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1 Introduction

Trends have been widely studied and used for more than half a century (e.g., Jones, 1943;
Anderson, 1971; Hamilton, 2017; Andrews and McDermott, 1995; Phillips, 2001, 2005, 2007,
2009). There is no doubt that time trends exist in many data sets from different fields, so that
how to model time effects always plays a crucial role in data—driven science (e.g., economics,
finance, ecology, geology, etc.). In some applications, like climate modelling, the trend is the
object of interest. In other applications, like some in macroeconomics, interest focuses on the
fluctuations about the trend, which is why so many applied works start from detrending the
data. Either way, it is important to have a good methodology for dealing with the trend.
There are several general approaches to trend modelling that have widespread appeal for
practitioners. Specifically: (1) unit roots and stochastic trends; (2) global deterministic time
trends involving a linear term ¢ and/or a quadratic term ¢* (e.g., Feng and Serletis, 2008, Eq.
13 and 19); (3) local deterministic trends under the nonparametric setting, which capture slowly
varying long run components (e.g., Engle and Rangel, 2008; Hafner and Linton, 2010); etc.
For the third approach, the Hodrick—Prescott filter widely deployed in macroeconomics is best
interpreted as fitting such a trend model to the level of the series (Phillips and Jin, 2015).
However, not much work has been done to examine the correct functional form in the para-
metric global trend model, with linear or quadratic being the dominant choices. This issue has
been raised by Phillips (2007) and Robinson (2012), where power trends have been studied un-
der parametric frameworks. On the other hand, the nonparametric trend literature confines its
attention to the case where the trend is bounded as the sample size increases, which puts some

limits on its applicability. We consider the following model:

Yt = Q(Tt)teo + &4, (1.1)

where 7, = t/T witht = 1,...,T, & is a stationary mixing error process, ¢(-) is an unknown but
smooth function, and 6y is an unknown parameter defined on a compact set © with 6, > 0. The
component g(-) can capture nonlinear trend of a quite varied nature, so long as it is bounded
and smoothly varying, whereas the global trend part t% allows the outcome variable to increase
without bound as the horizon lengthens. The error term ¢, is allowed to be weakly dependent and
can represent short term “cyclical” behavior that we do not model or estimate. We start from
(1.1), and further discuss more generalised settings as well as the associated issues in Section
B.3 of the online supplementary file. Our model extends the parametric global trend models

considered in' Phillips (2007) and Robinson (2012) and the nonparametric local trend model

IPhillips (2007) considers multiple regressions with many forms of slowly varying regression functions, which



that underpins a lot of statistical trend fitting. In this paper, we are interested in estimating 6,
and ¢(-) from a time series dataset {y1,...,yr}. Sornette (2003) proposes deterministic trend
and cusp models for modelling stock market crashes with both global trend and bounded trend,
but the models are parametric.

We comment briefly on the stochastic trend literature. A markedly different approach is
provided by unobserved components models from the state space literature; see Harvey (1989)
for a comprehensive overview. In these models, the trend is stochastic in nature. It is hard to
compare this approach with ours in theoretical terms, since the two approaches are nonnested,
although in practice they achieve similar objectives. The pure random walk model implies linear
growth in both mean and variance, so by itself is not well suited to describe the flexible trend
we propose. From a practical point of view, the two methods offer alternative ways to flexibly
estimate the trend behaviour of a time series. In the unobserved components model, the flexibil-
ity comes through small stochastic innovations in the components earmarked as trend and the
cycle. Our model in contrast owes its flexibility to the nonparametric nature of the deterministic
component function. Dahlhaus (1997) introduces a class of locally stationary processes, which
combines deterministic local trends with stochastic variation, see also Giraitis, Kapetanios and
Yates (2014) who consider a time—varying coefficient model with stochastic variation.

We summarize our contributions: (1) This is the first paper to combine the global and slowly—
changing local time trends together; (2) This study provides the practitioner from a variety of
fields with a new nonparametric trending method to examine, capture, and remove time effects;
(3) We provide the tools to test for the presence of such effects and to estimate its components.

The structure of this paper is as follows. In Section 2 we present the regularity conditions we
use in the paper. In Section 3 we propose two hypothesis tests for evaluating the nested para-
metric and nonparametric models. In Section 4 we propose estimators of both trend components
and investigate their asymptotic properties. We provide some simulation studies in Section 5
that examine the finite sample performance of the proposed tests and estimation methods. In
Section 6 we discuss some potential extensions and issues. Section 7 concludes. Mathematical
proofs of the main results are given in Appendix A. Finally, in the online supplementary file of
this paper available at Cambridge Journals Online (journals.cambridge.org/ect), we apply our
methodology to study global mean sea level and U.S. GDP data. There can also be found the
omitted proofs of the main text and some additional material.

Before proceeding to Section 2, it is convenient to introduce some notation that will be

used throughout this paper. The symbol —p denotes convergence in probability; —p denotes

could not be fully covered in this study. Robinson (2012) considers multiple nonlinear power function regressions.
We refer interested readers to these two papers for more details.



convergence in distribution; |a| means the largest integer not exceeding a; K (-) and h represent
a symmetric kernel function and a corresponding bandwidth of the kernel method, respectively;

moreover, Kj, (u) = + K (%).

2 Regularity Conditions

We make the following assumptions we will use to derive our results.

Assumption 1:

1. 0 <6y € O, and © is a compact set defined on R. g(-) is second order differentiable on
Jy w0 g(u)dul > 0,

[0,1], and satisfies that sup,.¢(o 1y |g(u)| < 0o, infae(o 1)

d[u’*t%0g(u)]

o < 00 for the same h defined in Assumption 1.4 below.

and Sup g ,)cox(h,1]

2. {e; |t =1,...,T} is an a—mizing error process with mizing coefficients {a(i) |t = 1,2,...}
such that Z;’il[a(z)]%é < oo for some & > 0 satisfying max,>1 Ele;|>*/? < oo, where
. o . k . .
(i) = sup; SUPAcri | Berz, | Pr(ANB)—Pr(A) Pr(B)| and F; is the sigma field generated
by {e; |7 <t < k}. Moreover, fort > 1, Elg;] =0 and El|g|* = 02 < ¢ < 00.

3. Let K(-) be a function that is symmetric and defined on [—1,1]. Assume further that
KW (u) is uniformly bounded on [—1,1], fjl K(u)du =1 and fjl |u| K (u)du < oo.

4. For the bandwidth sequence h, suppose that h = O(T~") for some 0 < v < %

Assumption 1.2%*:

Suppose that {e,} satisfies either one of the following conditions:

1. Fort > 2, let Ele; |F] =0, where Fy = o(e1,¢€9,...,61-1). In addition, E[e? |F] = 07 <
co < 0o almost surely, and max;>1 E[e}] < oo.
2. Let Assumption 1.2 hold. Moreover, let Zthg Ztill Y(t — s) wrywrs — 0 as T — oo, where

o) )
VEL 026 (r) m)?

V(j) = Elerersy] and wry =

Compared to the conditions employed by some of the relevant literature (e.g., Vogt, 2012;
Phillips, Li and Gao, 2017), one main difference is that we have to take the power term into
consideration when using the kernel method below. This is why we require 6y > 0 in Assumption
1.1, which is harsher than 6, > —% adopted in Robinson (2012) for a parametric model. We will

further discuss this issue in detail in Section 4. We also impose some conditions on ¢(-), which
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are quite standard. Assumptions 1.1-1.4 are standard in the literature (e.g., Fan and Yao, 2003,
Section 2.6).

Assumption 1.2* is a stronger version of Assumption 1.2, and is used only to establish asymp-
totic properties for the proposed tests in Section 3 below. Assumption 1.2*.1 is a martingale
type of condition, and is similar to Assumption A.2 of Su and Chen (2013) and Assumption A.4
of Su, Jin and Zhang (2015). Meanwhile, it allows for the heteroskedasticity, and is analogous to
Assumption Al of Fan and Li (1996). To model more complicated deterministic heteroskedas-
ticity, we refer interested readers to, for example, Section 3.3 of Gao (2007). Assumption 1.2%.2
allows for certain types of weak autocorrelation, and is verifiable in many situations, including
the case where {g;} follows an ARMA setting.

Either of the two conditions of Assumption 1.2* ensures that the summation of the interaction
terms, Zthg Zi;ll ~v(t — s) wry wrs, will not create any difficulty while estimating the asymptotic
variance in the proof of Theorem 3.1. Although one indeed can consistently estimate the corre-
lation between ¢; and & for any fixed / =t — s > 1 (Fan and Yao, 2003, Chapter 2), one cannot
recover, for example, Zthz Zi;ll v(t — s) wrs wrs as a whole in general without imposing stronger
restrictions.

Sections 3 and 4 together provide the main asymptotic results of the paper. In Section 3
we provide two tests of the leading special cases of (1.1). In Section 4 we provide estimation
methodology for (1.1). We point out the failure of some intuitive methods in Section 4.1, we
discuss how to achieve consistent estimation in general in Section 4.2, and we study the detailed

consistent estimators of g(-) and 6y based on the least squares method defined in Section 4.3.

3 Two Testing Issues

We first consider two hypothesis tests:

Ho . 90 =0
(a). Testing 6y: (3.1)
H; 90 > O,

' H; : g(7) is a constant function
(b). Testing g(-): (3.2)

HY : g(7) is a non—constant function.

If we fail to reject either of these null hypotheses, everything goes back to some well studied
models. (a) Failure to reject Hy gives the model y; = g(7) + €, which, for example, is a special
case of Robinson (1997) and Dong and Linton (2018). In addition, y; = g(7;)+¢; nests y: = ap+¢;

as a special case. One can follow Section 3.2 to further test whether g(-) is a constant function,
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and the procedure can be much simplified. (b) Failure to reject H{ leads to y; = [y t% + &,
which has been studied in Phillips (2007) and Robinson (2012).

If both null hypotheses are rejected by the data (at an appropriate significance level), then
we may conclude that the general model (1.1) holds or at least we cannot work with either of the
(already treated) special cases. In the next subsections we present tests of the two hypotheses
(3.1) and (3.2).

3.1 Testing 6,
If g were known, the Gaussian log-likelihood would be proportional to Q7 () = 3., (v — g(Tt)t0)2,

which yields the score function

t=1

Under the null of (3.1), this reduces to 8Q8T9(9) oo = LS, (v — g(m)) g(7:) Int. In practice,
since ¢(-) is unknown, we replace g(-) by a kernel based nonparametric estimator g(-). However,
we noticed that using the full sample to construct the test will result in two leading terms
cancelling with each other, so that further difficulties will arise when deriving the asymptotic
distribution. In order to avoid this technical problem, we use sample splitting: we use the
even numbered observations to estimate g(-) and we evaluate the score function using the odd
numbered observations.? Thus, the final version of the score function considered is

Sp— TL/2 S (e — §(m) 3() Int, (3.3)

t odd

where gu) = Seos R

Based on the above discussion, a formal hypothesis test is described in the next theorem.

Theorem 3.1. Let Assumptions 1.1, 1.2%, 1.8 and 1.4 hold.

1. In addition, sup,co 1 |8%—(;)\ < 00. Under the null hypothesis of (3.1), as T — o,

2\;/:? Dt odd W — (7)) g(7:) Int
(A58 rmePa)

20ne can also use the even indexed sample to construct St of (3.3), and estimate g(-) with the odd indexed
sample. Theoretically speaking, both methods of splitting sample lead to the same asymptotic distribution in
Theorem 3.1. However, it may cause some difference when using real data, so, in applied works, one may try
both methods to see if they reach the same conclusion, which is exactly what we do in the empirical study. We
thank one referee for raising this possible confusion due to splitting sample.

LM = —p N(0,1),




= -~ -~ T U—T
where & = yi ~ §(r), and Glu) = Zplatem,

2. Under the alternative hypothesis of (3.1), as T — oo, LM — oo.

We will further provide a generalized version of the test (i.e., Hy : 6y = avs. Hy : 6y > a) with
discussion on establishing inference for 6, in Section 6 after providing the consistent estimators

of #y and ¢(-) in Section 4.

3.2 Testing g()

We now consider the hypothesis (3.2). Notice that, under H{, we have a parametric model of

the form g, = By t% + &;, and the unknown parameters (g, 0y) can be estimated by
R T
g min te 3.4
(3,60 min Z - (3.4)
which has been fully studied in Phillips (2007) and Robinson (2012).

We now propose a multiscale test of the form proposed by Gao and Hawthorne (2006):

~ K (1= /\SA
L = IfILle%_}L{ L(h) with L(h) _ Zt 1 Zs 1,#t ( h ) €s €t
\/Zt 12 1#[(2(” ) e et

(3.5)

where H = {h = hpaea® : h > hpin, b = 0.1,2,...} with 0 < Appin < hypae and 0 < a < 1,
and e, = y; — B 9. The associated critical values can be obtained by the following bootstrap

procedure.

1. For t = 1,...,T, generate y; = B\ 0+ e;ug, where u;’s are sampled randomly from some

mean zero unit variance distribution, such as N (0, 1).

2. Use {y; |t = 1,...,T} to implement (3.4) in order to obtain (3,6), and compute the
statistic L* by replacing y; and (3, /9\) with y; and (5, g), respectively, in (3.5).

3. Repeat the above steps to produce J versions of L* denoted by {L} [j = 1,...,J},
which is used to construct the empirical bootstrap distribution function, that is, F*(w) =
%ijl 1(L; < w). Further use the empirical bootstrap distribution function to estimate

the asymptotic critical value, .

Theorem 3.2. Let Assumptions 1.1, 1.2*.1, 1.3, and 1.4 hold. For H of (3.5), suppose that
coln(InT)] ™! = hpnae > Bmin > T77 > 0 with some constants ¢y and 9 such that 0 < 9 < %

6



1. Under the null of (3.2), L(h) —p N(0,1), and limr_e Pr(L > l,) = o;

2. Under the alternative of (5.2), imy_ee Pr(L > 1) =

Theorem 3.2 follows from developments similar to the earlier studies by Fan and Li (1996)
and Li (1999). The second conclusion of Theorem 3.2 is the same as that of Proposition 1 of Gao
and Hawthorne (2006). The same principle of this nonparametric test has also been employed
in Su and Chen (2013) and Su et al. (2015) to study panel data models.

We will examine the finite sample performance of Theorems 3.1 and 3.2 in the simulation

study of Section 5.

4 Estimation Method and Theory

We now consider estimating (1.1) for the case where 6y > 0 and g(+) is a non—constant function.

For all (6, u), the profile least squares estimator of g(u) is defined as

G(u,0) = [Z 0K (u — Tt)] > Ky (u—T). (4.1)

t=1

The key question is how to recover 6. Once we have obtained a consistent estimator for 6y, we
need only to plug it in (4.1) to estimate g(u). We first explain why two intuitive least squares

methods fail to deliver consistent estimates of 8.

4.1 Failure of Some Intuitive Methods

First, we may use the global profile method (e.g., Robinson, 2012; Dong, Gao and Tjgstheim,
2016), with objective function defined as follows:

d 2
Z Y _t g Tta ) ) (42)
t=1
where g(u, 6) is denoted in (4.1). According to Lemma 4.1 below, we find that
t'5(r:,0) = 1" "g(7) (1 + 0p(1)) = t"g(7) (1 + op(1)),

where 6 disappears from the leading term and only appears in the residual. Thus, it would be
difficult to recover 0y from (4.2), as the first order limit of 7 (6) does not depend on 6.



Alternatively, we may use a local profile method, following Section 6 of Phillips (2007). Define
the objective function for any given u as

n

Qr(B,01u) =3 (3 — 81°)" Ky (r — ). (4.3)

t=1

-~

For all u, the estimators (B(u), (u)) are obtained by minimizing Qr(53,6|u). Finally, the
estimator of f, is obtained by 8 = fol g(u)w(u)du, where (-) serves as a weight function.

Note that, to minimize Q7(53,0 |u), the first order conditions 9Qr(B81u) =0 and
% 1(5.0)=(Bw) b))

W =0 must hold, and the first equation yields
(8,0)=(8(u),0(u))
T L
Bu) = [Z PO, (u— Tt)] Z Wy, Ky (u— 1),
t=1 t=1

~

which has the same form as (4.1), and indicates that the leading term of QT(B(u),é\(u) lu) is

~

independent of #(u) by the same discussion under (4.2). In other words, we can find different
6’s belonging to © (say, o, (u) and @(u)) to ensure QT(B(U), é\l(u) |u) and QT(B(U), 52(’11/) |u) are
asymptotically equivalent. This concludes why the second approach fails.

We leave the numerical examination of these two methods in the online supplementary file of

this paper, as they are not our main focus.

4.2 Consistent Estimation

We first provide a result about the performance of the profiled g estimator, which supports our

estimation strategy for 6.

Lemma 4.1. Consider g(u,0) defined by (4.1), and let Assumption 1 hold. In addition, (1) let

Br(6o) = [0o — 2%,00 + L], where M is a positive constant; (2) let B, (h) = [(1+ €)h, 1],

where €1 1s a sufficiently small positive constant. As T — oo,

VinT .
sup /g\ u, ) — (uT 90—99 w| =0 — = |+ O hmln{2¢90,1} )
(Q,u)GBT(go)XBEI (h) | ( ) ( ) ( )} P T§+90h§+290 ( )

The constant ¢; controls the minimum value that u is permitted to take, and serves the same

purpose as C of Theorem 4.2 of Vogt (2012). Lemma 4.1 indicates that g(u, #) with 0 € Br(6)

60—

is a consistent estimator of g(u) subject to a constant term (u7")%~? which is not guaranteed to

be 1 if € is very close to the boundary of By (). In Section 4.3, we show that 0 defined by (4.6)



indeed falls in By(fy) with probability approaching one in Theorem 4.2, and further deal with
the unknown constant in Theorem 4.3.
We next explain in general terms our estimation strategy for model (1.1) and some issues

that arise. By Lemma 4.1, we write u’g(u, 0) ~ u®T%~%g(u), so that

/(ueﬁ(uﬁ))z du ~ T?00=20 /uwogz(u)du

1 ~ 2
T ln/ (u'g(u,0))" du ~ (6 — 0) + er

= <ﬁ ln/ (v’g(u, 9))2 du>2 ~ (6 — 0)* + e, (4.4)

=

where er, e} are O(1/InT).> Moreover, the expectation of the “true error term” of (4.4) (i.e.,

1 1
InT" InT

in Theorem 4.2 below. The verification can easily be done considering the traditional OLS

er) is not 0, but goes to 0 at the rate This reveals why we achieve only a slow rate
estimator, so it is omitted. Last but not least, although e serves as an error term and converges
to 0 asymptotically, ey itself is not random at all and is made of deterministic components. That

is why the first result of Theorem 4.4 is a constant instead of a distribution.

4.3 Asymptotic Results for Least Squares Method

We focus on the least squares method due to its popularity and simplicity. It allows for the

possibility that g(-) may take negative values. Define the objective function

2\ 2
T

1 -
Rp(0) = QAr-n = > w5(n.0)| o . (4.5)
t=|Th]+1

where Ap = = serves as a normalizer, and g(-, -) is defined in (4.1). The estimator of 6, is given
by

0 = arg min Rr(6). (4.6)

Other methods like least absolute deviations or quantile regression deserve to be considered in

separate papers. We leave them to future research.

Remark: Further to our discussion of Section 4.2, the term 7% in (4.5) serves the purpose of

solving a technical issue when recovering the normalizer of Theorem 4.4. A short explanation

3Note that we can also take absolute value rather than squared value in the last step of (4.4), which then
would lead to a least absolute deviations estimator.



aﬁ(Tt »90)

is that without T2, the term %ZszThJH 55 will yield a simple average %ZtT:LThH-l 7'[290

in the denominator, when considering the score function generated by (4.5). Intuitively, one
may think that %EthLThJH T{QGO converges to fol w2 du, however, it is not the case given the

. 1 _ .
assumption on Oy, because fo u=2%du does not exist for 0y > %

We summarize the corresponding asymptotic results in the next theorem.

Theorem 4.2. Suppose that Assumption 1 holds. As T — oo,

1. é\—>p 60,’
2.0 —00=0p ()

3. SUPyep, (n) )ﬁ(u,é\) — (uT)eO*é\g(u)‘ = Op <ﬂ> + O(h™»{200:1%) " where B, (h) is

75+ 3 +2%
defined in Lemma 4.1.

Before proceeding further, we explain two issues. Firstly, we consider the difference between
our nonparametric model and some parametric models. Having said why we achieve only a slow
rate ﬁ for (4.6) in the end of Section 4.2, we now show why for parametric models one need not
take the logarithm, so that fast rates can be achieved. Consider a simple model even without an

error term, say y; = Tfo. Simple calculation yields

1 & 1 < 2 & 1 T
Qr(0) = T Z(yt )= T ZTEOO -7 ZTEOW + 5 ZTE(’
t=1 t=1 =1 =1
1 1
= (/ w0 du — 2/ w0 du —i—/ u20du> (1+0(1))
0 0 0
1 2 1
= - - (1 1
(290+1 00+0+1+29+1> (1+0(1))

_ 2(6p — 0)? _
= @+ D) +0+ Do+ LW (47)

under minor restrictions. By the right hand side of (4.7), we can conclude that:

1. Without requiring any transformation, Q7(0) of (4.7) converges to a function having a

unique minimum at 6 = 6y asymptotically;

2. For 6y < —%, the limit of Q7(f) no longer reaches its minimum value at § = 6. That is

1 00).

one reason why Robinson (2012) only considers the power term on (—3,

10



Secondly, we take a careful look at the estimation of g(-), and explain the identification issue

of ¢g(-) mentioned under Lemma 4.1. Consider the following distance between (6, g) and (6%, f)

Dr{(0,9), ( }—Z{grtt — fm)t” ) —Z{Tﬁ m)rd =T f(r)rd )

t=1

Based on Theorem 4.2, we let 6 = 6* + % with M being a constant. Then we can write

Dr{(6,9), (0", f)} = Exweg 0T f(r)rf )

-1 S (S )

so any sequence fr(u) = eMg(u)uM/™7 will set this objective function exactly zero.

In order to identify the unknown constant, we let [g(1)| = 1 in the rest of this paper. For those
functions ¢(-) not satisfying |g(1)| = 1, we are essentially recovering a rescaled version of g(u)
below, i.e., g(u) = g(u)/|g(1)| given g(1) # 0. See Dong and Linton (2018) for similar settings
on the functional component. To further establish the normality, we define for all v € (0,1)

T
=g 30 i, ) = ) e
=|Th]+1

S T 050m.0)) K2 (LT
Th ; <yt— th, )) (T)’

war (@) = [5(1,0) (Zt%’m w—7) )_1 SO 0g(r) Ky (0 — ) — g(u). (48)

9(u,0),

Theorem 4.3. Let Assumption 1 hold, and further let o2 = o*(7;) for t > 1. For Yu € (0, 1),

as T — oo,

7 T00+3 13,0 ( 9(u,
g1

VS C=

2. Suppose further supgeq
Then /ﬁlT(é\, U) = OP(hQ)

)QD)

)
)|

— g(u) — K1z (0, u)) —p N(0,1), where kyp(8,u) = Op(h).

Qb

d?[w? 0 g(w)]
dw?

< oo, and h = O(T) with 0 < v < 1 — ;2.

‘ w=u

The fact that limy_,o |77| = | fo 2% g(u)du| > 0 has been verified in the proof of Theorem
4.2. The bias term /ﬁT(H, u) is due to the use of the smoothing method, and the extra conditions
required by the second result of Theorem 4.3 make certain that lilT(é\, u) will have the usual

order Op(h?) as in the literature of nonparametric regression (e.g., Vogt, 2012).
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We are now ready to consider the asymptotic distribution of 9. By (4.6), Theorem 4.2 and

the Mean Value Theorem, we write

0=(In T)—aRaT 9(9) = (InT) 3}? 9(9) oot "R (9) gg’;g) - (InT)(6 — 6,), (4.9)

where 6 lies between 8 and 6. We summarize the asymptotic results in the next theorem.

Theorem 4.4. Let Assumption 1 hold. As T — oo,

)

1. (In T)(a— 0y) —p In ‘fol u?% g(u)du

2. Given ‘fol u29°g(u)du‘ #1 m—T(é\— 6o) —p 1, where N has been defined in (4.8).

7 In|ir|

Theorem 4.4 shows that the limit of (In T)(g— 6) is a constant rather than a distribution,
which confirms our discussion at the end of Section 4.2. Moreover, without the terms A;, A3 and
As in the proof of Theorem 4.4, the right hand side of (A.9) would lead to asymptotic normality
as in Theorem 6.3 of Phillips (2007) and Theorem 3 of Robinson (2012). However, these terms
cannot be removed using a bias correction procedure for our nonparametric model, so we state
Theorem 4.4 as it is. In order to conduct inference on 6y, we further provide Corollary 6.2 in

Section 6.2, in which we provide a confidence interval for 6, under some strong restrictions.

5 Numerical Studies

We next conduct some simulation studies to examine the asymptotic results established in Sec-
tions 3 and 4. Due to space limitations, we report some selected results below and provide extra
results in the online supplementary file of this paper. Throughout this paper, we stick to the

Epanechnikov kernel only.

5.1 Testing 6,

To examine the hypothesis test provided in Section 3.1 and account for the heteroskedasticity,
the data generating process (DGP) is y; = g(7:)t% + &, where ¢, is independently generated from
N(0,0}), and o7 is drawn from a uniform distribution U(1,2.25). We consider the following cases

under different sample sizes in order to evaluate the size and power of the test.
e Case 1l — Size: 6, =0
1. Case 1.1: g(w) = exp(w?/2);  Case 1.2: g(w) = w?+1
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e Case 2 — Power: 0, = 0.3, 0.5, 0.7
1. Case 2.1: g(w) = exp(w?/2);  Case 2.2: g(w) =w?*+1

For each generated data set, we calculate LM of Theorem 3.1, and let apy = 1([7]\\4 > 1.6449)
(i.e., rejecting the null at 5% significant level), where 1(-) is an indicator function. After .J
replications, we calculate the simple average apy = %Z;}:l arn,j, where apyyj stands for the
value of azy at the j replication. We choose J = 1000. In view of (B.15) of the online

supplementary file, the estimation error reaches the minimum value when h = O <(1“TT)1/ 3).

Thus, we let h = (IHTT)US, which is the “optimal” one under the null subject to an unknown

constant. We plot the values of @y (i.e., rejection rate) at different sample sizes in Figures 5.1

and 5.2 instead of reporting them in tables.

Case 1.1: 6 = 0 and g(w) = exp(w?/2) Case 1.2: 0y = 0 and g(w) = w? + 1
2
S 0.04 0.04 vV
[
2
8 0.02 0.02}
o
o
0o/ : : ‘ : 0 £ : : : :
50 100 150 200 250 300 50 100 150 200 250 300
Sample size Sample size

Figure 5.1: Testing 6y: Case 1 — Size

| Case 211_9&”)_: exp(wi/_Z_) ______ | Case 2.2: g(w) = w? +1
o =
o
c
S 05 —— 05
3 00 =03
o | A =05 | |
T« ) — — =07

O L L L L 0 L L L

50 100 150 200 250 300 50 100 150 200 250 300
Sample size Sample size

Figure 5.2: Testing 0y: Case 2 — Power

According to Figures 5.1 and 5.2, the proposed test in general has good finite sample perfor-
mance. In addition, Figure 5.2 suggests that as 6y gets far away from the null, the power tends
to get improved. It should be expected, because when 6y is closer to 0, we would need more data

to distinguish 6y and 0.
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5.2 Testing g(-)

In this subsection, we study the test proposed in Section 3.2. It is worthwhile to mention that the
principle of this test is in fact not new and has been well studied in the literature, so interested
readers can refer to the previous studies (e.g., Fan and Li, 1996; Gao and Hawthorne, 2006; Li,
1999; Su and Chen, 2013; Su et al., 2015) for more detailed and systematic simulation studies
on the finite sample performance of this type of test.

The main DGP is still y; = g(7)t% + &;, where ¢, is independently generated from N (0, 0?),
and o7 is drawn from a uniform distribution U(1,2.25). In order to examine the size and power,

we consider the following cases.

e Case 1 — Size: g(w) =1 and 6, = 0.5, 1

e Case 2 — Power: 0y = 0.5, 1
1. Case 2.1: g(w) = exp(w?/2); Case 2.2: g(w) =w? + 1

For each generated data set, we calculate the statistic value by (3.5), and 95% critical values
by Theorem 3.2 based on 299 bootstrap replications. Similar to the above subsection, if we
reject the null at 5% significant level for the j™ data set, we then record ay; = 1, otherwise
ar,; = 0. After J replications, we calculate the simple average & = %ijl ar ;. Again, we

choose J = 1000, and plot the values of aj, at different sample sizes in Figures 5.3 and 5.4 below.

Case 1: g(w) =1

Rejection rate
° o o
o o o
S (5] (]

o
o
@

o
o
o

50 100 150 200 250 300
Sample size

Figure 5.3: Testing g(-): Case 1 — Size

The size is still as good as expected by Figure 5.3, while, according to Figure 5.4, the power

of the test is much better than what we see from the previous subsection.
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Case 2.1: g(w) = exp(w) Case 2.2: g(w) = w? +1

0y =05

Rejection rate

50 100 150 200 250 300 56 1 60 1 é—,o 260 250 360
Sample size Sample size

Figure 5.4: Testing g(-): Case 2 — Power

5.3 Evaluation of the Estimates

Before proceeding further, we firstly provide a bandwidth selection procedure based on Theorem
424

e Bandwidth Selection: It is easy to see that the rate of convergence of Theorem 4.2.2
1420
will reach the minimum value at h = O <T_ F+0p . (InT) 3+}*90> for §p > %, and at h =
1426,
O (T ~ T (InT) 1+§90) for 0 < 6y < % In view of this relationship, we adopt the following

iteration procedure, which yields an “optimal” bandwidth up to an unknown constant.

Provide an initial bandwidth (say hy = T~'/3) to start the iteration process. For the k"
(k > 1) iteration, use hy_; obtained from the (k — 1) iteration to calculate §k Stop

iteration, if |§k — gk,l\ < ¢, where € is sufficiently small (e.g., 107%) and serves as a stopping
1420;,

_ 1429 1 —~
criteria. Otherwise, update the bandwidth by hy = T 3+%k . (InT)3+4x for 0 > %, and

1426},

_L426y 1 ~
hi, =T "% - (InT) "% for 0 < 6, < . Then proceed to the (k + 1) iteration.

In order to examine the above bandwidth selection procedure as well as the asymptotic
results of Section 4.3, the DGP is specified as 3, = g(7;)t% + &;, where we let 6, be 0.4 and
0.8 respectively. &, = 0.5¢;.1 + N(0,1) and g(u) = 3(u — 1)* + 1. We recover 6, by (4.6), and

4While designing the Monte Carlo study, we also tried to use the traditional cross—validation method to select

the bandwidth. The criteria function is defined by CV (h) = ZZ; \Thj41 (Y — 7-¢)°, where j_; = t9=1G_, (7, 0_,),

and 6_, and g—1(72, 5) are obtained by (4.6) and (4.1) respectively but leaving the t** observation out. However, the

minimization process always causes our Matlab program to break down, not to mention that the cross—validation
method is practically time-consuming. The possible reason is as follows. Suppose we search the optimal % on the
set (0,7%0], where vy is a sufficiently small positive number. It is not hard to see that both 6_; and g_:(7¢,6)
will yield consistent estimates, which then suggests that 7_; = t-tg_;(7, L) converges to t%¢g(7;) by Lemma
4.1. In this case, the leading term of the cross—validation criteria function becomes Z?: \Th]+1 (yt — ¢ g(Tt))2
in which the terms in the bracket are independent of A, so that the minimization process never converges to a
possible solution.

As one referee kindly pointed out the popularity of the cross—validation method in applied research, we would
like to share our experience and provide possible explanation here.
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estimate g(r) for t = |[Th| +1,...,T by g(u) = (uT)~ 719095y, §) as specified in (4.8). In

addition, we calculate %(5— 0p) — 1 in order to examine Theorem 4.4. For each generated
Iy ~ 2
series {y;}, three squared errors are recorded: sep = (6 — 6y)?, sej = <%(9 — b)) — 1> , and

sey = m Zf:ml 11 (9(7) — g(7))?. After repeating the aforementioned procedure J times,
we calculate the corresponding root mean squared errors, and label them as RMSEy, RMSEj
and RMSE,, respectively.’

Finally, we let J = 1000, T' = 100, 200, 400 and h = hypy,, T3, T7V5 T8 where “hop”
is obtained by the procedure mentioned in the beginning of this subsection. The results are
reported in Table 5.1. For h = hgy, T3, all RMSEs decrease, when the sample size increases.
For h = T~/ and 6, = 0.8, RMSE} increases when the sample size increases. For h = T—/8,
RMSE, increases when the sample size increases. It suggests that h = hop, T—1/3 should be
preferred practically when using our model and method. As expected, h,y in general provides
relatively good estimates in terms of RMSE, and RMSE,. Although h,, does not yield the
best estimate in terms of RMSEy, the difference only happens at the second or third decimal, so

negligible.

Table 5.1: Simulation Results

RMSE, RMSEg RMSE;
r\T 100 200 400 100 200 400 100 200 400
6o =04  hopt 0.120 0.088 0.059 0.048 0.036 0.028 0.328 0.289 0.232
T-13 0.116 0.086 0.059 0.053 0.040 0.031 0.265 0.230 0.183
T-5 0.103 0.097 0.089 0.098 0.076 0.058 0.111 0.080 0.055
T-8 0.057 0.076 0.090 0.155 0.121 0.097 0.107 0.098 0.093

6o =0.8  hopt 0.075 0.055 0.038 0.134 0.115 0.101 0.100 0.095 0.090
T-1/3 0.083 0.065 0.049 0.136 0.116 0.102 0.092 0.088 0.085
T-5 0130 0.130 0.124 0.164 0.137 0.117 0.017 0.019 0.024
T-1/% 0.081 0.111 0.133 0.205 0.169 0.142 0.038 0.038 0.035

6 Extensions with Discussion

In this section, we discuss some potential extensions with the corresponding issues. Due to space

limitations, the associated proofs and simulation studies of these extensions are provided in the

_ 1/2
°Take RMSEy as an example. It is calculated by RMSEy = (l, E;-Izl seg, j> , where sey ; stands for the value

of sep obtained from the j** replication.
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online supplementary file of this paper.

6.1 Extension 1

So far, we have been considering 0 < 6y < oo for our nonparametric case, which is stricter than
the requirement of the parametric case of Robinson (2012). We now explain how to account for
the case where 6, € (—%, 0). In view of the development of Lemma B.2, it is not hard to see
that if we sacrifice the range of u that g(u, ) (defined by (4.1)) is permitted to take, then we

can allow the wider range for 6.

Corollary 6.1. Consider g(u,0) defined by (4.1), let Assumption 1 hold, and relax the restriction

of Oy to —3 < 6y < co. In addition, (1) let Br(6) = [0 — 24, 00 + %], where M s a positive

constant; (2) let B, = [co, 1], where 0 < ¢y < 1 is a positive constant. As T — oo,

sup  [G(u,0) — () g(w)| = Op (ﬂ> +O(h).

1 1
(0,u)€Br(60) % Be T2tb0p2+20

Then, we can rewrite the objective function (4.5) as

2\ 2
T

1 _
Rp(0) = 4 Az In | = > 7%(n.0) . (6.1)

t= LTCOJ —+1

The estimator of 6, is still § = arg ming Rr(6). All the main theorems still hold after minor
modification. However, in this case, 100 ¢y% data are not used at all, and as a consequence, we

can no longer estimate g(u) for 0 < u < .

6.2 Extension 2

We now provide a more generalized version of (3.1), which also indicates how to carry out

inference about 0. To be precise, the test is specified as follows:

Hy: 6g=a vs. Hp: 6y >a, (6.2)

where a is a positive constant. For example a = 1 is commonly adopted in some applied settings.

For this test, we are able to state the next result.

Corollary 6.2. Let Assumptions 1.1, 1.2%, 1.3 and 1.4 hold, and suppose h*T**InT — 0.
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1. Under the null of (6.2), as T — oo,

_ s,

LM = )
{7 Xien, [Eg(m)te nt]"}

o5~ N(0.1), (6.3)

where e, = yy — g(1y), Br = {t ||coT] <t < |[(1 = h)T|}, T* is the cardinality of By,
co € (0,1) is a fized constant and

1

5= T+/2

Z (ys — g(m)t") g(7)t" Int,
t OddeBh
-1

glu) = Y tKy(u—m) > tuKy(u—m). (6.4)

t even€By, t even€By,

2. Under the alternative of (6.2), as T — oo, LM — co.

Suppose that the condition h?T?*InT — 0 is satisfied, and let 0, be the largest value of a
satisfying LM < z,. By Corollary 6.2, we can construct a (1 — 2a))/2 coverage interval for 6,
of model (1.1) as [(/9\, 0,], where 0 is obtained by (4.6). If 20 — 6, > 0, then [25— 04, 0,] further

provides a (1 — 2«a) coverage interval.

Remark: In view of the development of Theorem 3.1 and Corollary 6.2, if a higher—order kernel
is employed (i.e., [uK(u)du > 0 for a given & > 2 and [wWK(u)du =0 for j < &) and g is
W < 00, the condition h*T**InT — 0
can be further relazed to hT?*InT — 0. In this case, we can establish the inference for 0y in a

smooth enough and satisfies SUP (g ,)cox(co,1-h]

wider range. However, how to fully solve the inference issue for 6y remains unknown.

6.3 Extension 3

In some applications it is of interest to allow for the effect of covariates. Consider a generalized

trending model of the form

Yy = f(xh Tt) + Q(Tt)teo + &4, (65)

where x; is a d x 1 vector including all the observable regressors, f(-,-) is an unknown function,
and the other variables are defined in the same way as (1.1).

For model (6.5), the main results of this paper still hold.

Corollary 6.3. Under Assumptions 1 and 2, consider model (6.5), and obtain 0 and g(u,0) by
(4.6) and (4.1), respectively. As T — oo,
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2. SUDyep, (h) )/g\(u, 5) (uT)90 ‘ = Op (Fo5r795) + O(h™in{200.1}) “where B, (h) is defined

in Lemma 4.1.

Assumption 2 is stated in the online supplementary file of this paper right before the detailed
proofs of this corollary.

However, there are some issues when recovering f(-). For example, (1) Vogt (2012) argues
that f(z, ;) suffers the curse of dimensionality, so one can decompose f(x;,7;) to an additive
form f(z;, ) = Z?Zl fi(xyj,7) with @y = (241, ...,2,4)" in order to bypass this issue, which is
exactly what Dong and Linton (2018) do in their paper; (2) Phillips et al. (2017) point out that
the usual asymptotic methods and limit theory of kernel estimation break down when f(zy, 7;)
has a linear form of f(z;,7) = x}f(7;) with x; being an integrated process; and so forth. We

leave detailed analysis of f(-,-) to future studies.

Apart from the above extensions, we point out that Baek, Cho and Phillips (2015) and Cho
and Phillips (2018) develop omnibus specification tests using general power functions and power
trends, including specification tests for order estimation in polynomial regressions. An extension
following Back et al. (2015) and Cho and Phillips (2018) may be doable.

7 Conclusion

In summary, this paper provides the practitioner from a variety of fields with a new nonparametric
trending method to examine, capture, and remove time effects. We firstly study two hypothesis
tests. Then we consider the case where both of these special cases are not supported by the data.
We provide consistent estimators and their corresponding asymptotic properties in the general
model. Moreover, we examine the proposed hypothesis tests, estimation methods through both
simulated and real data examples.

Finally, we acknowledge some limitations in the end of this paper, which may guide our future
research. We assume smoothness on ¢(-), but it may be possible to extend the methodology to
consider a finite number of trend breaks or discontinuities in g(-), see Delgado and Hidalgo (2000).
Likewise the global trend may be subject to some breaks, Bai and Perron (1998). In addition,
the specification does not nest the commonly—used parametric specifications (e.g., Phillips, 2007;

Robinson, 2012), and the inference on the key parameter 6, is not fully solved.
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Appendix A

In this appendix, we provide the proofs for Theorems 4.2—4.4. The rest of the proofs are given in the
online supplementary file of this paper. In addition, we provide some empirical studies, extra discussion

and simulation studies in the online supplementary file.

Proof of Theorem 4.2:
(1). Firstly, we show 0 —p fp. By Lemmas 4.1 and B.2, write

- T 2\ 2
Rr(0) = Ar-In T Z Tt 9G(71,0
|7 i=[7h)
- T 2\ 2
={Ar-In T ; 2 (nT) () -(1+0p(1))
L ) L
1
=200 =0 +Ar-In | = D wg(m)| o - (L+op(1)
t=|Th|+1

= 4(0p — 0)2 - (1 + op(1)).

Thus, [ p Oy follows immediately.

(2). After establishing the consistency, we focus on the rate of convergence. Note that Rp(f) =

27 2
MN.R: (), where R%.(0) = {ln [% ZtT:LThj—l-l 299 (1, 9)} } . As A7 is independent of 6, we simply focus
on R%.(0) below. More specifically, we show that for any given € > 0, there exists a sufficiently large

positive constant C' such that

limTinf Pr{R} (6o + AMrC) > Ry (6p)} > 1 —, (A1)

limTinf Pr {R? ((90 — ATC) > R? (90)} >1—e. (A?)

Both (A.1) and (A.2) holding true implies with probability at least 1 — e that there exists a local

minimum in the interval Ur(6y) = [0p — A\rC, 0o + ArC]. Hence, there exists a local minimizer such that
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0— 0 = Op(Ar). The above argument is in line with the same spirit as the proof of Lemma A.1 of
Wang and Xia (2009).
Write

25 2 25 2
T T
1

1 . 00~
In T Z 7205(m, 0) —qln T Z 72967, 00)
t=|Th|+1 t=\Th|+1
2

Ryp(9) — Ry (0o) = {
2
1 T
= {2(009)lnT+ln = > n () -(1+0p(1))

t=|Th]+1
1 < 1\
—dn | 3 wPgr)| b - (L+op(1)
t=|Th|+1
92
1 T
~ 40— 0)>(InT)?> +2(6y — O)(InT) - In - > ot g(n)
t=|Th|+1 ]
2\ 2 4925 2
1 « 00-+0 1 < 20
+<In T Z 0% g(7) —<In T Z 77 0g(Te)
t=|Th]+1 t=|Th]+1 ]

= 4B1T(9) + 2B2T(9) + B3T(9) - B4T(00)a

where the definitions of Byp(0), Bop(6), Bsr(0) and Byr(6y) should be obvious; the second equality
follows from Lemma 4.1; and we use ~ in the third step due to dropping the term (1 + op(1)).
2
Note that, for ‘fhl u® g (u)du| , as h — 0, ‘fhl u90+eg(u)du) > 0 by Assumption 1.1, and

2

0 0
u2(00+6)+1 ‘(1) 1

— = < 0(1
2(90+9)+1 - ( )Qinf9€@(90+¢9)+1

1 1 1 1
/ u®t0 g(u)du S/ u2(90+9)du/ g*(u)du < O(l)/ u?(00+0) gy,
h 0

—0(1)

< 00. (A.3)

Thus, it is easy to know Bar(0) = Op(|0p —0|-InT'). Similarly, we can show Bsr(6) = Op(1) uniformly
in 0. Byr(6p) is independent of 6, so ignored.

Based on the above development, we obtain that for 8 = 6y + A\pC'
R7(0) — Rp(6h) = 4C% £ 2C - Op(1) 4+ Op(1),

which indicates that (A.1) and (A.2) hold true with sufficiently large C. The proof of the second result

is now complete.

(3). By Lemma 4.1 and the second result of this theorem, the third result follows. |
Proof of Theorem 4.3:
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(1). In order to establish the normality of g(u) for Yu € (0,1), write

T -1 7
GO 5(u,0) (Zﬂm (u- m) > gt
t=1

T -
+[g(1,0)] 7" <Z K, (u — Tt)) Zta&tKh (u— )
t=1 t=1

—g(u)

t) K (u = 7t) — g(u)

= Ay + Ay,

where the definitions of A; and A, should be obvious

After noting that u is fixed, it is easy to show that A; = Op(h) by proofs similar to (4) and
(5) of Lemma B.2 (but much simpler)

We then just need to focus on the normalized version of
Zthl t9e1 K, (u — 73) and write

~

1

T ZTt EtKh (U—Tt

T
1
ZTt e Ky (u—m1)+ = Z( —Tt)€tKh(U—Tt)—B1+BQ
t=1

To investigate Bs, denote Bp(6)

T 2 t—1 Tt €t/ (u — 7¢) and it is easy to see that the first derivative
of Br(8) is B (9) = L

T D1 Tt (In7y)es K, (u — 74), which is identical to the term considered in (3) of
Lemma B.2. Then we can write

By = Br(f) -

Br(0o) = (0 —00) - By (07) = (0~ ) - Op <(13%2> |

where 6* lies between 6y and 6; the second equality follows from the Mean Value Theorem; and the
third equality follows from (3) of Lemma B.2

By some standard arguments of time series analysis (e.g., Section 2.6.4 of Fan and Yao, 2003),
can prove VThB; —p N(0,%*), where

*

e A (45 (55 e

t=1 s=1
Further note that we have
— Tt U — T,
Aot () i (M) P
t=1 s=1
1 T U — T
0 — It
=g 2T K (h ) Elef] +
t=1 —2 s—
1 & U —T 9
0 — T
— g K (M5 )
t=1

2 9o 0o u— T U — Tg

T TthK( - >K< - >E[€tss]
t=2 s=1

= Vir + Vorp.
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It is easy to show that as T'— oo, Vi7 = (1 + o(1))o?(u)u?% fil K?(x)dz. Note that Vor is equivalent
to the second term on the right hand side of (A.4) of Su, Chen and Ullah (2009). Using the truncation
technique employed in (A.4)-(A.7) of Su et al. (2009), we obtain that |Var| = o(1). Furthermore, by
the first result of Theorem 4.4 (the details are temporarily omitted for now, as the order of these proofs

~ ~ —1
does not matter), [g(1,0)] = T% % —p fol u?% g(u)du‘ , and simple calculation yields

T T

~ 1 5 1 ~
=g Y, et Y w7 ) - gm)
t=|Th|+1 t=|Th|+1
1 o L
=7 Z 7209(m) + op(1) = / w0 g(u)du + op(1), (A.5)
t=|Th]+1 0

where g has been defined in the body of this theorem; and the last equality follows from development
similar to (B.8).

Based on the above analyses, the first result follows.

(2). Using the extra conditions imposed for the second result of this theorem, it is easy to show the

second result follows. [ |

Before proving Theorem 4.4, we denote some variables for notational simplicity and provide some

discussions.
T T 1 T
Q= TII_I,I;OZZE[%VSL Vi=VutVa, Vu=-3p > euKn(tu — ),
t=1 s=1 u=|Th]+1
1 T
0
Var = TR IMT Z o' (In7y)ee K (10 — 7). (A.6)
v=|Th|+1
We now verify the existence of {2. Simple algebra shows that lfrllgi =—(1- lln%), so Vo, is a rescaled

version of Vi;. Thus, we just focus on Zthl ZST:1 E[V14Vi4] for the purpose of demonstration. Note

that it is easy to obtain

1 [1 K(w)dw, w=h+chelh2h) (e, cel0,1))
/h Kp(w —u)dw = ¢ 1, u € [2h,1 — h] ) (A7)
[ K(w)dw, u=1—che(1—h1] (ie,cel0,1))

which indicates 0 < sup,¢o 1] fhl Kp(w — u)dw < 1. Thus, for Zthl Zstl E[V1,Vis], we have

T T 1 T T T T
Z Z EVuVis] = T3 Z Z Z Z E[581582]T§107-5920Kh(7_t1 = Tor ) Kn(Tt, — Tsz)
t=1 s=1 s1=1s9=1 ti=|Th|+1to=|Th|+1
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T T
Z Z 531552 51 82/ Kh — Tsp d’UJ/ Kh — Tsq dw+0(1)

’ﬂ \

where the second equality follows from the definition of the Riemann integral; and the right hand side

converges by (A.7) and standard arguments of time series analysis.

Proof of Theorem 4.4:
(1). By (B.2), it is easy to obtain that

T = T
1 29 09(Tu; 0) 2 20
T Z T —50 + T Z 7 g(1y,0) In Ty, )9:90
u=|Th]+1 u=|Th]+1
T
_ 2y Sy o (0/3)*% 5% g () K (1w — 1) Kn (7 — 75) Int
— 2 .
T u=|Th|+1 [23:1 t200 Ky (1 — Tt)}
_ E i 7260 Z?zl Zzzl(t\/g)%ossKh(Tu - Tt)Kh(Tu - Ts) Int
T v 2
u=|Th|+1 [Zle 200 K, (1 — rt)]
b1y T K ) nt
w=|Th]+1 K Sy 200Ky (ry — 1)
_’_1 XT: 20021} 1t OEtKh(Tu—Tt) Int
u=|Th|+1 K Sy 200 Ky (T — 1)
T
2 1290 g(1) Kp, (T —
+ = Z (In 7,)72 200 Zt 1 29(7??) h(T Tt)
u=|Th|+1 Sy 200Ky (T — 1)
T
2 Z t9e, Ky, (T — 71)
+ T Z (In7,)7s 260 ==l QGOtK !
u=|Th]+1 Z t n(Tu — 7¢)
= —2A1 — 2A2 =+ Ag + A4 + 2A5 + 2A6, (A8)

where the definitions of A; to Ag should be obvious.

1
Focus on TFS;Q (—2A9 + Ay + 2Ag) first. By repeatedly using Lemma B.2, we are able to write

T90+%
—2A9 + Ay +2A
T ( 9+ Ag + 2A4s)
1 T T
T2 2 1 0
—(140(1))- T _; (lnTu—i—lnT)TZ_:TtOEtKh(Tu—Tt)
i1 & d
+ (1 +0(1)) - mT T _; T,:Z:: et K (Tu — 7)(In7y +InT)
1 T
Tz 2 InT,
+(1+0(1) % ; ;Tt etKn (T — 71)
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1
1 T T
+(1+or(D) e D, > 7 (Inm)eKn(ry — 7)

" 73/2
TEIT =

where V; has been defined in (A.6).
We then can use the large block and small block technique (e.g., Fan and Yao, 2003) to show that
231:1 Vi —p N(0,9Q), where € has been defined in (A.6). Thus, we know that

InT
—2A9+ Ay +24A6 = Op (TﬂH‘é) . (AlO)

To further simplify the notation, let & = % ZtT: | Th]+1 Tt29°§(7't, o), and it is easy to know that

&r —p /01 w0 g(u)du. (A.11)

Thus, rearranging (4.9) using the decomposition (A.8) gives

O°Rr()| 17 [ —4\3 - In€l
{892‘95] {ZTT (InT)(—242 + Ag + 2A6)}
~ O?Rr (0 142 ez
- {(9 )= [892()‘0:5] TngfT@Al — Az — 2A5)} : (A.12)

Note that (A.10) and (7) of Lemma B.3 together imply

PRp(0)) 17" [—4X2-Iné2 B 1
[ 06> ‘9—5] { &r (InT)(=24a + Ao+ 2A6)} - or <T90+§> '

Thus, we can further simplify (A.12) to obtain

~ 2Rp(0)) 17" 4A2-Ing2 1
In |£ 1
= )\T §|TT| (2A1 - Ag - 2A5) + OP <TM) . (A].S)

Below we just need to focus on Ay, Az and As. Start from Aj.

T
A = l Z 72600 Z?:l 23:1 TtQGOTzeog(Ts)Kh(Tu — 7¢t) Kp(7 — 75)(In7 + In T
- T u 2
u=|Th]+1 [Zle TEQOKh(Tu — Tt):|
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T
= Z 7'290 Z?zl ZZ:I TEGOTSQGOQ(TS)Kh(Tu - Tt)Kh(Tu - Ts)
u

= () T T 26 2
u=|Th|+1 [thl 7 O K (Ty — Tt)]
ER S /) e AL L A AL %
u=|Th|+1 {Zthl TfeoKh(Tu — Tt):|
= A1 + Ajo.

By Lemma B.2 and the definition of the Riemann integral, simple calculation yields

1 1
A = (hrlT)/O g(u)du+o(1l) and Ao :/0 w0 g(u)(Inw)du + o(1).

Therefore, A1 = (InT) fol u?% g(u)du + fol u?% g(u)(Inw)du + o(1). Similarly, we can show that

1 1
Az = (lnT)/O w0 g(u)du —i—/o w0 g(u)(Inw)du + o(1),

1
As = / w0 g(u)(Inu)du + o(1).
0
By the analyses of A1, A3z and As, we obtain that

1
241 — A3 — 245 = (InT) /0 u? g(u)du - (1+ Op (\r)). (A.14)

In connection with (A.13) and (A.11), we can conclude that

1
/ w0 g(u)du

1
(InT)(6 — ) = 1“|5T|/ u?% g(u)du + Op(Ar) = In
&r Jo 0

+Op(1),

where the existence of In ) fol u2% g(u)du‘ has been verified in the proof of Theorem 4.2. Thus, the proof

of the first result of this theorem is now complete.

(2). The second result follows from (A.5) straight away. |
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ciated development, omitted proofs of the main text, another modelling issue of studying power trend, and

some extra simulation studies.

Appendix B

B.1 Empirical Study

We provide two case studies in this section. Firstly, we focus on the global mean sea level (GMSL). Then

we move on to investigate the U.S. GDP data.

B.1.1 Global Mean Sea Level

The data is collected from CSIRO!, and is recorded in millimetres originally. As shown in Figure B.1, the
range of raw data covering years 1880 to 2005 is from -169.9 to 37.6, and has a strong time trend. Note that
although our model (1.1) and the model of Robinson (2012) (i.e., (B.1) below) are defined on t = 1,...,T,
both models in fact have yg = 0 if t = 0 is permitted. Therefore, we shift the data set vertically to let yq
(i.e., the value of year 1880) be 0 for better fit.

Global mean sea level (GMSL) 1880-2005
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Figure B.1: Global Mean Sea Level

"http://www.cmar.csiro.au/sealevel /index.html



We first implement the two hypothesis tests of Section 3. The detailed testing procedures are identical
to the simulation section, so we do not repeat them again for conciseness. Table B.1 below summarizes the

statistic values of two tests and the corresponding decisions at 95% significant level.?

Table B.1: Results of Two Tests

Statistic Value Decision
Testing 60y 3.57 Reject
Testing g(-) 2.44 Reject

Based on Table B.1, we have enough evidence to move on to consider model (1.1) for the case where
fp > 0 and g is a non—constant function. Hereafter, we always refer to our nonparametric method as NM.
We select the bandwidth (referred to as hope) by the procedure given in the simulation section. In order to
check the sensitivity of our nonparametric approach, we use two more bandwidths hjcr¢ = hope — 0.03 and
Nright = hopt +0.03 to implement the nonparametric regression below.

For the purpose of comparison, we also consider a parametric setting following Robinson (2012) (referred
to as Para—R hereafter) of the form:

d
Y = Zﬁjﬁo,j + &4, (B.1)
j=1

and estimate 6y = (0o.1,...,60,4)" and Bo = (B1,...,84) of (B.1) by the approach of Robinson (2012). It is
noteworthy that how to choose the value of d is still an open question. However, in our study, we always get
a warning from Matlab saying “Matriz is close to singular or badly scaled” when d > 2. Therefore, we set
d = 1 throughout this study, which essentially gives a model of Phillips (2007).

We report the estimation results of both methods in Table B.2, and plot the estimated gy under three
choices of bandwidth in Figure B.2. It is clear that the estimation results of 6y and gy are quite stable with
respect to the choice of bandwidth.

Table B.2: Estimation Results for Section 4

h to Bo
NM (hoy) — 0.1666 0.8527 -
NM (hleft> 0.1366 0.8529 -
NM (hm'ght) 0.1966 0.8521 —
Para—R — 1.0000 0.4676

By plotting the estimation residuals for t = [Th] + 1,...,T in Figure B.3, it is easy to see that the
residuals of NM indeed are smaller than those of Para—R.

Finally, we take a look at the out-sample root mean squared errors (OSRMSE) of both methods, and
they are specifically calculated as follows.

2Using the odd numbered observations to estimate g(-) and evaluating the score function with the even numbered
observations gives the statistic value 2.54. Either way, we reject the null hypothesis.



Figure B.2: Estimation of gg
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Figure B.3: Estimation Residuals

OSRMSE =

ot =

4
(yTj - gTj)?
7=0

where T; = T — j, and yr, is obtained by using sample {y; [t = 1,...,T; — 1} for both methods. As how to
calculate yr, is obvious for Para-R, we omit the details. Below we explain how to obtain gz, using the NM

method. Specifically, the objective function is specified as follows.

2 2
1 ;-1 " 20
Rr.(0) =< A, -In | — — aT. 0
7 (6) LT tL:;;Jﬂ(Tj) gz (72,9) ’

. -1 _ Or. ~ ~
where gr, (u, 0) = Zil ! 2 K, (u — Tt)} Zf;l ! 99, K, (u — 7). Thus, Ur, = T; T gr,; (1,0), where 07, =
argming R, (¢). We summarise the results in the next table. In this case, Para-R slightly outperforms NM
method.



Table B.3: Out—Sample Root Mean Squared Errors

NM Para—R
11.86 9.28
<104 U.S. GDP in billions of 2016 dollars
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Figure B.4: U.S. GDP Data (1947 Q1 - 2016 Q3)

B.1.2 U.S. GDP

We now provide a case study by investigating U.S. GDP data, which are collected from the Bureau of
Economic Analysis, U.S. Department of Commerce®, and are recorded in billions of 2016 U.S. dollars. As
shown in Figure B.4, the range of raw data covering 1947 Q1 to 2016 Q3 is from 243 to 18,675, and has a
strong nonlinear time trend.

We repeat the testing and estimation procedures as we do for the GMSL. Table B.4 below summarizes

the statistic values of two tests and the corresponding decisions at the 95% significance level.*

Table B.4: Results of Two Tests

Statistic Value Decision
Testing 6g 2.16 Reject
Testing g(-) 26.24 Reject

We report the estimation results in Table B.5, and plot the estimated gg under three choices of bandwidth
in Figure B.5.

The estimation residuals for ¢ = [Th] + 1,...,T (also considered as detrended series) are plotted in
Figure B.6. It is easy to see that the residuals of NM are indeed smaller than those of Para-R, and both
methods reveal the trending heteroskedasticity in the residuals. Moreover, if we consider the above procedure

as a detrending process, fluctuations about the trend are the true focus. It is then interesting to see that

3https://bea.gov/national
4Using the odd numbered observations to estimate g(-) and evaluating the score function with the even numbered
observations gives the statistic value 2.46. Still, we reject the null hypothesis.



Table B.5: Estimation Results

h to Bo
NM (hopt)  0.1001  1.4653 -

NM (hie;)  0.0701  1.4650 -
NM (hpigns) 0.1301  1.4656 -
Para-R ~ 25844 0.0092
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Figure B.5: Estimation of gg

both methods clearly reveal (1) Early 1980s recession®, (2) Recession of the early 1990s®, (3) Stock market
downturn of 20027, and (4) Global financial crisis® (GFS) in the history of the U.S. For the first three, both
methods agree with each other well in terms of starting and ending date, but Para—R suggests that the GFS

is still going on during 2014-2016, which is contradictory to the economic prevailing climate of these three

years of the U.S. (Maria and Wen, 2015).

Finally, we summarise the results of OSRMSE in the next table, and in this case, NM outperforms

Para—R.

Table B.6: Out—Sample Root Mean Squared Errors

NM Para—R
594 671

®The early 1980s recession describes the severe global economic recession affecting much of the developed world

in the late 1970s and early 1980s.

5The recession of the early 1990s describes the period of economic downturn affecting much of the world in the

late 1980s and early 1990s.

"In 2001, stock prices took a sharp downturn in stock markets across the U.S., Canada, Asia, and Europe.
81t began in 2007 with a crisis in the subprime mortgage market in the U.S., and developed into a full-blown
international banking crisis in 2008. The crisis was followed by a global economic downturn, the Great Recession.
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B.2 Proofs

This subsection includes preliminary lemmas with the associated development and omitted proofs of the main
text. Before proceeding further, we prepare some notations for later use. Let Ap p(u,0) = Zthl 20 Ky (u—1y).

Simple calculation shows that

T

% = _2A7_“,2h(u7 0) |Jz; ;(t\/g)QeysKh(u — 1) Kp(u—75)Int

T
—I—A;’lh(u, 0) [Z %y Ky (u — 1) In t] ;

t=1

PG(w.0) _ o) s NS s/
202 8AL, (u, 0) Z Z Z(tsx/;“) yr K (0 — 1) K (u — 75) K (u — 7.)(Int) (In s)
- t=1 s=1r=
A5 0) Y0 () y K (u — 1) K (u — 7)) (Int) ln(t\/g)]
t; s;
_2ATh u,0) [ Z ngh(u—Tt)Kh(U—T;)(lnt)(h’ls)]
t=1 s=1

Th (u, ) the K (uw— 1) (Int) ] :

2 —1
OR7(6) - . R R
20 :4)\% In T Z theg(Tu@) = Z 7}269(7},9)
t=|Th|+1 t=|Th|+1



T

1 09(m,0) 2 R
T Z Tt2079(a; )+T Z Tfeg(Tt,G)lnTt ;

t=|Th]+1 t=|Th|+1
. 2 . -2
0?Rr(0) 1 R 1 ~
W:fél)\% In T Z 720G (7, 0) ar: Z 2G(m, 0)
t=|Th]+1 t=|Th]+1
2
1 < G(r,0) 2
0 9
— Z TE 50 Jr? Tt g 7t,0)InTy

t=|Th|+1

1 ~
+4X% { In T Z 205(r, 6 720G (71, 0)

i

t=|Th|+1 t [Thj+1
T ~ T
1 0%g(r,0) | 4 9g(m, 0) 4 =
7Y Ty tm DL Ty mnt s Y wg(n,0)(nm)?
t=|Th]+1 t=|Th]|+1 t=|Th]+1
—2 2
T T ~ T
1 N 1 g (7,0 2 —~
N | D 0| (D 73979(5; )+f > g f)lr . (B2)
t=|Th|+1 t=|Th|+1 t=|Th|+1

B.2.1 Preliminary Lemmas with Associated Proofs

Recall that we consider the case where 6y > 0 and g is a non-constant function in Section 3, and we will not
repeat this again in the following development.
Lemma B.1.

1. Let {X;,t > 1} be a zero-mean a-mizing process satisfying Pr(|X¢| < b) =1 for allt > 1. Then for

each integer q € [1, %] and each € > 0, we have

T
Pr < ZXt > ne) <dexp (-8 'e%qlu(q)] ) +22 (1 + 4[)671)1/2 qa (|T/(29)]),
where v*(q) = pl 2(q) + b withp = —q and

2
o*(q) = _max  E{(ljp] +1=jp)Xijpj+1 + Xijpiaz + -+ Xi4nyp)

+((+ 1Dp = LG+ DpDX Ganp)e1 )

2. %ZZ:llnt =InT —-1+0(1), as T — oo.

Lemma B.2. Let Assumption 1 hold, and define

~ L, u € [h,1—h]

[£K(w)dw, u=1—che (1—h1] (ie,cel0,1))

As T — oo,



1. supyefo] ‘% Zthl e Ky (u — Tt)‘ =Op <\/ mT) for v0 € ©;
- 00 (V4F);

n In 3
3. sup (g wyeoxon) |7 iy Tt (I 7)er Kp(u — 1) = Op ((\/%2 ;

T
2. SUDP (9 u)eo x[0,1] ’% Sy e Kn(u— )

4o 5D o) |+ Xim g (r) K (o — ) — Gl og(u)| = O(h

9. SUP(p uycox B, , (h) )% thl 2Ky, (7 — u) — Eu%‘ = Op(1)h™in{2<1} where B, (h) has been defined
in Lemma 4.1, and ¢* = minggcey 6 > 0;

6. supgeU(go) lor(0) —v(0)] = o(1), where U(6) z's a sujﬁciently small compact set that 0y belongs to,
vr(0) = £ S0, 7" g(m) and v(0) = [§ u*+g(u)du.

Lemma B.3. Under Assumption 1, as T — oo,

1 F S g G| = (nT)?61 + 2T + b + 0p(1),
2 A rha T 720 % T”G)‘ = —(InT)¢1 — ¢2 +0op(1),
CHES ST rwwlnn‘ = —(InT)é — 3 + op(1),

R

: TZt |_Thj+17_f th, |9 g ¢1+0p(1)

S

T Zt:LThJJrl Tt §(Tt7 9) mTt‘g:g = ¢o + OP(1)7

)

T ~
T Dot Th]+1 20g(m, ‘9)(1117't)2|9:§ = ¢3 +op(1),

7. RO g4 op(1),
0=0
where ¢1 to ¢3 are defined by (B.8) to (B.10) respectively; and 0 is defined in (4.9) of the main text.

Proof of Lemma B.1:
(1). The detailed proof can be seen in Bosq (1998), thus omitted.

(2). Write
1 T T 1
f;ln ; Inm +InT) = /0 (Inuw)du +o(1) +InT
) 1
= u(lnu)‘o - / ud(lnu) +o(1)+InT = -1+ 0(1) + InT,
0
where the second equality follows from the definition of the Riemann integral. The proof is complete. |

Proof of Lemma B.2:

(1). Let I(T) be any positive function satisfying that {(T') — co as T — oo. By the same arguments as
(B.10) and (B.11) of Chen et al. (2012), it suffices to prove that for V0 € ©



sup
u€(0,1]

ZTt €tKh(U — Tt)

InT
= (T — | .
=op ( TN =, >
In order to do so, we cover [0,1] by a finite number of subintervals {B;} that are centred at b; and of
length k7 = o(h?). Denote Ur as the number of such subintervals, which immediately gives Ur = O(m;l).

Below, we take xp = [I(T)]'" - /2L . h? for a sufficiently large v, which satisfies v < 2 + §/2 and § is
defined in Assumption 1.2. Write

sup
uE[O,l]

< max sup
1<i<UT 4eB,

Tlhzer <”Tt>st Thz OK(

)

= Il + Iar,

where the definitions of II;7 and IIs7 should be obvious.

For I 7,
1 a 0 U— Tt 0
= s, s 2t () et () o
< IR W Fr g
225, 50 g 2| KO 02| SO mas swp g ol

1
=05 [ ldu-Blei| = O ([zm]”\/ 1?:)
1 InT InT
- [Z(T)]UOP (Z(T)\/ Th) =op (Z(T)\/ Th) )

where u* lies between “5™ and b_TT*, the first inequality follows from the Mean Value Theorem; the

second equality follows from the definition of the Riemann integral; and the third equality follows from the
construction of k.

For TIy7, we use a truncation technique, so for the same v above denote &; = &; - I[|e;| < TY/?I(T)] and
€ = g4 — &, where I[-] is the indicator function. Thus, we obtain that

1 & b, — T 1 & b; — T
BN 0 P~ Tt \ ~ ES 0 i = Tt \ ~c
Th;TtK( N >st + Th;TtK<h >5t

where the definitions of Ila7; and Il 2 should be obvious.

IIor < max

< m = Ilar,1 + o7 2,
1<i<Up

max
1<i<Ur

For Ila7 9, write




Lop (b InT
< 9 7 x| InT
- Pr <12§}[§T 1rélta<XT h ( h ) Et| = EZ(T) Th )

K bi — i hInT
= >
”(é%a ( h:%%%ﬁkA el(T) T)

T
< &l > <§ 1/v )
<Pr (1?%XT €Y > 0) < Pr (|5t| > T°T)

t=1

where the third equality follows from the existence of E|e¢|” due to v < 24 §/2 and Assumption 1.2.

For Ilo7 1, write

T
N 1 0 bi — Tt ~ ~ ~
Mors = s | ool ("7 ) (- BB+ BIE)
< max LiTQK bi— i (&, — El&])| + max Li 'K bi =i Ele; — %]
=280, |Th &= no )T e TS T & h e
= max LiTeK bi = (6 — E[&4])| + max LiTeK bi — e E[7]
1<i<Ur | Th & ¢ h t t 1<i<Ur | Th £ ¢ h t

= Ilor 11 + o 10.

By the proof given for Ilor 2, we know that Ilar 12 = o <Z(T)\ / 1;'}{) Thus, we focus on Ily711. Observe
that

‘ﬁK( h”)@E@Msoaﬂ”””@M10ﬂ%

where & = TY/v=1(T)h ™.

Then, for any € > 0, letting {(-) and v satisty I(T)) — oo and U(Tl)]% — oo and applying Lemma B.1
with
T 1 [Tr2/op InT o2(q) fa _ O(1)
=— = =T (TN d =<
1=50 P amEY w0 - gy ad —aT e S
we have

InT
Pr (HQT,H > Tﬁl) =Pr (HQTJ > GZ(T) Il>

1/2
< O(1)k;' exp (—W) +0(1)kg! (1 + if) qa([T/(29)])

By the same arguments under (B.16) of Chen et al. (2012), we obtain Ilap 11 = op (Z(T), / 1;,;)

10



In

Based on the analyses of Ila7; and a7 o, o = op (l(T) T}T;) In connection with the analysis of

ITy7, the proof is complete.
(2). As in the first result of this lemma, it suffices to show that

VTh 1 «
— ZTteeftKh(u — Tt)

v sup = op (1) )
UT)VInT (o,upcox(on |1 =

where [(T) is an arbitrary positive function satisfying that [(T)) — oo as T'— co. Below, we use Lemma A2
of Newey and Powell (2003) to prove this result.

Step 1: © x [0,1] is a compact subspace of R? with the Euclidean norm, which verifies condition (i) of
Lemma A2 of Newey and Powell (2003).

Step 2: For Y0 € ©, sup,co 1 l(ﬂ% ‘%23:1 e Kp(u — Tt)‘ = op (1) holds by result (1) of this
lemma. Thus, we immediately obtain that for V(6,u) € © x [0, 1]

VTh

W :Op(].).

T

1

T E TtOEtKh(U—Tt)
t=1

Step 3: Condition (iii) of Lemma A2 of Newey and Powell (2003) holds apparently in this case.
By Step 1-Step 3, the second result of this lemma holds.

(3). The proof is the same as (1) and (2) of this lemma combined, so is therefore omitted.

(4). Divide © x [h, 1] into the following two subsets:

Case 1: (0,u) € © x [h,1 — hl;
Case 2: (0,u) € © x (1 —h,1].

For Case 1, write

Tt — U
sup Th Z ftoog (t W ) —uf g (u)

(0,u)€OX [h,1—h]

1/1“% (5 w0 (i) -
= sup - w g(w)K dw+ O —u’"g(u
(0,u)e0x[h,1—h] | P Jo (w) h Th (u)

(1-u)/h 1
= sup / my (u + wh)K( )dw +0 < > — u”eog(u)
(0,u)e0x[h,1—h] | —u/n Th

- [ (o) + @) K (0 w0 (7 ) = a**gtu)

(0,u)€Ox[h,1—h]

1
= sup / m(l) JwhK (w)dw + O < ) ‘
(8,u)€Ox[h,1—h] Th

—o(h )+0<T1h) O(h),

where 4 lies between u and u + wh; my(u) = u?T%g(u); the first equality follows from the definition of the
Riemann integral; the third equality follows from the Taylor expansion and the fact that K(w) is defined on
[—1,1]; the fifth equality follows from Assumption 1.1; and the sixth equality follows from Assumption 1.4.

11



For Case 2, (0,u) € © x (1 — h, 1] is equivalent to (f,¢) € © x [0,1) with u = 1 — ch. Before proceeding
further, note that for u* lying between u and u + wh with w € [—1, ¢], we have

1-2h<u—h<u" <u+ch=1. (B.3)

Thus, we can write

T
1 0+00 <Tt - u> 6+6 /C
sup — T, g(m) K —ug(u K(w)dw
ool 7 2o et (7 () | Kw)

(1—u)/h 1 c
= sup / mq(u+ wh)K(w)dw + O () —u? TP g(u) / K (w)dw
(0,0)e0x[0,1) | —u/h Th —1

— sup / ) (ma () + mi @) K (w)dw + O (Tlh) — P00 g () /_ Cl K(w)dw’

(6,c)e®x[0,1) |J -1

¢ 1
= sup / m(ll)(ﬂ)th(w)dw +0 () ’
(6,c)e®%[0,1) [/ -1 Th

—O(h) +0 (Tlh) — O(h),

where 4 lies between u and u + wh; my (w) = w+%g(w); the first equality follows from the definition of the
Riemann integral; the second equality follows from the Taylor expansion and the construction of u = 1 — ch;
the fourth equality follows from (B.3) and Assumption 1.1; and the fifth equality follows from Assumption
1.4.

Based on the above analysis, the result follows.

(5). Similar to result (4) of this lemma, divide B, (h) into the following two subsets:

Case 1: By(h) =[(1+€1)h,1 — hl;
Case 2: By(h) = (1 —h,1].

Before considering Case 1, note that for u* lying between u and u+ wh with v € By (h) with w € [-1,1],
we have

ah<(l+e)h—h<u—h<u* <u+h<l. (B.4)
Thus,
2¢* -1y __ 2c* 1
sup |(u*)2071h| _ Supgco(€1h) h=0(h*"), forecON(0,35)
(0,u)€Ox By (h) h, for € © N [4,00)
— Op (1)) (B.5)

where ¢* = minggce} 6 and ¢* > 0. Then we are able to write
1 & T — U
ThZTtQQK( — ) —
t=1
1t 20 w—u 1 20
- K d el
h/ow ( W >w+O<Th> u

12

(0,u)EO X B (h)

= sup
(0,u)€O X B (h)




= sup / (u 4 wh)* K (w)dw + O (Th) —u?

(6,u)e©xB1(h) |/ —u/h

! 1
- sup / (u* + 200"~ wh) K (w)dw + O ( ) —u?
(0,u)€OXB; (h) |/ -1 Th

1
1
= sup / 200~ YwhK (w)dw + O < ) ‘
(0,u)€OxB1(h) |/ -1 Th

— O(hmm{Qc 1}) +0 < 1h) _ O(hmin{Qc*,l})’

where u lies between u and u + wh; the first equality follows from the definition of the Riemann integral;
the third equality follows from the Mean Value Theorem and the fact that K (w) is defined on [—1,1]; and
the fifth equality follows from (B.5).

Again, (0,u) € © x By(h) is equivalent to (0,¢) € © x [0,1) with u = 1 — ch. For Case 2, write

sup Thz 29K<Tt u) 29/ K(w)dw

(0,c)e©x%10,1)

(1—u)/h
= sup / w? K (w )dw+0( ) 29/ K(w)dw
(0,c)e©x%[0,1) |/ —u/h

= sup /(u29+29629*1wh)f(( )dw+0( > 29/ K(w dw’

(0,0)e0x[0,1) |/ -1

¢ 1
= sup 2002~ wh K (w)dw + O ( > ‘ O(h)+ 0O < > = 0O(h),
(6,0)€O%[0,1) [1 (w) Th (h) Th (h)

where u lies between u and u + wh; the first equality follows from the definition of the Riemann integral;

the second equality follows from Taylor expansion and the construction of u = 1 — ch; the fourth equality
follows from (B.3); and the fifth equality follows from Assumption 1.4.
Therefore, the result follows.

(6). Step 1: For V0 € U(fy), it is easy to know vy (f) — v(f) = o(1) by the definition of the Riemann
integral.

Step 2: Note that it is easy to know fol (Inu)*du < co using integration by parts. We now verify the
continuity of v(0).

[0(61) — v(62)] = / (W00 — 90402 g ()l

<161 — 04| {/1 w? du - /1 g2(u)(lnu)2du}
0 1 . 0 N2t
=101 — 6, {Wu% +1’0} {/0 gQ(U)(lnu)Qdu}
1 L1 /2 1 1
= |61 — 05 {29*_'_11129 H’o} {/0 g*(u)du ./0 (lnu)4du}

= O(|61 — 02]), (B.6)

_ ’(91 0y /0 " () (1n ) du

1/2

1/2

1/4

where 0* lies between 6y + 61 and 6y + 65; the second equality follows from the Mean Value Theorem:;
the first inequality follows from the Cauchy Schwarz inequality; the fifth equality follows from Assumption
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1.1 and the fact that we point out in the beginning of this step. In connection with Step I, we obtain
lur(61) — vr(62)| < O(1)]61 — 2.

Recall that U(fy) is a compact subspace of R with the Euclidean norm. By Step 1-Step 2 and a proof
similar to Lemma A2 of Newey and Powell (2003), the result follows immediately. [ ]

Recall that we have defined vp(-) and v(-) in (6) of Lemma B.2, so write

o~

[vr® = v(00)| < Jor B) - v(@)| +

v(8) — v(@o)‘ = op(1), (B.7)

where vT(a) - v(é\)‘ = op(1) follows from (6) of Lemma B.2, and ‘v(é\) - 0(90)‘ = op(1) follows from (B.6).

In addition, by Theorem 4.2, we have |§— O|InT = Op(1). Thus, we know the next limit exists:

T 1
. g 1 ~
o1 =plimp 700 2 ST T g(m) = / u*g(u)du, (B.8)
t=|Th|+1 0

where 6 is defined in (4.9), and dy = plimT_on‘gO_‘;.

Similarly, the next two limits exist:

T 1
g 1
$g = plimp_,  T%7. T Z 90+9 g(m)Inm = ao/ u?% g(u)(Inw)du, (B.9)
—(Th 0
~ 1 T 1
63 = plimg_, 70— S~ 70ty (r)(nm)? = G / u?? g(u)(Inu)>du. (B.10)
t=|Th]+1 0

With (B.8) to (B.10) in hand, we are now ready to prove the next lemma.

Proof of Lemma B.3:
2~
(1). Recall that we have defined % and Ar j,(u, 0) in the beginning of this supplementary file. Write

8 th7 )
T Z ! 02 ‘9:5

t=|Th|+1
T T T T
8 _
- T Z QATh (7¢,0 [Z ZZ(“S\/;)%erh(Tt — Tu) Kn (12 — 75) Kp (16 — 1) (Inw) (In 5)1
t=|[Th|+1 u=1s=1r=1
4 T _ [T T
—7 Z Tt29Ai2h(Tt, 6) Z Z yéKh Tt — 7 ) Kp (1 — 75)(Inr) ln(r\f)]
t=|Th]+1 [
T rT T
_2 20 A —2 iy _ B
T Z 7 Ap (7, 0) ZZ ysKh 7 — 7)) Kp(me — 75)(In7)(In s)
t=|Th]+1 Lr=1s=1
1 & . [z
T Z theAilh(Ttvo) Z Oy K (7, — 7,)(In 5)?
t=|Th|+1 =1

= 8A1 - 4A2 — 2143 + 1447

where the definitions of A; to A4 should be obvious.
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We now consider A; to A4 one by one. Firstly, further decompose A; as follows:

1 < Gois | 1N~ o7 -
A= D AT [T > T K~ Ts)]
t=|Th]+1 s=1
~ AN
50+60+3 = Z Z Z TuTs) 29 e+90 g(T) K (1 — 7)) K (16 — 75) K3 (16 — 1) (Inw) (In s)]
u=1s=1r=1
1 <« Gcis | 1N~ o7 -
+T Z Tt29T_69_3 [T ZTSQGKh(Tt - Ts)‘|
t=|Th|+1 s=1
B L rrr o
59+3 73 Z Z Z(TuTs)ZeTf&“K}L(Tt = Tu) K (7 — 75) K (7 — 7)) (Inw)(In 8>‘|
u=1s=1r=1
= Aqr + Ago,

where the definitions of A;; and A;5 should be clear.

For Aq1, write

T

1 Gr—6o—

AH:T Z 720 p—60-3
t=|Th]+1

~

Z ngKh(Tt - TS)]

s=1

Nl

T
50+00+3 % Zl Zl
u=1s=

1
T

(TuTs) 20 9+00 91TV Ky (16 — 7)) K (16 — 75) Kp (76 — 7-) (Inw) (In s)]

20_—60
T Ty

ERIE

= T%0(1 4 0p(1)) -
t=|Th]+1

2
1

T
Z 729 (Inu) Ky (1 — 7))
u=1

el

T

_ T@o—a(l + Op(l)) . % Z Tfo—3§g(7_t)

T 2
1 ~
T Z 2 (n7, +InT)Kp (1, — Tu)]
t=|Th|+1

T
-~ 1 . ~
=T TP +op() Y 7 Vg(n
t=|Th]+1
~ 1 T ~
+27% =% (InT)(1 + op(1)) 7 > ¥ g(n)
t=|Th|+1

1 o5 1 & o5
|7 Z Tga(lnru)Kh(Tt — Tu>] [T Z r,f‘gKh(rt — Tu)l

u=1

T 2
1 20
T Z 7 Kp (16 — Tu)l
u=1

T
~ 1 -~ ~
+1%-%(1 +0P(1))T Z 700730 4( 1)
t=|Th]+1
=T%=(InT)%(1 + oP(lDT Z Tf°+eg(7't)
t=|Th|+1

+2T9079(1nT)(1 +0p(1))? Z Tfo-ﬁ-Qg(,rt) InT,

t=|Th]+1

1

el

T 2
Z 72 (In 7, ) K, (14 — Tu)]
u=1

15



T

i 1
+T9°79(1+0p(1))f Z Tt90+ag(Tt)(1H7’t)2
t=|Th|+1

= (InT)*¢1 +2(InT)¢s + ¢35 + op(1), (B.11)

where the second, third and fifth equalities follow from (4) and (5) of Lemma B.2; and the last equality
follows from (B.8) to (B.10) and the definition of the Riemann integral.

Similar to the analysis of A;1, we have

T T -3
~ 1 ~ 1 ~
Ay = 0p()T(InT)? - 7 oo lT > 2 Kn(m - Ts)]

t=|Th|+1 s=1
T

= Z Z Z<TUTS) e K (i — ) Kn (12 — ) K (s — Tr)]

T3

u=1s=1r=1

T T
~ 1 1 ~
= Op(1)T~%T%=%(InT)? . 7 > [T > rle Kn(n — n)]

t=(Th)+1 L~ r=1
— 0p [T mr2Y L) _ P( 1 .(IHT)5/2>
VTh T%  Th )’

where the second equality follows from (5) of Lemma B.2; and the third equality follows from (2) of Lemma

B.2 and Theorem 4.2.
Based on the development of Ayj; and Ao, we immediately obtain that

Ay = (InT)2¢1 +2(InT) o + ¢3 + 0p (1).

Similarly, we have

1 S ogais |1 o o7 -
=7 D, T [T > K (i~ w]
t=|Th]+1 =1
_ L Ix 1
36+00+2
.T30+60 FZZ 7 6y Kp, (1¢ — 7)) Kp (7t — 75)(In7) <lnr+21ns)]

[(InT)?¢1 +2(InT)ps + ¢3] +op (1),

T)*¢1 +2(InT)¢a + ¢3 + op (1),
T)?¢1 +2(InT)¢s + ¢3 +op (1).

3
)
(In
(In

Based on the above development, simple calculation yields the first result of this lemma.

(2). We now consider & 37 \Thl41 TE 99 (” ’ gz and write
1 ZT: 720 8@\(73’9)‘
¢ 00  lo=0
t=|Th)+1
9 X [T 2rr T ~
== > [Z u? K (i — Tu)‘| [Z > (/5> y Kn (i — 1) K (7 — 75) Inw
t=|Th]+1 u=1 u=1s=1



t=|Th|+1 u=1

= —2A1 -+ AQ,

T T “trr
1 ~ ~ ~
+T Z 20 [Z u? Ky, (1 — TU)] [Z u’y, Ky, (1 — ) In u]

u=1

where the definitions of A; and A, should be obvious.
For A;, write

—ag—2 1 d —260 g 29 %0
Ay = (1+o0p(1))T T S (uvs) K (1 — 7u) Kn (1 — 75) Inu

t=|Th]|+1 u=1s=1
I T T T
L [zz it~ 7R
t=|Th]+1 —1s=1
00 —7 T T T
_ (1+ OP(l)),IJ: °o=(InT) Z 12 Z ZT 97_59—&-90 (1) Kn (e — 1) Kp (10 — Ts)‘|
t:LThJ-&-l u=1s=1

L+ op(INT%9(InT) <

- Z Tt—2§

t=|Th]+1
L(Atop)T™" ¢

= Z 7;25 ]

t=|Th]+1
0 T
+(1 +op(1))T% Y 7

. Z 2

t=|Th]+1
=(InT)p1 + ¢2 +op (1),

3=
ER:

T
> (ru/T) e Kn (e — Tu) Kn(1i — Ts)]
1s=1

73§T§+eog(Ts)Kh(Tt — 1) Kp(1s — 75)In 7};|

M= 3

3~

s=1

B

3=

i~ 1M

s=1

(Tu\F) esKp (1t — 1) K (1 —Tg)lnTu‘|

where the first equality follows from (5) of Lemma B.2; and the third equality follows the development similar
t

o (B.11). Similarly, we can show that Ay = (InT)¢1 + ¢2+ op (1) . Based on the above development, simple
calculation yields the second result of this lemma.

(3). We now consider + Zt \Th+1 g dg(”’e) In Tt’9 = and write

1 & 0 05(m,0)
> i 90

In Tt
0

t=|Th|+1

T 2c 7 7 )
= %2 Z (In7¢)7; lz u29Kh (1¢ — Tu)] lz Z(U\/g)zoysKh(Tt — Tu) Ky (16 — 75) lnu]
t=|Th|+1

u=1 u=1 s=1
1 T “lrr
+T Z (In7)m, [Z uQ‘gKh (1e — Tu)‘| [Z ugyuKh (1t — Tw) 1nu]
t=|Th|+1 u=1 u=1
72141 + AQa

where the definitions of A; and Ay should be obvious.
For Ay, write

~ £l 2 oK (1 — T T —Ts) Inw
A = (1+0P(1))T74072% Z (lnTt)Zu 125 1(u\[) ’ g(r ) ’ Kn(mi U)Kh( t 5) 1

20
t=|Th]+1 T
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T T T 20
~ 1 K — 1)K — 7)1
+(1+op(1)) T~ = Z (lnTt)Zuzl 2= (U/5) e Z((;Tt Tu) Kn (11 — 75) Inu
t=|Th]+1 Ti

= (InT)¢2 + ¢p3 +op (1),

where the first equality follows from (5) of Lemma B.2; and the second equality follows the development

similar to (B.11). Similarly, we can show that Ay = (InT")¢2+ ¢34+ op (1) . Based on the above development,
simple calculation yields the third result of this lemma.

(4)-(6). Similar to the proofs given for (2)-(3) of this lemma, (4)-(6) of this lemma follow.
2
(7). By (1)-(6) of this lemma, simple calculation immediately gives % i 8 4+ op(1). The proof
is now complete. |
B.2.2 Proofs of Section 4

Proof of Lemma 4.1:

(1). For notational simplicity, let B := By (6p) X Be, (h). Write

sup [g(u, 0) — (uT)* g (u)|

(0,u)eB
1(1& Tz
< sup — || = Tt26Kh(u_Tt) - TtggtKh(u_Tt)
(0.wen T (Tt; Tt;

el

T -t

1 1

+ ( SU.)p T%=? ( Z 720 K (u — Tt)) T Z 70700 g(r) K (u — 1) — (uT)% " g(u)
0,u)EB t=1 t=1

= Ay + Ag,
where the definitions of A; and A, should be obvious.
Firstly, note that two simple facts are

0—0

1 0
sup () < sup TI"%l=0(1) and h&T =O(T~")"T = O(1). (B.12)
6€Bzr(80) \ 0€ B (00)

We then consider A; and As respectively. Start from Aj.

InT InT
A =0p — | sup T7% % <0p A = sup h™?% sup T7°
( Th ) (0,u)eB Th | | 9eBr(60) 0€Br(00)
InT vVInT
=O0p |\ = | T 0072 h200=20 T =0 = B.13
P ( Th > 962171"1?90) P T%+90h%+290 ’ ( )

0BT (60)

where the first equality follows from (2) and (5) of Lemma B.2; and the third equality follows from (B.12).
For A,, write

Ay = sup T a2 (14 Op (R E0LD))  uf g ) (1 4 Op(h)) — (uT) " g(u)

(0,u)EB
_ OP(l) sup bo—0 pmin{2bo,1} _ Op(l) sup Teo—ahmin{z(eo—%)g}
0Bt (0o) 0Bt (0o)
= O (pmint2te)), (B.14)
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where by = min{6 |0 € By (o)} = 0o — 24; the first equality follows from (4) and (5) of Lemma B.2; and
the fourth equality follows from (B.12).
Based on the development of A; and As, the proof is complete. |

B.2.3 Proofs of Section 3

It is worthy mentioning that the proof of Theorem 3.1 is relatively straightforward after establishing Theorem
4.2 to Theorem 4.4, though Theorem 3.1 is the first asymptotic result of the main text.

Proof of Theorem 3.1:
(1). By the development similar to (A.19) of Wang and Xia (2009), it is easy to obtain that under the

null

~ vVInT
sup u) —g(u)| =0p | — | + Op(h). B.15
S 9(u) = g(u)| = Op < T p(h) (B.15)
We then take a further look at (3.3), and write
Sp = *Ti/2 tgd [—et + (1) — g(7)] - [9(7e) — g(7¢) + g(7¢)] Int
= Z e+g(7t) lnt+ — Z gt - —g(7)]Int
/ t odd t odd
. 2
7T72 > [G(n) — g(m)] g(r) Int — T/ > [G(m) = g(r))* Int
t odd t odd
=871+ 872 — 57,3 — ST.4, (B.16)

where the definitions of St 1 to Sr 4 should be obvious. Since it is easy to show that Srs = op(Sr,1) and
Sta=o0p(Sr1), we focus on Sp1 — St.3 below:

St~ St = T/Zzetgn it - T1/2Z@(Tt)—g(n)}g(mlm

t odd t odd
Z Kh Tt Ts)gs

5tg Tt lnt s even g(Tt) Int
/ t%d:d T/ t%ijd Zs even Ky (Tt - Ts)

1 Zs even Kh(Tt _Ts)g(Ts) —alr )1
‘mt%j devenKh(Tt_Ts) o t)} g(r) Int

t_Ts)
T/ Zetgn YInt — T/ Z ZZ Kh(Tj_Ts)g(Ts)lns

t odd teven s odd “~J even
+0p(1)
1+op(1
/ Z erg(m)Int — T/};() Z erg(my) Int + op(1)
t odd t even
1 1
/ tgdzftg Tt lnt— —1_1_‘0/132()t§n5tg(7}) 11’1t—|—0p(1)7 (Bl?)

where the fourth equality follows from

g(m¢)Int — Z Z n(r — 7 )g(Ts)hlS =op(1)

s odd £~Jj even K (Tj —Ts
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uniformly in ¢ by the proof similar to those given for Theorem 4.4 of the main text.
Based on (B.17), if Assumption 1.2*.1 holds, we immediately obtain that LM —p N(0,1).
Based on (B.17), if Assumption 1.2*.2 holds, we obtain that

LM —p N(0,1+ 02)

by using, for example, Theorem 2.21 of Fan and Yao (2003), where o7 = lim7_ %Zthz 22;11 ~y(t —
s)wriwrs, and wp; has been defined in Assumption 1.2*.2. Invoking the condition that ZZ;Q Zi;ll ~y(t —
s)wriwrs = o(1) gives 07 = 0. Thus, LM —p N(0,1).

The proof is now complete.

(2). We now consider what happens under the alternative hypothesis, i.e., 6y > 0. For Vu € (0,1), we

have
lg(u)| = ZtT:l Knlu = ) = ZtT:l Kn(u —74)g(m)t% + Zthl Kp(u—7t)es
Z?:l Kp(u—1) Zle Kp(u—1) ZZ;I Kp(u—1)
T 0
— T90 . Zt_i[;:h(;i’;(Tt)g(T;)Tt +op (1) — TGO . (UHO |g(u)| + OP(I)) Top (1)
t=1 U—T¢
e (B.18)

In connection with (B.16), it is easy to see that St 4 is the true leading term due to the involvement of a
quadratic term. Then by definition, LM — oo under the alternative hypothesis, as T' — oo. |

Proof of Theorem 3.2:

By Theorems 1 and 2 of Robinson (2012), it is easy to show that b0, = Op(TX%~3) and B—Bo=
Op((In T)TX*Q(’*%) for any given sufficiently small x > 0. Then the proof of Theorem 3.2 follows from the
development of Gao and Hawthorne (2006), thus omitted. ]

B.2.4 Proofs of Section 6

Proof of Corollary 6.1:

The proofs are a simplified version of the development of Lemma B.2 and Lemma 4.1, so omitted. W

Proof of Corollary 6.2:
(1). By the proof of Lemma 4.1, a faster rate of convergence for g(u,a) under the null can be achieved
as follows:

sup [g(u,a) = g(u)| =

1 1
u€le,1—h) Tzteh2

Op( VinT ) + O(h?). (B.19)

Then, for St defined in (6.4), write

1 o o )
51 = D e+ amtt — g(m)t] - [G(re) — (i) + g(m)] £ Int
/
t odde By,
=20 cwGrmit 2 S e () — o)t Int
T e9\Te n T+ €t - [9(Tt) — g\t n
t odde By, t odde By,
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*% > [ﬁ(Tt)*g(n)]g(n)tmlntf% > [G(n) - g(m)? 2 Int

t oddeBy, t oddeBy,
=871+ 872 — Sr3— STa (B.20)

Similar to the proof of Theorem 3.1, it is easy to show that vT*Sr o and vT*Sr 4 are negligible, and

St.1 — St,3 can be rewritten as

T*
t odde By, t even€ By,

ST,l—sT,?,:(TQ* > gtg(n)talnt—w > Etg(rt)talnt>-(1—|—0p(1)) (B.21)

provided h2T??InT — 0. Thus, the first result follows immediately.

(2). The proof of the second result follows from a procedure identical to (B.18), thus omitted. [ |

We now provide Assumption 2 before going through the detailed proofs of Corollary 6.3.

Assumption 2:

Suppose that f(-,-) and {z: [t =1,...,T} satisfy one of the following three cases.
1. {z |t =1,...,T} is a strictly stationary and a—mizing error process with o density p(w). Moreover,
Of(w,u
sup(wmeRdX[O’l]p(w)iffau ) < 00 and E[supue[O’l] \f(ml,u)ﬂ < 00; or
2. {x; |t =1,...,T} is a locally stationary process.” Let f(-,-) be uniformly bounded and satisfy that
|f(z1,u) — f(z2,u)|] < M||z1 — 22| for Yu € [0, 1], where M is a positive constant; or
3. (a) Let f(-,-) be uniformly bounded, and x; = xs—1 + wy fort > 1 and ||zo| = Op(1);
(b) Let wy = 3752 g jer—;z, where 3252 jllv; | < oo and o = 3777 o b # 0;
(c) Let{e; | —oo < j < oo} bea sequence of i.i.d. random variables having an absolutely continuous

distribution with respect to the Lebesgue measure and satisfying Elei;] = 04x1, Eler€e}] = Iq,

E|ler]|? < 0o for some q > 4. The characteristic function of €1 is integrable.

Proof of Corollary 6.3:

First, we point out one simple fact below:

1 1-—
(1w , ueh1-hl
/ K(w)dw=<{ [ K(w)dw, u=1-chwithce][0,1)
—u/h
J1 K(w)dw, wu=ch with ce [0,1)

Therefore, it is easy to know that

9We adopt the following definition for a locally stationary process (cf., Vogt, 2012; Dong and Linton, 2018):
Definition B.4. The process {z: |t = 1,...,T} is locally stationary if for each rescaled time point u € [0,1] there

exists an associated process {xi(u) |t = 1,...,T} with the following two properties:
(a) {zt(u) |t =1,...,T}is strictly stationary with density fu(w);

(b) It holds that ||xi — z¢(u)|lr < (| —u|+T7 ") Ui(u) a.s., where 7 = t/T, {U(u)} is a process of positive
variables satisfying E|U(u)|? < C for some p > 0 and C < oo independent of u, t, and T. Moreover, | - ||»
denotes an arbitrary norm on R®.
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(1—u)/h
sup = / K(w)dw = O(1). (B.22)
u€[0,1] —u/h

= Op(1) under all three

Before proceeding further, we show sup(g ,)cox[0,1] ’% Zthl 70 f (2, 1) Kn(u — 74)
conditions of Assumption 2.
Case 1: Under Assumption 2.1, we have

E

T
sup ‘;ZTtgf(xt,Tt)Kh(u_Tt)”

(6,u)€O©%[0,1]

< / sup mewmm(u—n) (w)dw

(0,u)e©%][0,1]

gO(l)/ sup TZU w, 7¢) | Kp (v — 7¢)p(w)dw

u€l0,1]

—o() / sup / [ w1, w9) p(wn ) K (u — wa)dwsdeos

u€el0,1]

(1—u)
1)/ sup/ fwy, u+ wah)|p(wr) K (wa)dwadwy
u€(0,1] u/h

(1—u)/h
—0(1) / sup |f(ws,u)| K (ws)dws p(uwr)duw
u€0,1] —u/h

<o) [ suwp |f(w,w)lp(w)de = 0(1)

u€(0,1]

where the second inequality follows from the fact that 0 < 7% < 1 uniformly; the first equality follows from
the definition of the Riemann integral; the third and fourth equalities follows from Assumption 2.1.; the
third inequality follows from (B.22).

Therefore, sup (g ,)cox0,1] ‘% S 7 f (e, ) K (u — Tt)‘ = Op(1) under Assumption 2.1.

Case 2: Let Assumption 2.2 hold. Note that by the definition of a locally stationary process, it is easy
to know that U;(u) = Op(1) uniformly in ¢ and u. Write

T
1 0
sup ‘ E 77 flay, ) Kp(u — T
(6,u)e®x%]0,1] 1 ‘ (t t) ( t)

< osup ZTt (e, ) = flxe(m), 7)) Kn(u — 7¢)
(6,u)€©x]0,1]

1
+  sup ‘Tthgf(ift(Tt)’Tt)Kh(u_Tt)‘ = At
(0,u)€0x[0,1] t=1

where the definitions of A; and A, should be obvious.

For A;, we have

T
A= sup ’lZTf (f(ze, i) — f(ze(7e), 7)) Kn(u— 74)

@weoxp)! T =

<o) *27} [ = 24 (1) | Kn (u = 72)
0, u)€@>< 01]

22



<O0(1) sup

< s () <Op(1
0.weoxo,1] T? t)

1 Mﬂ
TH

T
Z Ut (re) Kp(u—1¢) <O(1 Th
where the first inequality follows from Assumption 2.2; the second inequality follows from the definition of
a locally stationary process; and the fourth inequality follows from the fact (i.e., Uy(7:) = Op(1)) that we
point out in the beginning of Case 2.

For As, it is easy to obtain that

E[As] = sup ‘ 7 f(xe (1), 7¢) Kp(u — 72 )
4] (6,u)€®x[0,1] th ) )
< sup ZKh U —Tt) sup / Kp(u—w
(9, u)E@X[Ol ue[01

(1 u)/h
= O(1) sup / K(w)dw = 0(1),
u€(0,1] J —u/h

where the first inequality follows from Assumption 2.2; and the second equality follows from the definition
of the Riemann integral; and the fourth equality follows from (B.22).

Thus, we can conclude that sup g ,)coxo,1] ‘% ZtT:1 70 f (e, ) Kn(u — Tt)‘ =0Op(1).

Case 3: Let Assumption 2.3 hold. Construct a vr satisfying that vy — oo and vy /(Th) — 0. By Lemma
C.5 of Dong et al. (2016), we know that, for sufficiently large ¢, x;/v/t has a pdf function ¢;(w), which is

uniformly bounded in both ¢ and w.

FE l sup ‘TZTt xt,Tt)Kh(U—Tt)”

(0,u)€0x[0,1]

=F ‘ 7 f(xe, 7e) Kp(u — 7 ’
(0u)€@><01] th nRnl t)]
+F sup ‘T Ttef(xtaTt)Kh(u_Tt)’
weoxfo] 4, 2=,
1 ) T
=0(1 )——l—E sup ‘— Tef(\/g-tﬂ')Kh(u—T)
Th (0,u)€0%[0,1] Tt:UZT:H ! Vit ¢
o1 F(V/t Kp(u— d
N S N J( T s
t—ppt1 (6,u)€©x]0,1]
vr 1
1)— o _ K — = 1
<0 %fﬁ;ﬁag n(u=m1) [ orlw)dw = 0(0),

where the second inequality follows from Assumption 2.3; and the last equality follows from (B.22) and the
fact that ¢.(w) is a density function.

Thus, we have sup g ,)coxo,1] ‘% ZtT:l 70 f (e, ) Kn(u — Tt)‘ = Op(1) under all three conditions of As-
sumption 2. Then both results of this corollary can be verified by exactly the same procedure as documented
in Appendix A of this paper. |
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B.3 Potential Issues

In this subsection we consider two potential issues.

B.3.1 1Issuel

Building on Robinson (2012), one intuitive extension might be

d
(TS Zgj(Tt)teo’j + ¢, (B.23)
j=1
where g;(-) for j = 1,...,d are unknown functions, and 6y = (6o1,...,00.4) is defined on a compact set

O C R? and 90,1 < ... < 00,d-
However, using nonparametric methods to estimate model (B.23) suffers from certain identification issues.
We consider the kernel method here, and discuss the sieve method in Section B.3.2 below. To make the

explanation clearer and simpler, suppose 0y is known. For Vu € (0, 1), the kernel based OLS estimator of
G(u) = (g1(u),.. ., ga(u))" is

T Lo
G(u) = (Z 220 K (u — Tt)> > ayKy (uw— 1), (B.24)
t=1 t=1
where z; = (%1 ... %)’ Normalize the matrix in the inverse of (B.24) as follows:
T
D;Olzztngh (U—Tt)Dg()l, (B.25)

t=1

where Dy, = diag{T'/?*001 . TV/2+00.a} The (i,§)" element of (B.25) with 1 < 4,j < d can be easily
calculated:

T

1 00 i+00. ; U — T; ) .

7 oK (M) =t o, (B.26)
t=1

which suggests that (B.25) can be rewritten as

T
Dy} Z 22 Ky (u— 1) Dt = (ufor, o ufoa) (ufor o ufod) (14 o(1)). (B.27)

t=1

However, the right hand side of (B.27) is obviously not invertible, i.e., (B.24) is not well defined.
The key difference between parametric and nonparametric models lies in the use of the kernel function.
For parametric cases, the kernel function is not present in (B.24), so it yields

1 T 1
L 7_90,1'+90,j :/ er‘i+90‘de' (1 +0(1))

T2 i (L+o0(1)). (B.28)

" B+ 0o, +1

Thereby, the limit of Dy, ! Zthl ztzéD;O ! is a Cauchy matrix, and is invertible under certain restrictions. One
referee suggested that the matrix rotation technique employed by Phillips et al. (2017) may be helpful to
solve this problem. We thank the referee for the suggestion, and now point out the key difference between
their model and (B.23). While Phillips et al. (2017) rotate their matrix Zthl 242 K (u — 1¢), there are no
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parameters 0 ;’s existing as the unknown power terms. If §y ;’s were known, we can implement the rotation
to solve the singularity problem. However, as g ;’s are parameters of interest, 6y ;’s existing in the rotation
matrix will require more involved matrix operations. It is unclear whether one can estimate all 6 ;’s and
G(u) after the rotation. The question raised in this extension is in fact more challenging, although (B.23)
looks simple and its majority components are deterministic.

For model (B.23), though it is hard to fully recover all the components, we can at least consistently
estimate the power and coefficient function of the leading term (i.e., 8; and g4(-)). Rewrite (B.23) as
y: = ga(1)t?¢ + e;, where e; = Z?;ll g;(1)t%i + &,. We can use (4.6) and (4.1) to consistently estimate
60,4 and gq(-) respectively. The reason is that while deriving the asymptotics, we need a term T%.a to
normalize t%9-4, and it simultaneously gets Zj;} g;(1)t% smoothed out due to the fact that 6y < ... <
0o,4. This is exactly why we can establish Corollary 6.3. Certainly, the rates of convergence depend on
mane{L,‘.,dq}{@o,d —00,;} = 00,a—00,4—1 in this case. One may think that it is then possible to recover 6y ;
and g;(-) recursively. For example, estimate 0y q—1 and gq—1(-) after removing tadfq\d(n) from y;, and repeat
this process until we estimate all the components of model (B.23). However, by doing so, the biases due to
the plug-in procedure will be substantial and stop us further establishing consistent estimators for 6y 4—1
and gq—1(-). How to consistently estimate the other components of model (B.23) is still an open question.

Finally, we would like to point out that rather than estimating g,(-)’s and 6 ;’s, one may follow Cho
and Phillips (2018) and Baek et al. (2015) to establish hypothesis tests. It is worth mentioning that Phillips
(2007), Cho and Phillips (2018) and Baek et al. (2015) involve estimating a power of a polynomial term, but
an extension involving estimating the unknown powers of multiple polynomial terms may not be an easy job
as discussed above.

B.3.2 Issue 2

We now explain the failure of a sieve based OLS method. Still consider y; = g(7¢)t% + ;. Further assume

6o is known. Following Newey (1997), we can expand g(-) by power series on a certain support as follows:

k—1 0o
T_Qoyt =1 % Z cnfteo + 71 0% Z ciTtitGO + T g,
i=0 i=k
k—1 9]
= Ci’TtH_GO + Z CiTtH_go + T %¢g,.
i=0 i=k
In view of (B.28), it is easy to obtain
1
0o _Oo+1 Oo+k—1\( 00 _Oo+1 Oo+k—1y/
T E (0, o T P re N vl )
t=1

1
=g —— (14 o0(1 B.29

{290+Z+]+1}kxk ( (1) ( )
for 0 < 4,5 < k — 1 under proper restrictions on k and T. As k diverges, the right hand side of (B.29) is
asymptotically singular, which indicates that the sieve based OLS method does not work for model (1.1) in
general. Certainly, the choice of basis functions plays an important role; however, it is not clear to us which

series can solve the ill-posed problem at this stage.
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B.4 Extra Numerical Studies

B.4.1 Simulation Results for Section 4.1

The DGP is identical to Section 5.3, and we take 8y = 0.4 as an example.

In order to examine the failure of the two methods proposed in Section 4.1 and compare with the
results in Section 5, we recover 6y by minimizing (4.2) and (4.3) respectively, and then estimate g(7:) for
t=|Th]+1,...,T by (4.1). To put all methods on equal footing, we change (4.2) and (4.3) respectively to

T

QrO) = > (v —t"3(n.0))", (B.30)
t=|Th]+1
) 2
Qr(B,0lu)= > (ye—Bt°) Kp(r—u). (B.31)
t=|Th|+1

~

For (B.31), we obtain {6(7) [t = |Th| + 1,...,T} as explained in Section 4.1, and further calculate the
estimate of 6y by 6 = ﬁ Zth \Th]+1 5(7,5). We refer to these two methods as W1 and W2, and calculate
their RMSEs in the same way as explained in the main text. As shown in Table B.7, both W1 and W2

perform rather poorly, which supports our argument in Section 4.1.

Table B.7: Simulation Results for Section 4.1

RMSEg RMSE,
R\T 100 200 400 100 200 400
W1 T7Y3 0.399 0.399 0.400 6.152 8.644 12.073
T-Y5 0.395 0.397 0.399 5.895 8.341 11.638
T-/8 0.380 0.387 0.392 5562 7.824 10.908

w2 T-Y3 0310 0.330 0.343 4127 6.135  8.733
715 0.322 0.341 0.361 4.247 6.225  9.354
7Y% 0.269 0.316 0.338 3.343  5.385  7.937

B.4.2 Simulation Results for Corollary 6.1

The DGP is y; = g(74)t% + &4, where 8y = —0.35, g(7) = 3(7 — 1)2 + 1, and ; ~ i.i.d. N(0,1). We firstly
estimate 6y as explained in the main section, and then estimate g(u) for u = |Te¢g| +1,...,T. By Corollary
6.1, the bandwidth selection procedure reduces to the following one.

e Bandwidth Selection: Provide an initial bandwidth (say hg = T~1/3) to start the iteration process.
For the k** (k > 1) iteration, use hj_; obtained from the (k — 1)** iteration to calculate 8). Stop

iteration, if @ - (/9\;3_1| < ¢, where ¢ is sufficiently small (e.g., 107%) and serves as a stopping criteria.
1420,

— =k —1
Otherwise, update the bandwidth by hy = T 3+ . (InT)*+4% . Then proceed to the (k + 1)*

iteration.

Without loss of generality, we focus on hep: only and let cg = 0.5. Since half of the data is thrown away,
we choose T' = 500, 1000. As shown in Table B.8, the estimates are fairly accurate, and the RMSEs decrease

as T goes up.
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Table B.8: Simulation Results for Corollary 6.1

RMSE RMSE,
T=500 T=1000 T =500 T =1000
0.107  0.075 0.396  0.365

B.4.3 Simulation Results for Corollary 6.2

The DGP is y; = exp(m)t% + ¢; and & ~ iid. N(0,1), and consider o = 0.2, 0.4, 0.6, 0.8, 1. The
bandwidth is set to h = (%)7/ 10 and we let ¢y = 0.3 without loss of generality. As the Epanechnikov
kernel having order 2 requires h272% InT — 0, we would expect that the size of the test will go wrong when
6o > 0.7. For simplicity, we report the size based on 1000 replications in Figure B.7. The power test can be

done as in Section 5.1, so we do not pursue it further.

DGP: y; = exp(1)t? + ¢;

0.1
008+ . i
)
Zo.
<
.9
©
9 0.
[}
o
x
0.02 - X X %
0 S a X X X 4 X = 5 & = b X X x i
100 150 200 250 300 350
Sample size
00:02——00:04 -------- 00:06 X 90—08 9(]—].

Figure B.7: Size at Nominal Significant Level

As expected, for 8y = 0.2, 0.4, 0.6, the size is reasonably well controlled. For 6y = 0.8, 1, the test is clearly
undersized. As the value of 6 increases, it can be seen that the consequence of violating h?72% InT — 0

becomes more obvious, so it corroborates our arguments on the requirement of h272% InT — 0.

B.4.4 Simulation Results for Corollary 6.3

We now examine Corollary 6.3 and the potential issue discussed in Section B.3.
Specifically, we adopt the following DGPs:

DGP 1:  y = f(we,m) + g(me)t?% 46, with  g(u) = 3(u—1)% +1,
DGP 2:  y, = f(xs,m) + g(r)t? 46, with  g(u) = 3lu —1/°7 4+ 1. (B.32)

The error terms follow &; ~ i.i.d. N(0,1). Without loss of generality, we set d = 1, so f(-,-) and {z:} are

generated as follows:

27



o Case 1 (Stationary): f(x,u) = |z| + 5sin(w - 7), and =, follows an AR(1) process x; = 0.524,_1 + v¢;

e Case 2 (Nonstationary): f(z,u) = exp{—a?} + 5sin(u - 7), and z; follows an integrated process

Ty = Tp_1 + Vg

In both cases, zo ~ N(0,1) and v; ~iid. N(0,1).
We estimate 6y and g(-) by our nonparametric method as explained in Section 5 (referred to as NM),
and W1 and W2 methods documented above, and report RMSEs in Tables B.9 and B.10 below.

Table B.9: (DGP1, Case 1)

RMSEg RMSE,

h\T 200 500 1000 200 500 1000

NM 7725 0100 0.091 0.085 0.102 0.053 0.033
T-Y3  0.106 0.094 0.086 0.038 0.022 0.016
T-Y5 0.126 0.106 0.095 0.086 0.094 0.092
7Y% 0.158 0.130 0.114 0.097 0.128 0.139

W1 7725 0300 0.300 0.300 5.451 7.449 9.452
773 0.300 0.300 0.300 5.338  7.381 9.422
T-Y5 0.300 0.300 0.300 4948 6.872 8.839
T-Y%  0.300 0.300 0.300 4.802 6.491 8.233

W2  T7%/5 0274 0268 0.267 4.696 6.057 7.486
T-Y3  0.277 0.280 0.279 4671 6.492 8.117
T-Y5 0.262 0.279 0.286 3.913 5940 7.995
T-Y8 0.243 0.272 0.282 3.333 5349 7.212

Table B.10: (DGP1, Case 2)

RMSEy RMSE,
h\T 200 500 1000 200 500 1000
NM 7725 0102 0.092 0.085 0.094 0.048 0.028
T-Y3  0.107 0.094 0.086 0.038 0.022 0.017
T-Y5 0.128 0.107 0.095 0.087 0.095 0.093
T-Y% 0.160 0.131 0.114 0.097 0.128 0.139
W1 7725 0300 0.300 0.300 5.357 7.384 9.404
T-Y3  0.300 0.300 0.300 5.252 7.323 9.378
775 0.300 0.300 0.300 4.871 6.820 8.801
T-Y8 0.300 0.300 0.300 4.729 6.443 8.198
W2  T7%5 0273 0267 0.267 4.575 5926 7.413
T-Y3  0.276 0.280 0.279 4.559 6.437 8.057
T-Y5 0.265 0.278 0.286 3.909 5.860 7.960
T-Y8 0.241 0.272 0.282 3.241 5.284 7.150

As can be seen, the procedure of recovering 6y and g(-) is not affected by f(-,-) and {z; [t =1,...,T}
too much, which indicates that one can implement our procedure to detrend the data set in a better fashion

practically.
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B.4.5 Simulation Results for Section B.3

Below we focus on DGPs 1 and 2 under Case 1 of Section B.4.4 in order to examine the issue raised in Section
B.3. Apart from our proposed method, we also use the sieve based OLS method (referred to as SOLS). In
particular, we use power series {1,u,u?,...} to approximate g(u) in our simulation study (cf., Newey, 1997).

Specifically, the new objective functlon is
a 2
=> (n—t"g(m,0))", (B.33)
t=1

where gy (7¢,0) = 226(9)7 = (1,74, .. Ttk 1) and

— (é [t92] - [tezt}’> B ET: GEART

t=1

In order to demonstrate our arguments under (B.29), we set the truncation parameter to k = 2, 3, 5, 10, 15.
For the purpose of comparison, we set the bandwidth to h = 1/k when implementing our method.!® The
RMSEs are calculated following the identical procedure of Section 5.3 of the main text.

In Table B.11, it is not surprising to see the best estimate comes from the SOLS method with & = 3, as
this choice of power series perfectly fits the DGP 1. However, when we increase the value of the truncation
parameter, the matrix in the inverse is getting closer to singular as explained under (B.29), which is also
confirmed by Matlab over the simulation study which warns continuously saying “Matrix is close to singular
or badly scaled” .

Table B.11: (DGP 1, Case 1)

RMSE, RMSE,

hk\T 200 500 1000 200 500 1000

NM  h=1/2 0154 0.137 0.126 0.101 0.118 0.126
h=1/3 0124 0.112 0.103 0.082 0.112 0.125

h=1/5 0108 0.098 0.091 0.029 0.049 0.065
h=1/10 0.101 0.092 0.085 0.082 0.028 0.015
h=1/15 0.100 0.091 0.085 0.104 0.043 0.019

SOLS k=2 0.300  0.300 0.300 4.749 6.423 8.088
k=3 0.016 0.005 0.003 0.103 0.036 0.017
k=5 0.059 0.019 0.009 0.662 0.246 0.131
k=10 0.240 0.212 0.199 1.088 1.235 1.310
k=15 0.324 0.316 0.123 1.218 1.476 0.968

Although the power series may work well with a relatively small truncation parameter when g(-) is a
certain polynomial function, it may not work well for the case where the powers of polynomial functions are

not integers, which is confirmed by the simulation study for DGP 2. In Table B.12, we see that the results

The setting of h = 1/k is indeed reasonable. As for a nonparametric model y; = g(x¢) + e witht =1,...,T,

it is easy to see that the leading terms of the rates of convergence are 4/ kT and W for the sieve based method
and the kernel based method, respectively, under certain restrictions, where k is the truncation parameter, h is the
bandwidth, and d is the dimension of x;.
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of SOLS generally perform worse than our proposed method, which indicates that the choice of the basis
functions indeed matters. However, at this stage, it is not clear which particular class of basis functions can
potentially solve the problem discussed under (B.29).

Table B.12: (DGP 2, Case 1)

RMSEy RMSE,
hk\T 200 500 1000 200 500 1000
NM  h=1/2 0072 0065 0.059 0922 0942 0.952
h=1/3 0043 0.040 0.038 0.864 0.898 0.913
h=1/5 0031 0030 0.028 0.669 0.720 0.743
h=1/10 0.026 0.026 0.025 0415 0.480 0.509
h=1/15 0026 0025 0.024 0294 0.364 0.394

SOLS k=2 0.187 0.187 0.187 1.246 1.404 1.501
k=3 0.213 0.219 0.221 4.522  6.073 7.539
k=5 0.186 0.171 0.165 3.881 4.212  4.690

k=10 0.273 0.285 0.200 1.663 2.039 1.872
k=15 0.267 0.257  0.200 1.613 1.982 1.873
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