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Abstract

Matrix models are ubiquitous in modern statistics. For instance, they are used in finance
to assess interdependence of assets, in genomics to impute missing data and in movie rec-
ommender systems to model the relationship between users and movie ratings. Typically
such models are either high-dimensional, meaning that the number of parameters may
exceed the number of data points by many orders of magnitudes, or nonparametric in the
sense that the quantity of interest is an infinite dimensional operator. This leads to new
algorithms and also to new theoretical phenomena that may occur when estimating a pa-
rameter of interest or functionals of it or when constructing confidence sets. In this thesis,
we will exemplarily consider three such matrix models and develop statistical theory for
them: Matrix completion, Principal Component Analysis (PCA) with Gaussian data and

transition operators of Markov chains.

We start with matrix completion and investigate the existence of adaptive confidence
sets in the 'Bernoulli’ and ’trace-regression’ models. In the 'Bernoulli’ model we show
that adaptive confidence sets do not exist when the variance of the errors is unknown,
whereas we give an explicit construction in the ’'trace-regression’ model. Finally, in the
known variance case, we show that adaptive confidence sets do also exist in the 'Bernoulli’

model based on a testing argument.

Next, we consider PCA in a Gaussian observation model with complexity measured by
the effective rank, the reciprocal of the percentage of variance explained by the first prin-
cipal component. We investigate estimation of linear functionals of eigenvectors and prove
Berry-Essen type bounds. Due to the high-dimensionality of the problem we discover a
new phenomenon: The plug-in estimator based on the sample eigenvector can have non-
negligible bias and hence may be not y/n-consistent anymore. We show how to de-bias
this estimator, achieving y/n-convergence rates, and prove exact matching minimax lower

bounds.

Finally, we consider nonparametric estimation of the transition operator of a Markov
chain and its transition density. We assume that the singular values of the transition
operator decay exponentially. For example, this assumption is fulfilled by discrete, low
frequency observations of periodised, reversible stochastic differential equations. Using
penalization techniques from low rank matrix estimation we develop a new algorithm and

show improved convergence rates.
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Chapter 1

Introduction

Mathematical models build the foundation of statistics. For a given data set, a model
describes approximately how this data was generated and often contains the necessary in-
formation to draw meaningful conclusions from it. The mathematical analysis of a model
leads to the extraction of this information in the form of statistical inference by considering
estimators, confidence sets and tests. A mathematical statistician considers such models
and investigates how to pursue inference in an ’optimal’ way, attempting to solve many
intriguing mathematical puzzles on his or her search for an answer to this question. This

thesis is concerned with the analysis of three such models in high,- and infinite dimensions.

The basic assumption in statistics is the following: we observe data Y which is distributed
according to some probability measure P acting on a polish space ). Usually the exact
distribution P is not known and hence a statistician considers a multitude of possible
probability measures in some broader family P such that P € P. Since dealing directly
with a probability measure can be difficult, we usually take a slightly different point of
view: we parameterize each probability measure P € P with some parameter § € O, where
O is contained in some other polish space, meaning that we find a bijection between P
and ©. To account for this relationship, we often write Py for the measure generated by
0 through the aforementioned mapping. For instance, if P denotes the class of univariate
Gaussian distributions with unknown mean and variance one, then P = {N(6,1), 6 € R}
and © = R. We call a family P parametric if © is finite dimensional, dim(©) < oo, and

nonparametric otherwise.

To enable statistical analysis in parametric statistics, it is typically assumed that the
number of available data points, n, is of larger magnitude than the (constant) dimen-
sionality of ©. However, for many modern phenomena this assumption is too rigid and
hence parametric statistical theory does not provide the necessary tools for these data

sets. On the other hand, a completely nonparametric model might throw away too much
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information and the number of data points might not be sufficient to allow for meaningful
inference. For example, in the famous Netflix prize data set [BL0O7] 100 480 507 movie
ratings were provided. These were given by 480 189 users to 17 770 movies. The goal
was to predict the remaining 8 432 478 023 unknown ratings as well as possible. Hence,
without further assumptions the number of free parameters is approximately 85 times the
number of data points and therefore the required assumption of parametric statistics is
not fulfilled. In fact, typically used estimators such as the Maximum-Likelihood-Estimator
(MLE) may not even be defined in similar situations. This kind of problem has spawned
a new area of statistics in recent years, known as high-dimensional statistics, where the
dimensionality may depend on the number of available data points and exceed it by many
magnitudes, see for example the monograph by Bithlmann and van de Geer [BvdG11] for

a comprehensive exposition.

In this thesis, we will consider problems from this area and at its intersection with non-
parametric statistics. We will focus on three models where the parameters are operators
acting on a separable Hilbert space H. If H is finite dimensional such an operator can
be directly identified with a matrix. Many phenomena can be modelled by such operator
or high-dimensional matrix models. First, we will consider the problem described above,
maltriz completion, and the existence of adaptive confidence sets in it. Another instance
of a high-dimensional matrix model is inference about the main sources of variability in a
data set. This is frequently used in Finance or Psychometrics and known in the statistics
literature as factor analysis or principal component analysis (PCA). The main parameter
here is the covariance operator X of a collection of centred Gaussian random variables,
but the object of interest are functionals of 3 such as its first eigenvector. In chapter 3
we will develop results for this model. Finally, in chapter 4 we will consider a Markov
chain model where the observed data is not independent and how this data evolves over

time is described by the transition operator P.

1.0.1 Structural assumptions

We are first going to introduce some typically used statistical models in high-dimensional
and nonparametric statistics and discuss possible structural assumptions with an empha-

sis on matrix models.
The first prototypical model we consider is regression:
Y;:H(Xi)—l—ffi, 1=1,....n, (1.1)

with X; being some known design vectors or sensing matrices, # in some function class

© and ¢; independent, mean zero errors. For instance, linear (parametric) regression



amounts to considering © = {f(x) = 0Tz, 0,2 € RP}, sparse high-dimensional linear
regression to © = {0(z) = 0Tz, 60,2 € RP, Y 19,0 < s} for some monotone grow-
ing functions s = s(n) : N - N and p = p(n) : N — N and nonparametric regression
to setting ® = C#, or © = HA, B > 0, for some bounded Hélder or Sobolev balls of
functions R? — R. Nonparametric regression and sparse (vector) linear regression have
an extremely rich history and for conciseness we refer to the books [T'sy08, GN16] and

[BvdG11], respectively, and references therein for an overview.

If # is a matrix, two low rank regression models have been mostly considered: The re-
duced rank model and trace regression. The reduced rank model assumes a multivariate
linear regression model with a n X py response variable Y and a p; X ps regression ma-
trix 6 with possibly small rank. Historically, this model has been widely been considered
in the econometrics literature from the 1950’s onwards, assuming a parametric model,
[RVO8, Ize75, DT82, And51]. Relaxing the parametric assumption has led to the discov-
ery of new phenomena and estimators, see for instance [YELMO07, BSW11].

In chapter 2 we will be particularly interested in the case where in the regression model
(1.1) X; is a matrix in RP**P1 and © = {#(z) = (0, z), rank(d) <r, 6 RP1*P2} where
p1,p2 and r may again depend on n. This model is known as trace regression [RT11]
and includes matriz completion [KLT11] and quantum state tomography [Kolll]. Other
structural assumptions in matrix regression models have focussed mostly on sparsity. For
instance, row or column sparsity [KT15, CW19], group sparsity [LPVDGT11] or subma-
trix localization [BI13, CLR17]. Moreover, combining these lines of work, simultaneous
sparsity and low rank assumptions have been considered in [ANW12, MMS14, BSW12,
LSHM10, YMB16, KLT17].

Covariance estimation is another typical matrix inference problem and closely tied to
regression: considering the model

X; K N(0,:), (1.2)
for some covariance operator X, we define the sample covariance 3= % > Xl-XZ-T . We can

then rewrite the model as
V=%+(-3%) (1.3)

and may view ¥ — X as centred, non-i.i.d. noise. For an extensive treatment of paramet-
ric estimation of ¥ we refer to the monograph by Eaton [Eat83]. Sparsity assumptions
have been considered in the estimation of 3, its inverse and its eigenvectors, too. For
instance, row sparsity assumptions for ¥ have been proposed and analyzed by Bickel
and Levina [BLO08a] and El Karoui [EK08] and sparsity of the leading eigenvectors of a

'spiked’ covariance matrix by Johnstone and Lu [JL09] and Ma [Mal3]. Assuming spar-
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sity of £~ goes back to the analysis of graphical models by Dempster [Dem?72], as zero
entries of the precision matrix X! allow to conclude conditional independence of un-
derlying variables and are thus highly desirable. His model has been extended to the
modern high-dimensional setting with p — oo by [MB06, YL0O7, CLL12, CLZ16]. An-
other assumption, motivated by longitudinal data, particularly autoregressive processes,
is bandedness where the entries of ¥ or ¥~! decay polynomially when moving away from
the diagonal [BLO8b, CZZ10, WP03]. Other structural assumptions are Toeplitz struc-
ture, ¥;; = o(|i — j|), as considered by Cai et al. [CRZ13] and approximate low rank and

missing observations [Loul4].

The second prototypical model is density estimation where we assume that data is gener-
ated as
identically distributed

X; 0, i=1,....n (1.4)

for some probability density function #. The classic nonparametric approach is to assume
that in addition the X; are independent and that § € H” or C#. We refer again to [GN16]
for an extensive, contemporary treatment. Density estimation models and their combina-
tion with matrices are natural in the context of Markov chains. Indeed, consider a Markov
chain with discrete state space {1,2,...,p} and presume that (X;);en are discrete obser-
vations of this chain, i.e. E[X;|X;_1,...,X;1] = E[X;|X;_1]. The transition probabilities of
going from one state to another form a p X p matrix, the transition matriz. The statistical
literature about inference for the transition matrix goes back to Bartlett and Anderson
and Goodman in the 1950’s [Bar51, AG57]. Only recently, Zhang and Wang [ZW18] and
Zhang et al. [LWZ18] have proposed a high-dimensional framework for Markov chains
and have additionally imposed and motivated low rank assumptions.

Assuming that the state space of the Markov chain is not countable anymore, leads to
the nonparametric equivalent of the transition matrix, the transition operator P, and its

kernel, the transition density p:

PJ(x) = E[f(X2)[X1] = / o) f)dy,  feL?. (1.5)

Assuming smoothness, estimating p nonparametrically is similar to density estimation and
has been first considered in 1969 by Roussas [Rou69]. More recently, Zhang and Wang
[ZW 18] proposed to assume additionally that P has a known low rank.

Furthermore, it has been proven that in case © = H” or © = C”, 8 > p/2, a multitude
of statistical models are asymptotically equivalent: the density model with independent
observations from above if constrained to [0, 1] and bounded from below, nonparametric
regression, the Gaussian White noise model, spectral density estimation, continuous time

diffusion processes and Poisson processes with varying intensity [Nus96, BL96, BCLZ02,



Rei08, BCLZ04, DR06, GNZ10, RSH18]. Asymptotic equivalence means that, when pass-
ing from one model to the other by some transformation, no information is lost asymptot-
ically. Asymptotic equivalence allows to convey lower bounds for minimax rates and gives
indications how to construct estimators in these models. Historically, many phenomena

have been first explored assuming the Gaussian white noise model,

Y () = O(t)dt + \}ﬁth, t e [0,1],
where W; is a Brownian motion, as it is the easiest to handle and the equivalence results
from the aforementioned references give some indication that the Gaussian white noise
model may be viewed as the archetype of a nonparametric model. Asymptotic equivalence
results for other parameter spaces are more sparse in the literature. One notable example
in the context of high-dimensional matrix models is the article by Wang [Wan13] where
asymptotic equivalence between quantum state tomography and noisy matrix completion

is investigated.

1.0.2 Basic definitions: estimators, loss functions and minimax rates

In this section we review the basic notion of an estimator and ways to measure its quality.

Given a data set and having specified an appropriate family of models, the goal is to
perform inference to answer open questions about phenomena which have given rise to
this data. For instance, the statistician might be interested in investigating the relation-
ship between mutation of certain genes in a person’s DNA and his or her likelihood of
developing a certain type of disease. This amounts to analyzing which specific models and

parameters are appropriate and how uncertain these conclusions are.

Inferring which models are appropriate leads to the construction of an estimator for the
unknown parameter . Sometimes also only a specific aspect of § may be of interest.
This can be described by a measurable map ¥ : © — 7,60 — ¥(#). We call such a map
functional. An estimator for 6 is a measurable map 6 : Q@ — O, w é(w) In principle
any such map is an estimator, but the statistician would also like to make sure that his

or her choice of 6 is reasonable. This leads to the mathematical analysis of 0.

We will measure the performance of an estimator by how close it is to the truth on
average or with high probability. Naturally, this performance depends on how is it mea-
sured. Such a measuring function is called a loss function and is often a metric induced
by a norm on ©. In nonparametric statistics, the Euclidean and £, norms are used, and
in matrix inference the /o, norm, the spectral norm and the Hilbert-Schmidt (Frobenius)

norm. In addition, in the case of regression models (1.1) often the (squared) prediction
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error
n

6812 = 3" (0(X) — 6(x,))? (16)

i=1
is considered. Note that this is not necessarily a norm on ©. However, under appropriate
conditions on the design X, it can often be shown to be equivalent to the Euclidean loss
for well behaved regression functions up to some, usually small, error. We will always

consider the Euclidean distance as loss function.

Our key definition here is the minimax rate, the best possible performance in the worst
case. Naturally, it depends on the model under investigation and the loss function used.
We also emphasize the dependence on n, the number of observations or the signal to noise

level.

Definition 1.0.1. Given a family of models P = P, with corresponding parameter space

© and a loss function £ : © x © — [0,00) the minimax rate over © is defined by

rn.e := inf sup Egl(0, ), (1.7)
0 0co

where the infimum is taken over all measurable estimators 0.

The definition above is nonasymptotic and holds for a fixed number of observations,
n. However, constructing estimators that achieve this rate exactly for a finite n is often
difficult. Moreover, it can be argued that in many cases an asymptotic analysis reflects
sufficiently well the nonasymptotic behaviour, too, and hence most theoretical develop-
ments have been taken place under the assumption that n goes to co. This means that it

is only desired that for an estimator 6

E0(d
lim sup sup M

~1. (1.8)

We call an estimator that fulfills (1.8) asymptotically exact minimax. In parametric
statistics sufficient answers to asymptotic exact minimaxity are provided by the Héjek-Le
Cam asymptotic minimax Theorem, yielding an asymptotic lower bound for r, ¢, and,
moreover, under mild regularity conditions it can be shown that the maximum-likelihood-

estimator (MLE) attains the above bound asymptotically (see chapter 8 in [vdV98g]).

In the context of nonparametric and high-dimensional models, obtaining estimators that
are asymptotically exact minimax is much more difficult and is performed on a case by case
basis. The first proof into this direction is due to Pinsker in 1980, where he determined
the exact constant in the nonparametric Gaussian white noise model under squared error

loss [Pin80]. His result was extended by Tsybakov [Tsy98] to pointwise and supremum



loss.

In the context of high-dimensional models asymptotic exact minimaxity was mostly stud-
ied in the normal means model where Y = 6 4+ ¢, 6 € R™. For instance, Donoho and
Johnstone [DJ94b] constructed hard and soft thresholding estimators that asymptotically
achieve the exact rate over nearly sparse parameter spaces. Other approaches that achieve
the asymptotic exact rate in this model are empirical Bayes [JS04] and false discovery rate
thresholding [ABDJ06]. Considering exactly sparse balls instead, only recently Wu and
Zhou [WZ13] showed that a penalized least squares estimator achieves asymptotically the
exact rate. Finally, in context of the sparse high-dimensional linear regression model, Su
and Candes [SC16] extended the false discovery rate approach and proved asymptotically

exact rates for sparse parameter spaces.

In many situations it is viewed as sufficient that only the order of the rate in (1.7) is
matched. This means that asymptotically, as the number of observations n goes to infin-
ity, an estimator 6 fulfills

Eol(0,0
lim sup sup M < 00
n  9cO Thn,0

(1.9)
This is the notion of minimaxity we will employ in this thesis and which has been preva-
lent in the statistical literature. Moreover, as customary in high-dimensional statistics
(compare e.g. [BvdG11]), we relax this even further and instead of attaining the minimax
rate in expectation we will usually only prove that our procedures attain the minimax

rate with high probability.

1.0.3 Minimax estimators

In this section we discuss some principles how to construct estimators for the whole pa-
rameter 6. In principle, for every problem there are different ways to construct estimators
that attain the minimax rate (1.8). However, in case the loss function is given by the
prediction error (1.6) a generalized least-squares estimator, named minimum contrast es-
timator by Pfanzagl [Pfa69] and first used by Huber [Hub67], can be shown to be minimax

optimal in many cases as proven by Birgé and Massart in their seminal paper [BM93].

For illustration of this principle, consider the least squares estimator in the general re-

gression model (1.1) from above:

0 € argminy _ (V; — 0(X;))* . (1.10)
25—

Its prediction error can be closely related to the richness of the geometry of ©. In particu-

lar, the key quantity is the local covering number N (¢, 0,0, || - ||,,), the smallest number of
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e-balls in || - ||, distance required to cover a ball of size § in ©. The logarithm of the cov-
ering number is known as metric entropy. Provided that © is not too complex such that
the entropy integral below converges, van de Geer [vdG90] proved the following theorem

which in this form can be found as Theorem 9.1 in her monograph [vdG00].

Theorem 1.0.1. Assume that €; are centred, independent sub-Gaussian random variables.
Suppose V(9) is such that

)
@@)>/)JngWﬁihw-MMuv6
0

and that W(5) /62 is non-decreasing in §. Moreover, suppose &, is such that for a constant
c>0
Vnét > c¥(68,).

Then, for another constant C' > 0
POW—QM>&J§@”“3 (1.11)

This approach has been generalized to other statistical models such as density esti-
mation by Birgé and Massart in their seminal article [BM93]. They also considered the
case where the entropy integral above does not converge and showed that the obtained
convergence rates for the least squares estimator (1.10) may be strictly sub-optimal. To
circumvent this issue they proposed subsequently to restrict the minimization problem in
(1.10) to a finite dimensional approximation space ©"») C ©, a sieve [BM9S]. Sieves for
the purpose of nonparametric density estimation had already been considered in 1962 by
Cencov [Cen62], and were brought back to the attention of the nonparametric statistics
community by Grenander in his monograph in 1981 [Gre81], who also coined the term
sieve. Some other key references are [Sto80, Cox88] for nonparametric regression and
[GH82, SW94, WS95] for nonparametric maximum-likelihood estimation. Traditionally,
spans of wavelets, the Fourier basis or local polynomials have been used as sieves.

Some other popular approaches in nonparametric estimation include kernel density esti-
mators (e.g. [GN16] for an overview), regression trees [Don97], random forests [Bre0Ol,
ATW19, MGS18] and sieves of neural networks [GBC16, BK19, SH19].

Moreover, in recent years, the Bayesian approach has been investigated in more depth
in the frequentist nonparametric and high-dimensional statistics literature. In particular,
if the prior is chosen well it can often be shown that the posterior measure concentrates
around the true value with speed of convergence given by the minimax rate. For an ex-
tensive treatment of the subject we refer to the recent monograph by Ghosal and van der
Vaart [GvdV17].

Having constructed an estimator which achieves the minimax rate of convergence for



a specific parameter space is usually just the first step. For instance, in the normal means
model
Yij=0i;+ei, t,j=1,...,n, rtank(d)=r (1.12)

the true rank r is usually not known. We call r a hyperparameter. Taking © = R™*™ in the
least squares estimator (1.10) results in a sub-optimal Euclidean norm convergence rate
of n?, whereas if 7 were known it would be possible to achieve the rate rn. On the other
hand, assuming r to be smaller than the true r yields an estimator whose convergence
cannot be guaranteed at all. Hence, the statistician’s goal is to construct estimators which
do not require the knowledge of the true hyperparameter but still achieve the best possible

convergence rate.

Definition 1.0.2. Given a family of statistical models P, with parameter space © and
minimax rate v, and a subfamily Ppo C P, with parameter space ©g C © and minimaz
rate rp.@, and a loss function £, we call an estimator 0 adaptive to Oq if for some constant
C not depending on n
Eol(6,0
sup 00(0,0) <
0c® Tn,©
Eqol(6,6)
sup ————=

€0y Tn,0q

<C.

In general it is not possible to construct adaptive estimators, see e.g. the recent arti-
cle by Liu and Gao [LG18] for a counterexample. However, for many statistical models
and loss functions adaptive estimators do exist. If for some model the construction of
adaptive estimators is theoretically possible, there are several approaches to the construc-
tion. In the theoretical community the two most prevalent methods are penalization of
minimum contrast estimators and Lepski’s method. Other approaches to constructing
adaptive estimators include (generalized) cross-validation [Sto74, Gei75, WW75, CW79,
HMR5], early stopping [ZY05, Bith06, BHR18a, BHR18b], aggregation of estimators (e.g.
[BTWO07, DGP18, DT08] and the recent review by Tsybakov [Tsyl4]) or, when consider-
ing a Bayesian approach, empirical Bayes methods [Zha05, JS04, RS17, KSvdVvZ16] and
hyperpriors (e.g. [Hua04, vdVvZ09, BG03, CvdV12, GvdVZ15]).

Lepski’s method, proposed by Lepski in a series of papers in the beginning of the 1990’s
[Lep90, Lep9l, Lep92] is based on multiple comparisons of a family of estimators. Its
advantage is that it is fairly versatile, applicable in many statistical settings and for
many estimators and loss functions and that it directly acts on the object of inter-
est. Some examples include kernel estimators in the nonparametric white noise model
[LMS97], nonparametric density estimation [Efr08], Tikhonov regularizers in inverse prob-

lems [BHO05, Mat06], high-dimensional sparse linear regression [Zhal3] and tail index esti-
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mation in extreme value problems [BT15]. Moreover, Lepski’s method has been extended
to multivariate hyperparameters by Lepski and Goldenshluger [GL08, GL11, GL14], giv-
ing rise to the name 'Lepski-Goldenshluger-method’. We refer to chapter 8 in [GN16] for
a thorough explanation of Lepski’s method. However, in simulations it has been observed
that the performance of Lepski’s method is highly dependant on the choice of additional
tuning parameters and hence one has to use it carefully in practice. As a partial remedy,
Lacour and Massart [LM15] extend the concept of a minimal penalty (due to [BMO07])
to the Lepski-Goldenshluger method and argue that choosing the tuning parameter close
to the theoretically smallest possible is optimal. They also give some advice on how to
implement their approach for real data sets [LM15]. Another possibility is to use a mul-

tiplier bootstrap as calibration tool as proposed by Chernozhukov et al. [CCK14a].

The second, widely considered approach to adaptation is penalization, particularly in
the analysis of high-dimensional models. For illustration, consider again the regression
model (1.1). Barron, Birgé and Massart [BBM99] showed very generally how to combine
the method of sieves with penalization. Particularly, suppose that we are given a se-
quence of finite dimensional, linear sieves @), 0@ ... ©(mn) = © with respective least
squares estimators é(l), ceey (mn) Now, for some constant A > 0 to be specified, pick the
estimator §(%) where

k‘e{l,...,WLn} i=1

k e argmin (Zn:(y — 0™ (X;))? + 241 dim(0") /n> : (1.13)

If all sieves are contained in ©(™") this construction is equivalent to solving the following

penalized problem:

6™ € argmin (Z(Y — 0(X;))? + 24\Pen() /n) , (1.14)
gee™n \ i

where Pen(f) := ming ). gcgm) dim(©®)). This slightly different point of view has been
taken by van de Geer [vdGO01]. The statistical idea is that the penalty term acts as a coun-
termeasure to overfitting by preventing overly complex models. Barron et al. [BBM99]
proved the following theorem and generalized versions which apply to nonlinear sieves,

too.

Theorem 1.0.2. Assume that €; are centred, independent Gaussian random variables

with unit variance. Suppose that the sieves ©® are linear and X\ > 1 is such that

> exp(—Adim(©@®)) < C
k=1
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for some constant C > 0. Then o(k) satisfies for another constant C' > 0

. im(6®)
E||§% — 9|2 < ¢'inf ( inf |0 — 6512 + Adlm(@“) . (1.15)
k 9k€®<

k) n

In nonparametric models the sieves can usually be picked in a subsequent manner,
0® c O and X of constant order. In high-dimensional sparse regression the sieves
are not necessarily nested and it is necessary to pick A =< log(p) to account for the fact
that for each sparsity level s there are (zs’) < p® s-dimensional linear sieves. Inequalities
such as (1.15) above are called oracle inequalities as they balance the first term, the bias,
and the second term, the variance, as well as an oracle that would tell the statistician the
optimal sieve ©(ort)  The representation (1.13) shows that the penalized least squares
approach is closely related to traditional model selection procedures such as Mallows’ CP
[Mal73], AIC [Aka73] or BIC [Sch78] and, moreover, Birgé and Massart [BMO1] proved
that in the case of the Gaussian white noise model it is also equivalent to cross-validation.
While Mallow’s CP, AIC and BIC are based on direct considerations of the likelihood,
[BBM99] argue that the right criterion for the choice of a penalty is the complexity of the

sieves.

However, while being extremely general and also optimal from a theoretical perspec-
tive, this method may suffer in terms of practical applicability. Particularly, computing
solutions of the least-squares estimators in (1.10) may be not feasible at all, and a total
of m,, estimators have to be computed, adding an additional computational burden.

If the ©%) are convex, computation of the least squares estimators (1.10) is usually fea-
sible, either by methods from convex optimization, such as gradient descent, or there are
explicit solutions of the optimization problem. For instance, in case of the nonparametric
white noise model, if ©*) is chosen as the span of the first k Fourier basis elements the

solution of (1.10) are the first k empirical Fourier coefficients.

In high-dimensional problems, such as sparse linear regression or low rank matrix re-
gression, the sieves ©*) are usually not convex and the least square estimators in (1.10)
have an explicit solution only in special cases . In particular, in sparse linear regression
such an explicit solution for (1.10) usually does not exist unless s = p or the design is
orthogonal. Moreover, in sparse linear regression the penalty function in (1.14) equals
Pen(#) = ||0]|o := >_ 1g,20 and hence the optimization problem in (1.14) is also not con-
vex.

A remedy for this issue is to substitute the non-convex penalty function by a convex relax-
ation of it. For instance, in the sparse linear regression model Tibshirani [Tib96] proposed
the lasso where the ¢y penalty is substituted by the £; norm. Thus, computation becomes

more feasible, for example by (stochastic) sub-gradient descent or specialized algorithms
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such as LARS [EHJT04]. In the case of generalized sparse linear models, including sparse
linear regression, this convex relaxation can be proven to still attain the minimax opti-
mal rates while being efficiently computable [BRT09, vdG08, Zha09]. Consequently, this
methodology has also been brought forward in low rank regression problems such as trace
regression [CP10, KMO10, CP11] and linear matrix regression [YELMO7]. It can be shown
to attain the optimal rates of convergence using the trace (nuclear) norm as relaxation of
the rank [KLT11, RT11]. However, in the particular case of rank constrained models this
relaxation seems not to be necessary as the non-convex optimization problem (1.14) has
often an explicit solution. For instance, the solution of the rank penalized optimization
problem proposed by Bunea et al. [BSW11] is given by a hard thresholded singular value
decomposition (SVD) of a linear estimator. In fact, in models where explicit solutions
to (1.14) exist it can often be seen that they and their convex relaxation counterpart are
similar: the solution to (1.14) is usually a hard thresholded estimator whereas its convex
relaxation via the ¢; norm or the nuclear norm is soft thresholded. Besides matrix linear
regression this is for instance the case in nonparametric regression with wavelet approx-
imation spaces [DJ94a], the normal means model and linear regression with orthogonal
design [DJ94b, Tib96] and trace regression [KLT11]. Hard thresholding has the practical
benefit that the kept coefficients or singular values are not shrunk, hence reducing bias.
Alternative, computationally feasible, approaches to reduce bias that have been proposed
are to use the convex relaxed estimator as an initial estimator and then to fit an unbiased
estimator on the selected model [BC13], to hard threshold the debiased lasso [vdG16] or
to use the adaptive lasso [HMZ08, Zou07] where each coefficient in the lasso ¢; penalty is
penalized differently by an adaptively chosen weight.

Cai, Liang and Rakhlin [CLR16] showed how to extend the convex relaxation approach to
linear models under general structural assumptions such as sparsity or low rank. Hence,
one might be tempted to conjecture that convex relaxation always works in the sense that
the corresponding estimators achieve the minimax rate. However, this is not the case. Pio-
neering work by Berthet and Rigollet [BR13] showed that minimaxity and computational
efficiency do not have to go hand in hand. In particular, they considered sparse PCA

1/2 in the minimax rate

and showed that it is necessary to pay an additional factor of s
of testing when considering tests that are not NP-hard to compute. Similar phenomena
have now been discovered in many other high-dimensional models. For instance, compu-
tational gaps appear in (sparse) sub-matrix localization [MW15, CW19, CLR17], sparse
CCA [GMZ17], sparse and low rank logistic regression [BB18] and community detection

[HWX15].

The choice of numerical constants in the penalization (tuning) parameter is also a de-

bated subject as they influence (impact) largely the practical performance of estimators.
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In their work on Gaussian model selection Birgé and Massart [BMO01, BM07] observed
that the tuning parameter must have at least some given numerical value to prevent
inferior performance and that this minimal value is observable in the data. Moreover,
they showed that the theoretically optimal tuning parameter is roughly twice the minimal
parameter, leading to a feasible algorithm for tuning parameter selection. For further dis-
cussion and some numerical examples we refer to the recent survey by Arlot [Arl19]. Other
approaches to prevent inferior numerical performance in high-dimensional sparse linear
regression include the square root lasso [Owe07, BCW11, BCW14, Klo14] for which the
tuning parameter does not depend on the error variance, sub-sampling (coined stability
selection) [MB10], estimation of the variance and otherwise a design dependant fixed value
[BC13] (see also [CCK13] for further justification for heavy-tailed errors and a combination
with the bootstrap and heteroscedastic noise) and cross-validation [Tib96, ZHT07].

1.0.4 Functionals

A function of a parameter defining the model is a functional, i.e. ¥(0) for some map V.
For instance, in nonparametric density estimation, we might be interested in the value of
the density function 6 at a certain value Xg, ¥(0) = 6(Xy) or the second moment of 6,
U(9) = fol 9(x)?dx. Another example would be the value of a high-dimensional vector 6

at one specific coordinate 6;, the average of § or the Euclidean norm of 6, ||6||.

In parametric statistics, assuming differentiability of ¥, the A-method in combination
with asymptotic efficiency of the MLE 6 provides a sufficient answer to the problem of
optimally estimating functionals: the estimator \If(é) is asymptotically efficient with lim-
iting Gaussian distribution, too. In nonparametric and high-dimensional statistics, many

more phenomena appear in the inference for functionals.

In particular, the minimax rate of a functional may differ from the minimax rate of the
estimator for 6. In fact, in many cases even asymptotic efficient estimators with Gaussian
limits exist. Particularly, this means that in such cases no bias-variance trade off has to
be performed as there exist estimators with asymptotic bias o(nfl/ 2). In nonparamet-
ric statistics such situations are well explored and for the sake of conciseness we refer to
[vdV98]. The key realization is that a similar phenomena to the parametric case may hold,
namely that nonparametric estimators exist that achieve the minimax rate of convergence
measured by the Euclidean norm loss function and simultaneously satisfy central limit
theorems. This was coined ’'plug-in’ property by Bickel and Ritov [BR03]. Nickl [NicO7]
and Giné and Nickl [GNO8b, GN09a, GN09b] showed that some commonly used estima-
tors such as the nonparametric MLE, kernel density estimators and wavelet estimators

fulfill this property in density estimation. For nonparametric integral functionals, which
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are sufficiently smooth, we obtain by a second order functional Taylor expansion, that
W(0) - w(0) = DY(O)[0 - 0] + O= (/|6 — 0]%).

If the convergence rate in Euclidean norm is at least n=/4 (corresponding to a smooth-
ness index larger than p/2) the second term vanishes asymptotically and hence, when 6
satisfies a (uniform) CLT, asymptotic efficiency and a Gaussian limiting distribution can
be established. If the achievable convergence rate in Euclidean norm is less than n~1/4
asymptotically efficient estimators may still exist, but a more careful case by case analysis
has to be performed. For instance, estimating the second moment [ 6%(z)dz at v/n-rate
with Gaussian limiting distribution is possible even when the achievable Euclidean norm

convergence rate is slower than n~/4 [BR88, GN08a.

In high-dimensional statistics such ’plug-in’ estimators unfortunately seem to exist only
in situations without intrinsic low-dimensional structure such as sparsity or low rank. In
these cases the typical assumption is that p = o(n) and M-estimators are considered.
Similarly to the nonparametric setting, it turns out that usually functionals of 6 are
asymptotically efficient if p?> = o(n) and consequently Euclidean norm convergence rates
are at least n~1/4. This has already been noted by Huber in his seminal paper on robust
regression [Hub73]. When p?/n — oo it is necessary to perform a case by case analysis,
too. For instance, linear functionals of M-estimators in linear regression were consid-
ered in [YM79, Por84, Por85, Mam89] where it was shown that p*/2log(n)?? = o(n) is
a sufficient condition to establish /n-rates, asymptotic Gaussianity and efficiency. More
recently, [KZ18, Koll7, JHW18] considered estimation of general non-linear functionals
in regression, covariance estimation and a binomial model, respectively. They propose a
novel, iterative "bootstrap-chain’ debiasing method which allows the construction of /n-

consistent, asymptotically Gaussian and efficient estimators, even when p?/n — oo and

only p = o(n).

When the model has some intrinsic structure such as sparsity or a low rank, estima-
tors such as the lasso are biased in possibly every coordinate and hence linear functionals
of 6 are not asymptotically Gaussian. As a remedy for this issue one step debiasing pro-
cedures were independently proposed by various authors [Z2Z14, JM14, vdGBRD14]. For
instance, consider the high-dimensional sparse linear regression model and assume that 6
is the lasso estimator and that the design vectors are Gaussian distributed with covariance

matrix = 1. Then the debiased lasso is defined as

=xT(y — X0)
n

0:=0+ =0+2"XTe/n+ (I -E"XTX/n)0—0).
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Assuming a convergence rate in Euclidean norm of the initial estimator 6 of at least
n~Y* the third term on the right-hand side above can be shown to be asymptotically
negligible (in /5 norm) and asymptotic Gaussianity and efficiency for linear functionals

—_

can be established. Moreover, it is possible to replace Z by a consistent estimator. If

—1/4 it turns out

the convergence rate of 0 with respect to Euclidean loss is less than n
that efficient estimation of linear functionals is still possible if and only if the covari-
ance matrix of the design vectors X; can be estimated at a sufficiently high convergence
rate [JM18, CG17]. Carpentier and Kim [CK18] extended this methodology to low rank
trace regression. Moreover, debiased estimators were also considered in generalized linear
models [NL17], sparse precision matrices [JvdG15], sparse PCA [Jv18] and z-estimation
[BCCW18]. Other, possibly asymptotically efficient, functionals were also investigated in
the sparse setting, e.g. the correlation between two regressors [GWCL19] and explained

variance [CG18b].

On the other hand, if no \/n-convergence rates are achievable, similar phenomena occur
in nonparametric and high-dimensional theory. Instead of using debiased estimators it is
necessary to perform a careful bias-variance trade-off, leading to penalized (thresholded)
estimators and the use of Lepski’s method, see for instance [CCTV18, FRW15, VG18] for
sparse high-dimensional models. Additionally, it has been observed that adapting to an
unknown hyperparameter such as sparsity or smoothness may come at a price. In partic-
ular, this issue has been noted first by Lepski [Lep90, Lep92] when estimating 6(X) in
the Gaussian white noise model where he showed that one has to pay a logarithmic price
in the minimax rate. Cai and Low [CLO05] extended this result to more general linear
functionals and also gave examples where the rate penalty may even be of polynomial or-
der. More recently, in the context of estimating #(X) in a contaminated nonparametric
density model Liu and Gao [LG18] have shown that adaptation to the contamination level
and the smoothness simultaneously is impossible at all. In the context of high-dimensional
models this phenomena has also been observed, for example in the sparse normal means
model when estimating ) 6; [CCTV18].

1.0.5 Confidence sets

Confidence sets and statistical tests both help to quantify the uncertainty of the process
of drawing conclusions from the data. A confidence set C' = C(Y') is a measurable, data
dependant subset of O, such that for the true parameter 6 the probability that 0 lies in

the confidence set has at least a prescribed value,

PefeC)>1—a, O<a<l. (1.16)
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If the inequality above holds for any arbitrary 6 € © we call C' honest at level 1 — a and
if the inequality holds asymptotically we call C' asymptotically honest.
Similar to the case of estimators we measure the performance of a confidence set by its

diameter in some given metric.

In parametric statistics, asymptotically honest confidence sets can be constructed by using
asymptotic normality of the MLE. Indeed, in parametric models under some regularity
conditions (e.g. [vdV98])

V(0 —6) = N(0,1(6)71),

where I(0) denotes the Fisher-information at §. Assuming continuity of I(#) at the true

~

0, it is possible to estimate it consistently with the plug-in estimator I(f) and hence to

—1/2 Gimilar ideas

construct an asymptotic 1 — o confidence set with diameter of order n
often work for functionals for which estimation at y/n-rate is possible and in chapter 3 we

will consider such a case in detail.

In situations where no y/n-rate estimation is possible constructing confidence sets may be
more difficult. A lower bound for the diameter of a confidence set is the minimax rate
of estimation (see section 6.4.1. in [GN16]) and so it is desirable that a confidence set

attains this bound.

For the purpose of visualization confidence bands, confidence sets defined through the
l norm, are widely considered in nonparametric statistics. One possibility for their
construction is to use results from extreme value theory. Indeed, it is possible to prove
extreme value type limit Theorems for the supremum of minimax optimal estimators cen-
tred around their expectation with normalizing factor T, g. Consequently, by slightly
undersmoothing, it is possible to build asymptotic confidence bands with almost minimax
optimal diameter [BR73, GN10]. However, Hall [Hal91] proved that convergence to the
limit is slow and thus the confidence bands are honest only for extremely large n . Hence,
to construct honest confidence bands the bootstrap may be used for smaller values of
n [CCK14b, CCKl14a, CvK03, HH13]. Other possibilities to construct confidence bands
in nonparametric problems are the use of Rademacher complexities and multiscale ap-
proaches (see chapter 6.4.2 in [GN16]). Similarly, in high-dimensional statistics, uniform
confidence sets have been considered and the bootstrap has been advocated for practical
implementation. Building on the seminal work by Chernozhukov et al. [CCK13] on high-
dimensional Gaussian approximation, Belloni et al. [BCK15] first proposed to bootstrap
debiased estimators in high-dimensional sparse linear regression models. Furthermore,
modified versions of the bootstrap in this setting have been proposed in [DBZ17] and
[ZC17].
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Confidence sets with respect to the Euclidean metric (‘confidence balls’) are at a first
glance less appealing in high and infinite dimensions as they are harder to visualize. How-
ever, the Euclidean diameter of a confidence set centred at some estimator may be viewed
as a proxy for the Euclidean loss of this estimator and is thus a useful performance mea-
sure. Estimating the Euclidean loss for the purpose of constructing confidence balls has
been proposed by Juditsky and Lambert-Lacroix [JLL04] and by Robins and van der Vaart
[RVDVO07] in nonparametric models and has been further investigated in high-dimensional

sparse linear regression by Nickl and van de Geer [Nv13] and Cai and Guo [CG18a).

If the hyperparameters defining the model are unknown, constructing adaptive confi-
dence sets with diameter adapting to the minimax risk of some smaller sub-model may
be impossible at all. This is due to the fact that the minimax rate of testing between two
models is a lower bound for any honest confidence set [JLL04, HN11, GN16] and will be

explained in more detail in chapter 2.2.

1.0.6 Minimax lower bounds

In this section we discuss approaches to derive lower bounds for the minimax risk (1.7)
and the minimax diameter of confidence sets in high and infinite dimensions. For more

details and proofs we refer to chapter 2 in the monograph by Tsybakov [Tsy08].

For deriving minimax lower bounds of estimation, the trinity of Le Cam’s method [LeC73],
Assouad’s Lemma [Ass83] and Fano’s inequality provides sufficient tools for most prob-
lems. Fano’s inequality is originally due to Fano [Fan61] but was developed into its modern
version by [IK82, KT93, Tsy08]. The three methods are closely related as discussed for
example by Yu [Yu97] and more extensively by Guntuboyina in his PhD thesis [Gunl1].

The basic principle of all three methods is to lower bound the minimax risk via a testing
argument. Consequently, it is necessary to construct a null hypothesis and a subspace of
alternative hypotheses. The alternative hypotheses are supposed to appear close to the
null hypothesis in the data with reference to some information theoretic distance such as
the Kullback-Leibler distance, but are actually as far apart as possible from each other

when their distance is measured with respect to the loss function.

For estimating the whole parameter § Fano’s inequality and Assouad’s Lemma have been
prevalent in nonparametric and high-dimensional statistics. In nonparametric statistics
wavelets are particularly easy to handle in the construction of these alternative hypothe-
ses. For this reason they have found multiple applications in the construction of lower
bounds, see for example Kerkyacharian and Picard [KP92] and Donoho et al. [DJKP96]

for lower bounds over Besov balls in density estimation by using Fano’s inequality or Gobet
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et al. [GHRO04] for lower bounds for scalar diffusion processes observed in low frequency
by using Assouad’s Lemma.

In high-dimensional statistics Fano’s inequality and a modified version of Assouad’s Lemma
have also been frequently used. For instance, Fano’s inequality has been used to de-
rive lower bounds in trace regression [KLT11], high-dimensional sparse linear regression
[RWY11, RT11], sparse PCA [VL13] and for the estimation of sparse covariance matrices
[RT12]. Moreover, Cai et al. [CZZ10] combined Le Cam’s method with Assouad’s Lemma
to obtain bounds for banded covariance matrices. Using this new technique, Cai and
Zhou proved lower bounds for sparse covariance matrices [CZ12] and Cai et al. for sparse

precision matrices [CLZ16].

Constructing the space of alternative hypotheses is performed on a case by case basis.
However, the resulting minimax bounds are usually closely tied to the geometric struc-
ture of the parameter space ©. Hence, similar to the general theory for deriving upper
bounds [vdG90, BM93], there have also been attempts to formulate a general theory for
lower bounds based on the geometry of ©. The close connection between entropy and
rates had already been noticed by Birgé [Bir83] in 1983 in his consideration of the non-
parametric density model. Building on his work Yang and Barron [YB99] formulated
a general, geometric lower bound: it can be derived from the relationship between the
entropy of a Kullback-Leibler ball and the entropy of a ball in the loss-function. Un-
fortunately, as Yang and Barron already noted, their bound appears to be tight only in
situations where the entropy grows polynomially, i.e. in nonparametric settings. Thus,
Ma and Wu [MW15] extended this work to high-dimensional matrices by using tools from
convex geometry. They considered models where the loss-function is given by an arbitrary
unitarily invariant norm and showed that this new method provides tight lower bounds for
matrix completion with low rank constraint, sparse submatrix estimation and covariance

matrix estimation.

To prove lower bounds for nonlinear functionals, such as [|0]|3, Fano’s inequality is also
used, too, see for instance Collier et al. [CCT17] for lower bounds for quadratic func-
tionals in the sparse normal means model. An alternative to the use of Fano’s inequality
is the same approach as for testing lower bounds. It is based on constructing a set of
alternative distributions that are close to a null hypothesis in total variation distance
but for which the functionals are far apart. The main difference lies in the proofs: it is
necessary to bound the y2-distance between a null distribution and a mixture measure
of alternatives instead of the KL-distance between null and each alternative separately.
This approach has been successfully employed for instance in the proof of lower bounds
for a linear functional by Collier et al. [CCT17] and for a quadratic functional of a sparse

covariance matrix by Fan et al. [FRW15].
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For linear functionals in convex parameter spaces there is a more involved theory available:
for nonparametric densities Donoho and Liu [DL91a, DLI1b] proved general lower bounds
in terms of the interplay between functional and geometry of © by using Le Cam’s method.
Since for functionals adaptive rates may differ from the nonadaptive rates [Lep90, Lep92],
in subsequent work Brown and Low [BL96] and Cai and Low [CL05, CL04a] developed
new lower bound techniques, showing different general lower bounds. In high-dimensional
statistics the only work regarding adaptivity of linear functionals that we are aware of
is Collier et al. [CCTV18] who prove that when estimating a linear functional in the
sparse normal means model one may have to pay a price for adaptation depending on the

asymptotic regime: either no price, a loglog-factor or a log-factor.

If estimation of functionals at a y/n-rate is possible, sharp semiparametric information
bounds, indicating asymptotic efficiency, are of interest, too. For functionals in nonpara-
metric statistics these bounds are similar to the parametric case. The main difference
is that the nonparametric nature of the model may deteriorate the achievable variance,
see for example chapter 25 in [vdV98]. The bounds obtained this way are asymptotic
in nature. An alternative is to use van Trees’ inequality [vT68, GL95] which provides a
non-asymptotic minimax lower bound containing the Fisher Information. For instance,
Dalalyan et al. [DGTO06] used van Trees’ inequality to prove sharp lower bounds in the
estimation of a shift parameter in the Gaussian white noise model.

In high-dimensional statistics parametric asymptotic lower bounds do not apply anymore
since the models are not fixed as n grows. In high-dimensional sparse linear regression
van de Geer et al. [vdGBRD14] embedded their high-dimensional model into an infinite
dimensional model where the classic semi-parametric bounds apply. To circumvent this
embedding, allowing for less stringent assumptions, Jankovd and van de Geer [JvdG18]
extended the parametric Cramér-Rao inequality and Le Cam’s lower bounds (see e.g.

[vdV98]) for asymptotically unbiased estimators to the high-dimensional case.

Lower bounds for adaptive confidence sets are determined by the addition of estima-
tion lower bounds and testing lower bounds for composite hypotheses (see chapter 6.4
in [GN16]). The concept of the minimax rate of testing and the development of test-
ing lower bounds were pioneered by Ingster, see for instance the monograph Ingster and
Suslina [[S03] for an overview. Typically, testing lower bounds are more difficult to derive
than estimation lower bounds and no general theory is available. The commonly used
approach due to Ingster is to construct a product measure of alternative hypotheses, then
to lower bound the minimax risk by the Bayes risk over this prior and then to bound
the y2-distance bet-ween the null-hypothesis and the product measure of alternatives.
In high-dimensional statistics this approach was successfully used to construct testing

lower bounds for the simple null hypothesis Hy : & = 0 against a composite alternative
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for instance by Ingster et al. [ITV10] and Arias-Castro et al. [ACCP11] in the sparse
high-dimensional regression model, by Mukherjee et al. [MPL15] in a sparse binary re-
gression model and by Carpentier and Nickl [CN15] in low rank trace regression. Usually,
the testing lower bounds for the simple null hypothesis Hy : 6 = 0 can be extended
to composite null hypotheses, thus providing lower bounds for the diameter of adaptive
confidence sets, see for instance Nickl and van de Geer [Nv13] for such an extension in the
high-dimensional sparse linear regression model. Using Ingster’s strategy, testing lower
bounds for functionals are proven in the same way. For instance, Berthet and Rigollet
[BR13] proved lower bounds for testing the value of the largest eigenvalue in sparse PCA
and Cai and Guo [CG17] developed lower bounds for the diameter of confidence sets of

linear functionals in high-dimensional sparse linear regression.

1.0.7 Contributions

In this thesis, we consider three problems from the areas of constructing estimators, esti-
mating functionals and constructing confidence sets at the intersection of high-dimensional
and nonparametric matrix and operator inference. In the following, we briefly summarize

our main contributions.

Adaptive confidence sets for matrix completion

In chapter 2, we consider the construction of adaptive confidence balls in two closely re-
lated matrix completion models, the trace regression model and Bernoulli model, assuming
in both cases an unknown low rank of the target matrix My € R™*™2, Additionally, we
assume that My is bounded by some a > 0. The typical application of matrix completion
models are recommender systems [BLO7, GNOT92], but they have also been proposed in
genomics [CZCT13] and sensor localization [Sin08].

In the trace regression model noisy entries from the target matrix are sampled with re-

placement. This means, that the data is given as
Yvi:<Xi>M0>+€ia izlv"'ana

where the ¢; are independent, bounded, mean zero random variables and the X; are chosen
uniformly at random from the set of matrices with exactly one nonzero entry which equals
one. Particularly, this means that in the trace regression model, it is possible to observe
an entry of the unknown matrix My multiple times.

On the other hand, the Bernoulli model is a normal means model with entries missing at

random. Here, data is given as

Yij = Bij(Mo)ij +€ij), 1<i<m, 1<j<mg,
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where the B;; are independent Bernoulli random variables with success probability p =
n/mimsy. Here sampling an entry twice is impossible. The main assumption in both
models is that My is a matrix of rank r with r being much smaller than min(m;, ms).
In both models it can be shown that the matrix lasso estimator proposed in the trace
regression model by Koltchinskii et al. [KLT11] achieves the optimal rate of convergence
in Frobenius norm up to a logarithmic factor with high probability (for a proof in the

Bernoulli model see Proposition 2.8.3 ).

For the trace regression model, we give an explicit construction of a confidence ball,
even when the error variance is unknown. If the variance is known, we use a x2-statistic
which has been also used in trace regression models with Gaussian design by Carpentier
et al. [CEGN15] and prove in Theorem 2.4.1 that it is honest and has Frobenius diameter
adapting to the minimax risk up to a log-factor.

The unknown variance case is more challenging. Inspired by Robins and van der Vaart
[RVDV07], we propose to estimate the unknown risk via the U-statistic (2.19). In our
construction we split the sample into two equally sized batches. We use the first sample
to construct a minimax optimal estimator such as the matrix lasso M and the second
sample to estimate the risk unbiasedly. In the construction of the U-statistic, we con-
sider only entries that have been sampled at least twice. The number of such samples is
random, but assuming the uniform sampling regime, we show in Lemma 2.4.1 that with
high probability there are sufficiently many for our construction. In Theorem 2.4.2 we
show that the constructed confidence set is asymptotically honest, and, that its Frobenius

diameter adapts up to a log-factor to the minimax rate of estimation.

The information geometry of the Bernoulli model turns out to be completely different: in
Corollary 2.5.1 and Corollary 2.5.2 we show that adaptive confidence sets do only exist if
the error variance is known. The proofs of these results are both based on testing argu-
ments:

If the variance is known, we give a theoretical existence proof based on an upper bound
for the minimax rate of testing for a composite null hypotheses containing all matrices
with bounded rank and the existence of an oracle estimator. To bound the minimax rate
of testing, we employ in Theorem 2.5.1 an ’infimum’-type test (see e.g. [BN13, Nv13]). In
its proof, we bound the type II error probability by using Talagrand’s inequality [Tal96]
in combination with sharp bounds for the spectral norm of random matrices due to Ban-
deira and van Handel [BvH16]. Moreover, we show in Proposition 2.8.3 that the matrix
lasso estimator by Koltchinskii et al. [KLT11] fulfills the required oracle inequality in the
Bernoulli model, employing again the bounds due to [BvH16].

In the unknown variance case, we prove in Theorem 2.5.2 a lower bound for the mini-

max rate of testing, which implies the non-existence of adaptive confidence sets. In our
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proof, we follow the approach of Nickl and van de Geer [Nv13]. We first reduce the test-
ing problem to the simple null hypothesis Hy : My = 0 and then prove testing lower
bounds following Ingster’s approach. The main conceptual difference to previous works
(e.g. [ITV10]) is that we allow for any arbitrary, bounded, mean zero noise instead of
using strictly Gaussian distributed error random variables. This might be more realistic
in the matrix completion setting, as in applications such as movie recommender systems
[BLO7] all observed entries are bounded.

Efficient Estimation of Linear Functionals of Principal Components

In chapter 3, we focus on principal component analysis (PCA), which is a commonly
used dimension reduction technique for high-dimensional data sets. Assuming a general
framework where the data lies in a Hilbert space H, PCA and our results are applicable
to a wide range of problems, including functional data analysis [RS05] and kernel PCA in
machine learning [BBZ07].

We assume a model where for some covariance operator ¥ Gaussian data is given as

X; "R N(0,3),

and we measure the model complexity by the effective rank,

 trace(X)
=T

The effective rank is the reciprocal of percentage of variance explained by the first principal
component and captures the difficulty of estimating > in spectral norm as proven by
Koltchinskii and Lounici [KL17a]. Particularly, the effective rank may be of a much smaller
order than the dimension of H, for instance if the eigenvalues of 3 decay polynomially or
exponentially. A small effective rank compared to the dimensionality of the data is also
observed empirically in some applications, see for instance Novembre et al. [NJB"08] for
an example in genomics where the data lies in R%90-968 but the effective rank is

roughly 3.

Since ¥ is symmetric and positive definite, it has an eigendecomposition,

E:Z/\z(ez@)ez)

i>1

We study estimation of linear functionals of eigenvectors of X, (0,,u), by proving Berry-

Esseen type bounds and bounds for the convergence of moments.

We start by proving in Theorem 3.3.2 that the plug-in estimator <9},u> is asymptoti-

cally Gaussian with y/n-rate of convergence when centred around its expectation. The
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main tools for the proof are a representation of the bias term and a concentration in-
equality for higher order perturbation terms, which were both proven by Koltchinskii and
Lounici in [KL16]. As typical in high-dimensional statistics [Hub73, vdGBRD14, GZ16],
we are able to establish asymptotic Gaussianity if the complexity parameter is of smaller
order than y/n: if r(¥) < y/n, Corollary 3.3.3 shows that the bias is of smaller order than
n~Y2 and hence that the plug-in estimator (éw,u> attains a y/n-convergence rate with
Gaussian limit.

Moreover, in Theorem 3.3.4 we give a sharp minimax lower bound in quadratic loss. This
shows that the plug-in estimator is in fact asymptotically exact minimax and efficient if
r(¥) < /n and thus implies semiparametric optimality of 0,. The proof is based on an
application of van Tree’s inequality [vT68]. As van Tree’s inequality is non-asymptotic,

we prevent possible issues with high-dimensional asymptotic formulations.

If r(¥) > /n, the bias is non-negligible. We calculate the value of the second order
perturbation term of (6,,u) and prove that it is of order r(X)/n. Hence, in this case the
plug-in estimator does not even achieve a y/n-rate of convergence (as proven in Proposi-
tion 3.3.5 ).

Nevertheless, contrary to the situation in sparse linear regression [CG17, JM18], efficient
estimation at y/n-rate is possible when r(X) > /n. We develop a novel method of bias
reduction by estimating the bias and correcting the plug-in estimator. In our construction
we use two samples of size o(n) to estimate the bias parameter and a third sample con-
taining the majority of the data for estimating the plug-in estimator. In Theorem 3.3.6
we show that this newly constructed estimator attains a /n-rate of convergence rate with
optimal variance in the Gaussian limit as long as r(X) = o(n).

Finally, by using perturbation theory for linear operators, we show in Corollary 3.6 that
the asymptotic variance can be substituted by its empirical version to obtain a standard

Gaussian limit.

Spectral thresholding for the estimation of Markov chain transition operators

In chapter 4, we consider the estimation of the transition operator and the corresponding
transition density of discrete observations X7, ..., X,, of a Markov chain. The distribution

of the Markov chain is characterized by the transition operator

Pf(x) = ELf(X1)|Xo = 2] = / fpay)dy, eI

In contrast to previous works in nonparametric statistics (e.g. [Lac07, C1é00] ) the central

object of our assumptions is the transition operator P instead of the transition density p.
Motivated by low frequency observations of periodised, reversible diffusion processes, we
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assume an approximatively low rank structure of the transition operator with exponen-
tially decaying singular values. In addition, we assume that the corresponding left and
right singular functions have finite Sobolev norm.

In Lemma 4.2.1 we show that these assumptions are indeed met for periodised, reversible
diffusion processes. The proof follows after an application of Weyl’s law [Wey11] for op-
erators with non-smooth coefficients due to Ivrii [Ivr00] and also uses elliptic regularity

results for p.d.e’s developed in a recent article by Nickl and Ray [NR19].

We propose a new algorithm that combines a Galerkin-estimator by Gobet et al. [GHR04]
with low rank matrix estimation techniques by Klopp [Klol1] by hard thresholding the
singular values of the initial estimator. This is closely related to approaches used in molec-
ular dynamics (e.g. [SMP14, CSPT07, CKL"08]), where only the first few singular pairs
are kept.

In the first part of Theorem 4.2.1 we show improved convergence rates of this estima-
tor compared to situations without singular value decay. Particularly, the dependance
of the dimension d on the nonparametric rate increases, up to log-factors, from 2d to d.
The proof is constructed in several steps. We first derive novel spectral norm bounds
for various quantities appearing in our estimator by using a Bernstein inequality for non-
reversible Markov chains due to Jiang et al. [JSF18]. Afterwards, we apply the general
proof for rank penalized estimators developed by Klopp [Klo11], bound the low rank ap-
proximation error and the smoothness approximation error. Additionally, we obtain in
Lemma 4.2.3 that the rank of our estimator is, with high probability, of polylogarithmic

order.

In the second part of Theorem 4.2.1 we prove a tight matching lower bound. For the
proof we use Fano’s inequality and construct the alternative hypotheses by combining
wavelets with projection matrices, adapting an idea by Koltchinskii and Xia [KX15] in

quantum state tomography to our setting.

Finally, in section 4.2.5 we illustrate our theoretical results with simulated data. We sim-
ulate discrete observations of two reversible diffusion processes, an Ohrnstein-Uhlenbeck
process and a Cox-Ingersoll-Ross (CIR) process. Comparing our estimator to the Galerkin-
estimator [GHR04] without hard thresholding of singular values, we observe a considerably

improved performance.

24



Chapter 2

Adaptive confidence sets for

matrix completion

2.1 Introduction

In matrix completion we observe n noisy entries of a data matrix M = (M;;) € R™*m2
and we aim at doing inference on M. In a typical situation of interest, n is much smaller
than mims, the total number of entries. This problem arises in many applications such
as recommender systems and collaborative filtering [BLO7, GNOT92], genomics [CZC™13]
or sensor localization [Sin08]. Two statistical models have been proposed in the matrix
completion literature: the trace-regression model (e.g. [CZ16, Klol4, KLT11, NW12,
RT11] ) and the ‘Bernoulli model’ (e.g. [CR09, Chal5, Klo15]).

In the trace-regression model we observe n pairs (X;, Y;'") satisfying
Yim=(X;, M)+ e =tr(XIM)+e¢, i=1,...,n, (2.1)

where (¢;) is a noise vector. The random matrices X; € R™*™2 are independent of the

€;’s, chosen uniformly at random from the set
B= {ej(ml)e;‘g(mg), 1<j<mg, 1<k< mg}, (2.2)

were the e;(s) are the canonical basis vectors of R*. In this model Y;" returns the noisy

value of the entry corresponding to the random position Xj.

In the Bernoulli model each entry of M + E, where E = (¢;;) € R™*™2 is a matrix
of random errors, is observed independently of the other entries with probability p =
n/(mimsg). More precisely, if n < mymg is given and Bj;; are ii.d. Bernoulli random

variables of parameter p independent of the ¢;;’s, we observe
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The major difference between these models is that in the trace-regression model multiple
sampling of a particular entry is possible whereas in the Bernoulli model each entry can
be sampled at most once. A further difference is that in the trace regression model
the number of observations, n, is fixed whereas in the Bernoulli model the number of
observations 7 := Zij B;j is random with expectation Efi = n. Despite these differences,
the results on minimax optimal recovery using computationally efficient algorithms for
these two models in the literature are very similar and from a ‘parameter estimation’
point of view the models appear to be effectively equivalent (see, e.g., [CZ16, CT10,
CP11, Chal5, Groll, KMO10, Klo14, KLT11, NW12, Recl1]).

In this chapter we investigate questions that go beyond mere ‘estimation’ of the matrix
parameter, namely about the existence of confidence sets for estimators M that adapt to
the unknown rank of M. This question is in non-parametric and high-dimensional models
a delicate matter (see e.g. [Bar04, BN13, CL04b, GN10, HN11, JLL04, Low97, NS16,
Nv13, RVDV07, SvdVvZ15] and Chapter 8.3 in [GN16]) that depends on a rather subtle
interaction of certain ‘information geometric’ properties of the model — the material rel-
evant for this chapter is reviewed in Section 2.2. Many of these results reveal limitations
by showing that confidence regions that adapt to the whole parameter space do not exist
unless one makes specific ‘signal strength’ assumptions. For example, Low [Low97] and
Giné and Nickl [GN10] investigated this question in nonparametric density estimation and
Nickl and van de Geer [Nv13] in the sparse high-dimensional regression model.
Construction of confidence sets in the matrix completion setting is difficult mainly due to
two reasons. Firstly, the Restricted Isometry Property (RIP) does not hold, requiring a
more involved analysis than in a standard trace regression setting such as in [CEGN15].
Moreover, in most practical applications of matrix completion such as movie recommender
systems [BLO7, GNOT92] the variance of the errors is not known. Typical constructions
of non-asymptotic confidence sets such as x2-confidence sets (e.g. [RVDV07, CEGN15])
require explicit knowledge of the variance and are thus not feasible. Particularly in the
‘Bernoulli model’, the problem of unknown variance can be expected to be potentially
severe: for the related standard normal means model (without low rank structure and
without missing observations) Baraud [Bar04] has shown that in the unknown variance
case honest confidence sets of shrinking diameter do not exist, even if the true model is
low dimensional. Similarly, in high-dimensional regression Cai and Guo [CG18a] prove
the impossibility of constructing adaptive confidence sets for the [,-loss, 1 < g < 2, of
adaptive estimators if the variance is unknown.

Our main contribution is that we show that in the case of unknown noise variance the
information-theoretic structure of the two models considered is fundamentally different:
in the trace regression model, even if only an upper bound for the variance of the noise
is known, honest confidence sets exist that have Frobenius norm diameter that adapts to

the unknown rank of M. Contrary to this, we prove that such confidence regions cannot
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exist in the Bernoulli model when the noise variance is unknown. The construction of
the confidence set in the trace-case is explicit and allows for an computationally efficient
implementation. This is a stark contrast to the situation of estimating the unknown My
where results and algorithms (e.g. those in [KMO10, KLT11]) can often be conveyed from
one model to the other.

To complement our findings we also show how to construct adaptive honest confidence sets
for these two models in the case of known noise variance. However, even in this simpler
case the algorithms used in each case do not convey to the other model. The construction
for the trace-model is again easily implementable whereas we have to use a different, only
theoretical approach in the Bernoulli model which is not computationally efficient.

This chapter is organized as follows: in Subsection 2.1.1 we formulate the assumptions and
collect notation which we use throughout the paper. Then, in Section 2.2, we review and
present general results about the existence of honest and adaptive confidence sets in terms
of some information-theoretic quantities that determine the complexity of the adaptation
problem at hand. Afterwards we review the literature on minimax estimation in matrix
completion problems. In Section 2.4 we give an explicit construction of honest and adap-
tive confidence sets in the trace-regression case, adapting a U-statistic approach inspired
by Robins and van der Vaart [RVDV07] (see also [GN16], Section 6.4, and [CEGN15]).
Finally, we present our results for the Bernoulli model in Section 2.5. First, we derive an
upper bound for the minimax rate of testing a low rank hypothesis and deduce from it
the existence of honest and adaptive confidence regions in the known variance case. Then,
we show that in the Bernoulli model, contrary to the trace-regression case, honest and
adaptive confidence sets over the whole parameter space do not exist if the variance of

the errors is not known a priori. Sections 2.7-2.8 contain the proofs of our results.

2.1.1 Notation & assumptions

By construction, in the Bernoulli model (2.3) the expected number of observations, n, is
smaller than the total number of matrix entries, i.e. n < mims. To provide a meaningful
comparison we will assume throughout that n < myms also holds in the trace regression
model (2.1). In many applications of matrix completion, such as recommender systems
(e.g. [BLO7, GNOT92]) or sensor localization (e.g. [BLWY06, Sin08]) the noise is bounded
but not necessarily identically distributed. This is the assumption which we adopt in this
chapter. More precisely, we assume that the ¢, are independent random variables that are

homoscedastic, have zero mean and are bounded:

Assumption 2.1.1. In the models (2.1) and (2.3) with index 1 =i and v = (i, 7), respec-

tively, we assume E(e,) = 0, E(e2) = 02, ¢, L €, for . # n and that there exists a positive
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constant U > 0 such that almost surely
max |¢,| < U.
L
We denote by M = (M;;) € R™>*™2 the unknown matrix of interest and define

m = min(my, ma),

d =mq + mao.

For any I € N we set [I[] = {1,...,l}. Let A, B be matrices in R"*™2. We define
the matrix scalar product as (A, B) := tr(A”B). The trace norm of the matrix A is
defined as || A||« := ) 0;(A), the operator norm as ||A|| := 01(A) and the Frobenius norm
as ||A||% = Y, 07 = Do A?j where (0j(A)) are the singular values of A arranged in
decreasing order. Finally [|A||,, = max; j|A;;| denotes the largest absolute value of any

entry of A. Given a semi-metric D we define the diameter of a set S by
|S|p :==sup{D(z,y) : =,y € S}

Furthermore, for k& € Ny we define the parameter space of rank k& matrices with entries

bounded by a in absolute value as
A(a, k) :={A e R™*™ : ||Al|xc < a and rank(A) < k}. (2.4)
Finally, for a subset ¥ C (0, U] we define
Ala, k) @ X :={(A,0): A€ A(a, k), 0 € 3}.

As usual, for sequences a,, and b,, we say a,, < by, if there exists a constant C' independent
of n such that a, < C-b,, for all n. We write Py, (and Ejps , for the corresponding expec-

tation) for the distribution of the observations in the models (2.1) or (2.3), respectively.

2.2 Minimax theory for adaptive confidence sets

In this section we present results about existence of honest and adaptive confidence sets
in a general minimax framework. To this end, let Y = Y™ ~ ]P”J} on some measure space
(Q,B),n € N, where f is contained in some parameter space .4, endowed with a semi-

metric D. Let 7, denote the minimax rate of estimation over A, i.e.

_inf  sup EfD(f, f) < ra(A).
fnﬂn‘)AfEA
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2.2. Minimax theory for adaptive confidence sets

We consider an ‘adaptation hypothesis’ Ay C A characterised by the fact that the minimax
rate of estimation in Ay is of asymptotically smaller order than in A: r,(Ag) = o(r,(A))
as n — 0o. In our matrix inference setting we will choose for D the distance induced by
| - ||, for Ap,. A the parameter spaces A(a, ko) @ X, A(a, k) ® X from above, ky = o(k)
as min(n, m) — oo, and data (Y;, X;) or (Yj;, B;j) arising from equation (2.1) or (2.3),

respectively.

Definition 2.2.1 (Honest and adaptive confidence sets). Let a, o’ > 0 be given. A set
Cn =Cn(Y,a) C A is a honest confidence set at level  for the model A if

liminf inf P’} ) >1—a. 2.
im in }gA H(feCy) > a (2.5)

Furthermore, we say that C,, is adaptive for the sub-model Ay at level o/ if there exists a
constant K = K(a,a/) > 0 such that

sup P} (|Cplp > Krp(Ao)) < o (2.6)
feAo

while still retaining
sup P} (|Cr|p > Krn(A)) < o (2.7)
feA

We next introduce certain composite testing problems.

Definition 2.2.2 (Minimax rate of testing & uniformly consistent tests). Consider the

testing problem
Hy:feAy against Hy:feA D(f,Aoy) > pn (2.8)

where (pyp, : n € N) is a sequence of non-negative numbers. We say that p, is the minimaz
rate of testing for (2.8) if
(i) Y8 >0 3 a constant L = L(B) > 0 and a test ¥,, = ¥, (8), ¥, : Q, — {0,1} such
that

sup E¢[V,] + sup Ef[1 -V,] <B. (2.9)
feAo JFeA, D(f,A0)= Lpn

We say that such a test W,, is B-uniformly consistent.

(ii) For some By > 0 and any sequence p}, = o(py) we have

lim inf inf sup Ef[V,] + sup Ef[1—W,]| >80 >0. (2.10)
n—00 V,:0n,—{0,1} | feA, feA, D(f,A0)>pr

Theorem 2.2.1. Let p,, be the minimaz rate of testing for the testing problem (2.8) and
suppose that By > 0 is as in (2.10). Suppose that

rn(AO) = O(pn)
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Then a honest and adaptive confidence set C,, that satisfies (2.5)-(2.7) for any a,a’ > 0
such that 0 < 2a + o < By does not exist. In fact if 3o < [y, then for any honest
confidence set Cy, that satisfies (2.5) we have that

sup E¢|Cplp > cpn. (2.11)
feAo

for a constant ¢ = c¢(a) > 0.

The first claim of this theorem is Proposition 8.3.6 in [GN16]. The lower bound (2.11)

also follows from that proof, arguing as in the proof of Theorem 4 in [CN15].

A converse of Theorem 2.2.1 also exists, as can be extracted from Proposition 8.3.7
in [GN16] and an observation in Carpentier (see [Carl3], proof of Theorem 3.5 in Section

6). For this we need the notion of an oracle-estimator.

Definition 2.2.3 (Oracle estimator). Let 8 > 0 be given. We say that an estimator f
satisfies an oracle inequality at level B if there exists a constant C' such that for all f € A

we have with P?—pmbability at least 1 — 3,

D(f,)<C _inf (D(f,A)+r(A)). (2.12)
Ae{A, Ao}

This is a typical property of adaptive estimators, and is for example in the trace-
regression setting fulfilled by the soft-thresholding estimator proposed by Koltchinskii
et.al. [KLT11]. The following theorem proves that if the minimax rate of testing is no
larger than the minimax rate of estimation in the adaptation hypothesis, then honest
adaptive confidence sets do exist. The proof is constructive and yields a confidence set of

non-asymptotic coverage at least 1 — a.

Theorem 2.2.2. Let a,a’ > 0 be given. Let p, be the minimaz rate of testing for
the problem (2.8) such that a min(a/2,a')-uniformly consistent test exists. Assume that
pn < C'rp(Ag) for some constant C' = C(a,a’) > 0. Moreover, assume that an oracle
estimatorf at level a/2 fulfilling (2.12) exists. Then there exists a confidence set Cy, that
adapts to the sub-model Ay at level o satisfying (2.6), (2.7) and that is honest at level «,

i.e.,

sup P (f ¢ Cr) < a.
feA

2.3 Minimax matrix completion

First results on noisy matrix completion where obtained by Candes and Plan [CP10].
Using a semidefinite programming approach they construct an estimator M. spp and prove
a by a y/n-factor sub-optimal upper bound on the estimation error in Frobenius norm.

Noisy matrix completion was further studied in several papers (see e.g. [CP10, CP11,
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2.4. Trace Regression Model

KMO10, KLT11, NW12, Klo14, Chal5, CZ16, Klo15, Recl1] ). Optimal rates have first
been achieved by Negahban and Wainwright [NW12] and Keshavan et al. [KMO10].
However, the construction of the estimator and the achievable upper bound in [NW12]
requires knowledge of the ’spikiness’ ratio of the unknown matrix and leads to sub-optimal
rates in cases of matrices M with |[M||% = o(m1m2) and max(|M;;j|) > ¢. The bounds

due to Keshavan et al. [KMO10] are only optimal for almost square matrices and are off

by a factor of y/max(m1,ms)/ min(my, m2) in the case of arbitrary rectangular matrices.
If the true rank is not known the best bounds in terms of the size of the set of matrices
under consideration and the achieved convergence rates have up until now been obtained
by Koltchinskii. et al. [KLT11] and Klopp [Klo14] for the trace-regression model and
by Klopp [Klo15] for the Bernoulli model. For example, in the trace-regression setting,
Klopp [Klo14] shows that a constrained Matrix Lasso estimator M := M(a, o) satisfies
with Py, »-probability at least 1 —2/d

o 2
I3 — Mol _

kdlog(d -
8(d) " 1nd My — M|l < 2a (2.13)

mims n
as long as mlog(d) < n < d?log(d) and where C' = C(o,a) > 0. Similarly, in the Bernoulli
model with noise bounded by U it has been shown in Klopp [Klo15] that an iterative soft

thresholding estimator M := M(a, o) satisfies with Py, ,-probability at least 1 — 8/d
M — Mo|f? kd -

IM = Mol _ o kd and  ||My — Mo < 2a (2.14)

mims n
for n > mlog(d) and for a constant C' = C(o,a,U) > 0. Matching lower bounds have also
been shown by Koltchinskii. et a. [KLT11] and Klopp [Klol5]. In the trace-regression

model with Gaussian noise we have for constants 8 € (0,1) and ¢ = ¢(0,a) > 0 that

M~ My||% _ kd
inf sup  Puye 124 = Mol >c— | > 6.
M Mo€cA(a,k) mimsa n

A similar lower bound can be obtained in the Bernoulli setting (see Klopp [Klo15]). These
lower and upper bounds imply that for the Frobenius loss and the parameter space A(a, k)

the minimax rate 7y, ,,(A(a, k)) is (at most up to a log-factor) of order

v mimakd/n. (2.15)

2.4 Trace Regression Model

We first consider the trace regression model. For the sake of precision we sometimes write
My for the ‘true parameter’ M that has generated the equation (2.1).

For notational simplicity we assume that n is even. Then we can split our observations in
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two independent sub-samples of equal size n/2. In what follows all probabilistic statements
are under the distribution P (with corresponding expectation written E) of the first sub-
sample (Y;'", X;);<,, /o of size n/2 € N, conditional on the second sub-sample (Y;"", X;);5n /2,
i.e. we have P(.) = Py, o (- |(V;", Xl-)i>n/2).

2.4.1 A non-asymptotic confidence set in the trace regression model

with known variance of the errors.

In this case we can adapt the construction of Carpentier et al. [CEGN15]. That is, we esti-
mate the risk || M — My||%/(mimz) by the x?-statistic (2.16) and center the confidence set
around a minimax optimal estimator M. In (2.16) subtraction of o2 is crucial since with-
out this R, would have a bias of 02 = (1) and the diameter of C,, would be dominated
by o2. The other quantities in the definition of (2.17) are required to make sure that the
right hand side is with large enough probability an upper bound on || M — My ||%/(mims)
such that the confidence set has the desired coverage probability.

More precisely, using only the second sub-sample (Y, X;);~p /2 we compute the matrix
lasso estimator from Klopp [Klo14] which achieves the bound (2.13) with probability at
least 1 — 2/d. Then, we freeze M and the second sub-sample. We define the following

residual sum of squares statistic:

Ry=2 > (V"= (X;,M))* — o*. (2.16)
i<n/2

Given a > 0, let &, 5. = V20U log(a), z4 = log(3/a) and, for a z > 0, a fixed constant

to be chosen, define the confidence set

A_Mz - z «,0.
Cn:{Aelexr’w:H|F<2(Rn+zd+z+f”(]>}, (2.17)
mimo n vn

where

3||A — M3
72 = 7%(a, d,n, 0, 2) = 2o0° max (HH2,4zd/n> )
mi1meg
It is not difficult to see (using that 2? <y + z//n implies 22 < y + 1/n) that

(o3

mimsa

| M — M|} N zd + 02203 . SaoU
mime n N

Erto.0 [ M] < | (2.18)
Markov’s inequality, (2.18) and that M is minimax optimal (up to a log-factor) with
Py, o-probability of at least 1 — 2/d as long as mlog(d) < n < d?log(d) imply that C),
has an adaptive and up to a log-factor minimax optimal squared diameter with probability
1 -« for any o > 2/d. The following theorem shows that C,, is also a honest confidence

set:
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2.4. Trace Regression Model

Theorem 2.4.1. Let a > 0, o/ > 2/d and suppose that mlog(d) < n < d*log(d), that
Assumption 2.1.1 is satisfied and that o > 0 is known. Let C,, = Cp(Y,a,0) be given by
(2.17) with z > 0. Then, for every n € N and every My € A(a,m),

2
Pryo (Mo € Cp) > 1 — g _ 9e—2d/(11a%)

Hence, for any 1 < ko < k < m, Cy, is a honest and (up to a log-factor) adaptive confidence
set at the level a for the model A(a, k) ® {c} and adapts to the sub-model A(a, ko) ® {c}

at level o.

The proof of Theorem 2.4.1 follows the lines of the proof of Theorem 2 in [CEGN15]
and we omit it here as the unknown variance results considered in the next section straight-

forwardly imply the known variance results.

2.4.2 A non-asymptotic confidence set in the trace regression model

with unknown error variance.

In this subsection we assume, that the precise knowledge of the noise variance o is not
available, although the quantities a,U are available to the statistician (i.e. upper bounds
on the matrix entries and on the noise). Instead, we assume that o belongs to a known
set ¥ C (0,U]. In applications of matrix completion this is usually a realistic assumption,
since the entries of My are bounded, too. For example in a movie recommender system
(e.g. [BLO7, GNOT92]) the entries of the observations Y and consequently My and ¢; are
bounded from above by the best possible rating and below from the worst possible rating.
As the variance is now assumed to be unknown the construction from (2.17) is not feasible
anymore since we can not compute the test statistic (2.16). Instead we use a U-statistic
approach which only requires an upper bound on the variance for using Markov’s inequal-
ity.

As in the previous section, we use the second half of the sample, (Y;'", X;), J2<i<n, for
constructing a minimax optimal estimator M of M that fulfills ||M||o < a. Since o is
bounded by U we use again the matrix lasso estimator from Klopp [Klol4] with o re-
placed by U which achieves the bound (2.13) with probability at least 1 — 2/d. In order
to construct the confidence set, we will be interested in all pairs of observations (Y, X))
and (Y!", X;) in the first sub-sample with 1 < [ < s < n/2 such that X; = X (that
is, independent measurements of the same matrix entry). For each (i,7) € [m1] x [ma],
let Sy = {k € {1,...,n/2} : X}, = ei(ml)ef(mQ)} =t {a1 < ... < ap,, } where p(
is the number of times that we observe the entry (i,j). For all indices (7,j) such that
S(ij) # 0, we form the |p(; j)/2] couples (Xa;, Xa,), (Xaz, Xay), - - - etc. We denote by N
the set of all these pairs and let |[N| = N be their number. Re-ordering, we can write
(X1, Zk, Z)k<n where X}, = X; = X, for some couple (X;, X5) € N and Z; = V}'" and
Z; =Y/[". That is, using two different samples of the same entry X, = X; = X, we form
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the observation triples (X, Z, Z}.). We use (Xu, Zn, Z;.)k<n to construct a U-Statistic to
estimate the squared Frobenius loss. Contrary to the construction in (2.16) this does not

require knowledge of the variance of the errors. We define:
1 o . .
Ry =+ D (2 — (M, X3))(Z), — (M, X)), (2.19)

and we set Ry = 0 if N = 0. Note that

I M — My||?
Erp.o [RN‘M,N > 1} _ 1M = Mol (2.20)
mimsa
We define the confidence set
A—M|A .
Cp:= {A € A(a,m) : 14 = Mifz < Ry + za,N} (2.21)
m1ms9

where the random quantile constant z, n is defined as

U? + 4a2
z =
a,N /7N

The quantity N is random but we can bound it from below with high probability by

if N#0 and z4n =4a®> if N =0.

n?/(64m1my) as proven in the following lemma.

Lemma 2.4.1. Forn < mymsg we have with probability at least 1 —exp (—nz/(372m1mg))

that:

n?

N>—.
- 64m1m2

Markov’s inequality, (2.20), Lemma 2.4.1 and that M achieves the nearly optimal rate
(2.13) with Py, ,-probability of at least 1 — 2/d imply for any k < m, any M, € A(a, k),
any 0 < U, any o > 2/d + exp(—n?/(372m1mz)) and a large enough constant C' =
C(a,d/,0,a,U) > 0 that

2
Py o <’C”‘F > delog(d)> <a. (2.22)

mimso n -

Since k is arbitrary this implies that C,, is a confidence set whose |- ||%-diameter adapts to
the unknown rank of My without requiring the knowledge of o € 3. The following theorem
implies that C,, is also a honest confidence set. Note that our result is non-asymptotic

and holds for any triple (n,m1, ms) € N3 as long as mlogd < n < mims.

Theorem 2.4.2. Let o > 0 be given, assume mlog(d) < n < mimsy and that As-
sumption 2.1.1 is fulfilled. Let C,, = Cp(Y,«) as in (2.21). Then C, satisfies for any
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2.5. Bernoulli Model

My € A(a,m) and any o € ¥
Prsyo (Mg € Cr) > 1—av.

Hence, for any o/ > 2/d+exp(—n?/(372mimz)) and any 1 < ko < k < m, Cy, is a honest
confidence set at level a for the model A(a, k) @ ¥ that adapts (up to a log-factor) to the
rank ko of any sub-model A(a, ko) @ X at level o.

2.5 Bernoulli Model

In this section we consider the Bernoulli model (2.3). As before we let Pys, (and Ejy, for
the corresponding expectation) denote the distribution of the data when the parameters
are M and o, and we sometimes write My for the ‘true’ parameter M for the sake of

precision.

2.5.1 A non-asymptotic confidence set in the Bernoulli model with

known variance of the errors.

Here we assume again that ¢ > 0 is known. In case of the Bernoulli model we are not
able to obtain two independent samples and cannot use the risk estimation approaches
from the trace-regression setting. Instead we use the duality between testing and honest
and adaptive confidence sets laid out in Section 2.2. We first determine an upper bound

for the minimax rate p = py , of testing the low rank hypothesis
Ho: M € Ala, ko) against Hy: M € A(a, k), |M — A(a,ko)||% > p%, (2.23)

and then apply Theorem 2.2.2. As test statistic, we propose an infimum-test which has
previously been used by Bull and Nickl [BN13] and Nickl and van de Geer [Nv13] in
density estimation and high-dimensional regression, respectively (see also Section 6.2.4.

in [GN16]). Since 02 = Ee?j is known we can define the statistic

1 1
T,:= inf |—Y By ((Yij—Ay)?—0?)|= inf |— Y;; — BijAij)? — Byjo?
" gl | Vo B (W = A0 =) = et | D (0% By = Byo)
(2.24)
and choose the quantile constant u, such that
1
P, T > " Bij(e}; —Eey)| > ua | < /3. (2.25)

1,J
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For example, using Markov’s inequality, we get

0 Bij(e} — o < L S var, (By(e —o?) < T =)

«

SO Ugq = 0\/(3(U2 —02))/(2a) is an admissible choice.

Theorem 2.5.1. Let a > 12exp(—100d) be given. Consider the Bernoulli model (2.3)
and the two parameter spaces A(a, k) and A(a, ko), 1 < kg < k < m. Furthermore assume
that Assumption 2.1.1 is fulfilled, that o > 0 is known, that n > mlog(d) and consider
the testing problem (2.23). Suppose

kod
PP 2 CTHEERE <2 (Ala, ko)
where C' = C(a,a,U,0) > 0 is a constant. Then the test ¥,, := 147,50} where uq is the
quantile constant in (2.25) and T,, is as in (2.24) fulfills

sup  Epo[¥n] + sup Evoll —¥,] <o
MeAa,ko) MeA(ak), ||M—A(ako)|%>p?

Now in order to apply Theorem 2.2.2 we use the soft-thresholding estimator proposed
by Koltchinskii et al. [KLT11] which satisfies the oracle inequality (2.12) up to a log-
factor in the trace regression model. That this holds in the Bernoulli-model as well with
Pz, o-probability of at least 1 — 1/d can be proven in a similar way and we sketch this in
Proposition 2.8.3, removing the log-factor by using stronger bounds on the spectral norm
of the noise matrix (Bjj€i;)i ;-

This and Theorem 2.5.1 imply, using Theorem 2.2.2, that there exist honest and

adaptive confidence sets in the Bernoulli model if the variance of the errors is known.

Corollary 2.5.1. Let o > 2/d and o/ > 12exp(—100d) be given. Suppose that o > 0 is
known, that Assumption 2.1.1 is fulfilled and that n > mlog(d). Then, for any 1 < ko <
k < m, there exists a honest confidence set Cy, at the level a for the model A(a, k) ® {0},
i.e., for any My € A(a, k),

Prry,o (Mo € Cp) 21— a,

and Cy, adapts to the sub-model A(a, ko) ® {o} at level /.

2.5.2 The case of the Bernoulli model with unknown error variance.

In this subsection we assume again, as in Subsection 5.2, that the precise knowledge of
the error variance o is not available. Whereas in this case for the trace-regression model
the construction of honest and adaptive confidence set was seen to be possible, we will

now show that this is not the case for the Bernoulli model. We use again the duality
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between testing and confidence sets, this time applying Theorem 2.2.1. The next theorem
gives a lower bound for the minimax rate of testing for the composite null hypothesis Hy :
M € A(a, ko) of M having rank at most ko against a rank-k alternative. To simplify the
exposition we will consider only square matrices and also an asymptotic ‘high-dimensional’
framework where min(n,m) — oo and ko = o(k). We formally allow for ky = 0, thus

including the ‘signal detection problem’ when Hy: M = 0,02 = 1.

Theorem 2.5.2. Suppose that Assumption 2.1.1 is satisfied for some U > 2 and assume
m = mi = ma. Furthermore, let k = k., — oo be such that 0 < k < m/3 and
kY4 /m/n < min(1,a)/2. For0 < ko < k satisfying ko = o(k) and a sequence p = ppm €
(0,1/2) consider the testing problem

Ho: M € Ala, ko), 0> =1 ws Hy: M € Aa, k), |M—A(a, ko)||3 > m?p?, 0 = 1—4p*.
(2.26)

If, as min(n,m) — oo,

p? —o(ﬁm), (2.27)

n

then for any test ¥ we have that

lim inf sup  Epa[P] + sup E 1—v]| >1.
min(nm) =00 | M€ A(ako) MeA(ap), |M-Aako)|3zm2pr "0V

(2.28)
In particular, if ¥ C (0, U] contains the interval [\/1 — 47, 1] where T = lim sup,, ,, kYA /m/n,
then (2.10) holds for the choices Ao = A(a, ko) ® ¥, A= A(a, k) ® % and o =1, p* = p.

Using Theorem 2.2.1 this implies the non-existence of honest and adaptive confidence
sets in the model (2.3) if the variance of the errors is unknown and kg = o(vk). In
particular adaptation to a constant rank kg, kg = O(1), is never possible if k — oo as

min(m,n) — oo.

Corollary 2.5.2. Assume that the conditions of Theorem 2.5.2 are fulfilled and that
ko = 0(\/%). Then for any a, o’ > 0 satisfying 0 < 2a+ o’ < 1 a honest confidence set for
the model A(a, k) @ X at level « that adapts to the sub-model A(a, ko) @ % at level o does
not exist. In fact if « < 1/3, we have for every honest confidence set Cy, for the model
A(a, k) @ ¥ at level o and constant ¢ = c¢(a, U, «) that

3

9 m
sup Eny,o|Cnlz > ¢
(Mo,o)€A(a,ko)®S

2.6 Conclusions

We have investigated confidence sets in two matrix completion models: the Bernoulli

model and the trace regression model. In the trace regression model the construction of
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Adaptive confidence sets for matrix completion

adaptive confidence sets is possible, even if the variance is unknown. Contrary to this we
have shown that the information theoretic structure in the Bernoulli model is different;
in this case the construction of adaptive confidence sets is not possible if the variance is
unknown.

One interpretation is that in practical applications (e.g. recommender systems such as
Netflix [BLO7]) one should incentivise users to perform multiple ratings of every product
they rate, to justify the use of the trace regression model and the proposed U-statistic
confidence set.

In the case of the Bernoulli model a few questions remain open: Our proof only shows
that one can not adapt to a low rank hypothesis kg = o(vk) if the variance is unknown.
It remains an open question whether the lower bound p in Theorem 2.5.2 is tight, as well
as whether adaptation over ‘non-low-rank parameter spaces’ when ko > vk or k > m!/3

is possible.

2.7 Proofs

2.7.1 Proof of Theorem 2.2.2

Proof. Let ¥,, be a test that attains the rate p with error probabilities bounded by
min(a/2,¢') and let L = L(min(a/2,a’)) be the corresponding constant in (2.9). Let
f denote an estimator that satisfies the oracle inequality (2.12) with probability of at

least 1 — a/2. Define a confidence set
Cpi={feA: D(f,f) <K (rn(A)¥p + ro(Ao)(1 — U,))}

where K > 0 is a constant to be chosen.
We first prove that C,, is adaptive: If f € A\ Ap there is nothing to prove, and if f € Ay
we have

P? (|Cnlp > Kry(Ao)) = P(¥, =1) < o

For coverage we investigate three distinct cases and note that

sup Py (D(f, f) > C’rn(A)) < /2 (2.29)
feA

where C' > 0 is as in (2.12) and where A € { Ay, A}. Hence f is, by the oracle inequality,

an adaptive estimator.
Then for f € Ay, by (2.29)

PH(f ¢ Co) <P} (DU 1) > Kra(A))) Sa/2< 0
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2.7. Proofs

for K > C.
If f e A\Ay and D(f, Ag) > Lpy, then for K > C

PH(f & Cn) = PHD(f, f) > Krn(A), ¥, = 1) + PHD(f, f) > Kra(A), ¥, = 0)
<PHD(S, f) > Kru(A)) + PH(E, =0) < 0.

If f ¢ A\Ag but D(f, Ag) < Lpy, then by the oracle inequality and since p,, < C'r,(Ag)
we have with probability at least 1 — /2 for such f that

D(f, f) < C(D(f, Ao) + rn(Ao)) < CLpy + Crp(Ag) < C(LC" + 1)ry(Ap).
Thus we still have
PH(f ¢ Co) =PHD(f, f) > Krn(Ap)) < /2 <
for K > C(LC' +1). O
2.7.2 Proof of Theorem 2.4.2

Proof. Recall that

. M — My||?
Eny o (RN\N,N > o) _ M= Mol 7 (2.30)

mimsz

Thus using Markov’s inequality we have for N > 0 that

]P)MUJ (MO ¢ Cn|N7N > 0) < ]P)M(),O' (’RN - 7"| > Z(X,N‘N,N > 0)

Varag, o (RN]N, N> 0)
< .

— 2
Za,N

(2.31)

Using equation (2.30) we compute

Varyg,.o (RN}N,N > 0) - %EMO,U«(ZR (NI X)) (2L — (ML, X)) — r)2’N,N > o)

% KIE(MO ~ M, X1>4) + 202 + 04}
_ 1

N mi1mso

U* 4+ 8U%a? + 16a* )
< = aza,N

N

IN

M — My|4
[ ol 74 4 %% 4 ot

since |[M — Mp||so < 2a and where we define |[M — Mol|34 == Z”(]\AJU — M;;)*. Hence

39



Adaptive confidence sets for matrix completion

(2.31) implies
]P)Mo,o' (M() ¢ Cn|N > 0) <a.

Moreover, as | M — Mo|loo < 2a and z, 0 = 4a2, we have that P (Mg ¢ Cp,|N = 0) = 0.
O

2.7.3 Proof of Theorem 2.5.1

Proof. If M € A(a, kg), then by definition of the infimum and u, we have

1
EM,U[\II] =Puo (Tn > uq) <P, \/TT?, iZjBij(G?j — 0'2) > uy | <af3.

The case M € A(a, k), ||[M — A(a, ko)||% > p? requires more elaborate arguments. Let A*

be a minimizer in (2.24). Then
EM,U[l - \Ij] = PM,U (Tn < ua)

o) < V2nu,

=Py | |D Bijl(A5; — Mij)* — 2ei(A; — Mij) + (e —
ij

(2.32)
For p > 8072a+/kod/p = 8072a\/mimakod/n we can apply Lemma 2.8.1 which yields a

weaker version of the Restricted Isometry Property (RIP). Namely, Lemma 2.8.1 implies
that the event

== > By(Aij — Mi)? > guA —M|% VA€ Ala,ky) y, M e H,
b,J

occurs with probability of at least 1 — 2 exp(—100d). We can thus bound (2.32) by

> Bij(Aij — M;j)?

P, sup 2 ZBijeij(Aij — Mij) — > —\/ﬁua,E
AeA(ako) | |55 2
(2.33)
- Bij(Ar — M;j)?
+Po | 1D Bij(ely — o?)| > 2 ](2J ) — Vg, E | 4 2exp(—100d). (2.34)
i
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2.7. Proofs

The stochastic term (2.34) can be bounded using d? > 3n and that p is large enough.

Indeed, on the event = we have that

Zi,j Bij(A;‘kj - Mi')2
2

> pp? /4> (1+V2)/V3dua > (14 V2)v/nua

for p > 24/und/p which implies together with the definition of u, in (2.25) that (2.34) can
be bounded by «/3 + 2exp(—100d). For the cross term (2.33) we use the two following
inequalities which, just as before, hold on the event EV A € A(a, ko)

> Bij(Aij — M;j)?

>y Bij(Aiy — My)? S pllA— M|%
1 > .

> v/nu, and 3 16

Hence, using also a peeling argument, (2.33) can be bounded by

‘Zz‘,j Bijeij(Aij — Mij)| 1

P, sup > —
E : A— M2
s€N: pp?/2<25<o0 AcA(ako), 25<p||A—M |2, <25+1 pll [ 16

98
< Z P, sup Z Bijeij(Aij — M, ) > E
sEN: pp? /2<25<c0 A€A(ako), pllA—M||7<25+1

- 3 Py, <Z(s) > i) (2.35)

sEN: pp? /2<25 <00

0,

where we set the corresponding probability to 0 if the supremum is taken over an empty

set and where we define

Z(s) = sup Z Bijei;(Aij — Mij)|.
A€ A(a ko), p|A—M||Z<2s+1 y

Lemma 2.8.2 (with choices z = 162, &j = €j, t = 2° and ¢ = 1 there ) implies for
p > 16144U \/kod/p and for 2° > pp?/2 that

95 _9s
P, (Z(s)> 2 ) <
( (s) > 16) = o <2097152U2 + 517120aU)

Hence, (2.35) can be upper bounded by

—2° pp?
<2exp ( -
2. e <2097152U2 ¥ 517120aU> =2exp < 209715202 + 517120aU)
SEN: pp? /2<25< 00
(2.36)

<2 exp(—100d)
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Adaptive confidence sets for matrix completion

for p > 16169U (aVU)+/d/p. Consequently (2.32) can be bounded by «/3+4 exp(—100d) <
2a/3 since a > 12 exp(—100d). O

2.7.4 Proof of Theorem 2.5.2

Proof. Step I : Reduction to an easier testing problem between two distribu-
tions

Assume without loss of generality that m is divisible by k. Suppose

vk/4/m
P=Pnm =", ="
NLD

where v = vy, is a sequence such that v = o(1), and assume w.l.o.g. that 0 < v < 1.

(2.37)

Moreover we denote u =2p. For 1 <i<m, 1<k <k, 1 <j<mlet

By b B(p) and Uf "R and Vj e R,

where B(p) is a Bernoulli distribution of parameter p = n/m? and R is the standard
Rademacher distribution Pr(V; = +1) = 1/2. Let P be a uniform random partition of
{1,...,m} in k groups of size m/k, and denote by K;, K; € {1, ..., k}, the label of element
j of P. Consider the following testing problem:

H(,) :M =0 and €ij szd R

against

HY : My =uUMV; (2.38)
and € ~ 5{1*Mij}(1 + M;;)/2 + 5{*1*Mij}(1 - Mm‘)/?

Note that the variance of ¢;; under Hy is 1 and the variance of the noise under H; is
(1= Mi)* (L + Mij) /2 + (=1 = M) (1 — M) /2 = (1 — M) (1 + My;) = 1 — 4p°,

so the noise variables are homoscedastic across the (7,7)’s and |¢;;| <2 < U. Let 7 be the
distribution of M under H{ and write vy and v for the distribution of Y under H{, and
HY{, respectively.

Since the prior M in (2.38) consists of k i.i.d. scaled Rademacher vectors that each form
m/k columns of M we have rank(M) < k and ||M |l = u = 2p < a for v small enough
and since k'/*\/m/n < a/2. Thus M € A(a,k). Then, reordering the columns of M we
have

IM = Ala k)3 = | Mora — Ala ko) I3
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where M,,q is a m X m matrix with the (((: — 1)m/k) + 1)-th to the (¢m/k)-th columns
each given by wur; where r; are i.i.d Rademacher vectors of length m, i = 1,..., k. Then
(as in the proof of Theorem 1 in [CN15]) we transform M4 into the m x k matrix
MyqP = umR consisting of k column vectors U\/TT//{TZ', i=1,...,k. The m x k
projection matrix P consists of k column vectors, the i-th having zero entries except
for the indices s € [((i — 1)m/k) + 1,...,im/k] where it equals y/k/m. Hence P is an

orthonormal projection matrix and we obtain

IM — A(a, ko) || > |(Mora — Ala, ko)) P||E = [luy/m/kR — A(ay/m/k, k, ko)||%
where we define
A(a, k, ko) := {A € R™*: ||Alloo <a and rank(A) < ko}.

Therefore, if 0., (A) denotes the minimal singular value of a matrix A, we have that

2
1M — A(a, ko) |7 > %IluR/\/m — Ala/v/m, k. ko) |7

m2u2

> " — o) (min (R /)

m2u2 m2u2

> T in (R V))? 2 T = mg? (2.39)

with probability going to 1, where we have used that k — kg > k/2 for m large enough
(recall kg = o(k)) as well as the variational characterisation of minimal eigenvalues com-
bined with Corollary 1 in [Nv13] (with choices n =m, p=ky =k, 6§ =0 and Ay, = 1
there) to lower bound o2, (R/y/m) by 1/2.

To conclude, 7 is concentrated on H; and the primed testing problem above is, asymp-
totically, strictly easier than the testing problem (2.26) since H is contained in Hy and
HY is asymptotically contained in H;. Thus, we have for any test ¥ by a standard lower
bound (as, e.g., in (6.23) in [GN16]) that for all n > 0

d ;
Ep U +supEpp, (1 - 0) > Egy U+ Epgy (1 - ¥) — (1) > (1 - 1) (1 - X(j?o“)) —o(1),
H;

where d, 2 (v, 1) denotes the x2-distance between 1 and vy, which remains to be bounded.

Step II : Expectation over censored data
We define I = [m] x [m] and observe that the likelihood of the data under vy is

p p
LYy, Ym) = |] ((1 = P)Lgvi=0y + 5Ll (v,=1) + 51{2-]-:—1})
(ij)el
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and that the likelihood of the data under v is

L(Yi, Yimm) = Enor ][ ((1—p)1{yij:0}+p(1/2+Mij/2)1{yl.j:1}+p(1/2—Mij/2)1{5/2,],:,1}).
(¢,9)el

Thus, the likelihood ratio £ between these two distributions is given by

L=FEr-r H (1{}/”:0} + (1 + Mij)]-{Yijzl} + (1 — Mij)]-{Yij:—l}>'
(i,9)el

So we have that
dx2 (I/(], V1)2 +1= EYNV()£2

=Eyu, |:]EMN7I' H (1{3@j:0} + (1 + M) lyy,=13 + (1 — Mij)l{l@j:—l})]z

(i,9)el
=Em mrmr ]{_][ [(1 —p+ g(l + M) (1 + MZIJ) + g(l — M;;)(1 - M{]))}
= EM,M’Nw H |:1 + pMijMZ-/]} . (2.40)
Y]

where M’ is an independent copy of M.

Step III : Conditioning over the cross information

Let N, be the number of times where the couple K; = r, KJ’ =7’ occurs. That is,

m
Ny = E 1{Kj:r,KJ’.=r’}'
Jj=1

We enumerate the elements inside these groups from 1 to N, ,.. We write f/f’r/ for the
corresponding enumeration of the V. Setting N = (N, ,/),,» and using the definition of

the prior, we compute

m N,
EM7M’~7r H [1 ‘FPMijMz‘,j} — EN,U,V,U’,V’ H H H [1 + quUZTV]r,T (U: )’(Vf” )/}
oy i=1lrr'e{l,. k}2 j=1
= EN H I(Nrr-ﬂw/) (2'41>
rr'e{l,...,k}2

where we define for any N = N, ,» >0

m N
i=1j=1

and where (X;)i<m, (X])i<m, (Wi)j<n, (W/)j<n are i.i.d. Rademacher random variables.

44



2.7. Proofs

Moreover, we set Z,.,»(0) = 0.
Step IV : Bound on En [, vcp, gy Z(Nry)-

In order to bound Z(N) we use the following lemma proved below

Lemma 2.7.1. Let N = N,.,». There exist constants Cy,Ca,C3 > 0 such that for v small

enough

Covtk?N
Z(N) <exp (Clv4N/m) exp (%) exp (C’3U4N2k2/m2). (2.42)
Using (2.40), (2.41) and (2.42) we have that
dxz(uo, I/1)2 +1
—En [ Z(NVew) (2.43)
ror'e{l,....k}?
<E Co'k? 5 UL PY Csv* N2,k Jm?
> BN €xp m2 Z r,r’ €xp m Z rr! H €xp < 3V LNy s /m )
rr! rr! ryor'e{l,....k}?
]{72

= exp <Cgv4m + Clv4> Exn H exp (Cgv4NzT,k2/m2> , (2.44)

ror'e{l,....k}2

since ), ,» Ny,» = m. We bound the expectation of the stochastic term in (2.44) using

the following lemma proved below:

Lemma 2.7.2. There exists a constant C' > 0 such that for v small enough we have

EN[Hexp (Cgv4N7,27,,,k2/m2>} <1+2C"v* +exp ( - m/k2> (2.45)

Inserting (2.45) into (2.44) and summarizing all the steps we obtain
0 < dy2(vo, )2 <C (v2 +exp (— m/k2)) =o0(1)

for a constant C' > 0 and therefore, letting n — 0,

d ,
Eo[¥] + supEg, [1 — U] > (1 —7) <1 _ XQ(ZO v)
Hy

> —o(l) =1-o0(1).
Proof of Lemma 2.7.1. Note that, by construction of P, we have that
N =N,,» <m/k
since the number of j where M ; corresponds to K; = r is bounded by m/k. As the

45



Adaptive confidence sets for matrix completion

product of two independent Rademacher random variables is again a Rademacher random

variable, we have

m N
I(N) = Erw [[[] [1 +pulRiR)]
i=1j=1

where R = (R;)™,, R’ = (R}), are independent Rademacher vectors of length m and N,
respectively. The usual strategy to use 1+ 2z < e® and then to bound iterated exponential
moments of Rademacher variables (as in the proof of Theorem 1 of [CN15]) only works
when k = const, and a more refined estimate is required for growing k, as relevant here.
We now bound Z(N) for a fixed N,m/k > N > 0. Using the binomial theorem twice we

have

N N
1 1
T(N) = Er |[3 ]1;[1 [1+pu*R] + 2]1;[1 1 - pu?RY] |
1 & 1 . 1 N
:2712 ?)[2[1+pu2} [1 - pu’] +§[1—pu2] 1+ pu?] }
s=1
1 m m N N

= SmgN Z (3) Z <q> [1 +pu2]sq+(m—5)(1\7—q) [1 _pu2](m—s)q+5(]v_q)
s=1 q=1

= EQS [[1 + pu2] SQ+(m—S)(N—-Q) [1 . pu2] (m—S)Q+S(N_Q)]

with independent Binomial random variables S ~ B(1/2,m),Q ~ B(1/2,N). If A :=

1—pu?

Trpu> We obtain

1—pu
1+ pu?
=[1+ puz] mNEQ [AmQESAS(N_zQ)]

-l it (48 1)

m 1 _ 1 m
=1 —|—pu2] NIEQ [ANmﬂ <2A(N/2 Q)+§A( N/2+Q)> ]

N 91 SN+mQ—25Q
I(N) = Eq,s|[1 + pu?]" [ ]

|

1 1 "
_ [1 _p2u4] mN/zEQ <2AQ—N/2 + 2AN/2—Q> .

Now, we denote z := pu? = 4vk/2/m < 1/2 for v small enough. Furthermore, we Taylor

expand log(A) about 1 up to second order, i.e.
1/1 1Y\ , )
log(A) =log(l —z) —log(l+2z)= 22— |5 — = | 2" = —2z —c(v)z
2\ &

for & € [1/2,1], & € [1,3/2] and where ¢(z) € [0,16/9] since x < 1/2. Hence, using also
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the inequality e® < 1+ z + 22/2 + 23/6 + 22* we deduce

I(N) < exp [~ mNa? /2] Eq [ exp (— 26(Q — N/2) — e(@)(@ — N/2)2?))
+ e (— 20(N/2 - Q) — () (N/2 - Q)]
<exp|-— mNmQ/Q]

Eq 5 (1-20(Q ~ N/2) — e(x)(@ ~ N/2)2 + (~20(Q — N/2) — c(2)(@ ~ N/2)a*)* 2

2

+(-22(Q ~ N/2) — e(x)(Q — N/2)?)* /6 + 2(~20(Q — N/2) — e(2)(Q — N/2)a)*)
+ 5 (1 20(N/2 - @) — elx)(N/2 — Q)a? + (~20(N/2 ~ Q) — c{a)(N/2 — Q)22

+(=22(N/2 = Q) — ¢(x)(N/2 = Q)a?)* /6 + 2(—22(N/2 — Q) — c(x) (N/2 — Q)x2)4)] :

Since < 1/2 and |N/2 — Q|z < 1/4 there exist two constants ca = c2(z) = c(z)/2 +
c(2)?/32 < 1 and ¢; = ¢1(x) = 32 + 32¢(x) + 12¢(x)? + 2¢(x)? + c(x)*/8 < 140 such that

the last equation above can be bounded by

< exp [ - mN22/2]Eq [1 +224(Q — N/2)? + c1]Q — N/2|%2* + ] — N/2|x2}m

<exp[-— mN:c2/2]IEQ exp [me(N —20Q)%/2+ e;m(Q — N/2)*z* + com|Q — N/2|x2}

=Eq [exp (%(:1;2(262 —N)? - Na:2)> exp <clm(Q — N/2)22t + com|Q — N/2|x2>].

Using the Cauchy-Schwarz inequality twice, this implies that

Z(N) < \/EQ {exp (mx2N((2Q — N)2/N — 1))} [EQ {exp (clm:lr4(N — 2Q)4/4)}
Eq [exp (262m|2Q - lez)]] : = /(DAY 112,

Step 1 : Bound on term (I11)
Since Q ~ B(1/2, N), since (2Q — N) is symmetric and since 2comz? < 1/2 we have that

(I1I) =Eq {exp (202m|2Q - N|az2)] <2Eq {exp (202m(2Q - N)a:Z)]
=2 [GXP (262771132) + exp ( - 202mx2>} " <2 {1 + 8c%m2x4} N

412
< exp (80%77123:4]\7) < exp (021:7;; N). (2.46)

Step 2 : Term (I1)
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We use mN?z* < 64v/m, (N —2Q)? < N? and N < m/k to obtain
(IT) < Eq [exp (64clv4N/m (N —2Q)? /N)]

Since @ ~ B(1/2, N) the Rademacher average Z = (N — 2Q)/v/'N is sub-Gaussian with

sub-Gaussian constant at most 1. It hence satisfies (e.g., equation (2.24) in [GN16]) for
c>2

—2
c3c
<e ,

2

2,2

Eexp{Z /C}§1+62/47_1_

which for v small enough and the choice ¢~2 = 64c;v* N/m implies for some constant Cy

that Oy

4 N

(I1) < exp <1v> .

Step 3 : Term (I)

We have that

)

(I)= EQ{exp (mN1:2 [

N 2
16v2Nk | 1 1602k
=E |exp Um N ( E 5,-) —1 =E |exp :1 E Ei€j ,
i=1 i#4,i,j<N

where ¢; are i.i.d. Rademacher random variables. If A = (a;;) is a symmetric matrix with
all elements on the diagonal equal to zero, then for the Laplace transform of an order-two

Rademacher chaos Z =), ; Gij€i€j We have the inequality

1672 A||2
Ee?” < L A>0
‘ —eXp{2<1—64HAHA> P AT

see, e.g., Exercise 6.9 on p.212 in [BLM13] with 7 = {A}. Now take A = (0;;)i j<n SO
that we have ||A|| < N and for v small enough 16v2kN/m < 16v% < 1/128.

E[e (16v2k Z __>}<e 16301 K2 || Al|% e 16301 k2 N2
P2 SN = O g oz ATy ) = P T 2

and therefore we conclude for a constant C's > 0 that
(I) < exp (203v4k:2N2 /m2>. (2.47)

Step 4 : Conclusion on Z(N)
Combining the bounds for (I), ({I) and (/1) with the bound on Z(N) we have that

Z(N) < exp (Cgv4l<:2N/m2) exp (C’11)4N/m> exp <C’31}4k2N2/m2>.
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g

Proof of Lemma 2.7.2. We bound the expectation by bounding it separately on two com-
plementary events. For this we consider the event { where all NV, ,» are upper bounded by
7 := 15m/k?, assumed to be an integer (if not replace it by its integer part plus one in

the argument below). More precisely we define
&= {V’I‘ <kWVr <k : Ny < 7'},

Note that { N, ,» > 7} occurs only if the size of the intersection of the class r of partition P
with the class 7 of partition P’ is larger than 7. This means that at least 7 elements among
m/k elements of the class 7/, must belong to the class . The positions of these 7 elements

can be taken arbitrarily within the m/k elements. For the first element, among those 7,

the probability to belong to the class r is %/k For the second element this probability is
s—ikl or % and so on. All these probabilities are smaller than (m/k)/(m —m/k+1).

Therefore we have

PN > 7) < <m7/ k) (n%) < R /)7 < 27 (/2 rrem < e,

where we use (mT/ k) < (mii,ky and Stirling’s formula. Using a union bound this implies

that the probability of ¢ is lower bounded by 1 — k? exp(—15m/k?).

We have on the event &

En [1{5} H exp (Cgv4N37T,k2/m2)}

ror'e{l,...,k}2
< exp (Cgv4k2 : 152(m/k‘2)2k2/m2>]
< exp (C”v4> <14 20"

for C" = 225C5 and for v small enough. Moreover, by definition of N, ,,, we have that
N, <m/k and Zm” N, ,» = m. Hence

> N2 < km?/k? =mP/k

which implies that on £¢

En [1{50} H exp (031}4N,?,r,k2/m2)}

ror'e{l,....k}2
< PN(fc) exp (Cgv4k>

< k*exp ( —15m/k* + Cgv4k>
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< erxp<— 3m/k2> < exp < - m/k2>,

for v small enough and since k* < m. Thus, combining the bounds on ¢ and £, we have
that

En [H exp <03U4N37T,k2/m2)} <1+2Cv" 4 exp ( - m/kg)

2.8 Auxiliary results

2.8.1 Proof of Lemma 2.4.1

Proof. Assume that among the first n/4 samples we have less than n/8 entries that are
sampled twice - otherwise the result holds since n/8 > n? /64myms for n < mymsg. Then,
among the first n/4 samples, there are at least n/8 distinct elements of B, the set of all
standard basis matrices in R™1*™2 that have been sampled at least once. We write S
for the set of distinct elements of {X;},<,/4 and obviously have |S| > n/8. Hence, by

definition of the sampling scheme, we have that

n
P(X;,€S) >
(l )_8m1MQ

, n/d<i<n/2

Furthermore, when sampling an element from S we have to remove this element from
S as we have to use the entry that is stored in S to form a pair of entries. Hence the
probability to sample another element from & decreases and is bounded by

P(X; € S\{Xi}| X € 8) > —— L

8m1m2
for n/4 <i < j <n/2. We deduce by induction for j > i+ k and k < n/2 —i— 1 that

n—k

P(X; € S\{Xi, ..., Xiya }| Xi, oo, Xigr € S) > P —

which yields

n? n?
PIN>——|>P 1rx, >
< - 64m1m2> - Z {(Xies) = 64mime

n/4<i<n/2
n2
>P Z,> ——— 24
B Z " T 64mime (2.48)
n/4<i<n/2
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where Z; can be taken to be Bernoulli random variables with success probability

2
n
/ n 64mi1ma

p= 8m1m2

Then, Bernstein’s inequality for bounded random variables (see e.g. Theorem 3.1.7 in
[GN16]), (2.48) and the estimates

nQ
E zZ| > —
Z = 33mims

n/4<i<n/2
which holds for n < mims and
n2
V. Z,| < ——
ar Z B R 32mims
n/4<i<n/2

imply that

n2 —n2 'n2
P(N>—"_)>1-p Z; —E 7|l <—" | >1- ).
( = 64m1m2) = 2. % 2. Zi< ommg | = OF <372m1m2)

n/4<i<n/2 n/4<i<n/2

d

2.8.2 Lemma 2.8.1

Lemma 2.8.1. Consider the Bernoulli model (2.3) and assume n > mlog(d). Then, with
probability at least 1 — 2exp(—100d) we have for any given M € A(a,m) that

p
sup > (Biy = p)(Ay — Myy)?| = 2| Mo — Allf-| <0
A€A(a,m), |M—A| p>Cay/(rank(AVD)d/p | | i)
where C' = 8072.

Proof. We have, using a union bound, that

P sup > (Bij = p)(Ayj — My)?| — ]%HMO —AlE| >0
AcA(a,m), |M—A| p>Cay/(rank(A)V1)d/p i,j
. p
<Y F up S (By — p) Ay — M| = A ME| >0
k=1 AcA(a,k), pHM—AH%ZCQand i
(2.49)
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Then, using a peeling argument each of the terms in (2.49) can be bounded by

> P sup > (Bij — p)(Aij — M;;)?| > 2°/2
s€N: C2a2kd/2<25<00 A€ A(ak), 2°<p|A-M]|F<25H 2%

< > P sup Y (Bij = p)(Aij — My)*| > 2°/2
seN: C2a%kd/2<28 <00 A€A(a k), plA-M|F<25+ 1,J

(2.50)

with the convention that if the supremum is taken over an empty set the corresponding
probability is set equal to 0. For the cases where the supremum is not taken over an
empty set, we apply Lemma 2.8.2 (with choices §;; =1, ¢=2,2=4,U =1and t =2°

there ) and obtain for

Z(s): = sup > (Bij — p)(Aij — M;;)?

A€A(a k), plA-M|F <25+ |75

that we can bound s
P(Z 25/9) < e
(2(5)>2/2) < exp <260352a2>

Hence, (2.50) can be upper bounded by
Z e —2 <2e Ckd < 2exp(—101d)
xXp | s xp [~ xp(— .
P\ 26035242 ) =P\ 260352 ) = * P
s€N: Ca?kd/2<25<oc0

The result then follows by noting that log(m) < d. O

2.8.3 Lemma 2.8.2

Lemma 2.8.2. Consider the Bernoulli model (2.3). Suppose that & are independent
random variables with max;; |€;;| < U and that mlog(d) < n. Let z > 0, ¢ € {1,2},
M € A(a,m) and 1 < kg < m be given. Finally, for C = 1009 suppose that t € Ry is
such that t > C?2(4a)?12U?kod/2 and that the supremum in

Z(t) = sup > [(Bij&is — EByjiéis) (Aij — Myj)']

A€A(a ko), plA-M|F<2t |

1s not empty. Then,

t —t
F (Z(t) ” ﬁ) < exp (322(8(2a)2‘12U22 + 505(2a)qU\/2/32)> (2:51)

Proof. We first bound EZ(t) and then apply Talagrand’s [Tal96] inequality. Using sym-
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metrization (e.g. Theorem 3.1.21 in [GN16]) and two contraction inequalities (e.g. Theo-
rems 3.1.17 and 3.2.1 in [GN16]), we obtain that

EZ(t) < 2UE sup > Bijeij(Aij — My)*
AGA(aka)v pHA—MH%SQt i,j
< 2(40)"'UE sup > Bijeij(Ayj — M)
AEA(a,ko), p”A—M”%SQt ij
< 2(4a)'"'UE sup (SR, A= Ad)| | +2(4a)T'UE (SR, Ao — M))|
A€A(ako), pllA-M||%<2t
< 8(4a)17 U \/kot /pE ||Zr|| + 2(4a) T UE (SR, Ag — M)|. (2.52)

where ¢;; are independent Rademacher random variables, ¥ := (Bijeij)ij and where Ag
is an arbitrary element in A(a, ko) such that p||Ag — M||% < 2t. Such an Ay exists as soon
as the supremum is not taken over an empty set. An extension of Corollary 3.6 in [BvH16]

to rectangular matrices by self-adjoint dilation (e.g. section 3.1. in [BvH16]) implies (with

choices &;; = Bijeij/ /D, bij = /P, @ = 3 and o = max (man Ny b?j, max; /Z}njl b?j)
\/pd there ) that
E|Sr| < €*/3(2/pd + 421/log(d)) < 86/pd

since mlog(d) < n. For the second term in (2.52) we have
E[(Sg, Ao — M)| < (Var((Sg, Ag — M)))'/?
1/2
= (pll4o— M|} < V2R
Hence, for C?2(4a)?172U%kod/2 < t and since C = 1009 we have that

EZ(t) < 688(4a)? U/ kotd + 2(4a)T U2t < 31t/(32V/2). (2.53)

We now make use of the following inequality due to Talagrand [Tal96], which in the current
form with explicit constants can be obtained by inverting the tail bound in Theorem 3.3.16
in [GN16].

Theorem 2.8.1. Let (S,S) be a measurable space and let n € N. Let X, k=1,...,n
be independent S-valued random variables and let F be a countable set of functions f =
(fises fn) : 8™ = [ K, K|" such that Efy(Xk) =0 for all f € F and k =1,...,n. Set

7 :=sup »  fr(Xp).

feF .4
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Define the variance proxy

Vo :=2KEZ + sup Y E [(fr(Xx))?] .
feF

Then, for allt >0,

—42
P(Z—-EZ>1t) < —_ .
( 2 t) < exp <4Vn ¥ (9/2)Kt>
The functional A — ||A — M||% is continuous on the compact set of matrices {A €
Ala, ko) : ||A—M]||% < 2t}, hence by continuity and compactness the supremum is attained
over a countable subset. Thus we may apply Talagrand’s inequality to Z(t). We have for
our particular case, since sup ez | f(X)| = supe(ryr—ryy f(2), that

Xij = Bij&ij — EByj&i;, S = [-2U,2U]

F = {f : Smlme — [—2(2a)qU,2(2a)qU]mlxm2, flJ(XU) = (—1)lXZ(AZ] — Mz‘j)q,
A€ Aak), plA =M <2, L€ 0.1}
and moreover

l q 2
sup Y E ((—1) (Bij&ij — EBi;&ij)(Aij — Mij) )
(A’l)v AGA(CL,ko), pHA_MH%SQtv le{ozl} 1,7

<(2a)*7? sup > Var(Bi;&i;)(Ay — Mij)?
A€A(a,ko), pllA=M||3.<2t ;5
<(2a)%72y? sup p(Aij — M;;)? < 2(2a)*2Ut.
A€A(ako), pllA—M|3<2t ;]
Therefore, using our previous estimate in (2.53) for EZ(¢) as well, we have for the variance
proxy Vin,m, that

Vinyms < 2(20)%72U% + 31(2a)7Ut/ (8V/2).
Hence, using (2.53) and Talagrand’s inequality, we obtain

-t

g (Z<t) ~ jz) =¥ (Z(t) B2 > 32tﬁ> = oxp (322(8(2a)2q—2U2z n 505(2a)qU\/E/32)> '

O
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2.8.4 An oracle estimator in the Bernoulli model

Here we prove that the soft-thresholding estimator proposed by Koltchinskii et al. [KLT11]
for the trace-regression setting fulfills the oracle inequality (2.12) in the Bernoulli model.

Their estimator is defined as

. Al 2
M € argmin (HHF - —(Y,A) + )\HAH*> (2.54)
AEle Xmo m1m2 n

where A is a tuning parameter which we choose as

N_3 3v20 + V20U
vmn

(2.55)

where C' > 0 is the constant in Corollary 3.12 in [BvH16].

Proposition 2.8.3. Consider the Bernoulli model (2.3). Assume n > mlog(d) and that
Assumption 2.1.1 is fulfilled. Let M be given as in (2.54) with a choice of X as in (2.55).
Then, with Py, o-probability of at least 1 —1/d we have for any My € A(a, m) that

M — M, My — All2
I Mb< inf <Ho |b+cﬂme>

mimso T AeR™m1xXm2 mimso n
My — k)3 dk
< inf (’ 0 A(aa )HF +C>
ke{0,...,m} mimso n

for a constant C' = C(a,o,U) > 0.

Proof. Going through the proof of Theorem 2 and Corollary 2 in [KLT11] line by line we

see that we only need to bound the spectral norm of the matrix

1
Y= " (Bijeij)i,j

by A\/3 with high probability. Using self-adjoint dilation to generalize Corollary 3.12 and
Remark 3.13 in [BvH16] for rectangular matrices (with choices € = 1/2, 5, = U and
0 = max | max

pc,< )

n
g € X;
=1

my
E EUB% efj, max
i=1

there) we obtain

f n —t2

for a constant C7 > 0. Choosing t = /201U /- and using that n > mlog(d) yields that
= occurs with P,-probability at least 1 — 1/d. O
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Chapter 3

Efficient Estimation of Linear
Functionals of Principal

Components

3.1 Introduction

Principal Component Analysis (PCA) is commonly used as a dimension reduction tech-
nique for high-dimensional data sets. Assuming a general framework where the data lies
in a Hilbert space H, PCA can be applied to a wide range of problems such as functional
data analysis [RS05, LAS16] or machine learning [BBZ07].
The parametric setting has been well understood since the 1960’s (e.g. [And63] and
[DPR&2]) and the asymptotic distribution of sample eigenvalues and sample eigenvectors
is well known. For high-dimensional data, where the dimension p = p(n) — oo with the
sample size n, the spiked covariance model introduced by Johnstone in [JohO1] has been
the most common framework to study the asymptotic properties of principal components.
In this model, it is assumed that the covariance matrix is given by a ’spike’ and a noise
part, that is

Y= Z si(0; ® 0;) + 0'2]p,

Jj=1

where Z;Zl si(0; ®46;) is a low rank covariance matrix involving several orthonormal com-
ponents (’spikes’) §; and 021, is the covariance of the noise. Error bounds in this model,
based on perturbation analysis, were studied in [Nad08]. Moreover, if 2 — ¢ € (0,1] the
asymptotic distribution of sample eigenvectors was derived in [Pau07] and in more gen-
eral asymptotic regimes in [WF17]. Assuming sparsity of the eigenvectors (sparse PCA),
inference is possible even when % — 00. This model has recently received substantial

attention, e.g. [CMW13, BR13, VL13, WBS16, GZ15].
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More recently, a so-called ’effective rank’ setting for PCA has been considered, for ex-

ample, in [KL16, KL17a, KL17¢, Ver12, RW16, NSU18]. In this dimension-free setting, it
is assumed that the covariance ¥ is an operator acting in a Hilbert space H, no structural
assumptions are made about X and its ’complexity’ is characterized by the effective rank
r(X) := trace(X)/||X]], trace(X) denoting the trace and ||X|| denoting the operator (spec-
tral) norm of ¥. In a series of papers [KL17a, KLL16, KL17c, KL17b], Koltchinskii and
Lounici derived sharp bounds on the spectral norm loss of estimation of ¥ by the sample
covariance 3 that provide complete characterization of the size of || — || in terms of |||
and r(X), and obtained error bounds and limiting results for empirical spectral projection
operators and eigenvectors of ¥ under the assumption that r(X) = o(n) as n — co. In a
recent paper [NSU18], Naumov et al. constructed bootstrap confidence sets for spectral
projections in a lower dimensional regime where r(X) = o(n'/3). In [RW16], Reiss and
Wahl considered the reconstruction error for spectral projections.
In this paper, we further develop the results of [KLL16] and [KL17¢c] in the direction of
semi-parametric statistics. In particular, we develop a bias reduction method in the prob-
lem of estimation of linear functionals of principal components (eigenvectors of ¥) and
show asymptotic normality of the resulting debiased estimators under the assumption that
r(X) = o(n). We prove a non-asymptotic risk lower bound that asymptotically exactly
matches our upper bounds, thus establishing rigorously the semi-parametric optimality of
our estimator in a general dimension-free setting (as long as r(X) = o(n)).

The problem of \/n-consistent estimation of low-dimensional functionals of high-dimensional
parameters has received increased attention in recent years, and in various models semi-
parametric efficiency of regularisation-based estimators has been studied, see for instance
[vdGBRD14, JvdG18, RSZZ15, NL17]. Moreover, the paper [GZ16] develops Bernstein-
von-Mises (BvM) results for functionals of covariance matrices in situations where bias
is asymptotically negligible. While formal calculations of the Fisher information in such
models indicate optimality of these procedures, a rigorous interpretation of such efficiency
claims requires some care: the standard asymptotic setting for semi-parametric efficiency
[vdV98] can not be straightforwardly applied because parameters in high-dimensional
models are not fixed but vary with sample size n, so that establishing LAN expansions
to apply Le Cam theory is not always possible or even desirable. In [JvdG18] some
non-asymptotic techniques have been suggested under conditions that ensure asymptotic
negligibility of the bias of candidate estimators. We take here a different approach, based
on using the van Trees’ inequality [GL95] to construct non-asymptotic lower bounds for
the minimax risk in our estimation problem that match the upper bound exactly in the

large sample limit.
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3.2 Preliminaries

3.2.1 Notation and conventions

Let H be a separable Hilbert space. In what follows, (-,-) denotes the inner product of
H and also, with a little abuse of notation, the Hilbert—Schmidt inner product between
Hilbert—Schmidt operators acting on H. Similarly, the notation || - || is used both for the
norm of vectors in H and for the operator (spectral) norm of bounded linear operators
in H. For a nuclear operator A, trace(A) denotes its trace. We use the notation || - ||,
1 < p < oo for the Schatten-p norms of operators in H : ||A|, := (trace(|A[P))"/P, where
|A| = \/A* A, A* being the adjoint operator of A. For p = 1, ||A||; is the nuclear norm; for
p =2, ||A||2 is the Hilbert—Schmidt norm; for p = oo, ||Al|s = ||A]| is the operator norm.

Given vectors u,v € H, u ® v denotes the tensor product of v and v :
(u®v): H— H, (u®v)w:= (v, w)u.
Given bounded linear operators A, B : H — H, A ® B denotes their tensor product:
(A® B)(u®wv) = Au® Bv, u,v € H.

Note that A® B can be extended (by linearity and continuity) to a bounded operator in the
Hilbert space H®H, which could be identified with the space of Hilbert—Schmidt operators
in H. It is easy to see that, for a Hilbert—Schmidt operator C, we have (A® B)C' = ACB*
(in the finite-dimensional case, this defines the so called Kronecker product of matrices).
On a couple of occasions, we might need to use the tensor product of Hilbert—Schmidt
operators A, B, viewed as vectors in the space of Hilbert—Schmidt operators. For this
tensor product, we use the notation A ®, B.

Throughout the paper, the following notations will be used: for nonnegative a,b, a < b
means that there exists a numerical constant ¢ > 0 such that a < ¢b; a 2 b is equivalent
to b < a; finally, a < b is equivalent to ¢ < b and b < a. Sometimes, constant ¢ in the
above relationships could depend on some parameter v. In this case, we provide signs <,
2 and = with subscript ~. For instance, a <., b means that there exists a constant ¢, > 0
such that a < cyb.

In many places in the proofs, we use exponential bounds for some random variables,
say, & of the following form: for all ¢ > 1 with probability at least 1 —e™t, ¢ < Ct. In
some cases, it would follow from our arguments that the inequality holds with a slightly
different probability, say, at least 1 — 3e~*. In such cases, it is easy to rewrite the bound
again as 1 — e~! by adjusting the value of constant C. Indeed, for ¢ > 1 with probability
at least 1 — et = 1 — 3e~*719803) | we have &€ < C(t + log(3)) < 2log(3)Ct. We will use

such an adjustment of the constants in many proofs, often, without further notice.
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3.2.2 Bounds on sample covariance

Let X be a Gaussian vector in H with mean EX = 0 and covariance operator ¥ :=
E(X®X). Given i.i.d. observations X1, ..., X, of X, let 3 = 3, be the sample (empirical)

covariance operator defined as follows:
n
Yi=nt ZX]' ® X;.
j=1

Definition 3.2.1. The effective rank of the covariance operator X is defined as

_ trace(X)
) =T

The role of the effective rank as a complexity parameter in covariance estimation is

clear from the following result proved in [KL17a].

Theorem 3.2.2. Let X be a mean zero Gaussian random vector in H with covariance

operator ¥ and let S be the sample covariance based on i.i.d. observations X1,..., X, of

X. Then
g - i< s (1 2\ 7). (3.)

This result shows that the size of the properly rescaled operator norm deviation of )y

E”fgﬁ” , is characterized up to numerical constants by the ratio &) 1y particular,

n
the condition r(X) = o(n) is necessary and sufficient for operator norm consistency of 3 as

from 3,

an estimator of ¥. In addition to this, the following concentration inequality for || — X||

around its expectation was also proved in [KL17a].

Theorem 3.2.3. Under the conditions of the previous theorem, for all t > 1 with proba-
bility at least 1 — e~

i w1 - s < g (V2 ) Ty ). (3:2)

It immediately follows from the bounds (3.1) and (3.2) that, for all £ > 1 with proba-

bility at least 1 —e™!
t t
VyLve) 33

i -1 s 1m1 ("2
>. (3.4)

r(%)

and, for all p € [1,00),

El/PHZA] — 2|7 <p 13 (\/I'(TLT)\/ r(f)
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3.2.3 Perturbation theory and empirical spectral projections

The covariance operator ¥ is self-adjoint, positively semidefinite and nuclear. It has

E:ZNT’PM

r>1

spectral decomposition

where u, are distinct strictly positive eigenvalues of 3 arranged in decreasing order and
P, are the corresponding spectral projection operators. For r > 1, P, is an orthogonal
projection on the eigenspace of the eigenvalue p,. The dimension of this eigenspace is
finite and will be denoted by m,.. The eigenspaces corresponding to different eigenvalues
pr are mutually orthogonal. Denote by (%) the spectrum of operator ¥ and let \; =
Aj(X), 7 > 1 be the eigenvalues of 3 arranged in a non-increasing order and repeated with
their multiplicities. Denote A, := {j : \; = p},7 > 1. Then card(A,) = m,. The r-th
spectral gap is defined as

gr = gr(2) == dist(pr; o (E) \ {pr}).-

Let g = g-(2) := minj <<, gs.

We turn now to the definition of empirical spectral projections of sample covariance
3 that could be viewed as estimators of the true spectral projections P, r > 1. In [KL16],
the following definition was used: let P, be the orthogonal projection on the direct sum of
cigenspaces of 3 corresponding to its eigenvalues {)\J(i) : j € A,}. This is not a perfect
definition of a statistical estimator since the set A, is unknown and it has to be recovered
from the spectrum o(3) of .

When ¥ is close to ¥ in the operator norm, the spectrum a(f]) of ¥ is a small per-
turbation of the spectrum o(X) of ¥. This could be quantified by the following inequality
that goes back to H. Weyl:

ig\kj(i) M) <=2 (3.5)
It easily follows from this inequality that, if |2 — X|| is sufficiently small, then the eigen-
values )\j(f]) of ¥ form well separated clusters around the eigenvalues pi, pg, ... of 2.
To make the last claim more precise, consider a finite or countable bounded set A C R
such that 0 € A and 0 is the only limit point (if any) of A. Given § > 0, define As(A) :=
max{\ € A: (A=, \)NA = 0} and let T5(A) := A\[0, As(A)). The set T5(A) will be called
the top d-cluster of A. Let Ay := T5(A), A2 := T5(A\ A1), Az = Ts(A\ (A1 U Ag)),. ..
and v = v5 :=min{j : A; 11 = 0}. Obviously, v < co. We will call the sets A1, ..., A, the
d-clusters of A. They provide a partition of A into sets separated by the gaps of length at

least 0 and such that the gaps between the points inside each of the clusters are smaller
than 9.
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The next lemma easily follows from inequality (3.5).

Lemma 3.2.4. Let § > 0 be such that, for somer > 1,

IS -3 <6/2 and 5<%.

Let AS, ..., AS be the 5-clusters of the set o(3). Then v >r and, for all1 < s <r
ADC (s — 6/2, 11+ 6/2) and {j: \;(5) € A%} = A,

Given § > 0 and d-clusters fl‘f, .. .,1215,/ of U(ﬁ]), define, for 1 < s < v, the empirical
spectral projection ]53 as the orthogonal projection on the direct sum of eigenspaces of )y
corresponding to its eigenvalues from the cluster flg. It immediately follows from Lemma
3.2.4 that, under its assumptions on 4, f’g =P,s=1,...,r

In the following sections, we will be interested in the problem of estimation of spectral
projections in the case when the true covariance ¥ belongs to certain subsets of the

following class of covariance operators:

SM(t;a) = {%:r(T) <r, J‘EH

0l <a},

where a > 1,t > 1. We will allow the effective rank to be large, v = t,, — oo, but not
too large such that v, = o(n) as n — co. For ¥ € S (t;a), we take § := 73| for a
sufficiently small value of the constant 7 > 0 in the definition of spectral projections psé .

The following lemma is an easy consequence of the exponential bound (3.3).

,ﬁ/\2) and

§ := 7||2||. Then, there exists a numerical constant 8 > 0 such that, for all large enough

Lemma 3.2.5. Suppose a > 1 and v, = o(n) as n — oo. Take 7 € (0

n,

sup Px{ds=1,...,r: P’ # P} < e ATn,
eS8 (t;a)

Proof. By (3.3) with t := B72n, we obtain that

o Ty, B30 _Br2n
sup By{[E -5 >cnzu<\/\/\/)} < efrn,
eS8 (ta) n n

where C' > 0 is a numerical constant. Take g = @ and note that, for all large enough
n, Cy/%= < 7/4 to obtain that

sup  Po{||S - 2 > (r/4)|2[} < e,
eS8 (ta)

Since 7/4 < 1/2, we easily obtain that, for all ¥ € S)(t;a) and for all n large enough
with probability at least 1 — e #7°", (1/2)||S| < =] < 2||S||. This implies that with the
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same probability (and on the same event)
I£ ==l < (7/IIZ] < (r/2)IIZ] = §/2.
On the other hand, for all ¥ € S(T)(t; a),

S 1 gr(z)
o =712 < 27|12 — |12 < .
Tl < 2r )8l < S-Sl <

It remains to use Lemma 3.2.4 to complete the proof. ]

In the proofs of the main results of the paper, we deal for the most part with spectral
projections P, that were studied in detail in [KL16]. We use Lemma 3.2.5 to reduce the

results for Pﬁ to the results for P,.

3.3 Main Results

Our main goal is to develop an efficient estimator of the linear functional (6,,u), where
u € H is a given vector and 0, = 6,.(X) is a unit eigenvector of the unknown covariance
operator X corresponding to its r—th eigenvalue pu,, which is assumed to be simple (that
is, of multiplicity m, = 1). The corresponding spectral projection P, is one-dimensional:
P.=0,®0,.. A “naive” plug-in estimator of P, is the empirical spectral projection ]3’75S
with § = 7||3|| for a suitable choice of a small constant 7, as described in Lemma 3.2.5.
According to this lemma and under its assumptions, ]5;5 coincides with a high probability
with the one-dimensional empirical spectral projection P=06,® ér, where 6, is the
corresponding unit eigenvector of . As an estimator of 6,, we can use an arbitrary unit
vector éf from the eigenspace Im(P;S ), which with a high-probability coincides with +0,
(under conditions of Lemma 3.2.5). In case r = 1, when the top eigenvalue p; = ||X]|| of
is simple and the goal is to estimate a linear functional of the top principal component 61,
there is no need to use d-clusters to define an estimator of 6; since él (a unit eigenvector
in the eigenspace of the top eigenvalue ||f]|] of i]) is already a legitimate estimator.

Note that both 6, and —@, are unit eigenvectors of 3, so, strictly speaking, (6,,u) can
be estimated only up to its sign. In what follows, we assume that éf and 6, (or, whenever
is needed, 6, and 6,) are properly aligned in the sense that (A2,6,) > 0 (which is always
the case either for ,, or for —6,.). This allows us to view (6%, u) as an estimator of (6,,u).

It was shown in [KL16] that “naive” plug-in estimators of the functional (6., u), such
as (%, u) or (f,,u), are biased with the bias becoming substantial enough to affect the
efficiency of the estimator or even its convergence rates as soon as the effective rank is

large enough, namely, r(X) > n!/2. Moreover, it was shown that the quantity

by = b.(2) := Ex(0,,60,)% — 1 € [-1,0]
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plays the role of a bias parameter. In particular, the results of [KL16] imply that the
random variable (0,,u) concentrates around /1 + b, (f,,u) (rather than around (6, u))
with the size of the deviations of order O(n~'/2) provided that r(X) = o(n) as n — oc.
Thus, the bias of (f,,u) as an estimator of (0,,u) is of the order (v/1+ b, — 1)(0,,u) =
by (0r,u). It was shown in [KL16] that |b,| < @ and it will be proved below in this
paper that, in fact, [b,| < @ (see Lemma 3.4.9 and bounds (3.39), (3.40)). This fact

implies that, indeed, the bias of (6,,u) (and of (6%,u)) is not negligible and affects the
r(%)

nl/2

(see e.g. [JMI14, vdGBRD14, ZZ14]): If p denotes the dimension of the model and s
its sparsity and if slog(p) = o(n!/?), the bias of a desparsified LASSO estimator for

convergence rate as soon as — 00. This resembles the situation in sparse regression

the regressor (8 is negligible, which makes it possible to prove asymptotic normality of
linear forms of 3. On the other hand, if slog(p) > n'/2, Cai and Guo [CG17] proved
that adaptive confidence sets for linear forms do not exist in general. This implies that
any attempt to further de-bias the desparsified LASSO or any other estimator to prove
asymptotic normality is deemed to fail. Contrary to this, in our case estimation of the
bias parameter b, is possible (as will be shown below).

We will state a uniform (and somewhat stronger) version of some of the results of

[KL16] on asymptotic normality of linear forms

VA8, u) — VT T 5, ()(0,(5), ), u € H

under the assumption that r(X) = o(n). To this end, define the following operator

Cr:zz ! P57

SFET Hr = s

which is bounded with [|C..|| = g%. Denote

o2(Zsu) := (20,0, (2Cru, Cru) = pr (SCru, Crau).

Clearly, =P
by

g?

o7 (S u) <

r

[ (3.6)

Note that, if H is finite-dimensional (with a fixed dimension) and ¥ is non-singular,
then the Fisher information for the model X ~ N(0;X) is I(Z) = (57! @ 1) (see,
e.g., [Eat83]). The maximum likelihood estimator 3 based on n ii.d. observations of
X (the sample covariance) is then asymptotically normal with y/n-rate and limit covari-
ance I(X)~! = 2(X ® ¥). An application of the Delta Method to the smooth function
g(2) := (0,(2),u) shows that g(3) is also asymptotically normal with limiting variance
((I(%)1¢'(2),¢' (%)), which turns out to be equal to o2(3;u).

Foru e H, vt > 1,a > 1 and g > 0, consider the following class of covariance operators
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in H:

S (x,a,00,u) == {2 :r(¥) <r, ,”2” < a,02(S5u) > a3 }.
gr(%)

We emphasize here that we regard a and oy as fixed constants, but v, ||X|| and g, may
all possibly depend on n. For example, this allows that | X|| — oo as long as g, — oo at
the same rate as it is the case in factor models as considered in [WEF17]. Note that some
additional conditions on t, a, g, u are needed for the class S(") (v,a,00,u) to be nonempty.
Say, bound (3.6) implies that it is necessary for this that o < a?||u/|?. It is also obvious
that there should be a > r (since ||X|| > rg,(2)).

We will also need the following assumption on the loss function £.

Assumption 3.3.1. Let £ : R — Ry be a loss function satisfying the following conditions:
20) = 0, l(u) = l(—u),u € R, £ is nondecreasing and convex on Ry and, for some
constants c1,co > 0

lu) < e, u > 0.

The proofs to all our theorems are in fact non-asymptotic and often can be expressed
by Berry-Esseen type bounds. However, for a more concise presentation we present asymp-
totic statements.

In what follows, Z denotes a standard Gaussian random variable and ® denotes its

distribution function.

Theorem 3.3.2. Let uw € H, a > 1 and oy > 0. Suppose that v, > 1 and v, = o(n) as
n — oo. Let § = 7||3|| for some T € (0, £ A2). Then

/14 (2)(0-(%)

0’?7 - ’
SUPSES(™) (tn,a,00,u) SupmeR‘PE{ Vn(ru) Y o ) <z}-— <I>(x)| — 0 as n — oo.

Moreover, under Assumption 3.3.1,

sup }Egﬁ(ﬁ«éﬁ’w — Vit br(2)<67,(2),u>)> —EBUZ)| = 0 as n — oo.

£eSM) (tp,a,00,u) UT(Z; U’)

The proof of this theorem will be given in Section 3.4 that also includes a number of
auxiliary statements used in the proofs of our main results on efficient estimation of linear

functionals.

Corollary 3.3.3. Let u € H, a > 1 and o9 > 0. Suppose that v,, > 1 and t, = o(\/n) as
n — oo. Let § = 73| for some T € (0,4 A2). Then

6% w)y—(6,(2),
SUPSeS() (v 1a,00,u) supxeR‘]P’g{ vl T(’;?(Efu)(z) u)) < x} — @(l‘)‘ — 0 as n — oo.
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Moreover, under Assumption 3.3.1,

N
sup ‘]EE€<\/H(<9T’U> (GT(E),@)) —EUZ)| — 0 as n — oo,
$eS™) (tn,a,00,u) UT(E; u)

Our next goal is to provide a minimax lower bound on the risk of an arbitrary estimator
of the linear functional (f,(X),u) in the case of quadratic loss £(t) = t2,¢ € R. The proof

is based on van Trees’ inequality and will be given in Section 3.7. Define

o b))
SM (¢, a,00,u) == {£:r(®) <, ”(E‘J) < a,02(3;u) > 08},t >1,a> 1,08 >0,
gr

the interior of the set S)(t, a, g, u).

Theorem 3.3.4. Let t > 1, a > 1 and o9 > 0. Suppose ST (v, a,00,u) # 0. Then, for all
statistics Tp,(X1,...,Xn),

nEs (T (X1, ..., Xp) — (0-(2), u))?
SRS =t

lim inf inf sup

noeo T ses) (v,a,00,u)

Moreover, for any 3¢ € S (v,a,00,u)

nEs (Tn (X1, s Xn) = (0(%), u))? > 1.

lim lim inf inf sup 203 ) =
o2(3;u

0T T 260 (raco.m) |- Dol <e

It follows from Corollary 3.3.3 and Theorem 3.3.4 that the estimator (02, u) is efficient

in a semi-parametric sense for quadratic loss under the assumption that v, = o(nl/ 2).

It turns out, however, that if —#5; — oo, then not only the efficiency, but even the Vn—
n

convergence rate of this estimator fails in the class of covariance operators S (tp,a, o0, u).
Proposition 3.3.5. Let a > r and let 03 be sufficiently small, say,

2<1 a? a
=512 ro1)

Let v, = o(n) and —#5 — 00 as n — co. Then, for some constant ¢ = c(r;a;00) > 0

. A Ty,
lim sup Pg{|<0i,u> —(60,(2),u)| > CH“H;} =1.

N0 SeSM) (th,a,00,u)

The reason for the loss of the /n—convergence rate of plug-in estimators of linear

functionals of principal components is their large bias in the case when the complexity

of the problem is even moderately high (that is, —#5 — o). In [KL16], a method of
bias reduction in this problem was suggested that led to y/n-consistent estimation of

linear functionals. The estimator is, however, not efficient, since the basic sample split
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employed in its construction gives a limiting variance that is twice as large as the optimal
one. Since the bias parameter depends itself on sample size in a subtle way, modifying
the algorithm in [KL16] to obtain an efficient estimator is not straightforward, and we
describe below a construction that yields an asymptotically normal estimator of (6, (%), u)
with optimal variance in the class of covariance operators S (t,,, a, o, u) with t, = o(n).
The idea is to use only a small portion of the data (of size o(n)) to estimate the bias
parameters and to use most of the data for the estimator of the target eigenvector.

For some m < n/3, we split the sample X1,...,X,, into three disjoint subsamples, one
of size n’ :==n — 2m > n/3 and two others of size m each. In Theorem 3.3.6 below, we
choose m = m,, = o(n) as n — oo, which implies ' = n], = (1 + o(1))n as n — .
Denote by f](l), 2(2), $3) the sample covariances based on these three subsamples and let
éfj 4 ,j =1,2,3 be the corresponding empirical eigenvectors with parameters §; = T||f3(j )|

for a proper choice of 7 (see Lemma 3.2.5). Let

N AN !
b= 55 i S VITYS
677 6 a v (1/2)

r .

Our main goal is to prove the following result showing the efficiency of the estimator

(0,.,u) of the linear functional (,(X),u). Its proof will be given in Section 3.5.

Theorem 3.3.6. Let u € H, a > 1 and o9 > 0. Suppose that v,, > 1 and t, = o(n) as

2

2) as n — oco. Then

n — oo. Take m = m,, such that m, = o(n) and nt, = o(m

sup sup‘IP’g{ Vn({Or, u) — (6-(X), u))

<zp—®(x)|>0asn—>oc0. (3.7)
£eS() (tn,a,00,u) TER UT(E; U) } ‘

Moreover, under Assumption 3.3.1 on the loss ¢,

¢M@w><@@ﬂ”>_m@”ﬁ0%n%m.

sup ]Eg£<
)‘ JT(E; u)

£eS™) (vp,a,00,u

Remark 3.3.1. The assumption v, = o(n) is not necessary for the existence of a /n-
consistent estimator of (6,(X),u). In fact, the estimator (f,,u) (say, with m = n/4) is
\/n-consistent provided that v, < cn for a sufficiently small constant ¢ > 0. This fact
easily follows from (3.66) of Corollary 3.5.3 in Section 3.5. This is also the case for a
somewhat simpler estimator (based on splitting the sample into two parts) considered
earlier by Koltchinskii and Lounici [KL16] (see Proposition 3). However, it is not clear
whether asymptotically efficient estimators (in the sense of Theorem 3.3.6) of linear func-
tionals (6,(X), u) of the eigenvector 6, (X) with y/n-rate and optimal limit variance o,.(2; u)
exist when the condition v, = o(n) does not hold. In this case, the linear term of the
perturbation series, that determines the limit variance o,(X;u), is no longer dominant,

which makes the existence of such estimators unlikely. However, asymptotically normal
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estimators of functionals (0, (X), u) might still exist (but with a larger limit variance). It
could be easier to develop such estimators in the case of spiked covariance models rather
than in the more general framework of the current paper. The solution of this problem
would rely on the tools of random matrix theory (see, [Pau07] as well as the more recent
paper [BKYY16]) rather than perturbation theory, and, possibly, it would require the
development of minimax lower bound techniques different from those employed in the

present paper.

Remark 3.3.2. It is not hard to develop similar asymptotically efficient estimators for
l-dimensional “functionals” of the form A6,(X), where A is a linear operator from H
into R! for a fixed (small) dimension I. This is equivalent to the problem of estimation
of ({(6,.(2),u1),...,(0-(X),u;)) for several linear functionals ui,...,u; € H. The bias re-
duction method developed in this paper can be extended to this case and the proof of
asymptotic normality of the resulting estimators follows along the same lines as in the
case when [ = 1 with asymptotic covariance matrix equal to

(,LLT<EC7’U1;7 Cruj>)i,j:1,...,p :

Similarly, our approach can be extended to linear functionals of multiple eigenvectors of
multiplicity 1 each, e.g. ((6,(2),u), (0s(X),v)), u,v € H. In this case the asymptotic
covariance equals

M s
_m@(z), v)(05(2), u).

In this case the debiasing strategy in Theorem 3.3 can be adjusted by using the second
and third part of the sample to estimate the bias for both 6,(X) and 05(X).

However, note that when r(X) is large, the asymptotic normality of random vectors
n'/2(h, — 6,(X)) holds only in the sense of finite-dimensional distributions, not in the

sense of weak convergence in the Hilbert space H (indeed, the norm |0, — 6,(Z)|| is of
order \/r(X)/n > 1/\/n).

Remark 3.3.3. Our method of bias reduction does not seem to have an easy extension to
the problem of estimation of linear functionals of spectral projections P, for an eigenvalue
of multiplicity > 1. In part, this was a motivation for the first author to develop a more
general approach to bias reduction (a so called “bootstrap chain” method) and to study
the problem of efficient estimation for more general smooth functionals of covariance of
the form (f(X), B), where f is a smooth function on the real line (see [Koll7]). So far,
the asymptotic efficiency for the resulting “bootstrap chain” estimators has been proved
under more restrictive assumptions on the underlying covariance Y. In particular, it was
assumed that H is a space of finite (high) dimension p and that the spectrum of ¥ is both

upper and lower bounded away from 0 by constants which implies that r(X) =< p.

Remark 3.3.4. Lemma 3.5.4 of Section 3.5 provides explicit bounds on the accuracy of
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the normal approximation in Theorem 3.3.6. Using these bounds, it is possible to state
somewhat more complicated conditions under which the normal approximation holds if
(n)

a=a, — 00 orog=o0, — 0asn — oco. In particular, the normal approximation (3.7)

still holds uniformly in S (¢, an, U(()n) ,u) provided that m,, = o(n) and

a

o0

Finally, we show that o,.(3;u) can be consistently estimated by o,.(3; u), which allows

Ntn

>—>Oasn—>oo.

us to replace the standard deviation o,(3;u) in the normal approximation (3.7) by its
empirical version. This yields the following result that can be used for hypotheses testing

of linear functionals of 6,.. See Section 3.6 for its proof.

Corollary 3.3.7. Under the conditions of Theorem 3.3.6,

(0,
SUPs S (t,a,00,u )SupmeR‘PE{f “>(E<u)( Ju) < z} — ®(x)| — 0 as n — oo.

3.4 Proof of Theorem 3.3.2

We will prove the result for empirical eigenvectors ér rather than for éﬁ . The reduction to

this case is based on Lemma 3.2.5 which immediately implies that

sup  Po{fl #£6,} <e T
£eS™) (ty,a,00,u)

Therefore, denoting

Vi((82,u) = /TF 5, () (6,(2), u))

(%) = or(Z;u)
and /i .
i n(<0;’u> — 1+ br(2)<6r(2)7 u>)
(%) = or(3;u) ’
we obtain
sup sup [Py{&,(X) <z} — Po{n.(X) <z} < e P 50 as n — oo

eS8 (tp,a,00,u) TER

Also, since &,(2) < i\(fIIUI)I and 7, (%) < i‘r/(@ﬂ, we obtain that

sup [Est(&n (X)) — Exl(na(X))]
2eS™) (ty,a,00,u)
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< s Esll(E() — na()I@ £ 6,) < ze<

£eS) (vn,a,00,u)

2\/ﬁ|’uH>e—672n =0

00

under Assumption 3.3.1.
We will prove more explicit bounds for the estimator 0, stated below in Lemma 3.4.8
that immediately implies the result.
Our starting point is the first order perturbation expansion of the empirical spectral
projection operator PT:
P, =P, + L,(E) + S,(E) (3.8)

with a linear term L,(FE) = P.EC, + C,EP, and a remainder S,(FE), where F := )Y 3}

It was proved in [KL16] that, under the assumption

S 1 — 7)9r
BS - 5) < L) (3.9)

for some v € (0,1), the bilinear form of the remainder S, (E) satisfies the following con-

centration inequality: for all u,v € H and for all ¢ > 1 with probability at least 1 — et

((5:(B) ~ ES,(E)u.v)| 5, '2”2<\/> VVEVE) | Lalier. a0

Under the same assumption, it was also proved in [KI1.16] that the following representation

holds for the bias EP, — P, of empirical spectral projections P, :
EP, — P, = P.(EP, — P,)P. + T}, (3.11)

where the main term PT(IEPT — P,)P, is aligned with the spectral projection P, and is of
order

R Y2 (2
\B.(ED, — PP < L) (3.12)
~og n

and the remainder 7T, satisfies the bound

m.||Z]? [r(Z) 1
1T <y ’”92 - (3.13)
T

Representation (3.11) is especially simple in the case when P, is of rank 1 (m, = 1),
which also implies that P, is of rank 1. In this case, P, =0, ® 0,, P = ér & ér for unit

eigenvectors 0,., 0, of covariance operators X, 3, respectively, and

P.(EP, — P,)P, = b, P,

for a “bias parameter” b, = b,(X) :
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Thus, it follows from (3.11) that
EP, = (1+b,)P, +T,. (3.14)

We obtain from (3.8) and (3.14) that

P, — (1+b.)P, = L,(E) + S.(E) — ES,(E) + T,. (3.15)
Denote
pr(u) := (P — (14 b.)P.)0,, u),u € H.

As in [KL16], the function p,(u),u € H will be used in what follows to control the linear
forms (6, — /1 + b,0,,u),u € H. First, we need to derive some bounds on p,(u).

The following lemma is an immediate consequence of (3.15), (3.10) and (3.13).

Lemma 3.4.1. Suppose condition (3.9) holds for some v € (0,1). Then, for all u € H
and for all t > 1 with probability at least 1 — e~

IO RTAT TR (Y AVAVERYAS IR CEtS

We will need simple concentration and normal approximation bounds for (L, (E)6,,u)

given in the next lemma.

Lemma 3.4.2. For all t > 1 with probability at least 1 — e~ "

(Lo(B)or )] S 00(S50) <\/z Vi) (317)

Moreover, if o,.(X;u) > 0, then

sup‘IP){ V(L (E)0r, u) <

zeR or(3;u) <w} - @(m)’ S \/17? (3.18)

where ® is the distribution function of standard normal r.v.

Proof. Without loss of generality, assume that the space H is finite-dimensional (the
general case follows by a simple approximation argument). Since L,(F) = P,EC,+C,EP,

and C,0, = 0, we have
(Ly(E)Oy,u) = (CLEP.0,,u) = (E6,,Cru) = (E,0, @ Cru).
Since F is self-adjoint, we obtain that

1
(L (E)Or,u) = §<E, 0, @ Cru+ Cru® 0,).
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Let Z,Zy,...,Zy, be ii.d. standard normal vectors in H such that X; = ZUQZj. Then
n
E=x1/?2 <n—1 Y Z;®7Z;-E(Z® Z)> »l/2,
j=1

Defining

D= %21/2(& ® Cru+ Cru @ 0,)51?% = 2 (3120, @ $1V2C,u + V20,0 @ £1/%9,),

N —

we obtain that

<LT(E)07~,'LL> = <TL1 i Zj X Zj — E(Z &® Z), D>
j=1

n~t Z ((DZ;,Z;) — B(DZ, Z)).

Clearly, (DZ,Z) g >k Akgz, where {\;} are the eigenvalues of D and {g;} are i.i.d.

standard normal r.v. It easily follows that
E(DZ, Z) =tr(D) =0

and
Var((DZ,Z)) =2 A =2|D|l5 = 02(Z; u).
k

We can now represent (L, (E)6,,u) as follows:

<L ( 07’7” 122)%’ gk:,j a
k

j=1

where {gy, ;} are i.i.d. standard normal r.v. Using standard exponential bounds for sums
of independent v r.v. (see, e.g., [Verl2], Proposition 5.16 or Theorem 3.1.9 in [GN16]),
we obtain that with probability at least 1 —e™*

JZZM @2, -1 <Z)‘2>1 2\[\/Sup‘)\k,

=1 k

which implies that with the same probability

(B, )| S ||D|!2\/z \V Dl

Since ||D|| < || D||2 = 302(Z;u), bound (3.17) follows.
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To prove (3.18), we use the Berry-Esseen bound that implies

ZT'L:1 >k Ak(gl%,j —-1)
i LA NV TT) S vITE

A 1
<z} —-®(x)| < (gk;?z’g/z Jn

and therefore

LB 1D 1
sup|P{ o} =@l S D E

S” 1

— <.
[Dll2 v/ ™~ V/n

-

The following bounds on p,(u) immediately follow from (3.16) and (3.17).

Lemma 3.4.3. Suppose condition (3.9) holds for some v € (0,1). Then, for all u € H
and for all t > 1 with probability at least 1 —e~*

ol S s (VEVE) + BF (VR ) el Gas)

Moreover, with the same probability

or(w0l 5, 212l + B2 (2 /1)l (320)
e (6))] <, 'EH2<\/7\/\D\[ 3.21)

Note that we dropped the term % in some of the expressions on the right hand side

and, foru=0,,

of the above bounds (compare with (3.16)). This term is dominated by \/% for t <
n. Moreover, it follows from the definition of p,(u) that it is upper bounded by 2| ul|.
Since HH%H > 1, this easily implies that, for ¢ > n, the right hand side of bound (3.20)

(with a proper constant) is larger than |p,(u)|. Bound (3.21) follows from (3.16) since
(L.(E)b,,6,) =0.

To study concentration and normal approximation of the linear form

— V14 b0, u),u € H,

it remains to prove that it can be approximated by (L,(E)6,,u).

Lemma 3.4.4. Suppose that for some v € (0,1) condition (3.9) holds and, in addition,

140, > 7. (3.22)
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Then, for all w € H and for all t > 1, with probability at least 1 — e™!

hr — T+ by ) — (Le(E)0y, )] < ”32”2(\/? V \/Z \/f) ﬁ”“”- (3.23)

Proof. We use the following representation obtained in [KL16] (see (6.7) in [KL16]), which
holds provided that 6, and 6, are properly aligned so that (ér, 0,) >0

n _ pr(u)
(00— VIF D0y, ) = ) (3.24)
— pr(0r)(Or, u)

 14bt 0 (00) (/140 +pr (0,)++/TFbr )P

(it is clear from the proof given in [KL16] that 1+ b, + p,(6,) > 0). Denote

_Pr(ar)
vy = 1o
Then, it is easy to see that
by/(1+b) + vy
—V14+ 0.0, u) = p(u) — pr(u 3.25
) ) T4+v++/1+v)/(1+b) ) (3.25)
B vp/ 1+ by (0, )
14, +V1I+y "

Recall that (3.9) and (3.22) hold for some v € (0,1). If |v,| < 1/2, then (3.25) easily
implies that

= V1+b0r,u) — pr(u)] < i(‘br + e Dlor ()| + ][O, u). (3.26)

It also follows from (3.21) that, under condition (3.22),

vl < ”2'2<F\/\f>\[ (3.27)

with probability at least 1 — e~!. On the other hand, bound (3.12) implies that

2] r(%)
br] S —5————-

- (3.28)

T

It follows from (3.27) that for the condition |v,| < 1/2 to hold with probability at least

1 — et it is enough to have
Z 2 Jr(%)

for a small enough constant ¢, > 0. Assume that (3.29) holds. Note also that it implies
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3.4. Proof of Theorem 8.5.2

that ¢ < n and condition (3.9) and Theorem 3.2.2 imply that ”g%” @ < 1. It follows
from (3.26), (3.20), (3.27) and (3.28) that with probability at least 1 — 3e™*:

<[

Or — VI + b0, u) — pr(u)|

<” (VEVVE) i) rvg
\f ull+ 2 (V2 v /5 ) £l
||2 (FV\[)\/»H“H (3.30)

2

HEH HEH / ) <1,
2

IIEH IZH\/7<1
T‘ nN

VSN 12] (%) )1/4<;)1/4s@(@Vﬁ>

(that follow from condition (3.29)), it is easy to conclude that the last term

= apEsAvNa N

in the right hand side of bound (3.30) is dominant. Hence, with probability at least 1 —e~*

6y — /T3 00} — polw)] <5 ”2”2(\/7 Vit )\f lal  (331)

provided that condition (3.29) holds. On the other hand, if

LV

—V14b.0,,u) — pr(w)| < (B, — /14 b0y, u)| + | pr(v)]

< (10011 + v/ + bellr Dl + (2] + (L4 b [ PrD NGl < Al

S RN AN

[

Using the facts that

that

and that

then
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Thus, we proved that with probability at least 1 — e~

e — ST 50} — o) <o IIEH2<\/7\/\/>>\/>|| I (3.32)

It remains to combine this with the bound (3.16) to complete the proof.

The following result is a slightly improved version of Theorem 6 in [KL16].

Lemma 3.4.5. Under conditions (3.9) and (3.22) for some v € (0,1), the following
bounds hold for all t > 1 with probability at least 1 — et

By = VTH )| S5 ”E”\f o (3.33)
VT 00,.00) 5, (F Vit )[ (3.34)

Proof. Indeed, it follows from (3.23) and (3. 17 that, for some constants C,C, > 0 with
probability at least 1 — e~

N R ol Y EAVAS BRee (YL AV M

Since o, (X;u) < ”g%”HuH, with the same probability

Gy — /T F by u)| < c”i”\/Zuuu ¥ 07”32”2 (W Y, \/z) e

We dropped the term £ present in bounds (3.23) and (3.17) since for ¢ > n (the only case

and

when it is needed), the right hand side already dominates the left hand side (which is
smaller than 2||u||). Note that condition (3.9) and Theorem 3.2.2 imply that % %2) <
¢4 for some constant ¢, > 0. Assuming that also %\/% < ¢, which implies that ¢t < n,
we obtain that for some constant C, > 0 with probability at least 1 — e~* bound (3.33)

holds. On the other hand, if ”gi”\/% > ¢, then

5 5 1=l /¢
= V14 b0, w)| < ([10-]] + V1 + 0|0 D[ ull < 2ull <5 e ~lll,

implying again (3.33). For u = 6,, (L,(E)f,,u) = 0 and bound (3.23) implies that with
probability at least 1 — e~ (3.34) holds. O

The following two lemmas will be used to derive normal approximation bounds for
<éT — V14 b,0,,u) from the corresponding bounds for (L,(E)0,,u) as well as to control
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the risk for loss functions satisfying Assumption 3.3.1. We state them without proofs

(which are elementary).

Lemma 3.4.6. For random variables €, 7, denote
A(&n) =sup [P{¢ < a} — P{n < a2}
zeR

and
6(&m) »=inf{d > 0: P{[§ — n| = 6} + 0}

Then, for a standard normal r.v. Z,
A& Z) < An; Z) + 6(85m).
Under Assumption 3.3.1, for all A >0
[EL(E) — BL(n)| < 4L(A)A(E;n) + ELEI(IE] = A) + ELn)I(|n] = A).

Lemma 3.4.7. Let £ be a random variable such that for some 11 > 0 and 19 > 0 and for
all t > 1 with probability at least 1 — e~

‘§| < 7'1\/7?\/7’2?5.

Let £ be a loss function satisfying Assumption 3.53.1. If 2como < 1, then

2
ecy

E2(¢) < 2eV/2mc2e?7 + (3.35)

1—2comy

A~

Next we prove the normal approximation bounds for linear forms (6, — /1 + b,.0,, u).

Lemma 3.4.8. Suppose that conditions (3.9) and (3.22) hold for some v € (0,1) and
also that n > 2r(X). Assume that, for some u € H, 0,(3;u) > 0. Let o« > 1. Then the
following bound holds: for some constants C,Cy o > 0,

Sup‘IP{f m@r,w

z€R (

— C e |2 r(X) r(2)\“
<Cn 1/2+U %‘ || H \/—\/ ( l|lu H+( (n)> : (3.36)

Moreover, under Assumption 3.5.1 on the loss £, there exist constants C,Cy,C, o > 0
such that

() e

x}@
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_ Cra ISI12( [x(X),  n 0855 r(2)\“
< co A 1/2 s
< ce <C’n + () g2 o log (%) \/ Jn [Jul| + o

+ 263/2(27r)1/4cleC§T26_A2/2T +creGe A, (3.37)
where
[
grUT(E u)’

Proof. We will use the first claim of Lemma 3.4.6 with

Vilfy — 1+ b0y, u) i o VAL (B, u)

SR ) T )

It follows from bound (3.23) that, under conditions (3.9) and (3.22), for some C,, > 0

o ] 2 (Y 2

Taking ¢t := alog (%) with some a > 1 easily yields an upper bound

2
st < S ([ g g PO (T2

Using bound (3.18) to control A(n; Z), we obtain from Lemma 3.4.6 that bound (3.36)

holds with some constants C, C, o > 0. To prove the second statement, we use the second

Sl v Hebet) and g = Z. The

following exponential bound on ¢ is an easy corollary of bound (3.33): for some constant
Cy > 0 and for all ¢ > 1 with probability at least 1 — et

bound of Lemma 3.4.6 with the random variable £ :=

12
6 < Oy sy Vilul =7V (3.38)

Using bound (3.35) with 7 = 7 and 7 = 0, we obtain
EEQ(f) < 26\/%6%6265712 + ec% < 46m0%62c§rf
Therefore,
E0()I(JE] > A) < EV22(6)PV2{|g| > A} < 26%/%(2m) /ey e~ 4712

We also have
EU(Z2)I(|Z] > A) < cre2e /4,

Using bound (3.36), we can now deduce bound (3.37) from the second statement of Lemma
3.4.6. O
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Lemma 3.4.8 immediately implies Theorem 3.3.2 (by passing to the limit as n — oo
in (3.36) and as n — oo and then A — oo in (3.37)).

3.4.1 Proof of Proposition 3.3.5

Denote
A (8) = 2trace(P,EP,) trace(C,£C,) =2y A
str (kr — ps)
It was shown in [KL17¢| that
Ar(X)
EIL (B)} = 222,
where E = 3 — X. Note that
A (2 . 5|2
5 < B race(s) = o) < () (3.39)
and A,(5)
r M1 oy
> r(x)—1). 3.40
PR T T A (240

Lemma 3.4.9. The following representation holds:

br(z) = _% AT(E)

i 5 (\/@\/rf)>3~

Proof. Recall representation (3.11) and bound (3.13). Note that

+ Brs

where

b, = trace(P,(EP, — P,)P,)

and
EP, — P, = ES,(E).

We will use the following representation for S,.(F) (based on perturbation series for P,)
that easily follows from Lemma 4 in [KL17b]:

S.(E) = P,EC,EC, + C,EP,EC, + C,EC,EP,

—P,EP,EC? — P,EC?EP, — C2EP,EP, + S®(E),

where I ”3
FE
3
ISHE)| < =

T
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Since P,.C, = C}.P, = 0 this implies
P,S.(E)P, = —P,EC?EP, + P,S®)(E)P,.
Therefore we obtain
b, = Etrace(P,.S,(E)P,) = —Etrace(P,EC?EP,) + Etrace(P,S®) (E)P,)
= —E||P.EC,||2+E trace(P,.S®) (E)P,) = —%EHPTECT—i—CTEPrH§+Etrace(PrS,E3)(E)PT)

+ Etrace(P,.S) (E)P,).

- LBILB) + Etrace(P, 50 (2)P) = — LA

2
Thus, 8, = Etrace(P,«S,(a?’)(E)P,«) and, using bound (3.4), we get
E||E|

g3

18:| < EISPE)IIPlx < EISP(E) S

HEH3 <\/»\/ )

which completes the proof. O

It follows from the lower bound (3.40) on A”T(E) and the bound of Lemma 3.4.9 that,

under the assumption r(X) < n, with some constant C' > 0

(NS )k "2”3< r(> )>3/2. (3.41)

IV S R - g2 \ n

Next note that

|< |>’\/ 9ra“|*| V1+b07‘7u
|7 5
> )| — [(0r — A/ 1+ b0,
2 Ty, Ol 1 = VL b )
br
2|2|< \—\ — 1+ b:0,,u)|

Using bounds (3.33) and (3.41), we obtain that for all ¢ > 1 with probability at least
1—et

A 1 41 r(x)—1 213 /(D)2 by
\<er—er,u>yz2y<er,u>\<(m_/j)QVNQ ( 3} _cHg?I’I (n> H H H I
342

We will show that there exists a covariance Xy € S")(t,, a, 0o, u) such that |[(6,(2g), u)| >
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[l

. 11 (Z0) 1 (Z0)

(111(Z0) — pr(20))? V p2(20)

for some constant ¢; > 0 that might depend on r,a,09 and r(3p) — 1 > t,,/2. Assuming

>

that such a Yy exists, we choose t,, — 0o, t,, = o(%) and applying bound (3.42) to ¥ = ¥,

we immediately obtain that

N ct, C th 3/2 tn
swp Befl(0r - 020l = (22 - S (2) - a2 i)

2eS™) (ty,a,00,u)

>1—etn 51,

3/2
ate  Ca(wm\"" b\ g = (& tn
(S-S (%) - coay™ ) ull= (5 +ow) =l

this implies the claim of Proposition 3.3.5.

Since

It remains to define a ¥ with the desired properties. Let

r+1
S0 =Y nsPs,
s=1
where Ps = 0, ® 0s,s = 1,...7, 01,...,0, being arbitrary orthonormal vectors in H and
P41 is an orthogonal projection on a d-dimensional subspace of H orthogonal to 61, ..., 0,.
Let ps := p1(1 — %),s =1,...,7 + 1. Then g,(Xo) = £ and the condition g‘l(zzog) <a
is satisfied. For simplicity, assume that ||u|| = 1. Moreover, since 61, ..., 0, are arbitrary

orthonormal vectors, we can assume without loss of generality that, for r > 1, u :=

%01 + %QT. Then (0,.(2p),u) = % > %||ul| and, by a simple computation,

2
2 M s o 1 pipy 1 a a
o (Xo;u) = ————||Psul]* = = =— - .
o) §<urus>2 B = S — "2l o
Assuming that o < 5[(7““21)2 - 7«31]’ we conclude that the condition o2(Zg;u) > o7 is
satisfied. For » = 1, we can assume that u := %01 + %92 with a slight modification of

the argument. Finally, we take dimension d = d,, so that

T

Hs | Hr41 - s—1 r
o)=Y =2 dy = 1— 1—=)d, € (tn/2+ 1,1,
r(Zo) 821m+u1 > ( - )+ ( ) € (vn/2+ 1,12

s=1

Then ¥y € S (tn,a,00,u). This completes the proof.
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3.5 Proof of Theorem 3.3.6

Recall that the estimator 6, is based on empirical eigenvectors éfj g ;7 = 1,2, 3 with param-
eters §; = 7||20)|| and with a proper choice of 7 (as in Lemma 3.2.5). These eigenvectors
are in turn defined in terms of empirical spectral projections P;Sj 7 of sample covariances
30) (based on d;-clusters of its spectrum o(3))). We will, however, replace 6, by the
estimator 6, defined in terms of empirical spectral projections ]575‘7 ), 7 =123, 155] ) be-
ing the orthogonal projection onto direct sum of eigenspaces of $0) corresponding to its
eigenvalues )\k(ﬁ](j)),k: € A,. Since card(A,) = m, = 1, pr(j) = éﬁj) ® éﬁj) and we can
define

and

The reduction to this case is based on Lemma 3.2.5 (implying that P,fsj J = PT(J ) with a
high probability) and is straightforward (as in the proof of Theorem 3.3.2).

The rest of the proof is based on several lemmas stated and proved below.

Lemma 3.5.1. Suppose that for some v € (0,1) condition (3.9) holds for the sample

covariance 2 based on m observations:

(1 — 7)91“

E||I2®) -5 <

(3.43)

Then, for all t > 1 with probability at least 1 — e™!

(0, 6%y — \/1 + b&”’>\/1 o] <, 12 (@v \/@ \/% (3.44)

and with the same probability

6,00 — L+ 6] 5, B8 (2 ) 5 (3.45)

Proof. Obviously, condition (3.43) holds also for the sample covariance %(?) (which is

based on a sample of the same size m). Moreover, it also holds for the sample covariance
3 based on n’ > m observations since the sequence n — E||3, — X|| is non-increasing
(see, e.g., Lemma 2.4.5 in [vdVW96]).

The following representation is obvious:

69,62y = /146145 0,0,
/1 + 00N — /146, 0,)
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/14600 — 1+ 66,6,
oM 146,09 —\/1+6™0,). (3.46)

By bound (3.34), with probability at least 1 —e™*

O — 1 +06,.6,)] <, 2] ( K \/ 7§>\/: (3.47)

Similarly, with probability at least 1 —e~*

07 — 1+ 60,6, <, ) <\/>\/\f>\f (3.48)

To bound the last term in the right hand side of (3.46), we apply bound (3.33) to ot
conditionally on the second sample (similarly to the proof of Theorem 6 in [KL.16]). This

yields that with probability at least 1 — e~*

10D — /14 00,,0@ —\/1+5{™0,)| <, |2”,/ (16 1+b(m9|| (3.49)

On the other hand, under the assumption that (6,,6,) >

16 — \/1+b o, < 162 — 6, + ’\/1+b 1‘
= \/2— 200 A <o o(0® 0,02+ ™)
0 1460 11 ’

2 — 2<P£2’,Pr> 0| = B2 — Bly + 57
<V2|B® — P + |oi™).

By a standard perturbation bound (see, e.g., [KL16]),

I1P® — P, < 4w‘
Thus,
. . 2(2) _»
102 — /1450, < 4\/§”g” + (B (3.50)

Using the exponential bound (3.3) on |22 — 3|| and bound (3.28), we obtain that with
probability at least 1 — e~?

R = R AVECAVNEAVEA R

\./

(3.51)
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Under assumption (3.43), we have HZ”\/ < 1, which implies @r(z) 21 /&)

m N gr m
Thus, the first term in the right hand 51de of bound (3.51) is domlnant Moreover, we
r(%)
m

can drop the term and, for t < m, we can also drop the term H%H% in the right hand

side. Since the left hand side of (3.51) is not larger than 2, for ¢ > m, the term Hg%“, / % is

: =] ¢
larger (up to a constant) than the left hand side. Thus, the term g can be dropped

for all the values of ¢ and the bound (3.51) simplifies as follows

\EII(\/»\/\/») (3.52)

and it still holds with probability at least 1 — e ™. It follows from bound (3.49) and (3.52)
that for all t > 1 with probability at least 1 — 2e~*

16 — mer,e@ m ) < @HZ(\/?\/\/Z)\/E (3.53)

Taking into account that n’ > m, it easily follows from representation (3.46) and
bounds (3.47), (3.48) and (3.53) that with probability at least 1 —e™¢

\/1+b )\/1+bm)(N ”22<\/»V\f>\f

which proves (3.44). The proof of bound (3.45) is similar. O

Hé?) 1 +b

Define
<0(1) 0(2)>

T

and 02, 4y
Ag =" 271
14 b
Assuming that
1+b0") > (3/4)% and 1+ b™ > (3/4)2, (3.54)

we obtain that, for some constant C, > 0 and for t > 1 on an event E of probability at
t
I1SI1? 7 [r(D) t t
A1V ]Ag] < C — —. 3.55
Ay el < 0 (V) (355)

.67y @, >/<< 1+ Y21+ b))
=

<9A7§2)79A7§3)>1/2 < 9 )1/2/(1+b ))1/2

least 1 — e~

Next we have

1+ ™)
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_ 1+A1 \/1 \/1+b 1+A11+\2+A2\/1
V1+ Ay

which implies

‘(1+A1)2—(1+A2)

A (n') (n')
d, —\/1+ by <A/ 1+by VI+A2(1+A1+V1+AR)
2[A1|+A3+]As|
< \/1+A2(1+A1+\/1+A2)' 0

Under the assumption that

”E"Q(\/i\/\f%f% (3.57)

for a sufficiently small constant ¢y, > 0, bounds (3.56) and (3.55) imply that on the event

E 7 2
el FUEVENE e

Moreover, on the same event F,

7 (n) 2|A1[+AZ4|Ag]
r L+ b VIFA (14 A1 +V/1+A2)
3 2|A1[+A+|Ag| 1
= \/1+A2(1+A1+\/1+A2) =2 (3.59)

' 1;frb$"’>_ ‘< |Z||2<\/>\/\/>>\/7 (3.60)

and also, using bound (3.28), we obtain that

: ) 2 074145

’dr — 1‘ < \ 1+06 7 — 1’ + \/1+A2(1+A1+\/1+A2)
(') 2| A1 |+AZH]A|

< [br |+ VIFA(1+A+V/1+AR)

< B B (O O [ (361
d} < ||z|12 HEHQ(\/iV[)\f (3.62)

T

and

The key ingredient of the proof of Theorem 3.3.6 is the following lemma.

Lemma 3.5.2. Suppose that, for some v € (0,1), conditions (3.43) and (3.54) hold.
Then, for all t > 1 with probability at least 1 — e~ !

[(0r — Or,u) — (Lo (2D — £)6,, )]
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. (\/gv JEv %) JEl. (3.63)

Proof. We use the following simple representation:

<0~r - 9r7u> = <é£1) Y, 1+ bv("n,)erau>
A~ ’ (nl)
+<} - 1) 0 —\/1 460, u) + (V”” - 1) (0, u) (3.64)

dr dr

that holds on the event E (where d, > 1/2). Using bounds (3.60) and (3.62) that both
hold under assumption (3.57) on the event E as well as bound (3.33) (applied to 0" with
n =n'), we obtain that with probability at least 1 — 2e™*

'w} — O, u) — (0 — 1466, u)

S, P EOEL oy 2P (FV[)[”E” ul
HEE (v ) E

It is easy to check that the last term in the right hand side is dominant yielding the

simpler bound

(B, — O, u) — (0 — \/1 466, u)|
<, b (rv\f)\f”uu (3.65)

that holds under assumption (3.57) with probability at least 1 — e™!. Since the left hand
side is bounded by 5||ul|[, bound (3.65) also holds trivially when

”2”2<F\/\f)\f>%

It remains to combine (3.65) with the bound (3.23) (applied to 9A7(~1)) to complete the proof.
O

The following statement is an immediate consequence of Lemma 3.5.2 and Lemma
3.4.2. As always, we dropped the terms %, % from the bounds since the left-hand side
is smaller that 3|lu|| and, for t > n’ or ¢ > m (the only cases when these terms might be
needed), it is dominated by the expression with \/% , \/% only.

Corollary 3.5.3. Suppose that, for some v € (0,1), conditions (3.43) and (3.54) hold.
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3.5. Proof of Theorem 3.3.6

Then, for all t > 1 with probability at least 1 —e~!

6= 0] 5 2l 4 B (2 S2) ol (s

Lemma 3.5.2 implies the following statement. This, in turn, implies Theorem 3.3.6.

Lemma 3.5.4. Suppose that m? > 2nr(X) and conditions (3.43) and (3.54) hold for some
€ (0,1). For a given u € H, suppose that o,(X;u) > 0. Let « > 1. Then the following

bounds holds: for some constants C,C, o > 0,

— 0, u)

f
sup|P{ ——=— <z; — ®(x
swp P sy =@ o))
2 _m?2
- Cra ISP [ [frx(x), — m? nlog” oy nr(S)\“
< n—1/2 Vs 1 . .
< O(n) * or(Z;u) g2 mZ o nr(X) \/ m? ull + m?

(3.67)

Moreover, denote

(muvnzw\/ﬁ)n [
HZ“ \f| I

Suppose that Assumptions 3.3.1 on the loss £ holds and como < 1/4. There exist constants
C,C,,Cyq > 0 such that

\W(W) _El(2)|

and

< et (o G ”?;’2<\/”< LV g+ (2

+ 2632 (2m) Ve BT (e AT vy e A2 4 qe%e"4 / . (3.68)

Proof. The proof is similar to that of Lemma 3.4.8. To prove (3.67), we apply the first

bound of Lemma 3.4.6 to the random variables

ol =0,y (LW — )6, u)
ZCOEE |

and use the bound of Lemma 3.5.2 with ¢ = alog( (s )) to control (&, 7).
To prove the bound (3.68), observe that, by bound (3.66), for all ¢ > 1 with probability
at least 1 —e™*

€] < TVEV Tt
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Under assumption cam < 1/4, bound (3.35) implies that

2
BE(E) < 2evamc Tt 4 1 < e/t
— 4C2T2

Therefore,
EUE)I(|E] > A) < EV22()PV2{|¢] > A} < 26%2(2m) /4137 (e A2 v = A/2m2),

It remains to repeat the rest of the proof of the second statement of Lemma 3.4.8. O

3.6 Proof of Corollary 3.3.7

The proof is based on a deterministic bound on |02(2;u) — 02(X; )| for a small pertur-

bation ¥ of ¥ provided by the following lemma.

Lemma 3.6.1. Let m, = 1. Denote E := ¥ — % and suppose that |E| < g,/4. Then

. SI2 | E
02(550) — 02| < I NEL 2, (3.60)
9y 9r
and ~ )
o0 (S ) LSRIEL,
— 1| < . 3.70
o (55 ) ‘No%@;m @2 g (3.70)

Proof. We use the Riesz representation of the spectral projector PT(i)

P(®)= 5§ Rs(mn

2mi

T

where Rp(n) = (B —nI)~! denotes the resolvent of operator B and -, is the circle in C
with center p, and radius g,/2 (and with counterclockwise orientation). Since ||E | <9

and m, = 1, it is easy to see that there is only one eigenvalue ,uT(f]) of ¥ inside ~, and

that dist(n; o(X)) > 4,7 € 7. Note also that, for all n € 7,

IRs()] < 92 IRs ()] < g”‘ (3.71)

T T

and

Rg(n) — Re(n) = (S —nl+ E)~" = (S —nI)~!
= |(I+Re(E)"" ~ I] Rs(n). (3.72)
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It follows that, for all n € ,,

8| £l
=

[R5 (n) — Rs(n)]| < ;II (I+Rs(mE) —1I| < *Z IRs(mE|* < (3.73)

Denote A(Y) :=60,(X)@u+u®6,.(X), B(X) :=F(2)®C.(X) 4+ Cr(X) ® P-(X) and

D(E) := B(D)A(Z) = 0,(%) @ Co(S)u + Cr(D)u @ 0,(%).

1 =1 dn
— P, @ Py
2m‘§éTR()®RZ Z2w§£ —-n @
1

) (s — 1)
=2
s

= (D) ® CH(D) + Co(D) @ () = B(X). (3.74)

(P, ® Ps+ Ps® P,)

S

Hence, using (3.71) and (3.73), we derive the following bound for any bounded operator
H:

|(B(2) - BE)H|

L 35 [Re(n)HRg(n) — Rss() HRs (n)] dn|
Vr

Nlgr:  [(Bslon) = Reo) HR5(n) + R H (R ()~ Rs(n)] d|
Yr

g’"8||E”||HII( 2> 24HEHIIHH
2 g2 - g2

- (3.75)

Note also that
A < 2(|ul], (3.76)

and, using the bound ||C,(2)]| < g%,
2
IB(E)H|| < [|P(E)HC (D) + |G- () HP(E)]| < g*llHH- (3.77)

Finally, observe that, by standard perturbation bounds,

IAE) = AE)I < 2[16,(5) = 6:(D)[|ul
<2 5(5) = P(D)l2llull < 2V2I|P(2) = Pr()]afu]
< 8v2| Elllul

. (3.78)
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It follows from bounds (3.75), (3.76), (3.77) and (3.78) that

ID(E) = D(B)| < ||( (5) = BE)DAE)| + [ B(E)AE) - AD))l
< 24\\EH||A(E)|| HA( ) —A®)| < 48HEH||U|| 38\@||E||HUH
gT gr gr gr
< SOIE|ull
2 (3.79)

Now, recall that

o7 (S5 u) = (80,(3), 0,(2))(EC(Z)u, Cr(2)u)
2”21/2 r(X) ®Cr(Z)quCr(E)u@@)zl/sz
= 5|yzl/21)(2)21/2||§ = %tr(xl/QD(z)zwzl/?D(2)21/2)

= %tr(ED(E)ED(E)). (3.80)

Hence, by the duality between operator and nuclear norms and since rank(D(X)) <
2, rank(D(X)) < 2, we have that

lo2(2;u) — o2(Z;u)| :%| trace(SD(X)ED(E)) — trace(SD(X)ED(Y))|

:%| trace((X — ¥)D(X)XD(X)) + trace(X(D(X) — D(X))XD(X))
+ trace(SD(Z) (X — £)D(X)) + trace(ED(X)E(D(E) — D(X)))]
< SIE = SIIDEEDE) | + [DE)EDE) 1)
+%HD< ) = DI(IEDE)E]1 + [ED(2)E]h)
<|IE = Z(IDE)EDE)| + [D(E)ZD(E)])
+[ID(E) = DI(IEDE)Z] + [[ED()Z)). (3.81)

It remains to observe that ||C,(2)]| < g%, 1CH(D)]| < g% and that

IDE) < 206:(2) @ G| < 2l < 2,

T

IDE] < 206:5) & Sl < 2CuDul < 2L

and

IS1 < 1=l +1E1 < =] + - <23,
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implying the bounds

32HEIIIIUH2 S 811 [lul?
ID(E)ED(E)| < 2 ID(X)ED(E)| < 2
8|2 2|2
EpE)s) < LEEL g jspeys) < 2 (3.82)

Bound (3.69) now follows from (3.81), (3.79) and (3.82). Bound (3.70) follows from
(3.69). O

It remains to apply this lemma to ¥ = 3 and to use standard bounds on ||~ — 3| to

obtain the following inequalities.

Proposition 3.6.2. Suppose that condition (3.9) holds for some v € (0,1). Then, there

exists a constant ¢y > 0 such that for all t € [1,cyn] with probability at least 1 —e™"

l02(S5u) — o2(Ssu)| < ||EH3 (\/7\/\/7>H - -
Zgzi - 1’ S o7 ; ) HE”3 <\/7\/ \[)! ul?. (3.84)

The consistency of estimator o,(3; u) immediately follows:

and

Proposition 3.6.3. Suppose v, > 1, t,, = o(n) as n — oco. For any sequence 6, — 0 such
that 2 = o(62) as n — oo,

SUPYeS() (ty,a,00,u Z{ —1|>6,} = 0 asn — .

Corollary 3.3.7 can be easily proved using the first statement of Theorem 3.3.6, Propo-
sition 3.6.3 and Lemma 3.4.6.

3.7 Proof of Theorem 3.3.4

Note that the set S (v,a,00,u) is open in nuclear norm topology. This easily follows
from the continuity of functions ¥ + ||X||, ¥ + g,(X) and ¥ + 02(X;u) with respect to
the operator norm (for the last function, see Lemma 3.6.1) and, as a consequence, with
respect to the nuclear norm, and of the functions ¥ — tr(X) and ¥ — r(X) with respect
to the nuclear norm.

Let ¥ =Y"02, psPs € S (v,a,00,u). Without loss of generality, assume that ¥ is of
finite rank. Otherwise, consider Xy := Zé\[: 1 s Ps. Clearly,

riEy)<r@) <t
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and, for all N > r,
1Exl 1]

gr (EN) B gr (Z)

Moreover, since |[Xy — X|| — 0 as N — oo, we also have that o2(Xy;u) — 02(X;u) as

<a

N — oo, implying that o2(Xy;u) > o for all large enough N. Thus, Xy € S (v,a,00,u)
for a sufficiently large N and we can replace ¥ by ¥y. Assuming that rank(X) < oo, let
L := Im(X). We can now restrict ¥ to an operator acting from L to L, which is non-
singular. In what follows, all the covariance operators from the class S (v,a,00,u) that
are of interest to us will have L as an image and could be viewed as operators from L to
L. For simplicity, we just assume that H = L is a finite-dimensional space. For a fixed X,

consider the following parametric family of perturbations of X :

tH
Se=S4 Ol <,
n

NG

where H is a self-adjoint operator and ¢ > 0 is a constant. Denote
Sy ={% 1t €[—c ]}

Since the set S (v,a,00,u) is open in nuclear norm topology, there exists 6 > 0 such that

the condition
c| H |1

Jn

implies that Sy, . C S ") (¢, a, o9, u). Moreover, we will assume that

<6, (3.85)

s < |I=7Yt (3.86)
and )
0 < 10 (%). (3.87)

Under these assumptions and condition (3.85), 3; is a small enough perturbation of ¥ so
that 3; is non-singular and we can define in a standard way the one-dimensional spectral
projection operator P, := P,(X;) = 0; ® 0, where 0, = 0,(X;) is the corresponding unit

eigenvector as well as operators C; := C,(3;) and
Ly(H):=L.(%)(H) = PHC, + C,HP,.

It is easy to see that (for a given ¢ > 0 and large enough n so that the perturbation is
small) one can choose t — 6, in such a way that (0, 0,) > 0,t,t' € [—c, c]. Based on these
definitions, we also define the functions g(t) := (6, u) and 0?(t) := 02(3; u). Concerning

the function g, we need the following lemma.

Lemma 3.7.1. The function g is continuously differentiable in the interval [—c,c| and
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the following statements hold:
i) ¢'(t) = ﬁ(Lt(H)Ht,u),t € [—¢,cl.

.. t||| H||?
i) 1g'(t) = g'(0)] S HIEEu] ¢ € [~e,].

Proof. Let § € (—1,1). Similarly to (3.24) (see also (6.6) in [KL16]),

9(t+06) = g(t) = (Orrs5 — Or, )

_ (P = POy w) = (V15 (Prrs = PO O) = D) g o

V14 ((Prss — Pr)0y, 6y)

Applying the first order perturbation expansion (similar to (3.8)) to the spectral projec-
tions Py, P, we obtain that

Piys — P = Li(0H/v/n) + Se(6H//n) (3.89)

with the remainder term satisfying the bound

I/l £ SR~ o), (3.90)
Moreover, since C0; = 0,
@Aﬂﬂ¢m&ﬁ0:4%«BH@+(Mﬂ®@ﬁQ:O (3.91)
and therefore we have that
MBM—BMﬂmgéﬂiszW) (3.92)

Hence, using again (3.88), (3.90) and (3.92), we have that

g(t+90) —g(t) 1 (Li(H )0, u)

: = = 1o@ to0) (3.93)

Passing to the limit as 6 — 0 implies the first assertion.

We now prove the second claim. First note that

19'(t) = g'(0)] = (L+(H//n)0: — Lo(H//n)bo, u)]
< [{(Le(H/vn) — Lo(H/v/n))0, w)| + [(Lo(H/v/n) (0 — 00), u)]
< | Le(H/v/n) = Lo(H/V/n) ull + [ Lo(H/V/n)|H0: — Gollllull.  (3.94)

93



Efficient Estimation of Linear Functionals of Principal Components

Also,
L(H/y/m) = — 5€TR&< ) ﬁmn)dn, (3.95)

where ~, is the circle of radius g,/2 with the center at p, and with counterclockwise

orientation. Therefore, by a standard argument already used in the proof of Lemma 3.6.1,

\Le(H ) — Lo(H/v)]| < 9 sup | R, () — Rs)|(|R=()] + | Bs, ()] ”Hf”
nevyr
(3.96)
By (3.71) and (3.73), we have
IRs()] < ; IR, ()] < 94
and
IR ) = Rl < 2 i ”ﬁ”
Therefore, it follows from (3.96) that
2
\L(H/VR) — Lo(H/V)| < 24’;'”[{” (3.97)

It remains to observe that

2| H]

r

[Lo(H)|| = |1P-HC, + CHP, || <

and

4V2lt|[|H||
grv/n

(where we also used the fact that rank(P; — Py) < 2 and || P, — Pol2 < V2||P; — Py||). This

implies the bound

16: = boll < [P = Poll2 <

8\flltlllHH2

T'

[ Zo(H /v/n)|[[16 = Goll|lull < ] (3.98)

The second assertion follows from the bounds (3.94), (3.97) and (3.98).
The continuity of the derivative ¢/(t) easily follows from the continuity of the functions
t+— 0, and t — L;(H/+/n) (which could be proved using representation (3.95)).
O

We will study the following estimation problem. Let > be fixed and let X3,..., X, be

i.i.d. random variables in H sampled from N (0; %), || < ¢, t being an unknown parameter.
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The goal is to estimate the function g(t) based on the observations Xj, ..., X,. We will
use van Trees inequality to obtain a minimax lower bound on the risk of estimation of
g(t) with respect to quadratic loss. To this end, let 7 be a smooth probability density

n [—1,1], satisfying the boundary conditions 7(—1) = m(1) = 0 as well the condition
T = [1 T gs < foo. Let me(t) == im(L),t € [—c, ] be a prior on [—c,c]. Then (see

-1 m(s)
e.g. [GL95]), for any estimator T;, = T), (X1, ..., X,) of g(t) the following bound holds

mmn&ﬂ%—ﬂﬂf>n/TEU%—g@Vm@Mt

[t|<c —c

n([€. 9 O)m(t)dt)”
= [ L(t)me(t)dt + I,

(3.99)

where I,,(t) = nl(t) denotes the Fisher information for the model

i.0.d.

X17...,Xn ~ N(O)Et)y

t € [—c,c]. Let I(t) := I;(t). It is well known that the Fisher information for the model
X ~ N(0; ) with non-singular covariance matrix ¥ is I(X) = (X1 @ ©71) (see, e.g.,
[Eat83]). Thus,

dy; dX
e (=D o)

1 (0 = ) = (1m0 2, 2ty =

R

H
V'
1

1
= 5<2;11LI2;1,1%I> = 5mr(z;;lzarz;ll%r).

We will now bound the numerator of the expression in the right hand side of inequality
(3.99) from below and its denominator from above.

Bound on the numerator. We use Lemma 3.7.1 to obtain that for some constant
By >0

(/Tymmmmfz(/dewwdw—deﬂw@wwf

> g'(0)° + 29’(0)/ (¢'(t) = g'(0))m(t/c)dt/c

—C

>¢mf—m¢mn_ﬂ¢w—gwmmwwﬁw
¢/(0)? — Buelg (0 \/!ﬂ f)di! ”uu

1# H2

= ¢'(0)* = Biclg ()\

L. (H)b,,u)? BielH]*
_ <(71> — (L (H)0r,u)] 12H3/2”

Jull. (3.100)
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Bound on the denominator. First note that, by a simple computation,
Jr, = Jn /2 (3.101)

Then, we need to bound I, (t) = %tr(Zt_lﬂEt_lH) in terms of I,(0) = str(S'HEX 1 H).

Assume that

c|>7TH|| 1
_— < 3.102
N/ ( )
Arguing as in the proof of Lemma 3.6.1, we easily get that
S tH\ !
yl=x"t I+ = —) —I|x! 1
=D
where .
Y'H
i) <2i= <y
vn

Furthermore, note that
trace (X, 'HY; 'H) = trace(X ' HE ' H)+2 trace(DEX ' HY ' H)+trace(DX ' HDY ' H).

and thus we have that

IDE"H|2|HE ' DJ|2

In(t) < L(0) + | D= HE ™ Hl|y +

2
ID|? ER— =" H3
<I, D — || H|5 <1, _ .104
< (0)+<|| I+ == 2 <L,(0) +3 NG (3.104)
Using (3.104), we obtain the following bound:
c Z_lH 3 c
/ L () ()dt < T,(0) + BH\FHQ/ |7 (¢ /c)dt e
—c n —c
S-H|3

<1,(0) + SAE"Hll; (3.105)

vn

Substituting (3.100), (3.105) and (3.101) into van Trees inequality (3.99) and taking

into account that
1 1
Hn(o) = §tr(271H271H) — 5”271/21{271/2”%

and
(L,(H)0,,u) = ((P,HC, + C,HP,)0,,u) = (HO,,Cru)

= %(H, 0, @ Cou+ Cru®0,) = (R7V2HR"Y2 5=1/2pn=1/2),
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where 1
B = 5(36; ® SCpu + Cpu © X0y),

we obtain that

sup nE(T, — g(t))?
[t|<c

<E,1/2HE,1/2’271/2B271/2>2_K 1/2HE 1/2 Do 1/2py- 1/2>’BICHH”2HUH

In what follows, we set H := B. Note that with this choice of H

1
2|="Y2Bn?)2 = §||21/29T ® Y20+ 2V2Cu @ £/20,3

1
= 5 (=20, @ T2Coulld + I512Cu @ B120,118) = 15726, 2= 2Crul? = 02(S3u).

Also, by a simple computation (using that rank(B) = 2), we have that

1 IIEH2 HEII2
B < [|Bll2 < full, I1Blx < ] (3.107)
f
and that ) ||EH
YIB|I < IDTIBls < — 0 |ul]. 3.108
[ < H_ﬁng | ( )

These bounds imply that, for any given ¢ > 0 and for all n large enough, H = B satisfies
condition (3.85) for a small enough ¢ such that Sy . C S (x,a,00,u) and conditions
(3.86), (3.87) hold. Also, H = B satisfies condition (3.102) (for any given ¢ > 0 and all
large enough n).

For H = B, inequality (3.106) becomes

sup nlEy(T), — g(t))?
[t|<c

— - — — 2 Bic||B
=B — 2B 2 BRI

%“2—1/232—1/2“%+ 30\\2\;;9”2 + Jp/c?

BchIBIIQHUH_1_30\\2_13”3 + )
af(Z;u)(l— 29/ vn >

-1 3
102(S;u) + % + Jr/c?

(3.109)

It remains to replace o2(3; u) with 02(t) = 02(X; u). To this end, we use the bound (3.69)
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to obtain that for some constant Dy > 0

2 2
t D by B

tel—ed OF(Z5u) T oF(Bu) g2 Vn

[t (3.110)

It follows from (3.109) that

sup o?(t) sup nEy(T, — g(t))* S _202Vn el + i In/e (3.111)
2 -1B|)3 ’
tel—c) 07 (Z3u) e 0%() Fo2(Sw) + P e
Suppose
2 HEII 3 <
< lJul|* < (3.112)
o2 (Siu) g f

which holds for any given ¢ > 0 and all large enough n and which, in view of bounds

(3.107), implies that
Dy |IZ|P ¢l Bl

2 o
20 g ve S
Under condition (3.112), bounds (3.111) and (3.110) (and also bounds (3.107) and (3.108))
imply that

wp | BT BO)P | nE(T - g1)
£e8™ (v,a,00,u) o (Z;u) < o(t)

Bic|B|? 3= B3 2
N (1_ 2z 14+ 7+ /e )(1_ D |ZIP Bl u2)
- Lo2(Su) + 3C\|2\;BH§ + T2 o2(3;u) g2 /n
C

4

- BiatflulP 5 + 30 ulP - + e/ Dy 4y s C

> (1 1— | . (3.113)
D+ 303l + T/ 7

It remains to pass to the limit in inequality (3.113) first as n — oo and then as ¢ — oo to
complete the proof.

A local version of the theorem easily follows from the above arguments since, for all
€ > 0,c> 0 and for all large enough n, S, C {X: [|X — Xo|1 < e}
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Chapter 4

Spectral thresholding for the
estimation of Markov chain

transition operators

4.1 Introduction

We consider an aperiodic and irreducible Markov chain (X;);en with the d-dimensional

torus T? as state space. The dynamics of this chain are described by its transition operator,
Pf(a) = BL(X)|Xo =2l = [ oty

where f € L? = L%(T¢). We are interested in nonparametric estimation of the transition
density p(-,-) and thus the transition operator P, too.

Nonparametric estimation of p when assuming smoothness of p has been thoroughly stud-
ied, e.g. [AL11, Birl3, C1é00, Lac07, Sar14]. If p € H*, where H® denotes the L2-Sobolev

space of smoothness s, the L?-minimax rates for estimating p are

S
n~ 2s+2d

Here we use the additional information provided by assuming that P has an approximately
low rank structure to improve these rates. Precisely, since P is a compact operator on

L?(p) it has functional singular value decomposition

Pf=> Melug, fluor € L%(n),

k>0
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Spectral thresholding for the estimation of Markov chain transition operators

and we assume that the singular values A\, decay exponentially fast, in the sense that for
constants ¢, C' > 0.
A < Cexp <—ck%>.

This assumption is motivated by discrete, low frequency observations of periodised, re-
versible diffusion processes for which it is fulfilled by virtue of Weyl’s law [Gar53, Hor79,
Ivr00, Ivrl6, Weyll]. Indeed, for a 1l-periodic Lipschitz continuous vector field b(z) =
(b1(x),...,bg(z)) and a scalar 1-periodic o(x) define the multi-dimensional diffusion pro-
cess

AY; = b(Y)dt + o(Y)dW;, ¢ >0,

and consider its periodised version
X; =Y, modulo Z% t>0.

Then P = P is one instance of the Feller semigroup (P;)er . with infinitesimal generator

L : H?> — L2, and one obtains that P = exp(L) where L is given by

o2(z) cn 2 9
L= — i .
2 ;830? —1—22226(;10)8%

L is an elliptic operator and moreover, since the diffusion is assumed to be reversible, L
is self-adjoint with respect to the invariant measure p. Hence, Weyl’s law[Ivr00] applies
and states that its k-th eigenvalue is of order — k4. This implies the exponential decay of

the eigenvalues, and thus the singular values, of P.

Such a decay of the singular values is also observed empirically in applications such as
molecular dynamics (see e.g. [RZMCI11]). This has prompted practitioners and applied
mathematicians to estimate only the first few eigenpairs of P and discard the rest in their
analysis [CSPT07, CKLT08, KWNS18, RZMC11, Sch98, SMP14, SHWP15]. However,
often no theoretical guarantees are provided and it is not clear whether their procedures

are optimal from a statistical point of view.

Low rank assumptions for Markov chains have only recently began to be considered in
the statistical literature, primarily in the finite state case [LWZ18, ZW18]. In these works
it is assumed that the transition matrix has a low rank structure and they show nearly
optimal rates for their algorithms. Moreover, Zhang and Wang [ZW18] extend their re-
sult to continuous state space Markov chains. By contrast, they assume that P has fixed
(constant) rank whereas we assume decay of the eigenvalues. This leads to a more difficult

analysis in our setting as one has to take bias due to discarding eigenvalues into account.
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4.2. Main results

We investigate a modified version of one popular method from molecular dynamics for
the estimation of P, where the number of eigenpairs kept is chosen in a data driven
way. Considering a Galerkin-type estimator [GHR04, Sch98, SMP14] we use techniques
from low rank matrix estimation [CP11, Klo14, KLT11]. Particularly we show that hard
thresholding eigenvalues yields minimax optimal L?-rates

d_s
2 2s+d

n~ T log(n)

over the class of Markov chains with exponentially decaying eigenvalues. This improves
the dependance on the dimension d from 2d to almost d compared to the case with-
out eigenvalue decay. Moreover, our analysis reveals that our algorithm keeps at most
C 10g(n)% eigenpairs of the estimated transition operator, thus justifying the commonly
used approach to discard most of them. Simulations complement our theoretical results

and show the improved performance when thresholding eigenvalues.

4.2 Main results

4.2.1 Basic Notation

Let T? denote the d-dimensional torus, isomorphic to the unit cube [0, 1]d when opposite
points are identified, equipped with Lebesgue measure A\. By L? = L%*(T¢, \) we denote
the space of square integrable functions (with respect to A) on T¢ equipped with Euclidean
inner product (-, -) and corresponding L? norm |- ||z2. We also denote the Euclidean inner
product for any finite dimensional vector space by (-,-) and the corresponding norm by
|| - ||2. For any probability measure p on T¢ if 4 has a density with respect to the Lebesgue
measure, we denote it in slight abuse of notation by u, too. Moreover, when considering
functions in L? (p) = L?(T9, 1), we use the canonical scalar product and denote it by
(,+), with corresponding norm | - [|z2(,). [|*[| . denotes the L> norm. |||z denotes the
Hilbert—Schmidt (Frobenius) norms of operators on L2, while |||, denotes the spectral
norm for the A scalar product, respectively.

For s € N we define the Sobolev space of smoothness s as

H*:={fe€L?: | flgs = > |D'fllzz < oo}.

lil<s

For s ¢ N, H® is defined through interpolation or equivalently through Fourier methods
(see Chapter 1.9 in [LMT72] or Section 7 in [AF03]). For s > 0 we will also use the Holder
spaces C® equipped with Holder norm || ||cs. We also employ the same notation for vector
fields f = (fi1,..., f4). For example f € C® means that ||f|cs := >, ||fillcs < co. We
will sometimes use the notation a < b, meaning that a < Cb for some universal constant

C > 0 which does not depend on n.
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4.2.2 Assumptions on the model

We assume that we observe a Markov chain (X;),,,, with state space T¢ and we introduce
a set of Markov chains with smoothness index s denoted by M(s) = M(s,Cy, ¢, C1,Co, . ..

fulfilling the following assumptions:

Al: (X;);cp, is irreducible, aperiodic and has invariant measure y which has a density

which we will also denote by u

A2: The invariant measure y is bounded away from 0 and oo, i.e. for constants C, >
cu>0,¢, < <0

A3: Foras>d, p€ H® and ||u||gs < C; for some constant C7 > 0.

Note that assumption A2 implies that L? = L?(u) and that the pairs of norms ||-|| ;> and
[l 2(,yare equivalent. We assume that Xo ~ p. Recall, that the transition operator P is
defined on L2 (i) by

Pf(z) =E[f(X1) | Xo=1].

We assume that P is a compact integral operator with kernel p(x, y), the transition density.
A4: Oy > p(z,y) > 0 for all 2,y € T? and for a constant Cy > 1 .

As P is compact in L?(p) it has a functional singular value decomposition: there exists two
orthonormal bases (uy)cy and (vg),ey of L? (1) and a non-negative decreasing sequence
(Ak)pen such that,

Pf=> Neluk, ), v | €L ), (4.1)

k
pla,y) = Mewr(y)p(y)o(z). (4.2)
k

Having obtained the representation (4.1) it is thus natural to formulate the remaining
assumptions on the singular values and left and right singular functions. We assume that
P has an approximately low rank structure with exponential decay of the singular values

and that the left and right singular functions obey a certain degree of smoothness.

A4: The k-th singular value (counting multiplicity) is bounded by
Cs3exp (—C’4k%> for positive constants C3 and Cj.

A5: The absolute spectral gap v:=1— X\ =1 — SUD fe 12 (1), (£,1) =0, /]| 2y =1 1P fll 2

is bounded away from zero by some constant C5 > 0.

A6: The singular functions (uy, vg) fulfill )~ Ai(”“k”%{a + ||vkll%s) < Cg for some con-
stant Cg > 0 for the same s > d as in A3.
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When considering the class M(s) = M(s,C),, ¢y, Ch, ..., Cs) we will suppress the depen-
dence on all parameters except s, since they, treating them as constants, do not change
the minimax rate as long M (s) has non-empty interior. We will also write that p € M(s)
or P € M(s) if it is the transition density or the transition operator of a Markov chain

in M(s), respectively.

Periodised diffusion processes (which have also been considered in [Abr18, NR19, vIWvZ16])
fulfill these assumptions under mild conditions on ¢ and b detailed in the Lemma below.
This includes for example periodised versions of the Langevin processes considered by
Roberts and Tweedie [RT96]. The proof follows after an application of Weyl’s law for
operators with non-smooth coefficients due to Ivrii [Ivr00] and by using p.d.e. results for

elliptic operators from a recent article by Nickl and Ray [NR19].

Lemma 4.2.1. For a vector field b(z) = (bi(x),...,bs(x) and a scalar o(x) consider
the diffusion process dY; = b(Yy)dt + o(Yy)dWy, t > 0, and its periodised version X; =
Y; modulo Z2. Assume that we observe the chain (X;)ien,. Moreover, assume that o(m +

r) = o(x) and b(x +m) = b(x) for all m € Z¢ and that 0=2b = VB for some B € C?. If

o?|

HO’ Cs—15 cs—1 and |[b]|cs-1 are bounded by a constant C' > 0 for some s > 2, then

p € M(s).

4.2.3 Construction of the estimator

Here we describe how to obtain estimators for p and P given observations (X;)o<i<n,
using a Galerkin approach. This method has also been employed for estimating the drift
and volatility functions in a scalar diffusion model in the seminal paper by Gobet et al.
[GHRO4] and the first part of our construction is closely related.

Instead of estimating p in the functional space, the Galerkin approach estimates the action

of P on a suitable approximation space and we obtain plug-in estimators for p and P.

Lemma 4.2.2. For any non-negative integral operator P whose kernel p satisfies assump-

tion A4 and for any orthonormal basis (fi),cza of L? we have that

p(@,y) =Y (fis Pfur) f (z) fir (v)

kK

in L?. In particular this defines an isometry between P and p.

Working with P instead of p is advantageous because we can fully use its low-rank
nature. We construct our estimator as a modified version of the estimator described by
Gobet et al. [GHRO04], adjusted to the non-reversible case:

Let {\Iljk, jeNU{-1}, k€ Zd} be a tensorized and sufficiently smooth (with regularity

greater than s) periodic wavelet basis of T<. For convenience, we denote this basis {w,\}
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where A = (4, k1,...,kq) is a multi index. We define V; as the linear span of wavelets up

to resolution level J,
Vi = span{Wy, |A| =|(j, k)| :=j < J},

and denote by V; the corresponding space of wavelet coefficients. The dimension of V;
is bounded by C27¢. One can find the construction of such a wavelet basis for instance
in chapters 4.3.4 and 4.3.6 in [GN16].

Remark 4.2.1 (Other basis functions). The proof of Theorem 4.2.1, our main result, re-
quires the Jackson and Bernstein inequalities and the bound ||v||f~ < C'y/dim(V}) for
any v € Vj satisfying |lv|;2 < 1. Thus, arguing as in Remark 5 in Chorowski and
Trabs [CT16] the conclusions of Theorem 4.2.1 remain valid for the trigonometric and
the B-spline basis if one strengthens the assumptions A3 and A7 to ||u|cs < ¢ and
SN2 (Jlugl|Zs + |Jvk||2s) < C for some constants ¢, C' > 0.

As in Gobet et al. [GHRO04], we will use bold letters for the coefficient expansions in
the wavelet basis () of functions and operators in and on L2. These denote vector and
matrix like elements. The corresponding functions and operators - which do not depend
on the basis - are in italic. In the case of vectors or matrix elements whose coeflicients
are only defined for |A| < J, such as R, we will sometimes consider them as elements in
the whole sequence space. This is done through setting the undefined coefficients to 0.
Let now J be a resolution level which we will choose later. Following Gobet et al. [GHRO04]

we construct a first estimator R J with coefficients :
A 1
(Rs), = 5 2 0 (X0 U (Xir) for A <7, [X] <.

The ergodic theorem implies that each of these coefficients converges almost surely to its
expectation,
E W) (Xo0) Un (X1)] = (Ur, PUN ).

We thus also introduce R ; which is defined as the expectation of Ry, ie.
(Ry)ypn = (O, POy),  for [N < J, [N| < T

As UjenVy = L?, we can define R, the limit of R (with respect to the Hilbert-Schmidt
norm). Note that R is defined through the L?(u)-inner product and therefore

R #P = ((¥x, PUx))r -

We need to match the scalar products to estimate P. Let G be the Gram operator with
corresponding sequence representation G = ((Uy,G¥y))y . G is such that Vu,v € L?
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(u, Gv) = (u,v),. Therefore, defining u = ({u, ¥»)) (and v similarly), we have that
(u,Rv) = (u, Pv),, = (u,GPv) = (u, GPv).

If we estimate G~! we are thus able to estimate P. Following Gobet et al. [GHR04], we
define
Gy = (a, W), for NS TN[<T

and G as:
n

- 1
= Uy (X;) Uy (X;) f < < J.
(G1), . T2 T KD B () for P Y] <

From here on, our approach differs from that in Gobet et al. [GHRO4]. In their (self-
adjoint) setting, recovering the first non-trivial eigenpair is sufficient, as the drift and
volatility functions are identified in terms of this eigenpair and the invariant measure.
Since our objective is to estimate p and P we have to consider all singular triples instead.
By assumption A5 P is approximately low rank and hence R, the matrix of projected
coefficients of GP, is an approximately low rank matrix. For this reason we use the
usual scheme for estimating low rank matrices, see for instance [YELMO07, Klo11, BSW11,
KLT11] and hard threshold the singular values of R;. This yields which singular triples
should be discarded in a data driven way.

We denote the SVD of R by

Ry =) Aty i,
where j\k denotes the k-th eigenvalue of R 7 and 0 and v the corresponding singular

vectors. We define the spectral hard threshold estimator at level a, Ry = R J() as,
Ry := Zj\kl <|5\k| > a) V7. (4.3)

Finally, we define the estimator for the action of P on V; as

P, =G, Ry (4.4)

We have the relation

Pf(z) =) (PDr¥i(x),
A
and hence we estimate P by P which we define as

Pf(z):= Y (PHUx(2). (4.5)

[Al<J
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This also yields an estimator for p by plug-in, given by

By = > (Ps) @)U (4.6)

AN
AT, [M]<T
We finally choose for a constant C' > 0 and for [-] denoting the ceiling function,

9Jd

J= [logz(nﬁ log(n)74si2d)—‘ and a=C = (4.7)

to obtain the theoretical results in Theorem 4.2.1 in the next section.

Remark 4.2.2 ( From P to P:). In molecular dynamics it is often desired to obtain an

estimate for the transition operator,

P f(x) = E[f(X:)|Xo =a], fe L),

and its transition density p,, 7 > 1, for example for simulating or visualizing the Markov
chain at a coarser timescale.
Given the estimator P in (4.4) and 7 € N it is possible to obtain an estimator for p,

7 and the induced estimator

as follows: if 7 < clog(n) we use the plug-in estimator (P)
for p; in (4.6) and we are able to obtain similar theoretical results as in our main result,
Theorem 4.2.1 (up to logarithmic factors).

If 7 > C'log(n) it suffices to estimate the invariant density p as in this case all singular

values of P, except the first one are of smaller order than 1/n.

Remark 4.2.3 (Adaptivity). The correct choice of J depends on the smoothness parameter
s. In practice s is unknown, but one can use for instance Lepski’s method to adapt to
s. The proof that this works is a straightforward adaptation of results of Chorowski and
Trabs [CT16].

4.2.4 Convergence rates

We now give our main theoretical result for the estimator p of the transition density p
constructed in (4.6). The upper bounds attained in L2-loss for estimating p match the
lower bounds and are therefore minimax optimal, showing that the logarithmic factors
are inherent in the information-geometric structure of the problem. Heuristically this
can be explained by the need to estimate approximately log(n)% singular triples with d-
dimensional rate for each triple.

Comparing our result to the standard Markov chain case without singular value decay
where the L2 minimax rates are n~2+3 (e.g. [C1é00, Lac08]), we see that the effect of

the dimension on the rate improves, up to the logarithmic factor, from 2d to d.
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Theorem 4.2.1. Suppose that we observe (X;)y<;<, drawn from a stationary Markov
Chain with p € M(s) for some s > d. Then, for the estimator p defined in (4.6) and a
constant C > 0 we have, for n sufficiently large enough, with probability at least

2
1 —12exp (—ni’ﬁ%d log(n)_4si2d> that

d_s s
2

lp = pll > < Clog (n)2 2+ n™2e5d. (4.8)

Moreover, the following minimax lower bound holds: for constants c,py > 0,

d_s
2

Tra n‘ﬁd> > py > 0. (4.9)

inf sup B ([lp— 5l > clog (n)
P peM(s)
In addition, by isometry this implies the same upper and lower bounds for estimating P.
The proof of the upper bounds for p in (4.8) is based on an application of concentration
inequalities for Markov chains by Jiang et al. [JSF18] , combined with an e-net argument
to obtain tight bounds for the spectral norm rate of R, and an application of the general
theory for rank penalized estimators by Klopp[Klo11].
The lower bound (4.9) requires different arguments compared to the case without decay.
There an application of Assouad’s Lemma and flipping coefficients suffices [C1600]. In-
stead, here we adapt an idea by Koltchinskii an Xia [KX15] to our nonparametric setting
by using projection matrices to infuse the low rank structure of P.
Additionally, the rank of P in (4.4) is bounded by approximately log(n)%, implying
the same low rank structure for P. This justifies the approach of practitioners such
as [CSPT07, CKLT08, KWNS18, SMP14] to dismiss most eigenpairs in their analysis.

Lemma 4.2.3. Under the conditions of Theorem 4.2.1, we have for the estimator P

given in (4.5), for some constant C > 0, that, on the same event of probability at least
2

1 —12exp (—n%(id log(n)_‘lsi?d) on which (4.8) holds,

rank(P) < C'log(n)2.

[N1ISW

(4.10)

4.2.5 Numerical Experiments

In this section we illustrate our theoretical findings with simulated data from two diffu-
sion processes. We consider one-dimensional, real valued Ornstein-Uhlenbeck and Cox-
Ingersoll-Ross (CIR) processes.

Our theoretical findings are constrained to Markov chains with compact state space and
thus, strictly speaking, do not apply for those. However, due to their drift pushing both of
these processes close to the origin, all of our simulated observations where in fact bounded

by 1.5 and 2.5 for the Ornstein-Uhlenbeck and CIR processes respectively, effectively con-

107



Spectral thresholding for the estimation of Markov chain transition operators

fining them to a compact set. Therefore we believe that the use of our methodology is
justified here.
The Ornstein-Uhlenbeck process is given by

dX; = —0Xdt + odWy, 20 (4.11)

and the CIR process by,
dX; = —0(X; — p)dt + o/ X dW;, >0, (4.12)
In each case we generated observations at discrete time steps Xp, X1,...,X,. For the
Ornstein-Uhlenbeck process we simulated Xg, X1,...,X,, exactly whereas we used the

Euler-Maruyama scheme with step size 0.005 to generate the CIR process. The transition
density of the Ornstein-Uhlenbeck process is the density of a Gaussian random variable

and given by,
1 8(y—ze9)2
p(z,y) = ert—e=),

B Vro2(1—e20)/0

whereas for the CIR process the transition density is the density of a non-central x?2-

distribution and can be expressed as,

v Qv —B(z+y) B
B(%)262 e el 1y <sin};{§72)>

L(Bu)(1 —e?) ’

p(z,y) =

where 8 = 20072, v = fu— 1, T denotes the Gamma, function and I,, the modified Bessel

function of first kind with index v.
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px,y) py(x, y)

Figure 4.1: In clockwise order starting in the upper left corner: Transition-density p(x,y)
for the Ornstein-Uhlenbeck process (4.11) with parameters § = 2, ¢ = 1 and plotted in
the region [—1.5, 1.5]%; transition density projected on the approximation space of the first
J = T trigonometric basis functions in each direction; non-thresholded estimator (i.e. p
with a = 0) p for n = 500, Xy = 0.5 and J = 7; thresholded estimator p with the same
settings and threshold level a = 0.1.

As basis functions, following Remark 1, we use the trigonometric basis on the interval

[c — b, c+ b], given by

1 _
V5 k=0

Wi(w) = { L cos (”(x;lf)’“) k=2 ieN
Jpsin (TE=glED)  p—2i—1, e N

For the Ornstein-Uhlenbeck process we choose ¢ = 0 and b = 2 and for the CIR-process
¢ = b = 2. Moreover, we symmetrize the estimator R, as originally proposed by Gobet
et al. [GHRO4], since one-dimensional diffusion processes are always reversible.

In the plots one can see that spectral hard thresholding eigenvalues reduces the noise
level and smoothes the estimated transition density. This allows to use a larger resolution
level than would be optimal for the non-thresholded estimator and thus to estimate finer

details of the transition densities.
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p(x,y) py(x, y)

Figure 4.2: In clockwise order starting in the upper left corner: Transition-density p(x,y)
for the CIR process (4.12) with parameters § = 1.2, 0 = 1.1, u = 0.8 and plotted in
the region [0.1, 3.1]%; transition density projected on the approximation space of the first
J = 8 trigonometric basis functions in each direction; non-thresholded estimator (i.e. p
with a = 0) p for n = 1000, Xy = 1 and J = 8; thresholded estimator p with the same
settings and threshold level o = 0.08.

4.3 Proofs

Throughout the results and proofs, the constants involved will be denoted by C' and c¢;
we will not always keep track of them and they may change from equation to equation.
However one can check that they can be bounded by functions of constants defining the
model in A1-A7.

4.3.1 Upper bounds - proof of (4.8)
Decomposing the error term
We first decompose the error term and then bound each term separately. We have that
IB) = Plle <Gy (R = Resllr + (G5 = GT)Rlr
+HIG Ry —Ry)|F + G Ry — Pllr
<Gy oo Ry = Rollr + (1G5 oo + 1G5 lo0) [Re s = R

~ =1 _ -~
+r1 2GS = GHR e + [GT'Ry — P
=1+ 11+ 1II+1V, (4.13)
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where R, ; denotes a rank-r approximation of R; with r to be chosen. We therefore have
to take care of 4 terms: Variance bounds in Frobenius norm (I), rank-r approximation error
(IT), correction of the scalar product in spectral norm (III), and smoothness approximation
error (IV).

Bounding I - variance bounds in spectral and Frobenius norm

In this section we bound the first term ||G;1||Oo||RJ — Ry||r. We will first obtain a
bound for |[R; — Ry||¢. In our proof, we follow the usual line of arguments from the low
rank literature [Klol1, KLT11] and bound the spectral norm of Ry — R. Moreover, we
also prove spectral norm bounds for G; — G and (G 7 — Gj)P;, where P; denotes the
restriction of P to V.

Lemma 4.3.1. Assume 23/% < en for some small enough constant ¢ > 0. Then for
constants C,C’,C" > 0 we have that

IP’( RJ—RJngc 2:) 21—4exp(—2‘]d>, (4.14)
IP’( G, — GJHOOSC/ 22;) >1—dexp (—2“), (4.15)
P < (G — GJ)PJHOo < C”ﬁ) >1—4dexp (—2”) . (4.16)

Proof. We only prove (4.14) as the two other bounds follow from the same argument,
appealing to the bounds (4.34) and (4.35), respectively, instead.

We use an e-net argument, arguing exactly as in the proof of Lemma 1.1 in Candes and
Plan [CP11]. Indeed, arguing as in [CP11] we have, since V; has dimension C27¢, that
there exists a %-net D 1 of the unit sphere in V ; for Euclidean distance of cardinality less
than 9927,

Now let v and u with ||ulj2 = ||v||2 = 1 such that HRJ - RJH =vI(R;—Ry)u and ug
and v contained in D1 such that [[u—ugll2 < 1/4, ||v— v0||2 < 1/4. We obtain that

i
:<V(), (RJ — RJ)U0> + <V — Vo, (RJ — RJ)U.> + <V0, (RJ — RJ)(u — U_0)>
1| .
<3 HRJ - RJHOO + (vo, (Ry — Ry)up)
and hence it suffices to bound v’ (f{ 77— R J) uon D 1. Generalizing formula (24) in

Lemma 19 in Nickl and S6hl [NS17] by using a Bernstein inequality for non reversible
Markov chains by Jiang et al. [JSF18] we obtain Lemma 4.4.1 which can be found in the
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appendix. Applying Lemma 4.4.1 and using a union bound we obtain,

A 92Jd
e (R m) > 2y
[e's] n
R 2Jd coJd [ _oJd
< — 2 x| <4. v |
<P (uo,r‘rlloaé%i(vo,(RJ Rj)ug) >C\/73:> <4.9 (e )

Applying this with x = 1 4+ C'In (9) finishes the proof of the Lemma. O

Throughout the rest of the proof we will work on the event

~ 2Jd . 92Jd
0= {HRJ—RJH < Cy/—, GJ—GJH <O —,
o] n o] n
. Jd
[ -cpy|_ < C”\/2n} (4.17)

72Jd

which happens by Lemma 4.3.1 with probability at least 1 — 12e
We now prove Frobenius norm bounds by applying Theorem 2 (iii) by Klopp [Klo11]. For
completeness, we briefly present her proof below.

As noted by Bunea et. al. [BSW11] the hard threshold estimator (4.3) is the solution of

the rank penalized problem

Ry = argmin |[R; — S|% + o’rank(S). (4.18)
SeEV i xV;

We suppose that a is such that o > 2C'\/274/n. Since R is the minimizer of (4.18) the
first inequality holds for any S and afterwards we use that (A, B) < rank(A)||A| r|B|leo
and that 2ab < a? + b? to obtain that

IRy —Ry|% < |IS—Ry|%+2(R;— Ry, Ry — S) + a?(rank(S) — rank(R;))

<|IIS-Ry||% + a\/rank(f{J) + rank(S)|| Ry — S| + o®(rank(S) — rank(R.))

<|IS = Ry[[3 + ay/rank(R) + rank(S) Ry — Ry

1S = Ry|% + ay/rank(R,) + rank(S) [R — S|l + a%(rank(S) — rank(R.))

3 1=
<SS =Ryl + SRy — Ry} + dorank(s).
Summarizing, rearranging terms, we have that on 2

=16 ||

. 2 ~—1 .
R;—Ry||- SIIG, H‘X’se\}n

_ 2 2
nf (IS~ Ryl[f +orank (8))

A —1
<165 oo (IRyy = Ryl[% +70?) (4.19)
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We now find the adequate R, ; in (4.19) .

Bounding II - low rank approximation error

By construction of the extension of operators on V; as operators in the sequence space
we have that, Ry = 7rj}GP7r§, where W} is the orthogonal projection on V; with respect
to the Euclidean scalar product.

For any rank r approximation P, of P, R, ; := W?GPTTF?} is a rank r approximation of
R; and fulfills |R, ; — Ry| z < [P — P||p. We define the rank r approximation of P as

follows:
r—1

Pof = M (u, f), v for f € LP(p). (4.20)

k=0

This provides a sequence of approximations R, ; of R satisfying

IRs —Rl5 S DA (4.21)
k>r

We recall that by assumption A5 A\, < C3exp (—C4k2/d). Denote by [-] the ceiling

function and set .
1\ 2
ro= {C log <> —‘ +2 (4.22)
o

for C > 0 large enough. With this choice we obtain that
9] 33‘2
Reo RS NRS [ ot ew <> dz. (4.23)
k>r 2 \V log é 2

If d > 3, we use integration by parts

a1 a? d—2 Y 43 a?
Fy(y) := 2T exp |~ dr = y“ “exp -3 +(d—-1) 2 exp | —— dx
y y

2
=y Zexp (_Z/2> +(d—1)Fy_2(y),

and it remains to bound Fy for d = 2 and d = 1. For y > 1 we have that F;(y) < Fy(y) =
exp(—y?/2) and therefore we obtain overall that

2 12 2
IRrg =Ryl S (log — | . (4.24)

Since rank(R, ;) = 7, (4.19) implies that on Q

d
- 2 9 1\2 9Jd
HRJ—RJH Sa (log> < — (logn)
F a n

d
2

(4.25)
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Bounding III - correction of the scalar product

-1
In this section we bound the third term, 7/2||(G, — G}l)RrJHoo, in the decomposition
-1
(4.13). Moreover, we first prove that |G oo <1 0n Q.
The fact that the invariant density is bounded away from 0 implies that inf) =1 [|Gjully >

¢, which proves that G; has bounded inverse in spectral norm. On the event
(Jo o] =) oo
o
we have by Lidski’s inequality that
vue vy, |Gl > IGul, - |G- G| Il
oo
Therefore, for any u € V; we have that
A c
|&ull, = 5 1l

implying that on X
1G [loo S 1. (4.26)

Moreover, due to the bounds (4.16) and (4.25), we obtain that

(G~ GTHR s
SIGS = G wlRey — Ryl + (G =GRl
SIGy = Gallol Ry = Rylle + (G5 = G7HR
SIGs = Gyl (IR = Ryllr + |G Ry = Pyllr) + [(Gy — G))P |l

922Jd 2Jd 2Jd
</ (\/log(n)z +IV) +1/—.
mn n n

Bounding IV - bias bounds

It is left to bound the term IV in (4.13).
Let W} and 77’} be the orthogonal projectors on V* for the A and pu scalar products
respectively. [GHRO04] remarks that the non-zero eigenpairs of 7T§P7T§ and G;lR J are

identical. We quickly prove this here for completeness.

Lemma 4.3.2. We have the equality
mh = (myGmy) " imyaG

which implies that
-1
G,'R; = (W?GT(?) TRy = 7T5P7T§. (4.27)
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Indeed, 7, minimizes
A
IGY2(1 = )|,

leading to the normal equation

™G - mmh) =0 = mGmr =G

= 7% = (mGr))'1)G.

O
Using this identity, we establish the bias bounds.
Lemma 4.3.3. The bias satisfies :
|G;'R; - P||, < 277°. (4.28)

< 1 arguing as in the

~

Proof. Note that (I — ") = (I —74)(I — 7)) and that || — 7/~
proof of Lemma 4.4. in [GHRO04]: indeed, by our assumptions on p we have that

74l = sup (. m59)
F9€L?: I fllp2=llgll 2=1

< [l Hlzeoll el o sup (f,mhg)n S 1.
F9eL? (1) 1 f1l 2 =lgll L2 =1

Therefore, we obtain that

|G7' Ry = P||, = |7 Pr) — Pl < (I = 7)) Pllr + [|P(I = 7)) F
ST =a)Plr + 1P~ 7)|F.

Since the L?(u1) and the L? norm are equivalent due to p being bounded from above and
below the induced Hilbert-Schmidt (Frobenius) norms are also equivalent. Particularly,
this implies that for any operator A acting on L?(p1) the inequality ||A[|% <50, HAukH%Q(M)
holds, where {uy} is the basis of L?(u)-orthonormal right singular functions of P. Hence,

we obtain that

(I — 7TJ PHF (1 —7TJ Puk”L2 )\ 7TJ Uk”L?
(n) —

S Z Allvg |27 < 2_2‘]87

where we used Jackson’s inequality. Finally, we bound

P —m)lF= D IPT,3
UAEVy
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S O I Mo, Wa) 3

VNS
= NI = 7)) ()3 S 27270
k

where we used Jackson’s inequality and that for s > d/2 H® is a Banach algebra. O

Rates of convergence for P

Taking all the above bounds together we obtain on the event (2 which happens with

probability at least 1 — 12¢=2"" that

B 4 2Jd _Js 22Jd d
IP—Pllp < {log(n)iy/ =~ +2 L+ = log(n) (4.29)

and hence, choosing the optimal resolution level from (4.7) and since s > d/2, we obtain
2

that with probability at least 1 — 12exp (—n’zj%d log(n)_“i?d)

d_s
2

HP - ﬁHF < log (n)22¥a " %¥4. (4.30)

The identification between P and P is isometric, and therefore, this proves the rates for
estimation of P. By Lemma 4.2.2 the correspondence between P and p is also isomet-
ric, and thus the estimator p achieves the same L2-rates as in (4.30) on the same high
probability event. This ends the proof of (4.8) in Theorem 4.2.1. O
4.3.2 Proof of Lemma 4.2.3

We have that rank(P) = rank(P) < rank(R;) =: 7. Moreover, since Ry is a hard
thresholding estimator, we have, by Lidski’s inequality and denoting by A\x(R) the k-th
singular value of Ry that

. /2Jd

On the other hand, on Q we have that |[Ry — Ry||ec < C+/27¢/n. Finally, note that as

in (4.23) we have that for some small enough ¢ > 0

M(R? S DA < exp(—ck).
1>k

Hence, for k = C’ log(n)% for some C’ > 0 large enough, we have that

2Jd
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Thus, )\k(f{ J) and the preceding singular values are set to 0 by the hard thresholding
procedure, implying that 7 < log(n)g. O

4.3.3 Lower bounds - proof of (4.9)

In this section, we prove the minimax lower bounds showing that the rates attained by

our estimator are optimal.

We first construct a sufficiently rich sub-set M C M(s) of transition densities. Let mp be
the A-orthogonal projector onto constants. Let (¥'y), be a s-regular orthonormal periodic
wavelet family with at least one vanishing moment and compactly supported. Let (Ny)
be for each J a maximal subset of wavelets of resolution J such that two different wavelets
in R; have disjoint support. We have that |[N;| > ¢2/¢. Let W = span (¥ € Ny).

Let Gy ; denote the set of all k-dimensional subspaces of W ;. For every element S € Gy, 7,
we denote 7g the orthogonal projector from L? to S, and define Pg = g + ne,ms, with

d_d s
gn — (log n)_4 2s+d 1, 2s+d

and for n > 0 a constant. The following lemma shows that these Pg are contained in

M(s) for an appropriate choice of k and J:

Lemma 4.3.4. Choose k and J such that

[SI[oH

%k (—logsn)% <k <cp(—logey)

%f log(n) 2 zranl/@s+d) < 97 < ¢ log(n) 2 zwranl/(2s+d),

Then for any choice of constants defining M(s) such that M(s) # (0, we can choose
positive constants c., ¢ and cj, such that for n large enough VS € Gy ;j Ps is contained

in M(s).

Proof. We carefully check that A1-A7 are fulfilled.
We first check A1-A4 together. Let b = (f;);;<; be an orthonormal basis of S. Complete
it into b = (fi)1§i§|NJ| an orthonormal basis of W and let f; x = (f;, ¥) be the change

of coordinate matrix between (¥y),cr  and b. Then

Kk
ps (@y) =L+emy > D> £a0 () 0Ty (y)

=1 eRjy N€ER;

Note that this formula implies that A is the invariant measure and thus A1 — A3 once we

have proved that pg defines a probability density. Since the W) have disjoint support,

1 —Cn2’%, < pg(z,y) <1+ Cn2'%,.
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Since s > d 27%,, goes to 0 as n grows, implying that for any ¢ > 0, for n large enough,
0 <1—c<pg(z,y) <1l+c. Moreover, p integrates to 1 and hence p is indeed a probability
density and A1-A4 follow. Moreover, by definition of Pg the first eigenvalue is 1, the
next k eigenvalues are ne, and the remaining eigenvalues are zero. With our choices of k
and e, we thus obtain A5. Likewise A6 is fulfilled as the spectral gap is precisely 1 —ne,
which can be made arbitrary close to one. Finally, by the relation ||fi||gs < C27%|fill 12
which holds for arbitrary f; € W, (see equation 4.166 and following in chapter 4.3.6 in
[GN16]) we obtain that

> Mllexllz, < 1+ Chp’en2*” < C
k

for n large enough and thus A7 holds. O

We now choose a maximal subset M of G ; such that for any two projections in M,
denoted by S and S2 we have that,

Ips, — psylr2 = | Ps, — Psyllp > coenVk (4.31)

for a constant ¢y > 0. By Proposition 8 in [Paj98] we have for some universal constants

¢,C > 0 that,
e\ FURs|=F) o\ FURII=F)
() < M| < () | (4.32)

€0 €o

We finally add the element pg = 1 to M.

We now apply Theorem 2.5 in [Tsy08] and check that its conditions are fulfilled for our
choices of k and ,. For ps € M denote by Pg the probability measure for the Markov
chain (Xo,...,X,) with transition density pg and invariant measure 1. We first show
that we can control the Kullback-Leibler divergence K(Pg,P;') defined for two probabil-
ity measures P and Q with densities dP and dQ respectively as,

Jpalog (jg%i;) dP(x) P is absolutely continous with respect to Q

00 else

K(P,Q):=

by the squared L? norm of pg — po
2
K (Pg,Py) < nllps — poll7z -

Indeed,

K (Ps, Py) =Epy

lo dpg (X[)aXl)"'vXTL)
&\ aPy (X0, X1, ..., X0)
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(ps (Xo,X1)-..ps (Xn_th))]

Further evaluating the last equation we find,

log (pS(XOXl)ﬂ = /x/ylog (s (z,9)) ps (x,y) dzdy.

E
Ps po (Xo, X1)

We can decompose pg = 1 + &, Hp. Then, since log (1 + ¢, Hp) < e, Hp, we have that

Ep, [log (W)} </ / enHy (2,y) (1+ e Hy (2, )) dady

po (Xo, X1
=//€iﬂb (z,y)* dedy
xJYy

= |lpo — psli2 = ne2|ms|| % = n’e2k

Thus, ordering the elements pg € M from 0 to |M| with pp = 1 and denoting by P;* the

respective probability measure for the chain (X, ..., X,,), we obtain that

| M|
1
7|M\ E K (73]’7‘,776‘) < nne2k.
=1

The bound (4.32) on |M| and our choices of k and J described in Lemma 4.3.4 then imply
ek < aCk27e < k (2” - k;)) log(-£) < log |M],
co
by choosing 7 small enough. Thus, using also (4.31), all conditions of Theorem 2.5 in

[Tsy08] are met and we obtain (4.9). Moreover, by isometry the same lower bound holds
for P. O

4.4 Appendix

4.4.1 Proof of Lemma 4.2.1

The condition ¢~2b = VB for some B € C? implies, by Theorem 4.2 in [Ken78], that the
chain X, is reversible with invariant measure satisfying p o< e®. This identity and the
bounds on the C*~! norms of b and o2 imply p € H® and that ¢ < p < C for constants
¢, C > 0. Moreover, irreducibility and aperiodicity follow by the upper and lower bounds
on p below and thus A1 — A3 are fulfilled. Assumption A4 follows by estimates for the
heat kernel, see e.g. Theorem 1.1 in [Nor97] and by noting that ) ,_ _ ; Cecll='~vl3
is summable for every z,y € T Also note that these estimates yield p(z,y) > ¢ > 0
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uniformly for z,y € T¢.

Assumption A5 is implied by Weyl’s law for elliptic operators with non-smooth coefficients
on closed manifolds, Theorem 3.1. in [Ivr00]. Particularly, A5 follows by inverting formula
(3.4) in [Ivr00] applied to the operator L = G~Y2LGY? where L is the infinitesimal

generator L
92

o(x) d d 0
D=5 2o, + 2000,

(with m = 1 there) and by noting that the L?(u)-cigenvalues of L equal the L?(\)-
eigenvalues of L and that the L?(u)-eigenvalues of P equal the exponentiated L?(u)-
eigenvalues of L.

A6 follows from arguing as [Abr18] in the proof of Theorem 6, using exercise 7 on p. 493
in [BW09] instead of the cited Lemma 2.3 there and the lower bound on p from above.
We now show that assumption A7 is fulfilled. Adapting Lemma 11 in [NR19] to our
situation with non-constant but scalar o is straightforward and we obtain that there
exists a C' = C(||oe~2||gs-1, ||b]|cs—2) > 0 such that for all f € L? with E[f (X()] = 0 we
have for ¢ < s that

L7 D e < ClFllgge—= s NE)TH D e < CUA e

where L~!(f) denotes the solution u to the inhomogeneous p.d.e. Lu = f. Since P and
L are self-adjoint the left and right singular functions coincide, are called eigenfunctions,
and we denote them by eg. Since (ex, 1), = 0 for k > 0 we can use this repeatedly for the

eigenfunctions e, which fulfill L='e; = log(\x)er. This implies that

lexl s < Nog M|/ [lex]l 22 < [log Ak

where the last inequality follows by using Weyl’s law again. Therefore we obtain that,

ZA lexlzre <

and A7 follows. O

2
<1

4.4.2 Lemma 4.4.1

Lemma 4.4.1. Assume 237% < n and that kn2=37% > ¢ > 1 for some constant k > 1.
Then for constants C = C(k),C" = C'(k) and C" = C"(k) and Yu,v € Vj with |ul|z2 =
||v||r2 = 1 the three following bounds hold:

~ 92Jd
p (vT (R J—R J> w>C nx) < 9e= % (4.33)
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~ 2Jd
P <vT (G ;—G J) u>C' 23;) < 9e= % (4.34)

n

~ 92Jd
P <vT (GJ - GJ) Pru> C”\/nx> < 2e % (4.35)

In each case the proof is an application of the Bernstein type inequality in Theorem
1.1 by Jiang et al. [JSF18]. Also note that the proof is similar to the proof of Lemma 19
in Nickl and S6hl [NS17] but that they use a different concentration inequality. We prove
(4.33) carefully and only sketch the proofs of the remaining two inequalities as they follow
along the same line of argumentation.

Without loss of generality assume that n is even. We use the identity

—_

n—

(Xit1) —Efv (Xo)u(X1)])

s 5

z:O
n/2 1

fz (X2i) u (X2i41) — E v (Xo) u (X1)])

n/2—2
+% 3 (0(Xaie1) u(Xaivz) — E v (Xo) u(X1)))
=0

where v(z) = Y, va¥a(x) and u is defined likewise. We only treat the first term in the
equation above as the second one can be bounded with the same arguments. By Lemma
24 in [NS17] the invariant density of the chain (Xo;, X2i41)ien, is

p2(z1, 22) = p(z)p(, ).

Moreover, denoting by P» the transition operator of (Xa;, X2;4+1):en,, we can bound its ab-
solute spectral gap by the absolute spectral gap of the original chain (X;);en, by applying
Lemma 24 in [NS17], i.e. for any f € L?(u2), (f,1)u, = 0, we have that

P2 £l 22 (uo) < Ml L2 ()

We upper bound the variance

Vi : = o () u (y) — Efo (Xo) w (X1)] 2 ()

< /v(x)QU(y)Qﬂ(ﬂf)p(ﬂ%y)dxdy < |pllzellpli~ < C
for some constant C' > 0. Next we bound

[o () u(y) — Elo(Xo) u (X))l Lo < 20 (2) u (y)l oo
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< 274,

We now apply Theorem 1.1 by [JSF18] (with € = zy/ Q—:Zd for some constant /n2-3/4/2 >
x> 1,02 < C and ¢ = C"27% there) to obtain overall that for some constants 7,7’ > 0

v \/ﬁ _p29Jd
Plv (RJ—RJ)u>x 7 < exp W

v

Using also the assumption 23/¢ < n this yields for another constant 7”7 > 0 that
T (1 " 27d Jd
P v(RJ—RJ>u>xT — Sexp(—aﬁ )
n

For the proof of (4.34) note that we have the equality
o7 (C;J — GJ) u= nil z:g o(X)u(X;) — Eo(Xo)u(Xo).
Hence, it remains to bound the variance and obtain a pointwise bound. We have that
Jo(a)u(e) ~ Bo(Xo)u(Xo) g, < [ vle)u(o)uto)ds S 27
and
[vo(x)u(z) — Eo(Xo)u(Xo) | = < 27
For the proof of (4.35) we argue as before, this time working with the equality

o7 (C;J - GJ> Pu= nil 3 o(X0)a(Xi) — Eo(Xo)i(Xo),
=0

where @ = Pjyu. As above it remains to bound the variance and obtain a pointwise bound.

In this case we have that
[o(2)(z) — Bo(Xo)a(Xo) |72, < /v($)2ﬂ(w)2u($)div S |a()|| Lo

Moreover, denoting by p; the L?-projection of p to Vyx V;, we have by Young’s convolution

inequality

@]l = 1] /pJ(-,y)U(y)dyHLoo < lullz2llpsliz $1
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Thus, we obtain that

(X0} Xo) — Ev(Xo)a(Xo) | = S 272,

4.4.3 Proof of Lemma 4.2.2

We split this proof in two parts: we first show the mapping is an isometry from Hilbert—
Schmidt operators to its image endowed with the L? x L? norm, and then prove that its

sends the transition operators into their respective transition probabilities.

Lemma 4.4.2. The following function

T: Ay — (2,9 =) (Uh, ATN) 120 s (2) Ty (y)
%Y

is an isometry from the space of Hilbert-Schmidt operators on L? endowed with the Hilbert—

Schmidt norm to a subset of L? x L2.

Proof. We first assume that a finite number of Ay y/ are non-zero; this ensures that we
work with proper functions and justifies exchanging summation and integration. The
general case follows using a density argument. For A with a finite number of non-zero

coefficients we have that,

IT (A)|[72 = D A An U (2) Uy () Uy, () Uy, (y) dedy
A1,A2,A3,A4
2
= Z A>\1,)\2A)\3,>\45>\17>\35>\27>\4 = Z Aih)\z = HA”F
A1,A2,A3,A4 A1,A2

Lemma 4.4.3. The function

T: Asy = |2,y = > Ay (z) Uy (y)
JBY

sends a transition operator P into its transition density p.

Proof. We show that Pr, the transition operator for the kernel T (P), equals P. We have

123



Spectral thresholding for the estimation of Markov chain transition operators

for any f,g € L? that

(g, Prf) = / (2) (Prf) (z) da
//Zg )W (z) PAx ¥ (y) f (y) dyda

LPWY

Z Uy, 9) P (U, f) = (g, Pf).
Y
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