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NOTES.

The pages of the chapters are numbered independently.

The equations appearing in chapters IV = VI are, for

convengience, numbered consecutively.
All logarithms used are naturaly that is, their base is e.

Bibliographical references are given by enclosing the surname
of the author and the date af the work in brackets - e.g.
(Arrow 1951a). When more than one work of the same year

is referred to, letters are used to distinguish. Complete

references are given in the bibliography.
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APPENDIX: THREE THEOREMS.

. b+ ¢
_ng_o_;_e_:g_l._._ If K_t = 1(Kt g 26 t), Ky = ko, givens
nd - b+ ot -rt
&L ELS v(ae™ " *£(K,) - i(K;,ae t)).e Trat ]
)

attains its maximum, V, when the function i = s(k,a); then

uoaf‘(k) + S.—l‘i- + Du. = O,

where u = u(k,a) = v‘(af(k)-s(k,a)), and
)2

D = -1+ flas + pa2s— .
a )a

('t is the random variable defined in chapter III.)

In the proof, I shall require the following simple lemma:

®
Lemma. RBet [Xt]o be a stochastic process with finite moments,
®
such that Y, = S X, dt is ififinite on at most a set of
t rae Cotte exgectalion « T T

probability measure zerégf “Then

d.
rr2 P - E(X,).

We invert the order of the expectation and integration operators:

(0 9] (a0}
E[S X adat] = J E(X.).dvz.
3 t

This is justified by Fubini’s Theorem. Differentiation proves

the lemma.




A-2

Proof of Theorem 1. Consider the investment strategy defined

at time t by i = s(k,a) + As$ for any function of time

[
s . The valuation for it, starting at time T, is

-1t

: o Ol & - it ¢ .
vhN = E[JS v[iae tf(Kt) - S(Kt’ ae " Ttt) - /szﬁ.e dts
m

i

where Kt is given by

. 2 b+t -
K, = S(Kt’ ae t) + Asg

A

and Kt is the capital path for the optimal podicy. The derivat-—
jve of V' with respect to A exists. It must be zero when
A\ = O

@ ) » 9K, | _
E[S v/.}ae b4 t£/(K )-—V-EL - sdte rt.dt] = 0.

T g t D, IA=0 t*‘v

A t T‘Kt t
Clearly K, = K+ A\ s®.at. Hemce — = [ s%.d7. We
o ) A o

can invert the order of integration with respect to 1 and T,
to derive the equation,
9 @ at4 bfae o -rt :
E[S s;:».fae ““¢£’(K.).v/(C,.)ee  dt - e  v'idt] = O.
t
T
If the lemma is applied, we can differentiate with respect

to T, and cancel the factor s%:
(55)

E[S ae oo/ (R)v/(CL)e T AT - e-rTv‘(CT) ] = Oz
T

Differentiating with respect to T again, and once more making

use of the lemma, it is found that
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ae(TE[ein"(I}{T)v’(CT)J - rE[v"(CT)] + d;d,I,E[v’(CT)] = O.

I shall put T = O in this equation. Then the only problem re-
maining is to evaluate the last term. Let us notice first that

4 oy w2, ,
m E[v (CT)J§T=0 = 8,5 * 3% E[v (CT)] poo? Where s, is

the optimum rate of investment at time 0, viz. s(k,a).

If § is some arbitrary function,
x+ ft )2

B[4 (e,)] =ﬁfm¢<x).e' WB g

It is a straightforward exercise to evaluate the derivative with

respect to +t. It is found that the derivative is
BELA"(2,) - #7(€,) ]
It is well known that for any well-behaved function g, <the limit
of E[:ﬁ(ﬁt) ] as t tends to 0O is _ﬁ(o). Thus the derivative
tends to g~[¢“(o) - 4'(0)] as t tends to O. Using this fact,
it is easy to check that the limit of _;T E[v‘(CT)] as T tends

- to gzero is

On putting T = O in the equation at the top of the page now,

we derive the result of the theorem.



Theorem 2. 1f s(k,a) is any solution of the fundamental

equation (i.e., the equation of theorem 1) the corresponding

e

total expected valuation is, if it is finite,

a
- f V/[af(x) - s(x,a)]dx,
k

for an economy in which capital and the production coefficient

are initially k and a.

Proof.
I shall prove that

0 0] ‘
g% e-rtE[_f v’(ae"t+ r(x) - s(x,ae i $)).ax
K
t

. it d
- Ble T v(ae M (K, ) - s(K,, a0 ")),

where Kt is the capital path produced by using the investment

strategy s. The theorem then follows by integration with

respect to +t.

The argument at the end of the proof of theorem 1 shows
that the left hand side of the above equation is equal to

=7t ” b+ A4 ¢
Efe " {D / ulx, ae” " tlax - u.s(x,ae” ¥)r],

K

which, since u satisfies the fundamental equation, is equal

to

~rt 0 bt it u
- E [ (ueae™ £ (x) + s(x,ae” T F) = ax]

t

K
= E[:e-rtu.s],




- E [e "' J (u.ae Yor'(x) + = u).dx]
K X
t
—rt o d it t
-E[e TS = v(ae® ™t te(x) - s(x,ae” T t)).dx]
K
t

E [e " . v(ae”™ t.e(k,) - S(Kt’aeqt+’t))]-

The proof is thus complete.

Theorem 3. If the maximal valuation is finite for some p> 0,
when r and o are zero, and the maximal valuation is denoted

by V(r,«,p), 1then |

V(r,dsp) = V(0,0,Q) + o(Vrz+a2+p2).

Proof. I denote the optimal policy when the dynamic
parameters are T, 4, and [ by s(k,a). Then

v(0,0,0) > jpv[af(kt) - s(kt,a)J.dt,
(o]

where k, is defined by k, = s(kysa), ko = ko V(r,+, ) is
finite for (r,d,f) in some neighbourhood of (0,0,0). Hence

we can choose T so that

= (t+¢ AT+ -rt
E [J v(ae tf(Kt) - s(Kt,ae t))e Tat]| < ¢
T

in this neighbourhood, for some given number /) > O. T and

the neighbourhood can be so chosen that



| oo |
if‘v[af(kt) - s(kt,at)].dtg < 3y
| T |

too0. What has to be proved now is that

| : it (t+ -rt
E[S v(ae tf(Kt) - 8(K,,ae t))e ~dt]
LT

T
-f v[af(kt) - s(kt,a)]dt < 0
)

for small enough r, o, and [.

I do this by leaning on the assumption that

8

is a continuous

function. It is well known that for any continuous function ¢,

E[f(£;)] tends to EF(0) as f tends to zero.

first integral tends to its value when [} = O, as

Therefore the

tends to zero.

Then we can let & and r tend to zero, with the same result;

and in this way the inequality is proved. It follows that

v(0,0,0) > V(r,d,p) - 2).

To prove the opposite inequality: V(0,0,0) < V(zr,d,l) + 25,

a similar argument can be used with the static investment

strategy i(k,a) = €(af(k)). The two inequalities together prove

the theorem.



















