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1 Introduction

There are generally two approaches to model the volatility of asset returns. GARCH-type
models (e.g., Engle (1982), Bollerslev (1986) and Nelson (1991)) regard the volatility as
solely determined by past observations. Stochastic volatility (SV) models (e.g., Heston
(1993)), on the other hand, treat the volatility as a separate stochastic process. Nelson
(1990) establishes the weak convergence of GARCH-type models to continuous time SV
models when the length of the discrete time intervals between observations goes to zero.
Duan (1997) extends the weak convergence for a wide class of GARCH-type models. In
addition, Drost and Werker (1996) use the temporal aggregation properties to derive the
diffusion limits for the class of weak GARCH-type models.

Politis (1995) and Breitung and Hafner (2016) argue that most GARCH-type and SV
models make inefficient use of all available information for volatility estimation since they
ignore the (arguably most important) information in the current observation. To address
this issue, Smetanina (2017) proposes the RT-GARCH model which incorporates current

return innovation into the volatility process. Specifically,
02 =a+ fo | +ri |+ e, (1.1)

where r, = S; — S;_1 = 0,6, and ¢; are 1.7.d.(0, 1) symmetric random variables with finite
fourth moment. o2 is not deterministic conditional on the o-algebra F;_; generated by all
available information up to time ¢t — 1. Setting v = 0, (1.1) reduces to a special case of the
contemporaneous stochastic autoregressive volatility (SARV) model of Andersen (1994).
Therefore, RT-GARCH can be regarded as a hybrid of GARCH and SV models. Unlike
most SV models, RT-GARCH has analytical expressions for both the likelihood function
and conditional variance of returns. Separately, Breitung and Hafner (2016) propose a
model where they use the log squared current return innovation to drive the log volatility
process. Their model is closely related to E-GARCH and can be viewed as a special case
of the contemporaneous exponential stochastic autoregressive volatility (E-SARV) model
of Taylor (1994). However, their model is only useful for volatility nowcast. Forecast is
not available in their model. Ding (2021) proposes the stochastic heteroskedastic autore-
gressive volatility (SHARV) model which allows for conditional heteroskedasticity in the
volatility while incorporating the current observation into volatility estimate. He shows
that SHARV retains all the advantages of RT-GARCH and Breitung and Hafner’s (2016)
model while having the usual GARCH diffusion limit.

While the properties of RT-GARCH and Breitung and Hafner’s (2016) model are well
studied in discrete time, it remains to derive their diffusion limits in order to understand
their asymptotic properties in continuous time. In this paper, we employ the approach of
Duan (1997) to derive the diffusion limit of RT-GARCH. As we will see, the diffusion limit
only exists if we introduce an auxiliary process to state the system in a Markovian form.
This is because the joint process (S, 02) under RT-GARCH is not Markov, only (ry, 02) is
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Markov. We show that the volatility in the diffusion limit follows an Ornstein-Uhlenbeck
(OU)-type process. Since OU-type processes permit negative values, this is an undesirable
feature. Moreover, the diffusion limit is difficult to interpret and lacks compatibility with
existing asset pricing theories. As a result, we suggest that the SHARV model can address
this issue since it has the usual GARCH diffusion limit.

The rest of the paper is structured as follows. In section 2, we derive the diffusion
limit of RT-GARCH. In section 3, we discuss the specifications for the auxiliary process.
Section 4 concludes. All proofs are presented in appendix A and the diffusion limit of

Breitung and Hafner’s (2016) model is included in appendix B.

2 Main result

We refer to section 2 of Nelson (1990) for a detailed discussion on the weak convergence
of Markov chains to diffusion processes. The joint process (S, 07) under RT-GARCH is
not Markov since af is Fi-measurable and depends on r,_1 = S;_1 — S;_». This can be

seen upon expressing (1.1) as an ARMA(1, 1) process,
02 = 0+ YL+ my) + (B + 7)oty + (& — 1) + 77, (2.1)

where k = Eef — 1 and z; = r? —o0? — k). It is easy to see that z; is a martingale difference
sequence (MDS). In contrast, the joint process (S, 07,;) under GARCH is Markov and
07,1, which is F;-measurable, follows an AR(1) process. Naturally, we would expect the
diffusion limit of (2.1) to have a continuous time ARMA(1, 1) structure. However, to our
knowledge, there is no literature yet on the weak convergence of an ARMA(1, 1) process
to a continuous time equivalence. As a result, we can only establish the weak convergence
for the joint process (S;, 02,72). Since the joint distribution of (S, 0?) for RT-GARCH
is not the same as that of (S;,07,,) for GARCH, the diffusion limit of RT-GARCH will
not nest that of GARCH as a special case even though RT-GARCH nests GARCH by
setting v = 0 in discrete time. The situation is somewhat similar to the diffusion limit
of GARCH(p, q) discussed in Duan (1997) where 77 ; and o7 ; for i,j > 1 destroys the
Markov structure. To state the system in a Markovian form, he specifies some auxiliary
processes for each of the 77 ; and o7 ; in the approximating GARCH process." We will
adopt his approach by specifying an auxiliary process for r2 ;. This will in turn, modify
the rescaled RT-GARCH process.

Before deriving the diffusion limit, we first change some notations by letting V; = o2
and R; = o?¢? for RT-GARCH for reasons of clarity which will become clear later. Next

!The approximation scheme of Duan (1997) differs from that of Nelson (1990) in that Nelson (1990) let
the parameters vary with A in different rates while Duan (1997) scales the (conditionally) deterministic
variables by h and the stochastic parts by vk while keeping the parameters fixed. The results are albeit
equivalent since they are different representations of the law of large numbers and functional central limit
theorem.



we discuss why it is necessary to introduce an auxiliary process into RT-GARCH. Recall
the rescaled GARCH process of Duan (1997),

ApSin = Vhnoknern, (2.2)
Ah0(2k+l)h = ha + h(ﬁ + Y — 1>h0-l%h + \/E'Y(ﬁzh — 1)]10"%}” (23)

where €, ~ N(0,1) and ApXpn = 1, Xkn — 8 X(k—1)n. We use the left subscript to indicate
that the state variables depend on the choice of h. The information set Fin for GARCH
is generated by ,So, ..., ,Skn and o2, ..., h0(2k+1)h- It is easy to check that o7, > 0 almost
surely for all 0 < h < 1. Nelson (1990) and Duan (1997) show that under regularity
conditions, as h | 0, the joint process (;Sy, ,o?) which is obtained by setting Sk, = 1.5;
and 00, ), = nop with probability one for kh < ¢ < (k + 1)h, converges weakly to the
joint process (S;, 07) which satisfies

dSt == O’tdWLt (24)
do? = (a+ (B +~ — 1)od)dt + V2yo2dWay, (25)

where W, ; and Wy, are two independent standard Brownian motions, independent of the
initial points (Sp,03). Since RT-GARCH nests GARCH as a special case, it is tempting
to rescale RT-GARCH in a similar fashion:

ApVin = b+ )+ b(B + 5 = DnVig—1yn + VEY(€l_1yp = DnVie—1yn + Vh(efy — 1). (2.6)

For RT-GARCH, Fyy, is generated by 1,50, ..., nSkn and , Vo, ..., s Vin. (2.6) nests (2.3) as a
special case by setting ¢» = 0. Note that ,V},;, fails to be positive with probability one since
the term h(a+1)) — Vhi) can be negative for some 0 < h < 1. Vi is clearly not Markov,
therefore, in order to apply the weak convergence results for Markov chains, we should
treat thhEih as a state variable rather than an error term. The scaling factor Vh for
hV(k,l)h(e%,gfl)h—l) is also problematic. This is because h™'E[A; Vi | Fr—1yn] — o0 ash | 0
since hil/QhV(k_l)h(e%k_l)h—l) — 00 as h | 0 conditional on Fj_1),, that is, we cannot find
a diffusion process whose drift term matches the limit of the conditional mean of AV}, per
unit time. Consequently, we have to rescale hV(kq)h(E?k,l) ,—1) by h on the right hand side
(RHS) of (2.6) instead. In contrast, limy h*IE[AhU(QkH)hUA"(k_l)h] =a+(B8+v—1)no},
for GARCH. Even if we could find a continuous process V; as the diffusion limit of ,Vjy,,
thheﬁh would have a diffusion limit V}ef which does not have a continuous sample path
since €7 is a pure jump process. As a result, we cannot apply the diffusion approximation
theorem of Stroock and Varadhan (1979). To overcome this, we can replace thh“iih by a
‘smoothed’ version to ensure the sample path continuity.

Having discussed the issues with rescaling RT-GARCH, we proceed by introducing an
auxiliary process , Ry, which is a function of thhe%h to replace the squared return in the



volatility process. Let the joint process (,Skn, nVin, nRin) be given by

P((1S0, Vo, nRR0) €T) = vy(T') for any I' € B(R?), (2.7)
AnSkn = V1 Vinlexn, (2.8)
ApVin = h(a+ %) + (B — DpVi_yn + hy - nBg—1yn + Vh(ep, — 1), (2.9)
%%E[(Athh)i\hWk_l)h =V.wR—1yn = Rl = b:i(V, R) for i = 1,2, (2.10)
%%E[AthhAthh\hV(kq)h =V, hRp—1yn = Bl = b3(V, R), (2.11)
%%E[AhskhAthﬂf(k—l)h] =0, (2.12)
%%E[(Athh)H&\f(k_l)h] = 0 for some § > 0, (2.13)

where €, ~ N(0,1), B(R") denote the Borel sets on R", v,,(+) is a probability measure
on (R3 B(R?)) and the functions

0
b(S,V,R) = |a+1+ (B-1)V+R| (2.14)
b1(V, R)
\4 0 0 |
aS,ViR)= |0 202 b(V,R)|, (2.15)
0 b3(V,R) bo(V,R)]

satisfy the nonexplosion condition of either Nelson (1990) or Hafner et al. (2017) or both
and one or more of conditions A, B, C and D of Nelson (1990). In addition, we require
that | Ry = 1Vjes, that is, the auxiliary process is exactly the return process when h = 1
to keep in-line with RT-GARCH in discrete time. However, for h < 1, (2.9) is not exactly
a rescaled version of (2.6) since j, Rg, # 1 Vin€s;, in general. Consequently, (2.9) no longer
nests GARCH when ¢ = 0. Note that we have taken the absolute value of ,Vj, on the
RHS of (2.8) to ensure that Sy, is real-valued. Regardless of the exact specification of
Ap Ry, the process , Vi, will always converge to the same type of diffusion process since
nRx—1)n is fixed at time (k — 1)h. Since our primary interest is the diffusion limit of , Vi,
the arbitrariness in the choice of , Ry, is not a major issue.

Theorem 2.1. Let (,Skn, nVin, nRin) satisfy (2.7) - (2.10). Let ,.S; = nSkn, nVi = nVin
and nRy = pRyn with probability one for kh < t < (k+ L)h. If (,So,nVo, nRo) LN
(So, Vo, Ro) as h | 0, then (pSy,nVi,nR:) = (S, Vi, Ry) as h | 0, where ‘=’ denotes
the weak convergence and the joint process (Sy, Vi, Ry) satisfies

dS; = /[VildWy (2.16)
AV = (a+ ¢+ (8 = )V, + yRy)dt + V2pdWay, (2.17)

th = bl(‘/;g, Rt)dt + \/ bg(‘/t, Rt)(ptdWZt + A/ 1-— p%deﬂg), (218)
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P((So, Vo, Ro) € T) = vo(T') for any T € B(R?), (2.19)

where Wy 4, Way and Wi, are three independent standard Brownian motions, independent
Of (307 ‘/07 RO) and Pt = bd(‘/ta Rt)/(\/§¢ b2(‘/ta Rt))

From (2.16), V; follows an OU-type with an explanatory variable R,. Therefore, V; fails
to be positive with probability one. Consequently, we have to take the absolute value of V;
to ensure that S; is real-valued. It is not surprising that (2.17) does not nest the GARCH
diffusion as a special case since (2.9) does not nest (2.3) as a special case except when h =
1. By the Meyer-Tanaka formula (Protter, 2004), we have d|V;| = sign(V;)dV; + dLY(V;)
where L?(V}) is the local time of V; at zero. Regardless of the specification of ; Ry, the
process Vi, will always converge weakly to an OU-type process as long as the diffusion
limit exists and ¢ # 0. The diffusion process in Theorem 2.1 is difficult to interpret and
lacks compatibility with existing asset pricing theories.

To understand why the diffusion limit of RT-GARCH cannot nest GARCH as a special
case, recall that the randomness comes from ,7%, for GARCH, whereas for RT-GARCH,
T, is (conditional) deterministic. For GARCH, it is the joint process (1, Skn, ha(zk 41)n)s DOt
(nSkn, no3,), that converges weakly to (S;,02) given in (2.4) and (2.5) as h | 0.2 In fact,
since ha,fh is Fr—1n-measurable, the conditional distribution of (,Skn, hoih) degenerates
to (1Skn, 0?) for some o2 which coincides with RT-GARCH when 1) = 0. Therefore, the
diffusion limit of the joint process (5 Sk, h0(2k+1)h) is not the same as that of (;,Sks, Lo3)
since the weak convergence concerns the entire sample path. A better way to understand
this is to consider a different parameterisation of GARCH used by Corradi (2000):

AnSkn = Vo - 1yn€in, (2.20)
Apoi, =ha+h(B+v — 1)h0(2k—1)h +Vhy(e2, — 1)h0(2k—1)h' (2.21)

In this case, 0%, is Fgp-measurable and \/ﬁhagh is the conditional variance of returns at
time kh instead of (k — 1)h. The joint process (,Skn, n0s,) converges weakly to the usual
GARCH diffusion as h | 0 by proposition 2.1 of Corradi (2000). However, RT-GARCH
does not nest this specification of GARCH as a special case even when h = 1 since A4S,

in (2.20) is scaled by 10,1 not 10y.

3 Specifications for the auxiliary process

We next consider some specifications for the auxiliary process , Ry, using the approach
of Duan (1997). Recall the auxiliary system of a GARCH(p, ¢) process given in (51) of
Duan (1997), ®;.1 = A+ (B + C})¢; + Dy, and the corresponding rescaled GARCH(p, q)

2To be more rigorous, for GARCH, it is the joint process (1St, hof) where Sk, = S and ha(zk+1)h =
no? with probability one for kh <t < (k + 1)h that converges weakly to (S;,0?) as h | 0.



process given in (53) of Duan (1997),
Ap® s 1yn = h(A+EDy,) + (A(B+ECh, — I) + VA(Ch — EC1)) @i + Vh(Dyp, — EDyp,),

where [ is the identity matrix. For example, a GARCH(1,2) process is given by

P | _ +< B e n Y€l 0 ) on 7
bie? 0 0 e 0 ¢t_16?_1

where ¢; = o2. The rescaled GARCH(1, 2) is then given by
) [ h@kh ]
h¢(k71)h€%k_1)h

Using this approach, we can treat RT-GARCH similar to a GARCH(1, 2) process since
ri_y is Fi_1-measurable in both models. Let @/, = (V;, R;), AT = («,0), C = 045,

«

0

B4+m—1 7
1 -1

Ah¢(k+1)h] e
Apdrnery 0

+(n

Vh lmeih ~1) 0

2
€y — 1 0

Vet

2
V;tet

B v
00

B= and D; =

?

then the corresponding rescaled RT-GARCH is given by

-1
a+ ih B Y
EnVinenp | Fik—1)n] 0 -1

U~ 1) } |

ApVin
ApRyp,

Vi_
_ hV(k—1)h

hRk—1)n
(3.1)

+Vh

WVin€en — ElnVinern | Fr—1)n]

It is easy to check that (3.1) becomes (1.1) upon setting h = 1 and k = ¢.

Theorem 3.1. Let (,Skn, nVin, nRen) satisfy (2.7) — (2.8) and (3.1). Let 1Sy = nSkn,
wWVi = WVin and Ry = , Ry, with probability one for kh <t < (k+1)h. If (S0, »Vo, nRo) LN
(S0, Vo, Ro) as h | 0, then (oS¢ nVi,nRe) = (S, Vi, Ry) as h | 0 and the joint process
(Sy, Vi, Ry) satisfies

dSy = \/|VildWy (3:2)
aVi = (a+ 9 + (B — 1)V, +vRy)dt + V2pdWay, (3.3)
dRy = (Vi — Ry)dt + V2V;dWay, (3.4)
P((So, Vo, Ro) € T) = vy(T') for any T € B(R?), (3.5)

where Wiy and Wy, are two independent standard Brownian motions, independent of

(S()a ‘/07 RO)

Corradi (2000) shows that there exists an alternative approximation scheme which
leads to a degenerate diffusion limit for GARCH. Specifically, Nelson (1990) and Duan
(1997) scale the stochastic parts of the approximating process by Vh. If we scale the
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stochastic parts by h instead of v/h, we end up with a degenerate diffusion limit.> We
next show that this approximation scheme also leads to a degenerate diffusion limit for
RT-GARCH. Moreover, we show that the volatility is positive with probability one for
both the approximating process and diffusion limit under this scheme.

Let the joint process (Skn, nVin, nRin) be given by

AnSkhn = VI b Vinern, (3.6)
ALV, —1 Vi 2
Vi | el o, B V| RVeon| Ly Yern ’ (3.7)
ApRgp 0 0 1| |hRux-1)n W Vih€r,

with initial points given in (2.7). It is easy to check that (3.7) becomes (1.1) upon setting
h =1 and k = t. Moreover, both , V., and ;, Ry, are positive almost surely. As a result,
we do not need to take the absolute value of ,Vj;, on the RHS of (3.6).

Theorem 3.2. Let (,Skn, nVin, nRen) satisfy (2.7) and (3.6) — (3.7). Let ,Sy = nSkn,
WV = 1Vin and Ry = Ry, with probability one for kh <t < (k-+1)h. If (S0, Vo, n Ro) LN
(S0, Vo, Ro) as h | 0, then (,Sy, Vi, nRe) = (S, Vi, Ry) as h | 0 and the joint process
(Si, Vi, Ry) satisfies

dS; = \/VidW,; (3.8)
dVy = (@ + ¢ + (8 — 1)Vi +vRy)dt, (3.9)
dR; = (V; — Ry)dt, (3.10)
P((So, Vo, Ro) € T') = vo(T') for any T' € B(R?), (3.11)

where Wy is a standard Brownian motions, independent of (So, Vo, Ro).

In appendix B, we show that Breitung and Hafner’s (2016) model converges weakly
to the same diffusion limit as the E-GARCH model without leverage effect. Therefore,
Breitung and Hafner’s (2016) model has a more theoretically appealing diffusion limit
compared to RT-GARCH but at the expense that volatility forecasts are not available for
their model. In contrast, the stochastic heteroskedastic autoregressive volatility (SHARV)
model of Ding (2021) retains all the advantages of RT-GARCH while having the same
diffusion limit as (GJR-)GARCH. As a result, this paper provides additional theoretical
justifications for the preference of SHARV over RT-GARCH.

4 Conclusion

In this paper, we have derived the diffusion limit of RT-GARCH. In doing so, we have
answered the question where RT-GARCH stands in between GARCH and SV models.

3Tn this case, the law of large number applies to the stochastic part, instead of the functional central
limit theorem.



The diffusion limit of RT-GARCH is not well-defined unless we introduce an auxiliary
process and consequently, it does not nest GARCH. Moreover, the diffusion limit of RT-
GARCH lacks compatibility with existing asset pricing theories and the volatility fails to
be positive with probability one unless it comes from a degenerate diffusion. Therefore,
it is hard to justify RT-GARCH as the true data generating process. We suggest that the
SHARV model can serve as the remedy for the issues with RT-GARCH. We point out
that since RT-GARCH follows an ARMA(1, 1) process, it would be useful to establish the
weak convergence of an ARMA(1,1) to a continuous time analogue. In this way, we no

longer need to introduce an auxiliary process to state RT-GARCH in a Markov system.

A  Proofs

Throughout this section we assume kh <t < (k+ 1)h for each 0 < h < 1 unless specified

otherwise.

Proof of Theorem 2.1. The joint process (,Skn, nVin, nRin) is Markov. Therefore, to prove
Theorem 2.1, it suffices to verify Assumptions 1-4 of Nelson (1990). Assumption 3 of the
convergence in distribution of initial points is already assumed in the theorem.

To verify Assumption 1, note that \/W—kh| ern 18 an odd function of €. It then follows
immediately that \/WEM is an MDS. Therefore,

b 2™ "E[ARS (k41)0 | Fin) = 0. (A1)
%m "EIAWVsonFin] = a+ 9+ (B— 1)V +9R, (A.2)

and the limit of A 'E[A; Rz 1)n| Frn) is given in (2.10). Denote WVin = ha+ )+ h(B —
DpVin + by - n Ry, = O(h). since €3, > 0 with probability one,

El|nViesvnl €y 1yl Finl = B Vi + 1 Vin) €y + VAU €liin — €ty || Fenl.

By the triangular inequality,

Vi + nVi| = VAVE(l €l i1y = €Grpnl] < EllaVirnnleGsyn Finl
< |nVih + nVin| + VRYE[l€ls1yn — il

Therefore,
: —1 2 I 2 _
i B E[(AnS e 1)) "1 Fin] = WO B[l Vi 1yl €Gaynl Frnd = V] (A.3)
For Vi,
hmh "El(ARVier1yn) 1 Frn] = hrn (20 + h(a +¢)* + h(B — 1)%, Vi3, + hy*n RY),

+ 2h(o + ) (B = DpVin + 2h(a+ )y - p R, + 2hy(B = 1) Vi, - nRin) = 247



The limit of A 'E[(AnRt1)n)?|Fen) is given in (2.10). Finally,

E[AWV e )hAnS s 1ynl Finl = (0Vin — VRO)E[/ 0 Viks1n €1y Finl

+ \/EME[\/ ‘hv(k+1)h‘6:(3k+l)h‘fkh]'

Since \/|nVinley;, are odd functions of €, for all odd i, they are all MDS and therefore,

b W EIAR Ve 1)n AnS k10l Firn] = 0. (A.5)

The limits of A 'E[A, Vigr1)n An Rt 1yn| Fen) and A E[AL Sy 1n Ap Rik1)n|Fin] are given
in (2.11) and (2.12). (A.3) - (A.5) and (2.10) - (2.12) imply the following instantaneous co-
variance matrix of a(S, V, R) which is given in (2.15). Taking the Cholesky decomposition
of a(S,V, R), we obtain the following diffusion matrix of (S, Vi, Ry):

VIVl 0 0
0 V29 0 ;
0 pVba(V,R) /(1= p?)ba(V, R)

where p = b3(V. R)/(V2¢1/b2(V, R)).

It is straightforward though tedious to check that the limits of the conditional fourth

moments of Ay Sk, and AV, per unit time are zero. Together with (2.13), Assumptions
1 and 2 of Nelson (1990) are verified.

Finally, the distributional uniqueness of the weak solution to (2.16) - (2.19) is satisfied
by the assumptions on the coefficient matrix a(S,V, R) and b(S,V, R). Assumption 4 of
Nelson (1990) is thus verified. O

Proof of Theorem 3.1. We need only to update the limits of the first two conditional
moments of Ay R(;41), per unit time as well as its cross moment with the increments of

the other two state variables per unit time. First note that
E[hWk+1)h€%k+1)h|fkh] = thh-l-Q\/Ew—l-h(a—l—%ﬁ-l—(ﬁ—l)hvkh-l-’)/-thh) = thh-l-O(\/E). (A.6)

Therefore,
15?3 W E[ARR G110 Frn] =V — R (A7)

Similarly it is easy but tedious to show that
E[h‘/(i+1)h€?k+1)h|fkh] =3,V + O(Vh).
Therefore,

b h ™ E[(AnR k1))’ | Fin] = bim (E[hV(iH)hG?kH)thh] — Vi + O(\/ﬁ))
(A.8)

_ 2 _ o2
_%%(2 WVE + O(VR)) = 2v2,
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For the cross moments, first note that

1}5101 W EIALR (4 1) AR S (e 1)l Firn] = 1}%1 ((thh — nBen)E[ARS oy 1)n | Frn]

+ E[\/1a V10 0 Vik+1)n€ s 10 Fin] — nVinEly/ \h‘/(k+1)h\€(k+1)h\fkh]) =0,

using (A.1), (A.6) and the fact that the last two terms in the second equality of (A.9) are

odd functions of €11y, and therefore, are MDS. It is easy to show that

(A.9)

B[V 1)n€ 10| Fin) = 3+ wVin + O(Vh). (A.10)
Therefore,

1}5101 W EIARR (1 1) A0 Vi 1)n | Frn) = 1]5101 <¢(E[hv(k+1)h€?k+1)h|fkh] (A1)

— E[bVika )€tk 1yl Fin + O(h)] = 200V,
using (A.6) and (A.10).
(A.8), (A.9), (A.11) together with (A.3) - (A.5) imply the following instantaneous

covariance matrix

V| 0 0
0 202 22V |, (A.12)
0 29V 2V?

Taking the Cholesky decomposition of (A.12), we obtain the following diffusion matrix,

VIV 00
0 V2 0. (A.13)
0 V2V 0

(A.13) together with (A.7) imply (3.4).

It is straightforward to check that the limits of the conditional fourth moments of
ApRyy,. Finally, the existence and uniqueness of strong solution to the diffusion system
(3.2) - (3.5) follows exactly the argument of Theorem 3 of Duan’s (1997). Theorem 3.1
then follows. ]

Proof of Theorem 3.2. It suffices to update the first two conditional moments of Ay V(j41)s
and Ay, R(;41)n as well as their cross moments per unit time under the new approximation
scheme. (A.2) is still valid. Since

E[hv(k+1)h€%k+1)h|-7:kh] = WVin + h(3Y + (8 — 1)aVin + 7 - nRin) = 2Vin + O(h),
(A.7) also holds. For the conditional second moments,

Hmh ™ E[(ARVir1)n) 21 Frn] = lim (20p% + h(a + 1) + h(B — 1)%, Vi3, + hy*n Ry,
o o (A.14)
+ 2h(a +¥)(8 = 1)aVin + 2h(a + )y - nRikn + 20y(8 — 1) Vin - nRyn) = 0.
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and

Jimn h ™ E[(An Rk 1)’ | Fin] = bimn <hE[hV(i+1)h€?k+1)h|fkh] +h- Ry,

(A.15)
— QhE[hV(kJrl)hf%k+1)h‘fkh]thh> = 0.
Finally, for the cross moments,
lim hil]El:Ah/R(kJrl)hAh]S(kJrl)h|‘Fkh}:| = lim ( - E[AhS(kJrl)hLFkh]thh
0 Mo (A.16)
+ VhE[/ !hV(k+1)h\hV(k+1)h€?k+1)h|fkh]) =0,
and
1}5101 W EIARR (4 1) AR Vi 1) | Fin] = 0. (A.17)
Theorem 3.2 then follows immediately. O
B Diffusion limit of Breitung and Hafner (2016)
Breitung and Hafner’s (2016) model (without leverage effect) is given by
re = St — Si—1 = 0iéy, (B.1)
logo? = a+ Blogo? | + ¢z, (B.2)

where & are i.i.d.(0,1) and z; = log&? — Elog &?. Compared to RT-GARCH and SHARV,
Breitung and Hafner’s (2016) model does not give an analytical expression for the condi-
tional variance of returns since exp (¢ log &?) # ff ¢ unless ¢ is an integer. Consequently,
volatility forecasts are not available for their model.* Therefore, (B.1) - (B.2) is less ap-
pealing than RT-GARCH and SHARV from an empirical point of view. As Breitung and
Hafner (2016) point out, the main purpose of (B.1) - (B.2) is for volatility nowcasting.
Unlike RT-GARCH, their model does not nest E-GARCH as a special case. Define the
rescaled joint process (;Skn,log,0%;,) as follows,

1Sen = nSu—1yn + Vhnornen, (B.3)
log oz, = log ho'(2k71)h + ho+ h(B —1)log hU(Qk—l)h + Vhozpn, (B.4)

where &, ~ N(0,1). It is straightforward to check (B.3) - (B.4) become (B.1) - (B.2) by
setting h = 1 and k = ¢t. Moreover, log &Z, follow the log-chi square distribution defined
in Pav (2015) with one degree of freedom. The first moment is given by log2 + ¢(1/2),
where ¢(-) is the digamma function, i.e., the derivative of the log gamma function. The

cumulant generating function of log¢ is given by

K(n) =nlog2+logl'(1/2 +n) —logI'(1/2), (B.5)

41f we restrict ¢ = 1, then E[exp(¢log¢?)] = 1. However, empirical estimates of Breitung and Hafner
(2016) suggest ¢ is much smaller than 1.
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where I'(+) is the gamma function.
Define C' = ¢E[log&?,]. Using the fact that ,ry, is an MDS (Breitung and Hafner,
2016) and zx;, has zero mean,

1]5%1 W E[ARS (et 1)n | Fien] = 0, (B.6)
lion b BA log 04 14| Fin] = o + (5 = 1) log?, (B.7)

The limits of the second moments per unit time are given by

lim h_lE[(AhS(k+1)h)2’fkh] = lim { exp (log ho-l?;h + h(Oé + (B - 1) log ho']%h) - \/EC)

h10 hl0 (B.8)
) E[exp(\/f»@ log §(Qk+1)h)§(2k+1)h’fkh] }

Expanding exp(v/h¢log §(2k+1)h) inside the expectation on the RHS of (B.8) and using the

fact E[| log™ £?]] < oo for all integer n > 0,5 we have by Cauchy—Schwarz inequality,

E[|¢*log" €[] < \/E&'E[log™ ] < oo.

Therefore, (B.8) becomes

1}58 h " E[(AnS(etayn) 1 Fkn] = o°. (B.9)
Similarly,
lim b~ 'E[(Alog ha(ZkH)h)Q\fkh} = lﬁl& {h(a2 + (8 —1)*log? hopy,) + ¢2Ez(2k+1)h

h10
+ \/5(2(1(5 —1)log ha,%h + 2Rz 1) (B.10)

+2(8 — 1)glog nofyExsil) | = 6B

where Ez? can be calculated from the cumulant generating function (B.5) and is finite.

Finally, the limit of the cross moment per unit time is given by
lim h™'E[(A(10g h0 71 195) (6 ter1)n) | Fin] = SE[RO (k1) nE 1) 108 1y [ Fkn]

o (B.11)

+ 1,518 Vh(a+ (8 = 1)10g n07,)Elno et 1)nE s 1)n Frenl-

Since ,Sk—1)n — nSkr is an MDS, the second term on the RHS of (B.11) is zero. For the
first term, note ,o(k41)nE(k+1)n lOg §(2k+1)h is an odd function of a symmetric around zero
random variable {(11),. Therefore, it is also an MDS and (B.11) equals zero.

It is easy to verify the fourth moments per unit time go to zero as h | 0. Therefore,
if (1,50, log no2) = (So,log o), then the joint process (,Skn, log noi,) converges weakly to
a diffusion process which satisfies

dSt = UtdWI,ta (B12)

®This is evident from the cumulant generating function (B.5) since the digamma function is infinitely
differentiable and the m-th derivative is the polygamma function of order m.
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dlogo} = (a+ (8 —1)logo})dt + ¢pVEz2dWay, (B.13)

where W, ; and Wy, are two independent Brownian motions. The distributional unique-
ness is satisfied upon noting (B.12) - (B.13) are equivalent to (3.18) - (3.19) of Nelson
(1990), the diffusion limit of E-GARCH and ¢vEz? < oc.
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