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Introduction

General Relativity (GR) governs the large scale structure of our Universe. Despite its enormous success, the fact that singularities can be generically formed in dynamical settings [1]
in principle calls into question its predictive power. Motivated by this, Penrose postulated
the “Weak Cosmic Censorship (WCC) Conjecture” [2], which proposes that singularities
formed in dynamical evolution must be hidden inside black hole (BH) horizons. This constitutes a key link between the singularity theorems and the ubiquitousness of astrophysical
black holes, for which Penrose was recently awarded the Nobel prize. Through active investigation in over half a century, counter-examples to WCC in settings beyond astrophysics
have been found, which can be regarded as a possibility to access the quantum regime
of gravity, at least theoretically. They fall into two major categories: i) critical collapse,
which involves fine tuning of initial data such that a zero mass singularity is formed in 4D
and above [3]; ii) death by fragmentation, which results from elongated horizons becoming
unstable and eventually pinching off in finite time. The latter category will be the main
focus of this article.1
1

See also [4] for a proposed counterexample in Anti-deSitter space and [5] for relevant studies in 4D
Einstein-scalar theories.
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4 Results
4.1 D = 7
4.1.1 Geometry of the AH
4.1.2 Gravitational radiation
4.2 D = 6
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The instability which drives the initial stages of this phenomenon was famously discovered by Gregory and Laflamme (GL) [6], who showed, in 5D and above, that thin enough
black strings (and p-branes in general) have exponentially growing linear modes that trigger spatial modulation along the horizon, in a way that resembles the Rayleigh instability
in fluids [7, 8]; see [9] for a more detailed comparison between the gravitational and hydrodynamical settings. Later on, [10, 11] used numerical relativity to follow the unstable
black string into the non-linear regime and provided convincing evidence in favour of the
pinching off of the horizon in finite time. Moreover, the authors observed the formation of
BH satellites joined by thin necks organized in a fractal structure. It is by now understood
that not only strings, but all elongated horizons which are locally string (or brane)-like
and thin enough, present these unstable modes, e.g., black rings [12], and ultra-spinning
BHs [13–18]. The full non-linear evolution of such unstable configurations has been studied in [19–21]. In refs. [10, 11, 19–21] the quantity that is used to track the shape of the
horizon is in fact the apparent horizon. This is justified in view of the quasi-stationary
evolution of most of the geometry after the first generation of satellites has formed, which
in turn implies that the event horizon is well approximated by the apparent horizon almost
everywhere. Even though none of these studies addresses the pinch off of the event horizon
and the completeness of future null infinity, it is clear that during the evolution of the
GL instability, arbitrarily large curvatures become visible for asymptotic observers in finite
time, thus violating at least the spirit of the WCC.
All of the above setups have in common that the starting point is an unstable configuration. Therefore, one may wonder if the so-obtained singularities are a truly generic
feature of the evolution in GR. Along these lines, a new and truly generic mechanism
for violation of WCC has recently been proposed [22, 23]: the collision of BHs in higher
dimensions. The authors of these papers noted that if the total angular momentum is
large enough, an elongated horizon should form as an intermediate, long-lived, state after
the collision. After this point, the horizon could undergo the breaking described above,
depending on the competition between radiation of mass and angular momentum, and the
GL instability. The former tends to make the horizon rounder and shorter, thus taming
the effect of GL. Since radiation is exponentially suppressed with D and the growth rates
of the GL instability remain relatively constant, this mechanism is guaranteed to work if
D is sufficiently large. On the other hand, this behaviour is absent in head-on collisions
in four or higher dimensions [24, 25], and in grazing BH collisions in 4D [26], none of
which exhibit elongated horizons or any signs of censorship violation even when colliding
above 90 % of the speed of light. Uncovering exactly when and how the proposed phenomenon takes place, requires fully-fledged numerical GR techniques. We note that bar
mode instabilities of rotating black holes are known to exist in 6D and above [17, 18], so
elongated horizons are more likely to exist in D ≥ 6. For a sufficiently large initial angular
momentum, these unstable ‘bar-shaped’ black holes develop a local GL instability. During
the evolution of this instability, only about 5% of the total mass of the system is radiated,
which is insufficient to prevent the formation of a naked singularity in finite time [21].
Furthermore, ref. [25] reports that for v ≤ 0.6, the radiation emitted in head-on collisions
is below 1%. All of this considered, we envision that intermediate velocities, relatively high

intrinsic spins and impact parameters, and D ≥ 6 constitute a favourable region for WCC
violation in parameter space.
Here we undertake the task of numerically simulating the grazing collision of 6D and
7D stable, single-spinning BHs with a finite impact parameter. This initial setting is closely
analogous to that of a BH binary merger in 4D, but the spacetime dimensionality gives
rise to striking differences in the evolution as we illustrate in figure 1 for a specific collision
in 7D. All our simulations start with two separate equal-mass BHs with spin parameter
a, collision velocity v and impact parameter b; cf. the first (upper left) panel in figure 1.
Over a significant portion of the parameter space, we find that these configurations to
form an elongated horizon shortly after merger (second and third panels in the figure). The
resulting “neck” grows ever thinner (fourth panel) and breaks through the further evolution
of multiple generations of local GL instabilities along the individual string segments (fifth
and sixth panel). This process does not require any fine tuning. Moreover, we observe that
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Figure 1. Snapshots of the 7D evolution with collision velocity v = 0.5, dimensionless spin a = 0.7,
and impact parameter b = 2.2, at times ∆t = t − tmerger . They correspond to: initial condition,
merger, bar formation, first generation, second generation, latest stage. We show a spatial length
of 10 units on the bottom left panel.

2

Numerical methods

We solve the vacuum Einstein equations in D = 6, 7 using the CCZ4 formulation as described in [28, 29]. We restrict ourselves to dynamics in 3+1 dimensions by imposing an
SO(D − 3) symmetry by means of the modified cartoon method [17, 30, 31]. The conventions for the damping parameters κ1 and κ2 , and choice of gauge evolution are those of
ref. [21]. We construct the initial data by superimposing two boosted Myers-Perry (MP)
BHs [32] written in Kerr-Schild (KS) coordinates, as described in ref. [33]. This yields
a mild violation of the constraints on the initial data surface, but in higher dimensions
the effect is small for sufficiently separated initial black holes; see appendix A for details.
Henceforth, we split the coordinates as t, x, y, z, wi where ∂wi are “cartoon” directions in
the language of [31], and choose a single spin aligned with the z-axis.
Without loss of generality, we place one of the BHs at (x0 , y0 , 0) and give it an initial
velocity along the x-direction, which we denote by v. We ease the tracking of the dynamics
by choosing symmetric data in which the second BH is positioned at (−x0 , −y0 , 0) with
speed (−v, 0, 0), which gives an orbital angular momentum pointing in the z-direction.
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the late time dynamics resemble the end point of the GL instabilities of black strings and
ultra-spinning BHs of [19–21]. In particular, we observe the formation of two well-defined
generations of satellites, and the beginning of a third one. Each generation consists of
spherical blobs joined by thin tubes, which can be approximated by quasi-stationary BHs
and black strings, respectively. The last stage to which we have access to consists of a
central rotating black object, joined by a thin horizon to two non-spinning blobs that move
away from each other, see figure 1; the animation for the full time range covered in our
numerics is available at [27]. The thin tubes in the middle are stretching due to the motion
of the outer blobs, and develop their own satellites due to their own local GL instabilities.
Hence, it is clear that the process will continue until the pinch off, which will take place in
finite asymptotic time.
We extract the gravitational waves produced in the collision, finding that the waveforms
exhibit two salient peaks. The first one is simply due to the initial merger of the BHs. The
second peak produces a stronger signal, and we attribute it to the sudden change of angular
velocity and shape of the elongated horizon. Employing a toy model of a D > 4 dimensional
binary which undergoes a qualitatively similar change in angular velocity and separation,
we extract the radiated energy and observe a similar peak; see appendix C. We find that the
total radiated energy is strongly suppressed (it amounts to less than 1% in 7D), confirming
the hypothesis that there is no mechanism to stop the formation of a naked singularity in
finite asymptotic time.
The organization of the rest of the paper is as follows: in section 2 we describe the
numerical methods that we have used in this paper. Section 3 discusses the relation between
the apparent horizon and the contours of the conformal factor χ in the moving punctures
gauge that we use. We present our main results for BH collisions in 6D and 7D in section 4.
We close with a discussion of our results and possible directions for future research in
section 5. We have relegated some technical results to several appendices.

3

Apparent horizons and contours of χ

Our main observables of interest are the location of the AH and the Kretschmann curvature
scalar. In our setting, tracking the AH from first principles entails solving a non-linear PDE
in two variables at a given instant of time. Shortly after the collision of the two BHs, the
common AH evolves into a non-star-shaped surface, with increasingly complex structure as
shown in figures 1, 9, 10; there exist as yet no algorithms to find the AH for such surfaces.
In this paper, we bypass this difficulty as follows. Reference [21] provides convincing
evidence in a variety of scenarios that, in the standard moving punctures gauge, the location
of the AH matches within a few percent with a contour of the conformal factor χ. While
there is some dependence on the space-time dimension D, this has been observed to be
mild [19–21]. Motivated by this, below we will provide quantitative evidence that, for the
non-linear evolution of the GL instability in the cases discussed in this paper, the χ = 0.6
contour should accurately track the location of the “apparent horizon”. In particular, this
contour should capture the essential features of the AH’s shape. Other contours, such as
χ = 0.5 or χ = 0.4, would be comparatively informative. This insensitivity to the specific
value of the contour of χ as long as it is sufficiently close to the AH, is due to the steep
gradients near the AH of the spacetime metric components in higher-dimensions.
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Both black holes have intrinsic spin along the z-direction, with spin parameter a. We
emphasise that in our setting the orbital and intrinsic angular momenta are aligned, which
allows us to achieve higher values of the total angular momentum. The impact parameter
is controlled by y0 . Recall that in D > 4 there is no inspiral phase in binaries [34], which
means that, generically, BHs interact only if y0 is sufficiently small. While x0 does not play
a fundamental role, we need to choose it such that the initial BHs are sufficiently far apart
so that the constraint violations on the initial surface as a result of simply superposing
two MP BHs are small. In addition, having a sufficiently large x0 allows us to decouple
the initial gauge dynamics from the collision; our gauge conditions result in an adjustment
phase lasting about ∼ 3 µ1/(D−3) .
We implement the numerical scheme in GRChombo [35, 36], using up to twelve levels
of refinement with a 2:1 refinement ratio. We add the extra levels to better resolve the
spatial gradients thus keeping the regions of constraint violations far away from the χ = 0.6
1
surface, which we use as a proxy for the apparent horizon (AH). Here χ = (det γ)− 3 is
the conformal factor, where γij is the induced metric on the spatial slices. Recall that χ
is one of the evolution variables in the CCZ4 formulation of the Einstein equations; we
discuss in detail the relation between the level sets of this variable and the AH in the next
section. We have checked the robustness of our results by introducing refinement levels at
different times, provided that the extra levels are added whilst the region with constraint
violations is sufficiently small. Following [19–21], we apply artificial diffusion in the region
χ ≤ 0.075 to keep the constraint violations under control. Our computational domain,
boundary conditions and time evolution scheme are described in [21]. Finally, we extract
the gravitational waves produced in the collisions following ref. [21]; see appendix B for
details on the wave extraction procedure.

As pointed out above, the fact that the AH that forms in the collisions that we study in
this article (see figures 1, 9, 10), is a non-star-shaped, highly complex and rapidly changing
surface, makes the problem of finding it particularly challenging. One possible way forward
is to consider a reference surface with the approximate shape of the AH [37, 38]. However,
in our case, the reference surface should capture some of the key features that appear as a
consequence of the GL cascade; since the latter develops randomly on different scales, both
in time and space, finding a suitable reference surface at each time step seems impractical.
Alternatively, one could use an intrinsic parametetrization of the surface and impose some
gauge condition (e.g., harmonic) to fix the reparametrization freedom as in [20]. However,
in this reference it was found that the resulting system of equations is not very robust
in practice in spite of being manifestly elliptic. Therefore, the problem of parametrizing
and finding the AHs that generically appear in higher dimensional BH physics remains
open. As we will explain below, a promising avenue would be to use certain contours of the
evolved variable χ as the reference surface. This approach has the advantage that these
contours capture some of the key features of the AH at any given instant of time and they
are readily available since χ is one of the evolved variables. Implementing this in practice
is beyond the scope of this article and we leave it for future work.2
In figure 2 we show the values of χ on the AH near the endpoint of the ultraspinning
instability of a MP BH in 6D with an initial spin parameter a/µ1/3 = 1.85 reported by one
of us in [20]. The shape of the AH is shown in black. This plot shows that the χ = 0.5
contours capture the ‘bulges’ quite accurately, especially those from the early generations
that have reached a quasi-stationary state. On the other hand, the χ = 0.3 contours
capture the neck regions of the AH. In figure 3 we depict the AH together with different
χ contours at some instant of time during the evolution of the GL instability of a black
string in 5D.3 This plot shows that indeed these contours of χ capture the key features of
the AH in the evolution of the GL instability, in this case of a black string.
2

Note that parametrizing a χ = const. hypersurface in an efficient and practical way remains challenging
because these surfaces are not star-shaped in general.
3
We would like to thank Tiago França and Chenxia Gu for kindly sharing their data with us.
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Figure 2. χ (in red) on the AH plotted against the embedding coordinate u near the endpoint
of the ultraspinning instability of a MP BH in 6D with an initial spin parameter a/µ1/3 = 1.85
(see [20] for more details); the Z coordinate of the embedding is shown in black and it serves to
guide the eye. This figure shows that on the AH, χ ∼ 0.5 on the blobs and χ ∼ 0.3 on the necks.

To get some further intuition about which contours accurately describe different portions of the AH during the GL cascade in a BH collision in D ≥ 6, we evaluate the
normalized Kretschmann invariant on a certain χ contour and compare its value to that
on the horizon of a stationary black string and a spherical black hole. More precisely, we
use the definition
1
K̃ =
Rαβµν Rαβµν W (χ0 )4
(3.1)
240
where W is the proper width of a given χ = χ0 contour. The normalization in (3.1) has
been chosen so that in 7D, K̃ = 1 and 52 , respectively, on the horizons of stationary black
string and a Schwarzschild black hole.
Figure 4 shows that for the regions of the geometry that have reached a quasi-stationary
state, K̃ ∼ 1 on a χ = 0.6 contour and K̃ ∼ 52 on a χ = 0.7 contour. This observation
tells us two things: 1) The neck and bulge regions of the AH that have reached a quasistationary state are very well approximated by static black strings and spherical black
holes respectively, 2) The constant χ contours accurately capture the AH on these regions.
Following these observatiosn, it seems justified to use the constant χ contours to track the
thinning of the neck in the string-like regions and the contour to estimate the masses and
angular momenta of the large bulges when we compute the total energy radiated in the
collision and subsequent evolution of the system, as we describe in appendix D.
We should emphasise that this argument of comparing eq. (3.1) to the value of the
Kretschmann scalar on the horizon of a black string or a spherical black hole is only valid
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Figure 3. AH and several χ contours during the evolution of the GL instability of a black string
in 5D. Here X and Z are the coordinates of the computational domain for a black string with a
four-dimensional mass parameter M = 1 and a Kaluza-Klein circle with asymptotic length L = 16.

if the portion of the horizon that one is considering has reached a quasi-stationary state;
on the other hand, there is no reason why the constant χ contours should track the AH in
the highly dynamical regions.

4

Results

4.1

D=7

The D = 7 collision that we have already discussed in the Introduction (section 1), is
characterized by initial data with parameters v = 0.5, a = 0.7, y0 = 1.1, x0 = 10. Note
that the spin is within the stability bound amax = 0.74 reported in [18]. First, we have
performed a simulation in a small domain of cubic size L = 64, including up to 10 levels.
In a second stage, to extract the gravitational waves emitted, we repeated the simulation
on a domain with size L = 256 while keeping the same resolution in the inner levels as in
the previous run.
4.1.1

Geometry of the AH

The time evolution obtained in our 7D simulation is displayed in figure 1 above, which
clearly shows that a dumbbell-shaped horizon forms after merger, consisting of two spherical blobs joined by a thin neck. Moreover, we observe the appearance of spatial modulation
along the horizon, characteristic of the GL instability. At the same time, the length of the
dumbbell increases making the middle neck thinner, which accelerates the growth of the
instability. Continuing the evolution further, we see the formation of two generations of
satellites, e.g., small spherical beads joined by thin tubes, closely resembling the late stages
of unstable strings and ultra-spinning BHs. Our numerics have allowed us to observe the
onset of a third generation, in which all string segments present in the second generation,
develop their own local GL instability. Note that in 7D, the critical value for the width
over length ratio of strings which are GL unstable is rGL,7D ≡ widht/length ≈ 0.5. We
have explicitly checked that the string segments present in our first and second generation
are well below this value.
In figure 4 we show the last time slice in our 7D simulation, where we overlay contours
of the normalized Kretschmann scalar (3.1) computed at certain χ = χ0 surfaces. As the
top inset shows, the fact that the contour K̃|χ0 =0.6 = 1 agrees very well with the χ = 0.6
contour, indicates that the neck-like regions of the geometry are essentially described by
stationary black strings of thickness W (χ0 = 0.6). Furthermore, this implies that the
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For both D = 6, 7 we have explored the space of parameters a, v, y0 by running some low
resolution simulations until we observe the formation of a long bar-like horizon after the
merger. As mentioned in the Introduction, no fine tuning is required in order to achieve such
states. Out of the parameters explored, we have selected three study cases to continue the
evolution further with the aid of higher resolution simulations. Henceforth we measure time
and distance in dimensionless form using the mass parameter µ of a single member of our
BH binary. Specifically, we display time in the form of t = t̃/µ1/(D−3) , where t̃ is coordinate
time in geometric units, and likewise for radius r and the Cartesian coordinates x, y, z.

χ = 0.6 contours accurately track the horizon on the string-like regions of the geometry.
Finally, the Kretschmann curvature scalar becomes very large inside the χ0 = 0.6 contour
(see figure 6 below), and rapidly grows in time as the neck’s proper width W shrinks to
zero, with a rate about ∝ W −4 , as also observed for black strings [10, 11], and MyersPerry black holes [20]. On the other hand, in the lower inset in figure 4, we see that
the K̃|χ0 =0.7 = 52 hypersurface agrees very well with the χ = 0.7 contour, indicating that
the latter tracks the horizon in the bulge regions, which in turn are well-described by
quasi-static 7D Schwarzschild black holes. Moreover, in figure 5 we compare the χ = 0.6
(in blue), χ = 0.5 (in black) and the χ = 0.3 (in red) contours for the 7D BH collision
described above. The fact that they all come very close to each other in the string-like
region is a consequence of the steep near horizon gradients found in large D, and supports
the idea that any such constant χ contour is a good proxy for the AH in the neck regions.
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Figure 4. Last time slice shown in figure 1 for the 7D collision at ∆t = 32.75. We zoom into two
different regions of the thinnest part of the geometry. In the string-like region (upper right inset) we
show the χ = 0.6 contour as a black line, and the K̃|χ0 =0.6 = 1 contour in white. In the region near
a satellite (lower left inset) we show the contours χ = 0.7 in black and the K̃|χ0 =0.7 = 5/2 contour
in white. The fact that these contours are in very good agreement indicates that the contours of
χ = 0.6, 0.7 track the horizons of string-like and spherical-like portions of the geometry respectively.
Furthermore, the unnormalized Kretschmann scalar diverges ∝ W −4 , where W is the proper width
of the neck-like regions of the geometry.

We have confirmed that for our configurations, the curvature at the AH grows without
bound at late times. To do so, in figure 6 we display the logarithm of (the absolute value of)
the normalised Kretschmann scalar as defined in eq. (3.1) below, choosing as normalization
factor the proper thickness of the χ = 0.6 contour on the thin neck of the geometry in
figure 4. The black line in this plot indicates the χ = 0.6 contour which, according to the
previous discussion, should correspond to the location of the AH in the neck regions of the
geometry. This figure clearly shows that K̃|χ0 =0.6 is very large inside the neck regions. Note
however that K̃|χ0 =0.6 does not diverge; the reason is that in the (1 + log)-slicing gauge
that we use, the spatial hypersurfaces approach the physical singularity but they actually
never touch it. Therefore, this figure shows that our spacelike hypersurfaces behave exactly
as one would expect in the moving-puncture gauge.
4.1.2

Gravitational radiation

In this subsection we consider the gravitational waves emitted during the evolution of the
system in D = 7, from the initial collision until well into the non-linear evolution of the
GL instability. We have relegated the technical details of gravitational wave extraction in
7D to appendix B.
We display the results for gravitational waves extracted for D = 7 in figure 7. In
this figure, the small oscillations around t − tmerger . 20 are due to the initial constraint
violations from superposing the two MP BHs and, hence, are discarded as unphysical. We
observe that the first physical peak of radiation in the various modes appears at t−tmerger ∼
30, corresponding to the “collision” of the two BHs, when a common enveloping horizon
first forms. As shown in the second panel in figure 1, this common horizon is dumbbell
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Figure 5. Comparison of the χ = 0.6 (in blue), χ = 0.5 (in black) and χ = 0.3 (in red) contours for
the 7D BH collision. The χ = 0.6 contour tracks the AH near the neck regions. The key features
of the AH are captured by all these contours; in particular, in the neck regions they are very close
to each other. This effect becomes more pronounced the larger D is.

shaped. Furthermore, this resulting BH is rotating since it acquires part of the total angular
momentum of the initial state. At some point, which depends on the total initial angular
momentum (and the number of dimensions D), the arms of the BH stop rotating and
the necks connecting the two bulges to central BH start expanding, producing a second
radiation peak; in the D = 7 example of figure 7, this second peak of radiation is visible at
around t − tmerger = 37.5. It turns out that this second peak of radiation has the largest
amplitude. We confirm this picture with a simple model in appendix C.
We can compute the energy loss dE
dt from the matrix of Weyl scalars according to the
formula [39],
Z u
2
Z
dE
rd−2
= − lim
Ω0AB (û, r, x)dû dω ,
(4.1)
r→∞ 8π
dt
S d−2
−∞
where dω is the volume element on the S d−2 . We display our results for the energy loss in
the D = 7 collisions in figure 8. From this figure it follows that up until and including the
second peak of radiation, the total radiated energy is about 0.01% of the Arnowitt-DeserMisner (ADM) mass, which is very small. We expect that the radiation emitted at later
stages to amount to an even smaller fraction, since the dynamics of the outer blobs is quasistationary and the GL cascade taking place in the neck regions of the AH produces very
little radiation. The reason is that the mass contained in these highly dynamical regions
is decreasingly small (ref. [21] reports that less than 5% of the total ADM mass is radiated
during the last stage of GL in the 6D evolution of ultraspinning BHs), so while higher
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Figure 6. Logarithm of the absolute value of the normalized Kretschamann scalar K̃|χ0 =0.6 (as
defined in the main text) for the last time slice of our 7D simulation. Note that this quantity spans
several orders of magnitude between the χ = 0.6 contour (black solid line) and the regions far away
from it.
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Figure 7. Imaginary part of the projection of the matrix of Weyl scalars Ω0AB onto the harmonics
(`5 , m) = (2, 2), (4, 2), (4, 4) for the collision in D = 7. In this plot, the extraction was done at
a radius R = 30 from the center of the grid. The first peak is observed at t − tmerger ∼ 30,
corresponding to the initial collision of the two BHs; the oscillations observed before this time are
due to the constraint violations in the initial data and initial gauge adjustment. Two large peaks
are observed in the (2, 2) and (4, 2) modes at around t − tmerger ∼ 37.5. This corresponds to the
time when the dumbbell-shaped horizon stops rotating and starts expanding. Beyond this point,
whilst the gravitational wave signal continues to develop new features corresponding to the onset
and further evolution of the local GL instability in the neck regions, their amplitude is never as
large as that of these two initial peaks. Consequently, the energy loss in absolute value decreases.

modes will be excited, their amplitudes will be decreasing in time. We discuss this issue
further in appendix D, where we provide a crude upper bound on the total energy radiated.
In summary, we have shown that the effects of the gravitational radiation are sufficiently suppressed in D ≥ 7. In the following subsection we will show that those effects are
also suppressed in D = 6. Therefore, we conclude that there is no mechanism to stop the
neck regions to reach zero thickness in finite time. Therefore, the violation of the WCC in
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Figure 8. Energy loss for our 7D simulation as computed at a radius R = 30 from the merger
point. The large peak at t−tmerger ∼ 37.5 is produced when the dumbbell-shaped BH stops rotating
and starts expanding.

BH collisions in D ≥ 6 is inevitable provided that the initial total angular momentum of
the system is sufficiently large.
4.2

D=6

In this subsection we discuss the results that we have obtained in D = 6. As mentioned
above, our results are qualitatively similar to the D = 7 case and hence we will be rather
brief to avoid repetition. In summary, in the D = 6 case we also see strong evidence for the
pinching off of the horizon in finite asymptotic time and hence the violation of the WCC.
We have run two high resolution simulations in cubic domains of size L = 64, with
collision parameters {v = 0.5, a = 0.6, b = 2.5}, {v = 0.45, a = 0.7, b = 2.5}, respectively.
Note that both of these values of a are well within the stability regime for rotating MP BHs
amax = 0.73 [18]. In this case we did not carry out the extraction of gravitational waves
due to a lack of computational resources, but we expect the waveforms to be qualitatively
similar to the D = 7 case.
In figures 9, 10 we show representative snapshots of the conformal factor χ on the z = 0
plane. In the simulation shown in figure 9, the formation of the first generation of satellites
is clear, and we observe that the dynamics closely resemble the 7D case. The critical
dimensionless ratio for the GL instability in this dimension is rGL,6D ≡ width/length ≈ 0.4.
Estimating this value for t = 13.6 in figure 9, we find that rGL ≈ 0.02, showing that this
string is well in the unstable regime. In the dynamics that follow, we again observe the
appearance of the central rotating blob, joined to the outer blobs by thin strings. Our
computational resources did not allow us to reach the same stage for the simulation in
figure 10. However, we do observe a rapid thinning of the neck regions, which should lead
to the development of the GL instability as in the previous cases. In particular, for t = 15.0
in figure 10 we estimate for rGL ≈ 0.04, so the strings are unstable.
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Figure 9. 6D-A evolution with v = 0.5, a = 0.6, b = 2.5.

As emphasised in the main text, no fine tuning is required to find configurations such
as these in which the neck thins and the GL instability is triggered. The observed effects
are therefore generic and not due any fine tuning.

5

Discussion

By means of numerical GR simulations, we have been able to provide evidence for the
generic violation of the WCC conjecture in BH collisions D = 6, 7 spacetime dimensions.
The driving mechanism is the GL instability, and the dynamics unfold in close parallel
to other known cases of horizon pinching off. We have observed the formation of two
generations of satellites and the beginning of a third one, which further improves our
understanding of the dynamical process. We have extracted the gravitational waves emitted
by the binaries, showing that there is a second peak of radiation which surpasses the initial

– 14 –

burst due to the merger. After this second peak, we expect the emission of radiation to
be small, paving the way for the GL instability to break the horizon. Since radiation is
further suppressed in higher dimensions, our results strongly indicate that the violation of
WCC we have identified is present in all D ≥ 6.
It is remarkable that the large D effective theory [40–42], out of which the arguments for
this mechanism were originally drawn [22, 23], is able to capture the qualitative dynamics
so well. In hindsight, perhaps the main reason for its success in predicting the violation of
WCC is the relatively small role that radiation plays already in 6D.
As in all other known cases of WCC violation by fragmentation of horizons, the regions
which we expect to become Planckian are “small” at least with respect to the size defined
by the geometry of the apparent horizon. In the language of [43], they correspond to
mild violations of WCC, which means that any suitable quantum resolution (analogue of
the evaporation of a droplet in hydrodynamics) will have a small effect on the subsequent
(classical) dynamics. In this sense, although the more strict version of the WCC conjecture
is violated (naked singularities do appear in the course of evolution), its spirit is salvaged
(the lack of predictability that the violations entail is very small). Note that according
to this discussion, the singularity becomes visible because the horizon becomes infinitely
thin. As in the previous works [10, 11, 19–21], while with our methods we cannot address
the completeness of future null infinity, any horizon penetrating coordinates, such as those
of moving-puncture gauge, are suitable to study the approach to the singularity. More
specifically, we show that on the neck-like regions of the horizon the Kretschmann invariant
diverges as the width W of the neck tends to zero; quantitative investigation furthermore
reveals this blowup to be ∝ W −4 . This the same type of curvature blowup previously

– 15 –

JHEP03(2022)111

Figure 10. 6D-B evolution with v = 0.45, a = 0.7, b = 2.5.

observed in black strings [10, 11] and in ultraspinning Myers-Perry black holes [20], which
further supports the fact that the underlying mechanism of approach to the singularity is
the same in all these systems. Therefore, in finite time, asymptotic observers will have
access to regions of arbitrarily large curvature, thus violating at least in spirit the WCC.
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A

Initial data

We begin with a single, un-boosted MP BH with mass and rotation parameters µ, a. We
write the metric as
gµν = ηµν + f (x) kµ kν ,

(A.1)

where η is the Minkowski metric, f is a function of the space-time coordinates x and k µ is
a null vector. For D even, the metric in Kerr-Schild form for a single BH is given by (A.1)
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An interesting technical point which we have not addressed here is the derivation of
the location of the apparent horizon from first principles. As discussed above, this requires
parametrizing the shape of a reference surface, which is challenging in scenarios like ours
where spatial modulation is constantly changing the shape of the horizon. Obtaining the
apparent horizon in this way would allow us to accurately study entropy production. We
leave these interesting issues for future research.

with
f=

µr
,
Π(r)F (r, xi )
s(D)

Π(r) = Πi

(A.2)

(r2 + a2i ) ,

(A.3)

s(D)

F =1−

X a2 (X 2 + Y 2 )
i
i
i
,
2
2
i=1
s(D)

X {r(Xi dXi + Yi dYi ) + ai (Xi dYi − Xi dYi )}

r2

i=1

+

a2i

+

zdz
,
r

(A.5)

where k = kµ dxµ , s(D) = (D − 2)/2, and Xi , Yi denote subsets of the coordinates that
specify the rotation planes; they will be specified explicitly below. The index i runs from
1 . . . (D − 2)/2, and corresponds to the number of possible rotation planes, in such a way
that a non-vanishing ai adds rotation on the axis orthogonal to (Xi , Yi ). We explicitly
display the sum over i to emphasise that there is no extra summation of repeated indices.
The quantity denoted by r is not an independent coordinate, but can be expressed in terms
of the Xi , Yi by means of the condition kµ kν η µν = 0. In order to implement the modified
cartoon method in D = 6, we choose ai = (a, 0), Xi = (x, w1 ), Yi = (y, w2 ) with w1 , w2
being isometric directions. This gives the BH rotation along the z-axis. Finally, we use a
translation (x0 , y 0 ) = (x − x0 , y − y0 ) and a Lorentz boost along x,
t00 = tcη + x0 sη ,

x00 = −tsη + x0 cη

(A.6)

with cη = cosh η, sη = sinh η and cosh η = (1 − v 2 )−1/2 .
For odd D, we have eqs. (A.2)–(A.4) along with
s(D)

k = dt +

X {r(Xi dXi + Yi dYi ) + ai (Xi dYi − Xi dYi )}

r2 + a2i

i=1

(A.7)

and now the number of rotation planes is s(D) = (D − 1)/2. To implement the cartoon method in D = 7, we choose ai = (a, 0, 0), and Xi = (x, z, w1 ), Yi = (y, w2 , w3 ),
where (w1 , w2 , w3 ) parametrize the isometric directions. This gives the BH rotation along
the z-axis.
The mass and angular momentum for a single spinning BH are given by
M=

(D − 2)ΩD−2
µ,
16πG

J=

2
Ma ,
(D − 2)

(A.8)

where
ΩD−2 =

2π (D−1)/2
.
Γ[(D − 1)/2]
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k = dt +

(A.4)

(r + ai )

B

Gravitational waves in 7D

To extract the gravitational waves in higher dimensions, we have to project the matrix of
Weyl scalars Ω0(A)(B) computed on a certain orthonormal basis onto the basis of spherical
(A)(B)

harmonics Y`...

according to [39]:
Ω0`...

= lim r
r→∞

(D−2)/2

Z

(A)(B) ∗

dΩ(n) Y`...

Ω0(A)(B) .

(B.1)

where dΩ2(3) is the metric on the unit S 3 .4 As shown in ref. [21], due to the symmetries
of the spacetime, the gravitational wave signal is contained in the scalar derived tensor
harmonics. Given the form of the metric (B.2), a convenient basis for the scalar harmonics
on the S 5 is
Y`5 ,m,`3 ,... = N ei mφ (sin χ)|m| (cos χ)`3 Y`3 ...


(B.3)
× 2 F1 `3 + |m| − k, k + 32 , `3 + 22 ; cos2 χ ,
where 2 F1 is a hypergeometric function, N is a normalization factor, k is a non-negative
integer and Y`3 ... are the scalar harmonics on the S 3 , so that ∆S 3 Y`3 ... = −`3 (`3 + 2)Y `3 ... ;
the dots in Y`3 ... denote the remaining labels for the quantum numbers of the harmonics.
Regularity of the harmonics implies
`5 = 2 k − (`3 + |m|) .

(B.4)

Since the spacetimes that we consider in this paper preserve a round S 3 inside the S 5 ,
to extract the gravitational waves we only need to consider harmonics on the S 5 that also
preserve a round S 3 . Therefore, from now on, in (B.3) we will consider harmonics with
`3 = 0 and hence we can uniquely label them with only two quantum numbers, (`5 , m).
4

In this appendix we use χ to denote the polar angle on the S 5 ; it should not be confused with the
conformal factor of the induced metric on the spacelike hypersurfaces.
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Here ` . . . denotes the set of quantum numbers of the spherical harmonics and dΩ(n) is the
volume element of the n-sphere; in our case, in 7D ` . . . = (`5 , m) and in 6D, ` . . . = (`4 , m).
As is customary in numerical relativity, in order to carry out the gravitational wave
extraction, we have used a finite computational domain of size L = 256, adding up to
eleven levels in order to achieve equal resolutions at the horizons of the BHs as compared
to the runs with L = 64. We have extracted the waves at radii R = 25.0, 27.5, 30.0 and
observed the expected linear behaviour: all three wave forms match in all channels after
the corresponding time shifts.
We now describe our basis for the tensor spherical harmonics on the S 5 . The relevant
tensor harmonics on the S 4 needed for the analogous computation of the gravitational
waves in the 6D collisions can be found in ref. [21].
It is convenient to write the metric on the S 5 at infinity such that it has a manifest
SO(4) symmetry and one of its U(1)’s is aligned with the U(1) on the rotation plane of the
incoming MP BHs:
ds2 = dχ2 + sin2 χ dφ2 + cos2 χ dΩ2(3) ,
(B.2)

Scalar derived traceless tensor harmonics on the n-sphere can be constructed from the
scalar harmonics by5
√

S`abn ,...,`1

n
=p
(n − 1)(`n − 1)(`n + n)
×

∇a S`bn ,...,`1

+

p

`n (`n + n − 1)
gab S`n ,...,`1
n

(B.5)

!

,

where Sa`n ,...,`1 ≡ √

is the metric on
harmonics are suitably normalized:
Z

`0 ,...,`01

Sn

`n ,...,`1
g ac g bd Sab
Scdn

= δ`n `0n ...`1 `01 .

(B.6)

To do the extraction, we need to compute the tensor harmonics on the S 5 in a certain
basis of angular vectors. For the metric in (B.2), we choose the obvious basis,
m(1) =

∂
,
∂χ

m(2) =

1 ∂
,
sin χ ∂φ

m(i) =

1
m̂ ,
cos χ (i)

(B.7)

where m̂(i) , i = 1, 2, 3 are a basis of angular (unit) vectors on the S 3 .
After these preliminaries, we are now ready to list the non-vanishing components of the
scalar derived tensor harmonics on the S 5 that we have used to extract the gravitational
waves:
• (`5 , m) = (2, 0):

3
2 cos(2χ) + 1 ,
70
r

1
3
= − 3/2
cos2 (χ) − 4 ,
70
π
r

δij
3
= − 3/2
cos(2χ) + 3 .
70
2π

(B.8)



1
e2iφ 2 cos(2χ) + 3 ,
3/2
70π
r
i
5 2iφ
= 3/2
e cos(χ) ,
14
π


1
=− √
e2iφ cos(2χ) + 9 ,
3/2
2 70π
δij
=√
e2iφ sin2 (χ) .
70π 3/2

(B.9)

(2,0)
S11
(2,0)

S22

(2,0)

Sij
• (`5 , m) = (2, 2):

(2,2)

S11

(2,2)

S12

(2,2)

S22

(2,2)

Sij

=

1

r

π 3/2

=√

5

There is a typo in the analogous formula for the scalar derived tensor harmonics in [21], which we
correct here.

– 19 –

JHEP03(2022)111

1
∇a S `n ,...,`1 are the scalar derived vector harmonics, and gab
`n (`n +n−1)
the unit S n . The coefficients are chosen so that the scalar derived tensor

• (`5 , m) = (4, 0):
(4,0)

S11

(4,0)

S22

(4,0)

Sij



1
=− √
cos(2χ) + 5 cos(4χ) − 2 ,
3/2
2 10π


1
= √
− 24 cos(2χ) + 5 cos(4χ) + 3 ,
3/2
8 10π


δij
= √
28 cos(2χ) + 15 cos(4χ) − 11 .
3/2
24 10π

(B.10)



1
= − √ 3/2 e2iφ 2 cos(2χ) + 5 cos(4χ) − 2 ,
4 5π
√

i 5 2iφ 
=
e
cos(χ) − 5 cos(3χ) ,
3/2
16π


1
= √ 3/2 e2iφ 2 cos(2χ) + 5 cos(4χ) + 13 ,
16 5π


δij
= − √ 3/2 e2iφ sin2 (χ) 5 cos(2χ) + 6
4 5π

(B.11)



1
= √ 3/2 e4iφ sin2 (χ) 2 cos(2χ) + 3 ,
2 2π
5i
= √ 3/2 e4iφ sin2 (χ) cos(χ) ,
2 2π


1
= − √ 3/2 e4iφ sin2 (χ) cos(2χ) + 9 ,
4 2π
1
= √ 3/2 e4iφ sin4 (χ) .
2 2π

(B.12)

• (`5 , m) = (4, 2):

(4,2)

S12

(4,2)

S22

(4,2)

Sij
• (`5 , m) = (4, 4):

(4,4)

S11

(4,4)

S12

(4,4)
S22
(4,4)

Sij

The harmonics with negative m can be obtained from the ones listed above by complex
conjugation.
Finally, to do the extraction we compute the components of the matrix of Weyl scalars
0
Ω(A)(B) in a certain orthonormal basis. We construct the latter starting from
m(1) = x ∂x + y ∂y + z ∂z ,
m(2) = x z ∂x + y z ∂y − (x2 + y 2 ) ∂z ,

(B.13)

m(3) = −y ∂x + x ∂y ,
and carrying out a standard Gram-Schmidt orthonormalization.6 The unit vectors on the
transverse sphere direction are simply given by
m(î) = √

1
∂w .
γww i

(B.14)

One can show that, asymptotically, the angular basis vectors obtained from (B.13) are
aligned with (B.7).
6

Note that this basis differs from the one used in [21]. The reason is explained below.
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(4,2)

S11

C

Radiation peak due to separation

In order to elucidate the origin of the second peak that we observe in the pattern on
gravitational radiation, we consider a simple model for a higher dimensional binary and
use the quadrupole formula of [44, 45]. For simplicity we concentrate on the case D = 6;
we expect other higher dimensional settings to behave similarly. The quadrupole formula
for even D can be written as [44]
"

2

#

.

(C.1)

where the prefactor is given by
P (D) =

22−D (D − 3)D
π

D−5
2

Γ

h

D−1
2

i

(D2 − 1) (D − 2)

G,

(C.2)

and
M ij =

Z

dD−1 x T 00 (t, x)xi xj .

(C.3)

In addition, [23] provided an expression for the emission of angular momentum in even
dimensions, which in our case reduces to
D+2
D
dJ ij
4(D2 − 1)
=
P (D) ∂t 2 Q[i k ∂t2 Qj] k ,
dt
D+2





(C.4)

where
Qij = M ij −

1
δij Mkk .
D−1

(C.5)

In order to evaluate these expressions, we make the assumption that the energy distribution T 00 is simply a delta function with support on two point particles that follow a
trajectory on a two-dimensional plane. We parametrize the trajectory in polar coordinates
x1 (t) = ρ(t) cos θ(t), x2 (t) = ρ(t) sin θ(t). For concreteness, we consider a circular binary
which slows down and separates along a straight line. This captures some of the qualitative
features we observe in our simulations after merger. We show the profiles we have chosen
for ρ and θ in figure 11 (top) while the obtained pattern for energy and angular momentum loss is depicted on figure 11 (bottom). At early times we observe a sinusoidal pattern
for energy radiation characteristic of a circular binary. Interestingly, the later slow down
and separation leads to a relatively sharp peak, which resembles the second radiation peak
we observe in figure 8. We also observe that the radiated angular momentum follows the
pattern of the radiated energy averaged over the orbits.
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D+2
D+2
D+2
dE
= P (D) (D − 1)∂t 2 Mij (t)∂t 2 Mij (t) − ∂t 2 Mii (t)
dt

D

Radiated energy and angular momentum

We approximate the total initial and final mass and angular momentum according to
Mi = 2γi mi ,

(D.1)

Mf = 2γf mf + mcentral + 2mstring ,

(D.2)



J i = γ i mi b i v i + 2

2
ai ,
D−2


(D.3)

2
J f = γ f mf b f v f +
mcentral acentral .
D−2




(D.4)

Here mi is the mass of the BHs in the initial state, with velocities vi , spins ai and impact
parameter bi — defined as the distance between the center of the BHs and the plane along
which the binary is reflection symmetric, i.e. bi = y0 in the notation of the main text –,
mf is the mass of the BHs at the extremes of the final dumbbell, which have velocities vf
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Figure 11. Top: trajectory for a binary which starts in a circular orbit and experiences a slow down
and separation. (Bottom): energy and angular momentum loss as computed from the quadrupole
formulae (C.1), (C.4) in 6D.

and impact parameter bf (we have checked that they do not have intrinsic spin), mcentral ,
acentral are the mass and spin of the central BH, and mstring is the mass of each of the
strings joining the central and outer BHs.
We assume the BHs and strings involved in this calculation to be stationary, in which
case we can compute their properties from eq. (A.8) and (we set G = 1 henceforth)
Mstring =

(D − 2)ΩD−2
r+ L .
16πG

(D.5)

The initial parameters are given by (recall µ = 1),
vi = 0.5,

bi = 2.2,

ai = 0.7 .

(D.6)

For the final parameters, we can measure vf and bf by tracking the position of the outgoing
blobs, and extracting the metric components in the region of the corresponding blobs.
We find
vf ≈ 0.3,

bf ≈ 4.26 .

(D.7)

We see that the outgoing BHs do not rotate, so they can be approximated Schwarzschild
BHs. Their mass is then given by
mf ≈ 3.1 .

(D.8)

The mass and rotation parameter of the central blob can be estimated by computing
Ω = β φ ≈ 1.5, gφφ ≈ 0.25 and comparing this with the values for a MP BH. We obtain
mcentral ≈ 0.07,

J ≈ 0.009,

acentral ≈ 0.32 .

(D.9)

Collecting these results, we obtain
Mi ≈ 7.1, Ji ≈ 5.9,

Mf ≈ 6.6, Jf ≈ 4.2 .

(D.10)

Assuming that there could be an uncertainty of 10% in the values of mf , vf and bf , we
+19
obtain that about 8+10
−10 % of the total mass-energy and 30−25 % of the angular momentum
are radiated.

E

Numerical tests

In all of our simulations, we ensure that the region contained within the χ = 0.6 contour
is covered by at least 40 grid points. Unacceptably large constraint violations due to
insufficient resolution lead to unphysical effects, such as a rapid swelling of the horizon.
In view of the very high computational resources needed for the simulations presented
in this work (about 2M CPU hours per run), a standard convergence analysis with two
additional simulations at higher resolution is prohibitively costly. In order to achieve a
practical convergence study, we apply two steps that greatly reduce the expenses. First,
we consider a quantity whose continuum limit is already known, namely the Hamiltonian
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mi = 3.1,
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constraint. This reduces the number of required resolutions from three to two. Second,
instead of repeating the entire simulation, we use the fact that the code dynamically adds
resolution in the critical regions by adding extra refinement levels. More specifically, we
have performed the later stages of the 6D-A simulation twice. In one case, the code adds,
as instructed by the tagging criterion, an additional refinement level, the 9th level, that
covers the black string region and the satellites. In the second case, we have disallowed
the code from adding this level and instead let the simulation continue from its previous
checkpoint with a mere 8 refinement levels. These two instances of our simulation enable
us to analyse the dependence of the Hamiltonian constraint on resolution in the vicinity of
the high curvature region. We note in this context that the constraint violations rapidly
decrease in the outer regions of our computational domain, as expected from the rapid
fall-off of gravity in higher-dimensional spacetimes.
In figure 12, we show the Hamiltonian constraint for the 6D-A simulation in the xy
plane at t = 22. For better image quality, we display only the upper left half of the string
in the left column of this figure; the lower right half is obtained from reflection across each
panel’s bottom right corner. Let us first compare the upper and center panels which are
obtained using 8 and 9 levels, respectively. We clearly see that the string shaped region
of large constraint violations is thicker for the lower resolution in the upper panel. The
resulting larger constraint violations also extend into the outer regions as visible in the form
of the cloud like structure surrounding the string, especially in the upper half. Both these
effects are visibly reduced by the higher resolution around the string in the center panel,
although at a small price: the additional refinement boundaries introduce some numerical
noise visible in the form of the rectangular structures in the center panel.
In order to obtain a rough estimate of the convergence order, we show in the bottom
left panel of figure 12 the higher resolution result amplified by a factor Q2 = 4 as expected
for second-order convergence, which is the dominant discretization order in the prologation
operation. This amplification roughly widens the region of larger constraint violations in
the bottom panel to a level comparable to the top panel. Note that we only expect this
convergence in the immediate vicinity of the string, where extra refinement is present in
the center and bottom panels.
In order to obtain a clearer illustration of the rate of convergence, we show in the right
column of figure 12 the same result but now for a small region around the string, where we
are now also able to display the grid structure. Again, the effect of the additional resolution
near the string in the lower two panels is clearly perceptible. The comparable width of the
string in the top and bottom panel furthermore indicates convergence commensurate with
2nd order around the string.

JHEP03(2022)111
Figure 12. Left column: the Hamiltonian constraint for the 6D-A simulation in the xy plane
at t = 22. The upper panel shows the constraint obtained using 8 refinement levels only. The
constraint with an additional 9th level is shown in the center panel and, amplified by a factor
Q2 = 4 for second-order convergence, in the bottom panel. Right column: a zoom-in of each of the
left panels shows the constraint in a smaller region around the string. Here, we also display the
grid structure in the form of a gray mesh.
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