CHARACTERISTIC NUMBERS OF MANIFOLD BUNDLES OVER SURFACES
WITH HIGHLY CONNECTED FIBERS
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ABSTRACT. We study smooth bundles over surfaces with highly connected almost paralleliz-
able fiber M of even dimension, providing necessary conditions for a manifold to be bordant
to the total space of such a bundle and showing that, in most cases, these conditions are also
sufficient. Using this, we determine the characteristic numbers realized by total spaces of
bundles of this type, deduce divisibility constraints on their signatures and A-genera, and
compute the second integral cohomology of BDiff*(M) up to torsion in terms of generalized
Miller-Morita-Mumford classes. We also prove analogous results for topological bundles
over surfaces with fiber M and discuss the resulting obstructions to smoothing them.

By work of Chern-Hirzebruch—-Serre [CHS57], the signature of a closed oriented manifold
is multiplicative in fiber bundles as long as the fundamental group of the base acts trivially
on the rational cohomology of the fiber. The necessity of this assumption was illustrated
by Kodaira [Kod67], Atiyah [Ati69], and Hirzebruch [Hir69], who constructed manifolds of
nontrivial signature fibering over surfaces, whereupon Meyer [Mey72, Mey73] computed
the minimal positive signature arising in this way to be 4. The divisibility of the signature
o: Q50 — Z by 4 is therefore a necessary condition for a manifold to fiber over a surface up
to bordism, which, when combined with the vanishing of a certain Stiefel-Whitney number,
is also sufficient [AK80, Thm 3].

A more refined problem is to decide which manifolds fiber over a surface up to bordism
with prescribed d-dimensional fiber M, or equivalently, to determine the image of the map

3° (BDIff*(M)) — Q5°,,

defined on the bordism group of smooth oriented M-bundles over surfaces, which assigns to a
bundle its total space. The main objective of this work is to provide a solution to this problem,
and its analogue for topological M-bundles, for highly connected, almost parallelizable, even
dimensional manifolds M, such as M = #9(S" x S"), satisfying a condition on their genus

g(M) = max{g > 0 | there is a manifold N such that M = #9(S" x S")§N}.
In the first part of this work, which focusses on the smooth case, we use parametrized

Pontryagin-Thom theory to show that the bordism class of a manifold fibering over a surface

with fiber M as above lifts to the bordism group Qégiz of highly-connected (i.e., n-connected)
manifolds, and that this property, together with the divisibility of the signature by 4, detects

such bordism classes for g(M) > 5.
Theorem A. For an (n — 1)-connected almost parallelizable 2n-manifold M, the image of
Q3° (BDIff* (M) — Q37

is contained in the subgroup

: (n) SO
lm(92:+2 = Qe

YNo (4 7).
Moreover, equality holds if g(M) > 5. For 2n = 2, requiring g(M) > 3 is sufficient.

Remark. For 4m # 4, 8, 16, the intersection form of a highly connected almost parallelizable
4m-manifold is even, so its signature is divisible by 8, which simplifies the subgroup appearing
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2 MANUEL KRANNICH AND JENS REINHOLD
in Theorem A to im(QéZiz — Q§S+2). This is in contrast to the cases 4m = 4, 8, 16, in which
there exist examples of signature 1, such as CP?, HP?, and OP?.

Remark. Theorem A was already known for small dimensions. For 2n = 2, it follows from
Meyer’s aforementioned results, for 2n = 4 the statement is trivial since ng is trivial, and
for 2n = 6, it was observed by Randal-Williams in an unpublished note [RW17].

Highly connected bordism. Section 2 is devoted to a closer study of the image of the

(n) SO

2nv2 = Qonia
the quotient of Qézzrz by Kervaire—Milnor’s [KM63] group ©2,+2 of homotopy spheres. A
characteristic class argument (see Section 2) shows furthermore that the morphism is trivial

unless 2n + 2 = 4m, leaving us with the need to understand the image of

(1) QM /@, — Q50

morphism Q appearing in Theorem A. Note that this morphism factors over

To this end, we combine Wall’s work on the classification of highly connected manifolds
[Wal62, Wal67] with a theorem due to Brumfiel [Bru68] and enhancements by Schultz
[Sch72] and Stolz [Sto87] to derive a concrete description of Q ifnmﬂ) /©4m (see Theorem 2.9),
which, however, depends on one unknown: the order ord([Z¢]) of the class

[Zo] € coker(J)am-1

of a certain homotopy sphere 2o € @4,,—1. Although central to the classification of highly
connected manifolds, this class is only known in special cases (see Theorem 2.4); Galatius—
Randal-Williams [GRW 16, Conj. A] conjectured it to be trivial. Nevertheless, our description
of anm_w /®um is explicit enough to compute the Pontryagin numbers, signatures, and
A-genera realized by highly connected manifolds in terms of ord([Xo]) (see Proposition 2.12
and 2.13), resulting in various descriptions of the image of (1) expressed in these invariants.

Remark. After the completion of this work, the class [2p] € coker(J)sm-1 was shown to be
trivial for m > 62 in work of Burklund, Hahn, and Senger [BHS19].

Divisibility of the signature. In Section 3, we combine these computations with Theo-
rem A to derive divisibility constraints for characteristic numbers of total spaces of smooth
M-bundles over surfaces, and to determine these numbers completely for g(M) > 5. To state
the outcome for the signature, we remind the reader of the minimal positive signature

B
Om = am22m+1(22m—l _ 1) num (| Zml)
4m

realized by an almost parallelizable 4m-manifold (see [MK60]). Here B; is the ith Bernoulli
number, and a,, is 1 if m is even and 2 otherwise. The 2-adic valuation is denoted by v,(-).

Theorem B. Let M be a closed, highly connected, almost parallelizable (4m — 2)-manifold. For
a smooth M-bundle w: E — S over a closed oriented surface, the signature of E is divisible by

4 form=1,2,4
Om form # 1 odd
2im ged(o? | om)  form # 2,4 even,

m/2’
where

i = min (0, va(ord([Zp])) — 2v5(m) — 4 + 2v2(am/2)) .
Form > 2, the A-genus of E is integral and divisible by

2 num(% form odd
ged(num( % ), num( % )?)  form even.

Moreover, if g(M) > 5, then these numbers are realized as signatures and A-genera of total
spaces of bundles of the above type. For m = 1, requiring g(M) > 3 is sufficient.
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Corollary C. Let M be a closed, highly connected, almost parallelizable (4m — 2)-manifold.
There exists a smooth M-bundle over a closed oriented surface with total space of signature 4 if
and only if 4m = 4,8, 16. If 4m # 4, 8, 16, then the signature of the total space of such a bundle
is divisible by 2°™*2 for m odd and by 22™~22("™=3 for m even.

Remark. Rovi [Rov18] identified the non-multiplicativity of the signature modulo 8 as an
Arf-Kervaire invariant. As a consequence of Corollary C, her invariant vanishes for bundles
over surfaces with highly connected almost parallelizable fibers, except possibly for those
with total space of dimension 4, 8, or 16.

Generalized Miller-Morita-Mumford classes. Recall the vertical tangent bundle T, E of
a smooth oriented bundle 7 : E — B with closed d-dimensional fiber M over an [-dimensional
base, defined as the kernel T, E = ker(dn: TE — n*TB) of the differential. The generalized
Miller-Morita~Mumford class k. associated to a class ¢ € H**¢(BSO; k) with coefficients in
an abelian group k is obtained by integrating ¢(T,; E) along the fibers,

Ke(m) = /M c(T,E) € H*(B; k).

In the universal case, this gives rise to x, € H*(BDiff"(M); k). If B is stably parallelizable, the
bundles TE and T E are stably isomorphic, so for ¢ € H**/(BSO; k), the two characteristic
numbers obtained by integrating «.(r) € H'(B;k) over B and ¢(TE) € H?*(E; k) over E
coincide. For B a surface, this is expressed in the commutativity of the diagram

Q3° (BDIff* (M) — Q32,

(2) N e
k.

All our results on characteristic numbers of total spaces of bundles over surfaces with a fixed
fiber M can thus be expressed in terms of values of classes k. € H(BDiff*(M); k) for various
c. To exemplify this, note that Theorem B computes the divisibility of the classes x r,,, and
K4,,, in the torsion free quotient H2(BDiff*(M); Z)free-

Exploiting this alternative viewpoint, we determine an explicit basis of H2(BDiff* (M); Z)ree
for most highly connected (i.e. (n — 1)-connected) almost parallelizable 2n-manifolds M in
Section 3. Rationally, this group is for 2n > 6 and g(M) > 7 given as

0 if 2n = 0 (mod 4)
3) H? (BDIff*(M); Q) = { QKp(,1)o if 2n = 2 (mod 8)
OKpinyyr @ Qicp(zm)/4 if 2n = 6 (mod 8),
as a consequence of work of Galatius—Randal-Williams [GRW 14, GRW18]. Having computed

the values of these Morita—Miller—Mumford classes on bundles over surfaces enables us to
lift this rational basis to a basis of H2(BDiff*(M); Z)gee. To state the outcome, we define

. | Bomm| 2 for m odd 2 ifm=1,2
Jjm = denom | —— am = and pu, =
4m 1 for m even, 1 else,
and fix Bézout coefficients ¢,, and d,,, for the numerator and denominator of %, ie.,

B B
| 2m|)+a’mdenom(| 2m') =1
m 4m

Cm NUM (
Theorem D. For a closed, (n — 1)-connected, almost parallelizable 2n-manifold M with 2n > 6
and g(M) > 7, the group H2(BDiff *(M); Z)tree is generated by

Kpm
2(2m — 1),
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for2n = 2 (mod 8), wherem = (n + 1)/2, and by

K2 2Kpy — K2 llffkkl (Czk |lizkk| + Zdzk(—l)k) Kpi
> k and * -
2pa ord([Zo])(2k — 1)1 204k — Dljr 22k —1)!

for2n = 6 (mod 8), wherek = (n + 1)/4.

Remark. For 2n > 6 and g(M) > 5, the torsion in H%(BDiff*(M); Z) for highly connected
almost parallelizable 2n-manifolds M can be derived from work of Galatius-Randal-Williams
[GRW16]. It is nontrivial, except when 2n = 6. Consequently, in this case, the basis of
H?(BDiff*(M); Z)gree in Theorem D is also a basis of H*(BDiff*(M); Z).

Topological bundles. In the final Section 4, we turn from smooth bundles to their topo-
logical counterparts. Using smoothing theory, we show that for manifolds M as above,
the bordism groups QEO(BDiﬁ"*(M)) and QgO(BHomeo*(M)) of smooth and topological M-
bundles over surfaces agree rationally (see Proposition 4.1). Furthermore, we complement
our calculation of the characteristic numbers of the total spaces of such bundles in the smooth
case by carrying out the analogous computation for topological bundles, which in particular
implies that QSO(BDiﬂ”(M)) and QEO(BHomeo*(M)) differ integrally. In contrast to the
smooth case, this requires direct arguments involving the construction of explicit bundles,
since parametrized Pontryagin-Thom theory is not available for topological manifolds so
far. In terms of Miller—-Morita—Mumford classes, our computation takes the following form.

Theorem E. For a smooth, closed, (n — 1)-connected, almost parallelizable 2n-manifold with
2n > 6 and g(M) > 7, the group H(BHomeo" (M); Z)gc. is generated by

Om Kppm

8 22m-Dljn
for2n = 2 (mod 8), wherem = (n + 1)/2, and by

2

_ — B
a? KP,ZC . oo ZKPZk _ KP,ZC 94k 1(22k 1_ 1)2(%;)kai
. an —_— +
22v2(k)+6 242 (2k — 1)1 8  2(4k — 1)\jox 2(2k — 1)12

for2n = 6 (mod 8), wherek = (n+1)/4 and k + 1, 2.

In conjunction with its smooth analogue Theorem D, Theorem E provides obstructions
to smoothing topological M-bundles over surfaces up to bordism, and shows that there are
many examples that cannot be smoothed. This can already be seen by considering the values
of the signature of the total space, specialized to which our computations yield the following,
which in particular shows that the growth of the divisibility of the signature established in
Theorem B and Corollary C is a purely smooth phenomenon.

Theorem F. Let M be a smooth, closed, highly connected, almost parallelizable (4m — 2)-
manifold with m # 1,2,4. The signature of total spaces of topological M-bundles over a closed
oriented surface is divisible by 8. For g(M) > 4, there exists such a bundle with signature 8.
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1. BORDISM CLASSES OF MANIFOLDS FIBERING OVER SURFACES

Let M be a smooth, oriented, closed 2n-manifold. As noted in the introduction, assigning
to an M-bundle over a surface its total space yields a morphism of the form

(4) QSO (BDIff* (M) — Q3°

2n+2-

This section begins our study of its image. We first provide an alternative proof of the fact
that the signature of classes in the image of (4) is divisible by 4—a result originally due to
Meyer [Mey72, Mey73]. Our proof'is inspired by an argument for a related result by Gollinger
[Gol16, Thm 2.0.10]. This is followed by a recollection on parametrized Pontryagin-Thom
theory, which is then used to prove Theorem A, i.e., to identify the image of (4) for highly
connected, almost parallelizable manifolds M satisfying an assumption on their genus.

Theorem 1.1 (Meyer). The signature of the total space of a smooth bundle of oriented closed
manifolds over a surface is divisible by 4.

Proof. Let m: E — S be a bundle as in the statement. The Euler characteristic y(E) of E is
even, as this holds for oriented surfaces and the Euler characteristic is multiplicative in fiber
bundles. Choosing a splitting of the short exact sequence 0 = T;E — TE — 7*TS — 0 of
vector bundles defining the vertical tangent bundle T, E and a stable trivialization of TS, we
obtain a stable isomorphism TE =; T, E ® ¢%. As y(E) is even, we can form the connected
sum of E with products of spheres (not changing the signature) to obtain a manifold E’ for
which y(E’) vanishes and which still satisfies TE’ =, T,E @ £2. Now y’(E’) is trivial, so the
Euler class of both bundles TE’ and T, E & &* vanish, so they are even unstably isomorphic.
Consequently, the manifold E” admits two pointwise linearly independent vector fields, so
the classical relation between the signature and the vector field problem (see e.g. [LM89,
Thm IV.2.7]) implies that the signature of E’ is divisible by 4, as claimed. ]

1.1. Parametrized Pontryagin-Thom theory. Given a fibration §: B — BSO(2n), a 6-
structure on an oriented vector bundle E — BSO(2n) is a lift E — B along 6. Define the
spectrum MT0 as the Thom spectrum Th(—6%y2,) of the inverse of the pullback of the canoni-
cal bundle y,, over BSO(2n). These spectra—in particular the case 6 = id, commonly denoted
as MT6 = MTSO(2n)—are natural recipients of parametrized Pontryagin-Thom construc-
tions. More precisely, for a smooth bundle 7: E — W with closed 2n-dimensional fibers and
a O-structure on its vertical tangent bundle, a parametrized version of the Pontryagin-Thom
collapse map gives a canonical homotopy class W — Q*MT0 (see e.g. [GMTWO09]). In
particular, for an oriented closed 2n-manifold M, this results in a map of the form

(5) BDiff* (M) — Q°MTSO(2n),

called the parametrized Pontryagin-Thom map. For M a surface, the celebrated theorem of
Madsen-Weiss [MW07], combined with classical stability results of Harer [Har85] (improved
by Boldsen [Bol12] and Randal-Williams [RW16]), implies that, depending on the genus of
M, the map (5) provides a good homological approximation of BDiff "(M). It follows from
work by Galatius—Randal-Williams [GRW 14, GRW18, GRW17] that this holds for simply
connected manifolds M in higher dimensions as well, after replacing Q*MTSO(2n) with a
refinement depending on M. To explain their program in the special case needed for our
purposes, we assume that M is (n — 1)-connected and n-parallelizable; that is, its tangent
bundle M — BSO(2n) admits a 8,-structure for the n-connected cover

0, : BSO(2n){(n) — BSO(2n).

Fix an embedded disk D*" C M and note that the orientation on D*" extends uniquely to
a Op-structure €p2n on the tangent bundle of D?". For every smooth M-bundle 7: E — W
with a trivialized D?**-subbundle, the 6,,-structure on the vertical tangent bundle of the
D?"-subbundle induced by £pen extends uniquely to a ,-structure on the vertical tangent
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bundle of 7 by obstruction theory. In the universal case, this results in a map of the form
BDiff(M, D*") — Q°MTH,,

which hits a particular component of Q°MT0,, denoted by Q3 MT6,,. Here Diff(M, D*") C
Diff* (M) is the subgroup of diffeomorphisms fixing D" pointwise, so BDiff(M, D?*") classifies
smooth M-bundles with a trivialized D?"-subbundle.

Theorem 1.2 (Boldsen, Galatius—Randal-Williams, Harer, Madsen-Weiss). For a closed,
(n — 1)-connected, n-parallelizable 2n-manifold M, the parametrized Pontryagin-Thom map

BDiff(M, D*") — Q§;MT0,

induces an isomorphism on homology in degrees 3x < 2g(M) —2 if 2n = 2, and for 2% <
g(M) — 3 if2n > 6. Furthermore, it induces an epimorphism in degrees 3% < 2g(M) if 2n = 2,
and for 2% < g(M) — 1 if2n > 6.

1.2. Formal bundles with highly connected fibers. To use the above recalled theory to
determine the image of the morphism Q*;’O(BDiff*(M, D)) — Q§S+2 for a closed (n — 1)-
connected, n-parallelizable (or, equivalently, almost parallelisable) 2n-manifold M, it is

convenient to factor this morphism as a composition
(6) Q3°(BDIff(M, D*)) — Q30(QVMTE,) — Q°(MT0,) — Q3°(X7"MO(n)) — Q30 ,.

where the first morphism is induced by the parametrized Pontryagin-Thom map (5), the
second one by the counit 23 Q*MT0,, — MT¥,, the third by the stabilization map MT6,, —
~72"MO(n) to the Thom spectrum of the n-connected cover BO(n) — BO (cf. [GMTW09,
Ch. 3]), and the fourth by the natural map MO(n) — MSO and the multiplication MSO A
MSO — MSO. Before turning to the proof of Theorem A, we show a preparatory lemma
concerning the upper horizontal map in the commutative diagram

MTE, —— "

1 +

Q30(Q*MTH,) — Q30

2n+2°

induced by the stabilisation map s: MT8,, — %~2"MO(n) and the Hurewicz homomorphism.

Lemma 1.3. The sequence

mMTE, 25 Qi

0 forn#1,3,7
— — 0
Z/4 forn=1,3,7

is exact, where the middle arrow is forn = 1,3, 7 given by the signature modulo 4.

Proof. Galatius—Randal-Williams [GRW 16, Lem. 5.2, 5.5, 5.6] showed that the cokernel of

s« 1s isomorphic to Z/4 for n = 3,7 and vanishes for n # 1,3, 7, which implies the case
n # 1,3, 7. The manifolds CP?, HP?, and OP? have signature 1 and define classes in Qéﬁiz for
n = 1,3, 7 respectively, so the second claim follows from showing that the minimal signature
realised by classes in 7,MT8, for n = 1,3,7 is 4. For n = 1 this follows from [Gol16, Thm
2.0.10]. The cited result also implies that classes in the image of s, have signature divisible

by 4 for all n, so the cases n = 3,7 follow from the calculation of the cokernel of .. m]

Having done the necessary preparations, we prove Theorem A.

Proof of Theorem A. Since Qf) = 039, the first claim follows in the case n = 1 from Theo-
rem 1.1. In the other cases, Theorem 1.1 shows that it suffices to show that every total space
E of an oriented M-bundle 7 : E — S over an oriented surface is n-connected up to bordism,

ie, lifts to QéZiz. To see this, note that obstruction theory shows that the space of lifts
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x* — BSO(n)

L1

MﬁBSO

is contractible, where the lower horizontal map represents the stable oriented tangent bundle
of M and the upper horizontal one is any lift of T°M over a fixed point * € M. Together
with the fact that 7 admits a section (which follows from another application of obstruction
theory), this implies that the stable oriented vertical tangent bundle TJE: E — BSO admits
a lift to BSO(n). But S is stably parallelizable and the vertical tangent bundle T, E is stably
equivalent to TE, so E is bordant to an n-connected manifold by doing surgery.

To show that the image of ng (BDiff"(M)) — Qgg ., actually equals the subgroup of the
statement in the presence of high genus, note that by Theorem 1.2, it suffices to show that
the image of QgO(Q;‘j[MTHn) — Qgg ., is as claimed. This follows from Lemma 1.3, together
with Lemma 1.5 below. ]

Remark 1.4. The previous proof shows that the conclusion of Theorem A holds equally well
for BDiff(M, D?") instead of BDiff* (M).

Lemma 1.5. Let Q°MT0, € Q”MT0, be a path component. The images of
mMTE, — Q39,, and Q3° (QXMTH,) — Q30

2n+2 2n+2

agree.

Proof. We first show that the image of the second morphism does not depend on the chosen
path component. For this, note that for an oriented surface S, the composition of the
natural map from the group of homotopy classes [S, Q®MT6,] to Q3°(Q*MTY,) with
QgO(Q""MTG,,) — Q§S+2 is mo(MT6,)-equivariant, where 1oMT0, acts on the domain in
the obvious way and on the codomain via the composition 7eMT0,, — Qgg — Q§S+2, the
first map being induced by the stabilization map MT6, — £ 2?MO(n) and the natural
map MO(n) — MSO, and the second one by taking products with S. This equivariance
can, for instance, be seen by using the geometric description of [S, Q®°MTE,] provided by
classical Pontryagin—-Thom theory. Since ng is trivial, the action of 7yMT#6,, on Q§S+2 is
trivial, which implies that it suffices to show the claim for the unit component Q;°MT6,,. By
comparing MT0, to its connected cover and using that the unit S — MSO is 1-connected,
one concludes that the images of 7,MT0,, and QgO(QS"MTQH) in QSO(MTG,,) agree, which,

given the factorization (6), implies the claim. O

2. BORDISM CLASSES OF HIGHLY CONNECTED MANIFOLDS

This section is concerned with the image of the natural map

(7) on, — 030

2n+2 2n+2

from highly connected to oriented bordism, which is by Theorem A closely related to smooth
bundles over surfaces with highly connected almost parallelizable fibers. As mentioned in
the introduction, this morphism is trivial unless 2n + 2 = 4m, since smooth oriented bordism
classes are detected by Stiefel-Whitney and Pontryagin numbers, and both of these vanish
for highly connected (4m + 2)-manifolds: their cohomology is concentrated in degrees 0,
2m + 1, and 4m + 2, and H*(BO;Z/2) is generated by wy: for i > 0 as a module over the
Steenrod algebra. As homotopy spheres are stably parallelizable, the morphism (7) moreover
factors over the quotient by the group of homotopy spheres QéZiz /©2n+2, which we describe
explicitly in the first part of this section by combining work of Brumfiel, Kervaire-Milnor,
Schultz, Stolz, and Wall. Using this, we determine the image of (7) in terms of characteristic
numbers and to derive divisibility constraints for the signature and the A-genera of highly
connected manifolds. Throughout this section, we implicitly require all manifolds to be
smooth and exclude the case m = 1.



8 MANUEL KRANNICH AND JENS REINHOLD

2.1. Wall’s classification of highly connected almost closed manifolds. A compact
manifold is almost closed if its boundary is a homotopy sphere. We denote by Aﬁnm_w the
group of oriented, almost closed, (2m — 1)-connected 4m-manifolds, up to (2m — 1)-connected
oriented bordism restricting to an h-cobordism on the boundary; the group structure is
induced by boundary connected sum. This group receives a map from Qifnm_” given by
cutting out the interior of an embedded 4m-disk. This fits into an exact sequence

(8) Oum — QP 5 A8 L,

The first morphism maps a homotopy sphere to its bordism class, and the last one assigns
to an almost closed manifold its boundary. From his pioneering work on the classification
of highly connected manifolds, Wall [Wal62] derived a complete description of the groups
Afjnmfn. For us, the outcome is most conveniently phrased in terms of two particular
manifolds P and Q, which play a central role in the remainder of this section.

Milnor’s Eg-plumbing P. We denote by P Milnor’s Eg-plumbing, i.e., the parallelizable mani-
fold of dimension 4m that arises from plumbing eight copies of the disk bundle of the tangent
bundle of the 2m-sphere so that the intersection form of P is isomorphic to the Es-form (see
e.g. [Bro72, Ch. V.2]). Since the latter has signature 8, the manifold P does as well.

The plumbing Q. Let Q be the plumbing of two copies of a 2m-dimensional linear disk bundle
over the 2m-sphere that generates the image of 7, BSO(2m—1) in 72, BSO(2m). This bundle
can be characterized equivalently as having vanishing Euler number and representing a
generator of 7y, BSO for m # 2,4, and twice a generator for m = 2,4 (cf. [Lev85, §1A)]).
Via the isomorphism H?™(S2™) @ H?™(5?™) =~ H?™(Q) induced by the inclusion of the
2m-skeleton, the intersection form of Q is given by (9§ ), so it has vanishing signature. For
m = 2k even, the kth Pontryagin class of a generator of 7y, BSO is ai(2k — 1)!1* € H**(5%)
(see e.g. [Lev85, Thm 3.8]), where ay equals 1 for k even and 2 otherwise, and 1* denotes the
Poincaré dual to 1 € Hy(5*). We then compute

9) pE(Q.0Q) = 223ai(2k — 1) - 1" € H(Q,0Q),
with Ay being 1 if k # 1,2 and 2 elsewise.

The boundaries of both plumbings P and Q are homotopy spheres (see e.g. [Bro72, V.2.7]).
We denote them by Xp and X, respectively.

(2m-1)
4m

Theorem 2.1 (Wall). The bordism group A satisfies

Z&Z/2 ifm=1(mod4)
Aﬁnm_” = Z ifm =3 (mod 4)
VAV A ifm = 0 (mod 2),

where the first summand is generated by P, except for m = 2,4 where it is generated by HP?
and OP?, respectively. The second summand in the cases m % 3 (mod 4) is generated by Q.

Proof. The statement regarding the isomorphism type of the group Afjnm_” follows from

[Wal62, Thm 2] and [Wal67, Thm 11]. Denoting by (Q) C Afjnm71> the subgroup generated
by Q, it follows from the discussion in [Wal67, p. 295] that there is an exact sequence

0—(Q) = A" 7

whose last morphism is induced by the signature. As HP? and OP? have signature 1, the
cases m = 2, 4 follow. The other cases are concluded by observing that the intersection form
associated to a manifold representing a class in Aﬁnm_n is even for m # 2, 4, so has signature

divisible by 8—the signature of the Eg-plumbing. ]

To treat the different cases for m even in a uniform manner, it is convenient to use a basis
of Aﬁnm_” that is different from the one described in the previous theorem.
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Lemma 2.2.
(i) Two almost closed 8k-manifolds M and N define the same class in A;‘;{kﬂ) if and only
ifa(M) = a(N) and py(M) = p}(N).
ii e classes 8 - and 8 - in " equal P + ork =1, 2, respectively.
(ii) The cl HP? and 8 - OP? in A"V equal P+ Q for k pectively.
iii e grou ' = Z @ 7Z is generate an ork 1,2, and HP* for
(iii) The group AL = 7 g d by P and Q for k by P and HP?
k =1, and by P and OP? fork = 2.

Proof. As opposed to the plumbing Q, the manifolds HP?, OP?, and P have nontrivial sig-
nature. Since we computed the Pontryagin number pi(Q) to be nontrivial in (9), claim (i)
follows from Theorem 2.1, as Aéik_” is free abelian of rank 2. The Pontryagin numbers
ps(HP?) and pZ (OP?) can be computed as af (2k —1)!? for k = 1, 2, respectively, which agrees
with 1/8 - plzc(Q) by (9). Claim (ii) follows from (i), remembering that ¢(P) = 8 and ¢(Q) = 0,
and, using Theorem 2.1, (iii) is a consequence of (ii). O

2.2. Homotopy (4m—1)-spheres. Recall from [KM63] that the group @4, of h-cobordism
classes of oriented homotopy spheres fits into an exact sequence

(10) 0 — bPyy — Oyp_1 — coker(J)am—1 — 0

involving the subgroup bP4,, C ©4,-1 of homotopy spheres bounding parallelizable man-
ifolds and the cokernel of the stable J-homomorphism in degree (4m — 1). The subgroup
bPy,, is generated by the Milnor sphere Xp = dP. It is of order o,,,/8 with

|B2m|
m

Om = am22™1(2°™~1 — 1) num (

as defined in the introduction (see e.g. [Lev85, Cor. 3.20, Lem. 3.5 (2)]). Brumfiel [Bru68] has
shown that every homotopy sphere ¥ € ©4,,_; bounds a spin manifold W5 with vanishing
decomposable Pontryagin numbers and that the signature o(Ws) of such a manifold is
divisible by 8. This enabled him to establish a decomposition

(11) Osm-1 = bPym & coker(J)am—1

via a splitting sp: @4m—1 — bP4, of the exact sequence (10), defined by mapping a homotopy
sphere 3 to (6(Ws)/8) - Ep. Refining Brumfiel’s definition, Stolz [Sto87] gave a formula for
sp(Z) in terms of invariants of any spin manifold that bounds ¥, without assumptions on its
characteristic numbers. To state his result, we fix integers c,, and d,,, with

B B
Cm num(m) +d, denom(m) =1,
4m 4m

and define a rational polynomial S,,, € H*™(BSO; Q) in Pontryagin classes as

S = Lo+ 11 (cmﬁm + (=) dp(A ph)m) ,

am

involving the £- and A-class, as well as product of the A-class with the reduced Pontryagin
character ph. Here reduced refers to the triviality of ph in degree 0. The polynomial S,, has no
contributions from the mth Pontryagin class (see [Sto87, p. 2]), so its evaluation on an oriented
almost closed manifold M can be considered as a relative class S,,(M) € H*™(M, M; Q).

Theorem 2.3 (Stolz). For an almost closed spin manifold M of dimension 4m, the invariant
1
(M) = 2 (M) = (Sn(M). [M. OMD)

is integral and computes the value of Brumfiel’s splitting on the boundary of M, i.e.,
SB(GM) = S(M) . Zp.
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2.3. Closing almost closed manifolds. By the exactness of the sequence (8), the bordism
group Qilznm_w /®4p, is naturally isomorphic to the kernel of the morphism

0: Aﬁnm_w — Oum—1,

which leads us to identify these two groups henceforth. Since Afjnmfl) is generated by the
classes of P and Q for m # 2,4 by Theorem 2.1, we need to examine their boundaries Xp
and Xg in @41 in order to determine the kernel in question. As mentioned earlier, the
Milnor sphere Xp is well understood and generates the subgroup bP,,,. Regarding X, we
use Stolz’s invariant to compute its image under the projection onto bPy,, with respect to
the decomposition (11) (see Lemma 2.7). Concerning its image [Xo] in coker(J)sm-1, there
are partial results by Anderson and Schultz. To state the ones relevant for us, denote by

B
Jn = denom(| 2n|)
4n

the size of the image of the stable J-homomorphism in degree 4n — 1 (see [Ada66, Qui71]).

Theorem 2.4 (Anderson, Schultz). The class [Eg] in coker(J)sm—1 satisfies
(i) jfn/z [Zo] = 0 form # 2,4 even, and
(ii) [Zo] = 0 for m odd.
Proof. Claim (i) follows from the beginning of the proof of [And69, Lem. 1.5]. To prove claim

(ii), observe that 3¢ is trivial if m = 3 (mod 4) by Theorem 2.1. A result by Schultz [Sch72,
Cor. 3.2, Thm 3.4 iii)] settles the remaining case. O

Despite Anderson’s bound on its order, very little is known about the class [X¢] in
coker(J)4m—1 for m even. In the first two cases m = 2, 4, it is known to be trivial (cf. [GRW 16,
Ch. 6]) and Galatius—Randal-Williams [GRW16, Conj. A] conjectured that this is always
the case. A weaker version of this conjecture appeared independently in work of Bowden-—
Crowley-Stipsicz [BCS14, Conj.5.9].

Conjecture 2.5 (Galatius-Randal-Williams). For m even, [X(] is trivial in coker(J)4m-1.

Remark 2.6. After the completion of this work, Burklund, Hahn, and Senger [BHS19] estab-
lished Conjecture 2.5 for all even m > 62.

To state our formula for the image of X under the projection onto bPy,, we denote by

|BZn|

T, = 22"(2*" - 1)
2n

the nth tangent number, which is known to be an integer (see e.g. [AIK14, Rem. 1.18]).

Lemma 2.7. Stolz’ invariant s(Q) of Q vanishes if m is odd. For m = 2k even, it satisfies
A2 B B
s(Q) = _8]_']; (O‘Z + aicrzk num (%) (czk num (l 42;“') + 2(—1)kd2kjk)) R

k

as well as

2a? B B T2
s(Q) = A% (GdeZk' ol (1 ) - ).

4k \|Byx|
where A, = 1 ifk # 1,2 and A = 2 otherwise.

We postpone the proof of this lemma to the next subsection and continue by elaborating
on some of its consequences instead.

Corollary 2.8. Form even, the homotopy spheres %p and X¢ in ©ym_1 satisfy
(i) jfn/z 3o = (ofn/Z/s) - Xp form # 2,4, and
(ii) Zp = =Zp form = 2,4.
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Proof. We write m = 2k. By Theorem 2.4, the homotopy sphere jlzc - X0 lies in bPg; for
2k # 2,4, so Theorem 2.3 gives the relation j? - £ = jZs(Q) - Zp. From the first formula
of Lemma 2.7, we see that jis(Q) is congruent to O'If/8 modulo 0. This has item (i) as a
consequence. Since num(|B,|/8) = num(|Bs|/16) = 1, we conclude d; = ds = 0. Thus, the
second formula of the lemma gives s(Q) = —T? for k = 1 and s(Q) = —T?/4 for k = 2. As
Ty = 1and T; = 2, we have s(Q) = —1 for k = 1, 2, which, together with Theorem 2.3 and
the fact that [Xp] € coker(J)sk—1 vanishes for k = 1, 2, implies item (ii). O

Combining Wall’s classification, Stolz’ invariant, and Theorem 2.4, we determine the
kernel of the boundary map in the sequence (8), and hence the bordism group anm_”/ Oum,

as follows. The order of the class [2¢] in coker(J)4m,—1 is denoted by ord([Xo]).

Theorem 2.9. The bordism group Qifnm—1>/@4m satisfies

Z&Z/2 ifm=1(mod4)
QM1 /@, =1z ifm = 3 (mod 4)
ZoZ ifm = 0 (mod 2).

The first summand is generated by (0,/8) - P in all cases and the Z/2-summand for m =
1 (mod 4) is generated by Q. For m even, the second summand is generated by HP? if m = 2,
by OP? if m = 4, and by ord([£0])(Q — s(Q) - P) otherwise.

Proof. By Theorem 2.1 and Lemma 2.2, the group Afj:’f1> is isomorphic to a direct sum
Z & C for a cyclic group C, where the first summand is generated by P, and the second
summand by Q for m # 2,4, by HP? for m = 2, and by OP? for m = 4. Recall that the Milnor
sphere X p generates the cyclic group bPy,,, which is of order o,,/8. By exactness of (10), the
homotopy sphere ord([Xp]) - 2 is contained in bPy,, so it coincides with ord([2o])s(Q) - Zp
by Theorem 2.3. Using this, it follows from elementary algebraic considerations that the
classes (0,,,/8) - P and ord([0])(Q — s(Q) - P) generate the kernel for m # 2,4. As Q has
infinite order for m even, this settles the case for m # 2, 4 even. The class of Q has order 2
for m = 1 (mod 4) and is trivial for m = 3 (mod 4) by Theorem 2.1. Together with the fact
that, for m odd, we have s(Q) = 0 by Lemma 2.7 and ord([X¢]) = 1 by Theorem 2.4, this
concludes the proof for m odd. The cases m = 2,4 are immediate. ]

Remark 2.10. Note that, for m = 2k # 2,4, Corollary 2.8 implies that (05/8) -P - jlzc -Qis
contained in the kernel under consideration.

Remark 2.11. After replacing HP? by 4- HP? and OP? by 4-OP?, the statement of Theorem 2.9
remains valid if Qifnm_w /®4m is replaced by the subgroup Qifnm_” /®s4m N~ 1(4 - Z). This is

because the signatures of P and Q are divisible by 8, whereas c(HP?) = 0(OP?) = 1.

2.4. Characteristic numbers of highly connected manifolds. This subsection serves
to prove Lemma 2.7 and to use it in combination with Theorem 2.9 to compute the lattices
of characteristic numbers realized by closed (2m — 1)-connected 4m-manifolds. Note that
for such manifolds, all Pontryagin classes vanish, except possibly p,, and p,,/; if m is even.
As a result of this, the £-class, the A-class, the reduced Pontryagin character ph, and the
product (A ph) of the latter two, have the form (cf. [Hir66, Ch. 1,3])

L, = SmPm if m is odd
. %(si - Szk)Pi + Sokpak  if m = 2k is even,
s _ | SmPm if m is odd
Am = 1082 _ 2 \p2 4 ¢ £ m = 2k i
287 = Sar)pi + Sokpar ifm is even,
(=pm+ . .
em=11 if m is odd
ph,, = ¢ @ 1)!Pr2n 1 . i and
2ak—DPk ~ @r=iP2k if m = 2k is even,
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(1m+1

(A ph)m = {<2m miPm it m is odd

k+1ga
CDT Sk 2y - (4k1_1)!p2k if m = 2k is even,

1 2
ek Pr t 2ak-1Pk

where §, and s, are given by

-1 |B2n|
(2n—1)! 4

On

and s, = -22"T12¥ 1o, = —2
" ( n an(2n = 1)ljn

(12) S$n =

for n > 1. Solving L, for pyx and expressing Aoy in terms of Lo and pi, we obtain

2
1 g~ S2k . Szksk - Szksk Sok
(13) ok = — Lok — pr and Ay = ———pF —sz
S2k 289k 282k
Substituting the variables with their values, the last equation becomes
T? 1
2 k
(14) Agg = ‘- Lok

(2k — 1)1224k+3(24k—1 _ 1)pk 24k+1(24k=1 _ 1)

Proof of Lemma 2.7. As Q is (2m — 1)-connected, all its decomposable Pontryagin numbers
vanish for m odd, and hence so does the characteristic number (S,,(Q), [Q, dQ]), since S,
does not involve p,, (see [Sto87, p.2]). The first part of the lemma follows therefore from
the triviality of the signature of Q. For m = 2k, we use the formulas above to calculate

-1 k+1

1 1. .
Sk (Q) = E(SIZC = Sok) + 6721<021<5(312c = Sok) + ook ok Sk T + Ookdok s

(2k - 1)! 2(4k 1) Q-

Using the second description of sy in (12), one obtains the identity

%Szk = Uzkdﬂcm — O2kCak E§2k,
which simplifies the above formula for Sy (Q) to
1 k+1
Sak(Q) = (-Sk + szczkzsk + O dokSg T (zk ol ) P2(Q).

Substituting §; with its value and using (9) as well as the last identity in (12), we arrive at

A% |Bak| 5 |sz|
S21(Q) =( 7 + A3 ook (akczk( I P+ 2(-1) dp—- )) [Q, 90T,

k

from which we obtain the first formula of the statement, since s(Q) = —1/8(S2,(Q), [Q, I0])
as 0(Q) = 0. The second formula follows from the first together with the identity

Ok Cok = 24k+1(24k 1) (1 — denom (| 4k|) dzk)

k

by combining two of the summands to —a; A3 T7? /16 and simplifying the expressions. O

To determine the combinations of Pontryagin numbers, signatures, and A-genera that
are realized by closed highly connected 4m-manifolds, we recall that, even for almost closed
4m-manifolds M, these invariants are additive bordism invariants, where the top-dimensional
Pontryagin number p,,(M) is defined such that the Hirzebruch signature formula o(M) =
(Ln(M),[M]) holds. Using this description of pp,, the A-genus of an almost closed 4m-
manifold is defined by A(M) = (A (M), [M]).

For m odd, Theorem 2.9 shows that the torsion free quotient of Qifnm_w is generated by
the class (0,,/8) - P, whose invariants can be easily computed from o(P) = 8 and plzc(P) =0
using the formulas recalled at the beginning of this subsection.



CHARACTERISTIC NUMBERS OF MANIFOLD BUNDLES OVER SURFACES WITH HIGHLY CONNECTED FIBERS 13

Proposition 2.12. Form # 1 odd, the torsion free quotient onifnmﬁ) is generated by (o, /8)-P,
whose signature, A-genus and Pontryagin numbers are

o((om/8) - P) = o, A((Gm/S)'P) = —2num(M) , and
4m
Pm((O'm/S) : P) =202m = 1)ljm.

For m even, we compute the occurring characteristic numbers as follows.

Proposition 2.13. The torsion free quotient on<4k 2 agrees with Q<4k 1>/®8k, and the
morphisms induced by the respective characteristic numbers

o A po.pl: QY 105 — Z
are, with respect to the ordered basis described in Theorem 2.9, given by

) Uzk
ot 1 -z 3 (o)
—num (%)

2ord([Zo) 2k mum (281 ) dy sl (st - (1))

A=

_ , (4k = 1)!jak
D2k = ord([ZQ])Z—’; ((2k —1)1% + (4k — 1)y B2l IszI (Czk |lj;2kk| " 2d2k(—1)k)) , and

0
2
Py = a

k (20rd([ZQ])”—’;(2k— 12
where i = 2 ifk = 1,2 and px = 1 otherwise. Furthermore, after replacing uj. with its

reciprocal, the same formulas hold for the subgroup Qéik_n/@gk N o~ Y(4- Z) using the ordered
basis described in Remark 2.11.

)

Proof. The first statement follows from Theorem 2.9 and the computation of the invariants
for (0,,/8) - P is analogous to Proposition 2.12, using the fact that pi(P) vanishes since P is
parallelizable. The second part of Corollary 2.8 and Lemma 2.2 imply that ord([o])(Q -
s(Q) - P) equals 8 - HP? for k = 1 and 8 - OP? for k = 2. Since y A% is 8 if k = 1,2 and 1
otherwise, it is sufficient to show that the invariants of the class ord([£¢])(Q — s(Q) - P) are
in all cases given by the product of ,uk/li with the claimed invariants of the second basis
vector. For pi, this is implied by pi(P) = 0 and (9). The signature of ord([£0])(Q - s(Q) - P)
is obtained using the second formula in Lemma 2.7, together with ¢(P) = 8 and ¢(Q) = 0.
Using (14), the values of these signatures, together with p,zc(P) = 0 and (9), result in

R A2 a?T?
A(ord(2]) (Q - (0) - P) = ordlz0)) | s it + 2 (32(4%1 —

which, using the second formula of Lemma 2.7, gives the desired value. The calculation of
pam 1s obtained by combining (13) with the first formula for s(Q) of Lemma 2.7 and

242 1252
k "ak(zk DiE= Lk
S2k S2kJy

The last part of the statement follows from Remark 2.11. O

We proceed by computing the signatures and A-genera realized by highly connected
4m-manifolds. The following consequences of the von Staudt-Clausen theorem will be
useful. A proof can be derived, for instance, from [AIK14, Ch. 3].
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Theorem 2.14 (von Staudt-Clausen). The prime factor decomposition of denom(%) is

denom(|B2"|)= n pl+v[,(n)_

n
p-1|2n

Benl) and vy(jn) = va(n) + 3.

Proposition 2.15. There exists a closed (2m — 1)-connected 4m-manifold with signature

In particular, j,, = denom(%) is divisible by j, = denom(

Om ifm+# 1 isodd
2im ged(om, Grzn/z) ifm# 2,4 is even
1 ifm=1,2,4,

where
im = min (0, v2(ord([Z¢])) — 2va(m) — 4 + 2va(am2)) ,

and the signature of any closed (2m — 1)-connected 4m-manifold is a multiple of this number.
Remark 2.16. Note that we obtain v,(ord([Zp])) < 2v5(m) + 4 from Theorem 2.4 and 2.14.

Remark 2.17. Proposition 2.15 should be compared with the analogous result for (2m — 1)-
connected 4m-manifolds that are assumed to be almost parallelizable. It follows from work of
Milnor-Kervaire [MK60, p. 457] that, under this additional assumption, the minimal positive
signature that occurs is 0,,, independently of the parity of m. Since i,, < 0, one gets

im 2 Om

ot gcd(o‘m,O'm/z) < W

by [ABK72, Thm 1.5.2(c)], so the minimal positive signature becomes, for m even, significantly
larger if one restricts to manifolds that are almost parallelizable.

The following proof of Proposition 2.15 owes a significant intellectual debt to a compu-
tation due to Lampe [Lam81, Satz 1.3], to whom the authors would like to express their
gratitude for sending them a copy of his diploma thesis.

Proof of Proposition 2.15. For m # 1 odd, the claim is a consequence of Proposition 2.12, and
for m = 1,2, 4, it follows from the existence of the manifolds CP?, HP?, and OP? of signature
1. For m = 2k # 2,4, it is, by Proposition 2.13, sufficient to show that the integer described
in the statement is the greatest common divisor of

o ((02k/8) - P) = oo and o (ord([Zo])(Q — s(Q) - P)) = =8 ord([Zo])s(Q)-

From the first formula of Lemma 2.7, one sees that there is an odd integer b such that
1
-8 ord([Zo])s(Q) = 7 (ord([Z0])(0} + oararh)) .
k

Using vo(o) = va(ag) + 2k + 1 and v2(ji) = v2(k) + 3, we compute

vz (ged (o2k, 8 ord([Z0])s(Q))) = min (4k + 1, v (ord([Z0])) + 4k + 2va(ax) — 2va(k) = 5) .
To determine the odd part ged(oax, 8 ord([2])s(Q))oad of the greatest common divisor, we
note that, since Ty is an even integer for k > 1, the number jj divides 2271(22% — 1), This,
together with the fact that (22 — 1) and (24~ — 1) are coprime, implies that j; and (2**~' —1)
are coprime. But since j is also coprime to num(%) by the von Staudten-Clausen theorem,
it cannot share odd prime divisors with g2,. As ord([Z¢]) divides j12< by Theorem 2.4, the
conclusion also holds for ord([2¢]) and o2,,. This leads to

ged (02k, 8 0rd([S0])s(Q))  4g = ged (02k, ord([Eo])(07 + ozkaib))odd = ged(o2k, 07 )odds

which implies the statement, because v,(gcd(osy, 0,3)) =4k + 1. O

Since vo(07,) = 2m+ 1+ vy(ap,) and iy, > —2v,(m) — 4, we obtain the following divisibility
result for the signature as corollary of Proposition 2.15.
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Corollary 2.18. The signature of a closed (2m — 1)-connected manifold of dimension 4m for
m # 1,2, 4 is divisible by 22™*% if m is odd and by 22™~2":("3 if m is even.

A-genus is integral. We compute it as follows.

For m > 2, closed (2m — 1)-connected 4m-manifolds admit a spin structure, so their

Proposition 2.19. There exists a closed (2m — 1)-connected 4m-manifold with A-genus

{2 num( |BZ’"‘) ifm# 1 is odd

ged(num(- (1B |) num(- 1B ‘)2) if m is even,
and the A-genus of any closed (2m — 1)-connected 4m-manifold is a multiple of this number.

Proof. Arguing similarly as in the proof of Proposition 2.15, the claim for m odd follows from
Proposition 2.12. To prove the case of m even using Proposition 2.13, we need to compute

the greatest common divisor of num(— B l) and

2

s | Bak| |Bak| ( 1Bzl k1
2ord([2 d -1
ord((51) 2 mum Gl a L 2251 )

1 B 5
" it ord(Zoei num(l 42kk|) (num (| 42kk|)J2" +2(=1)**j5- num (| gfl))

\ 4k|

AS jk, Jak» Ak Hk» and dyi are coprime to num(-), the number in question agrees with

| By | | Bak|
ged (num (W) ,ord([2p]) num ( ik ) ) .

But ord([2¢]) divides jlzc by Theorem 2.4, so the von Staudt-Clausen theorem implies that it

has no common divisors with num(%). This yields the result. O

Remark 2.20.

(i) Computer calculations show that for m < 2678 even, the greatest common divisor
of oy, and g,,/5% is a power of 2, whereas it is 22%78%1 . 34511 in the case m =
2678. Since vo(ged(opm, am/22)) = 2m + 1, the minimal positive signature of a closed
highly connected 4m-manifold for m # 2,4 even, m < 2678, equals 2/m*2m*1 by
Proposition 2.15.

(if) Similar computations show that num(“ff—n’rl) and num(‘f—";’l)z are coprime for m <
44000 even, and hence Proposition 2.19 implies that in these dimensions, there exists
a closed (2m — 1)-connected 4m-manifold of A-genus 1. We do not know whether
num(%) and num(%)2 are coprime for all even m.

3. CHARACTERISTIC NUMBERS OF BUNDLES OVER SURFACES WITH HIGHLY CONNECTED FIBER

This section serves to derive consequences for characteristic numbers of smooth bundles
over surfaces and for H*(BDiff*(M); Z), leading to proofs of Theorem B, Corollary C, and
Theorem D. Throughout this section, we require M to be a smooth, closed, 2n-dimensional,
highly connected, almost parallelizable (or, equivalently, n-parallelizable) manifold.

3.1. Characteristic numbers of total spaces. In Proposition 2.12 and 2.13, we determined
the lattices of Pontryagin numbers, signatures and A-genera realized by classes in the
subgroup of oriented bordism classes

im (Q<"> ENYORS

2n+2 2n+2

) No '(4-2) € Q39,,,

which, combined with Theorem A, provides divisibility constraints for the respective in-
variants for total spaces of smooth M-bundles over surfaces and completely computes these
invariants as long as g(M) > 5. The consequences for the signature and A-genus of our
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computation, which are carried out in Proposition 2.15, Corollary 2.18, and Proposition 2.19
imply Theorem B as well as Corollary C.

3.2. Generalized Miller—-Morita—Mumford classes. We prove Theorem D, i.e., the com-
putation of the torsion free quotient H*(BDiff*(M); Z)free for g(M) > 7 and 2n > 6 in terms
of generalized Miller-Morita—Mumford classes (as recalled in the introduction). The root of
the computation is the analogous result for rational cohomology is due to Galatius—Randal-
Williams: their high dimensional analogue of the Madsen—-Weiss theorem (see Theorem 1.2)
provides an isomorphism

H* (BDiff(M, D*"); Z) = H*(Q3MT0,;Z)

for 2n > 6, g(M) > 7, and * < 2. The cohomology groups H*(Q};MT0,;Z) are finitely
generated and can be computed rationally to be the free graded commutative algebra

H*(QyMT0,;Q) = A (H™***>°(BSO(2n)(n); Q)) ,

see [GRW14, Ch. 2.5]. As H*(BSO(2n)(n); Q) is a polynomial ring in the Pontryagin classes
p; of degree 4i > n, we arrive at

0 if 2n = 0 (mod 4)
(15) H? (BDiH(M’ Dzn)§Q) = QKP(n+1)/Z if 2n = 2 (mod 8)
Qpny ® Qi - if 21 =6 (mod 8)

for 2n > 6 and g > 7. Evaluating diffeomorphisms of M at a fixed point M induces the first
homotopy fiber sequence of

BDiff(M, ) — BDiff*(M) — M and BDiff(M, D*") — BDiff*(M, ) — BSO(2n),

whereas the second one is given by taking the derivative at * € M. From the Serre spectral
sequence of these fibrations, one sees that the formula (15), as well as the finite genera-
tion property, holds equally well for BDiff*(M) instead of BDiff(M, D*"), an observation
which incidentally yields the description of H?(BDiff*(M); Q) mentioned in the introduc-
tion. Excluding the trivial case, we assume 4m = 2n + 2. Since classes in Qifnm_” have
vanishing Stiefel-Whitney numbers and are, up to torsion, detected by Pontryagin num-
bers (see e.g. Proposition 2.12 and 2.13), the induced morphism (Qifnm_l))ﬁee — Qig, de-
fined on the torsion free quotient, is injective, and the rank of its image agrees with that
of QEO(BDiff(M, D?*"))grce. From this, using Theorem A, we conclude that the morphism

QgO(BDiﬂ”(M)) — Qig induces an isomorphism of the form
(16) QS (BDiff*(M))ge, = im (an’"‘” = Qiﬁ) Nol(4-2).

In view of the commutative diagram (2) of the introduction, the functional on the left hand
side of (16) induced by a class k. for ¢ € H*™(BSO; Z) corresponds via this isomorphism to
the usual characteristic number defined by ¢ on the right hand side. Propositions 2.12 and
2.13 provide an explicit basis for the right hand side and represent the functionals induced
by Pontryagin numbers in terms of this basis. Computing the appropriate change of basis
matrix, the integral dual of this basis can be expressed in terms of Pontryagin numbers,
which results in the basis of H*(BDiff*(M); Z)fee described in Theorem D.

Remark 3.1. The conclusions of Theorem D are also valid for BDiff(M, D*™~2) instead of
BDiff*(M), by the same argument.

4. TOPOLOGICAL BUNDLES

The purpose of this final section is to study the topological analogue of the bundles
considered in the previous sections, i.e., fiber bundles 7: E — S over oriented surfaces
with fiber a smooth highly connected almost parallelizable manifold M of even dimension
and structure group Homeo* (M) as opposed to Diff"(M). The main work in this section
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is to compute the values of the Pontryagin numbers of the total spaces of such bundles,
or equivalently, the values of the Miller-Morita-Mumford classes of 7. We shall see that
the bordism group of topological M-bundles agrees rationally with the analogous group
for smooth bundles, but differs integrally. This gives rise to obstructions to smoothing
topological M-bundles over surfaces up to bordism.

4.1. Rational invariance. We begin by showing that the bordism group of M-bundles
over surfaces is rationally independent of whether we consider smooth or topological
bundles (at least in the presence of large genus), or equivalently, that the canonical map
H%(BHomeo"(M); Q) — H%(BDiff"(M); Q) is an isomorphism.

Proposition 4.1. Let M be a closed, smooth, (n — 1)-connected, almost parallelizable 2n-
manifold. If g(M) > 7 and 2n > 6, then the canonical map

0 if2n = 0 (mod 4)
H?(BHomeo"(M); Q) — H*(BDiff*(M); Q) = { QKp(,.1y2 if 2n = 2 (mod 8)
QKp(n+1)/2 ® gzk'pan)/4 ifzn =6 (mod 8)

is an isomorphism.

Proof. The computation of H*(BDiff *(M); Q) follows from (15) and the subsequent discussion,
and shows that this group is generated by generalized Miller—-Morita-Mumford classes asso-
ciated to monomials in Pontryagin classes, so the surjectivity of the first morphism follows
from the topological invariance of rational Pontryagin classes. For the injectivity part, we
first show that the homotopy fiber Homeo* (M) /Diff (M) of the canonical map BDiff"(M) —
BHomeo* (M) has finitely many components and vanishing first rational cohomology. To see
this, recall that smoothing theory (see e.g. [BL74, Thm 4.2]) identifies Homeo*(M)/Diff *(M)
with a collection of path-components of the space ['(TM) c Maps(M, BSO(2n)) of lifts

2 BSO(2n)

7’
/
/
/

M —— BSTop(2n)

of a classifying map for the oriented topological tangent bundle of M, at least if we use a model
for the canonical map BSO(2n) — BSTop(2n) that is a fibration. Restricting such lifts to the
n-skeleton V¥$™ ¢ M induces a map I'(TM) — Maps(VXS", STop(2n)/SO(2n)) whose homo-
topy fibers are either empty or equivalent to Maps(S2", STop(2n)/SO(2n)). From this, we see
that the claim on Homeo*(M)/Diff*(M) follows from the fact that mx STop(2n)/SO(2n) is
finite for * < 2n+1 (see e.g. [BL74, Cor. 5.2 b), p. 38 (7)]). Since H' (Homeo*(M)/Diff*(M); Q)
vanishes, the edge homomorphism

H%(BHomeo" (M); H’(Homeo" (M)/Diff*(M); Q)) — H?(BDiff*(M); Q)

of the corresponding Serre spectral sequence is injective. The morphism in the claim agrees
with this edge homomorphism, precomposed with the map

H?(BHomeo*(M); Q) — H*(BHomeo"(M); H(Homeo* (M)/Diff* (M); Q))

induced by the map of coefficient systems ¢: Q — H’(Homeo*(M)/Diff*(M); Q) resulting
from Homeo™*(M)/Dift" (M) — . Consequently, the claim follows from ¢ being split injective,
which holds by transfer since H’(Homeo*(M)/Diff*(M); Q) is a finite permutation module
as Homeo*(M)/Diff"(M) has finitely many components. O
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4.2. Topological Pontryagin numbers. As a next step, we determine the lattice spanned
by the values of the characteristic classes k., , and Kpe, s O topological M-bundles over

surfaces, or equivalently the values of the corresponding Pontryagin classes on the total
spaces E of such bundles. It turns out to be more convenient to consider the different basis
p(zn +1)/4 and L,11)/2 first, so we shall do that. In this subsection, we compute the minimal
value ofp(zn+1)/4(E) and show that it can be realized by a total space E with £L,41)/2(E) = 0.
Given this, to determine the lattice, it suffices to compute the values of .L(;,11)/2(E), which
we shall do in the next subsection by proving Theorem F.

We begin with a standard lemma on highly connected topological manifolds.

Lemma 4.2. Let E be an oriented, closed, highly connected, topological manifold of dimension
am # 4,8, 16.

(i) The intersection form of E is even. In particular, the signature o(E) is divisible by 8.
(ii) Form = 2k, the Pontryagin number pi(E)? is contained in the subgroup 2(p}™)*-Z C Q,
min

where p"" € Q is an additive generator of the image of px : w4 BSTop — Q.

Proof. As E is (4k — 1)-connected, we can represent the middle homology

1
my(E) = Hy(B; Z) = 6D, H4k(5?k)

by locally flatly embedded 4k-spheres S?k C E (see e.g.[Ped75, Thm 1]), which admit
topological normal bundles v; : S?k — BSTop(4k) by [RS70, Cor. 5.5]. Writing (a;;)1<i,j<i for
the (symmetric) intersection matrix of E with respect to the basis given by the S, claim
(i) follows from showing that the diagonal entries a;; are even. This can be seen, as in the
smooth case, by using that a;; agrees with the image of v; under the composition

74k STop(4k) — 7y BSG(4k) = g 5% 5 Z,

where the first morphism assigns to a topological R*-bundle its underlying spherical fi-
bration and H is the Hopf invariant, whose values are even as long as 4k # 4, 8. This also
implies (ii), since we can compute the Pontryagin number as

Pi(E) = Yi<i<j<m zaijplzc(vi) + Di<i<m aiipi(vi),
which is contained in 2(pkmi‘“)2 -Z C Qasay; is even and pi(v;) € p;‘in ZCQ. ]
The value p;{“m appearing in the previous lemma was determined by Brumfiel as follows.

Lemma 4.3 (Brumfiel). Fork # 1,2, the image of p: 7y BSTop — Q is generated by
oo = g ok - 1127,
k ok

Proof. The proof of [Bru68, Lem. 4.5] shows that, after precomposition with the natural map
74k BSPL — 74 BSTop, the image of the map in question is generated by (1/|bPy|)ax(2k —
1)12"2U8) But 4 BSPL — 14 BSTop is an isomorphism for k # 1 as STop/SPL =~ K(Z/2, 3)
by [KS77, Essay V Thm 5.5], so the claim follows from the identities |bPy| = 0% /8 and
vo(ji) = v2(k) + 3 (see Theorem 2.14). O

Before turning towards the values of plzc (E), we prove two more auxiliary lemmas.

Lemma 4.4. Restricting homeomorphisms of D*~! fixing the center to the interiorint(D*~1) =
R*~1 and stabilising by () X idg induces a composition

74 BHomeo (D1, 0) — my BSTop(4k — 1) — w4 BSTop

whose first morphism is surjective for all k > 1 and the second one fork # 1, 2.
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Proof. Both claims follow essentially from the fact that the relative homotopy groups
7.(STop/SO, STop(4k — 1)/SO(4k — 1)) vanish for * < 4k + 1 (see e.g. [KS77, Essay V,§5,5.0]).
This is explained in [Ste75, Cor. 1.2 (i)] for the first map, and follows for the second one from
a diagram chase in the commutative diagram with exact rows

T4k BSO(4k — 1) — T4k BSTOp(4k — 1) —» TT4k—1 STOp(4k - 1)/80(4k — l)

L ! I

74k BSO ——— > my BSTop ———— > my—1 STop/SO,

which is induced by the appropriate map of fiber sequences. The right vertical map is an iso-
morphism because of the above mentioned vanishing of z.(STop/SO, STop(4k—1)/SO(4k—1))
in a range, the surjectivity of the left vertical map for k # 1, 2 is standard (c.f. [Lev85, §1 B)]),
and the upper right horizontal map is surjective as m4;_; BSO(4k — 1) — 451 BSTop(4k — 1)
is injective (see e.g. [BL74, Prop. 5.4 (iv)]). O

Lemma 4.5. Given classes &, € my BSTop(4k — 1) and a closed, highly connected, almost
parallelizable (8k — 2)-manifold M with g(M) > 1, there exists an oriented topological M-bundle
n: E — S'x S! such that

PA(E) = 2p1(E)pr(n)  and  o(E) = 0.

Proof. We first prove the claim for M = W; = $*~1 x §%~1 Lemma 4.4 ensures that
we can pick representatives &, 1: S* — Homeo*(D*1,0) of the respective elements in
74k BSTop(4k — 1), and we shall choose them such that they are constantly the identity when
restricted to a neighborhood of the lower hemisphere D** C §%_ The map ¢ gives rise to a
homeomorphism f; of $*~1 x D*~! by mapping (x, y) to (x, £(x)(y)), which is the identity
on a neighborhood of D*~1 x D*~1_ Similarly, by switching the role of the two coordinates
and replacing ¢ by 7, we obtain a homeomorphism f;, of D*~1 x §%~1 Extending f; and f,
the identity gives rise to two strictly commuting homeomorphism f; and f; of

Wi = S SR\ ing(DBF2) = §% 1 5 DRy sy pues DT x 4R,

Their mapping tori combine to a Wy ;-bundle over S' v S! which we can arrange to be
trivialized over a neighborhood of the base point. As fg’ and f;’ commute strictly, this bundle
has a canonical extension over the 2-cell of S! X S!, so induces a W; ;-bundle E— S'xS!,
from which we obtain a W;-bundle E — S! X S! by fiberwise coning off the boundary of W, ;.
To show that this bundle has the claimed properties, note that fg’ and f fix the deformation
retract ¥~ v §4#=1 = §4=1 5 {0} Uy(g.0)y {0} x $**~1 © Wy, pointwise, so the W, ;-bundle
E — S! x S! is trivial as a fibration andjf contains E™ = (%1 v §4-1) 5 (51 x S1)
canonically as a deformation retract. As E°™ c E induces an isomorphism on H*(-), to
determine the Pontryagin classes of the stable topological tangent bundle of E, it suffices to
do so when pulled back to E**¢. Since f/ and f; are the identity on D¥*=1x§%~-1 c W, ; and
S#=1x D=1 W, | respectively, the submanifolds (+VS*~1)x(S'vx) and (S*~1v#)x(xVS")
come with a trivialized disk normal bundle in E, so the pullback of stable tangent bundle of
E is trivial over them. Furthermore, by construction, the compositions

(S*Ivax(S've) — 5% 225 BSTop(4k) and  (+vS™* 1)x(xvS!) — $*% 22, BSTop(4k)
classify normal bundles of the other two summands of E®™, where the first maps are given
by collapsing the (4k — 1)-skeleton and the second ones by stabilising ¢ and 1 once, so we get

Pi(E) = pr(8) - [(S*7 V) X (STV )]+ pie(m) - [+ v (ST x (+ v S € HH(E; Q).
where (-)* denotes Poincaré dual. Since (S*~1 V %) x (S! V %) and (* V S*~1) x (x v §)
intersect in E transversely in a point and have normal bundles with trivial Euler class as
they destabilize to (4k — 1)-bundles, we conclude pi(E)? = 2pi(é)pr(n) - 1* € H¥*(E; Q), as
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claimed. To see that the signature of E vanishes, by the main result of [CHS57], it suffices to
show that 7;(S! X S1) acts trivially on H*(W;; Q). This is clear in degree 0 and 2n and follows
in degree n from the triviality of E — S' x S" as a fibration.

To prove the claim for a general fiber M instead of W;, we use the assumption g(M) > 1 to
write M as a connected sum M = WM’ for a manifold M’, and observe that the W; ;-bundle
E — S! x S! built above contains a trivial disk bundle in its bundle of boundaries, since we
chose ¢ and 7 to fix a neighborhood of D* C $* . Taking fiberwise boundary connected
sum of E — S! x S! with a trivial M’\ int(D®~2) bundle over S! x S!, followed by fiberwise
coning of the boundary results in a M-bundle with the desired properties. O

Theorem 4.6. Fork # 1,2, the Pontryagin numberpi(E) € Q of the total space of a topological
oriented bundle w: E — S over a closed oriented surface with fiber a closed highly connected
almost parallelizable (8k — 2)-manifold M is contained in the subgroup

Z@EﬂH)Z . Z C Q«
Ifg(M) > 1, then there exists a bundle 7: E — S' x S! of the above type satisfying
pi(E) = 2(pkmin 2 and o(E)=0.

Proof. Adapting the argument at the beginning of the proof of Theorem A in Section 1.2 to the
topological case by replacing BSO by BSTop, one sees that E is topologically oriented bordant
to a topological (4k — 1)-connected manifold, so the first part follows from Lemma 4.2 ii). By
Lemma 4.4, we can represent a generator of 74 BTop by a class v € my; BTop(4k — 1) as long
as k # 1, 2, from which the second part follows by applying Lemma 4.5 withv =& =5. O

4.3. Divisibility of the signature. We continue by proving Theorem F, which determines
the values of the signature (or equivalently the corresponding Hirzebruch £-class) on the
total spaces of the bundles in consideration.

Proof of Theorem F. Arguing similarly as in the proof of Theorem 4.6 and at the end of the
proof of Lemma 4.5, the claim follows from Lemma 4.2 if we construct a W, = #*(S" x S™)-
bundle E — S that contains a trivial D*"-subbundle and satisfies o(E) = 8. More generally,
we shall construct such a bundle with fiber W, = #9(S" x §") for any g > 4. To this end, we
fix a disk D*™ C W, and consider the commutative diagram

QSO(BDIff" (W, 1, D*™)) — Q5°(Bro Diff*(W,, 1, D*™)) —» ng(Bspgg(Z)) Y/

l l |

Q5°(BHomeo"(W,, D*™)) —» Q5°(Bm Homeo*(W,, D*™)) —» ng(Bspgg(Z)) % 7,

explained in the following. The manifold W ; is obtained from W, by removing the interior of
a disk that is disjoint from the previously chosen one. The two left vertical arrows are induced
by coning off diffeomorphisms of W, ; to homeomorphisms of W,. The two left horizontal
arrows are induced by taking path-components, and are surjective since the canonical
morphism Hy(X; Z) — Hy(Br1(X); Z) is surjective for any connected space X. The middle
horizontal arrows are induced by the action on homology H,,(W,,1;Z) = Z?9 preserving
the (nondegenerate and antisymmetric) intersection form, so its image is contained in
the symplectic group szg(Z) C GLyy(Z). For homeomorphisms that are isotopic to a
diffeomorphism, this action lands in the subgroup Spgg(Z) c szg(Z) of automorphisms
which preserve Wall’s quadratic refinement (see [Wal62]), which in the case of W;m’z with
m # 1,2 can be identified with the function q: Z?9 — Z/2 sending Zle(a,-e,- +bifi) to
Z?:1 a;b;, where {e;, fi}1<i<y is the standard symplectic basis of 7%9 and a;,b; € Z. In
this special case, the quadratic refinement turns out to also be preserved by homotopy
equivalences (see e.g. [Bau96, Thm 10.3]), so definitely by homeomorphisms, which explains
the lower middle horizontal arrow. For the surjectivity of the upper right horizontal arrow,
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we use work of Wall [Wal65, Lem. 23], [Wal63, Lem. 10, 12], from which it follows that the
homology action induces a short exact sequence

0 — Hom(H,(W,), S, SO(n)) — o Diff*(W,, 1, D*"~%) — Spd ,(Z) =0,

where S, SO(n) C 7, SO(n+1) is the image of the stabilisation map 7, SO(n—1) — ,, SO(n)
and the induced Spgg(Z)—action on Hom(H,(W,), S7r, SO(n)) is the evident one.! The Serre
spectral sequence of this extension, together with the fact that oriented bordism agrees with
integral homology in low degrees, induces an exact sequence of the form

Q;° (B Diff™ (Wy, 1, D™ %)) — Q;°(BSpg,(Z)) — Hom(Hy(Wy), S7n SO(m)sys 7).

so the surjectivity of QgO(Bm) Diff*(W,,;, D*™)) — QSO(BSqug(Z)) follows from showing
that the coinvariants Hom(H,(W,), Sz, SO(”))Spgg(Z) = (Z¥% ® S, SO(n))Spgg(Z) vanish,
which one can see by acting with the matrices

10

11
(f;" PO(,) € Spgg(Z) for o € 3, (I(; _g") € Spgg(Z), and lg-2 - € Spgg(Z),

01 s

where P; € GLy4(Z) denotes the permutation matrix associated to 0 € X, and I; €
GL4(Z) is the unit matrix. Returning to the commutative diagram above, the morphism
o: QEO(BSng(Z)) — Z is induced by assigning a bundle of symplectic lattices of rank 2g
over a closed oriented surface its signature (see e.g. [GRW16, Lem 7.5]). By the argument of
[CHS57], the horizontal composition QgO(BHomeo"(Wg, D*™)) — Z agrees with the mor-
phism that maps a topological bundle to the signature of its total space, so it suffices to show
that its image contains 8 - Z. This is the case for the image of o: QSO(BSng(Z)) — Z aslong
as g > 4 by the argument at the end of the proof of [GRW16, Thm 7.7], so the surjectivity
of Q3°(BDiff*(W,, D*™ %)) — ng(Bspgg(Z)) shows that also Q3°(BDiff*(W,, D*™?)) con-
tains a class of signature 8 as long as g > 4, and hence so does QgO(BHomeN(Wg, Dim=2y),
which finishes the proof. ]

4.4. Generalized Miller-Morita—Mumford classes, topologically. Combining Propo-
sition 4.1 with Theorem F, we can conclude, similarly to the discussion in Section 3.2, that the
torsion free quotient of H(BHomeo*(M); Z) for a closed highly connected almost paralleliz-
able (4m — 2)-manifold M with g(M) > 7 and m odd is generated by k r,, /8, or equivalently
by 2z - 2(23’# For m = 2k is even, Theorem 4.6 together with Theorem F shows that
the image of the morphism (o, p,zc): QgO(BHomeo"(M)) — Z ® Q is generated by (8, 0) and
(0, Z(p;?in)Z), so H%(BHomeo*(M); Z)fee is generated by k, /8 and xplzc/(z(p;ji“)z). From
this, after expressing L, in terms of pyx and plz< (see the beginning of Section 2.4), the basis

min

i in Lemma 4.3.

claimed in Theorem E follows from the computation of p
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