Eur. Phys. J. C (2022) 82:585
https://doi.org/10.1140/epjc/s10052-022-10531-6

THE EUROPEAN ()]
PHYSICAL JOURNAL C e

updates

Letter

Conformally-rescaled Schwarzschild metrics do not predict flat

galaxy rotation curves

Michael Hobson'*#, Anthony Lasenby'-2-®

! Cavendish Laboratory, Department of Physics, University of Cambridge, JJ Thomson Avenue, Cambridge CB3 OHE, UK
2 Kavli Institute for Cosmology, University of Cambridge, Madingley Road, Cambridge CB3 OHA, UK

Received: 25 May 2022 / Accepted: 16 June 2022
© The Author(s) 2022

Abstract For conformally invariant gravity theories defined
on Riemannian spacetime and having the Schwarzschild—
de-Sitter (SAdS) metric as a solution in the Einstein gauge,
we consider whether one may conformally rescale this solu-
tion to obtain flat rotation curves, such as those observed in
galaxies, without the need for dark matter. Contrary to recent
claims in the literature, we show that if one works in terms of
quantities that can be physically measured, then in any con-
formal frame the trajectories followed by ‘ordinary’ matter
particles are merely the timelike geodesics of the SdS metric,
as one might expect. This resolves the apparent frame depen-
dence of physical predictions and unambiguously yields rota-
tion curves with no flat region. We also show that attempts
to model rising rotation curves by fitting the coefficient of
the quadratic term in the SdS metric individually for each
galaxy are precluded, since this coefficient is most naturally
interpreted as proportional to a global cosmological constant.
We further extend our analysis beyond static, spherically-
symmetric systems to show that the invariance of particle
dynamics to the choice of conformal frame holds for arbitary
metrics, again as expected. Moreover, we show that this con-
clusion remains valid for conformally invariant gravity theo-
ries defined on more general Weyl—Cartan spacetimes, which
include Weyl, Riemann—Cartan and Riemannian spacetimes
as special cases.

The modelling of galaxy rotation curves in general relativity
(GR) typically requires the inclusion of a dark matter halo in
order to reproduce observations [ 1-3]. The family of rotation
curves fitted to observations is, in fact, quite varied [4], but
particular focus has historically been placed on modelling the
approximately flat rotation curves observed in the outskirts
of large spiral galaxies and, to a lesser extent, the rising rota-
tion curves observed in smaller dwarf galaxies [5—9]. The
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absence of any direct experimental evidence for dark matter
[10], however, has led to the consideration of various mod-
ified gravity theories, which may not require a dark matter
component to explain the astrophysical data.

Inits simplest form, the modelling of rotation curves in the
outskirts of galaxies may be performed merely by consider-
ing the motion of stars in the region exterior to a spherically-
symmetric representation of the galactic matter distribution.
In any metric-based gravity theory, this simplified approach
therefore considers the motion of massive test particles in a
spacetime with line element that can be written in the form'

d 2
ds? = A(rydr® — 2
B(r)
for given functions A(r) and B(r).
In GR with a cosmological constant A, the relevant line-
element is Schwarzschild—de-Sitter (SdS), for which

— r2(d6* + sin? 0 d¢?), 1)

A(r)=B@r)=1- 6M kr2, (2)
r

where M is the galactic mass interior to the test particle orbit
and k = lA, which is therefore a global constant unrelated
to the galaxy under consideration. Particle rest masses in GR
can be defined kinematically, so that massive (test) particles
merely follow timelike geodesics of the SAS metric. In this
case, for a circular orbit of coordinate radius  (in the equa-
torial plane & = m/2), the velocity v of the test particle (as
measured by a stationary observer at that radius) satisfies

2 r dB GMr=' — kr?
=L A 3)
2B dr 1—-2GMr—! —kr
1" We adopt the following sign conventions: (+, —, —, —) metric signa-

ture, R 5y = 2(8[M{Ufa} + {,\ﬂL}{v?d}), where the metric (Christof-
fel) connection {A’;} = %g"” (05,810 + 0810 — 0o &), and RP ), =
R?? . We also employ natural units ¢ = /i = 1 throughout, unless
otherwise stated.
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In the weak-field limit appropriate for considering a galaxy
rotation curve one has B ~ 1, so the two terms in the numer-
ator determine its shape [11,12]. The first term recovers the
standard Keplerian rotation curve v> = G M /r and the sec-
ond term contributes v> = —kr? = —%Arz, so that for a typ-
ical galaxy with M ~ 10'" Mg and assuming A ~ 10752
m~2, which is consistent with cosmological observations,
one obtains a rotation curve that falls for all values of r until
bound circular orbits are eliminated beyond the watershed
radius r = 3GM/Ac?)'/3 ~ 0.5 Mpc [13]. Thus, the rota-
tion curve has no flat region.

If one instead considers a conformally invariant gravity
theory defined on Riemannian spacetime, then particle rest
masses cannot be fundamental, but must arise dynamically
[14]. This may be achieved by introducing a Dirac field with
Weyl weight w = —3/2 torepresent ‘ordinary’ matter, which
is (Yukawa) coupled to a compensator scalar field ¢ with
w = —1 by making the replacement my\y — 7@y in
the Dirac action, where 77z is a dimensionless parameter but
72 has the dimensions of mass in natural units. Indeed, the
full matter action in such theories is usually taken to have the
form [14-17]

Sui = /d“x JogLLidy? By — mely
+1(3,0) (379) — 2p* + 50 R], 4)

where A is another dimensionless parameter and the numer-
ical factors ensure that Sy varies only by a surface term
under a conformal transformation g, — 522(x) 8uv, for
which ¢ — Q7 '(x)¢ and ¥ — Q73/2(x)y, where Q(x)
is any smooth positive function. In the kinetic term for the
Dirac field in (4), we define &y’#ﬁpw = Yy"D,yy —
(ngﬁ)yp Y, where the spinor covariant derivative has the
form D,y = (0, + I'y)y, the fermion spin connec-
tion I', = %([y)‘, Auyal — {fﬂ}[y", v+]) and the position-
dependent quantities y,, = ey, are related to the standard
Dirac matrices y, using the tetrad components ¢“,. The total
action is then St = Sg + Sm, where the free gravitational
contribution Sg depends only on the metric. In Riemannian
spacetime, the unique conformally invariant quadratic action
is Sg = a [d*x /=g Cpopy CP7HV, where « is a further
dimensionless parameter and C 4, is the Weyl tensor. The
resulting action S7 then describes so-called conformal grav-
ity (also known as Weyl or Weyl-squared gravity) [16, 18]
coupled to Dirac matter and a compensator scalar field; the
special case for which « = 0 and ¢y = 0 is often described as
Einstein conformal gravity [14,19]. Alternative local [20,21]
or non-local [22-24] higher-derivative conformally invariant
gravitational actions S in Riemannian spacetime have also
been proposed.

In any case, the introduction of the compensator scalar
field ¢ is usually considered important for providing a means
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for spontaneously breaking the scale symmetry. Most com-
monly one uses local scale invariance to set the scalar field to
a constant value ¢ = ¢, which is often termed the Einstein
gauge. This is usually interpreted as choosing some definite
scale in the theory, thereby breaking scale-invariance. As we
show in [25], however, this interpretation is questionable,
since in such scale-invariant gravity theories the equations
of motion in the Einstein gauge are identical in form to those
obtained when working in scale-invariant variables, which
involves no breaking of the scale symmetry. This suggests
that one should introduce further scalar fields, in addition to
the compensator field ¢, to enable a true physical breaking
of the scale symmetry. The primary role of the compensator
field ¢ arises instead from its necessary inclusion into the cal-
culation of physical quantities, which renders them invariant
under local scale transformations.

In this note, we consider any conformally invariant grav-
ity theory in Riemannian spacetime with the matter action
(4) that has the SdS metric (2) as a solution in the Ein-
stein gauge (this includes conformal gravity). As shown
in [12], in this gauge the scalar field energy-momentum
tensor derived from the matter action (4) vanishes only if
Ry, — %g,wR + 6)»g08g,w = 0, so that the only vacuum
metric allowed (assuming that ¢y = 0, apart from matter test
particles) has the SdS form (2) with k = —2A<p§. Thus, in
conformally-invariant gravity theories, unlike GR, the con-
stant k in (2) may be system dependent, if one assumes that ¢g
may be so. Hence, there exists the possibility of attempting
to model some (typically rising) rotation curves by using the
expression (3) to fit for (negative values of) k separately for
each galaxy, as in [26]. Such an assumption seems question-
able when viewed in the Einstein gauge, however, where ¢ is
more naturally interpreted as a system-independent quantity
that leads to a ‘global’ cosmological constant A = —6A(p§.
In this case, one may therefore no longer fit for k separately
for each galaxy, or at all if one considers A to be fixed by cos-
mological observations. It is also worth noting that, to obtain
a positive cosmological constant A, one must have A < 0,
which requires a negative scalar field vacuum energy Agog ,at
least with the usual sign conventions in the matter action (4).

Turning to the dynamics of matter test particles, in the
Einstein gauge the rest mass m = 7z of Dirac particles is
independent of spacetime position and so they follow time-
like geodesics of the SdS metric, hence yielding rotation
curves with no flat region. It has been suggested in [27,28],
however, that in such theories one may perform a conformal
transformation of this solution to a frame in which the orbital
velocity of a massive particle in a circular orbit is asymptot-
ically constant, thereby yielding a flat rotation curve in the
outskirts of galaxies. Nonetheless, since such theories are
(by construction) conformally invariant, such a transforma-
tion should not change the observable predictions, unless the
conformal symmetry is broken in some way, either dynami-
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cally or by imposing boundary conditions. Merely rescaling
the SdS solution to an alternative conformal frame (or scale
gauge) in which the compensator scalar field ¢ no longer
takes a constant value should preserve the predictions for
physically measurable quantities, such as a rotation curve.
We now demonstrate that this is indeed the case.

As we discuss in [12,25], one may construct an appropri-
ate action for a spin—% point particle and then transition to
the full classical approximation in which the particle spin is
neglected. In the presence of the above Yukawa coupling of
the Dirac field to the scalar compensator field ¢, this action is
equivalent [30] to the standard action for a massive particle
conformally coupled to the scalar field ¢, namely

dx™” dxV
sz_m/dsfp‘/g;w%%, 5)

where £ is a parameterisation for which the length (squared)
u? = u"u, of the tangent vector u* = dx"/d& remains
equal to unity along the worldline.

Assuming a static, spherically-symmetric system with
¢ = @(r) and a line-element of the form (1), one finds that for
a massive particle worldline in the equatorial plane § = 7 /2,
the ¢- and ¢-equations of motion are
ag—1 9 _ %, P2o-19%

dé§ dé§
where £ and / are constants, and we may replace the
r-equation of motion with the much simpler first integral
utu, = 1, which reads

dt\*  _ (dr\*  ,(dp\*
A(E) -7 (%) -7 (E) = @

Here p(r) = Q! (r)¢o and the constants £ and 7 are defined
such that one recovers the familiar timelike geodesic equa-
tions in GR for an affine parameter & if ¢(r) = ¢p and so
Q=1

As discussed in [12,30,31], however, the parameter &
cannot be interpreted as the particle proper time, since it
has Weyl weight w(§) = 1 and so it is not invariant under
conformal transformations. Rather, the proper time interval
is instead given by dtv o ¢ d&, which is correctly invari-
ant under conformal transformations. Indeed, one sees from
(5) that the particle dynamics obeys a geodesic principle,
but one where ¢ must be included in the definition of the
path length to be extremised. Without loss of generality,
one may choose the constant of proportionality such that
dt = (¢/po)de = Q7 'dg, so dr and d& coincide if
¢(r) = @o. When expressed in terms of the proper time t of
the particle, and denoting d /dt by an overdot, the equations
of motion (6-7) become

AQ % =5, (8a)
Q7 = 4, (8b)

— 7, (©6)

Ai* — BT - 1?97 = Q. (8¢c)

If there exists a conformal frame in which a solution for
a static, spherically-symmetric system is given by the metric
(1) and ¢(r) = ¢o (i.e. the Einstein frame), then 2 = 1 and
so the equations of motion (8) reduce to the familiar forms
for timelike geodesics in the equatorial plane & = 7 /2 of the
line-element (1) [32]. In the special case of the SdS metric,
where (2) holds, one therefore recovers the rotation curve
(3), which has no flat region.

Suppose one now performs a conformal transformation
guv(x) = 822(r)glw (x) of the metric (1) and also brings the
angular part back into the standard form in (1) by making
the (radial) coordinate transformation ' = rQ(r) to obtain
g;w(x/) = X?,X%,8p0(x(x")), where X*, = 9x'P/oxH.
As discussed in [12], in so doing, one finds that the resulting
line-element again has the form (1), but expressed in terms
of the new radial coordinate ' and the metric functions

A = QX )ACT)). (9a)
B'(r'y = f(r(")B(r (), (9b)
where we have defined the function f(r) = 1 + r%.

In this new conformal frame, the massive particle equations
of motion are again given by (8), but with the replacements
r— r',A(r) = A'(+") and B(r) — B'(r'). On substituting
the expressions ¥’ = rQ(r) and (9) into these equations
of motion, however, one finds after a short calculation that
one obtains precisely the original equations of motion (8)
with Q = 1, thereby recovering the particle dynamics in the
Einstein frame. Thus, for example, if r = r(¢) is the orbit
equation for a particle in the equatorial plane 6 = 7/2 in the
Einstein frame, then the orbit equation in the new conformal
frame is given simply by r’ = r'(r (¢)).

This finding therefore eliminates, as it must, any ambi-
guity whereby physical predictions appear to depend on the
conformal frame in which the calculation is performed. Spe-
cialising to the case where (2) holds, this further demonstrates
as unwarranted the recent claims in the literature [27,28] that
one may obtain flat galaxy rotation curves by conformally-
rescaling the SdS metric. It is worth pointing out that these
claims arise from the use instead of the equations of motion
(6-7), which are expressed in terms of the parameter &, but
where the latter is interpreted as the particle proper time and
implicitly assumed to be invariant under conformal transfor-
mations, despite having a Weyl weight w(§) = 1. In that
case, on following an analogous procedure to that we have
described above, one arrives at the erroneous conclusion that
one does not recover the particle dynamics in the Einstein
frame and, more generally, that particle trajectories depend
on the conformal frame in which they are calculated, which
contradicts conformal invariance.

Although we have demonstrated that, when using the
equations of motion (8) expressed in terms of the appropriate
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conformally-invariant proper time t, one cannot obtain flat
galaxy rotation curves by any conformal rescaling of the SdS
metric, it is worth discussing briefly the particular rescaling
considered in [27,28]. It is suggested in [28] that there are
physical reasons to require a metric of the form (1) to satisfy
the special condition A(r) = B(r), of which the SdS met-
ric (2) is an example.2 As shown in [12], the relations (9)
imply that in order to preserve this special condition, such
that A'(r') = B’(r'), one requires the conformal rescaling
to have the unique form Q(r) = (1 — ar)~!, where a is an
arbitrary constant, in which case r’ = r/(1 — ar) (or, equiv-
alently,r =r'/(1 +ar’) and Q' (') = Q(r (")) = 1 +ar’).
This matches the conformal rescaling and coordinate trans-
formation adopted in [27,28] for ¢ > 0. As shown in
[11,12,33,34], however, these transformations convert the
SdS metric into the Mannheim—Kazanas metric [35,36], so
that the claim in [27,28] that one obtains flat galaxy rotation
curves in this conformal frame is merely a restatement of
the long-standing claims that conformal gravity predicts such
rotation curves [37—-42], although both claims are unjustified,
as we have shown above. It is also worth noting that r’ — oo
as r — 1/a, so that the r’ coordinate patch covers only a
finite subset of the original r coordinate patch. Indeed, it is
straightforward to show that only a finite interval of proper
time t is required for particle to travel radially from some
radius 7’ = r) > 2GM tor’ = oo. This contradicts the claim
in [28] that the r’ coordinate patch is geodesically complete,
which is based on the fact that to reach r’ = 0o requires an
infinite interval of the parameter &, which is again mistakenly
interpreted as the particle proper time.

So far, our analysis has been limited to static, spherically-
symmetric systems, but our finding above that the particle
dynamics is independent of the choice of conformal frame
is, in fact, entirely general, as one might expect. As shown
in [12], the action (5) leads to massive particle equations of
motion in any conformal frame that are given by

uut., = (g"° — u"u")(p_1 350, (10)

where the semi-colon denotes the standard Riemannian
spacetime covariant derivative u’*,; = d,u"+{ ¥ }u”. Since
the action (5) is conformally invariant, these equations of
motion are covariant under conformal transformations, but
are not manifestly so. If one uses local scale invariance to

impose the Einstein gauge ¢ = ¢ (where, if desired, one can

2 We discuss the wider implications of the gauge choice A(r) = B(r)
in [29], and in particular describe how, in fact, it is not only unnecessary,
but also distorts the scaling properties of variables, thereby making it
extremely difficult to identify ‘intrinsic’ ¢-independent quantities that
may be used for performing all calculations, including the derivation of
the geodesic equations.
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set ¢o to unity without loss of generality), then (10) reduces
to

uut.; =0, (11)

where = denotes that the equality holds only in a specific
gauge. Thus, in the Einstein gauge, a particle moving only
under gravity follows a geodesic of the metric gEV in this
frame, as we already noted above for the special case of a
static, spherically-symmetric system. As described in [25],
however, it is unnecessary to break the scale symmetry by
adopting a particular gauge, since one may instead work
in terms of scale-invariant variables. Suppose in some arbi-
trary gauge, the metric and scalar field are related to those
in the Einstein gauge by g, = ngﬁv and ¢ = Q lgg. As
mentioned above, one should identify dt = (¢/¢p) d§ =
Q! d& as the interval of particle proper time along its world-
line. This leads one to define the scale-invariant 4-velocity

dx*  dE dx* -1

L L R (12)
dt dt d& ©0

which clearly has Weyl weight w = 0. One may also define

the scale-invariant metric g,,, = (g0/(p0)2glw = Q‘zgw and
its associated Christoffel connection

{ ” } = %guv(aﬂg‘)ﬂ + aagpv - 8v§pa)»
= { o} +97128(,0,)9 — 8o 8" B0p). (13)

It is then straightforward to show that (10) may be written in
terms of the above scale-invariant variables as

Ao AW
utuz = 0, (14)
where we have defined ﬁﬁg = 0 Ut + {p’fr }ﬁp . Thus, irre-

spective of the gauge and without breaking the scale sym-
metry, the scale-invariant 4-velocity #*, which is appro-
priately defined in terms of the particle proper time, sat-
isfies the geodesic equation of the scale-invariant metric
8uv = Q_zgw = ng which is equal merely to the met-
ric in the Einstein gauge. Thus, we arrive at the conclusion
that, quite generally, the particle dynamics is independent of
the choice of conformal frame, as expected, and moreover
satisfies the weak equivalence principle.

Finally, we conclude by noting that the above conclu-
sion applies not only to conformally-invariant gravity the-
ories defined on Riemannian spacetimes, but also to those
defined on more general Weyl-Cartan spacetimes, which
include Weyl, Riemann—Cartan and Riemannian spacetimes
as special cases. In a Weyl—-Cartan (Y4) spacetime, the covari-
ant derivative V,, = 9, +17, MX"’ o»where I'? ,, is an affine
connection and X”, are the GL(4, R) generator matrices
appropriate to the tensor character of the quantity to which
V. is applied. In particular, in a Y4 spacetime, V,, satisfies
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the semi-metricity condition

Vdg//.v = _ZBag,uv, (15)

where B, is the Weyl potential (and we have included a factor
of —2 for later convenience). On performing the simultane-
ous conformal (gauge) transformations g, — Q2 (X)guvs
B, — B, — 9, InQ(x), the condition (15) is preserved
[43]. From (15), the connection is given by

F)\p_v = {lj\u}+3ﬁBM+5ﬁBv_guka+K*)‘Mvv (16)

where K** wv 18 the Yy contortion tensor, which is given
in terms of (minus) the Y4 torsion T*)‘,w = 21“’\[,,#] by
K*’\,w = —%(T*}‘,w — T*,,)‘M + T*,wk) (the asterisks and
the sign of the torsion are consistent with the usual notation
adopted in Weyl gauge theory [25,44]). The matter action
adopted in Y4 spacetime typically has the same form as that
in (4) et seq., but with the replacements { ;le} — I'*,, and
oy — 0, = du + wBy, where w is the Weyl weight of
the field being differentiated. As shown in [30], however,
the corresponding action for a spin-% point particle is again
equivalent to (5), which thus yields the equations of motion
(10). Equivalently, as shown in [25], the equations of motion
derived from the point particle action in Y4 spacetime may
be rewritten directly as (10). In either case, one thus arrives
at the same conclusions as reached above for Riemannian
spacetimes.

Data Availability Statement This manuscript has no associated data or
the data will not be deposited. [Authors” comment: This is a theoretical
paper for which no data has been generated.]
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