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The Cauchy problem and the initial data problem

in effective theories of gravity

Aron D. Kovacs

Abstract

Lovelock and Horndeski theories of gravity are diffeomorphism-invariant theories with
second-order equations of motion. A subset of these theories can be motivated by
effective field theory considerations and hence they could describe strong-field deviations
from general relativity. In particular, the effects of some Horndeski theories might be
observable by present and future gravitational wave detectors. To study the dynamics
of the theories using numerical simulations, they must satisfy some mathematical
consistency properties. In this thesis, we establish two such properties for Lovelock

and Horndeski theories.

In the first part of the thesis, we study the Cauchy problem for Lovelock and Horndeski
theories. To demonstrate that the Cauchy problem for a theory of gravity is locally
well-posed, it is sufficient to show that the gauge-fixed equations of motion are strongly
hyperbolic. First, we use some numerical-relativity-inspired gauge conditions to write
the equations of motion of weakly coupled cubic Horndeski theories in a strongly
hyperbolic form. Next, this result is strengthened by proving that any weakly coupled
Lovelock and Horndeski theory possesses a strongly hyperbolic formulation. This is
achieved by introducing a novel class of "modified harmonic" gauge conditions and

gauge-fixing procedures.

Another essential requirement on a theory of gravity is the possibility to choose
initial data that represents astrophysically realistic systems. Some of the physically
most interesting systems are approximately isolated systems and can be modelled by
asymptotically flat spacetimes. The second part of the thesis discusses three methods
to construct such initial data for a class of Horndeski theories. These methods are based
on standard conformal techniques used in general relativity to write the constraint
equations as a system of elliptic partial differential equations. It is shown that for
a class of weakly coupled Horndeski theories, the conformally formulated constraint
equations admit a well-posed boundary value problem on asymptotically Euclidean

initial data surfaces.
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Chapter 1

Introduction

Einstein’s general relativity (GR) is regarded as one of the two pillars of modern
physics, together with the Standard Model of particle physics. It provides an elegant
geometrical description of gravity, it gives rise to a fascinating and rich phenomenology,

and it is in excellent agreement with observations.

According to general relativity, spacetime is a 4-dimensional Lorentzian manifold M,
with a metric tensor g and a Levi-Civita connection defined on it. The dynamics of

spacetime is governed by Einstein’s equation [1]
Gap + Agay = 87T (1.1)

where G, is the Einstein tensor and A is the cosmological constant. This equation
relates the curvature of spacetime to the energy-momentum tensor T, of matter present
in spacetime. As T, itself generally depends on the metric, the dynamics of matter
and spacetime simultaneously influence each other (much like M. C. Escher’s Drawing
Hands).

In the limit of weak gravity and slowly moving matter, GR reduces to Newton’s theory
of gravity and is in accord with experimental tests performed in this regime (see e.g.

[2] for a review).

The theory predicts that freely moving small test particles follow (timelike or null)
geodesics of the curved spacetime (M, g). In particular, this means that the paths
of light rays are "curved" lines in the vicinity of massive stars; this phenomenon is
called light deflection. This result was experimentally confirmed by Eddington, and
his colleagues in 1919 [3].



2 Introduction

Another remarkable and robust prediction of GR is the existence and formation of
black holes: regions of "no escape'. Black holes can form by the gravitational collapse
of matter (e.g. cold stars), as demonstrated by the singularity theorems of Penrose [4,5].
There are several landmark experimental results providing overwhelming evidence for
the existence of black holes, including the monitoring of stellar orbitals around galactic
centres [6, 7], the observation of the shadow of a black hole by the Event Horizon
Telescope [8] or the direct detection of gravitational-wave signals emitted by coalescing
binary black hole systems [9].

General relativity can also account for the large scale structure of the Universe, provided
one includes dark energy (described by a small positive cosmological constant) and

cold dark matter in the model.

Despite the long list of merits of GR, a few conceptual issues are awaiting resolution.
As shown by Penrose and Hawking [4,5,10], the formation of curvature singularities
inside black holes and in cosmological spacetimes is a generic feature of GR. The
origin of the cosmological constant is unclear, and a satisfactory explanation for its
"unnaturally" small value is still lacking. Moreover, GR is non-renormalizable as a
quantum theory. These problems suggest that GR. is only an effective theory valid up
to some finite energy scale. To describe phenomena in the regime of extreme spacetime
curvature, a more fundamental theory is needed that possibly unifies gravity with the
other fundamental interactions and reproduces GR in the appropriate low energy limit.
String theory is a candidate for such a theory, but a direct experimental probe of it
(or other candidates) currently seems out of reach. Nevertheless, future observations
(gravitational wave astronomy, in particular) may provide the first precision tests of

GR in a strong field, highly dynamical regime.

1.1 Effective theories of gravity

To perform precision tests of GR using gravitational wave astronomy, we need theoretical
templates for how a deviation from GR would affect the gravitational waves produced
in a black hole (BH) merger. Producing such templates requires numerical relativity
simulations of BH mergers in theories that modify GR in some way. But there are
two problems with this. First: which theory should be simulated? Many theories of
modified gravity have been proposed. Second: to perform numerical simulations, the

theory must satisfy some mathematical consistency requirements.
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Effective field theory (EFT) provides a possible solution to the first problem [11].
Without a preferred candidate for a UV-complete theory that modifies GR, we can
parameterize our ignorance using the bottom-up EFT methodology of adding to the
GR Lagrangian all possible higher derivative terms consistent with the desired field
content and symmetries. Then one can use observations to constrain the coefficients of
these terms. This provides a nice way of parameterizing small strong-field deviations
from GR. The accuracy to which one has tested GR can be quantified by how small

one has constrained the coefficients of the leading higher derivative terms to be.

In the effective action, operators containing higher derivatives are suppressed by
powers of a strong coupling energy scale. To study low energy processes (i.e. at
energies well below the strong coupling scale), it is sufficient to keep only the first
few terms in the effective action. Therefore, the classical equations of motion of the
weakly coupled, truncated effective theory are expected to describe low energy physics
accurately. Although the corrections to the equations of motion arising from the higher
derivative terms are small at weak coupling, these corrections may be important in
certain situations. Small effects may accumulate over time, producing large observable

deviations from the leading order theory [12].

As an example, consider first the EFT for vacuum gravity in d spacetime dimensions.
In this EFT, the only dynamical field is the metric tensor, and the symmetries imposed
on the theory are diffeomorphism-invariance and local Lorentz symmetry. The leading

order term in the effective Lagrangian is the 2-derivative Einstein-Hilbert term
Leg = R. (1.2)

There are three independent 4-derivative terms that can appear in the Lagrangian. The
first two are R?, R* R,,,. Since these involve the Ricci tensor, which appears in the
equation of motion of the 2-derivative theory (Einstein’s equation), these interactions
are redundant and can be eliminated by field redefinitions [13]. The third 4-derivative

term can be chosen to be the so-called Gauss-Bonnet invariant

15“1U2/‘3U4R
4 V1V2V3V4 12

Lo = R (13)

where the generalized Kronecker delta is given by

Pg P
opLete = gl 82 622 . 6L, (1.4)

01...0q
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If one truncates this EFT, retaining only the terms with up to 4 derivatives, the
resulting theory is called Einstein-Gauss-Bonnet (EGB) theory. Thus, in the absence of
matter, EGB theory gives the leading order EFT corrections to general relativity (GR)
in d > 4 dimensions. Unfortunately, in d = 4 dimensions, the Gauss-Bonnet invariant
is a total derivative, and hence it is a redundant term. Hence, in 4 dimensions, the

leading higher derivative corrections to vacuum GR start at 6 derivatives [11].

The equation of motion of the resulting theory now involves higher than second
derivatives of the metric. A generic feature of such (higher derivative) theories is that
the Hamiltonian functional of the theories is unbounded. This result is referred to as
Ostrogradsky-instability [14,15]. It is often argued on physical grounds that theories
suffering from the Ostrogradsky-instability admit unphysical ("runaway") solutions that
are usually inconsistent with the regime of validity of the theory. Roughly speaking,
the reason for this is that (in theories with Ostrogradsky-instability) even an initial
configuration with small energy may evolve to a configuration in which large positive
and negative energy modes are coupled. Hence, such theories may exhibit a significant

energy cascade to the UV which is inconsistent with current observations.

Despite having pathological solutions, higher derivative theories may be valid in
some restricted sense. There are standard ways of dealing with higher derivative
equations when performing numerical simulations in simple EFTs, including the so-
called reduction of order procedure [16] and the methods inspired by the Israel-Stewart
approach to relativistic viscous hydrodynamics [17] (see also e.g. [18,19] for a more
recent summary of these ideas). It is worth emphasizing that rigorous mathematical
results are still lacking on theories with higher derivative equations and on the validity
of the approximations just mentioned, especially in the case of gravitational theories
(see however e.g. [20] on relativistic viscous hydrodynamics and [21] for a more recent
result on a scalar field model). Given the apparent difficulty of this problem, we shall
restrict our attention in this thesis to gravitational EFTs with second-order equations

of motion.

Now consider the case when we include matter coupled to gravity. The simplest case
is GR minimally coupled to a scalar field. Following the EFT philosophy, one adds
all possible higher derivative terms to the action. Assuming a parity symmetry, field

redefinitions can be used to bring the action to the form [22]

167 G/d%\/_ V(9) + R+ X+ [i(0)X° + fol@)Lan)  (1.5)
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where we have neglected terms with 6 or more derivatives, V, f1, fo are arbitrary
functions, X = —(1/2)¢g""0,¢0,¢ and Lgg is given by (1.3). We will call this 4-
derivative scalar-tensor theory (40ST theory). The special case with fi(¢) = 0 is called
Einstein-dilaton-Gauss-Bonnet (EdGB) theory.

The scalar-tensor theory (1.5) is also interesting from a physics point of view because
its black hole solutions differ from the black hole solutions of vacuum GR for several
choices of the coupling function fo(¢) (see e.g. [23-29]). This may cause observable
deviations from GR in a BH merger. EFT reasoning implies that the theory (1.5) is

also relevant to cosmology e.g. in early Universe inflation [22].

If one imposes an additional symmetry that the equations of motion are invariant
under shifts in ¢ then V and f; are constants and fo = A¢ where X is a constant. The

dimensionful constants fi, A then set a scale for UV physics.

Remarkably, the equations of motion of (1.5) are second order in derivatives: The

theory has second-order equations of motion

EF, = GH, — ; (X = V() +erfi(d)X?) ol - ;(1 + 261 f1(9) X))V VY,
+(2f3 (D)Vu V" & + €2 f5(9) V., VI ) 60020 Ry =0 (1.6)
Ey = —(146efi(¢)X)0g + V(@) — 261 f1(9)0L12V 1, 6V OV 1, V2

1
861 [1(0) X = Lea 3 lO) L By Ry ™ = 0 (1.7)

Hence it is free from "Ostrogradsky-ghosts'. As mentioned above, neglect of terms in
the action with 6 or more derivatives is justified only in the weakly coupled regime in
which spacetime curvature and scalar field derivatives are small compared to the UV
length scales introduced by coupling constants associated with the higher derivative
corrections. Generically, this implies that the 4-derivative corrections to the equations
of motion must also be small compared to the leading 2-derivative terms. It is only in
this regime that we can trust EFT. Weak coupling is compatible with strong-field BH

dynamics, as long as the size of the BHs is large compared to the UV length scales.

So far, we have only discussed the bottom-up EFT approach to build models that
correct GR in a strong field regime. Another thing one might ask is whether the EGB
or 40ST theories arise in a top-down approach from some candidate UV theory. It
turns out that the Gauss-Bonnet coupling naturally shows up as a correction to the

Einstein-Hilbert Lagrangian in a certain low energy limit of string theory [30,31].
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There are other examples of theory building in the literature that differ from the modern
EFT approach. Given the pathologies associated with higher derivative equations of
motion, it may seem natural to ask what is the most general theory with a given set of

symmetries and fields that has second-order equations of motion.*

Lovelock theories of gravity are the most general theories in which the gravitational field
is described by a single metric tensor satisfying a diffeomorphism invariant second-order
equation of motion [32]%. In vacuum, the equation of motion of a Lovelock theory in d
spacetime dimensions is:

B, = G*, + S+ Yk, SU0 R, O R, L, P10 =0 (18)

V0o1...02p © T YP2p—1P2p
p=>2

where k, are dimensionful coupling constants and we have scaled so that the coefficient
of the Einstein term is unity®. For d = 4, the antisymmetrization implies that
equation (1.8) reduces to the vacuum Einstein equation. For d > 4 Lovelock theories
introduce finitely many new terms into the equation of motion. In particular, the term

corresponding to p = 2 in (1.8) arises from the EGB Lagrangian (1.3).

Horndeski theories are the most general theories of a metric tensor coupled to a scalar
field ¢, with second order equations of motion, arising from a diffeomorphism-invariant
action in d = 4 spacetime dimensions [35]. We will write the action of a Horndeski

theory in the form

B 1
167G

S /d”:m/_—g (L1 + Lo+ Ly + Lo+ Ls) (1.9)

with

LQ G2(¢7 X)
L3 = G3(¢, X)Uo
Ly = Ga(d, X)R + 0xCGal(d, X)6"V, VP 6V, V70
1 » o
Ls = G5(¢, X)GW V'V — 68XG5(¢, X)(5§5§VMV ¢VVV*B¢VPV7<Z>

LOf course, many of the possible interactions satisfying these criteria may be made redundant in
EFT, using field redefinitions. It is also worth keeping in mind that our main reason to restrict to
theories with second-order equations of motion in this thesis is the difficulty to tame equations with
higher derivative operators.

2In some references, these theories are called Lanczos-Lovelock theories based on [33,34].

3We will not consider Lovelock theories for which this coefficient vanishes.
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where G; (i = 2,3,4,5) are arbitrary coupling functions. Note that £; is the action of
Einstein gravity minimally coupled to a scalar field with potential V'; we will refer to
this as Finstein-scalar field theory. We could absorb the terms in £; into other terms
but we choose not to do so for later convenience. It can be shown that 40ST-theory is
a Horndeski theory, although some work is required [36] to rewrite its action in the

canonical form of a Horndeski theory.

So far, we have mainly focused on aspects of theory building and their physical
motivations. However, to make predictions in an effective theory of gravity, the theory
must satisfy some minimal mathematical requirements. We continue by addressing this
issue and discussing a condition called the well-posedness of the initial value problem,
which, apart from being important for mathematical consistency, is also necessary to

solve the equations of motion of the theory numerically.

1.2 The initial value problem for hyperbolic PDEs

In this section, we review general results on the initial value problem (or Cauchy
problem) of hyperbolic partial differential equations (PDEs). After a general discussion
of the initial value problem based on [37-39], we define the different notions of hyper-
bolicity appearing in the literature. Then, we state some technical theorems on how
hyperbolicity is related to the well-posedness of the Cauchy problem. Our treatment of
first-order systems (sections 1.2.2-1.2.3) is based on [39-42]. The discussion of second-
order systems (sections 1.2.4-1.2.5) is similar to the standard treatment appearing in
e.g. [43]. The main reason for opting for a different presentation (which is based on
Appendix A of the original research paper [44] done in collaboration with Harvey Reall)
is to show that standard results on second-order systems can be obtained without using

pseudodifferential calculus.

1.2.1 The initial value problem

Many classical physical theories are formulated in terms of a set of functions or fields
whose behaviour is governed by a system of ordinary or partial differential equations.
General solutions of the differential equations of classical physics often depend on
free parameters or freely specifiable functions. This freedom is fixed by imposing
suitable initial or boundary conditions, depending on the physical system of interest.
In particular, it is natural to think about dynamical systems in terms of an initial value

problem. Once an experimenter sets up appropriate initial conditions for a classical
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system, its subsequent evolution is expected to be deterministic, provided that it is
left undisturbed.

For example, the motion of a set of non-relativistic point particles that interact with

each other (and external forces) is governed by Newton’s second law

QI(t) = FI (tv QJ<t)7 QJ(t)) (110)

where ¢ stands for the derivative of ¢ with respect to time, {q;}?_, denote the coordi-
nates of the particles, NV is the number of degrees of freedom of the system and the
functions {F7}_, denote the forces. Since the forces depend only on the coordinates
and their first derivatives, this is a second-order system of ordinary differential equations

(ODEs). Once the initial values of the coordinates and velocities
a1(0) = q”, 41(0) = vy (1.11)

are specified, (1.10) uniquely determines the motion of the particles at later times.
More precisely, if the forces Fj (t,q;(t),ds(t)) are at least Lipschitz continuous in their
second and third arguments then there exists a unique C? solution g;(t) at least for a

short time (c.f. Cauchy-Lipschitz-Picard-Lindel6f theorem).

A simple example from classical field theory is the dynamics of a massless real scalar
field ¢(x) in 4-dimensional flat spacetime, obeying the massless Klein-Gordon wave
equation

O¢(z) = 0,0"¢(x) = 0. (1.12)

This is a second-order PDE, and thus we are free to set up initial data on the 3-
dimensional hypersurface 2° = 0 by specifying the initial spatial profile of the scalar

field and its first time derivative:

$(0,2") = f(z"), 909(0, 2*) = g(a"). (1.13)

The evolution of the scalar field is uniquely determined by equation (1.12) for z° > 0

While it is expected from a viable classical theory to produce unique evolution from
fixed initial data, it is is reasonable to demand more. For example, it is essential for
predictivity that small perturbations in the initial conditions induce "small" deviations
(in some sense) in the solution at later times. Another natural requirement (at least
for relativistic theories) is to assert "causal propagation" of the field, in accord with

relativity. To explain what this means, let us go back to the example of the massless
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scalar field. Assume that the initial data is changed outside a closed, compact subset
S of the hypersurface 2° = 0, but the data is left unaltered in S. Then the solution
resulting from the new data agrees with the original one in the future domain of
dependence of S, determined by the speed of light. This is because scalar wave

solutions of (1.12) propagate with a finite speed (the speed of light).

Considering the above requirements, we say that an initial value problem is well-posed
if (i) the system of differential equations describing the physical system of interest
has a unique solution subject to suitable initial conditions, (ii) the solution depends
continuously on the data and finally, (iii) variation of the initial data outside of a closed
set leaves the solution unchanged in the future domain of dependence of S. A well-
posed initial value formulation appears to be a reasonable mathematical consistency
requirement to demand from a classical theory. However, as we explain in the remainder

of this section, it comes with a few more subtleties.

Let us start by elaborating on condition (i) of the definition of well-posedness. Here, we
need to be more precise about what qualifies as suitable initial data, or in other words,
we need to decide what is an appropriate function space for adequate initial data. For
example, if we accept analytic initial data, then we have the following theorem that

would satisfy condition (i) of well-posedness.

Theorem 1.1 (Cauchy—Kovalevskaya theorem). Let z# = (20, 2) be coordinates in R?
and consider the initial value problem for the following system of N first order partial

differential equations

oU(x) = F(z,U,0U) (1.14)
U,2") = f(a") (1.15)

where U, F and f are N-component column vector valued functions. Suppose that
f is analytic and F is an analytic function of its arguments. Then there exists a
neighbourhood of the initial data surface z° = 0 so that there exists a unique analytic
solution of the initial value problem (1.14)-(1.15). A similar statement holds for systems
of PDFEs of arbitrary order.

The fundamental problem with restricting to analytic initial data, however, is that
an analytic function is uniquely determined by its behaviour in the neighbourhood
of a single point. Hence, it is not possible to vary analytic initial data outside a
closed set S of the initial hypersurface without modifying the data in S. Thus the

restriction to analytic initial data is not suitable to discuss causal propagation. Another
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shortcoming of the Cauchy-Kovalevskaya theorem is that it does not say anything
about the dependence of the solution on the initial data, condition (ii) of well-posedness.
Nevertheless, there are several other (less restrictive) function spaces that appear to
be adequate. In this thesis, we will mainly focus on the case when the initial data is in

a particular Sobolev space H®.

Next, we expand on condition (ii). The choice of an appropriate function space allows
us to make the notion of "small changes in the initial data" more precise. In the
example of the massless scalar field, suppose that we have two solutions ¢;(z) and

¢o(x) arising from initial data

¢1(071‘i) = fl(xi)a D01 (0, ﬁz) = gl(xi) (1.16)
and
¢2(0>xi) = f2(l'i>7 80¢2<0a :L,z) = 92($i)a (117)

respectively, where f1, fo € H® and g1, g, € H*~!. Then continuous dependence on the

data could be expressed by an inequality of the form

|1 — dal|ms(2%) < C@)||f1 = follus + D(°)]|g1 — gol s (1.18)

where C' and D are continuous functions.

As for condition (iii) of the definition of well-posedness, it is worth briefly commenting
on a potential difficulty with the notion of domain of dependence. Some of the theories
studied in the subsequent chapters exhibit a phenomenon called multi-refringence. This
means that different degrees of freedom in the theory may have different speeds of
propagation. Intuitively, it seems clear that the correct notion of domain of dependence
appearing in condition (iii) above should be the one defined with respect to the "fastest"
degree of freedom. However, the definition of domain of dependence is not so simple in

the theories discussed in section 1.1. For more details, see section 3.5.2 and [45].

So far, we have referred to the simple linear wave equation (1.12) as an example.
However, the issue of well-posedness is more subtle for nonlinear equations. A generic
feature of these types of equations is that there may not exist global in time solutions
for all data; solutions may blow up in a finite time. This can be illustrated with a

simple example. Consider the problem

8t¢(t7 JZ) = ¢(t,$)2 ¢(07 (ﬂ) =
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where ¢ is a real scalar field. It is easy to write down the exact solution to this problem:

olt, 1) = (1 - 1)

which blows up as t — 1. Another simple example can be found in e.g. [46]. If the
PDE has some special structure and one starts from a special type of initial data, then
one may be able to do better. A famous example of this is the proof of nonlinear
stability of Minkowski spacetime in GR, first proved by Christodoulou and Klainerman
[47] (see [48] for a more recent and shorter proof). In their proof, they exploited the
fact that the Einstein equations satisfy the so-called null condition and that the initial
data is sufficiently close to that of flat space. Nevertheless, for generic initial data, the
best one can hope for is to establish local well-posedness of nonlinear equations, which
means proving existence, uniqueness and continuous dependence on the data for only

a finite (but strictly non-zero) amount of time.

In the next few subsections, we will investigate the conditions under which the initial
value problem of a system of PDEs is locally well-posed in the sense just discussed.

Such equations are broadly referred to as hyperbolic equations.

1.2.2 Linear, constant coefficient equations

To illustrate the notion of hyperbolicity and its relation to the well-posedness of the
initial value problem, it is worth exploring a simple setting: the case of a linear PDE

0 2%) be coordinates in R? and let U denote

with constant coefficients. Let z# = (x
a column vector of N fields. Consider the following initial value problem on this

collection of fields

AdoU(x) + B'o;,U(x) + CU(x) = 0 (1.19)
U@,2") = f(a) (1.20)

where A, B* and C are constant N x N matrices and det A # 0. In this simple example,
it is possible to find a formal solution by taking the spatial Fourier transform of (1.19).

To see how this works, let

1

U(moa 52) = (271_)(0171)/2

/dd_lx e (20, 1), (1.21)
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Then the Fourier transform of (1.19) can be written as
U = —A™' (iB* + C) U. (1.22)

For the sake of convenience, let us denote the matrix coefficient of U appearing on the
RHS of (1.22) by iM(&;), i.e.

M(&) = A7 (=B +iC) . (1.23)

Now (1.22) can be directly integrated in z° to obtain a solution for the spatial Fourier

transform of U in terms of the Fourier transform of the initial data that we shall denote

by U(0,&) = f(&). The solution is simply
U2, &) = eME f(gy). (1.24)

Taking the inverse Fourier transform of this yields the promised formal solution for the
fields U(x):

Ulx) = 1 - /dd—lf e’ikakei./\/[(fi)mofﬁ(gi). (1.25)

(2)(d-1

The reason for emphasizing that (1.25) is merely a formal solution is that the integral
may not be well-defined for a generic M(§;). The problem of convergence of this
integral comes down to the behaviour of the integrand at large wavenumbers, i.e. when
] = 1/&i€;09 — oo. (Note that we could use any other positive definite inverse metric
to define the norm | -|.) A simple sufficient condition that guarantees the existence of
the solution (1.25) is the following: suppose there exists real constants A > 0 and A

such that the inequality
|eME) < A (1.26)

holds for any covector &; and for all time 2° > 0. Clearly, this implies that
U ()] < Ae™”| f(a)] (1.27)

or if the data f(x?) is L*(R%"1) then

“Here the norm of the N x N matrix is defined in the usual way, i.e. as

‘ iM(E)2r
|eZM(£i)wO| = sup 7|e |

UERN\ {0} U]
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1U]22(2°) < A1 (1.28)

This inequality tells us that the L? norm of the solution is controlled by the L? norm

of the data, precisely the requirement needed for well-posedness.

Interestingly, it is possible to formulate the condition (1.26) in a different way. It
can be shown [40] that the condition (1.26) is equivalent to the existence of a family
of positive definite, uniformly bounded and Hermitian matrices IC(&;) (called the

Kreiss-symmetrizer [40]) that satisfies
COIM(E) —iMEIKE) <2K(E)  and AT <KE) <AL (1.29)

for a positive constant A. To shed some light on the significance of the matrix K(&;),

we define an inner product (or "energy") using KC(§;) on solutions of (1.19) by

W/ddlx /ddflg e (20, €)T(6)V (2, &), (1.30)

(U7 V)IC (xO) =
This allows us to construct a positive, energy-like quantity that is quadratic in the
fields U. A simple calculation [40] then reveals that the C-norm of solutions of (1.19)

satisfies

A (U,U) (2°) <20 (U, U) (2°). (1.31)

which implies (after an application of Gronwall’s inequality) the following energy

estimate

(U, U)xc(2®) < e (f, i, (1.32)

that is, the K-energy of the solution at time 2° is controlled by the K-energy of the
initial data. Note that the second inequality of (1.29) guarantees that the C-energy is

equivalent to the Lo-norm, and hence the solution satisfies (1.28).

Let us investigate the condition (1.26) a little further! As mentioned above, (1.26)
ultimately constrains M(¢;) at large wavenumbers. To study the || — oo limit, it is
useful to rescale the variables 2° and ¢ by defining

20 N

g and &= = (1.33)

tA 7
€]
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Now let us take the limit |¢| — oo on the LHS of (1.26) while keeping # fixed at some

finite value. This gives us the inequality

e ME < A (1.34)
for the matrix M (&;) defined by
M(&) = lim M&) _ —A7'BY,;. (1.35)
gl=o0 €]

A simple argument reveals that the inequality (1.34) can only be satisfied if M (él) has
only real eigenvalues. Suppose that the contrary is true. Then since M (fz) is real, it
must have a complex conjugate pair of eigenvalues k and x*. Now consider the action
of exp (zM (éz)f) on the eigenvectors (normalised to 1) V' and V* corresponding to the

eigenvalues xk and k*:

|€iM(éi)fV| _ eiRe(n)fe—Im(n)f
|€1M(él)fv*| _ eiRe(m*)fe—Im(n*)f _ eiRe(n)felm(n)f'

To avoid exponential growth in £ (that may be arbitrarily large), we must have
Im(k) = 0.

Even if M (&;) has only real eigenvalues, it is not quite sufficient to satisfy (1.34): it
also needs to be diagonalizable. For if there is a Jordan block of size m x m in the
Jordan normal form of M(&;) then |exp (ZM (él)f) | may exhibit polynomial growth
in £ proportional to |£|™ [40]. This is an obstruction to derive an inequality of the
form (1.28). However, it may be possible to obtain a weaker bound with a "loss of

derivatives" of the form

U2 (2%) < A 37 []0°f]| 2 (1.36)

laf<m

where « is a spatial multi-index. Similarly, the H*-norm of the solution may only be
bounded with the H*+™-norm of the initial data. This means that if the initial data is
f € H? then this bound only guarantees the solution to be in H*~™, i.e. the number
of regular derivatives of the solution is fewer than that of the initial data (hence the
term "loss of derivatives"). This type of bound may be acceptable for well-posedness
in the case of constant coefficient linear equations but not for non-linear equations

which is what we are ultimately interested in. Therefore, we shall require that M (&;)
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is diagonalizable with real eigenvalues. It follows that M (él) can be decomposed as

A~ A~ A

M(&) = S(&)D(&)S7 (&) (1.37)

where D is diagonal and S denotes the matrix whose columns are the eigenvectors of
M(&;).
To see the connection between the diagonalizability of M (é) and the existence of IC,

we define the matrix
K'(&) = (S—l)T (7). (1.38)
This matrix is Hermitian and positive definite by construction. Furthermore, M (fl) is

Hermitian with respect to K’ (éz), i.e., it satisfies

A

K'(&)M(E)K (&) = M(&)'. (1.39)

The correspondence between the two formulations follows by noticing that (1.29)
implies that setting K(&;) = K'(&;) satisfies (1.39). Furthermore, if there exists a
postive definite Hermitian matrix K(&;) that satisfies (1.29) (and hence (1.39)) then
M(E;) is diagonalizable with real eigenvalues. A matrix K(&;) that satisfies these

properties is called a symmetrizer of M (é)

The above observations motivate the following two notions of hyperbolicity. We say
that the PDE (1.19) is weakly hyperbolic if the matrix M(&;) defined in (1.35) has only
real eigenvalues. The system (1.19) is called strongly hyperbolic if M (é) has a positive
definite, Hermitian symmetrizer IC that satisfies (1.39) and is uniformly bounded in

the sense of the second inequality of (1.29).

As explained earlier, for weakly hyperbolic systems, we can only write down an energy
estimate with loss of derivatives of the form (1.36), whereas for strongly hyperbolic
systems, it is possible to bound the solutions in terms of the initial data without loss
of derivatives. This difference matters crucially in the case of nonlinear systems of
PDEs: if the linearization of the system is only weakly hyperbolic, then the estimates
of the type (1.36) are not strong enough to establish the well-posedness of the nonlinear
system. However, as explained in the next subsections, strong hyperbolicity is sufficient

for the well-posedness of the nonlinear system.
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1.2.3 Non-linear first order equations

Let us consider now a first-order quasilinear equation on R¢ of the form
Az, U)oU + B' (2, U)0;U + C(z,U) =0 (1.40)

in a coordinate system x# = (2°, 2%) where U is an N-component column vector, A, B
and C' are N x N matrix valued functions with smooth dependence on their arguments.
We prescribe initial data

U(0,2") = f(z") (1.41)

on the hypersurface 2° = 0. We assume that constant time surfaces are non-
characteristic, that is, A(x,U) is invertible on these slices. Then equation (1.40)
can be rewritten as

oU = (B (z,0)0,U + C'(z,U) (1.42)

with (B')) = —A7'B and " = —A7'C. As illustrated in the previous subsection,
hyperbolicity is an algebraic condition on the matrix M(z, U, &;) = (B')!(z, U)&; which

contains information about the highest derivative (principal) terms in (1.40).

Definition 1.1. Let & have unit norm w.r.t. a smooth positive definite (inverse)
metric G on surfaces of constant z°. Equation (1.40) is weakly hyperbolic if
all eigenvalues of M(x,U,&;) are real for any such &;. Fquation (1.40) is strongly
hyperbolic if there exists an N x N Hermitian matriz valued function KC(x,U,¢&;)
(called the symmetrizer) that is positive definite with smooth dependence on its

arguments, and a positive constant A satisfying the conditions
K@, U, &) M(x, U, &) = M (2, U, £)K (2, U, &) (1.43)

and

AT < K(x,U,&) < AL (1.44)

The standard way to prove strong hyperbolicity is to show that M(z, U, &;) is diagonal-
izable with real eigenvalues and a complete set of linearly independent and bounded
eigenvectors that depend smoothly on the variables (z, U, ¢;). Then one can use the
eigenvectors to construct a suitable symmetrizer: if S denotes the matrix whose columns
are the eigenvectors of M(z, U, ¢&;), then it is easy to check that I = (S‘l)T S~lisa
positive definite, smooth and bounded symmetrizer (provided we restrict to a compact

region of spacetime).
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Let t be an eigenvector of M(z, U, &;) with eigenvalue &,. A different way of expressing

this condition is

(A(z,U)& + B'(z,U)&) t = 0. (1.45)
We can write this equation in a covariant way by introducing the covector &, = (o, &;)
and the vector P*(z,U) = (A(z,U), B'(x,U)). Then (1.45) is equivalent to
PH(x,U)&ut = 0. (1.46)
Note that (1.46) is satisfied for some "polarization" ¢ if det P(z,U,£) = 0. These
observations motivate the following definition.

Definition 1.2. Let {, be a general covector. We will refer to the N x N matriz
P(e,U,€) = P!z, V)&, = Az, U)& + B'(2, V)

as the principal symbol of equation (1.40). We say that the covector §,, is charac-
teristic if
det P(z,U,&) = 0. (1.47)

Similarly, let 3 be a codimension 1 hypersurface, specified by h = constant where h
is a smooth function R? — R so that dh is nonzero on X. Then we say that ¥ is a

characteristic hypersurface if dh is a characteristic covector on X.

The principal symbol of (1.40) is obtained by selecting the first derivative (principal)
terms in (1.40) and replacing the derivatives 0, = (0p, 0;) by &,. It is also worth
mentioning that a characteristic covector corresponds to the wavevector of an infinitely

high frequency plane wave solution of (1.40) with polarization ¢.

Strong hyperbolicity can be similarly defined for first-order equations that are not

quasilinear in the spatial derivatives, i.e. equations of the form
oU = B(x,U,0;U), U(0,2") = f(z"). (1.48)
In this case, the condition of strong hyperbolicity refers to the matrix
M(z,U,0,U,&) = (0s,uB) (2, U, 0;U)E; (1.49)

and the symmetrizer IC(z, U, ;U, §;) must also depend smoothly on the spatial deriva-
tives of U.
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The following theorem relates strong hyperbolicity to the well-posedness of the initial

value problem.

Theorem 1.2. For strongly hyperbolic first order quasilinear systems (1.40) and
nonquasilinear systems of the form (1.48), the Cauchy problem with initial data

U(0,2%) = f(x") is well-posed in Sobolev spaces H® with s > sq for some constant .

In more detail, let C°([0,T), H*(R41)) denote the space of C° functions [0,T) —
H*(R41), i.e. the space of functions U satisfying

lim ||U(tg, z) — Ulto, x)|

tr—to

Hs:()

for any sequence {ty} C [0,T) approaching ty € [0,T). Furthermore, let the initial
data be f € H*(R¥1). Then there exists a unique local solution to (1.48) with U €
C°([0,T), H*(R¥1)) and T > 0 depends on the H*-norm of the initial data.

The theorem above is proved in e.g. Chapter 5 of [41]>. The statements about the
quasilinear and the nonquasilinear systems differ only in the required order of regularity
for the initial data, i.e. the value of sy. However, we shall not be concerned with the

problem of optimal regularity in this thesis.

1.2.4 Second order equations

Let z# = (2°, 2%) be coordinates in a d-dimensional spacetime. Consider a set of fields

ur, I =1,..., N satisfying a second order PDE
V(x,u, 0u, 0*u) = 0 (1.50)
with initial conditions
u(0, ") = f(x'), dou(0, ") = g(z") (1.51)

We do not assume that the equation is quasilinear. We define the principal symbol as

(e = primg,e, = — Ve (1.52)
g (9(8#81,uj) sV

®Note in this reference strong hyperbolicity is called symmetrizable hyperbolicity.
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Suppressing the IJ indices we have
PE) = P, = A+ &BE) + C(&) (1.53)
where the N x N matrices A, B, C' are given by
A=PY  B(&) =2P%;,  C(&) =P (1.54)

These matrices depend on z, u, Ou and 9*u although we will not write this explicitly.
We will restrict attention to equations for which V1 depends linearly on O3u. This

implies that

VI(z,u, 0u, 0*u) = A (2,u, Ou, gOsu, 3;0;u)0auy + W (z,u, u, 0yOiu, 9;05u).
(1.55)
We also assume that 2% = 0 is non-characteristic, which means that initial data (1.51)
is chosen so that det A # 0 at 2° = 0. By continuity, this condition will continue to

hold in a neighbourhood of 2° = 0. We can then rewrite the equation as

Our = X;(w,u, Ou, Ao, 0;0;u) (1.56)
where
X;=—(A"Y W (1.57)
Note that
0X; _ oWk ~ OAKL _
— —(A 1 A 1 A 1 M
7@(&@%]) ( )IKia(@@juJ) + ( )IK78<81'83‘UJ)< )W
oW kK OAKL ovVE
a1 2 _ (A1 oV
- (A )IK 8(8,8]UJ) + 8(818]1”) aOUL (A )IKG(aiﬁjuJ)
= (A7) PR (1.58)

where we used the equation of motion (1.56) in the second equality. Similarly®

0X;

YA -1 KJ0i
BBty 2(A7 ) kP . (1.59)

6The factor of 2 can be understood by varying 8,0, u in (1.55). On the LHS this gives P*§(9,0,u)
which, by the symmetry of mixed partial derivatives, contains a term 2P%3(9y0;u).
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We will now write the second order system (1.56) as a first order system. Define
vo = Oou and v; = ;u. Then (1.56) implies’

dou =
80% = 82-1)0
801)0 = X(x,u,v,@ivo,ﬁivj) (160)

together with the constraint equations C; = 0 where

The evolution system (1.60) is of the form (1.48) with the variable U = (u,v;,vp).
Initial data for the auxiliary variable v; can be constructed from the data (1.51) by
taking the spatial derivatives of the data for u on the initial surface. Hence the initial
data for U is

U(0,27) = (f(a"), 0:f (7). g(27)) . (1.62)

Note in particular that by construction this data satisfies the constraint equation. Then
it follows from the equations (1.60) that the constraints will also be satisfied at later

times. To see this, take a time derivative of (1.61) which gives
8061- = 80’(}i - &ﬁlu = 80?)1‘ — 81'?}0 =0. (163)
It follows that if (u,vg,v;) is a solution of (1.60) arising from initial data of the form

(1.62) then u will be a solution of (1.56) satisfying the initial conditions (1.51).

We will now demand that the first order system (1.60) is strongly hyperbolic and
determine the conditions that this imposes on the second order system that we started
from. The matrix M defined in (1.49) is

0 0 0 0 0 0
0 0X7 & 0Xy & 0 —(A_l) rPKJijé, —(A_l) BKJ
0(0i(vj)g) > 9(9i(vo).s)>* 1K ¢ IK

(1.64)

"Note that one could have considered a more general way of reducing the second order system to a
first order one (i.e. the variables vg and v; could be defined as more complicated linear combinations
of the first derivatives of u). Although it is reasonable to expect that the derivation presented in this
section would not depend on the details of such (more general) reductions, we will not investigate this
problem here.
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in the second equality we used 0X/(0(0;v;)) = 0X/(9(0;0;u)) and equation (1.58),
0X/(0(0;v9)) = 0X/(8(0y0;u)) and equation (1.59), and the definition of B!7.

This matrix acts on a vector space of dimension (d + 1)N. A general vector in this
space can be written (sy, (;), (to)s). The definition of strong hyperbolicity of the
first order system refers to a smooth Riemannian (inverse) metric G on surfaces of
constant x°. It is convenient to separate (t;); into a part (¢;-); perpendicular to &
w.r.t. GY, and a part t(H] ; parallel to &;. We then order the components of our vector

as (sz, (t) s, t!lj, (to)s). With this decomposition, M becomes

0 0 0
0 0 0

(1.65)
0 0 I

o O O O

_(Afl)IK(fPKJijgi)J_ _(Afl [KcKJ _(Afl)[KBKJ

where [ is the N x N identity matrix and (PE74¢;)+ is the restriction of PE/4¢; to

vectors of the form (¢).

We write a general vector as the sum of (s, (t),0,0) and (0,0, t‘}, (to)s) respectively.

This gives a block decomposition of M

0 0
M—(LM) (1.66)

where L is the 2N x (d — 1) N matrix

0 0
L= ( 0 —(A ) x(PRIUE): ) (167)

and M is the 2N x 2N matrix

0 1
M = . 1.68
( —-A7'C —-A7'B ) ( )

The matrices L and M (and hence M) depend on (z, u, du, dy0;u, 0;0;u, §;), or equiva-
lently on (z,u, v, 0v,&;).
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We now examine the conditions for our first order system to admit a symmetrizer. Any
Hermitian (d 4+ 1)N x (d + 1) N matrix K can be written as

E F
K= ( - ) (1.69)

where E is a (d—1)N x (d — 1) N Hermitian matrix, K is a 2N x 2N Hermitian matrix
and Fis a (d —1)N x 2N matrix. Equation (1.43) reduces to

KM =M'K (1.70)

and
FL=(FL)! FM =LK (1.71)

Let us assume that we can find a positive definite Hermitian matrix K, depending
smoothly on (z,u,v,0;v,&;), and satisfying (1.70) and A7 < K < A for some
positive constant A. Assume also that M is invertible. We can then satisfy (1.71) with
F = LTKM~'. We then take E = cI where c is a positive constant. Let T = (T}, T3)"
with Ty = (sz, (1)) and Ty = (t@, (to)s)" and consider

TIKT = ¢TiT, + T/ FTy + T) F'T, + T KTy. (1.72)

If PI/# is uniformly bounded then so are the matrices M, L and F when &; is a unit
covector w.r.t. a positive definite (inverse) metric G¥. By taking ¢ large enough we
can ensure that I is positive definite and (1.44) holds for some A. Hence we have

constructed a symmetrizer for the first-order system.
This motivates the following definitions for our second order equation:

Definition 1.3. Consider a second order PDE (1.50) satisfying (1.55). Define the
matriz M, depending on (z,u, Ou, 0yO;u, 0;0;u,&;), by (1.68). Let & have unit norm
w.r.t. a smooth positive definite (inverse) metric GY on surfaces of constant z°. The
equation is weakly hyperbolic if all eigenvalues of M are real for any such &. The
equation is strongly hyperbolic if there exists a 2N x 2N Hermitian matriz valued
function K(z,u,du, 00iu, 0;0;u, ;) (called the symmetrizer) that is positive definite
with smooth dependence on its arguments, and that satisfies (1.70), and a positive
constant X such that \™'1 < K < \I.

Note that any eigenvalue of M is either 0 or an eigenvalue of M. Hence if our second

order PDE is weakly hyperbolic according to the above definition, then the first-order
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system (1.60) is weakly hyperbolic according to our previous definition. If our second
order PDE is strongly hyperbolic according to the above definition and M is also
invertible, then the above discussion shows that we can construct a symmetrizer for the
first-order system (1.60) and so this system is also strongly hyperbolic. Hence we can
apply the well-posedness theorem stated at the end of the previous section to deduce

the well-posedness of the initial value problem for the second-order system.

The condition that M should be invertible was used above, but it is not a necessary
condition for well-posedness. However, if this condition is not satisfied, then it may
be necessary to explore different ways of reducing the second-order equation to a
first-order system (see section 1.2.5). This condition is equivalent to the condition that
C' should be invertible. (This is also equivalent to the condition that (0,&;) is never
characteristic (see Definition 1.4), which is equivalent to the condition that & # 0 for

any characteristic covector ¢,.)

We conclude this section by extending the definition of characteristic covectors and

hypersurfaces to second order PDEs.

Definition 1.4. We say that a covector ,, is a characteristic covector of (1.50) if it
satisfies

det P(€) = 0 (1.73)

where P(§) is the principal symbol defined in (1.52). Similarly, a codimension 1
hypersurface ¥ given by h = constant (where h is a smooth function R? — R with

dh # 0 on X) is said to be characteristic if dh is a characteristic covector on X.

Suppose that £, is a characteristic covector of equation (1.50). Then there exists a

"polarization” ¢ (i.e. an N-component column vector) satisfying

PE)t = (GA+&B(&) +C(&))t = 0. (1.74)

It is easy to check that this equation implies that (¢, &t)? is an eigenvector of M (&)
with eigenvalue &,. Equivalently, eigenvectors of M (¢;) corresponding to eigenvalue &
must have the form (¢, &t)” where ¢ satisfies (1.74) and the covector &, = (£, &) is
characteristic. This shows that one can establish strong hyperbolicity of the second
order PDE system (1.50) by finding the characteristic covectors of (1.50) and the

corresponding polarizations.
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1.2.5 Partially reduced second order systems

When discussing numerical-relativity-inspired formulations of the Einstein equations,
we will encounter systems of PDEs that are first order in time derivatives but are
second order in spatial derivatives of some of the variables. These systems are obtained

by only partially reducing a second-order PDE system to a first-order one.

To make it clearer what is meant by this, we consider a set of n fields represented
by the n- component column vector valued function v and another set of m fields
represented by the m- component column vector valued function v. Assume these fields

satisfy the system of n +m PDEs

dou = MPF (z,u)0u + My, (x)v (1.75)
0 = V(x,u,aiu,&aju,ﬁgv,@-v) (176)

where {MF* }9~1 are n x n matrices, M,, is an n x m matrix and V is an m-component
column vector valued function. We can think about the fields v as a combination of
first derivatives of the fields u. Similarly to the previous subsection, we assume that V'

depends linearly on dyv, i.e.

V(l’, u, aiua ala]uy aO”? aﬂ)) = Avv (.CE, u, aiua 0laju7 aﬂ))aov + W(:Ea u, aiua alaju7 a’Lv)
(1.77)

where A,, is an m X m matrix valued function. We place initial data

u(0,2') = f(a'), v(0,2") = g(") (1.78)

on a non-characteristic surface z° = 0 so that the matrix A,, is invertible at 2° = 0

and in its neighbourhood. This allows us to write the system as

dou = MPF (z,u)0u + My, (2, u)v
ov = X(z,u,0u,0;0;u,0v) (1.79)

with X = —A_'W. To rewrite (1.79) as a proper first order system, we can repeat
the approach of the previous subsection and introduce the auxiliary variable v; = J;u.

Then we have a larger system for the n(d 4+ 1) + m variables (u, v, v;):
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dou = MPF (z,u)0u + My, (2, u)v
ov = X(z,u,0u,0;0;u,0v)
Opvi = 0 (ME,(x,u)vr) + 0 (M (2, u)v) (1.80)

where the initial data for v; is just 0;f. The system (1.80) must be complemented
with the extra constraint equation C; = 0 for the constraint variable C; = v; — O;u. It
follows from (1.80) that C; satisfies 9,C; = 0. Since C; = 0 initially, it follows that
the constraints are propagated and if (u,v,v;) is a solution to (1.80) then (u,v) is a

solution to (1.79). In this sense the two systems are equivalent.

Once again, we seek a condition for the enlarged system (1.80) to be strongly hyperbolic.
We define the matrices

- 0X )
= =
M = 500 and M, = 5o (1.81)

where the sizes of the matrices M are m X n, the matrices M! are m x m and their
dependence on (z, u, 0;u, 0;0;u, O;v) is suppressed for simplicity. The matrix M defined
in (1.49) corresponding to the first order system (1.80) is

t 0 0 0 t
M(ﬁ) S =0 Mffvfk Mfifk S (1.82)
S; 0 &My, szfm Sj

where ¢, s and s; are column vectors of size n, m and md, respectively. We are going to
show that the hyperbolicity of this system can be reduced to studying the eigenvalue

problem of a smaller matrix under the right conditions. Suppose that the matrix

M(§) = o ;A (1.83)
v My&x& My, & v
is diagonalizable with real eigenvalues and a complete set of n+m linearly independent,

bounded eigenvectors that depend smoothly on &. Then we claim that the system

(1.80) is strongly hyperbolic.

To see that this is true, we demonstrate that under the above assumptions, the matrix
(1.82) is diagonalizable with real eigenvalues. Consider an eigenvalue &, of (1.83) and an
eigenvector (t,s)T. Then it follows that (0, s, &t)” is an eigenvector of (1.82) with the
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same eigenvalue. This is clearly true for any of the n + m eigenvalues and eigenvectors
of (1.83). Hence, it remains to find nd additional eigenvalues and eigenvectors. It is
easy to see that for an arbitrary choice of ¢, the vector (¢,0,0)7 is an eigenvector of
(1.82) with eigenvalue & = 0. Choosing a basis of vectors for the ¢ slot gives n linearly
independent eigenvectors. Finally, we can find an additional set of n(d —1) eigenvectors

corresponding to zero eigenvalue by solving the system of n + m independent linear

M&u Muv S;
. —0 (1.84)
M8k My,&x s

for the nd + m variables (s;, s). Now assume that the matrix

Mllm MUU
N (1.85)
Mya&r My, &k

equations

has rank n + m — p for some p > 0. This means that there exist p row vectors of the

form (¢, s) with n +m components that satisfy

M: M.
(ts) [ L M) g (1.86)
M8k My,&

which also implies

(t,s) ( Mals - M ) — (L s)M(E) = 0. (1.87)
Myie&s  My,Ex

This means that the matrix M(;) defined in (1.83) has p left eigenvectors with 0
eigenvalue and hence it must have p-dimensional space of right eigenvectors with 0
eigenvalue. Since the matrix (1.85) has rank n +m — p by assumption, it follows that
the equations (1.84) have (nd +m) — (n+m —p) = n(d — 1) 4+ p independent solutions
for the variables (s;,s). As just explained, p of this solutions must be of the form
(&it, s), corresponding to eigenvectors of M (&;) with zero eigenvalue. We have already
accounted for these eigenvectors above. The remaining n(d — 1) solutions give rise to
the n(d — 1) eigenvectors of M(&;) promised above (1.84).

Strong hyperbolicity then follows from the argument explained under Definition 1.1:

the symmetrizer can be constructed from the eigenvectors listed above.
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To conclude this section, we mention that there is another way of expressing the

eigenvalue problem of (1.83). Let us define the matrices

[nxn O MZ éz Muv
A= and  L(&) = ( v o ) (1.88)
( 0 Aw ) a(ak‘giu)fk& a(a‘,:v)gk

where I,,5,, is the n X n unit matrix. Then using the identities (c.f. equations (1.58)
and (1.59))

iy 0X oV
MY = _ — A 1.
M = 0X _ 4 0V (1.90)

(i) " 5 (90)

we can write the eigenvalue problem of M (¢;) as
(=&A +L(&) U =0 (1.91)

where the column vector U = (t,s)T has n + m components. This equation may
be interpreted as the characteristic equation of the generalized principal symbol
P(€) = A — L(&;). Using this generalized notion, the "principal" terms in equation
(1.75) are those involving first derivatives of u and terms involving v, whereas the
principal terms in (1.76) are those involving second derivatives of u and first derivatives
of v. In other words, the principal terms in a system of PDEs are the "least regular'

terms.

1.3 The initial value problem in theories of gravity

1.3.1 General relativity

As explained in the previous section, the standard way to establish the local well-
posedness of the initial value problem for a system of PDEs is to demonstrate that it
is strongly hyperbolic. In a coordinate chart, Einstein’s equation (1.1) is a coupled
system of second order quasilinear PDEs for the components of the spacetime metric

9w For example, in vacuum, the system can be written as

1
B §P’””p"g”‘587859pa + P, g Py’ 0,05 gpe + F (g, 0g) = 0 (1.92)
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where F is a function containing the terms with lower than second derivatives of g and
Buv — s(p ,v)B 1 B uv
P, =4 g" " — 560‘9 . (1.93)

In a four-dimensional spacetime M, we need to prescribe initial data on a three-
dimensional Cauchy-surface 3. Assume that X is spacelike and let n denote the
future-directed unit vector field normal to >. Hence, initial data for Einstein’s equation
is the triple (X, h;;, K;;) where h;; and K;; are the components of a Riemannian metric
and a symmetric tensor on 3, respectively. The metric h;; corresponds to the initial
data for the induced metric on X, Kj; is the initial data for the extrinsic curvature of
3.

The system (1.92) is not strongly hyperbolic due to the diffeomorphism-covariance of
the theory. This makes the discussion of the initial value problem in theories of gravity
a bit more involved. Solving this problem requires finding a "good" gauge and a good
way of fixing the gauge, i.e. Einstein’s equation needs to be modified by terms that
vanish when the gauge condition is satisfied. Then the general strategy to establish

well-posedness for a gravitational theory consists of the following three steps.

1) Starting from initial data (X, h,j, K;;) in any coordinate system, we need to show
that there exists a diffeomorphism such that the gauge condition is satisfied on

X

2) The next step is to show that the gauge condition is propagated. This means
that solutions of the gauge-fixed e.o.m. arising from initial data that satisfies the
gauge condition must also be solutions of the original e.o.m. (i.e. the equations

without gauge-fixing).
3) The gauge-fixed system of equations is strongly hyperbolic.

In this section, we will not give a detailed discussion of how to implement this strategy.
The first two steps will be carried out later in Chapter 3 in a more general setting.
Instead, we continue with a brief discussion of the seminal work of Choquet-Bruhat [49]
that was later extended [50,51] to prove the existence of a unique (up to diffeomorphisms)
maximal globally hyperbolic development of a general Cauchy data. Here we only focus
on the elegant harmonic gauge condition and the corresponding gauge-fixing procedure,
and demonstrate that the gauge-fixed Einstein equations are strongly hyperbolic (i.e.

step 3) above is satisfied).
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Introducing
H" = g"*V,Vat = —g"T [4], (1.94)

the harmonic gauge condition is simply
H" = 0. (1.95)
The gauge-fixing of the Einstein equations can be carried out by writing
G" + P,M 9 H™ = 0. (1.96)

Equivalently, one can take the trace-reversed version of (1.96) to obtain a system of

quasilinear wave equations®

1
Ry + 20 Hy) = =59 00039 + Nyw(9,09) = 0 (1.97)

where the function NV, encapsulates all the lower order terms in the equation.

The proof of strong hyperbolicity of (1.97) is quite simple, based on section 1.2.4 (see
also [52]). Consider a coordinate system {z*} such that hypersurfaces of z° = constant
are spacelike. In particular, this implies that ¢° < 0. For a general covector &,, the

principal symbol of (1.97), acting on a symmetric tensor ¢,z is

1
P(f)/ﬂ/aﬁtaﬁ = _§g76éwg6tpu- (198)

It follows that &, is characteristic if and only if it is null w.r.t. the metric g. Writing out
this condition in our coordinate system gives a quadratic equation for the component
&, provided that we fix the components &. Since g° # 0 by assumption, this
quadratic equation has two distinct, real and nonzero solutions for &, that we shall
denote by &F. Similarly, let 5;5 = (&5,&;) denote the two families of characteristic
covectors. Furthermore, we have P(¢%),,%t,s = 0 for any symmetric tensor ¢,g.
Strong hyperbolicity now follows from the discussion of section 1.2.4. The matrix

M (&;) introduced in (1.35) is a 20 x 20 matrix (in 4 dimensions) acting on pairs of

8In most references the gauge-fixed Einstein equation is written as in equation (1.97) because
it looks simpler than (1.96). However, in chapter 3, it will be more convenient to carry out the
gauge-fixing of G/, = 0. The reason for this is that this equation is directly obtained by varying the
action which ensures that the principal symbol has certain symmetries. Exploiting these symmetries
simplifies the analysis of chapter 3, especially for Lovelock and Horndeski theories. Note that taking
any invertible linear combination of a system of PDEs does not change the hyperbolicity of the system
so using the trace-reversed version of the equations should not make a difference in practice.
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symmetric tensors (,,,s,,). This matrix is diagonalizable with real eigenvalues: it
has 10-dimensional degenerate eigenspace corresponding to the eigenvalue & spanned
by eigenvectors of the form (¢,,,&;t,,)" and similarly, a 10-dimensional degenerate
eigenspace with eigenvalue &; spanned by eigenvectors of the form (¢,,,&5t,,)". One
can select a basis of eigenvectors in both eigenspaces that are bounded and have smooth
dependence on . A smooth and bounded symmetrizer can then be constructed using

these eigenvectors, as described in section 1.2.1.

Note that not all mode solutions of the characteristic equation P(£),,*’t.s = 0 are
"physical" polarizations. Indeed, in 4 dimensions, a graviton has only two degrees of
freedom. We can identify two types of "unphysical" mode solutions. The first type of

such solutions violate the high frequency version of the harmonic gauge condition

1
Pty — 2601 = . (1.99)

These "gauge-condition violating" solutions of the gauge-fixed equations are not solutions
of the original (i.e. non-gauge-fixed) equations. The second type of unphysical solutions
have the form

tuw = Yo (1.100)

where Y, is a general covector. When ¢, is characteristic (i.e. null), (1.100) satisfies
(1.99) for any Y,. Since (1.100) has the form of the high frequency limit of an
infinitesimal diffeomorphism generated by Y, we will refer to such polarizations as

"pure gauge". Pure gauge modes are associated with residual gauge freedom.

Using the harmonic gauge provides a simple and elegant way to rewrite Einstein’s
equation in a strongly hyperbolic form. However, this is by no means the only good
approach. Some alternative (locally) well-posed formulations will be presented in the

upcoming chapters.

1.3.2 The initial value problem in modifications of general
relativity

The initial value problem in modifications of general relativity has received much

attention, particularly in recent years [44,53-70].

As mentioned before, from an EFT perspective, the weakly coupled regime is the
only situation in which we would trust EGB or 40ST theory because once the theory

becomes strongly coupled, all of the higher derivative terms that we have neglected
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would become important. There are other reasons for restricting to the weakly coupled
regime. Previous work has shown that even weak hyperbolicity can fail in Lovelock
[59] or Horndeski [60,62-66,71-73] theories once the spacetime curvature and/or scalar
field derivatives become large enough that the higher-derivative Lovelock or Horndeski
terms in the equation of motion are comparable to the 2-derivative terms, i.e. in the
strongly coupled regime. So in this regime, these theories are not expected to be viable
as classical theories. Note, however, that weak couplings are compatible with the fields
being strong in the sense of nonlinearities being important, e.g. it is compatible with
black hole formation provided the black hole is large compared to, say, the length scale
defined by the coupling constant ks in EGB theory.

Even at weak coupling, we still have to face the challenge of choosing a good gauge
and fixing it appropriately. The hyperbolicity of the Lovelock and Horndeski equations
of motion in a class of generalized harmonic gauge conditions have been investigated
in [60,61]. It was shown that, at weak coupling, these theories are weakly hyperbolic
in such gauges. However, for Lovelock theories they are not strongly hyperbolic
at weak coupling unless k, = 0 for all p. Only a small subset of harmonic gauge
Horndeski theories are strongly hyperbolic at weak coupling [60,61]: the so-called
k-essence theories. These can be obtained from the general Horndeski action by setting
Gs =G5 =0and 0xG4 = 0.

To briefly explain the failure of harmonic gauge in general Lovelock and Horndeski
theories, let us go back to the harmonic gauge Einstein equation. In this gauge, the
metric satisfies a nonlinear wave equation whose characteristic covectors are null with
respect to the spacetime metric. In other words, the eigenvalues of the matrix M (&;)
relevant for strong hyperbolicity have highly degenerate eigenvalues. However, as
explained above, not all solutions of the gauge-fixed equation are physical: there are
"pure gauge" and "gauge-condition violating" polarizations. In harmonic gauge GR, the
degeneracy of the eigenvalues can be interpreted as both types of unphysical solutions
propagate at the speed of light, i.e., at the same speed as physical solutions. When we
deform the theory by turning on Lovelock or Horndeski terms, the "pure gauge" and
'gauge-condition violating" modes continue to propagate at the speed of light, and so
these eigenvalues remain degenerate. But, generically, if eigenvalues are degenerate,
then the matrix will not be diagonalizable, and this is why strong hyperbolicity fails in

harmonic gauge in complicated modifications of GR.

In the absence of a well-posed formulation of the equations of motion, an alternative

approach is conventional in EFT. If the coefficients of the higher-derivative terms are
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proportional to some small parameter €, then one can seek solutions as an expansion in
powers of €. For example, this approach has been adopted in recent studies of EAGB
theory [57,69,74]. This requires that the solution remains close, globally in time, to
a solution of the e = 0 theory. However, in practice, small deviations from the e = 0
theory may gradually accumulate over time until they become large (e.g. this could be
an orbital phase in a binary black hole spacetime). This would lead to a breakdown of
the perturbative approach in a situation where the EFT equations of motion should
still be valid. On the other hand, a well-posed formulation of these equations of motion

would be able to accommodate such secular effects [12].

1.4 Outline

The core of this thesis is concerned with the well-posedness of the Cauchy problem in
Lovelock and Horndeski theories. Chapter 2 concentrates on a simple class of Horndeski
theories called cubic Horndeski theories. We will discuss three well-posed formulations
of weakly coupled cubic Horndeski theories; two of these are based on extensions of
methods widely used in numerical relativity, the third one is a generalization of an

elliptic-hyperbolic formulation of Einstein’s equation.

In chapter 3 we introduce a strongly hyperbolic formulation of general relativity, based
on a modified harmonic gauge condition and gauge-fixing procedure. It is also shown,
using a continuity argument, that the modified harmonic gauge equations of motion in

weakly coupled Lovelock and Horndeski theories are strongly hyperbolic.

In chapter 4 we investigate the so-called initial data problem in a class of scalar-tensor
effective field theories (40ST theories). We discuss three methods on how to construct
physically interesting initial data on asymptotically flat initial hypersurfaces that
satisfies the gravitational constraint equations of the EFT at weak coupling. The three
methods are based on standard techniques used in mathematical and numerical general

relativity.

The results are summarized in chapter 5.

1.5 Notations and conventions

Our conventions agree with those of [38] unless stated otherwise. In particular, the
spacetime metric signature is chosen to be (— +...4). We are going to use the Latin

letters (a,b,c,...) for abstract indices. Greek letters (p, v, p, ...) stand for coordinate
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indices that run from 0 to d — 1 in a d-dimensonal spacetime. The Latin letters
(1,7, k,...) will be used for "spatial" indices on a d — 1-dimensional hypersurface. For a
Riemannian metric m, | - |, denotes the pointwise norm with respect to m (e.g. for a
vector field v we have |v|,, = vV/mgvv?).






Chapter 2

Well-posed formulation of cubic

Horndeski theories

In this chapter we will discuss the initial value problem for a special class of Horndeski
theories, called cubic Horndeski theories. The contents of this chapter are the results

of original research conducted by the author of this thesis and published in [67].

2.1 Introduction

The special class of Horndeski theories in which harmonic gauge succeeds has the
property that there is no nontrivial coupling between the scalar field and the curvature
of spacetime. There is, however, a more general class of Horndeski theories that is
"simple" in the sense that its Lagrangian does not contain a coupling between the scalar
field and the curvature but the harmonic gauge equations of motion are not strongly
hyperbolic [60]. These are the theories with nontrivial G5(¢, X) and G4 = G5 = 0,
referred to as cubic Horndeski theories. (Note that theories with nontrivial G4 = G4(¢)
can be reduced to theories with G4 = 0 by a field redefinition.) Despite the fact that
there is no coupling between the curvature and the scalar field in the cubic action, the
curvature enters into the scalar equation of motion. This curvature term in the scalar
equation poses the main difficulty to obtain a well-posed initial value formulation of

cubic Horndeski theories.

In this chapter, we focus on cubic Horndeski theories and study its initial value
formulation in more detail. We provide three formulations of this theory with strongly

hyperbolic equations in the weakly coupled regime.
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We begin with a general discussion of the Arnowitt-Deser-Misner (ADM) formulation
of cubic Horndeski theories in Section 2.2. More specifically, we present the standard
ADM evolution and constraint equations of cubic Horndeski theories and show that a
suitable linear combination of these equations give a scalar evolution equation which
contains no second derivatives of the spacetime metric. This observation has already
been made in [75] but we emphasize this fact here again, since it is a key step to
obtain well-posed formulations. The section is concluded by a preliminary discussion

of constraint propagation.

In Section 2.3 we consider a version of the Baumgarte-Shapiro-Shibata-Nakamura
(BSSN) formulation [76,77] with a generalized Bona-Massé slicing condition [78]
and nondynamical (i.e. arbitrary but a priori fixed) shift vector. This formulation
contains a free parameter and a freely specifiable function: the function describes the
slicing condition, the parameter describes how we modify the evolution system by the
momentum constraint. It is shown that when the function and the parameter obey
some simple bounds then the system of equations is strongly hyperbolic in the weakly
coupled regime. These bounds ensure that the troublesome degeneracy between certain
mode solutions (causing the failure of the original harmonic gauge in cubic Horndeski

theories) is removed.

Section 2.4 focuses on the so-called covariant conformal Z4 (CCZ4) formulation [79].
The CCZ4 system was originally constructed for GR to enhance the accuracy of nu-
merical simulations. This is achieved by an appropriate modification of Einstein’s
equation so that constraint violations are damped away during the evolution. We give
a straightforward generalization of the CCZ4 method to cubic Horndeski theories. This
involves introducing a family of dynamical gauge conditions depending on two free
functions (generalized Bona-Masso slicing and “gamma driver” conditions). Strong
hyperbolicity requires that these functions satisfy some simple bounds and the cou-
plings are sufficiently small. In particular, the slicing conditions selected by strong
hyperbolicity include the 1+log slicing which is used in many numerical applications.

We also comment on the issue of constraint damping in cubic Horndeski theories.

Finally, in Appendix 2.A, we present an elliptic-hyperbolic formulation of cubic Horn-
deski theories, using ideas put forward by Andersson and Moncrief in [80] for vacuum
GR. After briefly reviewing [80], we show how a suitable modification of the constant
(or arbitrarily prescribed) mean curvature and the spatial harmonic gauge condition
lead to second order elliptic equations for the lapse function and the shift vector. In the

weakly coupled regime and on compact slices with negative Ricci curvature, existence
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and uniqueness of solutions to these elliptic equations are guaranteed. It is then
argued that under these assumptions, the strong well-posedness result of Andersson

and Moncrief for GR extends to cubic Horndeski theories.

2.2 Setting up the problem

2.2.1 Equations of motion

In this section we provide the ideas that all three formulations (presented in the

subsequent sections) share.

As mentioned in the Introduction, the class of theories under consideration can be
described by the action (recall X = —1(9¢)?)

1

5= 167G

/d4x\/—_g(R+X+G2(¢,X) + Gy, X)00) . (2.1)

The reason for separating out X in the action is that we would like to view weakly

coupled Horndeski theories as small deformations of Einstein-scalar-field theory.

Varying the action (2.1) with respect to the metric yields the equation of motion [61]

1 1
Ew = Gap— 3 (X + G2 +2X0,G3) gap — 5 (14 0xGa + 20,G3) VoV
1
+50xCa(~06 VadVid + Vad Vi Ve Vo
+V16VaVeVb — VoV ap VoV gay) = 0. (2.2)

In some situations, it is beneficial to use the linear combination G4, — %Ggab =Ry =0
of the Einstein equations, rather than G, = 0. In fact, it turns out that it is useful
to consider the same combination of the gravitational equations of motion in cubic

Horndeski theories:

1 1
Eaw — §E9ab = Ry + 2 (G2 = XOx Gy — XOxG300) gav

1
_ 5 (1 —|— 6XG2 —+ 26¢G3) va¢vb¢

+ 505Gy (~D0Va0V36 + 0V oV Vb Vo) =0, (23
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Varying the action (2.1) with respect to ¢ gives the scalar evolution equation

Ey =~ (14 0xGs + 2X 0% G5 + 204G + 2X 9% ,G3) O
— (0% G +20%,Gs) ((06)*T0p — V¢V 6V, V30)
+ 0xGsRa V0V’ ) — 0xCs ((09)° — Vo ViV V’0)
+ 0% G5V 9V’ (O¢V Vi — Vo VOV Vi)
+2X (93G5 + 0%,G2) — 05G2 = 0. (2.4)

In this equation, the only term involving second derivatives of the metric is Rq, V2@V .
We will see that it is useful to eliminate this term using the linear combination
(Ecd - %E gcd) VepVi of the gravitational equations. In other words, instead of the
equation F4 = 0, we are going to use

1
E, = E,—0xCs <Ecd - 2Egcd) Vepvig

= — (14 0xGa + 2X 093G + 20,Gs + 2X 0%, Gs ) 0o
(83 G+ 20%,Gs) ((06)°0p — VoV' 6V, V1)
—~0xGs ((09)° = VaVioV*V'0)
+05%G3V V¢ (OdV, Vi — Vo VPV V)
+2X (93G5 + 0%, Ga) — 04Ga
+0xG3(2X? + X Gy + X?0x Gy + X*0xG30¢
+H4X20,G5 + 2XOx G5V ¢V ¢V, V,0) = 0 (2.5)

as the scalar evolution equation. The reason for this is that this equation is only first
order in derivatives of the metric and hence the principal terms in this equation are
those involving second derivatives of the scalar field. (Some benefits of the use of this

particular linear combination were also noticed in [75].)

Now we assume that the spacetime manifold (M, g) is globally hyperbolic M = R x ¥
and hgy, is the spatial metric induced on the spacelike Cauchy surfaces ;. Let n® be
the future directed unit normal to ¥;. The lapse function o and the shift vector g* are
then defined by

(;) = an® + B (2.6)
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The convention on the extrinsic curvature used here is

1
Kay, = —§£nhab = — Oy — L3) hap. (2.7)

1
a (
We also need ADM variables for the derivatives of the scalar field: let

Ky = —5 Lt =~ (0~ L5) 6 (2.8)

and let D denote the covariant derivative associated with the Levi-Civita connection
of h. For convenience, we also introduce a fixed, smooth background metric h on the
spatial slices and denote the corresponding covariant derivative and Christoffel symbol
by D and Fék, respectively.

Now we are ready to provide the standard ADM-type equations of motion in cubic
Horndeski theories. Taking the spatial projection of (2.3) in both indices yields the

tensor evolution equation

0 = — (8t — Eﬁ) Kij — ang(Xhij -+ DZ¢D]¢) (@ — ﬁﬂ) K¢ - DiDjOé
1
+a{R[D]U + KK — 2Ky KF — 5 (L+0xG +20,G3) DioD;o
1 k k
+§h” (G2 - Xang - Xang (D Dkgb - 2K¢K + D ¢Dk In Oé))
1
+50xGs (D Dy (DipD;0) — DidD;oD* Dy + 2D Do Ky K
—Di¢D;¢D*¢Dy Ina — 8K, D¢ Dy Ky ) } (2.9)
Note that ]
_ 2 k
X=3 (4K32 — D*¢Dyo) . (2.10)

Similarly to general relativity, the projections Egn®n® and Eghin® in Horndeski

theories yield constraint equations: the Hamiltonian constraint is

v g1 i
2H = 2B,,n"n" = R[D]+ K®— ;K" — (DipD'¢ + 4K3)
Gy — AK20x Gy — (AK2 + D¢ D'$)9,Gs
~0xGs(~8KIK +4K;D'Di¢

+2K,K; D' D¢ — D' DI¢DiD;¢) = 0, (2.11)
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while the momentum constraint reads as
M, = E,n* = D;K— DK+ (1+0xGa+20,G3) K4D;¢p
1
—§8XG3 (4K§Di¢K —2K4D;¢D*Dy¢p — KjyD¥¢ D'¢D;¢b
+2K;D¢ D;Di¢ + 2D;¢D"¢ DKy — 8KZD;K,) = 0. (2.12)
Even though we are not going to use the explicit form of the scalar evolution equation

(2.5), only some of its properties, we rewrite it in terms of the ADM variables, for

reference. One obtains’
Ey=0 (1 + OxGo + AK 0% Ga 4 20,G3 + 0% ,G3(4K] + D;pD;ph” ) + 28;;0x G5h"
1 2 4 QD AD- SRR Db ik p i
+ 1 (0xGs) <48K¢ 8D,6D; K 2h' — DigD;6 Dy Dioh™h )
+ 03 Gs (13007 Dle(p%hikhﬂ))
— 0yGy — y;h"7 — 28;;,0,G3h" + 0% ;G2 (4K, — D;¢D;ph”)
+ 05G3(4K; — DigpD;oh™) + $G20x Gs(4K; — Di¢pD;jh”)
+ 0% G2(4D;p Ky ® ;0" + Dy Dy ®;;h* hit)
4 0x Gy (—cbijhij + 105Gy (16K — 8D,6 D¢ K3hY + Di¢Dj¢Dk¢Dl¢hikhﬂ))
+ 0% 4G (8Diq§K¢<bjhij + 4K;0;;h"7 + 2Dy, ¢ Dyg®;;h* W' — D¢ D P yh” h“>
+ 0x Gy <E)¢G3 (16K% — 8D, 6DK? + Di¢D;6D'6DIg) + 8K — 20,0
— AD;¢D;¢KhY + D¢ D;d Dy Digph™hi' — @;@1h™ ™ + ;5P h* hﬂ>
+ 0% G (—4K§(I>i<bjhij +4D;¢K 4@ ;P W' 17" + D;¢D;p®, ®h* R
— 4Dy K3 ®;; ®h*hI' — D¢ DI pd™* &y + D' DI pd,; Dy hk’)
+ l(a G )2(—8D¢ — 8K3®;hY + 16 K 1®;;h7 + 16 Dy Dy K20, hi*hi!
4 X3 7 o *] ¢ *ij k l ¢ *ij
— 2D;¢ DA K 00" W' + Dig D¢ Dy Dyp @y h* B B
— AD,GDo D16 H W (+4K,D; + Dmgb(bjnhm”)) - 0. (2.13)

!The Mathematica package zAct [81] was of great help in the derivation of the equations.
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where we used the following auxiliary variables

2 ,
07
®;, = — 2D, K, + K;; D’ ¢, (2.15)

In the subsequent sections, we will manipulate the ADM-type equations of cubic
Horndeski theory and complement them with suitable gauge conditions to obtain
a system of PDEs of the form (1.75)-(1.76). Once we have such a system, we can
establish the local well-posedness of the initial value problem by following the 3 steps
outlined in section 1.3. In particular, strong hyperbolicity of the system can be shown

by using the methods of section 1.2.5.

The different methods to write the equations in a strongly hyperbolic form will involve
different sets of dynamical fields. Hence, the values of n, m and the fields v and v
(introduced in section 1.2.5) will be given explicitly later on a case-by-case basis. Here,

we only make a simple observation about the characteristic equation
€A = L(E)U (2.17)

in cubic Horndeski theories (see section 1.2.5 for notations). It is useful to rearrange
the rows of this equation so that the components corresponding to the gravitational
and scalar degrees of freedom are separated: we will write U = (U, Uy)" where U, is a
n +m — 2-component vector that corresponds to the gravitational variables (e.g. hy;
and K;;); Uy is a 2-component vector corresponding to the scalar variables ¢ and K.
Since the equations (2.8) and (2.13) contain no principal terms associated with the

spacetime metric g, the matrices A and L(;) have the upper triangular form

A(u, Du,v, D*u, Dv) = Bgg(u, Du,v) Ago(u, Du, 0) (2.18)
Y ’ 0 Ays(u, Du,v, D*u, Dv)

L(u, Du,v, D*u, Dv) = Lyg(w, Du, v) Lyo(u, Du, v) (2.19)
A 0 Ly (u, Du, v, D*u, Dv).

The matrix blocks labelled by subscripts gg, g¢ and ¢¢ have sizes (n+m—2) x (n+m—2),
2 x (n+m —2) and 2 x 2, respectively. It is worth emphasizing that in the case of
cubic Horndeski theories, the matrices A gy, Agg, Lgg, Lgy depend only on the fields u,
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Du and v, i.e., the gravitational evolution equations are quasilinear (see e.g. equation
(2.9)).

It will be useful (especially in Section 2.4) to separate the Einstein-scalar-field theory
and the Horndeski (i.e. Go and Gs-dependent) parts in A and L:

A = Ag + A,
L =L+ oL (2.20)

where Ly and M are associated with Einstein-scalar-field theory, A and JL are
the Horndeski corrections. The specific forms of these terms will also be given on a

case-by-case basis.

Let us consider in more detail the characteristic equation corresponding to (2.5) (or
(2.13)). This is obtained by selecting the second derivatives of ¢ in the linearized version
of (2.5) (recall that there are no second derivatives of g in (2.5)) and substituting the

derivatives by a general covector £, 0, — &, = (&, &;). The result is

(Phe)” 6460 = Paol€) — 0xGis (PO = 300" PLE(O)) VuoVub =0 (221)

where P}/(€) and Py (£) are given by

PIE(€) =505 GaVH OV OIEl} — Ox o™V, (€996 — gerv,0)  (2.22)
and

Pyo(€) =(1+ OxGa + 2X 0% G + 20,G's + 2X 0% .G ) |4 2
+ (05 G2 +20%,Gs) ((00)°I€l; — (6.V"0)?)
+20xGs (OO, — €€ VuV.0)
— RGOV (06 §uy + 62V, V00 — 26,6,V V7). (2.23)

The notations Py, Pyy and P, refer to the coefficients of the second derivatives
of ¢ in the linearized versions of equations (2.2), (2.4) and (2.5), respectively. The
same characteristic equation corresponding to the scalar degree of freedom has been
previously found in [60] and [75].2

2More precisely, to make a comparison with [60], we note that with the preferred gauge choice
Hap = —0xG3V V¢ (and G4 = 0) made therein, equation (230) of [60] agrees with (2.21).
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In the weakly coupled regime, P, is close to the spacetime metric g and therefore,
it is a Lorentzian metric. This regime is defined by the criterion that Horndeski
terms are small compared to the Einstein-scalar-field terms. More precisely, let
E = max{|Rw,pU\1/2, V.6, |VuVl,<;5]1/2} in all orthonormal bases. Then the small

coupling condition is equivalent to

0% 0LG| B <« 1 k=0,1,2; [ =0,1;
|050,G3| E* < 1 k,1=0,1,2. (2.24)

Note that this condition can be satisfied when spacetime is strongly curved according

to standard terminology but the function G5 contains small enough coupling constants.

Regarding (2.21) as an equation for the “characteristic speeds” &, for given &; # 0, this
equation has two distinct real and nonzero solutions 535 = Furthermore, the weakly
coupled assumptions (2.24) also ensure that the spacelike ¢ = constant hypersurfaces

are noncharacteristic.

2.2.2 Constraint propagation

In addition to studying the hyperbolicity of the equations of motion in different
formulations, we need to address the issue of constraint propagation (see section 1.3).
That is to say, we need to check whether solutions to the equations used in these
formulations remain solutions of the original Horndeski equations of motion during the
evolution. Here we present a fairly detailed derivation of the equations governing the
propagation of gauge conditions and constraints, even though the individual steps are
quite standard. The purpose of this is to demonstrate that the Bianchi identity (and
its generalization) leads straightforwardly to a homogeneous system of PDEs for the
constraint variables, without making any reference to a specific form of the equations
of motion. The only assumption we make is that the equations of motion are second
order PDEs obtained by varying a diffeomorphism invariant action. This guarantees
that the normal projection of the equations of motion is a constraint equation (i.e. an
equation that does not involve second time derivatives). Note that in this section we
derive the equations without gauge fixing, the effect of the gauge fixing terms on the

constraint propagation system will be discussed later.
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Let E4 = 0 be the equations of motion obtained by varying the action with respect to

the spacetime metric g,,. Let us decompose it as

Eab = Eab — naMb - nbMa + naan (225)
with
E,, = Ecdhzh’g7 (2268“)
H = Enn® (2.26b)
M, = E4hn’. (2.26¢)

These variables denote the spatial evolution equation, the Hamiltonian constraint and

the momentum constraint, respectively. First, we consider

n’VeE,, = — E,Vn® — n’n,V*M,

+V*M, —n,V'H + KH, (2.27)
where we used E,yn? = 0, M,n® =0, non® = —1 and V?n, = —K. Furthermore, the
following identities hold:

VM, = D*M, + M,n?V,n® (2.28a)
E,;Vn' = —Eu, K% (2.28Db)
n’n, VM, = —M,n,Vn® = —MbDOl:a (2.28c¢)

We would like to use the spatial projection of the trace reversed version of E,, as

evolution equation?, i.e.
cyd 1 ef
gab — hahb Ecd - 59 Eefgcd
=E 1Eh + 1Hh
— Lab 9 ab 9 ab-

Hence, we set
Ey = gab + Hhab - ghab- (229)

3The reason why we prefer to use £, = 0 as evolution equation rather than E,, = 0 is that in
general relativity the latter approach yields only a weakly hyperbolic system of equations for the
constraint variables [42].
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With these identities we have
byra 1 i 2
n'V*Eqy = — (0, — Lg) H+ 20KH + ~D' (a®M;)
o

+a&; (K7 — Kh'). (2.30)

Next, we consider the spatial projection of the Bianchi identity

ROV By =hPVEq — V1 M, — n,h2V*M,

— Vanph?M, + HhPn,Vn,. (2.31)

In this case we use
RNV By = DBy + Eqen’Viyn®

nah?VM, = h? (L, M, — M,V,n®)
RIM, Ve, = XM, Vyn® = —M K}
thnavanb = Hn,Vn,

to obtain

1
VHE, = — (0, — L) M; + a KM, + ~D; (ORH)
+ D7 [ (Eij — Ehyy)]

(cf. eqn. (103,104) in [42]).

Now we consider the generalized version of the Bianchi identity, that is,

VEy — EyVyg =0

(2.33)

(2.34)

which is a consequence of the diffeomorphism invariance of the Horndeski action. Recall

that we wish to use E¢ = 0 as the scalar evolution equation. For this reason we set

s 1
E, = Es+ 0xG; <Ecd - 2Egcd> Vepvie.

(2.35)

Putting together equations (2.30), (2.33), (2.34) and (2.35) gives the equations governing

the evolution of the momentum and Hamiltonian constraints
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1 . . y ~
(0~ L5)H = 20KH + — D' (@®M;) + &y (KY — Kh'7) + 2B, K,
+200xGs Ky (£;D'¢ DI + 2HAK? + 4EK? + 4K,M;D'¢)  (2.36)

1 . . ~
(O — L5) Mi =aKM; + —D' (a’H) + D [0 (€ — Ehyj)] — EyDig
— adxG3D;o (&-jDingfgb +2H4K? + 4EK2 + 4K¢M,.Di¢) . (2.37)

In both of these equations, the terms in the second line arise due to the fact that we use
equation (2.13) instead of (2.4) as the scalar equation of motion. Note that in each of
the formulations studied in this paper, the tensor evolution equation is modified with
gauge fixing terms. In other words, the equation &;; = 0 is replaced with a different
equation which introduces additional terms into equations (2.36)-(2.37). This will be

analysed on a case-by-case basis.

2.3 BSSN formulation

2.3.1 Equations of motion

The Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formulation is widely used in
numerical relativity. Several versions of this approach give rise to a strongly hyperbolic
form of the Einstein equations [43,82,83]. Here, we extend this approach to cubic

Horndeski theories.

The starting point to obtain the BSSN equations of motion is the standard ADM
decomposition discussed in Section 2.2. We introduce the conformal metric Bij as a

new variable, defined by

ilij = 6_4thj (238)
where the conformal factor €2 is . h
The 7 (2.39)

for an arbitrary smooth background metric hm Note that this implies that det h = det h.

The inverse conformal metric, denoted by A% is then

Bl = e*pi (2.40)
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Next, we define the quantity*
Vi = ;Lkl (N}Id - 07];[) — _ﬁjﬁlj (241)

where I and D denote the Christoffel symbol and the covariant derivative corresponding
to hw Similarly, let D be the covariant derivative corresponding to the metric & and
let us adapt the convention that the index of D;¢ is raised with A (although, clearly,
the definition of D;¢ does not depend on 71), ie.

Di¢ = h'D;p. (2.42)

We emphasize, however, that the index of D;¢ is raised using h. We continue to use
a similar convention in the further discussion: indices of tensor fields whose notation
involves a tilde are raised and lowered with i, whereas indices of tensor fields without

a tilde are raised and lowered with h.

The extrinsic curvature is decomposed to its trace and conformal traceless parts
Ky = (A + 2h K
ij =€ ij T3 ) (2.43)

or alternatively,
~ 1
Ay =e <Kij - 3@1{) : (2.44)

The evolution equations for the variables ﬁij and (2 can be straightforwardly obtained
using the equations (2.7), (2.38) and (2.39) (see e.g. [84] for more details):

~ ~ ~ o 2~ o
Oohij = —20A;; + Qhk(iDj)Bk — ghijDkBk (2.45)
1o
80 = —%K + 5Dt (2.46)
where 0y is given by
do = 0, — 8Dy, (2.47)

To write the remaining equations in a more compact way, we use the conformal versions

of the auxiliary variables introduced in (2.14):

4Note that the variable V7 is often denoted by I'* in other references.
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~ 1

b= =—(-20,K, — e "WV D;¢Djar) , (2.48)
(0
;= ®j; = D;D;¢ — 2(D;¢ D2 + DipD; 2 — hishM Dy DY)
— 2K¢64Q (/L] + %Kﬁw) . (250)

The evolution equation for K is the trace of the tensor evolution equation, i.e. the
same as (2.131), except that the variables h;; and K;; (and the covariant derivatives)

are now replaced by the "conformal" variables introduced in (2.38)-(2.43):
0 = —(90K — Oé(I)aXGg (3[(3) — iDZ¢D]¢ iLij€74Q) — ilijDiDjOé
—QiLUDl&DJQ + Q{Aikﬁjlﬁijhkl + %KQ + 2K§ + 48¢G3K3)
+%G2 + iang (4Kq25 + DiqSngb]ije—ZlQ)'
19y Gge1® (Ki(i)ij R — DigAD 7 + 1DipDody Biﬂ'ﬁ’“e—m)} (2.51)

The equation describing the evolution of flij is obtained by taking the trace free part

of (2.9) and writing it in conformal variables:
0 = —ady - Se 105Gy (D@Dm - ;BUD%DW) P
e [R[D]ij — 1D;Djoc +4DDj In o — ;(1 + 0x Gy +20,G3) DigD;o
$0x G280, D08, — LD,0D, 0 e Do Doy )]
+aK Ay — 204y, A%, + 24,,Dj " — gfll-jf)kﬁ’“ (2.52)

where TZCJFF denotes the trace free part of a symmetric tensor T},

~ ~ 1~ ~,,~
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and the conformal decomposition of the spatial Ricci tensor is given by

1oy o o~ . 1ot o - N . N .
R[D)yy = — oW DiDib + b Dy V* — SV*Dih + (T = 1) (T — Thy)

— Dy Dy k™ — 2D;D;Q — 2hi; D DyQ + 4D;QD;Q — 4hy; DFQD,Q.
(2.54)

We can write down an evolution equation for V? by taking the time derivative of (2.41)
and commuting Jy with D on the RHS to get

- o~ ~ o ~, o 2 o o o 1aiio o
AV = —2aDjA”—2A”Dja—VkDkﬁl+glekﬁk—l—hleleﬁ“rgh”DjDkﬁk. (2.55)

It is useful to modify (2.55) by adding the momentum constraint times 2pa to it where

p is an arbitrary constant (real) parameter. The result is
~ . ~.. o ~ o . 2~Ao ~ o o . 1~~-o o
V' = —249Dja — VD3 + gV’Dkﬁ’“ + MDD, + §/wz)jpkﬁk‘ +
o~ 4p ~ . ~ .. ~
a{2<p — 1)Dy AR — LK + 2ph {— (1+ OxGs +20,Gs) K, Dy
1 T

—QaXG3<—4K;cI>j — 2D K y® . hM e~
+2D;0 K3 PphFe™? + Do D;od, B’“e-‘m)] } (2.56)

The benefit of using (2.56) rather than (2.55) will become clear later: we will show

that for a range of values of the parameter p, the system is strongly hyperbolic.

Finally, once again we use E, = 0 as the scalar evolution equation (defined in (2.5))

which can also be rewritten in terms of the variables introduced in this section:

D¢ = —2a K, (2.57)
200K, = —e**hIDi¢Dja — ae ™ DiD;é + 20K, (Ai; + K hyj)
—|—20é6_49 (qubDZQ + quﬁDJQ - ;LijillekQﬁDlQ)
+0Ey(¢, Do, DD, Ky, DKy, h, Q, ) (2.58)

where 6 B, stands for all the Horndeski correction terms in the scalar equation. It is
straightforward to compute these terms explicitly from (2.13) but we will not need the

explicit form of these terms.
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Equations (2.45), (2.46), (2.51), (2.52), (2.56) and (2.58) must be complemented with
the evolution equations for the lapse function and the shift vector. This can be done
by choosing an appropriate slicing condition and a spatial coordinate condition. A
popular choice for the slicing condition is harmonic slicing and its generalizations.
Harmonic slicing means that the harmonic coordinate condition is imposed only on

the time coordinate
Oyt = 0.

Writing this out in terms of the ADM variables gives an evolution equation for the

lapse function:
doa = —a’K. (2.59)

Sometimes it is more convenient to consider a generalization of this condition, called

the Bona-Masso slicing condition

da = —a’F(t,z,a, K) (2.60)
for a suitable function F'. The choice F(«a) = %K , called the 1+log slicing, is the
most widely used in numerical relativity simulations. As we will see later, strong

hyperbolicity of the BSSN system will enforce a condition on the function F. More

precisely, the condition

o(t,x,o, K) = g—[};(t,x, a, K). (2.61)
There are a number of ways to impose a dynamical gauge condition on the shift vector
in general relativity. However, it has also been demonstrated that it is possible to
write Einstein’s equations in a strongly hyperbolic form by choosing an arbitrary (but
a priori fixed) shift vector [82]. This means that the shift vector only plays the role
of a source term in the equations. In this section we take this approach and show
that the equations of motion of cubic Horndeski theories can be written in a strongly

hyperbolic form with arbitrarily fixed shift vector.

2.3.2 Proof of strong hyperbolicity

In this section, we are going to show that the BSSN equations of motion (consisting of
equations (2.45), (2.46), (2.51), (2.52), (2.56), (2.60), (2.57), (2.58)) is a strongly hy-
perbolic system for the dynamical variables, for an appropriate choice of the parameter

p and the function o. Our strategy will be to follow the procedure outlined in section
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1.2.5. Making the substitutions

u = (Q,Q,hﬁ,@ﬁ) and U = (K, Aij,Vi,Kd)) (262)

the BSSN system has the same form as (1.75)-(1.76). In this case, we have n =9 and
m = 11.

Note that in this section our choice of basis is slightly different from the one used
in Section 1.2.5: here we use 0y = 9, — 30}, rather than 9y, = 9,. Clearly, this only
amounts to a shift in the zeroth component of a characteristic covector & — & — B¢
Nevertheless, from now on, we will denote these components by &, in the new basis.

This includes the solutions fSE ® to the scalar characteristic equation (2.21).

Next, we analyze the characteristic equation (2.17) and determine the eigenvalues &,
and the corresponding eigenvectors explicitly. We will write the components of the

eigenvectors U associated with the variables u as

154

and the components associated with v as

s = (R, Gij, i, @) (2.64)

in the same order as in (2.62). Now we simply write down the rows of the characteristic

equations for the 20 variables listed above:

0= —&a — 2020k (2.65a)
1 .
0 = —&h— §8XG3(12K§ — Dp¢ D ¢)éo
1 N
+ae4ﬂ{—ay§\,%@ 405Gy K DR 4
1 R
+0xGo(4E + DY D10 g6} (2.65b)
0= &l — %/% (2.65¢)
0= —&¢ — 204 (2.65d)

0= —&ﬁij — 2(1/@']' (2658)



52 Well-posed formulation of cubic Horndeski theories

0 =~y — ¢ 205Gy (D ( 6D — S D oDo ) i
+ae” { SIERY + Eavy) — *§k5k’~lij
=260 + §|€!%@ﬁzj &fga + **|§|%
4K 05 G (D(igb £ — fD y gkhij)
—6_493)(@3(/3( (D z¢D;¢ hngk¢Dk¢)‘f|h

—DFoD o6 + 3[)%13%@&@) } (2.65f)

0 = —&u'+ a( (p — 1)&uq" — 455“ — 8pOxG3K; &'a
+2¢ 4Mp0x Gy (K, D* o160 + Ky D'|¢[36 — D'g D o gm)). (2.65¢)

0= —&Aa + B(&)a + C(&)o (2.65h)

where the coefficients A, B, C depend on the background fields and &;, and their explicit
form is not important for our purposes (although it is straightforward to obtain them
from (2.58)). The only thing we need to know about these coefficients is that (2.155b)
into (2.155d) gives

A~ v
b (Pg;d)) 46, =0, (2.66)
i.e., equation (2.21).

Now we list the characteristic eigenvalues and the corresponding polarization of the

system (2.65). It is convenient to rescale the variable £, by introducing

s &
= g, aleln 260

Due to the lower triangular structure of the characteristic equation (see section 2.2),
there exists a subset of eigenvalues and eigenvectors of (2.65) with ¢ = a = 0. These

18 eigenvalues and eigenvectors are the same as in the case of vacuum GR (c.f. section
IV of [82]).
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a o K Yij U &
L 0 0 0 FET 0 +1
7 &
I. 0 0 0 hij — fe 0 +1
Inm. o 0 0 ) —r2|¢2e; P
A 2 2 ~\TF 2
V. 0 & 0 & (&aty) — 26€@) B 0
1 v ae )\ 2 Nor:
V. ao 2 T2 \§|% 3§z +v20
VL. 0 0 0 ae) 20p—1)& £/t
' €12 p i 3

Table 2.1 The list of eigenvalues and eigenvectors of the principal symbol with ngS =a=0.

[. Transverse-traceless (physical) modes, satisfying

gL =0, and  RYALT =0. (2.68)
The corresponding characteristic covectors are null, i.e. & = 1. The two sign
choices correspond to "ingoing' and "outgoing" mode solutions. Since there
are two linearly independent transverse-traceless symmetric tensors %i:;T, the
eigenvectors span a 2-dimensional space for both sign choices (this is 4 independent

eigenvectors overall).

II. Transverse but not traceless (in the sense of (2.68)) modes with null characteristics
(ie. & = £1). This gives only a 1-dimensional space for both sign choices (2
independent eigenvectors overall). These modes are "constraint-violating" since

the ¢;; components are not traceless.

III. Modes with fyij = {e;) for any e; orthogonal to & w.r.t. izij and fo = +,/p.
These modes span a 2-dimensional eigenspace for both signs (4 independent

polarizations in total).
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IV. Zero speed modes (£, = 0) with

~ 2 ~
Yij = W <§(i1~)j) — infj@)TF (2.69)
3

where & and 0; are arbitrary, spanning a 4-dimensional degenerate eigenspace.
To see the interpretation of these mode solutions, consider the high frequency
limit of an infinitesimal diffeomorphism generated by a vector field Y orthogonal

to 0yg. This gauge transformation changes only the 77 components of the metric:
Ohij = Y- (2.70)
We can also write the change in h;; in terms of the conformal variables:
Ohij = 0 ("%hi;) = 4hi;e’ 60 + €' hy;. (2.71)
Hence, the change in the conformal metric induced by this transformation is
hij = e 1Y) — 4hi;6Q. (2.72)

Now notice that with the choice

A 1 1

& =69, b = 5 IERY: — 5 (e717¢'Y; — 860) & (2.73)
we have
S 2 N \TF -
Vi = e (f(z‘vj) - 2&5]'&1) = 0hj, (2.74)
h

Therefore, we can interpret the 3 independent choices of zero speed modes,
corresponding to 3 linearly independent choices of Y; in (2.73) as pure gauge modes
associated with spatial diffeomorphisms. The remaining zero speed eigenmode
can be obtained by setting e.g. @ # 0 and 0; = 0. This mode violates the

high-frequency version of the constraint equation (2.41), since f"fyij #* f)j.

. A 1-dimensional space of modes with § = ++v/20, for both sign choices. An

argument similar to IV. establishes that these modes are also pure gauge, corre-

sponding to an infinitesimal change of the slicing in the high-frequency limit.
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VI. A two-dimensional space of modes with & = =4/ 47’3_ L These modes also violate
the high-frequency version of (2.41), since f’%” #* f)j.

The expressions for the eigenvectors are listed in Table 2.1. It is clear that the
eigenvalues are real and the eigenvectors are smooth functions of their arguments when
oc>0andp> i.

For strong hyperbolicity, we need 20 linearly independent eigenvectors with real
eigenvalues and smooth dependence on &;. Since we have already found 18, it remains to
find two additional eigenvalues and eigenvectors with nontrivial é and a. The eigenvalues
corresponding to these eigenvectors are found by solving the system consisting of
equations (2.65d) and (2.65h), or equivalently, (2.21). As mentioned before, this
equation has two distinct real solutions gg? % when the Horndeski terms are much
smaller than the Einstein-scalar-field terms (see the end of Section 2.2 and equation
(2.24)). Therefore, at weak coupling, there must indeed be 2 additional eigenvectors.

The only thing that needs to be shown is the condition on smooth dependence.

A nice way to obtain the corresponding eigenvectors is to derive a closed equation

containing é and the variables

a’ = — >, and fij = € + ;/%hij. (2.76)
Equations (2.65) imply
0 = —[€%*2(y; + 0xGs(X hij + DioD;)a’ — 20xGs Ky D &)0)
+(2p — 20 — 1)&i§iR — 2(p — 1)ERye — ?))(p — D(E[RR — Ree)hy;
+0xGa{ (0~ DD & (-2D% &a° + 20,16120) (2.77)
+6i&; (8pK2a® — 2K, DF6 &0) — §<p —1)a? (413l — (D* &)°) hz-j}

where we introduced & = /%ijfj and
&
€755 = —(657)" + a®[¢]-

Note that in (2.77) we raise and lower indices with the metric h.

It is easy to see that if the solutions /%ff of (2.77) are smooth functions of &;, then

one can solve (2.76) and (2.65) for the variables cfij, R, fyij, 0;, & and &. Based on the
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tensorial structure of (2.77), we can look for an eigenvector of the form
/%;j; = lezfj + 02|5’ihij + CgDi¢Dj¢ + 2C4D(i¢ fj). (278)

Plugging in to (2.77) and solving for the coefficients gives

20x Gl

(€07)2 — 2002[¢ [}

cl =

(20616 — (60 + VIS @ + 20,604 8] (270

1
¢ = — 5 0xG3Xa’ (2.80)
<17
c3 = —0xG3a? (2.81)
¢y = OxGs Ky (2.82)

In order for ¢; to be smooth for any nonzero &, —(£5°)? + 2002|¢|? must be nonzero

for any &;. This can be achieved by choosing o to be large enough. To see why this is

true, we first note that the zeros of the function

Fol(&03 &) = —(&)* + 2002(¢]5 (2.83)

define a cone for any o > 0, a null cone of a Lorentzian metric. In the weakly coupled
regime (see (2.24)), the null cone of P, is a small deformation of the null cone of the
spacetime metric g for any &;, they might even intersect for special values of & (and
for particular field configurations). Recall that

g’“’fufl, = —(50)2 + 042|5|i = -7:0:1/2(503 fi)a (2-84)

i.e., when 0 = 1/2 is a constant function, the null cone F, = 0 coincides with the
null cone of the spacetime metric. This implies that the expression on the RHS of
(2.79) could blow up for some & when o = 1. To avoid this, we can just choose o
to be any function that takes up values larger than (or smaller than) 1/2, so that
the cone given by F,(&; &) = 0 lies entirely “inside” (or "outside") the null cones of
g and P}, at the cotangent space of any point in spacetime. In other words, for an
appropriate o > % (or o < %), the function .7-}(585 - &;) vanishes for no choice of ;. For
larger values of |0 — 1/2|, the BSSN system may be strongly hyperbolic for stronger
Horndeski couplings because for such choices of o the null cone of P(;’;V is allowed to

deviate more from the null cone of g"” without intersecting the cone F,(&o;&;) = 0.
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To summarize, we have shown that the equations of motion for cubic Horndeski
theories form a strongly hyperbolic system in a version of the BSSN formulation,
under the assumption that the Horndeski terms are sufficiently small compared to the
Einstein-scalar-field terms (i.e. at small couplings). The system was obtained using a
generalization of the harmonic slicing condition and an arbitrary but (nondynamically)
fixed shift vector. The system is strongly hyperbolic for any p > i and for suitable
choice of the function o = 0k F' that takes up values sufficiently larger or smaller than
1/2. (At weak couplings, choosing a constant, e.g. ¢ = 1 is enough.) This means that
the original harmonic slicing o = % does not work for cubic Horndeski theories. On the
other hand, the so-called 1+log slicing often used in numerical relativity, corresponds

to the choice 0 = i and hence remains a good slicing condition as long as o < 2.

To complete the proof of well-posedness, we continue the discussion with constraint

propagation.

2.3.3 Propagation of constraints

To show that the solutions of the BSSN system are also solutions of the original
Horndeski equations of motion, we derive a system of evolution equations for the

Hamiltonian constraint, the momentum constraint and the variable
Wk = V* 4 DM, (2.85)

and show that the system of equations is strongly hyperbolic. By uniqueness of the
solutions to strongly hyperbolic systems, it follows that if the constraints are satisfied

initially then they continue to hold throughout the evolution.

Starting from equations (2.36) and (2.37) and setting
Eij — &ij — « (Bk(iaj)v"v’f)TF + gaH hij, (2.86)
the constraint evolution equations become
(O —Lz)H = ?)ozKH + ;Di <042Mi) — a6_4914~1ijﬁk(i3j)wk
+20a0x G3 K g [16HK§ +4K4sM; D'

- ~ 2 . .
+ (— (udy W)+ 3Hhij) D’¢D3¢] (2.87a)
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(0 — LMy = aKM; — O?Di (a?H) - D’ [oz (Bk(iaj)v”vk)”]
—adxG3D;¢ [16HK§ + 4K M, D¢
n (_ (Bk(iﬁj)wk)TF + §Hh”> Dingjgb] (2.87b)
(8, — L) W' = —2aph M. (2.87¢)

We remind the reader that indices of tensors whose notation involves a tilde are raised
and lowered with the conformal metric h, indices of tensors without a tilde are raised

and lowered with the original induced metric h.

Note that we have two additional constraints: the tracelessness of flij and det h = det h.

Introducing the constraint variables

and -
det h
D=In""0 (2.89)
det h
it follows easily that
1 e e
80T = —56_4thjDiDjD (290)
and
doD = —2T. (2.91)

Substituting (2.90) into the time derivative of (2.91) implies a wave equation for D,

decoupled from the rest of the constraint propagation system (2.87):
92D = e 0 D, D;D. (2.92)

Hence, starting from initial data that satisfies D = 0 and T = 0, these conditions will
continue to hold throughout the evolution. In other words, the evolution of these two

constraints decouple from the system (2.87) so it remains to study (2.87).

The system (2.87) has the same form as (1.75)-(1.76) with v = W* and v = (H, M").
Thus the methods of section (1.2.5) apply here as well. The rows of the characteristic

equation read as
&H = af'M;, (2.93a)
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~ 1 1 2 1 )
&N = —Za&H - Jalgh Wi - éag,»gjwj, (2.93b)

SOWi = —2apM; (2.93¢)

where we simply denoted the components of the polarization vector U associated
with the variables W;, H and M; by VAVi, ICL and Mi, respectively. The associated

eigenvalues and eigenvectors are as follows.

I. For { = 0, we have

H —2al¢[?
w, |=| as | (2.94)
M, 0

(1

II. The eigenvectors corresponding to eigenvalues &, = i\/%—_la|§|h are

H —al¢f?
W, | =] 2ape |. (2.95)
M, —&o&i

I1I. Finally, the eigenvectors corresponding to the eigenvalues § = &,/pa|{], are

5| 0
50 = i\/2_90|f|h, Wz = 205]767; (296)
M, —&o¢;

for any vector e; orthogonal to & with respect to h;j;, i.e., this means a 2-

dimensional degenerate eigenspace for both sign choices.

Therefore, we have found a complete set of smooth and bounded eigenvectors with
real eigenvalues (provided that p > %) for the characteristic equation of the system
describing the evolution of constraints. Hence, the system of PDEs (2.87) is strongly

hyperbolic which concludes the proof of constraint propagation.
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2.4 CCZ4-type formulation

2.4.1 Preliminaries and constraints

In this section we discuss how the so-called covariant conformal Z4 (CCZ4) [79,85-88]
formulation extends to the class of theories under consideration. This formulation is
currently one of the most widely used numerical schemes due to its favorable stability

properties [85,86].

The idea behind the CCZ4 formulation is to introduce a 4-vector field Z* whose role is
to measure deviations (due to numerical errors or constraint violations) in a numerical
simulation from the actual gravitational equations of motion E,, (see (2.2)). One then
adds terms containing Z¢ and its first derivatives to the equations so that Z, = 0 is
an attractor of the modified equations. The modification is carried out in the following

way:

Eab =0 _>Eab + VaZb + VbZa - gabvczc
— k1 (g 2y + np 2o + kanZ.ga) = 0, (2.97)

or in the trace reversed version

1 1
Eab - §Egab =0 _>Eab - iEgab + vazb + VbZaL

— kl (naZb + ana — (1 + kg)ncZCgab) =0. (298)

The parameters k; and ks here are real constants. Splitting the four vector Z¢ as
Z% = 7% 4+ n%0 with Z% = h§Z® and © = —nZ,, one can write the normal-normal

and normal-spatial projections of (2.97) as

(0, — L) O = aH — aOK + aDZ"
— DpaZ¥ — (2 + ko)k1aO, (2.99)

where the expressions for the Hamiltonian and momentum constraints (H and M) are

given by equations (2.11) and (2.12).

When the generalized Bianchi-identity (2.34) holds, the evolution equations for the

Hamiltonian and momentum constraints are
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1 .
(0~ Ls)H = 20KH+ D' (0®M;) — 20ki (1 + k2) K©
+20 (KW — KM) (D12), — ©Ku)

—4a0xG3K, lDiqSquﬁDiZj +2D" 7, K2 — D'¢DI9K ;0 — 4KOK?

S
—AHKS — 2K,MD'6 — Sl (1+ k) (12K + D%DM)@} (2.101)

1 .
(0= Ls)M; = aKM; + D' (o’H)
+2D7 loz (D*Zihi — D) + O(Ki; — Khig) — ka(1+ kz)@hij)]

+200x G3D; ¢ [D%D%Dizj +2D*Z, K} — D'¢ D’ 9 K;;0
—4HK} +4KOK; — 2K;M;D'¢

—;kl(l + ko) (12K7 + chkacb)@] : (2.102)

Once again, the system (2.99-2.102) describing the propagation of constraint violations
has the same principal symbol as in general relativity, cf. equations (7), (8), (11),
(12) of [89]. Therefore, the hyperbolicity and the high frequency behaviour of that
system is not altered by the Horndeski terms. This has the following implications for
constraint damping. Similarly to [89], one can carry out a preliminary mode analysis
by linearizing around a generic field configuration at weak couplings and studying
the high frequency limit of (2.99-2.102). For large frequencies, the Horndeski terms
become insignificant. Making a plane wave ansatz for the constraint variables then
reduces the high frequency limit of (2.99-2.102) to the same eigenvalue problem as in
[89] (see equation (19)). Hence, we come to the same conclusion as in vacuum GR:
the real parts of all eigenfrequencies are negative if k; > 0 and kg > —1. This suggests
that with such choice of the parameters k; and ko, large frequency constraint violating

modes will be damped away in cubic Horndeski theories.
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2.4.2 Equations of motion

Next, we provide the full system of evolution equations, in the conformal decomposition.
We introduce Z; = Z;, Z' = h" Z; and

0= W (T, - Ty) + 22" = Vi 422", (2.103)

Similarly to the BSSN case, we use auxiliary variables

b= = —Z (QoKy + e **h7 DigDjar) (2.104)
o, =0, = —2D;Ky+ AyD;ph’* + LK D;¢, (2.105)
Oy =®; = DiD;j¢—2(D;¢DiQ+ DipD;Q — hi;hM Dyo DY) (2.106)
—2K e (Aij + K hyj), (2.107)

p o= et (R[D] +2K° - Aikﬁﬂhiﬂ'ﬁ’“) (2.108)

to write the equations more compactly.

We are going to use a natural generalization of the harmonic slicing condition adapted
to the CCZ4 system (recall 9y = 0y — 5ka)

da = =220 (t,z,a) (K — 20). (2.109a)
The shift vector is evolved using the standard "Gamma driver" condition [84]
B = f(t,z,a)a’e B (2.109b)

B’ = 0,U" — n(t,z)B". (2.109¢)

In these equations f and 7 are freely specifiable functions and B? is an auxiliary variable.
The evolution equations for the variables INzZ-j and €2 are just the defining equations
(2.45) and (2.46), and are left unaltered:

- - - 2.
Oohij = —20A;5 + Qhk(iDj)ﬁk — ghijDkﬁk, (2.1094d)
o 1o .

The evolution equation for © is the same as (2.99) (using the expression of the

Hamiltonian constraint)
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20 — ;a(ﬁe—m — K2 — Le O D,6D,0h + Gy
—AK0x G — 0yGs (4K + e " DigD;ph")
FOx G (A1 B 4 e DyoDyody; WH))
+a <e4gl~)i2i +2e7 7' D) — OK
—e 7 DiIna — k(2 + kg)@). (2.109f)

Equation (2.102) is no longer kept as a separate equation, instead, it is added to the

evolution equation for V*:
oU" = 20(-2D'K + T}, A% +64YD;Q+ D'O —©D' Ina — 1K Z')
—2AY Do — U*Dy, 3 + 2U° Dy g% + WM Dy Dy
LRI D, DB — 20k ZF + 2k3<§Zil5kﬁk _ Z’“f)kﬁ’)
—2N{f)’¢K¢ + D'GK 105G + 2D K 40,Gy
+§0XG3< — 4K — 2Dy, ¢ K@ hM hiv e~
12D'¢K Py h™ e + Dy Dl pd, k’“e‘m) } (2.109g)
This is equivalent to adding the momentum constraint times 2« to (2.55). The evolution

equations for K and ij are the same as before, except for the constraint damping

terms:
1 o
0 = —9oK + ZoéaXGg,(12K§, — e D" Do) D
+a{R[D] 4200, 75 4 4O ZE D0 + K2 — 20K
1 ~m o~ ~~ ~
et (h” Dibja + 2h”D1;aDjQ) 3k (14 ka)O
(0]
1~ -~ . Y e e
—iDijcbh”e"m — 04G3DipDjph' e~
3 G+ OxC(—3K2 + LDigD, R
+§ 2 T Ox 2(— ¢+Z i9Djphte )
1Oy Gae 1 (—3K§,§>U 19 4 2D,6K 4,1

1~ - e s e e
—|—1Di¢Dj¢<I>kl hiihM e 1 D¢ D¢y, hlkhﬂe‘m)} (2.109h)
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S P T
0 = —hAy+ Sac M0xGy (Dingjng _ 3hijDkngkgb> o

40

~ o~ ~ ~ 1 ~ o~
~4DiDja+4DQD) e — 5 (14 0xGa + 20,G3) D¢ Do

1
2 T r 2 T 1kl _—4Q 2 2 F Tkl _—4Q T
+0xG3 <2K¢D(i¢<bj) — %ngﬁngbq)klh e T+ Dkng(igb(I)j)l h¥e~ )]

~ .~ ~ 2~
+a(K —20)A;; — 20A3. A", + 2A44,:D5 8" — gAijDkﬂ’f. (2.109i)

Finally, we also have a pair of scalar evolution equations: (2.57), (2.58).

We conclude this section with a technical remark. For general relativity, it has been
noted that the CCZ4 equations of motion can be derived from an action principle
[87] (at least if we ignore the lower order terms with k; and ks). If we insisted on
a similar action principle for cubic Horndeski theories, then upon taking the linear
combination (2.5) of the gravitational and scalar equations of motion, the resulting
equation would contain principal terms from the ADM decomposition of VZ. However,
for cubic Horndeski theories, it is better to keep equation (2.58) as the scalar evolution
equation. It appears that for these theories, it is more useful to introduce the Z-terms

at the level of the equations, rather than at the level of the action.

2.4.3 Strong hyperbolicity

We continue by showing that the system of equations (2.109),(2.57), (2.58) is strongly
hyperbolic. Once again, this can be done by a straightforward application of the
methods presented in 1.2.5. Setting

u=(a, Q,[)’i,ﬁij,@ and v=(K,0,B' U A K,) (2.110)

R
the CCZ4 system takes the form of the system (1.75)-(1.76). In this case, we have
n =12 and m = 15.

The next step is to write down the characteristic equation (2.17), and compute the
eigenvalues &, and the corresponding eigenvectors of the system. We will write the

components of the eigenvectors U associated with the 27 variables as

154
O

)
)

So

U= (Aawaﬁia ijaé;gaéagia ijafl) (2111)
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65

in the same order as in (2.110). The rows of the characteristic equation now read as

follows:
0= —&a — 2a%0 (i — 20)

0= _505%‘ + fOé2€_4QlA)i

0= —&b' + &'

~ 1 “
0 = —&h+ 2a6_49{§kﬂk ~ 8lee

+0xGad (—ARZIER + e (Dro6)) |

1
0 = —&h— 5(9Xc;3(121?(; — D¢ D*¢)&o

1 ~
+ae—49{—a|€l,%o? + &t — 8¢fF0
]_ ~
_0xGy [4(12;{5 — D*¢Dy)|¢ 24

- (asca— (60%0) ) (0] |

a
6
0= —&v — 2aa

2 2 5 \TF
0= —&%; — 20q;j + 2 (f(zﬂj))

Lo 1o
0= —&@ — ch+ &f*

24 2 Leip n
0 = —&u' + |§|;%5 +§f &,6"
+a[—;lg% +26'0 — 80xG3 K2 €'a
+2e 7 0x Gy (Ko DF g 6,66

Ky DGIERé + D'oD*o §a)|.

(2.112a)
(2.112b)

(2.112¢)

(2.112d)

(2.112¢)

(2.112f)

(2.112¢g)

(2.112h)

(2.112i)
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5 _ - | RS .
0 = —§0qij — € 4anG3 <DZ§Z5DJ¢ — 3h”Dk¢Dk¢> foa
40 1 2 2 1 2k
+ae —§|f|;3%'j + &ty — gfku hij
. 2 9.7 1 R 1 9 A7
—2&;0 + g‘ﬂgwmj — afifja + @K‘ﬁahi]’
~ 1 -~ ~
+4Ky0xGsa <D(i¢ & — ng¢ szhij>
~(1 ~ ~ 1~ =~ -
_6_4QaXG3¢<2(Di¢Dj¢ — ghijDk¢Dk¢)|f|;%

~DroDuseys + DD Gy ) | (2.112)

0= —&Aa+ Ba+Co (2.112Kk)

where, again, we do not need to deal with the precise expressions of the coefficients A,
B and C, we only need to keep in mind that substituting (2.155b) into (2.155d) yields

6 (Phy)" €6 =0, (2.113)

i.e., equation (2.21).

Our strategy is analogous to the one described in section 2.3: it is easy to find 25
eigenvalues and eigenvectors of the system (2.112) with gzg = a = 0. For a more compact

notation, we use & (see equation (2.67)) instead of &, to list the eigenvalues:

u' = 0, with eigenvalues

I. 12 independent modes for arbitrary fyij and @ =@ = B’
£o = *1.

I1. 2 independent modes for arbitrary %ij and nontrivial &, w, Bi, o', with eigenvalues
£ = *1.

IT11. 3 independent zero speed modes (& = 0) for arbitrary .
IV. 2 independent modes with eigenvalues &, = ++v/20.

V. 4 independent modes with & = ++/f, for arbitrary ¢’ orthogonal to & (w.r.t.
hl])
VI. 2 independent modes with & = i\/g :

The full expressions of the corresponding eigenvectors are given in Table 2.2. Clearly,
these expressions depend smoothly on &; if f > 0 and o > 0.
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G & i Yij &o
I 0 0 0 Yi +1
o200 £ . ~
1L 0 :FW 51 :)’ij +1
1 2 2 2 §i&j ¢+ 2k T
1 7 _4_ A N — 25T 77
IIL. 0 ez Sk 0 @& (5(”“%) Tigi kU ) 0
V20e22¢]; (30—2f) 2022 ¢|; ;
V. +¥255 s & +35 f2a<|’§| &) +v20
i 2¢29 ]
V. 0 0 e +- NG £aej) +7F
VI 0 0 i V3 20 +/4
VAT VT (@)™ s
0 K @‘j ;
I 0 0 F3l¢lhe X5 0
€24 (4f=3)  [§2e 42 (4f-3) _9Q2 TF 3
mo S i 0 e Ry + e £
I11. 0 0 0 U
- — F
Iv. 0 ik S ()t +v20 = h— mhe
~ .20
\a 0 0 0 i'ihe; e
2|5
VI. 0 0 0 == VT &i

Table 2.2 The list of eigenvalues and eigenvectors with gz; =a=0.
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To show that the system consisting of equations (2.109), (2.57), (2.58) is strongly
hyperbolic, it remains to be shown that (2.112) has two eigenvectors corresponding
to the eigenvalues £ (obtained by solving (2.21)), with smooth dependence on &;,
with nonzero ¢ and a¢ = —%fg %o (see equation (2.112g)). These eigenvectors can be
found as follows. Recall the general form of the characteristic equation (2.17) from
Section 2.2. When separating the terms in the characteristic equations (2.112) to
Einstein-scalar-field and Horndeski parts (terms containing a factor dxG3) as in (2.20),
we see that the Horndeski terms only act on the qg, a components of U. In other words,
the matrices 0A and 0L in (2.20) are projections to the subspace associated with the

scalar variables:

SAU = 6A (&,0,0,k 60,4, %, Gijy 0, 0)T
6A (0g5,9, )", (2.114)

SLU = 0L (&,d,0,k 50,05, Gij, ,0)"
= 0L (0g5,0,a)". (2.115)

The eigenvectors U%* corresponding to the eigenvalues £ then satisfy

(6770 —Lo(&0) UP* = — (&"0A0 — OLo(&)) U
= - (53[’%1% - 5L0(§k>> (025, 9, &¢>T (2.116)

where we used (2.20) in the first step and equations (2.114)-(2.115) in the second step.
We can find the rest of the components of U®* by solving the linear system of equations
(2.116) for the variables (&, &, 8, &, 37,0, &', %;, Gi;). Before doing this, let us introduce
the notation T for the contraction T,;¢;%. Furthermore, let us introduce a basis
of vectors {e!, e}, et} tangent to hypersurfaces of ¢ = constant so that e; is aligned
with €. We define indices I, J, ... that take values 2 or 3, i.e. they are associated with
the subspace orthogonal to &' (w.r.t. the metric h). A straightforward but lengthy

calculation gives the formal solution of (2.116):

3XG3040§5
2((&7)? — 2002[¢2e42)

Qpr = — [(121(; — D*¢Dype™ ) (£59)?

+ a2e 9 ((4}(; + D Dype ) Jef2 + 8ozK¢Dk<b§k§3[’¢’) . (2117a)
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é¢jj: — 07
A S~ —4Q i»¢)2
OxGaly "o = [(12}(; — D*¢Dyge™")(&
Rpt = £.6y2 _ 2002[¢[2e~ R 7 2.117¢)
+ a?e™1? <(4K¢2> + D79 Dxge "
A 80
£01¢1209 (ae8
o1& 71¢l,00x ﬂ:as)2 + éfoﬂlﬁl;%‘f_m)
Be* =5 ((&67)2 = 2002g[2e=12) (—(&37)2 + 5 S ket
’ L= ( i,¢>)2 +8aKk Dy £,
x |3 (A2e1% — D*oDyo) (& ek ¢)2)] (2.117d)
~ ~ —40 - k )
) 1)KZ + D¥¢ Dy e™*? — 6oe
+ €]} (4(60 + 1)K
“Diop &° 17
Dioe 82 fa2ddx Gy (QO‘K¢|§|’% & Dkd & ), (2.117)
! 40
B = (~(& 2 + fa2lee )
Lo
A 76, E )
B =W =
- 3E7¢64QB¢A: (2.117f)
T = byt = faz !
D.6D b — LD D ¢ilz Qg
G0E laXG3§§’¢ (Di¢Dﬂ'¢ 3D 0Dk . ]> R (2.117g)
+ 20xGs Ky (D(z¢ )T -
OxGs (fzfj ~ é'él’g‘hwg) ’ [_40K¢Dk¢ e
+ — Sb,i)Q + 20027 iy (2.117h)
S
n (—(60 +1)KG +
2.1171)
. ¢+ 2 ¢+ , (
2ok _ % (_Qacﬁii + 285, 30 )
Yo ot (2.117j)
. _L(—a%@i‘i‘ﬂé’ )
qu,i - 6€6|:7¢
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Interestingly, the 8 components of these two eigenvectors are 0. However, this is not
surprising at all. This variable measures the constraint violations. But these two
eigenvectors correspond to a physical degree of freedom and as such, they must satisfy
the high frequency version of the constraints.

In order to avoid singularities in the expressions (2.117) we need to choose the functions

o and f in such a way that the expressions appearing in the denominators
2 4 _
_(¢ ) +§f062’f|%6 490

_< ¢,i)2 +fa2|§|%€—4ﬂ
_ ( ¢7i)2 +20’O¢2’f‘%€749

are nonzero for all unit covectors &;. This criterion constrains the functions ¢ and f.

To find these constraints, we proceed very similarly to section 2.3.2. Recall that

9" = — (&) + ¢l (2.118)

and the fact that the roots £ are found by solving ng’ﬁufu = 0 for & at fixed &;.

However, at weak couplings, the null cone of Py is a slightly distorted version of the null

cone of the spacetime metric g. Since P}, depends on the scalar field and its derivatives

up to second order, there might exist a covector & such that —(£5%)2 + a2[€|2 = 0 for

some field configurations. In other words, the null cones of g and P, may intersect.

This means that the expressions (2.117) may fail to have smooth dependence on ¢;
1

for some choices of &; if o = 5, f = % or f = 1. We can avoid this by choosing the

functions ¢ and f such that one of the following inequalities holds

and f > 1,

D=

and f > 1,

N[

andf<%,

N =

andf<%.

D=

The CCZ4 system may be strongly hyperbolic for larger couplings if one chooses larger
values of |0 —1/2| and |f — 1| in cases (i)-(ii), or if the functions |o — 1/2| and |f — 3/4|
take larger values in cases (iii)-(iv). In particular, the combination of the 1+log slicing
(0 = i, a < 2) and a Gamma driver shift condition with a constant function f > 1

appears to be a good candidate for numerical relativity simulations.
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Appendix 2.A Elliptic-Hyperbolic formulation

In this Appendix, we discuss an additional well-posed formulation of the cubic Horn-
deski equations of motion. This is an extention of previous work on rewriting Einstein’s
equations as a coupled system of elliptic and hyperbolic equations [80]. This approach
may not be well-suited to numerical relativity implementations due to the high com-
putational cost of solving elliptic PDEs. Nonetheless, it may be of interest from a

mathematical point of view.

2.A.1 Review of Andersson and Moncrief’s results

In this subsection we briefly summarize the work done by Andersson and Moncrief [80]
on the vacuum Einstein’s equations. Firstly, we describe how they derived a coupled
elliptic-hyperbolic system equivalent to the vacuum Einstein’s equations. Then we

sketch their arguments establishing local well-posedness.

We start from the ADM formulation in which the vacuum Einstein equations
Ry =0 (2.119)
are rewritten as two sets of first order in time evolution equations
(O — L) hij = —2aK;; (2.120a)

(0 — Ls) Kij = —=DiDja + a (R[D)y; + KKy — 2Ky KJ) | (2.120b)

complemented by the Hamiltonian constraint
2H = 2E,,n"n” = R[D]+ K?> — K;;K"7 =0 (2.120c)
and the momentum constraint
M, = E,n" = D;K — D'K;; = 0. (2.120d)

Andersson and Moncrief consider a modified version of the system (2.120) by imposing

constant mean curvature (CMC) slicing®

SWe see that the mean curvature K is constant over the slices ¥;, but not necessarily in time.
As it is mentioned in [80], they could also have considered a prescribed mean curvature slicing, i.e.
K = s(t,x).
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K=hK;; =t (2.121)

and a spatial harmonic (SH) gauge condition
Vi= M (T, = Ty) = 0. (2.122)

In this approach there are two sets of evolution equations. The first one is the defining

equation of the extrinsic curvature (2.120a), the second is obtained by modifying
equation (2.120b) by adding —D(;V}) to the RHS of (2.120b):

+ KKij — 2K K%). (2.123b)

Equations (2.120c) and (2.120d) are replaced by the modified constraints that can be

regarded as the equations that determine the lapse function and the shift vector:

— D'Dija + aK ;K7 =1 (2.123¢)

D*DyB’ + R[D)' ;7 — LV' = 2D (T}, — )
—2aK™ (T}, = T}y) + 2K Djo = D'aK (2.123d)
Equation (2.123c) can be obtained by taking the trace of (2.123b), using the Hamiltonian

constraint to trade in the Ricci curvature R[D] for lower order terms and using the
CMC condition to set (0, — L) K = 1.

Equation (2.123d) can be derived as follows. Taking the time derivative of V' and

commuting d; with h* and the spatial derivatives, one easily obtains

OV = DDV + RID)' ;8 + (20K* — 2D*g") (T}, - Ty
—2D;(aK"Y) + D' (aK) . (2.124)
Using the momentum constraint, the CMC slicing condition (D; K = 0) and the spatial

harmonic condition (9, — L5)V* = 0 to eliminate second derivatives of the spatial

metric and first derivatives of the extrinsic curvature then yields (2.123d). It is worth
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emphasizing that the CMC slicing condition was used to arrive at both equation
(2.123c) and (2.123d).

Now we move on to the question of well-posedness of the system (2.123a-2.123d) in
Sobolev spaces and consider initial data h;;,a, 8° € H® and K;; € H*' (s > g in
4-dimensional spacetime) that satisfies the Hamiltonian and momentum constraints.
For simplicity, we will assume that the spacetime is globally hyperbolic M =R x X
where ¥ is a compact Riemannian manifold. Similar results can be obtained in the

case when X is asymptotically Euclidean.

The modified constraints (2.123¢,2.123d) are equations relating derivatives of «, 3 up
to second order to derivatives of h;; up to first order (including the extrinsic curvature),
when written in coordinates. This statement is obvious for (2.123¢) but one can check
that the second derivatives of h;; cancel each other out on the LHS of (2.123d). More

precisely, the modified constraints have the form
1
A(h,0h, K)u = ( 0 ) (2.125)

with u = (a, %) and A is a second order linear elliptic differential operator, with
coefficients depending only on the spatial metric, its first spatial derivatives and the

extrinsic curvature. Moreover, the elliptic operator A is lower triangular:

—D'D. ]
= D.DHFK”K . 0 (2.126)
Bi(h,0n,K)  C';(h,0h,K)
with
C';(h,0h,K)p? = —D"Dy8" — R[D]' ;7 + L3V"
— 2D (T, = T,) - (2.127)

Standard results in the theory of elliptic PDEs (see e.g. Appendix II of [90]) show
that the scalar elliptic operator —D'D; + K;; K% is an isomorphism H* — H*"% on
compact manifolds. Furthermore, it is proved in [80] that the elliptic operator C! j
is an isomorphism H® — H®72 if (X, h) is a compact manifold with negative Ricci
curvature. These results and the lower triangular structure of A then implies that A is
also an isomorphism H® — H* 2. Therefore, if we a priori assume that h;; € H* and

K;; € H*"', then the unique solutions «, * to the modified constraints are in H*!,
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i.e. they have an extra regularity compared to h;;. This is necessary because this way
the terms involving first derivatives of 3’ in (2.123a) and second derivatives of « in

(2.123b) are nonprincipal.

It follows that by solving the modified constraints to determine o and /3¢, the evolution
equations become a first order quasilinear system of pseudodifferential equations (since
the solutions o and 3% have a nonlocal dependence on the spatial metric and the
extrinsic curvature). It is easy to see now that the resulting system of evolution
equations is strongly hyperbolic, following section 1.2.5%. The characteristic equation

of the evolution system can be written as

'%j o kl &kl
& ( o ) = M(©)’ ( o ) (2128)

where M is the 2 x 2 block matrix (recall that the terms involving second derivatives

of a and first derivatives of 3° are nonprincipal)

w [ (B7Em) hEh! —ahkhl
Mo(f)ij_( —alﬁlihfh; (ﬁmg"m)hffhg : (2.129)

It is easy to see that M has eigenvalues & = B*¢, + o€ | with a complete set of

eigenvectors: for any symmetric matrix w;;,

Vi g 2.130
( 2Rij ) ( F (n8) ui ) (2150

is an eigenvector where §, = (&,&;). Note that this means that &, is null. Since all
eigenvalues are real and the eigenvectors can be chosen to be independent of &, the
system of evolution equations is strongly hyperbolic when the modified constraints are
solved. (In fact, it is symmetric hyperbolic so one can demonstrate well-posedness by

standard energy methods in physical space, as was done in [80].)

6A caveat in this argument and the arguments presented in the subsequent sections on cubic Horn-
deski theories is that in section 1.2.5 we only studied differential systems rather than pseudodifferential
systems. However, the original argument of Andersson and Moncrief is rigorous. It seems likely that
applying similar estimates to those of [80] in the cubic Horndeski case (or using pseudodifferential
calculus to improve the discussion of section 1.2.5) would yield a rigorous proof.
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2.A.2 Equations of motion and gauge fixing in cubic Horn-

deski theories

We will now show that the above formalism can be extended to cubic Horndeski
theories. For this, we first discuss the generalization of the SH-CMC gauge condition.
Recall that the CMC condition in general relativity was used to set (0; — L3)K to 1 in
the trace of the evolution equation. When taking the trace of (2.9), it is possible to
get a constraint equation by a choice of an appropriate slicing condition which sets
the terms involving (0; — Lg) K and (0, — L) Ky to an a priori fixed function. We can
proceed similarly for cubic Horndeski theories: in the trace of (2.9) we trade in R[D]

using the Hamiltonian constraint to get

1
0 = —(0 = Ls)K = 50xG3(12K5 — D D"6)(0r — Ls) K

) 1 )
~D'Diov — £ 0x Gy (12K?3 — D*¢Dyo) D'¢Dia
1
4
+AK30,Gs + 0x Gs(—4Ky D' D; Ky — 2K K iy D' DI

. 1
+a{KinU +2K2 + 5C2+ (4K§, + Dk¢Dk¢) dx G

+i (4K2 + D*oD40) (DiDi¢+2KK¢)>} (2.131)

We are seeking a gauge condition of the form

(where s is an arbitrary function) to eliminate the time derivatives in equation (2.131).

Taking the normal derivative of (2.132) gives

(0 — La)s(x,t) = (0 — Lo)K — 20 0yf Ky + O, f (0 — L5) Ky
—28Dk¢ka(04K¢) - QOéKklﬁ. (2133)
8hkl

Therefore, the desired choice is an f satisfying
1
O, | = 50xGs (12K — DypD*0). (2.134)

Note that this slicing condition has an interesting relationship with the canonical

momentum 7 conjugate to h;;. If we switch to a Hamiltonian description, equation
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(2.131) (which is the trace of (2.9)) is equivalent to the trace of

oH
6hij

g = —

(2.135)

where H is the Hamiltonian. Hence, it is clear that the time differentiated terms in
(2.131) come from 0,(h;;7"), that is, the preferred slicing condition is equivalent to

T = s(x,t).

Rewriting G3(¢, X) as a function depending on ¢, Ky, D;¢ and k¥, the condition
(2.134) can be integrated in K, and so f can be determined up to the addition of an

arbitrary function of ¢, h;; and D;¢. Hence, the elliptic equation for a reads as

) 1 .
(0 — Ls)s(z,t) = —D'Dya— [48XG3 (12K2 — D*6Dy8) D'é + 2K ,0p,6 f] Da
g 0
+06{Kin” + 2K£ - 26¢fK¢ - 2K@Ja]jp - 28Di¢fDiK¢
ij
1 1

+5G2 + 7 (453 + D"6Did) 0x G + 41 30,G
+0xGs(—4K,D'¢DiKy — 2K K;;D'¢ D7)

+i (4K; + DkqﬁDqu) (D@Dias + 2KK¢) } (2.136)

Regarding the spatial gauge condition, we continue to use the spatial harmonic gauge
Vi=0 (2.137)

where V' is defined in equation (2.122). Once again, we can derive an elliptic equation
for the shift vector as in vacuum GR. We require (9, — L5)V* = 0 and we eliminate
derivatives of the extrinsic curvature by using the momentum constraint and the

generalized CMC condition. The result is
0 = DDy + RF — £V +2 (akM — DY) (1, - Ty)
—2K“Dja+ KD'a+aD'f
+a{—2K¢<1 + OxGsy + 28¢G3)Di¢
+0xGs(—2K4D'¢ (D* Dy + 2K Ky) + K DF¢D'¢D'¢

—8K,;D'Ky + 2D'¢D*¢ Dy Ky + 2K¢Dk¢DkDi¢) } (2.138)
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Furthermore, using

D'f =0sfD'¢+ Ok, [ D'Ky+ Opuof D' Dyop
) 1 ) .
= 0yfD'¢ + §(‘9Xc:3(12K; — D¢pD*¢) D'Ky + Op, s f D' Dyéd (2.139)

gives

0 = DD+ RiB — LV — (—20KM +2D%8") (T4, — T},)
—2KYDja + D'akK + a{—m (1+ OxGa + 20,G3) D' + 0, f D'
+0p,6f D' Dy + 0x G3(—2K,D'¢ (D Dy + 2K K, ) + Ky DF¢D'¢ D'

1 , , ,
-3 (4K2 + D*¢Dyd) D'K, + 2D'¢D*¢ Dy K s + 2K, D¥¢ Dy D'9) } (2.140)

This is the desired elliptic equation for the shift vector 3°.

To fix the spatial gauge condition, we modify the gravitational evolution equation as
before, i.e. we simply replace &;; by gij = & — DVj). As mentioned before, we do not
modify the scalar equation E’¢ by the gauge-fixing terms. Hence, the scalar evolution

equation remains (2.13) and equation (2.9) is replaced by

0 = — ((9t — [ﬂ) Kij — 8XG3(Xh¢j + DZ¢DJ¢> ((9t — Eﬁ) Kd’

1
—5 (1 + 8XG2 —+ 28¢G3) D2¢DJ¢

+;0XG3 (D*¢ Dy (Di¢D;¢) — DigD;¢ DX Dy + 2D;¢ DKy K

—Di¢D;¢D ¢ Dy Ine — 8K, D¢ Dy K,y ) } (2.141)

To summarize, the Cauchy problem for cubic Horndeski theories can be formulated
as follows. Consider initial data h;;, o, ', ¢ € H* and K;;, Ky € H* (s > )7 that
satisfies the Hamiltonian and momentum constraints. Then the system of equations to
be solved consists of the evolution equations (2.7), (2.8), (2.13) and (2.141), together

with the elliptic equations (2.136), (2.140).

"Since the scalar evolution equation (2.13) is not quasilinear, we require more regular initial data
than in the case of vacuum GR.
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2.A.3 Constraint propagation

In this section we explain how to derive the equations describing the propagation of
the gauge conditions and the original constraints from the gauge-fixed equations of
motion. As described in the previous section, we use g@j =& — DV = 0 as the
gravitational evolution equation. Following the argument started in section 2.2.2, we

set gij =0, E’¢ = 0 and switch to the new variables

F=K+f—s(xt), (2.142a)
V, =V, (2.142b)
H=2H - D"V, (2.142¢)
and
M, = 2M,; — D;F. (2.142d)

We have the following system of homogeneous linear evolution equations
(0, — L3)F = ol (2.143a)

(O — L) Vi = oM, (2.143b)

(0, — Ls)H = 20KH + D'aM, + 20DV ) K
+V’D; (aK) + aD'D;F + 2D;aD'F
+20x Gy K, (DiJjDigzﬁquzﬁ + AR

+ 8DV, K2 4 2K,NL, D' + 2K¢Di¢DiF) (2.143¢)

(0, — L3) M; = aKM,; + aKD,F + D;aH
+2D7aDV ;) + o (D*DyJ; + Ryyd)
_ GXGgDiqS(DijD’“qSngb + AAK?
+ 8DMV K2 + 2K, N, D¥ + 2K¢D’“¢DkF>. (2.143d)
The first two equations follow easily by recalling the steps we used to get the elliptic

equations (2.123¢,2.123d) from the evolution equations and the constraints. To show

that the quantities (F,J;, H, 1\7[1) remain zero during the evolution, we first note that
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it follows from equations (2.143a,2.143b) that if (F, V,;, H, M;) vanish initially then
O F = 0,V; = 0 on the initial surface. It turns out that one can obtain a simple energy
estimate for the system (2.143) without studying the characteristic equation of the

system. Consider the energy ®
1
Econstraint[zt] = 2/d3$\/ﬁ(|F|2 + |DF|2 + |V|}21
¢
v DV + JHP + |M|i>. (2.144)

Specifically, we want to show that [0;Fconstraint| < CEeonstraint fOr some constant
C(h, K, «). Clearly, the action of d; on the volume form can be bounded by a constant.
When the time derivative acts on the gauge and constraint quantities, we use (2.143)
to exchange the time derivatives. Since the energy (2.144) is invariant under spatial

diffeomorphisms, the terms involving Lie derivatives will vanish.

The nonprincipal terms can be estimated by the energy itself. For example,

(0, — Ls)[F[? = 20FA < C ([F? + |HP?) (2.145)

(0, — L3)|V]? = 2ah7V,;M; + 20 K9V, V
<C(IVE+ M) (2.146)

The potentially problematic (principal) terms are

(0, — L3)|H* ~ 2aAD'D,;F ~ —2aD'HAD,;F (2.147)

(0, — L3)|DV|? ~ 2aD;V; DM h™* bt

~ —2aD* Dy V; M, 1! (2.148)
(0, — L3)|DF > ~ 2aD;FD'H (2.149)
(0; — Ls)|M|? ~ 2aD* D, V,; M, 17" (2.150)

8The steps of the proof of constraint propagation, as well as the expression for the energy, are the
same as in [80] (Lemma 4.1.), since the extra terms entering to the equations due to the presence of a
scalar field are nonprincipal. Nevertheless, we provide a sketch of the proof for completeness.
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where ~ denotes equivalence up to principal terms and ~ denotes equivalence of the
integrands up to integration by parts. We see that the terms containing higher deriva-
tives cancel each other out, giving us the desired result. Therefore, if E.onstraint vanishes

initially, then it remains zero during the evolution as well, implying (F, V;, I:I7 1\7[2) =0.

2.A.4 Strong hyperbolicity

In this section we sketch an argument for the local well-posedness of the Cauchy
problem for the elliptic-hyperbolic system (2.7), (2.8), (2.13), (2.141), (2.136), (2.140).

We assume that the elliptic system (2.136) and (2.140) has a unique solution for any
(hij, Kij, ¢, K,) satisfying the gauge conditions and constraint equations. Here we
argue that this is the case if (i) (X, h) is a compact manifold with negative (spatial)
Ricci curvature, (ii) the fields are ¢, h;; € H®; Ky, K;; € H*' and Ga, OxGa, 905G,
OxGs € H*2 with s > 9/2 and (iii) if the Horndeski terms are small corrections to
GR, i.e. in the weakly coupled regime (see equation (2.24)). Note that the requirement

of small couplings can be translated to conditions on f:

0505, fIE* <1 k=0,1; 1=0,1
0o fIEM < 1 k=0,1
|On, fIE <1 k=0,1; (2.151)

with F = max {|RWW|1/2, V.0l |VMV,,¢|1/2} in an orthonormal basis.

To see that this is true we simply use the implicit function theorem (Theorem 4.6), the
Sobolev multiplication lemma (see e.g. Appendix I of [90]) and the results outlined in
section 2.A.1. It is easy to check that the Sobolev multiplication lemma and assumption
(ii) above imply that the operators appearing on the RHS of (2.136)-(2.140) are maps
H*® — H*2. Furthermore, at vanishing Horndeski couplings G, G'3 = 0, the Fréchet
derivative of the operator on the RHS of (2.136)-(2.140) with respect to the variables
(o, B%) is exactly the operator A of (2.126). The results of Andersson and Moncrief
reviewed in section 2.A.1 imply that this operator is an isomorphism H® — H*~2 under
assumptions (i) and (ii). Finally, the implicit function theorem tells us that there exists
an open set of Horndeski couplings Gs, G3 in a neighbourhood of Gy, G3 = 0 such that
the operator acting on («, 3) in (2.136)-(2.140) is also an isomorphism H* — H* 2.
This concludes the argument on existence and uniqueness of solutions to the elliptic
system (2.136)-(2.140).
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The discussion of the evolution equations is more cumbersome in cubic Horndeski
theories than in GR. The source of the difficulty is that in the elliptic equations (2.136)
and (2.140) we could not get rid of the second derivatives of the scalar field and
hence the lapse and the shift does not enjoy extra regularity compared to h;; as in
GR. This implies that the first derivatives of 5° appearing in the defining equation of
the extrinsic curvature (2.7) and the second derivatives of a appearing in the tensor

evolution equation (2.141) are now principal terms.

To illustrate how these terms affect the principal symbol, we transform the equations
to a more familiar form. Let us act on the evolution equations (2.7), (2.8), (2.13),
(2.141) with the "Laplacian" operator A = h¥ DD, and let us introduce the variables.

(’}/Z‘j, liij, w, k’, a, bz) = (Ahij, AKiﬁ Agb, AK¢, AO&, Aﬁl) (2152)

In the new evolution equations the derivatives of a and b* can be converted to derivatives
of the scalar field by using the derivatives of the elliptic equations (2.136), (2.140):

1
Oma = £00xGs (45 + D ¢Dyo) 0., (h70:0;0)
+20 (=0p,of — 20xG3KyD'¢) 0, (0:K 5) (2.153)

Onbt ~ —2 l@ngDiqujqb — jlaXGg (4[(3; + D%Dm) hiﬂ'] Om(0; K )

—a [(am f+ 28XG3K¢D’“¢) it — 28XG3K¢Di¢h’“’] O (010,0)

(2.154)

In the resulting system the principal terms will have the same form as in (1.75)-
(1.76) and thus we can study its characteristic equation using methods presented in
section 1.2.5. Let us denote the components of the polarization vector U (which is a

14-component column vector in this case) by
o~ qT
U= [’Yz’j,/fija@/%a}
Then the rows of the characteristic equation can be written as follows.

; (50 - 6k§k> Vi = =2k + ihz(@j)bl(g), (2.155a)



82 Well-posed formulation of cubic Horndeski theories

1 (6 — B*&) ¥ = 2k, (2.155b)
(0%

(50 -3 fk) 2Ry = —ZaxG:; (Xhij + Di¢pD;o) (50 - kak) k
2
~lelis — 26ga(6)
—0xGs ((Xhij + Di¢D;0) &)

_D*é & Dy €1 — SK 4Dy gj)/%>, (2.155¢)

A (60— ') a = BOE + C(©)9 (2155)

where the specific expressions for the functions A, B and C are quite long and unessential
for our purposes (although they can be straightforwardly computed from (2.13)), and

the expressions for a, b® are given by

a(g) = iaang (4K§)+Dk¢Dk¢)1[}

+20 (=0p,of — 20xG3KyD o) (2.156)

|€|2

b'(¢) = —2a [aXGg,Diququ—iaXGg (4K§+ Dk¢Dk¢> hu] Sy

€17
€'

a[(—@w f = 20xG3K,DF¢) 220 o +2@XG3K¢DZ¢]¢ (2.157)
h

The only property of the functions A, B and C that we need to use is that substituting
(2.155b) into (2.155d) gives (recall equation (2.21))

O (Phy)" s =0, (2.158)

Now we are ready to discuss the eigenvalues and eigenvectors solving the characteristic

equations (2.155a)-(2.155d). It follows from the upper triangular structure of the

9Solving the elliptic equations (2.136)-(2.140) for o, 8" and with fixed ¢, Ky, h;j, K;;, one obtains
a (nonlocal) map (e, 8) : (¢, K4, hij, K;;) = (o, 8). This solution map is a pseudodifferential operator
of class OP_;* whose principal symbol is given by (2.156), (2.157) (see e.g. [41,91]).
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characteristic equation (see Section 2.2) that

T

A~

bij, Rij, ¥, @}T = |, —; (n“&ff) ,;3,0,0

(2.159)

is an eigenvector of (2.155a-2.155d) with eigenvalues £ = 3°¢,+a|€|, for any symmetric

;- (Recall that &, = (8%, &+ al€]n, &) is a null vector with respect to the spacetime
metrlc.) One can easily find 6 linearly independent vectors #;;. Taking into account
the two sign choices in &F and in (2.159), this gives 12 eigenvectors: a 6-dimensional

degenerate eigenspace for both eigenvalues &5 = 5¢, & af¢],.

The remaining eigenvalues 53’ * are found by solving

(Ph)" €& =0 (2.160)

(see Section 2.2 for notation). Recall that for small couplings, €9 are distinct, nonzero

and real. The corresponding eigenvectors have the form

o A AT 1 T
[’Yij?/{ij7¢va} |:’7'Lj7 zg7 17 2 (nﬂé'u) (2]‘61)
with
4% = —0xGy(Xhyj + DipD;o) + | ﬂhaxagskD ¢D¢ &)
& 2 k
2P Ox G (4[@5 +D ¢Dk¢) (2.162)
2if; = (n"€0*) 0xGs (Xhij + DigD;o)
+2 [(—%m f = 20xG3K,D¥) féﬂé’“ +20xGs Ky Do &5 | (2.163)
h

These expressions are clearly smooth functions of ; since h;; is a positive definite

metric and &; # 0 by assumption (& has unit norm).

We can identify 3 pairs of eigenmodes that are associated with the physical degrees of
freedom. There are 2 pairs of transverse-traceless modes whose characteristic covectors
are null w.r.t g, i.e.

Zj’

1 T
~TT ~TT
i~ (ngE) a0 0} (2.164)
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with ;" satisfying ha];" = 0 and £'a];" = 0. These correspond to the two gravita-
tional degrees of freedom that propagate with the speed of light. The eigenvectors
corresponding to the scalar degree of freedom are given by (2.161)-(2.163) and their

characteristic covectors are null w.r.t. P(;,(b.

These "physical" eigenvectors satisfy the high frequency limit of the Hamiltonian and

momentum constraints

2H = — 28h74;; + 2804 + 0xGs (4K3IE[ — (DF¢ &)%) Wb = 0,

M = &k — iy — Ox G (Ko Digl€h 0 — GG K, D 6 + DigD* ¢k — AGK k) = 0
and the high frequency versions of gauge conditions

A . 1 .
Vi = A5 — §§z‘hkl%l =0
F = hij/%ij —+ aK¢f]% + (9Dk¢ffk1; =0

To summarize, we have found that the characteristic equation (see equations (2.155a-
2.155d)) has real eigenvalues and the corresponding eigenvectors are linearly independent
and have smooth dependence on &. This implies that the evolution equations are
strongly hyperbolic when the modified constraint equations have a unique solution
for arbitrary (¢, K4, h, K). In particular, this is the case in spacetimes that can be
foliated with compact slices with generalized prescribed mean curvature and negative

(spatial) Ricci curvature.



Chapter 3

Well-posed formulation of

Horndeski and Lovelock theories

In this chapter we show that the initial value problem for any weakly coupled Lovelock
and Horndeski theories is locally well-posed. The contents of this chapter are the
results of original research done in collaboration with Harvey Reall and published in

[44]. A short summary of the same results have been published in [68].

3.1 Introduction

To demonstrate that the initial value problem in Lovelock and Horndeski theories is
well-posed, we use the methods presented in section 1.2.1 and introduce a formulation

of the theories that is strongly hyperbolic at weak coupling.

As mentioned earlier, the original harmonic gauge fixing procedure does not give rise
to strongly hyperbolic equations in a general Lovelock or Horndeski theory due to
the high degree of degeneracy between different types of mode solutions [60,61]. The
approaches discussed in the previous chapter for cubic Horndeski theories provide only
a partial resolution of this issue. For example, in the BSSN formulation (section 2.3)
there is a degenerate eigenspace of zero speed modes that contain both pure gauge and
constraint-violating modes. This degeneracy cannot be removed with any the choice of
the free "gauge source' functions (i.e. the function F' in (2.60) and the functions o,
f in (2.1092)-(2.109b)). Therefore, it seems that the three formulations presented in
the previous chapter do not give rise to strongly hyperbolic equations in more general

Horndeski (and Lovelock) theories.
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The approach discussed in this chapter overcomes this problem by introducing a
modification of the usual harmonic gauge condition such that the pure gauge modes
propagate along the null cone of an auxiliary (inverse) metric g*” (instead of the null
cone of the physical metric as in the original harmonic gauge). We implement this gauge
condition by adding a gauge-fixing term to the equation of motion for the physical
metric. In this gauge-fixing term we introduce another auxiliary (inverse) metric g"”.
The effect of this is to obtain a new formulation of GR in which the pure gauge modes
propagate along the null cone of g"”, the gauge-condition violating modes propagate
along the null cone of " and the physical modes propagate along the null cone of g"”.
By choosing g*” and g"” such that these three null cones don’t intersect, we ensure that
the three different types of mode propagate with different speeds. We will show that
this formulation of GR is strongly hyperbolic. Furthermore, the degeneracy discussed
above is now absent and so, when we introduce a deformation by turning on Lovelock

or Horndeski terms, the theory remains strongly hyperbolic at weak coupling.

The chapter is organized as follows. In section 3.2 we introduce our modified harmonic
gauge formulation of vacuum GR and explain why it admits a well-posed initial value
problem. In sections 3.3 and 3.4 we extend this formulation to weakly coupled Lovelock
and Horndeski theories respectively. Section 3.5 contains further discussion, including
the implementation of our formulation in numerical relativity. The focus of this thesis
is on gravitational theories but in Appendix 3.A we show that our formulation can

also be applied to electromagnetism.

3.2 General relativity in modified harmonic gauge

3.2.1 The modified harmonic gauge equation of motion

Let g,, be the physical metric. The vacuum Einstein equation is
EM =0 (3.1)

where .
EW = RW — §R9W + Ag"” (3.2)

We introduce an auxiliary (inverse) Lorentzian metric g*” and define

H" = 57V, V" = 3T, (3.3)
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where quantities without tildes are calculated using the metric g, (so H* involves

both g,,, and §*”). Our modified harmonic gauge condition is
H' =0 (3.4)

This is a linear wave equation for z#, which admits a well-posed initial value problem
for initial data prescribed on a surface ¥ that is spacelike w.r.t. g*”. So, at least locally,
coordinates can be chosen to satisfy this gauge condition, just as for conventional

harmonic gauge [38].

Now introduce another auxiliary (inverse) Lorentzian metric §*” and define

B = B 4 B o He (3.5)
where .
P = §lrg)f — 555@#” (3.6)

Our modified harmonic gauge equation of motion is

Bl =0 (3.7)
We have three inverse metrics g"”, g** and g*”. The inverse of g"” is denoted, as usual,
by g, and index raising and lowering is always performed with g. When we need
to refer to the inverse of §* (say) we will write (§'),,. The usual harmonic gauge
formulation of GR is obtained by choosing g = gH = g"”.

We will assume that " is chosen so that the causal cone of g (in the cotangent
space) lies strictly inside the causal cone of §*¥, so that any covector that is causal w.r.t.
g" is timelike w.r.t. §*. See Fig. 3.1a. This implies that the causal cone of (§71),, (in
the tangent space) lies strictly inside the causal cone of g, (Fig. 3.1b) so any smooth
curve that is causal w.r.t. (§71),, is timelike w.r.t. g,,. This implies that any point in
the domain of dependence D(X) of a partial Cauchy surface ¥ w.r.t. g,, is also in the

domain of dependence D(X) of ¥ w.r.t. (§7*),,- In other words, D(X) € D(%).

We will also assume that g"” is chosen so that the causal cones of the three inverse
metrics form a nested set as in Fig. 3.1a, with the null cones of §*” and ¢"” lying
outside the null cone of ¢g"”. This implies that a surface ¥ that is spacelike w.r.t. g"”

is also spacelike w.r.t. §*” and g".
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In Fig 3.1 we have drawn the null cone of g"” inside that of g*” but we could also
choose it to lie outside. What is important is that these null cones do not intersect
and that they both lie outside that of g1

g#l/ gﬂll g/n/ (gil)uu (g—l)wj glﬂ’

(a) (b)

Fig. 3.1 (a) Cotangent space at a point, showing the null cones of g, g and g"”. (b)
Tangent space at a point, showing the null cones of g,,, (§7') and (§71) -

Since the causal cones of the three metrics form a nested set, there are no subtleties
with defining time orientations for the unphysical auxiliary metrics. Given a time
orientation for the physical metric g, we define the future (past) causal cone of (1),

to be the one inside the future (past) causal cone of g,, and similarly for (1),

In Appendix 3.A we explain how our modified harmonic gauge condition and gauge-
fixing procedure can also be applied to Maxwell theory, which gives a "modified Lorenz

gauge' formulation of Maxwell’s equations.

3.2.2 Propagation of the gauge condition

Our first task is to show that solutions of (3.7) are also solutions of the vacuum
Einstein equation provided that the initial data satisfies the constraint equations

and the modified harmonic gauge condition. The argument follows closely the usual

! In section 3.5 we will comment on how the latter assumption might be relaxed in numerical
relativity applications.
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argument for harmonic gauge GR [38]. Given a solution g, of (3.7) on a manifold M,

the contracted Bianchi identity gives

1
0=V, E" = iwﬁaaaﬂm ... (3.8)

mhg —

where the ellipsis denotes terms linear in first derivatives of H”. Thus the modified
harmonic gauge equation of motion implies that H* satisfies a linear wave equation
with principal symbol (1/2)§*?¢.&s. Let ¥ C M be a surface that is spacelike with
future-directed unit normal n* w.r.t. g"**. Then 3 is also spacelike w.r.t. §"” so (3.8)
admits a well-posed initial value problem for initial data H* and §**n,0,H" prescribed
on X. If H* and §"*n,0,H" vanish on ¥ then it follows from well-posedness of the
initial value problem for (3.8) that H* vanishes throughout the domain of dependence
D(X) € M. Hence (M, g) will satisfy the vacuum Einstein equation E* = 0 in D(X).
Since D(X) € D(X), it then follows that (M, g) satisfies the Einstein equation in D(X).

Now consider the initial value problem for (3.7). In GR, initial data is a triple
(%, hij, Kij) where X is a 3-manifold and, in some chart 2’ on ¥, h;; and K;; are the
components of a Riemannian metric and a symmetric tensor on . These must satisfy
the usual constraint equations of GR. We now parameterize the metric g,, in terms
of a lapse function and shift vector in the usual way, which ensures that surfaces of
constant 2% are spacelike w.r.t. g,, and hence also w.r.t. " and g". At 2" = 0 the
lapse and shift can be chosen arbitrarily. Given a choice of lapse and shift, the values
of g;; and dpgi; at z° = 0 are fixed by requiring that the surface 2° = 0 matches the

data on X, i.e., it has induced metric h;; and extrinsic curvature Kj;.

The time derivatives of the lapse and shift at 2° = 0 are fixed by requiring that H* = 0
at 2° = 0. This is possible because the equation H; = 0 has the form §%0gy; = ...
where the ellipsis denotes terms not involving dygo,. The surface 2 = 0 is spacelike
w.r.t. §* so g% # 0 hence 9ygo; can be chosen to ensure that H; = 0. The equation
Hy = 0 then has the form §%°0yggo = ... where the ellipsis is independent of 9ygoo.

Hence 0ygoo can be chosen to ensure that Hy = 0.

We have specified initial data (g,,, 90g,) at 2° = 0 that matches the initial data on X

and satisfies H* = 0 at 2° = 0. We can now identify ¥ with the surface 2° = 0.

The initial data satisfies the constraint equations of GR so E** = 0 at 2 = 0.
Evaluating the Oy components of (3.7) at z° = 0 and using the vanishing of the
tangential derivative 9; H* at 2° = 0, we obtain 9yH* = 0 at 2° = 0. Hence all first

derivatives of H* vanish at 2° = 0 so §*n,0,H" =0 on X.
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In summary, we have shown that we can choose the initial time derivative of the lapse
and shift such that H* = §""n,0,H" = 0 on X. Hence, if (M, g) is a solution of (3.7)
that matches our initial data (g, 0yg,w) on X, then g,, will then satisfy the vacuum
Einstein equation throughout D(X) C M.

For technical reasons we will explain later, we will demand that the initial lapse and
shift are chosen so that 9/9z° is timelike w.r.t. all three metrics (although this condition
may not be necessary for well-posedness). If this condition is satisfied initially then, by

continuity, it will hold in a neighbourhood of the initial surface.

3.2.3 Strong hyperbolicity

In this section we will show that the modified harmonic gauge equation of motion
(3.7) admits a well-posed initial value problem by demonstrating that (3.7) is strongly
hyperbolic. Recall (see section 1.2) that in a second order system of PDEs strong
hyperbolicity is a property of the 2nd derivative terms in the equation of motion, i.e.,

of the principal symbol.

Let &, be an arbitrary covector. The principal symbol of (3.7), acting on a symmetric
tensor ¢, is defined by the replacement 0,0, 9, — £,£.tp0 in the terms involving 2nd

derivatives. The result is
PPty = Pul§)" "t po + Par(§)""t o (3.9)

where we have decomposed the RHS into a part arising from the Einstein tensor and a
part arising from the gauge-fixing term in (3.7). The part arising from the Einstein
tensor is

Pu(&) Pty = _;g'y%v&watm + pawv&ygaﬁpﬁﬁﬁcr&tpo (3.10)

and the part arising from the gauge-fixing term is
Parp(E)M Pty = — Py M€, g% Pa®P7 Est py (3.11)
where we have defined, in analogy with (3.6),

1 ~ 1
P = 5(#gl/)ﬂ _ 5559#1/ P = 5&#@1/)13 _ §5g§uv (3.12)

«

In conventional harmonic gauge (§** = " = ¢g"”), the gauge fixing term cancels the

second term of (3.10) but this is no longer the case in our modified harmonic gauge.
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We will use indices I, .J,... to refer to a basis for symmetric tensors, i.e., we will
sometimes write ¢; instead of ¢,,. Such indices take values from 1 to N =d(d +1)/2,
where d is the spacetime dimension. We can then view P(¢) as a N x N matrix P(£)!”.
If we do this then the matrix P,(£)!” is symmetric. Since P(£) is quadratic in &, we
have

PE)" = P& (3.13)

where P77 can be read off from the above expressions. In coordinates z# = (2, x%)
we can write

P =GAY +&BY +CV (3.14)

where

Al — plI00 B! — ¢, p10i Ol = g¢; Pl (3.15)
Note that & are the components of the pull-back of &, to the surfaces of constant z°.

We can write AT = A7 + ALL ete, and the quantities with a star subscript are
symmetric matrices. As explained in section 3.2.2, we can arrange that surfaces of
constant 2° are spacelike w.r.t. ¢g"*, at least in a neighbourhood of our initial value
surface. This implies that these surfaces are also spacelike w.r.t. " and g"”. We will
show below that a covector is characteristic if, and only if, it is null w.r.t. one of these
three inverse metrics. Since dz' is timelike w.r.t. ¢g*, it is timelike w.r.t. all three
inverse metrics. It follows that dz is non-characteristic, which implies that surfaces of

constant x° are non-characteristic and hence the matrix AZ7 is invertible.

As reviewed in section 1.2, to define strong hyperbolicity we introduce a (2N) x (2N)
real matrix depending on the (real) spatial components &; of £, (as well as the spacetime

coordinates z# but we suppress this dependence):

0 I
Mi&) = ( —ATIC(&) —AT'B(&) ) (3:10)

We assume there exists a smooth Riemannian inverse metric G on surfaces of constant
2°. For example, our condition that 9/0x° is timelike implies that ¢ is positive

definite so we could choose GY = g¥. We say that & is a unit covector if GY&¢; = 1.

Recall that strong hyperbolicity is the statement that, for any (real) unit covector &;,
the matrix M (&;) admits a positive definite Hermitian symmetrizer, i.e. a matrix K (&;)
that satisfies

K(&)M(&) = M(&)TK(&). (3.17)
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The symmetrizer must also satisfy the condition that it depends smoothly on &; and
on the spacetime coordinates x* that we have suppressed above. Strong hyperbolicity
implies that M (¢;) is diagonalizable with real eigenvalues. Conversely, if M(&;) is
diagonalizable with real eigenvalues then one can construct a symmetrizer provided

the eigenvectors of M (&;) depend smoothly on the unit vector &;.

In the argument relating strong hyperbolicity to well-posedness presented in section
1.2 we assumed det M # 0 (which is equivalent to det C' # 0, which is equivalent to the
condition that a covector of the form (0,&;) is never characteristic). This is guaranteed
by our condition that 9/0x° is timelike w.r.t. all three metrics, since this implies & # 0
for any covector §, that is null w.r.t. one of the three metrics, as we will show is the

case for a characteristic covector.

We will now determine the eigenvalues and eigenvectors of M (&;). If & is an eigenvalue
of M(&;) then the eigenvalue equation reduces to the condition that the eigenvector is
of the form (t;,&tr)? where

Pt =0 (3.18)

with £, = (£,&). This equation states that £, is characteristic, with & a root of
the characteristic polynomial det P(£). This is a polynomial of degree 2V in &, hence
there are 2N (possibly degenerate) eigenvalues &, and 2N corresponding characteristic
covectors &,. Strong hyperbolicity requires that these eigenvalues are all real and (in
the case of degeneracy) that the algebraic multiplicity of each eigenvalue is equal to its

geometric multiplicity (the dimension of the space of solutions t; to (3.18)).

The contracted Bianchi identity implies, for any ¢,
Pu(£)77& =0 (3.19)

Hence contracting (3.18) with &, gives

0= PGF<§)HVPU§thG = _;(gV7§V£7>(g#5PﬂépU§5tpg) (3'20)

So the analysis splits into two cases: either (i) ]555'0‘75575,)0 =0 or (ii) §"¢.& = 0.

Case (i) is defined by
Py &5ty = 0 (3.21)

Physically, this case corresponds to a high-frequency wave with wavevector £, and

polarization ¢; that satisfies the gauge condition (3.4). The condition (3.21) implies
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Par(£)t = 0 and so (3.18) reduces to
Pu(8) " tpe =0 (3.22)

We can divide the analysis into two subcases.

Subcase (ia) is defined by ¢7°¢, &5 # 0. Equation (3.22) contains a term —59755755#“’
and all other terms have the form Y& for some Y* (depending on t), or are

proportional to g"”. It follows that ¢, must have the form
b = X&) + Y (3.23)

for some X, and c¢. Equation (3.22) now reduces to ¢ (97557559“” — 5"5”) =0soc=0.
Assuming ¢, # 0 (i.e. X, # 0), equation (3.21) now reduces to

9"k =0 (3.24)

Our requirement that the null cones of g"” and g"” do not intersect implies that this is

consistent with our starting assumption ¢g?7°¢., &5 # 0.

Since our surfaces of constant z° are spacelike w.r.t. g, (3.24) admits two real solutions
53[ which depend smoothly on &;. We write the corresponding characteristic covectors
as éj = ({NSE,&), and these are null w.r.t. g*”. The choice of £+ corresponds to this
null covector lying on either the future or past null cone of §*. Since da® is timelike
w.r.t. g" we can distinguish these two possibilities by the sign of the non-zero quantity
(dz°),g"EF = g™ €F. Our convention is that F§%&F > 0.

The corresponding eigenvectors are ¢, = X, (Mgff) where X, is an arbitrary covector.
These are "pure gauge" eigenvectors, arising from a residual gauge freedom of (3.7).
Note that in this case we have d linearly independent eigenvectors for each eigenvalue
& -
Subcase (ib) is defined by

gwjgugu =0 (325)
Since surfaces of constant 2 are spacelike w.r.t. ¢g" this equation admits two real

solutions & depending smoothly on &;. The characteristic covector is éf = (&,8),

which is null w.r.t. g**. We fix the signs as in case (ia) by demanding that F£° =



94 Well-posed formulation of Horndeski and Lovelock theories

ﬂFgo”glf > 0. The equation P,(§)t = 0 reduces to
P57 & o = 0 (3.26)

This says that the "polarization’ t,,, is transverse w.r.t. ¢"”. (Note that we should really
include a £ superscript on ¢, but we suppress this to ease the notation.) However,

the defining condition of case (i) gives
pﬁépgfgttpa =0 (327)

so the polarization is also transverse w.r.t. g*¥. In order to solve these conditions
we can introduce a basis {e, e1, e;,% = 2,...,d — 1} for the tangent space such that
(e)" = £ and e o< EF#, s0 ey and ey are both null w.r.t. g,,. The normalization of

e1, and the other (spacelike) basis vectors are chosen so that

gleg,e1) =1 g(e;e3) = 03 (3.28)

and all other inner products of basis vectors w.r.t. g vanish. Since {ff depends smoothly
on &;, our basis can be chosen to depend smoothly on &. In such a basis, equation
(3.26) reduces to tog = ty; =tz = 0. Since the null cones of g" and g"” do not intersect,
it follows that 0 # g &r&F = g''. Using this, equation (3.27) reduces to to; = 0 and

by = ()7 by = () TV (3.29)
In summary, we have shown that

top =tz =0 (3.30)

7

and all components of ¢, are determined (via (3.29)) by the traceless quantity t;;,
which has (1/2)d(d — 3) independent components. Hence, for each eigenvalue &,
tw has (1/2)d(d — 3) independent components so the corresponding eigenspace has
dimension d(d — 3)/2. This is the number of degrees of freedom of a graviton, so
these eigenvectors correspond to physical polarizations. If we choose a set of linearly
independent eigenvectors for which ¢;; is independent of &; then these eigenvectors will

depend smoothly on &;.

Case (ii) is defined by
3766, =0 (3.31)



3.2 General relativity in modified harmonic gauge 95

Since our surfaces of constant 2° are spacelike w.r.t. ", it follows that this equation
admits two real solutions fa—L We write the characteristic covector as éu = (éa—L, &) and

fix the signs as in the previous cases by requiring that {E]Ol’ff > 0.

Recall (from (3.19) and (3.20)) that (3.31) guarantees that the contraction of (3.18)
with £ is satisfied, i.e., d components of (3.18) are trivial. So (3.18) is d(d +1)/2 —d
linear equations involving the d(d + 1)/2 components of t,,. It follows that there
must exist at least d linearly independent solutions ¢, for each eigenvalue é(jf We
can see that there exist exactly d such solutions simply by counting the number of
eigenvectors we have already determined. We have 2d eigenvectors in case (ia) (d
for each eigenvalue ) and d(d — 3) eigenvectors in case (ib) (d(d — 3)/2 for each
eigenvalue &5). So we have already found d(d — 1) eigenvectors in case (i). The total
number of eigenvectors of M (&;) cannot exceed 2N = d(d 4 1) so we can have at most
2d eigenvectors in case (ii). Since we have at least d eigenvectors for each eigenvalue
{A(}—L it follows that we must have exactly d eigenvectors for each of these eigenvalues.
Since these eigenvectors are associated with characteristics that are null w.r.t. g"”, i.e.,
the same as the characteristics of (3.8), we interpret these eigenvectors as describing
'gauge-condition violating" polarizations.

We can construct these eigenvectors as follows. Since éff is null w.r.t. g"”, it is spacelike
w.r.t. g"”. We now introduce a basis {ef, e}, ..., el |} of vectors that are orthonormal
w.r.t. g,,. We choose this basis so that €} is in the direction of the spacelike vector
é *#_ This orthonormal basis can be chosen so that the basis vectors depend smoothly

on fi.z

We define indices A, B, ... to take values 0,2,3,...,d — 1. As just discussed, the
contraction of (3.18) with éff is trivial so, in our basis, only the AB components of
this equation are non-trivial. Furthermore, (3.19) implies that the only non-vanishing

components of P, (£¥)7 are P, (££)ABCD,

In this basis, a general symmetric tensor can be written as
tuw = £, X0) + tapejiel (3.32)

where the 1/ components of ¢ are proportional to the vector X, of the first term. Note
that this first term is in the kernel of P, (£%).

2To see this, start from some fixed orthonormal basis. Perform a rotation of the spatial basis
vectors so that the spatial part of éi“ is in the direction e}'. Now perform a boost in the 1-direction
to eliminate the time component of fi“. The rotation and boost will depend smoothly on &; hence
the new basis depends smoothly on &;.
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To construct the eigenvectors, let v* be an arbitrary vector. Consider the equation
P*(éj:)ABCDtCD _ paBABégzva (3.33)

We claim that this can be uniquely solved for t,5. We will show that P*(éi)ABCD has

trivial kernel and is therefore invertible. So assume that s4p belongs to this kernel, i.e.,
Pu(E5)*PPscp =0 (3.34)

This implies that, for any sy,
P& 505 = 0 (3.35)

This is the same as equation (3.22) that we encountered in case (i) and can be solved as
in subcase (ia). Using the fact that fff is non-null w.r.t. g"*, it follows from the tensorial
structure of the equation that any such s,, must have the form s,, = ¢ g,, + é(ipYa)
for some ¢ and Y,. Substituting this into (3.35) gives ¢ = 0. Hence s,, must be "pure
gauge', i.e., the only non-trivial components are s;,. In particular syp = 0 so the
kernel of P, (£¥)ABCP is trivial as claimed. Hence (3.33) can be solved uniquely for
tap. Furthermore, since the matrix on the LHS depends smoothly on &;, it follows that

the solution t4p will depend smoothly on &; and v*. We also have
Pu(E5)P7t e = PP Efne (3.36)

because both sides have vanishing contraction with éff and hence with the basis vector

€1.

Next we fix X, by requiring that
PrveTEEt = gt (3.37)

This equation can be solved uniquely for X, in terms of v* and t45. To see this, note
that the action of P#r7¢% on é(ing) is

PrrrEiee Xoy = 5 (37656 ) X (3.38)

DN | —
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On the RHS, we know that é/f is non-null w.r.t. g*” because the null cones of g*” and

" do not intersect. Hence (3.37) determines X* in terms of v* and t4p:

2

XM<U, tAB) = T .
GrIEEET

(v — PrABEE t45) (3.39)

Let t4p(v) denote the solution of (3.33) and let
tuw(v) = é(j;XV)(v, tap(v)) + tAB(v)eﬁef. (3.40)
This satisfies (3.18) because

PP ) = (PGP — PGP 1)
— paﬁﬂl/égi /UOL _ paﬁul/ég:ﬁavpaéitpg(v> _ O (341)

where we used (3.36) in the second equality and (3.37) in the third.

For every v* we have constructed a solution ¢,, of (3.18) that depends smoothly on v*
and &;. If we choose a set of d linearly independent vectors v* then the corresponding
tap are also linearly independent (using the triviality of the kernel mentioned above),
and so the resulting ¢,, are linearly independent. Thus, for each eigenvalue égt, we

have constructed a set of d linearly independent eigenvectors depending smoothly on
&

In summary, the above calculation shows that M (;) has 6 distinct eigenvalues, namely
&£, &F and éai These are all real. We have also shown that M (¢;) has a full set of 2V
linearly independent eigenvectors depending smoothly on &;. Hence we have established

that (3.7) is strongly hyperbolic.

3.3 Lovelock theories

3.3.1 Principal symbol

We define the modified harmonic gauge equation of motion of a Lovelock theory in
exactly the same way as in GR. We start from the equation of motion in the form
(1.8) and add a gauge fixing term as in (3.5) to obtain the modified harmonic gauge
equation of motion in the form (3.7), i.e.,

Bl =E" + P9 H* = 0 (3.42)
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Initial data for (3.42) consists, as in GR, of a triple (X, h,,, K,,) which must satisfy

the constraint equations arising from (1.8).

The auxiliary metrics g" and g*” are chosen in the same way as in GR and we continue
to raise/lower indices using ¢"” and g,,. The argument for the propagation of the
gauge condition is identical to GR (section 3.2.2) since it uses only the Bianchi identity

for E*, which continues to hold in Lovelock theories.

The Lovelock equation of motion is not quasilinear, i.e., it is not linear in 2nd derivatives.
We define the principal symbol as explained in section 1.2. The result can be written
as in (3.9) where the gauge-fixing term is (3.11) and the matrix P,(§) now takes the
form [59,60,92]

1
P*<€>Mypatpo = _5975§7£5P#Vp0tp0 + Pa’yuyé’ygaﬁpﬁépafzstpa

UPYAZOY...02p 1O %) _
=2 P kp Oraigatenr s par by € Ragas ™™o Rany 10z, 71720
p=>2

(3.43)

In this equation, the terms in the first line arise from the Einstein tensor and the

second line is the Lovelock contribution.

We can now explain what we mean by the theory being "weakly coupled". The Lovelock
coupling constants k, are dimensionful. "Weakly coupled" means that the spacetime
curvature is small compared to the scales defined by these constants. More precisely, it
means that the terms on the second line of (3.43) are small compared to the terms on
the first line (which don’t involve the curvature). If our initial data is such that this
assumption is satisfied then, by continuity, a solution of (3.42) arising from this data
will continue to be weakly coupled in a neighbourhood of ¥. However, the theory may
become strongly coupled when one considers evolution over larger time intervals. For
example, the theory would become strongly coupled if a curvature singularity forms.

At strong coupling, well-posedness can fail [59].

Although not quasilinear, Lovelock theories have the special property that, in any
coordinate chart, the equation of motion s linear in the second derivative w.r.t. any

given coordinate® [92,93], and this property is not affected by the gauge fixing term.

3To see this, note that the only Riemann tensor components that contain second derivatives
w.r.t. % are Rauq, and components related by antisymmetry (no summation on «). In (1.8), the
antisymmetrization over pi, ..., psp implies that at most one of these indices can take the value .
Hence there are no products of second derivatives w.r.t. z.
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So in a chart z* the modified harmonic gauge equation of motion takes the form
AIJ('I7 g, 8#97 aoaig7 8Zajg)a§gJ - FI('I7 g, a/.Lg7 a()aig7 61839) (344)

where we are using the notation of section 3.2.3 in which indices I, J,... label a
symmetric tensor so g is the physical metric. A?/ is defined in terms of P(§) as in
(3.15). The point is that the above equation is linear in 92g;. A surface of constant
2¥ is non-characteristic iff the matrix A’/ is invertible on that surface. Recall that in
GR this is guaranteed if the surface is spacelike w.r.t. ¢*, so det A’/ # 0 on such a
surface in GR. By continuity, we must also have det A’/ # (0 on a spacelike surface in

Lovelock theory provided the theory is sufficiently weakly coupled.

For non-quasilinear equations with the special property just described, the initial value
problem is well-posed for initial data prescribed on a (non-characteristic) surface of
constant x° provided that the equation of motion is strongly hyperbolic. (For more
details, see section 1.2.) Thus to establish well-posedness we just need to demonstrate
that our modified harmonic gauge Lovelock equation of motion (3.42) is strongly

hyperbolic.

3.3.2 Proof of strong hyperbolicity

Our proof follows closely the analysis (and notation) of section 3.2.3. We define the
matrices A’/ B! and C!7 in terms of the principal symbol as in (3.15) and then
define M (&;) with (3.16). We want to show that this matrix satisfies the conditions for
strong hyperbolicity reviewed in section 3.2.3. At weak coupling, this matrix will be
close to the corresponding matrix for GR. Several steps of our argument will exploit
continuity to deduce that certain features of M (¢;) are preserved when we deform from

GR to a weakly coupled Lovelock theory.

For modified harmonic gauge GR, we showed that M (&;) has 6 distinct eigenvalues. At
sufficiently weak coupling, the Lovelock terms give a small deformation of the matrix
M (&;). Since the eigenvalues of M(¢;) depend continuously on M (&;), the resulting
eigenvalues will fall into 6 groups, which (following [94]) we call the &f-group, the

&, -group etc. Note that this division is possible only at weak coupling.

At this stage we do not know that the eigenvalues of M(¢;) are real so we view
M (&;) as acting on the 2N-dimensional vector space V' of complez vectors of the form
v = (tu,t,)" where t,, and t/, are symmetric. For each eigenvalue A we can define a
"generalized eigenspace'. This is the space of vectors v satisfying (M (&) — A\)fv =0
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for some k € {1,2,...}. It corresponds to the sum of the Jordan blocks of M (¢;) that
have eigenvalue \. We then define the "total generalized eigenspace' associated to the
&5 -group as the direct sum of the generalized eigenspaces of each eigenvalue in the

&4 -group, and similarly for the other groups [94]. This gives the decomposition
V=VteVteVtev oV oV (3.45)

where V7 is the total generalized eigenspace associated to & -group etc. Note that
these spaces depend on &;. In GR these spaces are simply the eigenspaces associated

to each eigenvalue.

We define the matrix [94]

I+ = i
271

/F (M(&) — 2) (3.46)

where T't is a circle (traversed anticlockwise) in the complex z-plane that encloses
the point z = £ and is sufficiently small that only the eigenvalues of the &5 group
lie inside this circle, with all other eigenvalues lying outside this circle. The residue
theorem implies that II"™ : V' — V is a projection onto V. We can define similar
projections [T+ etc onto the other eigenspaces. Note that these projection operators
are smooth functions of &;, the background curvature, the Lovelock couplings etc. Note
that the dimension of V' is the trace of II". By continuity, this is the same for weakly
coupled Lovelock theory as for GR and similarly for the dimensions of the other spaces
in (3.45). Hence we know that V* have dimension (1/2)d(d — 3) and the other spaces

have dimension d.

Equation (3.19) is a consequence of the Bianchi identity for E#” and therefore holds
in a Lovelock theory. This implies that the argument leading to (3.20) is valid for

Lovelock theory. Thus the analysis splits into case (i) and case (ii) just as in GR.

We start by observing that the (real) "pure gauge" eigenvectors of subcase (ia) are also
eigenvectors for Lovelock theory, with the same (real) eigenvalues g(jf To see this, note
that these eigenvectors have ¢, = X (nyi), which, because of the antisymmetrization,
gives a vanishing contribution to the second line of (3.43) (with &, = é;f) Therefore the
principal symbol acts on such ¢, in exactly the same way as in GR so these eigenvectors
are the same as in GR. This shows that the spaces V* are genuine eigenspaces spanned
by these eigenvectors. We will discuss the Lovelock generalization of subcase (ib) (the

physical eigenvectors) below.
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In case (ii) the analysis proceeds similarly to GR. This case is defined by (3.31), so the
(real) eigenvalues are éa—L, exactly as in GR. To construct the eigenvectors we proceed
as in GR. The only step where the argument needs modifying is the demonstration
that the kernel of PABCD s trivial. We showed that this kernel is trivial for GR so
PABCD has non-vanishing determinant in GR. By continuity the determinant must
remain non-zero in weakly coupled Lovelock theory. Hence the kernel is trivial for
weakly coupled Lovelock theory. The rest of the argument is identical to the argument
for GR. Hence one obtains d real smooth eigenvectors for each eigenvalue foi The

spaces V* are therefore genuine eigenspaces.

It remains to discuss the "physical" eigenvalues of the ¢F-groups, which correspond to
subcase (ib) of the GR analysis. Generically the eigenvalues of the & group will be
non-degenerate, unlike the cases just discussed. Roughly speaking, this corresponds
to the fact that, in a Lovelock theory, gravitational waves with different polarizations
travel (in a non-trivial background) with different speeds [59]. We will not attempt
to construct the eigenvectors directly in this case. Instead we will construct an inner

product on V* which we will use to build a symmetrizer for M(&;).

We start by defining the matrices

B, A,
Hf =+ ( ) (3.47)
A, 0

where A, and B, are defined as in (3.15) but using P, instead of P. We use these

matrices to define a Hermitian form (, )+ on V* as follows:
(v, v®) . = vWTHEH® (3.48)

where v and v are in V=. This is Hermitian because B, and A, are real symmetric
matrices (because P, is real symmetric) so HZ is also real symmetric. We will now show
that this Hermitian form is positive definite and therefore defines an inner product. To
do this we will show that it is positive definite for GR. By continuity (of the eigenvalues
of the Hermitian form) it then follows that it is also positive definite for a weakly

coupled Lovelock theory.
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In GR, the spaces V* are genuine eigenspaces with eigenvalue &£, which implies that
we have v = (tM) ¢F)T and similarly for v®. This implies that, in GR?

(U(l)’U(Q))i — j:t,(}y)*(Qf(:)tA* + B*);wpati)?a)
= :]:tELlV)* [_g()’ygfytpﬂl/po + PQOMVPavpoét:t P ’Y}LV&':EPCMOpo’} gg)

— +04(1)* purpo4(2)
= FEt,, Pt (3.49)

where in the final step we used the fact that v and v® belong to V* so t™) and ¢
satisfy the condition (3.26). Finally, evaluating this in the null basis we used to discuss
case (ib) above, and using (3.29) and (3.30) we obtain

(v, v@); = FD 1 (3.50)
Since 1y, is determined in terms of ¢;;: by (3.29), and FEX0 > 0, this is indeed a positive

definite Hermitian form on V*. Having established this for GR, the result then follows
for a weakly coupled Lovelock theory by continuity.

Our next task is to show that the eigenvalues belonging to the && groups are real.
Consider two eigenvalues f(()l) and 582) belonging to the & -group, with corresponding
eigenvectors v = (W, V)T and v@ = (1@ ¢Pt@)T. The eigenvalues and
eigenvectors may be complex. Since these eigenvectors belong to case (i) they satisfy

the condition

I
Pyt = 0 (3.51)
where 5§ = (& (1) ,&), and similarly for ). We now have

Hvpo
(6" = &) oWTHFo® = D (e - &7%) A+ (Y — &) B 42
nvpo
= 0 [P(eM) = Pu(e)] T 1
o 2 1 vpo 1 2 vpo (2
— 4 )p*(g())upt()_t( 1P, (£@)mroy @)

uv uv
o 2 1 vpo ¢! vpoy(2)
= tQPEWyrrrl) — PPl =0 (3.52)

The second equality uses the definition of A, and B,, the third equality uses the
symmetry of P,. The fourth equality follows from (3.51) which implies that ¢() is in
the kernel of Pgp(¢™)) and similarly for ¢?). The final equality follows from (3.18).

Assume that the & -group contains an eigenvalue &, with Im(&;) # 0 and corresponding

eigenvector v (belonging to V). Since M(¢;) is real, it follows that & is also an

4Note that we use * to denote a complex conjugate, which is different from the label x on A, etc.
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eigenvalue, with eigenvector v*. We now set 551) =&, v =o*, 582) =& and v® =y
to deduce from the above that
v H v =0 (3.53)

ie. (v,v); = 0. But we have already seen that (,) is positive definite in V' and
so this equation implies that v = 0, a contradiction. Hence the eigenvalues in the

& -group are all real and similarly for the & group.

Finally we need to show that M (E;) is diagonalizable. Note that we have already
constructed d eigenvectors in each of the spaces VE and V. So we just need to show
that M(¢;) is diagonalizable in V*. To do this we need more information about the

elements of V*. Note in particular that a general element of V* is not an eigenvector,

unlike the case of GR.

Consider the left eigenvectors of M (;). The left eigenvalues of a matrix are the same as

its right eigenvalues. A simple calculation reveals that a left eigenvector with eigenvalue

&o has the form
B A
w = (s1,8087) ( A0 ) (3.54)

where

SuuP(f)W'w =0 (355)

A family of left eigenvectors with eigenvalue é(jf is obtained by choosing
S = X5 (3.56)

Now, from the Jordan canonical form of M(¢;) it follows that a vector v = (t7,t}) in
any of the spaces V', V=, VT or V= must be orthogonal to these left eigenvectors in
the sense that

0=wv=s, (B + &TA)WW tpo + S AP, (3.57)

Since X, is arbitrary, this implies

0=¢5(B+étA

pvpo & vpo
) e + EE A (3.58)

This expression has to hold for both sign choices . Note that it is quadratic in égt
We can eliminate (£5)? using the defining equation (3.31), to obtain

EERM 4+ S =0 (3.59)
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where
—1 . .
R = =2(g%)  gUGA Ly + BIO 4 G AV, 4 AP (3.60)

and
-1 .. . .
S = —(8%)  9UGEA e + GBIy + AN, (3.61)

(Recall that §% # 0 because our surfaces of constant 2 are spacelike w.r.t. ¢"” and
hence spacelike w.r.t. §#*.) Since & # & , this implies that the vector (¢7,#}) must
obey

R =8"=0 (3.62)

We can simplify the expression for R* as follows. Equating coefficients of different

powers of &, in (3.19) gives
Ao — £ AMPT 4 oo — & Bl 4 CHOP7 — () &ECHPT = (0 (3.63)

It follows that R* depends only on the gauge-fixing term Pgr. A calculation now gives

1 ~ D ipo D Opo
R = 239" (PGt + P51, (3.64)
and so R* = 0 implies
B &t po + P37t = 0 (3.65)

(As a check, note that this equation is satisfied by the eigenvectors in V* and V* since
these have t,, = {ot,», Where & is the eigenvalue and ¢, satisfies (3.51).) Using this
result, one can show that the gauge-fixing terms cancel out in S*. However we will not
need to consider S*.

We have shown that any vector in V* or V* must satisfy (3.65). Consider now the
possibility that M (&;) is not diagonalizable in V', which means that there is a non-trivial
Jordan block associated to an eigenvalue &, belonging to the & group. This implies that
there is a vector w € V1 such that (M (&) — &)?*w = 0 but (M(&) — &)w # 0. Hence

(M (&) — &)w is an eigenvector (in V) with eigenvalue &. Writing w = (uz, u})” this

U t
wor-o(2)-(4,) o

means
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for some t,,, satisfying the characteristic condition (3.18) and the defining condition of
case (i)

P78t =0 (3.67)

Writing out the components of (3.66) gives

U;J,I/ = fOU;w + tp,u (368)
and
PP upy = —(260A + B)"77t 55 (3.69)
Since the vector (ur,u}) belongs to VT, it must satisfy the constraint (3.65). This
gives
P57y + Pty = 0 (3.70)
Now write (3.69) as
P*(ﬁ)u = _PGF(f)U - <2§0AGF + BGF>t - (25014* + B*>t. (371)

Using (3.70) and (3.67) we find that

— [Par(&)u + (2§0Acr + Ber)t]"” = paéwéépmpgfvupa + Paéwfaf)ao’mtpa
+BOw g,
= PP t,, =0, (3.72)

i.e. the gauge-fixing terms all cancel on the RHS of (3.71), leaving
p*(g)uupaupa = _(25014* + B*);wpatpg‘ (373)

Now contract this equation with ¢}, (the complex conjugate of ¢,,). Since P, is
symmetric we can write the LHS as uP,(£)t* and this vanishes because P,(£)t* =
(P(&)t)* = (P(&)t)* = 0 using the fact that ¢ satisfies (3.67). So we are left with

0 = 1%, (26 A, + B 1,5 = (v,0) (3.74)

where v = (t;,&ot;) is the eigenvector. But we showed earlier that (, ), is positive
definite. So we must have v = 0, which is a contradiction. Hence our assumption that

there exists a non-trivial Jordan block must be false. Therefore M (§;) must be diago-
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nalizable within V*. A similar argument demonstrates that M (&;) is diagonalizable
within V.

We have now proved that M (§;) is diagonalizable with real eigenvalues. Since M (¢;) is
real; this implies that we can choose the eigenvectors to be real. Our final task is to
construct a symmetrizer. Note that the eigenvalues associated to V* are generically
distinct and have non-trivial dependence on the Riemann tensor and ¢; [59]. However,
as &; is varied, the eigenvalues might cross and if this happens then the eigenvectors
might not be smooth functions of & [94]. This means that the standard choice of a
symmetrizer in the subspaces VV* might not be smooth in &;, so the definition of strong
hyperbolicity would not be satisfied. However, one can easily overcome this difficulty.
Given two eigenvectors vV and v® in V* with respective eigenvalues 5(()1) and 5((]2) we

have
oW (MTHE — HEM) o = (6 - 67) v HE0® =0 (3.75)

where the final equality is (3.52). Since the eigenvectors form a basis for V=, it follows
that HF is a symmetrizer for M(&;) within V*. Crucially, HX depends smoothly on &;.
We now construct a symmetrizer for M (§;) within V' as a block diagonal matrix where
the blocks associated to V* and V* are constructed from the (smooth) eigenvectors in
the usual way, and the blocks associated to V* are equal to HE. More explicitly, let
{vi, ..., chl[(d73)/2} be a smooth basis for V* and let {o{, ..., 97} and {o7, ..., 05 } denote
the smooth eigenvectors (constructed above) in V* and V* respectively. Furthermore,

let S be the matrix whose columns are these (real) basis vectors. Then M (¢;) can be

written as
=t 0 0 0 0 0
0 &I, 0 0 0 0
0 0 &I, 0 0 0
M) =S S0 la B S (3.76)
0 0 0 = 0 0
0 0 0 0 &I, 0
0o 0 0 0 0 &l
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where Z* are d(d — 3)/2 x d(d — 3)/2 matrices and I; is the d x d unit matrix. Our

proposal for the symmetrizer can also be written in a decomposed form as

HEf 0 0 0 0 0
0 I, 0 0 0 0
] 0 0 I, 0 0 0
K(&) = (571 St 3.77
(€)<) 0 0 0 H- 0 0 (377)
0O 0 0 0 I 0
0O 0 0 0 0 Iy

where HE are the d(d — 3)/2 x d(d — 3)/2 matrices whose elements are (A, B =
1,2,...,d(d —3)/2)

(HE),, = (v3) HEo (3.78)

The matrix given by (3.77) then clearly satisfies (3.17) and therefore it is indeed a
symmetrizer. Moreover, as explained above, it depends smoothly on &;. This concludes

the proof of strong hyperbolicity.

3.4 Horndeski theories

In this section, we will analyze the hyperbolicity of the equations of motion of weakly
coupled Horndeski theories in modified harmonic gauge. Our discussion uses similar

ideas to the Lovelock case so to avoid repetition, we will merely point out the differences.

3.4.1 Principal symbol

The action for a general Horndeski theory is given by (1.9). As mentioned, we could
absorb the terms in £; into other terms; the reason we do not do this is that we want

to regard a weakly coupled Horndeski theory as a small deformation of GR.

Variation of (1.9) w.r.t. the metric and scalar field yields the equations of motion

1 65 1 98
B = —16nG—— =0, Ey=—-16nG——— =0 3.79
vV —9g 5guu ? vV —3g 5¢ ( )

The explicit form of these equations for the most general Horndeski theory can be

found in e.g. Appendix A of [61].

Our modified harmonic gauge equations of motion are defined in exactly the same

way as in GR and for Lovelock theories. We introduce the two auxiliary (inverse)
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metrics g and g satisfying the same conditions as in section 3.2.1. The gravitational
equation of motion is modified as in equation (3.5) and the scalar equation is left
unchanged, so the equations of motion are

Bl =E" + P, 9sH* = 0 (3.80)

and
E; =0. (3.81)

Initial data for Horndeski theories consists of a quintuple (X, b, K., ®, ¥) where h,,
and K, correspond to the induced metric and extrinsic curvature tensor of 3, and @,
U to the values of ¢ and its normal derivative on Y. The equations E#**n, = 0 contain
no second time derivatives of ¢ and g so they are constraint equations that the initial

data must satisfy.

The diffeomorphism invariance of the action implies that, for any g,, and ¢, we have

the generalized Bianchi identity
VHE,, — E4V,¢ = 0. (3.82)

Since there are no gauge fixing terms in the scalar equation of motion, this identity
implies that the equation describing the propagation of the gauge condition H* remains
the same as in GR, i.e., the deformed harmonic gauge equations of motion implies
that H* satisfies (3.8). Thus if H* and its normal derivative vanish on ¥ then H* will
vanish throughout D(X), as in section 3.2.2.

To construct initial data for (3.80), (3.81) we proceed as in section 3.2.2, writing the
metric in terms of the lapse and shift to ensure that the surface 2° = 0 is spacelike
w.r.t. g*¥. The time derivative of the lapse and shift are chosen to ensure that H* =0
at 2° = 0 and the constraint equations then imply that the derivative of H# vanishes
at 20 = 0 as in section 3.2.2. Hence H" vanishes throughout D(X) and so the resulting
solution of (3.80) and (3.81) is also a solution of the original Horndeski equations of
motion in D(X) and hence also in D(X).

A general Horndeski theory is not quasilinear. We define the principal symbol by
varying the equation of motion w.r.t. the second derivatives of the fields, as explained
in section 1.2. The principal symbol acts on a vector of the form 77 = (¢,,,,%)" where

t,w is symmetric. The space of such vectors is 11-dimensional so indices I, J, ... take
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values from 1 to 11. We label the different blocks of the principal symbol as follows:

Pag(E)M777 Pog(E)™
P 1J _ PIJyé — 99 g ) 3.83
© ot ( Pasl” Poslé) ) 359
In other words:
ng(f)wpgt o+ quﬁ(f)“yw
PEIT, = P ) 3.84
A ( Pa ()t + P (£ ) (854

We decompose the principal symbol as in (3.9) into a part P, coming from (3.79) and

a part Pgr coming from the gauge fixing term. The former can be written

1J _ ng*(f)lwpa Pg(b*(f)w
P _( Pop € Poonlt) ) (35)

where the 11 x 11 matrix P, (£)!7 is symmetric because the equations of motion (without

gauge-fixing) are obtained from an action [60]. In particular we have

Poor (€)™ = Poge(E)™ (3.86)

The contribution of the gauge-fixing term to the principal symbol is

(3.87)

—p e gaﬂpﬁéw& 0
P 1Jj _ Y

It is useful to split P, into the sum of two terms corresponding to the contributions
from the Einstein-scalar field Lagrangian £, and the Horndeski terms £; with ¢ > 2
respectively:

PO =P + 0P (3.88)

where the Einstein-scalar-field part is

(3.89)

PESf(g)IJ _ _%g’yégvgépuypg + Pa’wl/é”ygaﬁpﬁ&pag& 0 ‘
i 0 _9765756

The form of the Horndeski terms 6P, (£)!/ can be found in Appendix B of [61]. As
in the case of Lovelock theories, we define "weak coupling" to mean that 6P, (&) is
small compared to PE{(£)!/. This will be the case if the Riemann tensor and first and
second derivatives of the scalar field are small compared to any length scales defined

by the (dimensionful) Horndeski coupling functions G;(¢, X) and their derivatives
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w.r.t. X. As in the Lovelock case, if the initial data is chosen so that the theory is
weakly coupled initially then, by continuity, the resulting solution will remain weakly
coupled at least for a small time. But the theory may become strongly coupled over a
longer time, in which case even weak hyperbolicity of the equations of motion may fail
[60,62—64].

The equations of motion of a generic Horndeski theory are not quasilinear but they
have the same special structure as Lovelock theories, i.e., in any chart, they are linear
in second derivatives w.r.t. any given coordinate®, and this property is not affected by
the gauge fixing term. Hence, in a chart 2 = (2%, 2%), the modified harmonic gauge

equation of motion can be written as
A (z,u,0,u, gy, 0;0;u)guy = F' (2, u, 0,u, dodiu, 9;0;u) (3.90)

with ur = (g, @) and A’ is defined in terms of P’/ as in (3.15). So the equations are
linear in the second time derivatives of the fields. In Einstein-scalar-field theory, the
matrix A’/ is invertible on surfaces of constant 2° provided such surfaces are spacelike,
i.e., spacelike surfaces are non-characteristic. By continuity, a spacelike hypersurface
remain non-characteristic for a sufficiently weakly coupled Horndeski theory. Therefore,
if we can show that the system (3.80)-(3.81) is strongly hyperbolic then the results
reviewed in section 1.2 will apply and local well-posedness of the initial value problem
for weakly coupled Horndeski theories would be established.

3.4.2 Proof of strong hyperbolicity

Using a coordinate system x# = (2°, %), the 11 x 11 matrices A/, B!/, C1/ are defined
by (3.15). To analyze the hyperbolicity of the equations of motion (3.80)-(3.81), we
must study the eigenvalue problem of the 22 x 22 matrix M (&;) defined by equation
(3.16), where &; is a real covector with unit norm w.r.t. an arbitrary smooth (inverse)
Riemannian metric G¥ defined on surfaces of constant zV. This matrix acts on the
22-dimensional vector space V' of complex vectors of the form v = (T7,T))T with

T = (tw,¥)", T; = (t],,,¢")". An eigenvector corresponding to an eigenvalue & has

>This can be seen from the equations of motion written out in Appendix A of Ref. [61]. Second
derivatives w.r.t. * appear only in the Riemann tensor component Ry, (0r components related by
antisymmetry) and in V,V,¢. Non-quasilinear terms all have antisymmetrizations which prevent
two indices ¢; (in the equations of [61]) being equal to o and hence products of second derivative w.r.t.
x® do not appear.
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the form (17, &T;)T where T} satisfies
PO, =0 (3.91)

with £, = (£, &), ie., £, is characteristic with associated "polarization" 77.

We start by considering Einstein-scalar field theory. If &, is an eigenvalue for vacuum
GR, with eigenvector (¢,,,&t,,)" then & is also an eigenvalue for Einstein-scalar-field
theory with eigenvector (17, &Ty)" where Ty = (t,,,0)" (i.e. Ty has ¢ = 0). This gives
us "pure gauge' eigenvalues 53[ and "gauge-condition violating" eigenvalues é(jf, each
with 4 eigenvectors, and "physical' eigenvalues &5, each with 2 eigenvectors. A further
physical eigenvector with eigenvalue &5 is obtained by setting tu = 0and ¢ = 1. Thus
for each physical eigenvalue & there are 3 eigenvectors, corresponding to 2 graviton
polarizations and 1 scalar field polarization. The eigenvalues are all real, the total
number of eigenvectors is 22, and the eigenvectors depend smoothly on &;. Hence
our modified harmonic gauge formulation of Einstein-scalar field theory is strongly
hyperbolic.

Now we consider a weakly coupled Horndeski theory. Just as for a weakly coupled
Lovelock theory, continuity of the eigenvalues implies that the eigenvalues of M (&;) for

weakly coupled Horndeski theories can be split into 6 groups. The decomposition
V=VteViteVteVv oV oV- (3.92)

into total generalized eigenspaces and the definition of the corresponding projection
matrices (3.46) (that depend smoothly on ¢;, the background fields and the Horndeski
couplings) is the same as for the Lovelock case. The counting of eigenvectors for
Einstein-scalar field theory implies that the spaces V* and V* are 4-dimensional

whereas V* are 3-dimensional.

Analogously to equation (3.19), diffeomorphism invariance of the action implies that
[60]
Pogu(§)"776, =0, Pygu(§)"& = 0. (3.93)

The characteristic equation is (3.91). Writing the LHS as in (3.84), taking the con-
traction of the first row with &,, and using (3.93), we obtain equation (3.20). Hence
the analysis splits into case (i) and case (ii) just as for vacuum GR and for Lovelock

theories. For Einstein-scalar field theory we can split case (i) into subcases (ia) and
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(ib), as in GR, where the physical eigenvectors with t,, = 0 are included in subcase
(ib).

In Einstein-scalar field theory, subcase (ia) gives the "pure gauge' eigenvectors with

cigenvalues & and Ty = (é(i

Horndeski theory, with the same (real) eigenvalues g(jf So the spaces V* are genuine

X,),0)" for any X,. These are also eigenvectors for a

eigenspaces spanned by these eigenvectors. In Einstein-scalar field theory, subcase (ib)
gives the "physical" eigenvectors with eigenvalues &. We will discuss the Horndeski

generalization of these below.

Case (i) is defined by (3.31), so the (real) eigenvalues are & as in Einstein-scalar field
theory. The corresponding "gauge condition violating" eigenvectors can be constructed
similarly to the Lovelock case. One can introduce a smooth orthonormal (w.r.t. g,,)
basis adapted to éff (see the paragraphs above (3.32)) with indices A, B ... labelling
directions orthogonal to éj, which is spacelike w.r.t. g". Equation (3.93) implies that
the only non-vanishing components of ng*(éi)“ v7 and Py, (E5)" are the ABCD and

AB components respectively.

We then fix a vector v* and consider the equation

SN 24N A D BAB&E, o
Pogs(€)170 Pon(€)27) (e ) [ RSG (3.94)
Poge(£F) Pogs () (& 0

We will show that the matrix on the LHS is invertible in a weakly coupled Horndeski
theory. Consider first the case of Einstein-scalar field theory. In this case, the matrix

on the LHS is block diagonal and (sap, x) belongs to the kernel iff

ng*@:t)ABC’DSCD -0

g = 0. (3.95)

Since g”‘sfffégc # 0, we have y = 0 and the argument used in the vacuum GR case
establishes that s, = 0, so the kernel is trivial in Einstein-scalar field theory. Thus
the matrix on the LHS of (3.94) has non-vanishing determinant in Einstein-scalar field
theory. By continuity, its determinant must be non-zero for a weakly coupled Horndeski
theory. Hence this matrix is invertible. So, for each v#, this equation uniquely defines
(tap(v),¥(v)). This will depend smoothly on v*. It also depends smoothly on ¢&;
because the matrix on the LHS, and the RHS of (3.94) depend smoothly on &;.
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The rest of the argument proceeds as in GR: define X, (v) as in (3.39) and ¢,,(v) as
in (3.40). Let T;(v) = (tu(v),¥(v))”. We then have P! (£¥)T;(v) = 0. Thus for
each v* we have constructed an eigenvector. Letting v* run over a basis of 4 linearly
independent vectors gives us 4 linearly independent eigenvectors. Thus we have proved

that V* are genuine eigenspaces. The eigenvectors depend smoothly on &;.

It remains to show that the physical spaces V* are genuine eigenspaces. Following
the argument we used for Lovelock theories, we define the matrix H, by equation
(3.47) and the corresponding Hermitian form on V= by (3.48). In Einstein-scalar field
theory, V* are genuine eigenspaces (this is subcase (ib)) and we can use the null basis
introduced above equation (3.28) to show that this Hermitian form is

(v, 0®)s = 762 (24D 4 207y) . (3.96)
This is positive definite. By continuity, it remains positive definite for a weakly coupled

Horndeski theory. Hence we have shown that our Hermitian form defines an inner

product on V*.

Just as for a Lovelock theory, the defining equation of case (i), i.e. (3.51), and the
symmetry of P, imply the identity

( m _ &()2)) vWTHH @ =g (3.97)

(c.f. (3.52)) for two eigenvectors v = (TW ¢NTMNT and v@ = (7@, P T@)T
belonging to V* with respective eigenvalues f(()l) and 582). We then follow the argument
used for Lovelock theory to conclude that positive definiteness of the inner product
on V* ensures that the eigenvalues in the £F-groups are real, as in a weakly coupled

Lovelock theory.

The final step is to show that M(&;) is diagonalizable on V*. Again we follow the
argument used for Lovelock theories and consider the left eigenvectors of M (&;).
The left eigenvectors corresponding to the eigenvalue é(jf have the form (3.54) where
sp = (é(j;Xl,), 0)7, for arbitrary X,. From the Jordan decomposition of M(¢;), the
subspaces V*, V=, V* and V™~ must be orthogonal to these eigenvectors for any X,

and both choices of sign in éff For v = (T7,T})T in one of these subspaces, this implies
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that®
R = =2 (%) QUGATy 4 BT 4 ART, £ AT, =0 (3.98)

and
-1 .. : ;
SH=— (goo) §UEEGAM Ty + &BY T, + &AM T = 0 (3.99)

Similarly to the Lovelock case, writing out equation (3.93) in terms of the coefficients

ALY BI7 and C17 gives
AT =0 AT+ B =0 B+ CM =0 O =0 (3.100)

This implies that R* depends only on the principal symbol of the gauge-fixing terms,
given in (3.87). Writing Ty = (t.,, )" and T} = (t],,,¢’)", the expression for R*
reduces to .

RM — _§g00gu5 (Pﬁlpggitpg + PBOPJt;U) ) (3101)

Therefore any vector in V* (or VF) must satisfy

pgipgfitpg + pﬁomtlpa = 0. (3.102)

The proof of the diagonalizability of M (&;) in V* is the same as for a weakly coupled
Lovelock theory. Assume that there exists a non-trivial Jordan block in V' with
corresponding eigenvalue &. Then there must be a vector w = (U, Uj)T € VT such
that (M (&;) — & )w # 0 is an eigenvector v = (T7,&T7) € VT with eigenvalue &y. This
is equivalent to the equations

U, = &U; +T; (3.103)

and

P)"U; = —(26%A+ B)"'T;. (3.104)

where T} satisfies (3.91) and if we write T; = (¢,,,) then t,, satisfies (3.21) (the

defining condition of case (i)).

Decomposing (3.104) into the contributions of P, and Pgr as in (3.71), it can be shown
that the gauge fixing terms cancel each other out. To see this, we note that the vector

w = (U, Up) lies in V' so it is subject to the constraint (3.102). Since the only nonzero

6Recall that indices I,J,... label vectors of the form Ty = (t,,,,%)T where t,,, is symmetric. A*07
means the I = (p0) component of A’ i.e., the component corresponding to t0-
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components of Pgr are Pgr(£)**?, a calculation identical to (3.72) establishes
Par(§) Uy = —(26Acr + Bar)"'T). (3.105)
Contraction of the remaining terms in (3.104) with 7} gives
TP (67U, = —T7 (26 A, + BT = (v,v),. (3.106)

The symmetry of P, implies that the LHS can be written as UP, T* = U(P,T)*, which
vanishes because P, T = PT = 0 using the fact that t,, obeys (3.21) and 7} obeys
(3.91). Since the inner product on the RHS of (3.106) is positive definite, it follows
that v = 0, which is a contradiction. Hence, M (¢;) does not admit a non-trivial Jordan
block in VT, i.e., M(§) is diagonalizable in V*. The diagonalizability of M (&;) in V'~

follows similarly.

Since M (&;) has a basis of eigenvectors on the spaces V=, it follows from the identity
(3.97) that H, is a symmetrizer on V. The definition of H, shows that this symmetrizer
is a smooth function of & (even if the eigenvectors are not”). A symmetrizer on V
is now constructed from the (smooth) eigenvectors on V= and V= and the (smooth)

inner product H, on V¥, just as for a weakly coupled Lovelock theory.

This concludes the proof of strong hyperbolicity for weakly coupled Horndeski theories.

3.5 Discussion

3.5.1 Application to numerical relativity

Our modified harmonic gauge equations of motion involve two auxiliary Lorentzian
inverse metrics g and g"” as well as the physical inverse metric g*¥. The only
conditions that we have imposed on these inverse metrics is that their causal cones
should form a nested set as in Fig. 3.1. Our reasons for imposing these restrictions on
the null cones are threefold: (i) we can ensure that our initial surface is spacelike w.r.t.
all three metrics simultaneously; (ii) our proof of strong hyperbolicity of the gauge
fixed equations requires that the null cones of the three metrics do not intersect; (iii)
in GR our assumption that ¢ has the innermost null cone (in the cotangent space),

and hence g, has the outermost null cone (in the tangent space), implies that the

"As for a Lovelock theory, the physical eigenvectors may exhibit non-smoothness as a function of
& at values of & for which two or more physical eigenvalues are degenerate.
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causal properties of the gauge fixed equations of motion are determined by the physical

metric rather than either of the auxiliary metrics.

Clearly there is considerable freedom in how we choose these metrics. A method that
might be useful in numerical applications is as follows. Let n, be a unit (w.r.t. g"”)

normal to surfaces of constant z°. We now choose

g = g" — antn” g = g™ — bntn”. (3.107)
Our assumptions about the causal cones of the three metrics require that the functions

a(x) and b(x) satisfy
0 < a(z) < b(x) or 0 <b(z) < a(x). (3.108)

This ensures that the null cones are nested either as in Fig. 3.1 or as in Fig. 3.1 with
the null cones of g and ¢" interchanged. The simplest possibility would be to choose

a and b to be constants satisfying the above inequalities.

Although requirement (iii) is natural, it may not be essential for numerical relativity
simulations. If one is willing to give up (iii) then the ordering of the causal cones in
Fig. 3.1 can be changed. If we interchange the null cones of ¢g* and " in Fig. 3.1

then we have the alternative condition
—1<a(z) <0< b(x) (3.109)

where the lower bound arises from the requirement that g*” is Lorentzian. In this
case, causal properties of the gauge-fixed equation of motion will be determined by the
unphysical metric g*”, and we need to choose the initial lapse and shift to ensure that

the initial surface is spacelike w.r.t. g*”.

For a Lovelock or Horndeski theory, strong hyperbolicity requires that the physical
characteristics do not intersect the null cones of g and ¢*”, which will be the case at
sufficiently weak coupling for any a, b satisfying (3.108) or (3.109). For stronger fields,
one would not want a failure of strong hyperbolicity to arise simply from having chosen
the null cones of g and §g*” too close to the null cone of g"”; so a, b should not be too
close to zero. This should ensure that a failure of strong hyperbolicity (for stronger
fields) arises from the behaviour of the physical degrees of freedom of the theory, rather
than from the gauge fixing procedure. In a numerical simulation, one could check this

by adjusting a, b to see whether this extends the time for which the simulation runs.
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Our formulation may have some advantages even for conventional GR. In numerical
relativity, it might be possible to tailor the choice of §*” and §"" to one’s needs. For
example, consider the choice (3.107) with a = /2 — 1 where « is the lapse function.
Note that (3.108) requires 2 < o < 4 whereas (3.109) allows 0 < o < 2. In this case,
the 1 = 0 component of the modified harmonic gauge condition H* = 0 gives the
so-called 1 + log slicing condition (where 8* is the shift vector, K is the trace of the

extrinsic curvature K;; = —1/2 L,h;;)
(0 — f*Op)a = —2K (3.110)

This is a popular choice of slicing due to its good singularity avoidance properties (see

e.g. [84] and the references therein).

As in conventional harmonic gauge, one has the option to introduce suitable source

functions F*(x) and impose the generalized modified harmonic gauge condition
H'" = —gTh, — F¥(z) = 0. (3.111)

Finally, the growth of numerical errors may be dealt with in the usual way [89], i.e. by
adding lower order homogeneous gauge fixing terms so that the equation of motion for

the metric becomes
EM 4+ PP s HY — Ky (nPHY + n"H" + Ky n®H, g*) = 0 (3.112)

where the constants k1, k9 are chosen so that constraint violations are damped away

during the evolution.

3.5.2 Domain of dependence

In a Lovelock or Horndeski theory, the "physical" characteristic covectors (i.e. those
associated to V*) are generically non-null w.r.t. ¢", with some of them spacelike and
others timelike. (Some explicit examples have been studied in [59].) This means that
causal properties of the theory are not determined by the null cone of g,,,. We will now
discuss, in qualitative terms, the implications of this for the domain of dependence
properties of these theories. We assume that the causal cones of the three metrics are

related as in Fig. 3.1.

Let (M, g) be a spacetime satisfying the modified harmonic gauge Lovelock or Horndeski

equation(s) of motion and the weakly coupled assumption. Let ¥ C M be an initial
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data surface, i.e., 3 is spacelike w.r.t. ¢ and is therefore non-characteristic (for
sufficiently weak coupling, as explained above). Assume that the constraint equations
and the harmonic gauge condition are satisfied on 3. Then, as explained above, g,

will satisfy the original Lovelock/Horndeski equation(s) of motion in D(X) C M.

Now let 2 be a connected open subset of . We define the domain of dependence
of €, denoted D(2), to be the region of spacetime in which the solution does not
change if we vary the initial data on X\(2, keeping the data on Q fixed. Strong
hyperbolicity guarantees local well-posedness, which ensures that the solution is unique
in a neighbourhood of Q so D(2) is non-empty. We define the Cauchy horizon of 2,
denoted H(€2) to be the boundary of D(2) in M. This will have two components:
the future and past Cauchy horizons H*(2). We expect these to be the "innermost
ingoing" characteristic hypersurfaces of (3.42) emanating from, and tangential to, 052,
the boundary of .8

In modified harmonic gauge GR (or Einstein-scalar field theory), there are three types
of characteristic surface, namely surfaces that are null w.r.t. one of the three inverse
metrics. The ordering of the null cones assumed in Fig. 3.1 implies that D(€) c D(Q)
and D(Q) € D(Q), so it follows that the innermost ingoing characteristic hypersurface
is null w.r.t. ¢ and so D(2) = D(Q2), the domain of dependence defined w.r.t. the

physical metric. So we have recovered the usual domain of dependence property of GR.

In a weakly coupled modified harmonic gauge Lovelock/Horndeski theory, a charac-
teristic surface is either null w.r.t. g"” or w.r.t. g*” or its normal covector is associ-
ated to an eigenvector belonging to the "physical" space V*. Generically, we expect
N = (1/2)d(d — 3) distinct eigenvectors in each of V* and so generically there will be
N "physical" ingoing characteristic surfaces emanating from 0€2. At weak coupling,
the covectors normal to these surfaces will be timelike w.r.t. " and " (since this is
the case in GR), which implies that these physical characteristic surfaces are spacelike
(i.e. "superluminal") w.r.t. g" and g"”. Thus the Cauchy horizon of {2 will be one of
these physical characteristic surfaces rather than one of the unphysical characteristic

surfaces that is null w.r.t. g"” or g .

We expect that, generically, this innermost ingoing physical characteristic surface will
be spacelike also w.r.t. g"” (as for the examples in [59]). Thus generically we expect

the Cauchy horizon of €2 to be spacelike w.r.t. the physical metric g**. It would be

8See Ref. [95] for results supporting this expectation for the case of a quasilinear strongly hyperbolic
system.



3.A Maxwell theory in modified Lorenz gauge 119

interesting to study properties of this Cauchy horizon and the domain of dependence
D(Q) in more detail.

Appendix 3.A Maxwell theory in modified Lorenz
gauge

In this section we will discuss the analogue of our new formulation of GR in the simpler
setting of Maxwell theory. The presentation follows closely our discussion of modified

harmonic gauge GR in section 3.2.

3.A.1 Equation of motion

The vacuum Maxwell equations for the (antisymmetric) electromagnetic field tensor

F" on a globally hyperbolic (d dimensional) spacetime (M, g) are

EF =0 (3.113)
with
Et =V, ,F* (3.114)
and the Bianchi identity for F’
VipFuw =0 (3.115)

which implies that F},, can be written (locally) as the exterior derivative of a potential
1-form A:
F.,=V,A —V,A,. (3.116)

Let g" be an (inverse) Lorentzian metric on M and let
H=—-§"V3A, (3.117)
Our modified Lorenz gauge condition is then
H=0. (3.118)

We introduce another (inverse) Lorentzian metric §*” to write the gauge-fixed Maxwell

equations as

EM

e =0 (3.119)
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where E*

mLg 18 defined by

EM

mLg

— E" + §"™V,H. (3.120)

Now the gauge-fixed equations for A, can be written as

EF. = _guugpovpvoAV + gﬂpvp (gVUVUAz/> _ guﬂvp (guongy) =0 (3.121)

mLg —

In conventional Lorenz gauge ¢g"” = g"¥ = g"” and the second and third term in the
above equation cancel, leaving a simple wave equation for A. We assume that the null

cones of the three metrics are related as in Fig. 3.1.

3.A.2 Propagation of the gauge condition

To show that the gauge condition (3.118) is propagated we follow a standard argument
similar to the original Lorenz gauge case (and analogous to the harmonic gauge GR

case). We assume that we have a solution of (3.119) on M and consider the identity
V.,Et =V, V,F'" =0 (3.122)

that is a consequence of the antisymmetry of F*”. Using this we have
0=V, B, =3"V,V,HA+ (V. g")V,H (3.123)

which is a homogeneous linear wave equation for H.

Given initial data specified on a surface ¥ spacelike w.r.t. g** and hence also w.r.t. g"”
and g"”, one can impose the gauge condition H = 0 initially and then the constraint
equation n,E* = 0 (where n, is normal to the hypersurface) implies that n - 0H =0
initially. Hence, by well-posedness of (3.123), H vanishes throughout D(X) and
therefore also throughout D(X) € D(X). So any solution of (3.119) arising from initial
data satisfying the constraint equation and the gauge condition will also satisfy E* = 0
in D(X).

3.A.3 Strong hyperbolicity

The principal symbol of (3.119) acting on a covector ¢, is given by

P(EHt, = Pu(§)"t, + Par(§)"t, (3.124)
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with
P&, = —g" g6 Loty + 9" 970 E Lot (3.125)

and
Par (€)1, = =356 st (3.126)

As for GR, our task is to show that M (&;) has real eigenvalues and possesses a complete
set of eigenvectors with smooth dependence on the unit vector &. This boils down to

studying the characteristic equation

P&, = 0. (3.127)
In analogy with the GR case, for any ¢,,, we have

EPLE) = 0. (3.128)

Therefore, by considering

0 = &P ()"t = §Par(€)"t, = (§"€u&,) (3”6t (3.129)

we find that at least one of the following two cases must hold: (i) §*%¢st, = 0 or (ii)
glnfug’y = 0.

The physical interpretation of case (i) is a high-frequency wave with polarization ¢,
and wave vector ¢, that satisfies the modified Lorenz gauge condition. Case (i) can
be split into two subcases: characteristics falling into this category must have either
(ia) g"€,8 # 0 or (ib) ¢"7€,€6, = 0. An argument very similar to the one presented
in the GR case reveals that characteristics in subcase (ia) satisfy §**¢,{, = 0 which
has two real solutions for &, depending smoothly on ;. Adopting the notation used in
section 3.2.3, we shall denote these solutions by 535 The corresponding polarizations
are tlf = f'ff = (ESE, &i); these are "pure gauge" vectors associated to the residual gauge
freedom in (3.118). On the other hand, the modes of subcase (ib) have eigenvalues &
(obtained by solving ¢"*{,£, = 0 for &). The only requirement on the corresponding
eigenvectors is that they be orthogonal to & = (¢F,&) in both §* and g*’. Hence
there are d — 2 linearly independent eigenvectors in this subclass (for each sign choice
in SS—L). These can be interpreted as the physical photon polarizations. Finally, case (ii)
contains the "gauge condition violating" modes whose characteristic covectors denoted
by éff = (Aff,@) are null w.r.t. §**. For each of these covectors there is only one

corresponding eigenvector that can be found by following a similar strategy as in the
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GR case. In summary, we find that M (¢;) has 2d real eigenvalues and a complete set

of smooth and real eigenvectors which guarantees that (3.119) is strongly hyperbolic.

Strong hyperbolicity of our modified harmonic gauge formulation of GR is robust
against deformation of the theory into a weakly coupled Lovelock or Horndeski theory.
Similary, strong hyperbolicity of the above formulation of Maxwell theory should be
robust against the inclusion of small nonlinear terms, i.e., a weakly coupled theory
of nonlinear electromagnetism (with second order equations of motion). The initial
value problem for such theories has been studied by writing the equations of motion
as a first order system for the field strength tensor F},,. This system is symmetric
hyperbolic under certain conditions [96]. Our modified Lorenz gauge would provide an
alternative well-posed formulation of such theories, with equations written in terms of
the potential A, instead of the field strength.



Chapter 4

On the construction of
asymptotically flat initial data in

scalar-tensor effective field theory

The contents of this chapter are based on original research [97] submitted to Physical

Review D.

4.1 Introduction

To explore the dynamics of effective theories of gravity that modify GR, it is important
to consider another requirement related to the Cauchy problem: the possibility to
construct initial data that gives a good approximation of a realistic astrophysical system
when evolved in time. Similarly to the initial value problem, this is a mathematical
consistency problem that is also relevant for numerical simulations. In this chapter, we
investigate this problem in 40ST theories (1.5).

In general relativity, the initial data is subject to constraint equations obtained as
follows. Let X be a spacelike hypersurface in a globally hyperbolic spacetime with
(future-directed) unit normal n* and let v be the induced metric on ¥. Then the

projections

HOR = Gunt'n” =0 and MS’R = Gagna’yﬁ =0 (4.1)
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of Einstein’s equations, called the Hamiltonian and momentum constraints, contain no
second time derivatives of the metric. Similarly, in a 40ST theory (or more generally,

in a Horndeski or Lovelock theory), the projections
H=E,n'"n"=0 and M, = Eagna’yﬁ =0 (4.2)

of the gravitational equation of motion (1.6) are constraint equations: they contain no

second time derivatives of the metric and the scalar field.

It should be noted that it is possible to perform numerical simulations in a 40ST theory
without a detailed knowledge of the properties of the 40ST constraint equations. The
dynamics of binary black hole systems in a shift symmetric 40ST theory was studied
numerically in a recent work of East and Ripley [70]. They focused on the theory
with V(¢) = fi(¢) = 0 and fa(¢) = A¢ (A is a constant) which admits black hole
solutions with scalar hair. The initial data used in [70] is based on the observation
that the 40ST constraint equations (4.2) reduce to the Hamiltonian and momentum
constraints of vacuum general relativity provided that one chooses the initial values
of the scalar field and its time derivative to be zero on the entire initial data surface.
Hence one can use a general relativistic initial data for a binary black hole system
(with a trivial initial scalar field configuration) and evolve this data in time. With the
choice of couplings mentioned above, the black holes scalarize dynamically during the
evolution. Nevertheless, one may be interested in a more general class of solutions to
the constraint equations. For example, one may wish to construct initial data that is

closer to a binary system of scalarized black holes.

In general relativity there is a vast literature on the initial data problem (see e.g.
[84,90,98,99] and references therein). Most of the successful approaches, such as the
conformal transverse traceless (CTT) [100] or the conformal thin sandwich (CTS) [101]
method, are based on a conformal rescaling of certain variables. The main idea is that
the constraint equations form a system of elliptic partial differential equations (PDEs)
in some of these conformally rescaled variables, whereas other variables play the role of
freely specifiable sources ("free data"). Once a useful set of variables is identified, the
construction of initial data comes down to the following two steps. Firstly, it must be
demonstrated that under the right conditions (on the free data and the topology of the

initial slice) the elliptic equations yield a unique solution for the rest of the variables.!

I The failure of uniqueness is not necessarily a problem from a mathematical point of view, as long
as one can make a clear interpretation of what each solution represents. However, it might cause
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Secondly, the free data must be chosen such that it corresponds to an astrophysically

realistic system.

In this chapter, we address these two problems in the context of weakly coupled 40ST
theories. We apply the above mentioned two conformal methods to 40ST gravity and
rewrite the 40ST constraints in terms of the conformally rescaled variables. Since we
are mainly interested in isolated systems such as a binary black hole system, in this
chapter we shall study these elliptic equations on asymptotically Euclidean initial slices.
Although a general 40ST theory does not have as good conformal properties as GR,
the implicit function theorem (in Banach spaces) guarantees existence and uniqueness

of solutions to the conformally formulated 40ST constraints at weak coupling.

A special solution of the conformally formulated constraints of vacuum general relativity
is the Bowen-York initial data [103] (and its variations [104]) that is often used in
numerical relativity studies to construct approximate initial data for multiple boosted
and rotating black holes. The significance of the Bowen-York method is that it provides
a simple analytical solution to the momentum constraint and reduces the problem to
the numerical integration of the Hamiltonian constraint. We show that the Bowen-York
method can be generalized to 40ST theories. In this case, we find that the momentum
constraint can be solved exactly for the canonical momenta conjugate to the scalar field
¢ and the spatial metric 7;;. This trick reduces the problem of solving the constraints
to solving the Hamiltonian constraint and a system of algebraic equations. The role
of the extra algebraic equations is to obtain the extrinsic curvature K;; = —%ﬁn%j
and the quantity K, = —%Engb from the canonical momenta. Once again, the implicit
function theorem implies that the resulting system of equation can be solved, at least
for small couplings. In numerical relativity applications, this system can be solved

iteratively in the couplings.

The chapter is organised as follows. In Section 4.2, we describe the conformal transverse
traceless method and extend it to 40ST theories. In more detail, section 4.2.1 contains
the definition of the conformal variables used throughout this paper and the derivation
of the CTT version of the constraint equations in general relativity. Next, in section
4.2.2, we review some mathematical definitions and theorems on the well-posedness of
the boundary value problem of the CTT system for asymptotically Euclidean initial
data slices. Section 4.2.3 reviews the Bowen-York initial data for general relativity
which is based on the CTT constraint equations. The rest of Section 4.2 details the

problems (failure of convergence) in numerical simulations (see e.g. the Summary and discussion
section of [102]).
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extension of the CTT method to 40ST theories. After providing the CTT constraint
equations for the scalar-tensor theory (1.5) in section 4.2.4, we state and prove a
theorem on the well-posedness of the corresponding boundary value problem. Finally,
we conclude the discussion of the CTT approach by presenting an extension of the

Bowen-York "puncture" data to 40ST theories.

Section 4.3 is concerned with the original conformal thin sandwich method. From a
mathematical point of view, this is very similar to the CTT approach. However, the CTS
method deserves a separate treatment due to its physical significance. After reviewing
the CTS equations that gives the basis of a popular way of initial data construction, we
state the corresponding existence and uniqueness theorems on asymptotically Euclidean
manifolds both in general relativity and in 40ST theories. The section is concluded

with some remarks on numerical relativity applications.

Sometimes, an extension of the original conformal thin sandwich method (dubbed
as XCTS) is used to find initial data in numerical studies [105]. The significance of
this method is that in general relativity it provides an elegant way to construct initial
data for a binary black hole spacetime in a corotating coordinate system such that
the black holes move along quasicircular orbits. However, the mathematical theory
of the extended CTS system is more complicated than in the case of the CTT or the
original CTS methods. In particular, it is known that this system fails to have a unique
solution for certain choices of the "free data". For this reason, we merely put forward a
proposal on how to adapt the extended CTS approach to 40ST theories and we only

briefly discuss the expected properties of the resulting system.

Appendices 4.A and 4.B contain some identities that may be helpful for performing

the 3 + 1 and conformal decompositions of the 40ST equations.

4.2 The conformal transverse traceless decomposi-

tion

4.2.1 Description of the method in general relativity

In this section, we review the conformal transverse traceless (CTT) approach introduced
by York [100] to construct an asymptotically flat initial data set. Let (M, g) be a
smooth, 4-dimensional, globally hyperbolic spacetime. An initial data set is a triple
(2, 7ij, K;j) where ¥ is a smooth 3-dimensional spacelike submanifold of M, ~;; is

a Riemannian metric on ¥ and Kj; is the extrinsic curvature. If n* denotes the
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(future-directed) unit normal to ¥ then the extrinsic curvature is defined as

K;; = —;En’yij (4.3)
We say that the initial data set is asymptotically flat if it satisfies the following three
requirements. First of all, there exists a compact subset S of 3 such that ¥\ S is the
disjoint union of a finite number of open sets called ends, each of which is diffeomorphic
to the complement of a closed ball in R3. Secondly, in a suitable coordinate system
vi; — 9;; and K;; approach zero at a suitable rate (made more precise in the next
subsection) as r = Vrizi — co. Furthermore, we require that the initial data set
satisfies the constraint equations of the Einstein-matter equation (with the convention
167G = 1)

1
Gr = 5T (4.4)

with some energy-momentum tensor 7),,: the Hamiltonian constraint

H =

1J2

(RID] + 72 K, Ko, — o) = 0 (4.5)

N | —

and the momentum constraint

) g A ) 1 .
M = DK, — Spt =0, (4.6)

J1

In these equations, D is the covariant derivative associated with -, R[D] is the

corresponding Ricci scalar, o and p? are the energy and momentum densities of T},,,, i.e.

iz
o=T,n'"n", p' = T,,n"y", (4.7)
and finally,
Vi =ng (4.8)

To construct an initial data set obeying the above conditions, we follow the recipe of
York and perform a conformal transformation on the metric v, with conformal factor

1. The conformal metric will be denoted by 7:
Yij = ¢45/ij‘ (4.9)

The inverse of 7;; will be denoted by 5 so that 57 = ¢*y%. In particular, note that

7 £ Ay *~71 Henceforth, indices of tensor fields whose notations contain a tilde will
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be raised and lowered with 5% and 4;;, respectively. On the other hand, indices of

tensor fields denoted by letters without a tilde will be raised and lowered using ~.

It is useful to decompose Kj;; to a trace part and a traceless part as
9 % 1
Kij =47 A + gK%’j (4.10)

with K = 7% K;;. Using the new variables (¢, 7, A, K), the Hamiltonian constraint can

be rewritten as
L os,,  cmm 7 1 = o5 o 1 o o 1 5

This conformal version of the Hamiltonian constraint is called the Lichnerowicz equation.

One can also rewrite the momentum constraint using the new variables as
W0 A g — P Ji 2. 640 L

Here, D is the covariant derivative associated with 7, R[D] is the corresponding Ricci
scalar and we additionally introduced the conformally rescaled energy and momentum

density

Yo =yl (4.13)

There are two main reasons for choosing this particular scaling. The first one is a

0

mathematical reason: this scaling is well-suited for proofs of existence and uniqueness
of the constraint system. Secondly, it has some physical significance as well: if (g, p’)

satisfies the dominant energy condition
0 > \/Fib'pi
then so does the physical energy and momentum densities, i.e.
0 > \/Vipp?
If the matter source is a real scalar field then it is useful to define
1 % 6

in analogy with the extrinsic curvature. For a minimally coupled scalar field (theory

(1.5) with €, €2 = 0), one can express the energy and momentum densities of the scalar
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field in terms of the conformal variables
1 .
0 = 5 (WK +¢7590:00;60) + V(9) (4.15)
pt = 2 OK590,0 (4.16)

We can see that in the expression for g there are terms with different conformal scaling
and hence for a scalar field it is not necessarily beneficial to use the variable ¢ of

equation (4.13). However, p’ is York-scaled with
pl = 2K,470;¢. (4.17)

To solve the momentum constraint, York proposed a decomposition of the conformal

extrinsic curvature fl,-j to a longitudinal and transverse-traceless (TT) part
A= A8+ AY (4.18)
To make it clear, the tracelessness and the transversality of App can be expressed as
%Z@T =0 DizzliTjT =0 (4.19)

As explained below, the longitudinal piece A, can be expressed as the action of the

conformal Killing operator L on a vector field Y7, that is,
s ~ . ~ . - 2 L
Af = (LY)" = DY + D'Y' = 25 Dyy* (4.20)

The existence and uniqueness of such a decomposition hinges on the existence and
uniqueness of the solution to the equation

ALY = D;AY (4.21)

where the differential operator A; is called the conformal vector Laplacian and it can

be defined with its action on a vector field

- ) -~ - IO 1~. - . ~ . )
ALY'= Dy(LY)Y = DDY' + S D'DY7 4+ R, (4.22)

In terms of the variables (Y, 4, K), the momentum constraint is

2 1_,
ALY — §¢WJD]-K = §pl (4.23)
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We can see that the advantage of the variables (¢, 7, A, K, Y') is that the Hamiltonian
and the momentum constraints take the form of a system of four elliptic partial
differential equations consisting of (4.11) and (4.23). These equations are to be solved
for the variables (¢,Y). The rest of the variables (¥, Apr, K) play the role of sources

to be chosen freely.

In general relativity, it has been demonstrated [90] that the above procedure actually
leads to a unique asymptotically flat initial data set for a suitable choice of (7, A, K ).
In the next subsection, we review some theorems (for both vacuum gravity and gravity
minimally coupled to a scalar field) containing conditions on the free data that guarantee

the existence of a unique solution for (1, Y') with the desired regularity and asymptotic

fall-off.

4.2.2 Mathematical results in general relativity

We continue the discussion by stating some of the previous statements in a mathe-
matically more precise form (see e.g. [90] and references therein). We begin with a
brief discussion of weighted Sobolev spaces that capture the desired asymptotic fall-off

requirements. In this section, we consider initial data surfaces of n > 3 dimensions.

Given coordinates a* on the initial slice %, let o(z) = (1 + |z|?)'/? with |z| = \/d;zixd
and let 1 <p<oo,d €R, seN. Given a tensor field u of some given type on X, one

may define the weighted Sobolev norm

lullpss = Y= o™ (2)D™ul| o). (4.24)

0<|m|<s

Then we say that the weighted Sobolev space Wﬁ 5(2) is the space of tensor fields on
¥ whose norm || - ||p.ss is finite. If 3 is a 3-manifold and a tensor field v on ¥ is in
W?5(¥), then it must fall off faster than r~973/P as r — oo and similarly its derivatives
D™y must fall off faster than r—9-3/P~Iml Hence, the role of the parameter ¢ is to

provide additional information on the the asymptotic behaviour of the tensor field.

Now we can define the notion of an asymptotically Euclidean manifold endowed with

a Riemannian metric in a certain weighted Sobolev class.

Definition 4.1. An n-dimensional manifold (M, ) is said to be asymptotically Eu-

clidean of class W¥ , if
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(i) There exists a finite number of open sets { £} called ends, a compact set S and
a set of diffeomorphisms {®;} such that 3\S = U E; and ®; maps each E; to a
1

complement of a closed ball in R"™.
(ii) In each end (®77y);; — 6y € WE, with o > 2 and p > —n/p.
Requirement (ii) in the above definition captures the condition that (in asymptotically
Euclidean coordinate system) the components of the metric are v;; = 6;; + O(r=*) as
r — oo where A is an arbitrary positive real number. This is a less restrictive condition

than the usual assumption of v;; = §;; + O(r~!). In the following lemma we collect

some of the useful properties of weighted Sobolev spaces [106, 107].
Lemma 4.1. Properties of weighted Sobolev spaces.
(i) Let s > 2 + k. Then Wls(R") C C*(R™).

(it) Pointwise multiplication satisfies WP 5 (X)) x WP , (3) — WP s () provided that

51,01 52,02 53,03

53<$1+52_% and(53<(51+52+%.

Moreover, let p > 1, s > %, 0 <1< s and define
W2AE) ={f:S =R : f-1eW(E)}. (4.25)
Then pointwise multiplication induces smooth maps

Wﬁé(l, ¥) x Wf—l,&ﬂ@) — Wf—l,&ﬂ@) (4.26)
WEs(1,2) x WP 5,(1,8) = WE5,,(1,%) (4.27)

Part (i) of this lemma just tells us that a sufficiently weighted Sobolev-regular tensor
field are (k times) continuously differentiable. The rough version of the second part
of the lemma implies the following. Given a tensor field T" which is expressed as a
contraction (pointwise multiplication) of several sufficiently regular tensor fields S,
(i.e. Sy € W!, 5, (X) and sy is large enough). Then the weighted Sobolev regularity of
T is the same as that of the least regular factor Sy.

Now let us turn to the actual discussion of the conformally formulated constraint

equations and state some previous results. We start with the momentum constraint.

Theorem 4.1. Let (X,7) be a W5 asymptotically Euclidean manifold with p > %,

s> and =% <6 <n—2— . Assume that we are given Arr € WP 5(2).
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(i) Consider the case of mazimal slicing K = 0. Then the constraints decouple and

the momentum constraint has a unique solution Y € W{s(%).

it) Consider the case of nonzero K € WP >)) and suppose that we are given
s—1,6+1
v >0, Y€ Ws%(l,z). Then the momentum constraint has a unique solution
Y € Ws(%).

Next we turn to the Lichnerowicz equation which is highly nonlinear and therefore
more subtle. We specifically concentrate on the vacuum case and assume that X is
a maximal slice. Similar results hold when X has (nearly or exactly) constant mean
curvature. Before stating the theorem on the Lichnerowicz equation, we need to discuss

a topological condition on the initial data surface to ensure uniqueness.

Consider an n-dimensional asymptotically Euclidean manifold (3,v) of class W7 5(%).

We say that such a manifold is in the positive Yamabe class if the functional
. 1 ~
Lif] = /2 &z /7 [w@ f0if + SRIDIf| >0 (4.28)

is positive for every nontrivial function f of type Wy ,(X) with p > s +5-1

Interestingly, the functional I,[f] is conformally invariant in the sense that
_4
LIf]=Ly[f, Y =02y, f=07'f (4.29)

Theorem 4.2. We make the following hypotheses.
(i) Let (X,%) be an n-dimensional asymptotically Euclidean manifold of type W?;
with

n
p > 5>

> and —1+g—ﬁ<5<—2+n—ﬁ.

n

p p p
(ii) Assume that we are given App € WP 5(X) and K =0 as free data.
(7ii) Suppose that (3,7) is in the positive Yamabe class.

(iv) Finally, assume that we are given a vector field Y € W7 s(%).

Under hypotheses (i)-(iv) the Lichnerowicz equation has a unique solution v > 0 with
Y e Wis(1,%).
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Note that there are different versions of the above theorem which do not require the
data to be of the positive Yamabe class but in those cases the other conditions are

more restrictive (see [90] for a more complete account).

Consider now the case when we include a minimally coupled scalar field with nonnegative
potential V(¢) > 0. As noted in (4.15), ¢ contains terms with different conformal
scalings, introducing "bad" terms in the Lichnerowicz equation. Nevertheless, one still
has the following theorem [108].

Theorem 4.3. Let (3,7) be a 3-dimensional asymptotically Fuclidean manifold of
class Wﬁé with K =0, s > 2+ % and § > —%. We further require that

- 1 ..
RID) ~ 5779,69;6 > 0.

Then there exists an open set of values for the free data (Aprp, ¢, Ky) satisfying ¢ — doo €
W2s(X) where ¢o is the asymptotic (constant) value of the scalar field, flTT,f(d) €
WP 1 51(X) and V(¢) € W[, 5.5(X) such that the Lichnerowicz equation has a solution
Y >0 of class W/s(1,%).

It is worth pointing out that even though Theorem 4.3 allows for ¢ to have a non-zero
asymptotic value, the requirement V(¢) € W, ;,,(X) implies that we must have
V(¢eo) = 0. Of course, in general, ¢ € W[5 does not imply V(¢) € W[ , 5,5 In fact,
this condition puts an implicit constraint on V. However, it also shows that V' does

not need to be a smooth function.

Finally, we state the corresponding results for the full CTT system of constraints.
In the vacuum case, assuming K = 0, the Hamiltonian and momentum constraints

decouple so combining theorems 4.1 and 4.2 leads to

Theorem 4.4. Suppose that the hypotheses (i)-(iii) of Theorem 4.2 hold. Then the
CTT system of constraint equations ((4.11) and (4.23) with o,p = 0) admits a unique
solution 1 € W75(1,8), Y € Wl5(X) with ¢ > 0.

Similarly, in the case of gravity minimally coupled to a scalar field, we have

Theorem 4.5. Let (3,7) be a 3-dimensional asymptotically Fuclidean manifold of

class WS% with K =0, p > %, 5> 2 —1—% and 1 — % >0 > —%. Moreover, suppose

- 1 ..
RID) ~ 5779,69;6 > 0.
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Then there is an open set of values for (ATT,gb, f(¢) satisfying ¢ — ¢ € W§5(E),
Arp, Ky € WP 51(X) and V(¢) € WP 5 5.5(X) such that the conformally formulated
constraints have a solution (¢,Y") with b € W75(1,%), ¢ >0 and Y € Ws(%).

4.2.3 Bowen-York initial data in general relativity

The theorems presented in the previous section provide the mathematical underpinning
of the construction of initial data in general relativity (in vacuum and with a minimally
coupled scalar field). It remains to find a suitable choice of free data such that the
corresponding solution represents physical systems of interest. A proposal for the
choice of free data that yields a slice of a spacetime with multiple black holes (in
vacuum) was originally put forward by Bowen and York [103]. Their approach was
later modified to better suit for numerical relativity purposes, see e.g. [104]. We briefly

review this latter approach.

First of all, let the initial hypersurface ¥ be R?® with a puncture at the origin, i.e.
¥ = R*\{O}. Furthermore, consider the simple choice

Yig = 04j, K =0, AZIZT = (4.30)

and assume that we are in vacuum, i.e. 3 = 0, p* = 0. Then as shown in [103] one
can obtain the following 6-parameter family of analytical solutions to the momentum

constraint ) )
Y= —4T<7Pi + Pj@jfi)—ﬂeijksj@k (4.31)

where 2’ are the usual Euclidean coordinates on R?, r = ,/d;;z%27 is the Euclidean
distance from the origin, #° = z*/r and €¥* is the Levi-Civita tensor associated with
the flat metric. The vectors P’ and S? are to be chosen freely. The corresponding
conformal extrinsic curvature is

; 3 3
Ay(P.S) = o5 (P@j + Pyt — (15— geiaej)pk:@k> 5 (€S 8'2; + €uS"2'2:) (4.32)

Interestingly, the ADM linear momentum of this data with S* = 0 is

Plow = o / dA (K — K1)g; = P', (4.33)
Soo
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and the components of the canonical angular momentum of the solution with P* = 0
are
Ji= ;T / dA (K, — Kvyjp)él it = S° (4.34)
Soo
Note that since the momentum constraint is linear in Y and the solution (4.32) is linear
in (P,S), a linear superposition of any number of such solutions is also a solution to
the momentum constraint. More precisely, if the initial slice is R® with N punctures at

coordinate locations c'éa) then

A= |3 (pal Pl — (67 = &)y
& 27, @@+ ot (@)

3 (i ok Al i i ok Al A
T (€58t ey + €118t Far ) (4.35)
with ra) = [ —c(o)| and 2y = (:U - c(a)) /7 () is an exact solution of (4.23) (provided
that K = 0 and p' = 0). Clearly, in this case Py and S(,) represent the ADM linear

and angular momenta of the black holes in case of large separation.

Although the momentum constraint has an exact solution, the Hamiltonian constraint
is nonlinear and there is no closed formula known for the corresponding solution.
However, one can seek the solution in the form
1 N m
¢=1+ﬁ+u, =y @ (4.36)
where the parameters m(q) are called the bare masses of the punctures. The significance

of the ansatz (4.36) is that 1) is separated to two pieces: 1/u is singular at the punctures,

whereas u turns out to be regular in the entire R3.

To show that the solution for u is indeed regular, one needs to formulate an elliptic
boundary value problem for u on R3. This amounts to rewriting the Lichnerowicz
equation in terms of u and complementing it with a boundary condition at r — oco. It
is worth emphasizing that since this problem is solved for u on R3 without excising the
punctures, no interior boundary conditions are required for u. Since the flat Laplacian

annihilates 1 4+ 1/p (away from the punctures), the boundary value problem to be
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solved for u is

1. —7
A+ T Ay A9 (1 a1+ u)> —0 (4.37)
lim O, (ru) =0 (4.38)

where A is given by (4.35). The boundary condition for u guarantees that v = O(r—')

as r — oo which corresponds to the original notion of asymptotic flatness.

As discussed in [104], this elliptic boundary value problem admits a unique C? solution?
on R? (including the punctures). An important part of the proof is to observe that
(7 A;j A9 scales as |7 — c(q)| and therefore, in the elliptic equation (4.37) the nonlinear

term has a continuous prefactor.

The solution represents a compactification of N+ 1 asymptotically flat ends where each
puncture corresponds to spatial infinity. Another interesting property of the solution is
that in the post-Newtonian (PN) approximation of the two-body point mass system the
leading order contribution to the conjugate momentum is exactly of the Bowen-York
form, provided that one uses the so-called ADMTT gauge condition [109]. This means
that up to third order in the velocities (i.e. of order (v/c)?) the superposition of two
Bowen-York extrinsic curvatures represents a slowly moving binary black hole system
with large separations. Note however, that this is not true for finite P and J: in
particular, a single angular momentum source is not exactly a slice of the Kerr solution,
but rather it contains some additional junk radiation. This unphysical gravitational
wave content is significant when the separation of the black holes is not large enough
or the momenta P, J are not small enough. If one wishes to construct initial data for
a binary system with relatively small separation, moving along quasicircular orbits,
then the puncture data may not be suitable. One way to improve on the data would
be to include higher order PN corrections in the free part of the data [109]. A different
approach to construct data that represents a binary system in quasiequilibrium will
be presented later. Nevertheless, the puncture approach serves as a fairly good initial
data provided that one can afford to simulate a sufficient number of orbits so that

there is time for the junk radiation to disperse.

2Tn more detail, the solution is u € Wga(R3) withp>3and0<d<1— %. Lemma 4.1 then
guarantees that v is C?.
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4.2.4 Conformal transverse traceless decomposition for scalar-
tensor EFT

We now turn our attention to the scalar-tensor theory (1.5) and extend previous results

(reviewed in sections 4.2.1-4.2.3) to these theories.

We start by giving the constraint equations of the theory (1.5). (These equations can
also be found in e.g. [110,111] for the theory ¢; = 0.) The Hamiltonian constraint can

be written as

2H

o . , 1 1
RID) + 7 Ko =V (9) = 5(DO) = 2K3 — el i(8)X (63 + 5(Do))
_2627;1;21]2 (R[D]i1i2j1j2 + 2Ki1lei2j2) (DisDjsz((b) - 2fé<¢>K¢>K@3]3)

_ (4.30)

The momentum constraint has a particularly compact form when written in terms of

the canonical momenta:
- 1
Mi =D’ (Wij’}/il/z) — §7T¢’)/71/2Di¢ =0 (440)

where the momenta conjugate to ¢ and ~;; are given by

;(fg = —2K,(1+2¢ f1(0)X)
=265 f5(0) V5152 K (R[D]i2i3j2j3 + ;Ki2j2Ki3j3) (4.41)
and
T = i+ 22K DD (0
IO K, (RID]yi, % + 2K, Ki;‘?)] (1.4

respectively. After some algebraic manipulations, the momentum constraint can also

be written as

M = ’Y%’lleKiljl + Ky(1 4 26, f1(0)X)D'¢p

e [0 D 1o(0) = 209 (@)K (RID)o + 26,7 K »)

H (D) (DD (6) = 213K, ) b =0 (1.43)
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The next step is to follow the recipe of section 4.2.1 and write the constraint equations
(4.39)-(4.40) in terms of the variables (v, 7;;, K, A};-T, Y o, f(¢) Clearly, the form of
the CTT constraint equations is not quite as elegant as in general relativity: the terms
coming from the 4-derivative corrections have different conformal scalings. Nevertheless,
the point is that at sufficiently weak couplings, the conformally formulated constraints

will constitute a system of elliptic PDEs with a well-posed boundary value problem for

the variables (1, Y).

By weak couplings, we simply mean that for any (smooth) choice of the functions
f1, f2, there exists an open set of values for (€1, €2) in a neighborhood of (0, 0) such that
constraint equations (1.6)-(1.7) yield a solution. In particular, this typically means
that the 4-derivative corrections are small compared to the Einstein-minimally coupled

scalar terms, or in other words,

e1f1(0), e1f1(0), e2f5(0), e2f3 () < A? (4.44)

where A is any length scale defined by the Riemann tensor and the first and second

derivatives of the scalar field.

To discuss the puncture data for 40ST theories (later in sections 4.2.6 and 4.2.7), it is

useful to conformally rescale the canonical momenta. We introduce
—1/2 _ -2~ 1 ~1/2 _ —6~
iy = T+ §7T%j7 Ty =Y T, (4.45)

The momentum constraint now takes the same form as in general relativity (c.f. (4.12)),
after making the substitutions A;; — —7;, K — imand p' — — 7y Dig:

~ 1 . .. - 1 o
— DY — §¢6’N}/UD]”/T + 57677 Dj¢ =0 (4.46)

As a reference, we give the Lichnerowicz equation (Hamiltonian constraint in terms of

the conformal variables) for 40ST theories:
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0 = DD L (R[D] - 531000;6)
()

eaio) (12072 KL - 20 OR300, — 0 (90,60,0)?)
{60t DD 6) = 2Dy 0D f(0) ~ 2D, o) D
+295 7 Dy In Y Difa(@) — 207" f3(0) Ko A — gw—zf;wmmz’:]
><< 125 R[D)iy i 4+ 807 DB Db — 8¢~ 458 Dy DFep
244D Dyt — 1697272 Dy D™ + w‘*K?
—§¢—2KA;§ + 4B At AR — 2B AR AL a;g) (4.47)
Similarly, one can write the momentum constraint using the CTT variables
0 = Ay SuSIDK — Ky(1+ 20 £1(6)X) 7 D0
ey MR [D@D” fa(#) = 2Di Y D* f5(¢) — 2Dy, fo(¢) D Ine)
+29 3 D Do fo(9) = 207" f3(0) Ko Aiy ™ — §¢-2f;<¢>K¢Kv£§]
(DYA iy o ~J1¢6D3K 447 DI In g — 250 A Dy In ¢>
et [Akﬂ'D%(aﬁ) + UKD f3(0) — 0D (o) Ry)|
( V52 R[Dyy3, " + 8471 D; DIy — 8¢~ 141Dy DMy
—24¢"Dyp DIy — 160 >4 Dy D*p + 1/14K2

LUK+ wARA - wwzgm;) (.48

where one has to convert A¥ to the variables App, Y7 using (4.18)-(4.20). As explained
in the subsequent sections, despite the length and lack of elegance of the equations,

it is quite simple to extend the existence and uniqueness theorems of section 4.2.2 to
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equations (4.47)-(4.48), at least for small couplings. In particular, numerical relativists
should not be discouraged after seeing these equations: at weak coupling they can be

solved iteratively, starting from a GR solution.

4.2.5 Existence and uniqueness in scalar-tensor effective field

theories

In this section we establish a well-posedness result for the elliptic boundary value
problem of the CTT formulation of the 40ST constraints. We start by recalling the

implicit function theorem in Banach spaces (see e.g. [112]).

Theorem 4.6 (Implicit function theorem in Banach spaces). Let B,, B, and B, be
Banach spaces and let F be a C* (in the sense of Fréchet derivatives) map B, x B, — B,
such that F(xg,y0) = 0 for some (xo,y0) € By x B, and the Fréchet derivative
Y+ DyF|(wo.0)(0,y) is an isomorphism B, — B.. Then there exists a neighbourhood
Q C B, of o and a unique C* map G : Q — B, such that G(z¢) = yo and F(z,G(z)) =0
for every x € (.

It is perhaps worth going on a small detour and reviewing the main idea of the proof of
this theorem. Let us denote the Fréchet derivative (i.e. "linearization") of the functional
F at (x9,y0) by A. Note that A is a linear operator B, — B, and an isomorphism by

assumption. The equation F(z,y) = 0 can be rewritten as
Ay=R(z,y) or  y=A"R(z,y) (4.49)

with
R(z,y) = Ay — F(z,y). (4.50)

It can be shown that there is an open ball in B, centered around z, such that for a
fixed « the map A™'R(z,-) : B, — B, is a contraction map. The theorem then follows
by the Banach fixed point theorem, i.e. there is a unique solution y to the equation
y = A"'R(x,y) near yp. The practical importance of the fact that A™'R(z,y) is a
contraction map is that the equation can be solved by iterations.

To state and prove a theorem on the 40ST constraints, we need to make use of a few
standard results on elliptic operators in asymptotically Euclidean manifolds [108]. Let
(3,%) be an n-dimensional asymptotically Euclidean manifold of class W; with

n

n
n—2——>5>—2, D>
p 2

;. (4.51)
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To apply the implicit function theorem to the nonlinear 40ST constraints, one needs
to study the linearization of these equations. The first lemma will be used for the

discussion of the linearized Lichnerowicz equation.

Lemma 4.2. Consider a W ,;,, scalar function ¢ on ¥ and define the Poisson
operator
Lp:uw— ﬁkl[)kf)lu —cu

for a W75 scalar function u on . Assume furthermore that (4.51) and one of the

following two hypotheses holds
1) ¢>0 ands>2+%

2) s > 2 and for any nontrivial f € W 5(X)

/ "7 (790 f0,f +¢f?) > 0 (4.52)
>

Then the operator Lp is an isomorphism WEs(5) — W! 4 5.,(%), i.e. the unique W

solution of the equation Lpu =0 is u = 0.

A similar result will be required for the linearized momentum constraint which comes

down to a statement on the conformal vector Laplacian (4.22) [90].

Lemma 4.3. On our n-dimensional asymptotically Euclidean manifold (X,7) of class

WP, let us assume the inequalities (4.51).

(1) The kernel of the conformal Laplace operator Ay is the space of conformal Killing
vector fields of (%,7).

(2) The manifold (X,%) has no conformal Killing vector fields of class W75 under the

above assumptions. Therefore, Ay, is an isomorphism WZs(X) — WI , 5.0(2).

Of course, the initial data slice (3,%) can have e.g. smooth conformal Killing vector
fields, it is simply growth at infinity that rules out the possibility of a conformal Killing

vector field that is weighted Sobolev regular with the above requirements.

Finally, we are in the position to combine all these results to a theorem on the

conformally formulated 40ST constraints.



142 On the construction of asymptotically flat initial data in scalar-tensor EFT

Theorem 4.7. Let (X,7) be an 3-dimensional asymptotically Euclidean manifold of
type W5 with
3 3 1 3 3
P> =, §>24— and ———<i<1l— -
2 p 2 p p
Assume that we are given a solution of the C'TT Einstein-scalar-field constraint equa-
tions (o, Yo) with vy > 0 and o — 1,Yy € WI5(X) corresponding to free data
(%, K, Arp, ¢, Ky). Our hypothesis on the free data is ¢ — oo € W25(E) where ¢o is
the asymptotic (constant) value of the scalar field, V(o) € WL ,5.4(X), Arr, Ky €

Then the 40ST constraint system (4.47)-(4.48) admits a unique solution (¢¥,Y) for

sufficiently small values of €1 and ey with the same free data, provided that

(i) f1(9) = [1(deo), f2(®) — fo(doo) € WE(X) and

(ii) for every non-trivial function f € W3 (X) with p > % — % the following inequality
holds:
/ &"ev/7 (790,10 f + cf?] > 0 (4.53)
$

with

CcC =

(R[D] + Ty S A AR + 149 ° K — ;”jamajcb — 5V (cb))

ool =

The 40ST solution (1,Y") is near the Einstein-scalar-field solution in the sense of W.s

norms.

Proof. The result follows by a straightforward application of the implicit function

theorem. Take

v=(afil@)eh(9),  y=@Y), z=(Hay) Mey) (454

with

The next step is to use the Sobolev multiplication properties (Lemma 4.1) together

with the assumptions on s and 0 to check that the 40ST Hamiltonian and momentum
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constraints (4.47)-(4.48) map into
B. =W 5502(5) x Wiy 5.5(%) (4.56)
To see this, we first note that the m'™ derivatives of a tensor field of class W5 are of

class WP Taking s; =ss=s—1,83=5—2, 01 =0 =0+1and d3=0+2 in

Lemma 4.1, we find that pointwise multiplication of two tensor fields of class W[ | 5.,

m,0+m*

is of class WY 55, ,. Similarly, with s > 2+3/p and 6 > —3/p, pointwise multiplication
satisfies

Wp—2,5+2(2> X Wsp,a(z) — Wp—2,5+2(2)

S S

Wp72,5+2(2) X WS{ZMZ(Z) — Wff2,6+2(2)

s

Wp—2,5+2(2) X Wsp,é(LE) — W5—2,6+2(Z)

s

Since each term in (4.47)-(4.48) can be written as a product of terms in one of W[5,

W2 501 0t W25 5., it follows that the constraints map into B..

To apply the implicit function theorem, take the point zq € B, to be xo = (0,0)
(corresponding to vanishing EFT couplings), and yy = (¢, Yp) to be the solution of
the constraints of the ¢; = €5 = 0 theory with the given free data (which exists by
assumption). The Fréchet derivative at (xg,yo) is obtained by linearizing (4.47)-(4.48)
in the variables (¢,Y) at €; = €5 = 0. Its action on the element (0, y) with y = (d1,0Y)

is just the linear elliptic operator

(4.57)
0 Ar 5Y

MDD~ T Au(L ([
D, F(0:5,5Y) = ( VDD gy Au(L) i
Lemma 4.2 tells us that the Poisson operator ¥ Dy D, — ¢ is an isomorphism if for every
non-trivial function f € W3 ,(X) (with p > § — %) the inequality (4.53) is satisfied

which is true by assumption.

Moreover, Ay is also an isomorphism on asymptotically Euclidean manifolds due to
Lemma 4.3. Since D,F is upper triangular and the operators in the diagonals are
isomorphisms, it follows that D,F is also an isomorphism. Therefore, the assumptions

of the implicit function theorem are satisfied which concludes the proof. ]

We conclude this subsection by a short discussion of how the inequality (4.53) applies to

the construction of initial data for a binary system of black holes with scalar hair. We
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first note that if V' (¢) > 0 then the minimally coupled scalar obeys the dominant energy
condition. Furthermore, on a maximal slice R[D] = K;; K"/ 4+ 9+ 49ST corrections > 0
which implies that the metric v is in the positive Yamabe class. By virtue of the
conformal invariance of the functional I,[f] (defined in (4.28)), ¥ is also in the positive
Yamabe class. Astrophysically relevant stationary black hole solutions in a weakly
coupled 40ST theory are expected to have only a small amount of scalar hair. The
reason for this is that there are no known stable scalar hairy black hole solutions in
the €; = €5 = 0 theory. Therefore, the functional in (4.53) is expected to be positive

for scalar hairy black hole data, as well as scalar hairy black hole binary data.

4.2.6 Construction of puncture data for scalar-tensor EFT

The fact that the momentum constraint has such a simple form when written in terms of
the conjugate momenta has the remarkable consequence that one can straightforwardly
generalize the Bowen-York-type approach to a more general class of theories. The

solution to the momentum constraint with N punctures located at ¢, is given by
Vi = Oij iy =0, 7 = BY (4.58)

where the traceless Bowen-York tensor B is given by

+T (Eileéga)i'l(a).%ga) + Ejkls(ka)i‘l(a)i"éa))] (459)

with 7(0) = |2 — ¢(o)| and Z() = (x — c(a)) /7(a)- Note that we have not specified the
initial scalar field configuration yet, (4.58) is a solution regardless of what ¢(z) is.

For the moment, assume that we are given a suitably regular (specified later) initial
data for ¢. Furthermore, as in section 4.2.3, it is useful to write the conformal factor

as a sum of a singular piece and a regular piece u:

1 Y om
¢:1+ﬁ+u, =y D (4.60)



4.2 The conformal transverse traceless decomposition 145

Then, to obtain initial data for the variables u, Ky and K*; (or equivalently, for ¢, K,
/Lj, K ), one needs to solve the system of equations consisting of the elliptic PDE

_ % 1 % 1 5 ( si1%2 1 2 2
0 = 00+ $0,00'6 — 2y (5 K"K, —V(¢)—2K¢>

L0000 )

+eahi(0)” (12K - 207 K2 0,600 — |

—f—leGQ"LpS <8i38j3f2(¢) — 2813 h’lw 8j3f2( ) — 28 f2< )8j3 h’lw
250 s B fo() — 2w4f;<¢>f<¢m3j3)
X <81/1_13i38j31/) — 8Y 62 0,0" ) — 240p720% 0 Oj,0)

— 169262 01p O + 2¢45;;;;;§KJ1KJ2> (4.61)
and the set of algebraic equations (that come from the combination of (4.58), (4.41)
and (4.42))

4 , :
0 = —2K¢(1 + 2€1f1(¢)X) — gngé((ﬁ)(;“mng JlKi232Ki3J3 (462)

J1J293

JJ 73172

@D_GBij _ 5%1[( 7 + 4de, 522112 K 7 [w—4ai26j2f2(¢) — fé(¢)K¢Ki2j2
—200" 20k fo () (55263'2 Inv + 62%9;, Inp — §220% In w)] (4.63)

In the next subsection, it will be shown that this system of equations has a unique
solution for small couplings (i.e. the couplings satisfy (4.44) with A taken to be the
smallest of the bare masses) such that u € C?(R?) and Ky, K'; € C*(R?).

Several remarks are in order about this construction. First of all, note the placing of
the indices in equations (4.62)-(4.63). The main reason for writing these equations
in this particular form (apart from compactness) is that K*; turns out to be regular
on the entire initial slice (see next section for details), whereas Kj; is singular at the

punctures.

Another natural question to ask is how to solve the system in practice. The most
straightforward approach is to start with the puncture data of vacuum GR ¢ = 1)y,
Ky =0, Kijj = ¢y QBZ»]- and solve the system iteratively. At weak coupling, it seems
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likely that such an approach would converge quickly and the required number of

iteration steps is fairly small.

It is also worth mentioning that the initial data described above inherits the appealing
property of the original Bowen-York data that a single linear momentum source (i.e.
the solution with N = 1, P}, # 0 and S{;; = 0) has ADM momentum

i 1 ij A 1 ij A i
Plow = o / dA 93, = — / dA Bz, = Py, (4.64)
S S
and a single angular momentum source (the solution with N = 1, P(il) =0 and 521) #0)

Jt = /dA Tjpe” Ly, ik —/dA k€ Ly, ik —S (4.65)

respectively, as expected.

Now let us address the question of how to choose initial data for the scalar field.
Unfortunately, there appears to be no natural choice of the initial ¢(z) that could be
written down in a simple closed form. Of course, one could approximate the initial
value of ¢ with a superposition of a set of scalar cloud configurations localised around
the punctures, multiplied by some regularizing function that satisfies the regularity
conditions stated in the next section. But such data is likely to contain significant junk
scalar radiation in addition to the junk gravitational radiation already present in the

GR version of the puncture data.

There is another possible caveat with this construction. Suppose that one evolves this
initial data e.g. by solving the modified harmonic gauge equations of motion of the
theory. Then even after a small amount of time the fields may become strong in the
interior of the black holes (or perhaps in the exterior as well, if the black holes are
not large enough), leading to a breakdown of strong hyperbolicity of the evolution
equations. However, this issue may be resolved by excising the interior of the black
holes and solve the equations in the exterior. This would require imposing boundary
conditions on the excision boundary. Hence for N black holes it may be better to set
up initial data by solving the constraint equations on e.g. R® minus N balls and impose

apparent horizon boundary conditions on the boundaries of the balls (see section 4.4).
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4.2.7 Existence and uniqueness of puncture data for scalar-

tensor effective field theory

Now we demonstrate that the construction just described yields a unique initial data
for the variables ¢ and K; = (K, K';), provided we are given W!;(R?) data for ¢
subject to some extra requirements at the punctures. For notational convenience, let
II; = (my,7'; — " 8B%;). We proceed very similarly as in section 4.2.5: we define a

map z = F(z,y) with

xr = (€1f1(¢)762f2(¢))7 Y= (U’a KI): = (H(x,y),HI(x,y)) (466)

with
B, = Wy5(R%) x Wis(R?), B, = Wis(R%) x Wy, (R?) (4.67)

To cancel the singularities of ¢ and make the Einstein-scalar-field and 40ST terms

regular in (4.61), we have to assume lim r(_al)ﬂ@igb =0and lim r(_j)V(ng) = (. There
T(a)—>0 T‘(a)—>0

is no such problem with the rest of the terms in (4.61) since they are multiplied by
negative powers of the conformal factor. Now let s > 3 and p > 3 which implies
¢ € C*(R?). Assuming f1(¢), f2(¢) € W2s(R?) and V(p) € WY, 5,,(R?), the Sobolev

multiplication properties (Lemma 4.1) imply
B. = Wi (R?) x Wl (R?) (4.68)

Note that in this case F(z,y) = 0 is an elliptic PDE for u coupled to a set of algebraic
equations for K;. Take zp = 0 (i.e. ¢ = € = 0) and let yo denote the original
Bowen-York solution yy = (ug, K1) € B, described in section 4.2.3. We wish to use
the implicit function theorem to show that for small enough couplings, the equations
(4.61)-(4.62) admit a unique solution. To do this, we compute the action of D,F at
(20, o) acting on the element (0,y) with y = (du, dK ). Let us denote the components
of Dy}"(zovyo)((), y) by (6H, 07y, (57rij)T. Then we have

57‘[ ’?lele — %@Z}O_SBMBM 0 iwo_lBlk ou
oy | = 0 2 0 5K, (4.69)
or'; 0 0o IK*,

which is clearly invertible (due to Lemma 4.2) and thus the map F obeys the conditions

of Theorem (4.6). Therefore, we have the following result.
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Theorem 4.8 (Existence and uniqueness of puncture data). Let ¢ € WEs(R?) such
that s >3, p>3 and0<d<1— %. Then the system (4.61)-(4.63) admits a unique
solution in the neighbourhood of the original puncture solution of section 4.2.3 for
small enough €, €3. The solution for the conformal factor v is of the form (4.60) with
u e Wis(R?) and Ky, K'; € W35 (R?), provided that

(i) lim ri M 8,0 =0 and lim 7‘(_63 V(p)=0.

T‘(a)—>0 (a) T(a>—>0

(i) f1(¢) — f1(0e0)s f2(0) — fo(deo) € Wyﬁ&(Rg) and V(¢) € W55+2(R3)
Moreover, u € C*(R?) and K,, K'; € C*(R?).

Note that assumption (i) may be dropped if the constraints are solved on an excised

initial data surface, such as R?® minus N balls.

4.3 The conformal thin sandwich method

4.3.1 The conformal thin sandwich equations

An alternative but closely related way to construct asymptotically Euclidean initial
data is the so-called conformal thin sandwich (CTS) method, originally proposed by
York [101]. The mathematical formulation of the method only slightly differs from the
CTT approach but the difference is important from a physics point of view: the CTS
version provides a more natural way to prepare initial data that is nearly stationary.
This is an improvement compared to the Bowen-York data in the sense that one
can significantly reduce the amount of junk radiation plaguing the initial stages of a
numerical simulation. However, there is a cost to pay for this: to achieve such data,
one has to solve the momentum constraint, as well as the Hamiltonian constraint using

an elliptic solver.

Once again, our starting point is the conformal metric (4.9) and the decomposition of
the extrinsic curvature (4.10). The main difference compared to the CTT approach is
the further treatment of the variable fll-j. Let o denote the lapse function and 3* the
shift vector. Then introducing®

UV = (det7) %0, [37(det 4)'/?] and = 1 0q, (4.70)

joR

3In some numerical relativity applications the conformal metric is chosen such that det4 = 1 and
in that case UY = 0,9".
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allows us to write .
o (LB)7 + U] (4.71)

where the conformal Killing operator L was defined in (4.20). Thus in the CTS

decomposition the variables U% and 3 are used instead of the CTT variables A%,

A —

and Y. Plugging (4.71) into the Hamiltonian and momentum constraints (4.5)-(4.6)
of general relativity gives elliptic equations for the variables (1, 3%), whereas the 'free
data’ now consists of the sextuple (&,%;;, U, K, g,p"). Therefore, the CTS constraints

can be written as
T 1 - 1 I .+ = L 5
¥ Dy Dytp — §¢R[D] - EWKQ + gt/) TA AR + §¢ 0 =0 (4.72)
- .. 9 . 1.,
D;AY — gwﬁﬁ”DjK - ipl =0. (4.73)

where A is to be replaced by the RHS of (4.71). As mentioned, this system has very
similar properties as the CTT system. In particular, given suitable free data, a unique
solution exists to the corresponding elliptic boundary value problem under very similar
conditions. Moreover, the Hamiltonian constraint decouples from the momentum

constraint on CMC slices as in the case of the CTT system.

Consider now the scalar-tensor theory (1.5) at weak coupling. The CTS equations
for this theory can be obtained in exactly the same way: i.e., by substituting the
decomposition (4.71) into (4.47)-(4.48). For small enough €; and ey, this is an elliptic
PDE system for (1, 3%). In the next section, we state a well-posedness theorem for the

corresponding elliptic boundary value problem.

4.3.2 Mathematical statements

The similarity of the CTT and CTS equations allows us to straightforwardly transform
statements about one of these systems to statements about the other one. The only
extra requirement we need concerns the conformal lapse function &. It is customary to
choose the lapse so that its asymptotic value at spatial infinity approaches 1. Hence, the
natural assumption on & (which is part of the free data) is & € W25(1,%) (defined in
(4.25)) and & > 0. Then the methods used to obtain Theorem 4.5 imply the following.

Theorem 4.9. Let (X,7) be a 3-dimensional asymptotically Fuclidean manifold of

class W£5 with K =0, p > %, 5> 2 —1—1% and 1 — % >0 > —%. Moreover, suppose

R[D] - ;~ij3,~¢8j¢ > 0.
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Then there exists an open set of values for the free data (&, U, ¢, f((ﬁ) satisfying & €
W2s(1,X), & >0, ¢ — doo € WEs(E), U, Ky € WP 1 54(8) and V(¢) € WE ,5,5(%)
such that the conformally formulated constraints have a solution (v, %) with 1 €
Wﬁé(l,Z), >0 and 5 € W&(E).

Likewise, we have the CTS analogue of Theorem 4.7 for the 4-derivative scalar tensor
theory (1.5). To avoid repetition, we only state this result without proof. (The proof
is completely analogous to that of Theorem 4.7: it is a combination of the weighted

Sobolev multiplication lemma and the implicit function theorem.)

Theorem 4.10. Let (X,7) be a 3-dimensional asymptotically Euclidean manifold of
type W5 with
1 3

3 3 3
P> =, s>34+ — and ———<i<1l— -
2 P 2 p P

Assume that we are given a solution of the CTS Finstein-scalar-field constraint equa-
tions (o, B) with g > 0 and Yo — 1,85 € WI5(X) corresponding to free data
(&7, K. U, ¢, Ky) satisfying & € WE(L,E), @ > 0, ¢ — ¢ € WH(E), V(9) €
W5 5:2(%), U, Kp € W 5.4(5) and K = 0.

Then the 40ST constraint system admits a unique solution (1, 3) for small enough

€1, €2, provided that fi(@) — fi(dwo): f2(¢) — fa(deo) € W s(X) for every non-trivial
function f € W§ () with p > 5 — g the following inequality holds:

/ &"e\/7 (790,10, f + cf?] > 0 (4.74)
>

with

1 R L ~ 1 ..
c=g (R[D] + 7Y A AM + 1495 ° K — 57”3@@45 - 5¢§V(¢)>

The 40ST solution (1, ') is close to (v, ) in the sense of WEs(X) norms.

Similar results hold in the case when K is not identically but nearly zero and of class

W2, 511 (which can be proved by using the implicit function theorem).

4.3.3 Choice of free data for black hole binaries

We end the discussion of the original conformal thin sandwich method by giving a brief
account of how free data can be chosen for numerical simulations in general relativity

and 40ST theories that approximates binary black hole systems.
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In general relativity, a standard choice for the free data (for black hole binaries) is to
take a "superposition" of two isolated Kerr solutions, with their respective coordinate
origins shifted appropriately (see e.g. [113]). The idea is that as long as the separation
of the two black holes is sufficiently large, the superposed geometry is a good first
approximation of the actual geometry of the binary system. Then solving the constraints
for (¢, 8*) accounts for the deviation of this naive data from the actual binary black
hole geometry. In more detail, let %(]1 ) o g %(jl) be the induced metric, the lapse
function, the shift vector and the time derivative of the induced metric, respectively, of
the first Kerr black hole, written in a suitable coordinate system (usually Kerr-Schild
coordinates). We use a similar notation for the second black hole. One can take the
naive conformal metric and conformal lapse to be

~ 1 2
Yij = ’Yi(j) +%‘(j) — 045

a = aW4a® -1
and introduce an auxiliary shift vector defined by

foc = B 50
Inspired by the identities

. . 1 ..
Uz] — w4 (at,yzj o 372]7klat7kl)

1 . ) .
_ O~ e ij gk g
K = o (0 + 208" + 7780y
and taking ¥4, = 1 as the naive approximate solution for the conformal factor, we

can choose the rest of the free data as
Ui — ksl ((praw _ 1. s /mnraux ith [ = - (1) + - (2)
= 7Y kl g%ﬁ mn w1 ij = Vij Yij
1 . . .
— _— (x..77u 3L ~i) Rk 5.
K = 2% (IYZJU + 281 aux + v auxak/}/”)

The construction just described works essentially the same way for the scalar-tensor
theories (1.5). The only difference is that for a 40ST theory the gravitational part of
the free data is constructed using a black hole solution of the theory which for generic

couplings differs from the Kerr solution. The natural choice for the scalar part of the
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free data is to follow the philosophy of "superposition" and take

PR R C P Ry RN L (475

where ¢®, @ and ¢, ¢ are the scalar field configurations of the black holes and
their time derivatives, ¢, is the asymptotic value of the scalar field at spatial infinity

(which may be non-zero).

4.4 The extended conformal thin sandwich method

4.4.1 Quasiequilibrium initial data for general relativity

A proposal for initial data in GR representing a binary black hole system in quasiequi-

librium is provided by an extension of the Conformal Thin Sandwich method [105].

The purpose of this approach is to construct initial data for two black holes moving along
circular orbits. In other words, the binary system is assumed to be in quasiequilibrium,
meaning that the spacetime possesses an approximate helical Killing vector field &pq
that generates circular orbits. Given such a vector field, one could choose coordinates
which co-rotate with the binary system. This amounts to choosing a time coordinate
such that 0/0t is parallel with &,. (Of course, with this choice 9/0t will not be
timelike everywhere.) Then the requirement of quasiequilibrium can be expressed as

0¢g, = 0. Using the conformal variables, one could set
8{?@-]- - 0, 8tK = 0 (476)

on the initial slice. The first of these two criteria implies
Y
AY = —(Lp)Y 4.77
(L) (1.77)

Substituting this into the momentum constraint yields
A Qi F aVij -6 4 =
ALB'— (LB)YDjln(y"a) = gozD K (4.78)

In the extended CTS approach one obtains an extra elliptic equation that involves
the lapse function. To derive this equation, consider the following combination of the

equations of motion
1
ZOMS (2Y" G +H) =0 (4.79)



4.4 The extended conformal thin sandwich method 153

The only second time derivative term in equation (4.79) is 0;K so using (4.76) gives

the constraint equation

L 7 N 1 . .

59 Dy D, (o)) = <8¢—8AijA” -yt + 8R[D]) FOEDE  (4.80)
Therefore, the system of elliptic equations to be solved for ¢, at) and ¢ consists of
(4.78), (4.80) and the Hamiltonian constraint (4.11) (with A% set to be equal to the

RHS of (4.77)).

Having written down the elliptic equations, it remains to specify suitable boundary
conditions. Following [114], one can solve the system in a region with a single asymp-
totically flat end and a finite number of interior boundaries, corresponding to the
apparent horizons of the black holes. The boundary conditions at spatial infinity are

Tll)rgolp =1, Tll}n;ooz =1, Tll)rgoﬁ = Qone’"ejzy, (4.81)
where ()., is the orbital angular velocity of the system, as measured at infinity and
e’ is the unit vector specifying the axis of rotation. One may worry that with these
boundary condition the shift vector diverges at spatial infinity. However, this is just

an artefact of the corotating coordinates and the solution for 3* can be written as
/Bi = Qorbeijkej-rk + Bfeg

where ﬁfeg is regular and has the usual asymptotic fall-off. To make sure that the
numerical evolution of this data is stable, one can simultaneously work in two different
coordinate system [115]: one of them is the corotating coordinate system just described,

the other one is "inertial".

To fix the boundary conditions on the interior boundaries, one can proceed as in [114]
to require that the interior boundary surfaces correspond to apparent horizons. Let S
be one of these 2-surfaces and let s be the unit normal (w.r.t. v) to S. Then one can

define the induced metric on S
Pij = /Yij — SZ‘S]‘ (482)
It is useful to introduce the conformally rescaled version of P;; and s

Py; = ¢*Py, si = %5 (4.83)
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Furthermore, let D denote the covariant derivative associated with P. Then one can

impose the following requirements and a set of corresponding boundary conditions

[114].

(1)

First of all, one can construct a future-directed null vector field

1
k= —(n* + s"
T+ )
and consider the null geodesic congruence with tangent vectors k* that pass
through the surface S. These null geodesics determine a null hypersurface in
the neighborhood of S. A possible notion of quasiequilibrium is to require
that coordinate system initially tracks this null hypersurface, i.e. the coordinate
location of the surface S does not change initially. Then this condition translates
o\ # o . . .
to (&) k"‘s = 0 which implies

(B — )|, =0, L =0 (4.84)

The condition that the expansion of the null geodesic congruence defined above

must be zero yields a Neumann-type boundary condition on the conformal factor

=0 (4.85)

~ 1 . oo~
[éka g - (v?PiK; — PUDigj)}
S

The vanishing of the shear of the null geodesic congruence together with 9,7;; = 0

gives an equation for 3' = P; 3

= 0. (4.86)

~ 1 ~.. ~
<D(z ﬁ) . Pl]Dkﬂﬁ)
2 S

Interestingly, this is just the conformal Killing equation on S. Since any closed
2d surface is conformally equivalent to the unit 2-sphere, the problem of solving
(4.86) boils down to finding Killing vector fields on the unit 2-sphere. The unit

2-sphere has a family of rotational Killing vector fields £’. Hence the vector
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solves equation (4.86) for any constant parameter {2,. The parameter 2 de-
termines the magnitude of the angular velocity of the black hole whereas &;

determines the axis of rotation.

(4) The boundary value of the lapse function «a can be chosen freely as part of the

initial temporal gauge freedom.

To summarize, the construction of initial data in quasiequilibrium amounts to solving
the coupled system of elliptic equations (4.11), (4.78) and (4.80) subject to the boundary
conditions (4.81), (4.84), (4.85), (4.87). The initial values of %;;, K are source terms
in these equations and can be chosen freely, e.g. as 7,; = d;; and K = 0 or as a

"superposition" of two black hole solutions, see section 4.3.3.

4.4.2 The Conformal Thin Sandwich equations for scalar-tensor
EFT

In this section we propose a way to adapt the extended CTS method for 40ST theories.
For a scalar-tensor theory, we would like to derive elliptic equations for not only the
variables 1, o and 3! but also for the initial value of ¢. Then the free part of the data
consists of the initial values of (%, 0,7, K, 0, KX, Ky, 0, K ).

The Hamiltonian and momentum constraints can be converted to elliptic equations in
the exact same way as in GR: we can just take equations (4.47), (4.48) and substitute
A% with %(IN/B)” (c.f. equation (4.77)) to impose quasiequilibrium.

To obtain the analogue of (4.80) and an elliptic equation for the scalar field, we start

by considering the linear combination
1 5 Nz
10“7/} (29" Ew +H) =0

of the 40ST theory, write it in terms of the variables a, 8,7, 1, K, A and impose a

suitable quasiequilibrium condition. Introducing

1
Akzl = (at — 'CB)Kkl — Kkaml — aDlea (488)

Q2|+

1
Ay = —(0,— L) Ky + ﬁDkaDkgb (4.89)
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and using the equations of Appendix 4.A, this combination yields

0 = 39D,D;(an) - aw( YA ¢ K 4 CRID 1)+~ 5D K

+1a¢5{5V(¢) — 7K} + ZQ&“‘D%D@ + 6E((w)} (4.90)

0B(ay) = 1667y (D, D), fo(6) — 2f5(6) K Kirjy) Aij
3 .
—*€1f1(¢)XDZ¢Dz¢ — 961 K3 f1(9) X
—exyi 28 (R[D);i,"? + 20,7 K, 7?) (Diy DP fo() — 2f5(6) K K, )

+Hexyit? [2 (Vodlt 497 1,1 ) (K" Dicfa() = 25 (£3(6)Ky) ) D K,
 (RIDL? + 260, 0%) (150045 - 217 (0)K)| (4.91)

and the terms in dF(,y) are to be converted to the conformal variables using the
equations of Appendix 4.B. Equation (4.90) contains second time derivatives via the
terms A4 and A;;. The natural way to impose quasiequilibrium on the data is to

choose
at’%j = 0, K¢ == 0 (492)

and set the combination of time derivatives of K;; and K, appearing in (4.90) to zero.
Using these conditions in (4.90) and the scalar equation of motion yields an elliptic

equation for the initial values of a1y and ¢:

0 = FDDyaw) — av (Lo gAY + DGR + CRID)) - W H DK

116a¢5 (1= 3e1f1(8)X)D'¢Digp + 10 V() + 40 E{ | (4.93)
0 = (1+66fi(d)X) (Dk[)m +2D*¢ Dy In 1/1)
—*V'(¢) + D'¢D;Ina + S Ey (4.94)

where
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0F(y = —16e2y' 41Dy Dj, fo(9) (KikK’“j + iDiDja)
—eypi2s (R[D]iligjlh + 2K, Kz'QjQ) Dy, D’ fo(o)
+deyyl? [fé(gb);aDkoszgb (R[D]i1i2j1j2 + 2K, 7! King)
+2 (%Jf%j; + 7j1j37z‘1i3> Kj3kaf2(¢)Di3Ki2j2]
0By = 2e1f1(¢)7}1 2 Diy¢ D" ¢D;, D¢ — e f1(¢)(D)* D' D In v

3 11121, 1 ) j
_Zﬁlf{ (¢)(Dk¢Dk¢)2 + 862fé(¢)7j1j2]’zDhKi2]2Di1 Ki3]3

—26> f3( @)% (R[Dliyi,? + 2K, K, ) (Dz’DJOé + KikKJk>
«
Of course, again, these expressions need to be rewritten in terms of the conformal
variables. Since this procedure is straightforward (using the identities of Appendix 4.B)
but not particularly enlightening, we spare the reader from detailing these equations
in their full lengths.

The final step in the construction is to impose boundary conditions. The apparent
horizon and asymptotic boundary conditions on the gravitational variables can be taken
to be the same as in section 4.4.1 (equations (4.81), (4.84), (4.85), (4.87)). Regarding
the scalar field, it is simplest to choose

lim ¢ = ¢oo and 50

r—00

=0 (4.95)

where s? is the unit normal to the interior boundary S and ¢ is a constant. For a
single stationary black hole, the latter condition captures the property that there is no

scalar flux through the horizon.

To conclude our proposal, the extended conformal thin sandwich method for the scalar-
tensor theory (1.5) amounts to solving the elliptic equations (4.47), (4.48), (4.93) and
(4.94) for the variables (v, 3%, a, ¢) subject to the boundary conditions (4.81), (4.84),
(4.85), (4.87) and (4.95). The (remaining) free part of the data (3, K) can be fixed
using the methods of section 4.3.3.
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4.4.3 On the existence and uniqueness of the extended Con-

formal Thin Sandwich system

The problem of existence and uniqueness of the extended conformal thin sandwich
system is more complicated than in the case of the CTT or the original CTS system,
even in general relativity. In particular, the issue is with the extra equation (4.80).

Concentrate on the terms in (4.80)
79 DiDj(ap) — ap (;stiz‘jﬁij) =37 D;Dj(av) — ?)72@@6@5)”@5)@(041/})_1
Upon linearization of (4.80), this part of the equation gives rise to the terms
Y9 DiDjb(anp) + 372(04@/))_21/16@5)”(Eﬁ)ijfs(a@/)) t..=0
However, for a linear elliptic equation of the form
FID;D;® — c® = 0

with a function ¢, the uniqueness of the solution may fail if ¢ is negative*. Therefore,
one could find solutions so that (L3)%(L#),; is large enough and the linearized version

of (4.80) does not have a unique solution.

Going beyond this toy argument, it has been explicitly demonstrated [102,116-118]
(both numerically and by means of bifurcation theory) that there exists choices of
free data for the extended CTS system such that the corresponding solution is not
unique. Nevertheless, the extended CTS approach has been used in several numerical
simulations to construct binary black hole initial data (see e.g. [84] and the references

therein).

Similar issues may be expected in the scalar-tensor version of the extended CTS method.
In addition to this, the scalar elliptic equation (4.94) may also suffer from this type of
failure of unigeness under some choice of the potential V(¢) and the couplings fi(¢),
f2(@). In fact, there is already some numerical evidence that this may happen. Several
recent studies focused on stationary, axisymmetric black hole solutions of the theory
fi(@) =V(p) =0, fo(¢) = np* where 7 is a constant (see e.g. [28,29,119-121]). These
studies concluded that if the coupling constant 7 is large enough (i.e. in the strongly

coupled regime where n has order of magnitude M? where M is the mass of the black

4The solution is unique on asymptotically Euclidean manifolds when ¢ > 0, c.f. Lemma 4.2.
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hole) then the Kerr spacetime is no longer the unique rotating black hole solution: for
fixed mass and angular momentum, there exists another solution with a nontrivial
scalar configuration. Moreover, the scalarized solution appears to be stable. More
generally, ¢ = 0 is a solution to £y = 0 and the theory inherits solutions of vacuum
general relativity. Consider the simple case when the initial slice has a single interior
boundary and the free data (7, K) is chosen to be the induced metric and the trace
of the extrinsic curvature of a slice of the Kerr spacetime (e.g. a Kerr-Schild slice).
Clearly, for this particular theory, ¢ = 0 is a solution to (4.94) (provided that ¢, = 0).
Then the extended CTS equations are the same as in vacuum GR and they reproduce
a slice of the Kerr solution [98]. However, for large enough 7, (4.94) is likely to have a
bifurcating branch of solutions: for a choice of free data that represents a slice of a
Kerr black hole, there will be a solution with a non-trivial scalar field configuration in
addition to the solution with ¢ = 0. There is no reason to expect that the solution
with non-trivial ¢ is an exact slice of the stationary scalar hairy black hole solution
found in [28,29,119-121]. Instead, this data is more likely to represent a slice of a
dynamical black hole that may eventually settle down to the stationary scalar hairy
black hole of [28,29,119-121] when evolved in time. To obtain data that is a more
accurate representation of a slice of a scalarized stationary black hole, one could choose
the free data (3, K) to be the induced metric and the trace of the extrinsic curvature
of a constant time slice of the scalarized black hole solution. The construction of initial
data for a binary system of such black holes could then be done by using the idea of

"superposition" (section 4.3.3) to choose the free data.

Appendix 4.A Evolution equations of scalar-tensor

effective theories in a 3+ 1 form

In this appendix we provide the evolution equations of the 40ST theories written in
terms of the ADM variables. These equations can be found in e.g. [110] for the theories
with fi(¢) = 0. The main reason for giving these equations is that our convention for
the scalar field is slightly different from that of [110].

Following [110], it is useful to introduce

1
Akl = (at - Lg)Kkl — Kkaml — aDleOé (496)

QlrRlr

1
.A¢ == (6’t — £5)K¢ + %Dkoszgzﬁ (497)
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The evolution equations of 40ST theories are the spatial components of the gravitational

equation of motion and the scalar equation of motion. These can be written as

with

L)) (v ?my)

By = —5r Au+ =5 i, Ay —Fij =0 (4.98)
_ Ay MPmy) Ay~ my) _
E¢ = TMAM + W/Lﬁ — fd) =0 (4.99)

~ 5 (1420 () X)D'9D;6 + SV (o),

+jﬂ§ (D*¢Dé — 4K3) (1 + e1f1(6)X)

—}n;‘-é-azz [1662 (2l + 7015 ) (— K F Defa(@) + 2D, (f3(9) Ky) ) D K7
+ (R[D)iyi, 7 + 2K, 7 K, (1 + 16€ fé’(gb)K;)] (4.100)
—V'(¢) + (14 661 fi($)X — 8e1 f1(9) K3) (D" Diop — 2K K,y

—3e1f1(0)X* = 81 1(9) Ky (K7 D¢ D' — 2D: K, D'

+2€1 f1(0) 2 Di, 6D ¢ (D, D¢ — 2K 4 I, 7 )

+862 fo(9)1j1 i D7 Ky Dy, K, (4.101)

V1233

and the coefficients of the time derivatives are

Oy~ i ili j -
o) Vi — deiit (Dy D7 fo(9) — 2£3(0) KoK ') (4.102)

oK,
Oy Priy) Oy VPmy)
0K B OK,J
= _262](;(@5)7]13112]22 (R[D]i1i2j1j2 + 2Ki1j1Ki2j2) (4103)
9 —1/2
O TT0) g (14 66y fu(6)X +261£1(6)(D)?) (4.104)

0K,
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Appendix 4.B Conformal decomposition

In this section, we collected some identities for converting the elliptic equations to their

conformal form. First of all, we have
_ 1 2 g LA

X = =5(Ve)? = 2072R2 - Sy™59 Do Do (4.105)

For a general scalar function ®, we have
DiD’® =t D;Did — 2~ Dy (4F DI In¢p + 5% Di Inyp — 475Dy In ) )(4.106)

and in particular,

D;D'® = =" (79 D;D;® + 257 D; In  D; ) (4.107)
The conformal transformation rule for the Riemann tensor is

RID]iyi™ = ™ RID}i" = 80~ Diy Dy
+241) "5 Dy, DN — Anli 2= 3H Dy Dy (4.108)

To convert products of the extrinsic curvature to conformal variables, the following

may be useful:

2% 2 i 2 - Al
MG = K - KA
Fap AN A A (4109

Finally, for the derivatives of the extrinsic curvature, one can use
) ) SO 1
DKy = DA T DK — 6y A D In
+2¢ 10( I A 'Dyn + 43,7 AN Dy In v

— A, /D7 Invp — A D, In ¢> (4.110)






Chapter 5
Conclusions

This thesis explored some mathematical properties of two classes of effective theories
of gravity with second order equations of motion: Lovelock and Horndeski theories.
These theories attracted considerable research interest in recent times due to their

possible relevance to cosmology and high energy physics.

The majority of the thesis focuses on the initial value problem in Lovelock and Horndeski
theories. The main result presented here is that these two theories possess a locally
well-posed initial value formulation when the theories are weakly coupled. Weak
coupling means that the Lovelock or Horndeski corrections are small compared to the
Einstein-scalar-field theory terms in the equations of motion. The remainder of the
thesis addresses the initial data problem for 4-derivative scalar-tensor effective field
theories (a class of Horndeski theories). It was shown that the constraint equations of
the theory have solutions on asymptotically flat initial data surfaces. These results
demonstrate that Lovelock and Horndeski theories satisfy some important mathematical

consistency requirements, at least for small couplings.

To gain some insight into the initial value problem for general Lovelock and Horndeski
theories, it was useful to study cubic Horndeski theories in detail. In chapter 2 we have
provided three locally well-posed formulations of this class of theories at weak coupling.
The proofs of these results relied on a special property of the cubic Horndeski equations
of motion: terms containing the spacetime curvature in the scalar equation of motion
can be eliminated using the gravitational equation of motion. We have exploited this
property to derive an alternative scalar equation of motion which greatly simplified

the analysis of well-posedness.
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The first two well-posed formulations presented in chapter 2 are generalizations of
the BSSN and the CCZ4 systems. The BSSN-type and CCZ4-type formulations of
weakly coupled cubic Horndeski theories are found to be strongly hyperbolic when
the free functions describing the slicing and shift conditions obey suitable bounds.
These bounds are enforced by the criterion that the causal cone associated with the
scalar degree of freedom must not intersect the causal cones associated with certain
"non-physical" degrees of freedom. Violation of this condition leads to a failure of

strong hyperbolicity of the equations of motion.

The third well-posed formulation of cubic Horndeski theories discussed in chapter
2 is an extension of an elliptic-hyperbolic formulation of general relativity. The
gauge-fixed equations are obtained using the spatial harmonic gauge condition and a
generalization of the constant mean curvature slicing condition. The elliptic equations
are modifications of the cubic Horndeski constraint equations. These elliptic constraint
equations can be uniquely solved for the lapse function and the shift vector on compact
spatial slices with negative Ricci curvature. When the elliptic constraints hold, and the
cubic Horndeski couplings are sufficiently small, the evolution equations are strongly
hyperbolic.

Despite the success of these three methods for cubic Horndeski theories, it appears that
they do not lead to a well-posed formulation of more general Horndeski or Lovelock
theories. One of the reasons for this failure is that the equations of motion of more
complicated Horndeski theories do not have the same special structure as the equations
of cubic Horndeski theories: there seems to be no obvious way to simplify the scalar
equation of motion by modifying it with a linear combination of the gravitational
equations of motion. The second problem is the degeneracy between certain mode
solutions of the equations. An appropriate choice of the gauge source functions in
the BSSN and CCZ4 formulations removes the degeneracy between some but not
all of the "unphysical" modes. The remaining degeneracy between pure gauge and
constraint violating modes typically leads to a failure of strong hyperbolicity in a
general Horndeski or Lovelock theory, even at small couplings.

One solution to this problem is given in chapter 3 where we introduce a modified
harmonic gauge condition and gauge-fixing of the gravitational equations of motion of
the theories discussed. This approach involves two auxiliary Lorentzian metrics: one of
them specifies the gauge condition, and the other determines how the gauge condition
modifies the equations. The degeneracy between different types of high-frequency

mode solutions is resolved when the causal cones of the two auxiliary metrics and
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the spacetime metric form a nested set (see Fig. 3.1). Further investigation of the
modified harmonic equations in general relativity reveals that this simple condition on
the causal cones is sufficient for strong hyperbolicity. A continuity argument establishes
that the modified harmonic gauge Lovelock and Horndeski equations are also strongly

hyperbolic at sufficiently small couplings.

An important mathematical problem related to the Cauchy problem concerns the
construction of initial data in gravitational theories. Clearly, this is an essential
starting point to study the dynamics of the theories. The problem is to find solutions
to the gravitational constraint equations that represent a sufficiently broad class of

astrophysical objects.

In chapter 4, we considered the initial data problem on asymptotically Euclidean
hypersurfaces in a class of (weakly coupled) scalar-tensor effective theories, using
standard conformal techniques of general relativity and results from the elliptic PDE
literature. These methods seem to be quite robust and are applicable in more general
settings. For example, we did not make use of the specific form of the equations of
motion, so it seems likely that the construction of asymptotically Euclidean initial

data works similarly for any weakly coupled Horndeski or even Lovelock theories.

The results presented in chapter 4 for the CTT and CTS systems have the obvious
possible application to construct black hole binary initial data numerically that could
be evolved using the modified harmonic formulation. The puncture data (which is
based on the CTT approach) has the advantage that it only requires solving a single
elliptic equation (the Hamiltonian constraint) coupled to a set of algebraic equations.
The main drawback of this method (besides the presence of junk radiation in the data
and the possible need for excision) is that there appears to be no simple and natural
candidate for the scalar field initial data. In the conformal thin sandwich method, one
needs to solve a coupled system of elliptic equations for the conformal factor and the
shift vector, which may be computationally more costly than the puncture method.
However, if the 4-derivative EFT couplings are sufficiently weak, these equations may
be solved iteratively, starting from GR initial data. Furthermore, the free part of the
data may be fixed using standard methods of numerical relativity, e.g. by "superposing'

stationary scalar hairy black hole solutions.

Overall, this thesis demonstrated the importance of studying the mathematical proper-
ties of Horndeski and Lovelock theories. We also provided solutions to the local Cauchy
problem and the initial data problem in these theories, which may also be relevant for

numerical relativity and observational tests of general relativity. The results presented
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here open up the possibility to explore other interesting problems related to these (and

possibly other) effective theories of gravity.

For example, one may be interested in whether the weakly coupled assumption could
be violated dynamically. The nonlinear evolution of the equations could drive the
fields out of the regime where the Horndeski or Lovelock terms are small compared to
the Einstein-scalar-field theory terms, even if one starts with weakly coupled initial
data. This is certainly a real concern since the results presented in this paper only
guarantee local well-posedness. The long time behaviour of the system, however, is a
question of global well-posedness, which is a very subtle and complicated problem to
solve rigorously even in general relativity. Nonetheless, there are some recent numerical
studies on some Horndeski theories indicating that the formulations presented here

may give rise to global solutions under certain conditions [66,70].

Of course, it is also possible that the modified harmonic gauge Horndeski equations of
motion are strongly hyperbolic even at strong couplings for a sufficiently broad class of
field configurations (at least for some choice of the coupling functions). In particular,
it is likely to be the case in theories whose gauge invariant characteristic polynomial
(introduced in [45]) is a hyperbolic polynomial in a generic class of strongly coupled
solutions. It would be interesting to see if there are theories and a class of solutions

satisfying this condition.

Finally, another application of the ideas explored in this thesis could be to investigate

the causal structure of weakly coupled effective theories of gravity in more detail [45].
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