The leap to ordinal: functional prognosis after traumatic brain injury using artificial intelligence

S3 Appendix: Detailed explanation of ordinal model
performance and calibration metrics
In this appendix, we will describe each of our selected testing set discrimination,
classification, and calibration metrics in mathematical and interpretive detail. Much of this
information has already been published by Van Calster et al [1] and Austin et al [2], but
we summarise and adapt it here for the ease of the reader. For each of the metrics, we
derive the no information value (NIV), which corresponds to the metric value a model
would theoretically achieve in the absence of predictive information, and the ideal, full
information value (FIV).

Discrimination performance metrics
First, as a reference, let us define the dichotomous c-index, also known as the area under
the receiver operating characteristic curve (AUC). Let us first assume a dichotomous
prediction problem, in which there are 𝑁! patients with outcome 1 and 𝑁" patients with
outcome 2. For a patient of outcome 1, let us denote the predicted probability of outcome
1 as 𝑝!,$! , where 𝑛! ∈ ⟦1, 𝑁! ⟧. Likewise, for a patient of outcome 2, let us denote the
predicted probability of outcome 1 as 𝑝!,$" , where 𝑛" ∈ ⟦1, 𝑁" ⟧. The dichotomous c-index
is then defined as:
'!
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where 𝐼%!,$! &%!,$" is an indicator variable defined by:
1 if 𝑝!,$! > 𝑝!,$" ;
𝐼%!,$! &%!,$" = .0.5 if 𝑝!,$! = 𝑝!,$" ;
0 otherwise.
Thus, the dichotomous c-index can be interpreted as the probability that a model correctly
separates 2 patients of different outcome. The dichotomous c-index is the most widely
used discrimination metric for binary outcome prediction; however, there is no trivial
extension for ordinal outcome prediction [3]. In this appendix, we explore the extensions
used for our study.

Ordinal c-index (ORC)
The ordinal c-index (ORC), developed by Van Calster et al [1], is the primary metric of
model discrimination performance in our study. Consider a set of 7 randomly chosen
patients, each of one of the GOSE scores in our study, such that each patient is
represented by 𝑛) where 𝑜 ∈ {1,2 or 3, 4,5,6,7,8}. Now suppose an ordinal GOSE
prediction model, such as one of those presented in Fig 1A, receives this set of patients
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and is tasked with ranking the patients in order of predicted functional outcome. Let
Pr ($% )(𝐺𝑂𝑆𝐸 > 𝑡) represent the predicted probability, returned by our model, at threshold
𝑡 ∈ {1,3,4,5,6,7} for patient 𝑛) ∈ {𝑛! , 𝑛" -. / , 𝑛0 , 𝑛1 , 𝑛2 , 𝑛3 , 𝑛4 } in our set. One way the model
could achieve this ranking is to start with the lowest threshold (𝐺𝑂𝑆𝐸 > 1), select the
patient with the lowest probability at this threshold (i.e., argmin Pr ($% ) (𝐺𝑂𝑆𝐸 > 1)), set that
$%

patient aside as the lowest ranked patient, move on to the subsequent threshold (𝐺𝑂𝑆𝐸 >
3), repeat this process for the remaining patients, and repeat at subsequent thresholds
until a single patient remains for the highest rank. The ideal predicted ranking would be
𝑛! < 𝑛" -. / < 𝑛0 < 𝑛1 < 𝑛2 < 𝑛3 < 𝑛4 . The primary rationale behind ORC is to calculate
the average proportional “closeness” between the model-predicted ranking and this ideal
ranking. To achieve a mathematical definition for closeness, the developers of ORC
considered a scenario: suppose the model-predicted ranking of the given set is: 𝑛! <
𝑛0 < 𝑛1 < 𝑛" -. / < 𝑛2 < 𝑛4 < 𝑛3 . From this predicted ranking, we would require at least
3 pairwise switching steps to achieve the target rank. For example:
•
•
•

Step 1: switch 𝑛0 and 𝑛" -. / . Result: 𝑛! < 𝑛" -. / < 𝑛1 < 𝑛0 < 𝑛2 < 𝑛4 < 𝑛3
Step 2: switch 𝑛1 and 𝑛0 . Result: 𝑛! < 𝑛" -. / < 𝑛0 < 𝑛1 < 𝑛2 < 𝑛4 < 𝑛3
Step 3: switch 𝑛4 and 𝑛3 . Result: 𝑛! < 𝑛" -. / < 𝑛0 < 𝑛1 < 𝑛2 < 𝑛3 < 𝑛4

Let us define S as the number of necessary pairwise switching steps (i.e., the number of
incorrect pairwise orderings) to reach the ideal ranking. Trivially, the ideal S (𝑆567 ) is 0.
In the worst possible scenario, in which the predicted ranking is a complete reversal of
the ideal ranking (i.e., 𝑛4 < 𝑛3 < 𝑛2 < 𝑛1 < 𝑛0 < 𝑛" -. / < 𝑛! ), one would require the
maximum number of unique pairwise switching steps possible to achieve the ideal
ranking. Since we have 7 possible outcome categories, this is equivalent to 𝑆89: = S3"T =
21. In the case of a tie, we add 0.5 to S. The definition of the proportion of closeness,
denoted as 𝐶, between the model-predicted ranking and the ideal ranking for a given set
is thus:
𝐶 =1−

𝑆
𝑆89:

=1−

𝑆
21

In the example provided above, where 𝑆 = 3, the proportional closeness between the
/
predicted ranking and the ideal ranking is 𝐶 = 1 − "! ≈ 0.86. Thus, to define ORC as the
average proportional closeness in ranking over all possible sets,
'!
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where 𝑁) ∀ 𝑜 ∈ {1,2 or 3, 4,5,6,7,8} denotes the number of patients of GOSE score 𝑜, and
𝐶$! $" '( ) $* $+ $, $- $. denotes the proportional closeness of the model ranking to the ideal
ranking for patient set {𝑛! , 𝑛" -. / , 𝑛0 , 𝑛1 , 𝑛2 , 𝑛3 , 𝑛4 }. Furthermore, if we simplify this formula:
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which is equivalent to the unweighted average of all pairwise c-indices. Therefore,
another interpretation of ORC is the probability of a model correctly separating 2 randomly
selected patients of 2 randomly selected GOSE scores. Moreover, since the NIV of the
c-index is 0.5 for random guessing and the FIV is 1, we know that ORC shares the same
feasible range of values: NIVORC = 0.5 and FIVORC = 1. Finally, if there were only 2 possible
ordinal outcome categories, we observe that ORC collapses into the dichotomous cindex.
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The ORC is independent of the prevalence of each GOSE score in the dataset, as each
possible set of patients is equally weighted regardless of frequency.

Somers’ Dxy
The generalised c-index, described by Harrell et al [4,5], is defined as the proportion of
possible pairs of patients of different functional outcomes in the entire study population
which the model correctly discriminates. A pair of patients of different outcomes is defined
as a comparable pair and a pair of patients of different outcomes that is correctly
discriminated is defined as a concordant pair. Let 𝑁 >)8% denote the total number of
comparable pairs in the study set and let 𝑁 >)$> denote the total number of concordant
pairs in the study set. Thus, the generalised c-index is defined as:
Generalised 𝑐 − index =

𝑁 >)$>
𝑁 >)8%

Upon simplification,
=

=

=
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∑3<(! ∑4;(<=! 𝑁< 𝑁; 𝑐<;
∑3<(! ∑4;(<=! 𝑁< 𝑁;

we find that the generalised c-index is equivalent to a prevalence-weighted average of
pairwise c-indices. Therefore, the generalised c-index shares the same feasible range of
values as the dichotomous c-index: NIVGeneralised c-index = 0.5 and FIVGeneralised c-index = 1.
However, in contrast to ORC, generalised c-index is dependent on the prevalence of
GOSE scores in the patient set.
Somers’ Dxy [6,7] is defined as the proportion of the difference between the number of
concordant pairs and the number of discordant pairs to the total number of comparable
pairs:
𝐒𝐨𝐦𝐞𝐫𝐬’ 𝑫𝒙𝒚 =

𝑁 >)$> − 𝑁 A<B>)CA
𝑁 >)8%

Upon simplification,
𝑁 >)$> − (𝑁 >)8% − 𝑁 >)$> )
=
𝑁 >)8%
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=

2𝑁 >)$> − 𝑁 >)8%
𝑁 >)8%

𝑁 >)$>
= 2 >)8% − 1
𝑁
= 2(Generalised 𝑐 − index) − 1
we observe the relationship between Somers’ Dxy and the generalised c-index. Therefore,
the feasible range of Somers’ Dxy is: NIVSomers’ Dxy = 2(0.5) – 1 = 0 and FIVSomers’ Dxy =
2(1) – 1 = 1. Moreover, Somers’ Dxy is also dependent on the prevalence of GOSE scores
in the patient set. Somers’ Dxy can also be interpreted as the proportion of ordinal variation
in the outcome that can be explained by the variation in model output.

Threshold-level dichotomous c-index
The threshold-level dichotomous c-indices represent the probability of the model correctly
discriminating 2 randomly selected patients, one on each side of the threshold of
functional recovery. The average of the threshold-level c-indices across the 6 possible
GOSE thresholds represents the probability of the model correctly discriminating 2
patients, one on each side of a randomly selected GOSE threshold. The average
threshold-level dichotomous c-index is also a prevalence-weighted form of the pairwise
c-index, though weighting is not perfectly aligned with prevalence as with the generalised
c-index [1]. The feasible range of dichotomous c-indices are: NIVDichotomous c-index = 0.5 to
FIVDichotomous c-index = 1.

Probability calibration metrics
Threshold-level calibration slope
Let 𝑌 ∈ {0,1} designate the true outcome at a threshold of GOSE and let 𝑝%CDA ∈ [0,1]
designate the predicted probability value returned by a model at this threshold. The
logistic recalibration framework [8] fits the following model from the testing set predictions:
logit(𝑌) = 𝛽E + 𝛽! logit(𝑝%CDA ). 𝛽! represents the calibration slope [9]. When 𝛽E = 0 and
𝛽! = 1, the model is calibrated. When 𝛽! < 1, the model is overfitted and returns too
extreme values: higher 𝑝%CDA are overestimated while lower 𝑝%CDA are underestimated.
When 𝛽! > 1, the model is underfitted and the converse is true. We do not focus on 𝛽E in
our study because, in the setting of cross-validation, 𝛽E is not relevant [10].

Threshold-level Integrated calibration index (ICI)
On the threshold-level probabilities and threshold-level outcomes of the testing set
predictions, we fit a locally weighted scatterplot smoothing (LOWESS) function [11] to
return the observed probability at each predicted probability value [12]. The range of
corresponding observed probability for each predicted probability is visualised in a
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smoothed probability calibration plot (Fig 3B). Let 𝑝%CDA ∈ [0,1] denote a predicted
probability value and 𝑝)FB (𝑝%CDA ) ∈ [0,1] denote the corresponding observed probability
value. Then, the calibration error function, denoted as 𝐸>9G<FC9H<)$ , is defined as:
𝑬𝒄𝒂𝒍𝒊𝒃𝒓𝒂𝒕𝒊𝒐𝒏 (𝒑𝒑𝒓𝒆𝒅 ) = u𝑝)FB (𝑝%CDA ) − 𝑝%CDA u.
The integrated calibration index (ICI) corresponds to the mean calibration error [2]. Since
the ideal calibration error is 0, the FIVICI is trivially 0. However, the calculation of the NIV
varies based on the outcome distribution at each threshold.
Consider the case of random guessing during prediction at a given threshold. This implies
that the model returns predicted probabilities uniformly from 0 to 1, regardless of any
patient information (S3A.1 Fig). Therefore, the corresponding observed probability at
each predicted probability value equals 𝜋9F)UD , the proportion of patients above the given
threshold (S3A.1 Fig). In other words, there is no association between predicted and
observed probabilities, and the model is completely uncalibrated.

S3A.1 Fig. Example of a probability calibration curve for a random-guessing prediction
model at a given threshold of GOSE. The histogram (200 uniform bins), centred at the
horizontal line in the bottom quarter, displays the uniform distribution of predicted probabilities for
a random guessing model. This plot assumes that the proportion of patients above the threshold
(𝜋!"#$% ) is 0.8.

From the probability calibration curve (S3A.1 Fig), we derive a graphical representation
of the probability density function of 𝐸>9G<FC9H<)$ in S3A.2 Fig. This corresponds to an
asymmetrical (if 𝜋9F)UD ≠ 0.5) distribution with density 2 up to 𝐸>9G<FC9H<)$ =
min {𝜋9F)UD , 1 − 𝜋9F)UD } and then density 1 from 𝐸>9G<FC9H<)$ = min{𝜋9F)UD , 1 − 𝜋9F)UD } to
𝐸>9G<FC9H<)$ = max{𝜋9F)UD , 1 − 𝜋9F)UD } (S3A.2 Fig).
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S3A.2 Fig. Example of probability density of calibration error for a random-guessing
prediction model at a given threshold of GOSE. This plot assumes that the proportion of
patients above the threshold (𝜋!"#$% ) is 0.8.

ICI is equivalent to the integral of the calibration error function over all returned probability
prediction values:
𝑰𝑪𝑰 =

1
maxy𝑝%CDA z − min{𝑝%CDA }

5WXY%1234 Z

{

567{%1234 }

𝑓V1234 S𝑝%CDA T 𝐸>9G<FC9H<)$ S𝑝%CDA T 𝑑𝑝%CDA

where 𝑓V1234 S𝑝%CDA T represents the probability density function over 𝑝%CDA values. For the
random-guessing model, we determined that 𝑝)FB is constant, i.e., 𝑝)FB S𝑝%CDA T =
𝜋9F)UD ∀ 𝑝%CDA ∈ [0,1] at each threshold. Moreover, 𝑝%CDA is distributed uniformly from 0 to
1. Therefore:
!

𝑵𝑰𝑽𝑰𝑪𝑰 = { 𝐸>9G<FC9H<)$ S𝑝%CDA T 𝑑𝑝%CDA
E

!

= { u𝜋9F)UD − 𝑝%CDA u 𝑑𝑝%CDA
E

={

_56%73

E

!

S𝜋9F)UD − 𝑝%CDA T 𝑑𝑝%CDA + {

_56%73

S𝑝%CDA − 𝜋9F)UD T 𝑑𝑝%CDA

1 "
1
= 𝜋9F)UD
+ (1 − 𝜋9F)UD )"
2
2
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"
= 𝜋9F)UD
− 𝜋9F)UD +

1
2

A graphical representation of cumulative distribution up to the NIVICI for our example is
provided in S3A.3 Fig.

S3A.3 Fig. Example of cumulative probability density up to ICI for a random-guessing
prediction model at a given threshold of GOSE. This plot assumes that the proportion of
patients above the threshold (𝜋!"#$% ) is 0.8. The ICI equals 0.34 in calibration error.
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