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Abstract

For an elliptic curve E admitting a p-isogeny ¢ : E — E we calculate the Cassels-Tate pairing on 59 (E/K) x
S(é)(E /K) using a pushout form. We calculate examples in the p = 3 case of type usz-nonsplit, Z/37Z-
nonsplit and generic 3-isogeny. In the p =5 case, we calculate examples on curves with a rational
5-torsion point. We use this pairing to search for high-rank curves in families of elliptic curves having
torsion group isomorphic to either Z/97Z or Z /127, and discover two new curves of rank 4 in the for-

mer case. We also show how to use the pushout form method to calculate the pairing on S\?)(E/K) x
SONE/K).

In the course of our calculations, many norm equations needed to be solved. We give a new algorithm for
solving norm equations in cubic extensions. This algorithm is shown always to terminate when the base

field is Q.
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Chapter 1

Introduction

Let E be an elliptic curve over some number field K. By the Mordell-Weil theorem, the rational points
E(K) form a finitely generated abelian group. The number of points needed to generate the nontorsion
part of E(K) is called the rank. Determining the rank of E(K) is a nontrivial problem, and there is no
known algorithm that will compute E(K) in all cases. In this thesis, we are mainly concerned with deter-
mining upper bounds on the ranks of various elliptic curves over Q.

Because working with E(K) directly is problematic, we also consider the Tate-Shafarevich group III(E/K)
introduced by Lang, Tate and Shafarevich in [LT58, Sha59]. This is a group associated to E consisting of
the set of torsors of E which have points everywhere locally. It is known that IIT(E /K) is torsion, and it
is conjectured that it is a finite group. Cassels showed that if it is finite, then its order is a square [Cas62].
This is not the case in general. In [PS98], Poonen and Stoll show that in the case of A an abelian variety,
ITI(A/K) is not always a square, even when A is the Jacobian of a curve over a number field. In the proof
of the Mordell-Weil theorem, the rank is bounded by considering E(K)/nE(K) for any n > 2. The upper
bound found in this way can be improved whenever we find that III(E/K) contains nontrivial n-torsion.

We will thus want to calculate the Selmer group S (E/K), which consists of all n-coverings of E that
have points everywhere locally. It is part of the following short exact sequence.

0 — E(K)/nE(K) — S")(E /K) — IL(E/K)[n] — 0
For certain E, it is possible to calculate S (E/K) indirectly by considering some isogeny ¢ : E — E
of degree n and using the Selmer groups associated to it. Calculations to compute these various Selmer
groups are known as descent calculations.
In our case, we will be considering the n-isogeny

0:E—FE

with dual ¢ : E — E such that ¢ o ¢ = [n], the multiplication-by-n map. The Selmer group S¢)(E/K)

consists of all ¢-coverings of £ that have points everywhere locally and is part of the following short
exact sequence

0 — E(K)/9E(K) — SW)(E/K) —s LII(E/K)[¢] — 0.
We will follow Cassels [Cas62] and define a pairing
<,>HUI(E/K)xII(E/K) — Q/Z
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with the property that y € ITI[(E/K) is in the image of ¢ : III(£/K) — III(E/K) if and only if y pairs
trivially with every element in the kernel of ¢ : III(E/K) — ITI(E /K). This pairing is called the Cassels-
Tate pairing. It lifts naturally to a pairing on Selmer groups, which is what we will be computing in this
thesis. This allows us to turn a ¢-descent calculation into a full n-descent, thus potentially improving the
upper bound on the rank.

Many others have worked on computing the Cassels-Tate pairing, and we name some results here. The
first was Cassels [Cas59, Cas62]. He not only defined the pairing but computed it in a numerical example.
He showed that the curve given by

C: X +y* 456103 =0

contained no rational points other than (1, —1,0) by considering a 3-isogeny ¢ : C — C and computing the
pairing on §(9) (C/Q). Cassels used the pairing in [Cas98] to turn a 2-descent into a 4-descent. Donnelly
has implemented the Cassels-Tate pairing between 2-coverings fully in MAGMA [Don]. For p =3 or 5,
the pairing on the p-Selmer group of an elliptic curve E/Q with E[p] = u, x Z/pZ was calculated in
[Fis03]. In [Cas64], Cassels uses the Cassels-Tate pairing to show that for some elliptic curves E/Q the
3-part of III(E/Q) can be arbitrarily large. Bolling in [B6175] and McGuinness in [McG82] used the
pairing on ITI(E/Q)[2] to demonstrate that there are elliptic curves E defined over Q such that the 2-rank
of II(E/Q)[2] is arbitrarily large.

Chapter 2 contains all the background information pertaining to descent calculations we will need. This
chapter also contains formulae for bounding the rank. We pay most attention to the case of descent by
3-isogeny, as this will be the main focus of this thesis.

Chapter 3 defines the Cassels-Tate pairing, giving two definitions, both of which define the same pairing.
The most important definition is the pushout function definition, for this is the definition we have used to
write a program to compute the pairing in a variety of cases when E admits certain kinds of 3-isogeny.
Section 3.5 gives equations for the pushout form that is used. Unfortunately, many of the forms had very
large coefficients, therefore we omit them from most of the examples in this thesis. Instead, we provide
the necessary parameters to plug into these formulae.

During the course of our calculations, we came across many norm equations of the form Ny, k(&) =0,
where L is a cubic extension of some number field. K. For most of the interesting examples we wanted
to calculate, the MAGMA function NormEquation was insufficient for our purposes. Chapter 4 therefore
contains an algorithm inspired by [Cre99]. When K = Q, we have an algorithm that we have proved
always terminates. For extensions of large discriminant, the gains made by this algorithm are consider-
able, often giving an answer when NormEquation failed to terminate at all. The algorithm involves an
iterative procedure whereby we associate a binary cubic form to the norm equation. This form is then
reduced according to some definition of what a ‘reduced’ cubic looks like, and the result is used to set
up a new norm equation to solve, this time over a smaller field extension. We have also implemented the
algorithm for K a small imaginary quadratic extension of . We cannot prove that it works in all cases,
but we have used it successfully nonetheless in examples.

In Chapter 5, we demonstrate two of the methods that were defined in Chapter 3 to compute the Cassels-
Tate pairing. The difference between them depends mostly on whether one wants to find local points on
the elliptic curve E itself or on the coverings of E. We choose to continue with one of these methods in
Chapter 6, in which we apply our methods to three families of elliptic curves. Section 6.1 demonstrates
that at present there is no known example of an elliptic curve with torsion group Z /37 and rank greater
than 13. The goal in Sections 6.2 and 6.3 is to find new high rank curves in two families. We were partly
successful in this, as we found many new curves with torsion group 7 /97 and rank 3, and a few curves
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with rank 4, which is the highest rank in this family so far.

In Chapter 7, we explore further methods for refining the upper bound on the rank. This is done by
calculating the Cassels-Tate pairing on the Selmer groups S©)(E/Q) x S®)(E/Q) in order to turn the
3-descent into a 3¢-descent. This method is then applied to one of the candidates for high rank curves we
found in Chapter 6.

Chapter 8 shows how our calculations can be generalised to p = 5, in the case that we have an elliptic
curve with a rational torsion point of order 5. Although we can do some examples, the greatest bottleneck
in our computations is in solving norm equations, and unfortunately we were not able to generalise the
work done in Chapter 4.

1.1 Selmer’s Famous Example

As a motivating example, we consider three methods to see that Selmer’s famous example

F(x1,%2,%3) = 3x3 +4x3 +5x3 =0 (1.1)
violates the Hasse principle. First we show this by a direct calculation, as done by Selmer in [Sel51].
Next we consider a 2-descent, and finally we use the material to be covered in this thesis.

Selmer’s Method

We show that (1.1) has points everywhere locally but no global solution, as done by Selmer in [Sel51].
First we note that if there is a global solution, then there must be a solution with the following pairwise
coprime integers.

GCD(x1,x2) = GCD(x1,x3) = GCD(x2,x3) = 1 (1.2)

We now need to show that there is a local solution for every prime p. For any prime p dividing one of the
coefficients of F, the following table gives a point P modulo p that lifts to a local point in Q,,.

P ‘ P (mod p)

2 | (1,0,1) (mod 2)
3

5

(0,2,2) (mod 3)
(3,1,0) (mod 5)

In all other cases, we can lift any solution of F (x1,x2,x3) =0 (mod p) to a solution in Q. This is because
at least one of the following must be nonzero modulo p.

JoF oF
=9x? —— =123 — =154 (1.3)

(97)61 8x2 aX3

Thus we need only find a solution to F(x,x3,x3) = 0 (mod p) for every remaining p.

By the Hasse-Weil bound, for any curve C of genus g we have

#C(F)) > p+1—2g/p.

Thus any smooth curve of genus 1 will always contain an IF, point. The following is an overview of
Selmer’s method to arrive at this same conclusion.
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If p=—1 (mod 3), every element of (Z/pZ,)* is a cubic residue, thus a suitable solution always exists.

If p =1 (mod 3), the situation is more complicated. If p =7, we can Hensel lift (1,1,0) (mod 7) to
a solution in Q7. If p > 7 the elements of (Z/pZ)* fall into one of three classes: the class of cubic
residues A or one of the two classes of nonresidues A’ and A”. The rules of multiplication are given by
the following table.

H A A/ A/l
A A A A
Al A AT A
A/l AII A Al

If two of the coefficients of F fall into the same class, then we can easily find a solution. For example, if
3 and 4 are in the same class, then we find that 33-x? + 32~4~)c2 = 0 (mod p) must have a solution as we
must have 324 € A. Thus we need only consider the case that 3,4 and 5 all lie in different classes. Thus
we need to show that there exist a,a’,a” in the three different classes such that

a+d =d' (mod p). (1.4)

To do this, we add 1 to each element of A. Denote by a,f,y the number of elements that end up in
A, A’ A" respectively. Define o, ', 7 by adding 1 to each element of A’ and noting how many elements
end up in A,A’, A" respectively. Define ”, 8", y" similarly. Thus we find

d+ﬁ+7=a“ﬂﬂ+W:3§L (1.5)

the number of elements in each class. However, because —1 € A, we find

1
a+ﬁ+y=£§——1. (1.6)

For any element @’ € A’ such that ¢’ = 1 + a for some a € A, we have that —a = —a’ + 1. We know that
—a €A and —d € A', thus we have o = B. Multiplication by (—a’)~!, which lies in A”, gives us an
element of A” which is the sum of 1 with another element of A”, thus

ol ="

and by a similar argument we find
y=p"=d"

Thus from (1.5) and (1.6) we find
Y=B"=a+1>1.

Thus a” = 1+ d' for at least one pair a’,a”, which is what we were looking for in (1.4). We have shown
there exists a local solution for every p.

Now we show there is no global solution. By a simple rescaling, we see that (1.1) has a rational solution
if

Cc:x}+6y3 =107 (1.7)
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has some nontrivial integer solution for pairwise coprime X,Y,Z. Let K = Q(«) where o® = 6. Then K
has class number 1 and (1.7) decomposes into

X +Yo)(X>—XYo+Y?a?) = (a—2)* (o — 1)(a® =20+ 1)(Z)3.

Assume there is some prime ideal p such that p|(X +Y ) and p|(X?> — XY o +Y?a?). Since X> — XY o +
Y2a = (X +Ya)> —3XYa we also find p|(3XY ). If p|(3), then because p|(Z)? we must have 3|Z
which implies 3|X, contradicting the coprimality of X and Z. If p|Y, then we must also have p|X, vio-
lating the pairwise coprime property. Similarly, if p|X, we must have either p|Y or p|(«), thus we find
that we must have p|(a). It follows that we must have p = p, = (a — 2), the only prime ideal lying over 2.

We have that 5 splits into two ideals, (5) = psp,s = (o — 1)(a®> — 20+ 1). Looking at (1.7) modulo 5, we
see X = —Y mod 5, so ps|(X +Y ). If also p,ys5|(X + Y ), then 5|X and 5|Y, contradicting the relative
coprime condition. Thus p,s|(X? — XY a +Y?«?). Thus far we have

(X +Ya) =p,opsh
(X2 —XYo+Y20?) = p3pysh

with I}, I, coprime and coprime to 10, and therefore cubes. Writing (X +Ya) = (a —2) (o — 1)B3u* for

u=1—6a+3a? the fundamental unit, k € {0,1,2} and 8 a generator of I;. Because 1 — 6 +3a? =

2-a)3 . .
%, we can rewrite this as

X+Pa=(a—2)(a—1)p°

where X = 28X and ¥ = 2*Y and some B. Let § = A+ Ba+ Co2, with 31 GCD(A,B,C), else X and Y
will not be coprime. Then equate the coefficients of o to obtain

0 =A% +6B° 4 36C> +36ABC — 9(A’B + 6AC? + 6B*C) + 6(AB> +A>C + 6BC?).

We easily see 3|A, from which we get 68> = 0 (mod 9) so also 3|B. From this it follows that 36C3 =
0 (mod 27), so 3|C, giving a contradiction. Thus there are no nontrivial rational solutions to (1.1).

Two Descent

We follow the procedure outlined in [Sil08, Proposition X.1.4] to calculate a 2-descent. There is an action
of 3 on (1.1) given by x; — C{x;, and taking the quotient gives us the elliptic curve

E:y? = x> +30% (1.8)

Any rational point on (1.1) also gives a rational point on E. The torsion group is E(Q)wrs = {7, (0,30), (0, —30) },
and no rational points on (1.1) correspond to these points. If we can show that £/Q has rank 0, then we
will have shown that (1.1) has no rational points.

Let K = Q(&3,B) where B3 = 30. The class number of K is 9. Then E is given by

E:y? = (x+B%)(x+ 5B%) (x+ G387 (1.9)
Let S be the set of places of K lying over the bad primes of E, which are {2,3,5}, and let

K(S,2)={be K*/(K*)?|ord,(b) =0 (mod 2) for all v ¢ S}.
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Then we have an injective homomorphism
E(K)/2E(K) — K(S,2) x K(S,2)
given by

(()2+ﬁ2 nggsﬁ ))) if x # _gz’_éﬁz

p 3+ 1 3—1 ifx=—

V:iP=(xy)— (B2(1-8),—&) ifx=—{B2
(1,1) itP=o.

Let (b1,by) € K(S,2) x K(S,2) be a pair that is not the image of one of the three points &, (—2,0), (—&382,0).
Then (by,b;) is the image of a point

P

(x,y) € E(K)/2E(K)
if and only if the equations
b1z} —byz3 = B*(1- &) (1.10)
b1z —bibyzs = B2 (1-&3)
have a solution (z1,22,23) € K* x K* x K. The torsion group E (K)o is generated by the two points
= ((&+1)B%,0)
= (2438,90)

and the only torsion points over Q are (0,£30). By considering all possible pairs (b, ), of which there
are a finite number and checking local solubility of the system (1.10), we find that the image of y is
generated by only the two points (y(S), y(7T)). Thus there are no nontorsion points of E over K, and by
extension there are no nontorsion points of E over Q. Thus E(Q) = Z/3Z.

Cassels-Tate Pairing

The third method is the one we shall be employing in this thesis, therefore we give only a brief summary
of the result here. Let E be the elliptic curve given in (1.8). Let ¢ : E — E be a 3-isogeny with kernel
generated by (0,30), and ¢ : £ — E its dual. Descent by 3-isogeny yields

SOE/Q) = (1) C Q&) /(Q(&)*)?
SOE/Q) = (2,3,5) c Q*/(Q*)*.

The element 30 € S (E /Q) corresponds to the torsion point (0,30). Computing the Cassels-Tate pairing
on SO)(E/Q) x SO)(E/Q) — Z./3Z gives us the following matrix.

This matrix has rank 2. Thus we have two nontrivial elements of IIT(E/Q)[@], and the rank of E is 0.
This is precisely the calculation carried out by Cassels in [Cas59] on a slightly different curve.
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1.2 Notation

This section contains a summary of the notation used throughout this thesis.

We let K denote a number field, and X its algebraic closure. The ring of integers of K will be denoted by
Ok. We will use L and M to denote extensions of K, not necessarily Galois. F* will be used to denote an
arbitrary infinite field. We let , C K denote the nth roots of unity, generated by &,, a primitive nth root
of unity. We let the places of K be denoted by M. For v a place of K, we have K, the completion of K in
the v-adic topology. We let Gx = Gal(K/K), the absolute Galois group of K and G /x = Gal(L/K). We

also let H' (K, —) = H'(Gk, —) to simplify notation.

We will denote an elliptic curve by E/K, being a smooth projective curve of genus 1 with a specified
rational point & € E(K) which functions as the identity of the group law. Let Eiors denote the torsion
subgroup of E. For ¢ : E — E an isogeny of degree n we let E[¢] denote its kernel, ¢ its dual, and
E is the elliptic curve isogenous to E. We write [#] : E — E for the multiplication-by-n map. We let
en: E[n] x E[n] — L, be the Weil pairing as defined in [Sil08, IIL.8]. We also have ey : E[¢] x E[§] — y,
the Weil pairing as defined in [Sil08, Exercise 3.15] or Section 3.1.

Let #S denote the cardinality of a set S. For A any abelian group, we let A[n] denote the n-torsion. For
elements ag,a;,az,... € A, we denote by (ag,ay,az,...) the subgroup of A generated by these elements.
For a ring R, we let R* denote the group of invertible elements under multiplication. The empty set is
given by 0, and the trivial group will be denoted either by 0 or by (1).

If D is a division algebra over a field F, we denote by M, (D) the ring of n x n matrices over D. The
identity matrix is denoted by [,. The general linear group, special linear group and projective linear
group over F are denoted by GL,,(F), SL,(F) and PGL, (F), as usual.



16

CHAPTER 1. INTRODUCTION



Chapter 2

Descent

Let K be a number field, and E/K an elliptic curve. In this chapter, we will present a few of the basic
facts about elliptic curves as well as the descent procedure.

2.1 The Mordell-Weil Theorem

In this section we follow mostly [Sil08]. The most famous theorem concerning elliptic curves is surely
the Mordell-Weil theorem.

Theorem 2.1.1 (Mordell-Weil Theorem). Let E be an elliptic curve and K a number field. Then the
group E(K) is finitely generated.

The Mordell-Weil theorem tells us that the Mordell-Weil group E(K) is of the following form

E(K) 2 E(K)tors X Z'F
where the torsion subgroup E (K)o is finite and the nonnegative integer rg is called the rank of E. In
this chapter we set out the basic theoretical underpinnings that has been put in place to try and compute rg.
The torsion group is easily computed. In fact, Merel ([Mer96]) showed that for any given number field,
there are only a finite number of possible torsion groups.

Theorem 2.1.2 (Merel). For every integer d > 1 there is a constant N(d) such that for all number fields
K/Q of degree at most d and all elliptic curves E /K we have

|Evors(K)| < N(d).
In the case K = @, we have a theorem by Mazur giving us all the possible torsion groups.

Theorem 2.1.3 (Mazur). Let E/Q be an elliptic curve. Then the torsion subgroup Eiors(Q) of E(Q) is
isomorphic to one of the following fifteen groups:

7/NZ with 1 <N < 10 or N = 12,
7.)27. x 7.)27, with 1 <N < 4

Further, each of these groups occurs as the torsion group for some elliptic curve E | Q.

The Mordell-Weil theorem is proved in two steps, namely a height argument and the weak Mordell-Weil
theorem.

17
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Theorem 2.1.4 (Weak Mordell-Weil Theorem). Let m > 2 be an integer. Then
E(K)/mE(K)

is a finite group.

The Mordell-Weil theorem is now proved using the following descent theorem.

Theorem 2.1.5 (Descent Theorem [SilO8]). Let A be an abelian group. Suppose that there exists a
(height) function
h:A—R

with the three properties
1. Let Q € A. Then there is a constant ¢ depending on A and Q such that h(P+ Q) < 2h(P) + ¢

2. There are an integer m > 2 and a constant ¢, depending on A such that h([m]P) > m*h(P) — ¢, for
all P € A.

3. For all constants c3, the set {P € A | h(P) < c3} is finite.

Suppose further that for the integer m in part 2, the quotient group A/mA is finite. Then A is finitely
generated.

The Mordell-Weil theorem is proved by choosing any suitable height function and applying the descent
theorem. Thus we see that if we want to compute generators for E(K), we need instead only compute
generators for E(K)/mE(K).

2.2 A Geometric Interpretation of the Cohomology Groups

In this section, we review the well-known theory of descent by p-isogeny and give a geometric inter-
pretation of the various cohomology groups we encounter. We follow [Sil08], but other references are
available as what follows is very well known. As we saw in the previous section, we are interested in
calculating generators for the nontorsion part of E(K). In fact, we actually constrain ourselves to a more
modest goal in this thesis, namely bounding, or if possible finding, the number of such generators. This
section sets up the method by which this may be done.

We saw in the previous section that it is sufficient to find generators for the finite group E(K)/mE(K)

for any integer m > 2. It is therefore natural to consider the multiplication-by-m map [m], which is an

example of an isogeny of degree m?.

Definition 2.2.1. Let E| and E, be elliptic curves. An isogeny from E| to E, is a morphism
0:E = E

defined over K satisfying ¢ (&) = €. Two elliptic curves are isogenous if there is an isogeny from E; to
E, with ¢(Ey) # {0}

From [Sil08, Theorem I1.2.3] we know that such a morphism must be surjective on K-points. We obtain
from ¢ the injection of function fields

¢* : F(Ez) — k(El)
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and the degree of ¢ is the degree of the finite extension K(E;)/¢*(K(E>)). For any isogeny ¢ : E — E
of degree m, there is some isogeny ¢ : £ — E, called the dual isogeny to ¢, such that ¢ o g = [m]. Ttis
often easier to compute £(K)/¢(E(K)) and E(K)/@(E(K)) than it is to compute E(K)/mE(K), and in
fact we still obtain the information we want. For by [Sil08, X.4.7], if ¢ is defined over K there exists the
elementary exact sequence

o E(K) 4 EK) E(K)
0= EWK)lo] = EK)m] = EK)O1 = Sy = mE®) ~ 3EEK)

Thus knowing the other groups in this sequence allows us to compute generators for E(K)/mE(K). To
find out more about £(K)/¢(E(K)) we find a short exact sequence containing it.

—0. 2.1)

For any nonzero isogeny ¢ : E — E defined over K we have an exact sequence of Gg-modules

0= El¢] - ESE 0. 2.2)

By taking Galois cohomology, we obtain the following long exact sequence

0— E(K)[9] — E(K) & E(k) % H'(K,E[¢]) — H'(K,E) % H(K,E) 2.3)

and from this we obtain the fundamental short exact sequence

0— E(K)/¢(E(K)) S H! (K,E[¢]) — H'(K,E)[p] — 0. (2.4)

The group we are interested in appears here as the first term. To understand it, we must understand the
rest of this short exact sequence.

The last group H!(K,E)[¢] is the easiest to understand, and we give a geometric interpretation. Every
element in H' (K, E) can be understood as a certain twist of E called a torsor.

Definition 2.2.2. Let E/K be an elliptic curve. A torsor for E is a pair (T, 1) where T /K is a smooth
curve and
w:TxE—-T

is a simple transitive algebraic group action of £ on 7.

Two torsors 71 and 7> are equivalent if there is an isomorphism 0 : T} — T, defined over K that is
compatible with the action of E on 7 and 75. The collection of equivalence classes of torsors for E /K is
called the Weil-Chatelet group for E /K and is denoted by WC(E/K). A torsor T is in the trivial class if
and only if T(K) # 0. Any torsor T is in fact a twist of E.

Definition 2.2.3. Let C/K be a smooth projective curve. A rwist of C/K is a smooth curve C’'/K that is
isomorphic to C over K.

Let (T, 1) be a torsor for E. Fix Py € T and let 0 : E — T, with 6(P) = Py + P. We want to show that 6
is in fact an isomorphism over K. For any ¢ € Gg /k With F§ = Py, we have

0(P)° = (Py+ P)° = P¢ + P° = Py+ P° = 6(P°)

and so 0 is defined over K(Py), and deg(6) = 1 by the simple transitivity of the action. Thus by [Sil08,
Corollary I1.2.4.1], 0 is an isomorphism as required.
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Therefore there is an isomorphism 8~ : T — E defined over K such that the cocycle ¢(671)0 is an
element of the translation subgroup of Aut(E), the automorphisms of E. The bijection between WC(E /K)
and H'(K,E) can be explicitly given as

{T/K} = {c—F — R}

where the braces indicate the equivalence class and cohomology class respectively. The trivial class of
torsors is thus identified with translation by &. Thus the third group of (2.4) is the ¢-torsion of WC(E /K).

The second group of (2.4) can also be interpreted geometrically, which we do along the lines of [CFO™08].
We will show that the elements of H'(K,E[¢]) can be seen as certain twists of E with additional data.

Definition 2.2.4. Let ¢ : E — E be an isogeny of elliptic curves, defined over K, and ¢ : £ — E its dual.

1. A covering of E is a pair (C,7) where C is a smooth projective curve and 7 : C — E is a non-
constant morphism.

2. An isomorphism of coverings (C1, ) = (Ca, M) is an isomorphism of curves 0 : C; =N C, with
Ty =)o 0.

3. A ¢-covering (C, ) is a twist of (E,¢).
The ¢-coverings (C,7) of E can be identified with H'(K,E[¢]) up to isomorphism in the same way as

before. Let 7: (C,m) — (E, ) be defined over K. We associate to (C, ) the cocycle o(7)t~!, which is
an element of H'(K,Aut(E,¢)). Let 6 : E — E be an automorphism of (E, ). Then ¢ = ¢ o and so
¢ o (6 —1)=0. Therefore 6 — 1 is a nonsurjective morphism, which means it must be constant by [Sil08,
I1.2.3]. Therefore 6 must be translation by a ¢-torsion point and we have associated to (C, ) an element
of H'(K,E[¢]) obtaining a bijection

{(C,m)}/ =« H'(K.E[9]).

From this point onwards, assume that [K : Q] < co. Now that we have a geometric interpretation for both
the cohomology groups appearing in (2.4), we want to replace them with certain finite groups. This is
done by considering the local version for each v € Mg. For each such v, we fix an embedding K C K, and
a decomposition group G, C Gg. Following the same construction as before, we obtain the short exact
sequence

. 5,

0— E(K,)/9(E(K,)) = H' (K, E[9]) — H' (K,,E)[9] = 0 2.5)
for every place v € Mg. Replacing the third group by the Weil-Chatelet group, we are naturally led to
consider the following large commutative diagram.

0 —— E(K)/9(E(K)) ———— H' (K, E[¢]) —— = WC(E/K)[p] ——0

| | |

0 Then E(K) /0 (E(K)) o Tycase HY (Ko E[9]) — 5 [Ty WC(E/KL) (6] — 0

Seeing as we are interested in knowing the size of £(K)/¢(E(K)), this means we would like to compute
the image of the map & or, equivalently, the kernel of the map y. Computing ker(y) comes down to
calculating whether certain torsors of E have a K-rational point, which is usually a difficult problem.
However, computing ker(y,) for each v is much easier. For by Hensel’s lemma, if a curve has a point over
some finite ring Ok, /M¢, for some easily computable integer e and M, a maximal ideal, then it can be
lifted to a point over K,,. This is therefore a finite computation. These considerations prompt the following
definitions.
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Definition 2.2.5. Let ¢ : E/K — E /K be an isogeny. The ¢-Selmer group of E /K is the subgroup of
H'(K,E[¢]) defined by

@N(E/K) = ker{Hl(K,E[d)]) -1 WC(E/KV)} :
veEMg

The Shafarevich-Tate group of E/K is the subgroup of WC(E /K) defined by

veEMg

HI(E/K) :ker{WC(E/K) =31 WC(E/KV)}.

Thus the Selmer group N (E /K) consists of the ¢-coverings of E that have points everywhere locally,
and the Shafarevich-Tate group III(E/K) corresponds to the group of torsors under E that have points
everywhere locally. These groups form a short exact sequence.

0— E(K)/9(E(K)) %, SO(E/K) — 1I(E/K)[¢] — 0. (2.6)

Computing the Selmer group S(?) (E /K) is referred to as calculating a ¢-descent or, if deg(¢) = p, doing
a descent by p-isogeny. It is well known that Selmer groups are finite [Sil08, Theorem X.4.2] and we will
see in Section 2.7 exactly how they are used in rank estimates.

2.3 Interpreting the First Cohomology Groups Using Etale Alge-
bras

In this section, let ¢ : E — E be an isogeny of degree p, where p is a prime. Let ¢ : £ — E be its dual.
Previously, we interpreted the Selmer groups S®)(E/K) and S()(E/K) as geometric objects. In this
section, we express them as subquotients of the unit groups of certain étale algebras, as is done in [SS03].
We have S\9)(E/K) c H'(K,E[¢]) and S?”)(E/K) C H'(K,E[p]), so these are the cohomology groups
we are interested in. In fact, in this section we can work with any infinite field F rather than just the
number field K.

Definition 2.3.1. An étale algebra D over any infinite field F is the finite product
D=D; x...xD,
where D; is a finite separable field extension of F for each i.

Let D = D®F F where F is a separable closure of F.

From the Kummer sequence

0— w,(D) —»D" LN N 2.7
we obtain the following long exact sequence.
0— w,(D) = D" PLp g (F,u,(D)) — H'(F,D"). (2.8)

By a generalisation of Hilbert’s theorem 90, we know that H' (F,EX) = 0. Thus we obtain the Kummer
isomorphism

H'(F,u,(D)) = D* /(D). 2.9)
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More abstractly, an étale algebra D corresponds to a finite étale scheme X over F. We can therefore
interpret D as the functions from points X (F) into F. Similarly, D corresponds to the subset of Galois-

invariant functions, D* the Galois-invariant functions into F *, and p, (D) the functions into i,,.

Let y denote either the p-isogeny ¢ or the multiplication-by-p map [p], with ¥ its dual. Let X denote a
Galois-invariant subset of E[{/]\ {0} that generates E[{], and D the étale algebra corresponding to X.
Let

wy : E[y] — u,(D) (2.10)
R— (P ey(R,P))
where ey, is the Weil pairing, defined in Section 3.1 for the p-isogeny case and in [Sil08, Section III.8]

in the multiplication-by-p case. Because X spans E[{], and ey is nondegenerate and bilinear, wy is
injective. We now define the induced map

Wy : H' (F,E[y]) — H'(F, u,(D)). .11)

By applying kowy, to H! (F, E[y]), we thus obtain a group homomorphism of H ' (F, E[y]) into D* /(D*)”.
Of course, for this course of action to be successful in giving a concrete description of H! (F,E[y]), we
must show that Wy, is injective, and then find its image. There are two cases we are interested in in this
thesis.

1. Let y denote some p-isogeny ¢, so X = E[¢]\ {0} and we consider H' (F,E[¢]).
2. Let y be the multiplication-by-p map, so X = E[p] \ {0’} and we consider H' (F,E[p]).

The Case v is a p-isogeny

This first case is much simpler than the second. Let ¢ : E — E be a p-isogeny and ¢ : £ — E its dual. Let
A and A denote the étale F-algebras corresponding to E[¢]\ {¢'} and E[@] \ { O} respectively. We see
that A; has degree p — 1 over F and dim(i,(A;)) is p — 1. Before proceeding, we need some notation.
Notation 2.3.2. Let M be a finite dimensional T ,-vector space with linear GLy (I )-action. Then we
write MY with t € Z./(p — 1)Z for the subspace of M on which a matrix o, with a € F%, acts as
multiplication by of.

For any such a finite dimensional IF' ,-vector space M, we have that

M :M(O) @M(l) Q- .@M(P—Z).

o

The map wy then gives an isomorphism wy : E[¢] — p,(A1)V). Thus by [SS03, Lemma 5.2], we find

H'(F.E[9]) = ker(g — 0y : A[ /(A7) — A /(A])) (2.12)
where g is a primitive root mod p and o, is the corresponding automorphism of A; /F. In the interpretation
of an element of A| as a function y of £[@], the automorphism o, is given by (o,%)(P) = x(g- P).

Notation 2.3.3. Let L = F () for some ot ¢ F such that o> € F. Let G = Gy jp = (T). Let V. =L* /(L*)P
for some odd prime p. Then we denote by V* the +-eigenspace for the action of G on'V.

Example 2.3.4. (i) Assume that E[¢] = u3. Then we obtain from the standard Kummer isomorphism
(2.9) that H' (F,u3) = F* /(F*)3.

(ii) Assume that E[@] = Z /37 and {3 ¢ F. Then we have A} = L = F({3). Let Gal(L/F) = (t) be the
Galois group of L over F. There are two eigenspaces for the action of Gal(L/F) on L* /(L*)3, and

we find H'(F,Z/3Z) = (L* /(L*)?) .
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The Case vy is the multiplication-by-p Map

We make use of [DSS00]. Let A be the étale algebra corresponding to X = E[p]\ {&'}. Recall the
interpretation of A as maps from X to F, and extend all maps to let &+ 1. Thus we obtain

A" ={e:E[p| - F" |e(0)=1}
Let L = F(E[p]) and G = G /p. Choosing a basis for E[p], we can view G as a subgroup of GLy(IF),).
Proposition 2.3.5. w), is injective.
Proof. By Section 3 of [DSS00], the problem is reduced to showing that its restriction

W, : H'(G,E[p]) » H'(G. 1,y (A))
is injective. Thus if p { #G then we see quickly that W, is injective. For since the orders of G and Ep)] are
then coprime, we have H'(G,E[p]) =0.
If p | #G, then Lemmas 4, 5 and 6 of [DSS00] show that W, is injective. O

We are now interested in finding the image of k ow),. First we need some more definitions. Let A denote
the étale subalgebra of A corresponding to the orbits in E[p] \ {€'} of Z = IF I, where I is the identity
matrix in GL,(IF),). Then A is an extension of degree p — 1 of A, and the automorphism group of A/A
is cyclic of order p — 1.

Let E[p]Y =Hom(E|[p|,Z/pZ). Then we identify the set E[p]" \ { &'} with the affine lines in E[p] missing
the origin in the following way.

l«—e<=I1={PcE[p]|eP)=1}.
We let B denote the étale algebra corresponding to this set of affine lines. We have a map u given by

u: pp(A) — pp(B)
£r— (l > Hs(P)>
Pel

which induces a map u
A (A% = H'(F, () 5 H' (F, 1,(B)) = B* /(B")".

Making # explicit, we need to define D as the étale algebra corresponding to the set of all pairs (P,[) €
(E[p]\{0}) x (E[p]Y\{0}) such that P € [. Then it can be shown that % is induced by the composition
Np/poip/a :A — B where ip, is the inclusion A — D and Np  the norm from D to B.

The following corollary follows from [SS03, Proposition 5.8] and gives a complete characterisation of
H'(F,E[p]).
Corollary 2.3.6. [SS03] We have

H'(F,E[p]) = ker(g — Oyt A*/(A*)P — A™ /(A™)P) Nker(ur)

where T is the map induced by u on H', and g is a primitive root mod p, with O, the corresponding
automorphism of AJA..

As before, we interpret the elements of A* as functions x on E[p], and the automorphism o, is given by
(o) (P) = x(g-P).
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2.4 Descent by 3-Isogeny

In this section, we follow mainly [Top91]. To compute a descent by p-isogeny for p > 3, we refer to
[MS13].

To admit an isogeny ¢ of degree 3, the elliptic curve £ must have some point S of order 3 defined over
K with gg = (S), stable under the action of Gk, /k- to serve as a generator of the kernel of ¢. We can
give E/K by a Weierstrass equation y* = f(x), with f a degree 3 polynomial. In this case, gs will be
{0,8,—S} where S = (a,8) and —S = (&, —3). The Galois invariance implies that & € K and B2 € K.
We can now do a change of coordinates to send & +— 0. By using the duplication formula and setting
2T = —T we obtain an equation for E of the form

E :y2 =X+ AP +Bx+C
where B> = 4AC. Thus we obtain for E an equation of the form
E:y*=x"+A(ex+n)?

for integers €,n and A. The isogenous curve is obtained by dividing out by the subgroup gs. We obtain
[CPO9]
E:xX* +A(ex+1)?

where A= —3A, 8 =gand ) =

M' The isogeny ¢ is given by

x2 ’ ¥

X3 2/3)x? X 2 X — X
¢(P)_< +4A((e7/3)x" +enx+1n7) y(x’ —4An(e +2n))>.

The points of order 3 on E are generated by S = (0,1+/A) and T = (B, %), where f is a root of

the cubic y(x) = 3x> +4€2Ax? + 12enAx + 12n2A. The kernel of ¢ is generated by S.

Recall that we have interpreted the elements of S 9) (E/K) to be the isomorphism classes of ¢-coverings
of E that have points everywhere locally. From [CP09] we obtain the following equations for these ¢-
coverings. If A =1, an element of S%)(E/K) can be represented by some u € K*/(K*)3 or by the
¢-covering

1
Cy:uX>+-Y34+2n7° —2eXYZ =0. (2.13)
u
If A # 1, then by equation (2.12) with g = —1 an element of S(®)(E/K) can be represented by some

u € (K(vA)*/(K(v/A)*)?)~ (see Definition 2.3.3), 50 Ny (1) € (K*)°. Let Gal(K(V/A)/K) = (1).
With v = v; +v2V/A, we substitute the following into (2.13).

u=v*t(v)
e=¢eVA
n=nvA.

LetY = — Y to obtain

1
v (v)

2n\/523:

Cl: 2eVAXYZ +vX? — t(v)Y? +
v (v)

0. (2.14)
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Via the change of coordinates

X > X —VAY
Y - X +VAY
Z—7Z
we obtain
2
Cy: 21X + 240 Y’ + — T’A S22 +6vIX7Y +61AXY? +26(X?Z — AY?Z) = 0. (2.15)
Vi —Aav;

Finding a K-rational point on C, is equivalent to finding a K(1/A)-rational point on C’. Thus an el-
ement u € (K(\/K)X/(K(\/K)XP)i is an element of S(®)(E/K) if and only if C, is everywhere lo-
cally soluble. To compute a descent by 3-isogeny, we can find in [Top91] or [CP09] a finite set in
(K (VA)* /(K (\/Z)X)3) ~ in which all Selmer elements must lie. By checking local solubility for each
candidate, we can then determine the Selmer group.

2.5 Diagrams for the 3-Isogeny Case

We focus again on the 3-isogeny case. The action of Gk on E[3] factors through a subgroup G of
GL,(Z/3Z). 1t is known that GL,(Z/37) has 16 subgroups up to conjugacy, only 8 of which can
occur when K = Q. Excepting for Cs, all other subgroups of GLy(Z/3Z) are contained in SL,(Z/37Z)
and thus do not occur because {3 ¢ Q. If we have Gal(E[3]) = Cs, then the degree 4 subfield of Q(E[3])
must be totally real, which is impossible since {3 € Q(E[3]). The 8 occurring subgroups are labelled as
in the MAGMA function ThreeTorsionType. The table below gives generators for G in each case.

label generators for G | order
Generic <(1) }>7((1) g),(% (1)) 48
2Sylow <; (2)>’<(1) g) 16
Generic3Isogeny < (l) g >,< (2) (2) ),( (1) i > 12
dihedral < (1) g >,< (1) g ) 8
Z/3Z-nonsplit < (1) g ),( (1) } ) 6
mu3-nonsplit < 3 (1) >,( (1) i ) 6
Diagonal < (2) ? >7< (1) g ) 4
mu3+Z/3Z < (1) (2) > 2
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We will concentrate on just a few of these. The Cassels-Tate pairing for curves of type uz + 7 /37 was
calculated in [Fis03], and we refer to Section 2.6.2 for a brief overview. In this thesis we encounter
mostly curves of type Z/3Z-nonsplit and y3z-nonsplit. In this section, we give some important diagrams
and theorems for use in examples later.

In this section, we shall frequently encounter the second cohomology group. To understand these groups,
we introduce the Brauer group, first introduced by R. Brauer in [Bra28, Bra30], for which we give the ref-
erences [NSWO0S8, GS06]. This is a group dealing with central simple algebras, that is, finite dimensional
K-algebras with centre K and without nontrivial two-sided ideals. We say a central simple K-algebra A
splits over an extension L/K if A®k L = M,,(L) for some n. There are many good background references
for such algebras, such as [BO13].

Example 2.5.1. A special case of a central simple algebra is a cyclic algebra. Let L/K be a cyclic Galois

extension of degree m with Galois group Gk = G. Let x : G =7z /mZ., a character of G, and let ¢ be
such that % (o) = 1. Then for any a € K* we can define the K-algebra

m—1
(x.a)=EPe'L
i=0

generated by the single element e subject to the relations

e"=a

Ae=eA® forall A € L.

The algebra (), a) is known as a cyclic algebra.

Definition 2.5.2. Two central simple K-algebras A and A’ are called Brauer equivalent if A Qg M,,(K) =
A' @k M,y (K) for some m,m’ > 0.

Thus we are led to consider the following definition.

Definition 2.5.3. The Brauer group Br(K) of a field K is the set of all Brauer equivalent classes [A] of
central simple K-algebras A, endowed with the multiplication

[A] - [B] = [A®k B].

We can also define the Brauer group Br(L/K) of K relative to L for some finite Galois extension L/K as
the kernel of the restriction homomorphism

resk : Br(K) — Br(L)
Ar—> [A ®KL].

If we let L/K run through all finite Galois extensions of K, then we have
Br(K) = JBr(L/K).
L

In fact, it needs to be proved that Br(L/K) and Br(K) are groups at all, which is done in [GS06, Propo-
sition 2.4.8]. The following theorem makes the connection between Brauer groups and the second coho-
mology group.
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Theorem 2.5.4 ([GS06, Theorem 4.4.7]). Let K be a field, L/K a finite Galois extension and K a sepa-
rable closure of K. Let G be the Galois group Gy k. There exist natural isomorphisms of abelian groups

Br(L/K) =~ H*(G,L*)

and
Br(K) = H2(K.K.').

If L/K is a Galois extension of degree n, then each element of the relative Brauer group Br(L/K) has
order dividing n. Hence Br(K) is a torsion abelian group [GS06, Corollary 4.4.8]. The following two
corollaries are crucial in understanding our methods in the rest of this chapter.

Corollary 2.5.5 ([GS06, 4.4.9]). For each positive integer m prime to the characteristic of K we have a
canonical isomorphism
Br(K)m] = B> (K, fn).

(Recall that W, denotes the group of mth roots of unity in a separable closure K; of K equipped with its
canonical action.)

Proof. From the Kummer exact sequence

1—>um—>KSXM>KSX—>1

we obtain the following section of the associated long exact sequence
Hl (KaKsX) — Hz(Kvum) — Hz(KvaX) — Hz(KvKAX)

The first group is trivial by Hilbert’s Theorem 90. The last map is multiplication by m, therefore the
corollary follows. 0

Corollary 2.5.6 ([GS06, 4.4.10]). For a cyclic Galois extension L/K there is a canonical isomorphism
Br(L/K) = K* /Ny (L").

In the following subsections, we explore three of the possible isogeny cases and make certain cohomology

groups explicit.

2.5.1 uz-nonsplit

When we are in the t3-nonsplit case, the action of G on E|[3] factors through the subgroup G consisting
of all matrices of the form

ok

01 )

We choose generators S, 7 € E[3] and 0,7 € G such that

o(S)=S 7(8) =28
o(T)=S+T ©(T)=T

(
thus o < ((1) %) and 7 < ((2) ?) Define the following fields

M =K(E[3])
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with [M : K] =6, [L; : K] =2 and [L; : K] = 3. Thus we have the following diagram

(N

Ly L, ; S3
K

where L = K({3) and M = K(&3, 3/B) for some B € L. In fact, because 7 is represented by a diagonal
(and therefore diagonalizable) matrix, the basis of the space it operates on can be given by eigenvectors.
Thus we can find one generator, S, whose coordinates lie in the negative eigenspace and one generator,
T, whose coordinates lie in the positive eigenspace of L;. We can therefore find f € K with L, = K( W ).

Let ¢ be the 3-isogeny whose kernel is generated by S, and 1 the inclusion map. From the exact sequence
of Gg-modules

0— E[¢] 5 E[3] & E[§] 0
we obtain the following long exact sequence by taking Galois cohomology.
Z/3Z — H' (K, E[9]) > H'(K,E[3]) &5 H' (K. £[§]) — H (K, E[9])

In this case, we have E[¢] = u3 and E[§] = Z/37. Recall from Example 2.3.4 that we have H' (K, u3)
K*/(K*)? and H'(K,Z/3Z) = (L} /(L{)?)~. We have also seen in Corollary 2.5.5 that H*(K, u3)
Br(K)[3]. The following lemma gives an explicit way of expressing the elements of H' (K, E[3]).
Lemma 2.5.7. The group H'(K,E[3]) is isomorphic to the subgroup H of pairs (a,b) in L] /(L)? x
Ly /(Ly)? satisfying

1111

Ny, /k(b) € (K*)* and %f) € (M),

Proof. We must satisfy the conditions of Corollary 2.3.6.

There are 3 orbits for the action of Gk on E[3]\ {€'}, with representatives S, T, —T. From Section 2.3,
we see that H' (K, E[3]) C A /(A*)® where A = L; x L, x L,. Any element in H' (K, E[3]) represented
by (a,b,b') will have &’ = b? (mod )(L; )?, thus we can represent the element as (a,b) € L} /(L})? x
Ly /(L5).

By Corollary 2.3.6, the element (a,b) must lie in ker(g — o, ), for ¢ some primitive root mod 3, and o,
the corresponding automorphism of A. Thus in this case, g = 2. The associated automorphism o> sends
S+ 2Sand T +— 2T . Thus

a? b?

(2-02)(a,b) = <m) b’)

(&)

and we find that we must have Ny /x(a) € (K™ )3. This condition follows from the two conditions men-
tioned in the lemma, because

G(b)> _ NLz/K(b)

N, = L)%
M/L2< ab NLI/K(a)bS 6( 2)
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The second part of Corollary 2.3.6 involves finding the kernel of some map %, which we make explicit in
this case as follows. The set E[3]Y\{&'} of affine lines in E[3] missing the origin form three orbits under
Gk, represented by

(T,S+T,—S+T),(~T,S—T,—-S—T),(—S,—T,S+T). (2.16)

The first two orbits contain just one line each, the third contains six lines, thus the étale algebra corre-
sponding to E[3]V\{} is B K x K x M. Let D be the étale algebra corresponding to the set of all pairs
(Pl) € (E[3]\{0}) x E[3]V\{O'}. Then #(a,b) is given by the inclusion of (a,b) into D, followed by
the norm from D into B, given by the three representatives given in (2.16). Thus we must have

(T,S+T,—S+T) +—bc(b)c?(b) € (K*)?
(~=T,8—T,—S—T) +—b*c(b)*c*(b)* € (K*)?
(=S,~T,S+T) +—a*b*c(b) € (M*)?

We see that we must therefore have Ny, x(b) € (K )3 and %? € (M*)3. From Corollary 2.3.6, we

see that H'(K,E[3]) consists of the intersection of ker(z) with ker(2 — 07), thus H'(K,E[3]) = H, as
required. O

Thus we obtain the following diagram.

Lx O A
— >

E[§] —=~ H!(K,E[9]) — > H(K,E[3]) H(K,E[§]) —> HX(K.E[9])  (2.17)

L 52

7.)37 — = K* /(K*)? H (LY /(L)}) ™ —=—Br(L1)*

IR
\
-
IR

The vertical isomorphisms are all given either by the theory in Section 2.3 or by Lemma 2.5.7. The map
01 sends 1 to a Kummer generator for M/L;. The map 0, sends a to the cyclic algebra (,a) where
X : Guy1, = 37/ is the isomorphism fixed by sending 6 — 1. Any element a € S (E/K), lying in
H'(K,7,/37.), necessarily lies in the image of the map ¢,. By the explicit description of &, () as a cyclic
algebra, and Corollary 2.5.6, we see that lifting a to H' (K, E[3]) amounts to solving a norm equation in
the cyclic Galois extension M/Ly. This can be a computationally heavy task, and we explore improve-
ments to this calculation for cubic extensions in Chapter 4.

We are left with determining the maps f and g. We claim that
fib—(1,b)
g:(a,b)—a.

Of course, we now need to prove that these are the correct choices to make, which is done in the following
theorem.

Theorem 2.5.8. The diagram (2.17) is commutative.

Proof. We have chosen generators S and T for E[3], where E[¢] = (S) and the Weil pairing e3 gives
e3(S,T) = &3. We also have K(T') = K({/B) for some B € K. Let § generate £[¢] such that ¢(T) = $.
Let the isomorphism & : £[@] = Z/37Z be given by § — 1 and the isomorphism € : E[¢] = 3 by S — (3.
Then A; (S) corresponds to the cohomology class in H' (K, E[¢]) given by the I1-cocycle & with

& =p(T)~T.
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Under the isomorphism H'! (K, E[¢]) = H' (K, u3), this becomes the 1-cocycle & with

:, p(v/B)
TE

By the Kummer isomorphism, we have
3
(p — p(\;//f?)> «—— B ek /(K*)?

The map &; sends 1 to a Kummer generator for M /L;, which is precisely the 8 above, thus the first square
commutes.

We prove now that f makes the square it is in commute. Let us consider a cocycle class & € H' (K, E[¢)]).
As before, using the isomorphism € : E[@] = u3 and the Kummer isomorphism yields

3
(p—p(T)—T) +— (p — p%ﬁ)) s BeK*/(KX).
The map f then gives us (1,) € H. We have Ny, jx(1), Ny, /x(B) € (K*)* and % =
as required. Following Section 2.3 and using the Weil pairing, we define the map

=™
—
—
<
X
N

E[¢] E[3] = Maps({£5}, i) x Maps({T, T £ 5}, 13) = pi3 (L) x s (L2)
S+——S+— (P—e3(S,P)) x (P—e3(S,P)) = (1,8).

So if £ maps p +— rsS, then {w3o10&} maps p — (1,§;). The Kummer isomorphism gives us

K:H' (K, (zl)xﬁhzz LY/(LY) x L5 /(L)

) =L
(o (55 557) ) — wr o

(25 oo

and we see that f is indeed the correct function to take.

Thus

Now we prove that g makes the square it is in commute. Let {£} € H!(K,E[3]) and recall that we have
ER %S E6 S 7237

T,+£S+T + S+ 1(mod 3).

For R € E[3], let R = rsS+rrT. Thus if £ maps p + R, then eo ¢ o0& € H'(K,Z,/37) maps p
rr(mod 3). The Kummer isomorphism gives us

(prrrr) +— ae (L /(L))

p()

where rr is given by §;7 =

k(w3 0&) maps p — (&', %),

Going the other way, k(w3 o &) is such that if & maps p — R then

nd by the Kummer isomorphism we obtain (a, ), for the same ¢ as
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above. We then apply g to ‘forget’ the second term given by *, and g is indeed the correct map to take.

Finally we come to the last square. Let & be a 1-cocycle in H! (K, E[§]) corresponding to a € (L} /(L)*)~
under the Kummer isomorphism. Let & : p +— &,S. Then we have ¢(&,T) = £,S and we define ap, ;, =
EoT +p(EuT) —EpuT € (S) = E[¢] forall p,uu € G. We can also see ap , as an element of u3 under the
isomorphism S — {3. Then by [Rot10, Theorem 9.140], Ay(&) is given by the crossed product algebra
(M,G,a). This algebra is defined as the vector space over M with basis all symbols {u, | p € G} such that
uijq = o and multiplications given by Bup = upp(B) and upuy = ap yupy,. To show that this is in fact the
cyclic algebra & (@) = (x,a), we need to show that u3, = o (mod (L{)*). We have u}, = as,602 GUid
by the law of multiplication. Then we see that

Cl(yﬁgaaz’o = 3€GS+3€6T = ﬁ — 1
from which the result follows and the square commutes. 0
The following lemma makes the lift from H' (K, E[$]) to H' (K, E[3]) explicit.

Lemma 2.5.9. Let E be an elliptic curve of the Us-nonsplit variety. Let a € ((Ll)x/(le)3)7 where

Li = Q(&), and a € kex(8,). We also have M = Q(E[3]) = Q(&, 3/B) and Ly = Q(3/B), for some
B € Q. Let § € M be such that Ny, (§) = a. Then a global lift of a to H'(K,E[3]) can be given by (a,b)

where
,_ 0(&)a(E)
o*(§)ot(S)
Proof. We easily see that this b satisfies all requirements of Lemma 2.5.7. O

2.5.2 7Z/pZ-nonsplit

We are mostly interested in the p = 3 case, but we handle this case in a more general way because the
case p =5 will turn up in Chapter 8. Let p be an odd prime, then E has a point of order p over K. In
this case, the action of Gk on E[p] factors through the subgroup G of GL,(Z/pZ.) where G consists of

all matrices of the form

1

0 x /°
The following gives a basis for G

s 11 e (10
0 1 0 g

where g is a primitive root of (Z/pZ)*, therefore 77~! = 67 = id. Thus we can give a basis S, T of E|p]
such that

o(S)=S 7(8) =S

o(T)=S+T o(T) =gT
and

ep(S,T)=¢p
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where e, is the Weil pairing. We observe that

ot(T)=gS+gT
708(T) =gS+g¢T

thus 07 = t0%. Let L} = K({,) and M = K(T), a degree p(p — 1) extension of K. Let L, be the subfield

/\
\/

We have that E[¢] = (S) and E[$] = (S) where ¢(T)= S. We have isomorphisms € : E[¢] — Z/pZ. given
by S+ 1 (mod p) and & : E[@] — p, given by S — &,

(2.18)

Lemma 2.5.10. The group H' (K, E|[p]) is isomorphic to the subgroup H of pairs (a,b) in K* /(K*)P x
M* /(M*)P such that

T S0y
Ny, (b) = bo(b)o?(b) - 0”1 (b) € (L})”
and
@'Ny1,(0'(b)) = d'c'(b)to’ (b)T* 6" (b) - 720" (b) € (M*)”
foreachie {1,---p—1}.

Proof. Once again, we must satisfy the conditions of Corollary 2.3.6.

There are p orbits for the action of Gk on E[p]\ { &'}, with representatives iS fori € {1...p—1},and T.
From Section 2.3, we therefore have H'! (K, E[p]) C A*/(A*)P where

AKX ---xKxM.
—_————

p—1

Any element in H'(K, E[p]) represented by (ay,az,...,a,—1,b) will have a; = @} mod (K*)”, thus we
can represent the element as (a,b) € K* /(K*)? x M* /(M*)P.

The first condition of Corollary 2.3.6 is that the element (a,b) must lie in ker(g — o,), where g is some
primitive root mod p and Gy is the associated automorphism of A. We have

(g—0y)(a,b) = <Z§7Z§,))

thus giving the first condition of the lemma.
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The second condition of Corollary 2.3.6 involves finding the kernel of some map #, made explicit in the
following way. The set E[p]" \ {0} consists of the affine lines in E[p] missing the origin. To define the
associated étale algebra, we need to know what these lines look like. From [SS03], we know that we have
p? — 1 lines missing the origin. Each such line is given by the set of p points {X} satisfying one of the
following equations for i € {1,...,p— 1}, where e/, is the Weil pairing.

ep(S, X) = C;;
ep(T,X) = C,l;
ep(S+T,X)=¢,
ep(2S+T,X)=¢)

ep((p—1)S+T.X) =,

We now find the Galois orbits of these lines. They are given by the following. First there is one orbit of
size p — 1 containing all the lines with

ep(S, X) =) (2.19)
Then we have p — 1 orbits of size p, each represented by a line given by {X} such that
ep(T, X) =), (2.20)
for some i. Thus the étale algebra B associated to E[p]" \ {€'} is given by
B=LiXLyXx---XL,.
T

Let D be the étale algebra corresponding to the set of all pairs (P,{) € (E[p]\{O}) x (E[p]Y\{O}). Then
the map % is given by the inclusion of (a,b) into D, followed by the norm from D into B, given by one
representative from each of the orbits in (2.19) and (2.20). Thus the first orbit, given by all lines {X } such
that e, (S,X) = ¢ ;; contains the following representative, giving the following condition.

(T,S+T,25+T,...,(p—1)S+T) +— bo(b)c>(b)...c" " (b) = Ny, (b) € (LY)?

Similarly, the other orbits each contain a representative given by the line {X} such that e, (7,X) = ( 117 for
some i, leading to the following condition.

(iS,iS+T,iS+2T,...,iS+ (p—1)T) «— d'c' (b)t0' (b) ... T 26" (b) = a'Nyy 1, (' (b)) € (L5 )?

From Corollary 2.3.6, we know that H' (K, E[p]) consists of the intersection of ker(g — o) with ker (i),
thus we have proved that H' (K, E[p]) = H, as required. O

The situation we are in is illustrated by the following diagram. For the last term of the first row, we note
that because L; contains L1, that we can choose an isomorphism p,, = Z/pZ. by sending {,, — 1 to obtain
H*(Ly,7,/pZ) = H*(Ly, ). This isomorphism depends on the choice of {, and the details and proof
can be found in [GS06, Proposition 4.7.1]. Restricting L; to K yields the following Brauer group.

0 —— H'(K.E[p]) — H'(K.E[p]) —> H'(K,E[§]) — H*(K.E[9)) (2.21)

R

00— Ly /(L7 ) H K™ /(K*)? —2— Br(L))




34 CHAPTER 2. DESCENT

The maps 6y, O, f and g are defined as before for sequence (2.17). Of course, this is only useful to us if
we have the following theorem.

Theorem 2.5.11. The diagram 2.21 is commutative.

The proof of this theorem is very similar to proving that (2.17) is commutative. Once again, by the
description of &, and Corollary 2.5.5, the lifting of a € H' (K, u,) to H'(K,E[3]) amounts to solving a
norm equation. The following lemma makes explicit the lift from H' (K, E[d]) to H'(K,E[p]).

Lemma 2.5.12. Let E be an elliptic curve of the 7./ pZ-nonsplit variety. Let a € K* /(K*)P such that
a € ker(8). We have Ly = Q({,), M = Q(E[p]) = Q(&p, ¢/B) and Ly = Q({/B) for some B € Q. Let
& be such that Ny, (§) = a, and let 1 = Ny, (§). Then a global lift to H'(K,E[3]) can be given by
(a,b) where

Proof. We must satisfy the conditions of Lemma 2.5.10. For the first condition we get, up to pth powers

bt _ Hf;ldi(n)ig
7(b) Hﬁ-’;llcfg"l(n)f

Whenever we have i = jg~!, then we must also have j = ig, and thus the terms in the denominator and
numerator cancel out, and the first condition of Lemma 2.5.10 is satisfied. The other conditions can also
be shown to be satisfied as follows.

i i i i 2 i a’)? ._p—1
Ao BT BT 0. ) = e fori < =~
. ) ) 2 p—2 p(p—i)
d o (b)50 (BP0 (b).... 772 () = ZTE)T (f),;;;_fl),, () fori > 22—~ ;1
a
O
Therefore in the p = 3 case, we choose b = ofe)orls)
’ o*(&)ro(8)”

2.5.3 Generic 3-Isogeny

Let E be an elliptic curve of type Generic3Isogeny. By Section 2.4, we can write E in the form
E:y'=x"+Aex+n)?

with €,1m,A € Z. The action of Gk on E[3] factors through the subgroup G of GLy(Z/37Z) where G
consists of all matrices of the form

We pick the following generators for G

o) elen) e

SN
N O
N——
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We choose generators S, T € E[3] such that

o(S) =S ©(S) =S 5(S) =25
o(T)=S+T o(T) =2T 8(T)=2T

We observe that 6> = 12 = §2 = id and

16 = o1 08 =260 78 = 87.
Define the fields
M =K(E[3]) =K({, VA, B)
Ly = K(S) = K(VA)
L, =K(T)=K(vV—3A,B)
Ly = K(V=3A)
Ly = K(B)
LS :K(C3aﬁ)
with [M : K] =12, [L; : K] =2 and [L; : K] = 6. Let Lg be the subfield of M fixed by (o). Here,

B? € K(&3), however we can show that in fact we can find 3* € K. Because 67 = (29) is represented

by a diagonal matrix and has two distinct eigenvalues, the basis of the space it operates on can be given
by eigenvectors. Thus we have one generator, S, whose coordinates lie in the negative eigenspace of
K(&3), and one generator, T, whose coordinates lie in the positive eigenspace of K(&3). Thus we have the
following diagram.

M (07)2 (2.22)
%> N
M Ly Ls Le
) /
(1) (o) (%)
L L3 Ly
2 2
(8) 3 6
K

Let ¢ : E — E be the 3-isogeny with kernel generated by S. The analogue of Lemma 2.5.7 can now be
given.

Lemma 2.5.13. The group H'(K,E|3]) is isomorphic to the subgroup H of pairs (a,b) in L] /(L{)? x
Ly /(Ly)? satisfying

Np, k(@) € (K*)?, Np,ji,(b) € Ly /(Ly)* and abdo (b) € Lg /(Lg )’
Proof. We must satisfy the two conditions of Corollary 2.3.6.

There are 2 orbits for the action of Gx on E[3]\ { &'}, with representatives S, T. From Section 2.3, we see
that H'(K,E[3]) C A*/(A*)? where A= L, x L,.
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By Corollary 2.3.6, the element (a,b) must lie in ker(2 — 0,) for o, the automorphism sending S — —S
and T — —T. Thus

at b
2— b= —,—|.
e-ee = (5537)
We must therefore have ad(a) = Ny, x(a) € (K*)?, as well as bt(b) = b8 (b) = Ny, 1, (b) € (L} )*. This
final condition depends on the other conditions of the lemma, for
NM/L5 (ab56(b))26 (1\71‘4/145 (abSG(b)))

62 (Ny15(abda (b)) = b&(b) mod (L} )3.

The second part of Corollary 2.3.6 involves finding the kernel of some map u, which we make explicit
as follows. The set E[3]"\ {€} of affine lines in E[3] missing the origin form two orbits under Gk,
represented by

(T,S+T,—S+T),(S,T,—-S—T). (2.23)

The first orbit contains two lines, the second contains six lines, thus the étale algebra corresponding to
E[3]V\{O} is B= L3 x Lg. Let D be the étale algebra corresponding to the set of all pairs (P,l) €
(E[B]\{0}) x (E[3]V\{0}). Then U(a,b) is given by the inclusion of (a,b) into D, followed by the
norm from D into B, given by the two representatives (2.23). Thus we have
(T,S+T,—S+T) +— bo(b)o>(b) = Ny, 1, (b) € (L)’
($,T,—S—T) «+— abSo(b) € (L} )*.
From Corollary 2.3.6, we see that H' (K, E[3]) consists of the intersection of ker(2 — ,) with ker(z), thus
H'(K,E[3]) = H, as required. O

The analogue to diagram (2.17) can now be given as

0 —> H'(K.E[p]) —> H'(K,E[3]) —*~ H'(K,E[§]) — HX(K,E[9)) (2.24)

S
00— L /(L})? H

Once again we need the following theorem.
Theorem 2.5.14. The diagram (2.24) is commutative.

The proof of this theorem is very similar to proving that (2.17) is commutative, therefore we omit it here.
Once again, by the description of &, and Corollary 2.5.5, the lifting of a € H'(K,E[$]) to H'(K,E[3])
amounts to solving a norm equation over M /M’. The following lemma makes this lift explicit.

Lemma 2.5.15. Let E : y> = x> + A(ex+n)? be an elliptic curve with a generic 3-isogeny. Let M, M’,
Li,...,Le be defined as in Diagram (2.22). Let 6, § and T be as in Section 2.5.3. Leta € (L /(L{)*)~
such that a € ker(8,). Let & € M be such that Ny (§) = a. Then a global lift of a to H' (K, E[3]) can
be given by (a,b) where

t0(§)60(§)a(5)é70(S)
§81(§)ot(§)60%(8)

Proof. Remembering that 7(a) = a, we easily check all the conditions of Lemma 2.5.13. L

b=
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2.6 Practical ways of Computing Certain Selmer groups

Let ¢ : E — E be a p-isogeny and ¢ : £ — E its dual. The computational algebra software package
MAGMA [BCP97] has an inbuilt function ThreeIsogenySelmerGroups which can of course be used to
calculate the Selmer groups attached to ¢ and @ in the case when ¢ o ¢ = [3]. However, in some cases,
we can speed up the calculation or we want to consider some p-isogeny where p # 3. We consider two
such cases here.

2.6.1 Case of a Rational p-Torsion Point

Let E[¢p] = Z/pZ and E[$] = p,. Then S (E/K) consists of all elements x € H' (K, E[¢]) such that
x, € Im(8y,,), where 3, is the local version of the map 8, from exact sequence (2.3).

We consider the elliptic curves E = E; with
p=3, Ep:y’ +xy+iy=x
p=5, Ep:yV+(1—-Lxy—Ay=x>—2Ax". (2.25)

As we see from [Fis03] and Proposition 8.0.1, these are the universal families of elliptic curves over K
with (0,0) a point of order p. The isogenous curves £, are given by [Vél71] to be

p=3, By 4+xy+Ay=x>—5Ax—A(TA+1)

p=5 E vV +(1-A)xy—2Ay=x—Ax> —5A(A*+24 — Dx—A(A* +10A% =542 + 154 — 1).
(2.26)

The images of the local connecting maps are given in the following propositions.
Proposition 2.6.1 ([Fis03, Proposition 1.2]). Let p = 3. If ord,(A) > 0 then

K)/(KX)® iford,(4) >0,
Im(8,) =14 O0X/(0X)® if A(27A —1) %0 (mod v)

1 if 274 —1 =0 (mod v).
Iford,(A) <0 andv13 then
_ [ ox/(or) if3]ordy(4)
Im(8,) = { (1) otherwise.

Proposition 2.6.2 ([Fis03, Proposition 1.4]). Let p =5. Then

K)X/(KX)® iford, (1) #0
Im(8,)={ O0X/(0F) ifA(A*> =114 —1)#0 (mod v)
1 if A2— 1114 —1=0 (mod v) and v15.

2.6.2 Split Torsion

In this section, we recall some rank bounds which will be used in Chapter 6 when we search for high
rank curves. Following [Fis03], we now take only K = Q. Let p =3 or 5 and let Y (p) be the open subset
of the modular curve X (p) obtained by deleting the cusps. Consider the elliptic curves parametrised by
Y(p). The Q-points of Y (p) correspond to the classes of triples (E,S,T) where E/Q is an elliptic curve,
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S,T € E[pl,ep(S, T) =, and S € E(Q). We make a choice of coordinate 7 on X (p) by using equations
(2.26) to write

p=3, E=E; /27 (2.27)
p:5, E :Et5'

where E; is given by (2.26). We then have E[p] = 1, x Z/pZ as a Galois module, and we have the two
isogenies

EYSE

EY g’

where ¢ is the isogeny with kernel generated by (T') and y is the isogeny with kernel generated by (S).
From Section 3.1 of [Fis03], we now obtain the following definitions and theorem.

When p = 3, for t # 0,1 we define
& = {v prime | ord,(t/3) > 0}

B . (f*+1+1=0(mod v) and v = 1 (mod 3))
Q—{vprlme| or (v=3andord3(t+1) #0)

_ . (t—1=0(modv) and v =1 (mod 3))
%’—{vprlme| or (v=3andz=1or4 (mod9))

When p =5, for t # 0 we define
P = {v prime | ord, (¢) # 0}

5 1Y S
2= {vprime| ((t+l)(t12((2(tt 11)) +r) =0(modv)andv=1 (modS)}
B . (f?—t—1=0(modv) and v=1 (mod 5))
%_{vpnme| or (p=5ands=3(mod?5))

For every prime v € 2 U %, we can choose nontrivial characters

X (ZVL)" = 7/ pZ. if v # p,
xp: (Z/p*Z)* — Z/pZ.

For v € 2, these characters must be carefully chosen as follows. In the v = p = 3 case, we define

13 (Z)97)" — Z./37 (2.28)

2’_>{ 1 iford3(r+1) <0

2 ifords(z+1)>0. (2.29)

Otherwise, we have v =1 (mod p). We may choose { € (Z/vZ)* an element of order p. In the p =3
case, we have some u € (Z/37)* such thatt = ¥ (mod v). In the p = 5 case, we write ¢ =1+ + ¢4

for the golden ratio, with @ its conjugate. Then we have some p € (Z/5Z,)* such thatt = {#® (mod v)
or f = {#® (mod v). The character we choose must then be given by

¥ (ZIVZ) — 7./ pZ. (2.30)

x—x7 followed by {* — 1.
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The v = p = 5 case does not occur. The characters ), for v € Q are called compatible, if they are all
chosen to be the same scalar multiple of characters (2.30) and (2.28).

Define the following notation.

={6€Q"/(Q")"|ord,(6) =0 (mod p) forall v ¢ </}
< B >={x €Hom(Gq,Z/pZ) | x» is unramified for all v ¢ %}
[, B) = (Xq(P)) peet qez-

From [Fis03] we now obtain the following theorem concerning the Selmer groups we are interested in.

Theorem 2.6.3. For E,E, ¢, defined as in this section, and P, 2,7 as defined above, we obtain the
following.

SOE/Q) = {x€[P]|x, =0forallve 2U%}

SWS)(E/Q) ={xe< 2UZ>|x,=0forallv e #}

These methods of calculating Selmer groups will be used in Chapters 6 and 8.

Following [Fis03], we can also use the definitions made so far to give some upper bounds on the rank
of E. The following theorem gives three such upper bounds, known as the Selmer ranks. They are

obtalned by computing the Cassels-Tate pairing on S©)(E/Q) x S©)(E/Q), SY)(E/Q) x SY)(E£/Q),
and S®)(E/Q). These will be used in Chapter 6 when we look for high rank elhptic curves in certain
families.

Theorem 2.6.4 ([Fis03]). Let p =3 or S and let E = E; as in (2.27). Let ¢ be the isogeny with kernel
generated by (T) and y the isogeny with kernel generated by (S). Define the matrices

(2.4 )
“)

O (L@Q

(12

[I]

(7, 2] (7, %]
Ep= *[3”,2] (2,2]-[2,2]" (2%
—[(@7%]T _["@7%]1“ 0

Then we have three rank estimates for E(Q) given by
ro =|2|+|2|+|#| — 1 —2-rank(Ey)

ry = |2+ |2|+|%| — 1 —2-rank(Ey)
rp=|2|+|2|+|%| —1—rank(E,).

2.7 Rank Estimates

In this section, we see how we may use the information contained in this chapter to give an upper bound on
the rank of an elliptic curve. This will be used in Chapters 6 and 7, where we search for high rank curves.
Our references are [Crel12, Fis14, Ser79]. Let ¢ : E — E be an isogeny of degree p, and ¢ : £ — E its dual.
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By the exact sequence (2.1) we obtain the following formula describing the rank of E. Consider all the
groups as being I ,-vector spaces.

£ gim 20

¢(E(K)) O (E(K))
i E(K)

. : . . E(K) .
Therefore our task is now to determine as accurately as possible the values of dlmﬁ EE) and dim SER)”

by the number of generators of S(?) (E /K),

rank(E(K)) = dim —dim E(K)[¢] — dim E(K)[d] (2.31)

Using exact sequence (2.6), we could approximate dim%

and we could even determine it exactly if we knew which elements of S(¢) (E /K) are mapped to nontrivial
elements of III(E/K)[¢]. From exact sequence (2.6) and formula (2.31) we therefore obtain the following
formula for the rank rg of E.

e [SE/K)|- 1S9 (E/K)|
P T ) 9] £ (K)[§]]- LL(E/K)[o]|- IL(E/K) (4]

We are left with determining which elements of $() (E /K) are mapped to nontrivial elements of ITI(E /K)[].
We will need the following tool to help us do so. In [Cas62], Cassels constructed an alternating bilinear
pairing

(2.32)

<,>II(E/K)xII(E/K)— Q/Z (2.33)
which can be used to improve the upper bound on the rank of an elliptic curve. It is called the Cassels-Tate
pairing and will be explored in great detail in Chapter 3. It has several important properties.

Theorem 2.7.1. Let ¢, ¢ and E. E be as above. Then the following two properties hold.
1. <¢(x),y>=<x,0(y) > forall x € N(E/K) and y € III(E /K).
2. yeIlI(E/K) is in the image of ¢ : II(E /K) — ILI(E /K) if and only if < x,y >= 0 for all x in the
kernel of ¢ : II1(E /K) — II(E /K).
Because of exact sequence (2.6), we see that it makes sense to evaluate the pairing on elements of Selmer

groups. We shall be using this pairing to compute upper bounds on ranks of elliptic curves throughout
this thesis. Usually we will be in the following situation. Let M denote the matrix representing the

Cassels-Tate pairing on 5% (E/K). Then we have
o ISOE/KLISD (B/K)|
~E(K)[9]I-|E(K)[9]| pRank(*D
We can go even further. We now construct a sequence of ‘Selmer groups’, all of which contain ei-
ther £(K)/¢(E(K)) or E(K)/$(E(K)), to help us make use of (2.31). Let S; = S()(E/K) and §; =
S(‘ﬁ)(E/K). Define S; as follows

(2.34)

o ifiiseven,i=2n,andS; =Im (S(P”>(E /K) — s1>
o ifiisodd,i=2n+1andS;=Im (S<P”¢>(E/K) = 51).

The subspaces S; are defined in the same way, swapping over the roles of E and E. Then we have the
following inclusions

SN

(K)

_BR) _ g9
B C CS3C S CS =S9E/K) (2.35)
EK) o csicd b s
B C c$3c 88 =s9E/K). (2.36)
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The Cassels-Tate pairing (3.6) now induces the following pairings, as taken from [Fis14].
Theorem 2.7.2 ([Fis14, Theorem 2.1]). Let m > 1 be an integer.

1. If m is odd then there are alternating pairings
Gm:SmxSm%IF,,andém:ﬁmxﬁmH]Fp
with kernels S, and S’,H].

2. If mis even then there is a pairing
B S X Sy — I

with left kernel Sy, and right kernel SA',,H 1.

Thus by doing a descent by p-isogeny and calculating Cassels-Tate pairings, we obtain ever more accurate
bounds on the dimensions of £(K)/¢(E(K)) and E(K)/¢(E(K)). The rest of this thesis will be devoted
to calculating the Cassels-Tate pairing in a variety of settings. The next chapter is devoted entirely to
defining the pairing and proving its most important properties. The theorems in this section were used in
Chapter 6 to give rank upper bounds for large numbers of elliptic curves.
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Chapter 3

The Cassels-Tate Pairing

In this chapter, we discuss the main object of study of this thesis, namely the Cassels-Tate pairing. We
shall first discuss the Weil pairing definition, as used by Cassels in his original papers [Cas59, Cas62],
and then move on to an alternative definition, which we will be using for most of this thesis. There are
computational reasons for preferring one definition over another.

3.1 The Weil Pairing Definition

Let K be a number field, and p a prime. Let E/K be an elliptic curve admitting a p-isogeny. Thus we
have

ELELE

where ¢ o ¢ = [p], the multiplication-by-p map. In this section we construct the Cassels-Tate pairing on
part of the Tate-Shafarevich group ITI(E /K), and prove some fundamental results about it.

Theorem 3.1.1. There is an alternating bilinear pairing
HI(E/K) x II(E/K) — Q/Z
whose kernel is the subgroup of infinitely divisible elements.

There are various ways of defining this pairing. The first definition we consider defines the pairing on
part of III(£/K) and is one of the definitions considered by Poonen and Stoll in [PS98]. As an abstract
group, E[¢] = 7,/ pZ., therefore we can choose some T € E[@] that generates the whole group. In order
to define the Weil pairing we will need the following result.

Proposition 3.1.2 ([Sil08, I11.3.5]). Let E be and elliptic curve and let A =Y np(P) € Div(E). Then A is
a principal divisor if and only if

Z np =0 and Z[I’ZP]P: 0.

PeE PeE

Applying Proposition 3.1.2 to our case, there exists a function f € K(E) such that
div(f) =p-(T)—p-(O).

43
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Now we take T' € £ such that ¢(7") = T Then there also exists a function g € K(E) such that

div(g) = ¢*(T) — ¢"(0) 3.0
= Z (T—i—R)—(R).
ReE[§)

<

We easily verify that the functions f o ¢ and g” have the same divisor, namely

div(fod)=div(g")=p-[ Y, T+R) |-p-| ¥ ®

ReE[}] ReE[9)

Therefore by multiplying by a suitable constant in K™, we can assume that

~

foop =gl

Now we take S € E[$] to be a ¢-torsion point. Then for any point X € £, we have

~

gX+8)" = F(9(X)+6(5)) = f(B(X)) = g(X)".

Thus, considered as a function of X, the function ggi;)s ) takes its values in u,. It is also a constant

function because the morphism

g(X+9)
g(X)

is not surjective. Therefore, we can now define the Weil pairing to be the following.

E—-P', S

Definition 3.1.3. The Weil pairing is defined as
eg 1 E[9] x E[§] — 1y

where ¢4 (T, S) = ggi;)s) and X € E is any suitable point.

This pairing is bilinear, alternating, nondegenerate and Galois invariant. These properties can be proved
in a similar way as is done in [SilO8, Proposition II1.8.1].

To define the global pairing in Theorem 3.1.1 we need a local pairing called the local Tate pairing. Let
K, denote the localisation of K at some place v, then the Weil pairing induces a cup product

U H'(K,,E[9]) x H' (K, E[§]) — H’ (K, E[9] © E[9])

where (EUnN)(0,7) = &(0) ®@n(7)° by the definition of the cup product. We now want to replace the
final group with something more manageable. From the Weil pairing, we know that E[¢] ® E [(5] = Up,
therefore for non-archimedean places v we can apply the invariant map invg, : Br(K,) — Q/Z from local
class field theory [CF67]. For v a finite place, the final group can therefore be replaced by the following:

H*(K,,E[9] 9 E[9]) = H (K, 1) = ~Z/Z.

SR

and thus we obtain a pairing map.
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Definition 3.1.4. The local Tate pairing is defined as
<>y H' (K, E[9]) x H' (K, E[9]) — Q/Z

given by <x,y >, ., = invg,{e4(5(0),n(7)%)} where x = {§(0)}s and y = {1(7)}+.
We can now define the global Cassels-Tate pairing. This pairing is defined on
II(E/K) x III(E /K) — Q/Z.

Let x,y € III(£/K). We shall define the pairing only in the special case that y € III(£/K)[$], thus by the
exact sequence

0= E(K)/$(E(K)) = SO(E/K) — LL(E/K)[$] -0 (3.2)
we can lift y to some element 1] in the Selmer group S(¢ (E /K). This is one of the elements we will use
in the pairing. We need a lemma to proceed with the definition.
Lemma 3.1.5. For any x € III(E /K), we can find some lift x| € H' (K, E) such that ¢ (x1) = x
Proof. From the short exact sequence

0-—E[p] —E25E—0

we take Galois cohomology in both the global and local case to obtain the following exact sequences.

E(K) —~ H'(K,E[§]) —— H'(K,E) —— —~ HX(K.E[9]) (3.3)

T

{1p,v
&) S B (ke E0) S L B (K, E) L 11 H (K, B) > [T, B2(K. . E[9)])

We know that x is locally trivial, thus it maps to 0 in HZ(KV,E[(])]). If we can show that it is also mapped
to 0 in H?(K,E[¢]), then it belongs to the image of ¢.

By making a finite extension L/K of degree n, prime to p, we can ensure that E[@] = p,, over L, thus we
have H?(L,E[¢]) = Br(L)[p]. Let v be a place of K. Then we have the following commutative diagram.

H(K.E[9]) ——=—~ H*(L,E[9]) = Br(L)[p] — > H*(K,E[¢]) (3.4)

locy \L loczl locy \L

H*(K,,E[9]) —=> @, H>(Lw,E[9]) = &,,,Br(Ly,) [p] —~> H*(K,,E[$])

By global class field theory, the following exact sequence holds for any number field L.

0 — Br(L) — @PBr(L,) E% Q/Z — 0 3.5)

Thus the map loc; in (3.4) is injective. We also know that CoroRes= [n] [GS06, Proposition 3.3.7]. We
will now show that loc; is also injective. For any u € H?(K,, E[9]), there is a unique y € H>(L,E[¢]) such
that locy () = Res(u). Thus because GCD(p,n) = 1, Cor()) is the unique lift of n-u to H*>(K,E[¢]). We
have therefore shown that loc; is injective, therefore x is in the kernel of H'(K,E) — H?(K,E[¢]) and
there exists x; € H' (K, E) such that ¢ (x;) = x. O
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We also know that because x is in III(£ /K), it is locally trivial, so by the exact complex (3.3) we can find
some element &, € H'(K,,E[¢]) such that —&, and x; have the same image in H'(K,,E). The pairing is
now defined as follows.

Definition 3.1.6 (Weil pairing definition of the Cassels-Tate pairing). Letx € III(E/K) and y € III(£ /K)[§].
The Cassels-Tate pairing is defined as

<X,y >cr= Z < 5\17”\) >v,e¢ (3.6)

veEMk

where <, >, ., is the local Tate pairing from Definition 3.1.4. The element &, is as described above, and

7y is the localisation of 7], obtained from lifting y to some element 7] in the Selmer group S5(9) (E /K).
The following theorems establish this definition as a legitimate and useful one.

Theorem 3.1.7. The Cassels-Tate pairing is independent of the choices of x1, &, and ) made during its
construction.

Proof. From (3.5), it follows that the local Tate pairing in Definition 3.1.4 satisfies a product formula.
Thus if a € H'(K,E[¢]) and b € H' (K, E[@]) then we have

Y <ay,by>,=0. (3.7
4
If we make a different choice for x;, say x|, then x} differs from x; by an element in the image of

H'(K,E[¢]) > H'(K,E).

Because 7 is an element of H'(K,E[$]), it follows from the product formula that the choice of x; does
not influence the Cassels-Tate pairing.

From an instance of Tate local duality [Ser02, Theorem 2.5.2], we know that im 5¢,v and im 5057‘, are exact
annihilators with respect to the local Tate pairing. We have n € H' (K, E[$]) such that it is in ker 15, for
all places v, thus it lies in im 5%. If we change the choice of &, it must be by an element in the kernel of
19.v, Which is the image of 8, ,,. Thus it does not matter for the local pairing which choice of &, we make.

To show that the choice of 7] also does not influence the outcome, we need to define another local pairing,
which is due to Tate. From Proposition 3.1.2 we get the exact sequence

x div, sum

0— K, (E)' /K, =5 DvYE) TS E—0
and take Galois cohomology to obtain
H'(K,.E) > H2(K,, K (E)* /K) &% H2(K,,Div'(E))
The local pairing is now defined as
E(K,) x H' (K, E) — Q/Z
(x,)y — —invf(z)

where sum(x) = x and f = &(y). By [Fis03, Proposition 2.1, if n € H'(K,, E[9]) with &5 , : x > a and
gy Ny then < a,1m >, = (x,¥)y. By (3.5), the pairing ( , ), also satisfies a product formula. If we
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change the choice of 1, say to 1)/, then 1’ differs from 7 by an element in the image of 5&' Thus there
exists some P € E(K) such that ' =n + 84 (P). This changes the pairing (3.6) by

Y (6:65(P)) = L (x1.P).

Since x; and P are both global elements, the product formula for ( , ), gives us that Y, (x;,P), = 0. Thus
the Cassels-Tate pairing is independent of the choice of 7. O

It looks at the moment as though the pairing is given by an infinite sum. This is not the case, as we
will show later in Proposition 3.3.6, for a variation of the definition. The following theorem is a very
well-known result, and we refer to [Fis03, Theorem 2] for a proof.

Theorem 3.1.8. The Cassels-Tate pairing in Definition 3.1.6 is an alternating bilinear pairing whose
kernel is the subgroup of infinitely divisible elements.

The following theorem is part of the proof of Theorem 3.1.8, and we include it here to highlight this
result.

Theorem 3.1.9 ([Fis03, Theorem 3]). Let ¢ : E — E be an isogeny of elliptic curves over K. Then
x € II(E/K) belongs to the image of ¢ : II(E/K) — I(E/K) if and only if < x,y >cr= 0 for all
y € II(E/K)[¢].

The Cassels-Tate pairing lifts naturally to a pairing
SO E/K) x SO E/K) — Q)7

whose kernel is the image of S(”)(E/K). The description of this kernel follows directly from Theorem
3.1.9. For the explicit calculations we shall be doing later, we need a slight modification of the definition
in this case. We must replace (3.3) by the version coming from the short exact sequence

0 — E[9] — E[p] > E[§] — 0
of which we take Galois cohomology in both the global and local cases to obtain the following exact
sequences.

E(K)[§] — = H(K.E[p]) —>= H' (K E[p]) — " H'(K,E[§]) —~ H*(K.E[0))

| | |

N ~

I 2K 618 T 0 (., E10)) T, 1 (K, E D) & T Y (K, £16)) ~ T, H2 (Ko E0))

(3.8)
The analogue of Lemma 3.1.5 is then the following.
Lemma 3.1.10. For any x € S (E/K) we can find some lift x, € H' (K, E[p]) such that ¢(x;) =
Proof. The proof is very similar to that of Lemma 3.1.5 and is therefore omitted. O

We then find some &, € H'(K,,E[¢]) such that &, and x| have the same image in H'(K,,E[p]), and the
rest of the definition of the Cassels-Tate pairing remains the same. Thus the Cassels-Tate pairing can be
used to determine which elements of S(%) (£ /K) can be lifted to elements of S\)(E /K). This allows us to
turn a descent by p-isogeny into a full p-descent, and thus potentially improves rank estimates of elliptic
curves. In Chapter 6, we shall use it in just this way to search for high rank curves in families of elliptic
curves with prescribed torsion groups.
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3.2 Computing the Local Pairing

In Section 3.1, we saw that to compute the Cassels-Tate pairing, we must take the sum over a number of
local Tate pairings. In this section, we will show how such local pairings may be explicitly computed.

In this section, let p be some prime, K a global field with p, C K, and v some place of K. Let us fix
some chosen root of unity §,. Recall from local class field theory that for any local field K, we have the
invariant map

invg, : Br(K,) — Q/Z.

Let E/K be an elliptic curve and ¢ : E — E an isogeny of degree p, with ¢ : E — E its dual such that
¢ o d = [p]. We seek to compute explicitly the local Tate pairing from Definition 3.1.4. Let E[¢] = (S)
and E[§] = (T') such that the Weil pairing (see Definition 3.1.3) gives ey(S,T) = &,. By making some
extension L,, /K, of degree 1 prime to p, we can ensure that E[¢] = 1, and £[@] = 1, and we choose these
isomorphisms such that we keep invariant ey (S,7) = {,. We then have H'(L,,,E[9]) = H'(L,,,E[$]) =
LY /(LY)P. This leads us to consider the following diagram. Note that the vertical restriction maps depend
on the isomorphisms chosen earlier.

< weyt HVKGED) U HAKGE[) — HA(Kpty) 127, (3.9)
Res iRes \LRes in
L) LAY U L) e H(Ly k) 422

From [CF67, Proposition IV.7.9(iii)], we know that
Res(aUb) = Res(a) URes(D)
foralla € H'(K,,E[¢]) and b € H'(K,,E[$]). From [CF67, Theorem VI.1.3], we find
invy,, oRes = n-invg,.

Remark 3.2.1. Thus whenever we must extend K, to L,, this has the effect of multiplying our final
solution by n. Because n is prime to p, we can recover the desired solution.

We now proceed to define the Hilbert norm residue symbol, and show how it may be used.

Definition 3.2.2. Let i, C K, where K is some global field. For a,b € K*, and v any prime of K, let G
be the Galois group for the Kummer extension K({/a)/K. The Hilbert norm residue symbol is defined as

(Yfa)n®
Ja

where y, : K — G, is the local Artin map associated with the extension K ({/a)/K.

(a,b), =

The first thing we need is that this definition coincides with the cup product construction in (3.9).
Proposition 3.2.3. £ = (4,p),

Proof. This follows from [Ser79, Proposition XIV.2.6]. O
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Remark 3.2.4. Let K = Q(u,) for some prime p, and v a prime that splits over K, not necessarily
completely, thus giving us (v) = 2 -...- &,. Then there are n embeddings of {, into Q,(u,,), each one
corresponding to one of the primes 2;. If we choose some primitive root of unity {,, we can define the
map

Indg, (&) = u

where u € %Z /7 such that §* = {). Let g,Sg’i) correspond to the choice of prime ;. Then Ind (P ©
P

(, ), does not depend on the choice of {,,, and therefore the pairings at &7; and &; will be the same for
all i,j € {1,...,n}. Therefore we need only calculate one such pairing and multiply it by n. Thus in the
case p = 3, any prime v with v =1 (mod 3) splits and we multiply the final answer obtained at &7, by 2.

Thus we are now able to compute all local pairings. We simply extend the field K if necessary, and use
the Hilbert norm residue symbol in our calculations. To make this calculation explicit, we need to define
one more symbol.

Definition 3.2.5. Let K be a global field with u,, C K for some natural number m. Let p be a prime ideal
such that m and p are coprime. Then the power residue symbol (%) is defined as the unique mth root of
1 such that

(;) " (mod p).

The following propositions serve to make this calculation completely explicit.

Proposition 3.2.6. Let K be a global field with y,, C K. Leta,b € K*, and v a place of K. Let S denote the
set of primes of K consisting of the archimedean ones together with those dividing p. Then the following
properties hold.

1. (a,b),(a,c), = (a,bc),
2. (a,b), =1 ifeitheraorb € (K)})™.
3. (a,b), = 1 if b is a norm for the extension K, ({/a)/K,.
4. (a,b), =lifa+be (K))", in particular (a,—a), = 1= (a,1 —a),.
5. (a,b),(b,a), = 1.
6. Ifv ¢S, then (a,b), = (£) where c = (—1)vah(a)valy(b) gvaly(b) p—valy(a)
Proof. The proof of these statements is given by [Gra03, Proposition I1.7.1.1]. O

The previous proposition can be used to compute (a,b), explicitly whenever v{ p. We now turn to the
case that v | p, for which we follow [CF67, Exercise 2]. Let K = Q({,). Then p is totally ramified in
K and A = 1 — {, generates the prime ideal corresponding to the unique prime v of K lying over p. We
define the group of units

Ui={xek [x=1(mod A)}.i=12....

The image of n; = 1 — A’ then generates U; /U;, 1, which is cyclic of order p, and the image of A generates
K} /(K )?U;. Because we have that Up,41 C (K)*)?, it follows that the elements

)L7Cp:n],l—ﬂ,zznz"”?l_/xl’:np

generate K* /(K. ). These generators are independent, because the order of this group must be p?/|p|, =
p'*P. The following properties now hold.
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Proposition 3.2.7. For n; defined before, the following properties hold.
Lo (iny)e = i Mis e (Mig jo05)e (Mig 1, A ) forall i j > 1
2. ifi+j>p+1, then (a,b), =1 foralla € Uiand b € U;

1 if1<i<p-—1

3‘ i;A v = .
(i, 2) {Cp ifi=p

A =M _ My
Proof. Because 1+ A/n; = Ny, we have T = My Thus

Th‘ﬂ‘7 Nitvj/, 71i+j’77i+j v

. 1 ; 1
= '7)’j i 7)“j i 5
(Tb n)”<nl+j 77>V(Tb 77i+j>v

= (Mj,m0), A Ni ), (i Mi ), (M),

and we have proved part 1. Part 2 follows from part 1 and the observation that 1); ; is in the trivial class
fori+j>p+1.

The first p — 1 cases of part 3 are trivial, because (1;,A)!, = (1 — A% A%), = 1, thus (N;,A), = 1 in these

cases. For the final case, we observe that if we can show that the extension Kv({/np) /K, is unramified,
pval(d)

then we can use [CF67, Proposition VI.2.5.2] to conclude that (1,,4), = % where F is the

Frobenius associated to the extension K, (¢/7,)/K,. We know that val(A) = 1, thus the desirable result
emerges. Let 1, = o”, and write ot = 1+ Ax. We see that x is a root of the polynomial f(X) such
that f(X) = X? — X + 1 (mod p,). Thus f/(x) = —1 # 0 (mod p,), and by [CF67, Proposition 1.7.1], it
follows that K, (x) = K, () is an unramified extension of K.

O

From Proposition 3.2.7 we obtain a matrix with entries given as powers of our specified root of unity ,.
We instead give a matrix with entries given in Z/pZ, where {, corresponds to 1. In the p = 3 case, we
use the following matrix.

HMm \712\773
A0 O 0 | —1
mi o] 0 1 0
m|0|—-1]0 0
n || 1] 0 0 0

Table 3.1: Matrix for computing local pairing in p = 3 case.

In the p =5 case, we use the following matrix.
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Al m | m|[n|ns] ns
Z0] 0] 0] 0]0]-1
Mol o0 1|1 ]1]0
m0] 1,0 2]0]0
mlol—1|-—20]0]0
m 0] 1,0 ]0]0]O0
mslIl1] 00 0]0] o0

Table 3.2: Matrix for computing local pairing in p =5 case.

3.3 The Pushout Function Definition

The definition of the Cassels-Tate pairing we describe in this section will be the most useful to us, com-
putationally speaking. Let x,y € III(E /K) as before, where we have a p-isogeny ¢.

ELELE §og=]p)

Let T € E[¢] and T € E[§] be generators of these groups, and denote by A, and A; the étale algebras
attached to E[¢]\ {€'} and E[@] \ {0}, respectively, as is done in Section 2.3.

We seek to compute the Cassels-Tate pairing < x,y >c1. Once again, we define the Cassels-Tate pairing
on these elements only in the case that ¢ (y) = 0. The first ingredient we need for this alternative definition
is another local pairing. Recall from Section 2.3 that we have the group homomorphisms

W : H' (K,E[9]) — A[/(A])"
ws  H' (K E[§]) — A2 /(A2)? (3.10)
where
m(wy) = ker(g — o) 3.11)
for g a primitive root mod p and o, the corresponding automorphism of A;.
Letn € S(“S)(E /K) be an element that maps to y, which exists by the exact sequence (3.2). For every

place v of K, we have A; ®k K, = Ay, and the local analogue of (3.10) is a map Wy, that makes the
following diagram commute.

wo t H' (K, E[9])——=A[/(A)”

-

Woy H' (KvaEW])(H' AT,V/(ATA,V>p

Similarly, a map w; , : H'(K,E[$]) — A3, /(A;,)P also exists. Let [ , ], denote the pairing induced by
<, >y, on the images of Wy, and W - As in (3.7), this pairing satisfies a product formula

Y [a,b], =0foralla € im(wy) and b € im(wy). (3.12)

vEMk
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Introducing the Pushout Function

For x € III(E/K), let C be a torsor under E representing x. For each & # § € E[@], let D be a divisor
corresponding to $ under the isomorphism of Galois modules sum: Pic’(C) = E. Because C is everywhere
locally soluble, by [Cas62, Lemma 7.1] we can choose the divisors Dg such that the map S +— Dy is Galois
equivariant. Since sum(p-Dg) = p- S = 0, we can use Proposition 3.1.2 to conclude that there are rational
functions fs € K(C) with div(fs) = p-Dg. Using Hilbert’s Theorem 90, we can scale the f; such that f =
(S+> f5). is Galois equivariant. Then £ is an element of A1 (C) = A; ®x K(C) =Mapg (E[$]\ {0}, K(C)).

Definition 3.3.1. The function f thus constructed is called a pushout function for x.

This definition of the pushout function, together with the definition of the local pairing [, ], are used in
the following definition of the Cassels-Tate pairing. It is a nontrivial task to prove that this definition
matches Definition 3.1.6. This will be done in Theorem 3.3.5.

Definition 3.3.2 (Pushout function definition of the Cassels-Tate pairing). For x € III(E/K) and y €
III(£/K)[¢], the Cassels-Tate pairing can be given by

<xy>= Y [f(R),ws(M)

vEMK

where [ , ], is the local pairing induced on im (W ) X im (W; ,) by the local Tate pairing < , >y,

from Definition 3.1.4. We let C/K be a torsor under £ representing x, and define f = (S — f;) by the
construction given above. For each place v of K we choose a local point P, € C(K,) such that the poles
and zeroes of the rational functions f¢ are avoided.

The first thing we must show is the following.
Theorem 3.3.3. Definition 3.3.2 is well-defined.
The following lemma will help us to prove this theorem.

Lemma 3.3.4. Let f € A((C) as above. After multiplying f by a suitable element of A, there exists
r € A1(C) such that

Ggf(;) = (3.13)

The proof of this lemma is very similar to that of [FN14, Lemma 1.2].

Proof. Since sum(D,r — gD7) = O, we can choose r € A1 (C) satisfying
diV(rT) = DgT — gDT

thus (3.13) holds up to scalars. From Lemma 3.1.5, we have that for x € H' (K, E) there exists some
x1 € H'(K,E) such that ¢(x;) = x. Let C and C) be the covering curves corresponding to the classes x
and x; respectively. Then there is a commutative diagram
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where 7 is a morphism defined over K, and the vertical maps are isomorphisms defined over K. For
S € E[$]\ {0}, there exists S € E[p] such that ¢(S) = S. Let Bg be the divisor corresponding to S under
the isomorphism of Galois modules sum: Pic®(C;) = E. Because C; is everywhere locally soluble, we
can choose the Bg such that the map S — By is Galois equivariant. Then

Z Bsip

PeE[¢]

and sum(Ypegg) Bsip) = O, so there exists .F € Aj(Cy) with div(.Fs) = 1*Dg. We now scale f and r
so that

0y (F)
F8

The condition (3.13) now follows. O

nf=FP and T'r=

We can now prove that Definition 3.3.2 is well-defined.

Proof of Theorem 3.3.3. We must show is that f(P,) is in the image of Wy, and is therefore a valid
argument for [, |,. This follows from Lemma 3.3.4 and the description of im(wy) in (3.11). By [Sha98,
Theorem 2.3] evaluating f on degree 0 divisors yields elements in the image of the connecting map 6

As in the proof of Theorem 3.1.7, Tate local duality then gives us that this definition is 1ndependent of
choice of P, € C(K,). The pairing is also independent of the choice of scaling of f, by the product formula
(3.12). O

We would also like to see that this definition which looks a bit different from Definition 3.1.6 is actually
the same. The following proof is a slight modification of that in [FN14].

Theorem 3.3.5. The pushout function definition 3.3.2 and the Weil pairing definition 3.1.6 of the Cassels-
Tate pairing are the same.

Proof. If we have C and C| corresponding to classes x and x; in H' (K, E) and H' (K, E) respectively,
with ¢ (x;) = x, then we have a commutative diagram

C—>t=cC

|,

E——=E

where 7 is a ¢-covering of C, which is a morphism defined over K. As in the proof of Lemma 3.3.4
we may scale f € A1(C) such that #* f = %P for some .# € A|(C}). C is everywhere locally soluble,
therefore at all places v of K we have a ¢-covering x, : C;, — C defined over K, with Cy ,(K,) # 0. In
fact, each such 7, is the twist of 7 : C; — C by some &, € H'(K,,E[¢]), and we have T f= W¢7v(’év)ﬁvp
with %, € Ay. This £, was used in the Weil pairing definition, which said that the pairing was calculated

by
Z < gv;bv >V,E¢
veEMk
so what we want to show is that Wy (§,) = f(P,) mod (A ,)” and the proof will be complete.

Let P, € m,(C1+(Ky)), not a pole or a zero of f, which must exist because Ci,(K,) contains infinitely
many points. Because 7, is a twist of 7, we have the following commutative diagram
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7
Ciy —sC

A

¢ ——C
where V is an isomorphism defined over K.

We have that &, is represented by a cocycle (6 +— &) where y°y~! describes translation by &5 ,, € E[@].
Let the following map be induced by the Weil pairing

wi E[¢] - .uP(Alv)-

We have that y*.% = y.%, for some y € A;, . By Definition 3.1.3, we see that
e c
wEa 7 = vy =Dz

thus w(&s ) = @ and so &, can be expressed as y” mod (A} )”, as we saw in Section 2.3. We also

have ¥ f = y?.%), from which it follows that ” = £(P,) mod (Af,)P, which completes the proof.  [J

Definition 3.3.2 uses an infinite sum, but only a certain finite set of primes need be considered. The
following is an analogue of [FN14, Lemma 1.5]. Denote by O, C A1, the product of valuation rings of
this product of fields, and /, for the product of residue fields. Let k, be the residue field for K.

Proposition 3.3.6. Let C/K and f € A1 (C)* be defined as in Definition 3.3.2. If v{ peo is a prime of good
reduction for C, and f reduces modulo v to f € I,(C)* then

f(R) €im(wg 0 8.y)
for all P, € C(K,) avoiding the zeroes and poles of the f.

By Tate local duality [Ser02, Theorem 2.5.2], it follows from this theorem that the only primes we need
to consider are those for which this proposition does not hold, which is a finite set.

Proof. 1Tt is sufficient to prove the proposition for just one choice of P,, by the proof of Theorem 3.3.3.

If the residue k, is large enough, then there is some B eC (k) avoiding the zeroes and poles of the fs and
we can lift this P, to P, € C(K,). We also know that f(P,) is a unit, thus

f(R) €im(wy) N O/ (OF)".

We know that im(8y,,) is the unramified subgroup of H'(K,,E[¢]) [SS03, Proposition 3.2], and that
Oy /(0P is the kernel of the map

(A @k K,))™ /{pth powers} — (A} @k K}")™ /{ pth powers}.
Thus we find f(P,) € im(wgy 0 8 ,), as required.

Should we find that k, is too small, we can make an unramified extension of degree coprime to p to
sufficiently enlarge it. O
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Example 3.3.7. Let E be the Cremona curve 200907b1, and thus given by
E:y* =x*—3(10x+28)°.
Let L; = Q(&), Ly = Q(B) where B2 = 1063. Then we have that the torsion group E[3] = (S, T) where
§=(0,-5643 —28)
T = (4/3B%440/3B 4 400/3,-40/3B% — 400/3B — 4252/3)

Let ¢ be the isogeny from E — E where E : y?> = x> + (30x + 4252)? with kernel generated by (S). Then
we have the following Selmer groups.

SOE/Q) = (1063) c Q*/(Q*)?
SOE/Q) = (G, —218—14) C (L] /(L))

An initial rank estimate would therefore be 2. The generators of S(¢ (E /Q) can be expressed as covering
curves as follows using either Section 2.4 or Section 3.5.

NGO (£/Q) H covering curve

G
—78—
For each pushout function f, we have instead found a cubic form f} such that f = )% We call f; a pushout

form, and an example of suitable pushout forms is given in the following table. Sections 3.4 and 3.6 will
deal with how to compute these forms. They may however be independently checked by seeing that )%

x> —3x%y 4+ 10x%z — 10xyz+y* + 10y*z + 723 = 0
x4 10xy? — 10xyz 4+ 10xz> —y> — 6y*2+ 922 -2 =0

does indeed lie in the function field of the associated covering curve, and that div ()%) = 3.D for some

divisor D.
5@ (E/K) pushout forms
¢ 3699x% — 1392x%y — 239x2z + 105xy? — 499xyz + 2460xz% — 135y — 1049y27
3 +1218yz% + 1173
1621 1823x3 4 5372x%y — 14017x%z — 12963xy” — 6651 xyz + 8178xz> +2272y3
3 +11634y2z + 5652yz% — 63723

The primes we must consider is the set {3,7,1063} of bad primes of E, as discussed in Proposition 3.3.6.
In this case, the pushout forms contributed one extra prime so the set of primes we must consider is given
by

P=1{2,3,7,1063}.

We chose the following local points on our covering curves

E/K ) || mod2* | mod3* | mod7* | mod 1063*

H (15:0: 1) ‘ (46:0: 1) ‘ (1481:0: 1) ‘ (403603745881 :0: 1)
(11:0:1) | (56:0:1) | (1396:0:1) | (811757475299:0:1)

—7§3

We thus find f(P,) € Q;/(Q;)3 for p € P. Section 3.2 and Definition 3.3.2 can now be used. By filling
in these points in the pushout forms, we obtain the following elements.
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SO(E/K) || mod2* | mod3* | mod7* |  mod 1063*

& 13 27 1431 976506231161
—78—-21 13 20 123 1105975650698

We now use the theory in Section 3.2 to compute the local pairings. The prime 2 is inert in L1, the primes
7 and 1063 split. In all three cases, we will use part 6 of Proposition 3.2.6 to compute the pairing. The
following table gives the necessary information for the prime 2.

(a;b)a || valy(a) | vab(b) | ¢ | (5)
(6,13, 0 x 0 x ! x 0
(=74 —21,13), 0 0 1] 0

Thus the local pairing in this case is represented by the zero matrix.

Because both of the primes 7 and 1063 split in L, we first choose one prime lying over each one. Thus
we find the prime p7 = 3{3 + 1 lying over 7 and p1o¢3 = —3§3 — 34 lying over 1063. The following tables
give us the necessary information for these primes.

(a,b),, valy (@) | valy, (0) | ¢ | (%)

(3,1431),, 0 0 1 0

(63,123) ), 0 0 1 0

(=783 —21,1431),,, 1 0 el

(=783 —21,123),, 1 0 R 2

(@,5) s Valp (@) | vl ®) | ¢ | (5%)

(£3,976506231161) 5, 0 0 1 0
(83, 1105975650698 15 0 1 G 0
(=783 —21,976506231161) 5,44 0 0 1 0
(=783 —21,1105975650698) 5, 0 1 ~7¢—21 0

The local pairing in both these cases is obtained by multiplying the pairings in the table by 2, as described
by Remark 3.2.4. Thus we obtain the following matrices for these local pairings.

7 7

) N

Q7 o Q1063 o

& 00 G 00
1G—21 1|1 —1G-21]0]o0

We now move on to the final prime, 3, which is completely ramified in L;. We must use Proposition 3.2.7
to compute this local pairing. Each of the elements being used lies in one of the classes generated by
(A,M1,M2,M3). The following table indicates which class each element is in.

clement | class || element | class
G m 27
=76 21 | mms 20 UbNE
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Using Table 3.1 we thus obtain the following matrix for the local pairing at 3.

]

N

Q3 ] \

& 012
=78 —21 0|2

We add together the four matrices of the local pairings to obtain the following matrix for the Cassels-Tate
pairing.

I~
|

G

- ~

<,>cr o
& 012
—7G-211] 10

Thus we see that rank(E(Q)) = 0 and TII(E/Q)[d] = (Z/3Z)>.

3.4 Computing the Pushout Function

In the previous section, we encountered the pushout function definition of the Cassels-Tate pairing. This
definition will be used in the calculations in Chapters 5-8 of this thesis, therefore in this section and the
next we will show how to calculate such pushout functions.

First we recall the definition of a pushout function. Let E i> E be an n-isogeny as usual, for some in-
teger n. Let x € S(@(E/K) be represented as a §-covering curve C of E. As we saw before, E[¢] is
cyclic therefore we let T be a generator for it and A a divisor on C of degree 0 whose class maps to 7
under the isomorphism sum: Pic®(C) 2 E. Then a pushout function £ is a rational function on C with
div(f) = n-A. In practice, we have C given as a curve in IP"z_l, and we find a degree n form f; in some
variables x1,...,x, with f = % This form f; is what we have called a pushout form. Of course, it makes
no difference whether we use the pushout form or the pushout function in Definition 3.3.2.

Consider some x € S(é)(ﬁ /K) given as some ¢-covering curve C of E. The first step in computing a
pushout form is to lift x to some element of H' (K, E[n]), as is explored in Section 2.5. This lift requires
the solving of a norm equation, as is explained in Section 2.5. This is potentially a very computationally
heavy step to take, which is why Chapter 4 deals separately with the issue.

In what follows in this section, we are working towards a concrete realisation of the elements of H' (K, E[n]),
given in Definition 3.4.1. We then build towards Proposition 3.4.11, which is a very useful tool in calcu-
lating the pushout forms we need. We follow a series of three papers [CFO™08, CFOT09, CFO™12].

3.4.1 Two Concrete Realisations of H' (K, E[n])

Let R be the Galois equivariant maps from E|n] to K.

R = Mapsg (E[n],K)
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In fact, as in Section 2.3, R is an étale algebra isomorphic to the product
R=Lix...xX L,
where each L; represents a Gg-orbit in E[n]. We will also use R = R®@k K = Maps(E|[n],K).
The Weil pairing e, : E[n] X E[n] — W, gives us an injection
w: E[n](K) = R" = Map(E[n|(K),K ). (3.14)

Thus for every T € E[n], we obtain a homomorphism w(T) : E[n] — K. We now define d : R* —
(R®gR)™ by setting

o(T1) ()
) (T, ) = ——=. 3.15
(00)(Th,T2) a1 D) (3.15)
We take Galois cohomology of the following exact sequence
0= En SR %R =0 (3.16)

to obtain
0— E(K)[n] % R* — (dR™)% - H'(K,E[n]) - H'(K,R")

and by Hilbert’s Theorem 90, the last group in this sequence is trivial, thus we obtain an isomorphism
H'(K,E[n]) = (9R")% JOR*. (3.17)
We can now define two group homomorphisms.

Definition 3.4.1. Let & € H'(K, E[n]), then by Hilbert’s Theorem 90 there exists some y € R such that
w(és) = #. Then we define

wi : H'(K,E[n]) — (If:)"
R®R)*
wy : H' (K, E[n)) ( 5;)
with
wi(€) = a (mod (R*)") where @ = " (3.18)
wo (&) = p (mod dR™) where p = dY. (3.19)

The map w is in fact the composite of the two maps
H'(K,E[n]) = H' (K, (R)) = R™ / (R)"

where w, is induced by the map w from (3.14) and « is the Kummer isomorphism. Before proceeding,
we must show the following.

Lemma 3.4.2. Definition 3.4.1 is well defined.
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Proof. We first note that & = y" and p = d'y are Galois invariant, and therefore belong to R* and (R®R)*
respectively. If we make a different choice for &, say &', then &’ differs from & by some coboundary, say
0+ 0(T)—T. Then we find ¥ = yw(T). Because w(T)" =1 and d (w(T)) = 1, we have w; (&) = w; (&)
and wy (&) = wy(&’). If we multiply y by an element of R*, the effect is to multiply & and p by elements
in (R*)" and dR*, respectively. Thus w; and w; are well defined. O

The homomorphisms in Definition 3.4.1 have the following important property.

Lemma 3.4.3. The homomorphism wy from Definition 3.4.1 is injective, and the homomorphism wi is
injective in the case that n is prime.

Proof. We know that wy is injective for prime n by Proposition 2.3.5. In general, w; is not injective. Be-
cause wy consists simply of the isomorphism (3.17) composed with the natural inclusion (dR ™ )°% /dR* <
(R®R)* /IR, we know that w; is also injective. O

Using Definition 3.4.1, we can express & € S"(E/K) as either some o € R*/(R*)" or some p €
(R®R)*/IR*. Usually, we will have it in the form o. To compute a pushout form, we will be us-
ing Proposition 3.4.11, which uses the form p. Therefore, given ¢, we want to be able to calculate a
suitable p. We can extend sequence (3.16) to the complex

0= En %R % RoR)* S RORDR)” (3.20)
where A is given by

p(T, )p(T + T, T3)
p(T1, T +T3)p(Ta, T3)

(Ap)(T1, T2, T3) =

Then the following lemma gives a characterisation of the image of w».
Notation 3.4.4. Let Sym%( (R) denote the subalgebra of symmetric functions
Sym%(R) = {p € R&kx R | p(Ty,T5) = p(T>,T) for all Ty, T5 € E[n]}
Lemma 3.4.5 ((CFO" 08, Lemma 3.5]). The image of w, is
m(w) = {p € Symg(R)* | Ap =1} /OR*
It also follows that for any p € im(wy) that p = dy for some Y€ R .

We refer to [CFO108] for the proof of this lemma. The following lemma follows from the definitions and
tells us how to compute p from .

Lemma 3.4.6 ((CFO™08, Lemma 3.8]). Let o((R*)" belong to the image of w. Then there exists p €
Sym?(R)* with

1. da=p",
2. a(T) =14 p(T,iT) for all T € E|n],
3 Ap=1.

Moreover, if p € Sym%( (R)* satisfies conditions 2 and 3, then p corresponds to .
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Proof. Let y be such that y(T)" = a(T) for T € E[n], and let

_ Y(M)y(1)
p(TiT2) = YT +T)" (3.21)
Then we have
P(T1 Tz)" _ Y(Tl)nY(TZ)n _ (X(T])OC(TQ)

YT+ Tr)" a1+ 1)
—da(Ty, )

and

proving conditions 1 and 2. We also have
YYDy + D) YD)y + T+ T3)y(T + T3)

AT T5) = o T + 1)y (T3 ) 7T + ) () 1)
=1

X

proving condition 3. Conversely, if p € Sym% (R)* satisfies conditions 2 and 3, then by Lemma 3.4.5 it

lies in the image of w, and so there exists some Y € R™ with p = d7. Tt follows from condition 2 that
a="7" O

If Sym% (R) contains no nontrivial nth roots of unity, then it is very easy to compute p from ¢. We simply
let p be the unique nth root of da. In other cases, some choice is involved. The first thing we want to
know is how much choice we have. Let I be the set of all maps y: E[n] — 4, satisfying

y(oTi)y(cTh) - (Y(Tl)Y(Tz))
YT+ T2)

Y(o(li +12))

for all 0 € Gk and T}, T> € E[n]. Then, from the Weil pairing (compare (3.16)) we obtain an exact
sequence of Gg-modules

0= E[n] % T2 ar - 0.

Lemma 3.4.7. The image of d is given by

n—1
or = {p eim(wy) | []p(T,iT) =1forall T € E[n]} :
i=0

Proof. By Lemma 3.4.5 every p € im(w;) can be written as p = dy for some y € R”. It therefore follows
that H;’;OI p(T,iT) =y(T)", which is 1 in this case. O

Given some o € R* in the image of w;, we want to find some p € im(w;) such that Ap = 1. The number

of such p is #(dT') = %. Thus to compute a p from an a, we proceed as follows. First we find all nth

roots of da in Sym%((R). Then, we use conditions 2 and 3 of Lemma 3.4.6 to reduce the size of this set
until there are only #(dI") choices left. Every p in this set satisfies conditions 2 and 3 of that lemma, and
we can choose any one of them. In Section 8.1, we show how to calculate p in the case of an elliptic
curve E having a rational 5-torsion point.
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3.4.2 Method for Computing the Pushout Form

In this section, we will consider & € H!(K,E[n]) as a geometric object. Recall from Definition 3.4.1 that
we already have two concrete expressions for £ given by

R* (R x R)*
®)" Wz(é)zpew-

Wl(é) =0 E (3.22)

These expressions for & will occur throughout this section, and we can move freely between them.

Let e, : E[n] X E[n] — 1, be the Weil pairing, and let 7; € E[n](K). By Proposition 3.1.2 there exists a
rational function Gz, € K(E)* with divisor

div(Gr,) = [n"|(T) = [n")(0) = )}, (P)— ¥ (Q)

n-P=T; n-Q=0
and the property that Gr,(P+T;) = e,(T},T;)Gr;(P) for all T;,T; € E[n] and P € E, as long as both sides
are defined. We can make the choice such that G : T; — G, is Galois equivariant, and interpret G as an
element of R(E)* = Mapg (E[n],K(E)*).
By Proposition 3.1.2, there also exists for every 7; € E[n|(K) a rational function Fr, € K(E)* with
div(Fr,) = n(T) =n(0).
By comparing divisors, we see that we can scale Fy; so that Fr, o [n] = GT,. We can now define F €

R(E)* = Mapg (E[n],K(E)*) as F : T; — Fr,, a Galois invariant map. Then F induces a well-defined
maps

F:E(K)\E[n] —R"/(R*)"
P (Fgy (P)....,Fr,(P))

for T1,..., T; representatives of the orbits of E[n] under the action of the Galois group Gg. We can extend
F to divisors on E with support disjoing from E[n] by defining

F{Y np(P) | =]]F(P)".

P P

Then for a principal divisor A = div(h) we find by Weil reciprocity
Fr;(A) = Fr,(div(h)) = h(div(FF;))

_ WT)"

- h(ﬁ)n
and so F(div(h)) € (R*)". We then obtain the well-defined homomorphism

F :E(K) = Pic®(E/K) — R* /(R*)". (3.23)

Let d be the connecting homomorphism obtained by taking Galois cohomology of

O—>E[n]—>Eﬂ>E—>O

giving
. E(K) S H'(K,E[n]) » H (K.E) — ...

By [CFO"08, Remark 1.15] §(P) is given by the n-covering (E,tp o [n]), where p is the translation-by-P
map.
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Proposition 3.4.8. Recall the map wy from Definition 3.4.1. Then the composition wy 06 : E(K) —
R*/(R*)" is given by F from (3.23).

This is a very well-known fact and we refer to [CFO™ 12, Proposition 2.3] for proof. The following
corollary will be useful to us in later calculations.

Corollary 3.4.9. Letn=3, and let E[3] = (S,T). Then the tangents at S and T have divisors 3(S) —3(0)
and 3(T) —3(0), respectively, and can therefore be used in the evaluation of the map F.

Proof. Tn Section 2.4, we saw that we can write E : y> = x> + A(ex+n)? with § = (0, n\/Z) and T =
([3, M) for B the root of the cubic y(x) = 3x> +4€2Ax> + 12enAx+ 12n2A. The tangent at S is

V-3
given by
L:y—eVAx—nVA=0
Homogenizing and using the equation for E, we see that we have
Y —eVAX —VAZ X3
z (Y +eVA+NVAZ)Z2

Because neither Z nor Y +£v/A+1+/AZ vanish at S, we see that L has a triple zero at S. We also have that
the ideal My of functions vanishing at & is generated by X and Z where ords(X) = 1 and ordg(Z) = 3,
thus L has a pole of order 3 at &. We therefore have div(L) = 3(S) — 3(&), as required. A similar
argument, but more complicated, can be made for 7, which we omit here. O

We now move on to the actual calculation we want to do in this section. Consider & € H!(K,E|n])
and its associated representatives o and p given in (3.22). Let the associated twist of the trivial n-
covering [n] : E — E be given by m. The n-covering 7 : D — E represents an element of S")(E/K) if
and only if D is everywhere locally soluble. In [CFO'09], equations for D are found by embedding
D < P"~!. Todo this, we first write IP(R) for the projective space associated to the K-vector space R.
Thus P(R) = Proj(K[R]) where K[R] = ®40Sym?(R*) for R* the dual of R, is the ring of polynomial
functions on R. We also define % = Spec(K|R]), the spectrum of K[R]. Define also the following rational
function.

1 fTi=Corh=0
r(TlﬁTz)(P) = x(f) _;C(’I;l) lf’T] +T2 = ¢ and T] 7é 7 (324)
% —A(T1,T) otherwise.

The following proposition defines some rational functions G; p in a very similar way to how we defined
Gr; earlier.

Proposition 3.4.10 ((CFO™09, Proposition 3.5]). Given D and p as above, there are rational functions
Gr,.p € K(D), indexed by T; € E[n|(K), such that

1. The divisor of Gt p is

WvGrp)= Y (P)~ ¥ (Q)=n"(T)—7(0).

2. The map T; — G, p is Gg-equivariant.
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3. The functions Gt p are scaled so that

Gr, (P)Gr, (P)

r(Tl,Tz)(”(P)) =p(T1,T) Gr, 11, (P)

We denote by zr the coordinate function on % Xgpe(k) Spec(K (7)) given by evaluating at T, thus
zr(a) = o(T) for oc € R. Over L = K(E|[n]), these coordinate functions are defined. The zy can now
be used as a set of coordinates on P(R). We also fix a Weierstrass equation for E, and by A(71,T2) we
denote the slope of the line between the points 77 and 75 (the tangent line if 77 = 7).

From part 3 of Proposition 3.4.10 we obtain the relation

rr, 1) (T(P))zozr +1, = p(T1, Ta)zry 213 - (3.25)

The desired embedding is now obtained by forming the scheme maps

gp:D—P(R) P!

by sending P € D(K) to the class of the map (7; — Gr,(P)). The following proposition gives us the
equations we are looking for. The quadrics mentioned in it are formed of differences between relations
(3.25).

Proposition 3.4.11 ((CFO09, Proposition 3.7]). Given a Weierstrass equation for E and an element p €
H'(K,E|n]), with corresponding n-covering 7 : D — E, we can explicitly compute a set of n*(n* —3)/3
linearly independent quadrics over K which define the image of

¢p:D—PR) =P

Enlarging K if necessary to ensure that E[n](K) = E[n](K), the zr are coordinate functions on R, and the
defining quadrics can be split into two groups as follows. For all Ty, T, € E[n](K) \ {0}, we have

(x(T1) =x(T2))zg + P (T1, —T1)zn 21, — P(Ta, —Ta)zry 275 = O
and for all Ty, T2, Ta1,Tx2 € E[n](K)\ {0} such that
ThW+To=D1+Tn=T#0,

we have
(AMT21,T22) — A(Ti1,Th2))zozr — p(Tht, Th2)zny, 21y, + P (121, 122) 275, 215 = 0

Denote by Ip the ideal generated by the quadrics in this proposition.

We can now show how to use Proposition 3.4.11 to construct pushout forms for the elements of § @) (E/K).
Taking Galois cohomology of

0— E[p] — E[n] & E[9] — 0
we obtain
E(K)[§] — H'(K,E[9]) — H'(K,E[n]) — H'(K,E[$])
which becomes, when we consider Selmer groups
E(K)[§] — SW(E/K) — SW(E/K) — SO(E/K).

Thus given & € S (E/K) and its associated n-covering D, there exists some element 17 € S (E/K) and
its associated ¢-covering C, through which the map D — E factors.
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Assume now that n = p, a prime, and let E[p] be generated by S and T such that the kernel E[¢] is
generated by S. Then C can be obtained by quotienting out D by the translation-by-S map pgs. The
function Gr; p in Proposition 3.4.10 can be seen as the function g in the definition of the Weil pairing in

(3.1). Thus for any point P € D(K),

Gr,p(us(P))

Grp(P) ep(T3, ).

The only Gr, p that are invariant under the action of ug are therefore those where T; = mS for m €
{0,...,p—1}. Thus C is given by the generators of the ideal I from Proposition 3.4.11 with all terms
except those involving z¢,zs, ... Z(,—1)s eliminated. We shall denote the ideal obtained thus by Ic.

We now want to find a pushout form on C. By the construction of the Weil pairing in Section 3.1, if we
can find a Kummer generator for the function field extension K(D)/K(C), then this generator will have
all the properties we are looking for. Thus we are seeking a linear form g such that g does not lie in the
eigenspace invariant under the action of g, but g” does. Also we want g to be invariant under the action
of the Galois group elements associated to L. If we let

g=oo(a)zr +01(a)zs+T + .. + 0p-1(a)Z(p-1)s4T

with @ any element and o; elements of the Galois group such that 0;(T) = iS+ T, then g has all the
properties we just described and g? gives a pushout form. By choosing a anything we like we can now
express g¥ in terms of z¢, zs, ... 2(,—1)s using the quadrics that make up the generators of the ideal /. We
have always chosen a = 1 in this thesis as we could find no other element that gave better pushout forms.
The cases p =3 and p =5 are calculated in Sections 3.5 and 8.2, respectively.
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3.5 The Pushout Form in the General 3-Isogeny Case

In this section, we consider computing the pushout form in the general case that an elliptic curve E admits
a 3-isogeny. We use the method outlined in the previous section. As in Section 2.4, let E be given by

E:y*=x +A(ex+1n)% (3.26)

The points of order dividing 3 are generated by E[3] = (S,T) where

and f is a root of
3,4 02,2 2
fx)=x +§e Ax” +4enAx+4n°A.

Let G be the subgroup of GL,(Z/37Z) through which the action of Gk on E|[3] factors. We consider only
the case that f is irreducible here, therefore we restrict ourselves to the cases that E is of type generic
3-isogeny, Z/3Z-nonsplit or tz-nonsplit (see Section 2.5). Let ¢ be such that it permutes the roots of
fand o(T) = S+ T. We label the points of E[3] as follows. For computational reasons we choose that
inverses should be numbered with consecutive numbers.

To=0
Ty =S=(0,nVA) T5S+T(62(B),\/K(SG\2/(_%?+3”))
T, =—S=(0,—nVA) T6=S—T=(02([3),_\/&8"\2/(2”’7))
T3=T=(B/Z(f/’%3n)) T7=S+T:(G(B),\/Z(£f/(li)3+3n))

T4=—T=(ﬁ7—\/g(fﬁﬁ§3m) ng—S—T:(c(ﬁ),—\/K(gc:/(%+3n))

Let A(T;,T;) be the slope of the line between 7; and Tj, with A(T;, T;) the slope of the tangent line at 7;.
Let such a tangent line be given by y = A(T;,T;)x + ¢;. The various A’s and ¢;’s can easily be computed
and depend on €, 17, A and f3.

Let R be the étale algebra corresponding to E[3]\ {€'}. Let x € H'(K,E[3]) be represented by o €
R*/(R*)? and by p € (R®R)*/dR*, as explained in Definition 3.4.1. Recall that there exists y €
R” such that a = ¥} and p = dy. The ideal from Proposition 3.4.11 is generated by the following 27
quadrics. To ease notation, let A;; = A (T}, T;), the slope between two points, &; = o(T;), ¥; = Y(T;), and
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pij = p(T;, T;) as defined in Section 3.4. We also let z7, = z;.

Bzh + paazaza — praziza (3.27)
6% (B)z§ + psezszs — P122122 (3.28)
o(B)z5+ prszrzs — P1aziza (3.29)
(A36 — A22)z021 — P2223 + P362326 (3.30)
(Aa7 — A22)z021 — P22 + Par2az7 (3.31)
(Ass — A22)2021 — P2225 + P582528 (3.32)
(Asg — M 1)2022 — P112] + P382328 (3.33)
(Aas — M1)z0z2 — P1123 + Paszazs (3.34)
(A7 — M1)z022 — P12} + Pe72627 (3.35)
(A5 — Ad4)2023 — Paazs + P152125 (3.36)
(A27 — A44)2023 — Paaz + P272227 (3.37)
(Ass — A44)2023 — Paazi -+ Peszols (3.38)
(Mg — A33)2024 — P3323 + P1s212s (3.39)
(Aag — A33)2024 — P33Z§ + P267226 (3.40)
(As7 — A33)2024 — P3323 + P572527 (3.41)
(M7 — 266)2025 — Pe6zg + P172127 (3.42)
(A23 — Ae6) 2025 — Pe62e + P232223 (3.43)
(Aas — A66)2025 — Pe62g + P432478 (3.44)
(Ma — Ass)z0z6 — Pssz3 + P1aziza (3.45)
(Aas — Ass)zoz6 — Pssz3 -+ Pszazs (3.46)
(A37 — Ass)z02z6 — P55zt + 372327 (3.47)
(M3 — Ass)2027 — P3s2g + P132123 (3.48)
(Aas — Ags)zoz7 — ngzé + P252225 (3.49)
(Aas — Ass)z027 — P38z -+ Pa624Z6 (3.50)
(M6 — M77)2028 — P1723 + P162126 (3.51)
(Mas — A77)z028 — P1723 + Prazoza (3.52)
(M35 — A77)2028 — P7725 + P352325 (3.53)

3.5.1 Calculating the Covering Curve

The 27 quadrics above describe a 3-covering of E. In Section 3.4.2, we described a method to obtain
equations for the associated ¢-covering of E, through which this 3-covering factors. We calculated this
equation before, in Section 3.4, where we calculated the covering curve C, in (2.15). We will now show
that we obtain the same equation by eliminating the variables z3, . ..zg from the ideal above.
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From equations (3.27), (3.31), (3.34), (3.36) and (3.37) we obtain the following.

1
5 (=)0 (327) + %Zz(:’) 31)— %11 (3.34) + %z4(3 36) — % 24(3.37)
= (M7 —Mis)z + 2 lﬁplzzi’ plzﬁpzz B+ p[;z (Mis — Ao7 + Ag7 — Ao + Ayt — Aus)z02122
Similarly, we obtain the following two terms
1 P12 P12 Ps6 Ps6
—— (A M7)20(3.28) + 3.30 3.35)+ 3.42 3.43
o) T MBI gy (330 g gy 339 Gy 34D = G349

— (Ao — 7L17) P11P12 3 P12P22 3 P12 (A7

T2 02(B) 2T 02(p) — A3+ A36 — Aoz + Aii — Ae7) 202122

and
ﬁ(7% — Mi3)20(3.29) + (ﬁ‘é)aesz) . cﬁ‘é)z] (3.33) + 6”(75)z8(3.48) _ 6‘175)@(3.49)
= (125 /113)20 + pi 1([;3])2 Z% P(;z(gz)z %—F P(lﬁz) (113 — /125 + 158 — A+ A — 138)202122.

Adding all three together gives us the following:

1 1 1
(A27 — A5+ Az — A7 + Aos — Ai3)zg 4 P11p12 (ﬁ + () + (ﬂ(ﬁ)) bt
1

1 1 1
—Pp12p22 (ﬁ + B + GZ(B)> 5+ P (ﬁ()HS — X7+ A7 — Aon + A1 — Aus)

1
+ = (M7 — A3 + Az6 — Ao + 411 — As7) + (A3 — 125+7Lss—7tzz+111—Ms))ZOZlZz:O

(B) (ﬁ)
(3.54)
From the fact that 8 is a root of y(x) = 3x> +4&>Ax? + 12enAx+ 12n%A we get that
Bo(B)o*(B) = —4n’A
Bo(B)+Bo*(B)+o(B)c’(B) = 4enA
4
B+o(B)+c*(B)= fgszA.
Using these facts, we find that equation (3.54) simplifies to
3 €533, €35 €
—2eVAZ — —yle + —72312 - 2f\/Z% P20z122 =0 (3.55)
which we multiply by —
28\/&OZ1Z2+ 2nVA 8+y—‘ ?erz =0.
1l 12 n
In the case that A = 1, we find that 7» = -, and therefore we obtain the equation we found in (2.13). In

the case that A # 1, we can let oy = v (v ) for some v = v| +v2V/A, giving us 71 = vt(v) and

2nvVA
C: 2eVAzoz120 + HZQZ()'FV] T(V)Z%ZO

which is the same as the equation we found in (2.14).
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3.5.2 Calculating the Pushout Form
The pushout form is calculated as described in Section 3.4. First we create a cubic of the proper divisor:
(z3+2z5 +Z7)3 = Zg +Zg + Z% + 3Z§Zs + 3Z3Z§ + 3Z%Z7 + 3Z5Z% + 3Zgz7 + 3z3z% + 6232527 (3.56)

We now proceed to substitute in the appropriate terms. For example, to get rid of the z§z5 term, we use
the following obtained by multiplying equation (3.39) by zs.

P337325 = P18212528 + (A1s — A33)202425
We now substitute in zszg = £225 + %
from equation (3.34) to obtain the following.

Ag—A Ao — A Mg —As3) (A — A
Bzs = (( 18— A33)p11 Jr( 2 58)P18)Z0Z%+( 18— A33) (A1 45)ZZZ2+P18P22112%
P45P33 P58P33 P45P33 Ps58P33

We obtain similarly for the other ‘mixed’ terms

AMi1—A
_ Pu 2+(11 45)

20z1 from equation (3.32) and z475 = 45 21 s

2022

Aog — A (A1 —A (A2g — Ass)(Aaa — A
5 (346): 23 — (( 28 — Ass) P22 + 11 — Asg st)ZO 28 — Ass) (A 36)Z(2)Z1+P28PIIZ%Z2
P36P55 P38P55 P36P55 P38P55
Aa — A (A2 — A (A1a — Ass) (A1 —
(345): 22y = (( 14 — Ass)P11 + 22 — Aaz 1)14)ZO 14— Ass) (A1 lw)z%zz—szlz%
Pe7P55 P47P55 Pe67P55 P47P55
Aog — A (A1 — A (A2a —A77)(Aan — A
15:(352): 258 = (( 24 — A77) P22 + 11— Ags P24)Z0 24— A77) (A2 58)1(2)21 P24PnZ o
Ps8P77 PaspP77 Ps8P77 P4s5pP77
Aog — A (A1 — (A26 — A33) (Aon — A
5-(340): 2y = (( 20— A33)pn (A1~ Ae7) Pzé)z 26 — A33) (A2 47)1(2)Zl+p26p]lZ%Z2
P47pP33 P67P33 P47pP33 P33
Ag— A Aoy — A A — A7) (A1 — A
5 (51 5 = (( 16— Am)pn (A2 36)P16)Z0Z%+( 16— A77) (A1 SS)Z%Z2+P16p2221Z%
P38P77 P36P77 P38P77 P36P77
(3.57)

We now tackle the final z3z5z7 term. We want to express it as the trace of some expression, therefore we
will need three different ways of writing it. From equation (3.41) we obtain

3
P57232527 = P33z3 + (A3 — A57)202324.

Substituting in from equation (3.27) gives us

Az — A As7 — A
32527 = @Z§+MZOZ]Z2+MZ3- (3.58)
P57 P34pPs7 P34P57
Similarly, starting with equations (3.47) and (3.53) respectively we get
Ass — A A37 — Ass) o2
sz = P U —halpn o (A1 = A55)07(B) (3.59)
p37 Ps6P37 Ps6P37
A — A A3s — A7)0
aso = P W =hslp o (s = A50)0(B) 5 (3.60)
P3s P78P35 P78P35

Combining the three equations (3.58), (3.59) and (3.60) equally gives us
2 A3z — A Ass — A A7 —A
2p33 §+ P55 g+ 2p77 3+2p (( 33 57)+( 55 37)+( 77 35)>Z0Z1Z2
P57 P37 P35 P34P57 Ps6P37 P78P35
_ _ 2 _
4 <(/157 A33)P n (A7 — As5)0°(B) n (A35 7L77)0"(ﬁ)) 2 G.61)
P34P57 Ps6P37 P78P35

6232527 =
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Now all that is left are the cubed terms z%, zg and z%. To substitute for these, we need Proposition 3.4.8. Let
I; be the tangent line at 7; € E[3]. Then div(;) = 3(T;) — 3(&), and therefore we have y — A;x — ¢; = o4z}
foralli € {1,...,8}. In particular, we have

y— 3,33)6 —C3 = O£3Z§
y—Assx —cs5 = Ocszg (3.62)

3
y—A77x —c7 = 04725
and

y—Alix—cy :y—\/K(sx—i—T]) zalz? (3.63)
y—Apx—cy=y+ \/K(sx—i— n)= agz%. (3.64)

Multiplying(3.63) and (3.64) together gives
(y —VA(ex+ 17)) (y+ VA(ex+ n)) =¥ = s
or, after homogenizing
X = P12202122- (3.65)
By adding the equations we get for y
y= %(OCIZ? +0023). (3.66)

Substituting (3.65) and (3.66) into (3.62) and homogenizing, we get the following

3 01 3 Oy 3 Azpi2 3 3
3= 51 LT —— 202122 — /2
2063 2063 as
3 o 3 0 3 Asspi2 C5 3
5= 7206511 + 2as - T 202122 — %Zo (3.67)
z3—ﬁ3+2z3 77p22zz——z
7 207 ! 2067 0
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These cubics also lie in the ideal generated by the quadrics in the previous section. By substituting into
(3.56) the results from (3.57), (3.61) and (3.67) we get the following equation for the pushout form.

2 { 2p(Asy = Aa3) | 20%(B) (A7 —Ass) |, 20(B)(Aas = A7) _ e3(psr +2p33)

P34P57 Ps6P37 p78P3s 03057
cs(P37+2pss)  c1(p3s+2p77) }
05P37 a7P35
o1(ps7+2p33)  ai(p37+2pss) . ai(pss+2p77) }
—i—z
2053057 205037 207035
2 2 2
e {062 ps7+2p33) N o (P37 +2pss) n o (p3s +2p77) }
203057 205037 207P35
o { 3(A26 — A33) (A2 — A47) n 3(A28 — Ass) (A2 — Asg) n 3(A24 — A7) (A22 — Asg) }
P47P33 P36P55 P58P77
07 {3 (Mg —As3)pni n 3(Aa — Ass)pii n 3(Ae —A77)p11 n 3(A22 — Asg)pisg
P45P33 Pe67P55 pP38P77 P58P33
3(Aa — _
+ 22 — A7) P14 L 3(A22 — A36) P16 }
P47P55 P36P77
{ 3(Ms —A33) (A1 —Aas)  3(Aia—Ass) (A —Ae7)  3(Aie — A77) (A1 — Asg) }
+222 + +
P4s5pP33 Ps7P55 P38P77
024 3(A28 — Ass)p22 . 3(A26 — A33) P22 n 3(A24 — A77)p22 n 3(A11 — As7)P26
P36P55 P47P33 P58P77 P67P33
3(A11 — Asg)pas n 3(A11 — Aas)pos

+
P38Pss PaspP77
+le {3P26Pu P28P11 n 313241711 }
P67P33 P38P55 PasP77
{ 3PI18P2 | 5P1aPR | 5 Pi6P2 }
ps P33 P47P55 P36P77

P12A33(ps7+2p33)  P12Ass(p37+2pss)  piaAzr(pss +2p77) } (3.68)

+202122 {—
a3 P57 5037 7035

This is a rather nasty formula, and we would like to simplify it if possible. We saw in Section 3.4.2 that
one way to do so would be to consider the form (yz3 + 62())zs + 6 (x)z7)> for some y instead of (3.56).
We might also rescale (3.68) and add multiples of the covering curve in whose function field this pushout
form lies, computed in Section 3.5.1. We found no way of using either of these procedures that simplified
this formula. We might also use relations between the A’s such as that in the following lemma.

Lemma 3.5.1 ((CFOT09, Lemma 4.2]). Let Ty, T», T3 € E[3|\ {0} with Ty + T, + T3 = . Then

1

AT, D) = g /l(TnTi)-

HMw

Using this lemma, we would find Ay3 = dyg = A3 = %(122 + A33 + A¢6). This however does not seem
to give anything much simpler either, simply yielding a formula using different A’s, but no simpler. The
final method is to use p relations. In the following sections, we make the p’s explicit and eliminate them
from the formula, sacrificing generality for a little more simplicity.
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3.5.3 usz-nonsplit

In this case, E is of the form (3.26) with A = —3. Consider u € S(‘ﬁ)(E/Q). Let K =Q, L = Q(&),
Ly = Q(B) and M = Q(&3, B) where B is a root of x* — 4&2x?> — 12enx — 12n?. Let G be the subgroup of
Gk through which the action of Gk on E[3] factors. We have E[3] = (S,T) where S generates the kernel
of ¢, and thus

S:(OWV*:”) T:(B78B+3n)
and 7,0 € G such that
T(S)=-8 ©o(T)=T
o(S)=S o(T)=S+T.

From (3.55), we find that the covering curve is given by

Cu : 2nVAZ + uz} — T(1)Z3 4 26V Ap12z0z122 = 0. (3.69)

Let C € Q be such that Ny, q(u) = C* and let & be such that Ny, (§) = u. Then from Lemma 2.5.9 we
findd = ;7(5% such that

(§)or(&)

a = a(S) =u as=a(-S+T) = 62(d)
o = a(-S) = 1(u) os=0a(S—T) =0%(d)?
oz =o(T) =d o =0a(S+T) =o(d
oy =a(-T) =d° ag=a(-S—T) =o(d)?

We now explicitly find p, as explained in Section 3.4.1. This means dealing with cube roots of unity. At
the end of Section 3.4.1, we saw that we have #(dI") choices for p, which in this case is 3. There are 21
orbits for the action of Gk on E[3] x E[3], with representatives listed in the following table. Recall that
there exists y € R™ with o = ¥} and p = d7, and write }p for y(P). The column in the table labelled ‘in
¥y’ expresses the element p(T;,7») as a product of the yp. Notice that we have y_7 = . We use that p is
symmetric and p(&,T;) = 1 for all T; € E[3]. There are three choices still to make, namely

1. y=%¥Y-s, acube root of Ny /(1) = 3.

2. w=YrY¥s+7Y-s5+1>acube root of Ny, /x(d) = 1.

_ ¥sar o(d)
3.t= m,r,acuberootof T
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# (M) Ti+T, iny p | # (11, T») T +T» iny p
1 (0,0) o o 1] 12 (T,—T) o Yrv-r d
2 (8,0) S Yo 1 13 (=T,T) 0 V¥ d
3 (1,0) T o 1| 14  (S+T,-T) S Berlaw gy
4 (-T,0) -T Yo 1|15 (=T,8+T) S %TJ/J;S;TTW dt
5 (0.9) S Yo 1|16 (S-T.-s-T) T = Brbsrrrow
6 (0,7) T Yo 1|17 (S+T,-S+7) -1  Ialsam v
7 (@0.-T) T vy 1|18 (=55+7) T Lslerks
2

8 (88 -s B oeli9 (s-s-7) -7 y}f}%ﬁ u
9 (-T,-T) T % d || 20 (S+T,-5) T Vs+;T7;7SsYs ¥t
10 (T,7) v L |21 (-s-T.5) T % 2
1 (8,-S) 4 YsYV-s Y

We now use Lemma 3.4.6 to reduce the number of choices here. Because of the symmetry condition, we
have p(S,—S) = p(-S,S), thus we must choose y such that y = t(y), giving us y = C. The symmetry

condition also gives us p(S+7,—S+7T) = p(—S+7,S+T) thus we must choose w such that % =

T(v)
7(d)’

Of course, d is invariant under 7, so we have w = 7(w), and so w = 1. This leaves three choices for ¢, all

of which are permitted. We have

s old) _ ()6 E)or(E)
ud — uéto(§)*02(8)
- C362(§)3
-~ wdto(€)?

and so, summarizing, we make the following choices. Note that taking r = CS’Z for some i is equally valid.

y=C w=1 tszczgg
Let us now simplify the coefficient for the zg term of (3.68). We have
P34Ps57 = P56P37 = P718P35 = V351
77
0613);357 N 06’5):7537 N 06[7)P35 — ey
and
pupsy =p(T.~T)p(~S~T.5+7) = T —1.

Therefore the coefficient of zy becomes

(x]

=Try1, (25(157 —A33) —¢3 <2+ ;)) .

(3.70)
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Similarly, we obtain

;LZS — As5) (A2 — /136)>

3«16—177 + A —136)> 3.71)

where the pushout form is given by
Ezg +11 (uz? + T(u)z%) + 22571 4+ 1(X) 7320 + Yz02] 4 1(Y) 2025 + Pzi22 + T(P)2125 +P20z122.  (3.72)

We can substitute

20=2
z71=X—v-3Y
n=X+v-3Y

to give us a covering curve and pushout form defined over Q. We can now give an example of computing
pushout forms.

Example 3.5.2. Let E : y? = x> — 3(4x + 28)2, with Cremona reference 24003d1. This curve admits a
3-isogeny ¢ and the isogenous curve E is given by E : y* = x> + (12x + 508)%. Thus E[¢] = u3 and
E[@] = Z /37 as Galois modules and we are in the pz-nonsplit case as defined in Section 2.5. Let

=Q(&). Ly = Q(B) and M = Q(&3, B) where B = 127. Let Gy be generated by (7,) such that

we have the following diagram.

We then have E[3] = (S, T), where (S) is the kernel of the isogeny ¢ and
§=1(0,5683+ 28)

4 64 16 508
S CLRE T RN SR R}
By doing a descent by 3-isogeny we obtain

DE/Q) = (G, —145+7).
From Section 2.5.1 we know that these generators are both norms for the extension M/L;, so for u €

9) (E /Q) there exists & € M such that £ 6(€) 062 (&) = a. The table below contains a & for each generator
of S®)(E/Q), as well as the element d that we need to construct pushout forms.
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u é d

& 5(—5478 - 92)B% + L (6595 —2282) B + 4 (10508¢3 + 13795) —sp2-Up+ 510
—145+7 || $(—81283 —262)B% + 1(—40828; — 1318) B + 1(—205138 — 6622) | 886p2 4 1710 30981

We have the following covering curves, obtained from (3.69).
5@ (E/K) H covering curve

&
—1483+7

We have the following pushout forms, obtained from (3.72).

x3 —3x%y + 8x%z — 9xy? +3y° +24y?2+ 562 = 0
—14x3 + 84x%y + 56x%7 + 126xy” — 84y 4+ 168y%74 562> = 0

NG (E/K) pushout forms

¢ —3623x3 —22185x%y — 74736x%7 4 17811xy> — 27324xyz + 22716x7% 4 19485y°
3 —175500y%z + 170100yz2 + 34856962

657932511x3 4+2961301698x%y — 4624071108x%z — 591956081 1xy + 5015304xyz

~HAGHT | 6662208+22 2956132422y — 13859226756z — 10232208yz> + 347042417487

The divisor on each pushout form fj is given by div(}%) = 3-Hy—3-H, where the following table
contains Hy for each generator.

SO(E/K) Hy
€ (47 (11102 — 4200 — 1568) 1 et : 1)
—148347 || (771677 (—12948429% 4 3377647+ 2523106) : 7: 1)

where we have
1110 —36a% —2397004+62 =0 38845267° +20437> — 113533867 — 1977814 = 0.

thus we see that these are indeed pushout forms.

3.54 7Z/3Z-nonsplit

In this case, E is of the form (3.26) with A = 1. Consider u € S@)(E/Q). Let Ly = Q({3) and M =
Q(&, B) where B is a root of x> + %ezxz +4enx+4n2. Let G be the subgroup of Gi through which the
action of Gk on E|[3] factors. We have E[3] = (S,T) where S generates the kernel of ¢, and thus

_ _(p (EB+3n)
§=(0,n) T—(ﬁ,\/_—3>
and 7, o such that
7(8)=S o(§)=S

1(T)=2T o(T)=S+T.



3.5. THE PUSHOUT FORM IN THE GENERAL 3-ISOGENY CASE 75

Let & be such that Ny, (§) = u. From (3.55) the covering curve is given by
Cu: X3 —uY? +2n27° +2euXyZ = 0. (3.73)

Then from Lemma 2.5.12 we getd = % and let

(04} :u2 OC5=‘L'G(d)
o0 =u o5 = 6% (d)
oz =1(d) o7 =071(d)
oy =d og =0o(d)

Once again, we make p explicit as explained in Section 3.4.1. By the discussion at the end of that section,
the choice of p is unique in this case. There are 21 orbits for the action of Gx on E[3] x E[3], with
representatives listed in the following table. Recall that there exists y € R™ with a = Y} and p = 97,
and write yp for y(P). The column labelled ‘in ¥’ expresses the element p(7;,73) as a product of the yp.
Notice that we have yES = 7¥s. There are three choices of cube roots to make in the table, namely the
following.

_ YsiT o(d)
1. v= et a cube root of ad -

2. w=YrY-r,acube root of Ny, (d) = 1.

3. y=YrYs+1Y-s+1, a cube root of Ny /r, (d) = 1.

# (,h) T+, iny p|| # (N, T>) h+1 iny [y
s 1
1 (0,0) % e 1] 12 (T,S) S+T K !
poua 1
2 (8,0) S o 1] 13 (S,T) S+T . L
3 (=S,0) ) Yo 1| 14 (S+T,-9) T VS+)7/"T7;:SSYS v
4 (1,0) T Yo 1|15 (=SS+7) T LSkt -
7 (d)
5 (0.9 S Yo 1] 16 (T.T) -T e =(d)
_ _ _ _ YrYosir¥ser y
6 (0,-5) N Yo 1|17 (=S+T,5+T) T S 2
, — _ Yos+r¥ser VT Yy
7 (0.T) T Yo 1|18 (S+T,-S+T) T e 2
3
8  (S,9) -5 B w19 (-T,T) o YorYr w
9 (59 0 %wys u| 20 (=T,5+T) S ITler ww
— _T _ _ Y—TY—SJrTVS?'%VSJrT wy
0 ( > S) ¢ Bs 21 ( T, =5+ T> 5 V—SVSY%'}'S-%—T uvt(d)
o(-s-s) 5 I

We now use Lemma 3.4.6 to reduce the number of choices here down to just one unique choice. Because
of the symmetry condition, we have p(—T,T) = p(T,—T) and so w = T(w), meaning that w = 1. We
also have p(—T,S+T) = p(S+7T,—T) and so we find vw = o7(vw), so v = o7(v). This condition
From condition 3 of the lemma, we see that p(S,S+T)p(—S+7,S+T) =

p(S,—S—T)p(S+T,S+T), giving that y = 6(?;;(‘1) . Summarizing, we get

. _ 1
gives Us v = roey ooy

V= ————————— W:l y:l.
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Let us now simplify the coefficient of the z7z, term of (3.68).

p2spi _ p(=S,—S—T)p(S,S) _ o (u)-ut(v)du- o2 (w)
psspss  Pp(T,—S—T)p(—S+T,-S+T) 7(wy)-70(d)
=ug7(S).
We can find the other coefficients to find the pushout form given as
Bzp 4+ (1?23 + uz3) + Yz3z1 + Wz022 + Pizn + Oz023 + Arizo + 2123 + Q202122 (3.74)
where
E=Tr 2B(As7—2A33) — ¢ 2—1-71
==1ry/L 57 — A33 3 2(d)
1
n=r 1
o (14 7)

Y =3Try1, (§7(8)(Aas — Ass) (A2 — Ass))
1

¥ =3u’Try 1L, ( (M6 —A77 4+ A2 — 7L36)>

&t(&)
D =3uTryyL, (571(@ (A6 — A7) (M1 — las)) (3.75)
© =3Try L, (§7(8)(Aas — Ass + i1 — Asg))

A =3uTry, (§7(8))

r=30t (gg7)

1
.§2:*MTI"1W/L1 < 3<2 d))

All these coefficients lie in Ly, as required.

Example 3.5.3. Let £ :y> = x> + (x + 1)2, with Cremona reference 92al. Let ¢ be the isogeny with
kernel generated by S, where

S=(0,1)
7= (s35)

and B satisfies B3 + 4[32 +4B +4=0. A descent by 3-isogeny gives us that S(¢ (E/Q) (2). We choose
to use u = 2-3° because it gives a simpler pushout form. To construct a pushout form, we need

&= 2P
d= 1( 680 —114)B% + ( 80 —24)B + - ( 5943 421)

which we can fill in in the recipe in this section, giving us the covering curve

Cr:2231283 42230y, - 2.3%3 4222 =0
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and pushout form
f1 =(—278332283 + 16641612)x> 4 2484432x%y + (1866243 4 268272)x%z + 279936xy”
+ (2287083 +44992)xyz + (—12488; — 1380)xz2 +(—1909¢; + 11414)y?

+ (113683 +2470)y%z + (— 114435 +208)yz% + @(—10177@ +7964)2°.

We see that

S 1 1 1
d =3. 16848L; +6163) 136385 —3248)y+ ——(—178—377) : 7: 1
1V<x3> (18978( G H6163)7" + 5z (-1363G3 7+ Sgo3 (176 =377):y )
1

—3-(0:6:l)—3~(0:é§3:1)—3~(0:§(—C3—1):1)

where 2067697 + (1835783 — 7221)y* + (31583 + 391)y+ g (—551583 — 40295) = 0, showing f; is
indeed a pushout form.
3.5.5 Generic 3-Isogeny

In this case, E if of the form (3.26) with A # 1,—3. Consider u € S (E/Q) Let Ly = Q(VA), L, =
Q(v=3A,B) and M = Q(v/=3,V/A, B) where [3 is a root of x> + 4£2Ax2 +4enAx+4n2A. Let G be the
subgroup of Gk through which the action of Gk on E|[3] factors. We have E[3] = (S,T) where

o(S)=5 ©(S)=S$ 5(S) =25
o(T)=S+T o(T) =2T 8(T) =2T.

Let & € L, be such that NLZ/LI (§) = u, and let C € Q be such that Ny q(u) = C3. From Lemma 2.5.15
we obtain d = 9e)00()0(€)0T0(E) ;g ¢he following holds. Note that d = §7(d).

§s1(§)ot(£)d02(8)
o =6(u) as = 862(d)
o =u 0 = 6%(d)
o3 =0(d) a; = 80(d)
oy =d og = G(d)

Once again, we make p explicit, as explained in Section 3.4.1, the end of which tells us that there is a
unique choice of p in this case. There are 13 orbits for the action of Gx on E[3] x E[3], with representa-
tives listed in the following table. Recall that there exists y € R™ with o = ¥} and p = d7, and write yp
for y(P). The column in the table labelled ‘in ¥’ expresses the element p(7,73) as a product of the ¥p.
There are four choices to make, namely the following.

1. t = ¥Y-s, a cube root of N q(u) = c3.

_ Ys4T d0(d)
2. v= J/},T,acuberootof 5w

3. w="YrY¥s+1Y-s+1,acube root of N, /1, (6(d)) = 1.

4. y="Yry-r.acuberoot of Ny, (d).
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# (L) T+ iny p # (I, T») h+1D iny [y
s 1
1 (0,0) o Yo 1 8 (S,T) S+T ;g% ;
RAYIS 1
2 (8,0) S Yo 1 9 (T,S) S+T o 1
_ " 3)
3 (T,0) T Yo 1 | 10 (T,T) T o .
5 (0,7 T yf 1 12 (S+T,-S+T7) -1  BIfsoit v
: 5 2
6 (58 -s B i3 (s+7,-7) s AR
7 (8,-S) 0 Ysys ot

We use Lemma 3.4.6 to reduce the choices here. By the symmetry condition, we have p(S,—S) =
p(—S,S), therefore t = §() and t = 7(¢), and we must have t = C. We also have p(—7,T) = p(T,—T),
and so y = 7(y). From p(S+T,-T) = p(—T,S+T), giving us vy = o7(vy). Finally, we have p(S+
T,—S+T)=p(—S+T,S+T), thus 5= %;?yv)) . These conditions ensure that we must make the following
choices.

) L _ce ()
r=¢ = 460 (8)670(8) (3.76)
- s 2@ )0(E (e -

The covering curve associated to u can be obtained from (3.55).
Cu: 8(u)zh —uz3 +2nVAZ +2eCVAZz122 = 0 (3.78)
As we did in earlier sections, we can now rewrite the pushout form from (3.68) as follows

Bz +T1(8(u)z] +uz3) + Pzhzr + 67(P)zgzr +Pzozi + 8T(W)z023 + Yziz2 + 67(Y)z125 + Qzoz122

(3.79)
where H = %&i@ and
1
E= TrM/M’ (Zﬁ(lﬁ —A33) —c3 (2—|— (S(d))) (3.80)
1
3
® = EuTrM/M/ (H- (A6 — A33) (22 — Aa7)) (3.82)
3Co 1
Y= (u) TrM/M’ (H'(AM_AW_F)QZ_)L%)) (3.83)
1
Q=—CTryw <7Lg3 <2+ 5(d)>) (3.85)
Via the substitution
=2
71 =X+ VAY

=X —VAY
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we obtain a covering curve over Q and a pushout form over Q(+/—3A).
Example 3.5.4. Let E be the elliptic curve given by
E:y =x+2(x+1)2

where E[3] = (S,T) with S = (0,—v/2) and T = (B, V2 (—3B>+ (- %g HB+RG-1)), with B
satisfying B3 + 8B2 + 8B +8 = 0. Then E admits an isogeny ¢ : E — E of degree 3, with kernel (S).

We obtain the Selmer group S¢ (E/Q) (—14+v2) € Q(vV2)*/(Q(v/2)*)3. Let M = Q(B), and we
find & such that Ny, (/2 (§) = =1+ V2. We find & = J(18v2+27)B% + (15V2+ 15)B +61v2+77.

Then the covering curve associated to —1 + /2 found using (3.78) is given by
C_ipys: =20 —6x%y — 2%z — 12xy° — 4y’ + 4’2422 =0
and the pushout form is given by

fi =(1140v/=6 — 1879)x> + (6840v/—6 — 7962)x%y + (1417+/—6 — 7072)x%z + (6840v/—6 — 7866)xy”

+ (1072v/=6 +2376)xyz + (— 1367/—6 + 1228)x7% + (4560v/—6 — 7324)y* + (— 1258/—6 + 18080)y’z

+ (140V/=6 — 1552)yz% + 1/9(—47153v/—6 + 17784)7°

We see that

Ji o — 2,
dlv( ) _3. < <1955 (—30872V/=6-43936)af +

3 ——(25441V/—6—89592)

1
104775

17371v/—6 — 149152 C3.(0:0p: 1
104775173 9152): @ > 3(0:0z:1)

where 4927680613 + (11664v/—6 — 9864)0612 + (—178008+/—6 4+ 97560) oy + 16424+/—6+ 135897 = 0
and 065’ — a22 — % = 0, showing that f; is indeed a pushout form.

3.6 Other Methods of Computing Pushout Forms

In this section we take a different approach to finding pushout forms, which can also be used to simplify
pushout forms already calculated. This method is used in Chapter 7.

Let C C P"! be a genus 1 normal curve of degree n defined over a number field K and assume that
C is everywhere locally soluble. Let E be the Jacobian of C, and as before we have an isomorphism
sum: PicO(C) = E. The hyperplane section of C is a degree n effective K-rational divisor H on C, defined
up to linear equivalence. Solving the following problem for a certain point P is equivalent to finding a
pushout form on C.

Problem 3.6.1. Given C C P"~! a genus 1 normal curve of degree n with hyperplane section H, and a
point P € E(K), find equations for an embedding C — P"~! whose image is a genus 1 normal curve of
degree n with hyperplane section H' such that sum(H' —H) = P.

Recall the construction of a pushout form given in the discussion prior to Definition 3.3.1. Let & # § €

E [n], Dy a divisor corresponding to $ under sum: Pic’(E) 2 E and extend K to include the coordinates of
Then we saw that there exists f; € K(E) with div(f) = n- Dg. By solving Problem 3.6.1 with P =T,

we obtain Dg in the form H' — H, which allows us to compute fs Denote by K[xi,...,x,]q the space of
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homogeneous polynomials of degree d, and let . (A) be the Riemann-Roch space for a divisor A. From
[BLO4, Theorem 7.3.1], we have that for any d > 1 the following map is surjective

Kx1,...,x5lg — Z(d-H)
f
d

f'—)g(xl,...7xn)

where g is a linear form corresponding to H. Letting d = n, and assuming that H = CN {x; = 0}, we can
write f in the form f; /x] where f is a degree n form meeting C in divisor n-H'.

In the case that C is a smooth plane cubic and n = 3, a solution to Problem 3.6.1 is given in [FN14] of
which we give a brief overview. The curve C can be embedded into IP? using either the linear system |H|
or the linear system |H’|. Using both embeddings gives a map

C—P*xP?

whose image is defined by three bi-homogeneous forms of degree (1, 1). The coefficients can be put into
a 3 x 3 x 3 cube. By observing that this cube consists of three 3 x 3 matrices M;, M, and M3, we then
have the following ternary cubic.

F(x,y,z) = det(xM; + yM, + zM3) (3.86)

By slicing the cube in three different ways, we obtain three different such ternary cubics. It can then be
shown, as is done in [Ng95, Theorem 1], that two of these define the image of C under the embeddings
corresponding to H and H’, and an isomorphism between these plane cubics is given by the 2 x 2 mi-
nors of the matrix of linear forms in (3.86). Thus we are in the case of Problem 3.6.1 and can compute
a pushout form. The goal therefore becomes to compute suitable matrices M, M,,M3. Unfortunately,
this method does not seem to generalise to any case with n > 3, as it relies on many properties of such
3 x 3 x 3 cubes, therefore we will not pursue it here and refer to [FN14] for details.

This method can also be used to simplify pushout forms already obtained. Say that we have some pushout
form f with div(f) = n-A . Then we may replace f with f’ having div(f’) = n-A’, if we have A linearly
equivalent to A’. Explicitly, we follow the following method. Let E be an elliptic curve, ¢ : E — E an
isogeny of degree n, and C C P"~! a covering curve corresponding to some element of the Selmer group

S@)(E/K). Assume we have some pushout form f; such that )% € K(C). Then div(%) =nHf—nH

with n- Hy and n- H linearly equivalent divisors. We will be seeking some new divisor H,, which must be
linearly equivalent to Hy, and will be simpler than Hy.

We have the standard embedding

|H|

v:C—= Pl

given by v = (Vy,...,0,). In MAGMA, this embedding is given by the function DivisorMap. Each v;
is given by a homogeneous polynomial of degree n in the variables xi,...,x,. Let N be the number of
monomials of degree n. Then we have

U = XX XX o 4 i L g

Then we can construct the n x N matrix of coefficients M = ();, j)ig{lwn}’ je{1..ny- This matrix corre-
sponds to a lattice L of dimension n and degree N with basis the rows of M and standard Euclidean inner
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product. We can now use all available methods to simplify the basis of this lattice. For example, we used
MAGMA’s PureLattice to find the pure lattice Lyew = (Q ® L) NZ", which generates the same subspace
in Q" as L, but has a simpler basis matrix. We can further reduce this basis by using the LLL algorithm
[LLLS82].

The new basis of L corresponds to a different embedding of Y : C — P" !, Let Mpey be the matrix with
rows the new basis vectors of L, so we have Myew = (@} j)ic{1,..n},jef1..N}- Thus Y = (Y1,..., ;) where

-1 -1
= a),-71x’1' + (Jl),'72)cjl1 X2 + (!;)1'73x}11 xX3+...+ a),-,Nx,’;.

This new embedding corresponds to some divisor H, which is linearly equivalent to Hy. Thus n- H, and
n-H are also linearly equivalent and we can find, using the MAGMA function IsLinearlyEquivalent,
some g € Z(n-H) such that n- H, = n- H 4 div(g). We have found a new pushout form g, which should
be simpler than f because it corresponds to a simpler and more attractive basis for the lattice L. We may
simplify g further if necessary, by adding or subtracting multiples of the equation of C, which of course
does not alter the divisor of g.

We finish this chapter by continuing Example 3.5.2, and simplifying the pushout forms found there. In
Chapter 7, we describe a new way to solve Problem 3.6.1 for P € E[3] and use the solution to turn a
3-descent into a 3¢-descent.

Example 3.6.2. We now continue Example 3.5.2 from the previous section. Recall that we had found
some pushout forms, but they had rather large coefficients. We now employ the tactics discussed in this
section to simplify them further.

For every pushout form f; from Example 3.5.2, we have that div (%) =3-Hy—3-H. The following table
gives Hy, as well as some linearly equivalent divisor H, which we found by the procedure given above.

S(é)(E/K) H; i,
& (mr(111a? —4200—1568) : at: 1) (B +4p—4:6:1)
—148347 || (577677 (—12948429% 4 337764y +2523106) : y: 1) | (46 —68—-2:8:1)

where we have

11107 — 3602 — 2397+ 62 =0 B> +4B%>—118+10=0
3884526y +2043y* — 113533867 — 1977814 =0 88° —108%>—65 —1=0.

We obtain the following new pushout forms by following the procedure outlined above.

59 (E/K) pushout forms
G x> +36x%y 4 224x%7 — 339xy? + 414xyz — 806xz% — 734y — 66y*z +4350y7% — 4473
—148G4+7 || 264x3 —423x2y 4 372x%2 4+ 399xy% — 1200xyz + 280xz2 + 178y — 204y%z — 480yz2 4 34823

In bigger examples, the reduction in coefficient size is often more dramatic than in this small example.
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Chapter 4

Improving Norm Equation
Calculations

Let K be a number field and L/K a cubic field extension. Let Ok be the ring of integers of K. To calculate
pushout forms, there are norm equations to solve of the form

NL/K(I‘;‘):x (41)

where x is some element of K and £ € L is to be determined. The computer algebra software pack-
age MAGMA [BCP97] has an inbuilt function NormEquation to solve such equations using a method
described in [Coh00, Section 7.5] and [Sim02]. This method involves computing a set of primes S con-
sisting of the primes dividing the ideal xOg together with the primes generating the relative class group
CI(L/K). Computing the class group can be a very laborious thing to do if the discriminant of L is large.
In this chapter, we discuss modifications made to improve these calculations based on methods from
[Cas71].

In this chapter, we will be encountering many cubic extensions, so we quickly recall an important fact
about cubic field extensions here. Assume we have a cubic extension of K given by L = K(v/b) with
b € K. Then we can represent any element of L in the following manner.

3
A+BVb+CVb = m 4.2)

a=AB—C?b B =B>—AC

This works unless B = C = 0, which is of course a trivial case. The idea in this chapter is to change
the problem such that we are computing norms over smaller cubic extensions. The method will closely
resemble that used in [CR02] in which solutions are sought to conics of the form

X% —az? = byY>. (4.3)

Assuming |a| < |b|, we find a solution (xo,z0) to X? —aZ? = 0 (mod b) such that x3 + |a|z3 is as small as

2— 2 . . . ., . .
possible. We then set t = %o bazo, and write t = t1t22 with #; squarefree. Under certain conditions, we will

83
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have ;| < |b| and if (x1,y1,21) is a solution to X —aZ? =1, Y2, then
(x,,2) = (x0x1 +azoz1,t1t2y1, 20%1 +X021)

will be a solution to (4.3). This process can then be iterated, swapping the roles of a and b if necessary to
ensure |a| < |b|. We will see in this chapter how this process can be adapted for our purposes.

4.1 Basic Concepts of Reduction

Let K = Q. This section is concerned with finding small solutions to binary cubic polynomials. To do so,
we recall the concept of a reduced form. Following the same procedure as is laid out in [Cre99] we define
the concept of reduction in the case of binary quadratic polynomials. We then define the concept of a
reduced form in the binary cubic case by associating a quadratic form to every cubic form and defining
the cubic to be reduced if the quadratic is.

Let F be some binary quadratic form in R[X,Y], and A(F) its discriminant.

F(X,Y)=aX*+bXY +cY? 4.4)
A(F) = b* — 4ac

The group SL;(Z) acts on R[X,Y] via
o B
FOGY)- (5 ) =FaX+By.yX +6r).

The discriminant A(F) is invariant under this action. It will sometimes be convenient to associate to the
homogeneous polynomial F the inhomogeneous polynomial f(X) = F(X,1) = aX?> +bX +c.
Definition 4.1.1. The binary quadratic polynomial (4.4) is positive definite if a > 0 and A(F) < 0.

If F is positive definite, then the roots of the polynomial f(X) = F(X,1) must be a pair of complex
conjugates z,z, one of which lies in the upper half plane

H={z€C|Im(z) > 0}.

A positive definite form F remains positive definite under the action of SL;(Z). Thus we can speak of an
orbit of F under this action.

Definition 4.1.2. The form F(X,Y) = aX? + bXY +cY? is reduced if
|b] <a<ec. 4.5)

Equivalently, F is reduced if its root z lies in the fundamental region
1 1
Fo=1z|zeH, |z| > 1, ) gRe(z)SE .

Thus to every positive definite quadratic form F(X,Y), we can associate a point in the upper half plane,
namely its root z. The action of SL,(Z) on H is generated by the elements

0 -1 1 o
(1) vo=(o V)
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for w € Z. Every positive definite form is equivalent to a reduced form under this action. This reduced
form is unique unless one of the inequalities in (4.5) is an equality, in which case there are two reduced
forms differing only in the sign of b. Of course, we can eliminate this ambiguity by demanding b > 0 in
this case.

We now consider a binary cubic form
F(X,Y)=aX?+bX%Y 4+ cXY? +dY>. (4.6)
We want to define a notion of ‘reduced’ as in the quadratic case. The only invariant of F is the discriminant
A(F) = b*c® —4ac® — 4b*d — 27a*d* + 18abcd.

We now proceed differently, depending on the sign of A(F). If A(F) > 0, we follow [Cre99]. By consid-
ering the Hessian matrix of F, we are naturally led to consider the Hessian covariant

h(X) = (b* —3ac)X? + (bc — 9ad)X + (c* — 3bd).

Unless A(F) > 0, h(X) is not definite. In the following sections, we will have to consider only binary
cubics with negative discriminant, therefore the Hessian will not be an appropriate quadratic form to as-
sociate to F' and this is the last time we shall see it in this thesis.

If A(F) < 0, then F has one real root & and a pair of complex roots B, B. Following Belabas [Bel97], and
Mathews and Berwick [Mat12] we define the positive definite form

Q(F) = (X —B)(X —B). 4.7)

There are other forms we could choose, some of which are discussed in [Cre99], however this is the
simplest option, and is sufficient for our purposes. We are led to the following definition.

Definition 4.1.3. A binary cubic form (4.6) is Minkowski-reduced if the positive definite form Q(F) in
(4.7) is reduced in the sense of Definition 4.1.2.

Various other notions of ‘reduced’ have been used. Cremona [Cre99] and Julia [Jull7] use the following
covariant of F

J(X) = hoX? + X +hy
where
ho = 9a>a® + 6aba + 6ac — b*
hy = 6aba* + 6(b* — ac)a + 2be
hy = 3aca® + 3(be — 3ad) o+ 2¢* — 3bd

which leads to an improved bound on |a| in the reduced cubic.

Recall that we are interested in the reduction of binary cubics in so far as it allows us to compute small
solutions. Thus we are led to consider the following, proved by Davenport in 1945 [Dav45].

Theorem 4.1.4 ([Cas71, Section I1.5.4, Theorem IX]). If f(X,Y) is a binary cubic form with discriminant
D = A(f) <O, then there are integers (U,V) # (0,0) such that

1
D |*
<|==l -
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If, further, f(X,Y) is Minkowski-reduced in the sense of Definition 4.1.3, then

1

b3

min {|£(1,0)],[£(0, D[, |f(1, =D, If(1,=2)[} < 223

)

with equality only when
f(X,Y)=AX + X%y +2XY% +73).

Thus by reducing a cubic form, we can easily find a point such that the form evaluated at that point
satisfies a certain useful upper bound.

4.2 Improving the Norm Equation in the Case K = ()

Let K = Q. Say that we have a, b € Z such that we know there exists & € Q(+v/b) such that NQ(%)/Q(@ =

a. This section will be concerned with how to compute this element £ without resorting to the MAGMA
function NormEquation. The goal will be to change the norm equation to be solved into one with smaller
a and b, thus making it simpler. In this case, we will show that in fact we can reduce to the case |a| = 1.

3
atpvb Then

Let & be given in the form io0b

o’ +bp?
@ =N ¥5)/0(8) = 5 o3

from which it follows that
ay® +abd> = o + b3 4.8)
and so we obtain
Vo = {x} +axi +bx3 +abxi = 0} C P (4.9)
which must contain a point over Q.
Theorem 4.2.1. Let a,b € Z. Then the following are equivalent
1. ais anorm for Q(v/'b)/Q.
2. bis anormfor Q(/a)/Q.
3. a’b is a norm for Q(v/a+b)/Q.
4. a®b is a norm for Q(v/a—b)/Q.
5. Vap(Q) #0.

Proof. We have already shown that 1 and 5 are equivalent by the calculation (4.8), unless y =6 = 0. We
see from (4.2) that this only happens when « is a perfect cube in ), which is a trivial case. The symmetry
in 5 also shows that 2 and 5 are equivalent.

We now prove that 3 is equivalent to 2. First let b be a norm for Q(+/a)/Q. We know that % =1+ % is
a norm for Q(i/% )/Q. Using the equivalence of 1 and 2, we see that a is a norm for Q(\3/§ )/Q if and
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only if 2 is a norm for Q(+/a)/Q. We are assuming that b is a norm for Q(/a)/Q and of course a is
trivially a norm in this extension. Thus a is norm for Q(i/g )/Q giving us that a + b is as well, meaning

that g is a norm for Q(v/a+b)/Q, as required. The converse is given by following this construction in
the opposite direction. A very similar argument can be made using a — b instead of a + b, thus giving us
that 4 is also equivalent to 2. O

Theorem 4.2.1 is the first ingredient in our norm equation calculation. The next ingredient relies on the
theory presented in Section 4.1. We will create a binary cubic form with suitable properties along the
same lines as was done in [CR02] for binary quadratics.

Using Theorem 4.2.1, we can swap over the roles of a and b. Without loss of generality, assume that
|a| < |b|, and let b = by b3 with by squarefree. Assume both a and b are cubefree. Let p be a prime divisor
of b1. We know that if V,j, in (4.9) has a global solution, it must surely also have a local solution over
Qp- Such a local solution would satisfy the equation x3 +ax3 = 0 (mod p). If x, = 0 (mod p), then we
also have x; = 0 (mod p). Substituting b = pb’, x| = px| and x, = px} into (4.9), we find

P’ () +ap®(¥)* +b'3 + ab’xj = 0 (mod p)

and so we have x% —i-a)cf1 = 0 (mod p). We can repeat this argument until we have some xi3 —i—ax? =
0 (mod p) but x; # 0 (mod p). Thus there exists ¢, € Z such that a = cf, mod p for each such p. The

Chinese Remainder Theorem then gives us ¢ € Z such that a = ¢ mod b1, which we need for the follow-
ing construction.

Consider the following form with integer coefficients

F(X,Y)= bil ((cX+b1Y)* —aX?) € Z[X,Y] (4.10)

which has discriminant A(F) = 727a2b%. This discriminant is always negative, which allows us to use
the theory from the previous section, and in particular Theorem 4.1.4. Thus there exist coprime U,V € Z
such that

1
27\ %, 1 1
FOv< (5) bl @11)

We observe that
Ng(va)/qb2((cU +b1V) = VaU)) = bib3F (U, V)
= bbyF(U,V).

The norm is multiplicative, so if we can find some element 7 such that Ng 3 /(1) = b2F (U, V) we
will have found & such that N Ya)/Q (&)=h.

Of course, ideally we want |boF(U,V)| < |b| or this procedure does not help us reduce the size of b.
Using (4.11), it would therefore suffice to have

27
\ 551l < I8l

The following algorithm can now be used to solve a norm equation.
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Algorithm 4.2.2. Input: Two positive integers a,b such that b is a norm for Q(/a)/Q.

Output: A list of elements (a,b) at each iterative step such that b is a norm for Q(+/a)/Q and |anew| < a.
Initialization: If a = c3d for some c, let a < d'. If b < a, swap the roles of a and b to ensure |a| < |b|.
Then iterate the following steps.

1. If b= 3V for some c, let b < b/

2. Create the binary cubic form F from (4.10).

3. Reduce F to some Feq by associating it to a positive definite form Q(F) from (4.7).
4. Use the second part of Theorem 4.1.4 to find a minimizing Uyeq, Vied Of Fred-

5. Find (U,V), the minimizing point of F from (Useq, Vred)-

6. If |bo2F (U, V)| < |b], let anew < a and bpey < baF (U, V). Else let ayey < |b| — |a| and byey, < a*b,
which implements 3 and 4 from Theorem 4.2.1.

7. If bpew < Gnew then set a <— byew and b <— apey. Else let a < apew and b <— bpey.
Repeat until |a| = 1.

If we keep track of all manipulations of a and b throughout this algorithm, we can then reconstruct a
suitable element to solve the norm equation Ng (¥5)/Q (&)=a.

It does not seem a simple matter to give a rigorous complexity result, even if we assume that we always

have |/3%|a| < |b| at each step and that therefore we always have |[b,F(U,V)| < |b| in step 6 of the

algorithm. All we can guarantee in that case is that the new b will be smaller than the old b, but nothing
further about the speed at which it decreases. We can however prove the following weaker result.

Theorem 4.2.3. Algorithm 4.2.2 always terminates.

Proof. We prove this theorem by showing that |a| must always reduce to 1. Every iteration, there are
three possibilities for what happens to a.

1. a gets swapped with b. This only happens if |b| < |a|, therefore this reduces |a|.

2. |a| reduces but |b| increases. This can only happen if 1/ 2Z|a| > [b| > |a| and no suitable U,V were
found in step 4. We then get |anew| = |b] — |a| < %M <lal.
3. |a| stays the same. This happens when step 5 is successful, but |bpew| > |a|. This cannot happen

every iteration as then we would always have b decreasing but never being smaller than |a|. Within
a finite number of steps we must end up in one of the previous cases.

O

The following examples show the reduction process in action. The first example is also small enough to
show the solution to the norm equation we obtained using this method.

Example 4.2.4. Let a = 5115287721793 and b = 99954. Running our algorithm gives the following
iterations.
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Iteration a b c U Vv
1 5115287721793 99954
2 5115287721793 3702
3 3702 5115287721793 2399117156730 —355138 166563
4 3702 31329471 27262989 —886 771
5 3702 167665 25153 20 -3
6 3702 —175
7 —175 3702 3671 -1 1
8 —175 8
9 —175 1
10 1 —175

B . utvya) _
y keeping track each step of the way, we thus find that NQ( Ya)/Q (W+V \%) = b where

u = 28002397299114135
w = —239644398893060

v =4553858177529
¥y = 99680056606

89

Example 4.2.5. Let a = 475943754398 and b = 14497437270391604137562043. Of course, we would
not want to compute class groups or units in either Q(/a) or Q(v/b), since MAGMA fails to compute
these at all in this case. Running our algorithm gives the following iterations. In this case, for the sake
of brevity we have left out the steps swapping the roles of a and b or removing cubes until the final few

steps.

Iteration a b c U 1%
1 475943754398 14497437270391604137562043  13040996527027402990871081  -22566991816 20299867929
2 475943754398 1305019405624780313 562103019023909274 8920801 3842402
3 475943754398 -203142301070862 124241776114472 52984 32405
4 475943754398 1176907695860 126982936082 -3939 1700
5 177059691796 475943754398 397192350374 -1801 1503
6 135001895302 177059691796 106344009 133 -54
7 135001895302 31559584862 10741940314 -379 -129
8 22345195257 135001895302 117731257899 5847 -5099
9 22345195257 -33082287218 12577646905 -3009 -1144
10 2202230654 22345195257 22961431 -64 29
11 949205271 2202230654 273883861 394 49
12 -402541684 -949205271 593561816 -387 242
13 -402541684 464089212 4082573 60 -19
14 43371174 402541684 61403307 -59 36
15 -10368786 43371174 791616 19 -17
16 -1547861 -10368786 1847347 174 31
17 -807372 -1547861 14706 -15 -7
18 570269 -807372 13694 5 3
19 -53829 570269 318431 77 43

20 19453 -53829 4311 7 5
21 -6747 19453 53 1 0
22 -6747 2744
23 -6747 1
24 1 -6747

In this case, the solution is simply too large to present here, however running the algorithm takes very
much less time than a second, thus clearly an improvement. In this thesis, we are not overly concerned
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with the size of the solutions we obtain via this method, however this would definitely be a point to
improve on.

The following table gives a comparison between our method and the standard one implemented in
MAGMA. It is not intended as anything other than a rough indication of how useful this method is
practically speaking. We use version 2.21-1 of MAGMA. Initial values for a and b were randomly gen-
erated as follows. We randomly selected any a,bg,b1,b2 € Z using MAGMA’s Random function, and let
b = Ngya)/q(bo+ b1 Va+by \3/52). We always ensured that |a| < |b|, swapping their roles if necessary
to achieve this, and then used two methods to find some & such that No(ya)/Q (&)=hb.

The column ‘NormEquation’ gives the time needed in seconds it took for that function to calculate a
solution. It occurred occasionally that NormEquation was unable to calculate the class group and units,
and NormEquation terminated with an error message. This we put down to too large a choice of a, and
is marked in the table with DNT, standing for ‘Did Not Terminate’.

The column ‘Reduction’ gives the time needed in seconds to run the reduction algorithm described by
Algorithm 4.2.2, including the time needed to construct the actual solution. We make use of MAGMA’s
inbuilt reduction software. The solution generated by our method is usually very large, and therefore the
various manipulations involved in constructing it are very costly in terms of memory. Unfortunately, we
were not able to find a solution to this problem, and for our purposes the size of the final solution to the
norm equation was immaterial.

a \ b \ NormEquation \ Reduction ‘
70235621210581 —275004457462859405453170864819110257469526365557 13.780 0.430
22679366817707 35315421098556821593458619430514676482303111606 13.260 22.280
67587097421358 —149684739697675736569074185812171 DNT 0.090

—44425602641492 —1299644021886824591936646323481361 19.140 0.090
85037766826631 3843074025831131090459133934496314 21.170 0.380
2397945053545 4625165745928210140817270392176 13.940 0.110
4350672676449 8243666947244690416104861197501487 DNT 43.740
1587779723503 99087131077430168884026620000 DNT 9.010
—6071170898514 3587718922662132297093864646256 20.790 0.560
—1135264462975 1288825400769835281105114288 DNT 0.030
—3848271226757 —1097183375014053814098707036970 DNT 0.090
1619769021285 63988240880515662976030972692 DNT 62.810
—9129186073582 2730951913186624976744322253003 DNT 12.620

4.3 Modifications of the Theory of Reduction for K any Number
Field

We now want to let the base field K be any number field with L some cubic extension of K. We will
modify the methods discussed in Section 4.1 to solve norm equations of the form

Npg (&) = x.

If K is totally real, it still makes sense to speak of positive definite forms as in Definition 4.1.1. However,
if K is imaginary, we need a new definition. Many references are available for the theory discussed in this
section. We followed mostly [SC02, Cas71, EGM98].
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Definition 4.3.1. The set of positive definite binary Hermitian forms, denoted by H(C), are of the form
O(X,Y) = a|X|> +bXY +bXY +c|Y|?
=a(|X —tY|+u?|Y|?)
with a,c,u > 0 and b,t € C.
The discriminant of such a form is given by
A(Q) = 4(ac — |b|*) € Reo.
Also, the upper half plane is no longer sufficient to characterise these forms.

Definition 4.3.2. Upper hyperbolic space is defined as

A5 ={(z,r)|z€ C,r € Rxo}-
We fix an embedding Ok < C. An action of SL,(Ok) on this upper half-space is given by

< a B )_(m: ((az+13)(}/z+6)+ayr2 r )

y 6 lyz+ 812 +[v>r?  lyz+ 812 +[v*r?

To each positive definite binary Hermitian form Q in H(C), we can thus associate a point z(Q) = (¢,u) €
2% with t,u such as given in Definition 4.3.1. There is an action of SL,(Ox) on H(C), which corresponds
to the action on 73, given by

Q(X,Y).( z g ):Q(aX+BY,yX+6Y).

The discriminant of Q is invariant under this action. The action of SL,(Ok) on /43 is generated by

0 -1 1 o
(1) =5 7)
where ® € Ok and

-2 r
X(Zvr) (|Z|2+r2, |Z|2+I’2> w(Zvr) (Z+ 7r)

The action is covariant on z(Q) by which we mean that for each g € SL,(Ok) we have

€Qg)=¢"'(z(Q))
where the action of g is as given above. Each SL,(Ok) orbit in 523 then has a unique representative
in some fundamental region .#. The calculation of such fundamental regions is a nontrivial task and is
partially dealt with in [Mor13, Lin05, EGM98]. We only give two examples here.

Definition 4.3.3. Let K = Q(i) or Q(v/—3). Let
Pk ={(z,r) € A4 | |cz+d|* +|d|*r* > 1 for all coprime ¢,d € Ok }

1 1
Fou) = {ze Cl0<|Re(z)| < 3 0<Im(z) < 2}

—?Re(z) <Im(z) < ?(1 —Re(z))}'

| —

FQ(m):{ZEC|O<Re(Z)<

The fundamental region for K is then defined to be
y]{ = {(Zﬂ’) € Bk |Z€ FK}.
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In this case, MAGMA does not have reduction software available yet, therefore we implemented the
method ourselves. The method used to reduce a point (z,7) € 4 to some point in the fundamental
region is the following. If z is not within bounds, we act on (z,r) by some suitable My,. If z is within
bounds but r is not, we act by M. Thus we proceed until we have found the reduced point. This leads us
naturally to the following definition.

Definition 4.3.4. We say a positive definite binary Hermitian form with coefficients lying in K is reduced
with respect to K if the point associated to it lies in the proper fundamental domain.

Let
F(X,Y) =aoX® +a1X*Y + aXY? + a3Y

be a binary cubic with a; € K and ag # 0. We also let f(X) = F(X, 1) as before. We follow [SC02], which
cites various results by Julia [Jull7]. There are once again various ways of assigning a suitable point in
either the upper half plane H or upper half space J23 to it.

If F is real with a single real root, Belabas [Bel97] uses the unique root in the upper half plane, whereas
Cremona [Cre99] uses the point ¢ 4 ui where ¢ and u are given by solving

3
Y (X —a¥) (X —a¥) = (X — 1Y) +u?Y?
j=1

where o; are the roots of F and the #; are carefully chosen.

For real cubics F with three real roots, we follow [Jull7] and associate to it the positive definite form

3

1
Qo(F)(X,Y) :;W(Xfaﬂ)z

The case we are most interested in however will be the case where F is a complex form. After all, we
shall be most interested in adjoining a cube root of unity to @, hence K = Q(1/—3). For F a complex
form, we define the positive definite Hermitian form

4.12)

Definition 4.3.5. Let F be a complex binary cubic with coefficients lying in K. Then we say F is reduced
with respect to K if the associated positive definite binary Hermitian form Qg (F) given by (4.12) is
reduced in the sense of Definition 4.3.4.

4.4 Improving the Norm Equation when K is a Number Field with
Class Number 1

In this section, we discuss the changes that need to be made to Algorithm 4.2.2 to allow us to use it in a
more general setting. First, we see that Theorem 4.2.1 holds over general number fields K. All we need
to supply now is an analogue of the construction of the cubic (4.10), which we do for number fields K
with class number 1.

Assume we have a,b € Ok such that b is a norm for the extension K(/a)/K. Without loss of generality,
assume that [N q(a)| < |[Nk/q(b)| and the ideal (b) is a cubefree product of prime ideals. Let (b) =
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(b1)(b2)*. Then, as was done in Section 4.2, we can now find ¢ € Ok such that a = ¢* mod (by). We
consider the binary cubic form

F(X,Y):bil((cx+bly)3—ax3) € Og[X,Y). (4.13)

This binary cubic can be reduced using the theory from the previous section. If we can find some U,V €
Ok such that F(X,Y) takes some small value, then we may observe that, as before

Ni(ay k(b2 (U +b1V) = V/aU)) = bib3F (U, V)
€ (b)(2F (U,V)).
What we would like to be true at this point is
[Nk /@ (b2F (U, V)| < [Nk q(b)]

for then we would be able to define an iterative procedure as in Algorithm 4.2.2. Although it seems likely
there exists some constant Ck such that we can find U,V € Ok with

[Nk/Q(F(U,V))| < Ciy/INk/q(aby)]

a true analogue to Theorem 4.1.4 is lacking. For number fields of small discriminant, we have had some
success in employing this method, and we present some examples in the next section. In no case however
do we avoid using MAGMA’s NormEquation altogether. The best we were able to do is to reduce the
sizes of a and b somewhat, thus giving an easier field to calculate class group and units over.

4.5 Examples

Example 4.5.1. Let K = Q(i), and take a = 4423i 4 18397 and b = —8611600044i + 4398890071.

In the first step, we let b = b, b% where

b1 = —8611600044i + 4398890071
by =1

First we form the cubic F' from (4.13)

(—843084371702584553354824531802095008718742697431i
—430655795990166465374980595521426130789723852546)X >
+1312857958728842851678465656259587047427X Y
+(540447297247165795374275967996i — 276065799341870044953369676539)X Y2
+(—75762963857949526248i — 54809421461078416895)Y°

which we reduce to

(496735i — 119333)X> + (—410556i — 251460)X %Y
+(283011i+690831)XY2 + (163053307i + 318733432)Y°.
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In an attempt to find small solutions to this reduced cubic, we evaluate at the units of K and find that
(i, —i) gives a smaller solution than anything else we tried. This translates into the solution (U,V) on F
given by

U =13289i+ 55162
V =119348489996606i + 28682661485346.

Thus we have reduced the problem to

a = 4423i + 18397
b=bF(U,V)
— — 161863005 — 317910474

In the following tables, we show the iterations of the algorithm in this example. The first table gives the
values of @ and b at each step, as well as the operation carried out. The second table gives the values of c,
U and V whenever relevant. Of course, if a step involves swapping a and b or any other manipulation not
involving the cubic F, no such values need be given.
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Iteration a b Operation
1 4423i+ 18397 —161863005i — 317910474
2 4423i+ 18397 —11077211i + 8864955
3 4423i 418397 100594i + 641863
4 4423i+ 18397 —107577i 4105828
5 4423i + 18397 19133i — 39085
6 4423i 418397 —34534i+ 16836
7 4423i 418397 —5565i — 18477
8 —1142i —80 —4781548804374i — 4986421854330  anew = a+ b, byew = a’b
9 —1142i —80 —51218262489i - 2441992664676
10 —1142i—80 18454839i — 124828522
11 —1142i—80 38490i 470033
12 —1142i—80 519i+ 1624
13 —1142i — 80 2216i —3246
14 —1142i — 80 278i+ 1370
15 —1142i—80 273i—412
16 —1142i —80 686i 492
17 686i 492 —1142i —80 lnew = b, bpew = a
18 —456i+12 517656824i + 181118368  apew = a+ b, bpew = a°b
19 —456i+12 858641i — 468288
20 —456i+12 32148i —9984
21 —456i+12 —10533i — 5541
22 —456i+12 —4910i — 6984
23 —456i+12 —3381i+4149
24 —456i+12 —1628i —1162
25 —456i+12 —1629i —939
26 —456i+12 —332i —478
27 —456i+12 —540i — 188
28 84i 4200 114265152+ 33155136 apew = @ — b, byew = a’b
29 84i4-200 13941i 422563
30 84i4-200 —1422i+3594
31 84i+200 1254i — 543
32 84i 4200 —398i+86
33 84i+-200 121i4-78
34 84i+200 222i—174
35 84i4-200 —74i—37
36 84i+200 —34i—10
37 —34i—10 84i+200 Anew = b, bpew = a
38 —34i—-10 29i—71
39 —34i—-10 100i — 10
40 —34i—-10 —143i-23
41 —34i—10 100i — 10
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Iteration c U \%4
1 20919352752326754303  13289i+55162 119348489996606i + 28682661485346
2 —i—5394272038577216 3284i+ 1337 35078603365i + 40546225814
3 —73187635361206 —93i—90 662237906 — 84474409
4 122477567466 177i+ 68 30979925i 4 17830704
5 —i—2998327298 —66i —41 1500364i — 363545
6 —2633254 4i+4 —5745i4 926
7 54485546 —8i—30 16892 — 86429
10 —i— 1632680 30i+1 —1593i—3219
11 3i+260930819033420 —3696i + 1866 6996223891i — 4934858508
13 —1432644 —16i+9 15109 — 3111
14 1034489 —8i—11 —2408i 4+ 6743
16 —76276 3i+4 727i+259
20 1579 2i+1 —25i—4
22 —21718806 52i+45 —28497i+ 122214
23 —765972 —12i+32 —3459i — 5064
24 3090684 5i+6 4427+ 862
25 —443801 —8i+13 —462i — 6758
26 —144066 15i+5 242i4- 1187
27 —44 -1 2i
30 —472 2i+1 —4i—30
32 50507 —7i+ 14 —372i—443
34 228 -1 7i+3
36 11i—65 —3i+2 —2i—2
39 1374 —5i+4 56i — 100
40 —i+195 i—5 —6i+19
41 354 6i—4 —12i—13

At this point, when we carried on for three more iterations, we failed to improve the situation any further,
thus we terminated here and used MAGMA’s function NormEquation. Using NormEquation without any
reductions takes 1.64 seconds. The final norm equation after 38 iterations took 0.31 seconds. However,
in this particular case we were no better off. Due to issues with memory use, the entire procedure took
7.07 seconds. This was a consistent problem, because the solutions we generate are usually very large, in
this case several pages long. Thus the overall gains are either not as great as in the K = @ case, or indeed
nonexistent as in this example.

Example 4.5.2. Let K = Q(C3), and we seek & such that Ny 37 /¢ (§) = b where

a = 5241592208466(; + 9258597461771
b=—18718;+2918.

In the first step, we swap the roles of a and b. In the second step, we let b = blb% where

by =5241592208466(3 + 9258597461771
by =1.
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The cubic F from (4.13) is given by

(—1910488633417798517643265408976494441812252642141172344394728287¢;
+1464143445654423213494306548756343203168638519793901902992345091)X 3
+2466190525937721469930788771107943669834714913638843X Y
+(450855290339480696557943624444189030718 53 + 796377795285373177099824473254360886733) X Y 2
+(69585295754032436593033416 3 4 58247338079260924604383285)Y

which reduces to

(— 140889913 + 177488443)X> + (465305883 — 225776838) XY
+(169335189¢3 + 110615553)X Y2 + (—25046927 3 + 162160023)Y .

By considering the units of Ok, we find a small solution at (—{3,—{3 — 1), giving the following small
solution (U,V) on F.

U =279323{; — 518217
V = —2350986297336096581&3 + 273823865257468289

Thus we have reduced the problem to

a=—187183+2918
b=byF(U,V)
= —1726498098; — 120578644
The following table gives the values of a and b after each iteration, together with all unusual operations.

The second table gives the values of ¢, U and V at all relevant steps. Once again, we stopped and used
NormEquation when we failed to improve a and b for three steps.
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Iteration a b Operation
1 —187183+2918 5241592208466(; 4+ 9258597461771
2 —187183+2918 —172649809¢; — 12057864
3 —187183+2918 —198207085 — 194831
4 —187183+2918 —89847¢5 —22274
5 —187183+2918 1923883 + 541
6 —187183+2918 78683 + 3035
7 78683 +3035 —187183+2918 Anew = b, bpew = a
8 26578+ 117 38114840775 + 32846307926  anew = @ — b, byew = a’b
9 265783+ 117 —132957483 + 10397075
10 265783+ 117 14549183 + 54274
11 26578+ 117 2910283 + 5279
12 265783+ 117 3121783+ 10562
13 265785+ 117 918783 +3627
14 26578+ 117 279483 +4953
15 265783+ 117 12183 —212
16 12183 —212 265783+ 117 Gnew = b, bpew = a
17 12183 —212 114183 +212
18 12183 —212 22783+ 576
19 12183 —212 —3383+275
20 8883+ 63 —213110593 + 6157140 apew = a+ b, bpew = a°b
21 883+ 63 7169683 + 54720
22 8803 +63 896203 + 6840
23 8883 + 63 —3558;,—192
24 8883 + 63 7683 +212
25 8883+ 63 1328 —72
26 8883+ 63 —7683—212
27 8883+ 63 13283 —72
28 8803+ 63 —7683 —212
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Iteration c U %4
2 28671649911470165630615341 27932383 — 518217  —23509862973360965813 + 273823865257468289
3 6891413508236914 271985 + 120 899558419943 + 135661075768
4 804387530876 23885 — 181 9101714685 + 178658486
5 1182869459 —4683 +47 —94512983 — 1316429
6 —170113893 —1283—46 41512183 4297336
9 451445 56+ 12 —957¢5 — 1243
10 —19497372065900 23185+ 680 5210992563 + 1208548845
11 5944729415 —11083 — 35 32183783 + 4696354
12 304916947 5981 —143994 (3 — 736048
13 7115800 683—12 —2039183 + 12494
14 21272 203-3 —4648; — 84
15 —3083 — 17749 178 +7 6285+ 60
17 — 1444031 248+ 10 —507483 + 8193
18 29 G 483
19 110963 —2L3+4 905¢; —414
21 3775 363+8 —5603+48
23 —8069499 —308;—43 2209485 — 21781
24 38383 3G+ 10 —1205¢; — 229
25 ~167 -3¢ —12¢—4
26 -82 —G-2 90 -2
27 —167 3G 128 —4
28 —82 —G-2 98 —2

In this case, this method took 9.67 seconds whereas MAGMA’s function NormEquation failed to termi-
nate at all and gave an error message. However, most of the gain was made in the first step, where the
roles of @ and b are swapped. If we do just this one step, then NormEquation will find a solution in 2.34
seconds.

Once again, we give tables as an indication of the efficacy of our method, which once again should
be seen as simply a beginning point of a comparison between our method and NormEquation. Ver-
sion 2.21-1 of MAGMA was used. We generated a and b as follows. We randomly generated an ele-
ment of Ok, which became a. We then randomly generated three more elements by, b1,by € Og and let
b = Ng(ya)x(bo+biv/a+b; \3/52). We always ensured that |a| < |b|, swapping their roles if necessary
to achieve this, and as before used two methods to find some & such that Ni(vay, (&) =0.

Once again, the column ‘NormEquation’ simply gives the time in seconds it took that function to cal-
culate a solution. Whenever DNT occurs in the table, we mean ‘Did Not Terminate’, indicating that
NormEquation terminated with an error message, having failed to compute class group and units.

The column ‘Reduction’ is slightly different to before. It includes, as before, the time needed in seconds
to run the reduction algorithm described by Algorithm 4.2.2. The reduction algorithm is terminated when
no improvement is noted for 5 steps. It also includes the time taken by NormEquation whenever it was
called after the reduction steps have been completed. It does not include the time needed to construct
the actual solution. The solutions generated by our method are even larger than before, and therefore
usually extremely costly in terms of memory in examples of this size. Once again, we did not improve
the situation, as in our case the size of the final solution was of no real consequence. However, for large a
and b, such as in all these examples, the solution becomes large enough that performing the manipulations
necessary to obtain it becomes the major bottleneck in using this method.
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a \ b \ NormEquation \ Reduction \
—27562318i + 33109835 —103284999619841438i — 79089466538861573 62.350 19.310
—46712519i — 464220447 | —27472198206344200772i 420024220036079386021 2255.320 1373.690
457960311i —234115155 | —44006495293562970851i — 28529403607371780864 781.370 419.890
—124707062i +391128728 | 10783543850541390003; — 10532976641434724246 1080.560 35.090
—126198355i 4220425997 —261292726606350282i — 445078391789136785 49.130 14.840
—8432287i+ 384179478 5732956024605868547i + 17545240966260470045 76.140 186.730
276885337i — 471639922 5564175539109037112i 4 36972365783474880430 1494.190 251.750
489000712i — 328198170 43336395324184322968i + 1251651780103417755 48.790 41.450
—91576685i + 304856091 —5411260473399890435i — 3573466872151010722 71.090 19.650
193891176i + 254082924 —12316109224473215768i — 3370543074315767792 DNT 29.470
191906135i +427234837 | —27209145319480487971i +33924655077631708013 DNT 29.470
325301729i — 473884263 | —36061695061291222086i + 36901999513041951040 DNT 42.330
—216199489i — 387453958 | —4723740348138941391i+24150206431716762912 DNT 190.860
—188114304i 4111202938 —2677614557268003992i — 1473337482898372474 768.830 44.890
268911775i —261940316 6631612665626075037i — 16319851779660481657 DNT 41.660
—20190685i + 233949106 —604619955768772962i + 3476769170641517807 DNT 33.090
193785866 + 224652580 7493530647345155338i — 11524268297440878643 1617.630 23.410
26159881i 4402165884 1813666097023776693i + 90652646356328149 897.720 1021.660
—164038284i 4469514217 | 16651782553041717212i — 14566497988710989061 1507.000 30.890
—370873557i+ 41897030 | —41717208675774280780i —26178708265157879292 1609.080 1889.230
—301779187i 4 48627567 —4924155492553378119i — 17857291052882736816 705.200 117.260
—201495298i — 419599470 1816089096209075400i 4- 16446131941587141800 DNT 754.500

K =Q(i)
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] a

b

‘ NormEquation ‘ Reduction ‘

—1311731083 + 20485456
1950053983 + 67414560
176540085 + 44894405
4206976003 + 48169862
446190283 + 57662742
—8763389(; — 11562734

2564194483 45452118

—42350469¢5 — 87197764

—119396194¢5 — 43331483

—48224998(5 + 139576914

1004339475 + 302923891

—43110324185 — 678475775
42236059483 + 356187537
—241818089¢5 — 472672811
—43110324183 — 678475775
42236059483 + 356187537
—241818089¢; — 472672811
—24840845585 — 213297663

4898684575 + 951252259

—469622158¢5 — 668672343

—384730604 (3 — 767444897
—27562318&3 + 33109835

—45407490549174094 (3 + 15845760531070777
—10027261582223335483 — 639625061508336295
512212531986257983 — 20234237483800700
—117125700432341148¢5 — 196123187948007310
664396185951338708; — 186544994879554753
—115005592546649585 + 1184392823592454
32912396763773843283 — 48008738885204225
1446625388993830713 — 128986869988808313
—2841730297308096884 (3 — 1255515734638964560
—608778188585304958(3 — 267025105708703262
33777337867049268083 — 59536460350213867
—408301311705359452323 + 50901557742038349221
—3155890525775461988¢5 + 13068040367707186229
—2425748903399313279¢5 + 1250727031269892051 1
—4083013117053594523283 +50901557742038349221
—3155890525775461988(3 + 13068040367707186229
—2425748903399313279¢3 + 12507270312698920511
—354105013638560043 5 + 129686925086796494
—553604680124941925883 — 5319278065273988657
—8765517188520885368(3 + 112977738595208318858
—1194753891428807693183 — 11905758861046548528
—1032849996198414383 — 79089466538861573

37.640 26.130
37.840 92.320
75.260 22.230
166.950 35.150
53.450 58.710
22.340 24.870
49.830 24.580
58.070 22.350
192.550 146.550
98.510 44.830
168.420 139.510
903.690 78.490
72.430 63.330
605.710 47.570
903.690 78.490
72.430 63.330
605.710 47.570
437.910 36.160
1497.720 574.860
2003.690 1430.610
1458.050 414.600
DNT 25.050

K=Q(&)
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Chapter 5

Methods for Computing the Pairing in
the Three Isogeny Case

In this chapter, we compute the Cassels-Tate pairing using the two definitions given in Chapter 3. We call
the two methods the direct Weil pairing method and the pushout form method. We give several examples
of the method in action in each case.

5.1 Direct Weil Pairing Method

Let E /K be an elliptic curve admitting a 3-isogeny ¢ : E — E. Let E[3] = (S, T) such that ker(¢) = (S).
In this section, we will use the Weil pairing definition of the Cassels-Tate pairing, given in Definition
3.1.6, to calculate the pairing on NG (E/K) x 5 (E/K). We first outline the procedure, and then move
on to some examples of this method.

We saw in Definition 3.1.6 that the Cassels-Tate pairing is given by the sum of a number of local pairings.
By a slight variation of Proposition 3.3.6, these primes are given by the set of bad primes of E, together
with possibly the primes involved in the global lift choice.

Suppose that we are in one of the three cases outlined in Section 2.5, and suppose that x,y € 59 (E /K).
Let v be some place at which we want to calculate the local pairing. Let R be the étale algebra correspond-
ing to the set E[3]\ {€'}. We saw in Section 2.5 that in the three cases we are considering, we always
have R = L x L, for some finite separable field extensions L; and L, corresponding to the orbits of S and
T, respectively. We write R,, L1, and L, for the localisations at v. Then the local pairing is calculated
as follows.

Procedure 5.1.1. This procedure calculates the local pairing between x,y € 5(9) (E /K) at some place v
of K, in the cases that ¢ : E — E is of types ps-nonsplit, Z./3Z-nonsplit or generic 3-isogeny.

1. Lift x € H'(K,E[§)) to x; € H'(K,E[3]), which is possible by Lemma 3.1.10. Explicitly, we can
use one of Lemmas 2.5.9, 2.5.12 or 2.5.15. We then obtain x, as an element (a,b) € R* /(R*)>.

2. Let (ay,by) = (x1)y € RS /(R))? be the element obtained by localising the coordinates of x; at v.
3. From Corollary 3.4.9 we have a map
h:E(K) — R*/(R*)?

103
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given by the tangent lines at S and T. We also have the local version for every place v of K

hy:E(K,) — RX/(R)>.

4. For this step, see exact complex (3.8). We find some local point P, € E(K,) such that h,(P,) =
(rv,ty) € RY/(RY)? and r, = a, mod (Lfv)3. We have that ¢ (r,,t,) = ¢ (ay,b,), thus they differ by

some element in the image of 14 . In fact, they differ by &, = %’.

5. Lety, be the localisation of y € H'(K,E[§]) to y, € H'(K,,E[§]).

6. We now have the 2 elements required in Definition 3.1.6 and calculate the local Tate pairing
<& >ye, from Definition 3.1.4.

We now illustrate this procedure with two examples.

Example 5.1.2. Let E be the curve 63531c1 from the Cremona database [Crel5].
E:y* =x>—3(4x+52)°

We are in the us-nonsplit case. The isogenous curve is £ : y> = x> 4 36%(x + 543)2. The points of
order 3 on E are generated by S = (0,52v/—3) and T = (f3,4(B + 39)) where B is a root of y(x) =

x> — 64x% — 2496x — 32448. We also choose a cube root of unity {3 = —% — @

The various number fields involved are given by L; = Q({3), L, = Q(v/181) and M = Q(&3,v/181). The
Selmer groups are given by the following generators

SO(E/Q) = (181) € Q*/(Q*)
SONE/Q) = (&3, —39G —52) € (LI /(L])Y) .

The initial estimate for the rank of E is therefore 2 by Section 2.7. The discriminant of E is —43977682944 =
—212.33.133.18]1, therefore the initial set of primes S for which we must do a local pairing calculation
is given by

P=1{2,3,13,181,}.

This set may need to be enlarged depending on the global lifts made, however this does not happen in this
example.

From Exercise 2.7 of [CF67], we see that we can ignore the infinite place, as 3 is odd. We now follow
Procedure 5.1.1 to calculate the Cassels-Tate pairing on S)(E/Q) x S©)(E/Q).

In step 1, we first lift {3 and —39{3 — 52 globally to H'(Q,E[3]) = H, where H C L' /(L{)* x Ly /(L5)?
is given by Lemma 2.5.7 and the lift to it is given by Lemma 2.5.9. Note that this lift need only be correct
up to cubes.

H global lifts in H
& (&3, 1 (28181 + 160¥/181 +868))
=300 - 52 || (=394 - 52, §(S9VI8T +3147/181+3011))

In step 2, we localise these global lifts at each p € P. The following table gives the element b, in each
case. Note that 181 is a cube in Q, for all p € P\ {eo} except p = 181.
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|| bo mod2® | b3 mod 3" | bj3 mod 13* | bigi mod 181°
& 256 25366 1710 3953170/T81° +3953214+/T81 + 3953450
-39 — 312 39366 1352 1976600/T81° + 1976685/ 181 + 1977584

Step 3 is to give the map h: E(Q) — L /(L])? x L} /(L)? explicitly. It is given by the tangent lines at
Sand T, thus h = (tang, tany ), where
tang(x,y) =y —4v—3x—52v/ -3
3B%—96B — 1248
8(B +39)

tany (x,y) =y — x+8p +156.

In step 4, we find local points on E that satisfy certain properties. The following table gives the local
points we found.

| mod2’ |  mod3"” | mod13* |  mod181°

(4:4:3) | (27:108:108) | (6:107:1) | (1:5483060: 1)
4 4:3) 3 143:2700 13 117: 1 1 5483060 : 1)

—39C3
We thus find the following elements &,, modulo cubes.

| &mod2® | & mod3® | &3 mod13® | &g mod 1813
4 ‘ 45 263 ‘ 1

G
—3983 —

7 189 169 1

In step 5 we specify a localisation for each generator of the Selmer group.

|| ymod2® | y;mod3*® | y;3mod13® | yig mod 181°

6+6v—-3 | 134133 1036 3177503
—39C3 52 || 444v-3 | 8+6V-3 1287 601892

In step 6, we use Section 3.2 to compute the local pairings in each case. The prime 2 is inert in L, but
the situation is different for the primes 13 and 181, which both split into two distinct places. Thus in the
final sum, we must multiply the result obtained from these primes by two, as stated in Remark 3.2.4. The
following table gives the necessary information to calculate the local pairing at 2.

(&2,2)2 || vala(§)  vala(y) ¢ (5)
(4,6+6v=3), || 2 2 f(-1=v=3)
(7,64+6v=3), | 0 2 49 0
(4,4+4V=3) | 2 30 (-1=v=3)
(7,4+4v=3) | 0 3 343 0

Thus the local pairing at 2 is given by the following matrix.

3903 —52

&

—_—

G
—39¢3 —52 0
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We choose the prime p13 = 1 —3{; lying over 13 and p1g; = —4{; — 15 lying over 181. The following
tables give the information needed to compute the local pairings at these primes, as well as the matrix for
the result of the local pairing. Denote by 1, the element obtained from the Selmer element g for prime

181.
(&13,13) p1s valp 5 (§)  valp,(y) ¢ i
(263,1036),,,, 0 0 1 0

1

(169,1036),, 2 0 wpwe 2
(263,1287) 0 1 263 1
(169,1287),, 2 1 sor O

&

|

G

S

3 I

&[0 2

—39¢; — 1 0

(51817}’181)17181 H ValP181(§) Valplsl(Y) (%)
(1,3177503)1,]8I 0 0 0
(1,601892)p181 0 0 0

A

|

G5

a

i\ |

G0 0

—39¢3 — 0 O

To compute the local pairing at the prime 3, we need to use Proposition 3.2.7. Each element lies in a class
generated by (A,11,12,M3). The following table shows which class it is.

Using Table 3.1, we find the following for the local pairing at 3.

o
|
G
2
3 I
2 1
394 — 1 0

element class element \ class
45 ln]T]sz 13+13v/-3 m
189 nin; 8+6vV-3 | n3

When we add the matrices obtained from the pairings at 2, 3 and 13, we obtain the following matrix for

the Cassels-Tate pairing.

Thus we see that the rank of E must be 0 and we have found
I(E/Q)[4]

Example 5.1.3. Let E be curve 24060f1 in the Cremona database, given by

)
|
G
2
3 |
0 1
394 — 2 0

>~ (7,)37)*.

E:y*=x"+(x+15)%
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We are in the 7 /3Z-nonsplit case. The isogenous curve is £ : y> = x* — 3 (x+ %)2. The points of
order 3 on E are generated by S = (0,15) and T = (B, $(—2¢{ — 1) —30{ — 15) where J3 is a zero of

f(x) =x°+ $x% 4+ 60x + 900. We have L; = Q({3), Lr = Q(v/802) and M = Q({3, v/802). The Selmer
groups are

SOE/Q) = (1) c L] /(L})?
SOE/Q) = (2,3,5) c Q*/(Q)*.

Thus we estimate the rank to be at most 2. The discriminant of E is —21654000, thus the set of primes
for which we must do the local pairing calculation is given by

P=1{2,3,5,401}.

Once again, we choose global lifts such that this set is not enlarged. We follow Procedure 5.1.1 to

calculate the Cassels-Tate pairing. For step 1, we use Lemma 2.5.12 to lift the generators of S(9) (E/Q)
to H'(Q,E[3]). These global lifts are given in the following table.

I global lifts
2 1(5¢3+5)V/802° + L(15¢; +4) /802 + L (—41¢5 +249)
3 SVR02° — 1¢5/802+ 1 (4908 +277)

5 1345+ 7)¥/802° + 1(—25183—317)v/802 + 1 (—308(; +2683)

In step 2, we localise the element obtained at each prime p € P.

H by mod 23 ‘ b3 mod 33 ‘ bs mod 5° ‘ b1g1 mod 4013
2 2
5 || (583 +5)V/802° + (785 +4)v/802 8L +213 | 58L+77 (4585 +45)v/802° + (13583 +36) /802
+78+1 —369¢; +2241
2
3 5v/802° + {3v/802+ 243+ 5 —20683 +36 | 2383+ 24 45802 — 63¢3/802 + 441085 + 2493
2 2
s || (26+7)V/802 + (58 +3)v/302 0148135 | 48,478 | (30683 +63)¥/802° + (—2259¢; — 2853) /302
+44+3 —277283+ 24147

In step 3, we find the map /2 : E(Q) — Q*/(Q*)? x M* /(M*)3. 1t is given by h = (tang, tanr), where
tang(x,y) =y—x—15

tan (x,y) = y — <310(2¢:+ 1)B2+%(4C+2)ﬁ +2¢ + l)x— (;(4g+2)/3+3og+ 15) .

In step 4, we find a suitable local point on E for each generator and prime p € P. The ones we chose are
given in the following table.

|| mod 23 mod 3 mod 5 mod 4013
2| 2:3:1) (=2:12:-10) (—4:3:-8) (0:1:47286214)
3 (1:3:1) (=3:9:6) (=3:20:-7) (0:3:0)
5 (1:5:1) (=5:3:2) (=5:15:1) (0:5:0)

These yield the following elements &, which we will use in the pairing.
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| mod2® & mod3® & mod5® £y mod 401°

2 G —38883—87 11945+76 G
3 1 —2448;+36 683498 1
5 1 —5083+52 934;+73 1

In step 5, we find the following localisations of the Selmer group generators, which in this case we need
not write out.

In step 6, we compute the local pairings, using Section 3.2. The prime 2 is inert in Ly, and the following
table gives the necessary information to calculate the local pairing at 2.

(E2,2)2 || vala(§) val(y) ¢ ()
(C352)2 0 1 g 1
(£3,3)2 0 0 10
(£3,5)2 0 0 L0
(1,2), 1 0 1 0
(1,3)2 0 0 1 0
(1,5) 0 0 1 0

We therefore obtain the following for the local pairing at 2.

5

|~ -

w N
S O =
(=N elN)
oS O O

The primes 5 and 401 are both inert as well. The following tables and matrices give the local pairing at
these primes.

(§57y5)5 H va15(§) val5(y) I (%)
(1 19C3 +7672)5 0 0 1 0 (§401 , Y401 )401 H va1401(§) Val401 (Y> c (%)
(11983 +76,3)s 0 0 1 0
(11983 +76,5)s 0 1 1195 +76 1 (2,83)a01 0 0 1 0
(3,83)401 0 0 1 0
(643 498,2)s 0 0 ) 0
(5,83)401 0 0 10
(643+98,3)s 0 0 1 0 5D X ¢ Lo
YA 0 R (3. Daon 0 0 1 0
(9383473,2)s 0 0 1 0 (5,1) 0 0 Lo
(9383 +73,3)s 0 0 1 0 s 1)a01
(9383+73,5)s 0 1 9383+ 73 1
[ ~ - o = o
2 0 0 1 2 0O 0 O
3 0O 0 O 0 0 0
0 0 1 0 0 0

To compute the local pairing at the prime 3, we need to use Proposition 3.2.7. Each element lies in a class
generated by (A, 11, 7M2,M3). The following table shows which class it is.
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element ‘ class H element ‘ class
—3883—87 | mn3ms 2| mm3
—24483+36 m 3 A*ng
—5083+52 | nims 5 UPUE

Using Table 3.1, we find the following for the local pairing at 3.

2112 1 1
3112 0 1
5 1 2 2

Adding together all our local pairings, we obtain the following matrix for the Cassels-Tate pairing.

Thus we see that we must have rank(E) = 0 again and
I(£/Q) = (Z/3Z)*.

The matrix we calculated is skew-symmetric as required, suggesting that the calculation is correct. There
is a further check we can do, for the kernel of the pairing must be the image of E(Q)/@(E(Q)). In this
case, we have E(Q)/#(E(Q)) = (S). The torsion points S, —S correspond to the Selmer elements 30°
and 30 respectively, both of which are in the kernel, as required.

5.2 Examples of the Pushout Form Method

In this section we compute the Cassels-Tate pairing using the definition given in Definition 3.3.2. In
Section 3.5, there is a calculation showing how to explicitly derive the pushout form from the discussion
presented in Section 3.4. The author has a program to compute the Cassels-Tate pairing in 3 cases:
us-nonsplit, Z/3Z-nonsplit and generic 3-isogeny.

Example 5.2.1. We once again take E : y* = x> — 3(4x+52)2, the same as in Example 5.1.2. The relevant
Selmer group is

SOE/Q) = (£3,—398 — 52).

In this example, we shall compute the pairing on the whole of the Selmer group rather than just the
generators. This is so that we can provide many examples of covering curves and pushout forms, and
thereby illustrate fully the pushout form method. We shall also check the final result thoroughly to give
confidence that the computations are correct and the code we used does the right work.

Using the calculation in Section 3.4, we compute the equations for the covering curves and pushout
forms. Although these curves work in the calculations, the pushout forms were not in a simple form and
had extremely large coefficients. They have therefore been simplified as was described in Section 3.6.
For f a pushout form with div(f) = 3-A, we found some f’ with div(f’) = 3-A’ where A’ is linearly
equivalent to A. The covering curves are calculated using (2.15) and are given by the following table.
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Selmer group element covering curve

1

=32y +4x?z 4 3xy? —dxyz + 4y’ + 1322 =0

G —x3 A%z 4+ 3xy? —dxyz — VP + 422+ 1323 =0
G+l —x3 4 3%y +4x’z —dxyz —y? +4y*z+ 1323 =0
—3983 — 52 X+ dxy? —dxyz+4xz? +3y° — 12y°2+3y2 +32° =0

253583+ 1183 X 4 4xy? — dxyz +4xz® — 3y° —3y% 2+ 12y — 323 =0

—528,—13 X Fdxy? —dxyz+4dxz? +4y3 —3y2 2 —9y2 4427 =0
—1383+39 x4+ 4xy? —dxyz +4x? + 3 + 9?7 — 1222+ 22 =0
118383 — 1352 B+ dxy? FAxyz+4x? +y -0z — 1222 -2 =0

—135283 — 2535 X+ 4xy? + duyz +4xz? — 4y> —3y% 24+ 9y22 + 422 =0

The pushout forms are calculated using Section 3.5.3 and are given by the following table.

Selmer group element \

pushout form

1

6912x2y — 9216x27 + 6912xy? — 27648xyz + 24576x7% + 92167
—49152y7* + 281673

54x3 4 51x2%y — 410x%z — 405xy% — 58xyz + 223x7% +239y° + 361y%z

& +601yz2 + 11073
746x3 — 1398x%y + 474x%7 4 555xy° — 843xyz + 2223x7% + 53y°
G+l —381y2z — 540y22 4 937
396,52 601x3 +22262x2y — 12 527x%z ;r 6885xy% — 2124xyz — 3204xz> 4 7884y°
+2835y“z —3456yz- — 9997
3 2 2 2 2 3
25358 + 1183 i8161x04—g yZZSZ 1ix5 7y2—&7- ;450_9); SZZ;i- 4465xy” 4 3401xyz — 3248xz" + 9240y
56,13 —20x° 2+ 111x%y er 354x2z3— 214xy? — 101xyz + 524xz> 4 485y°
) +651y°z+297yz" + 260z
136439 74x3 + 80x%y — 1294x%z 4+ 199xy” + 1451xyz — 1223x7% — 278y?

—1551y%z — 2109yz% — 13002

118383 — 1352

164x3 +351x%y + 261x%z — 355xy? — 1228xyz + 572xz% — 161y°
+1731y%z — 1629yz2 — 15473

—135283 — 2535

279x3 4 196x2y + 644x%z — 852xy? + 72xyz + 2088xz> + 379y°
—579y2z — 1674yz% + 234473

The set of bad primes of E is P = {3,13,181}, which in this case we need not enlarge (see Proposition
3.3.6). The Cassels-Tate pairing is given by the sum of local pairings, which can be calculated using
Section 3.2. Definition 3.3.2 calls for finding a local point on our covering curves for each p € P, and the
ones we found are given in the following table.
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Selmer group element H mod 33 ‘ mod 133 ‘ mod 1813
1 (1:0:0) (1:0:0) (1:0:0)
& (8:0:1) (1811:0:1) | (570452:0:1)
&+1 (8:0:1) (1811:0:1) | (570452:0:1)
—398 — (6:1:0) | (1974:0:1) | (531613:0:1)
253583+ 1183 (237:1:0) | (223:0:1) | (5429561:0:1)
—528—13 (208:0:1) | (679:3:1) | (5835330:0:1)
—1383+39 (166:0:1) | (859:8:1) | (3131430:0:1)
118385 — 1352 (77:0:1) | (1915:1:1) | (4730195:0:1)
—135283 —2535 (208:0:1) | (557:11:1) | (5835330:0:1)

Filling in these points on the pushout forms gives the following pairing elements. Denote by bép ) the
element obtained from g € $(®)(£/Q) at prime p.

Selmer group element H mod bgs) mod 3° | mod b§13) mod 133 | mod b2181) mod 1813
0 0 0

& 143 1122 855406
G+1 55 665 1854180
-39 —52 189 811 5021673
253583+ 1183 108 460 5700414
—5283—13 236 2043 1443656
—1383+39 34 383 4155655
118383 — 1352 148 405 4801749

—135283 — 2535 135 2165 360371

We now use Section 3.2 to compute the local pairings. Both the primes 13 and 181 are split and we
choose p13 = =383+ 1 and p1g; = —4&; — 15. We can then use Remark 3.2.4. The following table gives
the necessary information to calculate the local pairing at 13. For the sake of brevity we include only the

generators of S (E/Q).

13 13 c
(Cl7bg<,> ))p13 valy, (a) Valplz(bg’ )) ¢ (R)

(C3a §3 )P13 0 0 ! 0

(C3a 739§; 52)1713 0 0 ! 0

(_39C3 52, b( 33@ 52)1711 1 0 1/811 0

We can repeat the calculation above for all the elements in the table. We obtain the following table for
the local pairing at 13.
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% S
@ = 2 =
ot o+ q
R RV IRV
tagd o2
- 33 & =
10 O OO O O0OO0O0O0
&£ |l0 00 0 0 0 0 00
&G+1 (/0 0O O OO O O OO
-39%-52 [0 1 2 0 0 2 1 2 1
253545+1183 |0 2 1 0 O 1 2 1 2
—524—13 01 2 00 2 1 21
—13¢3+39 01 2 0 0 2 1 2 1
183g—1352 |0 2 1. 0 0 1 2 1 2
—135283 — 2535 021 001 2 1 2
Similarly, the following table gives the local pairing at 181.
181 181
(a,bé >)[’18] valp,g, (a) Val[’lSl(bg’ )) ¢ (pTCS])
181
(C?nb(g} ))msl 0 1 C3 0
(=398 —52,b") gy 0 1 —395-52 0
181)
(C3’b(—39é3—52)l?181 0 0 1 0
181
(=398 = 52,65, 5D 0 0 1 0

Thus the local pairing at 181 is given by the zero matrix. At the prime p = 3, we must use Proposition
3.2.7. Each of the elements used lies in a class generated by (A, 11,12, 73). The following table gives the
class for each element, after which we can use Table 3.1.

element class element class
1 1 b 1
4 m bt 1
3
G+l ni b(;3) 1

—3983—52 n b(f3§9§3752 mn;

25355+ 1183 | M3 || bhisse gy | M3
—525—13 | ming | 6O 5 | ming
—138+39 mn3 b(,333§3+39 nmn;
18381352 | nims | bl 135 | T

3
—135283-2535 | mins b(_1>352§3—2535 213

Thus the local pairing at 3 is given by the following table.
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2 8 4

A

ot 4+ g

= 3% a3 a% 3 @

tagd o ® e

N N O =

1 00 0 0 0 O0OO0O0O0
oo o021 2 211

G+l O 0 01 2 11 2 2
-394 —-52 00 0 00 O0O0O0O0
2535(;+ 1183 0O 0 0 0 0 0 0 O00O0
—524,—13 00 0121122
—13¢3+39 0O 0 0 2 1 2 2 11
11834 — 1352 O 0 01 2 11 2 2
—1352¢3 — 2535 0O 0 0 2 1 2 2 1 1

The final table for the Cassels-Tate pairing is given by adding the table for the local pairing at 3 to the
table for the local pairing at 13. We therefore obtain the following table.

A

o o v

g 2 mog 89

A I S

EEEEEE

- 33 & T =

110 0 0 0 0 0 0 0 O

& 00 0 21 2 2 1 1

G+1 /0O O O 1 2 1 1 2 2
-395-52 |0 1 2 0 0 2 1 2 1
25354 +1183 |0 2 1 0 O 1 2 1 2
-524-13 |0 1 2 1 2 0 2 1 O
-13%+39 |0 1 2 2 1 1 0 0 2
183%—1352 |0 2 1 1 2 2 0 0 1
—135243-2535 |0 2 1 2 1 O 1 2 O

We see from the table above that the pairing we have calculated is both skew-symmetric and bilinear, as
required. As we can see, this gives us the same result as when we calculated the pairing in Example 5.1.2.

In the following two examples, we calculate the pairing only on the generators of .S 9) (£/Q) and not on
the full group.

Example 5.2.2. Let E be given by y> = x® + (x+ 15)? as in Example 5.1.3. The relevant Selmer group is

SOE/Q) = (2,3,5) C Q*/(Q°)>.

To obtain simpler pushout forms, we use the following elements as generators of S(‘ﬁ)(EA /Q). The
covering curves are calculated using (3.73) and are given in the following table. Let L = Q({3) and
M = Q(B) where 8> + %ﬁz + 60 4900 = 0. We also give an element & such that Ny /(&) = u for each

ueSOE/Q).
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Selmer group generator covering curve ‘ 13
—24.1033 221030 —25-103% +24.103%° + 30z =0 | 5 (3B + 3648 — 1200)
—3.473 324753 —2.3:47%xyz+3-47°y* 43022 =0 | L(-3B%+32B —18)
5313 5231563 +2:5:33xyz — 5:313y + 3022 = 0 | 5(21B% — 62 + 1290)

The pushout forms are calculated using Section 3.5.4 and are given in the following table. Unfortunately,
the MAGMA lattice functions we used previously to simplify pushout forms are not implemented over
Q(+/—3), therefore we leave the pushout forms in their original, ugly forms.

Selmer group generator ‘ pushout form

—24.1033

(95504503585152¢3 + 809107610825472)x> + 3403853346816x2y
+(—9070665216¢5 + 73768190976)x%z — 13605997824xy>

+ ooa77 (16814177152622485 -+ 73980485713920)xyz + (349984083 + 4343632)x2>
+ 190777 (—5969031474072; — 50569225676592)y* 4 (—12979285 — 1525272)y%z

+ 1005727 (1851610630883 — 2695730240)y2> + Jomasrueesrer (2466440150422033;
+1372243865274116)2°

—3.473

1(—3854958162083 + 754651776945 )x* — 11567024253x%y + (1090131183 + 208241706)x°7
+163519677xy* + 153533 (—375837198742¢; — 378841668751 )xyz + (18506483 + 192480).x7>

+ 557536 (1284986054043 — 251550592315)y> + (2475883 + 38392)y%2

+ 10353 (—2945878923 — 70501072)y2* + gryrausoey (1882044885654 (3 +3000419480357) 2

5-313

1(193566948996 83 +216968917965) x> + 4897193535x%y + (74245025 — 237440922)x°2
+11136753xy” + 159955 (—635409568686(3 — 924093348075)xyz + (22278083 + 319196)x2>

+ 557575 (193566948996 43 + 216968917965y + (2191843 — 100788)y%z

+ 55757 (— 16016619283 — 30668856)y2> + 355770e5ez5 (3416592907598 83 + 10575078500125)2°

The set of bad primes of E where the local pairing is nontrivial is

P={2,3,5,401}

and this set need not be enlarged in this case (see Proposition 3.3.6). For each covering curve, we find a
local point. The ones we used are given in the following table.

Selmer group element | mod 2* mod 3° mod 5° mod 4013

2 (0:135:2) (443:586:3) (93:1:0) (34727645:0:1)
3 (67:1:0)  (126:1:1) (66:1:0) (10349116:0: 1)
5 (107:1:0)  (40:20:3)  (5:1:1)  (2901156:0: 1)

Filling in these points on our pushout forms gives the following elements. Denote by b}f ) the element
obtained from generator g at prime p.

Selmer group element ‘ b§f> mod 28 ‘ b§3) mod 3’ bs) mod 5° ‘ bj(fm) mod 4013
—24.1033 6403 +192 | 61803+ 165 | 2803+85 | 3146928503 427598825
—3-47° 13283 +253 | 117834126 | 10503+ 84 | 2016429383 +31205419
5-313 204803457 | 114834417 | 280+ 115 | 44672611(3+ 30314798

We now use Section 3.2 to compute the local pairing at prime 2. The following table contains the neces-
sary information to calculate this local pairing.
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2 2
(a,b)s | vala(@)  vab(b) c (9),

(—2%103%,b (‘); 1033)2 4 6 2 (—5-11-10318¢3 —2%.103'%) 1

(=347, 1(72)24 1033)2 0 6 36.47'8 0
(531,627 1 033)2 0 6 56.31'8 0

&)

(—2%103°, ?>3473)2 4 0 g (<243-17-18143 - 5-7-11:431) 0
(—3-47°,b 3473)2 0 0 1 0
(5313, b( ) )2 0 0 1 0

@

(—2* 1033,1(95)313)2 4 0 s (—245:17:23:4783+7%.29-61) 0
(—3-47°,68) )2 0 0 1 0
(5:31%,6) 5)a 0 0 1 0

Thus the local pairing at 2 is given by the following matrix.

(;"1 o

= o~
— < @,
Q I3e) [Sel
| [V
—2-1033 1 0 O
—~3.473 0 O
5.313 0O 0 O

The primes 5 and 401 are also inert in L. We follow the same procedure as above to obtain the following
tables.

(a, b(,s)) H vals(a) vals(b£5>) c (¢)
(—2%103%,6%), 5)s || 0 0 1 0
(—3-473, b( ® i 103)s 0 0 1 0
(5-31°, i i 103)s 1 0 o (—2274329) 1
(—2%103%,6°) , ,)s 0 0 1 0
(=3-47,65) )5 0 0 I 0
(5-313, " ®) o)s 1 0 o (56— 1) 0
(—2+103%,60) ) 0 0 I 0
(=3-473,68) ))s 0 0 | 0
(5:31%,60) 1)s 1 0 o (—22784329) 1
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(@, 401 | valii (@) valii (6§°) ¢ (

401
(2% 1033,1(7:0%;,)1033)401
(_3 4737?4&)2{;,]033 )401
(5 3137b_24,1033 )401

(—24103%, 5“0 )01
401)
(=3-473,6“% 401
5.313 b(4031)47
( : ’ 73_473)401
(—2%103%, 659401
(~3-47°,617 Doy

(531360 Vaon

=10
N—

(e

—_

S O O O O o o o o

0
0
0
0
0
0
0
0
0

S O O O O O o o
—_ = = = =

Thus the local pairing on 401 is the zero matrix and the local pairing at 5 is given by

T R
- ¥ =
N o (gl
\ A
—2-1033 0O 0 O
—3.473 0O 0 O
5.313 1 0 1

For the prime 3, we must use Proposition 3.2.7. Each of the elements lies in a class generated by
(A,M1,M2,M3). The following table gives the class for each element, after which we can use Table 3.1.

element | class || element | class
3

—24103 | nin3 b%;.logs nims

—3.473 | A2 b7%_473 APmiman;

5-31° 213 bggls mnins

Thus the local pairing at 3 is given by the following matrix.

—2.103%
—3.473
5.313

—2-1033
—3.473
5.313 1 1

—
SN
—

We now have all the information we need to use Definition 3.3.2. We can add the local pairing computed
together to obtain the following matrix for the Cassels-Tate pairing.

2 1
0 2
1 0

We see that this is the same as the result obtained in Example 5.1.3.
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We now do an example we did not see in the previous section.

Example 5.2.3. Let E be the elliptic curve given by the Cremona reference 124656dp1. Thus

E:y =x*+7(x+3)?

This is a curve of type Generic3Isogeny. The points of order 3 are generated by § = (0,31/7) and
T=(B,V7((35+1)B+64+3)) where B satisfies B2 + 2 B2+ 84 +252=0. Let ¢ : E — E be
the isogeny with kernel (S) and the isogenous curve given by

The Selmer groups are given by

. 53\°
E:y2:x3—21 (x+9> .

D(E/Q) = (1) C Q(V—21)"/(Q(v-21))
D(E/Q) = (6VT—6,2VT—6) C Q(VT)* /(Q(VT))*.

Thus an initial estimate for the rank of this curve is 2. The covering curves are given by (3.78) and are
displayed in the following table. We choose generators for $( (E /Q) so that our pushout forms may be

as small as possible. Let gy =

Selmer group element

—7434691125 — 2809798500+/7 and g, = —12356000 — 4691000+/7.

covering curve

81

936599500x> — 7434691125x%y 4 71475x%z + 19668589500xy>
—17347612625y° — 500325y%z4+2° =0

82

4691000x* — 37068000x%y — 11100x%z 4 98511000xy>
—86492000y° 4+ 77700y*z + 32> = 0

The pushout forms are found using Section 3.5.3.

Selmer group element \

pushout form

81

+(—891420360832915997703900+/—21 + 4985841960309190994998425 ) xy

(—40333598716084562480900+/—21 +269901088719562071464925 ) 3
+(328320513840941034835800+/—21 — 2020863599183663826602850)x>
+(—175096477981304721435/—21 — 553009343563125115380)x>

l\J'\l'\<

)
+(952129185103164978000+/—21 + 3200284732746452904000)xy.
+(—67522868503646850+/—21 — 43477402706488800)x7
+(806944733663629527110200/—21 — 4042268562540908638651650)y
+(—1290217264204104995955+/—21 — 4567253877421251545340)y%z
+(186511783405172400/—21 — 189087354099652050)yz>
+(—217589284409765y/—21 + 1100767370166030)z>

wl\)N

82

(—211818042536960/—21 — 5703361793598080)x3
+(—140702811594240+/—21 + 41773050139755480)x 'y
+(14250174188484+/—21 — 4424758732968 )x%2
+(4222120240611840/—21 — 97479547173415680)xy
+(—63083483769600+/—21 + 13925835025200)xyz
+(147087605160+/—21 + 464150305080)x72
+(—6295225908146560/—21 + 72747675328616120)y°
+(69838795705812+/—21 36027019071624)yz
+(—424469785320y/—21 — 1632955849560 7>
+(—880889043y/—21 + 3138851436)>
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We found some local points on each of our covering curves. The bad primes to be considered are P =
{2,3,7,53}, and this set must be enlarged to P = {2,3,5,7,53} in this case (see Proposition 3.3.6). The
local points we used are given in the following table.

H mod 26 mod 3% mod 5° mod 73 mod 53°
g1 || (65:4:0) (145:583:1) (2767:0:5) (171:0:1) (105550:0:1)
g || (0:3:8) (199:265:9) (0:1651:5) (185:1:0) (71049:0:1)

Filling these in on our pushout forms gives the following pairing elements. Let bép ) denote the element

obtained from generator g, at prime p.

H mod 2° mod 3° mod 5° mod 73 mod 533
g1 19+4+v/-21 621+4594y/—21 550+ 1600+/—21 167+70v/—21 115306+ 6898+/—21
g || 40+32v/=21 702+702y/—=21 275041375v/—=21 241+146/—21 14552141629/ —21

We now use Section 3.2 to compute the local pairing at prime 2. This prime is inert in Q({3). By Remark
3.2.1, we must extend Q(&3), by adding v/7. To recover the actual answer, we must then multiply the
final answer by 2. Let p, = —{31/7 — 33, the only prime lying over 2 in Q({3,+/7). The following table
contains the necessary information to calculate this local pairing.

(a, bz(gz))pz valp, (a) valp, (bg’z)) ¢ (P%)

0
6
1
(bg@) 0
0
0

( ) 0 0
(82.08) 6 0
(g] ) bg’i) )PZ 0 6
(8265 6 6

Thus the local pairing at 2 is given by the zero matrix. The primes 5 and 53 are also inert in Q({3). As in
the 2 case, we extend Q({3)s by adding v/7 and multiply the final answer by 2. However, there is a root
of 7 in Q(3)s3, therefore this need not be done. The prime 7 is split in Q({3), therefore we must multiply
the final answer by 2. However, we must also extend Q7 by adding v/7, therefore, we must multiply the
final answer by 4 in total.

@), | valp(@) val,(6) e (%)
7
(@b ) || valps(@) vl 6y e () (gl,b%%;)m 0 0 1o
& (g27b((g71))p7 0 0 1 0
)ps 3 2 i 2 (g1 ,b%) )pr 0 0 10
& (82,0 )y 0 0 1 0
)PS 3 2 (b(s))3 1
8l 2 53 ¢
o @67 || valps(@) valp (6F) ¢ (5
)ps 3 5 o3 2
() (1,05 0 0 1o
w| 3 B1by Jo
D
5 (bg)) (gz,b;(,,sg)),)53 0 0 1 0
(glabg523 )p53 0 0 1 0
(82ab£’2 ))p53 0 0 1 0
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Thus the local pairings at 7 and 53 are given by the zero matrix, and the local pairing at 5 is given by

81
82

81 1 1
82 2 2

We now move on to the prime 3, for which we use Proposition 3.2.7. Each element lies in a class
generated by (1,11,7M2,13), and the following table shows which one it is for each element. Next to it is
the matrix obtained by calculating the local pairing, which we did using Table 3.1.

element H class H element ‘ class % &%
3

81 Am b%; 7112713 o ll2 1

& syl by | mmm o, (2 1

We can now use Definition 3.3.2 to find the following matrix giving us the Cassels-Tate pairing on
S)(£/Q). 1t is obtained by adding the local pairing for 3 to the local pairing for 5.

81
82

81 0
1

2
82 0

Thus we find that the rank of E must be 0, and I1I(E/Q)[¢] = (Z/37Z.)>.

The difference between using either the direct Weil pairing method or the pushout form method depends
mostly on whether we want to compute local points on E itself or on the coverings of E. However, we
see some advantages to using the pushout form method. Namely the local points, when found, are not
manipulated to quite the same extent, making it easier to choose the degree of accuracy to work to. Also,
in step 6 of Procedure 5.1.1, we must find local points satisfying some requirement, whereas when we
search for local points in the pushout form method, almost any local point will do, which makes it easier
to select a suitable point. The pushout form may look rather nasty, but when doing calculations it is very
easy to use. The pushout form method also generalises quite nicely, as we see in Chapters 7 and 8.
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Chapter 6

High Rank Elliptic Curves Having
Prescribed Torsion Group

In this chapter, we consider several different families of elliptic curves over Q. The first family consists
of curves E with torsion group Eios(Q) = Z/37. There are five known curves in this family with rank
at least 13. We show that the rank cannot be higher in any of these cases. The other two families we
consider will have torsion groups isomorphic to Z /97 and Z /127 respectively, and we seek high rank
curves in each of these families.

All norm equations in this chapter were calculated using the theory set out in Chapter 4. Either MAGMA’s
function NormEquation was avoided altogether or the problem was reduced until NormEquation could
be used. In fact, all but a select few could not have been calculated without it, and even where NormEquation
would have sufficed, we often found a solution with smaller coefficients.

In each family, let E be a curve and let ¢ : E — E be a 3- isogeny with kernel generated by S € E[3], a

3-torsion point defined over Q. We calculate the Selmer group S(%)(£/Q) as a subgroup of Q*/(Q*)?
and calculate the Cassels-Tate pairing on it using the pushout form definition, namely Definition 3.3.2.
We also calculate the size of S(®)(E /Q) using a formula of Cassels [Cas65].

SO(E/Q)  #E(Q) ¢
Here, ¢, are the Tamagawa numbers and Q = |, £(r) @ for @ the canonical Néron differential of E. Tt is
calculated in [Del08] that, if E is given in the form y> = x> + A(ex+ 1n)?, then

o] @ ita<o
—\3Q ifA>0

(6.2)
In all our examples in this section, we will have A = 1. Thus we obtain

#S¢ #S\(E/Q) 2
D(E/Q) I;I '

Recall from Section 2.7 that the rank rg of E is given by

v SYE/QLISOEQ) 63)
3-JUL(E/Q)[9]|- I(E/Q) )

121
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and the rank approximation (2.34)

O (E/Q)|-ISD(E/Q)

3% < S -
3 . 3Rank(M)

6.4)

where M is the matrix representing the Cassels-Tate pairing on S (9) (£/Q).

The families of curves we look at in this chapter will all have a specified torsion group over Q. We follow
Kubert [Kub76], who gave parametrisations for all families of curves mentioned in Theorem 2.1.3. The
three families of interest will be those with torsion groups Z/3Z, Z. /97 and Z/127Z.. We recall the Tate
Normal form, or Kubert curve, first suggested by Tate in [Tat74].

Theorem 6.0.1. Every elliptic curve E with a rational point of order n =4,...,12 can be written in the
Tate Normal Form
E(b,c):y* +(1—c)xy—by = x> — bx?

with P = (0,0) a point of order n.

Reichert tabulated small powers of the point P = (0,0) in [Rei86], up to 6P. We expanded this list to
obtain the following.

P=(0,0)
2P = (b, be)
3P=(c,b—c)
4P = (d(d—1),d*(c—d+1); b=cd
5P = (de(e —1),de*(d —e)); c=e(d-1)
6P = (—fg,f*(f+2g—1)); fl—e)=e(l—d)andd—e=g(1—e)
_dd—1)(d—e)(d—e*+e—1)
*(8P) = (de—2d 1+ 1)

(Note that we have corrected a slight typographical error in the expression for 4P.) We also have

P=(0,b)
—2P = (b,0)
—3P = (c,c?)
—4P = (d(d —1),d(d —1)?).

Proposition 6.0.2. Any elliptic curve with a rational 9-torsion point is isomorphic to a curve of the form

Eo(s,1) : y* 4 (£ 4+ 5% —¥)xy + (527 = 2510 4250 — 1)y = ° + (%1% — 25°% + 252 — $°1)x?

with s,t € Z.. The discriminant is given by s°t° (s —1)° (s> — st +12)3(s® — 652t +3st> +-13). Such a curve
can also be written in the form

Y ray Ay =x
where

613 — 3551% + 35> — 5316
— 9581 4275712 — 245613 — 185514 + 27545 + 35316 — 95247 19~

),:
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Proof. Following [Hus04], we set SP = —4P. Thus from the x-coordinate we obtain

dd—1)=de(e—1)
d—1=e(e—1)
d=e*—e+1

and so we obtain

c=e(ld—1)=¢—¢é

b=cd=e —2e* +2¢° — 2.

Now let e =  with s, € Z to obtain

_S3 S2

PE )
5 4 3 2
S S S S

By substituting these into the equation for E(b,c) from Theorem 6.0.1 and then letting y — [%y and

X t%x we obtain the proposition. O

Proposition 6.0.3. Any elliptic curve with a rational 12-torsion point is isomorphic to a curve of the form

Ena(s,1) 1 y* 4 (s* 425t +25°1% + 251 — 1 )xy
+(=5"0 =80 — 1T+ 530° + 5210 4 sty

= (=582 —25°8 — 35t — 353 — 25720 —5t7)x?
with s,t € Z.. The discriminant is given by s'2t12(s — 1) (s +1)0(s> +12)3 (s> + st +12)*(s* + dst +12).

Proof. The proof is similar to that of Proposition 6.0.2. We set 8P = —4P. O

6.1 Torsion Group Z/37Z over Q)

The highest rank found so far for an elliptic curve of prescribed torsion Z /37 is 13. Between 2007 and
2009, Y.G. Eroshkin discovered 5 curves with 13 independent nontorsion points. These curves can all
be found on A. Dujella’s website [Duj15], together with the independent points found on them. In this
section we will show that none of these curves can have rank larger than 13. Let the curves in this section
be expressed as in Section 2.6 as follows.

Ejp:y*+xy+Ay=1x>

All Selmer groups in this section were calculated using the formulae provided in [Fis03], which have
been recalled in Section 2.6.

Example 6.1.1. In two cases, a descent by 3-isogeny suffices to show these curves have rank at most 13.
In the table below, the first column gives the value of the parameter A, the second a basis for (%) (£ /Q)
as a IF3-vector space in Q* /(Q*)>. The third column gives the dimension of this vector space.
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A SO(E/Q) dim
(7-11-47,11-43,11-13%.61,3-7-11%-13%.67,
25.33.52.72.112.13.19.23.20.31.37-41.43.47.53-61.67 72-53,7%-11%-41,3-7%- 11-13-31,11- 1337, 14
172.2713.18259333 32.132.29,3%.7-11-13%.23,5-7%-13,

3-112-13-19,2-3-11-132,7-11%-13%.17)

(22.5-13%.17-43,2-3%.5%2.17-67,3-13-61,
 2530.5272012.13.17-1923.20.31:41.43.4753. 596167 2°+3-13%:59,22.52.172.53,3.17%.41,3.13%. 47,
372-1313-39661133 2.32.5.13-31,2-3-5%.13.29,22.3.5%2. 13- 19,
22.32.13-17-23,3-52-11,2-7,22-3-132.37)

14

In both these cases, we see that Hp z—i = 3%, therefore by Cassels’ formula, S(¢>(E /Q) is trivial. Thus
the rank can be at most 13.

In the following three examples, we compute the Cassels-Tate pairing using Definition 3.3.2. Unfortu-
nately, the pushout forms we computed had coefficients that were far too large to put into print. Therefore,
in Section 3.5.4 we provide formulae to calculate the covering curves and pushout forms in each case.
The formulae use certain parameters which we shall give the values for here. Two such parameters are
the values € and 717, when we write the curve in the form

Eeq: v =x+(ex+1n)%
Example 6.1.2. Let

E :y? +xy = x> —560715933702165990261993692150795879540x
+5299428030171662962897867758309003693598430128674403539600

If we write this curve in the form E , we get € = 30464882157, and

N = —7214192526795421476354328483200. Then S(‘ﬁ)(E/Q) is the subgroup of Q*/(Q*)? generated
by the 18 generators

(2,5,11,31,2-17,53,3-19,32.7,3-29,7-13,5-47,2 - 3-41,2 - 3-43,7-37,3-113,19-61,19%. 59, 72.232).

By Cassels’ formula, S(®)(E/Q) is trivial. To use the formula in Section 3.5.4, we need the following
information. We have the number fields L; = Q({) and M = Q(&3, B) where

B =197-317-3313949.2831657657- 4864617187.
The torsion group E[3] is generated by the points S and 7' where

S =(0,—7214192526795421476354328483200)
T = (—4[32 — 40619842876 —412492908817731987844,
-3 (—40619842876,/32 —4124929088177319878443 — l1403041812705538543579933983036)).

For each of our generators u, we now need & such that N, /L, (&) = u. In fact, in this case we may calculate
the norm equation over base field Q rather than L;. This element & need only be known up to cubes. The
following table gives such an element for each generator. In fact doing the calculation for only the first
five generators is sufficient to prove the result, but we include them all for completeness’ sake. Note that
the generator is only accurate up to cubes. To use the formula in Section 3.5.4, the norm of the element &
must be used instead of u itself.
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Generator

§

11

31

2-17

53

3-19

32.7

3-29

5-47

2-3-41

2-3-43

7-37

3-113

19-61

192.59

7%.232

—12791661167108901195083383708204723739606398204193807777700832
—3597478027512933799444700682528548795008157076157818191375036729061623
+34834209910010018710057210905433683776661272848186727738790219363810045545993074

—128713969636818650590708921760099216043>
—426927175482769702995506001613563112479217237443
+44376973596976054087794572384100048862928277123182966340

—37362815689074099063488833354604216628599214884972424480252219032
+780502727227309361627812734809669326854336121188473377571298303252309665923
+90322073763801829115864422707163028415439947062451764324921299061299200585386713561

—443094913113111857918557757083390932659038795903>
+272227476863719713295774762823240459209386323720718377923
+20272776755188769514278967300578047461590115299433610386578702257645

—63718379772525878373546760904814335048392665384488 32
—159482870887237683838070138697851607878735149483616043092142f3
—19065516425507224591254063990024397311766291052588239154837580348491462

2015665619953028962787892068260535776414443696844400991003 32
—75800792783212973957308726326617247279827374941815993284159788452673
—312714471008416918020871738745545956599890895621586680036542970732742976927702

5491239516929546467479417682520784192127579332149105393246040233603>
+240798903423697054572469233265441409875463026580193533540491674120832896379863
+358698976231098046231964201164533925732282360410825632315198755758729111575300550997705

—546469369431326084021849523228219850341997296247273683988745028 32
+225470741666961317108282854289074989399274921898836229739398641542199129053
+330494212763445375234479442901414023351525556203049238203315164393200554645492986066

—12527048365872790226525479363572758315965684821247039092 32
+2736414010874522948957097200500869074676999475694249481198440525703
—3046027966305720609497929614054906766056353878406365341264684776910262288635

—254437450247557190013442604789056836729015037973726448955914032
+1118317581372481528998067017577849234656826147513430542943720643920922723
—1024065908027290118142846841886236214796465966904756399548519708511937191494282281

—23999892564846363559024715536013741640407322623255344297251966625269078 32
—1160319288758721872972941972935300830657032330041358587740174195757189257189083003
+8997734255678656274839296949725709198599390536649690095824828901055565246956324675089036773

—51897721063473798696693682510966474805572694158750289701258195944 3>
+1685767131558858911223935093504001631768762095904292342853525150846118998903 3
+36828825252437202794560973174886335660511625357734731779357710345524394381305513453649

—959734334791983143909668006792432441515335612969420376032
+66988908412293354525802567282739854301849730262450443040553528253
—2416747658561994089113789723609092906209464125633585983945565988443442061901

—6193418401442537095590955685454754577596242535856523262036398484 32
—458169902139763040628290844954286240080964872293170796271656423263669836768 3
—11369890390033816133524760892841079383061469144456354453933143488166346144232582961836

—103291019799018890632986442226124776627201856841170580931851281603>
—1928152943344142609840038704740323873106872946263225295972044002843791529873
+12076727158549042498306547245004117544980841088870847211532758893389603031079020546760

—728354924684203463655954064989967372139362370524736701480750368321155899494 32
+11681750342225181278695194416646350152148381619955478694782352206881616740638713546684 3
+19434520665024479760624553051458512390446503296652101005388079928110309107329981009151119353419

20945161102677573451367732674824596750279253761716740826935603 32
+505189296210451248592241625071279282087412237173820705164632021733776443
+604658151949778716294726152222092274786086969502251079112388166519874687114521294

12329949397240906893772449215411500314815048289124426081717323258151044 32
—4910339244712294096865741498080631582011849879752733789479276042684312912002640453
+4953655372154252144899465611250505559997460971028470598398634616064344573666090998999865740
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The bad set of primes over which we need to take the sum of local pairings is

P=1{2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,
61,113,197,317,3313949,2831657657,4864617187}.

We obtain the following 18 x 18 matrix for the Cassels-Tate pairing.

~ o ~ o © T < ~ 2 3 % ?(}

B T e e e -

o o 1 2 2 2 2 2 0 o0 2 2 0 0 1 2 o0 2

o o o o o o o o o o o o o o o o o0 o0

11 2 0 O O 1 2 1 0 2 1 1 0 2 1 1 1 1 0
31 1 0 0 0 1 1 1 2 1 0 O 2 2 1 2 1 0 O
217 1 0o 2 2 0 1 2 1 1 o o O O 2 2 1 0 2
53 1 o 1 2 2 0 2 0 1 1 o 0 O O O 2 1 2
3-19 1 0o 2 2 1 1 o 2 1 2 2 1 2 0 2 2 2 2
32.7 1 o o 1 2 o0 1 O 1 O 2 2 0 2 0 O O0 1
3.29 o o 1 2 2 2 2 2 0 0 2 2 o0 o0 1 2 0 2
7-13 o o 2 o0 o0 2 1 o0 O O 2 1 2 2 1 2 0 0
5.47 1 0 2 0 0 0 1 1 1 1 0 2 2 2 0 2 1 0
234 |1 0 O 1 O 0 2 1 1 2 1 o0 2 0 o 1 2 1
2343 |0 0 1 1 0 0 1 0 o0 1 1 1 0o 1 0 2 1 1
7-37 o o 2 2 1 0 0 1 o0 1 1 0 2 0 0 2 1 2
3-113 2 0 2 1 1 o 1 0 2 2 O O O O o0 1 2 1
19-61 1 o 2 2 2 1 1 0 1 1 1 2 1 1 2 0 1 2
19259 |O 0 2 0 0 2 1 o o0 o0 2 1 2 2 1 2 0 O
72232 |1 0 O O 1 1 1 2 1 o O 2 2 1 2 1 0 0

This matrix has rank 4, thus we have found 4 nontrivial generators of IIT(E/Q)[@]. By the rank estimate
(6.3), the rank must now satisfy

18 .10
e o 33
- 3.34.30

and hence

re < 13.
However, we already know 13 independent points on the curve, thus the rank is precisely 13.
Example 6.1.3. Let

E :y* +xy = x> —35822192130572784206480514296239908919425x
+2609719568750620065454923921391767461604324824175741297455625.

This curve is isomorphic to E¢ ;; where € = 106289446047 and 1 = —18258929758083987099445468550400.
Then S()(E/Q) is the subgroup of Q* /(Q*)? generated by the 16 elements

(2-13,29,47,2%.3.5,3%.7,2-3-11,2-41,2-3-23,3%.19,2.3-31,
22.59,2-3-43,2.32.17,2-3%.53,2%.3%.37,2%.3.31%.61).
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By Cassels’ formula, S(®)(E/Q) is trivial, thus the upper bound on the rank is 15. All we need to do in
this example to show the rank is actually 13 is to show that one of our generators has a nontrivial pairing
with some other element. We chose this generator carefully to give us the nicest possible pushout form to
work with. Let us consider the generator 2- 13. The covering curve is

676x° 4 5527051194444xyz — 26y° — 36517859516167974198890937100800z> = 0
and the pushout form is

52003 4 1014x%y + (—1381762798611+/—3 — 1381762798611)x%z + 39xy* + (—13817627986111/—3
4106289446047 )xyz + (97911201621810407360478+/—3 +97911201621810407360478)xz> + 19y°
+(—1381762798611+y/—3 + 1381762798611)y%z + (—3765815446992707975403/—3
+3765815446992707975403)yz2 + (— 168766729688109394340954497538996/—3
—702266529157076426901748790400)z.

The set of bad primes of E is
P={2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,61,187172595299,7081017707425445923}.

For each such prime, we need a local point on the covering curve.

p Local Point on C, mod p?

2 (2:2:1)

3 (16:43:9)

5 (76 :1:0)

7 (185:3:1)

11 (262:1:0)

13 (1089:10: 1)

17 (3238:1:0)

19 (1449 :1:0)

23 (6741:1:0)

29 (20859 :1:0)

31 (4288:10: 1)

37 (27572:1:0)

41 (8932:1:0)

43 (17489:31: 1)

47 (9697 :1:0)

53 (121087:1:0)

59 (125922:1:0)

61 (87922:21: 1)

187172595299 (1079559624751932866518324324183386:0: 1)

7081017707425445923 | (196846938428792062713811352314280598037652341253435301098:0: 1)

Although it is unnecessary for the conclusion, we calculated the above for each generator to obtain the full
matrix. This not only did not significantly increase the time needed for the calculation, but also provided
a useful check that the calculation was indeed correct. We obtain the following 16 x 16 matrix, and the
covering curve and pushout form shown above give us the first row of this matrix.
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<
S S S
0 = < o« o ¢ - RS 0
i R = T @ w2 @
4 & F 4 % e da A ®ma b e s s A
2:13 o o o 1 2 1 1 1 1 2 o0 1 2 2 1 O
29 0 0 0 2 1 2 2 2 2 1 0 2 1 1 2 0
47 0 0 0 1 2 1 1 1 1 2 0 1 2 2 1 0
22.3.5 2 1 2 0 2 2 1 2 1 2 1 1 1 1 0 0
32.7 1 2 1 1 0 2 0 2 0 0 2 0 1 1 1 0
2:3-11 2 1 2 1 1 0 2 0 2 1 1 2 0 0 1 0
2:41 2 1 2 2 0 1 0 1 0 0 1 0 2 2 2 0
2:3-23 2 1 2 1 1 0 2 0 2 1 1 2 0 0 1 0
32.19 2 1 2 2 0 1 0 1 0 0 1 0 2 2 2 0
2:3-31 1 2 1 1 0 2 0 2 0 0 2 0 1 1 1 0
22.59 0 0 0 2 1 2 2 2 2 1 0 2 1 1 2 0
2:3:43 21 2 2 o0 1 o0 1 o0 O 1 O 2 2 2 0
2-32.17 1 2 1 2 2 0 1 0 1 2 2 1 0 0 2 0
2-32.53 1 2 1 2 2 0 1 0 1 2 2 1 0 0 2 0
22.32.37 2 1 2 0 2 2 1 2 1 2 1 1 1 1 0 0
22.3.312.61 | O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
This is a rank 2 matrix, thus we see that the rank must be 13 and we have I1I(E/Q)[d] = (Z/37)>.

Example 6.1.4. Let

E :y? +xy=x> —245159698188178088219881294961406816115x
+1510191009902655798002552220643158891490617937867360088417

This curve is isomorphic to E¢ , where € = 25768271001 and 1 = —3313376315233121289454897795200.
Then S()(E/Q) is the subgroup of Q* /(Q*)? generated by

(3,13,22.5,2%.7,2.29,22.17,31.23,2.41,2-47,2-53,2.3- 19,
22.43,2.89,3-112,2%.3.59,2.13-31,2-13-37,13-83)

By Cassels’ formula, S()(E/Q) is trivial. We have the number fields L; = Q(&3) and M = Q(&, B)
where
B> = 11-29-6099887- 1283387947- 585455194193

The torsion group E[3] is generated by points S and 7 where

S =(0,—-3313376315233121289454897795200)
T= (74[32 — 34357694668 — 295112795724878907556,
V=3 (734357694668[32 —2951127957248789075563 — 5848225 147266932598725509323052) ).

Each generator of (%) (E/Q) has the following solution to the norm equation, up to cubes. Once again,
the first four generators are sufficient to obtain the desired result, but we include the calculation for all
generators for completeness’ sake. Note that when we use the formula in Section 3.5.4, we must use

u= Ny, (&)
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Generator

13

22.5

22.7

2-29

22.17

3.23

2-41

2-47

2-53

2-3-19

22.43

2-89

3-112

22.3.59

2-13-31

2-13-37

13-83

36292349338547081534736847243501043358906032
—20585741120452520430609264757575371135274068940295563
—27269696429630634206008564813330367014079975942799313023216399

138584205218430608266267849231504786976322013961988932
+1970474588740852286706321076609973571425815700310407798591095713
—3526785160454119450781152877829655785889088185186327978390120390052678874

94177736830214854738029802661293004286590465518651525623651363>
+3636069742356235931807135572013494975870589147982582436816048725917695003
—1671411678017882957031359182567031976206290825714763322791901734797623000062622074

—22253490672457559900047249187006197622130841309260804607394 32
—158077051108446548839439645797803572082353266300962486014930619357852f3
+4948495281878660829318689529888459900002172540314478804026235983023892047303614

—6851273037925055957447628984191815252763199379607044206647195460032
+8682934724267112522225206516091397398610955955695187056363740089287710697853
—8749371023198412182957196827092095206526255192974558608003533435054481965301453009989

—105231446723216703745937962149288435452973055562 1390852350032
+1614834080701027222231624288536091937669034780920161286560119438950303
—485268680873503138303597063835081441242858304806452035802201562780757793842606

14059128805018119097930459135829048798386923>
—46704136175953074769777299088209938539981643303735433
—129061732719137894367196741616406217972003874630876042580446646

338986074204786065040023096026300881601419657376552
+51690672175640892649027915331978846574791763050203639484664 3
+258020030745943174762740015404746509225367065558795887449387790018185

—9115714363043431094797360555425898579793293569674172157821663655454038102266003>
—8821163623319773145488281989524701970605649314425994888845943518688534315801705880916835f3
+317908301147060162863550432298380551112345113330426033004866100507608268026895067796534114068226383

63431078175819864380625144724799819741870355703008864392032
+1503383048096109924525333956135439917934209410147944712327900953393
+39763920076774834461836823581658659395913526050783874933571710072113056223285

—377803988628073192726853183230308274708247677494799959657952019732
+2917501381895725984981797442798903863249604637759564526979156433083051932003
+160288925280441809507746684940866634899194131259934693946081444923226830746188540487

6397379759197730656560812426159189921558465086623>
—17422061523868619776281256098028735115650963203307012426843
+211885157938272576234915979181787490722440389067885881463445710577702

—2927100231941424785213505729876476649644566842767002353163516761506682363>
—6129762105949444812542439137484933279138158678695139357716002869062851700066588803
—68541079238729671506337480510313730978273278310681577146824646244077427217941961427452307348

—29960960640152098750491780433801030500528445743307422603>
+2704504161599033925372033572163620288838112446389613492500698050003
+79198090627614006114362918227905595117440292149029582092120622267082314571

330848836159115954430971985246474318312963667357290939061033623840999289542375 32
—135947849296456122370241295614380126399530154528718472015142490594860600128384135877336323
+143272603746031396479258589534476036761415894502881499936497351692281408416236187081031005495782925

—198315178141436701507827541457895367677089372804004584459422782953 32
—4238664470483183230230689008147267044399321140660428510362523923386162734072f3
+142312884798433950527114238182764802935341055087867215911108920238252162451809950652783

—4756650162394871329690310861003552303599217811633127922560875890706237 3>
—46863120064437537480527048236628444125733861833609676360976383859722611227979584 3
+1300092979190130758046241213389517287963930152168400620431728441040977667661694860311121243

177856080322126184941130519289727736969120182335584244678891715192203>
+345585378049731322232629191773581355343210388553057219585862170835649276291175f3
+1215971478626419578366768709097822209475200530156488391486692988872444525015249002069698
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The set of bad primes over which we need to take the sum of local pairings is

P=1{2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,83,89, 6099887, 1283387947, 585455194193,
21443462751900602737, 186118113519100907120218136235221960204803459121299833503713}.

We obtain the following 18 x 18 matrix for the Cassels-Tate pairing.

o A &5 &

w o a T8 g g g o s %o 2 &

o — N N ()] N o N N (o} [V} N o on N N N —

3 0 1 1 2 0 1 2 0 1 o 2 2 2 1 2 2 2 1
13 2 0 2 0O 2 2 0 1 O o0 o0 2 O 1 0 0 2 2
22.5 2 1 0 0 2 1 1 2 0 1 2 1 2 1 1 0 2 2
22.7 1 o 0o O O 2 O O 1 o0 2 1 1 2 2 2 0 1
2.29 0 1 1 0 0 2 1 1 o 1 2 2 2 0 1 0 0 O
22.17 2 1 2 1 1 0o 0 1 0o 2 1 1 o o 2 0 2 1
31.23 1 0o 2 0 2 O o0 1 2 0 1 1 2 2 1 1 2 1
241 o 2 1 o0 2 2 2 o0 1 2 o0 1 2 0 1 2 2 0
247 20 0 2 o0 o0 1 2 o0 2 1 2 2 2 2 0 2 0
2.53 o o0 2 0 2 1 0 1 1 o 2 o0 1 0 2 2 2 0
2:3-19 1 0 1 1 1 2 2 0 2 1 0 1 0 1 2 1 2 0
22.43 1 1 2 2 1 2 2 2 1 o 2 o0 2 0 2 2 0 2
2-89 1 0o 1 2 1 0 1 1 1 2 0 1 O o 1 2 0 2
3112 2 2 2 1 o0 o0 1 o0 1 O 2 O O o0 2 2 1 1
2235 (1 0 2 1 2 1 2 2 1 1 1 1 2 1 0 2 0 0
2:13.31 | 1 0 o0 1 o 0 2 1 0 1 2 1 1 1 1 0 1 0
2.13-37 | 1 1 1 0O 0 1 1 1 1 1 1 o 0 2 0 2 0 1
13-83 2 1 1 2 0 2 2 0 0 0 0 1 1 2 0 0 2 0

o~

This is a rank 4 matrix, thus we obtain an upper bound of 13 on the rank and we have II1(E/Q)[¢]
(Z./3Z,)*. The rank must therefore be precisely 13.

Thus far no elliptic curve with torsion subgroup over Q equal to Z /37 has been found with rank larger
than 13.

6.2 Torsion Group Z /97 Over Q

In this section, we look for high rank curves in the family of elliptic curves with Eyors(Q) = Z/97Z.. Each
such a curve can be written in the form Eg(s,?), as in Proposition 6.0.2, with P = (0,0) a point of order
9. The class of isogenous curves has 3 members in each case. We let ¢; be the 3-isogeny with kernel
{0,3P,6P} and obtain the following diagram of curves with torsion groups.

7./97 s x 7./37. o Uz X Z,/37 Z7/97
E\[ 0 E\[ (7] E\L\/ é E\[/ é1 g

To estimate the rank, we can use either the pair of isogenies @y, @, or alternatively the pair ¢,,¢,. Using

Section 2.6 we use ¢; and ¢; to calculate the Selmer groups S()(E /@) and S(qsl)(E//Q). In [Fis03] we
see how to compute the Cassels-Tate pairing on 501) (E/Q) and so we are left with the task of computing



6.2. TORSION GROUP Z /97 OVER Q 131

the pairing on S(®1)(E’ /@Q). We can then estimate the rank using the formulae given in Section 2.7. Using
the pair of isogenies ¢, and ¢, would also give a useful rank estimate, however we choose not to pursue
this any further here as we prefer to work with the curve having split torsion.

The following example gives the flavour of all the calculations done in this section and demonstrates how
this method has been useful to us.

Example 6.2.1. Let s = —11 and r = 28, and consider the curve

Eo(—11,28) : y* +26671xy + 3518381298432y = x° + 160276116x>.

We obtain the Selmer group S(‘ﬁl)(E’/Q) = (12,13,22,28) as a subgroup of Q*/(Q*)>. By Cassels’
formula (6.1) we find that S(¢1)(E /Q) is generated by one element. Thus the upper bound for the
rank is 4. To use the formula in Section 3.5.4 we need the following data. We have € = 31371 and
1 = 187184432058624. We have L = Q(+/—3) and M = L(j3) where B> = 25579. The norm equations
N/ (&) = g are solved by the following elements.

g |l 3

12 7913 (—5B% —47B +18307)
13 || 615657 (8953957 + 2264810 + 138749830)

22 4616582 4 31669198 +42616353)

75777
27867174

28 = (B+41)

The set of bad primes of E is P = {2,3,7,11,13,1213,25579} and in this case we need not expand this
set. By finding a local point on the covering curves for each p in P and using Definition 3.3.2 we obtain
the following matrix for the Cassels-Tate pairing on S (E’/Q).

9 2 8 8
Y0 0 2 1
1310 0 0 O
22 1 0 0 2
28 2 0 1 0

This matrix has rank 2, therefore the new upper bound on the rank is 2. In fact, we can find two indepen-
dent points on E, therefore its rank is exactly 2.

~ 9759959815609331328  29524080122808992201584591488

P =

1= 88534217209 26343090727886323 )
. (358129710275997660 _232746168267198872425339200)

2= 12752041 ’ 45537538411

We have also found that ITI(E/Q)[$] = (Z/37Z)>.

The following example is given to demonstrate how the method is also practical in large examples. Also,
this is a rather special curve under consideration.
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Example 6.2.2. Let s = —23 and r = 385, and consider the curve

Eo(—23,385) : y* + 57282457xy + 747377065518723255000y = x° + 13096570289880x2

We obtain the Selmer group S (E'/Q) = (17,2-3-5,3%7,3%11,5-23) as a subgroup of Q*/(Q*)3.
By Cassels’ formula (6.1) we find that $()(E/Q) is trivial, thus the upper bound on the rank is 4.
To use the formula in Section 3.5.4 we need the following data. We have € = 169330389 and 1 =
5092956201458264832000. We have L = Q(v/—3) and M = Q(v/—3, ) where 3> = 251-181693. The
norm equations Ny, (&) = g are solved by the following elements. Once again, for ease of presentation
the norm of the element & is only the same as the generator up to powers of 3. To use the formulae in
Section 3.5, we must use the exact norm of &.

g | 4

17 603078296669427003% — 2093028816203228554208 — 101177927393421172079417
2-3-5 —136846042944 8% +193121610684468 8 — 230748564240645900
32.7 21210632549526082 4 29628816651061472 + 12569924072032381379

—169441091617728782896695250027 2 — 60930323308035375847595809084363

2.
-1 +26042983014981080970503823422800902

5-23 285389017548483362 — 2649662467238132897453 4 98197755254050027074236

The set of bad primes of E is P = {2,3,5,7,11,17,23,251,397,181693}. Unfortunately, in this case we
obtain an incorrect answer if we simply continue the calculation from this point onwards using only these
primes. We must extend this set to include other primes introduced by our choice of pushout forms, as
described in Proposition 3.3.6, giving us

P=1{2,3,5,7,11,17,23,37,251,397,523,19501,44587,181693,391999,4978335031,576681614287,
2512745948431,70237237108447,11065466550444247,6536123176275678832447}.

We now have all the tools we need to use Definition 3.3.2. We obtain the following matrix for the Cassels-
Tate pairing on S (E'/Q).

R <

- (o] o o w
17 O 0 0 0 O
2:3.5 O 0 0 0 O
32.7 O 0 0 0 O
32.11 O 0 0 0 O
5.23 O 0 0 0 O

Thus the upper bound on the rank remains 4. In fact, this is the first curve found with torsion subgroup
7./97 over Q and rank 4, discovered in 2009 by T. Fisher [Dujl15]. No higher rank curve has yet been
found in this family.

We used these calculations to find other curves of rank 4 or higher in this family. We searched through
all s,z with |s] < 1600 and |¢| < 2000. The following table lists a representative sample of the results
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of our calculations. By this we mean that all curves having potentially high rank are included, with a
number of other curves selected at random with a fairly even spread over the two parameters. The first
two columns give the values for s and ¢, and N denotes the conductor of the resulting curve. The column
denoted by ry, denotes the rank upper bound after calculating a descent by 3-isogeny using ¢;. We denote

by ¢; and ¢; the number of generators of the Selmer groups S(1)(E/Q) and SV (E’/Q), respectively.

Rank(M) denotes the rank of the matrix M representing the Cassels-Tate pairing on S)(E /Q). Finally,
the column r denotes the new rank upper bound in light of the pairing computed.

In order to limit our search space, we applied other rank estimates to discard low rank curves, namely the
following. In Section 2.6, we discussed the Cassels-Tate pairing in cases where an elliptic curve E has
split torsion. We used all three rank estimates from Theorem 2.6.4. We also calculated a 2-descent, and
occasionally lifted this to a 4-descent using the Cassels-Tate pairing implemented in MAGMA.

N t N re, (])] ¢] Rank(M) r

5 1491 82171094696824089302430 4 5 0 2 2

8 1253 9756129801739187586090 4 5 0 4 0
—10 627 53411588599801021590 4 5 0 4 0
11 203 5017832262458862 4 4 1 2 2
11 1896 243539568404512801831410 4 5 0 2 2
—12 1919 571187810496560520655218 4 4 1 2 2
—15 481 10705857838425842430 4 5 0 4 0
—23 385 16352763705110910 4 5 0 0 4
33 140 15114894561669210 5 5 1 2 3
—55 524 227270128080889966710 4 4 1 2 2
—57 151 27802374961524618 4 3 2 2 2
89 287 3569021367011884938 5 5 1 2 3
—118 545 152917324959907271010 4 5 0 4 0
119 485 641880765166790453010 4 5 0 2 2
131 555 461368665311312172930 4 5 0 4 0
133 507 72964018791848021838 4 5 0 2 2
144 529 2457177494631050730 4 5 0 4 0
—144 683 57803171579013534834 4 4 1 2 2
145 681 2220448668365578567530 4 4 1 2 2
152 411 48732371824822036386 4 5 0 2 2
161 327 27987122665913236014 4 4 1 2 2
—163 369 94487214034344749394 4 4 1 2 2
172 471 289859532170344821282 4 5 0 2 2
—172 969 26797305084314477127198 5 5 1 4 1
—174 541 144770615593899871290 4 4 1 2 2
—179 255 206646839618507357370 4 5 0 2 2
—183 622 5035192634461546011210 4 5 0 2 2
—240 473 929023127886635671890 4 4 1 0 4
—255 1426 28308537820366840699530 4 5 0 4 0
255 1817  16456196848904916089356590 6 7 0 6 0
257 1853 9527835873311092776700842 5 6 0 4 1
—259 1509 492352366052547256755954 4 5 0 2 2
259 1705  10586305470575663938962930 4 5 0 2 2
—341 702 16185091251318922858926 5 6 0 4 1
—341 721 53709329454870901899318 5 6 0 4 1
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s t N
—341 754 190572315887243764157970
—345 913 399200781246220004260110
—345 979 251214046236894607213710
—355 629 28352480766588873916770
—421 399 22111533813260234570010
—437 660 162592535727253391183490
—457 392 2168698111927772329758
=555 1162  7645077999375961314485910
559 1345 2525208917515481896215270
—585 1418  6679367559389058419936310
587 1182 809077366944910527046590
—595 1184 687649370057565185702670
629 1974  54043940442916338535336170
—630 1063 3084774127367283958425630
—638 1915 81489049512976120267151130
—639 1022  2816953612355711699736558
—644 1461 16963206149574239751359310
644 1805 78760665630533682116790
—663 1880  23310839010161074083921690
683 1961  17385765324353996728527678
697 1690 1209398141383872435484710
—700 1181 716353050035024366720910
—701 1144 1595354034708705174485010
701 1790 762070172755765990085970
=702 1241 2920785200397549650442966
—703 1040 1685809875827673115411710
—703 1268 1595202222569601651313398
—703 1442 46882286995338869626141590
703 1618  10906162045465041924718170
—704 1665 839837364157852965493710
—-739 572 1011273903693573949648362
—1751 978 61931907898002777218766
—786 559 2525208917515481896215270
—807 770 8250598701923844436079910
—811 555 2874560605433415953146230
—817 845 928265638514504643062970
—819 626 86643853774805978417130
—849 784 197552370463860808523694
—867 659 402627622421760685605222
—870 929  22342307875162186036265070
—873 436 340237342788331895388174
—986 849  28881156563973328674974010
—993 697 1209398141383872435484710
—995 153 3502917135023206338690
—999 650 289643337657958864373430
—1000 807 260617313114559955110570
—1012 1137  44921480364568313275234542
—1021 1589 107859932680338060374165370

z
=
=N

(M)

~
g
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N t N 7o, o ¢ Rank(M) r
—1040 1453  10391473408732119746385330 4 5 0O 4 0
—1051 1035  25399371345088353798573570 4 4 1 0 4
—1079 1998 108646867043404343226751386 4 5 0 2 2
—1085 1006  79813751502622016753117790 4 5 0O 2 2
—1091 1738 601061659931309414622756774 4 5 0 4 0

Using this method, we were successful in finding two new curves in this family of rank 4. They are listed
in the table below, in the format s,¢, where the curve is formed by using Proposition 6.0.2. In Chapter 7
we will explore further ways of eliminating curves that do not have a high rank. We were unable to find
more than 2 generators for E9(—1051,1035), but neither have we been able to rule out that it has rank 4,
therefore we shall revisit it in Chapter 7.

s t independent points

(7 383531650410344842560 l1484286080864432393258582235200)
96721 ’ 30080231

( 81724460369877024795282972019279968000 477285525211729143108026474745450251945877199678464000000
6049592989355610207529 ’ 470532076680522766638099000778667

(7 54390267859972222955313799891200 249208504105729270874004955488343663486033920000 )

—240 473

9719666896433641 ) 958246125982018375788811

( 131 86002684406828970944768 26402478610242548253449575986848813056
4437291769 295581316608397

( 86928666299496761114155471441800 _ 1016130134209423513695817587233677662541328116800 )
94700982862249 ’ 921577216767952995307
( 50154140332101652680 _ 11965984811867707712286700017600 )
7921 ’ 704969

—-355 629

(_ 364794282942887665425166625400 128108078825455684973562231057142189856040000
6743936354281 ’ 17513389013859517429

( 73734489875733328727568353425800 503100254051627822311222612736592092090302680000
184337834489449 ! 2502774503011539444043

6.3 Torsion Group Z /127 Over Q

We now investigate the family of curves with torsion group Z/12Z. Proposition 6.0.3 gives a parametri-
sation for such curves, with P = (0,0) a point of order 12. There are 8 curves in the isogeny class of such
acurve E. We let ¢ be the 3-isogeny with kernel {O,4P,8P} and obtain the following diagram.

7./127. Uz X Z./4Z. 7.)127.
E ¢ E i E

Once again, we calculate the Selmer groups S(¢)(E/Q) and S¢ ( E'/Q) using [Fis03] and then calculate
the Cassels-Tate pairing. The following example gives a full calculation of the Cassels-Tate pairing on

SO(E/Q).

Example 6.3.1. Let s = —10 and r = 13, and consider the curve

E12(—10,13) : y* — 54701xy — 9579281428470y = x° + 189572370x>

We obtain the Selmer group N (E/Q) (6,10,39,807) as a subgroup of Q* /(Q*)>. By Cassels’ for-
mula (6.1) we find that S©®)(E/Q) is trivial. Thus the upper bound for the rank is 3. To use the formula
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in Section 3.5.4 we need the following data. We have € = 94137 and n = —74677875480000. We have
L=Q(v/-3) and M = Q(B) where B3 = 232-139-251. The norm equations are solved by the following
elements. Once again, the generator is only accurate up to cubes. We need to use the actual norm of each
element & in the formula.

Generator ‘ 3

—103625015479632333991282 — 1072121509939311047555258

6 +103138488383255910080300211
10 13565211632 —23691746601608 + 812363652771427
39 1764108943110240032 — 32945284923394310253 — 1991288228871698813118

3225776740053120655571343253638390146879518886232 32
807 —412827902681280530417861097614260337312074049507253
—226469339191688609751941218085263237341807303262451286

The set of bad primes of E is P = {2,3,5,13,23,139,251,269}, which we expand as is explained in
Proposition 3.3.6 to

P=1{2,3,5,13,23,61,67,73,139,251,269,457,419161,2170141,4999781257,665374861243,
4820055638617, 153827896655203,4216059611521651755073271221}.

By finding a local point on the covering curves for each p in P and using Definition 3.3.2 we obtain the
following matrix.

~

o 2 & 8
6 0o 2 0 1
10 1 0 0 O
39 0O 0 0 O
807 |2 O O O

This matrix has rank 2, therefore the new upper bound on the rank is 1. A generator is not known on this
curve. We have also found that ITT(E/Q)[§] = (Z/37Z)>.

Once again, we attempted to use these calculations to find other curves of rank 4 or higher in this fam-
ily. To eliminate unsuitable curves, we could employ stronger machinery than in the previous family,
by exploiting the fact that any elliptic curve E with torsion group Z /127 has a rational point of order
2. Thus we could calculate a 2-isogeny descent, and use the theory from Section 2.7 to obtain ever
more accurate bounds on the rank of E. This procedure is implemented in version 21 of MAGMA by
T. Fisher, as TwoPowerIsogenyDescentRankBound. We searched through all |s|,|¢| < 7500 to find
rank 4 candidates, and all |s|,|#| < 13500 for rank 5 candidates. (Note: we had to exclude the pairs
(s,7) € {(—6157,5486), (—6263,4264), (6397,5556),(7387,2008) } as the calculation in these cases in-
volved primes that were too large to perform the computation, even on a part of the Selmer group. All of
these are candidates for rank 4.)

The following table lists many examples, a full list would be somewhat too cumbersome so we have
selected a representative sample. We have selected all interesting examples which still have potentially
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high rank, together with a number of other curves selected at random from the sample set. We did not
include any of the examples on which we calculated the pairing on only a subset of the Selmer group
to save on the number of computations to be performed. We give the values for s and ¢ in the first two
columns. N denotes the conductor of the curve. The column denoted ry gives the upper bound on the
rank after computing a descent by 3-isogeny. We denote by ¢ and ¢ the number of generators of the
Selmer groups $?) (E/Q) and 5(9) (E/Q) respectively. Rank(M) is the rank of the matrix M representing
the pairing on (%) (E/Q). Finally, the last column r denotes the new rank estimate in light of the pairing
computed.

s t N ro ¢ ¢ Rank(M) r
—408 337 137003109467305395552810 4 50 2 2
—584 329 412501147692964372836622290 6 7 0 4 2
—623 552 236772509419835136177437490 6 7 0 4 2

684 155 91852854210635848198432590 6 7 0 4 2
859 593 358210529915244759591648810 4 5 0 0 4
—891 650 1358697064516268251270906410 4 5 0 4 0
—985 433 4842339878103434698615368690 4 5 0 4 0
1081 912 113359165228202548300314149130 6 7 0 4 2
1128 481 1596400777198592124445064618070 4 5 0 4 0
1169 552 2820220314627268301982331362810 4 5 0 4 0
—1225 444 9480691825567540872527303070 6 7 0 6 0
1321 270 850006619135312194257524280930 4 5 0 4 0
—1343 1320 605101660192394935640755494810 4 5 0 4 0
—1369 1170 122786471322048481020123309870 4 4 1 2 2
1391 924 62590535508748698422683937034810 8 9 0 8 0
1443 670 89458825285606816224354050867310 6 7 0 6 0
1443 1078 30144000376281971242314452971770 4 5 0 2 2
1568 1089 120137925119152340421716557170 6 7 0 6 0
1585 72 469708748109626321243811306390 4 5 0 4 0
1639 260 7262131869108463872042852223890 4 5 0 4 0
1705 156 14355633727189357808694771191910 4 5 0 4 0
1755 1198 148400402076383131874412020878590 4 5 0 4 0
—1780 357 6387878166169745889465898899270 6 7 0 6 0
1780 1539 30671687802918342018360580083870 6 7 0 4 2
1830 553 404571223673104098558692285833110 4 5 0 4 0
1845 1036 257478108870135228705361172463330 6 7 0 6 0
—1876 93 2050973753263416137294139422190 4 5 0 4 0
1885 1698 2559303762604710066311324294205870 6 7 0 6 0
1916 1533 1859502130483962426591963642782610 6 7 0 4 2
—1957 828 21825260860501579301856305774790 6 7 0 6 0
2038 1547 6751132796766724444837845074551290 6 7 0 6 0
2068 1751 154055004345651952096534681139010 6 7 0 6 0
—2072 143 17158617479601255343182555368310 6 7 0 6 0
2113 2070 790315522863177419593915443561870 4 5 0 2 2
2196 515 276992687365808225982674909730 6 7 0 4 2
2209 399 353388277326657902617867820010 6 7 0 6 0
—2262 2255 85618749613899696962209387935990 8 9 0 8 0
—2297 1649 2698529938780302989325847582590 4 5 0 4 0
2328 1075 528197681040272690220958136291430 4 5 0 4 0
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s t N ro ¢ ¢ Rank(M) r
2356 213 358416901938552100761283435638390 4 50 2 2
2362 1349 18897506463344489349057719484386730 6 7 0 4 2
—2495 972 6805162015854840488491883354670 4 5 0 4 0
—2598 1901 8176906278827302353136535245211130 4 5 0 2 2
—2616 2159 460364797663450935002201278032090 4 5 0 4 0
—2644 951 702990959000203385014391695329630 4 5 0 4 0
—2647 595 3286930003155960803487340204710 4 5 0 4 0
—2651 1325 28222347704325960119817765112230 4 5 0 4 0
2668 369 69669394778212529777035757324610 4 5 0 2 2
2712 1129 891212853430427957239884272452110 4 5 0 4 0
2721 140 729060152714437927992360640922670 4 5 0 4 0
—2751 316 64466329396459941189932177425710 4 5 0 2 2
—2753 2552 2612856966131378495588216151346770 4 5 0 4 0
—2756 825 63939680935990238153815467471330 4 5 0 2 2
—2766 655 551873347217401666940442495063330 4 5 0 4 0
2796 1795 63612222490513330088382538632531510 4 4 1 2 2
—2840 591 312226455015223530693090182219190 6 7 0 6 0
2852 1215 59999215815004570225145869896870 4 5 0 4 0
2913 416 29067885742000009070989149228330 4 5 0 4 0
2927 2385 334172644898121001500861405142590 4 5 0 4 0
2928 2869 7667508361629236519153494085779290 6 7 0 6 0
3020 309 5099931104555046954246500327567610 4 5 0 4 0
3077 1506 194036079313823788902308431185392190 4 5 0 4 0
—3087 2990 116540605650540234168498826697910 4 5 0 4 0
3097 1872 377185406814834010699366693042410 6 6 1 2 4
3128 2779 21485963046684304713102924569772030 8 9 0 6 2
3129 88 724534522402895565332339647635510 4 5 0 4 0
3133 3117 818545231556572914123702928410 4 5 0 4 0
3169 3143 1817141792205956818145730444009570 4 5 0 4 0
—-3192 2129 13972354663113459262849690770881070 4 5 0 2 2
3213 404 26785939357151069961798765850290 4 5 0 4 0
3219 169 701583101871584034743455424610 4 5 0 2 2
3241 1992 128751793187617330370736731355591570 4 5 0 4 0
3265 2076 42124335463203449196454192840886490 4 50 2 2
3276 2789 126735251956314586802004672128951070 4 5 0 2 2
—3282 2291 79494088012395687208190459341499970 4 5 0 2 2
3299 708 39255771813904796472265394172889230 4 5 0 4 0
3319 2280 197260337110025290847350885199433030 6 7 0 6 0
—3342 2353 96492839556597889777604879031733530 6 7 0 6 0
—3344 1281 7421746405993637502806624172570 4 5 0 4 0
—3400 517 18287563996620119932732694694210 6 7 0 6 0
—3429 2210 11935209850919341197788509794088890 6 7 0 4 2
3431 840 36681336645401795723607379477784910 6 7 0 6 0
—3439 1533 2724342714144011084761701418664310 6 7 0 4 2
—3459 2242 118460499016537582873201493659868430 6 7 0 4 2
3470 429 53794113657317052247085959337306070 6 7 0 6 0
—3535 1683 1458415366203831546925126940468010 6 7 0 6 0
3552 1765 52586455095136617765713719228010730 4 5 0 4 0
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s t N

3553 3023 26778997241589373242825743418336870 6
3584 3289 5545746880217281985441476922850210 6
3603 2258 1538828947491008424291096913190999370 4
3623 481 319917757343874277535816006858070 6
—3636 3485 18514573698314774295555337600271790 4
—3654 767 5052944644956805536482330153148510 6
—3687 3070 40410144383450704140250653094189230 4
—3695 59 145451116591661273882092803260490 4
—3755 1716 1156967671933495972938639972130410 4
3773 3306 59830331260240898359370701716234390 6
—3828 1025 95781368908537026832298348310 4
—3836 1373 436847231079146626851335095943070 4
3839 2545 49984757014891424414561702574514770 8
3933 2420 54151765848252845085537671333111610 4
—3939 236 168861892303727651296048672434270 6
3940 2307 1655023886809547669134703838690870210 4
3959 3234 11548614457147354940066720951454510 4
—3960 3031 3700061170276313756845006233268110 4
—3964 1855 349926603899249835850600146848910 6
—3985 2328 08215343722387804478972251895132970 4
3999 442 26962789380891965159748045020234070 6
—4039 4015 1671036424330094000230280165121570 4
4

4

6

6

4

8

8

4

5

8

8

4

8

6

6

8

8

6

5

6

4

5

‘:
)
&
=
=3

0 (M)

4052 1221 569892536794977433725443674374088710
—4057 1170 6451623060813810909457513754991270
4095 3064 596490600715976529903449477835904710
—4115 2484 32347789397717763025540833378001770
4121 3544 1852560050999924108094775356108559830
4370 3597  14055704491114983634949466352595358210
4602 2965 18679568757903919857138929951177520330
4833 1720 255702732290262639821720443387535310
4896 155 6078401841744552448025886329822910
—5219 1008 5385280515493716724022195558529030
5676 2653  40212925864798181842521471765309771930
5693 4866  27105470823340032333905996702075430210
—5871 2240 165104209003954024251482713192225830
—5950 1537 4071108692507569222883551018178730
5957 744 3035376619770836374254434489119653810
5972 931 533029235404692957067176755726010
6521 1540  42298460462311749284493901939002353370
6585 3052  174527423105334360489438184862185578990
6648 5159  233362592076506418782186442347476846590
—7189 1452 132035766093222249764437035325911690
—7359 3376 11984910100518795660128644074494234310
8525 7842 1618950287279383884732933867919244727990
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There are several curves of interest in this table. The first is E12(859,593), which is the only known curve
of rank 4 in this family, discovered by T. Fisher in 2008 [Duj15]. There are no known curves of higher
rank at the date of writing. The other curves of interest are E1,(3097,1872) and Ej,(—7189, 1452), which
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are the only survivors in this procedure and therefore the only curves so far worth investigating further.
We will investigate a strategy for doing this in Chapter 7, although these curves will prove to have too
large coefficients to be handled there. Note also Example 7.2.2, which handles a single case separately,

for reasons explained in that example.



Chapter 7

Further Descent Calculations in the
3-Isogeny Case

In the previous chapter, we searched for high rank curves in certain families. We had a few examples
which were candidates for high rank curves but we could not find generators for the Mordell-Weil group
to prove the upper bound was actually attained. In this chapter, we will use the strategy from Section 3.6
to give a more accurate upper bound on the rank.

7.1 The Method

Let n be any integer and let E be an elliptic curve admitting a cyclic n-isogeny
¢:E—FE

with ¢ : £ — E be its dual. Let E[n] be generated by S and T such that E[¢] = (S). Let S)(E/K) and
S(¢)(E /K) denote the Selmer groups attached to ¢ and ¢ respectively. In Section 3.1, we saw that the
kernel of the Cassels-Tate pairing on §()(E/K) x §(®) (£ /K) is the image of S" (E /K). Thus we could

turn a descent by n-isogeny into a full n-descent.
In this chapter, we will be computing the Cassels-Tate pairing
SONE/K) x S"E/K) — Q/Z (7.1)

whose right kernel is precisely the image of the Selmer group S (n0) (E/K). We will use the pushout func-
tion definition of the pairing, namely Definition 3.3.2.

7.1.1 Preliminary Theory

In Sections 2.2 and 2.3, we saw that elements of S"(E/K) could be written both as elements of some
concrete group and as n-coverings of E. In this chapter, we need another geometric interpretation of the
cohomology group H' (K, E[n]), in which this Selmer group lies. The following terminology comes from
[CFO"08].

Definition 7.1.1. A torsor divisor class pair (C,[A]) is a torsor C under E together with a K-rational
divisor class [A] on C of degree n.

141
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The divisor A is linearly equivalent, but not necessarily equal, to its Galois conjugates. The isomorphism
of torsor divisor class pairs (Cy,[A;]) = (C2,[Az]) is an isomorphism y : C; 2 C; such that y*A; ~ Aj.
The trivial torsor divisor class pair is (E, [n- €]), and every torsor divisor class pair is a twist of this. The
torsor divisor class pairs are parametrised up to isomorphism by H'! (K, Aut(E, [n- ©])). For consider any
(C,[A]) with

v (C> [A]) — (Ev [n ﬁ])

an isomorphism defined over K. Then we associate to (C, [A]) the cocycle &; = o(w)yw~!. The following
lemma completes the characterisation of H' (K, E[n]) as torsor divisor class pairs.

Lemma 7.1.2 ((CFOT08, 1.8]). Aut(E,[n-0)) = E[n]

Proof. The automorphisms of E as a torsor are the translation maps tp with P € E. We see that Tj(n- &) ~
n- 0 if and only if P € E[n]. O

For some divisor class pair (C, [A]), the corresponding n-covering is (C, ) where
n:C—Pic’(C) = E
Pr+——[n-P—A

To compute the Cassels-Tate pairing (7.1), we now want to be able to compute pushout forms on n-
coverings of E. We do this by providing a solution to Problem 3.6.1. Let R be the étale algebra attached
to E[n]\ {€}. Let (C,[A]) be a torsor divisor class pair corresponding to some & € H'(K,E[n]). Recall
that we have the following maps.

sum : Pic’(C) = E (7.2)
From [Sil08, Proposition X.3.2], there exists some Fy on C such that

0:E—C
P—P+P (7.3)

is an isomorphism defined over K(Fp). Thus sum is given by [A| —Az] — A} — Py — (A, — Py) = A — Aj.
From the short exact sequence

OHE[H}HEEZ]%EHO

we obtain

E(K) S H'(K,E[n]) > H'(K,E)

where

§(P)=(E,[(n—-1)0+P])
1(C,[A]) =C. (7.4)

For n prime, we also have from Definition 3.4.1 the injection wy : H'(K,E[n]) — R*/(R*)", and in
Proposition 3.4.8 we saw that in this case

F=wj08:E(K)— R*/(R*)"

is given by F € R(E)* such that div(Fr) =n-(T) —n-(0) for all T € E[n]. We extend to a map on
divisors with support disjoint from E|[n] by letting F = Fosum. The following diagram then commutes.
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RX/(RX)}’[

Recall that we have % = Spec(K[R]) as in Section 3.4.2. Let & € H'(K,E[n]) with C¢ its associated
n-covering, and let wi (§) = o € R*/(R*)". Then the K-rational points on Cz map to the points in E(K)

with image under 8 given by &. The image under F = wy o § is therefore given by at(R*)". We can
therefore define the covering curve by

{(P2) €ExZ| F(P)= a'}.

We now work over K and write z7 for z(T') as in Section 3.4.2. This signifies for 7 € E[n] the value of
z € Rat T. We can use the z7 as coordinates on %. This leads us to the following lemma on n-coverings
of E.

Lemma 7.1.3. Let (C,[A]) be the torsor divisor class pair corresponding to some & € H'(K,E[n]). Let
Cg be the n-covering corresponding to §, and let wi(§) = o mod (R*)". For T € E|n] let z1 be the
coordinate function defined in Section 3.4.2 and given by evaluating at T. Then

gives a degree n* embedding of Cg into Pl
Proof. This follows from the discussion in Section 2.5 of [CFO™12]. O

Recall also the embedding given by Proposition 3.4.11, which gives an embedding of C¢ into P71 with
section 1+ A (see Section 6 of [CFOT09]). Associated to that embedding is the element p corresponding
to « in the following manner. There exists some y € R” such that a@ = ¥* and p = dy. We now move on
to the actual calculation of a pushout form, which we do in the spirit of Section 3.6.

7.1.2 Calculating a Pushout Form
Suppose we have &,&’ € H' (K, E[n]) given by the torsor divisor class pairs (C,[A]) and (C',[A"]), respec-
tively. Assume we have some P € E(K) such that
(C',[A]) = (C.[A]) + 6(P)
= (C,[A]) +(E,[(n—1)0 + P]).

Recall we have 0 from (7.3) such that
(C,[A]) = (C,[A]) +(C,[(n— )Py + (P+R)))

and if we apply t from (7.4) we have C' = C +C. From [Sil08, Exercise 10.2] it follows that C" and C are
in the same torsor class of WC(E /K), therefore they are isomorphic over K and without loss of generality
we assume C' = C. Thus sum([A’ — A]) = P.

If we now let P = U € E|[n], we have sum(n- [A’ — A]) = O, therefore n-A and n- A’ are linearly equivalent.
We now want to show that if we can find an isomorphism y : (C,[A]) — (C,[A’]) explicitly as a linear
change of coordinates, then we can construct a pushout form. Assume we have such a y. Let 14 : C —
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P! and 1y :C— P~ be the embeddings of C by |n-A| and |n-A’|, respectively. The image of these
embeddings is the same curve of degree n”. Let g be a linear form associated to A’, and we embed g” into

pri-l using 1,,. We then apply w~!, which because it is a linear change of coordinates takes 14/(g") to
some t4(f(x1,...,%,)) with div(gi,,) =n-A—n-A’. We can in fact use any linear form for g, which will
allow us to find a pushout form with a linearly equivalent divisor. If we have defined variables xi,...,x,,
we will therefore use g = x1 in our calculations for simplicity’s sake.

Lemma 7.1.4. Let & € H'(K,E[n]) be represented by some torsor divisor class pair (C,[A]), as well

aswi(§) =a € R*/(R*)" and wa(§) = p € (R®R)* /IR for R = Mapsg(E[n],K), as in Definition
3.4.1. Let (C,|A’]) be given as above by (C,|A’]) = (C,[A]) + 8 (P) for some P € E[n]. Let the embedding
of (C,[A]) into P71 be given by Lemma 7.1.3. Then the isomorphism v : (C,[A]) — (C,|A"]) can be
given by a linear change of coordinates. Moreover, this change of coordinates can be given by

= 1 r-u
T=
p(T77U) i-U

Proof. From Lemma 7.1.3, we find the embeddings
Fr(P)=a(T)Z} Fr(P) = a(T)%

for (C, [A]) and (C, [A']), respectively. Recall from Lemma 3.4.6 that there exists some p € (RQR)* /dR*
such that

a(h)a(Tr)
a(Ti +Tz)

for all 71, T; € E[n]. Because (C,[A]) and (C,[A']) differ by 6(U) for U € E[n], we have

8a(T1,T2) = :p(Tl,Tz)n

o(T) = Fr(U)a(T)
Fr(P) = Fr(P+U).

From the definition of F', we have

Fr_y(P)
Fr(P+U)=F(U) —=
(1) =Fr (V)-8
and so we obtain
OC(T—U)Z'%_U
Fr(P+U)=FU) ———————
il )=Fr(U) MEOED
- a(T — —v\"
&)A=Y (ZT U>.
a(T)a(=U) \ z-v
Therefore we can take the following change of coordinates
~ 1 ir-uU
r=— . 7.5
TP 0) zu 73
O

This same change of coordinates can be used when we consider instead the embedding given by Propo-
sition 3.4.11. Recall that in that case all the quadrics given in that proposition come from relation (3.25),
which is

r(Tl,Tz)(TC(P))Z()’ZﬂJrTz =p(T,1)zr 27, -
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Recall also that, as is described in Definition 3.4.1, we have some y € R such that
oa=7" p=2avy.
We choose p such that p = (7, 7,)(U’) - p where w(U’) = U for some U € E[n] and thus we also have
71, 1) (R(P))zozr +1, = P(Th, T2)2r, 213 -

We now want to show that the change of coordinates given by (7.5) is also the correct one to take in this
situation. We know that

7(1y,1) (T (P)) = rz; ) (2(P) + U').
Also, because div(r(z, 7,)) = (T1) + (T2) — (T1 + T2) — (&) we have

rn—v,n-U(P)rr+nv,u(P)
ru,-u(P)

rery 1) (R(P)+U") = rqy 1) (U') -

Therefore the following calculation shows that the change of coordinates (7.5) is indeed the correct one
to take in the case of the embedding given by Proposition 3.4.11.

p(M—-UD-Up(Ti+L+UU) n-vin-Uuin+n+uiv

713,13 (R(P)) = r(7;.1) (U')

p(U,-U) AN+ +UT + T -UZUZ-U
-7 (U/) . P(Th _U)p(T27 _U)p(Tl - Ua T2 - U)P(Tl + T2 + U7 U) . ZT]ZTZ
(T1.12) p(U,~U)p(Ty +Tp,~U) 4T
YT)Y(T2) Znzn
=7 =
(11.72) ( 0 YT +T) Zr+n
IRz
— ., T) 02 2
(1.1 (U ")-p(Th 2
= (T, D) T
AN +T,

This change of coordinate map was implemented in MAGMA by T. Fisher, and this is what is used in the
next section. The following section calculates an example taken from Chapter 6.

7.2 Examples

We demonstrate this method using a small example first.

Example 7.2.1. We let E : y> = x> + (—19x+ 8)2. Let ¢ : E — E be the 3-isogeny with kernel generated
by ((0,8)). Let L = Q(&3) and M = Q(&3, B) where B3 = 31-223. Then the Selmer groups are given by

SONE/Q) = (—18683 — 155,—497736(; + 131347) € L* /(L*)?
SO(E/Q) = (2) € /(@)

We know without calculation that the Cassels-Tate pairing on S¢ (E /Q) x 8@ (E /Q) must be trivial as
this Selmer group consists of only one generator. The 1n1t1a1 rank upper bound is therefore 2. Thus we
obtain the generators (g1,82,¢3) for the Selmer group S (E/Q) as follows. Usmg Lemma 2.5.10, we
identify H'(Q, E[3]) with a certain subgroup H of pairs in Q*/(Q*)? x M* /(M*)3. The element g3 is
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obtained by lifting 2 to (2,b) € H, using Lemma 2.5.12. This lift may then be changed by any element
in (L*/(L*)?)~ to obtain some curve that is everywhere locally soluble. The only primes we need to
consider in choosing an element to alter the lift by are the bad primes of E, together with the ramified
primes of L and any primes in the factorisation of the b.

(

1,G) = (1,—186& — 155)
(1,

81 Gy

Gy) = (1,—497736&5 + 131347)
1

3

82

1 1
83 = (2,5(2498 + 115)B7 + 3 (254785 —4730)B + 3 (41478 +48775)

which give the following covering curves

Selmer element H covering curve
g1 2x3 + 5x%y + 10x%z — xy? 4 9xyz + 8xz2 — 2y® +4y? 7+ 6yz> — 622 =0
22 —x3 — X2y 4 X2z + 6xy% + Tayz 4 6xz2 — 2y° — 18y?7 — 6yz> +22° =0
g3 —x3 — X2y + X274 6xy> + Txyz+ 6322 — 2y° — 18y?7— 6y22 +222 =0

The pushout forms we obtain are given by

Selmer element || pushout form
g1 3x2y + 6x%7 — dxy? — dxyz +2x7% — 4y> + 8yz> — 873
2 X%y — 2x% 7+ 2xy? — Tayz +4xz? — 2y — 6y*z+22y7% + 1473
g3 X3+ 3x%y + 2x27 — 2xy® + dwyz +xz7 — 12y° — 6y° 2+ yz?

The primes over which we must take the local pairing are the bad primes of E together with the prime at
3. Thus we obtain the set P = {2,3,31,223}. This set is not enlarged by the pushout forms in this case.
We found the following local points on each covering curve.

Selmer element H mod 24 mod 33 mod 313 mod 2233
2 (14:1:2) (6:26:1) (11731:16209:1) (3860370 : 6805130 1)
@ (8:7:1) (25:1:1) (4674:27405:1) (5766394 : 9588079 : 1)
23 (8:1:1) (11:4:1)  (645:22070:1) (8503491 : 7255590 : 1)

Filling these in our pushout forms gives the following pairing elements.

Selmer element H mod 23> mod3* mod31® mod?2233

81 4 54 8462 10987468
82 5 70 23207 1954722
83 5 49 15116 8013901

In this case we find only the primes 31 and 223 yield nonzero matrices. We choose the prime p3; = 6+ {3
lying over 31 and pa3 = 1183 — 6 lying over 223 and use Remark 3.2.4. The following tables give the
necessary information to calculate the local pairing.
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(a,b) s, valp,, (a) | valp,, (b) ¢ (ﬂ%)
EG1,8462§,,31 2 0 e | O B
G», 8462 ,,31 1 0 s 0
1
(62,23207>m 1 0 my | 2 i
(Gy,15116),.,, 2 0 meagsse | |
(G, 15116) ., 1 0 15116 2
(aa b)l’223 valp,,, (a) Vall?zza (b ) ¢ (ﬁ)
(G1,10987468) .., 0 0 ! 0 ‘;J 8 g
(G, 10987468) . 2 0 oSO | 2
(G1,1954722) 0 0 1 | ol o3
1
(G2,1954722) .5, 2 0 3520038097284 1 el 2 2
(G1,8013901),,,,, 0 0 } 0
(G2,8013901) ,,,, 2 0 ST TR0T 1

The Cassels-Tate pairing is now given by adding together the matrices thus obtained. The final pairing
is given by the following matrix. Notice how the first two columns give a skew- symmetric pairing, as
we would expect seeing as they come from lifting elements from S()(E /Q) rather than S()(E/Q). The
matrix is of rank 2, therefore the elliptic curve E has rank 0.

81

Gy

8
2
G, 0

—_ O
S N &

Example 7.2.2. Let E = E[»(—3482,1213). In this case, the Selmer groups are given by
9)(E/Q) =(33556434319379172083 — 1532347698526352571, 5668984022523 4 328319297033,
55952483 433305) = (g1,82,83) C L /(L*)’
9(E/Q) =(22-297- 17412260, 12131741 468817) € Q* /(Q*)?
Because of the larger generators involved in computing the pairing on (¢ (E /Q) x5 (E /Q), we instead

opted to use the method from thls chapter to show that this curve cannot have rank greater than 2. We
lifted the three generators of S(%)(E/Q) to S®)(E /@), and expressed them as covering curves as follows.

generator || covering curve
483284192300x> +222070179765x%y + 11438942216687x%z — 1227782397135xy>
&1 +11438942216687xyz — 483284192300y> 4 11438942216687y%z + 11358133060446237z> = 0
159074538280x> 4- 580831373325x%y + 11438942216687x%z — 1058054988 165xy>
&2 —11438942216687xyz + 159074538280y> + 11438942216687y%z + 24669275234116737z> = 0
—2700898919390x — 5577703949895xy + 11438942216687x%z 4+ 13680400708065xy>
& —11438942216687xyz — 2700898919390y + 11438942216687y%z + 146371783680291z = 0

The pushout forms are then given by the following table.
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generator ||

pushout form

81

82

83

10079043493119027456932773892664475x3 — 13119656424660732633519154281637020x%y
+761687209124972454008225166358429809xz — 100053748807677802187688660360214695xy>
—497294751491695911101644075843752066xyz + 367936002687996211396815296820445965x7>
—93714037742846484162876099632743100y* — 1617308838717704470694997846507765141y°z
—53726537816189909773292100414643555290y7> + 13475665343287079338354764522357517°

3740494126674686020413105539245x> — 14487991147051145594199362088450x%y
—111819662826115600035764530367102x%z 4 31305890402827811990937215335965xy?
—781033288704484586154943316362723xyz + 12253714211784895914802473216359715x7°
—5693801931193768203516291567880y> + 48159398894925897572553835543273y%2
—12112305008473980654813589214562285yz> — 3309436270778433807354772982667°

70657178574343890456052974402618316x — 320623068884477139270258457737180363x%y
—364045668872148013227435685272044531xz + 411592995267101686659815505534418608xy>
+704007784990008293433421958890549832xyz + 1608589006561056157988823428514767334x7>
—148255831015343172568545792061662581y° — 189593629273458000816143782763407547y°7
—1303769455660803603506719470756129873yz> 4- 461664698271219161532934299283460377°

By following the same procedure as in the previous example, we find that the set of primes where the
local pairing is nontrivial is given by P = {3,7,13,67,6661,84589}. The following matrix gives the
Cassels-Tate pairing.

81
83

81
82
83

o N O
—_ O = &2
o N O

The rank of this matrix is 2, therefore the rank of E can be no larger than 2.

Example 7.2.3. We let E = Eo(—1051,1035) and L = Q(&3;). We also have M = Q(&3, B) where 8° =
557-18472823. Then we have the Selmer groups

SW(E/Q) = (—80819560710; —4966462801) = (G) € L* /(L*)?
SO(E/Q) = (22.32.52.7,2-5-149,-2-7%.23,5.7-1051) € Q* /(Q*)?

where the Selmer groups are calculated using Theorem 2.6.3. By our calculations in Chapter 6, all of
these elements lift to elements of the Selmer group sG) (E/Q). This group can be given as the subgroup
H from Lemma 2.5.10. We lift some a € S(%) (E/Q) to (a,b) € H using Lemma 2.5.12, and then changing
this lift by an element ¢ € (L* /(L*))~. Let P be the set of primes given by the bad primes of E, the
ramified primes of L and the primes present in b. Then ¢ can be calculated from this set P. To save on
compuation, we will consider only the following elements.
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label Original Element H Element of H
g1 | —80819560710&; — 4966462801 (1,—-80819560710¢; — 4966462801)
(6300, £ (—9743886783 — 69553013) B2
o 6300 +1(2007225593¢; — 10799492834) 8
+1(—10067811138256¢3 — 111897444673853))
(2254, 1(—248503575060313 +62216747799901) 32
I 2254 +1(25272141834079303¢; + 91826848470701060) 8
—725363108512741682543 4 8500537893454716079)
(1490, (2612390563 — 398747908) 32
g4 1490 +(—1584172190224¢; — 1967141015996) B
— 218209143895392¢3 — 6082874424008356)

We see that the element 2-3%-5-7-23-149 - 1051 comes from one of the torsion points on £, therefore
will give a trivial pairing. Therefore we can omit 5-7- 1051, which will follow from the pairing on the
remaining elements. This will save us computational time, as the changing of the lift by a suitable element

of (L* /(L*)3)~ can be computationally heavy. The covering curves are given by

element H covering curves as element of S©)(E/Q)
—9828x3 —2327x%y — 1160649080x%z +27157xy> — 1160646753xyz + 1160658908x7>
81 +9828y3 — 1160676237y%z — 9828yz> + 16433290147015431480z> = 0
—157784415x — 2318596466x%y + 188095761 1x>z — 147345737xy* — 1082460515xyz
62 +2834244972xz2 4 328366114y 4+ 2006774164y z — 1025326270yz% — 294530908z> = 0
—175149336x> — 434825264x%y + 483372896x%z — 1332721848xy*> — 1546919209xyz
8 +5192895775x2% + 312609780y +939979002y%z + 2150183535yz2 — 8509718072° = 0
17921680x> — 108117634x%y — 1243472112x%z 4 267939712xy> + 2136222223 xyz
&4 —8777934454x7% 4 429061710y> + 469163827y%z — 4492056088yz> +29071705188z> = 0

and the pushout forms are given by

element H pushout form
1214243360x> 4 760046426x2y — 114403335021356x%z — 1657941849xy% — 294290468647961xyz
g1 —7436762090598914876xz% + 499043089y + 1837823929503 11y%z 4 24473195947924814756y7>
+67148357659067059127
6268065845586x° — 22803394894267x2y — 132207383794789x%z — 1239306365386928xy>
2 +408810156936579xyz + 694250487198389xz2 + 1194060938823285y° — 785339260216356y°7
+138926901666297yz% + 6268076282548747°
507746424399560x> — 70612180843865x2y + 2449728115111879x27 + 1088810485223636xy>
2 +1424369443401917xyz + 345233497711969xz% — 114451650888048y° +279867941288890y2z
+188251854118882yz> — 1218875211426807°
82142250644x> — 684345959332x%y 4 2494435616188x%z 4 2114173788528xy>
g4 +364904200576xyz + 2829246096058 1xz> — 3949640775504y — 15478632517146y%z

+38028951847637yz% + 147776709894427°
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The bad primes of E are
P=1{2,3,5,7,13,19,23,73,149,181,557,1051, 18472823}

however the only primes contributing a nonzero part to the pairing are {19,73,181}. All three of these
primes split, and we can choose the primes pjg = —3{3 — 5, p73 =83 — 1 and p1g; = 11{3 — 4 lying over
them to calculate the local pairings, and then use Remark 3.2.4. The following table gives a local point
on each covering curve for each prime.

Selmer element H mod 193 mod 733 mod 1813
g1 (1113:4562:1) (226224 :249129: 1) (91:34:1)
2 (1096:2535:1) (372251:388761:1) (137:69:1)
g3 (6153:6152:1) (12644 : 42947 : 1) (140:156:1)
g4 (5054 :2166:0)  (42632:367701:0) (1428934 :2783307: 1)

These we fill in on our pushout forms to obtain the following elements.

Selmer element H mod 197 mod 73> mod 1814

g1 5971 288103 5891
g 5118 139669 25553
g3 1732 387855 20163
g4 3366 202633 2061254
The following tables and matrices give the local pairing at each of our chosen primes.
(a,b)pyo valp(a) | valp,(b) ¢ ﬁ
(G,5971),,, 1 0 | sy | 1
1 ‘ s & g 3
(G75118)P19 1 0 5118 0 G ‘ 2.0 2 2
1
(G,1732),.,, 1 0 | ]
1
(G,3366)p,, 1 0 3366 1
@Dy | valsta) [ | e ] ()
1
(G,288103),, 2 0 00560 | 2 ‘ s 8 8 3
1
(G,139669),, , 2 0 szl | L G |1 2 2 1
1
(G,387855),,, 2 0 Tsomsotons | L
I
(G,202633) ., 2 0 mmoe0reR9 | 2
(@,0)pyg valpg, (a) | valpg, (b) ¢ (1’17(;31)
1
(G,5891),,,, 1 0 5891 0 ‘ s 8 g 3
1
(G,25553) 1,4, 1 0 25553 2 G [0 1 2 0
1
(G,20163),,4, 1 0 30163 1
1
(G,2061254) ., 1 0 ez | O

Computing the pairing using Definition 3.3.2 as before we add up the various local pairings, giving us the
following matrix for the Cassels-Tate pairing.
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81
&2

=)
=)
O 83

O 84

G |
Thus we have not managed to improve the rank bound in this case.

Unfortunately, the computation proved too arduous to use in the case of E12(3097,1872) and E,(—7189,1452).
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Chapter 8

Higher Descents and the Cassels-Tate
Pairing

So far, we have been working only with curves admitting a 3-isogeny. In this chapter, we show how
the pushout form method can be generalised and used in the case that we have a curve E with a rational
5-torsion point, of type Z/5Z-nonsplit.

Proposition 8.0.1. Every elliptic curve E /Q with a rational point of order 5 can be written in the form
VA1 =xy—Ay=x>—Ax?
with P = (0,0) a point of order 5.

Proof. As in Theorem 6.0.1, let E : y? 4 (1 — ¢)x — by = x> — bx? with P = (0,0) a point of order 5. Set
3P = —2P to obtain b = c as required. O

Let G be the subgroup of GL,(Z/57) through which the action of G on E|[5] factors. In this case, we
have E such that E[5] is generated by (S,T) with G = (o, 7) such that

o(§)=S T(S) =S
o(T)=S+T T(T)=2T.

Let M = Q(T), a number field of degree 20, and L = Q({s), the degree 4 cyclotomic number field with
s a fifth root of unity. Let M( be the subfield of M fixed by 7. We let ¢ be the isogeny with kernel

generated by S. Then S(‘ﬁ)(E /Q) is a subgroup of Q*/(Q*)> and to compute the Cassels-Tate pairing
on it, we must lift each element in S(¢) (E/Q) to some element of H'(Q, E[5]). This we can do using
Lemma 2.5.12. For each element a € S (E/Q), we solve the norm equation Ny (&) = a. The lemma
then gives us the lift as the pair (a,b) € Q*/(Q*)> x M* /(M*)> where b is given by

_ o(mo’(n)’
ot(n)o3(n)?

where N =N, Ml (&). Following [Vé171], we have the following curve £ such that the isogeny ¢ : E —
E has kernel (S).

b 8.1

E:y"+(1-Lxy—Ay =2 —Ax* =SA(A*+22 — Dx— A(A* +10A% — 50 + 150 — 1)

153
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Unfortunately, we were not able to improve the method of solving norm equations in this case as we were
in the p = 3 case. This will therefore be the major bottleneck in all our computations and severely limit
the number of examples we can do.

The covering curve represented by u is given by a curve in P* defined by 5 quadrics as in [Fis03].

%xé +x3x4 —x1x =0
x% + xox3 — uxpyxs =0
C,= ux% —xox4 —x1x3 =0 (8.2)
2
x5 —x1x4 + Axox2 =0

2 A
X3 —xpx3 — Sxpx1 =0

The formula for the pushout form is constructed as in the p = 3 case from Section 3.5. We use Proposition
3.4.11 to set up an ideal of 275 quadrics. We then define a suitable linear form and take its fifth power,
and eliminate all but 5 variables. The following subsections deal with how this is done.

8.1 Computing p in the Z /5Z-nonsplit Case

LetR=Q x M where M = Q(T) = (§5,ﬁ) Where B is the root of some degree 5 polynomial. Then we
saw in Section 3.4 that we can express u € S®)(E/Q) as either o € R* /(R*)> oras p € (R®R)*/IR*.
In this section, given some element of H' (Q, E[5]) in the form o, we calculate p explicitly.

From Lemma 3.4.6, we have that p> = da. To obtain p, we find all fifth roots of da in Sym?(R). We

then use the remaining conditions of Lemma 3.4.6 to eliminate candidates until only one remains. In this
case, p will be unique. This follows from the fact that we saw in Section 3.4 that there exists some y € R”
such that &« = y° € R* and p = dy € (R®R)*. The number of choices for p is given by #(dT') = £ = 1.

52
This may not be the case in different situations.

There are 55 orbits for the action of G on E[5] x E[5], with representatives given in the following table.
Let o = (a,b) € R* be the representative of some element of H'(E[5],Q). Usually, we have a the
representative of some element in s (E /Q) and b is given by (8.1). Thus we have a(S) = a and
o(T) = b in what follows here. We use that p is symmetric and that p(&,T;) = 1 for all T; € E[5]. The
variables k;, l;, m;, n;, p; are unknowns to be determined. They satisfy the following.

s db s boil(b) s btol(b)

ki=—m~ === M = SN
ci(b) toi=1(b) 3oi=1(b)
_br? 6’ Lp bo'~172(b

al
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# (I,h) Th+D # (N, T>) L+ p
1 (0,0) © 29 (3S,T)  3S4T ks
2 (6,8 S 30 (4S,T)  4S4T ke
3 (0,25) 28 31 (T,0) T 1
4 (0,35) 38 2 (T,9) S+T &
5 (0,45)  4S 3 (T.28)  254T ko
6 (5,0) S 34 (T,38)  3S4T ks
7 (5,8 28 35 (T,4S)  4S4T ke
8 (5,25) 3§ 36 (T,7) o7
9 (5,35) 4 37 (T,S+T) S+2T b
10 (s45) o€ 38 (T,2S+T) 25+2T I

P
I
1
1
1
1
1
1
1
1
a
11 (25,0) 25 1|39 (T,35+T) 3S+2T 14
12 (25,8) 3§ 1 |40 (T, 4S+T) 4S+2T s
) 45 1 |41 (T,2T) 3T my
14 (2535) €  a |42 (T,S+2T) S+3T m
) S a |43 (T,25+2T) 25+3T ms
16 (35,0) 3§ 1 |44 (T,3S+2T) 3S+3T my
17 (35,S) 4S8 1 |45 (T,4S+2T) 4S+3T ms
a
a
a
1
a
a
a
a
1
k

18 (35,25) 0 46 (T,37) AT m
19 (35,35) S 47 (T,S4+3T) S+4T m
20 (35,4S) 28 48 (T, 2S+3T) 25+4T ns

21 (45,0) 4S8

22 (45,5) Z

23 (45,28) S

24 (453S) 28

25 (45,4S) 38

26 (0,T) T

27 (S,T) S+T

28 (25,7) 25+T ko

49 (T, 3543T) 3S+4T
50 (T,4S+3T) 4S+4T ns
51 (T,4T) o p
52 (T,S+4T) S P
53 (T,2S+4T) 25  ps
54 (T,3S+4T) 35  pu
55 (T,4S+4T) 45  ps

We have a number of choices for p, diminished by the following equations, which we obtained using part
3 of Lemma 3.4.6.

p(T,28)p(S,S) = p(T,S)p(S+T,5) thus ky = kyo (ki)
p(T,35)p(S,2S) =p(T,S)p(S+T,25) thus kg klo(kl)c (ki )
p(T,4S)p(S,3S) =p(T,S)p(S+T,39) thus = kyo (ki )o?(ky)o> (k)
p(4S,2T)p(T,T) = p(4S,T)p(4S+T,T) thus I = ‘”%,{5“1)
p(38,2T)p(T.T) = p(3S,T)p(3S+T,T) thus I = %ﬂg;“’
p(28,2T)p(T,T) = p(2S,T)p(2S+T,T) thus Iy = %
P(S,2T)p(T.T) = p(S. T)p(S+T.T) thus 15 = Sl
p(2T,S+4T)p(4T.S) = p(2T,4T)p(T,S) thus my = ’"ﬁif’;”
p(2T, 25 +4T)p(4T,2S) = p(2T,4T)p(T,25) thus ms = ’”lf(kg’; 2)
p(2T,3S +4T)p(4T,3S) = p(2T,4T)p(T,3S) thus my = e )
(2T, 45 +4T)p(4T,4S) = p(2T,4T)p(T,4S) thus ms = "5l
p(T,3T)p(T,2T) = p(T,T)p(2T,2T) thus ny = o)

p(T,S+3T)p(T,S+2T) = p(T,T)p(2T,S+2T)  thus ny = 1oll2)
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p(T,2S+3T)p(T,25+2T) = p(T,T)p(2T,25+2T)  thus ny = 1L
p(T,38+3T)p(T,3S+2T) = p(T,T)p(2T,3S+2T) thus ng = llﬁfjﬂ
p(T,AS+3T)p(T,4S+2T) = p(T,T)p(2T,4S+2T) thus ns = 1E)
b=lLmnip thus pL= l%rlzll)
PAT,S)p(T.S+4T) = p(4T,T)p(0,S+4T) thus =50
p(4T,28)p(T,2S+4T) = p(4T,T)p(0,2S+4T)  thus P = 1;((5;;))
p(4T,38)p(T,3S+4T) = p(4T,T)p(0,3S+4T)  thus Py = ﬁ((g;
p(AT,48)p (T, AS+4T) = p(4T,T)p(0,4S+4T)  thus ps = 1";((5;))

We seem now to have three free choices of fifth roots, namely, k1, [; and m;. These satisfy the following

s ab s b s bt(b)

1:w l]i@ mlir3(b)'

But we have more conditions. First of all, we see that because p(7,4T) = p(4T,T) we must have
72(p1) = p1, which fixes the choice of root for p;. We also have p(T,2T) = p(2T, T) which gives us that
m; = t(ny), fixing the choice of root for m;. The last choice depends on the fact that p(S,27T)p(7T,T) =
p(S,T)p(S+T,T), giving us that 7(k;)l; = k;0(Is5), fixing the choice for k; as well. Thus we have
determined p uniquely in this case.

8.2 The Pushout Form in the Z /57 Case

The pushout form in this case has very large coefficients. We were not able to simplify it as we did in
the p = 3 case in Section 3.5. This is also the reason for the calculation in the previous section, as all our
coefficients rely on p. We will not give the formula in full here, anyone interested in it may contact the
author to obtain it electronically, or follow the computation given here.

Let our torsion points be labelled as follows.

To=0
T,=S T, =4S Ty =28 T, =3S
Ts=T Ty = 4T Ty =2T Ty = 3T

To—=S+T  Tio—4S+4T Ty =S+2T Tip—4S+3T
Tis=S+4T Tiu—4S+T Tis=S+3T Tig—4S+2T
Ti7=28+T Tis =35+4T Ti9=28S+2T T,y =35+3T
T, =254+4T Ty =3S+T T3 =25+3T Ty =38S+2T

Let u be some element in S(“S)(E/Q). Let L = Q(&s), a fifth root of unity, and M = Q(T) = Q(&s, B)
where f3 is the root of some degree 5 polynomial. We have that 4, ; is the slope between points 7; and T},
x; is the x-coordinate of the point 7; and p; ; is the element p(T;, TJ) as calculated in Section 8.1. Denote
by z; the coordinate function z7;.

We now compute the pushout form as described at the end of Section 3.4. Let
g =251t20+217+222+214-

We then compute g5 and eliminate any terms involving coordinate functions other than zg,z1,22,23,24.
This is done using Proposition 3.4.11. We simply replace every monomial occurring in g> with a suitable
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alternative constructed from the quadrics generating the ideal Ip.

The resulting pushout form on C, is given by a form in the following 31 monomials.
5 4. 4 4 4 32 3 3 3 3232 32 .23 22 22 22
205 20%152022,2023,20%45 202152021225 202123, 2021245 2022, 20235, 2024, 20215 2021225, 2021235 202134

2.2 2.2 2 2 _ 4 _ 3 3 3 22_22_ 225 4. 32 32 32
202122 ,202123, 20212452021 » 202122, 202123, 2021 24, 202122, 202123, 202124, 21, 21225, 2122, 2123, 2124 (8.3)

We give just five of the coefficients here, as amongst the remaining 21 are several coefficients that are
several pages long. We therefore omit these and urge that interested parties contact the author.

The coefficient of the z3z3 term is Try, /1(n) where 7 is given by

2
60 P4.4P1,7P1,15P1,16 120 P4.4P1,7P1,16P1,23 110 P4.4P1,16P1,20P1,24 130 P4,4P1,8P1,11P1,16 45 124,4131,16/’1721
P5,5P7,15P14,17P16,22 P5,5P5,9P7,22P16,23 P5,5P17,17P5,16020,24 P5,5P9,9P8,11P16,17 P5.5P16,16P14,21

The coefficient of the z3z3 term is Try, /1(n) where 7 is given by

2
60 03.3P1,16P1,19P1,23 420 P3.3P1,16P1,19P1,23 430 P33P1,15P1,16P1,24 +1OP3,3P1,11P1,16P1,20+5 P33P1,16P1,21

P5,509,17P14,16P19,23 P5,505,22014,16019,23 P5,5P17,17P15,24P16,22 P5,509,9P5,16P11,20 P5275P16A16P17,21
The coefficient of the z3z3 term is Try, /1(n) where 7 is given by

2 2
20 P2,2P1,8P1,16P1,24 10 P2,2P1,7P1,16P1,20 460 P22P1 16P1,21 +30P2,2P1,11P1,16P1,23 45 PZZ-,2P1,16P1721
P5,5P5,14P8,24P16,17 P5,5P22,22P5,16P7,20 P5,5P16,1609,21P17,22 P5,5P9,9P11,23P1416 Ps5.5P16,16P9,21

The coefficient of the z9z2z3 term is Try, /(M) where 1 is given by

A A A A
~20 5,5P4,4P1,8P1,11 60 5,5P4,4P1,15P1,16 30 5,5P4,4P1,20P1,24 ~10 5,5P4,4P1,12P1,19

P5,5P5,17P7,9P8,11 P5,5P7,1509,14P16,22 P5,5P17,17P7,14P20,24 P5,5P14,14P5,7P12,19
2

71015,51)4,41)1,1691,23 _10 A14,14P4 4P1,16P1,20 _s M6,16P4,4P7 16 _ 30 M7,17P4.4P1,16P1,23

P5275P7722P16,23 P5,5P14,14P5,16020,24 P52,5P16,16P18,22 P5,5P17,17P14,16P16,23

A A A1,15P44P7 A
420 1,11P4,4P1,12P1,16 420 1.12P4,4P1,11P1,16+60 1,15P4,4P1 16 120 1,16P4,4P1,8P1,11

P5,5P5,17P9,16P12,19 P5,5P5,17P8,11P9,16 P5,509,14P16,22P16,23 P5,5P5,17P7,9P8,11
A A A A

1120 1,16P4,4P1,15P1,16 130 1,16P4,4P1,20P1,24 110 1,16P4,4P1,12P1,19 110 1,126P4,4P1,16P1,23
P5,50P7,1509,14P16,22 P5,5P17,17P7,14020,24 P5,5P14,14P5,7P12,19 P55P7,22P16,23

A A M 21P14pP7 A
10 1,19P4,4P1,16P1,20 410 1,20P4,4P1,16P1,19 L5t P4.4P7 16 130 1,23P4,4P1,16P1,24
P5,5P14,14P5,16020,24 P5,5P14,14P5,16P12,19 P5.5P16,16P18,22 P5,5P17,17P14,16020,24

_|_

30 A 24Pa4P116P123 10 As,16P4.4P1,16P1,19 —20 As.17P4,4P1,12P1,16 —60 A9,14P4.4P1,15P1,16

P5,5P17,17P14,16P16,23 P5,5P14,14P5,16P12,19 P5,5P5,1709,16P12,19 P5.5P7,1509,14P16,22
_2019,16P4.4P1,11P1,16 130 A14,16P4.4P1,16P1,24 60 M622Pa4P7 16

P5,5P5,17P8,1109,16 P5,5P17,17P14,16020,24 P5,509,14P16,22P16,23

+
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The coefficient of the zoz}z4 term is Try, /1(n) where 7 is given by

A A A22PE 16012 A
0 2,2P1,8P1,1601,24 10 2,2P1,7P1,16P1,20 160 2P1,16P1,21 430 2,2P1,11P1,16P1,23
P5,505,14P8,24P16,17 P5,5P22,22P5,16P7,20 P5,5P16,1609,21P17,22 P5,5P9,9P11,23P14,16
45 MopiiePr121 10 720PLIPLI6P120 0 As24P18PLIGPI2E (o A921P7 16P1 21
P§75P16.16P9,21 P5,5P22,22P5,16P7,20 P5,505,1408,24P16,17 P5,5P16,1609,21P17,22

1‘9 21P7 16P1.21 0)»11,23P16,16P1,11P1,16P1.23
Ps 5P16,1609,21 P5,5P9,9P16,16P11,23P14,16

8.3 Examples

Example 83.1. Let A = 48 Let L = Q({s), the degree 4 cyclotomic field. Let M = Q(Cs, ) where
B> = 361 (65072583 —l—650725§5 402450). Then E[3] is generated by (S, T) with

:(070)

! 1
T = ( —o52 (~1055643 — 1055643 — 16923) B + 232983 —2329¢2 - 3623)B°
(15625( 055643 — 1055643 —16923)B* + == (232947 —2329¢3 — 3623)B

1

361
563983 — 563982 — 8642) B> @ﬁ +53

(—56722683 — 1459492 —259267¢s — 493478)B*

3 2
+ 3755 (- (—361£2 —36182 —3003),

1

78125

1
+ m(724873§'53 — 29421142 + 18165185 — 298647) 8>

1

(=202 3 9187282 — 5227285 — 211 2
+15625( 02877¢3 — 9187242 — 52272¢s 939)B

+ Togas (2093845 + 328513 + 53789¢s +65702)B

1

+3135 (- 180583 +19133¢2 43285185 — 33139)) .

We have ¢ such that 6(T) = S+ T and 7 such that 7(7') = 2T. Thus 7({s) = {2 and 6(B) = £3.

Using the method from Section 2.6 and Cassels’ formula (6.1), we find that the Selmer groups we are
interested in are given by

SOE/Q) = (1) c L™ (L)}
SOE/Q) = (2,3,5) C Q*/(Q*)’.

Thus an initial upper bound for the rank is 2. To use the formula partially given in Section 8.2, for every

generator g € S©)(E/Q) we need to find & such that Ny, /1(§) = g The following table gives the solutions
to these norm equations, found using MAGMA’s NormEquation.
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gl 3

5 s (— 1316§5 — 1316(5 . 21217)/54+ 73 (70;1453 +70452 +1117)33
+25 (1783 + 1782 +27)B2 + 55 (— 1183 — 1152 —13)B — 1

3 52 (273983 + 273982 +4453) % + 53 (—28163 — 281642 — 4468) B3
+55 (—6883 —68(2 — 108) B2 + 5 (763 — 762 — 133) — 2

5 IS( 3948(3 — 394882 — 6381)ﬁ4+2375(2112@+2112z_:52+3351)ﬁ3
2—(51C5+51C5+81)ﬁ2 2<(—33¢3 —33¢2-39)p— &

We can use the table above to construct the pushout forms. We calculate p as described in Section 8.1
and then simply fill in the coefficients, some of which are provided in Section 8.2. The pushout forms are
linear combinations of the monomials in (8.3) with coefficients in L. Unfortunately in this case they are
too large to reproduce here. We then proceed as in Section 5.2. The pairing is calculated by finding the
sum of a number of local pairings.

The set of bad primes of E is P = {2,3,5,19}, and in this case this set is not enlarged (see Proposition
3.3.6). The covering curves are provided by (8.2), and for each of our bad primes we find a local point on
the covering curves. We used the ones in the following table.

Selmer group element H mod 2° mod 33 mod 5° mod 192
2 (I:1:1:1:1) (6:22:5:2:1) (0:9:3:2:1) (167:323:70:3:1)
3 (2:1:1:1:1) (8:19:6:1:1) (0:19:12:3:1) (110:190:314:2:1)
5 (0:1:1:1:1) (0:4:14:2:1) (20:0:23:2:1) (213:57:213:5:1)

Each local pairing is calculated between the members of S(¢ (E /@) and some other elements obtained
by evaluating our pushout forms at these local points. The other elements thus obtained are given by the
following tables, modulo fifth powers.

generator || mod 22 mod 33 mod 53 mod 192
2 G2+ 63 +902+2285+15 10483+ 10482 + 4985 +49 lzgszzsifggi
: G+26+3  3G+18G 136417 656343083 +3565+70 21%%;%%
5 363 4+282 4285 1403 41442+ 18 5¢3 +3882 +6585 +70 i%%%éﬁﬁ

We now use Section 3.2 to compute the local pairings. The primes 2 and 3 are inert in L, and 19 splits into
two ideals. In all three cases, we will use part 6 of Proposition 3.2.6 to compute the pairing. Remember
that by Remark 3.2.4, the final answer for 19 must be multiplied by 4. The following table gives the

necessary information for the prime 2. Denote by bép ) the element obtained from Selmer generator g at
prime p.
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—~
0o —
S}
N
~—

(a,béz))z H valy(a) valp

(27452+C5)2
(37C52+C5)2
(57C§+C5)2
(2,83 +28243)2
(3,82 +282+3),
(5,83 +282+3),
(2,380 +285 +285)2
(3,385 +285 +285)2
(5,383 4282 +285)2

c

362+3

1
1

$24+385+3
1
1

32 +2¢5+2
1
1

b
OO = OO WO O W |MIn
N—

SO~ OO~ OO~
eleololoNolelolel ]

Thus the local pairing at 2 is given by

[\S)
S O W
S O W
(e} —

Similarly, the primes 3 and 19 give us the following information and matrices. The prime 3 is inert, but
there are two primes lying over 19, and we choose to work with pjg = —4{53 — 4{52 — 1. By Remark 3.2.4
we must multiply the final matrix by 2 in this case.

(a,6))s vals(a)  valy(by)) ¢

(2,603 4982 +2205+15)3 0 1
(3,663 +982 +2285+15)3 1443 +2062 + 1485 +20
(5,605 +9C5 +2285+15)3 I
(2,363 + 1852+ 1345+ 17)3 1
(3,303 + 1852 + 1345+ 17)3 2583 + 1762 +22
(5,383 + 1882 + 1385+ 17)3 1
(2,1483 + 1482 +18)3 1
(3,1453 + 1482 +18)3 1163 +1182+20
(5,1453 + 1482 +18)3 1

2
3
5

~
)
(@)

b~
SO OO NO O KON
N—

w [\

=) =)

=) )

) )

O~ OO = OO
eoleoloBeoNeoNolaoBlole)

<
o
=
S
©
S
oo~
—
=
~—

(@.5¢ ) valy, (@)

(2,16783 434287 + 28505 +305) 5,

(3,16783 +34282 +28585 +305) 1,
(5,16783 + 34282 +28585 +305),
(2,27983 + 642 + 145854 90)
(3, 279@% + 64C5§ +145¢5+90) 1,6
(5,2793¢5 + 644’25 + 14585+ 90) 5,

2, 10§53 +324¢2 + 28185 +214) 5,

(3,1043 +32482 4+ 28185 +214) 5,

(5,1083 +324(2 4+ 28185 +214) 5, 0

N——

19

S OO
S OO
S OO

(=N elelololeNe)
W W

coocoocoocococoolXx

Y G VN VI S Y

coococoooook
(3]

We now move on the the final prime, 5, which is completely ramified in L. We must use Proposition 3.2.7.
Each of the elements used lies in one of the classes generated by (A,711,M2,M3,N4,7Ms). The following
table indicates which class each element is in.
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Using Table 3.2 we thus obtain the following matrix for the local pairing at 5.

element class
2 ning
3 nin3
5 A4ninams
10482 + 10462 +4985+49 | ninin2
6583 43082 +35¢5+ 70 nind
582 +3882+65C5+70 ningin3

HN “
2112 4 1
3 4 3 2
513 3 0

161

By adding up the four local pairings computed, we obtain the following matrix for the Cassels-Tate

pairing.

HN -
2 0 2
3 3 2
5 3 0

This is a rank 2 matrix, thus the rank of E must be 0 and we find that we have IT1(E/Q)[§] = (Z/5Z)>.

In the following table, A is the parameter from Proposition 8.0.1. The conductor is given in the second
column. The columns marked by &2 and 2 UZ are the sets of primes obtained as in Section 2.6.2, which
can be used to calculate a descent by 5-isogeny, as is shown in [FisO1]. The number ry indicates the
rank after calculating a descent by 5-isogeny, and ¢ and ¢ are the sizes of the Selmer groups S (9) (E/Q)

and S (E /Q) respectively. The matrix M is the matrix obtained by doing a Cassels-Tate pairing on the

Selmer group S (®) (E/Q), and r indicates the new upper bound for the rank in light of the rank of M. The
values of A are taken from [FisO1, Table 1]

A N P QUZ O ¢ 1y M r(M)
2 35

i 2[0 2 2

5570 {2.3,5) 0 3 0 2 o D 2
513 3 0
235

100 210 1 1

© 570 {2,3,5) 0 3 0 2 e 0 2
5/4 4 0
235

is 270 2 1

5870 {2,3,5) 0 3 0 2 s 0 2
5/4 4 0
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|23 5
2[0 1 3

2 870 {2,3,5} 0 30 2 314 0 3 2 0
512 20
|2 37
2[0 1 4

3 1050  {2,3,7} 0 30 2 3la 0 4 2 0
711 1 0
2 11 61
210 2 2

221342 {2,11,61} 0 3.0 2 1l3s o 2 2 0
6113 1 0
2 3 17
210 2 2

-8 1938 {2,3,17} 0 3.0 2 303 0 4 2 0
1713 1 0
2 3 13
210 4 3

Mo1950  {2,3,13} 0 3.0 2 311 0 2 2 0
13/2 1 0
235
2/0 1 3

22370 {2,3,5} 0 30 2 314 0 2 2 0
512 10
2 3 17
210 2 2

22550 {2,3,17} 0 3.0 2 313 0 5 2 0
1713 3 0
|23 5
200 4 1

L3270 {235} 0 3.0 2 301 0 2 0
514 40
235
2[0 3 3

L7170 {2,3,5} 0 3.0 2 302 0 3 2 0
512 20
235
2[0 4 4

T 7518 {2,3,7} 0 3.0 2 301 o0 2 2 0
711 30
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—3 8070 {2,3,5} 6 3 0 2 20
12 76 133
N 210 1 0
m 8778 {2,3,7,19r {11} 3 0 2 o, o 4 >0
1330 1 0

Thus we see that the pushout form method generalises. We could also use this method for p > 5 if we
so wished. The formulae for the pushout form would get very complicated, however after they have
been computed, using them in calculations is not a heavy computational step and using them is simply a
matter of plugging in various parameters. The bottleneck is the calculation of norm equations, which is
an inevitable part of most of the methods for computing the Cassels-Tate pairing which we have explored
in this thesis. This severely limits the use of the pushout form method in the cases p > 3.
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