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We analyze biased ensembles of trajectories for a two-dimensional system of particles, evolving by Langevin
dynamics in a channel geometry. This bias controls the degree of particle clustering. On biasing to large
clustering, we observe a dynamical phase transition where the particles break symmetry and accumulate at one of
the walls. We analyze the mechanical properties of this symmetry-broken state using the Irving-Kirkwood stress
tensor. The biased ensemble is characterized by body forces that originate in random thermal noises, but they
have finite averages in the presence of the bias. We discuss the connection of these forces to Doob’s transform
and optimal control theory.
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I. INTRODUCTION

Large deviation theory [1–3] is now an established tool for
analyzing dynamical fluctuations and rare events in physical
systems. Fluctuation theorems and thermodynamic uncertainty relations are naturally formulated in this way [4–6], as
are theories of fluctuating hydrodynamics [7–9]. Large deviations of time-integrated quantities have provided insight into
glassy dynamics [10–12], sheared systems [13–15], active
matter [16–22], and other model systems [23–28]. The theory
applies to rare events where a physical observable undergoes
a significant fluctuation that is sustained over a very long
time period. Also, the mechanisms for these events can be
characterized by considering biased ensembles of trajectories
[29–31], whose construction is inspired by the canonical ensemble of equilibrium statistical mechanics.
Biased ensembles may support dynamical phase transitions
[10,23–26], often associated with spontaneous symmetry
breaking. The properties of biased ensembles can also be reproduced as the typical dynamics of auxiliary systems, where
suitable control forces are added [31–34]: these are sometimes called Doob forces because of theoretical connections to
Doob’s h-transform [32,34]. Characterization of such forces
is helpful for extracting physical insight from large-deviation
computations [19–21], and for numerical methods [22,35–
39].
In this work, we use numerical simulations to analyze a
dynamical phase transition in a system of interacting particles,
moving in a two-dimensional channel. The particles follow
Langevin dynamics (with inertia); the ensembles are biased
by a measurement of particle clustering, which plays a similar

role to the dynamical activity considered in previous work
[11,28,40]. On biasing to large clustering, the system undergoes a dynamical phase transition and spontaneously breaks
symmetry, leading to an increased density near one of the
walls of the channel.
In contrast to exclusion processes and other lattice models,
this system can be analyzed at a mechanical level, including
the interparticle forces and the local stress tensor [41]. We
exploit this approach to gain physical insight into the phase
transition. In the symmetry-broken state, we find a stress
gradient that extends into the bulk of the system; this must be
balanced by a suitable body force to sustain the asymmetric
density. We show that this force comes from thermal noise
forces, which develop nonzero average values in response to
the bias. Physically, this shows that large deviation events
with increased clustering involve nontypical instances of the
thermal noise forces, which push particles towards the walls of
the channel, where they become localized. This result reveals
the physical origin of the Doob forces, and it also provides a
way to measure them directly, which is not possible with standard methods. We emphasize that our analysis follows directly
from the (Newtonian) equations of motion: this mechanical
perspective should therefore be applicable to a broad array of
rare events and large deviations.
In the following, we define the model and relevant observables in Sec. II. Results are presented in Sec. III, including the
existence of the dynamical phase transition, the behavior of
the stress, and the connection to fluctuating hydrodynamics.
We conclude in Sec. IV by summarizing the consequences of
these results, and their relevance for future work.

II. MODEL AND METHODS
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A. System

We consider N particles with mass m and diameter l0 ,
interacting by a Weeks-Chandler-Andersen (WCA) potential
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[42] of strength , in a box of size Lx × L. It has periodic
boundaries in the y-direction, and walls at x = 0, Lx .
Particle i has position ri = (xi , yi ) and momentum pi =
mṙi . Its equation of motion is

ṗi = −∇iUint − x̂Vw (xi ) − γ pi + 2γ mT ηi ,
(1)
where Uint and Vw are the potential energies for particleparticle and particle-wall interactions, respectively (see below); also x̂ is a unit vector in the x-direction, γ is the
frictional damping rate, T is the temperature, and the ηi are
independent unit white noises with ηiμ ηνj  = δi j δ μν δ(t − t  ),
where Greek indices indicate Cartesian components. To maintain a compact notation, T denotes the thermal energy, which
is T = kB Tph , where Tph is the physical temperature and kB is
Boltzmann’s constant. It is also common to use γ to denote a
friction constant: our frictional damping force is mγ ṙi , so the
friction constant is mγ in our notation.
The interaction potential between particle i and the walls is
of truncated Lennard-Jones type:





 l0 12  l0 6




Vw (xi ) = 4 
−
+α
xi − xw 
xi − xw 
× (lcut − |xi − xw |),

(2)

where  is the Heaviside function, |xi − xw | is the distance
from the particle to the nearest wall, the cutoff is lcut = 3l0 /2,
and α is chosen to ensure continuity of the potential at the
cutoff (α = 0.080). We take Lx = L + 2 L, where L =
l0 [21/6 − (1/4)] accounts for the excluded volume of the
walls. Specifically, we vary N and L together while fixing the
(dimensionless) particle concentration ρ̄ = Nl02 /L 2 and also
L. This choice ensures that the local particle concentration
remains constant in the bulk of the system (away from the
walls).
The interaction potential between particles i and j is a
WCA potential [42]:

 12  6
l0
l0
1
(lWCA − ri j ), (3)
U (ri j ) = 4
−
+
ri j
ri j
4
where ri j is the distance between the particles, and lWCA =
21/6 l0 is the usual WCA cutoff. Hence the potential energy
associated with these interactions is

Uint =
U (ri j ).
(4)

it is fixed by taking the dimensionless parameter (v0 δt/l0 ) =
0.002.
Throughout this work we take ρ̄ = 0.48, a moderate density where particle interactions are significant, but the system
is not crowded enough to cause slow dynamics or crystallization. We set ˜ = 1 (we expect results to depend weakly
on this parameter) and γ̃ = 10, which corresponds to strong
damping. Previous work on biased ensembles focused on the
overdamped limit. Here we consider finite damping so that
momenta are well-defined; this is convenient for the mechanical analysis. However, for the large γ̃ that we consider, we
expect the physical behavior to be similar to the overdamped
limit. When presenting numerical results, we use nondimensional units in which l0 , m, T are set to unity (so v0 = 1 also).
B. Time-integrated clustering, and biased ensembles

We analyze dynamical trajectories over an observation
time tobs . Our results are controlled by the hydrodynamic behavior of the system, so we define a dimensionless observation
time τobs = tobs /τL , where τL = L 2 /D0 is the hydrodynamic
timescale, in which D0 = T /(mγ ) is the (bare) particle diffusivity. To measure clustering between particles, write ri j =
|ri − r j | and define
⎧
ri j < (lWCA /2),
⎨lWCA /l0 ,
Q(ri j ) = 2(lWCA − ri j )/l0 , (lWCA /2) < ri j < lWCA ,
⎩0,
ri j > lWCA .
(6)
This function interpolates between a value of order unity when
particles i and j are very close, and zero when their distance
exceeds the cutoff distance lWCA . The total clustering within a
trajectory is measured by integrating over time and summing
over all pairs of particles:
C(τobs ) =

D0
L2

γ̃ =

γ l0
,
v0

˜ =


.
T

(5)

The parameter ˜ determines the strength of interactions, while
γ̃ determines how strongly damped is the particle motion.
Since D0 = T /(mγ ), we can also write γ̃ = (l0 v0 /D0 ), so the
damping determines the ratio of the thermal velocity to the
diffusion constant (as usual). The simulation time step is δt;

0



Q(ri j (t ))dt.

(7)

1i< jN

This quantity has been rendered dimensionless through normalization by the hydrodynamic timescale.
We consider biased ensembles of trajectories in which the
average of any observable quantity A is given by
Aλ =

1i< jN

In addition to the dimensionless concentration ρ̄ defined
above and the number of particles N, a natural set of dimensionless control
√ parameters of the system is obtained by
identifying v0 = T /m as the thermal velocity, and rescaling
all variables in terms of l0 , v0 , T . One obtains two dimensionless parameters:

tobs

AeλC(τobs ) 0
,
eλC(τobs ) 0

(8)

where λ is a dimensionless biasing parameter and ·0 represents an average in the equilibrium state of the system. To
understand the physical meaning of the bias, consider the average (dimensionless) clustering per particle in this ensemble:
C(λ) =

1
C(τobs )λ .
Nτobs

(9)

For large τobs , the biased ensembles reproduce the mechanism
for (rare) fluctuations of C(τobs ) [29–31,34]. The value of λ
encodes the size of the fluctuation, according to C(τobs ) ≈
Nτobs C(λ). Positive λ corresponds to increased clustering. The
factor of L 2 in (7) means that λ biases the hydrodynamic
behavior but has a weak effect on individual particle dynamics
[31,40]; see Sec. III D for further details. Comparing with
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FIG. 1. Average (dimensionless) clustering C(λ) for the biased
ensemble for several system sizes. There is a change in behavior at
λ = λc ≈ 450, which corresponds to a dynamical phase transition.
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A. Dynamical phase transition

We use transition path sampling (TPS) [44] to sample these
biased ensembles. We take τobs = 0.252, which is sufficiently
large to reveal the phase transition, as we will see below. As in
[40], we include auxiliary forces in the dynamics to improve
sampling, similar to [36]. Figure 1 illustrates the behavior of
C(λ) as λ is increased from zero for several system sizes, with
fixed ρ̄, τobs . There is a change in behavior for λ = λc ≈ 450,
which becomes increasingly pronounced for larger systems.
This is a dynamical phase transition where symmetry is spontaneously broken (see Fig. 2, discussed below). The large
numerical value of λc is attributable to the small values of
C in the unbiased system; the steepness of the WCA potential
means that particle separations are never much less than lWCA .
Figure 2 illustrates the spontaneous symmetry breaking for
λ > λc : particles accumulate near one wall of the system.
This can be quantified by the average local density, defined
as ρλ (r) = i δ(r − ri )λ . Accumulation at either wall is
equally likely: as in equilibrium phase transitions, it is convenient to break the symmetry in the numerical computation
to obtain a clear signature of the symmetry-broken state. This
is achieved by using asymmetric auxiliary forces in the TPS
method, as discussed in Sec. III C.
The main features of this transition can be explained
within macroscopic fluctuation theory (MFT) [9]. Following
[28,40,45,46], one assumes that the clustering is a function of
the local density, in which case the hydrodynamic behavior
of biased ensembles can be predicted by minimization of
a dynamical action that depends on the density alone. This
indicates that (i) C(λ) should approach a scaling function in
the limit of large system size N (consistent with Fig. 1), and
(ii) the density profile should respond most strongly on the
largest relevant lengthscale, which is the system size. This is
consistent with Fig. 2 (and with Fig. 3, below). See Sec. III D
for additional information on this hydrodynamic analysis.

FIG. 2. Representative snapshots of a system with N = 48 particles. (a) Equilibrium state λ = 0. (b) Biased state λ = 870 with
broken symmetry. The orange shaded regions indicate the range of
the wall potential Vw . (c) Average density in biased ensembles for
N = 24, showing symmetry breaking, and layering of particles at
the left wall. Statistical uncertainties are comparable with linewidths.
Recall that distances are measured throughout in units of the particle
diameter l0 .

B. Stress and force balance

So far, the analysis of this dynamical phase transition
has similar features to previous work on simpler systems
[25,40,45]. We now focus on the mechanical properties of this
biased ensemble, which have not been considered before, to
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III. RESULTS
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FIG. 3. Stress tensor (specifically, − xx
λ ) for the same biased
ensembles as Fig. 2(b) with N = 24. The bias generates a stress
gradient that extends into the bulk. The shading indicates the statistical uncertainties (standard error). See Fig. 5 for similar results
with N = 48. (Consistent with our convention, the unit of stress is
T /l03 in all numerical measurements.)
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our knowledge. We write the equation of motion (1) as
ṗi + ∇iUint = f i ,
where
f i = −x̂Vw (xi ) − γ pi +


2γ mT ηi

C. Optimal-control representation and Doob’s transform

(10)

(11)

is the body force on particle i. These are forces that do
not conserve the total particle momentum P = i pi . [In
fact, Ṗ = i f i , which follows because (∇i + ∇ j )U (rij ) = 0.
Physically: the interparticle forces obey Newton’s Third Law,
so they cannot change the total particle momentum, but the
body forces can inject momentum from the particles’ environment.]
By analogy with ρλ , define the average body-force density
as F λ (r) = i  f i δ(r − ri )λ . Cartesian components of F λ are
denoted by Fλα with α ∈ {x, y}; we use a similar notation for
other vectors and tensors. The biased ensembles of trajectories
that we consider are homogeneous in time, which means that
they must have balanced mechanical forces. Specifically, body
forces must be balanced by stress gradients:

Fλα (r) = −
∇β αβ
(12)
λ (r),
β

where λ is the local stress tensor (a position-dependent 2 × 2
matrix), and ∇β indicates differentiation with respect to r β .
We use the procedure of Irving and Kirkwood [41] to compute
the stress in the biased ensemble; see Appendix A for details.
Within that framework, we emphasize that (12) can be derived
directly from the equations of motion of the system; there is
no assumption that the system will be near-equilibrium, only
that it is stationary. Hence the formalism also applies in the
biased ensemble.
The biased states retain translational invariance along the
y-direction, so (12) reduces to
Fλx (x) = −∇x

xx
λ (x).

(13)

=
For the unbiased dynamics, Eq. (11) implies that
−Vw (x)ρ0 (x). Away from the wall, this quantity vanishes, so
xx
xx
0 is independent of x [by (13)]: in fact, − 0 equals the
pressure of the bulk fluid. This situation is shown in black in
Fig. 3: the stress is constant in the bulk, while body forces
generate gradients near the wall.
The biased ensemble is time-reversal symmetric, which
means that pi δ(r − ri )λ = 0, so the friction term in (11) does
not contribute to the average body force. Hence,

Fλx (x) = −Vw (x)ρλ (x) +
2γ mT ηix δ(x − xi )λ . (14)
F0x (x)

In fact, these body forces are already familiar from theories
of biased ensembles. As described above, the effects of the
bias λ can be reproduced by adding control forces to the equations of motion, leading to an auxiliary model [31,33,34] as in
Doob’s transform. The equation of motion for the auxiliary
model is

ṗi = −∇iUint − x̂Vw (xi ) − γ pi + φi + 2γ mT η̃i , (15)
where φi is a control force on particle i that depends (in
general) on the positions and momenta of all particles in
the system, and η̃i is a white noise with the same statistical
properties as ηi . Denote averages in the unbiased steady state
of this auxiliary model by Aaux . Then the Doob transform
yields [33,34] that
Aλ = Aaux

for a large class of observables A in the limit of large tobs .
The control forces φi depend on λ, so Aaux does too. Note
that the auxiliary model does not capture transient behavior
of the biased ensemble for times t ≈ 0 and t ≈ tobs [30,34].
This restricts the class of observables A to those for which
transient effects have a negligible contribution for large tobs .
All observables considered here are within this class.
In the steady state of the auxiliary model, the φi act as
body forces. The stress tensors of the biased ensemble and
the auxiliary model are equal [by (16)], which means that
their body forces must also be equal [by (12)]. Equating these
forces yields


φi δ(r − ri )aux =
2γ mT ηi δ(r − ri )λ ,
i

(17)

i

where we used that η̃i δ(r − ri )aux = 0. The left-hand side
of (17) is the contribution of the φi to the body force of the
auxiliary model, and the right-hand side is the contribution
of the noise forces to the body force in the biased ensemble.
We denote the left-hand side of (17) by ρλ (r)φave (r), so that
φave (r) is the average control force on a particle at r.
Equation (17) means that the control forces that appear
in Doob’s transform have a mechanical interpretation: they
generate the biased noise forces identified in (14). To infer
the control forces themselves, combine (12), (14), and (17) to
obtain
x
ρλ (x)φave
(x) = Vw (x)ρλ (x) − ∇x

i

For λ > λc , one sees from Fig. 3 that there is a stress gradient
that extends into the bulk of the channel, so Eq. 13 requires
a nonzero body force Fλx there. But Vw = 0 in the bulk,
so a nonzero body force in (14) requires that the averaged
Langevin noises must be nonzero in the biased ensemble. This
result may be counterintuitive: it occurs because the biased
ensemble changes the probabilities of different trajectories, so
it also changes the probabilities of particular realizations of
the thermal forces ηi . This leads to a position-dependent body
force within the biased ensemble. Indeed, some such force
must be present to maintain the asymmetric density profiles
in Fig. 2.

(16)

xx
λ (x).

(18)

That is, the (averaged) control force can be estimated from
measurements of the density ρλ and the stress λ , within the
biased ensemble.
Of course, the Doob force φi may depend on the positions
of all particles, while measuring the stress gradient only gives
the average force φave (r). Equation (17) could be generalized
by adding additional δ functions inside the averages, such that
Doob forces can be related to conditional averages of ηi . However, we concentrate here on the information that is available
from the stress tensor, since this is more easily measured than
the noise forces themselves.
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auxiliary forces amounts to a different set of proposed MC
updates, which does not change the ensemble being sampled
[Eq. (8)], but it may improve the acceptance rate. To verify
that the target ensemble is not affected by the control forces,
we checked that for λ < λc the sampled density profile is
symmetric, even when asymmetric auxiliary forces are used.
For λ > λc , the auxiliary forces still do not affect the sampled
distribution, but they do improve the acceptance rate within
the broken-symmetry state. (Without such forces, the TPS
algorithm tends to propose trajectory updates where the particles move away from the walls. These updates tend to be
rejected, leading to inefficient sampling.)

λ=0
460
500
540
580
620
650
ﬁt

x
FIG. 4. The Doob stress Vλ for the biased ensembles of Fig. 3.
The gradient of this stress corresponds to a force that acts to the left.
The fitted function (for the largest λ) is discussed in the main text.
x
Integrating (18), we express the control force as φave
(x) =
−Vλ (x)/ρλ (x), where we define the Doob stress,

Vλ (x) =

xx
λ (x)

x

−
0

Vw (u)ρλ (u)du.

(19)

This is the part of the stress that originates from the noise
forces. It is estimated numerically
 xin Fig. 4. To approximate
φ, we fit the stress as Vλ (x) ≈ − 0 ρλ (u)φest (u)du, using

−a − bx, lcut < x < Lx − lcut ,
x
(20)
φest (x) =
0
otherwise.
This function is zero near the walls, but negative in the bulk
(corresponding to a force towards the left wall). Close inspection of Fig. 4 shows that the resulting fit to the stress is
not perfect in the regions close to the wall, where layering
takes place. However, it does capture the behavior in bulk,
and hence the hydrodynamic response to the bias.
A sample fit is shown in Fig. 4. Since the stress gradient
occurs on the scale of the system size L, this control force is
of order 1/L. This is another indication of the hydrodynamic
response to the bias, which appears when a large number of
particles each receives a weak bias, leading to a macroscopic
response [31].
The estimated control force φest can be inserted into (15)
as φi = x̂φest (xi ), where x̂ is a unit vector in the x-direction.
This gives an auxiliary model whose density profile is similar
to the biased ensemble—this is not the exact Doob dynamics,
but it can be used within the TPS algorithm to propose new
trajectories that are more likely to be accepted. Using this
method and systematically refining φest greatly improves the
numerical performance of the algorithm, similar to [22,36–
38,40]. Exactly this method was used to obtain the data shown
here—without such control forces, the simulations for larger
systems and larger biases would have been computationally
intractable. In this sense, insights from the mechanical analysis can be exploited to improve numerical methods.
Note that including control forces within TPS does not
change the result of the numerical computation, which always
samples the ensemble defined by (8), as long as tobs is large
enough: this feature was discussed extensively in [36] in the
context of population dynamics algorithms, and also in [40]
for TPS. To understand it, one should think of TPS as a Monte
Carlo (MC) procedure for trajectories of the system. Including

D. Hydrodynamic response in a biased ensemble

We noted in Sec. III A that the field λ biases the hydrodynamic behavior of the system. This section gives some extra
information on this point.
Based on the analogy between biased ensembles and thermodynamics [29–31], it is natural to define a measure of
clustering that is extensive in space and time:
tobs 
Q(tobs ) =
Qi j (ri j (t )) dt.
(21)
0

i< j

Then the definition of the biased ensemble in (8) is

 0

A exp λD
Q(tobs ) 0
L2
 .
Aλ =   λD0
exp L2 Q(tobs ) 0

(22)

In systems without hydrodynamic modes, it would be natural to use a definition similar to (22), but with λD0 /L 2 replaced
by an intensive field that is often denoted by s. Then one would
keep s fixed in a joint limit L, tobs → ∞, which corresponds
to applying a bias of order unity to each particle, even as the
system size tends to infinity.
In the present context, we fix λ as L, tobs → ∞. Hence one
sees from (22) that the intensive field s = λD0 /L 2 is being
reduced as the system size increases. The situation is familiar
in systems with hydrodynamic modes [26,40,45], where weak
biases on many particles can add up coherently to generate
strong responses. This lends a degree of universality to such
behavior, which can be captured by theories like macroscopic
fluctuation theory [9]. Similar mechanisms are at work in the
system considered here.
We sketch the MFT analysis of the transition (following
the analysis of [40] and [28,45] for one-dimensional systems):
Rescale in hydrodynamic units as r̃ = r/L and t˜ = D0t/L 2
and assume that the clustering can be parametrized in terms of
 t˜ 
the local density as Q(t˜obs ) ≈ 0obs q(ρ(r̃, t˜))dr̃ d t˜ for some
“clustering density” q(ρ). Then the MFT action for the biased
ensemble would be


|J˜ + D(ρ)∇ρ|2
˜ =
S[ρ, J]
− λq(ρ) dr̃ d t˜,
(23)
4σ (ρ)
˜
where J˜ is the hydrodynamic current that obeys ∂t˜ρ = −∇˜ · J,
and D, σ are the density-dependent diffusivity and mobility of
MFT. (The effect of the walls would be incorporated through
hard boundaries, after rescaling to the hydrodynamic scale.)
Using time-translation invariance and time-reversal invariance
of the biased ensemble, the time integral can be ignored and
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FIG. 5. Density and stress profiles for N = 24 and 48. The top panels are repeated from Figs. 2 and 3 of the main text. The system sizes
are Lx = 8.82l0 and 11.74l0 (two decimal places).

one has J˜ = 0. Finally, the hydrodynamic density would be
obtained by minimizing the functional


|D(ρ)∇ρ|2
− λq(ρ) dr̃.
(24)
L[ρ] =
4σ (ρ)
In the present context, the functional forms of D, σ, q are not
known, so a quantitative analysis is not possible. However, it is
clear on general grounds that for q > 0, positive λ will drive
the system to an inhomogeneous state, similar to transitions in
other contexts [40,45].
Figure 5 shows results for N = 48, compared with the
corresponding results for N = 24, as already shown in Figs. 2
and 3. Ignoring the layering effects near the walls (which are
nonhydrodynamic in nature), and focusing on lengthscales
of the order of the system size, one sees a semiquantitative
match of the density and stress gradients that develop as a
function of λ. For full consistency with MFT, one would
require that the density and stress would be scaling functions
of x/L, in the limit of large systems N → ∞. In that case, the
stress gradient in bulk would be O(1/L), as discussed in the
main text.
In practice, the systems considered are far from the limit
N → ∞, so microscopic lengthscales also affect the results.
Still, the observed behavior is consistent with the hydrodynamic theory.
IV. OUTLOOK

We summarize the results of this work: These twodimensional systems of interacting particles support a dynamical phase transition, associated with large deviations where
the particles are clustered more than usual. At this transition, a symmetry is spontaneously broken, leading to particle

aggregation at a wall. These transitions are naturally studied
via biased ensembles of trajectories, which we have implemented numerically by TPS. In addition, while some similar
behavior is observed in lattice models [25,45], the fact that this
system follows Newtonian dynamics means that the balance
of mechanical forces can be investigated within the biased ensemble. In particular, the stress tensor of Irving and Kirkwood
[41] can be computed within the biased ensemble, and it yields
useful information, even in systems far from equilibrium.
(This property distinguishes the stress from objects like the
thermodynamic free energy, which is no longer meaningful in
biased ensembles.)
This mechanical analysis shows that if particle motion
depends on the bias parameter λ, this dependence must have
its origin in some underlying forces. These forces appear as
nonzero averages for the Langevin noises ηi , and as control
forces that appear in Doob’s transform. Their presence can
be inferred from the stress tensor. The physical picture is that
the biased ensemble changes the probabilities of trajectories
of the system, which changes the statistical properties of the
noise. In particular, the bias tends to selects noise realizations
that push particles towards one of the walls. This is the cause
of the particle aggregation at the walls, and of the broken
symmetry.
We emphasize that this mechanical perspective is not specific to the system analyzed here; it is valid in any system
in which the stress tensor can be defined. In particular, we
have considered inertial motion, but the same methodology
is applicable in the overdamped limit, so large deviations of
diffusions [34] can be analyzed in the same way. For these
reasons, we hope that this approach will provide new opportunities for understanding large deviations in physical systems,
and for characterizing them numerically.
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where we use (throughout this Appendix, but not in the main
text) the convention of implicit summation of repeated Greek
indices, and the IK stress tensor is
 pμ pν


i i
ˆ μν (r) = 1
r νj − riν h(r; ri , r j )Fiμj −
δ(r − ri )
2 i= j
m
i
(A7)
in which

APPENDIX A: IRVING-KIRKWOOD STRESS

1

h(r; ri , r j ) =

1. Definition, and derivation of (13)

This Appendix reviews the computation of the IK stress
tensor [41]. For a modern presentation, we follow [48] (in
particular, the supplemental material of that work).
As a preliminary for computing the stress, we consider
the particle current. Define the empirical particle density and
momentum density as


ρ̂(r) =
δ(r − ri ),
p̂(r) =
δ(r − ri )pi . (A1)
i

i

These quantities have implicit time dependence via the positions and momenta. Then the time derivative of the particle
density is

∂t ρ̂(r) = −
(pi /m) · ∇δ(r − ri ),
(A2)
i

where we used the chain rule and ṙi = pi /m (gradients ∇ are
with respect to r). Since all particles have equal mass, the
particle current may be identified as ĵ (r) = (1/m)p̂(r), and
one recognizes (A2) as the continuity equation
∂t ρ̂(r) = −∇ · ĵ (r).

i= j



 pμ pν

ν
i i
δ(r − ri ) ,
−
∇
m
ν
i

(A4)

where F i j is the force on particle i from particle j, whose
components are
  13  7 
24(riμ − r μj )
l0
l0
μ
2
(lWCA − ri j ).
−
Fi j =
r i j l0
ri j
ri j
(A5)
Equation (A4) for the momentum is analogous to Eq. (A2)
for the density. The analog of the current in this case will
be the stress tensor. To see this, we use the insight of [41]:
our discussion follows [48]. The key point is that (A4) can be
rewritten as
 μ
∂t p̂μ (r) =
fi δ(r − ri ) + ∇ ν ˆ μν (r),
(A6)
i

(A8)

is a function that distributes unit weight over a straight line
connecting ri and r j . The consistency of (A6) and (A7) with
(A4) is demonstrated in Appendix A 2.
Observe that the WCA interaction is always repulsive [the
object in square brackets in (A5) is positive], which means
that diagonal elements of ˆ are always negative. This ensures
that the (instantaneous local) mechanical pressure tr(− ˆ /2)
is always positive.
We now derive (13) of the main text. Note that (A6) is an
exact identity: it was derived from the equations of motion and
it holds for every trajectory of the system. This means that it
can be used to analyze force balance in the biased ensemble.
In particular, we take the average of (A6) within the biased
ensemble to obtain
 μ

fi δ(r − ri ) λ + ∇ ν  ˆ μν (r)λ .
(A9)
∂t p̂μ (r)λ =
i

The left-hand side is zero (we again exclude transient regimes
for t ≈ 0, tobs ). Define also the ensemble-averaged stress tensor as
μν
λ (r)

(A3)

The manipulations so far are familiar from analysis of particle currents. The IK stress [41] is derived by applying similar
procedures to the momentum density. The time derivative of
p̂ is available by using the chain rule together with (10):
denoting Cartesian components by Greek indices, we obtain
 μ
 μ
∂t p̂μ (r) =
fi δ(r − ri ) +
Fi j δ(r − ri )
i

δ[r − λr j − (1 − λ)ri ]dλ

0

=  ˆ μν (r)λ .
μ

ν

(A10)

μν
λ (r),

which is (13)
Then (A9) becomes 0 = F (r) + ∇
of the main text. [We used the definition of the body-force
density F λ = i  f i δ(r − ri )λ .]
2. Validation of the IK stress formula (A7)

To see that (A6) is equivalent to (A4), we follow [48,49]
and note the following property of h:
(a − b) · ∇h(r; a, b) = δ(r − b) − δ(r − a),

(A11)

where the gradient is with respect to r. To show this, observe
that for any path
 from a to b and any function f , we have
f (b) − f (a) = a→b ∇ f (x) · dx. Considering the straight line
path from a to b and parametrizing by λ, we define rλ = λb +
(1 − λ)a. Then
1

f (b) − f (a) =
0

1

=

∇ f (rλ ) · (b − a)dλ

−


f (r)∇δ(r − rλ )dr · (b − a)dλ,

0



(A12)

where the second line uses ∇ f (x) = − f (r)∇δ(r − x)dr
(the integral runs over all space, so an integration by parts
shows that this applies for any function f ). Using again the
definitions of the δ function and of h, this can be rearranged
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as
[δ(r − b) − δ(r − a) − (a − b) · ∇h(r; a, b)]
× f (r)dr = 0.

(A13)

This holds for every function f , so the object in square brackets must vanish, this implies (A11).
Now take (A11) with a, b = r j , ri and multiply by Fiμj ,
yielding
∇

ν

[(r νj

−

riν )Fiμj h(r; ri , r j )]

=

Fiμj δ(r

− ri ) +

F μji δ(r

− rj)
(A14)

(we used that Fi j = −F ji ). Using this result with (A7), one
obtains

1  μ
∇ ν ˆ μν (r) =
Fi j δ(r − r j ) + F μji δ(r − ri )
2 i= j


 pμ pν
i i
δ(r − ri ) .
− ∇ν
(A15)
m
i
Interchanging dummy indices in the first sum and plugging
into (A6), one recovers (A4).
We note that the IK stress is not the only choice for a tensor
that satisfies (A4), hence local stress is not uniquely defined;
see, for example, [48]. However, the forces that we compute
via stress gradients are unique. (The difficulty with the stress
itself arises because interparticle forces have finite range; a
unique stress can be defined mesoscopically by averaging over
scales much larger than the range of the force.)

is awkward because of the Dirac δ functions. A similar issue
arises when estimating the density from simulations: the solution in that case is to measure the density as a histogram.
Specifically, one considers a region  of the system and
defines
N̂ =



ρ̂(r)dr,

(A16)

which is equal to the number of particles in . This is easily
computed in simulations, and one may estimate the average
local density at r as N̂ /||, where  is a region centered at
r, and || is the volume of .
A similar method can be applied to measure the stress (see,
for example, [50]). We define
ˆ μν = 1

||
=

ˆ μν (r)dr



1  pμi pνi
1  ν
,
r j − riν H (ri , r j )Fiμj −
2|| i= j
|| i∈ m
(A17)

This Appendix details the numerical procedure that was
used to estimate the stress. For numerical measurements, (A7)


where H (ri , r j ) =  h(r; ri , r j )dr is the fraction of the line
from ri to r j that passes through the volume , and the
notation i ∈  indicates that we sum over particles whose positions ri are inside . Then ˆ μν
 is the local stress, averaged
over . This is called the volume-averaged stress [50].
In practice, we divide the system into square boxes of
size l0 /8 and measure the stress in each box. Results for
the stress tensor are then obtained by averaging along the y
direction. The definition (A17) ensures that this procedure
(measuring the stress in small boxes followed by averaging
over the boxes) is equivalent to making the measurement on
larger boxes from the outset.

[1] F. den Hollander, Large Deviations (American Mathematical
Society, Providence, RI, 2000).
[2] P. Dupuis and R. S. Ellis, A Weak Convergence Approach
to the Theory of Large Deviations (Wiley, New York,
1997).
[3] H. Touchette, The large deviation approach to statistical mechanics, Phys. Rep. 478, 1 (2009).
[4] G. Gallavotti and E. G. D. Cohen, Dynamical Ensembles in
Nonequilibrium Statistical Mechanics, Phys. Rev. Lett. 74,
2694 (1995).
[5] J. Lebowitz and H. Spohn, A Gallavotti-Cohen-type symmetry
in the large deviation functional for stochastic dynamics, J. Stat.
Phys. 95, 333 (1999).
[6] T. R. Gingrich, J. M. Horowitz, N. Perunov, and J. L. England,
Dissipation Bounds All Steady-State Current Fluctuations,
Phys. Rev. Lett. 116, 120601 (2016).
[7] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C.
Landim, Macroscopic fluctuation theory for stationary nonequilibrium states, J. Stat. Phys. 107, 635 (2002).
[8] T. Bodineau and B. Derrida, Current Fluctuations in Nonequilibrium Diffusive Systems: An Additivity Principle, Phys. Rev.
Lett. 92, 180601 (2004).

[9] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C.
Landim, Macroscopic fluctuation theory, Rev. Mod. Phys. 87,
593 (2015).
[10] J. P. Garrahan, R. L. Jack, V. Lecomte, E. Pitard, K. van
Duijvendijk, and F. van Wijland, Dynamical First-Order Phase
Transition in Kinetically Constrained Models of Glasses, Phys.
Rev. Lett. 98, 195702 (2007).
[11] L. O. Hedges, R. L. Jack, J. P. Garrahan, and D. Chandler,
Dynamic order-disorder in atomistic models of structural glass
formers, Science 323, 1309 (2009).
[12] T. Speck, A. Malins, and C. P. Royall, First-Order Phase
Transition in a Model Glass Former: Coupling of Local Structure and Dynamics, Phys. Rev. Lett. 109, 195703
(2012).
[13] R. M. L. Evans, Rules for Transition Rates in Nonequilibrium Steady States, Phys. Rev. Lett. 92, 150601
(2004).
[14] A. Baule and R. M. L. Evans, Invariant Quantities in Shear
Flow, Phys. Rev. Lett. 101, 240601 (2008).
[15] R. L. Jack and R. M. L. Evans, Absence of dissipation in
trajectory ensembles biased by currents, J. Stat. Mech. (2016)
093305.

3. Stress measurements in the biased ensemble

033134-8

MECHANICAL ANALYSIS OF A DYNAMICAL PHASE …

PHYSICAL REVIEW RESEARCH 4, 033134 (2022)

[16] T. Grand Pre and D. T. Limmer, Current fluctuations of interacting active Brownian particles, Phys. Rev. E 98, 060601(R)
(2018).
[17] T. Nemoto, E. Fodor, M. E. Cates, R. L. Jack, and J. Tailleur,
Optimizing active work: Dynamical phase transitions, collective motion, and jamming, Phys. Rev. E 99, 022605 (2019).
[18] E. Mallmin, R. A. Blythe, and M. R. Evans, A comparison of
dynamical fluctuations of biased diffusion and run-and-tumble
dynamics in one dimension, J. Phys. A 52, 425002 (2019).
[19] L. Tociu, E. Fodor, T. Nemoto, and S. Vaikuntanathan, How
Dissipation Constrains Fluctuations in Nonequilibrium Liquids:
Diffusion, Structure, and Biased Interactions, Phys. Rev. X 9,
041026 (2019).
[20] Y.-E. Keta, E. Fodor, F. van Wijland, M. E. Cates, and R. L.
Jack, Collective motion in large deviations of active particles,
Phys. Rev. E 103, 022603 (2021).
[21] É. Fodor, R. L. Jack, and M. E. Cates, Irreversibility and biased
ensembles in active matter: Insights from stochastic thermodynamics, Annu. Rev. Condens. Matter Phys. 13, 215 (2022).
[22] J. Yan, H. Touchette, and G. M. Rotskoff, Learning nonequilibrium control forces to characterize dynamical phase transitions,
Phys. Rev. E 105, 024115 (2022).
[23] L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C.
Landim, Current Fluctuations in Stochastic Lattice Gases, Phys.
Rev. Lett. 94, 030601 (2005).
[24] B. Derrida, Non-equilibrium steady states: Fluctuations and
large deviations of the density and of the current, J. Stat. Mech.
(2007) P07023.
[25] Y. Baek, Y. Kafri, and V. Lecomte, Dynamical Symmetry
Breaking and Phase Transitions in Driven Diffusive Systems,
Phys. Rev. Lett. 118, 030604 (2017).
[26] C. Appert-Rolland, B. Derrida, V. Lecomte, and F. van Wijland,
Universal cumulants of the current in diffusive systems on a
ring, Phys. Rev. E 78, 021122 (2008).
[27] P. I. Hurtado, C. P. Espigares, J. J. del Pozo, and P. L.
Garrido, Thermodynamics of currents in nonequilibrium diffusive systems: Theory and simulation, J. Stat. Phys. 154, 214
(2014).
[28] R. L. Jack, I. R. Thompson, and P. Sollich, Hyperuniformity
and Phase Separation in Biased Ensembles of Trajectories for
Diffusive Systems, Phys. Rev. Lett. 114, 060601 (2015).
[29] V. Lecomte, C. Appert-Rolland, and F. van Wijland, Thermodynamic formalism for systems with markov dynamics, J. Stat.
Phys. 127, 51 (2007).
[30] J. P. Garrahan, R. L. Jack, V. Lecomte, E. Pitard, K. van
Duijvendijk, and F. van Wijland, First-order dynamical phase
transition in models of glasses: An approach based on ensembles of histories, J. Phys. A 42, 075007 (2009).
[31] R. L. Jack, Ergodicity and large deviations in physical systems
with stochastic dynamics, Eur. Phys. J. B 93, 74 (2020).
[32] V. Popkov, G. M. Schütz, and D. Simon, Asep on a ring conditioned on enhanced flux, J. Stat. Mech. (2010) P10007.

[33] R. L. Jack and P. Sollich, Large deviations and ensembles of
trajectories in stochastic models, Prog. Theor. Phys. Suppl. 184,
304 (2010).
[34] R. Chétrite and H. Touchette, Nonequilibrium markov processes conditioned on large deviations, Ann. Henri Poincaré 16,
2005 (2015).
[35] T. Nemoto, R. L. Jack, and V. Lecomte, Finite-Size Scaling of
a First-Order Dynamical Phase Transition: Adaptive Population
Dynamics and an Effective Model, Phys. Rev. Lett. 118, 115702
(2017).
[36] T. Nemoto, F. Bouchet, R. L. Jack, and V. Lecomte, Populationdynamics method with a multicanonical feedback control, Phys.
Rev. E 93, 062123 (2016).
[37] U. Ray, G. K.-L. Chan, and D. T. Limmer, Exact Fluctuations
of Nonequilibrium Steady States from Approximate Auxiliary
Dynamics, Phys. Rev. Lett. 120, 210602 (2018).
[38] M. C. Bañuls and J. P. Garrahan, Using Matrix Product States
to Study the Dynamical Large Deviations of Kinetically Constrained Models, Phys. Rev. Lett. 123, 200601 (2019).
[39] D. C. Rose, J. F. Mair, and J. P. Garrahan, A reinforcement
learning approach to rare trajectory sampling, New J. Phys. 23,
013013 (2021).
[40] J. Dolezal and R. L. Jack, Large deviations and optimal control
forces for hard particles in one dimension, J. Stat. Mech. (2019)
123208.
[41] J. H. Irving and J. G. Kirkwood, The statistical mechanical theory of transport processes. IV. The equations of hydrodynamics,
J. Chem. Phys. 18, 817 (1950).
[42] J. D. Weeks, D. Chandler, and H. C. Andersen, Role of repulsive forces in determining the equilibrium structure of simple
liquids, J. Chem. Phys. 54, 5237 (1971).
[43] C. J. Fullerton and R. L. Jack, Dynamical phase transitions in
supercooled liquids: Interpreting measurements of dynamical
activity, J. Chem. Phys. 138, 224506 (2013).
[44] P. G. Bolhuis, D. Chandler, C. Dellago, and P. L. Geissler,
Transition path sampling: Throwing ropes over rough mountain
passes, in the dark, Annu. Rev. Phys. Chem. 53, 291 (2002).
[45] V. Lecomte, J. P. Garrahan, and F. van Wijland, Inactive dynamical phase of a symmetric exclusion process on a ring, J. Phys.
A 45, 175001 (2012).
[46] J. Dolezal and R. L. Jack, Long-ranged correlations in large
deviations of local clustering, Phys. Rev. E 103, 052132 (2021).
[47] https://doi.org/10.17863/CAM.86077.
[48] P. Anzini, G. M. Colombo, Z. Filiberti, and A. Parola, Thermal
Forces from a Microscopic Perspective, Phys. Rev. Lett. 123,
028002 (2019).
[49] P. Schofield, J. R. Henderson, and J. S. Rowlinson, Statistical
mechanics of inhomogeneous fluids, Proc. R. Soc. A 379, 231
(1982).
[50] E. R. Smith, D. M. Heyes, and D. Dini, Towards the irvingkirkwood limit of the mechanical stress tensor, J. Chem. Phys.
146, 224109 (2017).

033134-9

