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DERIVATIVE OF THE STANDARD p-ADIC L-FUNCTION
ASSOCIATED WITH A SIEGEL FORM

GIOVANNI ROSSO

ABSTRACT. In this paper we firstly construct a two-variable p-adic L-function
for the standard representation associated with a Hida family of parallel weight
genus g Siegel forms, using a method previously developed by Bocherer—Schmidt
in one variable. When a form f has weight g + 1 a non-crystalline trivial zero
could appear. In this case, using the two-variable p-adic L-function we have
constructed, we can apply the method of Greenberg—Stevens to calculate the
first derivative of the p-adic L-function for f and show that it has the form
predicted by a conjecture of Greenberg on trivial zeros.

1. INTRODUCTION

Let M be an irreducible motive, pure of weight 0 over QQ; suppose that s =0 is
a critical integer & la Deligne for M and L(M,0) # 0.

We fix a prime number p and let V' be the p-adic representation associated
with M. We fix once and for all an isomorphism C = C,. We suppose that we
are given a regular submodule D of the (p,T')-module associated with V' [1, §0.2].
Conjecturally, there exists a p-adic L-function L,(V, D, s) which interpolates the
special values of the L-function of M twisted by finite-order characters of 1 + pZ,
[14], multiplied by a corrective factor which depends on D. (More precisely, it can
be easily compared with the y-factor associated with D. See [1, §2.3.2] or [3, §6] for
the precise definition.) In particular, we expect the following interpolation formula
at s =0:

L(M,0)

QM)
for Q(M) a complex period, E(V, D) a corrective product of some non-zero numbers
and some Euler type factors. (If E,(M,s) denotes the factor at p defined at the
bottom of page 163 in [3] for the regular submodule D denoted by U in loc. cit., then

E(V,D) = % for L,(M,0) the Euler factor at p of the motivic L-function.)

It may happen that certain of the Euler factors in E(V, D) vanish. In this case the

Ly(V,D,0) = E(V, D)
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connection with what we are interested in, the special values of the L-function, is
lost. Motivated by the seminal work of Mazur—Tate—Teitelbaum [13], Greenberg,
in the ordinary case [6], and Benois [1] have conjectured the following:

Conjecture 1.1. [Trivial zeros conjecture] Let e be the number of Euler-type factors
of E,(V, D) which vanish. Then the order of zeros at s =0 of L,(V, D, s) is e and

L.Ds) o o LOM0)
(1.1) i ———"— = (V,D)E (V»D)W
where E*(V, D) is the non-vanishing factors of E(V,D) and ¢(V,D) a non-zero
number called the (-invariant as defined in [1].

In this paper we shall study this conjecture for the p-adic standard L-function
associated with certain Siegel modular forms. Let f be a genus g Siegel modular
form of parallel weight k, level T'o(N) (see the next section for the precise definition)
and trivial Nebentypus. For each Dirichlet character x we can define a L-function
LN (St(f), x,s), defined as an infinite Euler product of factors of degree 2g + 1,
which corresponds, up to some Euler factors at bad primes, to the L-function
associated with the standard Galois representation constructed in [20]. Its critical
points are the integers 1 < s < k — g with (=1)**9 = x(=1) and g+1 -k < s <0
with (=1)1sT9 = y(-1).

We suppose that f is ordinary for the U, operator, i.e. Upf = a, f with |ay|, = 1.
We know that f can be deformed into a one-variable Hida family of ordinary Siegel
forms: we have a finite flat Z,[[1 4 pZ,]]-algebra O(C), quotient of the big ordinary
Hecke algebra T, which parametrizes systems of Hecke eigenvalues of ordinary Siegel
forms of parallel weight. Consequently, we shall denote by C the corresponding
irreducible component of Spec(T). Sometimes in literature this is called a GLg4-
ordinary family.

We say that a point of Spec(Z,[[Z,]]) is arithmetic if it corresponds to a character

2 e(2)2",

with € a finite order character. Let w be the projection map
w : C(Cp) — Spec(Zy[[Z,]] ® Cp).

We say that a point = € C(C,) is arithmetic if w(z) is an arithmetic point of type
z — z® with £ > g+ 1 and the corresponding system of eigenvalues of the Hecke
algebra is classical. We shall denote by f, a Siegel eigenform with this system of
eigenvalues.

As f, is ordinary, there is an obvious choice for the regular sub-module D which
appears in the definition of the p-adic L-function; we shall hence suppress the
dependence from D in the notation. This defines in particular a choice of the
Satake parameters for f,, as we explain in Section 5; we shall denote them by
Bi(fz). We define:

g
Ei(fot) =]] 0 P,

i=1

E(f;va El f;v; H

1,=1

(1- ﬁz (fo)p~t)
The first result of the paper is the following:
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Theorem 1.2. Suppose the “multiplicity one for C” hypothesis of Section 5. We
have an element Ly(z,t) € Frac(O(C)QZy[[ZX]]) which satisfies, for all points (z,t)

arithmetic with 1 <t <k — g, (—=1)"tF~*
interpolation property:

=1 and with w étale at x, the following

LD (S4(£),1— 1)
Afent)

where LNP)(St(f), s) stands for the L-function without any Euler factor at Np and
Q(fz,t) is a complex period involving the Petersson norm of f, and powers of 2mi.

Ly(z,t) = E(fa, 1 = 1)

Here the variable ¢ (which for whole paper shall denote an integer) is related to s
in the following way: ¢t = k — s — g. See Theorem 5.2 for more details on the factors
that appear, for the interpolation formula at points of type (z,¢, s), for twists by
characters x of level prime to p.

This p-adic L-function will be constructed using a two-variable generalization of
the method of [2] which expresses LV)(St(f), s) as a double Petersson product of
fz with certain Eisenstein series. The p-adic interpolation of the Fourier coefficients
of these series is the key ingredient for the construction of the p-adic L-function.

A more general results, always starting from [2] but using an adelic language,
has been given in [12] where a g + 1-variable p-adic L-function interpolating the
other critical values is constructed.

Remark that the p-adic L-function depends on a compatible choice of f, in the
family and a different choice would give a different p-adic L-function. The “p-adic
multiplicity one for C” is not really necessary and is used to show that we can
make such a compatible choice, allowing us to define a p-adic Petersson product.
One can remove this hypothesis using a different construction of a linear form on
families of ordinary Siegel forms, namely the one of [12, §7]. As this choice would
introduce even more terms in the interpolation formula (terms that are related to
other eigenforms in the same Hecke eigenspace of f; ), while not adding much about
the conjecture on trivial zeroes, we prefer to keep this extra assumption.

Possible denominators in the first variable are related to the non-étalness of the
weight map w and a denominator in the second variable comes from a possible pole
of the Kubota—Leopoldt p-adic L-function which appears in the Fourier coefficients
of the p-adic Eisenstein series we construct.

We study now when this p-adic L-function presents trivial zeroes.

If k = g+ 1 and p~! appears among the Satake parameters of f, we have
E1(fx,0) =0. In this case a trivial zero appears and we shall say that such a f, is
Ty (p)-Steinberg (see 6.1 for a precise definition). If f, comes from a form of level
prime to p we have instead

B(fo, 1 =t)LNP(St(f), 1 = t) =Er(fo, 1 = )(1 = p'™) H (1= 871" LMN(SE(f), 1 = 1),

i=1
This implies that for ¢ = 1 the p-adic L-function is identically zero. Moreover,
one observes that B;p*~9 is an analytic function on C"8, and this implies that
the numerator of E(f.,1 — k + g) can be p-adically interpolated. Hence, for f
which is I'g(p)-Steinberg, these two properties allow one to exploit the strategy of
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Greenberg—Stevens to study the trivial zero and calculate the p-adic derivative of
Ly(f.1).

Indeed, generalizing the paper [18] where the case g = 1 (the symmetric square of
a modular form) has been dealt, one can modify the construction of the Eisenstein
family; this allows us to define a second p-adic L-function Ly (x). This new p-adic
L-function satisfies the following equality of locally analytic functions around f:

L:U(xa k — g) = E(fzv 1-k +g)L;(.%‘).

Moreover, when f, = f it precisely interpolates the values

g9

LOP(st(f),00 [J(1-8)7"

=1

We can then prove the main theorem of the paper:

Theorem 1.3. Let f be a Siegel form of weight g + 1 and trivial Nebentypus.
Suppose that f is To(p)-Steinberg and the weight projection w is étale at the corre-
sponding point x. Then we have:

LNP(St(f),0)
Q(f) ’

where (3 (St(f)) is the Greenberg—Benois {-invariant as calculated in [19] and

IO )
?:1(1 - sz) .

We conclude the introduction with the remark that this does not prove Conjec-
ture 1.1 as we do not know if £2(St(f))LPP)(St(f),0) is not vanishing.

Conjecturally the ¢-invariant should not vanish but practically nothing is known
at the moment.

The L-value can indeed vanish as we are interpolating an imprimitive L-function;
for certain primes [ | N we have removed the factor (1 — ) = 0. In this case a
study of the second derivative should be necessary; to the author, this problem
seems very hard.

L Lors),, = SUNE ()

E*(f)

2. NOTATION ON SIEGEL FORMS

We now recall the basic theory of (parallel weight) Siegel modular forms. We
follow closely the notation of [2] and we refer to the first section of loc. cit. for
more details. Let us denote by H, the Siegel space for GSp,,. We have explicitly

H, = {Z e C" |2t = Z and Im(Z) > 0} .

It has a natural action of GSp;g (R) via fractional linear transformations; for any

7= ( é g ) in GSp3,(R) and Z in Hy we define

v(Z) = (AZ 4+ B)(CZ + D) ".
For any function f : Hy — C we define the weight k£ action

Flen(Z) = f(7(Z))det(CZ + D)~ "det(y)"/2.
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Let I' = ['o(M) be the congruence subgroup of Sp,,(Z) of matrices whose lower
block C is congruent to 0 modulo M. We consider the space Még)(M, ¢) of Siegel
forms of scalar weight k£ and Nebentypus ¢:

{f +H, = CIf147(Z) = 6(1)f(Z) ¥ €T, f holomorphic} .

When g = 1, we require the extra condition that f|y is holomorphic at infinity for
all v in SLy(Z). Each f in M,gg)(M, ¢) admits a Fourier expansion
f(Z) — Z a(T)e%ritr(TZ)’
T

where T ranges over all half-integral symmetric matrices 7" which are positive and
semi-definite.

We have two embeddings (of algebraic groups) of Sp,, in Sp,,. For any algebra
R, we have:

a 0 b 0
0 1, 0 O a b
Spgg(R) — . 0‘7 40 ( . d ) € Spyy(R) ¢,
0 0 0 1,
g 0 0 0
0 a 0 O a b
Spég(R) = 0 0 1g 0 ( c d > € Sp?g(R)
0 ¢ 0 d

We can embed H, x H, in Hy, in the following way:

Al 0
(21,24)+—>< 0 2 )

This embedding is compatible with the action of GSp{q(R). For all v € GSp;g (R)
we have:
+f 2z 0 _ v(z1) O
v 0 Z4 0 zZ4 ’

1 z1 0 . 21 0
7 0 2z 0 ~(z4) )
Consequently, evaluation at zo = 0 gives us the following map:

Mlg2g)(M’ ¢) = Még)(M, ®) ¢ M}gg)(M’ ?).

This also induces a closed embedding of two copies of the Siegel variety of genus g
in the Siegel variety of genus 2¢g. On points, it corresponds to abelian varieties of
dimension 2g which decompose as the product of two abelian varieties of dimension
qg.

We define Hecke operators as double cosets operators; let 4 be an element of
GSpQg(Q) with positive determinant and I';, I's two congruences subgroups. We
write I'1yI'y = L;I'1y; and we define the Hecke operator of weight &

FIRTaTe) =Y flivee
Vi
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0
M
generalization of the Atkin—Lehner involution for GLy and is sometimes called the
Fricke involution. For any Hecke operator T" we define the dual operator T* =
TA}lTTM. Once we shall define the Petersson scalar product, 7™ will indeed be the
dual operator of T' for this product at level I'g(M).

Finally, when p | M, we define the Hecke operator U, of level I'y(M) and weight

k to be
gk—g(g+1) 1
p" 2 [PO(M)< - )FO(M)].
DPlg

If f(Z) =37 a(T)e* " (T2) we have from [10, Proposition 3.5]:
Upf(2) = 3 a(pT)em 7).

T

We denote by 7n the operator |T'g(M) _01 ) I‘O(M)} This operator is a

3. EISENSTEIN SERIES

The aim of this section is to recall certain Eisenstein series which will be used to
construct the p-adic L-function as in [2]. In loc. cit. the authors consider certain
Eisenstein series for GSpy, whose pullback to two embedded copies of the Siegel
variety for GSp,, is a holomorphic Siegel modular form. We now fix a (parallel
weight) Siegel modular form f of genus g. We shall define the standard L-function
for f LN (St(f), s) as an Eulerian product. We shall give an integral expression for
this L-function as a double Petersson product between f and these Eisenstein series
(see Proposition 3.3). Note that for g = 1 the standard L-function of f coincides,
up to a twist, with the symmetric square L-function of f.

These Eisenstein series are essentially Maafl—Shimura derivative of classical Siegel
Eisenstein series [21] and the integral formulation of the L-function is the classical
pullback formula of Garrett and Piatetski-Shapiro-Rallis.

The study of the algebraicity of these differential operators has already been
exploited in [7, 8] to show that certain values of the standard L-function, naturally
normalized, are algebraic.

The novelty in the approach of Bécherer—Schmidt consists in using a holomorphic
differential operator in place of the Maafl—Shimura operators.

The two develop then a twisting method which allow to define Eisenstein se-
ries whose Fourier coefficients satisfy Kummer’s congruences when the character
associated with the Eisenstein series varies p-adically. This is the key for their con-
struction of the one-variable (cyclotomic) p-adic L-function and of our two-variable
p-adic L-function.

When the character is trivial modulo p there exists a simple relation between the
twisted and the not-twisted Eisenstein series [2, §6 Appendix] which introduces cer-
tain Euler factors at p in the interpolation formula for the p-adic L-function. Note
that the p-adic not-twisted Eisenstein series have only one variable. We shall con-
struct then an improved p-adic L-function without these Euler factors (renouncing
the cyclotomic variable) interpolating directly the not-twisted Eisenstein series.

3.1. Some differential operators. In this section we recall some holomorphic dif-
ferential operators used by Bocherer—Schmidt. Let k and s be two positive integers;
in [2, (1.15)], the authors define a differential operators 33; x- This operator sends
a holomorphic function, automorphic of weight k£ on Hy4 to a holomorphic function
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on H; x H, automorphic of weight k + s in both the first and the second variable.
A structure theorem for differential operators on nearly automorphic forms [22,
Proposition 3.4] ensure us that this operator is a scalar multiple, depending on k

and s, of the Maa3—Shimura operator composed with the holomorphic projection.
T T,

For each symmetric matrix I = ( T T,

> of size 2¢, they define a number
bj (I) satisfying:
@Z,k(etr(IZ)) — bZ(I)etr(T1Z1+T4Z4).

The b7 (I)’s are polynomials in the entries of I, homogeneous of degree sg. If %Tl
and T} are both half-integral then we have the congruence [2, (1.34)]:
(3.1) 49°67.(I) = 29scz’kdet(2Tg)S mod L,
where ¢; ;. is as in [2, (1.21)].

This relation (applied for L = p™) tell us that (U} ® Ug‘)@;k is, as a differential
operator, modulo p very similar to (Ug ® Ug)ag , where we denote by

1
Oy := det <

- ) fori=1,...,gand j=g+1,...,2¢.
23zi7j i

This relation will be the key to interpolate p-adically the ordinary projection of the
Eisenstein series we are about to introduce.

3.2. Some Eisenstein series. We fix a weight k, an integer N prime to p and a
Nebentypus ¢. Let f be an eigenform in M ,gg ) (Np, ). Let R be an integer coprime
with N and p and N; a positive integer such that Ny | N. We fix a Dirichlet
character x modulo N Rp which we write as x1x’e1, with x1 defined modulo Ny,
X' primitive modulo R and e; defined modulo p. Let us denote by S the product
of all prime dividing Rp.

The key construction is what is called the twisting method in [2, (2.18)] and
that we now recall. Given a Dirichlet character n defined modulo D (not neces-
sarily primitive) and a modular form f on Hs, which is invariant for the group

1y, 7(29:29) . .
g , Bocherer and Schmidt defined:
024 1lag

e Y oy (g2 5GP

02 15
X€Z(9:9 mod D g g

for S(X) the 2g x 2g antidiagonal (in blocks) matrix with X and X* on the antidi-
agonal.

Let ¢ > 1 be an integer and let F'*9 (Z, RZN?p*", ¢, u)(X) be the twisted Eisen-
stein series of [2, (5.3)], with Z € Hy,.
When g7 is not trivial, we define 7—[}47k’t,x(zl, z4) to be

)
L(ox,t+9+2u)Di, <Fﬁ+g(( try jj),R2N2p2n,¢,u) ) U [ U2

|u=%—t,22=0

for s a non-negative integer, p™ | L, with L a p-power and L(¢x,t + g + 2u) the

product of Dirichlet L-functions defined in [2, Theorem 3.1]. It is a form of level
To(N2R%p) x To(N2R?%p) and weight k =t + g + s. A priori this Eisenstein series
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depends also on ¢, but as this character will not change we prefer to omit it to
lighten the notation. One can also choose L = 1 and in this case the level is
N2R2p2".

When €, is trivial one define ”H’L,k’tx(zl, z4) as:

(3.2)  L(px,t+g+ 2u)©§+gFt+g (=, REN*p2, 6, u)(XlX ) |

g i =D o lag  S(gi;) z1 24
Syt (e U2 7V
P 7 2

‘u:%—t,ZQZO

where g¢; ; runs along the representative of the double cosets in [2, (2.38)]. It is

proved in [2, Theorem 8.5] that (small modifications of) these functions H},  , (21, 24)

satisfy Kummer’s congruences when £ varies p-adically.

These Eisenstein series will be p-adically interpolated and shall be used for the
construction of the two-variable p-adic L-function.

Whenever ¢ is trivial, we define another Eisenstein series, the one appearing
inside formula (2.25’) of [2], namely:

%2 24

(xax")
* NS z z
H/L,k,t,Xlx’(Zl, 24) :‘C(d)Xv t+ g + 2u)®t+g (Ft+g (( tl ° ) 7R2N2p2a ¢, U) )

The difference between this Eisenstein series and the one in (3.2) is that the twist
by

5 i G- ( lag  S(9i5) )
;( )'p 7 p ; 0 la
is omitted. These series will be p-adically interpolated along the variable k and used
to construct the improved p-adic L-function, in one variable, which shall not bring
the trivial zero. While constructing this improved p-adic L-function, we will have
t=Fk—g,ie s =0, meaning that no differential operator is needed to construct
the improved p-adic L-function.

For any prime number ¢ and matrices I as in the previous section, let B,(X, I) be
the polynomial of degree at most 2g — 1 of [2, Proposition 5.1]. Let x be a Dirichlet
character and T5 a semi-positive definite matrix of size g x g. For a positive integer
t we define:

2g+2gt
Bag(t) = (=1)79H) 920",
Lo (9 +3)
I‘()— g(yrnﬁf 1 —1
g(8)=m 11 s 2 ,
Gy Nx) = 3 x(detX)emr(FTX),

X€eM,(Z) mod N
When y is of conductor C' we have [2, Proposition 6.1]:
Gy(T2, O, x) = O30~ Dy (det (1)) G (x)"-
We deduce easily from [2, (7.3),(7.14)] the following theorem:

u=3%—t,20=0
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Theorem 3.1. The Fisenstein series defined above have the following Fourier de-
velopment:

g9(g—1)

H ey (21, 24) =(Rp™) 2 Boy(t)(2mi)* G (X'e1) Z Z
Ty >0 T4 >0
(Z bg t+g 2T27N X1)(X/€1)_1(det(2T2))

Yo (@0 (det(@))ldet(@)

GEGL,(Z)\D(I)

XL(dct(Ql)SN) (Odet(21)¢X7 1— t) H Bq (qu(q)qt—g—l’ G—tIG—l)
qldet(2G—tIG—1)

627ritr(T121+T4z4)’
2
where the sum over I runs along the matrices LT Zé positive defi-
T, LT,
nite and with 2Ty, € My(Z), x(M) = 0 if (M,S) # 1, o, is the (non primi-
(=D

tive) quadratic Dirichlet character ( 5 ), associated with the quadratic extension
Q(V(-1)%¢)/Q, and

I) = {G € Msy(Z)|G™'IG™" is a half-integral symmetric matrix} .

We also have

g9(g—1)

H'L ot (71, 22) =(Rp™) Bag (1) (2m) G (X') > Y

(Z[’gtw 02T, N, x1)(X') ™ (det(2T3))
S (0xaxX)*(det(G))|det(G)*

GEGL,(Z)\D(I)

x LItCEDEN) (54 ondxiX’s 1 — 1)

x II By (aX'o(9)g' 971, GHIGT)
qldet(2G—tIG—1)

eQﬂ‘itr(Tl z1 +T4Z4)

Proof. The only difference from loc. cit. is that we do not apply ’ ( (1) Ng g > . O
Remark 3.2. The difference between the Fourier expansion of '}, , .. and
H'7 k.t is that in the latter the terms for I with (det(73),p) # 1 are always 0.
This is due to the twist by

g9

S e (4 )

1
=0 29
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in (3.2) and it is necessary to obtain p-adic interpolation in two variables.

Note that each sum over [ is finite because I must have positive determinant.
Moreover, we can rewrite it as a sum over Tb, with (2det(T:), NyRp) = 1 and
Ty -t ToT ' Ty > 0.

Let f € M,gg)(l“o (Np), ¢) as before and Ty, be the abstract Hecke algebra for
To(Np) as defined in [2, §3], where it is denoted by $°. We can decompose T,
as a restricted product ®/ Tnp,q- We suppose that f is an eigenform for Typ. If

q 1t Np, let us denote by aq 1, e ,affg the Satake parameters associated with f; they
are well defined up to the action of the Weyl group of GSp,,. Also when g | Np
the g-component of the Hecke algebra is commutative; we denote by Bq.1,..., 8¢,
the “Satake parameters” associated with f, well defined up to permutation (see [2,
Corollary 3.2]).

For each Dirichlet character x we define the (incomplete) standard L-function
LINP)(St(f), x,u) associated with f and x as the infinite product:

LOP(St(f), x,u) = [ Dalx(@)a™) ",
N
where
Do(T) =(1 - ¢(¢)T) H(l — d(q)a, i T)(1 — ¢(q)ayT).

It is called the standard L-function because it corresponds to the standard rep-
resentation of GSpin,, 4, the Langlands dual of GSp,,,.
We also define, for ¢ | Np, the factor:

g
Dy(T) =[[(1 = BgiT).
i=1
This L-function differs from the (conjectural) motivic/automorphic L-function L(St(f)®
X¢, u) by a finite number of Euler factors at primes dividing N. See [17, Table A.10]
for these local factors when g = 2. (Note that in general Dy(T) is not the local
factor of the automorphic L-function.)
In what follows, for two forms f and g of level I" and weight k, we shall denote
by (f,g) the normalized Petersson product:
= dzdz
= 2)g(=Z)det(Im(2))F ——— .
o= [ S D) i

We conclude with the integral formulation of £M)(St(f), x,u) [2, Theorem 3.1,
Proposition 7.1 case (7.13)].

Proposition 3.3. Let f be a form of weight k, Nebentypus ¢. We putt+s=k—g
and H' = ll,k,t,x(zlvz4)' We have

Qk,s(l - t)pl,t(t + g) 9(g+1)—gk _
(f(z) [rnzponme , H') = H)gk;@g—? ey TN (N Rp)? Y
-t

g ) _1 ., ﬁ(Np)(St(f)7X_1,1—t)
xg ~px” e )qupqwlD (igg 0! eIV
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) 2 9n b2 p1_,(t+9) 1
where the Petersson norm is for forms of level T'o(N*p*" R*) and kavS (5 — t)
1t
is an explicit products of T'-functions (see Proof of Theorem 5.2).

If x = X'x1 is trivial modulo p, we let H'™ =H'] ;. ;. (21,24) and we have:

ka 1 —t)pr_,(t+g 9(g+D) —gk
) (2 )721 i ) (R2N2p2) 2 (NlRp)g(k_t)
(=D x(=1)?" dy_,(t +g)

LA S, xH1-1)
Hq|Np7qu1 Dq(Xil(q)qtil)

<f(Z4) ‘TN2p2R2 ,’H'*> =

f(21)|UN2/Nf-

In particular

g9
p T IO = 8 ™) () [rvegeme H) = () [rvegeme ).

i=1

Proof. With the notation of [2, Theorem 3.1] we have M = RZN?p?" and N =
di_,(t+g) . . . . .

N1 Rp™. We have that 1:%7(#1-3)%/ is the holomorphic projection of the Eisenstein
z—t

series of [2, Theorem 3.1] (see [2, (1.30),(2.1),(2.25)]) and the factor (—1)?* comes
from the Atkin-Lehner involution 7yz2p2nge.
The second formula is [2, §3 Appendix]. O

Remark 3.4. This is essentially a reformulation of the classical pull-back formula
of Garrett and Piatetski-Shapiro-Rallis [5, Part A].

If Unf # 0 we can then take N; = 1.

4. FAMILIES OF EISENSTEIN SERIES

4.1. Families of ordinary Siegel forms. We recall Hida’s theory for parallel
weight Siegel forms, following [16, §4]. Let I' = T'g(Np). For i =0, ..., g we define
the Hecke operators:

pl;

and U, = p79k795g+1) [F( Ly ol )F] Note that U} = pdk—9l9+ty, . This

normalization is optimal if one wants the U, operator to preserve both p-integrality
and non-vanishing modulo p. We let V| o be the set of p-adic modular forms of
tame level N with Z/p'Z-coefficients (of any weight); it is equipped with an action
of GLy(Z,). We define Vo, = (hﬂl Vi.00)SP9(%»)  which should be thought as a space
of p-adic Siegel forms with Q,/Z, coeflicients. We have a U,-operator acting on
Voo and we define V = Homg, (eqr, Voo, Qp/Zy) for egr, = lim, Ug!. This is the
ordinary projector “adapted to parallel weight” of [16, Définition 5.1].

We let A = Z,[[Z,]], it has a natural Z,-linear action on Vi.: 2 € Z, acts via
any matrix g € GLy(Z,) of determinant z. We shall write z € Z, as w(2) (), being
w the Teichmiiller character.
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Hence we can consider V,, and V as A-modules and we define

M ::HomA(HomZP (V007 Qp/ZP)a A)>
M :=Homjy (V, A).

The module M is the (free of finite type) module of A-adic ordinary forms. As
shown in [12], each element of M., or M admits a g-expansion with A coefficients;
indeed, each element in V has a q-expansmn in Q,/Z, and each T defines a map
AV — Qp / Z,. Applying duality twice to Ar we obtain a map Ay : M — A which
defines the ¢T th coefficient of an element of M and commute with specialization
at any point of A.

We have an action of the abstract Hecke algebra T on M; let T be the image
of T in Enda(M). Then M is a finite module over Tp. Moreover T, is finite over
A. We shall call an irreducible component C of Spec(Ty) a Hida family of Siegel
eigensystem. To each C we can associate the corresponding eigenspace on M con-
sisting of O(C)-adic ¢g-expansions.

The same theory can be developed for Siegel form with Nebentypus outside p [16,
Théoreme 7.2]. In what follows we shall, if not clear from the context, emphasize
the dependence from the tame level N by writing My and Tx w.

We conclude this section recalling this important theorem, originally due to Hida,
which in this form is due Pilloni:

Theorem 4.1. Let k be an integer, i an integer, 0 < i < p —1 and Py the kernel
of the map [i,k] : A — 7Z,, sending z € ) to w'(2) (2)* e Zy. For k big enough we
have

M ® A/Py = M (Do(Np), xeo™)",
where the subscript “ord” refers to ordinarity for Up.

Remark 4.2. Conjecturally, the optimal k& for the theorem to hold is g + 1 and this
is proven for g = 1. For g = 2, the best bound is 4 [15].

We want to point out the Hecke action on the space of Siegel forms in [16, 10]
and in this paper differ by a character. Namely, using the complex uniformization
of the Siegel variety, the action in loc. cit. would be given by

FIRM(Z) = [(M(Z))det(CZ + D)~

Recall the “Satake parameters” (3, ; for a form f of level I'y(Np) introduced in
the previous section. If we denote by \; the eigenvalue for U, ; on f the we have
the relation:

g9
(4.1) H(]_ o /Bp’]X) _ Z (_1)1p1(1+1) (q+1))\ XZ
j=1 i

In particular, f is ordinary if [ ], By 1, = |pq(q2+1) —9k|,.
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4.2. The Eisenstein family. We now use the above defined Eisenstein series to
give examples of p-adic families. More precisely, we shall construct a two-variable
measure (which will be used for the two-variable p-adic L-function) and a one-
variable measure (which will be used to construct the improved onevariable L-
function).

Let us fix x = x1X'e1 as before. We suppose x even. We recall the Kubota-Leopoldt
p-adic L-function:

Theorem 4.3. Let n be a even Dirichlet character modulo C. There exists a
p-adic L-function Ly(n, k) satisfying the following interpolation formula for any
integer t > 1 and finite-order character € of 1 4 2pZ,:

Ly(n,e(u)ut — 1) = LOP) (ew™tn, 1 — t),

where ny stands for the primitive character associated with n and L(C) (n,u) stands
for the L-function without Euler factors at primes dividing C. If n is not trivial
then Ly,(n, k) is holomorphic. Otherwise, it has a simple pole at t = 0.

Note that for the characters in the proposition the parity condition ew™'n(—1) =
(—l)t7 that ensures that 1—t is Deligne critical, is always satisfied. If this condition
is not satisfied, then the p-adic L-function is identically 0.

We can consequently define p-adic analytic functions interpolating the Fourier
coefficients of the Eisenstein series defined in the previous section; for any z in Zj,
log,, (2)
logp(u)
to z — 2¥. For T} and T} two positive semi-definite matrices we define the function:

we define [, = . For an integer k, we denote by [k] the weight corresponding

ary ,.0(k, k') = (Z mﬁ/_l[—g](uldewzrz))X’_l(det(gTz))x
I

x 3 (dxax)¥(det(@))]det(@) T R (wleeon)
GECLa, (Z)\D(I)

Ly(0_get21) X, K') H By (¢(q)K (u')g~ 971, GT'IG™)
gldet(2G—tIG—1)

for I as in Theorem 3.1. (Here & is the weight variable and &’ is the variable for ¢.
Recall that s =k — g — t.)

Note that the terms for I with (det(73),p) # 1 are always 0.
We recall that if p~77T} and p~7T} are half integral we have [2, (1.21, 1.34)]:

49505 (1) = (—=1)"29%¢; ., ,det(2T3)° mod p/,
for s = k —t — g. Consequently, if we define
He(rw') =D Y ar mo(r 5l 63t
T1>0T4>0
from the congruence (3.1) we have:
=" .

S 8 pIk,t,xew =t
2°Cg 1444

(4.2) Hyps ([K]; e[t]) (21, 24) mod p/,
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with

g(g

A= Alk,t,e) = (Rp") T Bag(t)(2mi)*G (xew™)".

We have the following lemma:

Lemma 4.4. There exists a projector
€t Moo ® Moo = M @M
such that, for i, j big enough the following holds:

2 2j

W) e dwe)” f(x) = (UF)

2 27

eoa(Uy ) f().

9.9\~ p

2 . . .
Proof. We define egf‘; = equ. The rest is an immediate consequence of the fact

that U, and egr, commutes and that U, is invertible on the ordinary part. O

We shall now construct the improved Eisenstein family. We let x = x1x’ be a
Dirichlet character modulo N1 R and (as before) we see ¢ as a Dirichlet character
modulo Np. We define

dn o (8) =D 00x) @R Y (ex x)A(det(G))]det(G)| TP k(@) x
I GEGL»(Z)\D(I)

X Lp(0_qet(21)®X X1, £[—9]) H By (X' x1(@)k(u') g™, G IG™Y)
qldet(2G—tIG—1)
Note that the terms for I with (det(7%2),p) # 1 are not necessarily 0 contrary to
the previous construction. We now construct another p-adic family of Eisenstein
series:

Hi(k) =Y > ap (51— kol)ai a3°.

T120T42>0

We can construct a two-variable family of Eisenstein series, generalizing [2, Theorem
8.6]:

Proposition 4.5. We have a p-adic measure H(k,K') on Ly x L, with values in
M ® M such that for all k,t,e arithmetic, with € of conductor p™, we have

1 T
HKelt)) = (—1)308 t+ Aeg’SHll-,k,t,xsw*t@h24)7
g.t+g
for any i > 2n.

We have a one-variable measure H* (k) on Z, with values in M ® M such that
* *—1 or *
H ([k]) =4 eg,ngl,k,kfg,Xlx’ (21724)7
for

g9(g—1)

A" = A°(k) = ™7 Bag(k — g) (2m)G ().

5 27
Proof. Note that from its own definition we have (U2")” Uit (21, 22) = Hs o (21, 24).

P
We define
(4.3) H(k, k') = ot (k, &)
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The key congruence (4.2) give us

S8 .8 or S18 .8 2—2] or
A(_l) 4 Cg,t+geg,_gH1([k]7€[t]) :A(_l) 4 Cg,t+gU;;® eg,gdej([k]?E[t])

—2j
_AsTTR? ord s/
:4 Up eg,g/Hpj,k,t,Xew*t (21,24)

__ 18 _ordgyr
=4 eg,ng,k,t,Xew*f (21,24)

as U, acts on the ordinary part with norm 1 hence it preserves the g-expansion
norm (which induces the sup-norm on the ordinary locus). Taking the limit over j
gives the desired result. Similarly we define

(4.4) H* (k) = e M1 (k. k).
(I

We want to explain briefly why the construction above works in the ordinary
setting and not in the finite slope one.
It is slightly complicated to explicitly calculate the polynomial bf +g(I ) and in

particular to show that they vary p-adically with s. But we know that CD; ko 18 8
homogeneous polynomial in % of degree gs. Consider the embedding H, x H, —
V) E E

Hyy; we have a single monomial of @:Q; x which does belong to the normal bundle,
namely c; ;. 03, and this is the term that does not involve a partial derivative %
) 2,7
in a variable z; ; of Hg. Consequently, in bj,  (I) there is a single monomial without
Tl and T4.
When the entries on the diag;onal of I are divisible by p’, bz (1) reduces to ¢j
modulo p*. Hence applying U}‘,X’ many times we approximate ©j , by 0° (multiplied
by a constant). The more times we apply UZ‘??, the better we can approximate p-

adically @ls by 05. At the limit, we obtain equality. We note that p-adic differential
operators for unitary groups have been studied in [4].

The same method does not work for finite slope forms, as the finite slope projec-
tor is very different from Hida’s ordinary projector. To construct p-adic L-functions
for families of finite slope forms one should then be able to estimate the overcon-
vergent norm of these derivatives and show that they satisfy certain distribution
relations. The reader interest in overconvergent Maaf3—Shimura operators should
read [11].

5. p-ADIC L-FUNCTIONS

We now construct two p-adic L-functions using the above Eisenstein measures:
the two-variable one and the improved. We fix a tame level V and two characters:
x1 modulo Ny for Ny | N, and x’ modulo R, with (R,Np) = 1. Let Ry be
the product of all the primes dividing R, S = Rgp and x = x'x1. Consider an
irreducible component C of the ordinary Hecke algebra Ty yr,; remember that all
the classical specializations of C have level T'g(p) at p.

We make the following hypothesis:

Multiplicity one for C: The generalized Hecke eigenspace on M ®, Frac(A)

associated with C is one-dimensional.
This hypothesis is not really necessary but simplify the definition and the evaluation
of the p-adic L-function. The reader interested in removing this hypothesis is
referred to the construction given in [12, §7].
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Let us decompose
T @5 Frac(A) =T & B

and let 1¢ be the corresponding idempotent. Let us denote by F a Siegel form in
1c/\/lord XA Frac(A).

We define a twisted trace operator, following ideas of Perrin-Riou and Hida [9,
1.VI]. Let N and L be two integers, we define the operator [N/L] to be

IN/L] 5 METo(L),6) — MO i, )ro(m(lg L, )s9)

14 0
Let now N | L and define the twisted trace

Trn = Trp o [N/L],

for Try,/n the trace from M,gg)(( ' N/LO4 1, )FO(L)< to L/N 1 ),qb) to M(g)( To(N), @).
If L is coprime with p, then this operator can be p-adically interpolated over the

weights space. Let Ry be the product of all prime factors of R. We hence define
L,(k,K") to be such that

].(j (9 ].(j(Id@cz—‘]\ﬂRZ/NRO7‘[(/‘{/7 I{,)) = Lp(lﬂ',, IiI)F ® F.

Remark 5.1. Tt is clear that this p-adic L-function depends from the choice of F.
We do not have a duality between modular form and Hecke algebra so there is no
clear choice for such F. In contrast, for ¢ = 1, there is a duality given by the first
Fourier coefficient a(1, f|T), as a(1, T, f) = a(n, f).

Similarly we have a one-variable p-adic L-function Ly (x) defined as

le ® 1e(Id®@TN2ge/nsH" (k) = L (k)F @ F.

For a form f, in the family F we denote by §;(f..) the Satake parameters at p for
fz. On the line spanned by f, we have [], 8:(fz) = p%_gkUj Hence the right
hand side of (4.1), evaluated at p*X, is a polynomial in O(C)[1/p] with leading
coefficient a unit (by the ordinarity assumption). In particular, the eigenvalue for
p*U,; on F is an element of O(C)[1/p]. As the numbers 8; 'p~* are the roots of
this Hecke polynomial, they also define analytic functions in O(C’)[1/p], where C’
is finite over C. We shall denote by B, b= B; 1(36) the corresponding element.
(May the reader note that our normalisation of U, ; is slightly different from the

standard one used in Hida theory, such as in [10, 16]. This is why right above we
have inverted p.)

We define
g
By(faet) =[[ (1 = (xew'™ M (@)B; 97,
=1
1
= O e D)
(facasat) *El(fmaevt)E2(fx357t)~

We shall write w : C*&8 — W := Spf(A)"&. We shall say that a point z € C(Q,) is
étale if w is étale at x. Recall that for a character ¢ we write its conductor as p™;

.':]m

Ey(fz,e,t)
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recall also that with our previous notation s = k — g —t. The main theorem of the
section is the following:

Theorem 5.2. For points (z, k') of type (k,t,e) such that x is étale, 1 <t <k—g
we have the following interpolation formula:

g(g+1) gk
2

Ly(x, ft]) =219z ya (f) RATD9H 557 Nolat =D N0\ (_q)9( 1) Fostte
[[_i(s +g—1) _ _
ﬁ II D '@d™)
(,/TZ) T q|N,qtN1

P9 E(fr e, 1 — ) LN (SE(f), x e wl, 1 — 1)

0 -1 '
(NS 0 >’fw>NS

Moreover we have a function L;(:U) such that the following equality of locally ana-
lytic functions around étale points x € C™® holds:

(5.1) Ly(z, [k — g]) = E1(fo, 1,1+ g — k) Ly (2),
with

-1
X

X

g(g+1)

G(xewt)9 (p 2 g’“ap(fw)Q)n<fx

g9(g+1)

L () =2" 9oy vz (f) ROT09F 55 Nolot1=0) Ny =0y (1o (1) % 10
_ _g—1 -t (g —9)!
x I D Mad o) F=mim—
q|N,qtN:1 ™o

y pIIHI My (fr,e,14 g — k) LVP(St(f), x e wh 9,1+ g — k)
0 -1 )
,fm>
< NS 0 NS

Remark 5.3. Let us denote by py gia the standard Galois representation constructed
in [20] and by Ds;¢(pf,sta) the semi-stable (¢, N)-module associated with it. The
factor

g(g+1)

Glxswr ) (42 0k 1) £

for all x arithmetic and étale.

png(lit)

nE(fmaEal 7t)

g(g+1) _

Glew )7 (p*5 0y (£2)2)
is the y-factor of the Weil-Deligne representation associated with the (¢, N)-submodule
spanned by the eigenvectors of eigevanlues f3;(f,). Moreover, it is the factor at p of

the p-adic L-function predicted by Coates [3, §6]. Note moreover that this product
does not depend on the monodromy of Ds;(pf sta)-

Remark 5.4. The key to obtain the factorization above is that the factor F; which
brings the trivial zero for forms I'g(p)-Steinberg is an analytic function of x:

Ei(fo1,1=k+g) =[] (1 =B (2)p?) € O©C).

i=1

Note that it belongs to O(C) as it is symmetric in the B; ' (z), the analytic functions
interpolating the Satake parameters at p which have been defined after Remark 5.1.
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Proof. Let f, be the evaluation of F at x. We need to calculate the coefficient

at fp ® fp of Hwﬁezr‘;%a bt Xaw_t(zl,z4). We begin from the coefficient of
Citg ) SRyt

1d® TNz R2 /N Ry € HY gt yew— Which is
0o -1 ) < 0o -1 da
A S ( > ,(Id® Tn2gr2/NRy )€ ¢ H ot
< NRgp O NRgp O /NRo)€g,9 701 k. t,xe Nron] o

(v @ )5,
NR()p 0 T NRop

as the Hecke operators are self-dual for the normalized Petersson product < Iz ‘ ( ](\)[ _01 > s fr >

)

The proof of [16, Proposition 5.3] tells us that the U, operator on the right-hand-
side can be written as pmw {Fo(Npm) ( L 0 ) FO(Np)} We know

0 p™l,
0 -1 o0 0o -1
k Np 0 k 0 1 — |k Npm+1 0 )
0 -1 10\
N o J*\ 0o N/L )T

N0 -1
o\ oo )

We use Lemma 4.4 and [2, Lemma 4.1] to see that the numerator is

ap(fz)—2npn(gk—g(g+1)) fx |TNS , <fac |7—N21:€2;l72"‘"1 ﬂHll k.t xew*"> 5
o N2R2p2n NRop2"

the relation

where we recall S = Ryp.
. Qk,s(3-t)p1_,(t+g) .
From Proposition 3.3 we have a term EER( f_s_g) appearing; we are left
5t

to evaluate
Qus(d — )y _((t+9)

B2g(t)(_1)gscg,t+gd%—t(t +9)

_ Qp.s(5 — 1)

Bay (0(—1)°¢:

9+3

(DI, (g + ) H Ty(s +§ — 4)
T 290 ot Ty(s+%+1-1)

j=1
gk —t+ 52Ty (k —t — §)

% (_1)%21_,'_ g(y;rl) _g+2gt7rg(92+1) .
Ty(k—s+1—t)y(k—s+ 152 —1t)

g—s 1 g—=s
I‘g(s—I—?—ki)Fg(s-i-T)

. 1
Sgk 14 2D gy _ aGgry Dog(g+3)
g

== Ty (g + 3T (450)

and to conclude we use that:

1 glg— glg g g
Ly(s)Ty (3+ 2) _ AR sl _og, g 1:[11“(23 —i+1),

F29(9+%) _ §
Dyg+ B0, ~ "
g\ g7 3)tg\ 5
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The proof of second part of the theorem is very similar. Comparing [2, (7.13),
(7.13)’] we see that the only difference with the previous calculation is that we have
to remove the factor

g
_9(g+1) _ _ _
p o [ =87 ) x T ).
i=1
Here the power of p compensate the missing power of p in the term A* which
appears in the interpolation formula (4.4). |

6. A FORMULA FOR THE DERIVATIVE

We now fix a form f of weight g + 1 and we suppose that f has a Satake
parameter, let us say 84, equal to p~ 1. Conjecturally, this should imply that 7 t has
not spherical level at p (as otherwise the §;’s should all be Weil number of weight
zero). In particular, if ¢ = (p, N) is the L-parameter (with values in GSpiny, )
of 7¢, then IV should have a 1 in the g, g + 1 entry.

Definition 6.1. We say that f is ['o(p)-Steinberg at p if 3, = p~! and the g,g+1
entry of N is not zero.

This condition should conjecturally ensure us that the trivial zero is brought by

E; and not by the missing factor (1 — p~*) of the completed L-function for St(f).
We remark that T'g(p)-Steinberg points are isolated in Spec(T) in the sense that
only finitely many forms in Spec(T) satisfy this condition (as p*~93, must have
fixed p-adic valuation).
Given a modular form f of weight k; corresponding to a point xy € C, we define
L,(St(f),s) := Ly(xyf,[kf — g — s]). The utility of the shift from the variable ¢ to
the variable s will become clear in the proof of the main theorem of the paper that
we now recall:

Theorem 6.2. Let f be a Siegel form of weight g + 1 and trivial Nebentypus;
suppose that [ is To(p)-Steinberg and the corresponding point on C™'8 is étale, then

d LNV (St(£),0)

. s _ pal *
3L SU9) Ly = OGN E g = coy

for Q(f) a suitable complex period from 5.2 and

R )
?:1(1 - /sz) .

Proof. By hypothesis we have that f corresponds to a point x which is étale over
W = Spf(A)"8. Let us write tg = (2 — w™971(2)29"1); t; is a local uniformizer
in Oy [¢g4+1] and, by étalness, to is also a local uniformizer for Ogris .. We have
an isomorphism between the tangent spaces and this induces an isomorphism on
derivations:

E*(f)

DeI‘K(OW’[g+1] , (Cp) = DerK(OCrig,J” (Cp)

The isomorphism is made explict by fixing a common basis %. We consider the

two-variable p-adic L-function of Theorem 5.2 with y = 1 and N; = 1. We shall
now write L,(k,t) for L,(z,t) (here k = w(x)).
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If w(zx) is big enough, we know that f, must be a classical form of level prime to
p [16, Théoreme 1.1 (6)]. Then we know that the Euler factor at p of L(St(f),s) is

(1= *) [ = 6®)B, 10~ ")(1 — ¢(p)Bp.ip™*)-

i=1

Hence we can rewrite

g

E(fa, LN (S8(f),1 = 8) =E1(fo, )1 = p" ) [T (1= 5791 LN (St(f). 1 = ).
i=1

This means that the two-variable p-adic L-function vanishes on ¢ = 1. In what

follows we shall use s as a variable rather than t; remember that t =k — g — s.

The following formula is a straightforward consequence of the vanishing along s =

k—g—1:

d

&Lp(k, 8)

From the factorization in Theorem 5.2 we are left to calculate the derivative at

kE=g+1of E1(fz,1,1+ g — k). Using the factorization given in Remark 5.4 we
obtain:

(k,s)

|s=0,k=g+1"

d
lsmohmgt1 7@1@

d dB, (k) g _
— ] — = g Il 1-B g+ 1)p?)L:(g+ 1).
dk p(k’ K g)lk:9+1 dk [k=g+1 i=1 ( ' (g )p ) p(g )

To conclude we use [19, Theorem 1.3]:

st = - Ltk

dk |k=g+1.

d

6.1. Some examples. In this last section we want to present some examples of the
automorphic representation of GSp,(Q,) which could be associated with a Siegel
modular form of level I'g(p) and check whether our theorem applies or not.

We now consider an automorphic representation m which at p is isomorphic
to the one labelled IITa in [17, Table A.1]. We see that it admits exactly two
vectors invariant for I'g(p) ([17, Table A.15], where I'g(p) is called Si(p)) and the
corresponding Satake parameters are respectively x(p),p~! and x(p),p; only one
corresponds to a U,-ordinary Siegel form. The monodromy of the corresponding
Weil-Deligne representation is given by the following matrix [17, Table A.7, §A.7]:

0
0 -1 —1/2
0 1
0
0

From [17, Table A.10] we see that the factor F; vanishes and the main theorem
applies. Note that the corresponding automorphic representation comes from the
induction from the Klingen parabolic of a representation whose GLo part is a twist
of the Steinberg representation. As the family of twists of the Steinberg repre-
sentation for GLg has non zero Plancherel measure we can then use [23, Theorem
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5.7] to deduce that there exists a weight 3 Siegel form with this local representation.

We now consider an automorphic representation 7 which at p is isomorphic to the
one labelled ITa in [17, Table A.1]; we see that it admits exactly one vector invariant
for T'o(N). The monodromy of the corresponding Weil-Deligne representation is
given by

We see that the trivial zero here comes from the factor F5 and we can not deal
with it.

In a third case, the one labelled IVb, the monodromy of the corresponding Weil—-
Deligne representation is given by the same matrix as IITa; hence our theorem would
apply if a form f with this local representation exists (the Plancherel measure of
this representation is 0 so the aforementioned theorem of Shin does not apply).
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