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ABSTRACT. We study regularity properties of solutions to the Dirichlet problem for the
complex Homogeneous Monge-Ampere equation. We show that for certain boundary data
on P! the solution ® to this Dirichlet problem is connected via a Legendre transform to an
associated flow in the complex plane called the Hele-Shaw flow. Using this we determine
precisely the harmonic discs associated to ®. We then give examples for which these
discs are not dense in the product, and also prove that this situation persists after small
perturbations of the boundary data.

Let (X,w) be a compact Kihler manifold of dimension n and D C C be the open unit
disc. Consider boundary data consisting of a family w + dd“¢(-, 7) of Kéhler forms where
¢(+,7) is a smooth function on X for 7 € JD. The Dirichlet problem for the complex
Homogeneous Monge-Ampere equation (HMAE) asks for a function ® on X x D such
that

O(-,7) = ¢(-,7) for 7 € OD,
w4+ dd°® > 0,
(m*w 4 dd“®)" Tt = 0.

We say  is a regular solution if it is smooth and w + dd“®(-, 7) is a Kéhler form for
all 7 € D. By an example of Donaldson [12] we know there exist smooth boundary data
for which there does not exist a regular solution. Nevertheless, the equation always has a
unique weak solution, which by the work of Chen [6] with complements by Btocki [S] we
know is at least “almost” C1'! (so in particular C'*® for any o < 1). See [14] for a recent
survey.

A more subtle aspect of the regularity of solutions to the HMAE is the question of
existence and distribution of harmonic discs.

Definition. Let g: D — X be holomorphic. We say that the graph of g is a harmonic disc
(with respect to @) if @ is 7*w-harmonic (i.e. 7*w + dd°®P vanishes) along this graph.

As is well known, a regular solution to the HMAE vyields a complex foliation of X x D
whose leaves restrict to harmonic discs in X x . Even when the solution is not regular,
the existence of such harmonic discs is important; for instance along such a harmonic disc
the density of the varying measure w;(_,T) is essentially log-subharmonic (see [1] [7] [4,
Sec 3.2]). It was hoped that any weak solution would enjoy a weaker form of regularity, so
that a dense open subset of X x D would be foliated by harmonic disc, but as we will see
this is not always the case.

This paper describes a correspondence between the HMAE when X = P! with bound-
ary data that has a certain kind of symmetry and the so-called ‘“Hele-Shaw” flow in the
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plane. As a result we will see that the set of harmonic discs is determined by the topology
of the flow. To state precise results, let wrg denote the Fubini-Study form on P! and ¢ be a
smooth Kihler potential, i.e. a smooth function on P! such that wpg + dd¢¢ is Kiahler. Let
p denote the usual C*-action on P* which acts by multiplication on C C P!. We consider
the function

d(z,7) = d(p(7)z) (1
as boundary data over P! x 0D, so for each 7 € 0D we have a Kihler form wpg +

dd°¢(-, 7). We show that the solution @ to the Homogeneous Monge-Ampere equation
with this boundary data is intimately connected to the Hele-Shaw flow

Q={z:(2) < d(2)}
where
Wy = sup{¢ : Y isuscand ¢ < ¢ and wpg + ddy > 0 and vo(¢p) > t}.

By this we mean the supremum is over all upper semicontinuous (usc) functions from P! to
RU{—oc0} with these properties, and (1)) denotes the order of the logarithmic singularity
(Lelong number) of ¢ at 0 € C C P'. In fact we show that the solution ® and the family
1), are related via a Legendre transform.

Using this we prove the following:

Theorem 1. Let ® be the solution to the HMAE with boundary data ¢ and g: D — P be
holomorphic. Then the graph of g is a harmonic disc of ® if and only if either
1) g=0,o0r
(2) g(1) = 7712 for some fixed = € P+ \ Qy, or
(3) 7+ 1g(T) is a Riemann mapping for a simply connected Hele-Shaw domain
that maps 0 € D to 0 € Q.

Remark. In [23] the authors prove that €2; is simply connected for 0 < ¢ < 1, so there is
always an infinite number of harmonic discs of the form (3).

The Hele-Shaw flow €); has a physical interpretation as describing the expansion of a
liquid in a medium with permeability inversely proportional to A(¢+1In(1+|z|?)). Guided
by this one can rather easily find potentials ¢ for which at some time ¢ the flow domain 2,
becomes multiply connected as in Figure 1.
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FIGURE 1. The Hele-Shaw flow developing a multiply connected domain

This then translates into an obstruction to the presence of harmonic discs of the associ-
ated solution to the HMAE:

Theorem 2. There exist smooth boundary data ¢(-, T) for which the solution to the Dirich-
let problem for the HMAE has the following property: there exists an open set U in P! x D
meeting P! x 0D, such that no harmonic disc intersects U.
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Next we address the question whether generic boundary data give rise to solutions with
a weak form of regularity. The following theorem answers that question negatively.

Theorem 3. There exist smooth boundary data ¢(-,7) for which the following is true:
there exist a nonempty open set U’ in P! x D and an € > 0 such that if ¢’ (z, ) is any CH®
boundary data for « € (0,1), with

I¢" = dllca (P x OD) < e

and @' is the associated solution to the HMAE then no harmonic disc (associated to ®')
passes through U’.

Theorem 2 and Theorem 3 disagree with the main results of Chen Tian in [7]. Specifi-
cally Theorem 2 gives solutions to the HMAE that are not “partially smooth”, and Theorem
3 gives examples that are not “almost smooth” (see also Section 6), contradicting the state-
ments [7, Thm. 1.3.2] and [7, Thm. 1.3.4] respectively. We emphasise that what is done
in this paper is not merely negative, and Theorem 1 should be thought of as describing
in some detail the regularity of the weak solution to the HMAE in what is probably the
simplest non-trivial case of this Dirichlet problem (namely the twisted boundary data on
P! x OD from (1)). Since this is done in terms of the Hele-Shaw flow, this can in turn be
further investigated in particular examples, and is even amenable to computer simulations
which give a visualisation of the behaviour of some of the harmonic discs associated to the
weak solution.

Comparison with other works. In this paper we consider the Hele-Shaw flow with vary-
ing permeability starting from the origin which has been considered before by Hedenmalm-
Shimorin; in fact the basic properties of the flow that we use are a small variant of those in
[16]. There is a much larger literature on the Hele-Shaw flow (which usually considers the
case of constant permeability but with non-trivial initial condition §2¢) for which we refer
the reader to the book [15] of Gustafsson-Vasil’ev and the references therein.

In [12] Donaldson gave the first example of boundary data for which the Dirichlet prob-
lem for the HMAE on some X x D has no regular solution.

One motivation for studying the regularity of solutions to the HMAE is the work of
Semmes [25] and Donaldson [12], which shows that the geodesic equation in the space
of Kihler metrics on a compact Kéhler manifold (X, w) cohomologous to w can be cast
as a Dirichlet problem for the HMAE on X x A where A is an annulus. In this way the
question of geodesic connectivity is translated into a question of regularity for solutions to
the HMAE. In [19] Lempert-Vivas found such boundary data for which the solution failed
to be regular, and thus showed that not all pairs of cohomologous Kihler metrics can be
connected by a geodesic (see also later work by Darvas-Lempert [10] and Darvas [11]).

In [10] examples are given for which the solution (again with the base being an annulus
rather than a disc) does not have continuous second derivative. We expect that the examples
considered here in fact fail to be twice differentiable at any point (z,1) where z € P! is
a self-intersection point of the boundary of a simply connected Hele-Shaw domain £2;.
Finally, we refer the reader to [14, Chapter 2] for a discussion of the analogous problem of
the complex HMAE for domains in C".

The connection between the HMAE and the Hele-Shaw flow has been studied previ-
ously by the authors in [23] (see also [13] for another connection between the HMAE and
free boundary problems). The results there are in the opposite direction to those here, in
that we use known regularity results of the HMAE (and thus the existence of the associated
foliation by holomorphic discs) to prove short time regularity of the Hele-Shaw flow.
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1. THE HELE-SHAW FLOW

1.1. Definition and Basic Properties. We denote by wpg the standard Fubini-Study form
on P!, normalised so fpl wrs = 1. We take the normalisation of the operator d° to be so
that wrg = dd®In(1 + |z|?), and observe that ddIn |z|? = §j is the Dirac distribution at
the origin.

Now assume ¢ is a smooth Kihler potential on P!, s0 wy 1= wrg + dd°¢ is Kihler.
Given ¢ € [0, 1] we define

Wy = sup{¢ : Y isusc and wy, > 0 and ¢ < ¢ and vo() > t}. 2)

Here wy := wpg + dd®yY and v denotes the Lelong number, so vy(t)) > t means that
there is a constant C such that ¢(z) < ¢In |z|? + C for all z near 0 € C C P! (we remark
that some authors define the Lelong number to be half of this). As the usc regularization
of 1, is itself a candidate for the envelope we see that v, is usc.

We now define the Hele-Shaw flow by

Q= 0f = {2 € P' 1 u(2) < 6(2)}- 3)

Proposition 1.1. (Basic Properties of Hele-Shaw flow)

1) Qo=0and0 € Q; fort > 0.
(2) Qq is open, connected and 02y has measure zero.
(3) Yy is CHLon PL\ {0}.
“)
wy, = (1 = xa,)ws + tdo
in the sense of currents. Here x o denotes the characteristic function of a set A,
and 6¢ the Dirac delta.
&)
Area(£2:) ::/ wg =t.
Q
Proof. The techniques used for this are standard (see e.g. [16]) but for the convenience of
the reader we sketch some details.

Clearly ¢9 = ¢ and thus g = () so the Lemma is obviously true for ¢ = 0. Thus
let t > 0. That 0 € €); is obvious. Since ¥, is upper semicontinuous ; < ¢ in a
neighbourhood of the origin. It follows from standard potential theory that ¢, +1n(1+|z|?)
is harmonic in any open set contained in €2; \ {0}, so in particular ; is smooth on any
punctured disc D centered at the origin contained in €);. Define

W = su ¢ isuscon P!\ D with wpgpi\p + ddp) > 0 and ¢ < ¢jp1\ p
and ¢ < ¢y on 0D )

Since ¥ p1\ p is a candidate for the envelope ) we get that ¢ > 1 p1\ p. On the other
hand, if € > 0 then extending max(t);, ¢’ —¢) by ¢+ on D gives an wpg-subharmonic func-
tion on P! which is thus a candidate for the envelope defining 1/;. Hence ¢/ < Yep1\p €
and so 1/}/ = wt“Pl\D.
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If we let w = 1/z then ¢'(w) + In(1 + |w|?) now solves a standard free boundary
problem on the disc P! \ D with obstacle given by ¢(w) + In(1 + |w|?) and boundary
condition given by 1;(w) + In(1 + |w|?) restricted to dD. So (3) follows from standard
theory of free boundary problems (e.g. [9, Thm 2.3]) and (4) follows from (3) on P* \ D.
On the other hand the function ¢In|z|?> + C for some constant C' is a candidate for the
envelope defining v;, so v(¢;) = ¢, giving (4) on all of P'. Moreover (5) in turn follows
from (4) by Stokes theorem.

That €2, is open of course also follows from 1), being continuous. The proof that 2, is
connected is as in [16, Prop 2.6]. Finally the fact that 0€2, has zero measure again follows
from standard theory of free boundary problems, see e.g [8, p296]. In fact even more is
proved in [8], namely that each component of the boundary consists of a finite number of
rectifiable Jordan curves. (|

Remark 1.2. Item (4) in particular implies that the sets {); together with wg contain the
same information as the functions 1;, and so we also think of this latter collection as the
Hele-Shaw flow. Items (3), (4) and (5) of the above Proposition also follow from more
general work of Berman [2, Sec 4].

Clearly by definition if ¢ < ¢’ then Q; C 4 so this is an increasing flow of subsets of
P!, Observe also that if ¢ is rotation invariant then so is the flow ;.
An important fact is that the family of functions ), is concave in ¢.

Proposition 1.3. For any given z we have that 1;(z) is concave, decreasing and continu-
ous int fort € 0,1].

Proof. Let us define ¢, := ¢ for ¢t < 0. It is then clear that 1, is concave in ¢ since if
t =at1 + (1 — a)te where a € [0,1] and t1,t2 € (—00, 1] then

aty, + (1 —a)ih, <y

simply because the LHS has at least Lelong number ¢ at the origin while being bounded
from above by ¢. That it is decreasing is obvious. That 1), decreases with ¢ then implies
that lim;_.,_ 1); is wgg-subharmonic and thus one sees that

lim 77[% = 1;[}57
t—s—
i.e. vy is left-continuous in ¢. This combined with concavity implies continuity. (]

1.2. Multiply Connected Hele-Shaw Domains. As already mentioned, the sets {2; have
a physical interpretation. They describe the flow obtained by injecting a fluid at a point
between two parallel plates between which there is a medium with permeability inversely
proportional to A(¢ + In(1 + |2|?)). As such it is intuitively clear that there will be ¢ for
which this flow becomes multiply connected. In fact suppose we arrange so A(¢ + In(1 +
|z|2) is very small on some Jordan curve going through the origin, while A(¢p+1In(1+|z|?)
being relatively large in two regions separated by the curve. Then the flow will then cover
the curve before having the chance to engulf either of the regions, thereby giving rise to
multiply connected Hele-Shaw domains. We now prove that this does indeed happen for
suitable choices of ¢.

Proposition 1.4. There exists a smooth Kdihler potential on P* whose associated Hele-
Shaw flow has the following property: there exist two times 0 < t1 < to < 1 such that for
all t € (t1,ta) the Hele-Shaw domain Q) is not simply connected.
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Proof. We will construct a ¢ with the following property: there exist two times 0 < £; <
to < 1, a Jordan curve v which passes through the origin and two points p, ¢ on opposite
sides of «y such that €, contains y while neither p or q lie in 2;,. By monotonicity of the
flow, it follows immediately that for any ¢ € (¢, ¢3) the Hele-Shaw domain §2; is multiply
connected.

So pick a Jordan curve v in P! which passes through the origin, and let U; and U, denote
the two connected components of the complement of . Let f be a smooth nonnegative
function on P! which is zero in a neighbourhood U., of ~ and such that

fwrs = fwrs =1/2.
U] U2

Let ¢ be a smooth function such that

we; = fwrs.
Fix
0 <ty <1/4,
and set
Yy = sup{h s wy > 0,9 < dp,v0(¥) = o}
So wy; = X{y;=¢;}Ws,; + todo and we conclude that 1y — ¢ is harmonic in U, \ {0}
while having a singularity at the origin. Clearly ¥y — ¢ < 0 on U,. Thus we conclude

from the maximum principle that in fact ¢y — ¢y < 0in U,.
Now let

Ve = sup{y) 1 wy > —ewrs, ¥ < ¢, v0(P) > to}

Then . — ¢ decreases to 1)y — ¢ as € tends to zero (as for any decreasing sequence of
subharmonic functions the limit is also subharmonic, and thus a candidate for ¢); — ¢ ). In
particular if z is a fixed point on +y then for € sufficiently small 1. — ¢y is strictly negative
at z, and hence by upper semicontinuity of ¢, — ¢y this is true in a neighbourhood of z.
Thus for € < 1 sufficiently small, ) — ¢y is negative on the compact set .

Pick such a small € and let
_ 9
¢ = e
Then wy = (1 + €)' (ewrs + wg,) so ¢ is a Kihler potential. By construction it now
follows that if we let ¢; := (1 + €)1ty then y C Qfl. Observe that 0 < t; < 1/4.

We have that

dd®¢y 1
Area,(U;) := We = wrs + > — we, > 1/4,
+(U1) /Ulaa /U1 P T e D g J, W /

and similarly Areaq(Usz) > 1/4. Now if we pick some ¢5 such that 0 < 1 < to < 1/4,
then

Areay(QF) = ta < 1/4 < Areay(Ur)
and similarly

Aread,(sz) < Areay(Us).

In particular the sets Uy \ Q?; and Us \ Qi must both be nonempty, which allows us to

pick points p and ¢q in the complement of Qf; on either side of . This then concludes the
proof. g
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2. THE LEGENDRE TRANSFORM BETWEEN THE HMAE AND THE HELE-SHAW FLOW

We shall focus on a simple case of the complex Homogeneous Monge-Ampere equa-
tion. Suppose that ¢(+, 7) is a sufficiently smooth family of Kéhler potentials parameterized
by 7 € OD. We denote by 7 the projection P! x D — P

Definition 2.1. The solution ® to the Homogeneous Monge-Ampere equation with bound-
ary data ¢(-, 7) is the function on P* x D given by

O = sup{¢ : ¢ isusc and T*wpg + dd“p > 0 and (-, 7) < ¢(-, 7) for 7 € OD}.

From general theory m*wrs +dd°® > 0 as a current, has the boundary value ®(-,7) =
¢(-,7) for 7 € OD and solves the equation

(m*wps + dd°®)? = 0
in the sense of Bedford-Taylor. As is well known, due to Chen [6] with complements
by Blocki [5], the solution is almost C1:1, and in fact since in our case (P!, wpg) has
nonnegative sectional curvature the solution is truly C1:! by the result of Blocki [5, Thm.

1.4] (see also the recent work of Berman [3] for a proof the weak solution is Cllo’i along
the original lines of Bedford-Taylor).

Recall p denotes the usual C*-action on P! which acts by multiplication on C C P!.
Letting ¢ be a Kihler potential as before, we wish to consider the function

¢(z,7) := ¢(p(7)2)
as boundary data to the HMAE on P! x D. Let ® denote the weak solution to the cor-

responding HMAE, as in Definition 2.1. The goal in this section is to show that ® is
connected via a Legendre transform to the Hele-Shaw flow on P! taken with respect to ¢.

To do this, consider the envelope on P! x D given by

¢ = sup{t : P isusc, T*wps+ddp > 0,1(z,7) < (2) for T € D and v(g ) (¥) > 1}
(so the boundary data is independent of 7, and the ¢ have Lelong number at least one

at the point (OLO)). Then by standard arguments, ® is usc, 7*wps + ddcd > 0 and
(m*wrs + dd°®)? = 0 away from (0, 0).

Remark 2.2. The function ® solves the HMAE over the punctured disc D™ with boundary
data independent of 7, and thus is a weak geodesic ray emanating from ¢.

Proposition 2.3. We have that
®(z,7) +In|7)? + In(1 + |2?) = ®(r2,7) + In(1 + |72[2) for (z,7) € P' x D .

Proof. Consider the space X we get by blowing up P! x D at the point (00, 0). Let uy
denote the modification map, and let E; denote the exceptional divisor. The central fibre
thus consists of two copies of P!. We call the other one E,, and if we blow down this one
we get again P* x ID. Call this modification map ji2, so Es is now the exceptional divisor
of ji2. One can now check that

M2 © M;l(zu T) = (TZ7 T)>
except for being undefined at the point (co, 0).

We have two ways to pull back the Fubini-Study form to X, via pq or po, and we want
to describe how they are related. For this let f denote the function on X’ defined as

fo= (|7 + [2*) = In(1 + |2]*)) © pe.
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Then a simple calculation shows that

dd°f = pi (r*wps) — (i (n*wrs) — [Ea]),
where [E»] denotes the current of integration along F5. This then shows that

®opyopyt +In(7]? +2[?) — In(1 + |2[?)
is a candidate for the envelope defining P, while reversely

dopgop + fop!
is a candidate for the envelope defining ®. It follows that
Qo+ f= ®o M2

and we simply get the formula of the Proposition by first taking 11, 1 (I

Remark 2.4. From the above we see that

- _ 1+ |7z
®(z,7) — ®(12z,7) =1In (|7_2(1 T |z|2))

which is smooth on P! x D Hence as ® is C'1! on P! x D, the same is true of ®.

Lemma 2.5. )
O(z,7) <In(|7]* + |2*) — In(1 + |2|?) + max(e). 4)

Proof. First assume that ¢ is identically zero. Then clearly @ is also identically zero so
from Proposition 2.3 we see that

®(z,7) = In(|7]2 + |2*) — In(1 + |2[?).
The lemma then follows from the obvious monotonicity property of P. O

Now we wish to connect ® (and hence ®) with the Hele-Shaw flow of ¢. For any t € R

we let

1 = sup{¢ : ¢ isusc and wy > 0 and ¢ < ¢ and vy(¢)) > t}. (5)
Note that for ¢t < 0, ¢ = ¢ while if ¢ > 1 we get that ¢y = —oo. For t € [0,1] we
recognize i, as the envelopes that contain the same data as the Hele-Shaw flow €, =
{¥e < 0}

We saw in Section 1 that for a fixed z the function v, (2) is concave in ¢. On the other
hand, the function (i>(z7 e~*/2) is subharmonic and independent of the imaginary part of
s and thus &’(z, e~*/2) is convex in s (where we now think of s as a real variable taking
values in [0, 00)). We can then define ®(z,e~*/2) to be +oo for s < 0 to get a convex
function defined on the whole of R.

Now we recall the definition of the (one-variable) Legendre transform (or convex con-
jugate).

Definition 2.6. Given a function u : R — R U {+o0} the Legendre transform ¢ : R —
R U {400} is the convex function defined as

a(y) := sup{zy — u(z)}.
reR

The Fenchel-Moreau Theorem (see e.g. [22]) now asserts that the Legendre transform
is an involution (i.e. & = w) precisely on the set of convex lower semicontinuous functions.

The next Theorem says that u(s) := ®(z,e %/2) + s is the Legendre transform of
—1¢(2) and vice versa.
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Theorem 2.7.

Ye(z) = ‘i?jo{i)(z,T) —(1-¢%t)In \T|2} (6)
and )

O(z,7) = stzp{wt(z) +(1—-t)In \T|2}. @)

Proof. First we note that
Yi(z) + (1 —t)In|7|?
is a candidate for the envelope defining §> so by definition we get that the LHS is less
than or equal to the RHS in (6). Since ®(z,7) is independent of the argument of 7 it
follows from Kiselman’s minimum princip}e (see [17])~that the RHS defines an wgg-sh
function on P!, which we will denote by 1);. Clearly 1, < ¢, so if we can show that it
has logarithmic singularity of order at least ¢ at the origin, then it would follow from the
definition of 3/),, as the supremum of all such functions that ¥y < ;. Since for a fixed z
the function ®(z, e/ 2) is subharmonic and independent of the imaginary part of s we get
that ®(z, e=*/2) is convex in s (where we now think of s as a real variable taking values in
[0, 00)). Thus for a fixed z
—ty(2) = ig%{(i)(z, e™2) + (1 —t)s} = sup{ts — (B(z,e*/?) + )}
s> sER

is the Legendre transform of a convex function. Using the inequality (4) we get that
Ui(z2) < iI>1f0{1n(e*5 +12)%) + (1 = t)s} —In(1 + |2|?) + max(¢).

By elementary means one easily checks that if ¢ € (0, 1) then

g%{ln(e_s + 1213 + (1 —t)s} = t(In|z|* —Int) — (1 — ) In(1 — t)

which shows that indeed ), has a logarithmic singularity of order ¢, at least when ¢ € (0, 1).
For ¢t = 0 one notes that ¢(z) + In|7|? is a candidate for the envelope defining ®, so
#(2) + In|7|> < ®, which implies that 1)y = ¢. For t = 1, the fact that

P1(2) < &(2,0)

implies that it has the right singularity as well. The case thatt < 0O and ¢ > 1 are immediate,
so this proves (6).
We thus see that
—t1(2) = sup{ts — (B(z,¢7*/*) + 5},
se
i.e. that —1y(z) is the Legendre transform of u(s) := ®(z, e~*/2) 4 5. We also know that
u(s) is convex and lower semicontinuous (since it is continuous on [0, co) and constantly
—00 on (—00,0)) so by the Fenchel-Moreau Theorem we get that u(s) is the Legendre
transform of —);(z). This is exactly what is asserted in (7). (]

2.1. The Hamiltonian. We will have use for the function H on P! x D defined as

H(z,1):= %(I)(z, e %/2)

)

where s := —In|7|> (when |7| = 1 and thus s = 0 we take the right derivative). As ®

is 1 onP! x D™ the function H is well-defined and continuous (even Lipschitz but we
will not need this).
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Remark 2.8. By an easy calculation one checks that if ® is regular and Q = 75, wps +
dd°® then dH = 1§ where ( is the infinitesimal action of the natural S'-action given by
e (2,7) = (e"2,e77) for (2,7) € P* x D* (this is essentially as in [24, Theorem
3.14]). In particular the function H is constant along the leaves of the associated foliation.
For this reason we consider the function H (which is always defined without any regularity
assumptions on ®) as a kind of Hamiltonian for the degenerate form €.

Proposition 2.9.
H(z,1)+ 1 =sup{t: :(z) = d(2)} =sup{t:z ¢ Q}.
Proof. From (7) we see that if ¢;(z) = ¢(z) then
D(z,e7/?) > (t— 1)s + ¢(2)

and thus

H(z,1) > sup{t: :(2) = &(2)} — 1.
Suppose 91(z) < ¢(z) + a for some a < 0. Recalling that for a fixed z the function
t' +— 1y (z) is concave and decreasing in t’, one sees that for t < ¢’ < 1 and s > 0 we
have ¢y (2) + (¢ — 1)s < ¢(2) 4+ a. On the other hand we always have ¢y < ¢ so if
0 <t <tthenvy(z) + (t' —1)s < ¢(z) + (t — 1)s. Putting this together with (7) gives

B(z,e7%/?) < ¢(2) + max((t — 1)s, a)
and so H(z,1) <t — 1, which proves the proposition. O
Proposition 2.10. For 0 < |7| < 1 we have that

H(z,7)=t—-1 — ®(z,7) = () + (1 — t)In|7|2.
Proof. Fix a point (29, 79), 0 < |79| < 1. From (7) we see that
®(20,70) = sup {#1(20) + (1 = ) In|mo[*}.
¢

Since 1) (2o) is continuous in ¢t we must have that ®(z, 79) = ¥y, (20) + (1 — to) In |70|?
for some ¢ € [0, 1]. Since we always have that

B(z,e7%2) > 4y, (2) — (1 — to)s
it follows that

0
H(Zoﬂ'o) =

%B:—lnlmlz(wt()(z) — (1 —to)s) =to — 1.

3. HARMONIC DISCS

As above, let ¢ be the weak solution to the HMAE with boundary data ¢(z,7) =
#(p(7)z). Recall that if g: D — P! is holomorphic then we say the graph of g is a
harmonic disc if ® is 7*wprg-harmonic along this graph.

Theorem 3.1. Let g: D — P! be holomorphic. Then the graph of g is a harmonic disc
of ® if and only if either (1) g = 0 or (2) g(1) = 7712 where z € QS or (3) T — 7g(T)
is a Riemann mapping for a simply connected Hele-Shaw domain )y that maps 0 € D to
0 € Q. The function H is constant along the associated discs {(Tg(T), )}, in the first
case H = —1, in the second case H = 0 while in the third case H =t — 1.
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Lemma 3.2. If f: D1 — Dy is a proper holomorphic map between two open domains
in P! then the number of preimages N, = #{f ' (p)} (counted with multiplicity) is
constant.

Proof. Let ~y be a smooth curve in Dy connecting two points p and ¢ and let U be a finite
union of open discs compactly supported in )1 which together cover the compact set
f~Y(v). Since the image of any boundary component of U cannot cross v the winding
numbers of the image of any such boundary component with respect to p and ¢ must be the
same. Since that winding number counts the number of preimages inside that component
we get by adding up the winding numbers for the different boundary components that
Np = N,. O

Proof of Theorem 3.1. First assume that ® is wrg-harmonic along a holomorphic disc
{(g(7),7)}. We want to show that g(7) must be of the form stated in the theorem.

Let f(7) := 7g(7). From Proposition 2.3 we have ® is wpg-harmonic along the punc-
tured disc {(f(7),7) : 0 < |7| < 1} and since ® is bounded away from (0, 0) it will be
wrg-harmonic along the unpunctured disc {(f(7),7) : |7] < 1} unless that disc passes
through (0,0). If it does pass through (0, 0), the restriction of @ to this disc has a logarith-
mic singularity of order at most one at (0, 0), because ®(z,7) is bounded from below by
6(2) + In .

Pick a 79, 0 < |m9| < 1 and let zo := f(79) and to := H(z0,70) + 1. The restriction of

Wt (2) + (1= to) In |7|> — B(z,7)

to the disc is clearly subharmonic and less than or equal to zero on the boundary, and from
Proposition 2.10 we see that it is equal to zero at (2o, 79). By the maximum principle we
thus get that

®(f(7),7) = v, (f(7)) + (1 = to) In|[* ®)
for all 7.
We now consider the case when f is constant. Putting f(7) = 2 in (8) we get that
B(20,7) = 1, (20) + (1 — to) In|7|>. )

One possible case is that zy = 0, and in fact we will see later that P always is wrg-
harmonic along this disc. If zg # 0, then we know that the LHS is wpg-harmonic along
the whole unpunctured disc, which forces ¢y = 1 (otherwise the RHS would be singular at
the center). Letting 7 — 1 in (9) we get that

P1(20) = }1_1)111 ®(29,7) = ¢(20)

by continuity of ® which shows that zy € Qf.

We move on to the case when f is nonconstant. By (8) we then get that ¢, is wrg-
harmonic in a neighbourhood of any point f(7), |7| > 0, which implies that f(7) € Q.
Note that this rules out the possibility of ty = 0, which in turn implies that f(7) # 0
whenever 7 # 0 as this would make the RHS in (8) be —co. If f(0) # 0 then ® is wpg-
harmonic along the entire disc and the same argument as above shows that f(0) € €,
while f(0) = 0 of course also implies that f(0) € €;,. We thus have that f maps D to €.

We now claim that f is proper. Because if we choose a sequence 7; such that |7;| — 1
then by continuity of ® and (8) we get that

Jim (60, ((7)) = 6(f (7)) =0. (10)
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Since €, is exhausted by the compact sets {z : 1, (2) < ¢(z) — 1/n} by (10) f(7;)
escapes to infinity in €2, . This shows that f is proper.

We now want to calculate Ny := #{f~1(0)}. Because f(7) # 0 whenever 7 # 0, Ny
equals multiplicity of the zero at zero. If f(0) # 0 we have Ny = 0, which by Lemma 3.2
is impossible, so we conclude that f(0) = 0. From (8) we get that

Vi (f(7)) + (1 = to) In |7|* = B(f(7),7) = ¢(f(7)) + In|7|*.

If m is the multiplicity of the zero of f at zero we get that the LHS has Lelong number
1 + (m — 1)t while the RHS has Lelong number one, which shows that Ny = m = 1.
This via Lemma 3.2 implies that f is a bijection between D and €.

Since 7g(7) = f(7) this concludes the proof of the first direction of the Theorem.

We now prove that if g(7) is of the form specified in the Theorem then ® is wpg-
harmonic along the graph of g. As before we let f(7) := 7¢g(7) and it is clearly enough to
show that ® is wpg-harmonic along the punctured disc {(f(7),7) : 0 < |7| < 1}.

The first case was g = 0 and thus f = 0. From (7) we see that ®(0,7) = $(0) 4 In |7]?
and thus ® is indeed wxg-harmonic along {(0,7) : 0 < |7| < 1}. The second case
corresponded to f(7) = z where z € Q5. From (7) we get that ®(z,7) > 11(2) = ¢(2).
On the other hand the opposite inequality always holds and hence ® is constant along the
disc {(z,7) : || < 1}. The third case meant that f was a bijection between D) and some
simply connected Hele-Shaw domain €, and f(0) = 0. From (7) we get that

©(f(7),7) 2 %u(f(7) + (L = t) In|7|.

The LHS is wgg-subharmonic with Lelong number one at 7 = 0 while the RHS is wgg-
harmonic except at 7 = 0 where it also has Lelong number one. Since f(7) escapes to
infinity in Q; as |7| — 1 the RHS approaches the LHS as 7 approaches the boundary. By
the maximum principle we get the equality

®(f(),7) = ¥e(f(7)) + (1 = ) In|7]?,

which shows that ® is wpg-harmonic along the punctured disc {(f(7),7) : 0 < |7] < 1}.
This concludes the proof.
]

4. RESTATEMENT OF MAIN THEOREMS

We saw in Section 1.2 that for some ¢ the Hele-Shaw domains €2; are multiply con-
nected for all ¢ in some interval. Combining this with our main theorem yields the follow-
ing.

Theorem 4.1. Let ¢ be a Kihler potential on P' whose Hele-Shaw flow satisfies the con-
clusion of Proposition 1.4, i.e. there are two times 0 < t1 < to < 1 such that for any
t € (t1,t2) Q4 is multiply connected. Let ® be the solution to the HMAE on P* x D with
d(z,7) = ¢(p(7)z) as boundary data. Then for such ® there exists an open set U in
P! x D with nonempty intersection with P* x 0D which does not intersect any harmonic

disc of ®.
Proof. By Theorem 3.1 no harmonic disc of ® can intersect the open set
U:={(2,7):t1 —1 < H(rz,7) <t2 —1,|7| > 0}.

Since H(z,1) clearly attains both values —1 and O it follows from continuity that U N
(P! x OD) is nonempty. O
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Theorem 4.2. Let ¢ be as in Theorem 4.1. Then there exist a nonempty open set U' in
P! x D and an € > 0 such that if ¢’ (z, 7) is any C*® boundary data for o € (0, 1) with

9" = dllcae@rxomy < €

and @' is the associated solution to the HVMAE, then no harmonic disc of ®' can pass
through U’ .

5. PROOF OF THEOREM 4.2

Recall from the Introduction that a solution ® to the HMAE is called a regular solution
if it is smooth and w + dd°®(-, 7) is a Kihler form for all 7 € . To prove Theorem 4.2
we will need Donaldson’s Openness Theorem:

Theorem 5.1 (Donaldson [12, Theorem 1]). The set of boundary data ¢ : X x D — R
for which the HMAE has a regular solution is open in the C*“topology.

Remark 5.2. As will be clear, our proof of Theorem 4.2 works in any topology for which
this Openness Theorem holds, and the original statement of Donaldson is that this holds
in C2. Using the setup described by Oh [21] (see also Sun [26]) along with the machin-
ery of McDuff-Salamon [20, Appendix B,C] it is possible to prove this openness in the
Holder space H* (and maybe even in a weaker topology than that). In [18] LeBrun solves
essentially the same Fredholm problem working in the C'%-topology.

Proof of Theorem 4.2. Let U and ® be as above, and U’ be an nonempty open set which is
relatively compact in U N (P! \ {0}) x D*). We argue by contradiction, so assume that
there is a sequence of solutions ®j, with boundary values ¢;, such that

o — &(2, 7)||ca.a pr xam)y < 1/K
and such that for each k the graph of some holomorphic g, : D — P! is a harmonic disc of

4, which pass through U’.
Our first claim is that there exists an r > 0 such that for k large

inf{|gx(7)| : 7 € D} > r.

For simplicity we will assume that wy, = dwpg in D,s := r'D for some 6,7’ > 0, as
was the case for the ¢ used to prove Proposition 1.4. Then the function h(z) := ¢(z) +
(1 — &) In(1 + |2|?) is harmonic in D,.. By symmetry, it is not hard to see that the Hele-
Shaw domains (defined by our potential ¢) are initially just concentric discs centered at the
origin, at least up to the point where 2; = D,.. From Theorem 3.1 we see that this implies
that for any fixed z € D,-, the set {(z,7) : 7 € D} is a harmonic disc associated to .
Thus ®(z, 7) is harmonic in 7 for these fixed z.
This then implies that

®(z,7) = —(1 = 8) In(1 + |2|*) + h(72) on D, x D.

Pick a smooth Kéhler potential u on P! which is rotation invariant, and such that on D,
we have that
u < —(1—0)In(1+ |2
with equality on D, 5 but strict inequality on 9D,.. Clearly ¥(z, ) := u(z) is a regular
solution to the HMAE and we note that

U(z,7)+ h(rz) = ®(2,7) on Dy jg x D, (11)
U(z,7) + h(r2) < ®(2,7) on D,» x D,
U(z,7) + h(r2) < ®(2,7) on D, x D.
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(Even if one loses the assumption that wg = dwpg near 0 then arguing as in [23] one can
still find an 7/ > 0 and harmonic h and regular solution ¥ such that the three statements of
(11) hold).

Let fx(z,7) := ¢r(2z,7) — &(z,7) and let ¥}, denote the solution to the HMAE with
boundary data 9 (z,7) := u(z) + fx(z, 7). Since by assumption

| frll ot @rxomy < 1/k

it follows from Donaldson’s Openness Theorem that for large % the function Wy, is regular,
and that the harmonic discs of ¥y, converge to those of W. In particular there exists an
r > 0 such that for any large enough k£ there is a neighbourhood Uy, of D, x D that is
relatively compact in D, x I which is foliated by harmonic discs of ¥y,. We also have
that for large k&

Ui (2,7) 4+ h(12) = ®x(2,7) on Dy jg x D,
k(z,7) on D,, x 9D,
Uy (2,7) + h(rz) < ®4(2,7) on D, x D,

=S
Ea
—
QN
9
~
=
9
I}
~—
IN
o

and therefore B
\Ifk(Zﬂ') + h(TZ) < <I>k(z, T) on D, x D.

On U}, though we must have

Uy(z,7) + h(1z) > Pz, 7)
since along any harmonic disc of W}, with boundary in D,/ x dD the LHS is m*wps-
harmonic, the RHS is m*wpg-subharmonic, and they agree on the boundary. In conclusion

\I/k(za 7_) + h(TZ) = (I)k(zﬂ T)
on Uy, which shows @, is regular on Uy, and that Uy, is foliated by harmonic discs of ®y.

By shrinking U” if necessary we may assume U’ N (D, /5 x D) = (), and so
U' NU, = 0 for all k.

Since the graph of g by assumption passes through U’ it is not one of the harmonic discs
that foliate U}, and since ®y, is regular this means that the graph of g, cannot intersect Uy.
Finally this implies that |gx(7)| > r for all k as claimed.

Thus 1/gy, is a bounded family of holomorphic functions on D so by Montel’s theorem it
is normal and thus replacing g, by a subsequence we may assume g converges uniformly
on compacts to a holomorphic function g. We claim that the graph of ¢ then is a harmonic

disc of ®.
To see this let

hi(7) += @i (gi(7), ) + (1 + [1/gx (7))
and
h(7) = ®(g(7),7) + In(1 + |1/g(7) ).
By assumption hj is harmonic and we want to show that h is harmonic (which says pre-
cisely that the graph of g is a harmonic disc of ®.). Now
() = h(T)] < [@r(gr(T), 7) — R(gr(7), T)| + [@(gr(T), T) — (9(7), 7). (12)
The first term of the RHS tends uniformly to zero since (as is easily seen)
194 — ®llgoger 3, < Nl — dllcogerxomy < 1/k.
The second term of the RHS of (12) tends to zero uniformly on compacts since gy, tends to
g uniformly on compacts and ® is C'!. Thus Ay, tends to h uniformly on compacts which
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implies that & is harmonic, and so the graph of ¢ is a harmonic disc of ®. But since U’ was
compactly supported in U N ((P* \ {0}) x D*) the graph of g must intersect U which by
Theorem 4.1 is a contradiction. This concludes the proof. (]

6. PARTIAL AND ALMOST SMOOTHNESS

Definition 6.1. Let ® be upper semicontinuous on an open subset of P* x D with TpWrs+
dd°® > 0 and (mp,wps + dd“®)? = 0. The regular locus Rq is the set of all (z,7) €
P! x D near which ® is smooth and 73, wrg + dd°®(-, 7) is a Kéhler form.

In particular the above definition applies to the weak solution of the HMAE. It is clear
that R is open, and inside it the kernel of ﬂﬁlwps + dd°® defines a complex one-
dimensional integrable distribution Dg in Rg. By restriction this gives a foliation on any
open subset V' C R, which, when necessary, we refer to as the Monge-Ampére foliation
inV.

The following definition is a slight adaptation of those from [7, Sec 1.3].

Definition 6.2. We say the weak solution ® to the HMAE is partially smooth' if it holds
that (1) R4 N (P! x D) is foliated by harmonic discs and (2) R is dense in P! x oD
and (3) the fibrewise volume form wg (. ) which is defined on R extends to a continuous
(1,1)-form on P! x D.

The following disagrees with [7, Thm. 1.3.2] which says weak solutions are always
partially smooth.

Corollary 6.3. There exist ¢ such that the weak solution ® to the HMAE with boundary
data ¢(z,7) := ¢(p(7)z) are not partially smooth.

Proof. This is immediate, for our example from Theorem 4.1 gives boundary data for
which the solution to the HMAE is not partially smooth, since no harmonic disc intersects
the open set U which has non-empty intersection with the boundary. (|

As mentioned above, the example in Theorem 4.2 contradicts [7, Thm 1.3.4], since the
solutions ®’ associated to the perturbed boundary data ¢’ cannot be “almost smooth” (for
by [7, Prop 2.3.1] for any almost smooth solution, the set of harmonic discs is dense in
P! x D).
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