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Synopsis

The purpose of this dissertation is to provide an account of the metaphysical
status of mathematical entities in Aristotle. Aristotle endorses a form of realism
about mathematical entities: for him as well as for Platonists, anti-realism, the
view that mathematical objects do not exist, is not a viable option. The thesis
consists of two main parts: a part dedicated to the objects of geometry, and a
part dedicated to numbers. Furthermore, I have included an introductory
chapter about a passage in the second chapter of Book B of the Physics (193b31-
194a7) where Aristotle endorses a form of naive realism with regard to

mathematical entities.

Many of the passages that give us an insight into Aristotle’s philosophy of
mathematics are to be found in the third chapter of Book M of the Metaphysics.
Aristotle’s primary concern there, however, is not so much to present his own
positive account as to provide answers to a series of (not so obvious) Platonic
arguments. In the second chapter of my thesis, I discuss some of those arguments
and highlight their role in Aristotle’s own position about the metaphysical status
of geometrical entities. In a passage that is of crucial importance to understand
Aristotle’s views regarding the mode of existence of the objects of mathematics
(Meta. M.3, 1078a25-31), Aristotle allows for the potential existence of them. I
argue that Aristotle’s sketchy remarks in Meta. M.3 point towards a geometry
based on the commonsensical notion of the solid. This account can be further
developed if we take into consideration the purpose of the preceding chapter
M.2: to refute Platonic arguments that attribute greater metaphysical status to
‘limit entities’ (entities bounding and within a physical body), that is, to points,
lines, and surfaces. According to Aristotle, such ‘limit entities’ have only a
potential existence-what does this claim amount to? To answer this question, |
will explore a more traditional reading of this claim and I will also put forward a

more radical one: from a contemporary perspective, this reading makes



Aristotelian geometry a distant cousin of modern Whiteheadian or Tarskian

geometries.

Providing an account of the metaphysical status of number in Aristotle poses
quite a few challenges. On the one hand, the scarcity of the evidence forces
commentators to rely on a few scattered remarks (primarily from the Physics)
and to extract Aristotle’s own views from heavily polemical contexts (such as the
convoluted arguments that occupy much of books M and N of the Metaphysics).
On the other hand, the Fregean tradition casts a great shadow upon the majority
of the interpretations; indeed, a great amount of the relevant scholarship is
dominated by Fregean tendencies: it is, for example, widely held that numbers
for Aristotle are not supposed to be properties of objects, much like colour, say,
or shape, but second-order properties (properties—of-properties) of objects. The
scope of the third chapter is to critically examine some of the Fregean-inspired
arguments that have led to a thoroughly Fregean depiction of Aristotle, and to

lay the foundations for an alternative reading of the crucial texts.
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Chapter 1: Aristotle’s realism about mathematicals in Physics B.2

[1.1] Introduction

In the following lines from the second chapter of Book B of the Physics Aristotle

endorses a form of naive realism with regard to mathematical entities:

For natural bodies have planes, solids, lengths, and points, about which the mathematician

carries out his investigations.' [Physics B.2, 193b23-25; Charlton’s trans. mod.]

Why do I label Aristotle’s realism as a ‘naive’ one? The main reasons are two:
One, the above lines do not tell us much about the metaphysical status of lower-
dimensional entities, that is, of points, lengths, planes. Things get better a few
lines below, where Aristotle says that ‘the mathematician, too, deals with these
things, but he does not consider each of them as boundary of natural bodies’ (mepi
TOVTOV PEV 0DV TTPayHaTedeTol Kol 6 podnuaticds, GAL ody 1| LOIKOD GAOMUTOG
népag Ekaotov, 193b31-32; Chartlon’s trans. mod,, italics mine). It is safe, then, to
assume that Aristotle is considering mathematical entities in this context
(surfaces, lengths, and points) as limit entities, entities bounding or limiting
natural bodies or some continuous magnitude. The solid extensions of bodies as
well as limit entities (mépata)—points, surfaces, and lines-that bound or
demarcate a continuous magnitude, constitute the subject matter of the
mathematicians and are ‘objectively there’, a real feature of the natural world.
There arises a certain need, then, to better understand the nature of such limit
entities. According to the following passage limit entities do not enjoy separate
existence from the bodies they bound; a limit must always be the limit of

something:

There are some people who think that there must be entities of this sort, because the point
is the limit and extreme of the line, the line of the plane, and the plane of the solid. We
must therefore have a look at this argument too, and see whether it is not extremely feeble.
Extremes are not real objects; they are all rather limits. (Even walking, and movement in

general, has a sort of limit; so this would be an individual and a real object which is

1 3 \ P 3 v \ \ . . , . ’ P4 ~
Kot yap éninedo Kol OTEPEN EYEL TO QLOIKO CMUOTO KOl UNKN KOl OTLYUOS, TEPL WV OKOTEL O

paOnpoTiKoC.
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absurd.) But even if they are, they will all belong to the particular perceptible things (it
was to these that the argument applied); so why should they be separate?” [Meta. N.3,
1090b5-1090b13; Annas’ trans.; italics mine]

Henry Mendell greatly expands on Aristotle’s realism in Physics B.2:

On this view mathematical theorems will be true, because they are true about solids,
surfaces of solids, and edges of surfaces. Whatever the shapes of physical bodies may be,
it is still true that they each have per se some shape. These need not even be shapes which
are easy to analyse. The question, sometimes raised, whether Aristotle thinks there are
geometricals is, from this perspective, easy to resolve. In a sense, there must be. That is,
all bodies have volume with shape, surface with shape, and so forth. The objects of

mathematics are in a way established. [Mendell (1986), p.78]

My second reason for labeling Aristotle’s realism as ‘naive’ has to do with the so-
called precision problem: Are the shapes of the bodies we have around us the
shapes that the geometers actually study-for example, are the bodies around us
perfectly spherical or perfectly planar and so on? Aristotle does not fully address
the precision problem in this passage of the Physics. Does he address it explicitly
somewhere else? For a better understanding of the issue and its implications we
will have to wait until we discuss the crucial passages in Book M of the

Metaphysics in the second chapter of this work.

? giol 8¢ Twveg ol &k Tod mépaTa elvon kal Eoyota TV oty pdv ypappdic, tadty & émmédov, Todto
8¢ 10D otepeod, olovTal lvar Gvaykny TolanTog QUCELC Elval. gl 81 kal TodTov dpdv TOV Adyov, pm
Mov 7 pokaxdc. obte yap ovociat giol té Eoyata GALY pdilov mhvto todto mépota (8mel kol THC
Badiceng kol SAwe Kvicemg £6TL TL mépag: ToDT  0vV EoTol TOSE TL Kai ovoia TiI¢- GAL’ dTomov): —ov
pnv G &l kol giot, Tdvee Tdv aicOntdv Ecovion mavta (4l TovT@V Yop 6 Adyog sipnkev): d1dt i ovv

¥OPoTA E0TOL,
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[1.2] A discussion of the Physics B.2 passage

Nevertheless, the second chapter of Book B of the Physics gives us a first glimpse
of Aristotle’s position regarding the metaphysical status of mathematicals. Let us

examine closely the following important passage from that chapter:

Both the student of nature and the mathematician deal with these things; but the
mathematician does not consider them as boundaries of natural bodies. Nor does he
consider things which supervene as supervening on such bodies. That is why he separates
them; for they are separable in thought from change, and it makes no difference; no error
results. Those who talk about ideas do not notice that they too are doing this: they separate
physical things though they are less separable than the objects of mathematics. That
becomes clear if you try to define the objects and the things which supervene in each class.
0Odd and even, straight and curved, number, line, and shape, can be defined without
change but flesh, bone, and man cannot. They are like snub nose, not like curved. The
point is clear also from those branches of mathematics which come nearest to the study of
nature, like optics, harmonics, and astronomy. They are in a way the reverse of geometry.
Geometry considers natural lines, but not as natural; optics treats of mathematical lines,
but considers them not as mathematical but as natural.’ [Physics B.2, 193b31-194a7;

Charlton’s trans.]

Mathematicians study the very same natural points, lines, etc. which are the
limits of natural bodies, yet they do not study them as the limits of natural
bodies. Nor do they examine their attributes as attributes that belong to natural
bodies (193b31-3). Rather, mathematical entities are regarded in a special way:
as separate from matter or change: Aristotle is emphasising that the

mathematician makes use of a special sort of cognitive separation in his study of

3 tepl T00TOV AV 0DV TporypoTedETAL Kod O Ladnuatikdc, GAL oy T pOIKOD oduaTog TEPAg EKUGTOV:

00d& T& cvpPePnroto Oewpel N TovHTOIC 0VGL GLUPEPNKEY: 10 Kal ywpilelr yoproTd Yap TP Vonoetl
KIVAOEMG €0TL, Kol 00OEV dapépel, 000 yiyvetan yeddog ymplloviwv. Aavidvovot 8¢ ToDTo To10DVTEG
Kai oi Ta¢ i8éag Aéyoviec: Td AP QUGTKH YOPIOVGIY NTTOV HVTA YOPIGTA THY HoOMUATIKGY. YiyvorTo
&’ v TodTo dMjAov, €l TIc EKOTEPOV TEPDTO AEYEWY TOVG HPOVGE, KOl aVT®V Kal TOV cuuPefnkoTmv. 10
HEV yap mepttov Eotan Kol TO dpTiov kal 10 €00V kal 10 Kapmvlov, €Tt 6€ apOudg Kol ypapun Kol
oy, Gvev Kvinoems, oapé 8¢ Kol 06TodV Kol dvOpwmoc 0VKETL, GALL TaDTO OOTEP Pic LU AAA’ 0VY

MG TO KOUTOAOV AEYETOL.
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mathematical entities. It is not completely clear how one should conceive this
cognitive separation: is it to be understood as a way of grasping what is already
there? Or does it involve something more-perhaps some sort of mental
construction? Aristotle is adamant that ‘no error results’ in employing it. It is
reasonable to suppose that the cognitive separation Aristotle has in mind in this
passage is what most commentators call ‘abstraction’; simply on the basis of
etymological considerations, there is more or less a consensus among
commentators regarding the fundamental characteristics of abstraction, which is

to be understood as

. an elimination or prescinding from irrelevant features of the physical and sensible
world...The resulting picture, 1 believe, is one in which the mathematical features
‘remaining’ after the abstraction process were actually there in the sensible and physical
realm all along. Abstraction is simply a means of focusing one's attention, as it were, on
those features by eliminating from consideration other features not germane to one's

present mathematical investigations. [White (1993), p.176; my emphasis]®

No error arises in one’s mathematical reasoning because abstraction,
understood in this way, does not involve any distortion or misrepresentation of
how the physical world is. The following passage gives us an insight into this sort

of abstraction:

And since, as the mathematician investigates abstractions (for in his investigation he
eliminates all the sensible qualities, e.g. weight and lightness, hardness and its contrary,
and also heat and cold and the other sensible contrarieties, and leaves only the quantitative
and continuous, sometimes in one, sometimes in two, sometimes in three dimensions, and
the attributes of things gua quantitative and continuous, and does not consider them in any
other respect, and examines the relative positions of some and the consequences of these,

and the commensurability and incommensurability of others, and the ratios of others; but

4 An extensive discussion of the passages in the Aristotelian corpus where the term ‘abstraction’
occurs can be found in [Cleary (1985)]. The gist of his analysis as well as the relation of
abstraction with the qua locution are examined in the second chapter of my thesis, in the context
of the Meta. M.3 discussion; it seems that Aristotle employs a more enhanced version of cognitive
separation in M.3, one that is not merely a way of grasping what is already there, but involves

some sort of mental construction.
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yet we say there is one and the same science of all these things—geometry), the same is

true with regard to being.” [Meta. K.3, 1061a28-b4; Ross’ trans.; his emphasis]

The mathematician theorises (tnv Oswpioav moeitan, 1061a29; Oewpei, 1061a30)
about ‘abstractions’ (ta €§ deopécewg, 1061a29). When the mathematician
abstracts, he omits (nepiapéet, 1061a29) the features that are not relevant to his
present concern (1061a29-32). He leaves only quantity and what is continuous
(t0 mocov kai ovveyéc, 1061a32), that is, he focuses his attention on the
mathematical features of natural bodies: on their solid extensions, their surfaces,
and delineations (t@®v pev €9’ &v t@v &’ €mi 600 TdV O’ éml Tpia). Besides ‘isolating’
mathematical entities that are found in the sensible world (solids, planes, lines,
etc.), the mathematician also considers their properties (the ratios of some, the
relative positions of others, etc.). The following passage is also pertinent to our

discussion:

The so-called ‘abstract objects’ <the mind thinks> in the following way: if <one> had
thought of the snub as snub <one would have thought of it> not <abstractly>; whereas <if
one> had thought of <the snub> qua concave one would have thought of it abstractly,
<that is>, qua concave, <one> would have thought of it without the flesh; in this sense the
mathematicals, though not separate, <the mind> considers them as separate when it thinks
them. In general, the mind is identical with its objects.’ [De Anima I11.7, 431b12-19; my

trans.]

Metaphysically, mathematicals cannot exist in separation (00 keywpiouéva,

431b16) from the objects of natural world; concavity is always the concavity of

S koOGmep & O pabnuatikdc mept Té £E Gpaipéocnc TV Beoplav moiEital (nepehdv Yop mhvTo Td
aicOntd Osmpel, olov Papoc kol kKoveodTHTH Kol GKANPOTNTO Kai TovvavTiov, Tt 8¢ kai OepuotTo Kai
YoxpoOTNTOo Kol TaG dALOG aicONTag EVOVTIDGELS, HOVOV € KOTAAEITEL TO TOGOV KOl GUVEXESG, TV UEV
8¢’ Bv TV & &mi dVo tdv & émi tpla, Kol & GO T6 TOVTOV N oG 0Tt Kai Guveyd, Kol ob kod’
£1epov T Dewpel, kal TV PEV TOGC TPOG GAANAL BEcES OKOTET KOl TO TAVTOIG VTAPYOVTA, TAV O TOG
ovppetpiog Kol GoVUUETPiog, TAV 8& TOLG AOYOVG, AL’ Opmg piov TAvTov Kol Ty avtniv Tibepev
EMOTAUNV TNV YEQUETPIKNYV), TOV 0OTOV O1) TPOTOV EXEL Kol TTEPL TO V.

6 Translating the following version of the (tortuous) text: ta 6¢ €v dgaipécel Aeyoueva <voet>
domep, €1 <T1C> 1O GOV || HEV GLudV 0D, Kexmpiopévag 88 T kolhov <el TIc> &voel, Bvev Tiic capKdg fv
8VOEL &V 1] TO KOTAOV—O0UT®O TO LOOMNUATIKE, 00 KEXMPIGUEVO <OVTO>, OC KEXWPIGUEVA VOET, dTav Vo]

<> ékeiva. SAG 8¢ 6 voic EoTiv, 6 KaT® EVEPYELOY, TO TPEYLLATO.
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some thing. The mathematician, however, is able to isolate mathematical
features (in this case, concavity) in thought; interested as he is only in the
essential characteristics of concavity (since it is not part of the essence of
concavity whether it is the concavity of this or that nose), he proceeds to
examine concavity as such. On the other hand, as the Physics passage has made
clear, if one were to consider the snub qua snub, one would not think of it
irrespectively of matter, since to be snub is to be concave in a special way, to be
nasally concave. A similar discussion takes place at the end of De Anima 1.1,
where Aristotle emphasises the way in which the affections of the soul are

inseparable:

We have said that the affections of the soul are not separate from the physical matter of
living beings in the way in which anger and fear are not separate, and not in the way in

which line and plane are.’ [De Anima 1.1, 403b17-19; mod. Charles’ translation]

How are we to compare the affections of the soul (ta ma6n tig yoyfc, like anger
and fear) with lines and planes? In what way the former are not like the latter?

To answer this question we have to go back a few lines:

<The attributes> which are not separate, and which are not treated as attributes of such and
such a body but in abstraction, <are studied by> the mathematician.® [De Anima 1.1,

403b14-15; my trans.]

Mathematicals are not separate from physical matter but they can be treated in
abstraction from it; affections of the soul, are by contrast, neither separable (in
thought or in definition) from matter nor separate in existence from such matter.
As D. Charles points out: ‘if one does not think of fear and anger as enmattered in
certain types of perceptual matter, one will (in his view) make mistakes in one's
reasoning about those affections. One will fail, for example, to know when and
why they occur.”” In lines 403a25-27, Aristotle offers an example of how an

affection of the soul (like anger) ought to be properly defined: ‘To be angry is a

T &\ éyopev &1 611 & maON THC Woxfic obTme dydpiota TG Guokic DAng tdv (dhav, § yE ToLadO’
VIapyet <oio> Bupdc kai pOPoC, Kai oy domEP YpopuT Kol Eninedov.
8 TMV 68 LT YOPIGTAVY Pév, T 8 uF) To10VTOV GMOUTOC TAON Kai £ APuIPEcEDG, O HoONUOTIKOC.

9 In [Charles (2009), p.5].
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process of this type of body or part or capacity of such a body caused in this way
for the sake of such and such a goal. (Charles’ trans.: 10 6pyilecOat xivnoic Tic ToD

TOLOLOL GMOUATOG 1| LEPOLS T SuVAUEMG VIO TODOE EVEKN TODOE).

Further justification for understanding ‘separation’ as ‘abstraction’ may be found

in Philoponus’ and Simplicius’ commentaries of the Physics passage:

The mathematician discusses the shapes and their accompanying features without further
thinking of whatever sort of matter these belong in, but separating them in thought from
all matter he studies in this way their accompanying features; the natural scientist,
however, thinking of the shape and the rest of the attributes studies them as being in

matter.'’ [Philoponus: On Aristotle ‘Physics’ 2, 219.28-33; Lacey’s trans. mod.]

The mathematician differs from the natural scientist in the first instance in that the natural
scientist talks not only about the properties of natural bodies but also about their matter,
while the mathematician is in no way concerned with the matter.'' [Simplicius: On

Aristotle ‘Physics’ 2, 290.27-29; Fleet’s trans. ]

Mathematical entities then, though inseparable in reality from physical matter,
they can be separated in thought, and the mathematicians are doing nothing
wrong in separating away perceptible matter from them and defining them
(Aéyewv TovGg Hpovg) without mentioning any such matter. To illustrate his point,
Aristotle draws a comparison between mathematical entities and their
attributes-which can be correctly defined without appealing to matter or
change-and natural forms-which cannot be defined in that way (194a2-6).12 We
can point to Simplicius’ commentary of the passage, where the latter suggests
that the Physics B.2 passage offers a general criterion to determine what can and

what cannot be mentally separated:

100 pév pobnuotikog dwAéyetal mepl TOV OYNUATOV Kol TOV SLUPovOVIov avToic pPndev
TPOGETIVOMV £V OTOQONTOTODV VAN TADTA VTAPYEL, GALYL YOPicag o0TH TAong VANG Ti dlavoig oVt
10 ovpPaivovia ovToig Bewpel, 6 HEVTOL PUOTKOG EMVOMV TO TR Kol T AoTd TV Taddv, O¢ £V VAN
avtd Oempel.

11 Awopépet 6& 6 podnuotikog tod euotkod TpdTov HEV OTL O QUGIKOG 0V TEPL TAOV cLUPePnKoTOV
poévov 10l PLOIKOIG couact AEyel, GAAA kol mepl THg DAng, tod padnpatikod pndev mepl VANg
TOATPAYLOVOTVTOC.

12 Following [Peramatzis (2011), p.75].
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He offers a general rule to determine what can and what cannot be mentally separated.
When, in defining what we are separating, we do not include in the definition the entity
from which we are separating it, and do not carry it along in our conception, but instead
define and conceive it as something per se, it is then that we say such a thing is separable
in definition and thought (for example, when defining the mathematical body we talk
about that which has three dimensions without in any way carrying along the matter or the
movement of the natural body; in defining the plane surface we talk about that which has
nothing more than length and breadth; and it is the same in the case of numbers). But when
the original entities appear inevitably as part and parcel of the definition which we seek to
give, together with the properties which we are separating, which cannot even be thought
of without them, then we say that such entities cannot be separated even in concept and
thought. Such entities are flesh, bone and man." [Simplicius: On Aristotle ‘Physics’ 2,

293.29-294.5; Fleet’s trans.]

The criterion is to examine whether any error occurs in the mathematician’s
reasoning if mathematicals are to be thought of independently of physical
matter.'* The application of this criterion in the case of mathematical and natural
forms allows Aristotle to show the error in the ways of the Platonists. As
Simplicius argues, no error arises if one thinks of the solid body as ‘that which
has three dimensions without in any way carrying along the matter or the
movement of the natural body’ (293.32-34). In this, mathematical entities differ
from entities such as flesh, bone, and man; for not only is each of these natural
and essentially enmattered, but each cannot be thought of without matter

(294.3-5). At the end of the Physics passage, Aristotle compares mathematics

B xai mapodidmot kavova tdv e 10| Emvoin duvapdvev yopileobol kol Tdv pf. koi yop dtav pdv
tadta & yopilopey Oplopevol ui) TapolopPavousy &v Td Oploud ékeiva, OV yopilopey avtd, unde Ti
€Vvoig GUVOVOPEPOUEY, GAL avTd KaO’ avtd oplopeda kol évwodpey (Og 10 padnuaTIKOV oduo
oplopevol Aéyopev 10 TAG TPEG EXOV SOTAGELG oVdapoD TNV VANV fj v xivinowv 100 @uoikod
CMUOTOG GUVAVOPEPOVTEG KO TO EMImESOV TO UijK0G Kol TAATOG poOvov Exov Kol €ml aplOudv Opoiwg),
10T YOPIOTA A0y kol €mvoig o TowdTa Adyopev eival. Stav 8¢ Bovlopévolc opicacOar Th
yopiopeva cuveppaivnTal Thvime gkeiva, v yopiletal, kol pmde SvvnTar wpic éxeivov voeicho,
Tote Kal Tf] vonoel kol €mvoig T0 TolbTo GYdPLoTe. AEYOUEV. TowdTa 0& cOpf kol 6oTodV Kal
GvOpwmog.

14 So Peramatzis (2011), p.72. Consult [Charles (2009), p.5] and especially [Peramatzis (2011),

pp.71-73] for a discussion of the criterion.
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with ‘those branches of mathematics which come nearest to the study of nature’

(t0 puow®TEPO TOV HOOMUATOV):

The point is clear also from those branches of mathematics which come nearest to the
study of nature, like optics, harmonics, and astronomy. They are in a way the reverse of
geometry. Geometry considers natural lines, but not as natural; optics treats of
mathematical lines, but considers them not as mathematical but as natural. [Physics B.2,

194a7-12; Charlton’s trans.]

The geometer is investigating natural lines ‘not as natural’ (ovy §j pvoikn). Thus,
the mathematician studies the essence of concavity or curvature and its
properties: the mathematician can mentally separate/cognitively isolate
curvature from its instantiations and study its properties without any error
arising from this process. On the other hand, the subject matter of astronomy is
not merely sphericity and its properties, but the sphericity of planets, and other
celestial bodies. But the astronomer does not study just that; he also takes into
account the motion of the celestial bodies, that is, he studies those bodies as
moving spheres. It would be a mistake for the astronomer to consider the
sphericity of the planets in isolation from their motion. For that would reduce
astronomy to a geometry of spheres; and how could astronomy then explain the
apparent motions of the stars and other celestial bodies? The point that Aristotle
is trying to make here is that an applied mathematician such as an astronomer
merely studies a conjunction of properties (such as the sphericity of the celestial
bodies and their motions); in other words astronomy studies the heavenly
bodies qua (moving and having magnitude). Aristotle’s claim that astronomy is
in a way the reverse of geometry can be understood as implying that the former
involves an addition, since it takes the shapes from the superordinate science
and studies them in conjunction with the motion of the celestial bodies, whereas
the latter involves an abstraction (in the sense of subtraction) in that it studies

only shapes themselves and their essential properties.1>

15 Cf. the discussion in Post. An. A.13 (78b36-79a11), where Aristotle argues that subordinate
sciences ‘make use of <mathematical> forms’ (kéypnrat toig €ideswv, 79a7). I do not mean, of
course, that Aristotle postulates conjunctive properties in addition to the conjuncts: if a celestial

body has the property of being spherical (S) and the property of being in motion (M), then it has
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Especially illuminating about the contrast between astronomy and geometry is
the commentary of Philoponus (220.1-5): On the one hand, Philoponus cites
Theodosius (a mathematician and astronomer of the second century BC) and his
work On Spheres, as a paradigmatic case of a geometer that studies the attributes
of the sphere, without taking into account any matter; instead, he focuses his
attention on the spherical shape and whatever holds true of spheres, e.g. that if a
sphere is cut by a plane a circle comes about and so on.1® Philoponus contrasts
that case with the case of Autolycus (an astronomer of the fourth century BC)
and his work On Moving Sphere, where the latter writes about moving spheres
and what holds true of them, and thus he is a concerned with a more particular
kind of subject than Theodosius, and he is closer to the natural philosopher in
that he also takes into account motion (he examines a combination of shape and

motion).17 (220.4-9) This helpful comment can be examined alongside Aristotle’s

the conjunctive property of being spherical and being in motion (S&M); this is not to say that it
has three distinct properties S, M and S&M. (Following [Armstrong (1978), p.30ff]). What does it
mean that the optician studies the mathematical lines not qua mathematical but qua physical?
Drawing an analogue with the investigations of the astronomer (where we saw that the subject
matter of astronomers is not merely geometrical aspects of the heavenly bodies (e.g. their shape)
but also properties such as being in motion), we can argue similarly for the subject matter of
optics: it is not merely the geometrical aspects of visual rays (properties such as being straight or
circular and so on) but also other, physical properties, the nature of which has to be determined.
Now McKirahan in his article ‘Aristotle’s Subordinate Sciences’ points to Euclid’s Optics as the
paradigmatic case that will offer some illumination on the subject matter of optics. This approach
is partially correct: Euclid’s Optics studies only the geometrical aspect of visual rays and does not
make any reference to further physical properties that those lines might have; it does not study
properties such as their being in motion (since those rays travel outwards from the eye/the light
object), as well as their strength and weakness. (Burnyeat also makes this point in [Burnyeat
(2005), pp.36-37]). One need only look at Aristotle’s Meteorologica and the explanation of
phenomena such as the reflection of the visual rays, to get an understanding of the importance of
properties such as the weakness of the visual rays in our analysis of them. (For extensive
discussion consult [Wilson (2013)] esp. ch.12).

66 yobv @codootoc &v 10ig Teaipikoic S1dGokmv Td cvpPoaivovia maN T oeaipe 0VdEV
npochoyiletar VANV, GALG yopicog mhong ovciag 0 ceapkoV oyfua obt® T0 cuppaivovta avTd
gmokéntertal, OtL £0v opaipa Emmédm TUn0f) KOKAOV Tolel, kol doo dALO.

76 8 Abdtohvkog Ilepi xwovpévng ooaipac ypayoac kai Soa ovpfaivel T Kwovpévn

oQaipq, LEPIKMOTEPOG €0TL TOD Bgodociov kol HAAAOV T QLGIKY Tpooeyyilwv (M Yap Kivnolg &yyvg
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own remarks about astronomy in Meta. M.3, 1077b22-30, where he claims that
the subject matter of the latter is just moving solids etc. and not some peculiar

intermediate entities as some Platonists suppose.

[1.3] The question of idealisation

All the above discussion, however, presupposes one thing: that there are perfect
instantiations of the various geometrical entities in the physical world. Provided
that those entities are exemplified in the physical world, no misrepresentation of
the reality around us results when the mathematicians cognitively isolate those
entities from all those irrelevant, extra-mathematical elements that do not
pertain to their investigations. For, it is easy to see that when astronomers study
the celestial bodies qua spheres no misrepresentation of their reality results
given that they are perfect spheres; or consider Simplicius’ example of the solid

body:

For not even is the solid assumed by him to be natural <body>, but only something with
three dimensions as if such things existed per se; for the mathematician concerns himself
with the features that can be mentally separated.' [Simplicius: On Aristotle ‘Physics’ 2,

290.34-291.2; Fleet’s trans.]

One might claim, however, that in the case of geometry, there is a margin for
approximation: the surface of my desk is unlikely to be perfectly planar and my
basketball is not a perfect sphere. One then might argue that just because some
of the minutial aberrations and irregularities (such as the unevenness on the
surface of my desk) are omitted this does not mean that our definitions are not
representative of reality. We cannot, of course, talk of abstraction in the sense
described previously: this is not a mere elimination from consideration anymore

but something more, namely idealisation.1® According to this alternative reading,

oG £6TL THC 0VGiog): &l Yap Kol prf mvosi ovsiay Tva €v Tff Kivoupévn ceaipg, GAL” obv cVvOesiv
Tva AapPavel Tod oyfIoaTog Kol TH¢ KIVGE®S, Kol ToT £yyVg Tmg £0TL TG 00GT0C.

18 0082 yap 10 oTEPEOV KDTG PUGIKOV DIOKELTAL, GAL’ adTO TODTO POVOV TO TPLYH| dleoTde. M el Kai
K’ €ovta v TotodTor TEPL YA TO TH| VONGEL YOPIoTY KaToyivovTal.

19 In a similar discussion, Mendell calls it ‘ideal abstraction’ in [Mendell (1986), pp.73-75].
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there is no error when the geometers are thinking of their objects as separate
from change/perceptible matter because those objects are the idealised versions
of everyday ones. One may retort that any talk of idealisation is dangerous,
inasmuch as it leads us away from the realism Aristotle espouses in that passage.
A first response would be to limit the scope of the idealisation: not every
geometrical object needs to be considered as an idealised version of a sensible
one; furthermore, the issue of idealisation is limited in geometry -one does not
talk of idealisation in the case of arithmetic. Does Aristotle allow for idealisation
in his discussion of the metaphysical status of mathematicals in Metaphysics M
and N? And is the picture there consistent with his naive realism in the Physics
passage? Answers to questions like the above will have to wait until a proper

examination of the relevant passages.
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Chapter 2: Aristotle on the metaphysical status of geometricals

[2.1] (Not really) a tetrachotomy

The following passage from the first chapter of Book M of the Metaphysics lists

several options for the mode of existence of mathematicals:

If the objects of mathematics exist, then (i) they must exist either in sensible objects, as
some say, or (ii) separate from sensible objects (and this also is said by some), or if they
exist in neither of these ways, either (iii) they do not exist, or (iv) they exist in some other
way. So that the subject of our discussion will be not whether they exist but how they

exist.”’ [Meta. M.1, 1076a32-37; Ross’ trans.]

Aristotle’s primary interest, as the last sentence of this passage makes clear
(60’ M aueoPimoig Huiv Eotot od mepi Tod sivar GAAG mepi Tod Tpdmov, 1076a36-
37), lies in the specific mode of existence of the objects of mathematics. The third
option, however, the option of their non-existence, is not stated here merely for
the sake of completeness. For Aristotle as well as for Platonists, anti-realism, the
view that mathematical objects do not exist, does not merit serious
consideration. If the propositions of mathematics are true, then they are true of
things that exist; Aristotle and the Platonists surely think that the propositions of
mathematics are true. One then should not overemphasise the extent of
disagreement between Aristotle and the Platonists with regard to their
respective philosophies of mathematics as, for example, Julia Annas does.?! As
Myles Burnyeat explains, any discussion about the metaphysical status of
mathematical entities that purports to be an accurate reflection of the Greek
philosophy of mathematics has to presuppose (or at least to be largely based on)

a realist conception of mathematical truth:

2 qvéyn &, elmep Eott o padnpatikd, (i) fi &v Toic aicOnroic elvan ot kabdmep Aéyovoi tvee, (i) §
KeYPopéva TV aictnt®dv (Aéyovaot 8¢ kai obto Tivég): 1 el undetépmg, (iii) §| 0Ok eiciv i (iv) dAlov
TpoTOV £iotv: BG0’ 1 dupioPioig Ny Eotat 0 mepl Tod elvorl dALL TEPL TOD TPOTOL.

21 Annas claims that what distinguishes Aristotle from Plato is ‘the question whether

mathematical objects exist’. In [Annas (1976), pp. 26-27].
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No-one in this debate thinks to explain mathematical truth as theorem-hood (derivability
from the axioms). No one has the idea that mathematical truth could be internal to
mathematical statements in the manner of analytic statements like ‘Bachelors are
unmarried.” No one suggests it would be enough to regard mathematical theorems as
approximately true of the physical world . . . Here, as elsewhere in Greek philosophy, the
discussion is constrained by a heavily realist concept of truth. [Burnyeat (1987), p.224;

italics mine]

Burnyeat rightly cautions against ascribing to Aristotle a notion of mathematical
truth as theorem-hood (=derivability from the axioms, also known as if-thenism),
for the simple reason that this notion implies that mathematical statements can

be devoid of content:*

Now the entities referred to in a given science are entities whose existence is necessary for
the theorems of the science to be true. That is why option (iii) in the tetrachotomy of M.1
has no takers and receives no discussion. It would mean that mathematics was not true. All

parties to the debate agree that mathematics is true. All parties are therefore committed to

22 Hilary Putnam in his article 'The Thesis that Mathematics is Logic’ attributes to Russell the
following philosophy of mathematics: ‘Mathematicians are in the business of showing that if
there is any structure which satisfies such-and-such axioms (e.g., the axioms of group theory),
then that structure satisfies such-and-such further statements (some theorems of group theory
or other).” [Putnam (1967), p.281; italics mine]. Putnam himself also adopted this philosophy of
mathematics in this same article. There is, however, a danger of vacuity that lurks underneath;
Dale Jacquette offers the following critique of if-thenism: ‘The inferences invoked in Putnam’s if-
thenism ... when their content is universally reduced to conditional deductive form, appear to be
altogether vacuous of specific mathematical content.’ [Jacquette (2004), p.320; italics mine]. If-
thenism, however, has roots that go back at least to the Ockhamist tradition and the debate
between indivisibilists and anti-indivisbilists; the following is a passage from an anonymous
disciple of Ockham who gives us a glimpse of Ockham's interpretation of Aristotle’s philosophy of
mathematics: ‘According to the preceding principle he [i.e. Ockham] posits that one must not

admit indivisibles such as those commonly conceded, such as points, lines, surfaces, and things of

that kind. In fact, neither reason, nor experience, nor authority prohibit us from doing so. He

states that the texts authorised by Aristotle should be interpreted conditionally. When Aristotle

asserts, for example, that the circle is a shape such that the lines from its center to its

circumference are all equal, he states that it must be understood thus: the circle is a shape such

that, if a point existed, the lines from this point to its circumference will be equal. That is how one

ought to explain all the postulates and conclusions relative to indivisibles.” (Contained in [Duhem

(1985), p.21]; underlining mine).
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accepting that mathematicals exist. The dispute, as M.1 was bound to conclude (1076a36—

37), is about their manner of existence.” [Burnyeat (1987), p.221; italics mine]

The discussion that follows Aristotle’s listing of the possible views regarding the
mode of existence for mathematicals can be summarised as follows: Aristotle’s
first target is the people who endorse a view of immanent Platonism (i.e. that
mathematicals somehow exist in the sensibles) (M.2, 1076a38-b11); he then
argues against a more traditional view of Platonism (i.e. against the view that
mathematicals enjoy separate existence from the sensibles) (M.2, 1076b11-
1077b14). He concludes the discussion by asking whether mathematicals do not
exist at all, or exist in some other way (M.2, 1077b14-17). Then, in M.3
(1077b17-1078a31) he explains (albeit in a cryptic way) the special mode of

existence that mathematical objects do have.

23 As it can be seen from the first of Burnyeat’s passages, he makes the stronger claim that we
cannot even regard mathematical theorems as approximately true of the physical world. I am not
so sure that Aristotle would agree with such a claim. In any case Burnyeat’s argument in the
passage quoted could be substantially strengthened if we invoke, as Cleary rightfully does, the
argument from the sciences. As Cleary notes, the argument is based on the ‘fundamental
assumption is that any genuine science must have a real or existent object. Since Aristotle shares
[with the Platonists] that epistemological assumption, he cannot accept the non-existence of the
objects of mathematics as that would leave his paradigmatic sciences without foundations.” In

[Cleary (1995), p.280].
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[2.2] The notion of priority and its role in the M.2 discussion

[2.2.1] The multifaceted notion of priority

Aristotle’s general strategy consists in showing that the Platonists' arguments
can, at best, account for the priority in account or definition of mathematicals to
sensible objects-those arguments cannot establish the priority in substance of
mathematicals to sensible objects. Much of the discussion is framed around a
conception of mathematicals as boundaries and their priorities to the solids they
bound.?* Aristotle’s criticism of the view that mathematicals exist in separation

from the sensibles begins as follows:

But, again, it is not possible that such entities should exist separately. For if besides the
sensible solids there are to be other solids which are separate from them and prior to the
sensible solids, it is plain that besides the planes also there must be other and separate
planes and points and lines; for consistency requires this.” [Meta. M.2., 1076b11-16;

Ross’ trans.]

One of the main tenets of (what can be called the orthodox) Platonic philosophy
of mathematics is that mathematical entities enjoy separate existence over and
above sensible substances; the above passage highlights a further aspect of this
philosophy: that such mathematicals are somehow prior (np6tepa) to sensible
substances. The following brief excursus intends to shed some light on the
multifaceted notion of priority, a concept that plays such an important role in

Aristotle’s discussion of the metaphysical status of mathematical objects.

Aristotle’s notion of separation is sometimes tied to the notion of priority in
substance: in Meta. A.11, 1019a1-4, for instance, Aristotle says that things are
called prior (mpoétepa) in virtue of their nature and substance (katd @vowv Koi

ovoiav) when it is possible for them to exist without other things (évdéystou ivon

24 Stephen Menn is one of the few scholars who have highlighted the fact that Aristotle actually
spends a large part of the second chapter of Book M of the Metaphysics responding to Platonist
arguments framed in terms of priority rather than separation. In [Menn, ‘Iy3’, p.19].

2 g piv 0088 Keymplopévas ¥ Elval QUCELS TowTag duvatdv. &l yp Eotal oTeped Topd Td
aiocOnta Keywpiopéva ToOTOV £Tepa Kol TPOTEPH TAOV aicONnT@®V, dTjAov 0Tl Kal Tapd T Enineda Etepa

avaykoiov eivon Enineda kexmpiopéva Kol oTiypdc Kol ypappds (tod yop ovtod Adyov):
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dvev dAlwv), whereas those other things cannot exist without them; this division,
according to Aristotle, was used by Plato (ta pév 6m obtm Aéyston mpoTepa Kol
Botepa, To 8¢ Ko PUGY Kol ovciay, doa Evaéyetan slvar &vev dALwV, Ekeiva 8& dvev
gketvov un- 1 dwapéost éxpioato IAdtov, 1019al1-4). Furthermore, in Meta. Z.1,
1028a31-b2, Aristotle says that substance is prior (mpd®tov) in three ways, in
definition, in knowledge and in nature (A0y® kai yvocer kol @bOoet). That
substance is prior in nature is then explained in terms of separation: none of the
other predicates is separate but only substance (t®v pév yop GAA@V

KATNyopnUAT®V 0008V Ywp1oToV, 0T 08 HoOvN):

Now we speak of what is primary in many ways, but substance is primary in every way-in
definition, in knowledge and in nature. For none of the other predicates is separate but this
alone; and in definition too this is primary, since in the definition of everything there must
occur the definition of a substance; and we think we know a thing most fully when we
know what the man is, or the fire, rather than when we know its quality or quantity or
place-since it is also true that each of these themselves we know only when we know what

that quantity or quality is. [Meta. Z.1, 1028a31-b2; Bostock’s trans. mod.]

From the Meta. A.11 passage we may infer that A is separate from B iff A can
exist without B (8ca &vdéyetan eivar dvev dAAmv), or, equivalently, iff A exists
independently of B. We may also infer an association of separation with priority:
if A can exist without B, but B cannot exist without A (ékeiva 8¢ Gvev ékeivov),
then A is not only separate from but also prior in substance to B.2¢ Priority in
substance, then, is understood as follows: A is prior in substance to B if A can

exist apart from B, but B cannot exist apart from A.

Another sense of separation is separation in account or in definition. An item, A,
is separate in definition (or in account) from another item, B, if and only if A is
(or can be) defined without reference to B. For example, white can be defined
apart from man but female cannot be defined apart from animal (domep t0

AguKoV avev Tod avOpmTOL EviEyeTaL AAL’ 0V TO BTjAL dvev Tod {dov, 1030b25-26).

26 For extensive discussion on the matter see [Fine (1984)].
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However, instead of definitional separation, Aristotle often speaks of definitional
priority. Peramatzis 27 lists several passages where Aristotle discusses

definitional priority:

1) For with respect to the account the former are defined in terms of the latter, and the
latter are prior in that they are without the former. [Meta. Z.10, 1034b30-2; Bostock’s

trans.]

2) The parts of the formula, into which the formula is divided, are prior — some of them or
all of them; and the formula of the right angle is not divided into the formula of the acute,
but that of the acute into that of the right; for one who defines the acute uses the right
angle; for the acute is less than the right. And, similarly, in the case of the circle and the
semicircle; for the semicircle is defined through the circle and the finger through the
whole; for finger is such-and-such a part of man. [Meta. Z.10, 1035b4—11; Bostock’s

trans.]

3) <Things are prior> in definition to those things whose definitions are compounded from

definitions of them. [Meta. M.2, 1077b3—4; Annas’ trans.]

4) And in definition, too, this [i.e. substance] is primary (for it is necessary that in each
thing’s definition there should occur the definition of a substance). [Meta. Z.1, 1028a34—6;

Bostock’s trans.]

It seems then that definitional priority involves as a necessary part the concept
of separation in definition.?8 Consider the second passage listed above (Meta.
Z.10, 1035b4-11): the account of the right angle does not include the account of
the acute but the converse is true (0 d¢ tfic OpOfic Adyog 00 Srupeitan eig 6&eiog
Aoyov, GAL’ <06> Thig 0&elag gig 0pOnv, 1035b6-7). One defines the acute angle in
terms of the right angle but not conversely (ypfitot yap 6 oplouevog v 6&eiav T
opOT- “éldttv” yap “opbfic” M o&eila, 1036b7-8). Priority in account then is
understood as follows: A is prior in account to B if, in giving an account of B, we
formulate it in terms of A, whereas in giving an account of A we need not appeal

to B.

27 See [Peramatzis (2011), p.24 ff.] for extensive discussion.

28 So [Peramatzis (2011), p.25].
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The following passage from the Metaphysics Z.13 introduces yet another sense of

priority:

Further, it is absurd and impossible that a this and a substance, if it is composed of
anything, should be composed not of substances, nor of a this, but of a quality. For then
the quality, which is not a substance, will be prior to substance and the this. And this is
impossible; for attributes cannot be prior to substance either in formula or in time or in
generation, since if they were they would also be separable. [Meta. Z.13, 1038b23-29;

Bostock’s trans. ]

The passage introduces priority in generation or ‘coming-to-be’: A is prior in
generation to B if B is further ahead in a process of generation than A. Priority
plays also an important role in Metaphysics ©, where Aristotle discusses actuality

and potentiality:

Since it has been determined in how many ways prior is said, it is evident that actuality is
prior to potentiality. And I mean by potentiality not only that defined kind which is called
an origin of change in something else or in a thing gua something else, but generally all
origins of change or remaining static. For nature too is in the same class as potentiality; for
it is an origin of change, though not in something else but in a thing itself qua itself. Then
actuality is prior to all potentiality of this sort both in account and in substance; and in

time in one way it is and in another way it is not. [Meta. ©.8, 1049b4-12; Makin’s trans. |

For Aristotle, actuality is prior to potentiality 1) in account (an account of a
potential thing A will necessarily be formulated in terms of an actual thing B) and
2) in substance (an actual thing A can exist without a potential thing B, but the
reverse does not hold). In time, however, actuality is in one sense prior but in
another sense it is not: one can claim, for instance, that the chicken temporally
precedes the egg; but one might also claim that an actually-existing egg does
temporally precede the potentially existing chicken. Aristotle also holds that
what is posterior in generation is prior in substance and in form (tf] yevéoet

Votepa @ €idel Kal Tf) 0VGIY TPOTEPQ):

But indeed actuality is prior in substance too, first because things posterior in coming to be

are prior in form and in substance (for example, adult to boy and man to seed; for the one
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already has the form, the other does not).” [Meta. ©.8, 1050a4-7; Makin’s trans.]

This point will be of crucial importance in Aristotle's criticisms of Platonic views

in Metaphysics M.2 as we shall see shortly.

[2.2.2] Aristotle’s arguments against the metaphysical priority of lower-

dimensional entities

The context of aporia #12 in Book B of the Metaphysics is one of crucial
importance for our understanding of the M.2 discussion.39 The aporia is stated as

follows:

A question connected with these is whether numbers and bodies and planes and points are
substances or not. If they are not, it baffles us to say what being is and what the substances

of things are.’! [Meta. B.5, 1001b26-29; Ross’ trans.]

In the discussion that ensues Aristotle considers a Platonist argument that
ascribes greater metaphysical status not to three-dimensional bodies, but rather

to the lower-dimensional quantities that determine or bound them:

And as to the things which might seem most of all to indicate substance, water and earth
and fire and air, of which composite bodies consist, heat and cold and the like are
modifications of these, not substances, and the body which is thus modified alone persists
as something real and as a substance. But, on the other hand, a body is surely less of a
substance than a surface, and a surface less than a line, and a line less than a unit and a
point. For a body is bounded by these; and they are thought to be capable of existing
without body, but a body cannot exist without these.”* [Meta. B.5, 1001b26-1002a8; Ross’

2 AMML v kad ovoia ye, TpdTOV pév &Ti TdL TR yevéoet Dotepa 1@ edet kai Tij ovoig TpdTepa (olov
avip mondog kol vOpmToc oTEPHOTOC: TO HEV Yap HOn Exel TO €160¢ TO &’ 0D).

30 Following the division of aporiae in [Crubellier & Laks (2009), pp.1-2].

31 Tovtmv 8 &xopévn dmopio moTepov of Gppol kai To chpota Kol Td &nineda kol ai ottypod ovoiot
TwéG elowv 1 00. €l p&v yap pn eiotv, dopevyet Ti 10 OV Kal Tiveg ai ovsiot TOV dviwmv:

328 8¢ palot’ By 80Eete onpaively ovolay, Hdwp Kol yi| Kol Tp Kol afp, &€ GV 0 ohVOETO GhpoTa
GUVEGTIKE, TOVT®MV OEpUOTNTES HEV KOL WYuypOTNTEG KOl TA TOloDTO TGO, 0VK 0vGiNL, TO 08 GMWA TO
tadto TEmoVOOC LOVOV DTOPEVEL MG BV TL Koi oDoia TIC 00, GAAG UiV T6 Y& odua fTTov ovsia THc
Emoaveiog, Kol abtn thg ypapung, kol adt Thig povadog kal Thg oTyuic: TovTolg Yyop dplotal o

odpa, Kol To HEv dvev ohpatoc &vééyeco Sokel elvat To 68 odua EveL TOVTOVY ASHVATOV.
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trans.]

According to a certain Platonist line of thought, the fundamental elements of the
world (earth, air, fire and water) have a better claim to be substances than the
things composed out of them.33 Furthermore, the Platonists seem to argue for
the substantial priority of the boundaries of things to the things they bound;
more specifically, Platonists argue not only that surfaces are prior to bodies, but
also that lines are prior to surfaces, points to lines and that units are prior to
points. But why do Platonists suppose that lower-dimensional entities are prior
in substance to higher-dimensional ones? One answer is provided by the passage
above: if B is delimited (or defined, ®piotar) by A, then A is more substantial than
B; for example, a triangle is bounded by three straight lines, therefore, the lines
are more substantial than the triangle itself.3* This conforms well with

Alexander’s commentary of the passage:

The things by which something is defined and given its form are substance to a higher
degree than that which is defined by them. . . For it is not possible to conceive of body
without a surface, or of surface without a line, or of line without a point - for these items
are included in the definitions of those things: body is said to be that which has length,
breadth and depth; surface that which has length and breadth; and line that which has
length without breadth, and points as limits - but a point is conceived of even apart from a

line, and a line apart from a plane, and a plane without body.” [Alexander: Comm. on

33 A parallel passage can be found in Meta. Z.2 where Aristotle reports that ‘some think that the
limits of a body-i.e. surfaces, lines, points, and units-are substances, and more so than the body
and the solid.” In [Meta. Z.2, 1028b16-18; Bostock’s trans.].

34 Stephen Menn offers an extensive discussion of aporia #12 in [Menn, ‘If3’, pp.29-32]. Menn
traces the origins of such a Platonist argument to the Timaeus: ‘Aristotle is thinking here of the
kind of argument that the Timaeus makes, after reducing the nature of things to body and thus to
‘depth’: ‘depth is always necessarily circumscribed by surface, and the plane base-surface is
constituted out of triangles’ (53c6-8), and so on. ... Aristotle is calling attention to one important
feature of Plato's strategy of argument, namely that it argues that the boundaries of things are
prior to the things.’ In [Menn, ‘183’ p.29].

33 ol opiletai T ko eidomoteital, keiva 10D Optlopévon v adTdY PdAAov odoia: . . . oW PEV yip
Givev gmpoaveiag ovy olov e vondfjvar, ovd’ ad ETPAEVELNY EVEL YPaUFC, 008E TaTY Ympic onpeiov.

gV yap T0ic OPIGROIC oDTAY GLUTAPOAOUPAVETOL KAKEIVO: odua HEV Yap AéyeTon eivorl TO pfjkoc Kol
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Meta. Book B, 229.22-230.7; Madigan’s trans.]

Yet another reason the Platonists attribute greater metaphysical status to lower-
dimensional entities is supplied from the following passages from Metaphysics

M.2:

And, in general, conclusions contrary alike to the truth and to the usual views follow, if
one supposes the objects of mathematics to exist thus as separate entities. For if they exist
thus they must be prior to sensible spatial magnitudes, but in truth they must be posterior;
for the incomplete spatial magnitude is in the order of generation prior, but in the order of

substance posterior, as the lifeless is to the liVing.36 [Meta. M.2, 1077a14-21; Ross’ trans.]

Again, the modes of generation of the objects of mathematics show that we are right. For
the dimension first generated is length, then comes breadth, lastly depth, and the process is
complete. If, then, that which is posterior in the order of generation is prior in the order of
substance, body will be prior to the plane and the line. And in this way also it is more
complete and more whole, because it can become animate. How, on the other hand, could
a line or a plane be animate? The supposition passes the power of our senses.’’ [Meta.

M.2,1077a24-31; Ross’ trans.]

The examination of the passages reveals that that Platonists invoke a certain
process of generation for geometrical entities. A (moving) point generates a line,

a (moving) line generates a plane, and a (moving) plane generates a solid.38

mhdtoc Kol Paboc Exov, émpdvela 8& O pfjkoc kol TAdTog Exet, ypapun 8¢ pfikog dmiotéc, Nig mépata
onueia- onpeiov 8¢ voeital Kol Ywpig YPOUURG, Kol abtn ympic Emmédov, Kol Eninedov dvev cOUATOC.
% 8hoc 8¢ tovvavtiov cvpPaivel kai tod dAnbodc koi Tod eiwbdTOg VmoAauPhvesdar, €l TiC
OMoet obToc lvar T LOOMUATIKE OC KEXWPIGUEVAC TIVAC PVGELS. Avirykn yap S1d 1o puév obtmg eivar
aOTaC TPOTEPAC Elval TV aicONT®V peyeddv, kotd O dAN0sc & Votépac TO Yap Gterdc péysbog
yevésEL P&V TpoTEPOV £6TL, TH| 0VGia & DoTEPOV, 01OV dyuyoV EPyhyov.

711 ai yevéoeg dnhodoty. TpdTov pev yap i pijkog yiyveran, elto €mi mhdroc, tehevtoiov 8 eic
B&boc, kai téhog Ecyev. £l oDV TO Ti| yevécel DotepoV Tij 0VGig TPOTEPOV, TO GO TPITEPOV GV €N
EmmEdon kol PNKovg kKol TovTn kol tédetov kol Olov paAAdov, &tL Euyuyov yiyvetar ypouun o6&
Euyuyog N éninedov mdg av €in; VREP Yap TOG aicONoELG TOG NUETEPOG GV €l TO diwpLo.

38 Cf. De Anima 1.4, 409a3-5: &t §’énel poot kwvnbeicav ypapunyv €nimedov motelv, otiyunv 6
ypappnyv... Cherniss tentatively attributes this view of generation of mathematicals from lower-
dimensional ones to Speusippus. See [Cherniss (1944), pp.396-397]. For the view that a line is
generated by a flowing point see also Sextus, Against the Mathematicians, Book 9, section 380.

For a detailed discussion of Sextus’ arguments consult [Betegh (2015), esp. pp.154-165].
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When this process of generation has reached the solid it has reached its end
(téhog, 1077a26). Proclus gives us a more detailed insight of this process of
generation when commenting on Euclid’s definition of the line (‘a line is

breadthless length’):

The line has also been defined in other ways. Some define it as the ‘flowing of a point’,
others as ‘magnitude extended in one direction’. The latter definition indicates perfectly
the nature of the line, but that which calls it the flowing of a point appears to explain it in
terms of its generative cause and sets before us not line in general, but the immaterial line.
This line owns its being to the point, which, though without parts, is the cause of the
existence of all divisible things; and the ‘flowing’ indicates the forthgoing of the point and
its generative power that extends to every dimension without diminution and, remaining
itself the same, provides existence to all divisible things.” [Proclus: 4 Commentary on

The First Book of Euclid’s Elements, 97.6-17; Morrow’s trans. mod. ]

It seems then that Platonists ague that if A is prior in generation to B, then A is
prior in substance to B. The result is that points are prior in substance to lines,
lines are prior in substance to surfaces, surfaces are prior in substance to solids.
Aristotle’s response in lines 1077a26-27 makes use of his own principle,
established in Meta. ©.8, that what is posterior in generation is substantially
prior (gl odv 10 T yevéoel Votepov Ti ovoiq mpdtepov). Even if one grants the
Platonists that solids are somehow generated from lower-dimensional
geometricals, solids are more complete (koai tadtn Koi TéAe0OV Kol GAOV UAALOV,
1077a28) than what lies at the beginning of the process of generation: the line
and the plane, for example, may be prior in generation to the solid but the solid
body (t0 odua) is prior in substance to them. In lines 1077a28-29 Aristotle
invokes the capacity of the solid body for becoming animate (£uyvyov) as the

reason that makes it more substantial than lower-dimensional entities; it seems

3% Agopitovtat 8¢ ot Kol kat’ dAlag pedddoue, of pév puoty onueiov Aéyovie, ol 88 péyedog ¢’ &v
SlaeTaTov. GAL’ 00Tog PEV 6 Bpog TEAELOC E0TV THV 0VGIoY onuaivev THC Ypappic, 6 8& onpeiov pocv
gitov €owev anod Th¢ aitiag avtVv ThG YevvnTIKiic dNAodV Kol o0 moav ypapuny GAAd TV duiov
mopioTnotl: TavTny Yop HEioTol TO onueiov Apepeg VTLApPYoV, VTAPEEMS OE TOlG UePLoToic aitiov Ov. 1
8¢ pooig v Tpoodov Evdeikvutal kal TV yoviuov dvvauy, Ty €nl mdoav didotacty Odvovsav Kol

0UK EAQTTOVUEVIY, THV DTNV UEV £6TOOAVY, TAGL O& TOIG LEPLOTOIG TV OVGIAY TAPEYOUEVN V.



33

rather bizarre to suggest that a line or a plane can become animate. At this point
Julia Annas claims that Aristotle is guilty of confusing mathematical solids with

physical bodies:

... Aristotle is thinking of a physical object as a solid object made up of planes, lines, etc.,
so the latter are ‘incomplete’ in that although there have to be planes, etc. to make up a
solid, the solid is that via which the planes must be identified and not vice versa. The
relation of planes, etc. to solids is compared with that of the earth that becomes a man. But
if this is Aristotle’s arguments he is confusing a mathematician’s solid with a physical

object; the latter is not made up of planes in the way the former is. [Annas (1976), p.145]

[s Aristotle guilty of such charge? Annas claims that a physical object is not made
up of planes in the way a mathematical solid is. Annas does not elaborate on the
supposed difference in composition between a mathematical solid and a sensible
one. In what way does Socrates’ composition of planes differ from a cube’s
composition of squares? Does a cube consist of infitely many squares in a way
that Socrates does not consist of infinitely many planes? When Aristotle poses
(1077a33-34) the question about how lines can be substances, one of the options
provided is that they might be substances as forms/shapes or in a matter-like

way; he rejects both options:

Again, body is a sort of substance; for it already has in a sense completeness. But how can
lines be substances? Neither as a form or shape, as the soul perhaps is, nor as matter, like
body; for we have no experience of anything that can be put together out of lines or planes
or points, while if these had been a sort of material substance, we should have observed

things which could be put together out of them.* [Meta. M.2, 1077a31-36; Ross’ trans.]

Aristotle thinks that it is not very plausible to ascribe a process of generation for
solids beginning from lower-dimensional entities, since nothing seems to be
capable of being assembled from lines and planes and points. Crucially, however,
he denies that lower-dimensional entities can even exist as forms or shapes of

the things they bound (contrary, for example, to the naive realism espoused in

&1 10 pév odpa odolo Tic (oM Yap Exel Tog O TéAE0V), ai 88 ypappol T odoiay obte yip dg

£100¢ Kai pLope1| Tic, olov &l dpa 1| yoyr Tolodtov, odTe MC 1| DAN, olov 1O cdpa: 00OV yop &k ypauudv
o008’ dmmédmwv o0dE oTIyudV Qaiveton cuvictacOor duvduevov, € 8’ v ovoia Tic VAT, TodT GV

€QOIVETO SUVALEVA TACKELV.



34

Physics B.2). What does this claim amount to? What is the metaphysical status of
lower-dimensional entities? An answer to those question will have to wait the

examination of the M.3 chapter of the Metaphysics.*!

[2.2.3] Mathematicals as prior in definition

What sense of priority does Aristotle allow for mathematicals? The following

passage from Metaphysics M.2 might shed some light to this question:

Let it be granted that <the mathematical objects> are prior in formula. Yet not everything
which is prior in formula is also prior in substance. Things are prior in substance if more
able to go on existing when separated from the latter, and prior in definition to things
whose definitions are compounded from definitions of them. These do not apply together.
For if there are no attributes distinct from real objects (e.g. a moving or a white) then
white is prior in definition to white man, but not in substance, since it cannot exist
separately but only together with the compound (by compound I mean the white man). So
clearly the result of abstraction is not prior, nor the result of addition subsequent, for the
expression ‘white man’ is the result of adding a determinant to ‘white’.* [Meta. M.2,

1077a36-b11, Ross’ trans. mod.]

This passage describes two notions of priority discussed earlier. We learn that A

is prior in substance (tf] ovoiq) to B if A ‘is more able to go on existing’ when

41 There is also a passage in De Caelo 111.1, where Aristotle is objecting that those who generate
bodies out of planes contradict the laws of mathematics:
But this last theory which composes every body of planes is, as is seen at a glance, in many respects
in plain contradiction with mathematics. It is, however, wrong to remove the foundations of a
science unless you can replace them with others more convincing. And, secondly, the same theory
which composes solids of planes clearly composes planes of lines and lines of points, so that a part
of a line need not be a line. [De Caelo 111.1, 299a2-9; Stock’s trans.]
216 pév odv Moy Eoto mpdTepa, GAL’ 00 ThvTo So0 T Aoy TpdTEPQ Kai Tf ovoin TpdTEPQ. Ti| PV
Yap ovoig mpdTeEpa S0 yoPLopeva Td civar VepPardlel, T® Aoym 8¢ dcwv oi Adyol &k TV AdYmV:
Tadto 8& ovy Gpo VmapyeL. &l yop pn ot T8 AN Tapd TaS 0vGinGg, olov KvoOUEVOY TL T AeVKOV, TOD
AEVKOD AVOPOTOL TO AEVKOV TTPOTEPOV KATH TOV AOYOV GAA’ OV KaTO TNV OVGiov: o1 yap €voExetal
£lvolL KEYOPIGHEVOV BAL del Gpa 76 cuVOL® €oTiv (cOvorov & Aéym TOV avOpmmov TOV AELKOV), HoTE
@ovepOV 6T 00TE TO €€ Apapécemg TPOTEPOV 0VTE TO €K TPOGHEGEWMC DoTEPOV: EK TPOGHEGEMG Yap TG

AEVK® O Agvk0g dvOpwmoc AéyeTar.
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separated from B, and that A is prior in definition (1® Ady®) to B when the
definition of the latter contains the definition of A (6cwv oi Ldyot €k TV Adoy®V). A
parallel for priority in account/definition can be found in Meta. A.11, 1018b34ff.
where the musical is said to be prior to the musical man in account, ‘for the
account cannot exist as a whole without the part’ (Ross’ trans) (koi kotd TOV
Aoyov 88 10 cvpPePnkoc Tod SAov TPATEPOV, 01OV TO HOLCIKOV TOD HOVGIKOD
avOpmmov: ov yap Eotar 6 Adyog 6Aog Gvev Tod pépovg: 1018b34-36). Just like the
M.2 passage, Aristotle cautions against thinking that this entails priority in
substance since it is not possible for the musical to exist unless there is someone
who is musical (kaitor ovkx &vdéyetan HOVCIKOV givar uf| SVTOC HOVLGIKOD TIVAC,
1018b36-37). The term ‘compound’ (cbvvorov) in the M.2 passage seems to refer
to the combination of an accident like white with a substantial subject like man.*3
White, he says, is definitionally prior (npotepov katd tov Adyov) to white man,
since the definition of the former does not include that of the latter, though the
converse is not true. But white is not prior in substance to white man (ov kata
v ovoiav) since it cannot exist without it (o0 yap évdéyetan eivon KexoPIGHEVOV
AL del dpo T® cuvole €otiv). Presumably Aristotle does not wish to confine
himself to white men but he thinks that white cannot exist without some white
things (not necessarily men). Likewise, Aristotle says, mathematical objects are
prior in definition to sensible bodies (t® p&v obv Adym £ote mpdTepa) but this
priority does not entail priority in substance.** The argument ought to be applied
to three-dimensional bodies and to the lower-dimensional quantities that
determine or bound them. Aristotle sums up his refutation of the Platonists as

follows:

It has, then, been sufficiently pointed out that the objects of mathematics are not

substances in a higher sense than bodies are, and that they are not prior to sensibles in

43 So Cleary (1995), p.303.

441, thus, find myself in disagreement with Ian Mueller who claims that the context of the B.12
aporia is not in any way connected with the discussion in M.2 (‘it is unlikely that Aristotle is
conscious of a direct connection of M.2 and 3 with aporia 12’, in [Crubellier & Laks (2009),
p.190]). That Aristotle grants the Platonists that mathematicals are only prior in account and not
in substance is precisely his response to Platonic principles such as the one in that aporia: that if

A is prior in account to B, then A is prior in substance to B.
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being, but only in formula, and that they cannot in any way exist separately. But since they
could not exist in sensibles either, it is plain that they either do not exist at all or exist in a
special way and therefore do not exist without qualification. For ‘exist’ has many senses.*

[Meta. M.2, 1077b12-17; Ross’ trans.]

The results of the discussion so far: mathematical entities (and by that Aristotle
has in mind lower-dimensional or limit entities) are not more substantial than
three-dimensional bodies; they are only prior in formula and they cannot exist in
separation anywhere. We still need, however, an account of what is their mode of
existence. A careful reader will notice that Aristotle has already defused the
Protagorean objection that mathematical statements do not refer to any objects
that exist. For, as the previous discussion has made clear, Aristotle already points
to a philosophy of mathematics based on the readily available notion of the solid;
his further investigations will amount to a clarification (if any) of the

metaphysical status of lower-dimensional entities (points, lines, and planes).

45 o \ el o 5 s ~ ~ ’ PR e r ~ 7 ~ s ~ 3 \ ~
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[2.3] Mathematicals in sensible things. A fanciful doctrine?

[2.3.1] Arguments against the existence of intermediate mathematicals in

the sensibles

Let us closely examine Aristotle’s argument against the existence of

mathematicals in sensible things:

That it is impossible for mathematical objects to exist in sensible things and at the same
time that the doctrine in question is a fabricated one, has been said already in our
discussion of difficulties, —the reasons being that it is impossible for two solids to be in the
same place, and that according to the same argument all the other powers and
characteristics also should exist in sensible things, none of them existing separately. This
we have said already. But, further, it is obvious that on this theory it is impossible for any
body whatever to be divided; for it would have to be divided at a plane, and the plane at a
line, and the line at a point, so that if the point cannot be divided, neither can the line, and
if the line cannot, neither can the plane nor the solid. What difference then does it make
whether sensible things are of this kind, or, without being so themselves, have such things
in them? The result will be the same; if the sensible things are divided the others will be
divided too, or else not even the sensible things can be divided.* [Meta. M.2, 1076a38-
bl1; Ross’ trans.]

At the outset of his discussion, Aristotle summarily dismisses the doctrine of
mathematicals existing in the sensibles, pointing the reader to an earlier
treatment of the issue in Book B of the Metaphysics (eipntor pév kai €v 1oig

dwmopnuacty); the relative passage is located in Meta. B.2:

46011 v toivuv &v ye 10ic aicntoic adbvartov eivor kol &uo mhacpatiog 6 Adyog, elpntot pév kol &v
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Suvapelc kol evoelc &v Toic aicOntoic etvon kol undepiov keyopiopévny: —tadto Pev ovv sipntat
TPOTEPOV, GAAL TTPOG TOVTOLS (POVEPOV OTL Advvatov dtalpedijvar 6Todv odpa: kat’ Eminedov yop
Stupebnoetat, kol ToDTO KT Ypopun v kol abtn Kot oTiyunv, dot’ €l v otiyunv dielelv advvatov,
Kol TV ypoppny, &l 88 Tavtny, Kol TaAla. Ti 00V Slapépet §j TanTog Elval TolaNTog PUGELS, 1) DTG HEV
uy, gtvot 8 &v adtaic TolwTac PUGELS; TO oDTO Yap cupPriceTol Slopovpévay Yap TV aicOnTdv

Swupebnoovta, fj 00oE ai aicOntai.
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Now there are some who say that these so-called intermediates between the Forms and the
perceptible things exist, not apart from the perceptible things, however, but in these; the
impossible results of this view would take too long to enumerate, but it is enough to
consider such points as the following:—It is not reasonable that this should be so only in
the case of these intermediates, but clearly the Forms also might be in the perceptible
things; for the same account applies to both. Further, it follows from this theory that there
are two solids in the same place, and that the intermediates are not immovable, since they
are in the moving perceptible things. And in general to what purpose would one suppose
them to exist, but to exist in perceptible things? For the same paradoxical results will
follow which we have already mentioned; there will be a heaven besides the heaven, only
it will be not apart but in the same place; which is still more impossible.*’ [Meta. B.2,

998a7-19; Ross’ trans.]

Aristotle in Meta. B.2 is considering a doctrine according to which mathematicals
are metaphysically between (ueta&d) Platonic Forms and sensibles; according to
a particular version of that doctrine (the one discussed in Meta. B.2, 998a7-19),
intermediate mathematicals exist not apart from but in sensibles (00 unv yopic ye
TOV aicOntdv aAL’ &v tovtolc). The following brief excursus is intended to shed
some light on the nature of intermediates with the specific intention of
highlighting their essential to our discussion features.*® Aristotle explicitly
attributes to Plato and his followers the doctrine that there are three
fundamental types of entities, the Forms, the intermediate objects of
mathematics and the sensible things, in two places. The first, most informative,
passage is to be found in Aristotle's account of Plato's philosophy in Metaphysics

A.6:

47 giol 8¢ Tvec of Qacly etvarl HEV Té petald tadto AeyOuEve TOV Te Eid®V Kol THV aicOnTtdv, 0d ufv
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StelBely, ikavov 6¢ kal T0 Toadta Oewmpricot. ovte yap €ml TovTOV edAoyov Exev oVT® pOVOV, GALY
5filov 81t kol T& €10 dvdéyorr’ dv &v Toic aicOntoic ivan (tod yap adTod Adyov duedTepa TODTA
gotwv), £t 88 S00 oTeped &V T® oOT® Avaykoiov £lval TOT®, KOl Uf Eivol GkiviTo &v KIVOUUEVOILS YE
dvto Toic aicOntoic. HAme 88 Tivog &vex’ dv Tic Oein elvar pev avtd, ivar &’ &v toic aichntoic; TovTd
YOp cuuprioetor dtoma Tolg TPOEPNUEVOLS: EGTOL YAP 0VPAVOS TIC TAPA TOV 0VPAVAOV, TANV ¥ 00 YOPIG
AAA” €V T o0T® TOT@- dmep E0TIV ASLVOTMOTEPOV.

48 The discussion is not meant to be exhaustive. For a fuller treatment consult Wedberg (1955),

Brentlinger (1963), Annas ( 1975).
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Further, besides sensible things and Forms he <i.e. Plato> says that there are the objects of
mathematics, which occupy an intermediate position, differing from sensible things in
being eternal and unchangeable, from Forms in that there are many alike, while the Form

itself is in each case unique.” [Meta. A.6, 987b14-18; Ross’ trans.]

The second one is taken from Meta. Z.2:

Thus Plato held that the Forms and the objects of mathematics were two kinds of
substance, perceptible bodies being the third kind.” [Meta. Z.2, 1028b19-21; Bostock’s

trans.]

In what sense mathematical objects are between the sensibles and the Forms?
The term peta&h serves as a straightforward indicator of their intermediate
ontological status with respect to those fundamental Platonic categories. On the
one hand, intermediates differ from physical objects in being eternal and
unchangeable (Swopépovta TV P&V oicOTdV T® &idta kai dxivnta givol, 987b16-
17), just like Forms are; one the other hand, they are dissimilar to Forms in that
there are many of the same kind, while each Form is unique ([siapépovta] tdVv &’
gld®V T® TO P&V TOM ETTaL Spota etvor O 8¢ £180¢ avTd Ev EkacTov povov, 987b17-
18). Commentators more or less agree that the intermediates serve the following
primary purposes: 1) They address the mathematician’s need for a plurality of
entities in their statements, hence providing a direct solution to a specific
problem that plagues the mathematical Forms, the uniqueness problem. Thus,

Annas:

A Form has to be unique of its kind, whereas mathematical statements seem to refer to a
plurality of entities, and these cannot be identified either with Forms or with physical
objects. Hence intermediates are posited to be the objects of such statements. [Annas

(1975), p.151]

2) Apart from being a straightforward solution to the uniqueness problem, the

49 o 3 \ \ > \ P Y \ \ ~ ’ A , .

? g1 88 mapd Té oo Ta Kod To €101 TO pabnpATKe TV TpayLdTov elvai enot petafld, Slopépovia
TV pEv oictnTdv @ dida kol dxivnta gival, TV 8 eld®V T® TO pév TOAL dtTa dpota givar TO 88
£150¢ a0TO &V EKAGTOV PLOVOV.

50 o ’ Ie ” N \ \ /. 5 s , \ 3 ~ s ~ I
domep [TAdtov 14 T€ €10M KOl T0 podnpotikd 6vo ovciag, Tpitny &8¢ TNV TOV 0icONTOV cOUATOV

ovoiov.
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intermediates serve as a solution to the perfection problem; their existence seems
indispensable to those who do advocate a realist conception of mathematical
truth, while at the same time endorsing a skepticism about the adequacy of

sensible objects as the subject matter of mathematics.

Aristotle is vehemently opposed to the theory of intermediates in the sensibles.
In the Meta. B.2 passage he speaks about the ‘impossible consequences’ of this
theory, an exhaustive analysis of which would require a large account (oic td
ocvppaivovta adbvota whvto uev mieiovog Adyov diehbeiv, 998a9-10); in the Meta.
M.2 passage he speaks about this doctrine in an apparently scornful manner, as
an utterly ‘fictitious’ and ‘impossible’ one ("Ott pév toivuv &v ye 10ic aicOnTolC
advvatov sivon kol dpa moopotiog 6 Adyoc, 1077a38-39). In both passages, he
does not wish to provide an exhaustive list of all the absurdities that stem from
this doctrine, focusing his attention on certain major ones. The very first point
that he makes in the B.2 passage is that-by parity of reasoning-the Forms too
could be posited as present in the sensibles (oVte yap €ntl tobtvV €bAoyov Exev
obtem povov, ALY Sfjhov 8Tt Kkai Td £i0n dvdéyorr’ v v Toic aicOntoig sivan
(tod yap adtod Adyov auedtepa tadTd £oty, 998a11-13). Aristotle’s point is that
the people who claim that mathematicals are in the sensibles, also posit the
existence of a separate realm for Forms not in the sensibles; given that they do
not provide sufficient justification for such a metaphysical distinction, why
cannot one claim that not only mathematicals but also Forms are present in the

sensibles?51

This sense of ‘in-ness’ has to be explained. For Aristotle, something is said to be

in another in many ways:

Next we must find in how many ways one thing is said to be in another. (1) In one way, as
the finger is in the hand, and, generally, the part in the whole. (2) In another, as the whole

is in the parts—the whole does not exist apart from the parts. (3) In another, as man is in

51 This is how Alexander understands Aristotle’s claim here (201.13-18). Whose view is this? In
201.18-20 Alexander attributes a version of this view to Eudoxus (this is probably a reference to
the discussion in Meta. A.9 991a13-18) and he also points to the discussion in Meta. Book N
(where the reference is probably to the Pythagorean doctrine of things composed out of numbers

discussed in 1090a20-1090b5).
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animal and, generally, species in genus. (4) In another, as the genus is in the species and,
generally, the part of the species in the definition. (5) In another, as health is in hot and
cold things, and, generally, as the form is in the matter. (6) In another, as the affairs of
Greece are in the king [of Persia], and, generally, as things are in the first thing productive
of change. (7) In another, as a thing is in its good, and, generally, in its end (that is, the
that-for-the-sake-of-which). (8) And—most properly of all so called—as a thing is in a

vessel, and, generally, in a place.” [Physics A.3, 210a14-24; Morison’s trans.]

The passage lists eight ways something is said to be in another; however, I think
it is the first one that is pertinent to our discussion about the intermediates in
the sensibles: one way (tpémog) in which something is said to be in something
else is ‘as a finger is in the hand and generally the part in the whole’ (&¢ o
dakTLAOG €v T Yepl Kol OAmg €v Ty OAw). Aristotle also tells us that one of the
ways in which being in is said, is kvpidtatov (‘most properly so called’), namely
the eighth way, being in as in a place (nGvtov d¢ KupidTATOV TO OC €V AYYElD KOl
6Am¢ év tOm®).>3 Aristotle, in both passages (Meta. 998a13-14, 1076b1), raises
the following-seemingly straightforward-objection against metaphysically
locating mathematicals in the sensibles: if we take the intermediate solid to be

literally in the sensible one, they would both occupy the same place (at the same

52 Metd 6¢ tadta Anmréov mocay®dg dAAo €v GAAW Aéyetat. (1) Eva pev 61 tpdmov MG 6 dAKTLAOG &V TH
YEWPL Kol OAWDG TO HEPOG €V TA OA®. (2) BALOV 8 dG TO AoV &V TOIg HEPESIV: 0V VAP £0TL TOPA TA HEPN
70 &hov. (3) Ahov 8¢ TpdmoV (¢ O EvOpwTog &v {dm Kal dAmC E160¢ £V YéveL. (4) dAlov 88 (g TO Yévoc
€v 1@ €ldel kal OAwg TO PEPOG 10D €idovg &v T@ AOY®. (5) &1 ¢ 1 Vyiewn &v Beppoig kal yoypoic Kol
dhoc T €160¢ &v Ti] DAN. (6) E1t d¢ &v Pacirel & @V EAMvev kai SAng &v 16 tpdto Kkivntikd. (7) &t
¢ &v T ayadd kol Shwg &v 1@ Télel: ToDTo 8 €67l 10 00 Evexa. (8) TAVTOVY 8 KVPIOTUTOV TO MC &V
dyyeim kol OAG €v TOT®.
53 Morison is correct in acknowledging a close connection between the locative sense of being in
and being in in the sense of parthood, though he does not elaborate on what this closeness
amounts to:

Aristotle says that the locative sense of “in’ is the primary one. Clearly, there is a close link between

this way of being in and the way in which a part is in the whole (the first way)... [Morison (2002),

p.74]
Morison gives the following necessary and sufficient conditions under which parthood and
locative ‘in-ness’ occur:

(Parthood): x is in y as a part is in its whole iff x is a part of y and y is a whole.

(Locative ‘in-ness’): x is in y as something is in its place iff y is a place of x. See [Morison (2002),

pp.73-74].
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time), something absurd. An escape option for the Platonist would be to attribute
a difference in size between a bronze sphere, say, and a mathematical one
contained in the former; let us say, for instance, that a bronze sphere contains a
smaller mathematical sphere. However, the Meta. B.2 passage provides us with a
ready-made objection: how can something capable of change (the bronze
sphere) contain something that is incapable of change (a mathematical sphere)?
For, if the bronze sphere is susceptible to change then it follows that every part
of it is susceptible to change; hence, the smaller internal sphere will also be

susceptible to change. It follows that the intermediates will not be immovable.5*

[2.3.2] Arguments against a conception of lower-dimensional

mathematicals as constitutive parts of bodies

The absence of a characterisation of mathematicals in the Meta. M2 passage as
‘intermediates’ -there is no occurrence of the term ta peta&d in the passage-
might strike the reader as something peculiar, given that there is a
straightforward reference to a parallel passage in the second book of the
Metaphysics and many of the difficulties of the doctrine presented there are also
part of the M.2 analysis. A plausible answer to this oddity may be provided after

an examination of the last part of the passage in question:

But, further, it is obvious that on this theory it is impossible for any body whatever to be

divided; for it would have to be divided at a plane, and the plane at a line, and the line at a

54 As Arthur Madigan points out, Aristotle’s objection can be formulated in terms of a two-level
paradoy, i.e. ‘a contradiction between a predicate that belongs to an intermediate because it is an
intermediate, and a predicate that belongs to it because it is the particular intermediate it is.”>* In
[Madigan (1986), fn.13, p.154]. One may argue like this: 1) An intermediate sphere is not
susceptible to change. This is something that can be inferred from the essential nature of
intermediates as eternal, unchangeable entities. 2) But, the intermediate sphere is part of a
sensible one (according to this particular doctrine of intermediates). Furthermore, 3) Sensible
spheres are susceptible to change, and 4) if something is susceptible to change, any part of it is
susceptible to change. Hence, 5) the intermediate sphere is susceptible to change (contradicts
premise 1). For the positions of Syrianus and Asclepius on the view of intermediates in the

sensibles one can consult [Madigan (1986), pp.165-169].
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point, so that if the point cannot be divided, neither can the line, and if the line cannot,
neither can the plane nor the solid. What difference then does it make whether sensible
things are of this kind, or, without being so themselves, have such things in them? The
result will be the same; if the sensible things are divided the others will be divided too, or

else not even the sensible things can be divided. [Meta. M.2, 1076b4—11; Ross’ trans.]

Julia Annas labels Aristotle’s argumentative strategy a ‘bad’ one:

This is not a good argument. Aristotle only obtains his conclusions by foisting implausibly
crude conceptions on to his opponent, making him think of mathematical operations as if
they were precisely analogous to physical operations, the sole difference being that they

are performed on a more rarefied subject matter. [Annas (1976), p.139]>

What does Annas mean by ‘implausibly crude conceptions’? And what of the
disparity between mathematical operations and physical ones? lan Mueller

offers a first response to Annas’ criticism:

It is certainly true that Aristotle’s argument looks very crude in the light of relatively
modern ideas about continuity and divisibility, but the literature that has come down to us
suggests that Aristotle himself was the first person to work out detailed ideas on these
notions. And it is quite clear that Aristotle’s ideas involved assigning a special sense in
which points are in lines, lines in planes, and planes in bodies by saying that one of these
things is only potentially rather than actually in another. It is not unreasonable for him to
insist that a person who lacks the potentiality—actuality distinction must think of, e.g.,

points as actually in lines.™

Annas correctly acknowledges the wider scope of Aristotle’s argument. She
seems, however, to have misunderstood the context of Aristotle’s argument
when she claims that it ‘is not limited to intermediates but applies to any type of
ideal mathematical object’.57 For, as commentators have argued, Aristotle’s
intended target is the people who think of mathematical objects not simply as

ideal (i.e. objects that perfectly satisfy the mathematician’s definitions) parts of

55 Ross also expresses some skepticism: ‘<Aristotle> treats the divisibility of the line at a point as
implying the division of the point, and one might be disposed to question this’. [Ross (1924),
vol.ll, p.412]

56 In [Crubellier & Laks (2009), pp.199].

57 In [Annas (1976), pp.138-139].
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physical objects-illustrated by my example of a mathematical sphere within a
sensible one-but as constitutive parts of those, i.e. those who conceive a
continuous magnitude of dimension » as being constituted out of lower
dimensional entities of dimension n—1/, e.g. a line out of points, a surface out of

lines, a solid out of planes.>® As Michael White helpfully remarks,

The new argument strikes against any geometrically reasonable conception of
surfaces/planes, lines, and points that posits them as actually metaphysically constitutive
of or present in physical bodies because of the simple fact that any geometrically

reasonable conception of a point must hold that it is indivisible. [White (1993), p.171]”

58 See [Menn, ‘1y3’, fn.59, p.21] and [White (1993), pp.171-172].
59 White, however, misses the opportunity to designate the Atomists as (at least part of) the
intended audience of Aristotle’s argument. Regarding the Atomists’ doctrine of the composition

of bodies out of quanta of some sort, the following passage is illuminating:

Democritus and Leucippus say that there are indivisible bodies out of which everything else is
composed, infinite both in number and in variety of shape; and that compounds differ from each
other in respect of these components, and in respect of the position and the arrangement of these

components. [De Gen. et Cor. 1.1, 314a20-24; Williams’ trans.]

White, however, is mistaken in his reading of the sentence ti o0v Stapépet §j TodTog elvar TolwTaC
QUoEIC, T} avTdC pHEV un, ivan 8 &v avtoic Tolawtog evoelc. He takes the todtog as referring to the
limit entities within sensible bodies, and his reading of the first disjunct tavtog eivar Tolotog
@voelg is, ‘those mathematical features are of such nature <that is, of such constitutive nature>’.
He then reads the second disjunct avtéc pév un, sivan 8 év avtoic tolavtac gocelc as ‘even though
the <limit entities> are not <of such constitutive nature>, they nonetheless exist within such
bodies’:
Two initial observations seem to be in order. The first pertains to Aristotle's comment, immediately
following the argument, that it does not make any difference whether these mathematical features
(in null, one, two, and three dimensions - that is, the otiypoi, ypoppai, éxineda, and oteped) are
(constituents of) sensible, physical bodies or whether, although they are not thought of as
constituting physical bodies, they exist in (€v) such bodies. This comment suggests, I believe, that
Aristotle considers this argument not to be directed exclusively at 'partial platonism', to use Annas'
term; that is, he does not consider it to be exclusively directed at a conception of pafnportikd as
platonic forms or form-like ovcio immanent in sensible, physical entities. [White (1993), p.171]
But then what happened to the second towadtag evoeic? Surely it must have the same sense as
the previous one. Would that sense be, according to White, ‘of constitutive nature’? Then the

sentence becomes nonsensical: ‘There is no difference whether those mathematicals are



45

Let us now return to the Meta. M.2 passage under examination. It is reasonable
to assume that sensible, physical things can be subjected to change; a stone, for
instance, can be cut into two parts. Now, let us further assume, as the upholder of
this theory does, that mathematicals are constitutive parts of physical objects. To
escape the unpleasant consequences of his analysis being paradoxical, assuming
he subscribes to the principle that any part of something that is susceptible to
change is also susceptible to change, one has to maintain that mathematicals too
are divisible into parts.®® But what will happen when we reach the ultimate
constitutive parts of physical objects (the points, say), ultimate in the sense of

being incapable of further division?

We may represent Aristotle’s reasoning, semi-formally, as follows:

1) B-> (Bs&S), if a physical body is divisible, then the body is divisible along a
surface and the surface is itself divisible;

2) S -> (S.& L), if a surface is divisible, then the surface is divisible along a line
and the line is itself divisible;

3) L -> (Lp& P), if a line is divisible, then the line is divisible along a point and the

point is itself divisible;

constitutive entities, or whether, even though they are not constitutive of sensible bodies, they
exist within physical bodies as constitutive entities’. I think it makes much more sense to take the
Tavtag, avtag, avtoic, as referring to the same thing (as Ross does in his translation), i.e. to
physical bodies (t& aiocOntd) and to understand the tolwvtog @doeig as ‘of such nature, that is, not
susceptible to change’. The sentence then will be translated as ‘What difference then does it make
whether sensible things are unchangeable, or, without being so themselves, have such
unchangeable things (e.g. surfaces, lines, points) in them?’ This translation can make sense of the
next sentences 10 o0TO YOp cLUPoeTal SPOVIEVEY YOp TOV aicOnTtdv dwpedicovtat, 1 000 ai
aioOntai. ‘The result will be the same; if the sensible things are divided the others will be divided
too, or else not even the sensible things can be divided.” As Aristotle’s example shows, even if one
were to claim that sensible, changeable, things have undivided things in themselves such as
points, the result will be that the sensible things will be unchangeable themselves.

60 In a way Annas is right about complaining; this is not a convincing argument. Mr Denyer has
pointed out to me that even if we assume that every part of a changeable thing must itself be
changeable, this still wouldn’t imply that the part must be changeable in the same way as the
whole; Mr Denyer’s example: ‘I can become Prime Minister, my toe cannot.’ Yet another example

due to my partner, Stefania Mataragka: ‘A woman can become pregnant, her hand cannot.’
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But

4) ~P, for a point is not divisible, hence

5) (~Lpor ~P), by the usual rules for introducing a disjunction;
6) ~( P & Lp), by the de morgan laws; Thus,

7) ~L, from 3, 6 by modus tollens;

8) (~Lor ~ Si), by the usual rules for introducing a disjunction;
9) ~(L & S1), by the de morgan laws; Thus,

10) ~S, from 2, 10 by modus tollens;

11) (~S or ~Bs), by the usual rules for introducing a disjunction;
12) ~(Bs & S), by the de morgan laws; Hence,

13) ~B, from 1,12 by modus tollens.

Aristotle’s treatment of this version of immanent mathematicals shows that the
adherer of this view cannot produce a paradox-free version of this theory. For,
either he has to claim that physical objects cannot be susceptible to change -
cannot be divided, for example - or he has to claim that there are ultimate
indivisible immanent mathematicals such as points, leading him also to the same

paradoxical result that a physical body cannot be subjected to change.
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[2.4] Metaphysics M.3 analysis and related excursus

Some of the most interesting passages that pertain to Aristotle’s philosophy of
mathematics are located in the third chapter of Book M of the Metaphysics.
Aristotle’s primary concern in that chapter is to provide answers to a series of
Platonic®! arguments. In what follows I will proceed to discuss some of those
arguments and highlight their role in Aristotle’s overall position about the

metaphysical status of mathematicals.

[2.4.1] The analogy from the universal propositions in mathematics and

the related discussion-part one

The major part of Meta. M.3 (1077b17-1078a5) is reserved for the discussion of
three analogies that Aristotle uses to highlight the close ties between

mathematical objects and the actual world.®? The first analogy is the following:

For just as universal propositions in mathematics are not about objects which exist
separately from magnitudes and numbers, but are about these, only not as having
magnitude or being divisible, clearly it is also possible for there to be statements and
proofs about perceptible magnitudes, but not as perceptible but as being of a certain

kind.” [Meta. M.3, 1077b17-22; Lear’s trans. mod.]

What exactly is the parallel that Aristotle draws here? To answer this question
properly let us first fix our attention to the things that Aristotle labels as ‘the
universal propositions in mathematics’ (ta kab6iov év toig padnuactyv).6* Now ta
kaBoAov €v toig pobnuaocty could indicate either general mathematical principles
that apply to both numbers and spatial magnitudes such as the principle that if
we take equals from equals then equals should remain, principles gathered

elsewhere under the label T kowd (cf. kowva 8¢ olov 10 ioa 4md icov av aeéln, 6Tt

61 Not necessarily Plato’s own but of the wider Academy.
62 See [Hussey (2011), p.108].

53 Homep yap kai To kaOOAOL &V TOTC HabRUACY 0D TEPL KEXOPIOHEVOV 0TI Tapdt T PeyEon kai Todg
apOpove ALY mepl ToOTOV pév, ody N 8¢ Towdta ol Exetv péyebog i elvar Swoupetd, Sfjhov St
gvdéyeTan kai mepl TdV aicOntdV peyeddv eivon kol Adyoug kol amodeifec, pm N 8& aicOnTa AN 7

To1001.

64 Universal mathematics is mentioned also in Meta. E.1, 1026a25-27 and in K.7, 1064b8-9.
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ica 0 Aownd, Post. An., 76a41), or, as Jonathan Lear suggests, theorems applicable
to both numbers and spatial magnitudes such as the theorem that proportions

alternate (i.e., that if a:b::c:d, then a:c::b:d).6>

In a related passage from Post. An. A.5, Aristotle reports that the theorem that
proportions alternate used to be proved separately (€deikvutd mote ywpig) for
numbers, lines, solids, and times; he cites as reason for this the fact that there
was no name comprehending all these things as one (51 to pn eivoun dvopacpévov
Tt tadta mwavta €v), things which differ in species from one another. However,
now-Aristotle reports-the theorem is proved universally (vdv 8¢ kabBo6Aov
deikvutan), given that numbers, lines, solids, and times, presumably share a
common character (6 ka6iov vmotibevTon vmapyewv): they are all quantities. The
1001 in the text points to a certain universal aspect of numbers, lines, planes, etc.,

about which the theorem that proportions alternate is now proved:¢

And <it might seem> that proportion alternates for things as numbers and as lines and as
solids and as times-as once it used to be proved separately, though it is possible for be to
be proved of all cases by a single demonstration. But because all these things—numbers,
lengths, times, solids—do not constitute a single named item and differ in sort from one
another, it used to be taken separately. But now it is proved universally; for it did not
belong to things as lines or as numbers, but as this which they suppose to belong

universally.”’” [Post. An. A.5, 74a17-25; Barnes’ trans.]

65In this Lear follows Ross in [Ross (1924), vol.ll, p.413]. Ross considers Eudoxus' theory of
proportion as the most characteristic example of ‘the universal propositions in mathematics’. Ps.-
Alexander (729.23-25) provides an example from the general theory of proportion and another
from the general principles of equality: olov 510 Tod &m0 icov ioa dv apéAng, Té KataAemouev oo
goti, koi 818 Tod v Técoapd Tva T Gvadoyov, TO VIO TV dikpov Tcov &oti Td VO TV pécwv, Kai
MoV ToAA®V TotovTeV. Syrianus (89.32-34) also offers the same examples: oiov d1d Tod ‘dav dmd
icov ioa apélng, Td Katalemopev oty Too’ kol 818 Tod ‘éav Téttapa 1) Avaioyov, 1O VI TV dKpwv
icov éoti T® V7O TV PEcOV’ Kol AAL®V TOAADY TO10VT®V.

66 So [Cleary (1995), p.311].

7 kol 10 Gvéhoyov &TL Kol EVaAAGE, T apdpol kai T ypappal koi § oteped koi f| ypovol, domep
83eiicvuTd ToTE YWPic, EVOEXOHEVOV YE KaTh MAVTOV Ml Amodeifel SeryOfjvar GAAY S1d TO pA sivon
ovopacupévov T tadta whvto £v, apdpol punkn ypovol oteped, kol eidetl dapépey AAANA®Y, Y®PIg
ghappavero. viv 8¢ kaborov deicvotar o yap 1| ypoppol §| {j apdpol vrfipyev, GAL’ | 1081, 0 kabdrov

vrotifevrol drhpyetv.
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The above passage from the Analytics is part of a series of Aristotle’s examples in
which he illustrates three cases where one might incorrectly think that has
proved of A that belongs primitively and universally to B (74a4 ff.). Aristotle says
that we may fail to find this (most general) B in the following cases: a) the first
case is where it is not possible to grasp a more general kind B above C to which A
belongs, so that we think that C is the most general one; e.g. if the only triangles
we had met with were isosceles, we might think that having two right angles
belonged universally to the isosceles triangle: ‘we make this error when either we
cannot grasp anything higher apart from the particular’ (Barnes’ trans.);
(dmotdpedo 8¢ TavTy TV andtmy, dtav i pndsv | AaPsiv dvdtepov mapd O Kb’
gkaotov, 74a7-8, with the aforementioned example at 74a16-17: kol &l tpiyovov
un v Ao 1 icookedéc, | icookelsg av é506kel vmapysv); b) the second case is
when we can grasp something higher above different species of things but there
is no name for it (‘or we can < grasp something higher apart from the particular>
but it is nameless for objects different in sort’ (Barnes’ trans.); (§ | pév, 6GAA’
avavopov 1 &l Srapdporg £idet Tpaypacty, 74a8-9); c) the third case is when that
of which we prove A is ‘in fact a partial whole’ or as Barnes explains: ‘C, of which
A is proved, is actually a species of B, to which A belongs universally’;®¢ (}j
Toyévn Ov Og v pépel dhov &’ @ deikvutar, 74a9-10), with an example® at
74a13-16: ‘now if someone would prove that right <angles> do not meet, the
demonstration would seem to hold of this because of its holding of all right
<angles>’ (Barnes’ trans.); (i ovv tic deiéetev &1t ai dpOoi ob cuuminTovst, S6Eeiey

v ToOTOL £lvan 1) Amode1EIG S18 1O Emi TOGHVY glvar TdV OpOGHV).70

Aristotle says that the theorem that proportions alternate used to be proved

separately (€dsikvutd mote ywpic) for numbers, lines, solids, and times because

68 In [Barnes (1975), p.122].

69 The reference is to Euclid’s Elem. 1.28, that, ‘if a straight line intersecting two straight lines
makes the exterior angle equal to the interior and opposite angle falling on the same side of it . ..
the two straight lines will be parallel’ (Ross’ trans.). In [Ross (1949), p.525].

70 As Ross explains, ‘the error lies in supposing that the parallelness of the lines follows from the
fact that the exterior and the interior and opposite angle are equal by being both of them right
angles, instead of following merely from their equality.” In [Ross (1949), p.525].
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there was no name comprehending all these things as one (81 0 uf sivon
avouacpévov T todto mavia £v).”! Thus, the Post. An. A.5 74a17-25 passage is
used by Aristotle to illustrate the second case above: There was no name for
something over lines, numbers, etc. which differ in species. So we missed the fact

that those theorems can be proved for these universally.”2 The phrase viv 6¢

7L Henry Mendell offers a helpful synopsis of the Post. An. A.5 discussion and an extensive
discussion of the problem of universal science in Aristotle, i.e. whether the latter held a science of
universal mathematicals, a ‘posology’ to use Mendell’s own coinage. Whereas Mendell concedes
that the universal propositions in mathematics are seemingly suitable candidates for the
constitution of a universal mathematical science, he expresses his doubts as to whether Aristotle
really accepted such a science. Mendell highlights the fact that in the Post. An. passage (and in the
passages that deal with universal mathematicals in Meta. M.2) Aristotle does not employ his own
term moc6v to name this more general subject. In [Mendell(1985), pp.229-250]. John Cleary (who
also offers a helpful commentary on the Analytics passage and its relation with the M.3 parallel)
suggests that this is due to Academic infulence: points, lines, planes, and solids, constitute a
series whose members are related as prior to posterior. He points to a certain passage from the
Nicomachean Ethics where Aristotle tells us (1096al7-19) that the Platonists refused to posit
Forms for any series of prior and posterior elements. This Platonic position is consistent, Cleary
claims, with ‘Aristotle's report (Post. An. A.5) that there was no general name for quantity, and
that proportions were proved separately for each kind of quantity before Eudoxus.” In [Cleary
(1995), fn. 97; pp.310-311]; for some useful discussion see also [Cleary(1995), pp.290-292 &
307-312].

72 Cf. Proclus, 392.22-27 (Morrow’s trans.): ‘A man may mistakenly suppose, Aristotle says, that
he is proving something universally when he is not, because the common subject to which the
character primarily belongs has no name. For instance, it is not possible to say what the common
element is in numbers, magnitudes, motions, and sounds, to all of which the rule of alternate
proportion applies.” (AavOdvetl 8¢, pnoiv AplototéAng, 1O [ KaOOAoL dlKVIG TIC O KOOOAOL d1d TO
EIVOL AVAOVOLOV TO KOOV, @ TPOTOS VIAPYEL TO GOUTTOUA. Ti Yap KooV aptduoic kai peyédeot kai
Kwioect kol @OOyyolc, ol¢ Gmooty Vmapyel O &voAAddE, odk oty eingiv.); Philoponus (77.6-9,
McKirahan’s trans.) however claims that the passage falls under case a) above; for he says that
the reason that the theorem that proportions alternate was proved separately for each case was
that we were not aware that there is a more general subject to which the various species of
quantity belong: ‘He means that it was demonstrated rather roughly in each case because we do
not know what is the one thing predicated in common in all these cases, whether it is quantity,
for example, or something else, in virtue of which numbers, magnitudes and times are one in
their common genus.’ (dnedeikvoto odv, noiv, OLOCYEPESTEPOV £’ EKAGTOV 10 TO T EIdEVOL NpdC
i €0T1 10 &Ml TAVTOV TOVTOV 8V KOVAE KOTIYOPOVHEVOV, 010V £lTE TO MOGOV £ite 6TIODV GANO, KOO

ap1Bpoi te Kol peyédn kai yxpovol &v €ict T® Kowvd avTdV YEVEL)
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kaBorov delkvutar, as Heath suggests,’3 is a reference to the proof forming part of
Eudoxus’ new theory of proportion. According to Heath, the accuracy of
Aristotle’s remark may be verified if we take a look at Euclid’s Elements Books V
and VII: regarding the former it is generally accepted that contains the Eudoxean
theory of proportion which is applicable to all magnitudes alike (notice the use of
the general term ‘magnitude’ (uéyefog) throughout this book, see for instance
V.16: 'Eav téocapa peyén avéroyov 1, koi &vodldé dvéroyov Eotar); the latter
Book contains what is considered to be an older theory of proportion applicable

only to numbers and apparently of Pythagorean origin.”4

This first parallel of Meta. M.3 cautions against the postulation of extra,
separately existing objects (00 mepl Keywplopévov €o0ti Topd T0 peyEdn kail tovg
appovg, 1077b18-19) that satisfy those universal propositions. Such a Platonic
move is more explicitly suggested in a passage from the previous chapter of Book

M of the Metaphysics; the context is again about ta kab6Lov €v Toig padnuactv:

Besides, there are some universal mathematical propositions, whose application extends
beyond these substances. Here then we shall have another substance between, and separate
from, the Ideas and the intermediates,—a substance which is neither number nor points
nor spatial magnitude nor time. And if this is impossible, plainly it is also impossible that
the former should exist in separation from sensible things.” [Meta. M.2, 1077a9-14;

Ross’ trans. mod.]

The above passage forms part of a bigger section of M.2 where Aristotle argues
against the view that mathematicals exist separately from the sensibles (M.2,
1076b11-1077b14)76. As we have already seen, in mathematics we have certain

universal propositions which are not specifically about magnitudes or numbers

73 In [Heath (1949), p.223].

74 For this suggestion and some further discussion see [Heath(1949), pp.43-44].
73 g1 yphpetan Evia kafOAOL VIO TV LAONUATIKOY Tapd TavTog Tae ovoioc. Eotat odv kai abtn Tic
GAAN ovcia petadd kexympiopévn T@V T° 10e®v Kol TdV peTa&y, 1 odte dpOpdg €éotv odte otrypol odte
uéyedog odte ypovoc. €l 8¢ todto Advvatov, dfilov éTL kdxkeiva AdOvaTOV Elval KEYOPIGHEVO TMY
aicOnTdV.

76 This is the orthodox Platonic view; Ross attributes this view to Plato and Speusippus. In [Ross

(1924), volIl, p.412].
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(which, as the passage indicates, the Platonists regard as separate substances). It
seems then that they have to postulate some other substance which is ‘neither
number nor points nor spatial magnitude nor time’ and is separate from Forms
and intermediates (to make matters worse this substance must also be between
Forms and intermediates). If this is impossible, then it is also impossible that
numbers, lines, points, planes, etc. should exist in separation from the sensibles.
But what are the Platonist’s reasons behind the postulation of a class of separate
universal mathematicals that satisfy those propositions? (cf. ps.-Alex. : £tepov yap
TOVT®V OTAvTeV £oTol KaOOMKOTEPOV OV Kol TAOV YPOUUDY Kol TOV EMIEd®V Kol
rpOéveV Kol otepe®dv kol TOV dAlov amdviov, 729.28-30). Now, it is not
immediately obvious why one would proceed to postulate separately existing
universal mathematical objects or why one would identify them with either the
Forms or the Intermediates or, as in the case of M.2, 1077a9-14, add the extra
claim that those mathematicals are between Forms and Intermediates (£ota1 obv

Kol adTn TIg GAAN 0VGia HETOED KEXMPIGUEVT TOV T  10e®V Kol TOV uetatd).

Part 1077b17-20 of the first parallel pertains to the postulation of separate
universal mathematicals, beginning from a universal treatment of different
species of quantity. Let us try to uncover the Platonist arguments in it; [ believe
that this part should be understood primarily within the context of the one over
many argument.”’’ In Meta. A.9, Aristotle mentions five arguments for the

existence of Platonic Forms:

Further, of the ways in which we prove that the Forms exist, none is convincing; for from
some no inference necessarily follows, and from some it follows that there are Forms of
things of which we think there are no Forms. For according to the arguments from the
sciences there will be Forms of all things of which there are sciences, and according to the
one over many there will be Forms even of negations, and according to <the argument>
that there is an object for thought even when the thing has perished, <there will be Forms>
of perishable things; for there is an image of these. Further, of the more accurate

arguments, some lead to Ideas of relations, of which we say there is no independent class,

77 Stephen Menn also remarks in passing that Aristotle is trying to respond here to Platonically-

inspired one over many arguments. See [Menn, ‘Iy3’, p.22].
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and others involve the difficulty of the ‘third man’.” [Meta. A.9, 990b8 — 17 ; Ross’ trans.
mod.; the passage is almost identical to that in M.4, 1079a4—13]

The five arguments listed in the passage: the arguments from the sciences, the one
over many argument, the object of thought argument, the argument from relatives,
and the argument that introduces the third man. Those arguments were
discussed in detail in the first book of Aristotle’s work On Ideas, extensive
excerpts of which are preserved by Alexander in his commentary on Meta. A.9.7°
Gail Fine offers the following description for the role of the one over many
argument: ‘According to the one over many agument there are separated,
everlasting Forms corresponding to every general term true of groups of

things’:80

They use also the following argument to establish that there are ideas: If each of the many
men is a man, and if each of the many animals is an animal, and the same applies in the

other cases; and if in the case of each of these it is not that something is predicated of itself

78 o \ o I3 I3 e o N 5 N 7 I3 , 5 5y \ \
€11 8¢ KO’ obg TpdmoVg deikvopev Ot E0TL T €101, Kot® 000EVa QaiveTal TovTOV- €€ Eviov PEV Yup

oK avaykn yiyvesol culloyiopdy, ¢ Evimv 88 kai oy dv oidueda TovTOV €10 YiyveTal. katd Te Yop
TOVG AOYOVE TOVG €K TV EMGTNU®Y €10M E0T0L TAVTOV OCMV EMOTHOL €101, Kol KATO TO £V ML TOAADV
Kol TOV AmoPacemv, Kot 8& TO VOEV Tt POupEVTOC TOV POUPTAV: PAVTOCU YAP TL TOVTOV E0TIV. £TL
8¢ ol akpiPéctepol TV MOy ol Pév TV TP TL Tolodoy id€ac, GV ob papey ivat ko’ adTd YEvog, ol
8¢ 10V Tpitov AvOpwmov Aéyovotv.

79 The locus classicus for Aristotle’s On Ideas is G.E.L. Owen’s paper ‘A Proof in the Peri Idewn’,
where he discusses mainly the argument from relatives. Other significant scholarly contributions
are those of Daniel H. Frank (in his book The Arguments ‘From the Sciences’ in Aristotle’s Peri
Idewn he discusses the omonymous arguments) and of Gail Fine (her work On Ideas: Aristotle’s
Criticism of Plato’s Theory of Forms offers a detailed analysis of the majority of the arguments; her
analysis relies heavily on modern philosophers such as D.M. Armstrong and his conception of
realism). Aristotle’s On Ideas was also subjected to extensive analysis in the May Week Seminar
(Cambridge, Summer 2018).

80 In [Fine(1993), p.103]. I will not say much about Plato’s own version of the one over many
argument. A passage commonly asscociated with Plato’s one over many argument is that of Rep.
Book X, 596a6-7: ‘Do you want us to begin our inquiry with the following point then, in
accordance with our usual method? I mean, as you know, we usually posit some one particular
Form in connection with each set of many things to which we apply the same name’(Reeve’s
trans.). Another passage that apparently conveys an over many argument is that of Parmenides

132a1-4.
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but that there is something which is predicated of all of them and which is not the same as
any of them, then this is some being besides the particular beings which is separated from
them and everlasting. For it is in every case predicated in the same way of all the
numerically succesive <particulars>. And what is a one in addition to many, separated
from them, and everlasting is an idea. Therefore there are ideas.” [Alexander: Comm. on

Meta., 80.8-15, Fine’s trans.]

According to Fine’s analysis®? the argument begins from the following premise:
Whenever many particular things are F, they are F in virtue of having some one
thing, the F, predicated of them. What is the nature of the F that is predicated of
Fs? Fine maintains that the two most plausible candidates are linguistic
predicates and properties.83 If F were a linguistic predicate, the following reading
of the aforementioned premise occurs: Whenever a group of particulars are F,
they are F in virtue of having some one predicate, ‘F’, predicated of them. But this
would mean-as Fine correctly points out-that a linguistic predicate such as ‘man’
would be identified with the Form of man; something absurd.8* Thus, Fine
suggests an alternative interpretation: that F is a property. The premise becomes
then: Whenever a group of particulars are F, they are F because they share the

property of being F.85 Now let us recall the first part of the parallel (1077b17-20)

81 Xpdvtat kai To100Tem Aoy i KoTaokevv TdV IBedV. £l £kaoTog TOV TOABY GvOpdTOV EvOpOTHC
€0t Kol TOV {oov (Hov Kol &ml TdV GAA@V Opoing, kal ok 0TV €9’ £KAGTOV OTMOV 0OTO 0VTOD TL
KOTNYOPOOUEVOV, GAL’ E0TL TL O KOl TAVIOV QOTAOV KOTNYOPEITOL 00OEVE VTV TavTOV Ov, €in dv TU
ToVTOV Topd 10 K00’ Ekaocta Gvto OV KeYPIopEVOV avT®V Gidtov: el yop Opoiwg Kotnyopeital
TOVTOV TOV KAt ApOpov dALoccopévmy. 0 08 v EaTv €Ml TOAAOIG KEYWPIoUEVOV TE ADTAV Kol Aidlov,
00T’ €oTv 10€a- loiv Gpa idEat.

82 Fine offers the following reconstruction of the argument: ‘(1) Whenever many (moAAd) Fs are
F, they are F in virtue of having some one thing, the F, predicated of them. (2) No particular (ka6’
g€xaotov) F is Fin virtue of itself. (3) The F is in every case (del) predicated in the same way of all
the numerically successive Fs (t®v xat &pOpov dAdaccopévwv). (4) Therefore the F is
something besides (mapd&) particular Fs. (5) Therefore the F is separated from (kexwplopévov)
particular Fs and is everlasting (&iStov). (6) Whatever is a one over many, separated, and
everlasting is a Form. (7) Therefore the Fis a Form.” In [Fine(1993), p.104].

83 In [Fine, op. cit,, p.106].

84 jbid.

85 op.cit., pp.106-108. Fine’s properties are not meant to be distinguished from species and types:

‘1 use 'property' more broadly, so that it includes all these types of entities. [...]The crucial point
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and the related discussion in Post. An. A.5, 74a17-25. The subject matter of
universal mathematical propositions are numbers, lines, solids, etc., i.e. different
kinds of quantity. Does this mean that we have to postulate a peculiar entity (call
it ‘Quantity’), to which they are all related in the same way? It seems that a
consistent application of the one over many argument requires the Platonists to
do so. In the original one over many argument Fine takes k00’ €kacta to refer to
particulars.8¢ It is true that when Aristotle speaks of ka0’ €kacta he often refers
to particulars (Socrates as contrasted to man); however, this not always the case,
as he frequently refers instead to kinds or species which may be said to be
particular in relation to something more universal (man in contrast to animal).”’
In the Post. An. discussion that pertains to the first part of our parallel ka0’
géxaota clearly stand for (low-level) kinds; as Barnes comments, in a different
case the first error (i.e. the fact that is not possible to grasp a more general kind
B above C to which attribute A belongs, so that we think that C is the most

general subject) would remain ‘unillustrated’:88

It must not escape our notice that it often happens that we make mistakes and that what is
being proved does not belong primitively and universally in the way in which it seems to
be being proved universally and primitively. We make this error when either we cannot

grasp anything higher apart from the particular, or we can but it is nameless for objects

for our purposes is that on the realist conception universals are explanatory entities of roughly
the sort that properties conceived in realist fashion have been taken to be. I shall use 'property’,
'explanatory property’, and 'genuine property' interchangeably.’ In [Fine (1993), p.247].

86 In [Fine, op. cit,, p.104].

87 John Cooper in his book Reason and Human Good in Aistotle offers an extensive list of passages
that correspond to those two readings of k08’ €xacta: for ka8’ €xacta as referring to particulars
he cites the following places: Meta. B.4 999b33; Z.15 1039b28-31; M.9 1086a32-34; A.5 1071a27-
29, Cat. 2b3, De Int. 18a33, Pr. An. A.27 43a27, Post. An. B.19 100al6-18, De Gen. An. 1.3 768al-2,
N.E.111.3 1112b33-1 113a2. For ka’ éxaocta as referring to low-level types or species he mentions
Topics 1.12 105a13-14; Cat. 15b1-2, Hist. An. V.1 539bl5, De Gen. An. 111.11 763bl5, Post. An. A.13
79a4-6, Post. An. B.13 97b28-31, De Part. An. 1.4 644a28-33, b6-7. See [Cooper(1975), pp.28-29].
88 In [Barnes (1975), p.122].
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different in sort or that of which it is proved is in fact a partial whole.” [Post. An. A.5,

74a4-10, Barnes’ trans.]

There is however a ‘more accurate’ argument that can accommodate a more
general reading of ka0’ £xaoto. In Met. A. 9 (990b15-17) where Aristotle lists the
arguments for the existence of the Forms, he tells us that of the more accurate
arguments (oi dxpiféotepor Td@v Adywv) ‘some lead to Ideas of relations and
others involve the difficulty of the third man’ (oi pév tdv npdg Tt molodoty idéac, v
ob @apev sivon ko’ adTd yévog, ol 8¢ Tov Tpitov dvOpmmov Aéyovotv). Fine argues
that this one over many argument is different from the one presented previously;
whereas in the previous one over many argument the particulars in question
were sensible ones, this argument deals with a plurality of things that are not
necessarily sensible particulars (mieiovd tiva).?? But why is this a more accurate
argument? The reason is, according to Fine, that this argument focuses on the

similarity of the things of which F is predicated:

In Aristotle's view, that is, Plato uses a one over many argument not to
explain particularity, but to explain similarity. The accurate one over many argument
brings this out by focusing on the F—ness of F'things, without restricting the relevant
things to sensible particulars. Given Plato's belief that the form of F is also an F thing,
though not an F sensible particular, this will turn out to be important <for the third man

argument>. [Fine (1993), p.201]

Fine traces this ‘more accurate’ one over many argument within the following

lines from Alexander’s commentary:

If what is predicated truly of some plurality of things is also <some> other thing besides
the things of which it is predicated, being separated from them (for this is what those who
posit the ideas think they prove; for this is why, according to them, there is such a thing as

man-itself, because the man is predicated truly of the particular men, these being a

5 A€l 8¢ i AavBave 8Tt TOAGKIS GLUPAIVEL SUOPTAVELY Kai [T) DTAPYEWV TO SEUCVOLEVOV TPATOV
kaforov, 1| dokel SeikvuoOor kabdrov Tp@dToV. dmatduedo 8¢ TodTny TV dmdTny, dtov §| pndev 1
AaPeilv dvdtepov mopd O ko EkooTtov, | | MV, GAL’ dvdvopov ) &l Slapopolg eidel Tpaypacty, §j
ToYYaVY OV M¢ v uépet Hhov &9’ @ Seikvuton:

90 In [Fine, op. cit. p.199].
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plurality, and it is other than the particular men)—but if this is so, there will be a third

man.”' [Alex. 84.22-7; Fine’s trans.]

Thus a Platonist ought to formulate the following argument for the existence of
the Form of Quantity: We have lines, planes, solids, numbers, and so on, which
are all quantities. From this we infer that there is a separate Form of Quantity by
virtue of which they all are quantities. How do we infer this? We are relying on
an one over many principle that generates a separate Form for a collection of

things that all have something in common.

We saw then how one could proceed to postulate the existence of the Form of
Quantity based on a version of the one over many argument. According to

Alexander, Aristotle’s response to the one over many argument is as follows:

It is clear that this argument too does not validly deduce that there are ideas; rather, it too
tends to prove that what is predicated in common is something other than the particulars of

which it is predicated. ** [Alex. 81.7-11, Fine’s trans.]

It seems that the error in the arguments for the existence of the Forms lies in the
separation inference. Why is this problematic? Well, it may be the case that the
Form ought to be different from what it is predicated of but this need not imply
separation. What can be said about the notion of separation that Aristotle
associates with Platonic Forms? As I have already pointed out in this chapter, in
Meta. A. 11, 1019a1-4, for instance, Aristotle says that things are called prior
(mpbtepa) in virtue of their nature and substance (kota @Oov kai ovciav) when it
is possible for them to exist without other things (évdéyetar givar &vev dAAmY),

whereas those other things cannot exist without them; this division was used by

91 5 3 / , . 3 ~ v o \ \ 4 ~
el 10 KOTNYOPOOUEVOV TVOV TAEWOVOV GANOdc kol &0ty GAAO Topd TA OV KOTNYOopEiToL,

KEYOPIGUEVOV o0TOV (TodTo YOp Myodvion deikvivor ol tag idéag TiBéuevol S Ttodto yap €oti
TL a0TOdVOpOTOg KOT' avTOVE, 0Tl O AvOpwmog Katd TV Kab’ Ekacto AvOpOTOV TAEWOVOV SvimV
ANOdG katnyopeitar Kol GALOG TV kb’ Ekacto AvOpOTOV €0Tiv)—AAA’ €l ToDTO, E0TOL TIS TPITOG
GvOpwmog.

%2 3fihov 8¢ 611 008E obToC O AdYOC idéac elvan cLALOYileTar, dAAY Setkviovar Podietat kai adTdg GALO

1Vl TO KOWV®C KOTYOPOVUEVOY TMV Ko’ EKUGTA OV KOTNYOpEiTaL.
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Plato (ta pév on obtm Aéyeton TpodTEpQ Kol DoTEP, TA O& KATO UGLY Kol ovoiay, 6oa
gvdéystar elvar dvev EAlov, Skeivo 88 Bvev ékeivov pr | Stupéost Eypricato
[MAdt®v.). Therefore, from the A.11 passage we may infer A is separate from B iff
A can exist without B (6ca évéyeton eivar dvev 8AAmv), or, equivalently, iff A
exists independently of B. Fine speaks of ‘capacity for independent existence’ for
this particularly important notion of separation.®3 Separation defined that way is
always separation from something; in the case of the one over many argument it
is separation from particulars® (mapa ta ka0’ Exaocto Ovio OV KEY®PIOUEVOV
avtdv, Alex., 80.8-15). Thus, the Platonic Forms are separate from particulars in
the sense that they can exist whether or not particulars exist (Fine actually puts
this in terms of ‘instantiation’ - the Platonic Forms (unlike their Aristotelian

counterparts) can exist without their instances).

In the following passages from the Metaphysics Aristotle describes the origins of

Plato's theory of Forms and how it differs from the Socratic theory:

The belief about the forms occurred to those who asserted it because they were convinced
of the truth of the Heracleitean arguments that all sensibles are always flowing, so that if
knowledge and wisdom are to be about anything, there must be some different and
enduring natures, besides the sensible ones, for there is no knowledge of flowing things.
Now Socrates was concerned with the moral virtues, and he was the first to seek universal
definitions in connection with them . . . It was reasonable for Socrates to try to find what a
thing is, because he was seeking to argue deductively, and the starting-point of deductions
is what a thing is . .. For there are just two things one might fairly ascribe to Socrates—
inductive arguments and universal definitions, both of which are concerned with the
starting-point of knowledge. But Socrates did not make universals or definitions separate,
but they <the Platonists> separated them, and they called these sorts of beings ‘ideas'.”

[Meta. M.4, 1078b12-32; Fine’s trans.]

93 See Fine(1984) for extensive discussion.
94 ibid.

5 suvéPn 8° 1) mepi TV eldOV 80Ea To1¢ eimodiot it O meoOijvar mepi Tiig dAnOeiag toic Hpaxhetteiow
AOYOIG O¢ mAVIOV TOV aicOntdv del pedviov, Got’ eimep &miotnun Tvog €otol Kol QPOVNOLS,
ETépoig SEIV TIVAC PVGEIC Elval TOpd TAC 0iGONTAC LEVOVGHC: OV YapP ElvaL TV PEOVIMV EMGTHUNYV.
Tokpatovg ¢ mepl Tag NOKAG GPETAC TPAypaTeELVOUEVOL Kol Tepl TovtV Opilechar kKaboAov

{ntodvtoc TPAOTOL ... €KeIvog 6 €OAOYmG ECNTEL TO Ti €0TIv: cVALOYilesOan yap €ntel, dpyr 08 T@V
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In the second passage, which contains a more detailed account of the origin of
separate Forms, Aristotle claims that the Platonists not only make Forms entirely
distinct from particulars, but they also consider them to be separate substances.

Their error, however, lies in that no universal can be a separate substance:

For they treat ideas both as universals and again, at the same time, as separate and as
particulars. But it has been argued before that this is impossible. Those who said that the
substances were universals combined these things <universality and particularity> in the
same thing because they did not make them <the substances> the same as sensibles. They
thought that the particulars in sensibles were flowing and that none of them endured, but
that the universal is besides these things and is something different from them. Socrates
motivated this <view>, as we were saying before, through definitions; but he did not
separate <universals> from particulars. And he was right not to separate them. This is
clear from the results. For it is not possible to acquire knowledge without the universal;
but separating is the cause of the difficulties arising about the ideas. But they, on the
assumption that any substances besides the sensible and flowing ones had to be separate,
had no others, and so they set apart the substances spoken of universally, so that it
followed that universal and particular <natures> were virtually the same natures. This in
itself, then, would be one difficulty for the view discussed.”® [Meta. M.9, 1086a32-b13;

Fine’s trans.]

GVALOYIOU®DY TO Ti 0TV ... VO YAp €0Tv & TIg v Amodoin TOKPATEL SIKOUMG, TOVG T EMUKTIKOVG
Adyovg kal 10 OpilecBor kaBolov: tadta yop €oTv AUE® TEPL ApynV EMGTAUNG): —OAA’ O pev
Zokpatng td KaBOAOL 0O YWPIoTH €moigl 0VOE TOLG OPIGHOVS: o1 & ymploay, Kol T ToldTo TdV
Svtov idéag Tpoonydpevoay.

% Guo yap kab6rov T oD THC 1d6aC Kal TUAY (¢ ymPloTdS Kai TdV kad’ Ekaotov. Tadta & &1t
oUK €vdEyeTal SImOPNTOL TPOTEPOV. OITIOV O TOD GLVAYL TADTA €1 TADTOV TOIC AEYOVLGOL TOG 0VGiag
kadorov, 811 Toic oicOnToic 0v Tag avTag [ovsiac] émoiovy: Td pEv oV &v Toic aichnToic kad’ Ekacto
pEiv 8vopulov kai pévey ov0EY adT@V, TO 88 kafohov Tapd Tadta sival Te Kai £Tepdv Tt glvar. TodT0 &,
domep &v toig Eumpocbev Eréyouev, Ekivnoe HEV ZOKPATNG S0 TOVG OPIGHOVG, OV PNV EXDPIGE YE TAV
ka0’ Ekaotov: Koi todTo OpOdG €vomoev o ywpicac. dnAol 8¢ €k TdV Epywv: Gvev pev yoap tod
kaBo6Aov ovk EoTv EmoTRuUnV AdPelv, 1O 8¢ ywpilewv aitiov T®V cvuPavoviov dvoyepdv mepl TOG
idéag €otiv. 01 &’ Mg avaykoiov, gitep Ecovtal Tveg ovoint Tapd Tag 0icONTag KAl PeovSOS, XWPIOTAG
gival, GAkac pév ovk eiyov Tavtag 88 Tag kafohov Aeyopévac £E€0ecav, dote cupPaively oYedOV TAG
avTaC PUGELC Elvol TaG koBOAov kol TaC kof’ Ekootov. obTn pEv odv avTh kb’ avTV &N TG AV

dvoyépela TV eipnuévoV.



60

In both passages Aristotle is accusing Platonists of separating the universal.
More specifically, in the second passage above, Aristotle accuses the Platonists of
a serious category mistake: that Platonists make forms both universals and
particulars. That sensibles are in flux (peiv) is the reason why Plato inferred that
there must be forms conceived as the basic objects of knowledge and definition;
as we can see in the previously cited passage from Meta. M.4, knowledge and
definition require the existence of things that are not in flux (dot’ €inep Emotun
Tvoc EoTon KoL PPOVNOIG, £Tépag Seiv TvaG @UoEIS eivar Tapd TS oicONTag
pevovoac: ov yap eivar TdV Pedviov émothun). It seems that Aristotle is in
agreement with what motivates the theory of forms, namely that knowledge and
definition has to be of something different than the ever-changing particulars.®”
But why the confusion of universals with particulars? The reasons may be traced
in the last lines of the second passage: Platonists’ answer to the inadequacy of
the sensibles is that there must be some non-sensible substances besides the
sensible ones; but they did not have any other non-sensible substances apart
from their own Forms (&\\ag pév ook giyov); so they posited separate Forms; (koi
oMY (¢ yoploTag kol Tdv ko’ Ekactov, 1086a33-34, yopiotdc sivor, dALAC MEV
ovK lyov tadTag 8¢ Tag kafdrov Aeyopévag EEE0scay, Gdote cupPaively oYedov Tig
oaOTaG PUGELS sivan TaG kafO oL Kkai Tag kad’ Ekactov, 1086b9-11), so Forms are
particulars (as well as universals). But-Aristotle complains-how can something
be a substance particular and a universal? According to Fine, the crucial
assumption is that separation implies particularity. Fine offers an account of

Aristotle’s reasoning in terms of instantiation:

But as I (following Aristotle) understand separation, the claim that forms—universals—
are separate is simply the claim that they can exist whether or not any corresponding
sensible particulars exist. Why does Aristotle take this to show that forms are particulars?
The answer is that he believes that universals exist when and only when they are
instantiated; in his view, only substance particulars are separate (see e.g. Meta. 1028a33—
4). So he claims that if forms are separate they are (substance) particulars

because &e accepts the controversial view that universals cannot exist uninstantiated. He is

97 The theme that knowledge is of the universal whereas perception is of the particulars can be

found elsewhere in Aristotle (e.g. in Meta. B.6, 999a26-b3).
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therefore not convicting Plato of internal inconsistency: he means that Plato's views do not
square with the truth. He sees that Plato introduces forms simply to be universals; that they
are particulars results only if we accept the controversial Aristotelian assumption, which

Aristotle takes Plato to reject, that universals cannot exist uninstantiated. [Fine(1993),

p.61]

The first part of our parallel, then, can be viewed as a very condensed criticism of
Aristotle to a (more accurate) one-over-many argument that would lead to the
postulation of a Form of Quantity that enjoys separate existence from numbers

and magnitudes.

[2.4.2] The analogy from the universal propositions in mathematics and

the related discussion- part two

The very best that can be extracted from the first part of our parallel is this:
what is of importance in the universal propositions of mathematics is that the
objects that satisfy them share a common feature. But in M.2, 1077a9-14 (where

the context again is about ta kaB6rov €v T0ig pabnuacy) the text reads:

Besides, there are some universal mathematical propositions, whose application extends
beyond these substances. Here then we shall have another substance between, and separate
from, the Ideas and the intermediates,—a substance which is neither number nor points
nor spatial magnitude nor time. And if this is impossible, plainly it is also impossible that
the former should exist in separation from sensible things.” [Meta. M.2, 1077a9-14;

Ross’ trans. mod.]

As we have said previously, the passage is part of Aristotle’s arguments against
mathematicals as separately existing entities. A few lines before (1077a9-14)
Aristotle makes a reference to Book B of the Metaphysics: £t dmep koi év 10ig
amopniuacw... (1076b39-1077a1); this is a reference back to the fifth aporia in
that Book. A formulation of the fifth aporia may be found in lines 997a34-b3:

Further, must we say that sensible substances alone exist, or that there are others besides

98 r PYs ’ L ~ ~ \ , \ 5 s P 3 N o
ETL YPOAPETAL EVIQ KoBorov VIO TV paenuarmwv Topa TOLTOG TOC OVOLOC. EGTAL OVV KOl AVTN TLG

GAAN ovoia petadd keympiopévn T@v T’ 10e®v Kol TdV peTaéy, 1 obte dpOpdg €éotv obte otrypol odte
uéyedog obte ypovoc. €l 8¢ Todto Advvatov, Sfilov éTL Kakeiva AdVvaTOV Elval KEYOPIGHEVO TMV

aicOnTdV.
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these? And are substances of one kind or are there several kinds of substances, as those
say who assert the existence both of the Forms and of the intermediates with which they

say the mathematical sciences deal?” [Meta. B.2, 997a34-b3; Ross’ trans.]

Aristotle in the beginning of the first chapter of Book M of the Metaphysics gives

us the context of the inquiry that will follow:

Now since our inquiry is whether there is or is not besides the sensible substances any
which is immovable and eternal, and, if there is, what it is, ...'" [Meta. M.1, 1076a10-12;

Ross’ trans.]

But why cannot sensible substances be the subject matter of the sciences?
Among the five arguments for the existence of the Forms listed previously, there
are some that pertain to sciences. That sensible things are somehow inadequate
as proper objects of the sciences serves as a key premise of the so-called
‘arguments from sciences’ in Aristotle’s work On Ideas. There are three such

arguments in the On Ideas; let us examine the first two:

1) If every science performs its own function by referring to some one and the same thing,
and not to any of the particulars, there would be, for each science, some other thing
besides the sensibles, which is eternal and a model of the things that come in each science.

And such is the Form.'"" [Alex. 79.5-8; Frank’s trans. slightly mod.]

2) Moreover, the things about which the sciences are concerned are. But the sciences are
concerned with some other things besides the particulars; for <the particulars> are
indefinite and indeterminate, whereas the things about which the sciences are concerned

are determinate. Therefore, there are some things besides the particulars, and these things

99 3 7 \ s \ 5 s r 3 . 2 3 \ , ” N 7
£T1 08 TOTEPOV TOG (llGGT]TU.g ovclag Hovag evOL OOTEOV 1 KOl TOPO TOVLTOG (1)»}\4(7.@, KOl TOTEPOV

povo®dc § mAeim yévn TeTOIMKEY dvia TV 0VGIGHY, 0lov ol AEyovTec TG TE £10N Kol TO PETAED, TEPL &
TOC LAONUATIKAS VAl PAGLY ETIGTALLOG;

06l 8 1 oxéyic €oti moTEPOV E0TL TIC TPl TAG 0o TG 0VGiog dkivnTog Ko Gidtog f 0vK
£€ot1, Kol €l ot TiG €oTL ...

01 &i oo Emotiun TPOG Ev TL KOl TO 00TO EMAVAPEPOVSQ TOLEL TO oOTHS Epyov Kol TPOG 0VSEV TOV
ka0’ Exaotov, €in &v TL GAA0 kaB’ Exdotny mopd Ta aicOnTd Aidlov Kol Topdderypo TdV kad’ Ekxdotnv

EMOTAUNV YIVOUEV®V. TOLODTOV OE 1) 1060
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are the Forms.'” [Alex. 79.8-11; Frank’s trans. slightly mod.]

In the first argument we have the specification of the conditions which a proper
object of a science must fulfill.193 Thus if every science ‘functions with reference
to some one and the same thing’ (mpog &v Tt kal 10 aVTO Emavaeépovca)l®4 and
concerns itself with ‘none of the particular things’ (mpd¢ o0dev t@V kab’ Ekactov),
then there would be for each science some other thing besides the particulars, an
entity which is ‘everlasting and a paradigm’ (¢&idwov kai mapaderypa) of the things
that come to be within that science. From the second argument we further infer
that sensible things (t0 aicOntd) are inadequate as objects of the sciences
because they are somehow indefinite (Gmewpa) and indeterminate (&opiota),
whereas the objects of the sciences should be determinate (®picuéva). Both
arguments conclude that, for each science, there should be a proper object
(eventually identified as a Form) which is different from the sensibles. It seems
that the k00’ &€kaocta here are sensible particulars and not low-level types or
properties. 195 Terms such as dopiotov and dmepov connote two kinds of

indeterminacy, qualitative and quantitative one:

The indeterminacy can be quantitative or qualitative. That is it can be indeterminate how
many of something are dealing with — for example how many particulars instantiate a
given universal, or how many properties a given thing has. (This second sort of
quantitative indeterminacy shows that a single thing can be quantitatively indeterminate.)
Or there can be some indeterminacy in the nature of, or in a given description of, some or
all of a thing’s properties. If, for example, we say only that something is hot, or hotter than

something else, it is indeterminate what degree of heat it has. [Fine (1993), p.71]

102 5 % ~ s s ~ P P . N o I © ~ ~
ETL @OV EMOTNNLOL €101, TAVTO ECTIV" AV O€ TIVOV Toapa Ta ko0’ Exaotd giov al EMIOTN AL TOLTA

YOp amepd te Kol ddpiota, oi 8¢ EMOTHHOL OPIGHEVEDV: E0TIV Gpa TV Tapd TG K00’ EkaoTa, TODTO 08
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103 See [Cleary (2013), p.337].

104 Frank remarks: ‘this does not mean that for each science there is numerically just one object
which acts as the object of the scientist’s concern. <...> In the third argument of sciences we learn
that the geometer concerns himself with both equal simpliciter and commensurable simpliciter.’
In [Frank(1984), p.128].

105 For this view see also [Cleary, op. cit., p.338]. Frank argues that the k00’ é&xocta are low-level
types or properties [Frank(1984), pp.22-23]. Fine argues that we should opt for a more general
reading of the ka0’ €xoota that includes both senses [Fine(1993), p.79].
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One may understand qualitative indeterminacy with regard to the objects of the
mathematical sciences, as for example Burnyeat does, that ‘when mathematical
properties are attributed to sensible things, the result both is and is not the case’:
‘a tabletop or a diagram both is and is not square, a cow or a line drawn to
represent unity both is and is not one.”1% One could also illuminate the
quantitative indeterminacy of the sensibles by pointing to Parmenides (129c-d),
where Plato argues that Socrates is ‘one’, because he is one man among a
company of seven men, and we can equally say that he is ‘many’ in virtue of his
upper and lower, front and back, and left and right parts. Or, we can go to the
Republic Book VII where Plato argues that the ‘ones’ and the ‘numbers’ grasped
by the senses are not truly ones and numbers, since ‘we do see the same thing as

one and as an unlimited number at the same time’ (525a4-5).

Given the inadequacy of sensible objects then, one might be tempted to posit
Forms as the proper objects of the sciences. A more suitable move, however,
would be to posit Intermediates as proper objects: we have already seen that
they differ from sensible things in being eternal and unchangeable (didw koi
axivnta), and from Forms in that there are many alike (m6AA’ dtta Spowa), while
the Form itself is in each case unique (Meta. A.6, 987b14-18). Given that
mathematical statements require things that are many-per-type (the so-called
uniqueness problem), one may modify the original argument from sciences so as

to postulate Intermediates instead of Forms:

1)The theorems of mathematics are true. 2)The theorems of mathematics are not

true about sensible things for the latter are indeterminate. 3)The theorems of

106 In [Burnyeat (1987), pp.225-226]. Compare also the following passage from Meta. Z.15:

For this reason, also, there is neither definition nor demonstration of sensible individual substances,
because they have matter whose nature is such that they are capable both of being and of not being;
for which reason all the individual instances of them are destructible. If then demonstration is of
necessary truths and definition involves knowledge, and if, just as knowledge cannot be sometimes
knowledge and sometimes ignorance, but the state which varies thus is opinion, so too
demonstration and definition can- not vary thus, but it is opinion that deals with that which can be
otherwise than as it is, clearly there can neither be definition nor demonstration of sensible

individuals. [Meta. Z.15, 1039b27-1042a2; Ross’ trans.; italics mine]
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mathematics are true of intermediate mathematicals.

The argument is a modification of similar arguments in [Burnyeat (1987),
pp.221-222] and in [Menn,Ty3’, p.20] and is based on the following argument
from Meta. N.3:

But those who make <number> separate assume that it exists and is separate
because the axioms would not be true of sensible things, while the statements <of
mathematics> are true and delight the soul; and similarly with the magnitudes of

mathematics.197 [Meta. N.3 1090a35-b1; Ross’ trans. mod]

The passage is about anyone who accepts that numbers exist in separation from
the sensibles not merely about people who posit numbers as Forms (see
1090a15ff.). Premise 2) in this Platonist argument illustrates the so-called
precision problem, the fact physical objects might fail to have the mathematical
properties we study. A formulation of the precision problem may be found in the

following passage:

For neither are perceptible lines such lines as the geometer speaks of (for no perceptible
thing is straight or curved in this way; for a hoop touches a straight edge not at a point, but

as Protagoras said it did, in his refutation of the geometers), nor are the movements and

0

complex orbits in the heavens like those of which astronomy treats,'®™ nor have

197 61 8¢ ywpiroTOV TOOBVTES, HTL &L TOV 0BTV 0VK EoTat Td GEwbpaTa, GANOT 88 Té Aeydpeva Kol
caivel TV yoynv, sivai te VoAapBavovst kol x®PIoTd ivar: Opoing 8& kol To peyédn té podnuaticd.
108 Cf. passage 529c-d from Republic Book VII where Socrates acknowledges that the motions of
the heavenly bodies are the most beautiful and most exact among those of sensible things; he
insists, however, that those motions are not the subject matter of the astronomers because they
fall short of the true motions which only can be grasped by reason and thought and not by the
senses:
[Socrates]:... these ornaments in the heavens, since they are ornaments in something visible, may
certainly be regarded as having the most beautiful and most exact motions that such things can
have. But these fall short of the true ones — those motions in which things that are really fast or
really slow, as measured in true numbers and as forming all the true geometrical figures, are moved
relative to one another, and that move the things that are in them. And these, of course, must be
grasped by reason and thought, not by sight. Don’t you agree? [Glaucon]: Of course. [529¢7-d6;

Reeve’s trans.]
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geometrical points the same nature as the actual stars.'” [Meta. B.2, 997b34-998a6; Ross’

trans.]

Lear cautions us not to disregard the aporetic context of the above passage:

One should not consider this passage in isolation from the context in which it occurs.
Metaphysics B.2 is a catalogue of philosophical problems (aporiai) presented from various
points of view. None of it should be thought of as a presentation of Aristotle's considered
view on the subject. It is rather a list of problems in response to which he will form his
philosophical position. Immediately before the quoted passage Aristotle is putting forward
the problem for the Platonists that the belief in Form-like intermediates involves many
difficulties (997bl2-34). The quoted passage can thus be read as an imagined Platonist's
response: ‘Yes, the belief in intermediates is problematic, but, on the other hand, giving
them up involves difficulties, too.” Here it is an imagined Platonist speaking, and not
Aristotle. So Aristotle is not endorsing Protagoras' view; he is presenting it as one horn of

a dilemma that must be resolved. [Lear (1982), p.176]""°

The dilemma the Platonist presents us with is, according to Lear, the following:
either we have to endorse a theory of intermediate mathematicals or abandon
them altogether and face the problem of precision that tantalises the sensible

objects. Lear proposes the following resolution of the dilemma:

We have already seen Aristotle's proposed resolution; and it is one that involves asserting

that some physical objects perfectly possess geometrical properties. [Lear (1982), p.176]

[ agree with Lear on this point. My disagreement has to do with the somewhat
wider scope of mathematical features Lear claims to be ‘exactly’ (i.e.

mathematically precisely) physically instantiated. The question that naturally

199 (otte yap of aicBnTol ypappal towadtal gioty ofog Aéyet 6 yempérpng (0008 yap 00D TdV aicOntdv

obTmg 000¢ oTpoyYOAOV- dmteTal yop 10D Kavdvog 0O KATo oTLypnV O KOKAOG GAL’ domep Tlpmtaydpag
Eleyev €Aéyxmv ToUC yepETpaC), ovd’ ail Kwioelg kol EMkec Tod ovpavod Spotar mEpL OV 1
AoGTPOAOYiO TOIETTOL TOVG AOYOLS, OVTE TA GNUETN TOIG AGTPOLIS TNV OOTNV EYEL PVOLV.

110 In this Lear probably follows Syrianus’ commentary of the passage: ‘The argument is not
directed against those who bring in several kinds of substance; it is rather in agreement with
them’ [Syrianus: Comm. in Meta., 27.8-9; Madigan’s trans.]. Consult [Madigan (1986), pp.162-165]

for a valuable discussion on the commentaries of Syrianus and Asclepius in this passage.
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arises, then, is the following: Are any mathematical features ‘exactly’ physically
instantiated? And, if so, which features are so instantiated? I will return to the

problem of precision later in my essay.

Returning to the M.2, 1077a9-14 passage, why would certain objects lie between
(ueta&d) Intermediates and Forms? It is not immediately clear; ps-Alex.
complains that Aristotle is being a little vague there: &el 6¢ tiva PBpaysiov
acdpetay 1 A€ N EoTan odv koi abtn T SAAN oVGio PETAED KEYOPIoHEVY TdV TE
10e@®V Kol TOV PETaED A&yel 88 1060 UEV TO AOTOTOGOV Kol T TODTA, HETAED OE TA
poOnuoatikd: petald yop TV 1€ 10e®v Kol T@V aictnt®dv £t1ibevto T pLobnuatika.
Aéyet ovv 8Tt EoTon TIC GAAY VOIS Ka®® ATV 0VG0 HETAED TV TE 1de®dV Kol TdV
peta&d, tovtéott TOV podnuatik®y 729.34-730.10). A solution might be this: We
have seen that, given the uniqueness problem, one may modify the original
argument from sciences so as to postulate Intermediates instead of Forms. Then
one could perhaps formulate an one over many argument to show that there is a
Form of Quantity. And one could invoke a self-predication principle and a non-
identity one to formulate a third man argument: We have a set of intermediate
lines, planes, solids, numbers, and so on which are all quantities. From this we
infer that there is a separate Form of Quantity by virtue of which they all are
quantities. How do we infer this? We are relying on a one over many principle
that postulates a Form for a set of things that all have something in common. But
we can proceed even further: We now consider together the items discussed in
the first step (that is, all the intermediate quantities) and Quantity, the Form by
virtue of which they all are quantities. In order to do so, we need a principle that
tells us that the Form of Quantity is itself a quantity: a Form ought to be subject
to self-predication. From this via the one over many principle we infer that there
is a separate Form of Quantity by virtue of which they (the members of the
previous set, the intermediate quantities and the Form of Quantity) all are
quantities. The Form introduced in this step is a second Form (Quantityz),
distinct from the original Form (Quantity:) introduced earlier. In order to infer
this we need a non-identity principle: The Form by virtue of which a set of things

are all quantities is not itself a member of that set. And we can continue the
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process ad infinitum.111 It seems then that Aristotle must have something like
that on his mind when he claims that there ought to be some other substance

between the ideas and the mathematicals.

Let us conclude the analysis of the first parallel (1077bl7-22) by offering a more
expanded version of it: Just as the universal propositions of mathematics are
about kinds of quantity (lines, numbers, etc.) insofar as they are quantities and
not insofar as they are continuous or (in)divisible (o0y f 8¢ Towdto ola Eystv
uéyefog fi eivar doupetd), and not about some special, separate entity called
‘quantity’, similarly geometry is about sensible magnitudes, not qua sensible but
qua such and such (fj towad{); geometry is about sensible magnitudes qua solids
or qua planes or qua lines, and not (we may add) about separately existing
solids, planes, and lines. The very least that can be extracted from this first
parallel is that the link between mathematics and the actual world should not be
severed by the postulation of mathematicals that exist in separation from the

sensibles.

[2.4.3] The analogy from physics/astronomy

The second parallel (1077b22-30) is now brought forward to further support or
explain the first one (cf. ps-Alex.: Tpog 100t Kai d1” dALoL VTOdelyaTOg capnviletl
10 Aeyopevov Aéyov Gomep yap Koi 1 Kvodpseva poévov morlol Adyor sict, 734.33-

35):

For just as there are many statements about things merely as moving, apart from the nature
of each such thing and their incidental properties (and this does not mean that there has to
be either some moving object separate from the perceptible objects, or some such entity
marked off in them), so in the case of moving things there will be statements and branches
of knowledge them about them, not as moving but merely as bodies, and again merely as
planes and merely as lengths, as divisible, and indivisible but with position, and merely as

indivisible.'"? [Meta. M.3, 1077b22-30; Annas’ trans.]

111 [n formulating the argument I am relying on Cohen’s analysis in [Cohen(1971)] and on Fine’s
one in [Fine (1993), ch.15, esp.pp.210-211].
12 Gomep yap xai 7| kvodpeva pdvov morhot Aoyot gici, xopic Tod T £kaoTdv 0Tt TGV To100TOV Kai

v ouuPePndTov avTolc, kai ovk Aviykn S TadTa T KEYOPIGUEVOV TU EIVOL KIVOULEVOV TGV
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In this passage Aristotle states that there are many statements (woAlol Adyot)
about things only insofar as they are moving (] ktvobvpevo pdvov), without any
reference to the essential nature of such things or to their attributes (ympic tod ti
EKOoTOV £€0TL TMV TOOLTOV Kol TOV cuuPepnkotov avtoic). Now those statements
could be either the propositions that physicists study (ol @ucwoi: ps-Alex.,
734.33ff.) or those of astronomers or more general motion principles; an
example would be: things that move at an equal speed cover the same distance in
an equal time (ps-Alex., 734.36-37, 10 icotoy®d¢ Kvodueva &v iom ypoéve 10 avTo
Stotnuo Siééeioy, and also Syrianus, 95.19-20). In any case, although the 7
kwvovueva locution implies that the subject-matter of those statements are not
sensible things themselves, but rather sensible things qua moving, it is not
necessary to postulate special ‘moving objects’ as 1) separate from the sensibles
or 2) as located in the sesibles (i} kexwpiopévov Tt ivor KIvoOpevoV TdV aicOnTtdv §
v tovTo1C TIVRL POV etvan dpmpiopévny). The aforementioned disjunction refers
to the two possible modes of existence for mathematical objects, initially
articulated in 1076a32-34 (avaykn o’, €imep €ott Ta poOnupotiKd, 7| €v TOig
aicOntoic eivon ovtd kobdmep Aéyovsi Tvee, fi kexopiopéva @V aicOntév), and
refuted in M.2. The locution ywpic t0d i €kaotdév £€0TL TOV TOWOVTOV Kol TAOV
ovpuPepnkodtov avtoig explains what happens when someone studies sensibles
qua moving; the commentary of ps-Alex. (734.37-735.7) is especially helpful: if
we consider the motion principle stated above, things that move at an equal
speed cover the same distance in an equal time (T icotoy®dg Kwvodueva &v iom
1POVD 10 avTo ddotnua SiEEeloy), it is clear that nothing specific is required
about the nature of the things that satisfy this principle, but what matters is their
motion and its essential attributes (o0d&v amtdpevol T@V VTOKEWEVOV TPAYUATOV,
AL el TG Kvoemg avT®v uoévne dworeyoueda). Thus, as ps-Alex. comments,
physicists/astronomers that study thigs qua moving do not consider whether the
things that are in motion are men or the heavens and they do not study men or
the heavens as such, but instead they study the very nature of motion and what

holds true of men and the heavens qua being in motion (ol gvoikol deikvdovat

aicONTdY 1 £v TOVTOIC TVAL PVGLY EIVAL APOPIGUEVIY, OVTO Kol £l TRV KIvoupévav Ecovtal Adyot Kai
gmotijpat, ody N kvodpeva 8& AL’ 1| chpata povoy, kol méiw 1) énineda povov kai 1) pikn pdvov, kai

7 Stonpetdr kai 1) adaipeta Exova 8& OEoy kol | adtaipeta Lovov.
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whvto 0 Kob® ovtd Toig Kivnoeot pn Oempodvteg UndE TOAVTPOYUOVODVTEG T
vmokeipeva Tiva éoti, motepov AvOpmmol §| 0Vpaviec, AL’ 00dE Ti cuuPéPnke T®
avOpOT® 1| T® 0Vpavd Bewpodoty, AL adTV Kb’ adTV TV THC KIVRoE®S OOV
Kol 0 Kb’ adta vEdpyovia avTaig Aviyvebovst te kal dmodsikvdovot, ps-Alex.

734.37-735.7).

Aristotle then, following a line of thought similar to the first parallel where the
context was the universal propositions of mathematics, reiterates the invalidity
of any Platonic argument that establishes either the separate existence of some
Form of Motion or the existence of Intermediate moving things. Aristotle in this
second parallel seems to be particularly concerned with the objects of
astronomical study and it would be rather useful to offer a brief analysis of his
discussion regarding the absurdities that stem from positing astronomical

Intermediates in Meta. 997b12-20:

Further, if we are to posit besides the Forms and the sensibles the intermediates between
them, we shall have many difficulties. For clearly on the same principle there will be lines
besides the lines-in-themselves and the sensible lines, and so with each of the other classes
of things; so that since astronomy is one of these mathematical sciences there will also be
a heaven besides the sensible heaven, and a sun and a moon (and so with the other
heavenly bodies) besides the sensible ones. Yet how are we to believe these things? It is
not reasonable even to suppose these bodies immovable, but to suppose their moving is

quite impossible.'”® [Meta. B.2, 997b12-20; Ross’ trans.]

Aristotle begins by asserting that those who posit Intermediates will run into
many absurdities; for he explains this means positing Intermediate lines in
addition to the Form line and to the sensible ones; and likewise for every other
kind of thing: if astronomy is a science of Intermediates there will be a heaven, a
sun and moon and heavenly bodies over and above the sensible heaven.

Following Alexander, I understand that the yev®v in In. 997b15 refers to the

3 &1 8¢ el Tic mopd T €18n Kod o aioOnTd Th peTald BfoeTar, TOALAS dmopiog &gt dfjhov Yap M

opoimg ypoppal te mopd T o0TOG Kol Tog aictntic Ecovral Koi EKaotov TOV dAA®V YeEVAV: HOT’
éncinep N dotporoyio pio TobTOV €oTiv, £0TOL TIC KOl 0VPOVOS TTapd TOV aicONTOV 0VpavOV Kol HA0G
1€ Kol GEAVN kol TEAAG Opoime TO KaTd TOV 0VpavoV. kaitol The St moTeEdGUL TOVTOIS; 0VE Yap

axivntov bAoyoV givol, KivoOIEVOY 88 Kal TovTEADS GSVVATOV.
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subject genera of the mathematical sciences which include astronomy!# (cf.
Alex., 197.35-198.3: o¢ yop €nl ypoauung Exet (EoTt Yap TIG YPAUUT KOT' adTOVS Topd
Te TNV aicOnTVv Kol Vv 1d0éav 1| pabnuotikn, mepl fiv 1 yeouetpia mpaypoatedeTon),
obtmg &gt kal €ml TV AAA®V, dnAovott TdV padnuatik®v). Thus, Alexander points
out that the todtwv in the next sentence could refer to those mathematical
sciences of which astronomy is part (cf. Alex. 198.4-5: énei odv éottv v T0iC
ponpatikoic kot 1 dotporoyia). It is not plausible for the heavens to be
considered as immovable mathematical objects (005¢ yap dxivntov ebloyov eivar)
because it is their very nature to be movable (cf. Alex. 198.8-11: n@d¢ 88 016V 1€
givo A6V Tvol padnpatikdv i Kivovpevov, fj kospov i Ao tL TV dotpwv; 1 Yap
ovoio Kol 1 eOOIS TOVTEV peTd TG To10cde Kivicems). So a Platonist who studies
the sensible heavens has two options: either to regard them as immovable
mathematical objects of intermediate nature, thereby disregarding certain
important aspects of them, such as their motion (this treatment of the heavens
would probably classify one as a geometer rather than as an astronomer) or to
regard them as movable mathematical objects again of intermediate nature,
something impossible for objects non-material and non-sensible by nature such
as the Intermediates (as Alex. explains in 198. 11-14: oAb &’ &t dhoydTEPOV TOD
Aéye kOopov kai iAoy dxivito To Aéyewy elvon pév ot Kivodpeva, odk aicOntd 58
GALG pobnpotikd: advvatov yap kwveicBor t© pn Ov Evolov kol T avTod QUGEL

aicOntov).115

114 This is also Cleary’s reading in [Cleary (1995), p.250].

115 As Madigan points out, Asclepius interprets Aristotle’s argument not as a dilemma but as a
two-level paradox, i.e. ‘a contradiction between a predicate that belongs to an intermediate
because it is an intermediate and a predicate that belongs to it because it is the particular
intermediate it is’. In [Madigan (1986), fn.13, p.154]. Insofar as the intermediate heaven is a
heaven it must be in motion; insofar as it is an intermediate object it must be unmoved; hence it
will be both in motion and unmoved which is impossible (k000 pév yap €éotiv 00pavdc, del avTOV
KiveloOat, kabod 8¢ davontdg, Eotan dkivntog MOTE 6 AVTOG KOl KIVOUUEVOS Kol GKivnTog, Omep €0Tiv
advvatov, 168.28-31). Madigan informs us that Asclepius deals with the paradox by distinguising
(168.31-169.1) in a neo-Platonic fashion the sensible heaven which is in motion (aicOntog éotiv
oVpavog 0 eawvouevog), the intelligible heaven in the Demiurge (vontog ovpovog 6 Adyog 6 &v 1@
dnuovpy®d, presumably the Form-heaven), and the intermediate heaven that is the object of

reason which exists in our soul and it is unmoved (dtavontdg 6 Adyog Tod ovpovod O €v T Youyh
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The absurdities that stem from the postulation of intermediate heavens is part of
a more general Aristotelian argumentative strategy that can be outlined as
follows: If the Platonists try to respond to problems such as that of the
indeterminacy of the sensibles by postulating separately existing mathematicals,
then the same problems would require them to posit entities such as the
intermediate heavens and so on.11¢ The case becomes especially problematic for
the more ‘applied’ mathematical sciences (e.g. optics) since it leads to peculiar
entities such as intermediate sensations and similarly for the other sciences. This

seems to be what Aristotle has in mind in the following passage:

And similarly with the things of which optics and mathematical harmonics treat. For these
also cannot exist apart from the sensible things, for the same reasons. For if there are
sensible things and sensations intermediate between Form and individual, evidently there
will also be animals intermediate between animals-in-themselves and the perishable

animals. [Meta. B.2, 997b20-24; Ross’ trans.]

But let us return to the discussion of this second parallel. Just as there are
theorems that are just about sensible bodies, not qua sensible bodies but only
qua moving, so likewise, there can be theorems that are just about sensible
moving bodies (obt® xoi €nl T®V Kwvovuévov), not qua moving but only qua
bodies (ovy 7 kvovueva 8¢ GAL || codpota poévov), and again only qua surfaces
(méhv 7 éninedo povov), and only qua lengths (f pfixn poévov); and qua divisibles
(i.e. just as continuous quantities, | Swuperd); and qua indivisibles having
position (i.e. just as points, | ddoipeta Eyovra 8¢ Oéowv); and qua indivisibles
alone (i.e. just as units, 1} &dtoipeto povov). Aristotle’s seemingly straightforward
conclusion needs further analysis if we scrutinise it through the prism of the
precision problem: the fact that astronomy studies celestial bodies qua points

does not entail that those bodies are actually points, only that they are regarded

as being indivisible and having position; and what happens when I examine my

UGV DThpymv: odTog 8& dKkivnTog €6Tt Adyog mdpymv.). The intermediate heaven then is not both
moved and unmoved but simply unmoved, and thus the paradox is solved. In [Madigan(1986),
pp.154-155].

116This is also what Stephen Menn argues in [Menn, ‘Iy3’, p.22]. This also seems to be Cleary’s

conclusion. See [Cleary(1995), pp. 250-259] for extensive discussion.
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desk qua plane? Does this mean that my desk has a perfectly planar surface?
These are also objections that Syrianus raises against Aristotle. Syrianus objects
that Aristotle’s analogy does not work properly; for there is no problem of
precision with regard to the precise (uniform circular) motion of the celestial
bodies-but one might wonder whether the same thing can be said about the
shapes of the objects around us; whether there are such things as perfect
spheres, cubes and so on: ‘For he who does not wish that there be motion outside
of sensible objects does not conceive of some more exact form of motion in the
immobile realm, whereas the geometer does conceive of other shapes more
exact than perceptible ones.”117 In [Com. on Meta. M-N, 95.22-26, trans. by Dillon
and O’'Meara].

[2.4.4] Conclusions and further discussion

A conclusion then is drawn in lines 1077b31-4 based on the above two parallels
is: just as it is true to say ami®dg that the moving things which are the subject
matter of physics/astronomy exist, so it is true to say amidg that mathematical

objects exist:

So, since it is true to say without qualification not only that separate things exist but also
non-separate things exist (e.g. that moving-things exist), it is also true to say, without
qualification, that mathematical objects exist, and are as they are said to be.'"® [Meta. M.3,

1077b31-4; Annas’ trans. mod.]

Aristotle by beginning with ‘therefore, since...” (do1’ énei) states the conclusion
of the previous argument, which is that non-separate objects in general, and
mathematical objects in particular, do exist.11® The expression anAd®dc modifies

Myew and eineiv and not eivoi.120 For, in Metaphysics M.2 Aristotle explicitly

"7 sntéov obv &L TpdTOV PEv 00Y BROLOV £6TL TO TEPL THY KivNoWY TOIC SYNHAGY: O P&V yap i PovAdw
£vog elvol kivow EEm tdv aicOnTdv odk £vvoel TV £V ToiC dKviTolg dikpiBeotépay, O 88 yempétpng &
TVOET TOV PUVOUEVOV GYNUATOV dKkpipécTepa

8 (o1 émel Gmhde Aéyetv GANOEC Py LOVOV T Y@PIoTd elvat GAAG Koi Té piy x@ptotd (olov Kvodpeve
glvart), Kol Té padnpotice 81t Eottv AmAde GAN0LC singiv, kol TowdTd ye ola Aéyovoty.

119 In [Lear (1982), p.170].

120 In agreement with [Lear, ibid.] and [Cleary (1995), p.319].
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states that mathematical objects do not exist without qualification (ody amidg
gotv, 1077b16). It seems that Cleary makes a plausible suggestion when he
points out that the distinction that Aristotle makes between separate and non-
separate things corresponds to the distinction between independent substances
and dependent attributes (he highlights the use of the term xiovueva as
Aristotle’s example of such non-separate entities).121 Thus Cleary offers the

following interpretation of the passage:

Since attributes can be truly said to exist (when one speaks simply or without
qualification), the same is true of mathematical objects which 'are such as they are said to

be' (1077b33-34). [Cleary (1995), p.319]

One may supplement Cleary’s account by reminding the reader that when
Aristotle talks about ta pobnuotiké he frequently means lower-dimensional
entities such as surfaces, lines and points, which according to him are limit
entites and do not enjoy separate existence from the things they are limits of. In
any case, the role of this passage is indicative of Aristotle’s realism towards

mathematicals: they do exist, albeit in a dependent manner.

In the third analogy (1077b34-1078a5) a parallelism is established between the

science of medicine and geometry:

It is true to say of other branches of knowledge, without qualification, that they are about
this or that-not what is incidental (e.g. not the white, even if the branch of knowledge deals
with the healthy, and the healthy is white) but what each branch of knowledge is about, the
healthy if <it studies its subject> as healthy, man if <it studies it> as man. And likewise

with geometry.'” [Meta. M.3, 1077b34-1078a2; Annas’ trans. ]

Since it is true to say without qualification (anA®dg dAnbg eineilv) that the science
of medicine is about ‘the healthy’ (byiewvov) and not about something incidental
(ovyi 0D ovuPePnrotoc) to it (e.g. ‘the white’, olov 81t Asvkod, &l 1O VyEVOV

Agvkov, 1 6’ €otv Vylewvod), so too with geometry. It may be the case that every

121 Cleary, ibid.

122 v o v 5 , < ~ 2 \ s~ , ¥ 5y ~ ’ ¥
Kol OomEP Kal TaG GALAG EMOTANOG ATADS AANOES ginelv ToVTOL €lvarl, 0Oyl ToD cupuPepnrotog (olov

&1L AevkoD, €l 1O Dylewov Aevidv, 1 & oty Dylevod) GAL’ ékeivov ol &oTiv £xdotn, £l <h> DyEvoV

Oylewvod, &l 8’ 1 EvOpomog avOpdTov, oBT® Kol TV YemUETpioy-
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object that has geometrical properties is a sensible one; it does not follow that
the proper objects of geometry are sensible objects as such, but sensible objects
qua lines, planes, solids, and so on. Aristotle once again is quick to point out that
these proper objects do not exist in separation from the sensible ones.1?3 Thus

the analogy ends as follows:

The mathematical branches of knowledge will not be about perceptible objects just because
their objects happen to be perceptible, though not <studied> as perceptible; but nor will
they be about separate objects over and above these.'** [Meta. M.3, 1078a2-5; Annas’

trans.]

Concluding the presenation of these analogies, we may say that via them,
Aristotle wishes to highlight the fact that mathematics have close ties to the
natural world. And this is only natural, for otherwise they wouldn’t be applicable
to the world.1?2> However, despite these close ties, they do not treat specifically
with perceptible objects, but have some other proper object, its existence has to
be accommodated within those ties. It is not the case that mathematics and
physics, for example, deal with the same objects but in a different manner, as J.
Annas repeatedly claims in her commentary: ‘mathematics is distinguished from
science not by its subject-matter but by its method’.126 Mathematics have a
proper object, namely numbers and magnitudes; Aristotle acknowledges that in

the beginning of chapter M as we have already seen: olov dptOpodc Kol YpoppiG

123 Aristotle’s discussion mirrors the third argument from the sciences:
Further, if medicine is the science not of this health but of health without qualification, there will be
some health itself. And if geometry is the science not of this equal and of this commensurate but of
equal without qualification and of commensurate without qualification, there will be some equal
itself and some commensurate itself. And these things are the ideas. [Alex. in Meta., 79.3-15; Fine’s
trans. ]

Aristotle would agree, I think, with the Platonists that medicine is not the science of this instance

of health (tfjode tfic Oyeiag) nor is geometry the science of this instance of equality

(todde 0D icov). Rather, medicine is about ‘the healthy’ and geometry is about ‘the equal’; and

these do not exist without qualification as the Platonists assert, but in some ody arA®¢ sense.

124 60K &l cvuPéPnkev oiobnta elvon Gv €oti, pui Eott 8¢ | aioBnTd, 0d @V cicOTdV Ecovtol ai

poOnpoatikol Emotipat, 00 pévtol 00OE Tapd TaDTA GAADV KEYMPICUEVOV.

125 As Lear also points out in [Lear(1982), p.81].

126 [n [Annas (1976), pp.29 & 148].
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Kol T0 ovyyevi] Tovtolg, 1076a18-19. He is not contesting that these objects exist
but the manner in which they exist (600’ 1 aueiopnmoig Nuiv Eotatl ov mepi 10D

givo GAAG epi Tod Tpdmov, 1076a36-37).

Aristotle continues by arguing that many things that hold of sensibles qua planes

and lengths:

Many properties hold true of things in their own right as being, each of them, of a certain
type — for instance there are attributes peculiar to animals as being male or as being female
(yet there is no female or male separate from animals). So there are properties holding true

of things merely as lengths or as planes."”’ [Meta. M.3, 1078a5-9; Annas’ trans.]

Aristotle appeals to md6n that are i61a to animals, not qua animals, but qua male
or female: the male animal is yevvntucév and the female is VmodextiKOv TAOV
onepudtov. 128 When considered qua male, the male animal possesses his
vevwntikdv kad’ avtov, since to be yevvntikdv in this way is essential to his being a
male. But it is not essential to his being an animal as such. We can then establish
an analogy with mathematicals as follows: just as there are many things true of
animals qua being male or female, so too in the case of geometry there are many

things true of things qua lines or planes.12?

12 \ \ . ¢\ ~ ’ ¥ oo L ~ , PR VT s \
7 ToAAGL 8¢ cupPEPnKe Kab® avTd TOTC TPAYRASY | EKOGTOV DIAPYEL TMV TOVTOV, el Kol 1| OFAv TO

{@ov Kai 1| dppev, 1o 14 Eotiv (kaitor ovk E6TL T1 OFjAL 008’ Eppev Keyopiopévoy TV (Huv): Hote
Kai 1) pikn povov kol 7 &minedo.

128 The examples are taken from ps-Alex., 737.9-10.

129 This is in line with Syrianus’ reading of the passage: 'Eneidn 6¢ nepi 10 ka0’ avta t0ig peyébeov
VTAPYOVTO TPOYLOTEVOUEVIG THG YEOUETPiag enoilv dTL dvvatal, kal gl pun yopiota €n 1@V aicOntdv
T pey€tm, mepl ta kb’ adta vrhpyovto Toig dywpiotolg duTpifewv (Kol yap dArolg dympictolc, enoi,
®a®’ adTé TIVeL DdpyeL TO Yap Ofilv kol To dppev dympiota nev Tdv {dov, id1a 8¢ tiva Exer aon, olov
0 pév €oTl YeEVVNTIKOV, TO O& OpentikdOv Kol VTOSEKTIKOV TV omeppotik®y Adywv). ‘But since,
accepting that geometry deals with essential properties of magnitudes, he says that it is possible,
even if the magnitudes are not separate from sensible objects, for it to focus on essential
properties of inseparable entities (for after all, he says, things pertain essentially to other
inseparable entities: ‘female’ and ‘male’, for instance, are inseparable from living things, but yet
have distinctive attributes, e.g. that the latter is generative, while the former is nutritive and
receptive of seminal reason-principles).” [Syrianus: Comm. in Meta. M-N, 97.18-24; trans. by

Dillon and O’Meara]
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The previous passage prompts us to examine a bit closer the role of the qua
locution that dominates much of the M.3 discussion. ].J. Cleary understands the
use of the qua locution as inextricably connected with a logical process of
abstraction (or subtraction) developed by Aristotle mainly in Post. An. A.5.130 In a
difficult passage, Aristotle, as Barnes says, ‘offers a recipe for discovering to what

subject a given predicate belongs primitively’:131

So when do you not know universally, and when do you know simpliciter? Well, clearly
<you could know simpliciter> if it were the same thing to be a triangle and to be
equilateral (either for each or for all). But if it is not the same but different, and it belongs
as triangle, you do not know. Does it belong as triangle or as isosceles? And when does it
belong in virtue of this as primitive? And of what does the demonstration hold
universally? Clearly whenever after abstraction it belongs primitively-e.g. two right angles
will belong to bronze isosceles triangle, but also when being bronze and being isosceles
have been abstracted. But not when figure or limit have been. But they are not the first.
Then what is first? If triangle, it is in virtue of this that it also belongs to the others, and it
is of this that the demonstration holds universally. [Post. An. A.5, 74a32-b4; Barnes’

trans.]

Abstraction (or substraction) is then for Cleary a logical procedure which allows
one to isolate the primary subject of a given attribute. Cleary outlines the

procedure as follows:

Finding an answer through subtraction seems to presuppose a certain order in which
aspects are taken away; e.g. the bronze aspect of the sensible triangle is subtracted before
the isosceles aspect. After each step in the procedure, one can ask whether the attribute in
question has been eliminated along with the particular aspect that has been conceptually
subtracted. Attributes like ‘heavy’ and ‘light’, for instance, disappear along with the
bronze aspect which is therefore their primary subject. Similarly, the attribute of having
the sum of its internal angles equal to two right angles is eliminated when one subtracts

the aspect of triangularity from this sensible figure. [Cleary (1995), p.313]

Similarly, Lear understands the ‘qua’ locution as indicating a predicate-filter in

the following manner: If, for example, b is a bronze isosceles triangle, then to

130 For discussion see [Cleary (1995), pp.312-318].
131 [n [Barnes(1975), p.123].
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consider b qua triangle is to apply a predicate filter that filters out the predicates
like bronze and isosceles that happen to be true of b, but are irrelevant to the

purposes of the geometer:132

Generalizing, one might say that Aristotle is introducing an as-operator, or qua-operator,
which works as follows. Let b be an Aristotelian substance and let “b qua F” signify that b
is being considered as an F. Then a property is said to be true of b qua F if and only if b is
an F and its having that property follows of necessity from its being an F: G(b qua F)
<F(b) & (F(x) F G(x)). Thus to use the qua-operator is to place ourselves behind a veil of
ignorance: we allow ourselves to know only that 4 is F and then determine on the basis of
that knowledge alone what other properties must hold of it. If, for example, b is a bronze
isosceles triangle—Br(b) & Is(b) & Tr(b) — then to consider b as a triangle—b qua Tr—is to
apply a predicate filter: it filters out the predicates like Br and Is that happen to be true of

b, but are irrelevant to our current concern. [Lear (1982), p.168]

Lear’s understanding of the qua-operator is especially restrictive.133 The biscuit
box in my desk qua solid has the shape of a cube. Having a cubical shape is not a
property that follows necessarily from my biscuit box’s being a solid. Hence we
should perhaps weaken Lear’s claim; as we shall see Aristotle tells us that the
geometer studies the man qua solid: thus it might be better to argue that the
geometer studies whatever holds true for Socrates qua solid. Yet another reason
to weaken Lear’s claim is that it is not always the case that something is precisely
F. Suppose that I am treating my desk qua a planar surface; this does not mean
that my desk is a planar surface. Further examples can be brought forward by
the applied mathematical sciences: the astronomer treats the planets qua points
for the purposes of his enquiry. This does not mean that the celectial bodies are

actually points. Compare Alexander’s commentary on Meta. B.2, 997b34-998a6:

For the astronomer assumes lines, the spiral and the circle,which are lengths without
breadth, and posits that motions occur in accord with these; but among sensible things

there is no length without breadth. Further, they assume that the stars are certain points,

132 Lear’s interpretation is more general in that it does not presuppose a certain order of filtered-
out predicates.
133 [ would like to thank Mr Denyer for pointing this out to me. A similar complaint can be found

in [Mendell (1986), pp.47-49].
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and have the status of points in the heaven; but a point is something which has no parts,
and none of the stars is such a thing."** [Alexander: Comm. on Aristotle’s Meta. 200.23-

28; Madigan’s trans. ]

134 N . < . N . S
*ypoppdc yap hoppavet 6 dotpordyoc kai T Edka kai TOV kKOKAov, & €ott Ak dmhath, kai éni
TOVT®V TOG KIvioelg brwotifeTan yiyveohar ovdey 0€ éotiv v Toig aicntoig uifjkog dvev mAdtovg. €Tt ol
pev Aoppdvovct td dotpo onpueld Tva kol onpeiov Exéxev Adyov €v T@ ovpov®d, TO O& onUEdV 0TV

oD péPOg 00dEV, 00SEY 8¢ TGV BoTpwv TolodToV.
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[2.5] The crucial M.3 passage (1078a17-31)

So if one posits objects separate from what is incidental to them and studies them as such,
one will not because of this speak falsely, any more than when one draws a line on the
ground and calls it a foot long when it is not; for the error is not included in the premises.
The best way to investigate each thing would be this: to separate and posit what is not
separate, as the arithmetician does and the geometer. For man is, qua man, one and
indivisible. But the <arithmetician> first posits an indivisible one, and then studies
whether anything follows, qua indivisible, for man. While the geometer does not <study>
qua man or qua indivisible but qua solid. For these which would belong to him even if in
some way he was not indivisible - it is clear that they may also belong to him without
them <= without the presuppositions ‘man’, ‘indivisible’>. So that, because of this, the
geometers speak correctly, and they speak about beings, which really are; for being is

double: 'entelechy'; and 'as matter'. 133 [Meta. M.3, 1078a17-31; Lear/Netz trans.]

[2.5.1] Untangling a highly compressed text

Let us examine the first part of this passage:

So if one posits objects separate from what is incidental to them and studies them as such,
one will not because of this speak falsely, any more than when one draws a line on the
ground and calls it a foot long when it is not; for the error is not included in the premises.
The best way to investigate each thing would be this: to separate and posit what is not
separate, as the arithmetician does and the geometer. [Mefa. M.3, 1078a17-23, Lear’s

trans.]

It seems that in this passage Aristotle is primarily concerned with the way the

mathematicians deal with propositions that are about a geometrical individual.

135 « i I3 ) ~ r ~ N ; 4 ~ 5 A \
dot’ €l Tig Bépevog kexympopéva TdV cupuPePnotov okomel Tt TEpi TOVTOV 1| TowadTa, OVOEV

0070 YebOOC yevoetal, domep o0d’ dtav €v i) Yi] Ypdoen kol Todwaiov @1 TV U modtaiov: od yop &v
TG TPoThoest TO0 Yebddog. dplota & v ovT®m Bewpndein €kactov, €l TIg TO PN Keywpiopévov Oein
yopicac, dmep 6 ApOUNTIKOC TOET Kol O yewupétpne. &v pév yap kol adtaipetov O &vOpomog 1
avOpwmog: 6 & £0eto Ev ddaipetov, elt’ €0edpnoey €l TL TG AvOpdT cuuPEPnkey 1) adlaipetoc. 6 8¢
yeopéTpnc od0’ N dvOpwmog ob0’ N ddiaipetog AL’ 1| oTEPEOY. & Yap KV &i pf mov v ddwaipetoc
vrfpyev avTd, 6fjAov OTL Kol dvey TOVTOV EVOEYXETOL AVT® VIAPYEW <TO dvvaTOV>, BOTE d10l TOVTO
opOdG ol yewpétpal Aéyovot, kol mepl 6viwv daAéyovtal, kol 6via €otiv: dTttov Yap t0 dv, 10 pev

évteleyeia 10 & HMKADG.
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That much can be extracted from Aristotle’s examples: we have a line considered
as one foot long, a man considered as a unit for counting or as a solid for the
geometer’s purposes. Similar discussion can be found in the following passages

(two from the Analytics and one from the book N of the Metaphysics):

One should not think that any absurdity results from setting something out. For we do not
make use of it insofar as it is a particular thing; instead, it is like the geometer who calls
this a foot-long line, this a straight line, and says that they are breadthless, though they
are not, but does not use these things as though he were deducing from them."® [Pr. An.

A.41,49b33-37, Smith’s trans.]

Nor does the geometer supposes falsehoods, as some have said, stating that one should not
use a falsehood but that the geometer speaks falsely when he says that the <line> which is
not a foot long is a foot long or that the drawn <line> which is not straight is straight. But
the geometer does not conclude anything from there being this line which he himself has
described, but <from> what is made clear through them."’ [Post. An. A.10, 76b39-77a3;

Barnes’ trans.]

That is why it used to be said that you have to assume something false, like geometers
when they assume a line to be a foot long when it is not a foot long. But this cannot be
right. Geometers do not make any false assumptions (it is not a premise in their

reasoning)."” [Meta. N.2, 1089a21-25; Annas’ trans.]

Now what Aristotle seems to have in mind is something taken from the actual
practice of mathematicians, namely the ekthesis part of a typical geometrical
proof, the part that has to do with the consideration of an arbitrary instance.

Consider, for example, the first proposition of Euclid’s Elements together with the

1 5 ~ 0% \ o ’ ’ ’ ” N \ , ~ J
%00 8¢l 8 ofeoBar mopd 10 EkTiBecBol T1 cvpPaivey ETomov: 0VSEV Yip TPooYPOUEdE T TOdE TL
glvat, 6L’ domep 6 yeopétpng v modioday kol e00sioy tvde kai dmhotii eivon Aéyel ovk oboag, GAN
o0y oUTmG ¥pTTuL MG €K TOVT®V GLAAOYILOUEVOG,.
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customary Greek divisions of a proposition as provided by Ian Mueller:

protasis: On a given finite straight line to construct an equilateral triangle. ekthesis: Let
AB be the given finite straight line. diorismos: Thus it is required to construct an
equilateral triangle on the straight line AB. kataskeue: With center A and distance 4B let
the circle BCD be described; again, with center B and distance BA let the circle ACE be
described; and from the point C, in which the circles cut one another, to the points 4, B let
the straight lines CA, CB have been joined. apodeixis. Now, since the point 4 is the center
of the circle CDB, AC is equal to AB. Again, since the point B is the center of the circle
CAE, BC is equal to BA. But CA was also proved equal to 4B; therefore each of the
straight lines CA, CB is equal to 4B. And things which are equal to the same thing are also
equal to one another; therefore CA4 is also equal to CB. Therefore the three straight lines
CA, AB, BC are equal to one another. sumperasma: Therefore the triangle ABC is
equilateral; and it has been constructed on the given finite straight line AB. Which was

required to be done." [Mueller (1981), p.11]

In the above example, the ekthesis part is when Euclid tells us ‘let AB be the given
finite straight line’. Furthermore, a figure is normally assumed to be drawn in
connection with the Euclidean ekthesis.1*0 Now one can easily see that the
individual letters pick out geometrical points and that pairs of letters pick out

the lines bounded by the two points which the letters pick out. So in the

139°Emi tijg doBeiong evbsiog memepacuévne tpiyovov icdmievpov cvatioachol. "Ecto 1 dobcica
ev0eio memepaouévn 1 AB. Ael o1 éni tiic AB e00¢iag tpiywvov icdnievpov cuotioacot. Kévipm pev
@ A dwwotpott 8¢ 1@ AB kdxlog yeypaeOw 6 BT'A, kol wAw kévipm pev 1@ B dwuotiuatt 6 1@ BA
KOk oG yeypapbw 6 ATE, kai drd tod I' onueiov, kab’ 6 tépuvovsty dAANAovg ol KOKAOL, €nl Td A,
B onueia énelevybwoov gvbeion ai T'A, I'B. Kai énel 10 A onpeiov kévipov €otl 100 'AB dKAov, iom
éotiv 1 AT 11} AB- mdAw, énei 10 B onueiov kévipov éoti 100 'AE kdklov, ion éotiv 1} BT 11] BA.
€3¢elyOn o¢ ol M) TA i AB fon: éxatépa dpa t@dv I'A, IT'B 1] AB éotiv ion. td 0¢ @ avt® ioo Kol
AAAAAo1g €otiv Toa- kal 1) TA dpa tf) I'B éotiv ion: ai tpeig dpa ai T'A, AB, BT icar dAAAaLg giciv.
Todmhevpov Gpa éotl 10 ABIT tpiymvov, kol cuvéstator €l ti|g dobeiong e00siog memepaouévng g
AB. [Eni tijg dobeiong dpo e00eiag memepaocuévng tpiymvov icdmAevpov cuvvéototor]- dmep Edel
motfoat.

140 Hintikka makes a connection between ekthesis and the modern principle of instantiation: ‘The
prominent role of ekthesis in the geometrical proofs of ancient mathematicians may indeed be
considered as an acknowledgement of the importance of instantiation for the kind of logic that is
needed in elementary geometry - which is mainly first-order logic (quantification theory).” In

[Hintikka(2004), p.147].
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Euclidean proof, ‘AB’ designates an individual line. But then one may ask which
line does it designate? One option is that ‘AB’ picks out the line in the geometer’s
diagram. But there are certain reasons not to think so; apart from the obvious
one that pertains to the imprecision problem that tantalises the perceptibles
there are also other reasons that have to do with the role of the diagrams in
Greek mathematical thought. As Netz in his groundbreaking book The Shaping of
Deduction in Greek Mathematics: a Study in Cognitive History argues, Greek
diagrams were schematic and non-representational.1#! Yet another option is for
‘AB’ to pick out a Platonic ideal line. It seems that Aristotle in the M.3 passage
concedes that the mathematician may have to resort to separate mathematicals,
merely for heuristic purposes however. Aristotle claims that ‘the best way to
investigate each thing would be this: to separate and posit what is not separate’
(dprota 8° av obtw Bewpnbein Ekactov, €l TIC TO U Keymplopévov Beln ywpicag).
What does he mean? Perhaps something along these lines: it is indeed mostly
convenient to postulate mathematicals as separately existing entities—even
though in reality they are not separate (thus the @pioto here seems to be a
heuristic 'best'). Let us try to elucidate the sense of separation in this passage.
One possible interpretation is to take ‘separation’ to mean ‘separation in
definition’. However, I do not think this is a plausible claim for this passage;
there is no attempt here to formulate a definition for mathematical objects nor is

there any discussion about priority in definition. Rather, as E. Hussey points out,

It seems that the threefold repetition of forms of the verb tithenai in the sense of 'posit'
seems to show sufficiently (at least for a working hypothesis) that what happens in
separation is this: one assumes the separated existence of something that does not in fact
exist in separation. The account of 1078al7-28 shows that the arithmetician's separation
consists of assuming the existence in separation of, for example, an indivisible unit which

is not a man or any other sensible substance but a unit.” [Hussey (2011), pp.116-117]

Accordingly, the geometer’s separation consists in assuming the existence in
separation of a solid. Since separation in definition seems irrelevant in this

context, most commentators understand that this separation involves a fiction:

1) <Separation> purports to create or reveal a new type of object, the 'separated

141See [Netz (2003), esp. pp.54-57].
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mathematical object', but this is in fact a fiction. [Hussey(2011), p.117]

2) For Aristotle, abstraction amounts to no more than the separation of one predicate that
belongs to an object and the postulation of an object that satisfies this predicate alone.

[Lear (1982), p.186]

The similarities between Hussey’s analysis of separation and Lear’s one
terminate here, however. Hussey is quick to adopt a more radical approach in his
interpretation. According to his analysis of the M.3 discussion, mathematical
objects for Aristotle are special sort of objects (what he calls ‘representative
objects’) which are distinct from any particular object; in advancing his
interpretation, Hussey draws inspiration from Kit Fine’s arbitrary objects. Fine

provides the following characterisation of arbitrary objects:

In addition to individual objects, there are arbitrary objects: in addition to individual
numbers, arbitrary number; in addition to individual men, arbitrary men. With each
arbitrary object is asscociated an appropriate range of individual objects, its values: with
each arbitrary number, the range of individual numbers; with each arbitrary man, the range
of individual men. An arbitrary object has those properties common to the individual
objects in its range. So an arbitrary number is odd or even, an arbitrary man is mortal,
since each individual number is odd or even, each individual man is mortal. On the other
hand, an arbitrary number fails to be prime, an arbitrary man fails to be a philosopher,
2

. . .. . . . .. . . 14
since some individual number is not prime, some individual man is not a philosopher.

[Fine (1985), p.5]

142 In this Kit Fine draws inspiration from Locke and other older theories. Cellucci offers the

following helpful synopsis of Locke’s theory:

According to Locke, Euclid’s proofs of Proposition 1.32 is carried out not on an individual triangle
but on the ‘general triangle’, that is, “the general Idea of a Triangle”, which “must be neither
Oblique, nor Rectangle, neither Equilateral, Equicrural, nor Scalenon; but all and none of these at
once” [Locke (1975), p.596]. Once established that, in the general triangle, the three interior angles
of the triangle are equal to two right angles, one may conclude that this holds for any triangle, since
the properties of the general triangle are common to all triangles, so “he that hath got the” general
“Idea of a Triangle” is “certain that its three Angles are equal to two right ones” (ibid., p. 651).
General Ideas are obtained from particular objects “leaving out but those particulars wherein they
differ, and retaining only those wherein they agree” (ibid., p. 412). This “is called Abstraction,

whereby Ideas taken from particular Beings, become general Representatives of all of the same
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Thus, for example, when we stipulate that AB be an arbitrary triangle, we fix the
reference of ‘AB’ to an arbitrary triangle, which is an entity distinct from any of
the familiar particular triangles. Hussey, then, proceeds to advance the following
interpretation of Aristotle’s philosophy of mathematics: mathematical objects for
Aristotle are unseparated arbitrary objects, in the sense outlined in the above
passage.143 The geometer proceeds to separate such objects in thought in order
to facilitate his proofs. Is this really a viable interpretation? Apart from the lack
of textual evidence-something that Hussey himself acknowledges,44 there is
also the fact that those objects are susceptible to serious logical objections:145
For example, take a representative number. Then it is odd or even, since every
individual number is odd or even. But it is not odd, since some individual
number is not odd; and it is not even, since some individual number is not even.
Therefore, a representative number has inconsistent properties: it is both odd or
even and neither odd nor even.#6 Or take a representative triangle. Then it is
isosceles or not isosceles. But it isn’t isosceles, since some individual triangle is
not isosceles; and it isn’t not-isosceles, since some individual triangle is isosceles.
Therefore it is isosceles or not-isosceles, and neither isosceles nor not-isosceles.
Several other problems (besides the actual textual evidence) remain. As Fine
points out, it would be a mistake to think that arbitrary objects are on par with
particulars, for then ‘one can say the same sort of things about each. So one is led
to the absurd conlusion that one might count with arbitrary objects or have tea
with an arbitrary man’.1#” Consider an arbitrary natural number. The arbitrary

number is not an individual number although it should be by definition given

kind” (ibid., p. 159). In [Cellucci (2009), p.4].

For a brief overview of similar theories consult [Santambrogio(1988), pp.630-631].

143 “_.unseparated representative objects, which according to this interpretation are the proper
objects of mathematics...” in [Hussey(2011), p.128].

144 ‘Neither here <i.e. in M.3> nor elsewhere does Aristotle state expressly that he takes
mathematical objects to be representative objects.’ In [Hussey(2011), p.120].

145 Something that Hussey also acknowledges; ibid., p.119.

146 This is an objection that goes back to Berkeley as Kit Fine himself acknowledges. In [Fine
(1985), p.9].

147 In [Fine(1985), p.8].
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that all numbers share the property of ‘being an individual number’.148 Fine
solves this problem by distinguishing between generic properties (such as ‘being
odd’ or ‘being even’) and classical ones (such as ‘being an individual number’).
‘Being an individual number’ is thus not attributed to an arbitrary number,
because it is not a generic property. Could such an ad-hoc distinction be
attributed to Aristotle? Hussey, boldly claims yes. He also seems to understand
that arbitrary (or ‘representative’, in his terminology) objects are on par with
ordinary particulars:
Every actual triad is a triad of distinct actual individuals. And, again, that property seems

to be essential to its being a triad. So then also must the representative triad be a triad of

distinct 'representative' individuals, which are its 'matter'. [Hussey(2011), p.130]

It seems then that the property ‘consists of distinct individuals’ is according to
Hussey a generic property and thus it is properly attributed to the arbitrary
triad. Consider now a triangle. In every triangle the sum of its interior angles is
180e. This is an essential property of triangles. If we follow Hussey’s reasoning
then one should claim that the arbitrary triangle must have some arbitrary
interior angles whose sum is 180°. But, as John Macnamara objects, ‘what would

ground the belief that the sum of the three arbitrary angles is 1807149

Hussey’s primary reason for the postulation of arbitrary objects is the same one
Fine uses to develop his theory of arbitrary objects; namely that stipulations
such as ‘let ABC be a triangle’, or ‘let n be a number’ and so on, are involved in the
application of the rule of universal generalisation. As Fine says, ‘we may establish
that all objects of a certain kind have a given property by showing that an
arbitrary object of that kind has that property.’150 Consider Euclid’s proof of
Proposition [.32: In any triangle, the interior angles are equal to two right angles.
The ‘ektheis’ part is the following: Let ABC be a triangle. Then Euclid proceeds to
show that the interior angles of ABC are equal to two right angles. He can then

conclude that, since ABC is an arbitrary triangle, all triangles have their interior

148 op, cit., p.12.
149 In [Macnamara(1988), p.305].
150 See [Fine(1985), p.1]. See also [Hussey(2011), pp.126-127].
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angles equal to two right angles. There is however the following problem related
to this rule, the so-called ‘problem of universal generalisation. Celluci offers the
following formulation of the problem: ‘Generally, what entitles one to conclude
that a property, established for an individual object, holds for any individual

object of the same kind?’151 Burnyeat explains the situation for Greek logic:

Greek logic does not command an explicit formulation of the rule of universal
generalisation: from ‘fa’, where ‘a’ denotes any arbitrarily selected individual, infer
‘(x)fx’. We may say that Euclid is relying implicitly on the rule when, after proving that
Pythagoras’ theorem is true of the triangle ABC, he infers that it is a general truth. But this,
with its caveat ‘implicitly’, does little more than record our conviction, in our own terms,
that the inference is valid. Euclid simply does not tell us what he thinks it is about the
triangle ABC which entitles the mathematician to his general conclusion. [Burnyeat

(1987), pp.230-231]

Burnyeat invites us to consider the following passage from Proclus in which he

seemingly describes such rule of universal generalisation:

Furthermore, mathematicians are accustomed to draw what is in a way a double
conclusion. For when they have shown something to be true of the given figure, they infer
that it is true in general, going from the particular to the universal conclusion. Because
they do not make use of the particular qualities of the subjects but draw the angle or the
straight line in order to place what is given before our eyes, they consider that what they
infer about the given angle or straight line can be identically asserted for every similar
case. They pass therefore to the universal conclusion in order that we may not suppose that
the result is confined to the particular instance. This procedure is justified, since for the
demonstration they use the objects set out in the diagram not as these particular figures,
but as figures resembling others of the same sort. It is not as having such-and-such a size
that the angle before me is bisected, but as being rectilinear and nothing more. Its
particular size is a character of the given angle, but its having rectilinear sides is a
common feature of all rectilinear angles. Suppose the given angle is a right angle. If T used
its rightness for my demonstration, I should not be able to infer anything about the whole
class of rectilinear angles; but if I make no use of its rightness and consider only its
rectilinear character, the proposition will apply equally to all angles with rectilinear sides.

[In Euc. Elem. I 207.4-25; trans. Morrow]

151]n [Cellucci(2009), p.4].
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The terms ‘set out’ in this passage are individual geometrical objects.1>2 How
could this passage make sense in conjuction with what Aristotle tells us about
the need for separate mathematicals in mathematical practice? Lear tells us that

the fiction of separate mathematicals allows us to attain generality:

The postulation of separated geometrical objects enables us to attain knowledge that is
more general. And it is through this general knowledge that one can discover the
explanation (aitia) of why something is the case. For by abstracting one can see that the
full explanation of a triangle’s having the 2R property is that it is a triangle and not, say,
that it is bronze or isosceles (cf. Post. An. A.5). In a limited sense, though, the abstract
proof is unnecessary. For of any particular physical triangle d we can prove that it has
interior angles equal to two right angles without first proving this <for a separate triangle>

c: we could prove that d has the property directly. The proof that a physical object

possesses a geometrical property via a proof that a pure geometrical object possesses that

property is a useful but unnecessary, detour. However, if we want to know why the object

possesses the property, the abstract proof is of crucial importance. [Lear (1982), pp.174-

175; underlining mine]

The reason that the ‘crossing’ is valuable though is that one thereby proves a general

theorem applicable to all triangles rather than simply proving that a certain property holds

of a particular triangle. [Lear(1982), pp.187-188; underlining mine]

It seems then that Hussey’s view is not supported by the available evidence on
the problem of universal generalisation. But let us return to the discussion of the
M.3 passage. One the one hand, Aristotle says, a man qua man is one and
indivisible. But the arithmetician first posits an indivisible one, and then studies
whether anything follows, qua indivisible, for man. What does this mean? The
arithmetician simply posits an indivisible unit (or better, indivisible units) and
he examines the attributes of those units (say, being an odd number of units)
which are the same as the attributes of men, say, qua indivisible units. Aristotle is

being more explicit with the geometrical example:

For these which would belong to him even if in some way he was not indivisible - it is
clear that they <=divisibility properties> may also belong to him without them <= without

the presuppositions ‘man’, ‘indivisible’>. [Meta. M.3, 1078a26-28; Netz trans.]

152 See [Barnes (2007), p.349].
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Aristotle tries to express himself via a counterfactual conditional. The most

detailed exposition of Aristotle’s complex argument is provided by Netz:

1)We are given man as it is: indivisible. 2) We envisage another, counterfactual, not-
indivisible-man. 3) We derive a set of ‘a (counterfactually) not-indivisible-man’s
properties’. 4) We assume that this set is a subset of ‘actual man properties’. (This is valid
on these assumptions: that counterfactually not-indivisible-man differs from actual man by
the lack of a defining property, and that sets of properties are a direct, monotonic
projection from sets of defining properties: add defining properties and you add some
extra, derived properties, remove defining properties and you remove some extra, derived
properties.) 5) We now go back to actual man. We know that we have a subset of his
properties, discovered through the counterfactual route: we may simply attach to him this
subset, and equate this with the subset of properties which belong to man qua not

indivisible. [Netz (2006), p.34; his italics]

Netz concludes:

In other words: there is no distinction between (i) studying a counterfactual divisible man,
and (ii) studying man as he actually is, but without the assumption of divisibility. The two

routes converge: there is no duty on counterfactuality. [Netz(2006), p.29]

Netz in a way expands on Lear’s analysis: Consider a spherical body; it is always
enmattered. Aristotle argues that whatever holds true of the counterfactual, non-
enamattered sphere, the same holds true of the sphere qua not being
enmattered. Let us recap the discussion of the M.3 passage: Aristotle
acknowledges that in a geometrical proof we find ourselves uttering sentences
that seem to be committed to separate mathematicals; sentences that could not
be true unless separate mathematicals existed. But Aristotle does not believe
that mathematical proofs are really about entities that enjoy separate existence
from the sensibles. Aristotle presumably thinks that those sentences are
advanced in a fictional spirit. We make as if there are separate mathematicals
that satisfy those sentences so as to draw some useful results. The geometrical
propositions are really about actual/potential mathematicals, mathematicals that
do not enjoy separate existence from the sensibles. Netz encapsulates brilliantly

the above points:

There seem to be, for him, three kinds of objects in a mathematical proof: 1. The token
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sign (A line in the diagram). 2. The token signified (A Platonic, ideal line). 3. The type of
things for which the conclusion holds true. . . . neither of the tokens 1 and 2 belong to the
type 3. The token sign does not belong to the type of things for which the conclusion
holds, and this can be proved, I think, on the basis of a reconstruction of the nature of
Greek diagrams, which were schematic and non-representational. As for the ideal Platonic
object, we just saw that this is not one of the things of which the conclusion holds, for the
reason that it does not exist and is merely a virtual object set up as a heuristic tool.

[Netz(2006), pp.25-26]

[2.5.2] The metaphysical priority of bodies

Aristotle’s argument against mathematical objects in the sensibles need not be
understood as an argument against the potential existence of mathematical
objects within sensible ones. Let us consider again the following crucial passage

of the M.3:

While the geometer does not <study> qua man or qua indivisible but qua <solid>. For
these which would belong to him even if in some way he was not indivisible - it is clear
that they may also belong to him without them <= without the presuppositions ‘man’,
‘indivisible’>. So that, because of this, the geometers speak correctly, and they speak
about beings, which really are; for being is double: 'entelechy'; and 'as matter'. [Meta. M.3,

1078a25-31; Netz’ trans.]

In the geometrical case, I can examine Plato only in virtue of being solid. For this
is a property that he actually holds (1078a25-26). But consider what can follow
from this examination: Plato qua solid is divisible into two parts. But then, it is
not clear that Plato qua solid is the subject matter of geometry (for it is true of
him that he is a solid and divisibility is an essential property of solids) or of
arithmetic (since one might say that what follows from his being solid is that he
is divisible into two half-parts, or into three third-parts, etc.). But I do believe
this is precisely the point Aristotle wishes to make. In some sense, the continuity
of the solid, grounds the potential existence both of other geometricals and of

numbers.

It is not bizarre to suggest that Aristotle is laying in M.3 the foundations for a

geometry of solids, of three-dimensional bodies. The discussion of the relevant
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M.2 passages earlier in this essay revealed that Aristotle considers bodies to
have much greater metaphysical priority when compared to lower-dimensional
entities such as surfaces and points. In this section we will examine a certain
passage from the first chapter of the first book of De Caelo that contains a rather
detailed analysis of the notion of body. The focal point for our analysis will be a
very helpful paper entitled ‘The Perfection of Bodies: Aristotle’s De Caelo 1.1’ by
Gabor Betegh, Francesca Pedriali, and Christian Pfeiffer (henceforth Betegh et
al.). In this article, the authors argue, Aristotle demonstrates ‘that bodies are
complete and perfect in virtue of being extended in three dimensions’.1>3 For the
purposes of my inquiry I will follow closely the authors’ argument as well as
their division of the chapter. In the first few lines of the chapter (268a1-6)
Aristotle tells us that the subject matter of physical science includes bodies, their
attributes and their principles (cf. Physics B.2, 193b22-194a15). In the next part
of the chapter (268a6-268b5) Aristotle proceeds to discuss the notion of body
(focusing specifically on the perfection or completeness of bodies).1>* The most
relevant bit for my purposes is the following, where Aristotle gives us a

definition of body:

Hence continuous is that which is divisible into ever divisible parts, body is that which is
divisible in every way. Of magnitude, that which is extended in one dimension is a line,
that which is extended in two is a surface and that which is extended in three dimensions is
a body. There is no other magnitude beyond these, since the three is all and the thrice is in

every way.' > [De Caelo 1.1, 268a6-10; trans. by Betegh et al.]

Aristotle’s definition of ‘body’ is based on the notions of continuity and
divisibility.1>¢ More specifically, Aristotle first defines the continuous (cvveyég) in
terms of which body and the other lower-dimensional magnitudes will be
defined; the continuous is that which is divisible into ever divisible parts

(cvvexeg pgv odv £ott 1O Soupetdv eic del dwoupetd); the line is that which is

153 In [Betegh et al. (2013), p.30].

154 See [Betegh et al,, op. cit., pp.31-32].

155 Suveyec pév odv ot 1O Slapetov eic Gel Stonpetd, odpo 88 o mavty Slatpetdv. Meyébovg 88 1O
eV €07 Ev ypoapun, O & éml dvo énimedov, O & &ml Tpio odpo- Kol wopd TODTO OVK E0TV dANO
péyefog 10t O T Tpiar TAVTA Elva Kol TO TPIC TAVTY).

156 In [Betegh et al., op. cit., pp.38].



92

continuous in one dimension, a plane that which is continuous in two
dimensions, a body that which is continuous in all (three) dimensions.’>7 The
passage concludes with the enigmatic claim that there is no other magnitude
beyond these because ‘the three is all and the thrice is in every way’ (10 ta tpia
mévta elvonl kol 1O Tpic mavrn). According to Betegh et al., Aristotle’s elliptic
remark ought to be understood as ‘being extended in three dimensions and
being divisible in three ways is being extended in all dimensions and being
divisible in all ways’.1>8 To justify their claim, the authors point to lines 268a10-
20 where Aristotle makes a connection between ‘three’ and ‘all’ by employing
peculiar means; as the authors note, ‘Aristotle apparently cannot do better but
appeal to an alleged Pythagorean doctrine, to a set of cult practices, and to Greek
linguistic usage.’15? What is of crucial importance for my interpretation is that
after this connection has been established Aristotle invokes, as the authors point
out, a hierarchy among the types of magnitude, with ‘body’ being on top: it is the
only type of magnitude which can be considered ‘perfect’. We will come to this

passage after an examination of Aristotle’s term téietov .

The entry for the term téAeiov in Aristotle’s philosophical lexicon is the

following:

We call complete: 1) in one sense, that outside which not even one part is to be found, as
for instance the complete time of each thing is that outside which there is not time to be

found which is part of that time. 2) Also, that which in respect of excellence and goodness

157 Betegh et al. note that certain commentators (the authors mention Wildberg (1988) as a
prominent example) have expressed their sheer puzzlement over Aristotle’s focus on
mathematical characteristics of bodies such as three-dimensionality and divisibility. According to
those commentators, Aristotle somehow vacillates between a conception of bodies as physical
entities and a mere mathematical one (physical bodies/geometrical solids ?). Betegh et al.,
correctly-in my opinion-resist such interpretations: they point out that Aristotle is not switching
from physical project to a mathematical one but that he is merely highlighting certain
characteristics of perceptible magnitudes that both the physicist and the mathematician study
(continuity in three-dimensions, divisibility). See [Betegh et al. (2013), pp. 35-36] for a
discussion.

158 In [Betegh et al., op. cit., p.37].

159 See [Betegh et al., op. cit., p.39 and pp.39-44] for an extensive discussion.
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cannot be surpassed relative to its genus, as for instance a doctor is complete and a flautist
is complete when they are without deficiency in respect of the form of their own proper
excellence. It is in this way that, transferring it to the case of bad things, we speak of a
complete slanderer and a complete thief-as indeed we even call them good: a good thief
and a good slanderer. And excellence is a kind of completion, for each thing is complete
and every substance is complete when in respect of the form of its own proper excellence
no portion of its natural magnitude is deficient. 3) Again, things which have reached their
fulfillment, when it is worth while, are called complete, for they are complete by virtue of
having attained their fulfillment; so that, since a fulfillment is something ultimate, we also
say, transferring it to the case of worthless things, that a thing has been completely spoilt
and completely destroyed when there is no deficiency in its destruction and badness but it
has reached the ultimate. (That is why even life’s end is metaphorically called a
fulfillment, because both are ultimate. A <thing’s> fulfillment, i.e. what is it for, is

ultimate.) [Meta. A.16, 1021b12-30; Kirwan’s trans. mod. ]

Aristotle says, first, that in one sense a thing is said to be complete outside of
which it is impossible to find any of its parts. For example, a period of time (a
day, say) is said to be complete when none of its parts can be found outside of it.
As Betegh et al. note, their translation of té\eiov as ‘complete’ corresponds to the
first sense of the term in Metaphysics A.16: ‘insofar as body is divisible and
extended in all the dimensions in which a magnitude can be extended and
divided, body is a complete magnitude.”1¢9 There is also a second sense of téActov,
with an axiological undertone. According to this second sense, perfect is said that
‘which which in respect of excellence and goodness cannot be surpassed relative
to its genus’ (koi TO kot GPETHV Kol TO €0 pR £xov VEEPPOANV TPOG TO YEVOC,
1021b14-15). Thus a man is said to be a perfect doctor or a perfect flautist when
he lacks nothing pertaining to the particular ability in virtue of which he is said
to be a good physician or a good flute player. As Betegh et al. note, ‘insofar as no
further magnitude can surpass body, body is the perfect magnitude according to
the second meaning of téAelov’.161 Yet another sense of téielov pertains to the
fulfilment of a goal. A special case pertains to a goal which is ‘worth seeking’

(omovdaiov). Since this third sense of télelov concerns things that have reached a

160 [n [Betegh et al., op. cit., p.44].
161 jbid.
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final state, it can also be applied in a secondary manner to things that have been
completely spoiled or destroyed. For example, a thing is said to be perfectly
spoiled or corrupted when ‘there is no deficiency in its destruction and badness
but it has reached the ultimate’ (6tov undsv élieinn tig eOBopdg Kai Tod Kakod GAA’
émi 1® goydto N, 1021b27-28). And this is the reason why death is, somewhat

metaphorically, called an end, because it is something final.162

In De Caelo 1.1, 268a20-28 Aristotle argues that bodies possess a privileged
position when compared to lower-dimensional entities: it is the only type of

magnitude which can be considered ‘perfect’:

Therefore, since ‘every’ and ‘all” and ‘complete’ do not differ from one another in respect
of form, but only, if at all, in their matter and in that to which they are applied, body alone
among magnitudes can be complete. For it alone is determined by the three dimensions,
that is, is an ‘all’. But if it is divisible in three dimensions it is every way divisible, while
the other magnitudes are divisible in one dimension or in two; for the divisibility and
continuity of magnitudes depend upon the number of the dimensions, one sort being
continuous in one direction, another in two, another in all.'® [De Caelo, 1.1, 268a20-28;

Stock’s trans.]

Betegh et al. offer the following reconstruction of Aristotle’s argument:

(1) Magnitudes are defined by the number of the dimensions in which they are extended
and divisible. (2) Body is defined by ‘three’. (3) ‘Three’ implies ‘all’. (4) ‘All’ implies
‘complete and perfect’. (5) Hence, body is complete and perfect. (6) The other
magnitudes, in contrast to body, are not complete and perfect, since they are defined by

‘one’ (line) or ‘two’ (surface) respectively.'®

And based on the M.3 and the De Caelo passages we can, as Betegh et al. do,

162 If we invoke the Platonic generation of solids in Meta. M.2, 1077a24-31, we may also call
bodies ‘complete’ in this third sense. They have also attained a goal ‘worth seeking’ in that they
can become animate (1077a28-29).

16 Qot’ énel 10 mhvto Koi T TEV Kol TO TEEOV 00 KaTd THY 18Eav Stopépovoty GAMA®Y, GAN’ eltep,
gv Tf] DAn kod €9’ OV Aéyovtal, TO odua povov dv i TdV neyed@dv TéAEOV: pdVOV Yip GPIoTOL TOIC
Tp1oiv, TovTo &’ €oti mav. Tpiyf) 6€ Ov SroupetdOV TAVTY SLpeTOV €0TIV: TOV &’ FAA®Y TO HEV €0’ €V TO
&’ émil dvo- mg yap tod appod TeTVYNKUCY, OVT® Kol TG dlopécemg Kol Tod ouveyodc: TO HEV Yap
€0’ &v ouveyécg, 10 8’ €ml 60, TO ¢ TAVTY TOolDTOV.

164 In [Betegh et al., op. cit., p.48].
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attribute to him a mathematical realism of the following kind:

The basic properties of being <three-dimensionally> extended and being infinitely

divisible are properties that physical bodies have in a precise and realistic way.'®

[2.5.3] Ian Mueller’s interpretation of the M.3 passage and its background

The interpretation I would like to offer for the crucial Metaphysics M.3 passage
allows for the potential existence (OAik@dg has the meaning of dvvduel) of
mathematical entities, on the basis of the fundamental concept of the solid. Before
examining the implications of this interpretation, it is important to discuss
certain other views regarding Aristotle’s philosophy of mathematics. A very
influential interpretation with many followers is that of Ian Mueller;%¢ in his
article ‘Aristotle’s doctrine of abstraction in the commentators’ he summarises

his position as follows:

Mathematical objects are embodied in pure extension underlying physical objects; the
geometer’s abstraction of non-geometric properties enables him to apprehend these things

which satisfy the mathematician’s definitions. [Mueller (1990), pp.464-465]

According to Mueller, Aristotle seems to endorse a conception of mathematical
entities, ‘not as matter-less properties, but as substance-like individuals with a
special matter-intelligible matter’.16” Mueller attributes the former view, that for
Aristotle mathematical entities are forms that can be separated in thought from
matter, to the interpretations of the Physics B.2 passage advanced by Philoponus
and Simplicius.1®8 To properly understand Mueller’s claim that ‘mathematical
objects are embodied in pure extension underlying physical objects’ we need to
keep in mind that he identifies this ‘pure extension’ with intelligible matter.

According to his interpretation, the matter of geometrical objects is the matter of

165 In [Betegh et al., op. cit., p.61].

166 Mueller’s influence is prominent in [Modrak (1989)] and [Menn, ‘Iy3’]. Annas is initially
sympathetic to Mueller’s account; she dismisses it, however, rather briefly as a ‘reconstruction’
that ‘depends fairly heavily on the later Greek commentators. See [Annas (1975), pp.30-31].

167 See [Mueller (1970), p.164].

168 [n [Mueller, op. cit., p.162].
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physical objects with some of its properties abstracted away and only extension
left.169 Intelligible matter is, in his view, pure and indeterminate extension,
‘potentially’ existent in physical objects, and can be abstracted from any sensible
body. It is this extension that constitutes the substratum for the various specific

mathematicals:

For by abstraction one eliminates all sensible characteristics and arrives at the idea of pure
extension. Pure extension does not seem to be sensible in the way that triangularity is, nor
is it completely undifferentiated or purely potential in the way that prime matter seems to
be. We cannot see a thing as just extended but only as extended so and so much with a
certain shape. Simple extendedness we must grasp rationally. Geometric properties are
imposed on this intelligible matter, but these properties are not the approximate properties
of sensible substances precisely because they are imposed upon intelligible matter. The
resultant objects are still intelligible rather than sensible. [Mueller (1970), pp.168-169;

italics mine]

One might follow Bostock in formulating the following, in my opinion
devastating, objection to Mueller’s view: if this so-called ‘pure extension’ is
‘supposed to be perfectly square, spherical, and so on, in what sense does it
‘underlie’ the material objects that are onlyimperfect examples of these
properties?’170 And if a perfect three-dimensional sphere somehow underlies a
non-perfect sensible (a bronze, say) one, isn’t this susceptible to Aristotle’s
criticisms that no two solids can occupy the same place at the same time? What
is particularly problematic in Mueller’s account is his talk of the imposition of
some determinate mathematical property on this indeterminate ‘pure

extension’:

Thus it becomes necessary to distinguish two kinds of geometric object in Aristotle. First,
there are the basic objects: points, lines, planes, solids. The last three are conceived of as
indeterminate extension and, therefore, as matter on which geometric properties are
imposed. The imposition of these properties produces the ordinary geometric figures,

straight or curved lines, triangles, cubes; etc. The definition of such a figure will include

169 ] follow Menn'’s charitable understanding of Mueller’s account, in [Menn, ‘Iy3’, fn.76, pp. 28-
29].
170 In [Bostock (2012), p.477].
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both the form, the properties imposed, and the matter; but in the definition this matter will

also play the role of genus. A circle is a plane figure. [Mueller (1970), pp.167]

It seems to me that Mueller's talk of ‘imposition’ implies that mathematical
entities are somehow mental entities, a conception which is hard to reconcile
with Aristotle's realistic tendencies expressed in the crucial M.3 passage. What
does Mueller mean when he claims that the geometer ‘imposes’ geometric
properties on some indeterminate extension (what Mueller calls ‘basic objects’,
i.e. points, lines, planes, solids)? How is this different from bringing that entity to
actuality by the mind? Serious epistemic objections also arise: imposition
presupposes knowledge of what is to be imposed, that is, of the specific
geometrical properties. Mueller in his article does not elaborate on how we come
to have this knowledge: Is it perhaps the case that we possess some previous
understanding of mathematical principles and concepts which then we project
on this ‘indeterminate extension’? If so, then-as commentators have argued-it
seems that Mueller does not offer a genuine alternative to the Platonic account of

mathematical knowledge:

Aristotle does accept Plato's mathematical epistemology: mathematicians treat objects
which are different from all sensible things, perfectly fulfill given conditions, and are

apprehensible by pure thought. [Mueller (1970), p.157]""

For the purposes of my interpretation I simply note that I espouse Lear’s

treatment of intelligible matter, namely that perceptible objects

...have intelligible matter insofar as they can be objects of thought rather than perception:
that is, it is the object one is thinking about that has intelligible matter. The evidence for
this is Aristotle's claim that intelligible matter is ‘the matter which exists in perceptible
objects but not as perceptible, for example, mathematical objects’ (1036al11-12). [Lear
(1982), pp.182-183]

Perhaps the invocation of intelligible matter as the matter of mathematicals has

171 Jonathan Lear offers the following scathing criticism of Mueller’s account: ‘This interpretation
must view Aristotle as caught in the middle of a conjuring trick: trying to offer an apparently
Platonic account of mathematical knowledge while refusing to allow the objects that the

knowledge is knowledge of.’ In [Lear (1982), p.161].
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its origins in certain passages from De Anima Book III where Aristotle says that

the forms of sensible things are only potentially intelligible (ch.4, 430a6-7; ch.8,

431b24-28).172 However, what Aristotle says there need not be interpreted as a

claim about the metaphysical status of mathematical entities. One can follow

Mignucci in arguing that

the forms of sensible things are potentially intelligible in the sense that they cannot be

thought of if their representations are not brought to actuality. The process of actualisation

therefore concerns the condition of forms with respect to a mind which thinks of them, but

not their ontological status. To think of a dog does not imply that the form of the dog is

contained only potentially in the dog and that it is brought to actuality by the thinker. The
form of the dog is actually in the individual dog. [Mignucci (1987), p.183; underlining

mine]

Or we can, perhaps, trace the origins of Mueller’s interpretation to Syrianus’

commentary of Aristotle’s Metaphysics M and N. Regarding the views of Syrianus

Stephen Menn says the following:

<There is a certain> interpretive tradition on M.3 1078a26-31, going back at least to
Syrianus, and apparently to a text of the authentic Alexander that Syrianus is using, that
takes Aristotle to mean that mathematical objects (whether geometrical or arithmetical)
are potentially in sensible things, and are made actual by the intellect's act of

contemplating them. [Menn, ‘Iy3’, fn.76, p.29, italics mine]

The key texts from Syrianus’ commentary are the following:

1. <The mathematical objects> acquire whatever existence they possess in some other way
— that is, they are generated in us by abstraction, which is in fact his own <i.e. Aristotle’s>

view. '” [Syrianus: On Aristotle Metaphysics M-N, 84.12-14; Dillon and O’Meara trans.]

2. Having said in what way he does not think that the objects of mathematics exist, now he
undertakes to tell us what sort of existence one might suppose them to have. His preferred
view is that mathematical magnitudes and figures neither exist on their own nor in sense-

objects while being distinct from sense objects, but that they are derived conceptually

172 See [Mignucci (1987), p.183].

1

PR e tpome Ty olav moté VmécTAcY odTd AUUPAVEWV, TOVTESTIV £E GQUIPESEDS &V MUV

yevvaoOai, kabdmep avT® Kol Sokel.
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from sense objects by abstraction.'”* [On Aristotle Metaphysics M-N, 94.30-34; Dillon and

O’Meara trans.]

3. <Aristotle’s> reply is that they <the mathematicians> are dealing with things that do not
exist in actuality, but potentially.'” [On Aristotle Metaphysics M-N, 99.21-22; Dillon and

O’Meara trans.]

Syrianus seems to be opting for a mentalist reading of the crucial M.3 passage:
the mathematical objects are the product of our abstractive intellectual power
(84.12-13: & dpapéocmg &v Nuiv yevvaoOot), derived from the objects of sense via
abstraction (94.33-34: ék t@dv aicOntdv Kotd agaipeoy émvogicOot). Menn's
helpful remarks shed some light on the Alexandrian origins of Syrianus’

interpretation:

This tradition is connected with Alexander's theory of the vol¢ momtikog as abstracting
from matter, and making what is potentially intelligible in a sensible thing (or in a
phantasma) actually intelligible, whether as a universal form or as a mathematical, each of
which would exist in the potential intellect; universals and mathematicals would thus have
a foundation in bodies, but formally exist and be completed only in a soul. [Menn, ‘Iy3’,

fn.76, p.29, italics mine]

Whether this anti-realistic interpretation of mathematical entities (and
universals in general) can be rightly attributed to Alexander or not,'it is a

position that Syrianus raises a barrage of objections against:

Our reply to this must be, first of all, to ask what it is that brings figure and magnitude
from potentiality to actuality. For the geometrician does not cognise the potential by
keeping it potential, but by making it actual; and if this is so, he does so by giving it shape
and making it more exact and perfect. How, then, could he do this if he did not possess
actualised entities within himself? For it is your principle, Aristotle, that the potential is
only brought to perfection and actuality by the actual. And then again, geometry cannot

take all its data from sensible objects; for it deals with many shapes and attributes of

174 s~ ~ 5 14 3 \ r ~ ~ . ’ P CY ’ e
™ Eindv nidg ovk ofetol sivar T8 padnpotikd, viv mepdton Aysy moiav &v Tig abtd vopiceiey Exetv
VIOGTAGLY. GPECKEL OVV oOTH PiTe Ko avTé VPESTAVOL TO podnuaticd peyedn kol oyfpato uite v
10ic aicOntoic elvan dAlo Svio mapd To aicOnTd, GAL &k TV aicOnTdV Katd deaipecty éntvosicOar-
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176 | am hesitant to ascribe this anti-realistic view of mathematical objects to Alexander but I

cannot develop further that thought here.



100

shapes which are not to be found in the sensible world. And again, if these things exist in
actuality in the sensible realm (for it is in this sense that the Aphrodisian interprets the text
here), while being studied in themselves only potentially, how can what is potential be
more exact than what is actual?'”’ [On Aristotle Metaphysics M-N, 99.31-100.5; Dillon

and O’Meara trans.]

Syrianus reasonably complains that Aristotle does not elaborate on the
potentiality he has in mind. If this is a potentiality akin to the potentiality of a
statue of Hermes within a block of wood, a potentiality ultimately analysable in
terms of actual existence, then the role of the geometer is akin to the that of the
sculptor who can carve the wood and produce a separate statue of Hermes. If
Aristotle’s position regarding mathematical entities is that they exist only
potentially in physical objects and are made actual by the mathematician’s mind
then he has to provide an account of what is the function of the mind in this
process, an account that will presumably explain the source of the ‘perfection’ of
those objects. Could they be those entities that an Ideal Geometer could
construct? Syrianus seems particularly troubled by the fact that sensible objects
may fail to have the required precision, i.e. they may fail to completely satisfy the
geometer’s definitions (100.1-3: &netto 8¢ 000€ mAvTa Ao TOV aicOnTAV dvvaTOL
Aoppavery 1 yeopetpio moAAQ yOp oynuato Kol waln Oewmpel oynudtov, o
0 0iocOntog KOGHOC 0y Vmodédektat.). Syrianus complains that one cannot confer
precision to mathematicals enjoying potential existence in the sensibles, unless
one already possesses an adequate understanding of what is for a mathematical
object to be precise (99.34-35: nidc dv ovv Svvarto TadTo TOETV Uy Exmv TO Evepyein

&v €avt®;). This is made clearer in the following passage:

In general, in response to <Aristotle's> overall view it must be said that we also do not

observe all shapes or all numbers as being inherent in sensible objects, that is to say, all

177 \ o e I3 o ~ 3 I ~ ’ s s s o \ ~ PR I3
pog O pntéov, OtL TPdTOV HEV Ti TO Amd Tod duvapet gic &vépyetav dyov O oyfipa Koi to péyedog;

o0 yap o1 1O duvauel puAGEAG duvapel Voel 6 Yeouétpng, GAN’ évepyeig adTdO momooag: €l 8¢ Todto,
pop@oi avtod Kkai dxkpiPéctepov TolEl kol TeAelol. md &v oDV SVvauto tadto TolEiv uf Exov o Evepyeiq
gv £00T®; GOV Yap EoTv, O ApIoTOTEAES, OTL VIO POvov Tod &vepyeig 1O duvauet Telelodtol kol gig
gvépyelav dyetat. Emerta 6€ 00OE TAvTo ATO TOV aicINT®V duvatal AauPavev 1 yeouetpio: TOAANL Yo
oyfuoto kol m6on Oewpel oymudtmy, & 6 aictnTdg KOGHOG ovy VTodédektal. elta <ei> évepysiq pév
oty €v 1oig aicOntoig todta (obtw Yop O A@pPodicledg todTo TO PNToV E€nyeiton), duvvauel 6

Oewpeitar kKo’ Eavtd, TG AxpIPEctepdV £0TL TO duVAEL TOD Evepyeiq;



101

those with which the mathematical sciences concern themselves, nor is it possible that
things that derive from sense-objects should enjoy such precision. And if he were to
explain that we ourselves add to them what is lacking and thus make them more exact and
then contemplate them as such, he will have to tell us first of all whence we are able to
confer perfection on these; for we would not find any other truer cause of this than that
propounded by the ancients, that the soul in its essence has prior possession of the reason-
principles of all things.'”™ [On Aristotle Metaphysics M-N, 95.29-36; Dillon and O’Meara

trans.]

The last sentence of the previous passage reveals Syrianus’ neo-Platonic agenda.
Christian Widlberg has offered the following concise synopsis of Syrianus’

position regarding the metaphysical status of mathematicals:

What in fact happens, according to Syrianus, is that the human intellect possesses an
innate understanding of mathematical principles and concepts which it projects onto the
plane of our imagination from above in order to grasp them rationally as the substances

13

that they are: “... geometry aims to contemplate the soul's partless reason-principles
(logoi) themselves but, being too feeble to employ these intellections, which are free of
images, it extends these principles into imagined and extended shapes and magnitudes, and
thus contemplates the former in the latter” (In Metaph. 13-14, 91.31-34; trans.
Dillon/O'Meara, modified). The place of mathematical objects is in our imagination,
Syrianus suggests (In Metaph. 186.17-23), and the case is comparable to matter receiving
form, except that matter “does not know what it is receiving, nor can it hold on to it,”

whereas the imagination, when it receives the mathematical blueprint from above, holds

on to it to some extent and acquires an understanding of it."”

What would be an alternative to Mueller’s interpretation that mathematical
entities exist only potentially in sensible things and are brought to actuality by
the mind? Instead of offering an interpretation that closely resembles a neo-

Platonic (or a Kantian) one, Mueller could have adopted a more empiricst one by

78 Amhide 8¢ mpog Gmacay adtod TV d0Eav Todto Ppntéov, STt phte Tededueda ThvTo T oxPpaTa T
TOvTOG TOVG Ap1BLovg €V Tolg aictnTols, Tepl doa Kol HGovg al pobnpotucol dtatpifovot, pnte duvatdv
€otwv akpiPeiq tocavtn ypfobat T £k TV aicOnT@V siknupéva. i 8¢ &1L fueic avtoic Tpootifepey 1O
€vdéov Kal dkpiPéotepa molovpey kal obT® Bewpoduev, dmoeaivolto, TpdTOV pev TdHhev duvapuedo
avTa TEAEIOVV, AvayKoiov Eimelv: oV yap dv dAANV aitioav dAnfectépav gdpoipey TiG VIO TAOV TAAUIDV
gipnuévng, 61t kat’ ovciay 1 Yoy TPoeiinge TAvI®V TovG AOYOVC.

179 Wildberg (2009).
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arguing that ideal geometrical objects can be thought of as the ‘constructive
output of an ideal subject’, to use Philip Kitcher’s terms. In his book The Nature of
Mathematical Knowledge, Philip Kitcher argues that mathematics is grounded in
our manipulations of physical reality:
I construe arithmetic as an idealising theory: the relation between arithmetic and the actual
operations of human agents parallels that between the laws of ideal gases and the actual
gases which exist in our world. We may personify the idealisation, by thinking of
arithmetic as describing the constructive output of an ideal subject, whose status as an

ideal subject resides in her freedom from certain accidental limitations imposed on

us. [Kitcher (1984), p.109; his italics]

He cautions us however not to regard his approach as an orthodox constructivist
approach according to which we already possess knowledge of mathematical
properties; it is not the case that mathematical statements are about private

mental entities (pace Mueller):

To say that arithmetic in particular, or mathematics in general, is true in virtue of the
constructive output of an ideal subject, does not commit me to the thesis that we can have
intuitive knowledge of mathematical truths or to the thesis that there are (real or apparent)
violations of the law of the excluded middle. I suggest that we have no way of knowing in
advance what powers should be attributed to our ideal subject. Rather the description of
that ideal subject and the conditions of her performance must be tested against our actual
manipulations of reality. From Kant on, constructivist philosophies of mathematics have
supposed that we can know a priori what constructions we can and cannot perform, or, to
put it another way, what powers should be given to the ideal constructive subject. But
there is no reason to bind this epistemological claim to the basic ontological thesis of
constructivism. Instead, we can adopt a more pragmatic attitude to the question of which
mathematical operations are possible or what powers the ideal subject has, adjusting our
treatment of these issues to the manipulations of the world which we actually perform.

[Kitcher (1984), pp.109-110; italics mine]

He also cautions us not to read his account as one that commits us to the existence of an

Ideal Geometer:

At this point, it is important to forestall a possible misunderstanding. In regarding
mathematics as an idealising theory of our actual operations, I shall sometimes talk about

the ideal operations of an ideal subject. That is not to suppose that there is a mysterious
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being with superhuman powers. Rather, as I shall explain in the next section, mathematical
truths are true in virtue of stipulations which we set down, specifying conditions on the
extensions of predicates which actually are satisfied by nothing at all but are
approximately satisfied by operations we perform (including physical operations).

[Kitcher (1984), p.110; his italics]

We may reapproach the precision problem about geometricals as follows: a
statement of stereometry cannot be referring to sublunary spheres or cubes for
those objects are approximately spherical or cubical. We might claim, however,
that such a statement applies to ideal spheres, cubes and so on. According to a
Kitcherian modification to Mueller’s interpretation we may say that a perfect
sphere exists potentially within a slab of marble in that it can be brought to
actuality by the acts of an Ideal Geometer, much like the Hermes inside the
marble slab can be brought to actuality by the sculptor. The acts of the Ideal
Geometer are merely the idealisation of the acts of the human geometers. As we
shall see, however, the nature of the sublunary matter is such that even if there
was an Ideal Geometer, then no matter how spherical he could make the sphere,
it could always be made into something a bit more spherical. Does Aristotle
really address the problem of precision that occupies such a central place in

Syrianus’ commentary? It is time to offer some answers on Aristotle’s behalf.

[2.6] The potential being of geometricals

[2.6.1] The meaning of VAk®g

Jonathan Barnes claims that when Aristotle says that mathematical objects exist

VAMK®G, and not in actuality, he means not that they exist duvdypet, but that

. squares (say) exist in the same way that bronze (say) exists: bronze exists insofar as
there are bronze statues, squares exist insofar as there are square areas. Bronze, evidently,
is not an abstract stuff whose existence depends in some way on the mental exertions of
the bronze-smith. Nor surely is there any implication in Aristotle's text that squares depend

on geometers, or upon the mental activities of geometers, for their existence. [Barnes
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(1985), p. 110"

Although I agree with Barnes’ comments against mentalist readings of VA, |
do side with Menn when the latter complains that his interpretation is especially

restrictive:

[Barnes] has done nothing to get rid of the obvious implication of the text that when
something is said to exist VAIK®G, as opposed to évtedeyeia this means that it exists only
dvvapet. It is true that for Aristotle bronze, like whiteness, exists only in dependence on
the things which are named paronymously from it but that gives no warrant at all for
saying that these things do not exist évieheyeiq: three-dimensional extension, and the
particular shape that Socrates has at the present moment, exist actually and not merely
potentially. They exist, of course, only as particular attributes of actual substances which
may be considered apart from those substances and the other attributes of those
substances-the same status that whiteness has in the white man, and that unity and

indivisibility have as attributes of Socrates. [Menn, ‘Iy3’, fn.76, p.29]

When Aristotle says that mathematical objects exist OAkdc, he is conceding that,
in a sense, there are more mathematical objects than those that are actually
embodied. Perhaps he means that there are such things in the sense that they
have a potential existence: it is possible for them to exist actually, (perhaps) to
exist in actual physical objects. David Bostock offers the following interpretation

of the M.3 passage in terms of the above notion of potentiality:

One presumes that his thought here is that these objects, when considered as existing
separately, can be said to exist potentially because it is possible for them to exist actually,
i.e. to exist in actual physical objects. Thus a circle exists actually in a circular table-top,
and the number 7 exists actually wherever there are (say) 7 cows. Then the idea would be
that some rather complex geometrical figures, e.g. a regular icosahedron, may not actually
exist anywhere in the physical world, but this figure still has a potential existence because
it could do so. The same would apply to a very large number, too large to be exemplified.

[Bostock (2009), p.21]

Before we proceed any further, it would be useful to expand Bostock’s thought

by introducing a distinction between those mathematical entities that exist

180 A similar interpretation can be found in [Mignucci (1987), pp.183-184].
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actually, and those that do not. In the case of arithmetical entities it is reasonable
to assume that some of them have concrete (i.e. spatiotemporally-located)
instances, for example, the number three (e.g. in a team of three horses in a field).
Let us call those mathematical entities that exist actually, basic mathematical
entities. The same can be said for geometrical entities, for example solids (recall
Aristotle’s example in Meta. M.3, of a man qua solid). Then there are some that
do not. A regular icosahedron is, perhaps, an example of a mathematical entity
that falls into the second category. Let us call mathematical entities that do not
exist actually but potentially, secondary entities. The aforementioned distinction
between basic and secondary entities pertains to the metaphysical status of
mathematicals and it is crucial, I believe, for our understanding of the M.3
passage, a place where Aristotle distinguishes between mathematical entities
existing évteAdeyeio and those that exist DAwkdc. Where should one draw the line
between basic and secondary entities? A broad conception of basic mathematical
entities could be used, covering all such entities that are actually part of the
physical world: that conception is endorsed by Lear, who claims that things such
as perfect spheres, perfect circles and perfect straight edges exist actually in the
world. 181 Alternatively a more narrow understanding of ‘basic’ could be
employed, which pushes more entities into the secondary category. I believe that
a narrow conception of basic mathematical entities is closer to Aristotle’s own

views than a broader one.

[2.6.2] A normal understanding of potentiality

The sense of potentiality that is ascribed to certain mathematicals has to be
sufficiently explained. Normally when we say something is potentially ® we
imply that it is possible that it should be actually ®. A potentiality so understood,
as a possibility analysable in terms of actual occurrence is supported by the

following passage from Meta. ©6:

So then: energeia is a thing’s being around not in the way we say <something is around>
in capacity. We say, for instance, that a herm in wood <is around> in capacity and a half

line within a whole line <is around in capacity>, because it could be cut off, and even that

181]p [Lear (1982) pp.180-181].
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someone who is not contemplating is <in capacity> a knower, if he is able to contemplate.
And <all these things are around> in energeia too. 182 [Meta. ©.6, 1048a30-5; Beere’s

trans.]

A statue of Hermes in a block of wood has potential existence in the sense that
the sculptor can carve the wood and produce a separate Hermes, and, similarly,
the half-line has potential existence in that it could be separated out of the whole
line. In both cases there are two items, A (Hermes, half line), and B (wood, whole
line); A is in B, and A could be separated out from B.183 Given this proper sense of
potentiality, one might say that a slab of marble can be carved into a perfect cube
(i.e. into a cube that perfectly satisfies the geometer’s definition); the latter
enjoys potential existence within the slab. We can also claim something similar

about lower-dimensional or limit entities.

A major deficit of Annas’ commentary of the Metaphysics M.2-3 is that she
eschews any reference to Aristotle’s own understanding of limit entities within a
continuous body or continuous stretch of magnitude; such entities at most they
exist within a body potentially, as loci where the body/stretch of magnitude
could actually be divided.'®* Thus, Aristotle’s argument against mathematical
objects in the sensibles need not be understood as an argument against the
potential existence of mathematical objects within sensible ones. In the case of
limit entities such as points, one might claim that it is possible for a point-
previously existing only potentially within a line segment-to become actual,
perhaps as the terminus of one of the two resulting line segments after a division
has occurred. This is indeed the view espoused by Richard Pettigrew in his

article ‘Aristotle on the subject matter of geometry’:

Thus, when the solid is divided, it will not be divided at a point that actually exists. Rather,
the point that is identified, and thus brought to actuality, by the act of dividing will belong

to one of the two lines that result from the division. [Pettigrew (2009), p.252; italics mine.]

182 2511 1) dvépyeta 0 dmapyew TO Tpdypo ui obtec domep Aéyopev Suvaper Aéyopev d& Suvapet olov
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183 See [Makin (2006), p.136].

184 See, e.g., [White (1992), p.204]. Cf. Meta. B.5, 1002a18-b11; Phys. 0.8, 263a23-b9, 262a21-26.
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Although this claim makes sense for someone with sufficient knowledge of
modern topology, it cannot be attributed to Aristotle, I am afraid, on the pain of
being overly anachronistic. From a contemporary perspective, there is indeed a
sense in which a line is divided at a point: One simply assigns the point to one or
the other of the line segments resulting from the division, thus leaving the other
line segment ‘open’ at the end of division, that is, without a terminal point.185
According to Pettigrew’s interpretation, if we employ the Aristotelian
potentiality-actuality distinction, we might claim that the point, previously
enjoying potential existence within the line, is actualised as the terminus of one
of the two line segments. Modern views of topology, however, involve a point-set
ontology of the continuous. A continuous magnitude of » dimension is conceived
as a set of n-/ dimensional elements; thus a line is conceived as a set of points,
actually infinite in number (non-denumerably infinite), linearly ordered, dense
(between two points there is always another point) and continuous in the sense
of Dedekind continuity: a line is Dedekind continuous iff for every ‘cut’ of the line
into parts either the first linear segment has a last point and the second one does
not have a first one, or the first linear segment does not have a last point but the
second one has a first one. Aristotle of course does not hold that a line is
conceived as a set of points; he argues against conceiving a continuous
magnitude of dimension n as being actually constituted out of geometrically
conceived limit entities of dimension n—1/, e.g. a line out of points, a surface out of
lines, a solid out of planes in De gen. et. cor. 1.2 and Phys. Z.1.186 Furthermore, his
notion of density is fundamentally different from the modern (Dedekind) one as

M. White has argued:

There is a sense in which Aristotle is quite willing to admit the ‘density’ of points in a
(one-dimensional) continuous magnitude. Since a ‘line is always between points’ (Phys.
Z.1, 231b9), it is always theoretically possible to divide this line and mark a third point

between the two. I refer to this notion as ‘distributive density’. Note that distributive

185 Cf. Pettigrew’s confident remark: ‘Indeed, it is in exactly this way that the division of a line is
modelled in modern analytic geometry.’ In [Pettigrew (2009), pp.252-253].

186 E.g. in Physics Z.1, 231a24-26: ad0vatov £& adwupétov eivai Tt cuveysc, 0lov YPapuny €K
OTIYL®V, €lmep 1N ypopun pev ovveyéc, | otiyun 8¢ adwipetov. For this remark regarding Aristotle’s

topology of the continuous see also [White (1993), pp.171-172].
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density, as I am using the concept, does not postulate an ‘actually infinite’ collection of
discrete elements, linearly ordered in such a way that between any two there is a third,
distinct element (and hence an infinite number of distinct elements). I refer to a linear
array of an actually infinite collection of intuitively ‘discrete’ elements, such that between
any two elements there is a third element, as ‘collective density’. There is no indication
that Aristotle ever conceives a (one-dimensional) continuous magnitude as constituted by

a collectively dense array of points. [White (1992), p.22; his italics]

It is now time to address Pettigrew’s interpretation; let us consider a linear
segment AB: if we divide it in half, say at point C, then it is hard to see how could
Aristotle have claimed that the resulting partitions are of the kind AC, CB where
the first partition includes the point C but the second not (or vice-versa).187 The
following account from Meta. B.5 seems to be Aristotle’s first stab at explaining
the division of a continuously extended body at a surface (with one added
caveat: the context is an intensely dialectical discussion of whether limit entities

can be substantial entities):

But points and lines and surfaces cannot be in process of becoming nor of perishing,
though they at one time exist and at another do not. For when bodies come into contact or
are separated, their boundaries instantaneously become one at one time—when they touch,
and two at another time—when they are separated; so that when they have been put
together one boundary does not exist but has perished, and when they have been separated
the boundaries exist which before did not exist. For it cannot be said that the point (which

is indivisible) was divided into two. And if the boundaries come into being and cease to

187A point also made in [White (1992), p.20]. It is, perhaps, noteworthy to quote Franz Brentano’s
objections to an earlier version of the modern conception, that of Bernard Bolzano: ‘According to
the doctrine here considered, in contrast, the divisions of the line would not occur in points, but
in some absurd way behind a point and before all others of which however none would stand
closest to the cut. One of the two lines into which the line would be split upon division would
therefore have an end point, but the other no beginning point. This inference has been quite
correctly drawn by Bolzano, who was led thereby to his monstrous doctrine that there would
exist bodies with and without surfaces, the one class containing just so many as the other,
because contact would be possible only between a body with a surface and another without.’
[Brentano (2010), p.105, italics mine]. Bolzano holds a conception of boundaries as ‘the
aggregate of all the extreme ether-atoms which still belong to it’ and according to his conception
of contact two bodies can only be in contact when one is bounded and the other one is not. In

[Bolzano (2014), §66, pp.167-168].
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be, from what do they come into being?188 [Meta. B.5, 1002a32-b4; Ross’ trans.]

This aporetic passage contains what some scholars have described as Aristotle’s
‘constructivist’ conception of a point, ‘constructivist’ in the sense that points and
other limit entities are always conceived in terms of other continuous
magnitudes rather than vice versa. To use Fred Miller’s description: the point is
‘an accidental feature of magnitudes undergoing operations’ (p.100)18%. When
bodies come into contact, their limits which were two before contact, become
one at contact. Regarding division, as White puts it ‘where there was a single
potential surface or plane at what was to be the locus of division, there are now
two distinct planes or surfaces of the resulting parts of the body.”190 Aristotle is,
perhaps, arguing that there can be no complete process of generation for such
entities. One is bound to wonder, however, whether there can be an account that
treats such limit entities as progressively actualised without ever reaching a

state of complete being-I will examine this fascinating alternative shortly.

188 Tag 82 oTiypdc kai Thg ypappds kai Tag émeaveiag ok évééyeton obte yiyveobor obte @Oeipesbar,
0T€ Pev 0bo0g 0TE O€ 0vK 0DGOC. BTov Yap GmTnTOL ) SapTiToL TO SOUATO, Ao OTE pEV pio ATTOPEVOV
01€ 8¢ 600 drapovpévev yiyvoviar dot’ obte cLYKEWEVOV EoTv GAL™ E@Oaptar, dinpnuévov e gioiv
ai mpdtepov ovk ovcal (o0 yap oM i vy’ adwipetog otiyun dmpédn eic §vo), &1 Te yiyvovron kai
oOeipovtan, €k tivog yiyvovtay,

189 In [Miller (1982), p.100]; this interpretation can also be found in [White (1992), pp.15-16].

190 [n [White (1993), p.174].
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[2.7] Towards a new interpretation of the M.3 passage

[2.7.1] A radical interpretation

Aristotle’s schematic account for a geometry of solids in Metaphysics M.3 can be
further developed if we take into consideration his primary purpose in the
preceding chapters: to refute Platonist-based arguments regarding the prior
metaphysical status of the so-called ‘lower-dimensional’ or ‘limit entities’, i.e. of
points, lines, and surfaces. One of the passages where Aristotle is more

informative about the nature of such limit entities is the following:

But if we are to suppose lines or what comes after these (I mean the primary surfaces) to
be principles, these at least are not separable substances, but sections and divisions — the
former of surfaces, the latter of bodies (while points are sections and divisions of lines);
and further they are limits of these same things; and all these are in other things and none

is separable.”' [Meta. K.2, 1060b12-17, Ross’ trans.; italics mine]

We have already offered an account that is based on what commentators have
called ‘the constructive conception of a point’: according to that account whereas
before the division of a line there was one potential point, after the division we
get two points actually existing as limits of lines. However, I would like to focus
on a more radical interpretation according to which limit entities whether
bounding a body or lying within a body enjoy the potentiality of the infinite /void,
that is the potentiality of something that can come progressively close to being
actualised, without ever reaching complete actuality. This radical interpretation
will make heavy use of the potentiality of the infinite and what Michael White
has called ‘Aristotle’s intuitive concept of a limit’ (see sections 2.7.2 and 2.7.3 for
some discussion): we can make sense, I suggest, of Aristotle’s peculiar term

VAMk@¢ by making a connection with the way the infinite is OAwkdc: Aristotle in his

Pl el ye uiv ypappdag f o tovtev &xdpeva (Myo 8¢ émeaveiog Tag TpdTac) MMoet Tig dpydc, TadTd

Y’ ovk giclv ovoiot yopiotal, Topol 0€ Kol SLoPECELS ol UEV EMPAVEIDV ol 8€ copdtov (ol 6¢ otrypal
YPARUDVY), ETL 8¢ TEPOTA TAOV ADTAOV TOVT®V: TAVTO O€ TaDTO &V BALOIG VTLAPYEL KOl XOPIGTOV 0VOEV

£oTLV.
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discussion of the infinite in Physics I'.6 says that ‘the infinite is potentially as
matter is’ (kai Suvapel obtmg ¢ 1 VAN, 206b14-15): insofar as limit entities enjoy
potential being in a matter-like way, they are incomplete just as the infinite is

(206b33-2017a15).

[2.7.2] A more ‘exotic’ potentiality

Let us now take into serious consideration another kind of potentiality, that of the
void and the infinite (henceforth, I will label this kind of potentiality
‘potentiality,’). That this potentiality has to be distinguished from the usual
sense of potentiality (enjoyed, for example, by the herm in the wood), is

something that can be seen in the following passages:

‘Being potentially’ should not be understood in such a way that (just as if it is possible for
this to be a statue, it will be a statue) so also there is an infinite that will be actually.'”

[Physics T'.6,206a18-21; Coope’s trans. ]

And the infinite and the void, and other such like things, are said to be potentially and
actually in another way from many other things, for example what sees and what walks
and what is seen. For these things can sometimes be truly said without qualification as
well (for what is seen is on the one hand so called because it is seen, and on the other
because it is capable of being seen); but the infinite is not potentially in this way, namely
that it will be actually separate, but by coming into being. For it is the division’s not
coming to an end which makes it the case that this actuality is potentially, and not the

infinite being separated.'”” [Meta. ©.6, 1048b9-17; Makin’s trans. ]

192 > ~ o \ ’ n ’ e s \ ~ 3 r 3 e Vo ~
o0 0gl 8¢ 10 duvdper Ov Aapupdaverv, Hdomep €l duvatov TodT’ avoplavta gival, g Kol Eotal TodT

avdpidg, oVt kol drepov 0 Eotan Evepyeig:

193 gAAwg 8¢ Kol TO dmelpov Kol TO KeEVOV, kol doa Toladta, AEyeTon SUVALEL Kol vepyeig <i> ToAAOIg
v Svtov, olov T® Opdvil kal Padifovit kol Opoupéve. TadTe pEV Yap EVOEXETOl KOl GmAMC
dAnbevecbai mote (TO pEV yap Opmdpevov OtL dpdtal, TO 8¢ 611 Opdcbat dvvatdv): O 6 Gmelpov ovy
obtm dvuvdpet EoTv O¢ Evepyeig EGOUEVOV YOPLOTOV, AAAL YVAOGEL TO YOp U DTOAgimew TV dwipesty
amodidwot 1o eivor Suvépet TavTy THY Evépyetlay, TO 8¢ ympilesOat ob. Regarding Aristotle’s claim in
lines 1048b14-15 that the infinite exists potentially yvice, 1 have adopted Burnyeat’s
interpretation according to which Aristotle’s point is that ‘we know that further division will

always be possible; not that we know that ‘there is a possibility of any number of divisions’ but,



112

Aristotle claims that there is some sense in which the infinite and the void is
potentially but not actually. What does he mean? The following discussion
follows closely Ursula Coope’s excellent article ‘Aristotle on the Infinite’.
Commentators agree that Aristotle’s claim seems a bit peculiar because, as Coope
acknowledges, ‘it is hard to see what can be meant by saying that something is
potentially F, if this does not imply that that thing could be actually F’.1%* Things
get more complicated because Aristotle after saying that the infinite is ‘in no
other way than this: potentially’ (&Aog pév odv ovk £otiv, obtmg & 0Tl 10
amepov, dvvdpel, 206b12-13), he adds that ‘it is actually too, in the way that we
say that the day and the contest are’ (kai évteheysiq 8¢ EoTtv, Mg THV NUEPAV ETVOL
Aéyouev kal tov aydva, 206b13-14). Why does Aristotle compare the way in
which the infinite is to the way in which the day or the contest is? The following

passage elucidates a bit the way the day and the contest are:

But since being is in many ways, just as the day or the contest is by the constant occurring
of other and other, in this way too the infinite is. (For in these cases also there is
‘potentially’ and ‘actually’. The Olympic games are both in virtue of the contest's being
able to occur and in virtue of the contest's occurring).'” [Physics .6, 206a21-25; Coope’s

trans.]

In her article, Coope offers a helpful comparative analysis of two major-albeit
contrasting-interpretations of Aristotle’s notion of infinity, that of Jaako Hintikka
and that of Jonathan Lear. Whereas Hintikka’s interpretation relies heavily on
lines 206b13-14 to argue that the infinite is something enjoying actual existence
(its being is like the being of a day or a contest), Lear argues instead that the
infinite is only potential, by emphasising that the infinite, unlike a day or a

contest, is always incomplete, something without limit or boundary. Coope,

rather that we know that ‘for any number of divisions, there is always a possibility of more’ - and
presumably for better reasons than that we have always found so in practise up to the point we
have now reached in the dividing process.’ See [Burnyeat (1984), p.127].

194 For Coope’s comment, see [Coope (2012), p.271]. A similar claim is made in [Bostock (1972),
p.117].

195 AN émel moAhay®dc TO elvar, Gomep 1 NUEpa E6TL Kai 6 Ay T® del 8Alo kol ko yiyvecOat, oBtm
Kol 10 dmepov (kal yop €nl TovTev €0TL Kol Suvapel Kol évepyeig: OAdumia yop €oTt Kol @ dHvacshot

TOV dydvo yiyvesOon kal t@ yiyvesOar)-
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however, complains that neither of these two interpretations can explain the
crucial fact that Aristotle ‘says all of these things together’.1% Thus, she provides
her own-in my opinion very persuasive-interpretation which will form the
bedrock for much of my argument regarding the potential status of lower-

dimensional geometricals.

Jaakko Hintikka is one of the most prominent supporters of the view that every
(genuine) possibility is at some time actualised (the so-called principle of
plenitude). Hintikka invokes this principle with respect to infinity as follows:
magnitudes have a potential for undergoing an infinite process (a process of
being infinitely divided) and this potential can be actualised or, in Coope’s words,
‘according to his interpretation the actuality of the infinite consists in the
actuality of an infinite process of division’.1%7 As Coope notes, this interpretation
can make sense of Aristotle’s claim that the infinite is actual in the way in which
a day or a contest is, that is, ‘the sense in which the infinite is actual is that it is
going on’.198 [t cannot account, she notes, for the fact that the infinite is unlike a
whole day or contest and the fact that Aristotle goes to great lengths to
emphasise that there is a sense in which the infinite is only potentially.1°® She
cites David Bostock’s solution, who argues that Aristotle’s point is that the
process of dividing a line into infinitely many parts is ‘one that cannot
be completed.’ 200 Nevertheless, she argues, this explanation is inadequate,
because it does not account for what she calls ‘the connection between the
uncompleteability of this process and the existence of an unfufillable

potential’.201

Let us examine the two crucial passages where Aristotle distinguishes the
potentiality ascribed to infinity from the usual sense of potentiality more closely.

It seems that, according to Aristotle, not every potentiality has to be

196 Tn [Coope (2012), p.274].

197 See [Hintikka (1966)] and [Coope, op.cit., p.276].
198 In [Coope, op. cit., p.275].

199 jbid.

200 ibid. She refers to [Bostock (1972), p.39].

201 jbid.
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accompanied by the corresponding actuality.202 Things that enjoy potential
existence, such as the Hermes in the wood can (assuming normal conditions)
eventually be actual. By contrast, infinite things are not potential in this sense; it
is not the case that there will ever be an actual, separate, infinite thing. In Physics
206a18-21 Aristotle contrasts the potentiality of the infinite with the potentiality
(as discussed in Metaphysics ©.6) of a statue: in the latter case, once the
sculptor’s work is complete, the statue will enjoy actual existence. In the former
case, the unlimited divisibility of a magnitude, in which its infinity consists, does
not mean that there will ever be an end to this process, something that will enjoy
actual existence, an infinite in actuality. Thus, Jonathan Lear’s objection to
Hintikka’s interpretation (that the actuality of the infinite consists in the
actuality of an infinite process of division) is that ‘there is no process which
could correctly be considered the actualisation of an infinite division of a line’.203
The simple reason is that ‘any such process will terminate after finitely many

divisions’;204

To see this more clearly, what sort of process might be considered the actualisation of an
infinite division. It could not be a physical process of actually cutting a finite physical
magnitude, for, obviously, any physical cut we make in such a magnitude will have finite
size and thus the magnitude will be completely destroyed after only finitely many cuts.
Nor could it be a process of theoretical division: i.e. a mental operation which
distinguishes parts of the magnitude. For no mortal could carry out more than a finite

. e 205
number of theoretical divisions.

Coope remarks that Lear’s account does indeed explain the way the infinite is
potentially in a way that it is not actually: ‘For a magnitude to be infinitely
divisible is for it to have potentials that could never be fully actualised by any

process of dividing.’29¢ However, she complains, ‘Lear's interpretation leaves it

20z Richard Sorabiji has pointed out that Aristotle reserves the principle of plenitude for special
cases, such as the everlasting properties of everlasting objects. See [Sorabji (1980), pp.128-35].
203 See [Lear (1982), p.190]. Extensive bits from Lear’s paper are discussed in [Coope, op.cit,
p.276].

204 In [Lear, op.cit., p.190].

205 In [Lear, ibid].

206 In [Coope, op.cit., p.276].
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mysterious how Aristotle can claim that the infinite is actually ‘in the way that a
day or a contest is’207. Coope refines Lear’s reading by distinguishing between
two senses according to which it is impossible for there to be an infinite process
of division for a continuous stretch of magnitude: i) such a process cannot occur,
ii) such a process cannot be occurring.28 She argues that Lear’s interpretation
employs the first sense, because of certain considerations that pertain to

Aristotle’s conception of processes:

. a process occurs only if the whole of it occurs, but in the case of an infinite process
there is no such thing as the whole of it. A finite process, such as a contest, occurs over a
certain length of time; what this means is that the whole process is spread out over a
certain length of time. But this is not true of an infinite process. On Aristotle's view, the
whole of such a process could not occur even over infinitely much time, for as we have

seen, he holds that being infinite implies not being whole (206b33ff.)*”

She thinks however that these considerations are not sufficient to claim that a
process of division ad infinitum cannot be occurring. This allows her to offer a

defence of Hintikka’s interpretation against Lear:

Hintikka should say that infinite divisibility is the potential for a certain process to be
occurring. This potential is completely fulfilled when a magnitude is being divided ad
infinitum. Of course, the whole of such a process can never occur, but that (he might say)
does not imply that the magnitude has some potential that cannot be fulfilled. The
magnitude cannot undergo a whole process of division ad infinitum, but then it does not
have the potential to undergo such a process; on the other hand, the magnitude does have
the potential to be undergoing a process of division ad infinitum, and this potential can be

fulfilled.*"°

But still this does not ‘make sense of Aristotle's claim that the infinite is
potentially in a way in which it is not actually. Coope will go on to investigate the
way in which a process is the actualisation of a potential. Coope’s main argument

relies on a distinction between an activity (energeia) and a process (kinésis)

207 jpid.

208 In [Coope, op.cit, p.277].
209 jpid.

210 In [Coope, op. cit., p.278].
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based on Metaphysics ©.6 1048b18-35. The gist of her analysis is contained in

the following passage:

Undergoing a process essentially involves having some potential that is not fully realised,
whereas engaging in an activity does not essentially involve having an unrealised
potential. Of course, when | am engaged in an activity (such as seeing), I will have all
sorts of unrealised potentials. (Perhaps I am not using my sense of smell.) The point is that
having such unrealised potentials is not essential to what it is to be engaged in the activity
of seeing, whereas there will always be a certain unrealised potential that is essential to the

. 211
undergoing of a process.

Thus, according to Coope’s account, one cannot claim -alongside Hintikka- that a
magnitude has the potential to be undergoing the process of being infinitely
divided which is a potential that can be completely fulfilled ‘at any moment when
the magnitude is undergoing such a process’.212 Rather, the potential in question
must be a potential which is ‘only incompletely fulfilled while the magnitude is
undergoing that process’.?13 More specifically, it is a potential that ‘has no
complete fulfilment’.214 Coope acknowledges that this is a deviation from the

standard reading of potentiality:

If a potential has no complete fulfilment, then how can we specify what potential it is? The
answer is that we have to define this potential in a non-standard way: we have to specify
what would count as fulfilling it as completely as possible. When we say that a magnitude
is infinitely divisible, the potential we attribute to it should be defined as follows. It is a
potential that has no complete fulfilment but that is fulfilled as completely as it can be in
the process by which the line is being divided ad infinitum. There is thus a sense in which
it, like other potentials, is defined by its maximal fulfilment, but the maximal fulfilment
that defines it is not a complete fulfilment, merely a fulfilment that is as complete as

possible.””’

2111n [Coope, op. cit., p.279].
212 1n [Coope, op. cit., p.280].
213 In [Coope, op. cit., p.280].
214 1n [Coope, op. cit., p.281].

215 jbid.
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Coope’s account provides us with a brilliant way to reconcile the two peculiar

claims by Aristotle: that 1) the infinite is in no other way than potentially and 2)

that it is actually too in the way that the day and the games are:

[2

The potential that we ascribe to something when we say that it is infinitely divisible is a
potential that can be fulfilled in a way: it can be incompletely fulfilled. It is incompletely
fulfilled while the magnitude is being divided ad infinitum, just as the potential for a day
to occur is incompletely fulfilled while the day is going on, or the potential for a game to
occur is incompletely fulfilled while the game is taking place. The difference is that in the
case of these potentials (for the day or the game to occur), there is a corresponding
complete fulfilment (the occurrence of the day or of the game), whereas the potential we
ascribe to something when we say it is infinitely divisible is a potential that has no
complete fulfilment. It is thus ‘only potential’, in that it has no complete fulfilment, but
also ‘actual’ in a way, in that it does (like the potential involved in the day or the games)

have an incomplete fulfilment.*'®

.7.3] Aristotle’s ‘intuitive concept of a limit’

Coope’s account can be further enhanced, I suggest, by examining more closely

Aristotle’s two notions of potential infinity, the infinity of magnitudes ‘by

division’ and that ‘by addition’. In Phys. I'.6 Aristotle discusses those two senses

of

potential infinity for magnitudes:

The infinite by addition, too, is potentially in this way; this infinite, we say, is in a way the
same as the infinite by division. For it will always be possible to obtain something beyond
but it will not exceed any magnitude, as it does in the division where it will always be less

than any assigned magnitude.”” [Phys. T.6, 206b16-20; Hussey’s trans. mod.]

Infinity by addition and infinity by division seem to be closely interrelated,

Aristotle, however, opts for a detailed exposition of the former:

216 In [Coope, op. cit., p.282].

217
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The infinite by way of addition is in a sense the same as the infinite by way of division.
Within a finite magnitude the infinite by way of addition occurs in a way inverse to that by
division; for, as we see the magnitude being divided to infinity, the sum of the parts taken
appears to tend toward something definite. For if, in a finite magnitude, one takes a
definite part and then from what remains keeps on taking a part, not equal to the first part
but always using the same ratio, he will not traverse the original finite magnitude; but if he
is to so increase the ratio that the parts taken are always equal, he will traverse it, because

every finite magnitude is exhausted by any definite magnitude. Thus it is in this and not in

any other way that the infinite exists, namely, potentially and by way of diminution.”'®

[Physics T'.6, 206b3—13; Apostle’s trans. mod. ]

Aristotle’s understanding of the infinity of addition seems to require a prior
understanding of the (more familiar perhaps) notion of the infinity by division.
He claims that the notion of infinity by addition for magnitudes involves a
process which is ‘in a way’ (mwc) the inverse of the process of division
(avteoTpappévag; cf. v dvteotpappévny tpocbeoty, 207a23). Suppose we have a
magnitude AB and we divide it by means of a geometrical progression, as for

example is prescribed in the Zenonian Dichotomy: we first take away its half,
then the half of that, and so on. We then have the sequence: %AB, iAB, %AB .
The Zenonian Dichotomy is an instant of the more general case of division
described in lines 206b7-12. One can then use this division to form the inverse
process of addition%AB% AB+%AB ... Such a sum tends toward ‘something
definite’ (mpog 10 mpiopévov, 206b6), namely the whole AB. Thus, whereas in the
process of division we move towards the complete ‘exhaustion’ of a magnitude,

in the process of addition we move towards reaching a finite magnitude. That

there is always one bit of magnitude that can be added or taken away underlines

2810 88 katd mpdoheoty 1O aTd 0Tl MO Kol TO KOTd Suipectv: &v Yap TM TEMEPUSUEV® KOTd
npocOecty yiyvetonl dviesTpappévec: 1 yap Stupoduevov opdtor gic dmeipov, TavTn TPocTIOEUEVOY
QOVETTOL TPOG TO MPICUEVOV. &V YOP TO TEMEPUSUEVE UeYEDEL BV AaPdV TIC dPIGUEVOV TPOSAAUPAEV
T® a0t AOY®, pn O avTd TL ToD dAov péyebog TepthapuPavov, ov 61EEEiol TO mEmTEPAGUEVOV: €0V O’
obtmg adén tov Adyov date del TL 10 adTo TEpAapfavey péyebog, di€€eiat, 610 10 TAV TETEPACUEVOV
avaipeicBol 6TmodV MPIGUEVE. BAAOGC HEV oDV 0Dk ETLy, oDTme & EoTt TO dmepov, Suvapel Te Kol £
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the fact that the infinite by addition and division are two instances of potential

infinity; the processes themselves are inverse.

Michael White offers a helpful comparative analysis of Aristotle’s notion of
potential infinity and modern treatments of infinity. Using modern algebra one
identifies the sum S of a denumerably infinite series of addenda (i.e. a series the
members of which can be put into one-to-one correspondence with the natural
numbers), s1 + 52 +...+ S, +..., with the limit of the denumerably infinite sequence
{t.}, where each term t, in the sequence is the sum of the first n s; s. To take the
example of the linear magnitude AB above, the sum S = %2 AB + ¥4 AB + 1/8
AB...will be identified with the limit of the infinite sequence {(2" - 1)/2" AB} =

%AB, % AB, gAB, E AB,.., which is AB.219 But does Aristotle allow this

identification? According to Aristotle the sum will approach a definite limit,
namely AB. As White notes, Aristotle allows the processes of division and
addition be ‘infinitely extendable’ in the sense that ‘one can always take the
division and correlative summation a step beyond any finite

division/summation’.220 Thus, Aristotle, as White points out,

does have an ‘intuitive concept’ of a limit of a process of summation-a process that can be
indefinitely extended in the Aristotelian sense of being extendable beyond any finite
number of stages. We here mean by ‘limit’ a least finite magnitude (i) which the process
of summation never (i.e. at any finite stage) exceeds and (ii) to which the process of
summation approaches closer at each successive stage but never (i.e. at any finite stage)
reaches. There is no evidence, however, that Aristotle moves from this conception of limit
(which obviously grounds the mathematical notion of a limit) to what I shall call the
mathematical sum/union notion of a limit, which by definition serves as the sum or union

of an infinite series. [White (1992), p.141]**'

Aristotle’s core conception of infinity as ‘that which with respect to quantity, it is

always possible to take something beyond what has been taken’ (Phys. T.6.

219 [n [White (1992), p.9].
220 [n [White, op. cit., p.11].
221 [n [White, op. cit,, p.141].
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207a7-8), prevents him from identifying the sum of an indefinitely extendable

series of addenda with the limit that such a series converge to:

Aristotle's notion of the infinite is tied to a process that can be thought of as consisting in a
series of discrete ‘stages’ or ‘steps’—either a process of addition (prosthesis) of a unit or
quantity to other such units/quantities or a process of the division (diairesis) of some
original, fixed quantity into subquantities. Such a process can, in principle, always be
carried a step beyond any determinate (i.e. finite) number of steps. ‘The infinite’, in this
sense, Aristotle contrasts with what is ‘complete and whole’ (teleion kai holon) (207a10).

[White (1992), p.11]

How should one then understand the corresponding claim about the potentiality
of the void in Metaphysics ©.6, 1048b9-17? Picking up a suggestion made by
Burnyeat, we may say that ‘we can always (at least in theory) reduce the amount
of air in a container beyond the point to which we have already reduced it, but

never produce a perfect void.’ 222

[2.7.4] Menn’s interpretation and its problems

The potentiality of the infinite may also be applied to more complex or derivative
geometrical objects (triangles, straight lines, tetrahedra, etc.) as follows. We may
claim, for example, that a perfect marble sphere exists potentially within a
marble block, without this potentiality ever being actualised in the sense of
resulting in a separate, perfectly spherical, marble object. This is not due to our
human limitations but due to the nature of the sublunary matter. The nature of
the sublunary matter is such that even if there were an Ideal Geometer who was
unhampered by human physical and mental limitations, then no matter how
spherical he could make the artifact, it could always be made into something a bit
more spherical. The sphere however can come progressively closer to being
actualised, beyond any given limit, and this is enough to claim that is has
potential existence. Stephen Menn attributes this kind of potentiality to such

complex geometrical objects:

222 Burnyeat (1984), p.127.
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If no actual bodies are bounded by perfectly flat planes, then the potentiality for being
divided along a perfectly flat plane will never be actualised, but this does not disqualify it
from counting as a potentiality: it will be like the potentialities for the void and for the
infinite which Aristotle discusses at ®.6 1048b9-17, which can never be entirely
actualised, but which can come progressively closer to being actualised, beyond any given
limit, and this is enough to say that ‘this évépyeia [sc. the void or the infinite] exists
dvvapel, but is not separated’. . . [Geometrical objects], existing potentially within the
matter of sensible things not qua sensible, are, as potentialities, as eternal and unchanging

as a Platonist could wish, without any need for separate existence. [Menn, ‘Iy3’, p.28]

And again he makes his thesis more explicit when he claims:

I take Aristotle to think, not that geometrical objects are physical objects with some of
their properties abstracted away (since at least sublunar physical objects are not perfectly
straight, circular etc.), but rather that the matter of geometrical objects is the matter of
physical objects with some of its properties abstracted away (and only extension left), and
that geometrical objects exist potentially in that matter. I suppose it is not possible for a
physical object ever to become perfectly straight, but the straightness is still potentially in
the object, in the same way that infinity is potentially in the objects—it can be
asymptotically approached. These potentialities will be actualised (so far as they ever are)
either by human acts of thought or by artificial acts of construction (drawing

approximately straight lines etc.) caused by those acts of thought. [Menn, ‘Illa3’, p.26]

Menn’s focus is on sublunary geometrical objects; his view is that we have
sublunary physical objects that do not perfectly satisfy the geometers’ definitions
(for example, a marble sphere that has some indentations, an approximately
straight drawn line that has some curviness, a drawn triangle with jagged sides)
but we can ‘asymptotically approach’ the more perfect versions of these (a
marble sphere with no indentations, a perfectly straight line and a perfect
triangle). The following passage from De Caelo may be cited in support of Menn’s

claim about the nature of the sublunary matter:

It is plain from the foregoing that the universe is spherical. It is plain, further, that it is so
accurately turned that no manufactured thing nor anything else within the range of our
observation can even approach it. For the matter of which these are composed does not

admit of anything like the same regularity and finish as the substance of the enveloping
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body.”” [De Caelo 11.4, 287b14-287b20; mod. Stocks’ trans.]

Unlike the heavenly sphere (xo6cuoc), which is perfectly spherical, no artifact
(xeypdxuntov) or sensible object (tdv Nuiv &v dpOaiuois pavouévav) enjoys such
kind of (geometrical) perfection. For the matter of those artifacts does not admit
of anything like the evenness (Opoidtnrta) or the precision (dxpifeiav) as the
nature of the encompassing body. As Theokritos Kouremenos notes, lines
287b14-18 can be understood in two ways: 1) either that, unlike the heavenly
sphere, no sphere made or perceived by us enjoys such kind of precision, or 2) no
artifact or perceivable object enjoys such kind of precision as the heavenly
sphere.?24 The second construal entails the stronger claim that sphericity is not
the only geometric property that sublunary objects fail to instantiate perfectly.225
One, however, need not follow Kouremenos in attributing to Aristotle the utterly
skeptical view that physical objects do not perfectly instantiate any geometrical
property.?2¢ For, Aristotle can ground his realism about geometricals (as well as
about arithmeticals) on the commonsensical notion of the solid, perfectly
exemplified in physical objects around us. Thus, if we endorse the second
reading of lines 287b14-18, we may simply infer that there are no perfect
instantiations of the various specific geometrical objects (spheres, straight lines,

circles, etc.) in the sublunary world.

But why does Menn place such a great emphasis on the objects of the sublunary
world? [ am not so sure that Aristotle means to exclude them from his discussion
in the M.3 passage. After all, in the analogy from astronomy (Meta. M.3, 1077b22-
3) he tells about theorems that are just about moving bodies (oVt® kol éxi TOV

Kwvovpévav), not qua moving but only qua bodies (ovy | xvodueva 8& AL 1

227011 piv 0DV oQapoEdNG 0TV O KOGHOGC, STAOV &k TovTmV, kai 8Tt kat’ dkpiPetav Eviopvog obtag
dote unbev pnte xewpodxuntov Exewv mopomAnciong Ut GAAo unbev tdv Muiv &v 0pOalpoic
powopévav. 'EE @v yap TV ovotooty eilngev, ovdgv obtw Svvatdv opardtnta SéEacOar kai
axkpipelav g1 10D TEPIE cOPOTOC PHOIC

224 In [Kouremenos (2003), fn.28, p.476].

225 jbid.

226 A claim constantly made throughout his article. See esp. the abstract in [Kouremenos (2003),

p.463].
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ohpato povov), and again only qua surfaces (nd 7 énineda pdvov), and only qua
lengths (| pfxn povov); and qua divisibles (i.e. just as continuous quantities, 1
Stpetd); and qua indivisibles having position (i.e. just as points, §| adtaipeto
gyovta 8¢ 0¢o1v); and qua indivisibles alone (i.e. just as units, §j dSwaipsta povov).
As the analogy makes clear, there can be statements about celestial bodies
regarding their volume, their shape, their delineations, and so on, without having
to postulate separately existing planes, lines, and solids. Furthermore, it is clear
from the De Caelo that the celestial bodies do possess perfect sphericity. The
ideal spheres are simply the spheres of the superlunary world. As for the other
solids, they may be thought of as existing potentially within those spheres in the
normal sense of potentiality (see discussion in section 2.6.2). Menn points to the

right direction when he claims that in the M.3 passage,

Aristotle does not introduce a potentiality-actuality opposition in talking about the white
or about unity, but only in talking about geometricals such as tetrahedron, which are not
attributes of any actual substance, since no actual substance is perfectly tetrahedral.

[Menn, ‘Iy3’, p.27]

According to his interpretation, however, geometricals are constituted of

intelligible matter; he claims that the VAkdg in the M.3 passage refers to

intelligible matter:

The ‘matter’ of which Aristotle speaks here is not Socrates' flesh and blood, but what he in
some texts calls ‘intelligible matter’, the matter of geometrical things (‘some matter is
sensible, some intelligible, sensible like bronze and wood and whatever matter is movable,
intelligible what is present in the sensibles not qua sensibles, like the mathematicals’,
7Z.10, 1036a9-12). This will be bare extension--in the present case, three-dimensional
extension--existing not separately from the sensibles, like the matter of Platonic or
Speusippean mathematicals, but ‘in the sensibles not qua sensibles’; and this matter
(unlike the matter of Platonic or Speusippean mathematicals, which is not potentially
anything) is potentially divided along planes, spherical surfaces, or any other possible

bounding surfaces. [Menn, ‘Iy3’, pp.27-28]

I do not think this is right. The M.3 passage does not warrant any such reference

to intelligible matter. How should one then understand the role of intelligible
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matter that Menn is so willing to identify as the substratum of mathematicals?

One ought to distinguish between the mode of existence of mathematicals and

the way the mathematicians study them. On the one hand we have a claim about

the metaphysical status of the mathematicals: they do not enjoy independent
existence over and above their (actual or possible) material exemplifications; on
the other hand we have a cognitive one: the mathematicians can acquire a
conception of mathematicals without invoking the matter in which they are (or
can be) exemplified. The latter is a claim about how the mind thinks of the
mathematical entities and not about their metaphysical status; when they
become the objects of a mathematician’s consideration they do have intelligible
matter.22” When I claim that a perfect tetrahedron exists potentially within a
perfect celestial sphere, | am not making a claim about intelligible matter. The
matter of the sphere in question is superlunary matter. The potentially existing
tetrahedron can simply be considered qua tetrahedron, qua a solid determinant.
When the potentially existing tetrahedron is considered in this way it is an object

of the geometrician’s consideration, and we may say it has intelligible matter.228

[2.7.5] My interpretation and a modern analogue

Let me summarise my interpretation thus far: the physical world is essentially a
world of solids. Aristotle’s realism about geometrical entities is essentially a
realism about solids: either the complex solids around us, the not-so-easy-to-
analyse solids of the sublunary world, or the solids of the supelunary world, the
perfect celestial spheres or the potentially existing solids in them. I see no reason
to deny that the latter, potentially in the proper sense of potentiality, do not
exhibit the requisite precision: that a tetrahedron, for example, existing
potentially within a superlunary sphere is not perfectly tetrahedral; that it does
not have perfectly planar surfaces or that its edges are not perfectly straight.
Aristotle’s realism with regard to solids is the answer to someone who argues
that there are no geometrical objects that perfectly satisfy the geometers’

definitions. Certain questions arise, however, when one focuses on the

227 A point also made in [Mignucci (1987), p.183].
228 For this understanding of the role of intelligible matter see also [Lear (1982), p.182].
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metaphysical status of limit entities that bound or lie within a body. We have
already discussed White’s account according to which limit entities within a
continuous body enjoy some kind of potential existence, as loci where the
body/stretch of magnitude could be divided.22° White, however, distinguishes
between the aforementioned limit entities, and those that bound a continuous
body. What can be said about the latter? Do they enjoy actual or potential

existence? Michael J. White thinks the former:

On the other hand, the Aristotelian conception would seem to commit us to the actual (as
opposed to the merely potential) existence of some limit entities, e.g. the surface of a body,
the terminus of a line inscribed in a wax tablet. There is no indication that Aristotle
conceives of such entities as somehow spatially indeterminate or extended: they are true
limits in the sense that they possess zero measure (are not extended) in at least one
dimension; but there is an obvious sense in which they are ‘objectively out there’, a real
feature of the physical world. Aristotelian entities of this sort are assumable, I believe, to
what Avrum Stroll, in a recent book on surfaces calls the ‘DS’ conception of surfaces. DS
surfaces are geometrical or ‘abstractions’ in the sense that they possess zero measure or
are unextended in-at least-one dimension. In other words, they are not corporeal in so far
as ‘corporeality’ connotes possession of three dimensions. Yet DS surfaces are regarded as
belonging to (and indeed as circumscribing and hence helping to define) the bodies or
continuous stretches of magnitudes that they demarcate. [White (1992), pp.204-205; italics

mine]

[ am not sure that White succeds in illuminating his position by invoking Avrum

Stroll’s account. The key passage from Stroll’s book is the following:

The intuitive idea is that one wishes to say that a marble has a surface or that a lake has a
surface and yet that this surface is not a physical part of the marble or the lake. We arrive
at such a conception by a process that consists of the progressive thinning out of a
physical surface until we are left with a kind of logical limit or conceptual limit to the
object. But it is still the object’s surface that we are speaking about, not an interface that

doesn’t belong to the object. [Stroll (1988), pp.46-47; italics mine]

229 See, e.g., [White (1992), p.204].
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Stroll’s ‘DS’230 conception of surfaces is an attempt for reconciling a purely
geometric conception (two-dimensional surfaces) with physical reality: he
provides us with an account of how we can get from three-dimensional bodies
found in nature to geometric skins, or limit entities. It seems that Stroll’s
conception of surfaces is consistent with the commonsensical claim that surfaces
are ‘parts of’, or ‘belong to’ the things of which they are surfaces of. In the above
passage, Stroll seems to allude to a Whiteheadian solution of the problem, by
invoking the idea of ever thinner layers of a physical object ‘until we are left with
a kind of logical limit or conceptual limit to the object’.231 A detailed exposition of
the method-termed ‘extensive abstraction’ by Whitehead-is provided in the
latter’s ‘La théorie relationniste de I'espace’, an essay that includes an application
of extensive abstraction to three-dimensional physical objects at various
distances from one another.23? The general idea is to identify points, lines, and
planes in a continuum with ‘abstractive sets’, sets containing infinitely many
converging, nested, extended entities. Consider for example a cone-shaped

physical object. Then, in Whiteheadian fashion, its tip is

... identifiable for all practical or theoretical purposes with an abstractive set of extended
parts of the cone which form an infinite nested series honing in on the place where the

cone ends - and likewise for every other inner or outer boundary of a part of the cone, or of

230 Where ‘DS’ according to Stroll stands ‘for the conception that holds that surfaces belong to
their corresponding bodies’. See [Stroll (1988), pp.50-51]

231 jbid.

232 For a succinct exposition of Whitehead’s method and its place within the history of topology
consult [Zimmerman (1996)]. In this article, W.D. Zimmerman notes that Whitehead's method
was ‘very well-received, quickly adopted by the likes of Bertrand Russell, Jean Nicod, and Alfred
Tarski’ [Zimmerman (1966), p.162]. Interestingly enough, Zimmerman cites a passage from
[Tarski (1956)] where Tarski seems to suggest that Lesniewski had at least been thinking of
something along the lines of Whitehead's method independently: ‘Some years ago Lesniewski

suggested the problem of establishing the foundations of a geometry of solids, understanding by

this term a system of geometry destitute of such geometrical figures as points, lines, and surfaces,

and admitting as figures only solids...” (In [Tarski (1956), p.24], included in [Zimmerman (1996,

p.174], underlining mine).
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any other extended body. [Zimmerman (1996), p.162]>*

In such a Whiteheadian account, however, the abstractive set is an unending

sequence of solids. As Laguna explains, ‘there can not be a smallest solid of the

set; because, if there were, any such solid which it contained would be contained
by all the solids of the set.”234 Thus, I think White is mistaken in explaining the
actual existence of the limit entities that bound or demarcate a physical object-
such as the tip of the cone-by invoking Stroll’s (or rather Whitehead’s account).
On Stroll’s (or better Whitehead’s) account it seems that those limit entities

enjoy the kind of potentiality that Aristotle attributes to infinity and the void,?3>

233 The example can be found in [Zimmerman (1996), p.162]. According to Jean Nicod an
abstractive class is ‘defined by a class of volumes such that any one of two of its members is
either included in the other or includes it, and no volume is included in all its members.” [Nicod
(1930), p.40]. As Nicod cautions, however, ‘these conditions are not sufficient to guarantee that
all volumes of an abstractive class would have only one point in common. They might have as
their common nucleus not a volume but a line or a surface. Thus an abstractive class formed from
discs of a constant diameter and diminishing thickness converges to a circle; an abstractive class
generated by a series of cylinders of constant height and decreasing diameter would reduced it to
a line segment (the altitude).’ In [Nicod (1930), pp-40-41].

234 [n [Laguna (1922), p.453]. Laguna provides a much clearer exposition of Whitehead’s method
of extensive abstraction in [Laguna (1922)].

235 [t seems that an account of the metaphysical status of limit entities bounding a physical body
or a continuous stretch of magnitude can be reformulated as an account of limit entities within a
magnitude, if we take into consideration two things: 1) the fact that for Aristotle the world is a
massive continuous magnitude and 2) Aristotle’s notion of potentiality pertaining to the infinite
and the void. In fact, even though White attributes actual being to lower-dimensional entities
bounding a body, he-somewhat surprisingly-offers an account of such entities that can better be
understood along the lines of my interpretation, namely as entities enjoying potential, being
within a continuous stretch of magnitude: ‘Consider a three-dimensional body 4, surrounded by
its spatial environment B. We consider a three-dimensional region i of spatial extension that
clearly contains some of A and some of B and increasingly small regions i’ nested in i. According
to the doctrine of geometrical realism advanced by Aristotle, there can be constructed a
monotonic non-increasing sequence of such regions which converges to a two-dimensional limit
entity, i.e. the (geometrical) surface of A or interface between A and its surrounding spatial
environment.” In [White (1992), p.287]. If, however, White is alluding to Stroll’s conception of
surfaces, then there cannot be a smallest region such that it is identical to the interface between

A and its surroundings. At the very best, this two-dimensional entity enjoys the potentiality
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that is, they can progressively come close to being actualised, beyond any given

limit.

This account can also make sense of the claim in Meta. M.2. that lower-
dimensional entities ought not to be understood as (the actual) form or shape of

bodies:

Again, body is a sort of substance; for it already has in a sense completeness. But how can
lines be substances? Neither as a form or shape, as the soul perhaps is, nor as matter, like
body; for we have no experience of anything that can be put together out of lines or planes
or points, while if these had been a sort of material substance, we should have observed

things which could be put together out of them. [Meta. M.2, 1077a31-36; Ross’ trans.]

A similar account can be provided for the metaphysical status of limit entities
within a body: one can, for example, begin from the notion of a sphere and
replace the notion of an actually existing point in the centre of that sphere with a

sequence of enclosed spheres that gradually converge to that point.

If we are to consider the M.3 passage as Aristotle’s final word on the mode of
existence of mathematicals, then his curious example about the geometer
studying a man qua solid, points towards a conception of geometry that is based
on the commonsensical and readily available notion of the solid. Such a
geometry, combined with the claim that Aristotle attributes some kind of
potential (in terms of potentiality;) existence to the limit entities bounding and
within a physical body, combined with ‘his intuitive sense of a limit’23¢ has a
closer affinity to modern Whiteheadian or Tarskian geometries than it has to
Euclidean ones. In a sense, this peculiar kind of potentiality ascribed to lower-
dimensional entities has not so much eliminated them but analysed them in
terms of more fundamental geometrical entities, namely (sets of ) solids. The fact
that no human possesses any of the many determinate solid shapes need not be a
problem for the modern geometer with Aristotelian inspirations. Theodore de

Laguna developed such a geometry, beginning with ‘solid’ and the relation ‘can

Aristotle ascribes to the infinite and the void: it can become as ‘thin’ as possible without ever

becoming an actually existing surface.

236 See discussion in section [2.7.3].
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connect’ as the fundamental notions and utilising (a modified form of)
Whitehead’s method of ‘extensive abstraction’ to give an account of points in
terms of an unending sequence of solids. The key idea that lies in utilising
Aristotle’s notion of potentiality, with respect to lower-dimensional geometrical
objects is that the geometrical formulas about them are descriptive not of
actually existing 2-dimensional, 1-dimensional, or 0-dimensional entities, but of
sets or sequences of 3-dimensional objects that converge to the aforementioned

entities asymptotically.

[2.7.6] Further suggestions

Although the above interpretation of Aristotelian limit entities was described as
a Whiteheadian one, it has roots that go back at least to the scholastic tradition
and the discussions regarding the problem of contact between a sphere and a
plane (which in turn is based on Aristotle’s comment that a bronze sphere
touches a line at a point in De Anima 1.1, 403al10-16). The complicated
discussions that arose around this problem took either a straightforwardly
realist stance towards limit entities (because they were deemed necessary to
explain contact) or a more anti-realist approach (based on Ockham’s account of
contact). If one were to save White’s interpretation of limit entities as entities
that actually determine and help to define more complex ones, then one should
look perhaps to the positions of Francisco Suarez and Franz Brentano who rely
extensively on Aristotle’s ‘constructivist conception of point’ in Meta. B.5. As

Zimmerman notes, they both advocate the following:

(i) Extended objects have indivisible parts, (ii) every extended object (including each of
the infinitely many proper parts of a solid body) is surrounded by a ‘skin’ of point-sized
parts which constitutes its two-dimensional surface, (iii) distinct extended objects touch
when two such indivisible boundaries coincide, and (iv) the three-dimensionally extended
parts of a thing are not made up out of indivisibles alone but also contain some ‘atomless

gunk’, a substance all of whose parts have proper parts.” [Zimmerman (1996), p.158]

According to this reading, continuous stretches of magnitudes are surrounded by
determinate lower-dimensional entities which enjoy actual existence: a three-

dimensional sphere, for example, is surrounded by an actually existing two-
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dimensional surface, an one-dimensional line by two actually exisitng zero-
dimensional points, and so on. This interpretation has to accommodate,
however, Aristotle’s claim in Meta M.2 that mathematicals cannot actually exist
as forms or shapes of substances: is that Brentanian view compatible with
Aristotle’s claim that lower-dimensional entities cannot exist in the sensibles?
For, I understand that the claim that every body is surrounded by an actual two-
dimensional surface is equivalent to the claim that this surface is in the body as
some sort of an actual constituent of it (that is, in the first sense of ‘in-ness’ in
Physics A.3, 210a14-24, where ‘in-ness’ is understood as parthood).237 But even if
one does accommodate this clain one has to provide the reader with a
satisfactory analysis of Aristotle’s notion of contact.23 According to my-
Ockhamist if you like-preferences, contact does not require the actual existence
of limit entities. I cannot argue for this claim here but I can point to a tradition of
followers of Ockham such as Adam Wodeham and John Buridan, both of whom
relied on methods of proportional division ad infinitum to explain how the parts

of divisible bodies can be said to touch each other.23°

Moreover, one can argue that the interpretation I am advancing was

conceptually available to Aristotle not only because it makes heavy use of his

237 See, for example Chisholm’s understanding of Brentanian boundaries in [Chisholm (1983),
pp.90-91].
238] find the contemporary attempts to explain Aristotle’s understanding of contact extremely
disappointing, not least because they do not take into account the vast scholastic tradition on the
matter. For a contemporary contribution that is based on Bolzano’s ‘monstrous neighbors’ but is
nevertheless adequate enough as an introduction to the problem of contact in Aristotle, consult
[Bartha (2001)].
239 Cf. the following passage from Wodeham:
For example, <a sphere would touch a plane> by means of its <lower> half, constructed traversely;
and by means of a half of that same <half> constructed in parallel - <that is>, the lower half
similarly reaching the plane, and so on ad infinitum, as can be proven by argument and also using
the examples introduced above here. [Wodeham: De indiv. 2.3.14; Wood’s trans. |
For a helpful discussion on the Ockhamist tradition on contact consult [Zupko (1993)], where the

above and other passages are discussed extensively.
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notion of potential infinity?40 but also because Aristotle was acquainted with
Eudoxus’ astronomical model of concentic spheres. According to Eudoxus the
complex, apparent paths of the various celestial bodies are the result of the
circular motions of a certain number of concentric spheres: the spheres are of
different size, one inside another, they move about a diameter as axis in different
though uniform speeds with the earth at rest at the common centre of those
spheres. Aristotle transformed this purely geometrical theory into a more
mechanical one, by arguing that the spheres need to be in contact with one
another so that they would consitute a continuous system of spheres.?4! As a
concluding remark, there is a suggestion by Sambursky according to which
Aristotle’s account of the potential existence of limit entities bounding a
continuous stretch of magnitude might have been picked up by the Stoics, in

their attempt to remove limit entities from reality.242

240 Which, as White points out, was merely a layman’s guide to Eudoxus’ method of exhuastion.
[White (1992), p.144]

241 For a detailed discussion of the theory of concentric spheres in Eudoxus and Aristotle one can
consult [Heath (2013)]. Aristotle describes the Eudoxean system of concetric spheres in Meta. A.8
1073b17-1074al14; a more detailed source of information is the commentaty of Simplicius on
Book II of De Caelo.

242 Aristotle’s conception of limit entities had a major influence on the Stoic conception of spatial
magnitude. Both Aristotle and the Stoics shared a view of spatial magnitude as something
infinitely divisible (see [White (1992)] for a detailed discussion, esp. ch.7). According to
Sambursky, the Stoics ‘discarded the conception of the discrete surface of a body, or generally a
distinct boundary of n-1 dimensions forming the surface of a figure of n dimensions (n=1,2,3),
and replaced it by an infinite sequence of boundaries defining the surfaces of inscribed and
circumscribed figures which converge from both sides to the figure in question and thus define it
as a dynamic entity.” In [Sambursky (1959), p.96]. White rightfully complains that Sambursky’s
replacing of the ‘distinct boundary’ of a body by an ‘infinite sequence of boundaries converging to
that boundary’ seems entirely Pickwickian; however, Sambursky’s account can be saved if
instead of sequence of boundaries we speak of sequences of three-dimensional parts that

converge to the boundary in question (a la Whitehead).
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Chapter 3: Aristotle on the metaphysical status of numbers: An
exploration

Number is the easiest of all things to remember. (Rhetoric I'.9, 1409b5-6)

[3.1] Introduction: A Fregean Aristotle?

It seems that in ordinary language, number-words function primarily as
adjectives.?43 We say that my desk has wooden legs, but equally well that it has
four legs. Frege acknowledges this as he sets out to introduce his own view of

number:

In language, numbers most commonly appear in adjectival form and attributive
construction in the same sort of way as the words hard or heavy or red, which have for
their meanings properties of external things. It is natural to ask whether we must think of

the individual numbers too as such properties, and whether, accordingly, the concept of

Number can be classed along with that, say, of colour. [Foundations, §21, p.27]**

If number-words play an adjectival role in ascriptions of number, it is quite
natural to follow Frege in asking the following question: Should we think of
numbers as properties of things??4> The adjectival function of number-words
encourages a view of number-words as first-level predicates, and hence as
standing for properties of things. However, this account of number has been
neglected (at best) in view of the supposedly decisive arguments against it
formulated by Frege in the Foundations of Arithmetic. Most of Frege’s arguments
are designed to show that attributions of number cannot have the same logical
form as, for example, the attributions of colour. The following passage from the

Foundations encapsulates Frege’s position:

243 | say ‘primarily’ because number-words occur in two forms: 1) as adjectives, as in ascriptions
of numbers (sentences that begin with ‘There are’ followed by a number-adjective, e.g. ‘There are
four books on my desk’), and 2) as nouns, as in most number-theoretic propositions (e.g.
2+2=4").

244 The failure to distinguish between use and mention appears in the original. All excerpts are
from Austin’s translation of Frege’s Die Grundlagen der Arithmetik.

245 Notice that Frege speaks of ‘external’ (=perceptible?) things.
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[TThe content of a statement of number is an assertion about a concept. This is perhaps

clearest with the number 0. If I say ‘Venus has 0 moons’, there simply does not exist any
moon or agglomeration of moons for anything to be asserted of; but what happens is that a
property is assigned to the concept ‘moon of Venus’, namely that of including nothing

under it. If I say ‘the King’s carriage is drawn by four horses’, then I assign the number

four to the concept ‘horse that draws the King’s carriage’. [Foundations, §46, p.59;

underlining mine]

The Fregean rejection of numbers as first-order properties of things is taken for
granted without much justification by two of the foremost commentators of
Aristotle’s philosophy of number, Mignucci and Lear.?#¢ Mignucci in particular,
who is responsible for the most detailed account of Aristotle’s philosophy of
number to be found in the scholarship, is clearly inspired by Fregean-style

arguments in his analysis when he writes:

Even if one limits oneself to natural numbers — as Aristotle does — it is difficult, since

Frege’s Foundations of Arithmetic to think, that numbers are affections of objects. What is

the object to which 12 applies? Of course, we can say that the Apostles were wise and that
the Apostles were 12. But it is only a likeness of surface grammar®*’ that could lead one to
think that 12 is a predicate of the Apostles in the same way as wise is. From the fact that
the Apostles were wise we can infer that John was wise if we know that John was an
Apostle. The parallel inference of John was 12 from the Apostles were 12 is nonsense.
Shall we dismiss Aristotle’s view without further ado? [Mignucci (1987), p.188;

underlining mine]

Mignucci’s interpretation can be summarised as follows: numbers for Aristotle

are not first-level, but second-level concepts,?48 since they are supposed to be

246 In [Lear (1982)] and [Mignucci (1987)]. Lear writes: ‘The main obstacle from giving a
successful account of arithmetic is that number is not a property of an object.” He immediately
points to Frege’s Foundations of Arithmetic in an attempt to substantiate his claim. See [Lear
(1982), p.183].

247 Mr Denyer has pointed out to me that the expression ‘the Apostles are twelve’ is not idiomatic
English. So there might be no likeness of surface grammar after all!

248 The term ‘concept’ is a convenient term that covers both properties and relations.
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involved in expressing a property of a sortal concept,?4? the property of having so
many instances. What goes on when we ascribe a number to something - as
when, for example, we say ‘the Apostles are 12’7 According to Mignucci’s Fregean
analysis, this is an assertion of second-level, ascribing a property to a first-level
concept. The subject of the assertion is the concept is an Apostle, and the
predicate is, in effect, is a concept with 12 instances. In what follows, I would
proceed to unearth the Fregean presuppositions that guide Mignucci’s analysis
and try to show two things: first, that not all Fregean arguments against numbers
as first-order predicates are sound, and, second, that there are serious textual as
well as contextual reasons against the view that Aristotle held a Fregean account

of number.

249 In speaking about sortals I follow P.F. Strawson; in his work Individuals: An Essay in
Descriptive Metaphysics, Strawson espouses a view of sortals as universals: ‘A sortal universal
supplies a principle for distinguishing and counting individual particulars which it collects.” In

[Strawson (1964), p.168]. Some familiar examples of sortals: horse, apple and man.
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[3.2] Frege’s arguments against numbers as properties of perceptibles

[3.2.1] A first argument

In the first of these passages, Frege argues against the classification of numbers
alongside colours as attributes of perceptible things,250 because numerical

predication is different from colour predication:

Is it not in a totally different sense that we speak of a tree as having 1000 leaves and again
as having green leaves? The green colour we ascribe to each leaf, but not the number
1000. If we call all the leaves of a tree taken together its foliage, then the foliage too is
green, but it is not 1000. To what then does the property 1000 belong? It almost looks as
though it belongs neither to any single one of the leaves, nor to the totality of them all; is it
possible that it does not really belong to things in the external world at all? [Foundations,

§22, p.28]

To understand this argument it is important to distinguish between two kinds of
predicates, distributive ones and collective ones. A predicate like ‘...is green’ is
distributive in that it holds of some objects only if it holds individually for each
one of them. In a sentence like ‘The leaves are green’, the predicate ‘green’
applies distributively, that is, any leave is green. Non-distributive or collective
predicates, on the other hand, are possessed by two or more objects together,
but by none of them individually: e.g. Russell and Whitehead wrote Principia
Mathematica (together); Castor and Pollux were twins. Consider the sentence
‘The leaves of the tree are 1000’. Although we ascribe the green colour to each
single leaf this is not the case, according to Frege, with the number 1000. If
‘1000’ were a proper predicate, then it would function similarly to other
predicates, that is distributively. Since the predicate ‘1000’ displays quite
different behaviour from ordinary predicates, like colour ones, it cannot be a

predicate of ‘things in the external world’, Frege tells us. As many scholars have

250 We also count non-perceptible things such as ideas and unicorns.



136

observed,?5! ‘Frege's error here is that he glosses over the familiar distinction
between distributive and collective predicates. But why is it a mistake if one
takes number-terms to function as collective predicates? And we can push this
question a bit further: Is it true that there can be no account whatsoever of
numerical predicates which analyses them as ordinary (level-1) collective
predicates, that is as being true of objects? If there is such an account, then Frege
is not justified in asserting that numerical predicates cannot be of level-1, and
that the sentence ‘The leaves of the tree are 1000’ must be analysed as a level-2
predication, that is, as asserting of the concept “...is a leaf of the tree’ that it has
1000 instances.?>2 As we shall see, such an account is provided by Socrates in the

Hippias Major.

251 For a more detailed discussion one can consult the following works: [Lambros (1976), pp.381-
383], [Oliver&Smiley (2013), pp.71-72], [Ganeri (1996), pp.114-115].

252 As, for example, Jonardon Ganeri remarks in [Ganeri (1996), p.115]. According to a certain
reading of Frege’s semantics of plural terms advanced by Dummett, the latter function
predicatively. Thus, Dummett says: ‘A plural noun phrase, even when preceded by the definite
article, cannot be functioning analogously to a singular term. There are, of course, complex
objects; but their continued existence depends on the maintenance of some relation between
their components [...] But a plural subject of predication or ascription cannot stand for any such
composite object, both because it presupposes no relation between the objects alluded to, and
because it determines which those objects are, in a way in which no composite object is uniquely
articulable into components. There is no such thing as a 'plurality’, which is the misbegotten
invention of a faulty logic: it is only as referring to a concept that a plural phrase can be
understood, because only a concept-word admits a plural. But to say that it refers to a concept is
to say that, under a correct analysis, the phrase is seen to figure predicatively. Thus 'All whales
are mammals', correctly analysed, has the form 'If anything is a whale, it is a mammal’, and 'The
Kaiser's carriage is drawn by four horses' the form 'There are four objects each of which is a
horse that draws the Kaiser's carriage'.” In [Dummett (1991), p.93; his italics]. But there is some
tension in Frege’s semantics of plural terms that has been brought into light in a paper by Alex
Oliver. Oliver-while discussing Dummett’s analysis of Frege’s semantics of plural terms-brings to
our attention Fregean passages like the following: 'on the other hand, the phrase "the Romans" in
the sentence "the Romans conquered Gaul" is to be regarded as a proper name, for here we are
not saying of each Roman that he has conquered Gaul; we are speaking of the Roman people,
which is to be regarded logically as an object' [Oliver (1994), pp.75-76]. It seems that in passages
like the above Frege’s thesis is that when a plural description is combined with a collective
predicate like ‘conquered Gaul’ the description is a proper name standing for a whole! [op.cit.,

p.76]. Thus, applied to the above example, the phrase ‘the leaves of the tree’ is a proper name
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[3.2.2] A second argument

Another well known argument of Frege is the following:

If I give someone a stone with the words: Find the weight of this, I have given him
precisely the object he is to investigate. But if I place a pile of playing cards in his hands
with the words: Find the number of these, this does not tell him whether I wish to know
the number of cards, or of complete packs of cards, or even say of honour cards at skat. To
have given him the pile in his hands is not yet to have given him completely the object he
is to investigate; I must add some further word - cards, or packs, or honours. Nor can we
say that in this case the number words exist in the same thing side by side, as different
colours do. I can point to the patch of each individual colour without saying a word, but I
cannot in the same way point to the individual members. If I can call the same object red
and green with equal right, it is a sure sign that the object named is not what really has the
green colour; for that we must first get a surface which is green only. Similarly, an object
to which I can ascribe different numbers with equal right is not what really has a number.

[Foundations, §22, pp.28-29]

Frege’s argument seems to be the following: from the fact that an ascription of
number ‘involves’ a concept, it follows that an ascription of number is ‘about’ a
concept - or in other words, the concept itself is the subject of numerical
predication. Is Frege right? It seems that Frege’s conclusion, namely that the
bearers of numerical properties cannot be objects, does not follow. I do not
disagree that we often have to supply a concept to clarify which entities we are
counting; in many cases using a bare demonstrative will not suffice. Thus, Kris

McDaniel offers a first response to Frege’'s argument above:

If I hand you some cards and merely ask you, ‘how many of them are there?’, you will
probably say ‘fifty-four’ since the natural interpretation of ‘them’ is one in which ‘them’
refers to the cards. But if I tell you then that the answer is not ‘fifty-four’ you will struggle

to answer correctly unless I clue you in on what the ‘them’ referred to in the context of my

standing for a whole when it is combined with the numerical collective predicate ‘...is 1000’; on a
certain reading then, Frege’s thesis is dangerously close to that of Mill, who asserts that numbers
are properties of complex wholes. [op.cit., p.77]. | say more on Mill's view of number later in this

chapter.
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utterance. (Perhaps ‘them’ referred in that context to the suits, in which case the correct

answer was ‘four’.) [McDaniel (2013), p.218]

Kris McDaniel quickly points out that the case is similar with colours. If I ask you
‘What colour is this?’, you will not be in a position to answer my question unless
you know which object I am pointing at. I can give you a hint by telling you that
‘this’ referred’ to my sweater. Shall we infer from this that colours should be

attributed not to sweaters but to concepts of sweaters?253

253See [McDaniel (2013), p.219].
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[3.3] A Fregean reading of Phys. A.12, 220b10-12

Let us consider the following passage from the Physics:

The number of a hundred horses and that of a hundred men is one and the same, but the
things of which it is the number are different-the horses are different from the men.*

[Phys. A.12,220b10-12; Hussey’s trans.]

What goes on when we ascribe a number to something - as when, for example,
we say ‘there are 100 horses in the field’? As we have already seen, according to
Mignucci’s Fregean analysis, this is an assertion of second-level, ascribing a
property to a first-level concept. The subject of the assertion is the concept a

horse in the field, and the predicate is, is a concept with 100 instances:

If a Fregean terminology were allowed, Aristotle’s view could be clarified by saying that
mathematical numbers are not first-level, but second-level concepts, since they are
supposed to be involved in expressing a property of a sortal concept. If ‘a hundred horses’
means that the concept horse has a hundred instances, the mathematical number 100

contributes essentially to express such a property. [Mignucci (1987), p.198]

To properly understand Mignucci’'s interpretation of the passage, the reader
needs to follow closely Frege’s arguments such as the ones discussed previously
in this chapter. Mignucci perhaps wishes to say something along these lines: no
individual horse (an entity of level-0) can be said to be 100; each horse is a single
thing. Or he might be opting for the stronger claim, that there cannot be any
entity of level-0 to which the numerical property 100 can plausibly be
ascribed.?55 Since there are no suitable bearers of numerical properties at level-
0, Mignucci insists that we have to go a level up in the type hierarchy. In this he
follows Frege; for the latter-as Bell comments-offers either i) a single entity of

level-0, or ii) a single entity of level-1 (a concept) as the only possible bearer of a

242011 88 6 apOpdc €lg pev Kal O avTdC 6 TOV Ekotdv eV kal 6 TdV £katdv avopdnev, dv 8
ap1Buoe, €1epa, ol inmol TdV AvOpmOT®V.

255 That Mignucci seems to opt for the stronger claim can be seen later in his article, when he
argues against the Millian view of numbers as properties of complex objects (or aggregates). See

section 3.8.1 in this chapter.
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number property, and by ‘suggesting that because there cannot be any
appropriate candidates of the first sort, an ascription of number must be an

assertion about an item of the second kind - a concept’.256

256 [n [Bell (1990), p.66].
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[3.4] Two senses of number

Passages that shed some light on the metaphysical status of numbers in Aristotle
are rare; some of the most important of them are to be found in his account of

time. There, Aristotle constantly emphasises that number is said in two ways:

Hence time is a kind of number. But number is so called in two ways: we call number both
that which is counted and countable, and that by which we count. Time is that which is

counted and not that by which we count.”’ [Phys. A.11, 219b5-8; Hussey’s trans.]

The distinction is also made in the following passage:

Time is not the number by which we count but the number which is counted, and this
number turns out to be always different before and after, because the nows are different.

The number of a hundred horses and that of a hundred men is one and the same, but the

things of which it is the number are different-the horses are different from the men.”®

[Phys. A.12,220b8-12; Hussey’s trans., italics mine]

Let us try to explicate these two senses of number:

[3.4.1] A first sense of number

The first sense of number is number as ‘that which is counted and countable’
(t0 ap1Bpovuevov kai to apBunTov), i.e. number as a plurality of units. This is the
standard sense of number as employed by the mathematicians of the time.25°
Across the Aristotelian corpus, we find various definitions of number all of which
come to the same thing: number is ‘a plurality of indivisibles’ (mAfj00g ddwapétv,

Meta. M.9, 1085b22), or ‘a plurality of units’ (nAf|0og povadwv, Meta. 1.1,

27 gnel 8 apOpoc £ott dyydc (ko yap o aptOpodHEVOV Kai TO dptOunTdV dptOpdv Aéyopey, kol § dpto

HoDLEV), 6 81) gpdvoc Eotiv TO ApOpoVuUEVOY Kai 0vY @ GplOpoDpEY.

2385 8¢ ypovoc aptBROC EoTy ody @ dpdpodpey GAL’ 6 dpdpovpevoc, 0dTog 8¢ cupPaivel TpdTepov Kol
Botepov el Etepog ToL yap vV Etepa. EoTt 8 6 AplOUOC gl PEV Kai 6 adTOC O TOV EKOTOV IOV Kol 6
TV Ekatov AvOpdTmV, MV & apdudc, Etepa, ol tnmot TdV AvlpdrV.

259 For a detailed list of pre-Euclidean passages regarding the concept of arithmos consult

[Pritchard (1995), pp.27-30].
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1053a30).260 The origins of these definitions are to be found perhaps in the
wider Pythagorean tradition, where units are represented by pebbles and each
number has some characteristic shape (e.g. triangular, square, etc.). Neo-
Pythagoreans, such as lamblichus and Nicomachus, define number variously as a
‘compound of units’ or as a ‘definite plurality’. Nicomachus, specifically,
combines several definitions into one when he says that ‘number is a definite
plurality or a compound of units or a flow of quantity composed of units’
(ApOpog €ott mA00C OPIGUEVOV 1| LOVAS®Y GVGTNUO T TOCOTNTOG YOO €K LOVAS®V
ovykeipevov, Introd. Arithm. Book 1, ch.7, 1.1-2). Commenting on this, [amblichus
ascribes to Thales the description of number as a ‘compound of units’ (povédwv
ovotua), who ‘follows the Egyptian view’ (xoatd 10 Aiyvrtiaxov dpéokov). He
ascribes to ‘Eudoxus the Pythagorean’ the definition ‘definite multitude’(m\fj6oc
opopévov). 261 As for the expression ‘flow of quantity composed of units’,
Pritchard notes that the first part is rather opaque, while the last three words are
taken from the Euclidean definition of number: ApiOuog 6¢ 10 €k povadwv

ovykeipevov mAn0og (Elements, Book VII, def. 2).262

260 What is for something to be indivisible? What is for something to be a unit? Aristotle’s report
of a certain Pythagorean (according to Proclus’ comm. on the First Book of Euclid’s Elements:
95.21-22) definition of the unit is not really helpful; for the latter essentially depends on the
notion of the point and its negative character does not really help us to grasp what is to be a unit:
‘that which is indivisible with respect to quantity in all dimensions and has no position is called
‘unit” (10 p&v ovv katé TO TOcOV AdwipeTov, TO pEv TAvTY Kol d0etov Aéystan povac, Meta. A.6,
1016b24-25); ‘a unit is a position-less substance’ (novag ovoio d0etoc, An. Post. A.27, 87a36; also
An. Post. A.32, 88a33-34); ‘a unit is a point without position’ (1 yap povog otiyun é0etog €otwy,
Meta. M.8, 1084b26-27). In some cases Aristotle considers the term ‘indivisible’ in the sense of
‘cannot be divided’ to be equivalent to ‘one’: “The one and the many are opposed in several ways,
of which one is the opposition of the one and plurality as indivisible and divisible; for that which
is either divided or divisible is called a plurality, and that which is indivisible or not divided is
called one.’ (Avtikettar & 1O &v kol T TOAAL KaTd TAEOVS TPOTOVC, AV Eva T &V Kol TO TAFB0G (O
adtaipeTov Kol SapeTOV- TO pEV yap 1 dmpnuévov §| dropetov TAR00g TL Adyetar, 10 6¢ ddiaipeTov 1
un dmpnuévov &v, Meta. 1.3, 1054a20-23, cf. 1.6, 1057a12-17). Recall also the discussion in
Republic Book VII where Plato argues that the ‘ones’ and the ‘numbers’ grasped by the senses are
not truly ones and numbers, since ‘we do see the same thing as one and as an unlimited number
at the same time’ (525a4-5).

261 In Nicom. arithm. introduc., p.10, In.8-10 and In.17-20, respectively.

262 In [Pritchard (1995), pp.25-26].
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[3.4.2] An Aristotelian response to Frege

Consider the following passage from Metaphysics N.1 passage 1087b33-
1088a14:

The measure must always be some one and the same thing applying to all cases; for
example, if there are horses the measure is horse, if men it is man. If there are a man, a
horse, and a god, the measure will perhaps be living thing, and their number will be a
number of living things. If there are a man, white, and walking, they will hardly have a
number, because they all belong to the same thing which is numerically one. Still, they
will have a number of categories or some such term.”® [Meta. N.1, 1088a8-1088al4;

Annas’ trans.]

The pluralities that Aristotle mentions in this passage can be classified into the
following three categories: a) Pluralities that are composed of members of the
same kind, i.e. horses, men (1088a9); b) Pluralities composed of members of
different kinds but of the same genus, i.e. a man, a horse, and a god (1088a10); c)
Pluralities composed of members of different Aristotelian categories, i.e. a man,
white, walking (1088a11-12). If for cases a) and b) Aristotle accepts that we can
count them without particular effort, case c) is more problematic. Aristotle is
circumspect: ‘If there are a man, white, and walking, they will hardly have a
number, because they all belong to the same thing which is numerically one; still
they will have a number of categories or some such term’ (1088al11-14).
Aristotle in effects tells us that were one to ask ‘what is the number of them’ the
most natural response would be ‘three categories’ because the ‘them’ refers to
the categories or to something similar. What the above passage makes clear, is
that counting presupposes agreement upon some unit concept. This, however,
does not necessarily mean that number is predicated of the concept (a la Frege).
Certain pluralities of the passage (such as the plurality whose members are a

man, a horse, and a god) can be specified either by listing their members one by

2 LS S IR S G e ~ o ¥ P o o [

63 361 8¢ del 10 adTd TL Vnhpye mioL TO péTpov, olov &i inmor, O péTpov inmoc, ko i GvOpwmot,
GvOpomog. €l 6’ avOpwmog kol inmog kol 0edg, {Dov iomg, kal 6 apOuOg avtdv Eotor {Pa. &l &’
GvOpwmog kol Agvkov kol Padifov, fikioto pEV ApOROg TOVTOV 610 TO TAVTH TAVTO VTAPYEWV Kol EVi

Kot apOpov, Suwg 6& yevdv Eotal 0 AptOpog 6 ToVTOV, 1§ TIVOG BAANG TO10VTNG TPOGYOPiaG.
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one or by identifying them as instances of a certain concept (the concept ‘living
thing’). Aristotle with his notion of measure explicates the sense of number as
that which is countable, i.e. a plurality of objects of a certain kind. The members
of this plurality are also in a trivial sense indivisible (in the sense of undivided).
What is one man is not also divisible into many men, what is one horse, is not

also divisible into many horses:264

Reasonable, too, it is that while in number there is a limit at the minimum, but in the
direction of ‘more’ number always exceeds any multitude...The reason for this is that one
is indivisible, whatever may be one (e.g. a man is one man and not many), but number is a
plurality of ones, a certain ‘many’ of them. So there must be a halt at the indivisible.

[Phys. T.7,207b1-8; Hussey’s trans. |

[3.4.3] Aristotle’s criticisms of Platonic Form numbers in Meta. M.6-8

This is not however the only sense of number that we find in Aristotle. Mignucci
invites us to consider the following difficulty that stems from the view that
numbers are certain collections of objects: If numbers have to be identified with
collections of objects (3, say, with a collection of three men), then collections of
objects which differ simply because they have different members must be

different numbers:

Not only do three men differ from four cats, they also differ from three dogs, as everyone
will admit. But if three men is a number, say 3, then three dogs is a different number 3; it
is a different number, i.e. a different 3. According to this view there can be as many 3s as
there are possible collections of these objects. 1t is not difficult to recognise that Aristotle

could be charged with such a criticism. [Mignucci (1987), p.196; italics mine]

[s Mignucci right? Could Aristotle be charged with such a criticism? Or is this an
objection that Aristotle raises against a certain view of numbers? And if so why is
this view problematic? To answer these questions, let us turn our attention to

the constitutive units of the numbers. One might, perhaps, claim that the units of

264 See also [Wedberg (1955), pp.72-74]. We leave aside here problematic cases such as the
raindrops: raindrops can coalesce, resulting in claims such as 1 + 1 = 1. I owe this remark to Mr

Denyer.
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the number 3 (the three men), cannot be added to the units of the 3* (the three
dogs), given that they differ in kind. Or, if number 3 is to be identified arbitrarily
with a collection of three men, say, and number 4 with a collection of four cats,
say, then we cannot claim that 3 is part of 4. Thus, numbers in this sense fail to
account for (at least some of) the operations and relations of arithmetic.265
Mignucci, however, does not provide much justification for the claims he makes
here; in order to address them properly we need to turn our attention to
Metaphysics M.6-8 and Aristotle’s discussion of the various Academic theories of

number there.

Much of Aristotle’s argumentation in Metaphysics M.6-8 seems to be centered
around the fact that Platonic Form numbers cannot account for some of the more
mundane operations of arithmetic. In those passages Aristotle assumes from
beginning to end that Platonic Form numbers are collections of units, the
Platonic number Four, for example, is a collection of four units. There seems to
be quite a disagreement among scholars about whether Plato held a different
conception of Form numbers, a conception which was not fully understood by

his followers in the Academy, and which was therefore wrongly criticised by

265 Mignucci’s objections remind me of Benacerraf’s ones against numbers conceived as sets. In
his paper ‘What Numbers Could Not Be’, Benacerraf argues that numbers cannot be sets. The
essence of his argument is that there are many different ways to represent numbers as sets, and
that we cannot give proper reasons for preferring one way over the others. Thus, Benacerraf: ‘If
numbers are sets, then they must be particular sets, for each set is some particular set. But if the
number 3 is really one set rather than another, it must be possible to give some cogent reason for
thinking so; for the position that this is an unknowable truth is hardly tenable.’ [Benacerraf
(1965),p.62]. Benacerraf concludes that numbers cannot be sets. Thus Mignucci seems to adopt
the following Benacerraf-inspired argument: 1)There are many different ways to represent 3 as
collections of objects, e.g. 3 as a collection of three men or 3 as a collection of 3 cats. 2)Either
none of these accounts is correct, or one of them is, or both are correct. 3)If both accounts are
collect the set of three men is identical to the set of three dogs, which is clearly wrong. Thus the
accounts cannot both be correct. 4)If one of them is correct, say 3 is three men, then why is it so?
We ought to give some proper reason to explain our choice. It seems, however, that our choice is
completely arbitrary. Thus, 5) none of the accounts is the correct one, so that numbers cannot be
collections of objects. (Following the exposition of Bencarraf's argument in [Wetzel (1989),

pp.273-274].)
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Aristotle. Scholars such as Cherniss and Taran rely primarily on an influential
article by Cook Wilson in order to reject the criticisms offered by Aristotle as
based largely on an incorrect interpretation of Platonic Form numbers,266
whereas others such as Burnyeat and Pritchard think that Aristotle has correctly
understood the Platonic theory of Form Numbers.267 But what is this different
conception? According to the ‘Cook Wilson camp’, Form numbers are not
collections of units but they are-just like other Platonic Forms-fundamentally
unique and part-less. As Taran puts it: ‘These numbers, however, are not
congeries of units, as Aristotle thinks they are, but merely the hypostatisation of
the universals which constitute the series of natural numbers.’268 [ will not
discuss the dispute in detail but, in the course of this essay, I will point to several
places in Plato’s dialogues that support both readings of Form numbers. What is
important for my essay is that Aristotle interprets Platonic Form numbers (Two,

Three, Four,...) as collections of two units, three units, four units, and so on.26°

Platonic Form numbers, according to Aristotle, enjoy substantial existence
(1080a15-16), they are ordered, and they differ in kind from one another
(1080a17-18).270 In the following lines (1080a18-30) Aristotle tells us that there
are the following possibilities for the units of which they are composed: (i) the
units are also different in kind so that the units are all incomparable with each
other; (ii) the units do not differ in kind and are all comparable with each other,
as is the case with the units of the mathematical number; (iii) each unit is
comparable with the other units within each number, but incomparable with the

units of the other numbers (for example, each unit in the triad is comparable

266 In [Wilson (1904)], [Taran (1978)], and [Cherniss (1944), pp.513-524].

267 In [Burnyeat (1987) pp.234-235] and [Pritchard(1995) pp.33-38].

268 Taran (1978), p.83. I am not entirely sure as to what Tardn means when he writes about ‘the
hypostatisation of the universals which constitute the series of natural numbers’; does he refer to
the natural number series: 1,2,3,...7

269 Given, however, that the Forms are self-predicable, then, for example, the Form of three would
have to be unqualifiedly three, which means it must consist of three units.

270 gimep €oTiv O APONHOG PUOIG TG Kal un GAAN Tic éoTv avToD 1 0VGIN AALG TODT 0VTO, domep oGt
TIVEC, TOL Elval TO P&V TPOTOV TL oTod 10 & €xduevov, Etepov dv 1 eidel Exootov. (Meta. M.6,

1080a15-18).
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with the other unit in the triad but not with any of the units in the pentad) . The
term cvuPAntog is usually translated ‘comparable’; according to Ross things are
comparable if and only if they are members of the same kind (he points to Phys.
248b8, 249a3, Top. 107b17, Meta. 1. 1055a6). Its negation, doOuPintog, is
equivalent in meaning with ‘specifically different’ (£tepov Ov ©® €idel) and
elsewhere cuoppintdc is taken as equivalent in meaning with ‘undifferentiated’
(ad1apopog, 1081a5-6).271 How are we supposed to understand mathematical
numbers which consist of ‘undifferentiated’ units (option (ii) above)? Perhaps
like this: we are given an (infinite) pool of ideal units, all of them are of the same
type, and each mathematical number is a collection of such units; since any two
units make a two there will be many two’s and the Form number Two will no
longer be unique; so on this option numbers cannot be Forms (1081a5-17).
Regarding option (i) above, it seems that there exist many (actually, infinitely
many) distinct units a,b,c,d,..., each unit unique in kind, and each number is a
collection of such units: take 2 to be (b,c) and 4 to be (d,e,f,g); one cannot then
argue that 2 is part of 4. Option (iii) above is introduced in the following

passage:272

271 Ross (1924), vol. 11, p.427.

272 Commentators have struggled connecting Aristotle’s classification of the units that constitute
each number in lines 1080a17-35 and his classification of number in 1080a35-37. To the best of
my knowledge Taran offers the best explanation of what is happening there; there seem to be the
following three kinds of numbers: (a) incomparable numbers with units all incomparable, (b)
mathematical numbers with units all comparable, and (c) incomparable numbers with the units
of each number comparable with each other but incomparable with those of other numbers.
What has then become of the view of the units that are all comparable with each other, as is the
case with the units of the mathematical number introduced in (ii) above? Aristotle seems to
argue as follows: if the units in each Form number are fully comparable with the units of another
Form number then those numbers are not one-per-type anymore but they become mathematical
numbers, i.e. collections of units which are many-per-type (cf. 1081a5-6: &i pév odv ndca
ovppAnTai kai adidpopor ai povadec, 6 podnuaticdg yiyveton apOpdg kai eig povoc) [Taran (1978),
p-87]. Aristotle tells us that no one has ever held view (a) (cf. Metaph. 1080b8-9 and 1081a35-
36), some have held view (b) (these are Speusippus and the Pythagoreans, cf. 1080bl4-21; the
difference being that the Pythagoreans endorse this view of number without further supposing
that it is separate from perceptible objects, but that perceptible objects are composed out of such

numbers, cf. 1080b16-20), someone held view (c) (this is the anonymous Platonist of Metaph.
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Or some units must be comparable and some not, e.g. Two is first after One, and then
comes Three and then the other numbers, and the units in each number are comparable,
e.g. those in the first Two with one another, and those in the first Three with one another,
and so with the other numbers; but the units in the Two itself are not comparable with
those in the Three itself; and similarly in the case of the other successive numbers.
Therefore while mathematical number is counted thus—after one, two (which consists of
another one besides the former one), and three (which consists of another one besides
these two), and the other numbers similarly, ideal number is counted thus—after One, a
distinct Two which does not include the first One, and a Three which does not include the

Two, and the other numbers similarly.”” [Meta. M.6, 1080a23-35; Ross’ trans. mod.]

This view of Form numbers is examined in more detail in lines 1081b35-
1083a17; one of the problems that stem from this view is discussed in the

following passage:

For example, in the original Ten there are ten units, and Ten is composed both of these and
of two Fives. Since the original Ten is not just any number and is not composed of just any
Fives (or just any units) the units in this Ten must differ. If they do not differ, the Fives of
which the Ten consists will not differ either, but since they do differ, the units will differ
too. But if they do differ, will there be no other Fives in <the Ten> but only these two, or
will there be? It is absurd if there are not; but if there are, what kind of Ten will be

composed of them? There is no other Ten in the Ten over and above itself.”™ [Meta. M.7,

1080b21-22 ), others (b) and (c) (this is the view Aristotle ascribes to Plato, cf. Metaph. 1080b11-
14 with 987bl4-18), and certain others have identified (b) and (c) (this view is implicitly
attributed to Xenocrates; on Xenocrates' identification of the ideas with mathematical numbers
cf. Metaph. 1080b22-23 and 28-30, 1028b24-27, 1069a35, and 1076a20-21). The main source for
the attributions above is [Tardn (1978)]; consult also Menn[‘ly3’] for extensive discussion.

273 §j 1ic nEv cupPANTaC TAC 8& un (olov &l EoTt peTd TO &V mpdTN 1 Svdc, Emetta 1) TPING Kol 0DTm 81} O
8Aog aplOpuoc, eicl 8& cvpfintai ol &v Ekdote apdud povadec, olov ai &v Tij Suddt Tf TpdT avToic,
Kol oi &v T Tp1adt T TpOTN AT, Kol oVT® M £l TOV BAA®V AplOU®V- ai &’ &v T Svadt adTH TPOS T
ag €v T Tp1adt avTii AcOUPANTOL, OpoimG O¢ Kol £l TOV BAL®V TAV E@e&iic apOudV- 10 kol 6 pev pod
NUOTIKOG apBueiton petd 10 Ev dv0, TPOg T® Eumpocdev Evi dALO &, kal T Tpia TPOG TOlG dvol ToHTOIG
8o &v, kai 6 Lowmdg 8¢ doanTme: ovTog 88 petd TO v dV0 Etepa évev Tod Evog Tod

TPAOTOL, Kol 1) TPLaG dvev ThG dvadog, opoimg 8¢ kol 6 dAlog aplOuodg)-:

2% olov yap &v Tij dekadt avtii Evelot déka povadec, ohykertal & kol £k ToOTOV Kol £k 800 TevIadv T
deKag. €mel & ody O TVYAV APOROC aOTN 1 dEKAG 0VOE GUYKELTAL £K TAV TVYOVGHV TEVTAd®Y, BOTEP
000& HOVASWV, AVAYKN SLUQEPEY TAG LOVASAG TAG €V TR deKAdL TawTn. GV Yap Un dtopépwoty, 00d’ ai

nevtadeg Swoicovoty &€ Qv €otiv 1 dekdc-émel 68 Swapépovct, kol ol povadec Soicovowy. &i 68



149

1082al1-11, Annas’ trans. mod.]

Aristotle’s objections highlight the difficulties that arise from the counter-
intuitive result that the ordinary operations of arithmetic (such as the addition)
cannot be applied consistently to this particular version of Form numbers. One
wishes to say that Form number Ten is made up of ten units and also of two
Fives (ovykerton 8¢ Kai £k ToVTOV Kal £k 600 mevtadmv 1 dekag). If the first Five
consists of units of a certain kind then the second Five, being a different one, will
necessarily consist of units of another kind (call the second one, ‘Five*’). Hence
the Ten consists of Five and Five*, that is, the units in the Ten do not all belong to
the same kind, which runs contrary to the Platonist belief that units in the same
Number are undifferentiated from one another (oai & &év t©@® oOT® GpPOUD

aotdpopot arrnroic, 1081b35-37).

Another argument is the following:

Besides, if every unit and another unit make two there will be a two made up of a unit
from the original Two and another from the original Three, which will thus be made of
differentiated units. Also will it be before or after it? It seems rather as if it must be before,
since one of the units comes about together with three, and the other together with two.
We suppose that in general one and one make two, whether they are equal or unequal-
good and bad, for instance, or man and horse; but people with these views suppose that not

every two units make two.”” [Meta. M.7, 1082b11-19, Annas’ trans. mod.]

In this passage, Aristotle complains that on this view of Form numbers one
cannot add two units (however heterogeneous these units are), something that
offends common sense. He asks: Can you make a two from one unit from the

original Two and one from the original Three? Recall that the units in the Two

S10pEpovast, TOTEPOV 0VK EvEGOVTOL TEVTAdEC BAlar GAAY povov adTot ai dvo, fj Ecovtay; gite 8& pm
évéoovtal, dtomov- &it’ évéoovtal, moio £oton dekag £€ Ekeivav; o0 yap Eotv £T€pa dekag &V TR deKAdL
mop’ aOTV.
275 » 2 o \ N \ o /. e ~ ’ 5~ \ Ve s ~ ’ 5~
€T €l Gmaca povag kol povag 8AAN dvo, 1 €k Tig dVAdog avTiG Hovag Kal 1) €K THG TPLEO0G aVTHG
dvag €otol €k dlopePOVO®dV TE, KOl TOTEPOV TPOTEPO. THG TPLASOG 1| Votépa; paAAov yap Eoike
npotépay dvaykaiov eivar 1 p&v yap Guo ti tpddt 1 8 dpo T Svadt tdv povadwv. kol fuelc piv
vroAapfdvopey Shog &v kol &v, kol v 1 Toa §| &vica, §00 eival, olov 1O dyadov kol TO Kokdv, Kol

GvOpwmov kol irmov- ol &’ oVTwg AEYovTeg 0VOE TAG LOVASUC.
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are of one kind and the units in the Three are of a different one. The resulting
two is obviously different from the original Two, since its members are different;
call it “Two*. Following this line of thought and taking into account the serial
ordering of Form numbers (1080a17-18) Aristotle asks: what would be the
place of this Two* in the order? It seems that it should be before Three since it
consists of a unit of Two and a unit of Three. But this is absurd because there are
no numbers between Two and Three. Hence on this view we cannot say that

‘every two units make two’.

It is time, however, we turned our attention to some of the more positive

evidence Aristotle has to offer us.

[3.4.4] A second sense of number

Number as ‘that by which we count’. The Physics passages previously cited
indicate that there is a sense of number different from that of number as a
plurality of units/measures. Three men, four horses, five cows are countable
numbers, arithmoi. They are collections of objects, from which the numbers we
count with have to be distinguished. The latter are normally identified in the
scholarship with abstract or abstracted numbers.27¢ What does this claim
amount to? Could we, perhaps, tentatively suggest that an abstract number is
what all the collections with the same amount of instances have in common? To
answer this question let us return to Aristotle’s account of time; many
commentators have complained that there are certain problems with it. What is
particularly problematic is that Aristotle does not seem to remain consistent to

the view that time is ‘that which is counted and not that by which we count’.

It is not, of course, my intention to offer here a full explication of Aristotle’s
conception of time and to discuss alternative interpretations. Rather, I wish to
focus on Bostock’s analysis, which, in my opinion, is one of the few that takes into
account that time is something that is predicated of the various movements that

have some time:

37 In [Gaukroger (1982), pp.312-313]; [Mignucci (1987), pp.197-198], [Hussey (1983), p.161].

For an alternative interpretation see [Coope (2005)].
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But one of the striking features of Aristotle’s discussion of time is his failure to mention
that the word ‘time’ has many senses. Some of these are well illustrated by the way the
phrase ‘a particular time’ (yp6vog TG or ypovog TIg Gplouévog) is quite ambiguous
between a date pure and simple (yesterday noon), a dated temporal stretch (from noon
yesterday to noon today), and a quantity of temporal stretch (24 hours). There are also
other senses of this phrase. For example, when one says ‘dinner is always at 7.30 sharp’
one may properly be said to be giving a particular time as the time of dinner, but this time
is what one might call a recurring date (and similarly with recurring periods). If Aristotle
had paused to point out these ambiguities explicitly he would have saved himself from the
appearance of outright contradiction on several occasions. (For example, ‘earlier and later
times are always different’ (220b9-10), and only three lines later ‘one and the same time
may occur again and again, e.g. a year’ (220b13-14).)*"" [Bostock (2006), p.143; his

italics]

277 Bostock adds that when Aristotle provides an explanation for his point that simultaneous
movements have exactly the same time he once again considers time as a number: ‘Of equal and
simultaneous movements’, he says, ‘the number is one and the same, wherever they may occur’
(223b11-12), and he adds in comparison that 7 dogs and 7 horses have the same number. On
this occasion, however, it seems that time answers to the number 7 ‘with which we number’. It
seems to me that Bostock is correct in complaining that ‘earlier he has used the point that 100
horses is not the same thing as 100 men in order to justify saying that non-simultaneous
occurrences do not have the same time, explicitly comparing the times to the different things
numbered.’ In [Bostock (2006), p.142; his translations]. Bostock helpfully lists other problematic
places such as lines 220b4-5, where Aristotle is trying to explain why time cannot be quick or
slow, and says simply that no ‘number with which we number’ is quick or slow, evidently
implying that time is a number with which we number. [ibid, p.143]. According to Coope’s
analysis, to say that the 7 dogs and the 7 horses are the same number is not to imply that there is
some one thing, some abstract number, that is the number of each [Coope (2005), p.120]. What
Coope perhaps means is that the fact that the 7 horses are the same in number with the 7 dogs
ought not to be interpreted as an identity statement between two abstract particulars, i.e. 7=7.
Rather, we ought to say that ‘=" is not a symbol of identity but of equinomerosity between
countable numbers. She is surely right in that. But she still does not take into account that those
arithmoi (of horses and dogs) not only are equinumerous but that they also belong to the same
species of number, that they are each, a 7. She is then hard-pressed to explain that ‘time is a
number of continuous change simpliciter, not of one particular type’ (223a33- 223b1; her
trans.). It seems that time, understood in a more universal manner, corresponds to the common
kind to which 7 dogs and 7 horses belong, namely to the kind of 7-membered pluralities, or to

number 7 simpliciter.
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David Bostock offers the following plausible explanation as to why Aristotle does
not seem to remain consistent to the view that time is ‘that which is counted and

not that by which we count”:

The source of the trouble is that Aristotle has two quite different reasons for calling time a
number, the first is that a time always has an amount of duration, i.e. it is a subject of
which amounts of duration are predicated, and the second is that a time is itself predicated
of the various movements that have that time. The second reason really amounts to no
more than the point that a time is a universal, and is a very thin ground for regarding it as

some kind of ‘number’. [Bostock (2006), p.142]

Especially illuminating about this second sense of number is Aristotle’s

treatment of the now in the following passage:

In so far as the now is a limit it is not time, but belongs to it. But in so far as it numbers, it
is a number. For limits pertain only to that of which they are limits, whereas the number of

these horses—ten—may hold elsewhere t00.”” [Phys. A.11, 220a21-4; Bostock’s trans.]

What this passage shows is that there is a certain contrast between the limiting
function of the now and its numbering function. The difference is this: ‘limits
pertain only to that of which they are limits, whereas the number of these
horses— ten—may hold elsewhere too’. It seems then that the crucial feature of
a number is just that it is universal, and the now ‘in so far as it numbers’ may be
treated as universal as well, namely as a date holding of all the momentary

events which have that date.?’” As Bostock explains:

It is this which entitles us to call the now a number (and perhaps also what entitles us to

regard it as a time). The boundary of a particular movement is not a number, since it is the

288 v odv wEpag o VOV, 00 ypdvoc, GALY copPipnkev: 1| 8 apOuel, apdudc Ta pdv yop mépota

gKeivov LOvoV EoTiv oD 0Tty TEpaTa, 0 & APONOC O TMVSE TdV TNy, 1| Sexdc, kol dAL00L.

279 It is this passage where Coope seems particularly troubled to accommodate it in her
interpretation: ‘My interpretation does not solve all the difficulties about this passage. It is odd to
find Aristotle saying that the now (as opposed to a series of counted nows) is a number.
Moreover, it is not clear quite what he means when he says that the ten of these horses is ‘also
elsewhere’. On my interpretation, what one would expect him to say is that the ten that is the
number we use to count these horses could also be used to count ten things of some other kind

(for instance, ten dogs).’ In [Coope (2005), fn.18 in p.124].
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boundary merely of that movement and not of anything else. The boundary even of a
stretch of time is not a number simply by being a boundary. What makes it a number is
that the boundary of a stretch of time is also the boundary of all movements that have that

time, i.e. it is a universal. [Bostock (2006), p.149]
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[3.5] The beginnings of a non-Fregean account

[s it somehow possible to retain the intuitive idea that number-predicates are
first-level predicates, applicable to things of the world? Consider the following

passage:

Reasonable, too, it is that while in number there is a limit at the minimum, but in the
direction of ‘more’ number always exceeds any multitude, yet in the case of magnitudes,
on the contrary, they exceed any magnitude in the direction of ‘less’ but in that of ‘more’
there is no infinite magnitude. The reason for this is that one is indivisible, whatever may
be one (e.g. a man is one man and not many), but number is a plurality of ones, a certain
‘many’ of them. So there must be a halt at the indivisible. (‘Three’ and ‘two’ are
paronymous names, and similarly each of the other numbers.)™ [Phys. T.7, 207b1-10;

Hussey’s trans. mod., italics mine]

Let us have a closer look at the last line from the Physics passage above, where
Aristotle claims that says that ‘three and two are paronymous names - and so
too is each of the other numbers’ (10 yap tpia kai 600 TapdVLHA OVOHOTA £0TLV,
opoing 8¢ kol v dAlov apBudv €kactog, Physics, I.7, 207b8-10). Perhaps, he
means that number nouns are in some way derivative from the number
adjectives. According to Mignucci from this last sentence we may even extract

some useful information about numbers in the second sense:

... the substantives ‘two’, ‘three’, and so on are said to be paronymous nouns in the sense
that they are derivative from the corresponding adjectives. This does not mean that the
nouns ‘two’, ‘three’, and so on are etymologically derived from the corresponding
adjectives but that they have their ontological ground in the adjectives. Now the numbers

which are said to be pluralities of ones are obviously countable numbers, while the nouns

280 _sA r 3 v \ ~ 3 ~ 7 T 3 LYY 7 PR 3 \ ~ PR \
€OAOY®G & Kol TO €v pev T® apBud sivor €ml pev 10 ELdyioTov mEPNS €Ml € TO TAEIOV el TOVTOG
vnepParrev mAnbovg, Emi 6& TV peyed®dV Tovvavtiov émi pév TO EAaTTOV WOVTOG VmepPAAlewv
peyéfoug £mi 8& O peilov ) eivat péyebog dmepov. oitiov & 611 10 &v éoTiv adoipeTov, 8 T1 mEP v BV
3 4 o ¥ N 5 ’ <oy s ;s o ’ N R o N
1 (olov dvBpomog €ig GvOpwmog kol o0 moAlol), 6 &’ dpBudc éotv €va mheio kol o6’ dtto, GOt
Avaykn otijvor €mi TO adwaipetov (TO yop Tpic Kol 600 TopdOVLHL OVOROTE £6TLY, OUOIMG 6€ Kol TV

GA @V aplOpudv EkacTog).
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‘two’, ‘three’ and so on stand for mathematical numbers. Therefore the point that Aristotle
makes here is probably that mathematical numbers are considered properties of groups of

objects.” [Mignucci (1987), p.199; italics mine]

Why is this important? Well, number-words occur in two forms: 1) as adjectives,
as in ascriptions of numbers (sentences that begin with ‘There are’ followed by a
number-adjective, e.g. ‘There are four cows in the field’), and 2) as nouns, as in
most number-theoretic propositions (e.g. ‘2+2=4"). However, as Dummett in his
commentary of Frege’s Grundlagen notes, it is crucial that any analysis must
display some sort of connection between the two uses of number-terms
mentioned previously. It is not sufficient to give separate explanations of
number-adjectives and of number-nouns, without providing for an explicit
relation between them: ‘otherwise, we should be unable to appeal to the
equation ‘5+2+0=7’ to justify inferring that there are were seven animals in the
field from the fact that there were five sheep, two cows and no other animals
there.”?81 Dummett points to some of the available strategies: 1) We may first
explain the adjectival use of number, and then explain the corresponding
numerical terms by reference to it - Dummett calls this ‘the adjectival strategy’.
2) Conversely, we may explain the use of numerals as singular terms, and then
explain the corresponding number-adjectives by reference to it - ‘the
substantival strategy’.282 Mignucci in effect claims that Aristotle here opts for the
first strategy, the adjectival one. However, while much of what Mignucci says
here seems to me correct, later in his article he shifts from a straightforward
reading of numbers as properties of objects to numbers as properties of concepts,

by presupposing a Fregean analysis of number.

A much more informative account of number is given in the following passage

from the Physics:

It is correct, too, to say that the number of the sheep and of the dogs is the same, if each
number is equal, but that the ten is not the same <ten> nor are they the same ten, just as
the equilateral and the scalene are not the same triangles, though they are the same figure,

since both are triangles. Things are said to be the same X if they do not differ by the

281[n [Dummett (1991), p.99].
282 jbid.
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difference of an X, but <not the same X> if they do, for example, a triangle differs from a
triangle by the difference of a triangle, and therefore they are different triangles; but they
do not <differ by the difference> of a figure, but are in one and the same division [of
figure]. For one kind of figure is a circle, another a triangle, and one kind of triangle is
equilateral, another is scalene. So they are the same figure, that is a triangle, but not the
same triangle; and so it is the same number, since the number of them does not differ by
the difference of a number, but not the same ten, since the things it is said of are different:

dogs in the one case, horses in the other.”™ [Phys. A.14, 224a2-15; Hussey’s trans. mod.]

In which sense the number of the ten sheep and the number of ten dogs is the
same? To properly answer this question, Aristotle supplies us with the following
principle: two things are the same if they do not differ by the ‘difference of an X’ .
‘To differ by the difference of an X’ means ‘to differ in respect of a differentia
falling immediately under X'. Scalene and equilateral triangles are the same
figure because they both belong in the species triangle of the genus figure; they
are figures that ‘do not differ by the difference of a figure’. They are not the same
triangle, however, because they do not belong in the same species of the genus
triangle; ‘they differ by the difference of a triangle’. Similarly with ten sheep and

ten dogs.

It seems that in Aristotle’s view number is like a genus. We may divide this genus
into the species two, three, four, and so on. Ten sheep and ten dogs are the same
number in that they both fall under the same species of the genus number, ten;
‘they do not differ by the difference of number’. They are the same kind of
number, but they are not the same ten; ‘they differ by the difference of a ten’. The
analogy between triangles and numbers suggests a notion of number as genus,

with species two, three, etc..., each species having as its particular members
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(e.g.) these two books, these two horses, ... etc.?8# We might claim then that
numbers in this sense are universals—kinds—rather than particulars: indeed,
that they are kinds of collections, that is, that they are kinds whose instances are
collections of objects. For example, the number 2 is, by this account, the kind of
two-membered collections. Hence, on this view, numbers are certainly not

themselves collections, any more than the kind triangle is itself a triangle.285

This passage can form the basis of an Aristotelian account of numerical
predication. As Laura Castelli points out, it seems that Aristotle is claiming that
when we say ‘ten dogs’ and when we say ‘ten sheep’ the numerical predicate ‘ten’
means the same in both cases, even though it is ascribed to two different
collections.?86 [t might be of some help to compare Aristotle’s view with other
non-Fregean views such as G.E. Moore’s conception of number. In his work Some
Main Problems of Philosophy, G.E. Moore endorses a conception of numbers as
universals. He argues that, for instance, any pair of things, irrespectively of the
nature of its members, possesses the property of being two: ‘Every pair or couple
of things, no matter what the things may be, obviously has some property which
belongs to all other pairs or couples and to nothing else - the property which we
express by saying that each of them is a pair or a couple.”?87 And similarly for all
the other numbers.288 Thus, Moore writes, ‘the number two, therefore, does

seem to me as good an instance as can be given of a universal’.28?

If our interpretation of Aristotle’s numbers as universals (kinds) is sound, then

those numbers are certainly different from the Platonic Form numbers he

284 See also [Hussey (1983), p.161] for this reading of the text.

285 For this last remark, see, e.g. [Lowe (2001), p.220]. It may be of some value to compare
Aristotle’s view of numbers as kinds with Cantor’s own conception of numbers: as Stefania
Centrone informs us, Cantor wrote the following in a letter to Giuseppe Peano: ‘I conceive of
numbers as ‘forms’ or ‘species’ (general concepts) of sets.” In [Centrone (2010), p.12; her trans.].
E.]. Lowe has also presented similar views about numbers as kinds of sets in his [Lowe (2001)]
and in a series of articles. See also the treatment in [Mayberry (2000), esp. ch.2].

286 See [Castelli (2010), p.201].

287 In [Moore (1953), p.366; his italics].

288 Qp. cit., p.368.

289 Op. cit,, p.366. Moore’s passages are discussed extensively in [0’Connor (1982), pp.151-154].
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criticises in much of Metaphysics M and N; the latter are certain collections of
ideal units. This view of Platonic Form numbers is perhaps not unexpected: it is
what someone gets by combining the theory of Form numbers as universals with
the idea that universals are self-predicable. Let us leave aside the problematic
principle of self-predication and try to trace the origins of Aristotle’s theory of

numbers as universals.

[3.6] A surprising Platonic account

In Plato’s dialogue Hippias Major, the sophist Hippias, in his exchange with
Socrates, acknowledges only one legitimate kind of predication, namely the

distributive one:290

[Hip.:] If both of us were just, wouldn't each of us be too? Or if each of us were unjust,
wouldn't both of us? Or if we were healthy, wouldn't each be? Or if each of us had some
sickness or were wounded or stricken or had any other tribulation, again, wouldn't both of
us have that attribute? Similarly, if we happened to be gold or silver or ivory, or, if you
like, noble or wise or honoured or even old or young or anything you like that goes with
human beings, isn't it really necessary that each of us be that as well? [Soc.:] Of course.

[Hippias Major 300e8-301b1; Scaltsas’ trans.]

For Hippias the only legitimate kind of predication is distributive predication:
things are F if and only if each one of them is F. Socrates agrees that there are
cases like the ones that Hippias mentions. But, additionally, Socrates puts
forward counterexamples to Hippias’s theory; in certain cases what we say of

things is true if the things jointly satisfy the predicate:

[Soc.:] We were so foolish, my friend, before you [Hippias] said what you did, that we had
an opinion about me and you that each of us is one, but that we would not both be one
(which is what each of us would be) because we are not one but two. But now, we have
been instructed by you that if two is what we both are, two is what each of us must be as

well; and if each is one, then both must be one as well....

290 Much like Frege does.
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Then it’s not entirely necessary, as you [Hipppias] said it was a moment ago, that
whatever is true of both is also true of each, and that whatever is true of each is also true of

both. [Hippias Major, 301d5- 302b3; Scaltsas’ trans.]

Socrates’ counterexample to Hippias’s assumption about distributive predication
that pertains to our discussion is an instant of numerical predication. Each of
Socrates and Hippias is one, while they, collectively, are two. The attribute of
‘being two’ belongs to them, but not to each of them; it is instantiated only in
Socrates and Hippias together. Plato presents us here with an ingenious
metaphysical account of plural predication, an account that allows the

predicated attribute-the property 2-to belong to all the subjects together.2°1

According to the Platonic view of plural predication advanced in the Hippias
Major, a single instance of a property is jointly owned by several subjects.
Scaltsas invites us to consider the example of a book being commonly owned by
two siblings: ‘the book is not divided between the two siblings so that the one of
them owns the first half of the book and the other the second half. Rather, each of
the siblings owns the whole book together with the other sibling; but neither of
them owns the book fully by himself or herself.’2°2 Does it make sense to claim
that the two siblings become something one, metaphysically, when they co-own
the book? Should we perhaps look for a new object (an abstract entity like the set
of the siblings, or even a concrete one like the mereological fusion of them) that
will act as a unitary bearer for this property? I do not think so. One need not
pursuit the metaphysically extravagant unification of the subjects into one entity
in such cases.??3 Socrates then does not seem to endorse Mignucci’s (or Frege’s)

insistence on single bearers for number properties (whether these are Fregean

291 See Scaltsas (2017) for an extensive discussion.

292 In [Scaltsas (2017), p.12].

293 Cf. Scaltsas, ibid: ‘The unification of the subjects into one entity is precisely what does not
occur in the case of plural belonging of the collective type. The subjects do not become one in
order to manage co-possession, any more than the two pillars become one when they hold a
statue, or the wheels of a car become one when they sustain the car. When we say that the
siblings are two, it would undermine the truth conditions of this statement if the attribution of

twoness to the siblings turned them into one entity, or even one subject.’
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concepts, sets, mereological fusions). Socrates espouses a view of numbers as

non-distributive properties of multitudes.?%4

[3.7] Platonic complications and interim conclusions

A similar treatment of numbers as attributes of objects can be found in certain

passages in the Phaedo. Consider, for example, the following passage:

And again, wouldn’t you beware of saying that when one is added to one, the addition is
the reason for their coming to be two, or when one is divided, that division is the reason?
You’d shout loudly that you know no other way in which each thing comes to be, except
by participating in the peculiar Being of any given thing in which it does participate; and
in these cases you own no other reason for their coming to be two, save participation in
twoness: things that are going to be must participate in that, and whatever is going to be

one must participate in oneness. [Phaedo, 101c1-7; Gallop’s trans. mod.]

Plato uses a series of words ending in -o¢ for Form numbers in this passage:
povac, ovdc. These are translated in English as ‘Oneness’, and ‘Twoness’,

respectively. While rejecting addition and division as reasons for the things’

294 ‘Multitude’ here is a technical term borrowed from Simons (1982): it is a collective noun much
like ‘audience’ and ‘congregation’. In his later article ‘On Multitudes’ Simons distinguishes
between multitudes, sets, and mereological sums or fusions. According to Simons, the identity of
a multitude is determined solely and completely by what members it has: multitudes with the
same members are identical. Just like multitudes, sets with the same members are identical. But
he also points to some crucial differences: a set is a single thing whereas a multitude is essentially
many things. Furthermore he maintains that, while a multitude of concrete individuals such as
the books on my table is concrete (in the sense that it occupies a volume which is the sum of the
volumes occupied by the individual members), a set is something rather abstract, outside of
space and time. Whereas a multitude is essentially its members, a set something additional, a
new individual. Lastly, while there can be no empty multitude, there is an empty set.
Mereological sums or fusions are complex individuals and just like multitudes they can be said to
be concrete if their members are concrete; a fusion is nothing over and above its parts. In

[Simons (2011), pp.4-6].
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coming to be one and two, Plato offers the alternative that they participate in the
Forms Oneness and Twoness, respectively. But why does Socrates reject addition
(mpdobeoic) and division (oyiocig) as reasons for things’ coming to be two or one?
An answer may be found earlier in the text. In lines (97al-b3) it seems that
Socrates understands ‘addition’ as ‘juxtaposition’ (1| obvodog TOD mANGiov
aAAiov) and ‘division’ as ‘dispersion’ (amndystar kol ywpileton ETepov A’ £T€pOL),
and then he claims that it is not the juxtaposition of two items that constitutes
their being two, but something else. His reason is that juxtaposition and
dispersion are opposites to one another, and it cannot be right to say that two
opposite causes may equally be the reason for the same result.2%5 Or Socrates
may acknowledge that it is not necessary for two things to be close to each other
for them to be two. We may draw a useful comparison, as Gallop does, with what
Frege says about predications of number: ‘Must we literally hold a rally of blind
in Germany before we can attach any sense to the expression “the number of

blind in Germany?” (The Foundations of Arithmetic, p.30) 29

Number Forms, much like other Forms in the Phaedo, have to be single and
partless. In one of his attempts in that dialogue to prove the immortality of the
soul Socrates claims that if anything at all is going to be constant and unchanging

then incomposite things will be:

Now is it not that which is compounded and composite naturally liable to be decomposed,
in the same way in which it was compounded? And if anything is uncompounded, is not
that, if anything, naturally unlikely to be decomposed?...Then it is most probable that
things which are always the same and unchanging are the uncompounded things and the
things that are changing and never the same are the composite things? [Phaedo, 78c1-8;

Gallop’s trans. mod. ]

The above passage is part of the Affinity Argument (78c-79¢e). The argument
provides us with some more information about the nature of forms: they are
incomposite and one-per-type (novoedég, 78d5), and for this reason they are

unchanging and eternal. It seems that in lines 101c1-7 Plato advocates a

295 In [Bostock (1986), p.137].
296 In [Gallop (1975), p.173].
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conception of numbers as Forms, attributes or properties of things, e.g. the Form
of F seems to be just the attribute F itself, so that to ‘participate’ (uetéyew) in F is
like having that attribute. We predicate ‘three’ of various triplets of things in a
way similar to that in which we predicate ‘man’ of various men; thus, it is only
natural to assume that the number 3 is a Form on par with the Form of man. The
Platonic picture presented above shares certain features with the Hippias Major

analysis, namely the treatment of number Forms as properties.

Plato maintains a distinction between numbers as collections of objects and
Form numbers in the Final Argument for the immortality of the soul. Plato, from
a metaphysical point of view, seems to be concerned with two levels, namely
Forms and the exemplification of Forms. Let us have a closer look at the

numerical example in Phaedo’s Final Argument:

‘Take a good look then at what I want to show. It's this. Apparently not only do the
opposites we spoke of not accept each other. In addition, whatever things are not opposite
to each other but always have the opposites, these too it seems will not accept the
character, whatever it may be, that is opposite to the character that is in them. When this
opposite character advances towards them, they either perish or get out of the way. (1) We

will in fact admit, won't we, that three will sooner perish, sooner put up with anything,

than stay behind and while it is still three become even ?' (104c1-3) 'Yes, indeed,' said

Cebes. 'Further, twoness is not opposite to threeness.' 'No, it isn't.' 'Not only therefore will
the opposite forms not stay behind when one of them advances upon the other. In addition
there are certain other things that will not stay behind at the advance of an opposite.' 'Yes,
you're quite right.' 'Will you agree then to our defining, if we can, what sort of things these

are ?' 'By all means.' (2) 'Is this what they would be then: they are what compel whatever

thing they possess to have not only their own character, but the character of some opposite

as well, as a character which will belong to it for good?' (104d1-3) 'What do you mean

quite?' 'l mean just what we said before. (3) You appreciate presumably that whatever the

form of three possesses must of necessity be not only three but odd as well.' (104d5-7)

'Quite.' 'Well, we maintain that the form opposite to the character which brings this about
could never come to such an object.' 'No, it couldn't.''And what brought it about was in
this case the form odd? ' "Yes.' 'Opposite to this is the form of even ?' 'Yes.' 'So the form of

even will never come to three?' 'No, it won't.' (4) 'Three then has no share in the even?'

(104e3) 'No, it hasn't." '"Threeness therefore is not-even?' 'Yes.' 'So what | was suggesting

we define, what sort of things are not opposite to something and yet will not accept it, the
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opposite—the example we have had just now is threeness which is not opposite to the
even and yet all the same will not accept it, for the reason that threeness always brings
along the opposite of the even, and in the same way twoness brings along the opposite of
the odd, and fire brings along the opposite of the cold, and so on and so forth—: well see
whether you would define them in this way. Not only will the opposite not accept its
opposite. There is in addition that which brings along a certain opposite into whatever
object it comes to. The thing that brings along the opposite will never accept the opposite

of what is brought along.' [Phaedo, 104b6-105a5; O’Brien’s trans; underlining mine]

The passage is extremely complex and admits of various interpretations but for
my purposes [ have numbered and highlighted certain places where one might
recognise a distinction between Form numbers and the things that are ‘occupied’
by them: a characteristic example is the distinction between 'the Form of Three'
(M T@v tpudV 10éa), and a particular three (ta tpia). O’Brien (1967) notes that this
distinction is kept up throughout the passage but [ am making the weaker claim
that there is such distinction in the passage: At lines 104c1-3 (see place (1) in the
text) the three (ta tpia) that will 'sooner perish' must be particular three, since
only the (sensible) particulars can perish, not the Form. Furthermore, Socrates'
preliminary definition at 104d1-3 (place (2) in the text) is cast in terms of Form
and particular. It will be Forms which 'occupy' particulars and impress their
character (idéav), upon them; the definition is applied to 'the Form of Three' ()
TV TPV 1déa), which occupies a (particular) three (tpisiv) (104d5-7, place (3)
in the text).2%7 At 104e3 (place (4) in the text) the three (ta tpia), that 'has no
share in even', 104e3, must be a particular three. Thus the claim is that whatever
the Form of Three occupies must be odd (d5-8, place (3) in the text); hence any
triad will not have part in the Form opposite to Odd, the Form Even (d9-e4, place
(4) in the text). Although the Platonic picture presented above shares certain
features with the Hippias Major analysis, namely the treatment of Form numbers

as properties, Plato often speaks of the Form as an archetype (or ideal standard)

297 What is it that is supposed to be possessed by the Form of Three and compelled not to be
three but also odd (104d5-7)? O’Brien (p.212 and 217) strangely claims that it is the number
three (three not as set, but rather as a mereological simple?), but I agree with Gallop (p.206) that

it can very well be a numbered collection, of books say.
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which is copied or imitated by the participants.298

It seems to me that we need to look no further beyond Hippias Major and the
discussion in the Phaedo, if we really wish to understand Aristotle’s conception
of number as species that is presented in the Physics passage.2?? Certain
provision must be made to strip the philosophy of number presented there of
any extravagant Platonic features, first and foremost, the fact that Platonic Form
numbers are ‘over and above’ the things that have those numbers. Aristotle in
Metaphysics M.6-8 argues against a certain view of Platonic numbers, that
conceives them as certain sets of ideal units. It is important to notice that the
main objection Aristotle raises against a possible identification of numbers with
such collections of units has to do with the inability of such collections to account
for many arithmetical operations. Let us now revisit passage 220b8-12 of the
Physics: What goes on when we ascribe a number to something - as when, for
example, we say ‘The horses in the field are 5’7 It is certainly true, of course, that
no one thing can as such be that which is 5. Aristotle points to a reasonable
answer, however: the sentence is equivalent to ‘There is a pentad of horses in the
field” or ‘the horses in the field are a five’. In the number-as-species

interpretation that means that the horses in the field (a countable

298 In much of the discussion in the Recollection Argument and the Final Argument Plato
compares the Forms to sensible particulars which are F, and he notes that those particulars
always combine being F with being not-F, while the Form of F-ness is unqualifiedly F. It seems
that in the Phaedo we have two quite different views of what the forms are: on the one hand they
are perfect examples of properties, and on the other hand they are the properties themselves. See
[Bostock (1986), pp-198-201].

299 In fact, Hippias Major may be considered the proper dialogue that supports both Platonic and
Aristotelian readings. Paul Woodruff in his article ‘Socrates and Ontology: The Evidence of the
Hippias Major’ has argued-in my opinion convincingly-that early dialogues such as the Hippias
Major are ‘ontologically neutral in that there is no particular ontology that they require, and,
though they tempt one to provide them an ontology, the proof of their neutrality is that Plato and
Aristotle respond differently, but with equal respect, to the temptation. Socrates' exercises in
definition are at the same time a rich breeding ground for Plato's lavish ontology and assimilable
gracefully to Aristotle’'s more austere one’. [Woodruff (1978), p.102] Aristotle tells us that
Socrates takes the objects of definition to be universals and he constantly complains that
Socrates did not ‘separate’ the universals as the Platonist did (cf. Meta. M.4, 1078b12-32, Meta.
M.9, 1086a32-b13).
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number/arithmos-or number in the first sense) belongs to the number species
(or number in the second sense) five; we may say that the five is the kind of five-
membered collections. How can we analyse a simple arithmetical statement of
addition—such as ‘2+2=4" according to this interpretation? Perhaps like this: for
any collections of objects X, y, z,if x isa 2,y is a 2,and z is a 4, and if x and y are
disjoint (i.e. they have no members in common), then the union of x and y is

equinumerous to z.300

[3.8] The thesis that composition is identity

[3.8.1] Frege against Mill

Part of Mignucci’s Fregean baggage is his hostile attitude to Mill and his
philosophy of number:

If our interpretation is sound, Aristotle is far from a view such as Mill’s, according to
which a number is a physical property of an agglomerate of things and expresses the
characteristic manner in which the agglomerate is made up. Without a loss of realism,

Aristotle is not committed to such an empiricist position. [Mignucci (1987), p.201]

It does seem a bit odd to deny Aristotle a place in the empiricist tradition. But
why does Mignucci so straightforwardly deny any similarity between Aristotle’s
and Mill’s views on number? After all, for J. S. Mill (as well as for Aristotle), all

numbers must be numbers of something:

All numbers must be numbers of something: there are no such things as numbers in the
abstract. Ten must mean ten bodies, or ten sounds, or ten beatings of the pulse. But though
numbers must be numbers of something, they may be numbers of anything. Propositions,
therefore, concerning numbers, have the remarkable peculiarity that they are propositions
concerning all things whatever, all objects, all existences of every kind, known to our

experience. [System of Logic, Book 2, ch.6, §2]

A similar view to Mill can be traced in the Aristotelian corpus; for example in

Meta. 1092b19-20 Aristotle states clearly: ‘A number, whatever it is, is always a

300 A similar analysis can be found in [Lowe (2001), pp.224-225].
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number of certain things, of fire or of earth or of units’ (del 6 apOudg d¢ v N
TVAOV €0y, 1| TOpvog 1| yNivog f| povadikodg).391 According to Mill, number terms
denote agglomerations of things (complex wholes) and connote properties of

those agglomerations. Thus, he writes:

Each of the numbers two, three, four, etc., denotes physical phenomena, and connotes a
physical property of those phenomena. Two, for instance, denotes all pairs of things, and
twelve all dozens of things, connoting what makes them pairs, or dozens...What, then, is
that which is connoted by a name of number? Of course, some property belonging to the
agglomeration of things which we call by the name; and that the property is, the
characteristic manner in which the agglomeration is made up of, and may be separated

into, parts. [System of Logic, Book 3, ch.24, §5]

Frege quotes the last sentence3%2 and objects to it on a number of grounds. His
criticism is that an agglomeration may be separated into parts in various ways
and thus we cannot talk about the number of parts in an agglomeration. Let us

examine more carefully the relevant passage:

And it is quite true that, while I am not in a position, simply by thinking of it differently,
to alter the colour or hardness of a thing in the slightest, I am able to think of the Iliad,
either as one poem, or as 24 books, or as some large number of verses. [...] Nor can we
say in this case that the different numbers exist in the same thing side by side, as different
colours do. I can point to the patch of each individual colour without saying a word, but I
cannot in the same way point to the individual numbers. If I can call the same object red
and green with equal right, it is a sure sign that the object named is not what really has the
green colour; for that we must first get a surface which is green only. Similarly an object
to which I can ascribe different numbers with equal right is not what really has a number.

[Foundations, §22, pp.28-29]

Frege seems to argue that there is no unique way by which a whole (such as the

Iliad) can be divided into parts: the Iliad may be considered as one poem, or as

301 Furthermore, Aristotle sometimes places number in the category of relatives, because number
is always a number of things (cf. the discussion in Meta. 1.6, 1056b8-1057a7). Number is a
relative (for every number is a number of something) and the defining mark of a relative is that
its linguistic expression requires completion by a genitive; it is always ‘of or ‘than’ something
else (cf. Cat. 6a36-b11; Meta. A.15).
302 In [Foundations, §23, pp.29-30].
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24 books, or as some large number of verses. If the Iliad was uniquely divided
into parts (say, into 24 books) then one could not claim that it is also 15,693
lines. It seems then that there are multiple ways of dividing a whole into parts;
but that, as Frege argues, would entail that incompatible numerical properties
are attributed to the same thing: much like the colours red and green cannot
both be truly ascribed of a single thing at the same time, the Iliad cannot both be
24 and 15,693. It seems then that the object at hand, the Iliad for example, is not
that which ‘really has a number’. Thus Frege concludes: ‘If I can call the same
object red and green with equal right, it is a sure sign that the object named is
not what really has the green colour; for that we must first get a surface which is
green only. Similarly an object to which I can ascribe different numbers with

equal right is not what really has a number.’303

What is exactly is Frege’s argument here? Is his position that numerical
attributions are subjective, that the object in question does not in any way
determine whether or not certain numbers are being ascribed to it? Dummett

understands Frege in this way:

When we regarded it [i.e. number] as ascribed to a complex, an aggregate, it seemed that
the number to be ascribed depended on our subjective way of regarding it; as one copse, or
as five trees; as four companies, or as five hundred men. But there is nothing subjective

about it: it is the concept copse or tree, company or man which we invoke in the ascription

303 Frege argues similarly elsewhere in the Foundations: a pile of playing cards can considered as
a number of cards, or as a number of complete packs of cards (Foundations, §22, pp.28-29); a
bundle of straw may be thought of as 100 straws or as some huge number of cells or molecules
(§23, p.30); a copse of trees may be considered as a single thing or as five trees (§46, p.59); four
companies may be thought of as 500 men (§46, p.59). The reader who wishes for a more
extensive discussion of Frege's arguments against Mill’s view of number properties can consult
Andrew D. Irvine’s article ‘Frege on Number Properties’. E. ]. Lowe remarks that Frege’s
arguments are part of a wider reductio ad absurdum of the view that numbers are attributes of
objects [Lowe (2005), p.84]. He points to what Frege says later in the Foundations: ‘Several
examples given earlier gave the false impression that different numbers may belong to the same
thing. This is to be explained by the fact that we were there taking objects to be what has
number. As soon as we restore possession to the rightful owner, the concept, numbers reveal
themselves as no less mutually exclusive in their own sphere than colours are in theirs.’

[Foundations, §48, p.61].
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of number, that determines objectively which number it must be. [Dummett (1991), p.88;

his italics]

One could respond to Frege that the number of parts in the Iliad is fixed
independently of the concepts one employs to count them. A whole such as the
Illiad may turn out to be composed of a plethora of different parts, each of which
have different numbers associated with them. Let us try to summarise our
response to Frege: the Iliad is one thing and no other numerical predicate should
be applied to the Iliad as such. It is true, however, that the Iliad is composed of 24
books and that those books contain many pages of verses. We should not infer
from the fact that those books are 24 that the Iliad is 24 in number. Thus we can
always distinguish between composition and identity.3%* No contradiction arises
when one says of the books that compose the Iliad that they are twenty-four,
even though the Iliad is one; the relation between the Iliad and the books is one

of composition, not one of identity.

Is Mill’s view susceptible to Frege’s objections? It seems that Mill can escape

Frege’s objections; for he proceeds to explain what he means as follows:

What we call a collection of objects two, three, or four, they are not two, three, or four, in
the abstract; they are two, three, or four things of some particular kind; pebbles, horses,
inches, pounds weight. What the name of the number connotes is, the manner in which
single objects of the given kind must be put together, in order to produce that particular

aggregate. [System of Logic, Book 3, ch.24, §5]

As Glenn Kessler has argued, what Mill says here is that when we say that an
aggregate has the number 2, what we really mean is that ‘an aggregate composed

in a certain way from a certain kind of part has the number 2. Any aggregate that

304 See Kris McDaniel (2013) for an extensive argument. McDaniel also points out that even if
composition is identity, the answer to the puzzles raised by Frege is that numerical properties
are not contraries: ‘In short, something can be both one and many. And if this is so, why couldn’t
a thing be both one in number and twenty-four in number? Just as the friend of the view that
composition is identity gives up the intuition that one thing cannot be many things, so too she
should abandon the intuition that something cannot be both one in number and twenty-four in

number.’ In [McDaniel (2013), pp.217-218].
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differs in number from this aggregate will, of necessity, be composed of different
parts, and hence, will be a different object.’39> And we can perhaps attribute a
similar view to Aristotle: recall that for Aristotle a number in the first sense is
something composed of things of a certain kind; an arithmos of syllables
(number in the first sense) has a determinate number, or, equivalently, belongs
to a certain number species (number in the second sense). In an arithmos in
Aristotle’s first sense the units are already determined: an arithmos of syllables

is not also an arithmos of letters.

Frege raises a much more interesting objection against Mill’s view that numbers
are properties of ‘external objects’. Frege argues that number ‘is applicable over
a far wider range’. [Foundations, §24, p.30]. Frege is surely right in this: as well as
being able to count dogs and apples, we can also count the figures of the
syllogism, the Muses and other non-sensible things.3%¢ Aristotle would agree that
number ascriptions need not involve only perceptibles. An objection that
Aristotle raises in Meta. N.3 against Academic theories of number, is that those
theories cannot account for the application of numbers to perceptible things (see
esp.1090a30-1090b5); he does not say that numbers are properties of

perceptibles. Were Aristotle to uphold such a Millian position his conception of

305 See [Kessler(1980), p.67]. As Kessler explains: ‘If we want to put this in a more modern setting
we could do so by noting that Frege-style aggregates are individuated in terms of their ‘atomic
parts’. That is, they are individuated in terms of those parts which themselves have no proper
parts. ... On the alternative reading I have just considered, a given aggregate can have as parts
only certain kinds of things. Anything that is not of the appropriate kind will not be a part of the
aggregate and will therefore not figure into the identity conditions of the aggregate. In a sense, it
is still true that aggregates are individuated in terms of their parts. However, the parts in terms
of which the aggregate is individuated may themselves have (proper) parts.” In [Kessler(1980),
pp.67-68].

306 Bell points out that Frege’s objection can be directed towards his conception of number: ‘If,
with Frege, we take the analysis of ascriptions of number to involve objectual quantification . . .
then it becomes impossible to provide a plausible analysis of many actual ascriptions of number
that we make, apparently unproblematically, in everyday life. For instance, we have no difficulty
in understanding, and if we have the appropriate knowledge we have no difficulty in answering,
questions like the following: ‘How many years was Robinson Crusoe marooned on his island?’ ...
‘How many daughters had King Lear? ... On Frege’s theory the only true answer to these

questions is: zero. And intuitively that seems to be the wrong answer. See [Bell (1990), p.76].
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arithmetic would be more or less identical to logistiké (Aoywotiknry), the art of
calculation, considered as a subsidiary of Arithmetic by most mathematicians
and philosophers in antiquity. The distinction between apiOuntikn (the theory of
number) and Aoyiotikn| (the art of calculation) was of some importance in Greek
mathematics. A passage from Proclus’ commentary on the first book of Euclid’s

Elements sheds some light on the subject matter of logistiké:

Nor does the student of calculation consider the properties of number as such, but of

numbers as present in sensible objects; and hence he gives them names from the things

307
[

being numbered, calling them sheep numbers or cup numbers.”  [Comm. on the First

Book of Euclid’s Elements, 40.2-5; Morrow’s trans. |

It is quite odd that Aristotle not only fails to identify anywhere arithmetic with
logistiké, but also he does not even discuss the latter even though the distinction

was of particular importance to Plato.308

[3.8.2] Frege and Plato

Frege of course postulates concepts as those things that do not admit of multiple
numbers. It is perhaps worthwhile comparing his arguments against Mill with
those of Plato: much like Frege, Plato opts for things other than perceptibles, so
as to avoid what he understands to be their major deficiency, their quantitative
indeterminacy. Thus, in Republic Book VII, Plato seems to argue that perceptible
objects are not really suitable candidates for ascriptions of number, since ‘we do
see the same thing as one and as an unlimited number at the same time’ (525a4-
5). Plato’s argument is strikingly similar to that of Frege above. We can
supplement Republic’s account with excerpts from the Phaedo, where Plato
expounds his position through the example of the concept of equality. In order to
understand what it is for something to ‘be equal’ one cannot rely on perceptible

things. Equal perceptible things like sticks and stones are not equal in the same

307 0i5” ad 6 AOYIGTIKOC avTd Kad® EovTd Oempel Té A0 TdV ApOuGdY, GAL’ &nl TdV aicOnTdv, 50V
Kol TNV Enovopioy adToig amd TdV HETPOVUEV®Y TIBETOL, UNAITOC KAADY TIVAG KOl LOATOG.

308 In the Republic Book VII, 522¢, 525a-c, 526b; Gorgias 451b-c and Theatet. 198c. For a
discussion of the importance of the distinction see [Heath (1921), pp.13-16]. Far more

authoritative is the account given in Klein (1968).
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way as the Form of Equality is (Phaedo, 74d-e, 75a), they are deficiently so,
whereas the Form is paradigmatically so (74e). Also in the Parmenides, Plato
argues that Socrates ‘is one’, e.g.,, because he is one man among a company of
seven men, and we can equally say that he is ‘many’ in virtue of his upper and
lower, front and back, and left and right parts (Parm. 129c-d). There is, however,
a proper way in which something can be one or many, which, according to Plato,

is grasped by reasoning (129d-e), thus independently of sense perception.

The things that do for Plato the job that concepts do for Frege, i.e the entities to
which numbers apply without any others’ applying, are mathematical numbers.
As we saw in the Hippias Major and the Phaedo, there are Forms of number, viz.
the Forms of Oneness, Twoness, Threeness and so on. The statements of
arithmetic, however, are not about them but about mathematical numbers.
Mathematical numbers are intermediate between the Form numbers and
collections of sensible things. The Academics’ reasons for postulating such
entities are two: 1) The problem of precision, namely the fact that physical
objects might fail to have the mathematical properties we study, and 2) the
uniqueness problem, the fact that mathematical statements need more than one
objects. Aristotle tells us that the intermediates differ from sensible things in
being eternal and unchangeable (&i61a kai dkivnta), and from Forms in that there
are many alike (m6AL’ drta duowa), while the Form itself is in each case unique
(Bt 8¢ mapd té oicOnTa kol To £10M TO podnpatikd TV TPOyUdToOV gival enot
petalh, Slopépovta TV P&V oicOnTdv Td Gidta Kol dkivnto eivat, TGV 8 ldGV 6 Td
pgv TOAN” dtto Spota ivar T 8¢ 1dog avTod £v EkooTtov novov, Meta. A.6, 987b14-

18).309

[3.8.3] Plato and Aristotle on composition as identity

Plato in Socrates’ Dream in the Theatetus (201e-206b) discusses the view that
composition is identity, i.e. that a whole is merely the sum of its parts. The
context of the discussion is the third definition of knowledge as true judgement
with an account. Socrates reports a dream which involves the crucial premise

that there is a certain epistemological asymmetry between parts and complex

309 Cf. Meta. N.3 1090a35-b1.



172

wholes, namely parts are unknowable, whereas complex wholes are knowable
(by the account of their parts).310 Letters and syllables are used as examples of
parts and wholes, respectively. Socrates proceeds to give two different
refutations of this epistemological asymmetry. The first refutation results in
epistemological symmetry between parts and wholes (it takes the form of a
dilemma in which Socrates argues that parts and wholes are either just as

knowable as each other or just as unknowable as each other):311

[Soc.:] Well now, if the complex is both many elements and a whole, with them as its
parts, then complexes and elements are equally capable of being known and expressed,
since all the parts turn out to be the same thing as the whole. [Theaet.:] Yes, surely.
[Soc.:] But if, on the other hand, the complex is single and without parts, then complexes
and elements are equally unaccountable and unknowable—both of them for the same

reason. [Theat., 205d7-e4; Levett’s trans. |

Socrates begins his enquiry as follows:

[Soc.:] Look here, what do we mean by “the syllable”? The two letters (or if there are
more, all the letters)? Or do we mean some single form produced by their combination?

[Theat., 203¢4—6; Levett’s trans. |

He then invites us to consider the first horn of the above question. If we assume
that a syllable is all its letters and we know the syllable ‘SO’, then, since ‘SO’ is the
same as the two letters ‘S’ and ‘O’, we know the letters also. Thus, the letters are
just as knowable as the syllable, something that refutes the epistemological

asymmetry hypothesis:

[Soc.:] Then take the case of the two letters, S and O; these two are the first syllable of my
name. If a man knows the syllable, he must know both the letters? [Theaet.:] Of course.

[Soc.:] So he knows S and O. [Theat., 203¢8-d2; Levett’s trans.]

The crucial premise that Socrates’ argumentative strategy depends on is that a

whole is identical with its parts. However, this should not be taken as an

310 Verity Harte calls this ‘the Asymmetry Thesis’. In [Harte (2002), p.33].
311 [bid.
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indication that Plato endorses such a view.312

As Harte helpfully comments, ‘since the identification of a whole with its parts is
the (sole) shared premiss on which both horns of the dilemma depend, if there is
something at fault in the arguments of the dilemma, which Plato intends to
highlight, this identification is the most likely candidate. [...] Reasons to be
suspicious of this identification are also provided by the lengths to which
Socrates goes to defend it and the lengths to which Theaetetus goes to try to
resist it.313 In the following passage Socrates gives us an argument for the thesis

that composition is identity:

[Soc.:] Well now, is there any difference between all of them and all of it? For instance,
when we say ‘one, two, three, four, five, six’; or, ‘twice three’, or ‘three times two’, ‘four
and two’, ‘three and two and one’; are we speaking of the same thing in all these cases or
different things? [Theaet.:] The same thing. [Soc.:] That is, six? [Theaet.:] Precisely.
[Soc.:] Then with each expression have we not spoken of all the six? [Theat.:] Yes. [Soc.:]
And when we speak of all of them, aren't we speaking of all of it? [Theat.:] We must be.
[Soc.:] That is, six? [Theat.:] Precisely. [Soc.:] Then in all things made up of number, at
any rate, by ‘the sum’ and ‘all of them’ we mean the same thing? [Theat.] So it seems.

[Theat., 204b10-d3; Levett’s trans. ]

The passage is of particular importance since it was perhaps the one that
prodded Aristotle to inquire about the unity of number and to accuse the
Platonists of not providing a principle of unity for number, as we shall see later
in this chapter. We have become accustomed to think of the numbers as those
unique abstract particulars 1,2,3,4, . . . This conception of number, however,

stands in stark contrast to the ancient one. As I have said many times in this

312 This is essentially Scaltsas’ reading of the Platonic position. [Scaltsas (1994), pp.59-61]
According to Burnyeat, Plato rejects the thesis that composition is identity and subscribes to the
Aristotelian position of substantial or substantial-like composition (even in the case of numbers).
[Burnyeat (1990), pp.206-209]. According to Verity Harte in certain passages in the Theaetetus,
the Parmenides, and the Sophist, Plato discusses a notion of composition as identity without
endorsing such a view, whereas in other texts from the Parmenides, the Sophist, the Philebus and
the Timaeus, he endorses a view of wholes as things genuinely unified, as an alternative to the
rejected composition-as-identity view [Harte (2002), pp.2-3].

313 See [Harte (2002), p-39].
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chapter, an arithmos (number in the first sense) is a collection of units,
something that corresponds also to Euclid’s definition: ‘number is a collection
composed of units (ApOpog 8¢ 10 €k povadwv cuykeipevov TAnog, Elem., Book VII,
def. 2). Thus, it is better to understand number three, for instance, as a trio of
units. And one is not an arithmos, by definition. Harte, on the contrary, does not
seem to employ that conception of number. Rather, she understands that an
arithmos is a collection in the plural, i.e. something that lacks unity, or, to use
Aristotle’s term, something that is like a ‘heap’. As she writes: ‘The term
‘collection’, of course, is grammatically singular. However, here and in what
follows, I use the term ‘collection’ as a convenient way in which to refer, in the
plural, to many things. A collection is a plurality, or, better, many things, plurally
quantified.’314 For Harte, number terms like ‘3’ are plural terms denoting what |
have called elsewhere multitudes.31> She also claims that this conception is ‘the
conception of ordinary Greek mathematics’ . I am not so sure about this. Euclid’s
definition of number point to number as some one thing composed out of parts.
According to Burnyeat, Plato rejects the thesis that composition is identity in the
case of numbers and subscribes to the Aristotelian position of substantial or
substantial-like composition.31¢ I will discuss Aristotle’s position on the matter
shortly. Let us return to the above passage. How should we read the arithmetical
propositions ‘6=4+2" and ‘6=3+2+1’? Burnyeat points out that someone who has
been influenced by Frege might invoke a distinction between sense/reference to
better understand the expressions ‘twice three’, ‘three times two’, ‘four and two’,
‘three and two and one’, (204c): perhaps all those expressions designate the
same thing, the number 6, but they differ in their sense. Thus a Fregean-inspired
reader would take ‘=" as an expression of identity. However, this view is
mistaken. Given the ancient conception of arithmos, the symbol ‘=’, as Burnyeat
correctly points out, should be taken as a symbol of equinomerosity. Thus,
instead of self-identity when we write ‘3=3" (the number 3 is identical to itself),
we mean that a triplet has the same number of units as another a triplet, i.e. any

triplet is equinumerous with any other. Then ‘3+2=5’, as Burnyeat explains,

314 Harte, op.cit., p.27.
315 See fn.295.
316 In [Burnyeat (1990), pp.207-208].
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means not that the number 5 is identical with the number which is the sum of 3
and 2, but that there are exactly as many units in a pentad as in a triplet together

with a pair.317

Aristotle discusses the problem of the unity of substance and its relation to its
parts in Meta. Z.17 (1041b11-31). According to Aristotle a whole is something

more than the sum of its parts:

As regards that which is compounded out of something so that the whole is one — not like
a heap, however, but like a syllable, — the syllable is not its elements, ‘‘ba’’ is not the
same as “‘b’” and ‘‘a’’, nor is flesh fire and earth; for when they are dissolved the wholes,
i.e., the flesh and the syllable, no longer exist, but the elements of the syllable exist, and so
do fire and earth. The syllable, then, is something—not only its elements (the vowel and
the consonant) but also something else, and the flesh is not only fire and earth or the hot
and the cold, but also something else. Since, then, that something must be either an
element or composed of elements, (1) if it is an element the same argument will again
apply; for flesh will consist of this and fire and earth and something still further, so that
the process will go on to infinity; while (2) if it is a compound, clearly it will be a
compound not of one but of many (or else it will itself be that one), so that again in this
case we can use the same argument as in the case of flesh or of the syllable. But it would
seem that this is something, and not an element, and that is the cause which makes this
thing flesh and that a syllable. And similarly in all other cases. And this is the substance of
each thing; for this is the primary cause of its being; and since, while some things are not
substances, as many as are substances are formed naturally and by nature, their substance
would seem to be this nature, which is not an element but a principle. An element is that
into which a thing is divided and which is present in it as matter; e.g. “‘a’” and ‘‘b’’ are the

elements of the syllable.318 [Met. Z.17, 1041b11-33; Ross’ trans.; his italics]

317 gp. cit., pp.205-207.
318 $7el 8 10 Ex Tvog chvBETOV 0BTMC BoTe BV elval TO v, I OS cOPOS GAL’ OC 1) cLALAPH—T 82
oVALOPT) oVK 6Tt TG oTotKElD, 0VOE T@ Po TadTO TO B Kol a, 008’ 1) oGpé TP kal Y (SteAvbévimv yap
76 L&v oOKETL E0TLy, olov 1) GapE Kai 1] GVALPT, Té 88 otoryela EoTL, kol TO TP Kol 1) Y1) EoTv dpol Tt
1 ovALaPn, oV PoVOV T oToLETD TO POVIEV Kol Apmvov ALY Kol ETepdv Ti, Kol 1] oapE 0O pdvov Top
Kol yi] 1| TO Oepuov kol yoypov Al kol Etepdv Ti—el Tolvov AvAaykTn KAKEIWVO §| oTolyeiov 7 €k
otoyeimv eiva, i p&v otoryelov, TAY 6 avTdC E6Tan AdYoC (Ek TOVTOV Yap Kol TLPOC Kad Yiig EoTan 1
oap& xai &t dAlov, Got’ ic dnepov Padieitar)- €i 8¢ Ek oToryeiov, dTjAOV OTL 0Dy EVOG AALY TAELOV®DV,

| ékevo avTo EoTal, Hote TAAY €Ml TOHTOV TOV OVTOV EpoDEV AdYOV Kol €Tl TG GopKOC 1| GLAAAPTC.
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Aristotle invites us to consider a complex whole, a syllable, and its elements, its
letters. He then tells us that the syllable is something more than the sum of its
letters. The reason, Aristotle tells us, is that if the syllable is dissolved, we still
have the letters but not the whole any more. This shows that the syllable is
something more than its letters. Perhaps there is an extra element, X, in the
syllable in addition to its letters. But then one might argue that all we have now
is a new sum of the letters plus X. So either we should concede that the syllable is
after all the sum of its elements (letters+X) or the same argument applies: if the
syllable is dissolved we still have the elements (letters, X) but not the whole
anymore. In the latter case regress threatens: the syllable is something more
than (letters+X) by virtue of a new element, Y, and so on. Thus Aristotle argues:
‘It would seem that this is something and not an element, and that is the cause
which makes this thing flesh and that a syllable. And similarly in all other cases.
And this is the substance of each thing; for this is the primary cause of its being ...
which is not an element but a principle.’ (1041b25-31). Just like the arrangement
of the letters in the syllable (something which is not a letter nor composed of
letters) is the solution of the problem of the unity of the letters into a single
whole, the ousia of a particular substance is the solution of the problem of the

unity of the elements of the substance into a single whole.31°

56Eg1e 8 av elvar Ti TodTO KOl 00 GTOLKEIOV, KOl aiTIOV YE TOD Elval TodL pév chpka Todi 8¢ cuAlaprv:
opoing 8¢ kol &nl tdv dAlwv. odoia & EkdoTov pév Todto (TodTo Yap aitiov TP@HTOV TOD Elvon)—Enel
&’ &via 00K ovoiot TOV TPAYHATOV, AL dool ovcial, Katd @OV Kol PUGEL GUVEGTNKAGL, QOVEN GV
[kail] abtm M @Oolg ovoia, 7| éotv 00 otoyeiov AN dpyn—: otoyeiov &’ éotiv €ig O Stoupeitan
gvomapyov d¢ ANV, olov tiic cuALaBTic T a Kol T B.

3191 am thus in agreement with Scaltsas’ reading of the argument. See [Scaltsas (1994), pp.64-

65].
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[3.9] Aristotelian complications

[3.9.1] A hylomorphic account of number?

In certain places in the Metaphysics Aristotle advocates, rather surprisingly, a
hylomorphic account of number. In those places (most notably in chapters H.3

and H.6) Aristotle asks what is it that makes number one:

Let us now consider the problem we have already mentioned concerning both definitions
and numbers, namely: what is the cause of their unity?*> [Meta. H.6, 1045a7-8; Bostock’s

trans.]

In trying to determine Aristotle’s own solution to the problem about the unity of
number Cleary helpfully presents us with the following possibilities: (a) that
there is some internal form that unifies the matter of number, which consists of
indivisible units; (b) that some external form is imposed on these units by the
mathematician; (c) that number does not have any unifying form but is merely a
heap or multitude of units.321 The available edvidence, however, is not adequate
enough to supply us with a definite answer. Cleary himself opts for the 3rd
option: ‘Aristotle seems to hold that number is not something unified like a
substance but rather more like a heap (cwpdg), since number consists of units
that differ from each other, and each number is counted simply by adding
units.’322 In this Cleary seems to follow Jacob Klein’s influential view. Klein claims
that on the Aristotelian account ‘number is simply not one thing but a ‘heap’ of
things or monads.” He continues: “Being a number’ is not a koinon to be taken as
a ‘whole’ above and alongside, as it were, the parts of the ‘heap”(his italics).323

Klein points to Meta. M.7, 1082a22-24 for justification: ‘two men are not some

320 [epi 8¢ Tiic Gmopioag Tiic eipnuévng mepi T Tode OpLopods ko mepi Todg apdpove, Ti aitiov Tod v
gtvar;

321 See [Cleary (2013), p.431].

322 ibid. p.437. In his earlier [Cleary (1995)] Cleary endorses option b), where an ordinal form is
imposed by the counter to the units he counts. See [Cleary (1995), pp.373-375].

323 Both in Klein [(1968), p.220].
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one thing over and above both of them, and this must be so with units too’ (6A\’
domep ol 6V0 avOpmmol ovY &V TL TaP’ AUPOTEPOVGS, OVTMOC GAVAYKT Kol TOC LOVASAG).
From this, it would seem that Aristotle attributes no unity to number
whatsoever. However, Klein’s claim that number is a heap need not represent
Aristotle’s own view on the matter. Rather, Aristotle’s understanding of number
as a heap is the conclusion that follows naturally where one to admit that there is
not any principle of unity by which a number is made to be something more than
its parts. For Aristotle formulates the matter as follows: ‘For either it is not <a
unity>, but is like a heap, or it is, and then it should be explained what it is that
makes it one out of many’ (1} yap ovx &ottv GAL’ olov cwpdg, 1) einep doti, Aektéov
i 10 ToodV €v €k ToAA®V, Meta. H.3,1044a4-5). The absence of such a principle of
unity is attributed to the Platonists in Meta. M.7 1082a15-22. I discuss the

passage later in this chapter.

We can, however, develop a bit further the view of number as something that
lacks unity. What happens then when we ascribe a number to something-as
when, for example, we say ‘The horses are 5’7 If one were to endorse that view,
then something like the Socratic position in the Hippias Major seems like a
promising start: One could say of the horses (where ‘horses’ is a plural term
referring to an irreducibly plural entity, namely the horses) that they are,
collectively, 5. In other words, one needs to substantiate this claim by providing

an account of plural predication in Aristotle.

There is some evidence that Aristotle was aware of the distributive-collective

distinction:

1)There is a passage in the Politics (Book II, chapter 3) where he points out that
‘all’ may be used in two senses— collectively as in ‘all together’ and

distributively as in ‘each separately’.324 As Oliver and Smiley remark: ‘Aristotle

324 The passage is the following:
Again, even if it is best that the association should as far as possible be one, this does not seem to have been
shown to be so by the argument, 'if all say "mine" and "not mine" at the same time' (Socrates thinks this is an
indication of the state's being completely one)-because 'all' is used in two senses. If all individually is meant,
then this may perhaps be nearer to what Socrates wants to bring about; for each man will always refer to the

same person as his son, and to the same woman as his wife; and he will speak in the same way of his
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makes use of this distinction against Plato ‘by detecting an elementary fallacy in
the political vision of the Republic. [. . .] A Platonic commune of wives and
children is one where all together say ‘mine’, not each separately. And he argues
against Socrates that while the ‘each separately’ sense may be desirable, the ‘all

together’ sense is not.’325

2) Aristotle draws a distinction between distributive and collective predication
in order to resolve the fallacies of composition and division. Aristotle presents
the fallacy of division after the fallacy of combination has been discussed, and
provides us with an example. In the Sophistical Refutations 4, 166a33-35, he
says: ‘Upon division depend the fallacies that two and three are five, and even
and odd, and the greater is equal (for it is that amount and more besides).’
According to Schiaparelli’s analysis of the argument, there are two sentences in
this passage (‘two and three are five, and even and odd’) that are in need of
explanation and an obviously false sentence (‘the greater is equal’) that should
be read as a conclusion of the previous sentences. The sentence ‘two and three
are five’ can be understood as ‘two is five’ and ‘three is five’. These premises
together with the background assumptions ‘two is even’ and ‘three is odd’ lead to
the conclusions ‘five is even’ and ‘five is odd’, which is absurd. The absurd
conclusion is a result of a distributive application of the numerical predicate

‘five’ 326

The above passages could, perhaps, form part of a bigger account where one

could argue that Aristotle understands numerical predication as an instance of

possessions, and each thing that befalls him. But that is not in fact how people will speak who hold wives and
children in common. They will al/l speak, but not individually, and the same with regard to possessions: all, but
not individually. So then, 'all say' is clearly some sort of fallacy; for 'all' and 'both', and 'odd' and 'even', owing
to their double senses, generate contentious syllogisms even in discussion. So, while in one way it is
admirable, but impossible, that all should say the same thing, in another way it is not at all conducive to
concord. [Pol. 11.3, 1261b16-32; Saunders’ trans.; his italics]

325 Oliver and Smiley (2013), p.17.

326 Translations are Schiaparelli’'s. As for the second argument, Schiaparelli argues that an

analogous reading is possible: the sentence ‘two and three are five’ is taken as if there were two

sentences, i.e. ‘two is five’ and ‘three is five’, whence one concludes that five is both equal and

greater then two and three, i.e. ‘the greater is equal’, something absurd. Consult [Schiaparelli

(2003), pp.123-125] for a detailed reconstruction of the argument.
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plural predication.

[3.9.2] Discussing Meta. H.3

A suitable answer to the problem of the unity of numbers would require a close
investigation of the discussion in H.3. In this chapter Aristotle offers another
argument along the lines of the argument in Z.17 discussed in the previous
section; there is something in a substance that is not one of its parts, but a
different sort of entity, which is the cause of being and the ousia of a particular

substance:

Nor then is man an animal and two-footed. If these are matter, then there must also be
something over and above them, something which is not an element and not composed of
elements but is the substance; and this they eliminate when they state only the matter. So if
this is the cause of man’s being, and this is the substance, they will be failing to state the

substance itself’”’ [Meta. H.3, 1043b11-14; Bostock’s trans.]

Aristotle begins his argument by claiming that a syllable is not just its letters plus

an arrangement:

Now, on investigation it is evident that a syllable is not composed of the letters and their
combination, and a house is not bricks and a combination.**® [Meta. H.3, 1043b4-6;

Bostock’s trans.]

Aristotle’s examples serve to remind us the Z.17 lessons: that the substance does
not depend on the form in the way it depends on its material parts: a substance
is not a mere aggregate of matter and form, much like a syllable is not just its
letters plus combination, and a house is not merely bricks plus combination. In
H.3 Aristotle tell us that ‘if substances are in a certain way numbers, it is in this
way, not as some say as collections of units’ (pavepov 6¢ xai 51611, €inep €icl TOC
apbpol ai ovoiol, oVtmg €icl Kol ody OG Tveg Aéyovot povadmv:, 1043b32-34).

What is the distinction at hand? One suggestion is that the distinction is between

327 oo QN ¥ SO e~ v Qs sA N 2 ~ 73 o \ ~_ 1o 2~
000 O 0 GvBprTds €0t 1O {Pov Kal dimovv, AL T del eivar O mapd TodTA €Ty, €l TadO’ VAN,

obte 8¢ otogeiov obT’ &K oTorxeiov, AL’ 1 ovoia: & &Ecpodviec TV VANV Aéyovotv. &l ovv TodT’
aitiov Tod gival, kol odoia TodTo, adTHV GV TV 0VGiny 0O ALyolEy.
328 ’ 3\ ~ e N ~ I3 3 N I3 5 e 27 ’

o0 eaivetal o1 {nrodov 1 cLALAPT €k TAV oToyEiwV ovca Kol cuvBécems, 00d’ 1 oikio TAivOOL TE

Kol 6VVOEDIG.
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a number in Aristotle’s first sense, i.e. a collection composed of units, such as a
trio of horses, and a number of abstract units, each exactly like one another in
every respect.32? This understanding of the distinction points to the right
direction, since by apiOuog povadwv Aristotle probably has in mind a Platonic
notion of number, which has no principle of unity and is more like a heap (cf. the
discussion in Meta. M.7 1082a15-22). Bostock offers yet another suggestion: the
distinction is between a number that is akin to a syllable (recall that the letters
have to be arranged in a certain manner to make the syllable) and a number of
abstract units. I will discuss his suggestion in detail shortly. Beyond those two
suggestions it seems that Aristotle understands the former kind of number as
some kind of whole, a compound, perhaps, of form and matter. In 1043b34-
1044a1l Aristotle tells us that both numbers and definitions are similar in the
following ways: (1) both are divisible into indivisibles (the ‘units’ of the
definition are those that are ‘indivisible’ in the sense of being ‘indefinable”);330
(2) neither the definition nor the number will survive addition/subtraction

without losing their identity.331 The discussion continues as follows:

Further, a number must be something in virtue of which it is a unity, though people cannot
now say what it is that makes it so, if indeed it is. (For either it is not, but is like a heap, or
it is, and then it should be explained what it is that makes it one out of many.) Similarly, a
definition is a unity, and again people cannot explain this either. Nor is this surprising, for
the explanation is in each case the same; substances are one in this way, not by being a
kind of unit or point, but because each substance is an actuality and a certain nature.””

[Meta. H.3,1044a2-9; Bostock’s trans. ]

329 A suggestion made by Burnyeat in [Burnyeat et al. (1984), p.21].
330 As Bostock helpfully remarks in [Bostock (1994), p.268].
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Aristotle in this passage claims that a number is a unity, a definition is a unity,
and that the explanation in each case is the same; a substance is a unity because
it is ‘an actuality and a certain nature’ (1044a9). The term ‘actuality’ (évieAéyeia)
indicates form (cf. Z.13, 1038b6) as does the expression ‘a certain nature’ (pvoig
T5) (the form of a natural object was identified with its ‘nature’ at Z.17,
1041b28-30).333 Aristotle’s substance, then, is a unity because it consists of
certain materials with a certain form. In the case of paradigmatic substances
such as Socrates, the form is its soul (cf. the discussion in Z.16, 1040b5-16); in
the case of the syllable, the form is the arrangement (c0v0eoig) of the material
components (the letters) which prevents the syllable from being considered a
mere heap (Z.17, 1041b11-17). But what about the unity of number? Drawing
some analogies with the example of the syllable, Bostock tentatively suggests
that Aristotle thinks of number as an arrangement, structure or pattern of units:
for instance, three is a triangular number, four is a square number, and so on. We
may even generalise this idea as Bostock does: ‘If we tone down this suggestion
a bit, but still without losing its basic idea, we may perhaps think of Aristotle as
holding that we have three horses only where the three form a group, not
necessarily in any particular pattern, but at least so situated that they are all

close to one another. For this too is an arrangement of a kind though not such a

specific kind as suggested previously.334 (underlining mine). Despite the initial
plausibility of the idea which stems from the Pythagorean tradition of figured
numbers, one cannot be utterly satisfied with it; as Bostock himself
acknowledges: “...of course such view is mistaken, for three horses remain three
however they may be scattered, but it would not be too surprising if Aristotle
had failed to grasp this point.”33> Now it seems rather implausible to me that
Aristotle would have failed to grasp the crucial lesson of the Phaedo, namely that
the units of a number need not be juxtaposed or otherwise physically related in

order to form a number.

Yet another passage that points towards an interpretation of number as some

333 In [Bostock (1994), p.268].
334 jbid.
335 jbid.



183

sort of composite is the following:

The cause of the mistake they made was the fact that they were making their search at one
and the same time from the side of mathematics and from that of definitions of universals.
From the former side they regarded one, their principle, as a point. (A unit is a point
without position. So they put things together from minimum parts, as others have done,
and the unit becomes the matter of numbers, and at the same time prior to Two-though
also subsequent, in fact, because two is a whole and a unity and form.) But because they
were looking for the universal they treated the one that is predicated as also being a part
even so. But it is impossible for both of these things to apply simultaneously to the same

thing. > [Meta. M.8, 1084b23-32; Annas’ trans.]

Aristotle complains that the Platonists conflate the mathematical and dialectical
modes of inquiry. In the passage above (as well as in the preceding discussion)
Aristotle endorses a hylomorphic account of number to explain the error in the

Platonists’ thinking:

Insofar as number is composite, it is one that comes first, but insofar as the universal and
form are prior, it is number that comes first; each of the units is part of number as matter,

but the number is their form.”’ [Meta. M.8,1084b4-6; Annas’ trans.]

On the one hand the Platonists as mathematicians gave certain priority to the
elements of the (composite) number, i.e. to the units, thereby subscribing, we
may add, to the thesis that composition is identity: a whole is merely the sum of
its parts. This means that number three, for instance, is merely three units, or in
Aristotle’s terminology a ‘heap’ of three units. On the other hand the Platonists as
philosophers were concerned with the formal unity of number, thereby
acknowledging that number is something more than the sum of its elements, its

units, by something extra, the form of number. However-and this takes us back

336 gitiov 8¢ ti|g ovuPorvovong auaptiog Ot o £k TOV podnudTov €0Mpevov Koi €k TV AOYOV TAV
KkaBO6 oV, B0t €€ Exelvav PEV MG oTiyunv T &v Kol TNV apynv &0niov (1] yap povag otiyun d0etog
gotv- kabdmep ovv kol Etepoi Tiveg k Tod ElaryioTov Td dvia cuvetiDesav, Kai ovTol, HGoTe YiyveTar 1
povag VAN tdv apudv, kol duo Tpotépa Thg 6vadog, TaAY & VoTépa MG GAov TVOG Kol £vOg Kol
€ldovg Tfic dvadog ovomng): d 8¢ 10 kaboAov {NTElVv TO KOTNYOPOOUEVOV EV KO OVTOG G UEPOG
Eleyov. ToDTA O Apo T® 0DTH ASVVATOV DTLAPYELV.

378 név 81 o0voeTog O apopde, To Ev, i & T kabdhov TPdTEPOV KOl TO £160G, 6 ApOudS: Ekdotn yip

TV Hovadmv popiov tod apdpod dg HAn, 6 8 M eldoc.



184

to the Z.17 lesson-they treated the form as part of this composite number, on
equal footing with the material part, i.e. the units (o¢ pépoc €reyov, 1084b31-32).
This, Aristotle claims, does not solve the problem of unity for this composite
number, since it leads to regress. It is pretty obvious that one cannot apply both
the principle that composition-is-identity and its negation to the same thing, i.e.
to number as something composite (1084b32). Now, I take it, there is a sense in
which number has some principle of unity, a formal aspect, which is not also a
part of number, unlike its units. A certain account that sheds some light on the

matter is Syrianus’ one.

[3.9.3] Syrianus’ helpful account

A much more detailed insight into such a hylomorphic account of number is
given by Syrianus in his commentary of Aristotle’s Metaphysics M and N. It is
worthy of special remark, since Syrianus addresses the problem regarding the

unity of number by adopting a hylomorphic approach:

So then, neither is it the case that five is constituted from substance and accident, as with
‘white man’, nor yet from genus and differentia, as is ‘man’ from ‘animal’ and ‘two-
footed’, nor by five units being in contact with each other, as in the case of a bundle of
sticks, nor by being mixed together, like honey-wine, nor by having a certain placing, as in
the case of stones going to make up a house. However, it is not so, as in the case of
countable objects, that there is nothing over and above the individual objects; for let us
grant him for the moment that the conjunction of two men is nothing over and above each
of them (although it is in fact Plato’s view that all these combinations themselves receive
the different numbers by virtue of participation in some Form, as is written in the Phaedo;
but let this not be attributed to countable objects just for the moment); but it is not because
numbers are composed of indivisible units that they have something other than those units
(for the many points are indivisible, but nonetheless they are not considered to make up
something else besides themselves as subjects), but because there is something in them
analogous respectively to matter and form. For instance, when we add three to four and
make seven, we express what we are doing in these terms, but our statement actually is not
true; for the units when joined together with the other units make up the substratum of the

number seven, but the actual seven is made up of this number of units and the Form of
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Seven.”® [On Aristotle Metaphysics M-N,132.29-133.7; Dillon and O’Meara trans. mod.]

What is the context of Syrianus’ remarks? In the above passage Syrianus
expresses his own position when commenting on the Aristotelian passage
1082a20-26. In this passage Aristotle asks ‘How is it possible that a number like
two be a unity?. He states that some things are one by contact, others by
mixture, and others by position, but none of these alternatives can possibly apply

to the units of which two and three consist.

Besides, some things are one by contact, some by mixture, some by position but none of
these can apply to the units of which Two and Three are made up. Two men are not some
one thing over and above both of them, and this must be so with units too. Their being
indivisible will make no difference; points are indivisible too, but still two of them do not

make anything over and above the two.”” [Meta. M.7, 1082a20-26; Annas’ trans. mod.]

If one were to raise the issue of the unity of number Two, say, one cannot claim,
for example, that the units are next to each other in any way (1082a20-22). As
Bostock remarks, ‘the only thing that the Platonist can say to distinguish these
units from any other pair of units is that they are the ones that make up the

number two.” (his italics) But, of course, he continues, ‘this reply is evidently
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circular, and the truth is that if there were such abstract units then none of them
would be distinguished from any others, so there could be no saying what it is
that ‘unifies’ or ‘holds together’ those particular units that are supposed to
constitute the number two, i.e. what it is that distinguishes them from other

units.’340

It seems that the Platonists cannot offer an appropriate principle of unity for
number such that its parts (i.e. the units) actually constitute something of a
whole, and not simply a heap. Aristotle in the passage above offers several
principles of unity and his strategy consists in showing that Platonic number
cannot share in any of them and so cannot be anything more than a heap, an
irreducibly plural entity. The types of unity offered are the following: (a) unity by
contact (aofy); (b) unity by mixture (ui€et); (c) unity by position (0écet). A more
detailed account of those types of unity is offered in Metaphysics A.6. Aristotle
there offers as an example of unity of contact, a collection of planks glued or tied
together (1015b36ff.). Unity by contact is not, of course, appropriate for
numbers: for some horses to be three it is not necessary that they are in touch
with one another (a generalisation of this observation is that the horses need not
even be close to each other). Finally, unity by blending is not of relevance here
since it belongs to such things as the mixture of honey with wine that constitutes
honey-wine (oivopeh in Syrianus’ account). Unity by position pertains to some
slabs that are positioned in a certain way to form a threshold, or to the letters
that make up a syllable. Therefore Aristotle reaches the conclusion that none of
these types of unity can account for the unity of Form numbers. Thus, in Form
Number two, for instance, there seems to be no unity apart from the two units.
Furthermore, the indivisibility of the units is not sufficient to explain the unity of
Form numbers: drawing on a parallel with points, he argues that they are also
indivisible, yet a pair of them does not constitute a separate entity beyond them
(1082a23-26). Aristotle in effect claims that in a number of two points the fact
that the units are of the same type-i.e. that they are points-is not sufficient to
establish the unity of the number in question: the common type does not unify

the points into a whole (much like the fact that the elements of the syllable are

340 In [Bostock (1994), p.269].
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both of the same type-letters-is not enough for them to constitute a single

whole).341

According to Syrianus, number five is a unified whole, but the unity of five is not
due to the conditions Aristotle accepts for the unity of a thing in the passage
1082a20-26: Five is not constituted by five units being in contact with each
other, nor by being mixed together, nor by having a certain placing. His answer is
that they are somehow composites of form and matter (132.7-8).342 According to
Syrianus, when we add three to four and make seven, we express what we are
doing in these terms, but our statement is actually not true. It is not that the
seven is identical to the sum of three and four, but that the seven consists of
seven units, which are equinumerous with the totality of units in the three
together with the units of the four. Syrianus’ interpretation falls under option b)
in Cleary’s list of possible solutions regarding the unity of number; we have some

external form that is imposed on these units by the mathematician:

What is it, then, that applies the Form of Seven to the units? What is it, after all, that
applies the Form of Bed to such and such a combination of pieces of wood? Surely it is
plain that it is the soul of the carpenter that, in virtue of possessing the appropriate art,
imposes forms on bits of wood for the making of a bed; and it is the soul of the
mathematician that, by possessing within itself the originative Monad, imposes form upon,
and generates all numbers.’” [On Aristotle Metaphysics M-N,133.8-12; Dillon and

O’Meara trans.]

Syrianus’ answer is based on a parallel between the soul of the carpenter and the
soul of the mathematician: just as the soul of the carpenter applies the Form of
Bed to such and such a combination of pieces of wood because he possesses the

appropriate art, the soul of the mathematician by possessing the appropriate

341 This is a point that has not been generally appreciated by commentators. An exception is
Edward Halper in [Halper (1989), p.259].

342 [Mouzala (2015)] contains a useful discussion of Syrianus’ arguments.
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knowledge of the Numbers imposes numerical form upon the units.344

[3.9.4] Further refinements

Although the discussion in H.3 draws certain parallels between substances and
numbers, it would be of some significance to highlight the differences between
number forms and substantial forms. Recall that the syllable, Aristotle tells, is not
just its elements (its letters) but it is the letters in a certain arrangement. Much
like the arrangement is something that is not an element nor composed of
elements, the substance (form) is of a different type than the (material) elements
it unifies, and is responsible for the being of a substance by combining these
elements into a unified whole. Scaltsas cautions us not to read Aristotle’s
position about the unifying role of the substantial form over the material

elements as a claim that the substantial form is some kind of relation:

But now, his claim that the substantial form unites the various elements (out of which the
substance is made up) into a single whole seems to clash with his claim that the
substantial form is not a relation. It would appear that what the substantial form needs to
do is precisely to interconnect the various elements of a substance to each other so as to
make up a single whole. Hence, it must be a relation. ... The difference is that a substantial
form unites elements into a whole by tying their identity to the identity of the whole,
while a relation leaves the identity of the relata intact. Thus, given a related whole of ten
juxtaposed books, each of the books is identifiable independently of its relation to the
other books. The identity of the relata is not determined by the relation they bear to each
other. But in the case of a substance, something comes to be a component of the substance
by being identified in terms of the relation it bears to the whole, for example the skin,
liver, or brain, of a human being. The unity that is achieved in a substance is achieved by
the identity-interdependence of all the constituents in it, as determined by the substantial
form. The constituents that emerge from the incorporation of the elements into the whole

are what they are because of their role in the whole. [Scaltsas (1990), p.588]

Apart from the example of the ten juxtaposed books, Scaltsas notes that
Aristotle's example of the syllable, is not a substantial whole. His argument is

that each of the letters is identifiable independently of its relation to the other.

344 See also [Mouzala (2015), p.180]. For a similar to Syrianus’ interpretation according to which

the counter imposes the ordinal form to the units he counts see [Cleary (1995), pp.373-375].



189

This shows that the syllable is not an Aristotelian substance but rather, a related
whole.3*> We may say something similar for the composite numbers. If, e.g,, a
triplet of birds were a substance then the incorporation of the birds into the
whole would involve the reidentification of them. However, the identity of the

birds is not determined by the relation they hold to each other.

Although Aristotle asks about the cause of unity in numbers at the beginning of
H.6, the issue is not further addressed in this chapter. However, it is possible to
draw some useful conclusions from the discussion there. Aristotle’s primary
example in this chapter is a composite, a bronze sphere, the discussion of the
unity of which takes up almost all of lines 1045a25-35. For the purposes of my
interpretation, I endorse Verity Harte’s reading of the H.6 discussion, according
to which what makes a bronze sphere one is that it is a unified realisation of a
form, the form of sphericity. Thus, according to Harte’s account, ‘a composite is
one because there is a unitary form which it exemplifies’ or in other words, ‘a
composite is one because it is one something: that is, the unity of a composite is
parasitic on the unity of the something it is, its form.’3%¢ What could be the
composite in the case of number? One proposal is that the composite is a
particular collection of objects, a pentad of horses, a trio of musicians, the twelve
gods of Olympus. If we take into account Syrianus’ hylomorphic analysis of
number as well as Aristotle’s comments in H.3 and in H.6 and elsewhere, then we
can say that any such collection is a composite of matter (units) in a certain form
(cardinal structure). Perhaps looking into the philosophy of mathematics known
as structuralism might supplement this picture; Shapiro provides us with the

following examples of cardinal structures:

For each natural number #n, there is a structure exemplified by all systems that consist of
exactly n objects. For example, the 4 pattern is the structure common to all collections of
four objects. The 4 pattern is exemplified by the starting infielders on a baseball team (not
counting the battery), the corners of my desk, and two pairs of shoes. We define the 2
pattern, 3 pattern, and so on, similarly. Let us call these ‘cardinal structures’, or ‘finite

cardinal structures’. [Shapiro (1997), p.115; his italics]

345 In [Scaltsas (1990), p.590, fn.33].
346 In [Harte (1996), pp.292-293].
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He defines system as a related whole and structure as the ‘abstract form of the

system”:

I define a system to be a collection of objects with certain relations. An extended family is
a system of people with blood and marital relationships, a chess configuration is a system
of pieces under spatial and ‘possible-move’ relationships, a symphony is a system of tones
under temporal and harmonic relationships, and a baseball defense is a collection of people
with on-field spatial and ‘defensive-role’ relations. A structure is the abstract form of a
system, highlighting the interrelationships among the objects, and ignoring any features of
them that do not affect how they relate to other objects in the system. [Shapiro (1997),
pp.73-74]

[ am not sure that Shapiro’s conception of cardinal structures gives us lots of
information about the nature of the relations in that structure. Most of his
examples take the relations between the objects of the system to be of a spatio-
temporal character, something that could invoke a criticism akin to Frege’s
against Mill regarding the applicability of number to non-perceptible things. A
much more promising account is provided by Stanley Jevons in his work The
Principles of Sciences where he tells us that ‘number is but another name for
diversity’ 347 A bit later he expands on what he understands as the ‘abstract
number’: ‘if they are really three men and not one and the same ... in speaking of
them I imply the existence of the requisite differences. Abstract number then is
the empty form of difference.’**® A modern advocate of Jevon’s thought is John
Bigelow. Bigelow invites us to consider the equivalence between (a) The number
of F’s is at least three, and (b) Ax3Iy Iz (x#y&x#z &y # z & Fx & Fy & Fz).
We can observe that (b) does contain the following open sentence, with three
variables x, y, and z: (x # y & x # Z & y # z). Any open sentence like this, with
three free variable will be true of various triples of things. This open sentence, in
particular, will be true of any triple of things that are distinct from one another.
It seems then that there is indeed something, a universal, which is instantiated
by each triple of numerically distinct things. Bigelow calls it ‘the relation of

threefold mutual distinctness’, or ‘the form of threeness’. The source of numbers,

347 See [Jevons (1913), p.156; his italics].
348 In [Jevons (1913), p.158; his italics].
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then, is the relation of non-identity, or the form of twoness. On this account,
natural numbers begin at two: the number two being simple the dyad, the

relation of mutual distinctness expressed by the open sentence (x # y).34°

Yet another suggestion for a composite number stems from the fact that number
is something essentially ordered. For this understanding of number it may be
helpful to invoke Aristotle's treatise on time at Physics A.10-14 where he defines
it as kind of number, 'a number of change with respect to the before and after’
(todT0 Yap €0tV O YPOHVOG, AP1OUOC KIVIGEWS KaTd TO TpdTEPOV Kol Dotepov, 219b1-
2). Number in the sense of an ordered group (a row of houses, a row of dots, a
stack of coins, etc.) can be very well considered as a composite of form and
matter. As in the case of a particular syllable, Aristotle’s point is, perhaps, that we
have a row of three houses when the houses are considered in a particular order,
namely a first house followed by a second one and the latter by a third one;
otherwise the houses are a mere heap, something with no unity whatsoever.
According to this interpretation, numbers in the sense of linearly ordered groups
are compounds of matter (units of a certain kind) and form (ordinal patterns, for
example, the ordinal 3 pattern, the structure of any group of three objects
considered in a particular order—a first, a second, and a third).3°0 What are the
(material) parts or members of this composite? The houses apparently. What is
it, then, that provides the unity for the composite? Is the composite one in virtue
of some one common kind to which each of the houses belongs? One might
respond that the common kind provides some kind of unity but it cannot account
for the unity in question. It is true that the things numbered are all houses, but
there is no particular reason why there are three houses and not five houses as
far as the nature of house goes. Thus, it cannot be the common measure that
accounts for the unity of the composite. Rather, what accounts for the unity of
this compound is the form of threeness, the specific type of ordinal structure the

compound is a realisation of.351

349 In [Bigelow (1988), pp.48-54].
350 Shapiro also talks about ordinal structures. In [Shapiro (1997), pp.115-116]
351 A much more satisfactory analysis of form number (something that Aristotle unfortunately

does not provide us with) would include an epistemic account of how do we get from a sequence
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Several problems remain: more specifically, what can be said about infinite
sequences? Aristotle argues in the Physics 204a8-206a8 that the infinite cannot
be actually, and that it must exist potentially if it exists at all. However, the
problem is that it seems that something can only have potential existence if it is
possible for it to exist actually, like in the case of a statue in a marble slab. The
infinite, however, does not have potential existence in that way; there can be no
infinitely extended magnitude or an infinite aggregate of things. The infinite is
not ‘whole’ or ‘complete’. Let us now have a closer look at Aristotle’s concept of

potential infinity that pertains to numbers.

But in the direction of more it is always possible to conceive of <more>-since the halvings
of magnitude are infinite. Hence [the infinite in number] is potentially, but not in actual
operation, though what is taken always exceeds any definite multitude. But this number is

not separable, and the infinity does not stay still but comes to be, in the same way as time

of dots, a stack of coins, etc. to the formal structure of such a sequence. In his paper
‘Mathematical Knowledge and Pattern Cognition’ Resnik gives us the archetype of such an
account; Resnik invites us to consider this sequence of dots ............... and try to

understand it from a mathematical perspective:

If we were impressed by the immediate succession of one dot after another we might make
statements such as 1) no dot has more than one immediate successor; 2) if one dot succeeds another
then the latter does not succeed the former; 3) there is a dot which succeeds no dot and every dot
but it succeeds a dot; 4) there is no dot between a dot and its successor. Or if we were impressed by
the ordering of the dots we might come up with these other statements: 5) if one dot comes before a
second and the second before a third then the first comes before the third; 6) if one dot comes
before another then the second does not come before the first; 7) given two distinct dots one comes
before the other; 8) given any sub-sequence of dots there will be one in the sub-sequence which
comes before the others. ... What is the epistemology of this situation? How do we arrive at these
beliefs and what justification do we have for making these claims? I think that the claims are simply
obvious to anyone who has sufficient mathematical experience to understand them and who attends
to the diagram. 7 think that neither deduction nor introspection is needed to verify these claims, they
are in a sense read off the drawing. So long as we are taking our perceptual faculties for granted,
they need no further justification. ...[N]otice that it is also evident that (1) - (8) continue to hold
when the talk of dots is replaced by talk of a sequence of squares, stars, a row of houses, a stack of
coins, etc. and, furthermore, the claims remain valid if several dots are taken away from or added to
the original sequence. These additional assertions are as evident or almost as evident as the original
ones. We have thus arrived at knowledge of an abstract pattern or structure. [Resnik (1975), pp.

33-34; italics mine]
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and the number of time [Physics I'.7, 207b10-15; Hussey’s trans. mod. ]

Aristotle asserts that it is always possible to think of a larger number because the
divisions of a length are infinite (207b10-11); Aristotle explicitly states later that
it is the structure of the magnitude (i.e. its continuity) that entails the infinite
divisibility of it (‘it is clear that everything that is continuous is divisible to what
is itself always divisible’, Phys. Z.1, 231b15-16). If numbers are to be conceived
as sequences of things, then what could be said about the notion of an infinite
sequence? According to Aristotle one cannot claim that an infinite sequence of
divisions enjoys potential being in that it is possible for it to be actual. Aristotle
explicitly rejects this sort of potentiality for the infinite in 206a18-21. Instead it
seems that he opts for the weaker statement to the effect that any finite sequence

of things can be extended.352

[3.10] Conclusion

In this chapter I offered an exploration of Aristotle’s philosophy of number that
is fundamentally different from the standard Fregean interpretation. Beginning

from the standard Greek notion of number as a collection of units, I tried to

352 Thus Aristotle’s view is fundamentally different from Hellman’s modal treatment of sequences.
One of the most influential forms of structuralism is the modal structuralism developed in
Geoffrey Hellman’'s Mathematics Without Numbers. According to Berry’s definition, modal
structuralism ‘is a nominalist philosophy of mathematics which maintains that mathematicians
can systematically express truths even if there are no mathematical objects, by interpreting
statements about mathematical objects as modal claims about what is logically possible.” [Berry
(2018), p.1]. A useful summary of Hellman’s modal structuralism is provided by Owen Griffiths:
‘Consider some arithmetic sentence S; then according to Hellman one might paraphrase S as
follows: necessarily, if there is an w-sequence, then S is true in that sequence. He calls this the
hypothetical component of his view. However, this paraphrase faces an immediate vacuity
problem: our universe might not contain that many objects so there might not be any w-
sequences after all. For this reason, Hellman introduces the categorical component: it is possible
that an w-sequence exists. The categorical component guarantees that, if the hypothetical
component is true, it is non-vacuously true.’ [Griffiths(2015)]. However, as Owen Griffiths has
noticed, Hellman’s categorical component seems to state the possibility of an actual infinity
(since both components are expressed in second-order S5 with the Barcan Formula) [Owen

Griffiths (2015)].
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explicate the second sense of number that occurs in the Physics texts. While it
seems that Aristotle understands numbers in this second sense as species of
collections, things get a lot more complicated when the discussion comes to the
issue of the unity of number. Aristotle’s discussion of the issue leaves much to be
desired; however, some light may be shed if we also take into account the
Theatetus and invoke the Euclidean definition of number as a composition of
units. My analysis of the issue of the unity of this composite number pointed to a
conception of number as a related whole, with two sub-conceptions emerging: a)
a cardinal conception of composite number, where number is understood as a
related whole of mutually distinct units, and, b) an ordinal conception, where
number is understood a sequence of units. I have also briefly explored an
account that treats numerical predication as an instance of plural predication,
where no such unity is required. One might, however, be disappointed in that
Aristotle does not seem to provide a clear answer to the question ‘How are these
conceptions of number interrelated?” But if there is any consolation to the
reader, he was not alone in this; as Dummett complains, even Frege failed to
understand the importance of ordinal numbers and to provide an account of the

relation between the ordinal and the cardinal conception:

<Frege’s> definition of the natural numbers did not achieve the generality for which he
aimed. He assumed, as virtually everyone else at the time would have done, that the most
general application of the natural numbers is to give the cardinality of finite sets. The
procedure of counting does not merely establish the cardinality of the set counted: it
imposes a particular ordering on it. It is natural to think this ordering irrelevant, since any
two orderings of a finite set will have the same order type; but, if Frege had paid more
attention to Cantor’s work, he would have understood what it revealed, that the notion of
ordinal number is more fundamental than that of cardinal number. This is true even in the
finite case; after all, when we count the strokes of a clock, we are assigning an ordinal
number rather than a cardinal. If Frege had understood this, he would therefore have
characterised the natural numbers as finite ordinals rather than a cardinal. He was well
aware that Cantor was concerned with ordinal rather than cardinal numbers; but . . . he
dismissed the difference as a mere divergence of interest, and never perceived its

significance. [Dummett (1991), p.293]
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