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Abstract

Crystallization of granular assemblies has broad implications for rapid and scalable

creation of architected materials with applications ranging from structural materials

to microarchitected battery electrodes. While significant advances have been made

in understanding colloidal self-assembly at nano to micro scale, the governing mech-

anisms for organization of dry assemblies of hard spheres remain unclear. Here, we

investigate crystallization of mono-size hard spheres with and without imposed vibra-

tion. Using X-ray computed tomographic analysis coupledwith discrete-element simu-

lations, we unravel the roles of gravity and imposed vibration on the three-dimensional

self-assembly of the dry spheres. We use these insights to introduce gravity-mediated

epitaxial crystal growth with slow pouring of balls on seeding templates. Contrary to

vibration-induced crystallization, this method can form large single crystals with both

close-packed and rather surprisingly, nonclose-packed metastable particle arrange-

ments. Our results provide insight for the scalablemanufacture of defect-free granular

assemblies that can be used as space-holding templates to manufacture cellular mate-

rials, such as inverse opals and other related topologies.

Key points:

∙ Self-assembly of hard spheres is a critical step for the scalablemanufacture ofmicro-

architected solids.

∙ Via a combination of vibration experiments, 3D X-ray tomographic observations,

and simulations, we elucidate the critical role of gravity in the self-assembly of hard

spheres.

∙ We design seeding templates that can not only induce the self-assembly into stable

close-packed crystal structures but also rather counterintuitively into metastable

single crystal structures.
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INTRODUCTION

Low-density cellular architected materials with a range of topologies,

parent materials, and length scales have been shown to attain unique

combinations of properties and fill the so-called white spaces in the

Ashby material property maps.1 Most of these materials with com-

plex microarchitectures are manufactured by additive2 or other rel-

atively slow and expensive processes,3 limiting their deployment in

large-scale structural applications. A notable exception is the inverse

opal architecture manufactured by a variety of colloidal assembly

routes4–6 for applications ranging from photonic crystals7,8 to bat-

tery electrodes.9,10 Figure 1a illustrates the key steps in the manu-

facturing process of inverse opal crystal: (1) spherical particles are

self-assembled into a close-packed crystal and sintered together, (2)

second material is deposited into the voids, and (3) the particles are

etched out.9–11 Nickel-based inverse opals manufactured in this way

have shown exceptional mechanical properties with hardness exceed-

ing 2 GPa.11 However, while the hardness of these materials is excep-

tional, they suffer from a low tensile strength due to numerous defects

that originate from the original self-assembly arrangement of mono-

size spheres (Figure 1b). This study focuses on understanding the

dry assembly of mono-size hard spheres: the arrangement of such

F IGURE 1 (a) Sketch of the process of constructing inverse opals from a self-assembled arrangement of mono-size spheres. (b)Micrographs
showing defects in self-assembled spin-coated thin films of PMMA spheres. (c) Schematic of the setup used for vibration-induced assembly of
mono-size spheres (balls). (d) Schematic of the setup for epitaxial crystal growth from a seeding layer. Pouring of balls into the box is randomized by
a double-layer wiremesh arrangement. (e) XCTwas used to analyze the granular assembly, including the 3D crystal structure and defects. A slab of
thickness d

√
8∕3 is alsomarked and used to define the local crystallinity fraction �̂�(z) at a height z in the box
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granular assemblies is a problem of fundamental scientific interest and

encountered in nature aswell as numerous contemporary sectors, such

as the manufacture of inverse opal architected materials. Colloidal

suspensions comprising mono-size spheres crystallize via sedimenta-

tion with12 and without a seeding template13–15 and under oscillatory

motions.16 Light-scattering16 and X-ray measurements15 have been

used to establish packing arrangements and inevitably the arrange-

ments comprise random stacks of close-packed horizontal planes. Con-

sequently, a mixture of face-centered cubic (fcc) and hexagonal close-

packed (hcp) structures ensues, and single crystals are not obtained.

Manufacture of inverse opals via electrodeposition is sometimes sim-

plified using dry templates, and our focus here is on the crystalliza-

tion of dry assemblies of mono-size hard spheres. The hard-sphere

assumption is appropriate for sizes typically > 10 𝜇m when interpar-

ticle attractive/repulsive forces due to electrostatic and other such

interactions are negligible.

There exists a vast literature on the random packing of mono-

size spheres starting from the early work of Scott17,18; see Ref. [19]

for a detailed review. Owe Berg and McDonald20 were the first to

report that such random assemblies crystallize under imposed vibra-

tion. While Berg et al.20 analyzed packings by pouring water into the

assembly and then freezing it to enable the sectioning and imaging

of the assembly, nearly all subsequent experimental studies21–23 use

packing fraction measurements to gauge the level of crystallization.

Mono-size spheres pack to maximum 74% volume fraction in a fully

crystalline fcc or hcp arrangement, while the dense random packing

density is around 64%. Thus, an increase in packing fraction serves as

a surrogate measure for the level of crystallization but is inaccurate as

it lacks information on microstructural defects. Such defects have only

a minor effect on the overall volume fraction but play a crucial role in

the properties of inverse opals made using these granular assemblies

as templates.11 Nonetheless, such experimental studies have provided

data that suggest that sphere size, vibration frequency, and amplitude

all govern the level of crystallization. However, such observations have

provided only very limited insight into the physical mechanisms that

induce crystallization.

The discrete element method (DEM) has also been employed to

investigate crystallization of dry granular assemblies.25–28 These sim-

ulations have been used to propose a range of crystallization mech-

anisms, including crystal growth, whereby two adjacent crystals coa-

lesce andepitaxial growth fromexistingnuclei.25 Thenotionof a seed is

present in numerous studies with {111} and {100} seeding planes used

to grow fcc crystals,26 while friction between thewalls and the spheres

has also been shown to initiate crystallization.28 Relatively small sys-

tems comprising between 2500 and 10k spheres were considered in

these investigationswith the role of boundaries of the container, there-

fore, playing an important role. DEM simulations have also been used

to try and understand the role of the vibration parameters. Combi-

nations of experiments and DEM simulations suggest that two nondi-

mensional groups govern the level of crystallization: (1) the vibration

intensity29,30a𝜔2∕g, where a is the vibration amplitude and 𝜔 is the

angular frequency, while g is the acceleration due to gravity, and (2) the

normalized velocity31 defined as a𝜔∕
√
gd, where d is the diameter of

the spheres. There is no agreement in the literature on whether one

or both parameters govern crystallization, and we attribute this to the

fact that these studies used packing fraction to estimate the level of

crystallization.

Experimental investigations have also shown that container geome-

try and seeding enhances crystallization of dry assemblies of spheres.

Schemes employed include using triangular containers to build crys-

tals layer-by-layer32 and using seeding plates to grow fcc crystals in

different orientations.33 These investigations were restricted to visu-

alizing the arrangements from the sides of the container, and thus,

unable to infer arrangements within the bulk. Moreover, the mecha-

nisms that help seeds induce crystallization in these granular systems

remain unclear: unlike atomic crystals, there are no long-range inter-

particle forces, and in fact, all interparticle forces are negligible under

static conditions.

This study focuses on understanding the crystallization of dry gran-

ular assemblies of mono-size hard spheres as not only a problem

of fundamental scientific and practical interest but also as a simple

system that will provide broader insights into crystallization mecha-

nisms. Two cases were considered: (1) vibration-induced crystalliza-

tion of an initially amorphous assembly (Figure 1c) and (2) growth

from a base seeding layer with and without vibration (Figure 1d). A

combination of experiments, including visualization via X-ray com-

puted tomography (XCT) (Figure 1e) and discrete element simula-

tions (Materials and Methods), was used to develop a mechanistic

understanding of the mechanisms of crystallization. In the absence of

seeding, vibration induces crystallization resulting in horizontal close-

packed {111} planes. Approximately equal fractions of hcp and fcc

grains develop separatedby coherent boundaries aswell as amorphous

regions. Combining experiments and simulations, we discover that the

ratio of an imposed horizontal acceleration to the vertical gravitational

accelerationuniquely governs the level of crystallization.We show that

gravity can be exploited to induce growth of large crystals. We find

that a {100} seeding layer has a gravitational energy landscape with a

unique family of equilibrium sites, allowing the growth of both fcc and

a kinetically trapped nonclose-packed bcc single crystal arrangements.

By contrast, the close-packed {111} seeding layer has two families of

equilibrium sites in the gravitational potential energy landscape, and

this results in a mixture of hcp and fcc grains. No seeding arrangement

allowed for the growth of an hcp single crystal although we demon-

strate that seeding via a horizontal prismatic {101̄0} plane restricts the

granular arrangement to comprise only hcp grains.

RESULTS AND DISCUSSION

Three-dimensional visualization and analysis
of vibration-induced crystallization

We employed 100k spherical cellulose acetate balls* with a nomi-

nal diameter d = 2 mm that were coated to minimize electrostatic

* Precision Plastic Ball Co Ltd, U.K.
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F IGURE 2 (a) Measurements and predictions of the evolution of the total crystallinity fraction 𝜑 in the box with number of cyclesN for five
selected vibration frequencies f. The error bars on themeasurements indicate the scatter over three different experiments, while the shaded
regions show the variability of the predictions over the simulations with six different initial random arrangements. (b)Measurements and
predictions of the probability density of the normalized void volumes VV∕d3 in the box subjected to shaking at f = 20Hz. The distributions are
shown prior to shaking (N = 0) and at steady state atN = 3000. The volumes of the tetrahedral and octahedral holes in the hcp/fcc structures are
marked to aid the interpretation of the two peaks in theN = 3000 distribution. In both (a) and (b), the vibration amplitude a = 2mm

interactions (Materials and Methods and Figure S1). These balls were

randomly assembled into an open-top Perspex box with a square base

of length L = 12 cm. The box was aligned with the Cartesian co-

ordinate systemwith the gravity acting in the negativeZ−direction and

vibrated in theX − Y plane along the X−direction. It was found that the

horizontal harmonic oscillatory motion induced crystallization in the

system (see XCT data in Video S1). We first report detailed observa-

tions for the reference case of oscillation at f = 20 Hz and an ampli-

tude of a = 2mm (i.e., a∕d = 1) and then discuss the effect of the

loading parameters, including frequency. Measurements of the evolu-

tion of the total crystallinity fraction 𝜑 (extracted from the XCT and

defined as the ratio of all the balls that form any type of crystalline

structure to the total number of balls; seeMaterials andMethods)with

number of cycles N are included in Figure 2a (error bars show variabil-

ity over three different experiments). The data show that the balls in

the box crystallize into a steady-state structure forN > 1000. Another,

andmaybemore discerning indicator of the crystallization of the struc-

ture is the distribution of void sizes within the crystal. Recall that for

a pure fcc or hcp crystal with no defects, there exist only octahedral

or tetrahedral voids. Thus, for these perfect close-packed crystals, we

would anticipate a discrete void size distribution comprising tetrahe-

dral and octahedral voids of volumes VT ≈ 0.026d3 and VO ≈ 0.132d3,

respectively, with the tetrahedral voids twice as numerous as the octa-

hedral voids. Measurements of the probability density of the normal-

ized void volume distributions VV∕d3 prior to shaking (N = 0) are

included in Figure 2b for f = 20 Hz, where VV is the void size mea-

sured using the foam/powder (FP) analysis (Materials and Methods).

The distribution has one distinct peak corresponding to void size a bit

larger than the tetrahedral void. The lack of two distinct peaks, which

would correspond to tetrahedral and octahedral voids, confirms the

high degree of randomness in the granular packing. The correspond-

ing void volume distribution after shaking toN = 3000 (i.e., the steady

state for f = 20Hz seen in Figure 2a) is also included in Figure 2b. Now

intriguingly, we observe a bimodal distribution: the first peak corre-

lates well with the volume of the tetrahedral voids, while the second

peak is lower and occurs at a volume larger than the octahedral void

volume. This strongly suggests that although the ball arrangements

have a high degree of vibration-induced crystallinity, the crystal struc-

ture is defected.

Visualization of crystal defects

To illustrate the formation of crystalline structures and associated

defects, we visualize the 3D arrangements using XCT (Figure 3a)

and include in Figure 3b visualizations of horizontal sections through

the box at selected numbers of cycles N (vertical sections shown in

Figure S2a). With z denoting the co-ordinate along the Z−direction,

we define z̄ ≡ z∕H, where H = M𝜋d3∕(6�̄�L2) is the height of the

assembly of a perfect fcc packing of M = 105 balls with �̄� = 0.74

being the fcc packing fraction, while x̄ ≡ x∕L and ȳ ≡ y∕L are the frac-

tional co-ordinates in the X and Y−directions, respectively. Balls in

the XCT images in Figure 3b are colored by their local crystal struc-

ture. Prior to the shaking of the box, the arrangement of the balls

is nearly completely amorphous. Vibratory motion in the X−direction

resulted in the development of crystallinity (sequence in Figure 3b).

Steady state is observed in the slices at N = 3000, whereby the

fcc and hcp crystal structures dominate (see Video S2). The approx-

imately equal split in the fcc and hcp crystal structures will be

explained more clearly in Section “Improving crystallization via seed-

ing layers” but at this point, it suffices to say that gravity creates

a strong tendency for the horizontal plane to be close-packed (see

Video S1). However, these close-packed horizontal planes can either

be arranged in an “ABAB” arrangement (i.e., every other close-packed

layer balls have the same (X, Y) co-ordinates) or “ABCABC” arrange-

ment (i.e., every third close-packed layer balls have the same (X, Y) co-

ordinates), and this creates an approximately equal mix of hcp and fcc

structures.

While the images in Figures 3b and S2a indicate the types of crys-

tal structures that form, the mixture of fcc and hcp crystals cre-

ates grain boundaries and associated defects. To understand these

defects, we show in Figure 4 the XCT reconstructed grain structure at
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F IGURE 3 (a) Visualization of the arrangement of the balls via X-ray computed tomography (XCT). (b,c). Sections in the X − Y plane at
normalized positions z̄ = 0.25,0.5, and 0.75 after shaking toN = 100,600, and 3000 cycles at a frequency f = 20Hzwith an amplitude a = 2mm.
The balls are colored by the crystal structure they are deemed to lie within. The hcp and fcc structures dominate along with amorphous regions.
XCT observations with the XCT images of the balls colored via post-processing are shown in (b), while in (c), we include corresponding predictions.
The XCT images in (a) correspond toN = 600 in (b). Scale bar 30mm

N = 3000. To improve the visualization, we have excluded 10 layers of

balls from the four sides and five layers from the top of the box to focus

attention on the central crystallized region within the box. As known

from Figures 3b and S2a, two crystal types dominate but more impor-

tantly, the different hcp and fcc grains are all in the same orientations

(Figure 4b) with the close-packed plane being horizontal. What then

demarcates the different grains, including two grains with the same

crystal structure? Four different types of boundaries are observed in

the assembly at steady state: three types of coherent grain bound-

aries and an amorphous zone between adjacent grains (Figure 4a). The

coherent boundaries are (Figure 4a):

(i) An hcp/hcp boundary: Here, two identical hcp grains are slipped

half a ball spacing apart, that is, the ABAB arrangement is broken

by the existence of a close-packed C layer, which then again alter-

nates as ACAC to form another hcp crystal.

(ii) An hcp/fcc boundary: This boundary is again a boundary, where

the two adjacent close-packed layers have slipped half a ball
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F IGURE 4 XCT reconstructed image of the arrangement of balls after shaking toN = 3000 cycles at a frequency f = 20Hzwith an amplitude
a = 2mm. (a) Reconstruction with the individual balls shown and coloured in a post-processing step to illustrate different types of grain
boundaries. (b) The XCT reconstruction with the grains shaded translucently to help visualization of the grain boundaries within the volume. The
fcc and hcp unit cells along with their orientations are also sketched. The crystal orientation with respect to vibration direction is shown in the
inverse pole figures. (c) Distribution of mono and divacancy structures observed in experiments. The zoom-ins show the structures of these
vacancies as observed through the XCT data

spacing such that the ACAC arrangement is interrupted by the

existence of a close-packed B layer. However, now the arrange-

ment continues in an ABC arrangement to form an fcc crystal.

(iii) An fcc/fcc twin boundary: This is a classical coherent twin bound-

ary between two otherwise identical grains.

The fourth type of boundary is an amorphous region separating two

identically oriented fcc grains as seen in Figure 4a. This amorphous

region presumably developed because two closely situated fcc crys-

tals grew from the bottom but were slightly displaced with respect

to each other (as later discussed in Section “Improving crystalliza-

tion via seeding layers”). The region between these two crystals can

then only be filled by an amorphous arrangement of the balls as coa-

lescence of two large fcc grains would require their complete recon-

struction. In Section “Growth of the crystal structure”, we will discuss

the kinetic barriers to crystallization, where it will become apparent

that just large-scale recrystallization is highly unlikely in this granular

system.
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In addition to defects, such as the grain boundaries discussed

above, another ubiquitous crystalline defects, viz., vacancies, are also

observed. XCT visualization of vacancies after 3000 cycles included in

Figure 4c reveals the existence of both mono and divacancies. These

vacancies have volumes much greater than the tetrahedral and octa-

hedral holes (a mono vacancy has a volume≈ 1.524 d3), and thus, their

count falls outside the scale of the void size distributions shown in

Figure 2b. However, it is such vacancies combinedwith the voids in the

amorphous regions, voids along grain boundaries and voids near the

side walls of the box that contribute to the continuous distribution of

void volumes seen in Figure 2b.

Growth of the crystal structure

While the evolution of the crystal structure with cycles can be visual-

ized through the slices shown in Figures 3b and S2a, these slices are

insufficient to understand the mechanism of crystal growth. Typically,

atomic crystals are grown from a seed with crystallization propagating

through the material as a front34: does a similar process occur in such

granular assemblies, where long-range interparticle forces are absent?

To understand themechanism of crystal growth, we define a local crys-

tallinity fraction �̂�(z) as the crystallinity in a slab centered atZ = zwith

thickness d
√
8∕3 (which corresponds to the thickness of two close-

packed layers; see Figure 1e). Measurements of �̂�(z̄) as a function of

the normalized position z̄ are shown in Figure 5a for the reference case

of shaking at f = 20 Hz (a = 2 mm), and for selected values of N

(error bars show variability over six different experiments). The assem-

bly begins to crystallize at the base (z̄ = 0) with the level of crystallinity

first increasing at the base followed by crystallization near the top of

the box as N increases. However, no sharp crystallization front that

moved upward through the box was observed.

Now, consider the case of vibration at a lower frequency of f =

13Hz (Figure 5b)with the reference amplitude (a = 2mm). Crystalliza-

tion nowmainly initiates near the top surface at z̄ ≈ 1 and then spreads

toward the bottom, although some crystallization very near the bot-

tom surface is also seen early in the vibration history. Another key dif-

ference is the rate of crystallization: comparing Figures 5a,b, we see

that while the final steady-state crystallinity was attained at N ≈ 600

for shaking at f = 20 Hz, nearly 3000 cycles were needed to attain a

slightly lower steady-state crystallinity at f = 13Hz. This observation

is better summarized in Figure 2a, where we include measurements of

the total crystallinity fraction𝜑 in the box as a functionofN for selected

values of f. The data in Figure 2a suggest the existence of a critical fre-

quency f = fcrit ≈ 20 Hz such that both the rate of crystallization and

the final steady-state value of 𝜑ss are approximately independent of f

for f > fcrit. However, both 𝜑ss and the rate of crystallization decrease

with decreasing f for f < fcrit.

We note that the switch in the crystallization mode from being only

growth upward from the base to being mainly growth downward from

the top surface also occurs at f ≈ fcrit. This provides some hints for an

understanding of the mechanism of crystallization. The XCT image of

the layer of balls on the bottom surface (z̄ = 0) of the box prior to shak-

ing (N = 0) is shown in Figure 5c. Patches with randomly oriented

close-packed arrangements are evident, although there is a high den-

sity of vacancies, grain boundaries, and amorphous regions between

the crystallinepatches. The corresponding reconstructions atN = 100

for f = 20 Hz (Figure 5d) and13Hz (Figure 5e) illustrate that grain

growth has occurred in both caseswith the density of grain boundaries,

the vacancy concentration, and the amorphous fraction all reducing,

although this is more evident for f = 20 Hz. This crystallized bottom

layer then acts as a seed with crystal growth occurring from this seed

via a gravity-controlled mechanism. This mechanism differs from crys-

tallization in atomic systems in at least the two following ways:

(i) The shaking of the box provides energy and induces the random

vibrations required to cause the rearrangement of the balls into a

maximum entropy arrangement.35 In atomic systems, the equiva-

lent vibrations are a result of the finite temperature of the system.

(ii) Gravitational energy is the only contributor to the potential energy

of the static granular system as the balls do not have any electro-

static or other interactions. Thus, there exists a gradient in poten-

tial energy of the system along the Z−direction. In atomic sys-

tems, atomic bond forces dominate the potential energywith grav-

ity playing a negligible role.

This role of gravity is critical in understanding the low- and high-

frequency crystallization process. To crystallize following the seed

induced by the bottom layer, the rearrangement of the balls near z̄ =

0 requires the balls to ride up on each other (Figure 5f). Thus, work

needs to be done against gravity to lift balls (colored pink in Figure 5f)

lying in the higher layers. Recall that vibration of the box results in the

balls acquiring an acceleration∝ a𝜔2, where𝜔 ≡ 2𝜋f is the angular fre-

quency due to the imposed vibration. For shaking at f > fcrit, this accel-

eration is sufficient to overcome the gravitational barrier and crystal-

lization follows the seedof thebottom layer in a highly efficientmanner

with a consequent high crystallization rate. On the other hand, for f <

fcrit, the acceleration is insufficient for balls near the bottom that are

constrained by the pressure exerted by the higher up layers. However,

recall that the maximum entropy state35 is the close-packed arrange-

ment, and thus, there is a strong tendency for the balls to rearrange and

crystallize into either the fcc or hcp crystal structures. Therefore, lay-

ers at the top of the assembly begin to crystallize as they are relatively

unconstrained; see sketch in Figure 5f. However, this process is ineffi-

cient as these top layers do not have a stable seed to follow, and the

process of crystal growth is significantly slower. Simulations presented

in Section “Simulations uncover the role of gravity and themechanisms

of crystallization” will further clarify the role of the frequency f, and a

more in-depth investigation into the role of the bottom seeding layer in

Section “Improving crystallization via seeding layers” will further clar-

ify the crystallization process.

Simulations uncover the role of gravity and the
mechanisms of crystallization

To uncover the mechanism of the crystallization process, we use the

discrete element soft-contact approach first introducedbyCundall and
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F IGURE 5 (a,b)Measurements and predictions of the local crystallinity �̂�within a slab of thickness d
√
8∕3 (Figure 1e) as a function of the

normalized Z co-ordinate z̄ ≡ z∕H. Results are shown for selected number of cyclesN for vibration of the box at an amplitude a = 2mm at a
frequency (a) f = 20Hz and (b) f = 13Hz. The error bars on themeasurements indicate the scatter over six different experiments, while the
shaded regions show the variability of the predictions over the simulations with six different initial random arrangements. (c–e) XCT images and
corresponding simulations that show the bottom layer (z̄ = 0) of balls in the box (c) prior to vibration (N = 0) and afterN = 100 cycles for vibration
at a frequency (d) f = 20Hz and (e) f = 13Hz and amplitude a = 2mm. Scale bar 15mm. (f) Sketch illustrating the need to lift a series of balls to
rearrange balls near the base of the box, while balls at the top of the box can be rearrangedwithout disturbing other balls. The arrows indicate the
lifting forces

Strack36 and implemented in the simulation tool LAMMPS37 (pack-

age GRANULAR). The simulations were conducted in two steps: (1)

simulation of the pouring under gravity of M balls into a rigid open-

top box to create an initial dense random packing of balls and (2)

shaking of the box to induce crystallinity; see Materials and Meth-

ods. Video S3 shows the process of pouring and the initial phase of

shaking.

Numerical predictions of the evolution of crystallinity fraction 𝜑

with N are shown in Figure 2a (shaded bands indicate the variabil-

ity in predictions for six different initial random arrangements of the

balls) and show excellent agreement with the measurements not only

for the evolution of crystallinity with cycles but also the fact that

steady-state crystallinity decreases below a critical frequency. Corre-

spondingly, there is good agreement between the measurements and

predictions of the distribution of void sizes in the assembly of balls

(Figure 2b). While the results of Figure 2 show that there is good

agreement between measurements and predictions for the effect of

shaking on statistical measures of the arrangement of the balls, it is
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F IGURE 6 (a) Measurements and predictions of the variation of the steady-state crystallinity fraction 𝜑ss in the box as a function of vibration
frequency f. Measurements are for a range of amplitudes a, while the predictions include these amplitudes as well as varying levels of the
acceleration due to gravity 𝔤 for an amplitude a = 2mm. (b) A replot of all the data from (a) as a function of the vibration intensity Γ ≡ a𝜔2∕𝔤 to
illustrate that the data collapse onto a single master curve that is sketched in.

instructive to understand the nature of these predictions in terms of

local arrangements. Analogous to the XCT observations, we include in

Figure 3c and Figure S2b horizontal and vertical sections, respectively,

through the box showing predictions of the local arrangements. The

predictions and observations of the distribution of fcc and hcp crys-

tal structures do not exactly match. This is unsurprising since these

local arrangements are statistical in nature. The repeat experiments

and simulations have different arrangements of the crystal structures

to those seen in Figure 3 and Figure S2 but nearly identical values for

statistical measures, such as 𝜑; recall the variability seen in Figures 2a

and 5a,b. Furthermore, consistent with the XCT observations, the pre-

dictions show a near equal mix of fcc and hcp grains and the existence

of mono and divacancies within the crystals.

The simulations with different shaking frequency are key in under-

standing the mechanisms of crystallization. We first consider the dif-

ferences in the evolution of crystal growth for f = 20 and 13 Hz,

seen in Figure 5a,b, respectively. The predictions accurately capture

themeasurements, including the important fact that crystallization ini-

tiates at thebaseof thebox (z̄ = 0) for the f = 20Hzcasewith the crys-

tal growingupward,while the reverseoccurs in the f = 13Hzcase. The

reasons for this were discussed qualitatively in Section “Growth of the

crystal structure” and relate to the acceleration a𝜔2 of the box. (Video

S4 contrasts the growth of crystalline regions for the two frequencies.)

We now proceed via a combination of experiments and simulations

to investigate the role of the inputted power that induces vibrational

motion of the balls, which, in turn, permits their rearrangement into a

crystal structure.

Measurements of the overall steady-state crystallinity fraction 𝜑ss

in the box are included in Figure 6a as a function of the frequency

f for selected values of amplitudes in the range 1.5 mm ≤ a ≤ 4 mm.

The behavior is overall similar for all amplitudes with very low levels

of crystallinity developing below a critical frequency fcrit with 𝜑ss ris-

ing rapidly above fcrit before plateauing out at𝜑max ≈ 0.7.While𝜑max is

reasonably independent of a, the critical frequency fcrit decreases with

increasing a. This seems consistent with the idea that a critical accel-

eration is required to initiate crystallization. To understand this criti-

cal level, we restrict attention to the case of a given box with a fixed

number of balls all of diameter d and a given set of material proper-

ties. Thus, the only variables of interest are the loading parameters,

viz, amplitude a, angular frequency 𝜔 ≡ 2𝜋f, and acceleration due to

gravity 𝔤. Within the hard sphere approximation, dimensional analysis

then specifies that the steady-state crystallinity fraction𝜑ss is uniquely

specified by the nondimensional parameter Γ ≡ a𝜔2∕𝔤 (referred to as

vibration intensity), the ratioa∕d, and the friction coefficient𝜇 between

the balls. The measurements were conducted under normal gravita-

tional conditions of 𝔤 = g = 10 ms−2, and we replot the measured

data of Figure 6a as 𝜑ss versus Γ in Figure 6b. To within the expected

statistical variability, the measurements collapse onto a single master

curve demonstrating that crystallization for a given system is purely a

functionof the imposedaccelerationand independentof a∕d (𝜇wasnot

varied in themeasurements).

Of the three parameters comprising vibration intensity Γ ≡ a𝜔2∕𝔤,

we have managed to experimentally verify the effect of amplitude and

frequency. Since changing 𝔤 in the experiments is challenging,we resort

to numerical simulations to probe its effect. First, consider the pre-

dictions of the 𝜑ss as a function of f for the experimentally investi-

gated range of amplitudes 1.5mm ≤ a ≤ 4mmwith 𝔤 = g = 10ms−2

(Figure 6a). The predictions are generally in agreement with the mea-

surements and do not collapse onto a single curve. We also include in

Figure 6a predictionswith a = 2mmand the acceleration due to grav-

ity in the range 0.25g ≤ 𝔤 ≤ 16g (i.e., 0.25 ≤ 𝛼 ≡ 𝔤∕g ≤ 16). The pre-

dictions now widely scatter with fcrit increasing with increasing 𝔤. All

the predictions are replotted in Figure 6b but now with 𝜑ss as a func-

tion of Γ. The predictions (to within scatter associated with statisti-

cal uncertainty in 𝜑ss) collapse onto a single master curve confirming

that the ratio of the imposed acceleration to the gravitational acceler-

ation governs the level of crystallinity at steady state with a∕d having a

minor influence. The physical interpretation of this finding is that rear-

rangementof theballs into thehigh-entropy fccorhcppacking requires

the balls to ride-up on each other as shown in Figure 5f. To do this,

the balls require an acceleration to overcome gravity, and this accel-

eration is provided by the acceleration a𝜔2 imposed to the box. Thus,

the critical vibration intensity at which crystallization commences is

Γ ≈ 1; see Figure 6b. (The only material parameter that influences the

master curve in Figure 6b is the friction coefficient𝜇 between the balls;

see Figure S3 andMaterials andMethods.)
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F IGURE 7 Three-dimensional sketches to show the seeding layers. The (a) {111} close-packed seeding plane, (b) {100} fcc seeding plane, and (c)
the {101̄0} prismatic plane of the hcp crystal forming a seeding plane. In each case, wemark the global (X, Y, Z) co-ordinate system such that
vibration is along the X−direction and gravity is along the Z−direction. (d–i) XCT reconstructions of the arrangements of the balls with the (d,g)
{111} close-packed plane, (e,h) {100} fcc plane, and (f,i) {101̄0} prismatic plane of the hcp crystal serving as seeding layers. The fcc and hcp unit cells
are sketched-in to show the crystal orientations with r.s. cpp denoting randomly stacked close-packed planes. (d–f) show the XCT visualized
steady-state arrangements induced by vibration with f = 20Hz and a = 2mm, while (g–i) are the equivalent arrangements resulting from slow
pouring using the setup in Figure 1d (no vibration). The XCT images of the balls have been colored to better illustrate the grain structure. Scale bar
25mm

Improving crystallization via seeding layers

Starting from an amorphous arrangement, the development of

vibration-induced crystallinity ismost efficient for f > fcrit. Under these

circumstances, crystallinity grows from the base of the box induced by

first the development of a close-packed layer at the base; recall Section

“Growth of the crystal structure”. This is consistent with a large body

of data on seeding of atomic crystals.38 However, the role of seeding

remains unclear in assemblies of hard spheres, where gravity plays a

critical role.

We consider three different seeding arrangements motivated by

planes through the fcc and hcp crystal structures. In defining the seed-

ing planes, we draw a plane through a set of crystallographic points

(the centers of the balls in this case) and the seeding plane is then

defined by all the balls that the plane intersects.We choose three seed-

ing planes:

(i) The close-packed {111} plane† (Figure 7a), which we have seen

tends to develop (with defects) on the base of box in the absence

of seeding. The ⟨110⟩ direction was aligned with the X−direction

along which the box was vibrated.

(ii) The {100} plane in the fcc crystal (Figure 7b) with the ⟨010⟩
direction aligned with the X−direction along which the box was

vibrated.

(iii) The prismatic {101̄0} plane in the hcp crystal (Figure 7c) with the⟨112̄0⟩ slip direction alignedwith theX−direction alongwhich the
boxwas vibrated.Unlike the previous two cases, balls on this seed-

ing plane are at two Z−levels as seen in Figure 7c.

† Close-packed planes are present in both the fcc and hcp crystals and here we have used the

fcc crystal to denote this plane.
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F IGURE 8 Contours of the normalized gravitational potential energyΠmin in the X − Y plane using normalized co-ordinates x̂ ≡ x∕d and
ŷ ≡ y∕d for the (a) {111} close-packed plane and (b) {100} fcc plane serving as the seeding layers. The insets show the arrangements of the seeding
layer and the subsequent layers. In (a), the two families C1 and C2 of stable equilibrium sites aremarked. (c–e) Sequence of high-speed photographs
showing balls dropped on the {100} fcc plane exploring available equilibrium sites. The time stamps show the timescale of the photographs with the
time t = t0 in the first image (c). In the images, wemark a few balls as they explore the available sites. Balls at the current time are shown using a
solid circle, while balls at previous times when they touch the surface layer are shown using a dashed circle to give a sense of the history of the
motion of the balls

While the motivation for the close-packed plane is that it seems

to be naturally induced (Figure 5d), the other two choices are driven

by our desire to preferentially induce fcc and hcp crystals, respec-

tively, with gravity providing the required directional bias. The box

with the seeding base layer was subjected to vibration at f = 20Hz

and amplitudea = 2mm for N = 3000 cycles by when a steady-state

arrangement forms.

We include the XCT reconstructions of the steady-state arrange-

ments of the balls for the three seeding arrangements in Figures 7d–f.

In all cases, we only show a central portion of packings with approx-

imately 10 layers removed from the four sides and five layers from

the top of the box to eliminate edge effects. The coloring of the balls

denotes the different grains with the grain structures. First, consider

the {111} close-packed seeding arrangement (Figure 7d). The arrange-

ment is qualitatively like that in the absence of seeding (Figure 4a) with

a mixture of fcc and hcp grains and the grains all oriented with the

close-packed planes lying in the X − Y plane of the box. The packing

dramatically changes when the {100} plane is used as the seeding layer

(Figure 7e).We now obtain an fcc single crystal orientedwith the {100}

plane in the X − Y plane of the box and no defects present other than

a few vacancies; see XCT slices in Figure S4a,c. When the {101̄0} plane

of the hcp crystal is used as the seeding layer, we obtain only hcp grains

(Figure 7f). However, now in addition to vacancy defects, we also have

randomly stacked close-packedplanes (r.s. cpp) in theX − Z planeof the

box (Figure 7f). These close-packed planes have slipped by about half a

ball diameterwith respect to each other, thereby, preventing the devel-

opment of an hcp single crystal. The immediate question that arises is:

what constitutes a good seeding in the context of a dry granular assem-

bly of hard spheres and why the {100} plane results in a pure fcc single

crystal?

Gravitational potential energy is the only energy present in the

static granular assembly comprising hard spheres. We thus anticipate

that the gravitational potential energy landscape plays a crucial role in

the arrangements that the balls assume. First, consider the {111} close-

packed seeding arrangement in the X − Y plane (Figure 8a). Given this

seeding layer,what positionswill balls pouredon this layer assume, that

is, what is the next layer of balls that will form? To understand this,

recall that the potential energy of a hard sphere (ball) placed on this

seeding layer is Π ≡ m𝔤h, where h is the height of the centre of the

spherical ballmeasuredwith respect to an arbitrary datum. This poten-

tial energy is a function of the position (x, y) of the ball center in the

X − Y plane.WedefineΠmin(x, y) = m𝔤hmin,wherehmin is theminimum

value of h at the given position (x, y) (when the ball is in contact with

the balls in the layer below).We include contours of Π̄min ≡ Πmin∕(m𝔤d)

in Figure 8a using normalized co-ordinates x̂ ≡ x∕d and ŷ ≡ y∕d (the

datum for h is defined such that theminimumvalueΠmin over all (x, y) is

zero). The balls are in stable equilibrium at locations of minimum Π̄min

in theX − Y plane. Two families of stable equilibrium sites are observed
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F IGURE 9 (a) Contours of the normalized gravitational potential energyΠmin for the {101̄0} prismatic plane of the hcp crystal serving as the
seeding layer. The three families of stable equilibrium sitesH1, H2, andH3 aremarked. The inset shows the arrangement resulting by filling the
global minimum energy sitesH1 on the seeding layer. (b) Themodified energy landscape after filling all theH1 sites on the seeding layer. A single
family of stable equilibrium sitesH4 is present in this modified energy landscape. (c) Resulting arrangement of the balls after filling theH1 andH4

sites. (d) The continued building of the hcp crystal with the orientation of the hcp unit cell indicated by dashed lines

and labeled C1 and C2 in Figure 8a. Both these sites have Π̄min = 0 but

adjacent C1 and C2 sites cannot be occupied simultaneously as they

are separated by a distance less than d. Thus, the layer on top of the

seeding layer can be formed by either occupying C1 or C2 sites cre-

ating a new close-packed layer, and the procedure repeats to build a

crystal. Since there is no energetic preference for occupancy of either of the

two families of sites, the formation of a C1 or C2 next layer is random.

Consequently, there is an equal likelihood of obtaining either an ABAB

arrangement (hcp crystal) or an ABCABC arrangement (fcc crystal) as

seen in the observations. Moreover, even within a layer, we can have

different regions, where C1 and C2 are occupied and separated by a

defect boundary as shown in the inset of Figure 8a: this will be further

discussed in Section “Crystallization without vibration” in the context

of crystallization without vibration. Next, consider the {100} seeding

layer. The corresponding contours of Π̄min are included in Figure8b and

now clearly, there is only one family of stable equilibrium sites for the

balls. Filling all these sites results in an arrangement identical to the

seeding layer and the process repeats to build an fcc crystal rotated

with respect to that in Figure 8a. This uniqueness of stable equilibrium

sites results in the formation of the fcc single crystal seen in Figure 7e.

Finally, consider the {101̄0} seeding layer. The fact that not all balls

are at the same z− level makes this more complex to understand. Con-

tours of Π̄min for balls deposited on the seeding layer are included in

Figure 9a (the arrangement of the balls on seeding layer is shown in

the inset). The energy landscape of this is complex with three families

of stable equilibrium sites available labeled H1, H2, and H3 in Figure 9a

such that adjacent sites from different families cannot be simultane-

ously occupied. TheH1 sites have theminimumenergy, and filling all the

H1 sites first will create the new arrangement seen in Figure 9a. This

new layer, unlike in the previous two cases, is not identical to the ini-

tial seeding layer, and thus, further filling is governed by a new energy

landscape. This new energy landscape is shown in Figure 9b with h

again defined with respect to a datum such that the minimum value

of Πmin(x, y) = 0 on this new plane. This new energy landscape has a

single family of stable equilibrium sites (labeled H4) and filling those

sites recreates the initial seeding layer (Figure 9c), and the process of

crystal growth then progresses in this two-step manner to generate a

perfect hcp crystal (Figure 9d). However, as was clear from Figure 9a,

the process of filling the available sites on the initial seeding layer is

nonunique: filling of either all theH2 orH3 sites (which are stable equi-

librium sites but at a higher energy level compared to the H1 sites) will

also result in the growth of an hcp crystal but one that is slipped along

the vertical close-packed plane with respect to the hcp crystal below

the seeding plane. It is this nonuniqueness of the available equilibrium

sitesonprismatic seedingplane that results in thegrowthof a structure

dominated by the hcp crystal but with some randomly stacked close-

packed planes (Figure 7f).

We hypothesize that gravity-biased growth of a single crystal

requires twoconditions tobemet: (1) theenergy landscapeof the seed-

ing plane needs to have a single family of stable equilibrium sites and

(2) all balls on the seeding plane must be at the same z−level so that

the seeding plane is recreated by filling these equilibrium sites and the

process can then repeat itself.While such a plane exists for the fcc crys-

tal (the {100} plane), no such plane exists for the hcp crystal: the lower
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degreeof symmetry in thehcp crystalmeans that only the close-packed

seeding plane has all balls at the same z−level, and this seeding plane

does not have a unique family of equilibrium sites (Figure 8a).

Crystallization without vibration

While the development of an fcc crystal from the {100} seeding plane

occurs due to the uniqueness of the equilibrium site, vacancies are

still observed in the fcc single crystal (Figure S4a,c). These vacancies

are energetically unfavorable, so we surmise that they exist because

they have been trapped during the formation of the crystal from the

initial random arrangement with the imposed vibrations insufficient

to “anneal” the vacancies out. Similarly, from a purely energetic per-

spective, slip defects should also not be present when an hcp crystal

is seeded from the prismatic plane as these defects require balls to

occupy the higher H2 or H3 potential energy sites. Given this, it was

natural to ask whether slow growth of the crystals from the {100} and

{101̄0} seeding layers can reduce/eliminate such defects.

To investigate this, we designed a systemwherebywe uniformly and

slowly poured balls onto a seeding plane that formed the bottom of

the box. The box was not vibrated. To ensure spatially uniform spread-

ing of the balls, two layers of a square mesh were placed at the top of

the box (Figure 1d). The two meshes in the X − Y plane were placed

15 mm apart in the Z−direction and maximally misaligned (Figure 1c).

Balls were poured into the box at a rate of ≈ 50,000 balls∕min so that

all the 100k balls were poured in ≈ 2 min. Collisions of the balls with

the misaligned mesh result in the balls spreading uniformly over the

cross-section of the box. The arrangements of the balls were visual-

ized via X-ray tomography after the pouring was completed. The 3D

reconstructed arrangements of the balls are included in Figures 7g–i

and have layers from the side and the top removed like the images in

Figures 7d–f.

Slow pouring of the balls on the {111} close-packed seeding plane

resulted in an amorphous arrangement of the balls above a few layers

from the base seeding plane (Figure 7g). This is understood as follows.

Two energetically equally favorable families of sites,C1 andC2, exist on

the {111} close-packed plane (Figure 8a). Thus, we would expect slow

pouring to result in similar occurrence of C1 and C2 regions. Wherever

theymeet, an incoherent boundarywill exist between them (Figure 8a).

This is precisely what is observed (see XCT reconstruction in Figure S5

of the layer immediately above the seeding layer). This process repeats

itself in the next layer with further defects so that very soon correla-

tionwith theoriginal seeding layer is completely lost andanamorphous

arrangement ensues (see XCT reconstruction in Figure S5 of the fourth

layer above the seeding layer). Next, consider slowpouring on the {100}

seeding layer. Not only is a pure fcc single crystal observed to develop

(Figure7h), but this crystal has a vacancy fraction≈ 0.02% compared to

the vacancy fraction of≈ 0.08% that develops in the vibration-induced

assembly; compare the XCT slices through the crystals in Figure S4.

This is because slowpouring allows the attainment of nearly the lowest

energy structure to develop with minimal trapping of vacancies com-

pared to the situation in the vibration-induced assembly of an initially

amorphous structure. The role of the kinetic energy of the falling balls

in helping the balls sample sites to find an equilibrium position in help-

ing the process of epitaxial growth has been recognized: high-speed

photographs (taken using an interframe time of 2 ms) of balls dropping

on the {100} seeding layer shown in Figures 8c–e clarify this process

showing the mechanism by which balls explore available equilibrium

sites.

Similarly, slow pouring over the {101̄0} seeding layer also signifi-

cantly reduces the number of randomly stacked close-packed planes

that form,with the image in Figure 7i showing a structurewith only two

hcp grains separated by an amorphous region. Thus, while we do not

obtain a single crystal in this case, the defects are reduced compared to

when an amorphous assembly is crystallized via vibration (Figure 7f).

We rationalize this by noting thatwhile the seeding layer does not have

a unique family of equilibrium sites, theH1 family is energetically favor-

able – slow pouring allows these minimum energy sites to be prefer-

entially occupied, while vibration-induced crystallization of an initially

amorphous assembly results in ball trapping in the stable, but higher

energy H2 and H3 sites, resulting in the defects seen in Figure 7f. It

should be noted that of the three seeding templates that were stud-

ied, only {100} seeding layer consistently produces defect-free single

crystals due to the uniqueness of equilibrium sites. Since the potential

energy landscape of successive layers is identical, there is no inherent

limit to the size of the crystal that can be grown by this process, as long

as the lateral dimensions are large enough to prevent wall effects.

Epitaxial growth of a metastable crystal

Close-packed arrangements, such as the fcc and hcp crystals, form

under the influence of gravity as the mono-size hard spheres pack to

the theoretical maximum volume fraction of 74% and, therefore, min-

imize the gravitational potential energy of the entire assembly. How-

ever, the energy landscape in Figure 8b suggests a route to the assem-

bly of a cubic but nonclose-packed body centered cubic (bcc) arrange-

ment. We now consider a {100} plane with crystallographic points (i.e.,

centers of balls) spaced a distance s apart along both the X and Y−

directions as shown in the inset of Figure 10a.When s = d, we reduce

to the fcc {100} plane but an energy landscape with a unique family of

stable equilibrium sites exists for spacings in the range d ≤ s ≤
√
3∕2 d.

The volume fraction �̄� occupied by the spheres for arrangements con-

structed by filling the unique equilibrium sites on the seeding and the

subsequent planes is plotted in Figure 10a as a function of s. The spac-

ing s = 2∕
√
3d is a special case as the packing density of the spheres

is minimized for this choice of s with the spheres packing to a volume

fraction �̄� = 0.68. In fact, for this choice of spacing, the seeding plane

is the {100} plane of the bcc crystal structure. The XCT visualization

of the assembly generated by slow pouring of balls (following the pro-

tocol of Section “Crystallization without vibration”) with the {100} bcc

seeding layer is shown in Figure 10b. Clearly, a bcc single crystal struc-

ture is generated with only a few vacancy defects. We emphasize that

this bcc arrangement is metastable, that is, it is not the lowest energy

structure as it is not closed-packed. Thus, this structure has been
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F IGURE 10 (a) Volume fraction �̄� occupied by spheres as a function of the spacing s on the {100} seeding plane for assemblies constructed by
occupying the unique equilibrium sites on the seeding plane and subsequent layers. The fcc and bcc arrangements are obtained for specific values
of s as indicated. The inset shows the seeding plane and the definition of s. (b) XCT reconstruction of the bcc packing arrangement resulting from
slow pouring onto the {100} seeding plane with an interball spacing s = 2∕

√
3d. The zoom-in insets clearly show the bcc structure of the packing.

Scale bar is 20mm for the full arrangements with 2mm scale bars for the insets

generated because slow pouring traps the balls in the equilibrium

positions on the seeding and subsequent layers. Therefore, such an

arrangement even with the correct seeding layer cannot be vibration

induced as vibrations will tend to try and assemble the balls into a

close-packed arrangement to minimize the overall energy of the entire

assembly. In fact, vibration of the assembly with the bcc seeding layer

was found to result in a highly defective structure as the assembly

has a bcc arrangement near the seeding layer but then transition into

an fcc/hcp structure away from the seeding layer with this transition

increasing the overall fraction of defects.

CONCLUDING REMARKS

Wehave investigated the crystallizationof a dry assembly ofmono-size

hard spheres by a combination of experiments, which include visualiza-

tion via XCT, and discrete element simulations. We demonstrate that

the gravitational potential energy of the spheres dictates their assem-

bly. Crystallization under imposed vibration butwith no seeding is gov-

erned by the ratio of the imposed acceleration to the acceleration due

to gravity. However, single crystals cannot form under these circum-

stances as the gravitational potential energyof the fcc andhcparrange-

ments makes them equally likely, and this results in an arrangement

with defects separating the fcc and hcp grains.

The critical role of gravity in the crystallization process was

exploited to epitaxially grow crystals from a horizontal seed layer. We

demonstrate that a single crystal with only limited vacancy defects

can be self-assembled from a seed layer mimicking the {100} fcc plane.

In fact, this self-assembly can be purely gravity driven and does not

require imposed vibration. Modifying the {100} fcc seeding plane to

that of thebcc crystal permits the assemblyof abcc single crystal.How-

ever, the bcc crystal is nonclose-packed and, therefore, is metastable

and can only be gravity assembled in the absence of vibration. Using

the gravitational energy landscape of the seeding layers, we argue that

an energy landscapewith a unique family of equilibrium sites is needed

to ensure the formation of a single crystal. Our results provide mecha-

nistic insights into the dry self-assembly of mono-size spheres that can

serve as templates for the manufacture of architected materials, such

as inverse opals.

MATERIALS AND METHODS

Materials and apparatus

Spherical cellulose acetate balls‡ with a nominal diameter d = 2 mm

were used in all the experiments. These high precision balls had aGaus-

sian distribution of diameters (as measured over a sample of 100k

balls) with amean diameter 2.01mmand standard deviation 0.020mm

(Figure S1). The vibration setup (Figure 1c) comprises a Perspex box, an

electromagnetic shaker (LDSmodel V406), a power amplifier, and a sig-

nal generator,whichdetermines theoutputwaveformof theoscillatory

motion from the shaker. The Perspex box with the balls was supported

on pin rollers and coupled to the shaker via a rigid joint (Figure 1c) that

permitted only one-dimensional motion of the box. The voltage of the

amplifier and output of the signal generator together control the oscil-

lations of the box. We performed a series of calibration experiments

to calibrate the settings of amplifier and signal generator to achieve

the requiredwaveform.Oscillations of the boxwere observed via high-

speed photography using a Phantom v1610 digital camera§ capturing

images at a frame rate 20 times higher than the vibration frequency

(and an exposure time of 20—s). The power amplifier voltage was then

adjusted to achieve the required vibration amplitude of the box. This

procedure was repeated for the full range of frequencies (8 Hz ≤ f ≤

25Hz) and amplitudes (1.5mm ≤ a ≤ 4mm) investigated here.

Vibration protocol

The inside of the Perspex box was coated with a conducting spray

(Licron Crystal ESD safe coating by Techspray) and then grounded via

a copper wire to reduce electrostatic attraction between the balls and

‡ Precision Plastic Ball Co Ltd, U.K.
§ Vision Research, Priory Business Park, StannardWay, Bedford, MK44 3RZ, UK.
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the sides of the box. We also coated all the balls with antistatic spray

(Ambersil) to reduce electrostatic attraction between the balls. Both

the conducting and antistatic coatings eroded over time, and hence,

these coatingswere reappliedafter approximately every50,000cycles.

The 100k balls were first poured into the box and the arrangement of

balls randomized by first putting a lid on the box and then turning it

topsy-turvy a few times. This resulted in a dense random packing of

the balls inside the Perspex box with approximately a 60% by volume

packing of the balls. The box was then attached to the shaker setup

(Figure 1c) with the frequency of the signal generator and the voltage

of the amplifier set to the values calibrated to give the desired oscilla-

tory output. The power amplifier was then switched on and this initi-

ated the horizontal oscillations of the boxwithout an initial jerk. Vibra-

tion amplitude and frequency were periodically monitored using the

high-speed camera and an oscilloscope, respectively. A stopwatch was

used to monitor time and the power amplifier was switched-off after

thedesirednumber of cycleswere attained. The capacitive decayof the

output power from the amplifier then brought the box to rest without

a jerk. The boxwas then carefully transferred for visualization via XCT:

an example of XCT image of the box with the 100k balls prior to vibra-

tion is included in Figure 1e.

Visualization via XCT and image analysis

The vibration experiments were periodically interrupted to visualize

the development of the crystalline structure of the assembly. TheX-ray

scans were acquired using the Nikon XTH 225 ST CT system with X-

rays generated from a Tungsten filament at ∼185 kV–90 µA projected

onto a 2000 pixel × 2000 pixel detector. A resolution of 200 𝜇m was

achieved using geometric magnification and the acquired XCT dataset

post-processed in the commercial software VGStudioMax 3.5. Each

ball in the granular assembly was segmented from the surrounding air

using a surface determination approachwith amerger tolerance of 1%.

A general FP analysis was then performed on the balls to find their cen-

ters and diameters. The FP analysis was also used to analyze the voids

between the balls using an algorithm that successively fits spheres into

the void volume until spheres of diameters approaching the XCT reso-

lution (i.e.,∼ 200𝜇m)almost fill the void space. This allowsus to extract

the distribution of void volumes and correlate these volumes to the

known volumes of tetrahedral and octahedral voids that are present

in crystalline assemblies of mono-size spheres. To determine the crys-

tal arrangements and crystallinity fractions, ball positions and diam-

eters were exported from the XCT dataset to the open-source soft-

ware LAMMPS and the polyhedral template matching (PTM)40 algo-

rithm used to infer the local crystal structures. The open-source soft-

wareOvito was used to visualize the granular assembly.

The discrete element model

Three-dimensional simulations are performed using mono-size spher-

ical balls of diameter d and mass mp. Here, for consistency with the

DEM literature, we shall refer to the balls as particles. The soft-particle

contact model (Figure S6a), introduced by Cundall and Strack,36 and

extended to large-scale simulations byCampbell andBrennen41 andby

Campbell,42 accounted for both interball interactions and the interac-

tions of the ballswith the sides of the box. The interparticle contact law

comprises:

(i) A linear spring with spring constant Kn and a linear dashpot with

damping constant 𝛾n connected in parallel, governing the contact

force–displacement relation in the direction connecting the ball

centers.

(ii) A linear spring of constant Ks and Coulomb friction coefficient 𝜇

connected in series, governing the tangential contact relationship.

Let r denote the distance of separation of the ball centers or the dis-

tance between the ball center and the contact point on the sides of

the box. Then, the particle interpenetration for particle–particle and

particle–box contact is given by 𝛿n = r − d and 𝛿n = r − d∕2, respec-

tively, so that the normal force during active contact (𝛿n < 0) is

Fn = Kn𝛿n +meff𝛾n𝛿n. (1)

Here, meff is the reduced mass of the two contacting bodies.

For impacts between a pair of balls, meff = mp∕2, while for impacts

between a ball and the sides of the rigid box,meff = mp. The tangential

force Fs only exists during an active contact and opposes sliding. It is

limited in magnitude to |Fs| < 𝜇|Fn|, where 𝜇 is the friction coefficient

defined as follows. Denoting the tangential displacement rate between

the contacting particles by �̇�s, the rate of change of the tangential force

Ḟs is then given by an elastic–plastic Coulomb type relation with stiff-

ness Ks such that

Ḟs =

{
Ks�̇�s if |Fs| < 𝜇 |Fn|orFs�̇�s < 0

0 otherwise
(2)

with the initial condition that Fs = 0 when contact is first made. The

friction coefficient between balls and between the balls and the sides

of the box is assumed to be the same. The value of damping constant 𝛾n

dictates the loss of particle kinetic energy during normal collision and

is directly related to the coefficient of restitution e according to

e = exp
⎡⎢⎢⎣−𝜋

(
8 Kn
𝛾2n mp

− 1

)−1∕2⎤⎥⎥⎦ . (3)

The collision time te for individual binary collisions then follows from

(1) as:

te = −2
ln (e)
𝛾n

, (4)

and thus, in the limit of plastic collisions with e→ 0, the contact

time te →∞. Newton’s equations for both the translational and rota-

tional motions of the particles were integrated using a Verlet time-

integration scheme (Newark–Beta with 𝛽 = 0.5). The time-step for
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integration was taken to be less than te∕15 to ensure accurate inte-

gration of the equation of motions. We emphasize that acceleration

𝔤 ≡ 𝛼g due to gravity is included in the calculations so that a transla-

tional acceleration−𝛼g is added in the Z−direction. Here, g ≈ 10ms−2

is the acceleration due to gravity and 𝛼 is a dimensionless parameter

that specifies the gravitational strength and used as a parameter to

numerically understand the role of gravity.

Simulation procedure

The first step of the simulations was generation of the initial amor-

phous assembly of M balls in the box. This was carried out as follows.

A slab of thickness h = 15d was positioned at a height 80d above the

base of the box as shown in Figure S6b. Balls were randomly positioned

inside this slab so that a volume fraction �̄�fill = 0.1 of balls was main-

tained in the slab and the balls permitted to fall into the box under the

influence of gravity. Thus, as balls leave the slab, new initially stationary

balls were introduced at random locations within the slab until a total

of M balls were in the system. The interactions between the balls and

the sides of the box during the step were modeled as described above.

Collisions between the balls and the balls and the sides of the box

resulted in the balls rearranging and coming to rest due to the dissipa-

tive nature of the interactions (1) and (2). This stationary assembly was

almost amorphous in line with the initial assembly in the experiments.

In the second step, the box was subjected to shaking by imposing a dis-

placement u = a (1 − cos(𝜔t)) to the rigid box in the X−direction with

displacements of the box in the Y and Z−directions set to zero. Here,

time t = 0 corresponds to the instant the shaking commenced. This

protocol adequately captures the experimental shaking protocol. The

imposed shakingwas periodically stopped, and the balls allowed to set-

tle until they came to rest. The arrangement of the balls was then ana-

lyzed using a protocol identical to that used to analyze the XCT images

with PTM used to analyze the crystal structure given the centers and

radii of all the spherical balls in the box. The analysis of the void vol-

umes from the simulations required us to first generate 2D slices of the

ball arrangements predicted by the simulations as DICOM images. To

improve the deficiencies in interpolation between slices, three sets of

slices were generated for every dataset (perpendicular to the X, Y, and

Z directions, respectively) with lateral resolution ∼ 100 𝜇m and with

the spacing of slices ∼ 150 𝜇m. The DICOM datasets were imported

into VGStudioMax 3.5 and combined into a single 3D volumetric data

file. Subsequently, the FP analysis was used to extract the void volumes

in amanner identical to that used for the XCT dataset.

Model parameters

All calculations presented here used the following reference proper-

ties for the M = 105 spherical balls of diameter d = 2 mm. The den-

sity of the material of the balls was measured to be 𝜌s = 1270 kgm−3,

and thus, all balls in the simulations were assumed to be made from a

solid of density 𝜌s. The ball–ball and ball–box contact model is speci-

fied by four parametersKn, e,Ks = (2∕7)Kn, and 𝜇. Over awide range of

realistic parameters, Kn and e do not affect the predictions; see Figure

S3a, where we show the effect of Kn, e, d as well as 𝜌s on level of crys-

tallinity developed at steady state. All results presented in the main

text used Kn = 10N cm−1 and e = 0.6. However, our computational

results (Figure S3b) show that the friction coefficient does have a large

influence on the vibrational frequency required to induce crystalliza-

tion. We thus conducted detailed measurements of 𝜇 (Figures S7 and

S8) and all calculations in themain text used themeasured value of the

static friction coefficient 𝜇 = 0.2. In all cases, we set g = 10ms−2 but

vary the gravitational strength via𝛼, where𝛼 = 1corresponds to stan-

dard gravitational conditions.
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