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Abstract. A model for vibrational and rotational excitations of an intrinsic tetrahedral
structure of the Oxygen-16 nucleus has been investigated, building on classic work of Wheeler,
Dennison and Robson. Tetrahedral A- and F-phonons are treated harmonically, but the E-
phonon dynamics is extended to dynamics on an E-manifold of configurations of four a-particles.
This allows for tunnelling between the tetrahedral configuration and its dual, through a square
configuration, and lifts the parity doubling that would otherwise occur. Unlike in earlier models,
including the algebraic cluster model, the E-phonon frequency is taken to be about half the
F-phonon frequency, which in turn is about half the A-phonon frequency. As a result, the first-
excited 07 state is a 2-phonon, E-manifold excitation, whereas the lowest 2% and 27 states are
1-phonon, E-manifold excitations. Coriolis contributions to the rotational energy of states with
F-phonons are significant. Altogether, rotational bands are constructed based on vibrational
states with up to four phonons, and with spin/parity up to 97. Nearly all the observed states
of Oxygen-16 are accommodated, up to 20 MeV and partly beyond. Predictions for some so far
unobserved states, especially those of unnatural parity, are made.

1. Introduction

In 1937, Wheeler showed that several properties of nuclei with atomic mass number 4N and equal
numbers of protons and neutrons could be explained using an a-particle model [1]. According to
Wheeler, such a nucleus is a molecule of N a-particles. Our interest is in Oxygen-16, a molecule
of four a-particles sitting on the vertices of a tetrahedron, and we have recently investigated its
energy spectrum by considering the motion of the tetrahedron. Quantized rigid rotations lead
to a rotational band having spin/parities 07,37,47,.... The a-particles can also move relative
to one another, causing the tetrahedron to deform. Such motions are known as vibrational
modes. They lead to vibrational states in the energy spectrum, together with further rotational
excitations. The spins and energies crucially depend on the symmetries and frequencies of these
classical vibrations.

The tetrahedral structure also arises in the Skyrme model. The Skyrme model is a nonlinear
theory of pions where nuclei are described as quantized, topologically non-trivial knots in the
pion field, known as Skyrmions [2]. The topological charge of a Skyrmion is its baryon number
(atomic mass number) B. In practice, one can think of a Skyrmion as a localised lump of energy.
The B = 16 Skyrmion models '°0O and its energy density is indicated in the middle column of
Figure 1, with the colouring capturing aspects of the field values. It has tetrahedral symmetry
and can be interpreted as four a-particles, as is evident from the Figure. Skyrmion dynamics is
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baked into the theory and so understanding the vibrational modes of the tetrahedron is relatively
straightforward.

2. Vibrations and vibrational wavefunctions

There are three low-frequency vibrational modes associated with a-particle motion. They are
labeled by the irreducible representations of the tetrahedral group: A, E and F. A particular
motion in each of the vibrational spaces is shown in Figure 1, as well as a description of each
mode. One can calculate the frequencies of the modes in the Skyrme model. The results suggest
that the E-frequency is much lower than the others, so the E-vibration should be treated with
care. The E-vibration is important for a second reason: it links the tetrahedral configuration to
the square configuration. The square consists of four a-particles on the vertices of a flat square.
A motion linking the tetrahedron to the square is shown in Figure 2. The square has low energy,
just above that of the tetrahedron, and a large symmetry group. Hence its existence can affect
the 60 energy spectrum, as we shall see.

Figure 1. The A-, E- and F-vibrational
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Using methods detailed in [3, 4], we can parameterise configurations in the E-vibrational
space using a portion of the plane. We call this two-dimensional manifold of configurations
the E-manifold, Mg. It includes the tetrahedral and square configurations, as well as all those
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Figure 2. A dynamical path joining tetrahedral and square configurations. Initially two B = 8
Skyrmions are sent towards one another. They form the tetrahedron, then continue on, flattening
out and becoming the square. Their momentum then carries them into the dual tetrahedron
before the two B = 8 Skyrmions appear again and fly out to infinity. All of these configurations
are contained in the E-manifold.
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joining them and more. It is plotted in Figure 3, where we have highlighted the locations of
the squares and tetrahedra. We must now solve the Schrédinger equation on Mg to obtain
vibrational wavefunctions. In a standard cluster model, these would be harmonic wavefunctions
with energies hwg(n + 1/2) and n counting the number of E-phonons. The phonon concept still
applies in the E-manifold, as it characterises each wavefunction close to one of the tetrahedra,
and hence we can label the wavefunctions using the integer n. However, the wavefunctions and
energies differ significantly compared to the harmonic approximation. We display the ground
(or O-phonon) state, a 1-phonon state and a 2-phonon state in Figure 3. The 0-phonon state is
concentrated at the tetrahedra, while the 1-phonon state is concentrated at the squares. The
2-phonon state is more interesting, as it is concentrated around both types of configuration, so
physically, it superposes square and tetrahedral configurations.
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Figure 3. The E-manifold and some vibrational wavefunctions on it. The E-manifold
is contained within the thick black lines of the leftmost figure. The regions where the
wavefunction is concentrated are shown red (positive) and blue (negative). The three vibrational
wavefunctions are 0-, 1- and 2-phonon states respectively.

3. Physical states

To create physical states, we must combine the vibrational wavefunctions with spin states, which
describe the rigid rotations of the nucleus. We also include harmonic A- and F-vibrations. The
allowed combinations are determined by the symmetry of the system. The calculation is standard
in molecular chemistry and classic textbooks such as [5] are of great assistance. The Hamiltonian
of an allowed state is given by

H = Eyip+ hwp(np+1/2)+hwa(na +1/2)+h2B(J —C)?+C(J(J+1)2+D(J(J+1))%, (1)

where F,;, is the energy of the underlying vibrational wavefunction on Mg, wr and w4 are the
frequencies of the F- and A-vibrations, and nr and n4 are the number of F- and A-phonons.
We take wa =~ 2wp. Although we do not have a harmonic E-vibration, we can calculate an
effective wg using the energies of the 1- and 2-phonon states on the E-manifold. We find
that wp ~ wpr/2. Our values are in sharp contrast to [8], where all vibrations have the same
frequency. The remainder of (1) is a rotational contribution. J is the spin operator while [ is the
orbital angular momentum of the F-phonons. The coefficient B (here, not the baryon number) is
related to the moment of inertia of the nucleus while C' and D control the centrifugal corrections.
Finally, ¢ is the strength of the Coriolis correction. Apart from our careful treatment of the
E-vibration, the main difference from previous work is our value of . Robson and Dennison use
¢ = 0.5, a value taken from the point-particle world of molecular physics [6, 7]. Our a-particles
have structure and so the value should be different. Hence we treat  as a parameter and fix it
to —0.2. This could be checked in the Skyrme model numerically.
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Figure 4. Comparison between theoretical and experimental energies. Positive (negative)
parity states of our model are displayed as pluses (triangles), and coloured according to their
number of phonon excitations in each vibrational mode. Experimental states are displayed as
black dots. Our identifications between theoretical and experimental states are shown by lines
joining the states.

4. Comparison to experiment

The results of our calculation of the 10 spectrum are shown in Figure 4. Coloured symbols
and black dots represent, respectively, states in our theoretical model and experimental states.
The different colours represent the different types of state. For example, the rotational band
of states with one F-phonon and one E-phonon is coloured bright pink, as indicated in the key.
When we believe that there is a match between experimental and model states, we draw a line
between them. We plot around 60 states and almost all are easy to match up.

Our model reproduces aspects of a simple tetrahedral model, including a ground-state
rotational band with spin/parities 07,37, 4%, .... These states all use the 0-phonon vibrational
wavefunction in their construction. In contrast to a simple tetrahedral model, there is a 2 MeV
gap between the lowest-lying spin 2 states, with positive and negative parity. This is due to
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the existence of the square configuration. The negative parity state is forced to vanish at the
square, as the geometry of the square only allows positive parity. This means that the 2~
vibrational wavefunction is more constrained than the 2+ one. Generally, the more constrained
a wavefunction is, the higher its energy. This is the case here, as is explained in detail in [3, 4].
This gap is not present in models where fluctuations are small, such as [8].

Experimentally, the first excited state has spin/parity 0%, which is very unusual. In our
model, this state is a 2-phonon excitation whose underlying E-manifold wavefunction is shown
on the right of Figure 3. It is concentrated not just on a tetrahedral or square configuration,
but superposes both. Our model also reproduces the large gaps in the spectrum between the
unnatural parity 2~ states and 3T states. The main prediction of the model is an additional
4~ state below 15 MeV. One such state has already been observed and experimentally it may
be hard to disentangle two states. We also predict many high-spin, unnatural-parity states (not
shown in Figure 4, but present in [3, 4]). The biggest disparity between model and experiment
is the 0~ state. Its energy in our model is much too large. However, this type of state is difficult
to construct in many models, including the shell model. In fact, this is the first ever isospin
0, spin/parity 0~ state to be constructed in the Skyrme model. We hope that future work can
bring the energy down, without affecting the many successes of the model.

5. Future work

There are two obvious next steps: to study this model in more detail and refine it, and to
try and apply the ideas to larger nuclei. We hope to soon tackle the former by calculating
electromagnetic transition rates in this model. These depend crucially on the structure of the
wavefunctions and their overlap. As our vibrational wavefunctions are rather unique, we should
obtain equally unique results for the electromagnetic transitions. Moving up the nuclear chart,
the next suitable a-particle nucleus is Neon-20. In the past, authors have modelled this by
arranging the a-particles into a trigonal bipyramid, though comparison with experiment was
poor [9]. The Skyrme model can be used to find the low energy configurations of significance,
analogous to the tetrahedron and square here. Including low frequency vibrational modes,
possibly extended into a nonlinear manifold, again as here, could improve the results for Neon-
20.
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