
(𝑥𝑖 − 𝑥 𝑗 )2 + (𝑦𝑖 − 𝑦 𝑗 )2 + (𝑧𝑖 − 𝑧 𝑗 )2. When one among

|𝑥𝑖−𝑥 𝑗 |, |𝑦𝑖−𝑦 𝑗 |, and |𝑧𝑖−𝑧 𝑗 | is close to 𝐿
2
, instead, the tangent makes 𝑟𝑖, 𝑗 articially diverge,

which we expect to reduce nite-size eects, while accounting for periodic boundary

conditions (our ndings are anyway qualitatively not contingent on this choice). A

schematic of the system and drive is shown in Fig. 5.1(a,b). Spherical coordinates are

dened with 𝑺𝑖 = (sin\𝑖 cos𝜙𝑖, sin\𝑖 sin𝜙𝑖, cos\𝑖).
e power-law exponent 𝛼 controls the range of the interactions. As a limit case,

𝛼 = ∞ corresponds to contact (nearest-neighbor) interactions, for which the interaction

term in Eq. 5.1 reduces to
1

2𝐷

∑
〈𝑖, 𝑗〉 𝑆

𝑧
𝑖
𝑆𝑧
𝑗
, with sum running over pairs of nearest neighbors

and 2𝐷 the laice coordination number. On the other hand, 𝛼 = 0 corresponds to the

all-to-all limit. Henceforth, however, we shell consider values of 𝛼 larger than the laice

dimensionality 𝐷 , so that the sums in Eqs. (5.1) converge in the thermodynamic limit

𝑁 → ∞. Indeed, even though the two divergences would compensate in Eq. (5.1) ensuring

a well-dened extensive Hamiltonian [154], one might expect that for 𝛼 ≤ 𝐷 uctuations

are suppressed, rendering the physics eectively single-body. In turn, this might prevent

the explicit observation of the prethermal to thermal transition, that is of prime interest

for this Chapter.

Dynamics

e system undergoes classical Hamiltonian dynamics. is is obtained from the

Poisson brackets between the spin components and the Hamiltonian, ¤𝑆𝛼
𝑖
=

{
𝑆𝛼
𝑖
, 𝐻 (𝑡)

}
,

straightforwardly computed from

{
𝑆𝛼
𝑖
, 𝑆
𝛽

𝑗

}
= 𝛿𝑖, 𝑗𝜖𝛼,𝛽,𝛾𝑆

𝛾

𝑖
, with 𝛿𝑖, 𝑗 the Kronecker delta,

𝜖𝛼,𝛽,𝛾 the Levi-Civita anti-symmetric symbol, and 𝛼, 𝛽, and 𝛾 in {𝑥,𝑦, 𝑧}.
e resulting set of 3𝑁 , coupled, nonlinear, ordinary dierential equations reads

𝑑𝑺𝑖
𝑑𝑡

=


^𝑖𝒛 × 𝑺𝑖 if mod(𝑡,𝑇 ) < 𝑇

2

2𝜔𝑔𝒙 × 𝑺𝑖 if mod(𝑡,𝑇 ) ≥ 𝑇
2
,

(5.3)

where ^𝑖 is an eective eld along 𝑧 accounting for both the original longitudinal eld ℎ

and the interaction of 𝑺𝑖 with the other spins,

^𝑖 = ℎ +
1

N𝛼

𝑁∑︁
𝑗=1

𝑆𝑧
𝑗(

𝑟𝑖, 𝑗
)𝛼 . (5.4)



5.1. Classical spins on a hyper-cubic laice: model 55

Generalizing the one-dimensional short-range model considered by Howell and

collaborators [152], we can integrate the two halves of Eq. (5.3) geing

𝑺𝑖 (𝑛𝑇 +𝑇 ) =
©«
1 0 0

0 𝑐2,𝑖 −𝑠2,𝑖
0 𝑠2,𝑖 𝑐2,𝑖

ª®®®¬
©«
𝑐1,𝑖 −𝑠1,𝑖 0

𝑠1,𝑖 𝑐1,𝑖 0

0 0 1

ª®®®¬ 𝑺𝑖 (𝑛𝑇 ), (5.5)

with 𝑐1,𝑖 = cos (^𝑖𝑇 /2), 𝑠1,𝑖 = sin (^𝑖𝑇 /2), 𝑐2,𝑖 = cos 2𝜋𝑔, and 𝑠2,𝑖 = sin 2𝜋𝑔. e matrix

on the right in Eq. (5.5) accounts for the rst half of the period and performs a rotation

around the 𝑧 and axis under the action of the eective eld ^𝑖𝒛. e le matrix performs

instead the rotation around the 𝑥 axis due to the eld 2𝜔𝑔𝒙 . Iteratively applying the map

in Eq. (5.5) we can eciently evolve the system for stroboscopic times 𝑡 = 0,𝑇 , 2𝑇, . . . ,

up to remarkably large times ∼ 10
7𝑇 .

Observables

e rst observable of interest is the energy averaged over one period, that is

𝐻𝑇 =
1

2N𝛼

𝑁∑︁
𝑖, 𝑗=1

𝑆𝑧
𝑖
𝑆𝑧
𝑗(

𝑟𝑖, 𝑗
)𝛼 +

𝑁∑︁
𝑖=1

(
ℎ

2

𝑆𝑧𝑖 + 𝜔𝑔𝑆𝑥𝑖
)
. (5.6)

Since the dependence on 𝐻𝑇 on 𝜔 might be disturbing when performing scaling analysis

on 𝜔 itself, it is convenient to also consider a 𝜔-independent Hamiltonian. e obvious

choice in this direction is that of 𝐻 (𝑡) during the rst half of the drive, that is

𝐻1 =
1

N𝛼

𝑁∑︁
𝑖, 𝑗=1

𝑆𝑧
𝑖
𝑆𝑧
𝑗(

𝑟𝑖, 𝑗
)𝛼 + ℎ

𝑁∑︁
𝑖=1

𝑆𝑧𝑖 . (5.7)

Further, we consider the magnetization of the system along the 𝑧 direction

𝑚 =
1

𝑁

𝑁∑︁
𝑖=1

𝑆𝑧𝑖 , (5.8)

and its Fourier transform

�̃�(𝜔′) = 1

𝑀

𝑀−1∑︁
𝑛=0

𝑚(𝑛𝑇 )𝑒−𝑖𝜔 ′𝑛𝑇 , (5.9)

computed over a number of periods𝑀 . e choice of𝑀 will stem from a tradeo between

having the desired frequency resolution (𝑀 high enough) and not sampling the beyond-

prethermal regime (𝑀 small enough). Furthermore, being interested in diagnosing chaos
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in the dynamics, we introduce a measure of the distance between two initially very close

copies of the system, {𝑺𝑖} and {𝑺′𝑖 }, with 𝑺𝑖 (0) ≈ 𝑺′𝑖 (0), that is

𝑑 (𝑡) =

√︄
1

𝑁

𝑁∑︁
𝑖

(
𝑺𝑖 (𝑡) − 𝑺′

𝑖
(𝑡)

)
2

. (5.10)

is measure, that we shell henceforth call ‘decorrelator’ [158, 159], directly probes the

hallmark of chaos: sensitivity to the initial condition. In spherical coordinates, the copy

of the system {𝑺′𝑖 } is initialized as

\ ′𝑖 (0) = \𝑖 (0) + 2𝜋Δ𝛿\,𝑖, (5.11)

𝜙′𝑖 (0) = 𝜙𝑖 (0) + 2𝜋Δ𝛿𝜙,𝑖, (5.12)

with 𝛿\,𝑖 and 𝛿𝜙,𝑖 Gaussian random numbers with zero mean and standard deviation 1.

e parameter Δ �𝑊 therefore controls the initial distance between the two copies of

the system {𝑺𝑖} and {𝑺′𝑖 }, see also Fig. 5.1(c).

e initial value of the decorrelator is small and set by the perturbation strength,

𝑑 (0) ∼ Δ. At short times, 𝑑 is expected to grow exponentially, 𝑑 ∼ 𝑑 (0)𝑒λ𝑡 , with the rate of
growth being controlled by some Lyapunov exponent λ. At very long times, 𝑑 is expected

to take its innite temperature value 𝑑∞ =
√
2, corresponding to completely random spin

orientations for the two copies of the system (see Section A.4 of the Appendix for details).

e focus of this paper are the intermediate times, at which 1 ∼ 𝑑 < 𝑑∞.

To reduce the temporal uctuations in the results, these global observables are pos-

sibly averaged over 𝑅 � 1 independent realizations of the initial condition. Note that,

anyway, we expect the uctuations in the global observables of interest to vanish in the

thermodynamic limit 𝑁 → ∞, even for individual realizations.

Initial condition

Finally, as an initial condition we consider one in which the spins are predominantly

polarized along the 𝑧 direction, as schematically shown in Fig. 5.1(c) and build as follows.

We start from spins all aligned in the 𝑧 direction, corresponding to polar angles \𝑖 = 0.

Because of translational invariance, a perfect alignment of the spins makes them all

behave in the same way, reducing the system to an eective single-body one. To bring

the many-body character into play, we perturb the polar angles with Gaussian noise

with zero mean and standard deviation 2𝜋𝑊 , while the azimuthal angles 𝜙𝑖 are taken as
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uniformly distributed in the entire range from 0 to 2𝜋 . In formulae, we have

\𝑖 (0) ∼ Gauss(0, 2𝜋𝑊 ), 𝑝 (\ ) = 𝑒−
1

2
( \
2𝜋𝑊 )2

2𝜋𝑊
√
2𝜋
, (5.13)

𝜙𝑖 (0) ∼ Unif(0, 2𝜋), 𝑝 (𝜙) = 1

2𝜋
1[0<𝜙≤2𝜋], (5.14)

with 𝑝 denoting the probability density function and 1[0<𝜙≤2𝜋] the indicator function

equal to 1 when 0 < 𝜙 ≤ 2𝜋 and to 0 otherwise. Because the perturbation has an

axial symmetry with respect to the 𝑧 axis, for 𝑁 → ∞ we have
1

𝑁

∑𝑁
𝑖 𝑆

𝑥,𝑦

𝑖
= 0. e

magnetization𝑚 = 1

𝑁

∑𝑁
𝑖 𝑆

𝑧
𝑖
along 𝑧 instead goes from 1 for𝑊 = 0 to 0 for𝑊 = ∞. In

this sense,𝑊 can be thought of as a sort of temperature of the initial condition.

5.2 Numerical results

is Section is devoted to the technical results, and is organized as follows. In the rst

subsection we present the basic phenomenology of a prethermal DTC from a classical

point of view, and simulate these phenomena in short range interacting systems in

dimension 𝐷 = 2 and 3. In the second subsection we consider one-dimensional systems

to perform a close comparison between the phenomenology of prethermal DTCs within

classical and quantum frameworks, to show that the two are remarkably similar, and to

suggest that prethermal DTCs can be studied regardless of quantum uctuations. With

the laer idea in mind, in the third subsection we present a comprehensive study of

prethermal DTCs for various interaction ranges and in dimension 1, 2, and 3.

Prethermal discrete time crystals from short-range interactions

e phenomenology of a prethermal DTC is illustrated in Fig. 5.2 for a single realiza-

tion of a two-dimensional laice of spins with short-range nearest-neighbor interactions

(𝛼 = ∞, 𝑅 = 1). To unambiguously visualise the state of all the spins at a given time, we

perform a one-to-one mapping between the unit sphere and a colormap, so that every

possible spin orientation corresponds to a unique colour. In particular, the principal

spin orientations +𝒙,−𝒙, +𝒚,−𝒚, +𝒛, and −𝒛 correspond to the colours white, black, blue,

yellow, red, and green, respectively. For 𝑔 = 0.255 ≈ 1/4, the spins are rotated at every
period of an angle ≈ 𝜋/2. At short times 𝑡 = 0,𝑇 , 2𝑇, 3𝑇, 4𝑇, · · · � 𝜏𝑝𝑡ℎ , this intuitively re-

sults in a sequence of spin orientations ≈ +𝒛,−𝒚,−𝒛, +𝒚, +𝒛, . . . resulting in predominant

red, yellow, green, blue, red, . . . coloration, respectively. What is more remarkable is that

this period 4-tupled subharmonic response persists for very long times 𝜏𝑝𝑡ℎ � 𝑡 � 𝜏𝑡ℎ: a
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Figure 5.3 | Diagnosing a prethermal discrete time crystal. A prethermal DTC in short-range

interacting (𝛼 = ∞) spins in three dimensions (𝐷 = 3) is revealed. (a) e average energy

𝐻𝑇 reaches its innite-temperature value 0 aer an exponentially long time, the signature of

prethermalization. (b) Period 4-tupling is observed in the stroboscopic series of the magnetization

𝑚 over the whole prethermal regime. (c) e decorrelator initially grows exponentially, 𝑑 ∼ 𝑒λ𝑡 ,
signalling chaos. Aer a timescale 𝜏𝑝𝑡ℎ ∼ 1/λ, it plateaus at a value ∼ 60%𝑑∞, before ultimately

reaching its innite-temperature value 𝑑∞ =
√
2 aer a time 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 . (d) Spin components 𝑆

𝑥,𝑧
𝑖

over a two-dimensional cut of the system and at representative times 𝑡 multiples of 4𝑇 , together

with the dierence 𝑆
𝑥,𝑧
𝑖

− 𝑆𝑥,𝑧′
𝑖

between the two initially close copies of the system. At time

𝑡 = 10
2𝑇 < 𝜏𝑝𝑡ℎ , the spins are predominantly polarized along 𝑧 (𝑚 > 0) while having disordered

𝑥 components. e dierence between the two copies is growing exponentially but still small

(mostly white). At time 𝜏𝑝𝑡ℎ � 𝑡 = 10
4𝑇 � 𝜏𝑡ℎ the system has fully prethermalized: while both

copies of the system are still polarized along 𝑧, their 𝑥 and 𝑦 components are now maximally

dierent (under the constraint of a quasi-conserved and nite𝑚). At time 𝑡 = 4 × 10
5𝑇 ∼ 𝜏𝑡ℎ , the

𝑧 polarization is progressively destroyed by the proliferation of domain walls, en route towards

the ultimate heat death with completely random spin orientations, shown for 𝑡 = 5 × 10
6 � 𝜏𝑡ℎ .

Here, we used 𝜔 = 2.86, ℎ = 0.1, 𝑔 = 0.255, 𝑅 = 1,𝑊 = 0.1, and Δ = 0.01.

prethermal 4-DTC. e times 𝑡/𝑇 = 1000, 1001, 1002, 1003, and 1004 are shown as repre-

sentatives for the prethermal regime. At a longer time 𝑡/𝑇 = 10
5 ≈ 𝜏𝑡ℎ , the spins start

depolarising with the formation of domains with opposite magnetizations, giving rise

to a speckled coloration. At very long times 𝑡 = 10
7 � 𝜏𝑡ℎ , the system has reached the

innite temperature state in which each spin has a completely random orientation.

Dimensionality 2 as considered in Fig. 5.2 is convenient to visualize the full state

of the system. But our theory allows for even larger systems and dimensionalities to

be studied. Indeed, in Fig. 5.3 we consider 𝑁 = 50
3
short-range interacting spins on
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a cubic laice (𝐷 = 3), and show the time series of the observables introduced above.

First and foremost, prethermalization is diagnosed by looking at the average energy in

Fig. 5.3(a): 𝐻𝑇 plateaus at a value ∼ 𝐻𝑇 (0) over ∼ 10
5
decades, before heating ultimately

takes it to its innite-temperature value 0. Crucially, prethermalization comes along with

the realization of a nontrivial nonequilibrium phase of maer, the 4-DTC, that can be

diagnosed by looking at the magnetization 𝑚 in Fig. 5.3(b). At short times 𝑡/𝑇 < 40,

a linear axis helps to appreciate the distinctive stroboscopic dynamics of a 4-DTC: the

magnetization takes values ∼ 1, 0,−1, 0, 1, 0, . . . at 𝑡/𝑇 = 0, 1, 2, 3, 4, 5, . . . , thus exhibiting

a characteristic frequency 𝜔/4. For 𝑡/𝑇 > 40, the logarithmic time axis allows to assess

the persistence of the subharmonic response over the whole prethermal regime, before it

reaches its innite-temperature value 0.

e nature of the prethermal 4-DTC is even more strikingly highlighted by the decor-

relator 𝑑 in Fig. 5.3(c). At short times, the decorrelator grows exponentially as 𝑑 ∼ 𝑒λ𝑡

according to a characteristic Lyapunov exponent λ. is sensitivity to initial conditions is

the signature of chaos, the one-to-one classical correspondent of quantum thermalization.

Rather than directly approaching the innite-temperature value 𝑑∞, however, the decor-

relator plateaus at a value ∼ 60%𝑑∞ for the whole prethermal regime. e decorrelator

therefore crisply highlights the presence of a dening feature of prethermal DTC, that is

the presence of two well-separated timescales for prethermalization and thermalization,

𝜏𝑝𝑡ℎ ∼ 1/λ and 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 , respectively. For 𝑡 � 𝜏𝑝𝑡ℎ, the system exhibits a subharmonic

response but has not yet equilibrated to the eective Hamiltonian 𝐻e that governs the

dynamics at stroboscopic times 𝑡 = 𝑇, 𝑛𝑇 , 2𝑛𝑇, . . . . is is witnessed by a 𝑑 � 1, meaning

that the sensitivity to initial conditions has not been expressed yet. For 𝜏𝑝𝑡ℎ � 𝑡 � 𝜏𝑡ℎ ,

the system at stroboscopic times 𝑡 = 𝑛𝑘𝑇 has equilibrated to the eective Hamiltonian

𝐻e while the dynamics has remained subharmonic with periodicity 𝑛𝑇 , the distinctive

feature of the prethermal 𝑛-DTC. Sensitivity to initial conditions has now fully come into

play (𝑑 ∼ 1), and yet the system remains correlated with its initial condition (𝑑 < 𝑑∞)

thanks to the time-translational symmetry breaking. At later times 𝑡 � 𝜏𝑡ℎ , the system

has ultimately reached the innite temperature state, in which the spins have completely

random orientations and memory of the initial condition have been completely lost

(𝑑 = 𝑑∞).

To visualize these stages of the dynamics, we look at the space proles of the spins

at representative times. To avoid complicated three-dimensional plots (see Section A.4

of the Appendix), in Fig. 5.3(d) we restrict for clarity to the plane of spins with laice

indices (𝑖𝑥 , 𝑖𝑦, 1). We plot the 𝑆𝑥 and 𝑆𝑧 components of the spins, together with the

respective dierence 𝑆𝑥 − 𝑆𝑥 ′ and 𝑆𝑧 − 𝑆𝑧′ between the two copies of the system that

are used to compute the decorrelator 𝑑 . We can identify four main regimes in the
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system’s evolution, and we consider one representative time (multiple of 4𝑇 ) for each: (i)

Prethermalization – At short times 𝑡/𝑇 = 10
2 � 𝜏𝑝𝑡ℎ , the system is thermalizing towards

the prethermal state. Following from the initial condition, 𝑆𝑧 ∼ 1 while 𝑆𝑥 ∼ ±2𝜋𝑊 . e

two copies are diverging exponentially quickly from each other (𝑑 ∼ 𝑒λ𝑡 ), but are still
close (𝑑 � 1, |𝑆𝑥 − 𝑆𝑥 ′| � 2𝜋𝑊 , and |𝑆𝑧 − 𝑆𝑧′| � 1). (ii) Prethermal – At intermediate

times 𝜏𝑝𝑡ℎ � 𝑡/𝑇 = 10
4 � 𝜏𝑡ℎ we observe a prethermal 4-DTC. e spins are still

polarized along 𝑧, 𝑆𝑧 ∼ 1 and 𝑆𝑥 ∼ ±2𝜋𝑊 , but chaos has decorrelated the two initially

close copies of the system (𝑑 ∼ 60%𝑑∞, |𝑆𝑥 − 𝑆𝑥 ′| ∼ 2𝜋𝑊 ). (iii) ermalization – At long

times 𝑡/𝑇 = 4 × 10
5 ∼ 𝜏𝑡ℎ the 4-DTC is melting: the spin 𝑧 polarization is progressively

lost with the nucleation and proliferation of domains with opposite magnetization. (iv)

ermal – At very long times 𝑡/𝑇 = 5 × 10
6 > 𝜏𝑡ℎ the system has reached (or is about

to reach) its innite-temperature state with completely random spin orientations and

𝑑 ≈ 𝑑∞.
To beer appreciate the role that frequency plays in the separation of timescales that

marks prethermal DTCs, in Fig. 5.4(a) we consider the dynamics of the decorrelator 𝑑 for

various drive frequencies 𝜔 . With a suitable alternation of linear and logarithmic axes

scales and choosing a perturbation strength Δ = 10
−16

that saturates machine precision,

we explicitly show the exponential growth 𝑑 ∼ 𝑒λ𝑡 at short times. Crucially, the Lyapunov

exponent λ, that quanties the chaoticness of the system, and therefore the timescale

of the prethermalization, only weakly depends on the considered frequencies (almost

no dependence is observed for large enough frequencies). In striking contrast, the full

thermalization timescale at which𝑑 crosses over to𝑑∞ scales exponentiallywith frequency.

To be quantitative, we identify the prethermalization and thermalization timescales 𝜏𝑝𝑡ℎ

and 𝜏𝑡ℎ with the times at which 𝑑 crosses 10% and 90% of its innite-temperature value

(marked in red for 𝜔 = 3.4). In the insets we show that analogous scalings are observed

for the average energy 𝐻𝑇 and magnetization𝑚 measured at stroboscopic times 𝑡 = 4𝑘𝑇 .

e so-identied 𝜏𝑝𝑡ℎ and 𝜏𝑡ℎ are ploed versus the drive frequency 𝜔 in Fig. 5.4(b),

which helps appreciating their dierent scaling behavior and how this opens up a long

prethermal time window for the realization of prethermal DTCs. e timescale 𝜏𝑝𝑡ℎ

and Lyapunov exponent λ are understood to be associated to a frequency independent

eective Hamiltonian 𝐻𝑒 𝑓 𝑓 , which could in principle be found by extending a theory of

classical prethermalization [151] to prethermal phases of maer [75]. Furthermore, we

note that, as expected in the quantum case [75], the scaling of 𝜏𝑡ℎ with 𝜔 might actually

be nearly exponential, rather than precisely exponential. Nonetheless, irrespective of the

precise form of 𝜏𝑡ℎ , we emphasize that what really maers here is the clear separation of

timescales (𝜏𝑝𝑡ℎ and 𝜏𝑡ℎ) leaving time for the emergence of prethermal DTCs.

Finally, we show that the zoology of DTCs is much wider than the 4-DTC so far
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Figure 5.4 | Frequency eect on the prethermal discrete time crystals. (a) e decorrelator

initially grows exponentially, 𝑑 ∼ 𝑒λ𝑡 . e prethermalization time 𝜏𝑝𝑡ℎ ∼ 1/λ is associated to

the time at which 𝑑 crosses the 10% of its innite-temperature value 𝑑∞, and weakly depends on

the frequency 𝜔 . By contrast, the prethermal plateau 𝑑 ≈ 60%𝑑∞ extends for a time that grows

exponentially with the frequency, ∼ 𝑒𝑐𝜔 . As a reference for the thermalization time 𝜏𝑡ℎ , we take

the time at which the decorrelator 𝑑 crosses the value 90%𝑑∞. Note, the abscissa and ordinate axes
both have linear and logarithmic parts. e insets show the magnetization𝑚 and the energy 𝐻1

at stroboscopic times 𝑡 = 4𝑛𝑇 . Here, we used 𝑔 = 0.25 and Δ = 10
−16

. (b) Frequency dependence

of the relevant timescales of a 4-DTC (for 𝑔 = 0.25). At large 𝜔 , the system prethermalizes over a

timescale 𝜏𝑝𝑡ℎ ∼ 1/λ set by the Lyapunov exponent λ. ermalization to an innite-temperature

state occurs at a much later time 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 . An exponential t, performed on the data on the

right of the wiggly line, is shown as a dashed line. Here, we used Δ = 0.01. (c) By varying the

parameter 𝑔, one can access dierent higher-order and fractional 𝑛-DTCs, each corresponding

to a plateau at frequency 1/𝑛 in the system’s spectral response. is is shown by means of the

Fourier transform of the magnetization𝑚 = 〈𝑆𝑧
𝑖
〉𝑖 for 𝑛 = 2, 3, 4 and 20/7. Across this gure we

used 𝑁 = 50
3, 𝑅 = 1, ℎ = 0.1,𝑊 = 0.1.

considered. To this end, in Fig. 5.4(c) we plot the magnetization Fourier transform �̃�(𝜔′)
as a function of 𝜔′

and 𝑔. As for Fig. 4.2 in Chapter 4, a constant-frequency plateau

signals a robust DTC. e plateau frequency 𝜔/𝑛 indicates the order 𝑛 of the DTC (here,

we illustrate the prime cases 𝑛 = 2, 3, 4 and 20/7), whereas its width signals its stability

to perturbations of 𝑔. Indeed, the ndings of this Chapter apply to a whole family of

higher-order and fractional DTCs, although for simplicity and concreteness we mostly

focus on the properties of the 4-DTC, obtained for 𝑔 ≈ 1/4.

One-dimensional ain: quantum vs classical

We now wish to address the question what is the role of quantum uctuations in

prethermal DTCs. To this end, we consider the phenomenon that is the most accessible

to numerics: a 2-DTC in dimension 𝐷 = 1. In one dimension, a model analogous to
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Figure 5.5 | Phenomenology of a prethermal discrete time crystal: quantum vs classical. We

show that the phenomenology of a prethermal 2-DTC is essentially the same in classical and

quantum systems by drawing a close analogy with Fig. 1 in [93]. As observables, we consider (a)

the energy 𝐻𝑇 averaged over one period, (b) the decorrelator 𝐷 measuring the distance between

two initially very similar copies of the system (renormalized by its innite temperature value

𝑑∞ =
√
2), and (c) the magnetization𝑚. By making the association decorrelator ↔ entanglement

entropy, the full phenomenology of the quantum prethermal 2-DTC described in [93] is recovered:

(i) for a short-range model (𝛼 = ∞, le column) heating occurs over an exponentially long (in

frequency) timescale the signature of ‘standard’ prethermalization; (ii) for a long-range model and

‘cold’ initial condition (𝛼 = 1.5 and𝑊 = 0.1, central column), prethermalization comes with the

realization of a nontrivial time-crystalline (subharmonic) response of the magnetization𝑚; (iii)

with long-range interactions, ‘standard’ prethermalization is recovered for a ‘hot’ initial condition

(𝛼 = 1.5 and𝑊 = 0.2, right column). Here, we used 𝑁 = 100, 𝑅 = 100, ℎ = 0.1, 𝑔 = 0.515,Δ = 0.01.

that in Eq. (5.1), but for quantum spins 1/2 and focussing on 2-DTCs, has indeed been

analysed in Ref. [93] both numerically and analytically. e key phenomenology of the

quantum prethermal 2-DTC is in that work perhaps best exemplied in Fig. 1. us,

we build in Fig. 5.5 here the classical analogue of Fig. 1 in Ref. [93]. We show that the

main qualitative features of the prethermal 2-DTC almost do not change when going

classical, suggesting that these nonequilibrium phenomena should be thought as robust

to quantum uctuations, rather than dependent on them. e same conclusion holds for

higher-order and fractional DTCs, that we have proven robust to quantum uctuations

in Chapter 4.

e core idea for the investigation of prethermalization and prethermal phases of

maer is, almost by denition, to check how the dynamics of observables changes as a
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function of the drive frequency 𝜔 . In Fig. 5.5, we perform this analysis for the average

energy 𝐻𝑇 , magnetization𝑚, and decorrelator 𝑑 , in the top, middle, and boom rows,

respectively. One might think of the laer in analogy to the entanglement entropy

considered in Ref. [93]. To target the 2-DTC, we set 𝑔 = 0.515 ≈ 1/2. Furthermore, in

each column we consider three dierent combinations of interaction range (controlled by

𝛼) and temperature of the initial condition (controlled by𝑊 ). e scenarios of interest

are the following:

(i) Short-range – For nearest-neighbor interactions in one dimension (𝛼 = ∞, 𝐷 = 1)

we observe standard prethermalization. is is observed in the scaling with 𝜔 of the

average energy 𝐻𝑇 , that takes a time 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 to decay to its innite temperature value

0. Prethermalization also leaves its signature in the decorrelator 𝑑 , that plateaus to a

nite temperature value ∼ 0.94%𝑑∞ before reaching the innite temperature value 𝑑∞

at times 𝑡 ∼ 𝜏𝑡ℎ (to see the plateau more clearly, in the inset we show a close up of

the data and average them over a moving time window that is short compared to the

timescales of interest). is prethermalization is however of standard type, meaning that

it does not realize a nontrivial prethermal DTC. Indeed, the period-doubled subharmonic

response of the magnetization𝑚 has a short lifetime that does not scale with 𝜔 , as the

thermalization time does. Rather,𝑚 reaches the innite temperature value 0 before the

innite temperature state is reached, and discrete time-translational symmetry is not

broken, not even in a prethermal fashion. As long as the interactions are short-ranged,

this fate of trivial prethermalization is true regardless of the temperature of the initial

condition, including the considered low temperature (𝑊 = 0.1).

(ii) Long-range, cold – For long-range interactions (𝛼 = 1.5) and ‘cold’ initial condition

(𝑊 = 0.1) we observe a prethermal 2-DTC. Prethermalization is again diagnosed by the

energy 𝐻𝑇 needing a time 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 to decay to its innite temperature value 0, as well as

by the decorrelator 𝑑 correspondingly plateauing at a nite-temperature value ∼ 0.65%𝑑∞.

In contrast to (i), however, prethermalization now comes along with a subharmonic

response of the magnetization𝑚. Discrete time-translational symmetry is broken for

exponentially long (in 𝜔) times: a prethermal 2-DTC.

(iii) Long-range, hot – For long-range interactions (𝛼 = 1.5) and ‘hot’ initial condition

(𝑊 = 0.2) we observe standard prethermalization. Indeed, the increase in temperature in

the initial condition is sucient to re-establish the discrete time-translational symmetry

already at times ∼ 10
2 � 𝜏𝑡ℎ , in a way similar to (i) and despite the long-range interaction.

Indeed, a necessary condition for a prethermal DTC in the absence of disorder is that the

temperature of the initial condition is low enough [93], which is not the case here.
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Making the association decorrelator ↔ entanglement entropy, we have therefore

shown that the phenomenology of a prethermal 2-DTC barely changes when going from

quantum to classical. is leads us to conjecture that the core underlying physics of

prethermal DTCs is not ‘genuinely quantum’, in analogy with many nite-temperature

phase transitions in equilibrium statistical mechanics, that are captured by classical

physics while describing systems that are intrinsically quantum (e.g., the magnetic

transition of the Heisenberg model). In fact, this analogy is more than an evocative

speculation, because of the strong one-to-one correspondence between prethermal DTCs

and equilibrium nite-temperature transitions outlined in Refs. [75, 93].

If it is true that the essence of prethermal DTCs is captured by classical mechanics and

that it should be robust to quantum uctuations, the philosophy of this Chapter is then

clear: use the Hamiltonian dynamics in Eq. (5.5) to study scenarios that are numerically

hardly accessible with a many-body quantum-mechanical approach. We identied these

in higher-order and fractional prethermal DTCs in dimension larger than 1, for which

suciently large system sizes are crucial.

Interplay of interaction range, dimensionality, and more

We now turn to the comprehensive exploration of prethermal DTCs across the pa-

rameter space. To begin with, in Fig. 5.6 we investigate the eect of the interaction range

by varying the power-law exponent 𝛼 for a xed drive frequency 𝜔 = 2.2. As observables

of interest, we focus on the Hamiltonian 𝐻1 (rst row), magnetization𝑚 (second row),

and decorrelator 𝑑 (third row). e rst two are measured at stroboscopic times 𝑡 = 4𝑘𝑇

according to the periodicity of the 4-DTC (note, this is in contrast to Fig. 5.5, where

stroboscopic times 𝑡 = 𝑘𝑇 have been considered instead). In the fourth, boom row we

instead plot the times 𝜏𝑡ℎ and 𝜏𝑝𝑡ℎ , dened as the times at which the decorrelator 𝑑 crosses

the values 10%𝑑∞ and 90%𝑑∞. In dimension 𝐷 = 1 (le column), we observe that the

separation between these two timescales is more prominent for 𝛼 / 2, for which the

prethermal plateau of the decorrelator at value ∼ 60%𝑑∞ signalling a 4-DTC starts to

emerge, accompanied by a plateau of the stroboscopic𝑚(4𝑘𝑇 ). is is in agreement with

the equilibrium phase transition at 𝛼 = 2, that we expect to be dual to the prethermal

DTC [75, 93]. In dimensions 𝐷 = 2 and 3 (mid and right columns, respectively), we

again observe that a longer-range interaction (that is, smaller 𝛼) facilitates a prethermal

time-crystalline response. In contrast to the 𝐷 = 1 case, however, this persists all the way

to 𝛼 = ∞, that is for a short-range (nearest-neighbor) interaction as, again, one would

expect from the duality with equilibrium. e prethermal 4-DTC for 𝛼 = ∞ is actually

not fully appreciated here for 𝐷 = 2, but this is just because the considered frequency is



5.2. Numerical results 65

M
ag

n.
𝑚

(4
𝑛𝑇

)

0

0.5

1

10%

90%

𝐷 = 1 𝐷 = 2 𝐷 = 3

100 102 104 106

D
ec

or
r.

𝑑/
𝑑 ∞

Time 𝑡
100 102 104 106 100 102 104 106

0

0.5

1

E
ne

rg
y

𝐻
1(

4𝑛
𝑇

)/
𝐻

1(
0)

0

0.5

1

Power law exponent 𝛼

T
im

es
ca

le
s

101

103

105

1.5 2 2.5 3 5 64 7 4 8 106 12 14

4DTC

2.51.91.3

𝛼

Thermal 4DTC Thermal 4DTC Thermal

@𝑡 = 4𝑛𝑇 

(a)

(b)

(c)

(d)

6.54.52.5

𝛼

1284

𝛼

𝜏pth

𝜏th

Figure 5.6 | Interplay of dimensionality and interaction range in prethermal discrete time
crystals. We characterize the prethermal 4-DTC by looking at (a) the energy 𝐻1 (at stroboscopic

times 𝑡 = 4𝑛𝑇 ), (b) the magnetization𝑚, and (c) the decorrelator 𝑑 . In one dimension (le column),

a prethermal response emerges for suciently long-ranged interactions (𝛼 / 2). e thermaliza-

tion as well as the prethermalization times increase with decreasing 𝛼 (d). e phenomenology is

similar in two dimensions, where the separation of timescales between prethermalization and

thermalization can be well appreciated for a broader range of 𝛼 / 6. In three dimensions, crucially,

the separation of timescales extends all the way to 𝛼 = ∞, which is best appreciated in (c). Here,

we used 𝑁 = 200, 400, 343 in 𝐷 = 1, 2, and 3, respectively, and 𝜔 = 2.2, ℎ = 0.1, 𝑔 = 0.26 and

Δ = 0.01. Solid lines and errorbars are obtained as averages and standard deviations over 𝑅 = 50

independent runs.

not large enough, and a clearer time-crystalline response would have appeared at larger

𝜔 .

For the same set of observables, we then move on to consider in Fig. 5.7 the scaling

with 𝜔 for a xed interaction power-law exponent 𝛼 . For the considered 𝛼 = 1.5, 4,

and∞ in 𝐷 = 1, 2, and 3, respectively, we observe the dening features of a prethermal

4-DTC. e energy 𝐻1 does not decay to its innite temperature value 0 for a very

long prethermal regime (a), during which the magnetization exhibits a period 4-tupled

subharmonic dynamics (b), and the decorrelator 𝑑 plateaus at a nite temperature value

∼ 60%𝑑∞. e increase of the separation between the timescales 𝜏𝑝𝑡ℎ and 𝜏𝑡ℎ , within

which the prethermal 4-DTC lives, is fully appreciated in Fig. 5.7(d).

In Fig. 5.8 we use the subharmonic spectral response |�̃�(−𝜔/4) | + |�̃�(+𝜔/4) | at
subharmonic frequency 𝜔′ = 𝜔/4 as an order parameter to sketch some representative
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Figure 5.7 | Scaling with frequency. (a-c) We investigate the dependency of the prethermal

4-DTC on the frequency 𝜔 by means of the same diagnostics as in Fig. 5.6. For an interaction

power-law exponent 𝛼 = 1.5, 4, and∞ in𝐷 = 1, 2 and 3, respectively, the observed phenomenology

is the same: prethermalization occurs over a timescale 𝜏𝑝𝑡ℎ ≈ 1/λ that barely depends on the

frequency 𝜔 , whereas the full thermalization to an innite temperature state occurs at a much

later time 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 . (d) e two timescales 𝜏𝑝𝑡ℎ and 𝜏𝑡ℎ are extracted as the times at which the

decorrelator crosses the 10% and 90% of its maximum value 𝑑∞, that is, the times at which its

prethermal plateau can be considered to start and end. Here, we used the same parameters as in

Fig. 5.6.

phase diagrams for the 4-DTC. Again, dimensionalities 𝐷 = 1, 2, and 3 are considered in

the le, mid, and right columns. In the top row we explore the plane of the magnetic eld

strength 𝑔 and the power-law exponent 𝛼 . For 𝐷 = 1, the stability region of the 4-DTC

embraces 𝑔 = 1/4 and extends up to 𝛼 ≈ 2, that we have already noted as the likely upper

critical value in agreement with the analogue equilibrium transition. To be more precise,

the critical 𝛼 is likely slightly smaller than 2, because the initial condition is at nite

(rather than 0) temperature, being𝑊 = 0.1. For 𝐷 = 2 and 3 we expect the prethermal

4-DTC to be stable all the way to 𝛼 = ∞, that is for short-range (nearest-neighbor)

interactions. As in Fig. 5.6, the persistence of the 4-DTC to 𝛼 = ∞ for 𝐷 = 2 is actually

not easily appreciated just because the considered frequency 𝜔 = 2.51 is too low. In the

boom row we consider instead the plane of magnetic eld strength 𝑔 and drive period

𝑇 = 2𝜋/𝜔 . Again, the stability region of the 4-DTC develops around 𝑔 = 1/4. For too
large periods 𝑇 (too small frequency 𝜔), the subharmonic response lasts for a time much

shorter than the time window used to compute the Fourier transform �̃� (rst 10
4
periods
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Figure 5.8 | Phase diagrams. We investigate the stability of the prethermal 4-DTC for dimension-

ality 𝐷 = 1 (le), 2 (center), and 3 (right). As a diagnosis for the 4-DTC we use the subharmonic

spectral function, that is, the Fourier transform �̃� of the magnetization at frequency 𝜔/4, com-

puted over the rst 10
4
periods. (a-c) Phase diagrams in the plane of the transverse eld strength

𝑔 and power-law exponent 𝛼 . In one and two dimensions (a,b) the 4-DTC is stable for interactions

that are suciently long-range, that is, for 𝛼 < 𝛼𝑐 , with 𝛼𝑐 ≈ 2 and 6 for 𝐷 = 1 and 2, respectively.

In striking contrast, in 𝐷 = 3 dimensions (c) the 4-DTC extends all the way up to 𝛼 = ∞, that is,

to the short-range (nearest-neighbor) limit. (d-e) Phase diagrams in the plane of transverse eld 𝑔

and drive period 𝑇 = 2𝜋/𝜔 . e phase diagram looks qualitatively the same in all dimensions:

the frequency should be large enough for the 4-DTC to be stable (in a prethermal fashion), but

the larger the frequency and the smaller the range of 𝑔 over which the 4-DTC is stable. Here, we

used 𝑁 = 150, 144, and 216 in 𝐷 = 1, 2, and 3, respectively, 𝑇 = 2.5 in (a-c), 𝛼 = 1.5, 4, and ∞ in

(d-f), respectively, 𝑅 = 50, ℎ = 0.1, and𝑊 = 0.1.

of the drive), and the order parameter does not detect the 4-DTC. is changes for 𝑇 / 3,

corresponding to a high-enough frequency for the prethermal regime to extend over a

range larger than that used to compute �̃�, thus allowing the emergence and detection

of a prethermal 4-DTC. For increasing large frequencies (𝑇 → 0), we observe that the

region of stability of the 4-DTC decreases, while remaining centred around 𝑔 = 1/4 (the
nal disappearance of the 4-DTC for𝑇 → 0 is an artefact of the relatively poor resolution

in 𝑔).

Finally, in Fig. 5.9 we again use the subharmonic spectral response |�̃�(−𝜔/4) | +
|�̃�(+𝜔/4) | at subharmonic frequency 𝜔′ = 𝜔/4 as an order parameter to verify the

stability of the 4-DTC against perturbations of the initial condition. To eectively change
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Figure 5.9 | Stability against perturbation of the initial condition. We investigate the stability

of the prethermal 4-DTC with respect to perturbations of the initial condition, for dimensionality

𝐷 = 1, 2, and 3 and for power-law exponent 𝛼 = 1.5, 4, and ∞, respectively. As in Fig. 5.8, we

compute the subharmonic spectral function at frequency 𝜔/4 over the rst 5000 periods, and use

it as an order parameter for the 4-DTC. We observe a phase transition at a certain nite critical

value of the noise strength𝑊𝑐 ∼ 0.18, above which the prethermal DTC disappears in favour

of trivial thermalization. Note, the observed uctuations are a nite-size eect. Here, we used

𝑁 = 2000, 2500, and 8000 in 𝐷 = 1, 2, and 3, respectively, whereas 𝑇 = 2.5, 𝑅 = 20, 𝑔 = 0.25, and

ℎ = 0.1.

the temperature (that is, energy) of the initial condition, we vary the strength of the

initial noise𝑊 , see Eq. (5.14). As expected, we nd a nite critical𝑊𝑐 > 0 above which

the subharmonic response disappears, which conrms the expectations on the relation

between prethermal DTCs and equilibrium nite-temperature transitions [75, 93], and

the dierences with with MBL DTCs.

We note that, for both Fig. 5.8 and Fig. 5.9, a more careful analysis should have actually

focussed on the scaling properties of the subharmonic response: for each point in the

parameter space, one should repeat the simulations at various frequencies 𝜔 and t the

resulting thermalization times 𝜏𝑡ℎ ∼ 𝑒𝑐𝜔 to extract the scaling coecient 𝑐 , which should

then itself be used as an order parameter. is analysis would however require some

intensive numerics that goes beyond the scopes of this work. As well, we emphasize that

the results shown here are not an artefact of the nite system size, as can be veried with

simple scaling analysis (details in Section A.4 of the Appendix).

5.3 Discussion

By simulating the many-body Hamiltonian (non-dissipative) dynamics of interacting

classical spins on hypercubic laices subject to a periodic drive, we provided a compre-

hensive account of prethermal DTCs in dimension 1, 2, and 3. Under suitable conditions,
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a separation of timescales occurs: chaos makes the system prethermalize over a timescale

𝜏𝑝𝑡ℎ ∼ 1

λ , with λ the Lyapunov exponent associated to a frequency independent eective

Hamiltonian 𝐻𝑒 𝑓 𝑓 , whereas it then takes an exponentially long (in frequency) time 𝜏𝑡ℎ for

the system to ultimately reach the innite-temperature state. Between these timescales,

nontrivial prethermal phases of maer can emerge, which we illustrated with the example

of higher-order and fractional DTCs. Granting access to extremely large system sizes, our

classical theory enabled a comprehensive account of these phenomena, including their

rst simulation in a system with short-range interactions and the study of the interplay

between dimensionality and interaction range. Again, we understand the laer to be

dictated by the properties of an eective Hamiltonian 𝐻𝑒 𝑓 𝑓 at thermal equilibrium (for

which, e.g., Peierls-Mermin-Wagner type theorems would apply). is contrasts with

MBL-DTCs, in which discrete time-translational symmetry breaking can be dened at the

level of eigenstate order and is thus further apart from conventional notions of symmetry

breaking [20].

Our work puts forward classical Hamiltonian dynamics as a prime tool for the numer-

ical investigation of prethermalization-related phenomena, with virtually no constraint

on the system’s geometry, size, and underlying Hamiltonian, and therefore of direct

applicability to experiments. Indeed, numerical simulations become incomparably more

accessible in the absence of quantum uctuations, and the trick used in Eq. 5.5 of in-

tegrating the dynamics over each period makes them even more ecient [152]. e

constraints on dimensionality and system size are in this way lied, which opens the

possibility to simulate experimentally relevant seings, beyond the past few numerical

one-dimensional examples considering power-law interactions ∼ 1/𝑟𝛼 with rather low

exponents 𝛼 / 1.5 [3, 93]. In particular, by providing the rst simulation of higher-order

DTCs in short-range interacting systems, we have provided evidence that these exotic

nonequilibrium phases of maer might be much easier to realize in experiments than

expected. We emphasize that no disorder is needed to guarantee a stable prethermal

regime, and that a high-frequency drive should suce. We therefore expect that the rich

phenomenology we discussed here might be readily observable in a wide range of exper-

imental platforms, both inherently quantum and not. In the rst group are the setups

already adopted to investigate time-crystalline behaviors, such as nitrogen–vacancy (NV)

spin impurities in diamond [30], trapped atomic ions [29], or
31
P nuclei in ammonium

dihydrogen phosphate (ADP) [31], whereas the second group should be relevant in the

context of spintronics and magnonics [160, 161]. Higher-order and fractional DTCs oer

the chance to overcome the period-doubling paradigm of MBL DTCs, opening the way

to the realization of an array of new dynamical phenomena.

e lesson that a rich structure of eigenstates in an exponentially large Hilbert space
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can account for complex scrambling phenomena even in a linear quantum theory had

rst been appreciated in the context of thermalization with the ETH [51], but naturally

extended to prethermalization and prethermal phases of maer [75, 93]. Having learnt

this important lesson, our work now suggests that, to describe many key aspects of these

phenomena, we can take a step back and adopt the much simpler classical models. Indeed,

the comparison between Fig. 5.5 here and Fig. 1 in Ref. [93], together with physical

intuition, suggests that the phenomena studied here should be thought of as robust to

quantum uctuations, rather than dependent on them.

ese considerations lead us to make a remark on nomenclature. To convey the idea

that both classical and quantum models can be used to shed light on the physical phenom-

ena of prethermalization and prethermal DTCs, irrespective of their “true” (classical or

quantum) nature, we prefer to talk of classical and quantum approaches to the prethermal

DTCs, rather than classical and quantum prethermal DTCs.
†
For this reason, here we

did not use the word ‘classical’ as an adjective for the phenomena of prethermalization

and prethermal DTCs, but only for the theory used to study them. is is in contrast

with the subsequent chapters, in which the tag ‘classical’ will emphasize the account of

completely dierent scenarios in which Hamiltonian and unitary dynamics are replaced

by discrete stochastic models.

†
eories and models can be labelled as classical or quantum, but if both classical and quantum theories

can shed light on prethermal DTCs, then a classication of prethermal DTCs as classical or quantum is

perhaps not needed. In the end, the same happens in equilibrium statistical mechanics: the paramagnetic

to ferromagnetic phase transition can be captured both by classical and quantum theories, but one just

talks about ‘ferromagnets’, not about ‘classical ferromagnets’ and ‘quantum ferromagnets’.



6
Bistability and time crystals in long-range
directed percolation

Stochastic processes govern the time evolution of a huge variety of realistic systems

throughout the sciences. A minimal description of noisy many-particle systems

within a Markovian picture and with a notion of spatial dimension is given by prob-

abilistic cellular automata (PCA), which typically feature time-independent and

short-ranged update rules. e discourse around long-range interactions started

in the previous chapters for time-reversible closed dynamics is here extended to

this classical stochastic scenario, in which they again allow for unexpected DTCs.

We propose a simple PCA with power-law interactions that give rise to a novel

bistable phase of long-ranged directed percolation (DP) whose long-time behavior

is not only dictated by the system dynamics, but also by the initial conditions. A

periodic modulation of the update rules induces period doubling. is subharmonic

response is enabled by a self-correcting mechanism of the long-ranged interactions

which compensates noise-induced imperfections. We thus provide a rm example

of a classical DTC and pave the way for the study of novel nonequilibrium phases

in the unexplored eld of ‘Floquet PCA’. Most results of this Chapter are drawn

from Ref. [6].

Percolation theory describes the connectivity of networks, with applications per-

vading virtually any branch of science [162], including economics [163], engineering

[164], neurosciences [165], social sciences [166], geoscience [167], food science [168] and,

most prominently, epidemiology [169]. Among the multitude of phenomena described

by percolation, of predominant importance are spreading processes, in which time plays

a crucial role and that can be studied within models of DP [170]. Characterized by uni-

versal scalings in time [171], in their discretized versions these models are PCA, that is,

dynamical systems with a state evolving in discrete time according to a set of stochastic

71
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and generally short-ranged update rules. To account for certain realistic situations, e.g.,

of long-distance travels in epidemic spreading, DP has been extended to long-ranged

updates [172, 173] leading to a change of the universal scaling exponents [174].

Despite their wide applicability in the study of nonequilibrium phenomena, PCA have

surprisingly remained an outlier in the eld of DTCs. Indeed, Yao and collaborators have

recently pointed out that PCA have the potential to realize a classical DTC phase of maer,

of which they eshed out the essential ingredients [156]. Namely, in a classical DTC,

many-body interactions should allow for an innite autocorrelation time, which should be

stable in the presence of a noisy environment at nite temperature, a subtle requirement

that rules out the vast class of long-known deterministic dynamical systems. Despite

various eorts [154–156, 175], an example of such a classical DTC has mostly remained

elusive, and proving an innite autocorrelation time robust to noise and perturbations

for this phase of maer is an outstanding problem. e general expectation is in fact

that PCA and other minimal models for noisy systems in one spatial dimension can only

show a transient subharmonic response because noise-induced imperfections generically

nucleate and spread, destroying true innite-range symmetry breaking in time [156, 176].

In this Chapter, we overcome these diculties by introducing a simple and natural

generalization of DP inwhich the dynamical rules are governed by power-law correlations.

is leads to qualitative changes of the system behavior and, crucially, the emergence of

a new bistable phase of long-ranged DP, enabled by the ability of long-range interactions

to counteract the dynamic proliferation of defects. By adding a periodic modulation to

the update rules, we then study a version of ‘Floquet DP’ and show that the underlying

bistable phase intimately connects to a stable DTC. In this novel nonequilibrium phase,

the system is able to self-correct noise-induced errors and the autocorrelation time grows

exponentially with the system size, thus becoming innite in the thermodynamic limit.

In analogy to the one-dimensional Ising model for which, at equilibrium, long-range

interactions enable a normally forbidden nite-temperature magnetic phase [177, 178],

and in analogy with Chapter 4 in which, out of equilibrium, they allowed exotic higher-

order DTCs, we now show that the long-range interactions lead to a classical stochastic

DTC. Crucially, our results appear naturally in a minimal model of long-ranged DP, but

are expected to nd applications in many dierent contexts of dynamical many-body

systems.

Basic understanding of new concepts has historically been built around the study of

minimal models, such as the Ising model for magnetism at equilibrium [177, 178], the

kicked transverse eld Ising chain for DTCs [25, 26], or the prototypical Domany-Kinzel

(DK) PCA for DP [179]. Here, we start our discussion with a brief review of the DK

model and then generalize it to include power-law interactions. We characterize its phase
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diagram, and show that its long-range nature is the key ingredient for the emergence

of a novel bistable phase. Finally, we include a periodic drive for the long-ranged DP

process and show with a careful scaling analysis that the autocorrelation time of the

subharmonic response is exponential in system size. In the thermodynamic limit, our

model provides therefore the rst example of a PCA behaving as a classical DTC, which

is persistent and stable to noise.

6.1 Review of directed percolation

We consider a triangular laice in which one dimension can be interpreted as discrete

space 𝑖 and the other one as discrete time 𝑡 = 1, 2, 3, . . . , see Fig. 6.1. To implicitly account

for the triangular nature of the laice, 𝑖 runs over integers and half-integers at odd and

even times 𝑡 , respectively. We denote 𝐿 the spatial system size, and are interested in

the thermodynamic limit 𝐿 → ∞. e site 𝑖 at time 𝑡 can be either occupied or empty,

𝑠𝑖,𝑡 = 0, 1. For a given time 𝑡 , we call generation the collection of variables {𝑠𝑖,𝑡 }𝑖 specifying
the system state. Initially, the sites are occupied with uniform probability 𝑝1 > 0. A DP

process is dened by a stochastic Markovian update rule with which, starting from the

initial generation {𝑠𝑖,1}𝑖 , all subsequent generations {𝑠𝑖,𝑡 }𝑖 are obtained one by one. e

main observable we will focus on is the global density 𝑛(𝑡) (henceforth just referred to

as density for brevity) dened as

𝑛(𝑡) = 〈〈𝑠𝑖,𝑡 〉𝑖〉runs, (6.1)

where the inner and outer brackets denote average over the 𝐿 sites and over𝑅 independent

runs, respectively. Since 𝑛(1) = 𝑝1, we will oen refer to 𝑝1 as initial density.

One of the simplest, and yet already remarkably rich, examples of the above seing

of DP is the DK model [179]. Here, we briey review it adopting an unconventional

notation that, making explicit use of a local density, will prove very convenient for a

straightforward generalization to a model of long-ranged DP.

In the DK model, the probability of site 𝑖 to be occupied at time 𝑡 depends on the state

of its neighbors 𝑖±1/2 at previous time 𝑡−1. More specically, as summarized in Fig. 6.1(a),

site 𝑖 is: (i) empty if both its neighbors were empty, (ii) occupied with probability 𝑞1 if

one and just one of its neighbors was occupied, (iii) occupied with probability 𝑞2 if both

its neighbors were occupied. To account for these possibilities in a compact fashion, we

dene a local density 𝑛𝑖,𝑡 as

𝑛𝑖,𝑡 =
𝑠𝑖− 1

2
,𝑡−1 + 𝑠𝑖+ 1

2
,𝑡−1

2

, (6.2)
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Figure 6.1 | Domany-Kinzel model of directed percolation. (a) e probability of site 𝑖 to be

occupied at time 𝑡 depends on the occupation of its nearest-neighbors 𝑖 ± 1

2
at time 𝑡 − 1. (b)

Flowchart representation of the DKmodel. e initial occupation probability is uniform 𝑝𝑖,𝑡=1 = 𝑝1.

At time 𝑡 , each site 𝑖 is either occupied (𝑠𝑖,𝑡 = 1) or empty (𝑠𝑖,𝑡 = 0) with probability 𝑝𝑖,𝑡 and

1 − 𝑝𝑖,𝑡 , respectively. Time is advanced, and local densities {𝑛𝑖,𝑡 }𝑖 are computed for each site 𝑖 as

averages of the nearest-neighbor occupations at previous time, and these densities determine the

occupation probabilities for the next generation, see Eq. (6.3). e generations at all subsequent

times are obtained by iteration. (c,d) e density 𝑛 at late times can be used to discern the active

and inactive phases, in which 𝑛(𝑡 = 10
3) > 0 and ≈ 0, respectively. e dashed lines serve as

a reference to locate the phase boundary, and are the same for initial densities 𝑝1 = 1 (c) and

𝑝1 = 0.01 (d). e insets show representative single instances of the DP for the points in the

(𝑞1, 𝑞2) plane marked with a cross. Here, 𝐿 = 100 and 𝑅 = 10
3
.

and say that site 𝑖 at time 𝑡 is occupied with a probability 𝑝𝑖,𝑡 given by

𝑝𝑖,𝑡 =


0 if 𝑛𝑖,𝑡 = 0

𝑞1 if 𝑛𝑖,𝑡 = 0.5

𝑞2 if 𝑛𝑖,𝑡 = 1.

(6.3)

In other words, the probability 𝑝𝑖,𝑡 is a nonlinear function 𝑓𝑞1,𝑞2 (𝑛𝑖,𝑡 ) of the local density
𝑛𝑖,𝑡 , with domain {0, 0.5, 1}. Since 𝑛𝑖,𝑡 only involves the nearest neighbors of site 𝑖 , the DK
model of DP is obviously ‘short-ranged’. In essence, 𝑠𝑖,𝑡 is a Bernoullian random variable

of parameter 𝑝𝑖,𝑡 , which we compactly denote 𝑠𝑖,𝑡 ∼ Bernoulli

(
𝑝𝑖,𝑡

)
. e complexity of

this model arises from the fact that the value of the parameter 𝑝𝑖,𝑡 is not known a priori,
as it depends on the actual state of the system at previous time 𝑡 − 1. Equipped with a

random number generator, one can obtain all the generations one by one according to the

above procedure, as schematically illustrated in the owchart of Fig. 6.1(b). Reiterating for
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several independent runs, one nally obtains the time series of the density 𝑛 in Eq. (6.1).

e DK model features two dynamical phases, shown in Fig. 6.1(c,d). In the inac-
tive phase, for small enough probabilities 𝑞1 and 𝑞2, the system eventually reaches the

completely unoccupied absorbing state, that is no percolation occurs. In the active phase
instead, for large enough probabilities 𝑞1 and 𝑞2, a nite fraction of sites remains occupied

up to innite time, that is the system percolates. For small initial probability 𝑝1 � 1, the

critical line separating the two phases is characterized by a power-law growth of the

density [180], 𝑛 ∼ 𝑡\ , with exponent \ ≈ 0.31. As conjectured by Grassberger [181], this

exponent is universal for all systems in the DP universality class. Indeed, DP exemplies

how the unifying concept of universality pertaining to quantum and classical many-body

systems [36] can be extended to nonequilibrium phenomena.

Important for our work is that, in the DK model, whether the system percolates or

not depends on the parameters 𝑞1 and 𝑞2, but not on the initial density 𝑝1, at least as

long as 𝑝1 > 0. Indeed, the phase boundaries for initial densities 𝑝1 = 0.01 and 𝑝1 = 1 in

Fig. 6.1(c) and Fig. 6.1(d), respectively, coincide.

6.2 Long-range percolation and bistability

As the vast majority of PCA, the DK model features short-ranged update rules [170].

In realistic systems, however, it is oen the case that the occupation of a site 𝑖 is inuenced

not only by the neighboring sites, but also by farther sites 𝑗 , with an eect decreasing

with the distance 𝑟𝑖, 𝑗 between the sites. Building on an analogy with the DK model, we

propose here a model for such a ‘long-ranged’ DP, whose protocol is explained in the

owchart of Fig. 6.2. Specically, we consider as a local density 𝑛𝑖,𝑡 a power-law-weighted

average of the previous generation {𝑠 𝑗,𝑡−1} 𝑗 centered around site 𝑖

𝑛𝑖,𝑡 =
1

N𝛼,𝐿

∑︁
𝑗

𝑠 𝑗,𝑡−1(
𝑟𝑖, 𝑗

)𝛼 , (6.4)

where the normalization factor N𝛼,𝐿 ensures 𝑛𝑖,𝑡 = 1 if all sites 𝑗 are occupied at time

𝑡 − 1, 𝑟𝑖, 𝑗 is the distance between sites 𝑖 and 𝑗 ,† and the adjective ‘local’ emphasizes the

site-dependence. e occupation probability 𝑝𝑖,𝑡 depends then on the local density 𝑛𝑖,𝑡

†
Similarly to Chapter 5, the Kac-like normalization reads N𝛼,𝐿 =

∑𝐿
𝑗=1

(
𝑟 1

2
, 𝑗

)−𝛼
, whereas as a distance

𝑟𝑖, 𝑗 between sites 𝑖 and 𝑗 we consider 𝑟𝑖, 𝑗 =
𝐿
𝜋

���tan(
𝜋
𝑖−𝑗
𝐿

)���, where the tangent accounts for periodic boundary
conditions and makes the distance of the fartherst sites with |𝑖− 𝑗 | = 𝐿/2 articially diverge. is divergence

is expected to reduce nite-size eects without changing the underlying physics, that is in fact dominated

by sites with |𝑖 − 𝑗 | � 𝐿, for which we get a natural 𝑟𝑖, 𝑗 ≈ |𝑖 − 𝑗 |. Indeed, as we checked, our ndings hold
qualitatively when taking 𝑟𝑖, 𝑗 = min( |𝑖 − 𝑗 |, 𝐿 − |𝑖 − 𝑗 |).
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Figure 6.2 | Protocol of the long-ranged directed percolation. Flowchart representation of the

long-ranged DP. Starting from 𝑝𝑖,𝑡=1 = 𝑝1, site 𝑖 at time 𝑡 is occupied (𝑠𝑖,𝑡 = 1) with probability 𝑝𝑖,𝑡 .

e local densities {𝑛𝑖,𝑡 }𝑖 are power-law-weighted averages of the previous generation {𝑠𝑖,𝑡−1}𝑖 ,
and the occupation probabilities are updated as 𝑝𝑖,𝑡 = 𝑓`

(
𝑛𝑖,𝑡

)
.

through some nonlinear function 𝑓` , that for concreteness we consider to be

𝑝𝑖,𝑡 = 𝑓` (𝑛𝑖,𝑡 ) = ` tanh
(
4𝑛2𝑖,𝑡

)
, (6.5)

with ` ∈ (0, 1) a control parameter. e whole DP dynamics is determined via the

occupations 𝑠𝑖,𝑡 ∼ Bernoulli

(
𝑝𝑖,𝑡

)
and reiterating from one generation to the next. Note,

our ndings are not contingent on the specic choice of Eqs. (6.4) and (6.5), but are rather

expected to hold generally for a broad class of long-ranged forms of the densities 𝑛𝑖,𝑡 and

of functions 𝑓` – see Section 6.4 for details.

We emphasise that Eq. (6.4), Eq. (6.5), and the owchart in Fig. 6.2 are a natural

generalization of Eq. (6.2), Eq. (6.3), and Fig. 6.1(b), respectively. Furthermore, whereas in

the DKmodel the control parameters are the probabilities 𝑞1 and 𝑞2, the control parameter

is now `. As an important dierence, now the domain of 𝑓` accounts for several (and

𝛼-dependent) values of 𝑛𝑖,𝑡 , for which the piecewise denition of 𝑝𝑖,𝑡 as in Eq. (6.3) would

have been unpractical, and the compact form of Eq. (6.5) was necessary instead.

e introduction of a long-ranged local density 𝑛𝑖,𝑡 in Eq. (6.4) has profound implica-

tions. Arguably, the most dramatic is the appearance of a novel bistable phase, in addition

to the standard active and inactive ones. In the bistable phase, the ability of the system

to percolate depends on the initial density 𝑝1, see the red lines in Fig. 6.3(a,b). at is, the

bistable phase features two basins of araction, resulting into an asymptotically vanish-

ing or nite 𝑛, respectively, and separated by some critical initial density 𝑝1,𝑐 > 0. To

characterize systematically the dynamical phases of our model, we plot in Fig. 6.3(c,d) the

long-time density 𝑛(𝑡 = 10
3) as a suitable order parameter in the plane of the power-law

exponent 𝛼 and control parameter `. Comparing the results obtained for a large and

a small initial density 𝑝1, it is possible to sketch a phase diagram composed of three

phases: (i) inactive – 𝑛 decays to 0 at long times; (ii) active – 𝑛 does not decay at long
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Figure 6.3 | Phases of the long-ranged directed percolation. (a,b) Time evolution of the density

𝑛 for 𝑝1 = 1 (a) and 𝑝1 = 0.01 (b). ree dynamical phases can be distinguished: (i) inactive – 𝑛

decays to 0 (blue); (ii) active – 𝑛 does not decay to 0 (yellow); (iii) bistable – 𝑛 either decays to 0

or not depending on whether the initial density 𝑝1 is small or large (red). (c,d) Long-time density

𝑛(𝑡 = 10
3) in the plane of the power-law exponent 𝛼 and control parameter ` for 𝑝1 = 1 (c) and

𝑝1 = 0.01 (d). With the criterion used in (a,b), we discern the three phases: inactive (light), active

(dark), and bistable (light or dark depending on 𝑝1). e dashed reference lines coincide in (c) and

(d), and critical values `0𝑐 and `
∞
𝑐 of ` in the limits 𝛼 → 0 and 𝛼 → ∞, respectively, are reported

(the oset of `0𝑐 from the dashed line, as well as the soening of the dashed line for 𝛼 ≈ 1, are due

to nite-size eects). Crucially, the bistable phase is present only for small enough 𝛼 / 2, that

is for a suciently long-ranged DP. Single instances of the DP for the three phases are shown

in the insets, as obtained for the 𝛼 and ` indicated with colored dots, and corresponding to the

parameters used in (a,b). Here, 𝑅 = 10
4
and 10

2
in (a,b) and (c,d), respectively, and 𝐿 = 500.

times; (iii) bistable – 𝑛 either decays or not depending on 𝑝1 being small or large. e

existence of this bistable phase is in striking contrast with short-ranged models of DP

such as the DK model, and in fact appears only for 𝛼 / 2, that is, when the local densities

{𝑛𝑖,𝑡 }𝑖 are correlated over a suciently long range. To understand the origin of this rich

phenomenology, we study the short- and innite-range limits of our DP process.

In the short-range limit 𝛼 → ∞, the local densities 𝑛𝑖,𝑡 reduce to the averages of the

nearest-neighbor occupations 𝑠𝑖− 1

2
,𝑡−1 and 𝑠𝑖+ 1

2
,𝑡−1, that is, Eq. (6.4) recasts into Eq. (6.2) and

the DK model is recovered. In the notation of Eq. (6.3), the DK parameters are 𝑞1 = 𝑓` (0.5)
and 𝑞2 = 𝑓` (1). erefore, we can move across the DK parameter space (𝑞1, 𝑞2) varying
`, going from the inactive phase (` < `∞𝑐 ) to the active one (` > `∞𝑐 ), and no bistable

phase is possible. We nd that the transition happens at a critical `∞𝑐 = 0.85(7). Note
that, in the active phase, a completely empty state (𝑝1 = 0) remains trivially empty at

all times. is behavior is however unstable, because any 𝑝1 > 0 leads to percolation
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(i.e., 𝑝1,𝑐 = 0), and we therefore do not classify the active phase as bistable. At criticality,

and for 𝑝1 � 1, the density grows as 𝑛 ∼ 𝑡\ with \ = 0.3(0), as expected for the DP

universality class [170]. For details, see Fig. A.12 in Section A.5 of the Appendix.

In the innite-range limit 𝛼 → 0, and more generally for 𝛼 ≤ 1, the factor N𝛼,𝐿

in Eq. (6.4) diverges as 𝐿 → ∞. Correspondingly, spatial stochastic uctuations are

suppressed, that is, all sites 𝑖 share the same occupation probability 𝑝𝑖,𝑡+1 = 𝑝𝑡 and

density 𝑛𝑖,𝑡 = 𝑛(𝑡) = 𝑝𝑡 . erefore, in this limit the dynamics reduces to the deterministic

0-dimensional recurrence relation

𝑛(𝑡 + 1) = 𝑓` [𝑛(𝑡)] . (6.6)

e system asymptotic behavior can then be understood from the analysis of the xed

points (FPs) of the equation 𝑥 = 𝑓` (𝑥), which will be detailed in Section 6.4.

6.3 Floquet percolation and discrete time crystals

We have established that long-range correlated local densities {𝑛𝑖,𝑡 }𝑖 give rise to a

novel bistable phase. We now show how, in a ‘Floquet DP’ with periodically modulated

update rules, this phase intimately relates to the emergence of a classical DTC. In this

phase, as we shall see, the density 𝑛 displays oscillations over a period larger than that

of the drive and up to a time that, thanks to the long-range interactions and despite the

presence of multiple sources of noise, is exponentially large in the system size, a feature

that would generally be forbidden in short-ranged PCA [156]. In the thermodynamic

limit 𝐿 → ∞, these subharmonic oscillations are therefore persistent, that is, the system

autocorrelation time diverges to innity, breaking the time-translational symmetry and

proving for the rst time a classical DTC in a Floquet PCA.

In the spirit of keeping the model as simple as possible, we consider a minimal Floquet

drive in which, aer every 𝑇 iterations of the DP in Eqs. (6.4) and (6.5), empty sites are

turned into occupied ones and vice versa, making the full equations of motion periodic

with period 𝑇 . As a further source of imperfections, adding to the underlying noisy DP,

we also account for faulty swaps with probability 𝑝𝑑 . More explicitly, the Floquet drive

consists of the following transformation

𝑠𝑖,1+𝑘𝑇 →

1 − 𝑠𝑖,1+𝑘𝑇 with probability 1 − 𝑝𝑑
𝑠𝑖,1+𝑘𝑇 with probability 𝑝𝑑 .

(6.7)

In Fig. 6.4(a,b) we show the spatio-temporal paern of single instances of the Floquet
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Figure 6.4 | Discrete time crystals in Floquet long-ranged directed percolation. (a,b) Single
instances of the Floquet DP, alongside with the density 𝑛 averaged over multiple independent runs,

for 𝐿 = 500. (a) For a power-law exponent 𝛼 = 1.4, 𝑛 oscillates subharmonically with a period that

is twice that of the drive, whereas, for 𝛼 = 1.8, 𝑛 eventually picks the periodicity 𝑇 enforced by

the drive. (c) For nite system sizes 𝐿, the subharmonicity Φ(𝑡) decays as Φ(𝑡) ∼ exp

(
− 𝑡−1

𝜏𝑇

)
due

to the accumulation of phase slips, and, aer a few time scales 𝜏𝑇 , the density 𝑛 synchronises with

the drive and oscillates with period 𝑇 . Exponential ts (doed lines) can be used to extrapolate

the lifetime 𝜏 of the subharmonic response, on which a scaling analysis is performed in (d). For

𝛼 = 1.4 (blue), the lifetime 𝜏 scales exponentially with the system size, 𝜏 ∼ 𝑒𝛽𝐿 , whereas no such a

scaling is found for 𝛼 = 1.8. e scaling coecient is again found from an exponential t (doed

line), and ploed in (e) versus the power-law exponent 𝛼 . For small 𝛼 , that is long-ranged enough

DP, the scaling coecient 𝛽 is nite, indicating that in the thermodynamic limit 𝐿 → ∞ the

subharmonic response is persistent and a DTC with innite autocorrelation time emerges. On the

contrary, 𝛽 ≈ 0 for large 𝛼 , indicating a trivial dynamical phase in which no stable subharmonic

dynamics is established. Here, we considered 𝑝1 = 1, ` = 0.9, 𝑝𝑑 = 0.02,𝑇 = 20, and 𝑅 = 2000.

DP, alongside with the density 𝑛 averaged over several independent runs. If the DP

is short-ranged enough, the spatio-temporal paern at long times looks similar from

one Floquet period to the next, that is the density 𝑛 synchronises with the drive and

eventually picks a periodicity 𝑇 . On the contrary, for a long-ranged enough DP, the

system keeps alternating at every period between a densely occupied regime and a

sparsely occupied one, and 𝑛 oscillates with period 2𝑇 , that is, the system breaks the

discrete time-translation symmetry of the equations of motion.
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When using the tag ‘classical DTC’, special care should be reserved for showing the

dening features of this phase, namely its rigidity and persistence [156]. Our system is

rigid in the sense that it does not rely on ne-tuned model parameters, e.g., `, 𝛼 or the

initial density 𝑝1, and that noise, either in the form of the inherently stochastic underlying

DP or of a small but non-zero Floquet defect density 𝑝𝑑 , does not qualitatively change

the results. Moreover, in the limit 𝐿 → ∞, our DTC is truly persistent. Indeed, one might

expect that the accumulation of stochastic mistakes introduces phase slips and eventually

leads to the (possibly slow but unavoidable) destruction of the subharmonic response.

Although this expectation is generally correct for short-ranged DP models, including our

model at large 𝛼 , it can fail for long-ranged DP models.

To show that, in the limit 𝐿 → ∞, the lifetime of our DTC is innite, we perform a

scaling analysis comparing results for increasing system sizes 𝐿. First, we introduce an

order parameter Φ(𝑡), henceforth called subharmonicity, that is dened at stroboscopic

times 𝑡 = 1, 1 +𝑇, 1 + 2𝑇, . . . as

Φ(𝑡) = (−1) 𝑡−1𝑇 [𝑛(𝑡) − 𝑛(𝑡 +𝑇 )] . (6.8)

If the density 𝑛 oscillates with the same period 𝑇 as the drive, then 𝑛(𝑡) = 𝑛(𝑡 + 𝑇 )
and Φ(𝑡) = 0. On the contrary, if 𝑛 oscillates with a doubled period 2𝑇 , then 𝑛(𝑡 =

1 + 𝑘𝑇 ) is positive and negative for even and odd 𝑘 , respectively, and Φ(𝑡) is nite and
maintains a constant sign. erefore, Φ(𝑡) is a suitable diagnostics to track the degree of

subharmonicity of 𝑛 in time, and to perform the scaling analysis.

In Fig. 6.4(c) we showΦ(𝑡) for various system sizes 𝐿. For both 𝛼 = 1.4 and 𝛼 = 1.8, the

subharmonicity decays exponentially in time, Φ(𝑡) ∼ exp

(
− 𝑡−1
𝜏𝑇

)
. As shown in Fig. 6.4(d),

these two values of 𝛼 are however crucially dierent in how the lifetime 𝜏𝑇 scales with

the system size. In fact, 𝜏 is approximately independent of 𝐿 for 𝛼 = 1.8, whereas it scales

exponentially as 𝜏 ∼ exp(𝛽𝐿) for 𝛼 = 1.4, for which the decay of the subharmonicity is

therefore just a nite-size eect. e scaling coecient 𝛽 quanties the time crystallinity

of the system, and can thus be used to obtain a full phase diagram as a function of the

power-law exponent 𝛼 , in Fig. 6.4(e). We observe a phase transition between a DTC and a

trivial phase at 𝛼 ≈ 1.7. at is, if the DP is suciently long-ranged (𝛼 / 1.7), 𝛽 is nite

and in the thermodynamic limit 𝐿 → ∞ the subharmonic response extends up to innite

time, as required for a true DTC. In contrast, for a shorter-range DP (𝛼 ' 1.7), 𝛽 ≈ 0

independently of 𝐿 and the subharmonic response is always dynamically destroyed.
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Figure 6.5 | Graphical xed-point analysis. For 𝛼 < 1, the dynamics of Eq. (6.6) is understood

from the FPs analysis of the equation 𝑥 = 𝑓` (𝑥). (a) For ` < `0𝑐 = 0.6550(8), the system is inactive,

corresponding to a single FP 𝑥0 = 0: at long times, the system ends up in the empty, absorbing

state with 𝑠𝑖 = 0 for all sites 𝑖 . (b) At the critical point ` = `0𝑐 , a new semi-stable FP emerges at

𝑥𝑐 = 0.5216(9), that is unstable from his le and stable on his right. (c) Increasing ` above `0𝑐 , the

semi-stable FP splits into an unstable FP 𝑥1 < 𝑥𝑐 and a stable FP 𝑥2 > 𝑥𝑐 . Depending on whether

𝑝1 < 𝑥1 or 𝑝1 > 𝑥1, the system ows towards 𝑛 = 𝑥0 = 0 or 𝑛 = 𝑥2 > 0, respectively, indicating

bistability.

6.4 Mean-eld limit and xed-point analysis

e phenomenology of the bistable phase can be understood from a graphical FP

analysis of the equation 𝑓` (𝑥) = 𝑥 illustrated in Fig. 6.5, which explains the dynamics for

𝛼 < 1, that is, in the MF limit. ree scenarios are possible, and interpreted in terms of

the ways the graph of the function 𝑓` intersects with the bisect. (i) Inactive – if ` < `0𝑐 ,

the only FP is 𝑥0 = 0, which is stable and corresponds to a completely empty state. e

system moves towards this FP and 𝑝𝑡
𝑡→∞−−−−→ 0. (ii) Critical – if ` = `0𝑐 , a new semi-stable

FP emerges at 𝑥𝑐 , which is aractive from its right and repulsive on its le. (iii) Bistable –

if ` > `0𝑐 , the semi-stable FP splits into an unstable FP 𝑥1 > 𝑥0 and a stable FP 𝑥2 > 𝑥1. In

this case, the system will reach either the unoccupied FP 𝑥0 = 0 or the nitely occupied

FP 𝑥2 > 0 depending whether 𝑝1 < 𝑥1 or 𝑝1 > 𝑥1, respectively. at is, the system

is bistable, and the critical initial probability separating its two basins of araction is

𝑝1,𝑐 = 𝑥1 (see also Fig. A.11 in Section A.5 of the Appendix). e critical value `0𝑐 is

obtained numerically solving for the condition of tangency between the graph of 𝑓` and

the diagonal, and gives `0𝑐 = 0.6550(8) and 𝑥𝑐 = 0.5216(9). For ` > `0𝑐 , the FPs 𝑥1 and 𝑥2

are found solving for 𝑓` (𝑥) = 𝑥 , and, for instance, we nd we nd 𝑥1 = 0.3326(5) and
𝑥2 = 0.7890(9) for ` = 0.8.
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e FP analysis also claries the general features of 𝑓` that allow for the emergence

of bistability, that is in fact not contingent on the choice of 𝑓` made in Eq. (6.5). Indeed,

the only requirement is that, for some parameter(s) `, the equation 𝑓` (𝑥) = 𝑥 has three

FPs 𝑥0 < 𝑥1 < 𝑥2, of which 𝑥0 and 𝑥2 are stable, whereas 𝑥1 is unstable. Put simply, 𝑓`

should be a nonlinear function with a graph looking qualitatively as that of Fig. 6.5(c).

is condition guarantees a bistable phase for 𝛼 < 1, which can then possibly extend to

𝛼 ≥ 1 and, in the presence of a Floquet drive, facilitate the establishment of a DTC.

6.5 Discussion

We have shown that long-range DP and its Floquet variant can give rise to a bistable

phase and a DTC, respectively. At the core of our model in Eq. (6.4) and Eq. (6.5) is the

idea that the occupation of a given site depends on the state of all the other sites at

the previous time. In this sense, our model is reminiscent of some models of epidemic

spreading on a network in which not only a sick site can infect a susceptible site, but

several infected sites can also cooperate to weaken a susceptible site, and nally infect it

[182, 183]. is cooperation mechanism among an innite number of ‘parent sites’, rather

than a nite one as considered in previous works on long-ranged DP [174, 184], is the key

feature allowing the emergence of the bistable phase, that nds a transparent explanation

in the innite-range limit 𝛼 → 0, where it corresponds to the equation 𝑥 = 𝑓` (𝑥) having
two stable FPs. Bistability also provides intuition on the origin of the DTC, to which it is

deeply connected. Indeed, the Floquet drive in Eq. 6.7 switches the system from a densely

occupied regime to a sparsely occupied one (and vice versa). If the underlying DP is

bistable, these regimes fall each within dierent basins of araction, and can therefore be

both stabilized by the contractive dynamics [175, 185]. Ultimately, this double stabilization

facilitates the establishment of the DTC with innite autocorrelation time. Remarkably,

this mechanism does not rely on the equations of motion being perfectly periodic, as for

MBL-DTCs [42], and we expect that innite autocorrelation times could be maintained

even in the presence of aperiodic variations of the drive (although the nomenclature

should be revised in this case, since the underlying discrete time symmetry would only

be present on average but not for individual realizations). is is in contrast to DTCs

in closed MBL systems [42], in which the non-ergodic dynamics hinges on the peculiar

mathematical structure of the Floquet operator which, in turns, relies on the underlying

equations being perfectly periodic.

e intimate connection between bistability and DTC is however not a strict duality,

and the boundaries of the two phases, in the equilibrium and nonequilibrium phase
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diagrams, respectively, do not coincide. For instance, in our analysis we found that for

` = 0.9 the bistable phase extends up to 𝛼 ≈ 1.6, whereas the DTC stretches slightly

farther, up to 𝛼 ≈ 1.7. e origins of this imperfect correspondence can be traced back to

two competing eects. On the one hand, bistability may not be sucient to stabilize a

DTC.is can already be understood in the limit 𝛼 → 0, in which the asymmetry of 𝑓` and

of its FPs does not guarantee the Floquet driving to switch the density 𝑛 from one basin

of araction to the other, that is, across the critical probability 𝑝1,𝑐 . is issue becomes

even more relevant for larger 𝛼 , for which the asymmetry is possibly accentuated and

𝑝1,𝑐 can approach 0 (see for instance Fig. A.11 in Section A.5 of the Appendix). On the

other hand, a perfect bistability may not even be necessary for a DTC to exist. In fact, for

the stabilization of a DTC, it may be sucient that, of the densely and sparsely occupied

regimes of the underlying DP, only one is stable, and the other is just weakly unstable

(that is, metastable), meaning that the timescales of the dynamics of the density 𝑛 in the

two regimes are very dierent. Loosely speaking, the stability of one regime might be

able to compensate for the weaker instability of the other, resulting in an overall stable

DTC. e asymmetry of the underlying DP and the mismatch between the bistable phase

and the DTC highlight the purely dynamical nature of the laer, that cannot ‘piggy-back’

on any underlying symmetry.

While these considerations are model and parameters dependent, and it is ultimately

up to numerics to nd the bistable and the DTC phases,
†
what is universal and far

reaching here is the concept that long-ranged DP, and PCA more generally, can host

novel dynamical phases such as DTCs. As Yao and collaborators recently pointed out

[156], long autocorrelation times are in fact generally unexpected in 1 + 1-dimensional

PCA, because imperfections and phase slips can nucleate, spread and destroy the order.

Our work proves that this fate can be avoided, and time-crystalline order established, in

long-ranged PCA. ese systems enable in fact an ‘error correction’ mechanism, in our

case intimately related to the bistability, that would be impossible if correlations were

limited to a nite radius. We may speculate that, in the physical picture of a Hamiltonian

system coupled to a bath, this defect suppression would correspond to the cooling rate

being larger than the heating rate.

Finally, we note that, as it happened for the prethermal DTCs in Chapter 5, we expect

†
Note, gures with higher resolution and smaller uctuations could be achieved if simulating larger

system sizes 𝐿 and/or considering a larger number of independent runs 𝑅. is could, for instance, allow

a more accurate characterisation of both the equilibrium and the nonequilibrium phase diagrams of our

model, which could be explored in other directions of the parameter space for varying 𝛼, `, 𝑝𝑑 and 𝑇 .

is would, however, require a formidable numerical eort, and goes therefore beyond the scope of this

dissertation. As a reference, for instance, the generation of Fig. 6.4(e) for the parameters considered therein

requires a computing time of approximately 4 × 10
3
hours per 3 GHz core.
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also in this classical stochastic seing that dimensionality can facilitate the establishment

of ordered nonequililbrium phases of maer. Although this expectation should be veried

by further research, it is strongly suggested by the fact that bistability, that we showed

to be intimately connected to time symmetry breaking, can emerge in 𝐷 + 1-dimension

with 𝐷 ≥ 2 even in short-ranged models of DP [183, 186, 187].

To sum up, in this Chapter we have studied the eects of long-range correlated update

rules in a model of DP, which we built from an analogy with the prototypical (but short-

ranged) DK PCA. First, we proved that, beyond the standard active and inactive phases, a

new bistable phase emerges in which the system at long times is either empty or nitely

occupied depending on whether it was initially sparsely or densely occupied. Second, in

a Floquet DP with periodic modulation of the update rules, we showed that this bistable

phase intimately connects with a DTC phase, in which the density oscillates with a period

twice that of the drive. In this DTC phase, the autocorrelation time scales exponentially

with the system size, and in the thermodynamic limit a robust and persistent breaking of

the discrete time-translation symmetry is established.

Finally, we remark that the interpretation of our model of DP in terms of a susceptible-

infected-removed-susceptible (SIRS) model of epidemic spreading, discussed above, is

more than a mere conceptual exercise. Indeed, as we are about to discover in the next

Chapter, the ideas on classical stochastic DTCs unveiled here can nd application in

epidemiology, and can be reused to study the statistical-mechanics of actual biennial

epidemic outbursts.



7
Biennial outbreaks and discrete time crys-
tals in seasonal epidemic spreading

In the previous Chapter, we discovered that long-range interactions can compensate

for the proliferation of defects in a classical stochastic system, underpinning a

classical DTC. In this Chapter, we leverage these discoveries to revisit the problem

of biennial epidemics in a SIRS model for seasonal epidemic spreading on small-

world graphs. We develop a MF theory that accurately captures the salient features

of the model, most notably its dynamical phase diagram featuring both annual

and biennial outbreaks. e DTC nature of the biennial epidemics is assessed with

a numerical scaling analysis, conrming a diverging autocorrelation time in the

thermodynamic limit. Our study oers new perspectives by demonstrating that

small-worldness and non-Markovianity can stabilize a classical DTC and unveiling

intriguing applications of DTCs to real-world statistical phenomena aecting us

all. Most results of this Chapter are drawn from Ref. [7].

Already its inventor, David Bernoulli, recognized the use of epidemic modelling to

guide public health decisions by advocating inoculations to prevent the spread of smallpox

[188]. Naturally, understanding and preventing disease has always been of great interest,

reected in the correspondingly vast body of literature [189]. Pioneered in the early 20
th

century [190–192], a modern formulation of epidemic dynamics uses coupled ordinary

dierential equations for the number of susceptible (S), exposed (E), infected (I), and

recovered (R) individuals. Among the many rich dynamical phenomena that can be

captured by S(E)I(RS) models is the emergence of a subharmonic response to a periodic

variation in parameters, given for example through seasonality. In particular, biennial

outbreaks have been observed in real-world measles case data more than a century ago

[190]. SIRS models to reproduce this phenomenon therefore have been an early target

for computer-aided simulations [193]. Indeed, such a behavior is not specic to measles,

85
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but also appears in other diseases such as croup (Fig. 7.1). To this day, sophisticated

versions of these models, accounting for factors such as seasonality, immunity, cross-

immunity, and the eect of distancing measures, are used to model outbreaks, including

the COVID-19 pandemic [194].

e elegant and simple description via global variables has had tremendous success,

but misses potentially important eects due to spatial uctuations and to the probabilistic

nature of the transmission. is is more appropriately captured by PCA on networks,

where vertices (cells) represent individuals and edges potential infection pathways, which

in recent years has shown great promise [195]. One of the key challenges is to understand

the limits of validity of global variables and to characterize phenomena that cannot be

described otherwise. For example, the COVID-19 crisis has cast a spotlight on the short-

comings of using global variables to describe pandemics, which are both characterized by

large spatial uctuations and have fat tails [196]. A natural choice is to study infection

dynamics on small-world graphs [197], as they exhibit the famous small-world property

that characterizes social networks [198], for which the average distance between any two

vertices is several orders of magnitude smaller than the size of the network [199]. To give

an example of using such a description, SI(R) models on small-world graphs naturally

predict the well-known phenomenon of herd immunity [197]. Using percolation theory,

one can show that in small-world graphs there is a critical level of immunity above which

no extensive connected cluster of susceptible vertices exists, precluding outbreaks [197].

Furthermore, small-world networks have the added benet that they allow for analytic

understanding in the large-system-size limit [200, 201].

From the point of view of statistical mechanics, the genuinely theoretical question

whether biennial epidemics are just transient phenomena or can rather persist up to

innite times is a very interesting and highly non-trivial one. e subharmonic response

observed in structureless MF models is generally spoiled when moving to a network,

where noise tends to randomize the phase of the response and to ultimately destroy

any system’s autocorrelation with its far past. Against this expectation, a classical DTC

maintains instead a persistent subharmonic response in spite of noise and perturbations.

is dynamical phase of maer was studied in the previous Chapter in the context of

long-range DP, but was also considered in the context of classical stochastic Markovian

processes in one [6, 156] and two dimensions [153].

In this Chapter, we investigate a seasonal SIRS model on small-world graphs and

show under which circumstances it gives rise to biennial outbreaks, supporting numerics

with an analytical MF theory that captures the salient features of the model’s rich phe-

nomenology. With a scaling analysis we show that, in the thermodynamic limit, biennial

outbreaks exhibit long-range order in time, heralded by a diverging autocorrelation time.
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Figure 7.1 | Biennial epidemics. Biennial outbreaks appear in actual data of croup cases in the US
over several decades, reected in the number of hospitalizations (Croup case data were obtained

from the National Hospital Discharge Survey (NHDS) according to the procedures used in Ref.

[202]). A qualitatively similar behavior appears in our seasonal SIRS model on a small-world

graph, in which the fraction of infected vertices 𝑝𝑖 also shows biennial major outbreaks (boom,

for 𝜙 = 5× 10
−3
, 𝑘 = 2 and 𝑁 = 10

6
). On an abstract level, this subharmonic response breaks time-

translation symmetry, which can be considered a crystalline phase in time (bar with alternating

+/−, corresponding to major and minor outbreaks, respectively).

We aribute the robustness of the DTCs to the interplay of small-worldness and, crucially,

non-Markovianity. Our work links the well-known phenomena of biennial outbreaks to

the theory of classical DTCs and thus unveils striking real-world ramications of these

remarkable dynamical phases of maer.

e remainder of this Chapter is organized as follows. In Section 7.1 we introduce the

model, detailing the structure of the small-world network and the update rules describing

seasonal epidemic spreading, and present its dynamical phase diagram. In Section 7.2 we

gain understanding of the system by deriving an analytical MF theory. In Section 7.3 we

present a thorough characterization of the model and we investigate the time-crystalline

nature of the biennial epidemics by means of a scaling analysis to assess its stability.

7.1 Epidemic model on small-world networks

We consider a stochastic microscopic SIRS model for seasonal epidemic spreading on

the celebrated small-world networks introduced by Was and Strogatz [199], sketched

and described in Fig. 7.2(a). e shortcut density 𝜙 parameterizes the ‘small-worldness’,

which allows us to interpolate in a controlled manner from a linear 1d chain (𝜙 = 0) to

random graphs (𝜙 = 1). Each vertex can be in one of three states: susceptible (S), infected

(I), immune/recovered (R), and the system evolves according to the following rules:
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Figure 7.2 | Seasonal epidemic spreading on small-world graphs. (a) Schematic of the model

for 𝑁 = 40 vertices. e graph is constructed starting from a periodic one-dimensional laice

in which each vertex is connected to its 2𝑘 nearest neighbors. In a ‘rewiring’ procedure, with

probability 𝜙 , the ends of each short-range edge (dashed) can be moved to a random location

in the graph, creating a shortcut. Each vertex is either susceptible (S, white), infected (I, black),

or recovered (R, grey), that is, immune. Disease spreading occurs according to the shown three

update rules, that are further detailed in the main text. (b) Phase diagram in the plane of the

small-world parameter 𝜙 and winter duration 𝑇𝑤 , comparing numerical results for 𝑁 = 10
4
and

𝑘 = 2 with the MF prediction. e trivial and DTCs phases are characterized by annual or biennial

outbreaks, respectively. We t 𝑇𝑤 = 𝛼𝜙a
to the rst eight and last eight values (dashed) and nd

(𝛼, a) = (0.12±0.01,−1±0.01) and (0.65±0.02,−0.65±0.01). e MF prediction (solid red) shows

striking agreement with numerics for small 𝜙 , but cannot explain the deviation at large 𝜙 , which

we aribute to a number of eects that are missed by MF theory, most notably the discreteness of

space and time.

(I) Autumn: vertices are exposed to the disease with a probability 𝑞 and, if susceptible,

contract it, S→I.

(II) Winter: in each of total 𝑇𝑤 steps, the infection spreads from infected vertices to

susceptible vertices they are connected to, S→I.

(III) Summer: the infected vertices recover and become immune, I→R, whereas immune

vertices lose their immunity and become susceptible again, R→S.

ese rules are repeated annually, which denes the fundamental periodicity of the model.

In the rst year we take all vertices to be susceptible, but the qualitative results shown

here are robust to perturbations of the initial condition.

Underlying this model is the idea that, in a social network, long-distance travellers act

as shortcuts for disease spreading across distant regions of the globe, as parameterized

by the small-world parameter 𝜙 . Similarly, we can imagine that in autumn the vertices

are exposed to the infection because of travellers returning from hidden regions (e.g.,
faraway countries) that are not accounted for explicitly in the network, so that 𝑞 ∼ 𝜙 . In
the following, we make the choice 𝑞 = 𝜙 for concreteness. We stress that our goal here is
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not to model real-world data, but instead to study a minimal toy model to explore the

statistical mechanics of epidemic spreading.

Depending on the value of the parameters 𝑇𝑤 and 𝜙 , at long times the system can be-

have in two fundamentally dierent ways, featuring outbreaks that occur either annually

or biennially. As we will show later, these two behaviors constitute two genuine dynami-

cal phases of maer: e phase with annual outbreaks preserves the time-translation

symmetry of the model, and can therefore be referred to as the ‘trivial’ phase. In contrast,

if outbreaks occur biennially, the discrete time-translation symmetry is broken, and the

system enters the DTCs phase. e phase diagram, derived analytically and conrmed

numerically, is shown in Fig. 7.1(d). Intuitively, the transition may be understood in terms

of the eect of immune vertices. Aer a long winter (𝑇𝑤 large) and/or a fast outbreak

(𝜙 large), in which a large proportion of vertices has been infected, the established herd

immunity suppresses the outbreak in the following year. Two years later, the immunity

has decayed, and a large outbreak occurs again. At the core of these eects is clearly

the immunity, which prevents a given vertex to be infected for two consecutive years, a

memory eect that we refer to as ‘non-Markovianity’. Since the infection spreading is

quicker on a smaller world, the critical 𝜙𝑐 dividing the two phases decreases with the

winter duration𝑇𝑤 . We t 𝛼𝜙a to the data (shown as dashed lines in Fig. 7.2(b) and obtain

the critical exponents a = −1± 0.01 for small 𝜙 , and a = −0.65± 0.01 for large 𝜙 . At small

𝜙 the agreement with MF theory is striking, whereas for large 𝜙 the discreteness of the

model plays an increasing role, which cannot be accounted for by mean eld.

7.2 Mean-eld solution

To gain analytical understanding of the trivial phase, the DTC, and the transition

between them, we derive a MF theory. To do so, we rst nd analytical expressions for

the epidemic dynamics throughout a single winter, and then describe how the epidemic

evolves from one year to the next.

Single-year dynamics

Pioneered by Newman et al. [200], an accurate MF description can be found in the

limit of large graphs 𝑁 → ∞ and small small-world parameter 𝜙 , by treating space

and time as continuous, such that the epidemic dynamics can be described by ordinary

dierential equations. In contrast to the approach in Ref. [200], here we have to account

for the presence of immune vertices that act to suppress outbreaks, as this underpins

the biennial response. We do so while retaining the analytic solubility of the model by
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making the approximation that immune vertices are randomly distributed. us, they can

be accounted for by the probability 𝑃𝑆 |𝐼 that a non-infected vertex is susceptible (rather

than immune)

𝑃𝑆 |𝐼 (𝑡) = 1 − 𝑝𝑟

1 − 𝑝𝑖 (𝑡)
, (7.1)

where 𝑝𝑖 (𝑡) and 𝑝𝑟 are the fractions of infected and immune vertices, respectively. Since

immunity only changes in summer, Fig. 7.2(a), 𝑝𝑟 is constant throughout the winter.

In the following we mean by ‘infected region’ a contiguous local chain (connected by

short-range edges) of infected vertices. In contrast to the concept of connected clusters,

we therefore count two regions connected by a long-range edge as two separate regions.

For instance, there are 3 regions in Fig. 7.2(a). Let us denote the density of infected

regions by a𝑖 (𝑡). In every time step each of the 2𝑁a𝑖 infection fronts (boundaries between

infected and susceptible regions) advances by 𝑘 steps, enveloping 2𝑁𝑘a𝑖 vertices. To

obtain the rate at which sites are infected, we have to multiply this by the probability

that the enveloped vertices are susceptible,

𝑑𝑝𝑖 (𝑡)
𝑑𝑡

= 2𝑘a𝑖𝑃𝑆 |𝐼 . (7.2)

In the spreading of infection fronts, the number of infected regions may change

according to two mechanisms. One, a new infected region is spawned if an infection

front crosses a shortcut between two susceptible vertices. e rate for this happening is

the product of the vertices exposed in one times step, 2𝑁𝑘a𝑖 , and the density of shortcuts

among non-infected regions, 2𝑘𝜙 (1 − 𝑝𝑖). e factor of 1 − 𝑝𝑖 arises, as the remaining

shortcuts necessarily connect two uninfected regions. Two, infected regions can merge,

which decreases a𝑖 at a rate of 2𝑘a
2

𝑖 /(1 − 𝑝𝑖). is factor is most easily understood as the

product of the rate at which the total susceptible regions shrink (2𝑘a𝑖 ) times the density

of boundaries to infected regions in the remaining susceptible fraction (a𝑖/(1 − 𝑝𝑖)).
Optionally, the distribution of gap sizes can be considered explicitly [200]. Crucially, both

these processes will be eective only if the involved non-infected vertices are susceptible,

which happens with probability 𝑃𝑆 |𝐼 (𝑡), such that

𝑑a𝑖

𝑑𝑡
=

(
4𝑘2𝜙 (1 − 𝑝𝑖)a𝑖 −

2𝑘a2𝑖

1 − 𝑝𝑖

)
𝑃𝑆 |𝐼 . (7.3)

Eqs. (7.2) and (7.3) can be integrated analytically (see details in Section A.6 of the Ap-

pendix), yielding

𝑝𝑖 (𝑡) = (1 − 𝑝𝑟 )
𝑒2𝑡\ − (1 − 𝜙) (1 − 2𝑘𝜙)

𝑒2𝑡\ + 2𝑘 (1 − 𝜙)
≡ 𝑓 (𝑝𝑟 , 𝑡), (7.4)
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where the notation 𝑓 (𝑝𝑟 , 𝑡) emphasizes the dependence on the immune fraction 𝑝𝑟 , and

where the inverse timescale \ reads

\ = 𝜙𝑘 (1 − 𝑝𝑟 ) [1 + 2𝑘 (1 − 𝜙)] . (7.5)

As a sanity check, in the limit 𝑡 → 0 we obtain 𝑝𝑖 = 𝜙 (1 − 𝑝𝑟 ), recovering the initial

fraction of infected vertices, whereas in the limit 𝑡 → ∞ the fraction of infected vertices

asymptotically approaches 𝑝𝑖 → 1 − 𝑝𝑟 .

Multi-year dynamics

e solution to epidemic spreading in a single year provides us with a formula for

the total fraction of infected vertices at the end of one year 𝑝
(𝑛)
𝑖

= 𝑓 (𝑝 (𝑛)𝑟 ,𝑇𝑤 ), where 𝑝 (𝑛)𝑟

is the immune fraction during the 𝑛-th winter. e summer transition from infected to

immune means that 𝑝
(𝑛)
𝑟 = 𝑝

(𝑛−1)
𝑖

, and therefore we obtain the discrete ‘one-year map’

𝑝
(𝑛+1)
𝑖

= 𝑓

(
𝑝
(𝑛)
𝑖

)
, (7.6)

where we have omied the dependence of 𝑓 on the winter duration 𝑇𝑤 , which is hence-

forth treated as a xed parameter. Applying 𝑓 twice, we obtain the two-year map 𝑓 (2)

𝑝
(𝑛+2)
𝑖

= 𝑓 (2)
(
𝑝
(𝑛)
𝑖

)
= 𝑓

(
𝑓

(
𝑝
(𝑛)
𝑖

))
, (7.7)

which is helpful in describing the biennial epidemics.

Note that to leading order in 𝜙 , only the product of 𝑇𝑤 and 𝜙 appears in 𝑓 , which

readily explains why at small 𝜙 , the critical small-world parameter scales as 𝜙𝑐 ∼ 1/𝑇𝑤 ,
see Fig. 7.2(b).

To conclude this section, we briey discuss the shortcomings of our MF theory. Most

importantly, while the variable a𝑖 contains the information on the number of infected

regions, no such information is stored for the immune population, which only enters

in the form of the probability 𝑃𝑆 |𝐼 . is discounts the eect that clusters of immune

sites may stop infection fronts, and also enclose a susceptible cluster, preventing it from

being infected. Indeed, the MF model does not account for any uctuations or other

random structure that may emerge, such as uctuations in the number of initially infected

vertices, the relative positioning that may or may not be conducive to fast outbreaks, the

number of long-range links, the size of the connected cluster of the randomly sampled

small-world graph, etc. Ultimately, the MF theory is validated by the good agreement

with numerics, which is shown in the next Section.
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7.3 Results and analysis

Phase diagram

roughout a single winter, the fraction of infected vertices 𝑝𝑖 (𝑡) follows a character-
istic logistic-like growth, with an initial superlinear growth followed by saturation to an

asymptotic value at long times. In Fig. 7.3(a) we verify that the MF agrees remarkably

well with the full numerics in the absence of immune vertices (𝑝𝑟 = 0). e multi-year

dynamics is investigated in Fig. 7.3(b), which, depending on the small-world parameter

𝜙 , exhibits two qualitatively dierent behaviors. If 𝜙 is smaller than a critical 𝜙𝑐 , we

observe annual outbreaks, whereas if 𝜙 > 𝜙𝑐 , major outbreaks occur biennially, and 𝑝𝑖 (𝑡)
oscillates with a period of two years.

We observe that the accuracy of the MF predictions deteriorates aer the rst winter.

To understand why this is the case, we note that a vertex that gets randomly infected at

the beginning of the winter typically lies in the bulk of a susceptible region. In the early

stages of the winter the disease thus propagates essentially unperturbed by the presence

of the immune vertices. Only at a later stage of the winter some infection fronts get

stopped by immune regions. is eect depends on the spatial structure and distribution

of immune vertices and therefore cannot be captured by mean eld. Nonetheless, as we

are about to see, MF theory is still remarkably accurate in capturing and explaining the

phase transition between annual and biennial epidemics.

Within MF, in fact, the long-time dynamics can be understood using the tools of

discrete dynamical maps [203]. A simple inspection as shown in Fig.7.3(c) reveals that

the equation 𝑥 = 𝑓 (𝑥) is always fullled by one and just one FP, that we call 𝑥2. e

stability of this FP is determined by the rst derivative 𝑓 ′(𝑥2). Since the infected fraction

decreases with increasing immune fraction, 𝑓 ′(𝑥) < 0, and the only possibilities are
𝑓 ′(𝑥2) > −1 ⇒ 𝑥2 is stable

𝑓 ′(𝑥2) < −1 ⇒ 𝑥2 is unstable.
(7.8)

When 𝑥2 is stable, 𝑝
(𝑛) 𝑛→∞−−−−→ 𝑥2, and the system lies in the trivial phase with annual

outbreaks at long times. To understand what happens when 𝑥2 is unstable, we turn to

the two-year map 𝑓 (2) in Eq. (7.7), which is also investigated in Fig. 7.3(c). As it is easy

to check, 𝑥2 is a FP also of 𝑓 (2) . When the FP 𝑥2 is unstable, 𝑓
(2)′(𝑥2) = [𝑓 ′(𝑥2)]2 > 1,

indicating the emergence of two new stable FPs 𝑥1 and 𝑥3 for 𝑓
(2)
. When 𝑥2 is unstable, at

long times we therefore get 𝑝
(2𝑛)
𝑖

𝑛→∞−−−−→ 𝑥1 and 𝑝
(2𝑛+1)
𝑖

𝑛→∞−−−−→ 𝑥3 (or vice versa, depending

on the initial condition). at is, small and large outbreaks alternate (quantied by 𝑥1 and



7.4. Discussion 93

𝑥3, respectively). e phase boundary occurs at the critical line dened by 𝑓 ′(𝑥2) = −1,
with 𝑥2 = 𝑓 (𝑥2).

Ploing the FPs of the two-year map 𝑓 (2) versus the small-world parameter 𝜙 , in

Fig. 7.3(d) we obtain a bifurcation diagram. At𝑇𝑤 = 30, the critical small-world parameter

that separates the trivial and the DTC phases is 𝜙𝑐 = 4.24(8) × 10
−3
. Near criticality, the

MF scaling 𝑥3 − 𝑥1 ∼ (𝜙 − 𝜙𝑐)b is characterized by the critical exponent b = 1/2 (see

inset). Numerics suggests that the actual critical exponent may be larger, although large

uctuations close to the transition, a nite-size eect, prevent us from drawing clear

conclusions.

Varying the winter duration 𝑇𝑤 , this method allows us to calculate the full phase

diagram shown in Fig. 7.2(b). e MF model predicts the phase separation to lie at

𝜙𝑐 = 0.126918𝑇 −1
𝑤 (dashed line), which shows striking agreement with numerics for small

𝜙 , which predicts 𝜙𝑐 = 0.12065𝑇 −1
𝑤 . As in previous work [200], the approximations made

to derive the MF solution deteriorate at larger values of 𝜙 , which explains the deviation.

Phase stability

It is impossible to determine whether the biennial response is a genuine dynamical

phase ofmaer fromMF theory alone. e reason is thatmicroscopic uctuations typically

destroy correlations over time, due to the presence of random phase ips (defects in the

crystal). A defect in this seing means that two consecutive years have minor (or major)

outbreaks, such that the biennial response is broken.

To signal a DTC, the subharmonic response of the system needs to show a diverging

autocorrelation time with system size, and this divergence should be robust both to noise

and to the perturbation of the model’s parameters [153, 156]. To analyze this, we extract

the defect density from calculated time traces and observe their scaling with system size

(Fig. 7.4, inset). In the trivial phase, we nd that defects occur at random irrespective of

system size. is is expected, as there is no subharmonic response in the rst place. With

increasing winter duration 𝑇𝑤 , the system crosses into the DTC phase and we observe

clear exponential scaling with system size (see inset in Fig. 7.4). e exponent λ(𝑇𝑤 )
characterizing this scaling shows a clear departure from zero as the system enters the

DTC phase, e.g., at 𝑇𝑤 ≈ 13 in Fig. 7.4.

7.4 Discussion

Revisiting the century-old problem of biennial epidemics from the perspective of

statistical mechanics, in this Chapter we have studied a microscopic model of seasonal
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epidemic spreading on a small-world network, giving rise under appropriate circum-

stances to a biennial outbreak behavior, which is well-described by a fully analytical MF

theory. Surprisingly, the subharmonic response of the stochastic dynamical system is

stable in the thermodynamic limit against noise and perturbations, and we therefore

classify it as a classical DTC.

Previous research highlighted that classical DTCs are typically prevented by decon-

ned domain walls in short-range 1d models [156], but can be stabilized by either larger

dimensionality [153] or long-range interactions [6]. ese works also show how the

essential features of classical DTCs can be captured by PCA [6, 156], in which the sys-

tem is described by two-state variables. is raises the more general question which

aspects (dimensionality, range of interactions, contractive dynamics,..) of these models

is responible for stabilizing the time crystalline phase. In this context, on the one hand

our work explores small-world graphs, in which a few random links shortcut across a 1d

chain, accounting for the small-world property of real-world social networks. On the

other hand, a crucial role is played by immunity, which could equivalently be understood

as a non-Markovian memory eect that precludes a vertex from being infected two years

in a row. Our work therefore identies non-Markovianity and small-worldness as two key

ingredients that can stabilize time-crystallinity against the proliferation of noise-induced

defects.
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Figure 7.3 | Characterization of the epidemic dynamics. (a) Time evolution of the infected

fraction 𝑝𝑖 throughout a single winter. In the absence of immune vertices, we observe a logistic-

like growth, with an initial superlinear rise (quickest for smaller worlds, that is larger 𝜙) and

eventual saturation when all vertices get infected. In this case, MF (continuous line) is so accurate

that it can hardly be distinguished. (b) Epidemics over multiple years can have two qualitatively

very dierent behaviors. For 𝜙 < 𝜙𝑐 (le) and 𝜙 > 𝜙𝑐 (right), outbreaks occur annually and

biennially, respectively. In the laer case, corresponding to a small-enough-world, the system

responds with a period twice that of the underlying seasonality, pointing to a DTC. MF (solid line)

is compared to numerics for 𝑁 = 10
4
(markers). (c) MF xed-point analysis. e one-year map 𝑓

only has one FP 𝑥2. If 𝜙 < 𝜙𝑐 , 𝑥2 is stable and the end-of-winter infected fraction 𝑝
(𝑛)
𝑖

eventually

reaches 𝑥2. On the contrary, if 𝜙 > 𝜙𝑐 , 𝑥2 becomes unstable and 𝑝
(𝑛)
𝑖

eventually oscillates at every

year between 𝑥1 and 𝑥3, the emerging stable FPs of the two-year map 𝑓 (2) . e MF dynamics

is highlighted with a cobweb in blue. (d) Bifurcation diagram of the FPs of 𝑓 (2) within MF (red

lines) and end-of-winter infected fraction 𝑝
(𝑛)
𝑖

in the even and odd years at long times for 𝑁 = 10
5

(blue markers). Solid and dashed lines stand for stable and unstable FPs, respectively. In MF, the

DTC order parameter 𝑥3 − 𝑥2 scales with critical exponent 1/2 (inset). Note, in (b) and (d) the MF

prediction is in this case qualitatively correct but quantitatively inaccurate, due to its inability to

account for the clusterized structure of the immune vertices. Mean-eld is surprisingly successful

in locating the critical 𝜙𝑐 .
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8
Conclusion and outlook

In this dissertation, we argued that notions of DTCs exist beyond the MBL paradigm,

and we investigated their various avours by surveying our own theoretical advances in

this timely eld, encompassing both quantum and classical realms.

To briey summarize, we started in Chapter 1 by providing our original viewpoint

on DTCs, by discussing their essential distinctive features, and by reviewing the MBL

paradigm. In Chapter 2 we then considered the original seing in which MBL-DTCs

were proposed six years ago, and challenged common wisdom by removing disorder to

switch MBL o. Surprisingly, signatures of DTCs in this case can still be found thanks to

a nite-size eect reminiscent of quantum scars, that we unearthed clarifying the role

of MBL in DTCs and highlighting the possibilities oered by nite-size systems for the

exploration of novel nonequilibrium physics. In Chapter 3, we proposed a cold-atom

experimental platform that not only realizes DTC behavior, but also exhibits an unprece-

dented DTQC. In the laer, the standard periodic phenomenology is modied to one that

is quasi periodic, thus establishing the nonequilibrium, temporal counterpart of space

quasicrystals. Chapter 4 was devoted to a study of the eect of long-range interactions in

a quantum spin chain, where we showed how they give rise to a whole zoo of higher-order

DTCs. In contrast to MBL-DTCs, these are characterised by large and possibly fractional

periodicities, thus considerably expanding the possible phenomenologies of DTCs. e

study of these exotic temporal behaviors continued in Chapter 5 with a ‘back to basics’

classical approach. Having lied much of the numerical limitations, we studied large

systems in dimensionality one, two, and three, geing access to the potentially most

experimentally relevant phenomena. For instance, we could in this way perform the rst

simulation of a prethermal DTC in a system with short-range interactions, and study the

interplay between dimensionality and interaction range. e discourse around the role of

long-range interactions was then extended to a classical stochastic seing in Chapter 6.

Within the ubiquitous framework of DP, we found that long-range interactions allow

for a normally forbidden one-dimensional classical DTC, of which we provided the rst

97
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crisp example in the literature. In Chapter 7, these ndings concerning classical DTCs

have then been leveraged to revisit the problem of biennial epidemics. By means of

a SIRS model for seasonal epidemic spreading on small-world networks, we provided

new insights into the statistical mechanics of biennial epidemic outbursts and created a

connection between the eld of epidemiology and that of DTCs.

From a practical perspective, the theoretical advances around the non-dissipative

dynamics of driven bosonic and spin systems presented in Chapters 2-5 contribute to

our ability to understand and control nonequilibrium maer at the microscopic scales,

which is essential for instance for our ability to store and manipulate information in

the next generation of computing devices. As well, the classical stochastic phenomena

explored in Chapter 6 also have a broad domain of potential applicability, coinciding with

that of percolation theory, a piece of mathematics that pervades virtually every branch

of science and for which we proposed a periodically-driven generalization. A timely

example of such ubiquity is provided by Chapter 7, showing how these ideas can help to

study the statistical mechanics of seasonal epidemic spreading, and how the eld of time

crystals, which many may have taken for a purely academic exercise, is in fact directly

relevant to statistical phenomena aecting us all.

On a broader and more fundamental level, this dissertation uncovered an array of

novel time crystalline phenomena, and developed a unifying conceptual framework

encompassing them all. Following this common thread, we explained and emphasised the

key elements that we argued should characterise DTCs, namely their many-body nature

and the concept of universality in the nonequilibrium seing. DTCs are many-body in

the sense that they can only exist as a result of the interaction between a very large

number of constituents. is interaction also makes DTCs universal, meaning that their

qualitative behavior is robust to perturbations, rather than an artefact of the adopted

model or the ne-tuned choice of parameters. We argued why and how these unifying

concepts can be extended far beyond the MBL paradigm. To this end, we built parallels

with the established eld of statistical mechanics, showing that the notions of ‘many-body

phases of maer’ dened therein can be expanded to the nonequilibrium realm to include

time crystallinity in all the avours that we discussed.

Bringing together problems from dierent elds such as condensed maer physics,

statistical physics, dynamical-system theory, and epidemiology, our research unearths

a number of striking ramications of DTCs, extending our current understanding of

many-body nonequilibrium phenomena and opening new research avenues of direct

relevance to a broad community ranging across multiple branches of science, some of

which we now outline on multiple levels.

First and foremost, this dissertation highlights unique chances for the experimental
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implementation of many-body nonequilibrium phenomena. Indeed, our proposals in

Chapters 2-5 are very natural for implementation due to their ultimate simplicity. For

instance, the clean short-range spin chain in Eqs. (2.1-2.3) could be realized in modern

quantum simulators [37, 107], whereas all the ingredients of the Hamiltonian (3.1) for

bosons in a ring are readily available for ring-shaped optical laices [130–133]. Fur-

thermore, the Hamiltonian (4.1), leading to the higher-order DTCs, exhibits a number

of desirable features (e.g., the continuous drive with constant-in-time interactions and

monochromatic transverse magnetic eld) making it a prime candidate for experiments.

ese range from bosons in a double well [140] (to realize the LMG limit), to trapped

atomic ions [29, 147, 148], nitrogen–vacancy (NV) spin impurities in diamond [30], and

31
P nuclei in ammonium dihydrogen phosphate (ADP) [31].

At the level of follow-up theoretical investigation, our work raises then a number

of specic questions. First of all, it would be generally interesting to beer assess the

nature of the observed time crystalline phases and characterise more systematically

the dynamical phase diagrams, investigating other directions of the parameter spaces.

Concerning the still developing concept of time quasi-crystallinity, for instance, an

intriguing question regards the possibility for a system driven with two incommensurate

frequencies 𝜔1 and 𝜔2 to respond at subharmonic frequencies 𝜔1/𝑛1 and 𝜔2/𝑛2. As for
the higher-order DTCs, it would instead be desirable to understand how the allowed

fractions 𝑞/𝑝 resulting in 𝑞/𝑝-DTCs are selected, and to assess the exact functional form

of 𝜏𝑡ℎ (𝜔), which could be done with extensive classical simulations.

On the classical stochastic side, future investigation may try to gain analytic insights

into the DTCs by means of a eld theoretical approach, which has been successful in

similar contexts [184] and that may help locating the critical power-law exponent 𝛼 , as

well as to explore chaos and damage spreading [204] in these systems. Turning to the

applications in epidemic spreading, it would be desirable to advance the MF theory to

account explicitly for the number a𝑟 of immune regions, and to enrich our simplistic

model with further realistic ingredients, which may reveal a richer phase diagram or

novel phenomena. For instance, one could consider the survival of the infection through

the summer, account for dierent epidemic spreading rules in various regions of the

network (e.g., as to mimic dierent seasonalities in the two hemispheres), include more

states of the vertices (e.g., infected asymptomatic) or strains of virus, or account for

randomized and/or longer immunity times, which could result in the emergence of 𝑛-

DTCs with major outbreaks every 𝑛 years. A particularly timely avenue is to investigate

the eects of periodic interventions (such as an intermient reduction of 𝜙 as to mimic

travel restrictions), and whether these can lead to a subharmonic response, too.

Finally, our work also suggests some more open-ended questions. Among them, a
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major one regards the role of quantum uctuations on prethermal phenomena. As we

argued, we understand quantumuctuations as ancillary for prethermal DTCs, rather than

foundational. However, nding genuine quantum prethermal phases with no classical

counterparts will be a very worthwhile endeavour. At the same time, the example of

prethermal DTCs in Chapter 5 shows how the dialogue between classical and quantum

physics can open the way to signicant advances in nonequilibrium many-body physics.

Reinforcing this dialogue has the promise to lead to further quantum-inspired progresses

in classical physics, and viceversa. Finally, an important question is whether classical

stochastic models may support continuous time symmetry breaking. For instance, in the

absence of periodic driving, SIR models for epidemic spreading can produce a periodic

response [205], and future investigations should clarify whether this corresponds to a

diverging autocorrelation time and thus to a notion of time crystal. e possibility of

continuous time symmetry breaking, impossible for ground states of time-independent

quantum Hamiltonian systems, opens a new avenue of research in a classical stochastic

seing.



A
Tenical derivations and complementary
results

is Appendix is devoted to technical derivations and complementary results. Its

structure reects that of the main chapters, that is, Sections A.1, A.2, A.3, A.4, A.5, and

A.6 refer to Chapters 2, 3, 4, 5, 6, and 7, respectively.

A.1 Time crystallinity and scars in nite-size clean Flo-

quet systems

In this Section we provide further details on the DTC signatures in clean nite-size

systems discussed in Chapter 2, focussing on the model of Eqs. (2.1-2.3). More specically,

in subsection A.1.1 we compute the scaling constant λ in the integrable limit, in subsection

A.1.2 we consider a dierent family of initial conditions as compared to the main text,

and in subsection A.1.3 we investigate the level statistics of the Hamiltonian 𝐻2.

A.1.1 Integrable limit

Here, we study the integrable limit of Eqs. (2.1-2.3), that is, we consider

𝐻1 = 𝜋
𝐿∑︁
𝑗=1

𝜎𝑥𝑗 , 𝐻2 = 2

𝐿∑︁
𝑗=1

𝜎𝑧𝑗 𝜎
𝑧
𝑗+1, (A.1)

with ℎ𝑥
1
= 𝜋

2
and 𝐽 𝑧

2
= 1. In this case, the Hamiltonian 𝐻1 acts performing a perfect 𝜋-ip

of the spins from |↑〉 to |↓〉 and viceversa, whereas 𝐻2 has no eect beyond adding a

phase. In this simple integrable limit, it is straightforward to see that the eigenstates of

the Floquet operator are given by

|𝑠,±〉 = |𝑠〉 ± |𝑠〉
√
2

, (A.2)
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where |𝑠〉 is a product state of spins in the eigenstates |↑〉 and |↓〉 of the operators 𝜎𝑧
𝑗
, and

|𝑠〉 is its complementary, with

��¯↑〉 = |↓〉, and
��¯↓〉 = |↑〉. It is simple to verfy that the states

|𝑠, +〉 and |𝑠,±〉 have quasienergy dierence 𝜋 .

When deviating from the integrable limit, the eigenstates and their quasienergies

get perturbed, and the 𝜋-pairing condition is broken. As we have shown in the main

text, there is nonetheless a pair of eigenstates whose quasienergies dierence remains

exponentially close to 𝜋 . ese eigenstates are those originating from

|⇑,±〉 = |⇑〉 ± |⇓〉
√
2

, (A.3)

and it becomes therefore important to understand how these overlap with the initial

condition. We compute this overlap with a straightforward calculation. We recall that

the initial condition is given by

|𝜓0〉 = 𝑒𝑖
\
2

∑𝐿
𝑗=1

𝜎𝑥𝑗 |⇑〉 =
𝐿⊗
𝑗=1

𝑒
𝑖 \
2
𝜎𝑥𝑗 |↑〉 𝑗 =

𝐿⊗
𝑗=1

(
cos

(
\

2

)
|↑〉 + 𝑖 sin

(
\

2

)
|↓〉

)
𝑗

. (A.4)

e overlap between |𝜓0〉 and |⇑, +〉 is given by

|〈⇑, +|𝜓0〉|2 =
1

2

|〈⇑|𝜓0〉 + 〈⇓|𝜓0〉|2 + · · · = 1

2

����� [cos(\2 )]𝐿
+

[
𝑖 sin

(
\

2

)]𝐿�����2 ≈ 1

2

[
cos

(
\

2

)]
2𝐿

,

(A.5)

where the last approximation holds for small enough \ . e same result is obtained for

the overlap of the initial condition with |↓,−〉, and the sum of the two overlaps therefore

reads

|〈⇑, +|𝜓0〉|2 + |〈⇑,−|𝜓0〉|2 ≈
[
cos

(
\

2

)]
2𝐿

= 𝑒−[𝐿, (A.6)

with

[ =
1

λ
= −2 log

(
cos

(
\

2

))
, (A.7)

which is the result that we used in the main text.

A.1.2 Further evidences for the robustness to perturbations of the ini-

tial conditions

In the main text, we considered as initial condition the state that is obtained from

the fully 𝑧-polarized state |⇑〉 by applying a global rotation around the 𝑥-axis via the
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Figure A.1 | Results for a dierent family of initial conditions. We repeat some of the analyses

of the main text considering as initial condition the ground state of the Hamiltonian in Eq. (A.8).

e plots in (a), (b), (c), (d), and (e) are in complete analogy with Fig. 2.1(b), Fig. 2.1(d), Fig. 2.3(b),

Fig. 2.4(a), and Fig. 2.4(b) in the main text, respectively. e only dierence from the main text, to

which we refer for a detailed interpretation of the results, is that the perturbation of the initial

condition from the completely polarized state |⇑〉 is here parametrized in ℎ𝑥,0, rather than in \ .

unitary exp

(
𝑖 \
2

∑𝐿
𝑗=1 𝜎

𝑥
𝑗

)
, in Eq. (1.5). In this sense, the parameter \ played the role of

magnitude of the perturbation of the initial condition. Here, we show that the results

of our work are not contingent on this choice of initial conditions, but rather hold for

perturbations of the state |⇑〉 more in general, at least as long as these are still invariant

under translations. In particular, we now investigate another kind of initial condition,

that is the ground states of the Hamiltonian

𝐻0 =
𝐿∑︁
𝑗=1

(
𝜎𝑧𝑗 𝜎

𝑧
𝑗+1 +

1

10

𝜎𝑧𝑗 + ℎ𝑥,0𝜎𝑥𝑗
)
. (A.8)

For ℎ𝑥,0 = 0, the initial state is |𝜓0〉 = |⇑〉. Varying ℎ𝑥,0 ≠ 0, the initial state |𝜓0〉 changes.
e perturbation of the initial condition is therefore parametrized by the transverse

eld ℎ𝑥,0. In Fig. A.1 we show that the very same analyses of the main text hold for

this family of initial conditions. In particular, we show that the subharmonic response

is exponentially long-lived, that it however decays with system size, that the speed of

this decay is larger for larger perturbations ℎ𝑥,0, that the phenomenology is due to the

𝜋-pairing of two special scarred eigenstates, and that the system size scale over which



104 Technical derivations and complementary results

the subharmonic response is suppressed can be remarkably large.

A.1.3 Level statistics

e role of the perturbations in Eqs. (2.1-2.3) is that to break integrability. To beer

understand to what extent integrability is broken, in Fig. A.2 we investigate the level

statistics and the density of states of the spectrum of 𝐻2 for the homogeneous seing.

More specically, we are interested in the distribution of the ratio between consecutive

level spacings, that is

𝑟𝑛 =
𝐸𝑛+1 − 𝐸𝑛
𝐸𝑛 − 𝐸𝑛−1

, (A.9)

with 𝐸𝑛 the eigenvalues of𝐻2 sorted in increasing order. e statistics of 𝑟𝑛 follows a GOE

(Poisson) law with probability density function 𝑃𝐺𝑂𝐸 (𝑟 ) = 27

8

𝑟+𝑟 2
(1+𝑟+𝑟 2)5/2 (𝑃𝑃 (𝑟 ) =

1

(1+𝑟 )2 ) if

the Hamiltonian is (is not) chaotic [206]. On the one hand, the statistics of 𝑟𝑛 in Fig. A.2(a)

looks mostly chaotic. On the other hand, the energy levels in Fig. A.2(b) are nonetheless

organized in bands, whose separation may be a nite-size eect. In non-driven dynamical

scenarios (e.g., quantum quenches), it has been argued that the presence of these bands

makes nite-size eects particularly subtle and misleading [96], and it might be that the

same extends to the driven seing in which 𝐻2 is alternated with 𝐻1, as considered in the

main text. Indeed, one expects that the width of these bands increases with system size

quicker than their separation, so that the bands touch at a critical system size 𝐿𝑐 (beyond

the reach of ED techniques). is touching may favour thermalization, and it is possible

that the trends observed in the scaling analyses of the main text may change abruptly at

𝐿 = 𝐿𝑐 .
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Figure A.2 | Spectral properties of 𝐻2. For 𝐿 = 21 sites and in the homogeneous seings, we

investigate the spectrum of the Hamiltonian 𝐻2. (a) e distribution of the consecutive level

spacings ratio resembles that of a Gaussian orthogonal ensemble (GOE), highlighting the non-

integrable nature of 𝐻2. (b) Although non-integrable, the spectrum of 𝐻2 is divided into separate

bands, a qualitative feature likely due to nite-size eects.
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A.2 Bosons in a ring lattice

In this Section, we provide details on the cold-atoms based proposal for the realization

of DTCs and DTQCs in Chapter 3. More specically, in subsection A.2.1 we derive the

dynamical equations and solve their integrable limits, in subsection A.2.2 we perform the

mapping between the system of cold atoms in a ring laice and amodel for fully-connected

quantum clocks, in subsection A.2.3 we discuss the validity of the MF approximation by

means of a comparison with exact results for nite-size systems, whereas in subsection

A.2.4 we consider larger ring sizes as compared to Chapter 3.

A.2.1 Dynamical equations and solvable limits

We derive explicitly the quantum dynamical equation and solve it in the limit cases

𝜖 = 0 and 𝑈 = 0. e Heisenberg dynamical equations for the annihilation operator

𝑎 𝑗 at site 𝑗 = 1, 2, . . . , 𝐿 = 2𝑛 is obtained with a straightforward computation of the

commutators of the Hamiltonian (1) with 𝑎 𝑗 and reads (ℏ = 1)

𝑑𝑎 𝑗

𝑑𝑡
=


𝑖3𝐽1𝑎 𝑗±1 0 < 𝑡 (mod 𝑇 ) < 1

3

𝑖3𝐽2𝑎 𝑗∓1
1

3
< 𝑡 (mod 𝑇 ) < 2

3

−𝑖3
[
𝑈
𝑁
𝑛 𝑗 + ℎ 𝑗

]
2

3
< 𝑡 (mod 𝑇 ) < 1,

(A.10)

where the upper and the lower signs are for odd and even 𝑗 , respectively. In the following

we implicitly assume a stroboscopic time 𝑡 = 0, 1, 2, . . . , unless dierently specied.

Recalling 𝐽1 = 𝐽2 =
𝜋
2
+ 𝜖 , we integrate the dynamics over the rst two fractions of the

Floquet driving to obtain(
𝑎2 𝑗

𝑎2 𝑗−1

)
(𝑡 + 1/3) = −

(
sin 𝜖 𝑖 cos 𝜖

𝑖 cos 𝜖 sin 𝜖

) (
𝑎2 𝑗

𝑎2 𝑗−1

)
(𝑡) , (A.11)(

𝑎2 𝑗

𝑎2 𝑗+1

)
(𝑡 + 2/3) = −

(
sin 𝜖 𝑖 cos 𝜖

𝑖 cos 𝜖 sin 𝜖

) (
𝑎2 𝑗

𝑎2 𝑗+1

)
(𝑡 + 1/3) , (A.12)

whereas the third fraction of the Floquet driving can be integrated only in the two limit

cases 𝜖 = 0 and𝑈 = 0.
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Limit 𝜖 = 0

For a ne-tuned hopping strength with 𝜖 = 0, we get(
𝑎2 𝑗

𝑎2 𝑗−1

)
(𝑡 + 1/3) = −𝑖

(
𝑎2 𝑗−1

𝑎2 𝑗

)
(𝑡) , (A.13)(

𝑎2 𝑗

𝑎2 𝑗+1

)
(𝑡 + 2/3) = −𝑖

(
𝑎2 𝑗+1

𝑎2 𝑗

)
(𝑡 + 1/3) = −

(
𝑎2 𝑗+2

𝑎2 𝑗−1

)
(𝑡) , (A.14)

and thus

𝑛2 𝑗 (𝑡 + 2/3) = 𝑛2 𝑗+2(𝑡),
𝑛2 𝑗+1(𝑡 + 2/3) = 𝑛2 𝑗−1(𝑡).

(A.15)

Moreover, since [𝐻,𝑛 𝑗 ] = 0 for 2 < 𝑡 < 3, we nally get

𝑛 𝑗 (𝑡) = 𝑛 𝑗∓2𝑡 (0), (A.16)

where again the upper and lower sign refer to odd and even 𝑗 , respectively. We thus

obtain that 𝑛 𝑗 (𝑡 = 𝑛) = 𝑛 𝑗 (𝑡 = 0), that is the solvable limit 𝜖 = 0 is at the core of a

period-𝑛 DTC.

Limit𝑈 = 0

In the non-interacting limit (𝑈 = 0), also the dynamics associated to the third fraction

of the Floquet period becomes linear, and can be trivially solved by 𝑎 𝑗 (𝑡 + 1) = 𝑒−𝑖ℎ 𝑗𝑎 𝑗 (𝑡 +
2/3). e evolution of the bosonic operators ®𝑎 = (𝑎1, 𝑎2, . . . , 𝑎2𝑛)𝑇 over one period can be

compactly wrien as ®𝑎(𝑡 + 1) = 𝐹 ®𝑎(𝑡) with

𝐹 = Πℎ [− sin(𝜖)12𝑛 + 𝑖 cos(𝜖)𝐾2] [− sin(𝜖)12𝑛 + 𝑖 cos(𝜖)𝐾1]
= Πℎ

[
sin(𝜖)212𝑛 − cos(𝜖)2𝐾2𝐾1 − 𝑖 sin(𝜖) cos(𝜖) (𝐾1 + 𝐾2)

]
,

(A.17)

where 12𝑛 ,𝐾1,𝐾2 andΠℎ are 2𝑛×2𝑛-dimensional matrices. In particular,Πℎ is diagonal and

with entries (Πℎ) 𝑗, 𝑗 = 𝑒−𝑖ℎ 𝑗 , 12𝑛 is the identity and𝐾1 and𝐾2 are 2𝑛×2𝑛-dimensional invo-

lution matrices swapping sites (1, 2), (3, 4), . . . , (𝐿 − 1, 𝐿) and sites (2, 3), (4, 5), . . . , (𝐿, 1),
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respectively

𝐾1 =

©«

0 1

1 0

0 1

1 0

. . .

0 1

1 0

ª®®®®®®®®®®®®®¬
, 𝐾2 =

©«

0 1

0 1

1 0

0 1

1 0

. . .

1 0

ª®®®®®®®®®®®®®¬
, (A.18)

It is easy to check that 𝐾2𝐾1 = 𝜏
†
𝑒 + 𝜏𝑜 where 𝜏𝑒 and 𝜏𝑜 are dened by

(𝜏𝑒)2𝑖,2 𝑗+1 = (𝜏𝑒)2𝑖+1,2 𝑗 = 0, (A.19)

(𝜏𝑜)2𝑖,2 𝑗+1 = (𝜏𝑜)2𝑖+1,2 𝑗 = 0, (A.20)

(𝜏𝑒)2𝑖,2 𝑗 = (𝜏𝑜)2𝑖+1,2 𝑗+1 = 𝜏, (A.21)

with 𝜏 the following 𝑛 × 𝑛-dimensional matrix

𝜏 =

©«

0 1

1 0

. . .
. . .

1 0

1 0

ª®®®®®®®®¬
. (A.22)

e matrix 𝐾2𝐾1 thus generates a clockwise (counterclockwise) circulation of the

particles within the odd (even) sites.

In general, the system dynamics is characterized by 2𝑛 frequencies which are linked

to the eigenvalues of 𝐹 . Considering the staircase-like potential ℎ2 𝑗 = ℎ2 𝑗−1 =
2𝜋
𝑛
𝑗𝛿 , these

eigenvalues take a particular form in the limit 𝛿 = 1, which we are about to show and

which is at the core of the DTQC phase.

Let us say 𝜔 𝑗 = 𝑒
𝑖 2𝜋
𝑛
𝑗
, 𝛼 𝑗 = 𝜔 𝑗 sin(𝜖)2, 𝛽 𝑗 = −𝜔 𝑗 cos(𝜖)2, 𝛾 𝑗 = −𝑖𝜔 𝑗 cos(𝜖) sin(𝜖) and



108 Technical derivations and complementary results

write 𝐹 as

𝐹 =

©«

𝛼1 𝛾1 𝛽1 𝛾1

𝛾1 𝛼1 𝛾1 𝛽1

𝛽2 𝛾2 𝛼2 𝛾2

𝛾2 𝛼2 𝛾2 𝛽2

𝛽3 𝛾3 𝛼3 𝛾3
. . .

𝛽𝑛−1 𝛾𝑛−1 𝛼𝑛−1 𝛾𝑛−1

𝛾𝑛−1 𝛼𝑛−1 𝛾𝑛−1 𝛽𝑛−1

𝛽𝑛 𝛾𝑛 𝛼𝑛 𝛾𝑛

𝛾𝑛 𝛽𝑛 𝛾𝑛 𝛼𝑛

ª®®®®®®®®®®®®®®®®®®®®¬

. (A.23)

e eigenvalue problem reads

𝐹 ®𝑦 = λ®𝑦, (A.24)

where ®𝑦 = (𝑦𝑜
1
, 𝑦𝑒

1
, 𝑦𝑜

2
, 𝑦𝑒

2
, . . . , 𝑦𝑜𝑛, 𝑦

𝑒
𝑛)𝑇 is a 2𝑛-dimensional column vector. We rewrite the

eigenvalue problem (A.24) component by component as
(𝐹 ®𝑦)2 𝑗 = 𝜔 𝑗

(
𝛾𝑦𝑜𝑗 + 𝛼𝑦𝑒𝑗 + 𝛾𝑦𝑜𝑗+1 + 𝛽𝑦𝑒𝑗+1

)
= λ𝑦𝑒𝑗

(𝐹 ®𝑦)2 𝑗−1 = 𝜔 𝑗
(
𝛾𝑦𝑒𝑗 + 𝛼𝑦𝑜𝑗 + 𝛾𝑦𝑒𝑗−1 + 𝛽𝑦𝑜𝑗−1

)
= λ𝑦𝑜𝑗 .

(A.25)

Dividing both members of Eqs. (A.25) by 𝜔 𝑗 and introducing the Fourier transform

𝑦
𝑒/𝑜
𝑘

=
∑𝑛
𝑗=1𝜔 𝑗𝑦

𝑒/𝑜
𝑗

(with 𝑘 = 1, 2, . . . , 𝑛) we get


𝛾𝑦𝑜

𝑘
+ 𝛼𝑦𝑒

𝑘
+ 𝛾

𝜔𝑘
𝑦𝑜
𝑘
+ 𝛽

𝜔𝑘
𝑦𝑒
𝑘
= λ𝑦𝑒

𝑘−1

𝛾𝑦𝑒
𝑘
+ 𝛼𝑦𝑜

𝑘
+ 𝛾𝜔𝑘𝑦𝑒𝑘 + 𝛽𝜔𝑘𝑦

𝑜
𝑘
= λ𝑦𝑜

𝑘−1,
(A.26)

that we rewrite in a compact form as

λ

(
𝑦𝑒
𝑘

𝑦𝑒
𝑘

)
= 𝑀𝑘

(
𝑦𝑒
𝑘−1
𝑦𝑒
𝑘−1

)
, (A.27)

where𝑀𝑘 reads

𝑀𝑘 =

(
sin(𝜖)2 − cos(𝜖)2

𝜔𝑘
−𝑖 sin(𝜖) cos(𝜖)

(
1 + 1

𝜔𝑘

)
−𝑖 sin(𝜖) cos(𝜖) (1 + 𝜔𝑘) sin(𝜖)2 − cos(𝜖)2𝜔𝑘

)
. (A.28)

It is easy to show that det(𝑀𝑘) = 1 for every𝑘 , so that𝑀𝑘 admits an inverse𝑀−1
𝑘
. Inverting
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Eq. (A.27), iterating it and exploiting periodicity in momentum space, 𝑦
𝑒/𝑜
𝑘

= 𝑦
𝑒/𝑜
𝑘±𝑛 , we get(

𝑦𝑒
𝑘

𝑦𝑒
𝑘

)
= λ𝑛𝑀−1

𝑘+1𝑀
−1
𝑘+2𝑀

−1
𝑘+3 . . . 𝑀

−1
𝑘+𝑛−1𝑀

−1
𝑘

(
𝑦𝑒
𝑘

𝑦𝑒
𝑘

)
, (A.29)

which is itself a 2 × 2-dimensional eigenvalue problem for the eigenvalue λ𝑛. e ma-

trix 𝑀𝑛𝑀𝑛−1 . . . 𝑀1 has determinant 1, and its eigenvalues can therefore be wrien as

−𝑒±𝑖 acos(− Tr

2
)
where Tr is its trace. For 𝛿 = 1, we thus nally get the eigenvalues of 𝐹 to

be

λ±𝑗 = exp

[
𝑖
𝜋 + 2𝜋 𝑗 ± arccos𝑝𝑛 (𝜖)

𝑛

]
, (A.30)

where

𝑝𝑛 (𝜖) = −1
2

2∑︁
𝑗1, 𝑗2,..., 𝑗𝑛=1

(𝑀𝑛) 𝑗1, 𝑗2 (𝑀𝑛−1) 𝑗2, 𝑗3 . . . (𝑀1) 𝑗𝑛, 𝑗1 (A.31)

is in general a trigonometric polynomial in 𝜖 , of order 2𝑛 and such that 𝑝𝑛 (0) = 1. For

instance, for 𝐿 = 2𝑛 = 4 we obtain

𝑀1 =

(
1 0

0 1

)
, 𝑀2 =

(
sin(𝜖)2 − cos(𝜖)2 −𝑖2 sin(𝜖) cos(𝜖)
−𝑖2 sin(𝜖) cos(𝜖) sin(𝜖)2 − cos(𝜖)2

)
, (A.32)

so that Tr = 2 sin(𝜖)2 − 2 cos(𝜖)2, i.e. 𝑝2(𝜖) = cos(2𝜖). We plot 𝑝𝑛 (𝜖) for 𝑛 = 2, 3, . . . , 10

in Fig. A.3(a), and report here its explicit expression for 𝑛 = 2, 3, . . . , 6

𝑝2(𝜖) = cos(2𝜖), (A.33)

𝑝3(𝜖) =
1

16

(3 + 15 cos(2𝜖) − 3 cos(4𝜖) + cos(6𝜖)) , (A.34)

𝑝4(𝜖) =
1

2

(1 + 3 cos(2𝜖) − cos(4𝜖) + cos(6𝜖)) , (A.35)

𝑝5(𝜖) =
1

256

(
95 − 20

√
5 − 10

(√
5 − 16

)
cos(2𝜖) + 20

(√
5 − 4

)
cos(4𝜖) + . . . (A.36)

+ 5

(
2

√
5 + 19

)
cos(6𝜖) − 15 cos(8𝜖) + cos(10𝜖)

)
, (A.37)

𝑃6(𝜖) =
1

256

(
39 + 114 cos(2𝜖) + 12 cos(4𝜖) + 133 cos(6𝜖) − 51 cos(8𝜖) + 9 cos(10𝜖)

)
.

(A.38)

As explained in the main text, the eigenvalues (A.30) are at the core of a DTQC dynamical

phase. e characteristic frequencies 𝜔
1,2
𝑛 are ploed in Fig. A.3(b). In the limit 𝜖 → 0 we

get 𝜔
1,2
𝑛 → 2𝜋

𝑛
, consistently recovering the DTC.
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Figure A.3 | Characteristic frequency of a DTQC. Tilting the laice with a staircase-like po-

tential ℎ2𝑗−1 = ℎ2𝑗 =
2𝜋
𝑛
𝑗 , the eigenvalues of the evolution matrix 𝐹 are described in terms of a

trigonometric polynomial 𝑝𝑛 (𝜖), which is thus connected to the frequencies 𝜔
1,2
𝑛 characterizing

the DTQC. (a) We plot 𝑝𝑛 (𝜖) for 𝑛 = 2, 3, . . . , 10. Notice that 𝑝𝑛 (0) = 1 and that for a 4-site laice

we get 𝑝2(𝜖) = cos(2𝜖). In particular, for 𝐿 = 4 sites, we nd 𝑝2(𝜖) = cos(2𝜖). (b) We plot the

corresponding frequency 𝜔1

𝑛 (𝜖) − 2𝜋
𝑛

= 2𝜋
𝑛
−𝜔2

𝑛 (𝜖) = 2

𝑛
arccos(𝑝𝑛 (𝜖)). For 𝜖 = 0 we get 𝜔

1,2
𝑛 = 2𝜋

𝑛
,

recovering the DTC as expected.

A.2.2 Map to a fully-connected clo model

Our bosonic model is equivalent to a model of fully-connected (i.e. innite-range

interacting) clock variables of two counter-rotating species, as we show here in the limit

𝜖 = 0. For simplicity we adopt the inverse route: we present the clock model and map

it back to the bosonic one, following in spirit the mapping that Ref. [76] carried out for

clocks of a single species.

Consider a system of 𝑁 clock variables with 𝑛-hands, which generalizes the spin

case corresponding to 𝑛 = 2. To each clock we further associate a binary label 𝑠 = 𝑒, 𝑜

indicating the species of the clock. We will refer to clocks of species 𝑒, 𝑜 as to even
and odd clocks, respectively. A natural basis of the Hilbert space is the one of states

|{𝑠𝑖, 𝑗𝑖}〉 =
⊗𝑁
𝑖=1 |𝑠𝑖, 𝑗𝑖〉𝑖 with the 𝑖-th clock being of species 𝑠𝑖 and in the 𝑗𝑖-th hand. We

introduce the local operators 𝜎𝑠,𝑖 , [𝑠,𝑖 and 𝜏𝑠,𝑖 acting on the 𝑖-th clock and dened as

𝜎𝑠,𝑖 =
𝑛∑︁
𝑗=1

|𝑠, 𝑗〉𝑖 𝜔 𝑗 〈𝑠, 𝑗 |𝑖 , (A.39)

[𝑠,𝑖 =
𝑛∑︁
𝑗=1

|𝑠, 𝑗〉𝑖 ℎ𝑠, 𝑗 〈𝑠, 𝑗 |𝑖 , (A.40)

𝜏𝑠,𝑖 =
𝑛∑︁
𝑗=1

|𝑠, 𝑗 + 1〉𝑖 〈𝑠, 𝑗 |𝑖 , (A.41)

where 𝑠 = 𝑒, 𝑜 for 𝑠 = 𝑜, 𝑒 , respectively, 𝜔 = 𝑒𝑖
2𝜋
𝑛 , and where {ℎ𝑠, 𝑗 } are so far unspecied

numbers. e operator 𝜏𝑠,𝑖 acts on the 𝑖-th clock moving its hand one step forward, if

of species 𝑠 , or annihilating it, is of species 𝑠 . Consider a Floquet operator𝑈𝐹 = 𝑒−𝑖𝐻𝑈𝐾 ,
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where 𝐻 is the Hamiltonian

𝐻 =
𝑈

𝑁𝐿

𝑛−1∑︁
𝑚=0

𝑁∑︁
𝑖1,𝑖2=1

∑︁
𝑠=𝑒,𝑜

(
𝜎
†
𝑠,𝑖1
𝜎𝑠,𝑖2

)𝑚
+

𝑁∑︁
𝑖=1

∑︁
𝑠=𝑒,𝑜

[𝑠,𝑖, (A.42)

and𝑈𝐾 is a local kicking operator of the form

𝑈𝐾 =
𝑁∏
𝑖=1

(
𝜏
†
𝑒,𝑖
+ 𝜏𝑜,𝑖

)
. (A.43)

e rst term of the Hamiltonian (A.42) plays the role of interaction among clocks of

the same species and couples all sites, making the system fully connected. In the chosen

basis, 𝐻 is diagonal whereas the operator𝑈𝐾 acts moving one step forward (backward)

the hands of the odd (even) clocks. Aer 𝑛 Floquet periods, the state of the system will

therefore come back to the initial condition. is mechanism is at the basis of a period-𝑛

DTC.

Being fully connected, the system can be described just counting the number of clocks

of a certain species and with hands pointing in a certain direction. at is, it is possible to

describe the system in terms of bosonic operators 𝑏 𝑗 , 𝑏
†
𝑗
with 𝑗 = 1, 2, . . . , 2𝑛 and fullling

the standard bosonic commutation relations [𝑏 𝑗 , 𝑏†𝑗 ′] = 𝛿 𝑗, 𝑗 ′ and [𝑏 𝑗 , 𝑏 𝑗 ′] = 0 (for further

details we refer to Appendix D of [76]). We say

|𝑛1, 𝑛2, . . . , 𝑛2𝑛〉 =
1√︃

𝑁 !

∏
2𝑛
𝑗=1 𝑛 𝑗 !

𝑃

(
|𝑜, 1〉

1
⊗ |𝑜, 1〉

2
⊗ · · · ⊗ |𝑜, 1〉𝑛1︸                                 ︷︷                                 ︸

𝑛1times

⊗ |𝑒, 1〉𝑛1+1 ⊗ |𝑒, 1〉𝑛1+2 ⊗ · · · ⊗ |𝑒, 1〉𝑛1+𝑛2︸                                            ︷︷                                            ︸
𝑛2times

⊗ · · · ⊗ |𝑒, 𝑛〉𝑁−𝑛2𝑛+1 ⊗ |𝑒, 𝑛〉𝑁−𝑛2𝑛+2 · · · ⊗ |𝑒, 𝑗〉𝑁︸                                              ︷︷                                              ︸
𝑛2𝑛times

)
,

(A.44)

where 𝑃 =
∑
𝑖1,𝑖2,...,𝑖𝑁 Π𝑖1,𝑖2,...,𝑖𝑁 is the symmetrization operator, with sum running over the

possible permutations of 1, 2, . . . , 𝑁 and with Π𝑖1,𝑖2,...,𝑖𝑁 being the corresponding permuta-

tion operator. e bosonic operators are such that

|𝑛1, 𝑛2, . . . , 𝑛2𝑛〉 =
1√︃∏
2𝑛
𝑗=1 𝑛 𝑗 !

(
𝑏
†
1

)𝑛1 (
𝑏
†
2

)𝑛2
. . .

(
𝑏
†
2𝑛

)𝑛2𝑛
|vac〉 . (A.45)

Since the Hamiltonian (A.42) is invariant under site permutations, it is easy to show
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that

𝐻 =
𝑈

𝑁𝐿

𝑛−1∑︁
𝑚=0

2𝑛∑︁
𝑗1, 𝑗2=1

𝑛 𝑗1𝑛 𝑗2𝜔
( 𝑗2− 𝑗1)𝑚 +

𝑛∑︁
𝑗=1

(
ℎ𝑜, 𝑗𝑛2 𝑗−1 + ℎ𝑒, 𝑗𝑛2 𝑗

)
, (A.46)

where 𝑛 𝑗 = 𝑏
†
𝑗
𝑏 𝑗 is the number operator for the 𝑗-th bosonic mode. From Eq. (A.46),

performing the sum over𝑚, removing a constant term 𝑈 and saying ℎ2 𝑗−1 = ℎ𝑜, 𝑗 and

ℎ2 𝑗 = ℎ𝑒, 𝑗 , we nally obtain

𝐻 =
2𝑛∑︁
𝑗=1

[
𝑈

𝑁
𝑛 𝑗

(
𝑛 𝑗 − 1

)
+ ℎ 𝑗𝑛 𝑗

]
. (A.47)

As well, we nd that the kicking operator acts as

𝑈𝐾 |𝑛1, 𝑛2, 𝑛3, 𝑛4, 𝑛5, . . . , 𝑛2𝑛〉 = |𝑛2𝑛−1, 𝑛4, 𝑛1, 𝑛6, 𝑛3, . . . , 𝑛2𝑛〉 . (A.48)

Summing up, we have therefore shown that the fully-connected clock model can

be mapped into the model of bosons in a ring with 2𝑛 sites. e eect of the kicking

operator is to rotate the bosons in the odd (even) sites of two steps in the clockwise

(countercockwise) direction, whereas the clock Hamiltonian (A.42) maps into a local

potential and two-body interaction for bosons. In the main, the kicking operator is then

realized thanks to the sequential action of the rst and the second fractions of the ternary

Floquet Hamiltonian.

e eective full-connectivity of the bosonic model has an important implication: the

system is invariant under the permutation of clocks (1, 2), (2, 3), . . . , (𝑁 − 1, 𝑁 ), which
corresponds to an extensive number b𝑁

2
c of integrals of motion. anks to the existence

of these integrals of motion, a priori the system does not necessitate any disorder to

escape the fate of thermalization, making non-trivial dynamical phases such as DTCs

possible.

A.2.3 On the validity of mean eld

roughout the main text, numerical results are obtained solving the GPE, which is

oen referred to as the MF limit of the Heisenberg equation. Here we discuss the regimes

in which this is legitimate, and how to interpret the results when it is not.

In the considered thermodynamic limit (𝑁 → ∞ for a xed 𝐿), the correct and

well-established phase-space framework to deal with nonequilibrium dynamics is the

Truncated Wigner approximation (TWA) [129]. is computes expectation values as

averages over the classical GPE trajectories obtained for an ensemble of classical initial

conditions, whose stochastic distribution is chosen consistently with the actual quantum
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Figure A.4 | Exact diagonalization results. We present results obtained within ED for 𝐿 = 4 and

in absence of on-site potential, showing evidence for the consistency of MF in the thermodynamic

limit. We plot the real part of the time crystallinity order parameter𝑍 (a1-a3), at stroboscopic times,

for 𝑁 = 5, 15, 25, comparing it with the MF result. We observe dierent trends corresponding to

the dierent dynamical phases. In the DTC (a1) the agreement between ED and MF improves

with for growing 𝑁 and is rather good already for small 𝑁 ; in the oscillatory phase (a2) the MF

accuracy deteriorates in time, yet improves for increasing 𝑁 : in the thermodynamic limit we

expect the MF results to be exact at all times; in the thermal phase (a3) the MF is inaccurate

irrespective of 𝑁 , since thermalization quickly leads to 𝑍𝐸𝐷 ≈ 0 whereas 𝑍𝑀𝐹 rather uctuates

chaotically. (b) We plot the measure of the error E of MF, see Eq. (A.49). For the DTC and the

oscillatory phases, we nd that E decays as a power of 𝑁 (notice the logarithmic axes and the

reference dashed lines ∝ 1/𝑁, 1/𝑁 1/2
), whereas in the thermal phase E does not decay with 𝑁 .

initial condition. When the system is initialized in |𝜓 (0)〉 = |𝑁, 0, . . . , 0〉, the initial

condition for the GPE reads 𝜓 𝑗 (0) = 𝛿 𝑗,1𝑒
𝑖\ 𝑗

and, thanks to the gauge symmetry, can

actually be considered without loss of generality to be 𝜓 𝑗 (0) = 𝛿 𝑗,1. Since the initial

condition no longer contains any degree of freedom, in this case the TWA is equivalent to a

“single-shot” Gross-Pitaevskii equation (SSGPE). is observation sounds very promising

from a computational point of view, because it allows avoiding running the GPE multiple

times, but it comes with a drawback: the SSGPE is not guaranteed to be accurate since the

initial condition features non-macroscopically occupied sites. In particular, we expect the

SSGPE to be inaccurate when chaotic. In the framework of TWA, chaotic semiclassical

equations are in fact expected to underline thermalization [128], whereas the SSGPE

displays in general persistent (in fact, chaotic) oscillations.

Exact diagonalization

To support the previous claims we compare the SSGPE with ED computations for

𝐿 = 4 sites, nite 𝑁 ≤ 28 and vanishing on-site potential (𝛿 = 0). For various values of 𝜖

and𝑈 corresponding to the DTC, oscillatory and thermal phases, in Fig. A.4(a1-a3) we

plot 𝑍 (𝑡). e DTC is characterized by 𝑍 ≈ 1 already for a relatively small 𝑁 , whereas

in the oscillatory phase the accuracy of the MF solution is worse and deteriorates in
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time. Nevertheless, in both cases, for increasing 𝑁 the accuracy of MF improves, and in

the thermodynamic limit 𝑁 → ∞ (for a xed, nite 𝐿) we expect MF to be exact up to

arbitrarily large times. Conversely, in the thermal phase the MF solution is inaccurate

irrespective of 𝑁 . In this phase, 𝑍𝑀𝐹 uctuates chaotically whereas 𝑍𝐸𝐷 saturates to a

steady value, i.e. thermalizes, as expected [128].

To beer interpret the results, we check the nite-size scaling considering the param-

eter

E(𝑁 ) = 1

100

99∑︁
𝑡=0

|𝑍𝐸𝐷 (𝑡 ;𝑁 ) − 𝑍𝑀𝐹 (𝑡) |, (A.49)

which serves as a measure of the MF error with respect to ED for a given 𝑁 . In Fig. A.4(b)

we show that E decays as a power of 𝑁 in the DTC and oscillatory phases, whereas it

does not decay in the thermal phase. is supports the idea for which, in the non-chaotic

regime and in the thermodynamic limit, the SSGPE is exact. On the other hand, a failure

of the SSGPE in the chaotic regime corresponds to the onset of quantum thermalization

[128].

Figure A.5 | Time crystalline phases in a 𝐿 = 2𝑛 = 8-site ring. We characterize the DTC, DTQC,

oscillatory and thermal phases with the parameter 〈𝑍 〉𝑡 (a,c) and distance 〈𝑑2〉𝑡 between two

initialy very close copies of the system (b,d), considering up to 10
4
Floquet periods. Note that

in the le panel of (a) we consider the ne-tuned limit 𝛿 = 1, for which the DTQC extends to

the whole 𝑈 = 0 axis in accordance to Eq. (3.6). For 𝛿 ≠ 1 (central and right panel) the DTQC is

broken at𝑈 = 0, and possibly restored at𝑈 ≠ 0.

A.2.4 Larger rings

In the main text we reported numerical results for 𝐿 = 4, 6. However, our ndings are

valid for an arbitrary even number of sites 𝐿 = 2𝑛 ≥ 4. To support this claim, here we

corroborate our results studying a system with 𝐿 = 8 sites, for which the time crystalline

phases are characterized by period 4-tupling. To sketch the dynamical phases we look as

usual at the height of the Fourier subharmonic peak
˜I
(
2𝜋
𝑛

)
= 〈𝑍 〉𝑡 and at the distance
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〈𝑑2〉𝑡 between two initially very close copies of the system, which are shown in Fig. A.5.

e results that we nd are completely analogue to the ones of the main text.

A.3 Higher-order discrete time crystals

In this Section, we delve into the details of the higher-order and fractional DTCs in

Chapter 4. Specically, in subsection A.3.1 we show the mapping of the LMG model for

fully-connected spins to a model of bosons in a double well, and exploit it to obtain the

GPE in the limit of ininite number of spins𝑁 . In subsection A.3.2 we present results from

ED, showing how the DTCs emerge for an increasing number of spins 𝑁 . We show that

higher-order 𝑛-DTCs emerge at much larger 𝑁 as compared to the standard 2-DTC, which

explains the diculty to numerically observe them. In subsection A.3.3 we dene the

decorrelator 𝑑 , in subsection A.3.4 we give an overview of the spin-wave approximation

we employ, whereas in subsection A.3.5 we show that a binary Floquet protocol also

leads to results similar to the ones of the continuous driving discussed in the main text.

In subsection A.3.6 we present an analysis on the stability of the higher-order 𝑛-DTCs

in the presence of a longitudinal eld breaking the Z2 symmetry of the Hamiltonian,

showing that the absolute stability persists in the LMG limit and the expected prethermal

nature of the DTC beyond this limit is only changed quantitatively.

A.3.1 Gross-Pitaevskii equation

In this section, we derive the semiclassical GPE of motion for the LMG model of 𝑁

fully-connected spins (λ = 𝛼 = 0). To this end, we rst map the spin system into a model

of bosons in a double well. We then derive Heisenberg equations for the bosonic operators,

and we treat them semiclassically replacing the bosonic operators with complex numbers.

Map to bosons in a double well

e Schwinger’s oscillator model of angular momentum connects the algebra of

angular momentum and the algebra of two bosonic modes [207]. Here, we show this

connection explicitly for the collective spin of a system of 𝑁 spin-1/2.
Given 𝑝 = (𝑝1, 𝑝2, . . . , 𝑝𝑁 ) a permutation of the indexes 1, 2, . . . , 𝑁 , we say 𝑃𝑝 the

permutation operator acting as

𝑃𝑝 |𝑠1, 𝑠2, . . . , 𝑠𝑁 〉 = |𝑠𝑝1, 𝑠𝑝2, . . . 𝑠𝑝𝑁 〉, (A.50)

where 𝑠𝑖 ∈ {↑, ↓}. e permutation operators are used to build the symmetrization
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operator S, dened as

S =
1

√
𝑁 !

∑︁
𝑝

𝑃𝑝 . (A.51)

We say

��𝑛↑, 𝑛↓〉 the symmetrized state with 𝑛↑ spins up and 𝑛↓ spins down, that is��𝑛↑, 𝑛↓〉 = 1√︁
𝑛↑!𝑛↓!

S| ↑, ↑, . . . , ↑︸     ︷︷     ︸
𝑛↑

, ↓, ↓, . . . , ↓︸     ︷︷     ︸
𝑛↓

〉. (A.52)

Since 𝑁 is xed and 𝑛↓ = 𝑁 − 𝑛↑, the notation
��𝑛↑, 𝑛↓〉 is actually slightly redundant. In

the following, we nevertheless prefer to stick with this notation for the sake of clarity.

e states

��𝑛↑, 𝑛↓〉 form a basis for the Hilbert subspace of completely symmetrized states.

Given an operator 𝑂 commuting with the symmetrization operator S, the action of 𝑂 on

this subspace is therefore fully-characterized by its action on the states

��𝑛↑, 𝑛↓〉.
In particular, we consider the ‘collective’ operators

∑𝑁
𝑗=1 𝜎

𝛼
𝑗
with 𝛼 = 𝑥,𝑦, 𝑧, which

indeed all commute with S.

We have(
𝑁∑︁
𝑗=1

𝜎𝑥𝑗

) ��𝑛↑, 𝑛↓〉 = 1√︁
𝑛↑!𝑛↓!

S
𝑁∑︁
𝑗=1

𝜎𝑥𝑗 | ↑, . . . , ↑︸  ︷︷  ︸
𝑛↑

, ↓, . . . , ↓︸  ︷︷  ︸
𝑛↓

〉 (A.53)

=
1√︁
𝑛↑!𝑛↓!

𝑛↑∑︁
𝑗=1

S| ↑, . . . , ↑︸  ︷︷  ︸
𝑛↑−1

, ↓, . . . , ↓︸  ︷︷  ︸
𝑛↓+1

〉 + 1√︁
𝑛↑!𝑛↓!

𝑁∑︁
𝑗=𝑛↑+1

S| ↑, . . . , ↑︸  ︷︷  ︸
𝑛↑+1

, ↓, . . . , ↓︸  ︷︷  ︸
𝑛↓−1

〉

(A.54)

=𝑛↑

√︁
(𝑛↑ − 1)!(𝑛↓ + 1)!√︁

𝑛↑!𝑛↓!

��𝑛↑ − 1, 𝑛↓ + 1

〉
+ 𝑛↓

√︁
(𝑛↑ + 1)!(𝑛↓ − 1)!√︁

𝑛↑!𝑛↓!

��𝑛↑ + 1, 𝑛↓ − 1

〉
(A.55)

=

√︃
𝑛↑(𝑛↓ + 1)

��𝑛↑ − 1, 𝑛↓ + 1

〉
+

√︃
(𝑛↑ + 1)𝑛↓

��𝑛↑ + 1, 𝑛↓ − 1

〉
, (A.56)

and, similarly,(
𝑁∑︁
𝑗=1

𝜎
𝑦

𝑗

) ��𝑛↑, 𝑛↓〉 = 𝑖√︁
𝑛↑!𝑛↓!

𝑛↑∑︁
𝑗=1

S| ↑, . . . , ↑︸  ︷︷  ︸
𝑛↑−1

, ↓, . . . , ↓︸  ︷︷  ︸
𝑛↓+1

〉 − 𝑖√︁
𝑛↑!𝑛↓!

𝑁∑︁
𝑗=𝑛↑+1

S| ↑, . . . , ↑︸  ︷︷  ︸
𝑛↑+1

, ↓, . . . , ↓︸  ︷︷  ︸
𝑛↓−1

〉

(A.57)

=𝑖

√︃
𝑛↑(𝑛↓ + 1)

��𝑛↑ − 1, 𝑛↓ + 1

〉
− 𝑖

√︃
(𝑛↑ + 1)𝑛↓

��𝑛↑ + 1, 𝑛↓ − 1

〉
, (A.58)
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and, nally, (
𝑁∑︁
𝑗=1

𝜎𝑧𝑗

) ��𝑛↑, 𝑛↓〉 = (
𝑛↑ − 𝑛↓

) ��𝑛↑, 𝑛↓〉 . (A.59)

Introducing standard bosonic operators 𝑎↑, 𝑎↓, 𝑎
†
↑, 𝑎

†
↓ for the two bosonic modes labeled

by ↑ and ↓, we can thus write

𝑁∑︁
𝑗=1

𝜎𝑥𝑗 = 𝑎
†
↑𝑎↓ + 𝑎

†
↓𝑎↑,

𝑁∑︁
𝑗=1

𝜎
𝑦

𝑗
= −𝑖

(
𝑎
†
↑𝑎↓ − 𝑎

†
↓𝑎↑

)
,

𝑁∑︁
𝑗=1

𝜎𝑧𝑗 = 𝑛↑ − 𝑛↓, (A.60)

with 𝑛↑ = 𝑎
†
↑𝑎↑ and 𝑛↓ = 𝑎

†
↓𝑎↓.

e Hamiltonian (1) in the LMG limit (𝛼 = λ = 0) reads

𝐻 =
𝐽

𝑁

𝑁∑︁
𝑖, 𝑗

𝜎𝑧𝑖 𝜎
𝑧
𝑗 − 𝜋ℎ[1 + sin(2𝜋𝑡)]

𝑁∑︁
𝑗=1

𝜎𝑥𝑗 , (A.61)

and is thus rewrien in terms of the bosonic operators as

𝐻 =
𝐽

𝑁

(
𝑛↑ − 𝑛↓

)
2 − 𝜋ℎ[1 + sin(2𝜋𝑡)]

(
𝑎
†
↑𝑎↓ + 𝑎

†
↓𝑎↑

)
. (A.62)

We elaborate on the rst term of Eq. (A.62) using𝑚 =
𝑛↑−𝑛↓
𝑁

and noting that


𝑛↑
𝑁

= 1+𝑚
2

𝑛↓
𝑁

= 1−𝑚
2

⇒
𝑛↑𝑛↓
𝑁 2

=
1 −𝑚2

4

, (A.63)

from which

𝑚2 =

(𝑛↑ − 𝑛↓
𝑁

)
2

=
𝑛2↑ + 𝑛

2

↓ − 2𝑛↑𝑛↓

𝑁 2
=
𝑛2↑ + 𝑛

2

↓
𝑁 2

+ 𝑚
2

2

− 1

2

, (A.64)

and, isolating𝑚2
,

𝑚2 = 2

𝑛2↑ + 𝑛
2

↓
𝑁 2

− 1 = 2

𝑛↑
(
𝑛↑ − 1

)
+ 𝑛↓

(
𝑛↓ − 1

)
𝑁 2

− 1 + 2

𝑁
. (A.65)

Seing𝑈 = 4𝐽 and 𝜏 (𝑡) = 𝜋ℎ[1 + sin 2𝜋𝑡], up to irrelevant additional constant terms, the

Hamiltonian thus reads

𝐻 (𝑡) = −𝜏 (𝑡)
(
𝑎
†
↑𝑎↓ + 𝑎

†
↓𝑎↑

)
+ 𝑈

2𝑁

(
𝑛↑

(
𝑛↑ − 1

)
+ 𝑛↓

(
𝑛↓ − 1

) )
, (A.66)

where 𝑛↑ = 𝑎
†
↑𝑎↑ and 𝑛↓ = 𝑎

†
↓𝑎↓. at is, the LMG model in the symmetric subspace is
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mapped to a model for 𝑁 bosons in a double well (the two wells being labeled by ↑ and ↓).

Equations of motion

e bosonic representation of Eq. (A.66) is particularly convenient to obtain dynamical

equations. e Heisenberg equations for the bosonic operators read (ℏ = 1)

𝑑𝑎↑
𝑑 (𝑖𝑡) = [𝐻 (𝑡), 𝑎↑] = 𝜏 (𝑡)𝑎↓ −

𝑈

𝑁
𝑛↑𝑎↑,

𝑑𝑎↓
𝑑 (𝑖𝑡) = [𝐻 (𝑡), 𝑎↓] = 𝜏 (𝑡)𝑎↑ −

𝑈

𝑁
𝑛↓𝑎↓.

(A.67)

In the limit 𝑁 → ∞, upon replacing 𝑎↑ →
√
𝑁𝜓↑ and 𝑎↓ →

√
𝑁𝜓↓, with 𝜓↓ and 𝜓↓

complex elds, we nally derive the following GPE

𝑑𝜓↑
𝑑 (𝑖𝑡) = 𝜏 (𝑡)𝜓↓ −𝑈 |𝜓↑ |2𝜓↑,

𝑑𝜓↓
𝑑 (𝑖𝑡) = 𝜏 (𝑡)𝜓↑ −𝑈 |𝜓↓ |2𝜓↓.

(A.68)

For an operator �̂� = 𝑓 (𝑎↑, 𝑎↓, 𝑎†↑, 𝑎
†
↓) wrien as a function 𝑓 of the bosonic operators, the

beyond-mean-eld dynamics of the expectation value 𝑂 (𝑡) = 〈�̂�〉(𝑡) can be generally

computed within a TWA as

𝑂 (𝑡) ≈
〈
𝑓

(
𝜓↑(𝑡),𝜓↓(𝑡),𝜓 ∗

↑ (𝑡),𝜓
∗
↓ (𝑡)

)〉
𝜓↑(0),𝜓↓(0)

, (A.69)

where 〈. . . 〉𝜓↓(0),𝜓↑(0) denotes the average over an ensemble of stochastic semiclassical ini-

tial conditions𝜓↑(0) and𝜓↓(0) that are drawn according to the quantum initial condition,

and then evolve in time with the GPE (A.68).

In particular, let us consider as initial condition the symmetrized state |𝜓 ′(0)〉 with
magnetization𝑚′ = 1 − 𝛿 , with 0 < 𝛿 � 1 and𝑚′𝑁 integer (which, since we assume

𝑁 → ∞, does not restrict the possible values for𝑚′
)

|𝜓 ′(0)〉 =
���𝑛′↑, 𝑛′↓〉 , 𝑛′↑ =𝑚

′𝑁, 𝑛′↓ = (1 −𝑚′) 𝑁, (A.70)

for which the TWA is performed considering the following ensemble of initial conditions

𝜓 ′
↑(0) =

√︂
1 − 𝛿

2

𝑒𝑖\↑(0), 𝜓 ′
↓(0) =

√︂
𝛿

2

𝑒𝑖\↓(0), (A.71)

with \↑(0) and \↓(0) independent uniform random numbers between 0 and 2𝜋 . anks
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to a gauge transformation, we can always change the initial conditions (A.71) into

𝜓 ′
↑(0) =

√︂
1 − 𝛿

2

, 𝜓 ′
↓(0) =

√︂
𝛿

2

𝑒𝑖\0, (A.72)

where \0 is also a random number between 0 and 2𝜋 . Consider now the limit of 𝛿 → 0,

that is of |𝜓 ′(0)〉 → |𝜓 (0)〉 = |↑, ↑, . . . , ↑〉. In this limit, the ensemble of stochastic initial

conditions (A.72) shrinks in the phase space of complex coordinates 𝜓 ′
↑(0) and 𝜓

′
↓(0)

towards the point 𝜓↑(0) = 1 − 𝜓↓(0) = 1. If the GPE is nonchaotic, the points of the

shrinked ensemble follow close trajectories, so that the TWA average in Eq. (A.69) can be

actually replaced by the evaluation of 𝑓 for a single trajectory of the ensemble, say the one

starting in𝜓↑(0) = 1 −𝜓↓(0) = 1. In contrast, if the GPE is chaotic, because of sensitivity

to initial conditions, the ensemble quickly spreads, scrambling across the classical phase

space. In this case the ensemble trajectories at long-times in (A.69) interfere destructively,

washing out any time oscillation of 𝑂 : the TWA results in thermalization.

In the limit |𝜓 ′(0)〉 → |𝜓 (0)〉 = |↑, ↑, . . . , ↑〉, it is therefore convenient to consider the

following SSGPE [2], to be run just once

𝑂 (𝑡) →
(
𝑓

(
𝜓↑(𝑡),𝜓↓(𝑡),𝜓 ∗

↑ (𝑡),𝜓
∗
↓ (𝑡)

))
𝜓↑(0)=1,𝜓↓(0)=0

, (A.73)

which is then expected to be accurate when nonchaotic, and to signal quantum ther-

malization when chaotic, which motivates the use of the symbol “ → ”, rather than

“ = ”.

In particular, considering the observable ®𝑆 = 1

𝑁

∑𝑁
𝑗=1 ®𝜎 𝑗 , from Eq. (A.74) we thus write

〈𝑆𝑥〉 + 𝑖〈𝑆𝑦〉
2

→ 𝜓 ∗
↑𝜓↓, 〈𝑆𝑥〉 → |𝜓↑ |2 − |𝜓↓ |2. (A.74)

A.3.2 Exact diagonalization

e LMG model is also particularly suitable for ED techniques. In fact, the size of the

symmetric subspace (𝑁 +1) scales only linearly with the system size 𝑁 , making ED viable

for systems which are much larger than the ones typically considered in less-symmetric

1Dmodels. In Fig. A.6 we show the Fourier transform �̃�(a) of the magnetization𝑚 = 〈𝜎𝑧
𝑗
〉

for an initially z-polarized state |𝜓 (0)〉 =
��𝑁↑

〉
= |↑, ↑, . . . , ↑〉. For increasing 𝑁 , we can

observe the emergence of the constant-frequency plateaus signaling the 𝑛-DTCs. First,

this conrms that the GPE captures the correct dynamics for large 𝑁 , as expected. Second,

we notice that, for the 2-DTC and the 4-DTC, the plateau is clearly visible only for 𝑁 ' 10

and 𝑁 ' 100, respectively. is is remarkable, as it suggests that higher-order DTCs may
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be numerically harder to observe as they could appear at larger system sizes, generally

beyond the reach of ED techniques. is observation might explain why higher-order

DTCs have so far remained elusive to numerical examples [93].
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Figure A.6 | Exact diagonalization and system size scaling. For an initially z-polarized state

|𝜓 (0)〉 = |↑, ↑, . . . , ↑〉 we plot the Fourier transform �̃�(a) of the magnetization 𝑚 = 〈𝜎𝑧
𝑗
〉 for

various number of spins 𝑁 and a xed interaction strength 𝐽 = 0.5. Results from the GPE in the

limit 𝑁 → ∞ are reported on the right as a reference. (top row) For ℎ ≈ 0.5, the 2-DTC plateau

at frequency 0.5 emerges for increasing 𝑁 , being clearly visible already for 𝑁 ' 10. (boom

row) For ℎ ≈ 0.25, the 4-DTC plateau at frequency 0.25 also emerges for increasing 𝑁 , but it

does so only for considerably larger system sizes 𝑁 ' 100, which might explain the diculties in

observing higher-order DTCs.

A.3.3 Decorrelator

We quantify the sensitivity to the initial conditions of Eq. (4.2) with a decorrelator

𝑑2(𝑡) [2, 158]

𝑑2(𝑡) =
[
|𝜓↑(𝑡) |2 − |𝜓 ′

↑(𝑡) |
2

]
2

+
[
|𝜓↓(𝑡) |2 − |𝜓 ′

↓(𝑡) |
2

]
2

, (A.75)

measuring the distance in time between two initially very close copies of the system

evolving under Eq. (4.2). Specically, we consider the following two close initial conditions

𝜓↑(0) = 1, 𝜓↓(0) = 0, (A.76)

𝜓 ′
↑(0) = cos(Δ𝑚)𝑒−𝑖

Δ\
2 , 𝜓 ′

↓(0) = sin(Δ𝑚)𝑒+𝑖
Δ\
2 , (A.77)

with Δ𝑚 = Δ\ = 10
−6
. e decorrelator time-average 〈𝑑2〉𝑡 is then given by

〈𝑑2〉𝑡 =
1

𝑇 + 1

𝑇∑︁
𝑡=0

𝑑2(𝑡), (A.78)
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where 𝑇 is the total simulation time, e.g. 𝑇 = 10
3
in Fig. 4.4 and Fig. 4.5.

A.3.4 Spin-wave approximation

In this section, we briey summarize the idea behind the spin-wave approximation,

which is thoroughly explained in Refs. [141, 142] and the supplementary material therein,

to which we redirect the reader for further details.

In a DTC evolving from an initially z-polarized state |𝜓 (0)〉 = |↑, ↑, . . . , ↑〉, the spins
are mostly aligned at all times. Imperfections in the alignment can be described within

a Holstein-Primako transformation in terms of bosonic spin-wave quasiparticles 𝑏
†
𝑘
.

Crucially, the collective spin ®𝑆 = 1

𝑁

∑𝑁
𝑗=1 ®𝜎 𝑗 rotates as a function of time in the lab frame.

erefore, the Holstein-Primako transformation has to be performed in a rotating frame

R′ = (𝑋,𝑌, 𝑍 ) such that the, say, 𝑍 axis tracks the orientation of the collective spin at

all times. is tracking is encoded in the condition 〈𝑆𝑋 〉 = 〈𝑆𝑌 〉 = 0, from which the

dynamics of the rotating frame is obtained self-consistently. e Holstein-Primako

transformation from spin degrees of freedom to bosonic degrees of freedom is then

performed as 𝜎𝑋𝑗 → 𝑏 𝑗 +𝑏†𝑗 , 𝜎𝑌𝑗 → −𝑖 (𝑏 𝑗 −𝑏†𝑗 ), and the spin-wave degrees of freedom are

obtained aer a Fourier transform
˜𝑏𝑘 =

1√
𝑁

∑𝑁
𝑗=1 𝑒

−𝑖𝑘 𝑗𝑏 𝑗 . On top of this, an approximation

is made in that the Hamiltonian is expanded to lowest non-trivial order in the density of

spin-wave excitations 𝜖 = 2

𝑁

∑𝑁
𝑘≠0

〈𝑏†
𝑘
𝑏𝑘〉, which should remain� 1 for the approximation

to be consistent. is procedure results in a set of 2𝑁 ordinary dierential equations

similar to Eqs. (26) and (29) in the Supplemental Material of Ref. [141], describing the

rotation of the new reference frame and the dynamics of the spin waves at the various

momenta.

Finally, we remark the main dierences between the implementation of the spin-wave

approximation in our work and in Ref. [141]. First, Ref. [141] considers a constant-in-

time Hamiltonian, whereas the parameters of the Hamiltonian in the present work are

time-dependent. As a consequence, the parameters in the system of ordinary dierential

equations become time-dependent. Second, Ref. [141] considers a nearest-neighbor

interaction on top of a fully-connected one, whereas we consider the more general case

of nearest-neighbor interaction on top of a power-law one. e cos𝑘 that appears in the

equations of Ref. [141] is therefore substituted by a more generic
˜J𝑘 =

∑𝑁
𝑗=1 J𝑟1, 𝑗𝑒−𝑖𝑟1, 𝑗𝑘

in ours, where J𝑟𝑖, 𝑗 contains both the nearest-neighbor and the power-law interactions.

A.3.5 Binary driving

In this section, we complement the results from the main text showing that the

fragmentation of the phase diagram to host a multitude of higher-order DTCs also occurs
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for a binary Floquet protocol. In particular, we consider a periodic Hamiltonian with

period 1 alternating fully-connected interaction and transverse eld

𝐻 (𝑡) =

+2 𝐽

𝑁

∑𝑁
𝑖,𝑗=1 𝜎

𝑧
𝑖
𝜎𝑧
𝑗

0 < 𝑡 ≤ 0.5

−2𝜋ℎ∑𝑁
𝑗=1 𝜎

𝑥
𝑗 0.5 < 𝑡 ≤ 1.

(A.79)

From the Hamiltonian (A.79), in the limit 𝑁 → ∞, we can derive a GPE in complete

analogy with Eq. (A.68). Solving it for the initially z-polarized state |𝜓 (0)〉 = |↑, ↑, . . . , ↑〉,
we obtain the spectrum �̃�(a) of Fig. A.7. Also for this model, it is possible to check within

a spin-wave approximation that the dynamical phases persist when deviating from the

LMG limit of fully-connected spins, as long as the interaction range is large enough, in

complete analogy with the results of Fig. 4.5 of the main text.
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Figure A.7 | Phase diagram fragmentation for a binary Floquet driving. is gure is in

complete analogy with Fig. 4.2(b) of the main text, but considers the binary Floquet protocol

(A.79). We plot the Fourier transform �̃�(a) of the magnetization𝑚 = 〈𝜎𝑧
𝑗
〉 in the plane of the

transverse eld strength ℎ and of the frequency a , for a xed interaction strength 𝐽 = 0.5 and

computed over 500 periods. We observe that the spectral lines fragment in plateaus with constant

frequency, signaling the 𝑛-DTCs, (dynamic) ferromagnet and stroboscopic-ferromagnet. In blue,

we indicate the index 𝑛 of some of the resolved DTCs.

A.3.6 Stability against Z2 symmetry-breaking terms

e Hamiltonian 𝐻 (𝑡) of Eq. (4.1) in the main text is Z2 symmetric, since its commu-

tator with a global spin ip

∏𝑁
𝑗=1 𝜎

𝑥
𝑗 vanishes. For a 2-DTC, a question raises whether the

subharmonic response truly stems from the breaking of the time-translational symmetry,

or it rather “piggybacks” on an underlying breaking of the Z2 symmetry[42, 75, 139]. is

question motivates an analysis to assess whether the 2-DTC is stable in the presence of a

term breaking the underlying Z2 symmetry explicitly, such as a longitudinal eld. For

higher-order and fractional 𝑛-DTCs, instead, no such an issue exist, because the Hamilto-
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nian lacks any Z𝑛 symmetry (𝑛 > 2), and the DTCs must be a “genuine” manifestation of

time-symmetry breaking alone, breaking an emergent Z𝑛 symmetry. Nonetheless, it is

still interesting to investigate the eects that the explicit breaking of the Z2 symmetry

has on the 𝑛-DTCs. For completeness, in this section, we therefore perform a stability

analysis upon introducing a longitudinal eld.

Consider the following Hamiltonian in which, on top of the Hamiltonian 𝐻 (𝑡) from
Eq. (4.1) in the main text, we add a longitudinal eld of strength 𝜋ℎ𝑧 (the factor 𝜋 comes

from the analogy with the denitions for the transverse eld)

𝐻 ′(𝑡) = 𝐻 (𝑡) + 𝜋ℎ𝑧
𝑁∑︁
𝑗=1

𝜎𝑧𝑗 . (A.80)

In Fig. A.8, we investigate the stability of the 4-DTC in the presence of the longitudinal

eld ℎ𝑧 breaking the Z2 symmetry of the Hamiltonian. In the LMG limit (𝛼 = λ = 0), the

introduction of a small eld ℎ𝑧 has qualitatively no signicant eect. In the Poincaré

map, the 4 islands characterizing the 4-DTC are in fact just slightly deformed for a small

ℎ𝑧 , suggesting that the subharmonic response lasts up to innite time, similarly to ℎ𝑧 = 0.

Away from the LMG limit, instead, the dynamics within the spin-wave approximation

shows a proliferation of the spin waves aer a long prethermal regime. Although it is hard

to assess the accuracy of this approximate method, the results suggest that the expected

prethermal nature of the DTC beyond the LMG limit is only changed quantitatively, with

the heating time scaling exponentially as 𝑡𝑡ℎ ∼ 𝑒1/ℎ𝑧 . For ℎ𝑧 = 0 we recover the results for

which the 4-DTC appears innitively long-lived within the spin-wave approximation.

A.4 Classical approaes to prethermal discrete time crys-

tals

In this Section, we provide a few details on the classical approaches to prethermal

DTCs analysed in Chapter 5. In subsection A.4.1 we compute the innite-temperature

value of the decorrelator, 𝑑∞ =
√
2. In subsection subsection A.4.2 we perform a scaling

analysis to investigate nite-size eects, whereas subsection A.4.3 corroborates our

results by showing a three-dimensional version of Fig. 5.3(d).

A.4.1 Decorrelator at innite temperature

At innite temperature, the spins are completely uncorrelated and randomly oriented,

so that, in the thermodynamic limit 𝑁 → ∞, the sum in Eq. (5.10) can be interpreted as



124 Technical derivations and complementary results

-1

0

1

0.5

-0.5

0-1 1-0.5 0.5 0-1 1-0.5 0.5

-1

0

1

0.5

-0.5

hz = 0 hz = 0.01

hz = 0.08hz = 0.06

0-1 1-0.5 0.5

hz = 0.04

hz = 0.2
0-1 1-0.5 0.5 0-1 1-0.5 0.5 0-1 1-0.5 0.5

M
ag

ne
tiz

at
io

n 
m

𝜃/𝜋 𝜃/𝜋 𝜃/𝜋

S
pi

n 
w

a
ve

 d
en

si
ty

 𝜀
(t

)

Time t

(a)

10-2

10-1

100

101

102100 101 103

(b)

hz = h/10
hz = h/20
hz = h/30
hz = h/40
hz = h/50
hz = h/60
hz = 0

Figure A.8 | Stability against Z2 symmetry-breaking terms. We investigate the stability of the

4-DTC in the presence of a longitudinal eld of strength ℎ𝑧 in Eq. (A.80). (a) In the LMG limit, the

dynamics is analysed with Poincaré maps analogue to those of Fig. 4.3 in the main text. If ℎ𝑧 is

small enough, the islands underpinning the 4-DTC qualitatively do not change, and the 4-DTC is

stable. For increasing ℎ𝑧 , larger and larger regions of the phase space become chaotic, and the

4-DTC is eventually broken. (b) Dynamics of the spin-wave density 𝜖 (𝑡) for 𝛼 = 1.2, λ = 0.03,

and 𝑁 = 1000. e prethermal nature of the DTC is manifest in this case: spin waves proliferate

aer a time roughly scaling as ∼ 𝑒1/ℎ𝑧 . In both (a) and (b), we considered ℎ = 0.26 and 𝐽 = 0.5.

an average over the possible random orientations of the spins. Moreover, no direction is

preferential, and we can therefore write

𝑑∞ = lim

𝑁→∞

(√︄
1

𝑁

∑︁
𝒓

(𝑺𝒓 (𝑡) − 𝑺′𝒓 (𝑡))2
)
random

spins

→

√︄
3

∫
𝑑Ω1

4𝜋

𝑑Ω2

4𝜋
(𝑆𝑧 (Ω1) − 𝑆𝑧′(Ω2))2,

(A.81)

where the integration is performed over the solid angles Ω1 and Ω2 associated to the

spins 𝑺 and 𝑺′. We carry out such an integration in a straightforward manner∫
𝑑Ω1

4𝜋

𝑑Ω2

4𝜋

(
𝑆𝑧 (Ω1) − 𝑆𝑧′(Ω2)

)
2

=
1

(4𝜋)2
∫

𝑑𝜙1𝑑𝜙2𝑑\1𝑑\2 sin\1 sin\2 (cos\1 − cos\2)2

(A.82)

=
1

4

∫
𝑑\1𝑑\2 sin\1 sin\2

(
cos

2 \1 + cos
2 \2 − 2 cos\1 cos\2

)
(A.83)

=
1

4

∫
𝑑\1 sin\1

(
2 cos

2 \1 +
2

3

− 0 × 2 cos\1

)
=
2

3

,

(A.84)

from which we nd the nal result 𝑑∞ =
√
2.
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A.4.2 Scaling analysis

Finite size eects are investigated by looking at the timescales 𝜏𝑝𝑡ℎ and 𝜏𝑡ℎ for various

system sizes 𝑁 . To this end, Fig. A.9 reproduces Fig. 5.4(a), but for various 𝑁 . Since for

small system sizes 𝑁 the statistical uctuations are larger, to ensure a good quality of the

result we consider 𝑅 ≈ 28
3/𝑁 independent realizations of the initial conditions, and use

them to compute the mean and standard deviation of 𝜏𝑝𝑡ℎ and 𝜏𝑡ℎ .
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Figure A.9 | Scaling with system size. We plot for various system sizes 𝑁 = 𝐿3 the prethermal-

ization and thermalization times of a 4-DTC (corresponding to the 10% and 90% crossing times

of the decorrelator, as dened in Section 5.1). e prethermalization time 𝜏𝑝𝑡ℎ weakly depends

on the frequency 𝜔 , saturates to a constant value ∼ 1/λ for 𝜔 ' 2, and is almost independent

of the system size 𝑁 . e thermalization time 𝜏𝑡ℎ grows with the frequency 𝜔 , and depends

on the system size 𝑁 . For small 𝑁 , we observe that, aer an initial growth, 𝜏𝑡ℎ saturates to a

constant value. is saturation is lied as the system size grows. In this plot, the solid lines and

the error bars are associated to the average and standard deviation of the results from 𝑅 = 28
3/𝑁

independent runs. e parameters used are 𝑔 = 0.25, ℎ = 0.1,𝑊 = 0.1, and Δ = 0.01.

A.4.3 ree-dimensional representations of the spin congurations

e ndings of Fig. 5.3(d) are here corroborated by showing the spin 𝑥 and 𝑧 compo-

nents across three dierent planes cuing the three-dimensional volume of the system.

e data and phenomenology is completely analogous to Fig. 5.3(d), to which we refer

for further details.
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Figure A.10 |ree-dimensional spin congurations. Space distribution of the spins 𝑧 compo-

nent for the same parameters considered in Fig. 5.3. We consider various two-dimensional cuts

in the three-dimensional volume. At times 𝑡 = 10
2
and 𝑡 = 10

4
, the spins are polarized along 𝑧.

At time 𝑡 = 4 × 10
5
the spins are melting, in the sense that they exhibit a mixture of domains

with dierent polarizations. At very long times 𝑡 = 5 × 10
5
, the system has (almost) reached the

innite-temperature state, in which the spins’ orientations are completely random.

A.5 Bistability and time crystals in long-range directed

percolation

In this Section, we provide a few details on the bistable phase and the classical

stochastic DTCs of DP analysed in Chapter 6. In subsection A.5.1 we investigate the

role of the initial density of occupied sites, whereas in subsection A.5.2 we consider the

short-range DK limit of DP.

A.5.1 Role of the initial density

First, we investigate our system in yet another direction in the parameter space, that

is that of the initial occupation probability (or density) 𝑝1. In the main text, we have in

fact seen that the system behavior in the bistable phase drastically depends on whether

𝑝1 is ‘small’ or ‘large’, and, having so far limited our examples to 𝑝1 = 0.01 and 𝑝1 = 1, we

now beer assess what do ‘small’ and ‘large’ mean. In Fig. A.11 we consider the entire

range of 𝑝1 from 0 to 1, and look for the critical density 𝑝1,𝑐 separating the two basins of

araction: 𝑛 does and does not decay to 0 for 𝑝1 < 𝑝1,𝑐 and 𝑝1 > 𝑝1,𝑐 , respectively. e

critical probability at 𝛼 → 0 coincides with the unstable xed point 𝑥1 of the equation

𝑥 = 𝑓` (𝑥), as explained in the main text, and is reported in the plots as a reference. For

` = 0.8 (le), we nd that 𝑝1,𝑐 ≈ 𝑥1 for all the 𝛼 / 1.5, whereas for larger 𝛼 the system

enters the inactive phase. For ` = 0.9, we observe that 𝑝1,𝑐 changes smoothly with 𝛼 from

𝑥1 at 𝛼 = 1 to 0 at 𝛼 ≈ 1.6, when the system enters the active phase, see also Fig. 6.3(c,d).

As we have show here, the critical probability 𝑝1,𝑐 of the bistable phase generally falls

in the bulk of the range (0, 1), ultimately because the FP 𝑥1 does. is is an important

feature of our model, because it means that both the possible behaviors of the bistable

phase, that is percolating and not, have a broad range of 𝑝1 in which they are stable. On
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the one hand, this means that the results of Fig. 6.1 in the main text are not contingent on

the choice of 𝑝1 = 0.01 and 1, but would rather be analogue for other choices of 𝑝1 < 𝑝1,𝑐

and 𝑝1 > 𝑝1,𝑐 . On the other hand, once the Floquet drive is included, such a broad stability

region enables the DTC robustness to noise.
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Figure A.11 | Role of the initial density in the bistable phase. Long-time density 𝑛(𝑡 = 10
3) in

the plane of the power-law exponent𝛼 and the initial occupation density 𝑝1, for ` > `0𝑐 = 0.6550(8).
For suciently small 𝛼 , the system is in the bistable phase, meaning that 𝑛(103) can be either

nite or not depending on 𝑝1, the two behaviors being separated by a critical probability 𝑝1,𝑐 . For

𝛼 → 0, the critical probability 𝑝1,𝑐 corresponds to 𝑥1, the unstable FP of the equation 𝑥 = 𝑓` (𝑥),
which is reported as a reference. For ` = 0.8 (le), we observe that 𝑝1,𝑐 ≈ 𝑥1 for 𝛼 up to ≈ 1.5,

above which the system enters the inactive phase. For ` = 0.9 (right), instead, the critical 𝑝1,𝑐
decreases smoothly with 𝛼 , reaching 0 at 𝛼 ≈ 1.6, at which the system enters the active phase.

Here, 𝐿 = 500 and 𝑅 = 100.

A.5.2 Short-range Domany-Kinzel limit

Second, we investigate in more detail the limit 𝛼 → ∞ already treated in the main

text. In such a limit, our model of DP recasts into the DK model, upon replacing 𝑞1 =

𝑓` (0.5) = ` tanh(1) and 𝑞2 = 𝑓` (1) = ` tanh(4). Varying `, one can therefore move across

the DK parameter space (𝑞1, 𝑞2) along the line 𝑞2 = tanh 4

tanh 1
𝑞1, and therefore across the

phase boundary between the active and inactive phases. In Fig. A.12, we plot the time

series of the density 𝑛 for various values of the control parameter `. Reiterating from the

main text, what we nd is that for ` = `∞𝑐 = 0.85(7) the density grows as a power law

∼ 𝑡\ with \ = 0.3(0) as expected in the DP universality class. For ` > `∞𝑐 the density 𝑛

grows in time, whereas for ` < `∞𝑐 it rather decays to 0, signalling the active and inactive

phases, respectively.

Note that the seing in which DP is studied is usually that of an initial condition

with one ‘seed site’ being occupied, and an innitely large system size 𝐿, corresponding

to a density 1/𝐿 → 0. In our case, the choice of the initial condition with occupation

probabilities 𝑝1 corresponds to a possibly small but still nite initial density 𝑝1, so that in
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the limit 𝐿 → ∞ there will always be innitely many seed sites. In the active phase, the

clusters originating from many of these sites will grow and expand in time, eventually

merging together and leading to a saturation of𝑛 at long-times. In particular, the universal

power-law growth at criticality can be observed only for 𝑝1 � 1, and it extends for a

nite time, before saturation eventually sets in.
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Figure A.12 | Limit of short-range directed percolation. In the short-range limit 𝛼 → ∞, our

model of DP maps to the DK model. In this limit, we show the dynamics of the density 𝑛 for

various values of the control parameter `. For ` < `∞𝑐 (` > `∞𝑐 ), the system does not (does)

percolate, that is 𝑛 does (does not) decay to 0 at long-times. At the critical point ` = `∞𝑐 ≈ 0.857

(indicated with a doed line in the colorbar), 𝑛 grows as a power-law ∼ 𝑡\ , with \ ≈ 0.31 as

expected in the DP universality class. Analogue results are obtained for other choices of 𝑝1, since

in the short-ranged DK limit no bistable phase exists. Here, 𝐿 = 10
3
, 𝑝1 = 10

−3
and 𝑅 = 10

4
. In

the inset, we report for reference Fig. 6.1(d), highlighting the line spanned in the (𝑞1, 𝑞2) DK
parameter space when varying `.

A.6 Seasonal epidemic spreading and discrete time crys-

tals

is Section complements Chapter 7 on the classical stochastic DTCs in seasonal

epidemic spreading, and consists of two subsections A.6.1 and A.6.2, in which we provide

details on the mean-eld theory and on the numerical routines, respectively.

A.6.1 Mean-eld theory: solution of the single-winter dynamics

Here, we present a step by step solution of the Eqs. (7.2) and (7.3) in the main text.

First, we prefer to rewrite the equations for 𝑝𝑖 into an equation for the complementary



A.6. Seasonal epidemic spreading and discrete time crystals 129

`𝑖 = 1 − 𝑝𝑖 . Similarly, `𝑟 = 1 − 𝑝𝑟 .

𝑑`𝑖

𝑑𝑡
= −2𝑘a𝑖

(
1 − 1 − `𝑟

`𝑖

)
, (A.85)

𝑑a𝑖

𝑑𝑡
=

(
4𝑘2𝜙`𝑖a𝑖 −

2𝑘a2𝑖

`𝑖

) (
1 − 1 − `𝑟

`𝑖

)
. (A.86)

To solve Eqs. (A.85) and (A.86), we take their ratio, reading

𝑑a𝑖

𝑑`𝑖
= −2𝑘𝜙`𝑖 +

a𝑖

`𝑖
, (A.87)

which is solved by

a𝑖 = −2𝑘𝜙`2𝑖 +𝐶`𝑖 . (A.88)

e constant 𝐶 is set by initial conditions. At the beginning of the winter, a fraction 𝑞

of the population is exposed to the disease and, being a fraction `𝑟 of the population

susceptible, we have `𝑖 (0) = 1 − 𝑞`𝑟 . e initial density infected regions a𝑖 (0) is instead
computed as follows. A given vertex will be an edge between an infected region and a

non-infected one with probability 2𝑞`𝑟 (1 − 𝑞`𝑟 ). Because each continuous non-infected

region is associated with two such edges, we get a𝑖 (0) = 𝑞`𝑟 (1 − 𝑞`𝑟 ). e constant 𝐶

therefore reads

𝐶 = 𝑞`𝑟 + 2𝑘𝜙 (1 − 𝑞`𝑟 ). (A.89)

Plugging Eq. (A.88) back into Eq. (A.85) we get

𝑑`𝑖

2𝑘
(
2𝑘𝜙`2

𝑖
−𝐶`𝑖

) (
1 − 1−`𝑟

`𝑖

) = 𝑑𝑡, (A.90)

from which, aer completing the square and integrating both sides, we get

4

𝛾2

∫ `𝑖 (𝑡)

`𝑖 (0)

𝑑𝑧(
2𝑧−𝛼
𝛾

)
2

− 1

= 4𝑘2𝜙𝑡, (A.91)

where we dened the positive constants

𝛼 =
𝐶

2𝑘𝜙
+ (1 − `𝑟 ); 𝛾 =

𝐶

2𝑘𝜙
− (1 − `𝑟 ). (A.92)
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Solving the integral in Eq. (A.91), we get

4𝑘2𝜙𝑡 =
1

𝛾
log

(
1 + 𝑥 (0)
1 − 𝑥 (0)

1 − 𝑥 (𝑡)
1 + 𝑥 (𝑡)

)
, (A.93)

where 𝑥 (𝑡) = 2`𝑖 (𝑡)−𝛼
𝛾

. Inverting Eq. (A.93) for 𝑥 (𝑡) we obtain

𝑥 (𝑡) =
𝑥 (0) − tanh

(
2𝛾𝑘 ˜𝑘𝜙𝑡

)
1 − 𝑥 (0) tanh

(
2𝛾𝑘 ˜𝑘𝜙𝑡

) , (A.94)

from which nally we obtain the fraction of infected people 𝑝𝑖 (𝑡) = 1 − `𝑖 (𝑡) for a given
fraction of immune people 𝑝𝑟 = 1 − `𝑟 throughout a winter

𝑝𝑖 (𝑡) = (1 − 𝑝𝑟 )
𝑞(𝜓 + 1 − 𝑞) + [2𝜓 − 𝑞(𝜓 + 1 − 𝑞)] tanh(\𝑡)

𝜓 + 1 − 𝑞 + (𝜓 − 1 + 𝑞) tanh(\𝑡) , (A.95)

in which

𝜓 =
𝑞

2𝑘𝜙
, \ = 2𝑘2𝜙`𝑟 (1 − 𝑞 +𝜓 ). (A.96)

Aer straightforward manipulations, Eq. (A.95) is rearranged as

𝑓 (𝑝𝑟 , 𝑡) = (1 − 𝑝𝑟 )
𝜓𝑒2\𝑡 + (1 − 𝑞) (𝑞 −𝜓 )

𝜓𝑒2\𝑡 + 1 − 𝑞
. (A.97)

In the case 𝑞 = 𝜙 , Eq. (A.97) recovers Eq. (7.4) in the main text.

A.6.2 Details on the numerics

Here we describe the various numerical routines used to calculate the data shown in

the main text.

Single trace — To calculate the infected fraction as a function of time, as for example

displayed in Fig. 7.3(a), we follow these steps:

1. Randomly generate a small-world graph [199]. is is done by taking a periodic

chain of 𝑁 vertices, each connected to its 1
st, 2nd, · · · , 𝑘 th neighbors (resulting in a

coordination number 2𝑘), and moving each edge end to a random location with a

probability 𝜙 . For the results shown in the main text, we take 𝑘 = 2 everywhere

and vary 𝜙 and 𝑁 according to the description in the gures’ captions.

2. To initialize the dynamics, each of the 𝑁 vertices is infected with a probability 𝑞

[Autumn in Fig. 7.1(c)]. e parameter 𝑞 is in principle independent, but, since



A.6. Seasonal epidemic spreading and discrete time crystals 131
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Figure A.13 | Data analysis. (a) For a given set of parameters 𝑁,𝜙,𝑇𝑤, 𝑘 , we generate a large

sample of random graphs and simulate long time traces (10
4
years). From each time trace, we

extract the fraction of infected vertices at the end of each year. (b) ese data are used to form

histograms, which reveal either one (blue) or two (yellow) peaks, corresponding to annual and

biennial epidemics, respectively. Due to nite-size uctuations, if close to the phase transition

it can happen to observe both regimes depending on the realization. (c) By majority vote we

extract from the collection histograms whether a set of parameters corresponds to the trivial

or the DTC phase. (d) From the classication (c) we estimate the phase boundary (points). (e)

For the best estimate of mean and standard deviation associated to one set of parameters, we

collect all associated data and t one or two Gaussians, depending on the phase it lies in. (f) e

computed mean and variance are shown as points with errors bars in the bifurcation diagram. (g)

e stability of the time crystal is assessed by counting defects. (h) In the DTC (trivial) phase

the defect density decreases exponentially (does not change) with system size. (i) We show the

exponents obtained from ing exponentials as a function of winter duration 𝑇𝑤 .

the autumn infections can for example be thought of as arising from long-range

connections to other parts of the world, it is meaningful to consider 𝑞 ∼ 𝜙 . For

concreteness, in the main text we considered 𝑞 = 𝜙 .

3. e infection dynamics is run for 𝑇𝑤 time steps, which yields a certain nal state.

e fraction of infected vertices at each point in time is denoted by 𝑝𝑖 (𝑡), and this

is what we show for instance in Fig. 7.3(a,b).

4. In “summer”, all the vertices that were in the immune state are put back in the

susceptible state, whereas the infected vertices are transferred to the immune state,
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such that they do not participate in the infection dynamics of the following year.

Points 2-4 are repeated for every year, generating time traces such as in Fig. 7.3(b).

Phase diagram— To each year in a multi-time trace we can associate the total number

of infected vertices in that year, which measures the size of the outbreak. Corresponding

sample data are shown in Fig. A.13(a). Depending on system parameters, we observe that

these values cluster either around a single or two values, which is easily appreciated by

looking at histograms of the data, Fig. A.13(b). We extract the dominant peaks from the

histograms and by majority vote over many averages determine whether a given set of

parameters lies in the trivial or DTC phase, Fig. A.13(c), which we assemble to form the

phase diagram, Fig. A.13(d).

Bifurcation diagram — To obtain a bifurcation diagram, we again take the data of

a large number of time traces, but now t either a single or two Gaussians to the total

distribution of all infected fractions, Fig. A.13(e). e obtained mean and variance are

represented by a point and error bars in the bifurcation diagram, Fig. A.13(f).

Defect density scaling —We again take all time traces corresponding to a given set

of parameters {𝑁,𝜙,𝑇𝑤 } and now calculate the dierences in the total infected fraction of

adjacent years. In a DTC, the dierences should alternate between positive and negative

dierences. We count the number of occurrences of dierences of the same sign next

to each other, Fig. A.13(g), and divide by the total number of years to obtain the defect

density. is is calculated for 𝑁 = {5, 6, · · · , 30} × 10
2
which reveals how the defect

density changes with system size, Fig. A.13(h). We observe clear exponential behavior,

to which we t exponentials. e ed exponents and errors are shown in a second

diagram as function of 𝜙 for a specic value of 𝑇𝑤 , Fig. A.13(i).
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J. M. Girkin, P. Öhberg, and A. S. Arnold, Optics Express 15, 8619 (2007).

[131] N. Houston, E. Riis, and A. Arnold, Journal of Physics B: Atomic, Molecular and

Optical Physics 41, 211001 (2008).

[132] S. Vyas, Y. Kozawa, and S. Sato, Optics Express 21, 8972 (2013).

[133] L. Amico, D. Aghamalyan, F. Auksztol, H. Crepaz, R. Dumke, and L. C. Kwek,

Scientic Reports 4, 4298 (2014).

[134] T. Mori, T. Kuwahara, and K. Saito, Physical Review Leers 116, 120401 (2016).

[135] H. Zhao, F. Mintert, R. Moessner, and J. Knolle, Physical Review Leers 126, 040601
(2021).

[136] E. Canovi, M. Kollar, and M. Eckstein, Physical Review E 93, 012130 (2016).

[137] S. A. Weidinger and M. Knap, Scientic Reports 7, 45382 (2017).

[138] K. Mallayya, M. Rigol, and W. De Roeck, Physical Review X 9, 021027 (2019).

[139] D. V. Else, W. W. Ho, and P. T. Dumitrescu, Physical Review X 10, 021032 (2020).
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