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Marius Leonhardt

Plectic arithmetic of Hilbert modular varieties

Abstract

We introduce plectic Galois actions on the set of CM points, on the set of con-
nected components, and on the set of cocharacters of Shimura varieties that differ
in the centre from the Hilbert modular variety. By allowing the centre to vary, we
extend the plectic framework of Nekovai—Scholl to include such Shimura varieties,
thereby also bridging the gap to earlier work of Nekovar. Our main result is that
the map that sends a point on the Shimura variety to its connected component is
equivariant under the plectic action.

To achieve this, we define a generalisation of the plectic Taniyama element, de-
scribe the points of the Shimura varieties in question in terms of abelian varieties
with extra structure, and orient ourselves by the main theorem of complex multi-
plication over the rationals to define the plectic action on CM points. Moreover, we
use a description of the set of connected components as a zero-dimensional Shimura

variety and then employ class field theoretic techniques to prove the main result.
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Introduction

...schon eine Idee ausdenken, durchdenken, bis in die letzte Weiterung
durchrechnen und kombinieren, das ist eine Freude, auf die ich gar nicht
mehr gerechnet habe.

— Stefan Zweig, Rausch der Verwandlung|

1.1 Background and framework

Fix a totally real number field F' and denote its degree by r = [F' : Q]. The main
objects of study in this thesis are variants of the Hilbert modular variety associ-
ated to F. These variants are certain Shimura varieties whose points parametrise
r-dimensional abelian varieties with real multiplication by F' equipped with a polar-
isation and a level structure. Of special focus will be those points corresponding to
abelian varieties with complex multiplication (CM), so let us start with a summary
of CM theory.

1.1.1 Galois conjugates of CM abelian varieties

A complex elliptic curve Ay has CM if its endomorphism algebra is an imaginary
quadratic number field Kj. The most powerful result in the theory of CM elliptic
curves is the Main Theorem of Complex Multiplication. It describes the Galois
conjugates of torsion points of Ay in terms of the class field theory of Kj. See
[Sil94, Ch. II] for a modern account and [Sch98] for a historical perspective. As
an application, the Main Theorem implies “Kroneckers Jugendtraum” — an explicit
construction of the maximal abelian extension of Kj using the torsion points of A.

The first higher-dimensional analogue of CM theory was established by Shimura
and Taniyama [ST61L [Shi71]. They study abelian varieties A whose endomorphism

!Fischer Taschenbuch Verlag, 21st edition, July 2014, p. 290, 1. 13-15.



1.1. BACKGROUND AND FRAMEWORK 1. INTRODUCTION

algebra is a CM field K such that A induces a fixed CM type ® on K. The Main
Theorem in this context gives a very similar description of Galois conjugates of
torsion points of A, with two main modifications: First of all, the theorem only
gives information about conjugation by Galois elements that fix the reflex field £ of
the pair (K, ®). And secondly, the class-field-theoretic behaviour is now governed
by the reflex norm

Ng: Agjf — A%f.

This result turned out to be extremely powerful. For example, it allowed Deligne
[Del71] to define the notion of canonical models for Shimura varieties. The problem
of extending the Main Theorem to conjugation by arbitrary Galois elements, not
only those fixing the reflex field, was addressed by Tate [Tatl6]. He defined an

extension of the reflex norm called the half transfer
Fp:Tg — I

and conjectured (and proved “up to signs”) that the formula describing Galois con-
jugates of CM abelian varieties in the Main Theorem over the reflex field should
remain valid for conjugation by arbitrary Galois elements if one replaces the reflex
norm by the half transfer. Deligne [Del82] completed Tate’s proof and the result
is now known as the Main Theorem of CM over Q. It is intricately related to the
Taniyama group [Lan79, MS82b|, CM motives [Sch94l [Far06], and to conjugation of
Shimura varieties [MS82al.

As an application, the Main Theorem of CM over Q yields an explicit formula
for the Galois action on the CM points of the PEL Hilbert modular variety in terms
of the half transfer.

1.1.2 Plectic conjecture

The plectic Galois group is the semidirect product S, x I of the symmetric group
S, acting on r-tuples of elements of I'x by permuting the coordinates. Choosing
representatives s; for the right I'p-cosets in I'g, so that I'g = | |, ..., s:{I'r, we get
an embedding o

ps: Lo = S, xI'p, v (0, (hi)i<i<r)

determined by
V8i = Sg@iyhi, 1< <.

The embedding ps depends on the choice of the s;; however, there are choice-free
versions of the plectic group S, x I'l, and of the embedding py, see e.g. (4.1.3).

Nekoval |[Nek09] noticed that Tate’s half transfer admits a natural extension to

10



1. INTRODUCTION 1.2. MOTIVATION AND MAIN RESULTS

a plectic half transfer
Fp: S, x T — T3P,

This allowed him to define an action of a certain large subgroup (S, x I'}.)g of S, x I'%
on the CM points of the PEL Hilbert modular variety. By the formula mentioned at
the end of Section[1.1.1] this action of (S, xI'})o extends the action of I'g. Moreover,
Blake [Blal6] used the plectic half transfer to define a plectic Taniyama group.

Inspired by [Nek09], Nekovar and Scholl [NS16] formulated the plectic conjecture.
It predicts that Shimura varieties associated to groups of the form Rp,oH, for H
a reductive group over F', carry functorial and canonical extra structures. These
so-called plectic structures should conjecturally exist on the level of motives. The
prototypical example is the (non-PEL) Hilbert modular variety, which is associated
to Rp/g GLy. In this case, the motives in question are given by abelian varieties
with real multiplication and level structure.

For general H, [NS16] also outlines how the plectic structures should manifest
themselves in various realisations, defines a plectic analogue of the reflex field called
the plectic reflex Galois group, and sketches arithmetic applications e.g. to Stark’s
conjectures and Beilinson’s conjectures. For example, on the étale cohomology
groups of Shimura varieties, a plectic structure is simply an action of the plectic
group extending the Galois action. In a different direction, [NS17| defines plec-
tic mixed Hodge structures and shows that the singular cohomology of the Hilbert

modular variety carries a canonical plectic mixed Hodge structure.

1.2 Motivation and main results

There is a subtle, but fundamental difference between the setups of [Nek09] and
INS16]. Namely [Nek09] considers the PEL Hilbert modular variety Sh(G, h"U(—bh)")
whose underlying group G is not of the form RpgH for any group H. Instead,
G is related to the group Rp/g GLy, which underlies the Hilbert modular variety
Sh(Rp/p GLa, (C\ R)"), by the Cartesian diagram

G —— RF/Q GLQ

l lRF/Q(det) (1.2.0.1)

Gm — RF/QGm.

This situation motivates the following questions: Is there a way of extending the
plectic framework of [NSI6| to include Shimura varieties whose underlying groups
are not necessarily of the form Rp/qH? Is there a common reason for the phenomena

in [Nek09] and [NS16| that explains why it was necessary to restrict to the subgroup

11



1.2. MOTIVATION AND MAIN RESULTS 1. INTRODUCTION

(Sy x I'k)o € S, x I' in [Nek09]? As a concrete example, we want to be able to
define a plectic reflex Galois group for the PEL Hilbert modular variety in analogy
to [NS16], and to define an action of the plectic group S, x I'i; on the CM points of
the non-PEL Hilbert modular variety in analogy to [Nek(9].

In this thesis, we address these questions for groups G’ that differ only in the
centre from a restriction of scalars Rp/gH. Here we say that G’ differs only in the

centre from G := RpjoH if G’ embeds into GG; and the diagram

G —— G4
ld o (1.2.0.2)

C’%Cl

is Cartesian, where d and d; are the canonical maps d: G' — ¢ := G'/(G")%" and
di: Gy — C) = Gl/G‘fer. We will see in that this condition implies that G’
and G, have the same adjoint and derived groups, but different centres, justifying
the terminology.

For example, in the case of the Hilbert modular variety, the groups that differ
only in the centre from Rp/g GLy are in bijection with algebraic tori R over Q with
R C Rp/gGy,. We denote the group corresponding to R by G*; it fits into the

Cartesian diagram
GR — RF/Q GL2

l lRF/@(det) (1.2.0.3)

R — RpjgGo.

For technical reasons, we restrict to R with G,,, C R. For each such R, we define a
subset X C (C\R)" such that (G%?, X*) is a Shimura datum. We think of the family
of Shimura varieties Sh(G%, X ), where R ranges over tori with G,,, C R C Ry/gGpn,
as interpolating between the Hilbert modular case (R = Rp/gG,,) and the PEL
Hilbert modular case (R = G,,). We therefore call the Shimura varieties Sh(G%, X )
variants of the Hilbert modular variety.

Our main results are as follows: For each R, we define three plectic groups
(S, x T &, (S, x TH)E and (S, x T%)E together with actions of

o

(A) (S, x T7)E ; on the set Sh(G®, X )\ of CM points of Sh(G, XF),
(B) (S, xT';)E on the set mo(Sh(GF, X)) of connected components of Sh(G#, X ),

(C) (S, x I'n)E on the set X,(GT) of cocharacters of G*.

More precisely, the groups (S, x I')&, and (S, x T'%)E are subgroups of S, x I'%..

R

o is also a subgroup of S, x I, but we

For many choices of R, the group (S, x I'})

do not know if this is true in general, see (5.2.7]).

12



1. INTRODUCTION 1.2. MOTIVATION AND MAIN RESULTS

For [(A)] we need two ingredients: The first ingredient is a description of the points
of Sh(G, X %) in terms of abelian varieties with real multiplication by F equipped
with an R(Q)-class of a polarisation and a level structure, see (4.4.5). The second

ingredient is a class-field-theoretic preimage (the plectic Taniyama element)
for Sy x TG — Af /K>

of the plectic half transfer Fy, see (£.3.6). The group (S, x )&, is then precisely
defined, in (4.4.11)), in such a way that the formula for the Galois action on the
CM points of Sh(G®, X) extends to (S, x I'%)E; when Tate’s half transfer Fp is
replaced by the plectic Taniyama element fg, see (1.4.13).

For we take advantage of the description of mo(Sh(GT, X)) as a zero-
dimensional Shimura variety, see and . We then use the class-field-
theoretic description of the Galois action on 7y(Sh(G%, X)) to define the
group (S, x T'p)E and its action on mo(Sh(G", X ™)) in (5.2.6).

Although the groups and actions in and are defined in different ways, we
are able to prove the following theorem, which is Theorem ({5.2.10) and can be seen

as the main result of this thesis.

1.2.1 Theorem. Let G,, C R C Rp/oG,, be an intermediate algebraic torus defined
R

T’

over Q. Then (S, x I'.)& canonically embeds into (S, x I'n)E and the mo-map

restricted to CM points
mo: Sh(G®, X®)om — mo(Sh(GH, X))

is (S, x T) &\ -equivariant.

Finally, requires purely group-theoretic considerations: The full plectic group
S, x I'; acts naturally on the cocharacters of Rp g GLy and by the Cartesian diagram
the cocharacters of G® form a subgroup of the cocharacters of Rp/g GLo.
We thus define (S, x I'.)E as the stabiliser of this subgroup under the action of
S, x ', see (6.2.4). It is then straightforward to define the plectic reflex Galois
group of (GF, X %), see (6.2.6).

To conclude, the group actions in [(A)| [(B)|and |(C)| all extend the natural action

of the Galois group I'p. Thus they can be viewed as instances of plectic structures in
the sense of [NS16] for the groups G*, which differ only in the centre from Ry /g GLs.
In the case R = G,, the action is precisely the one discovered in [Nek09), and
INS16] dealt with for R = Rp/gGy,. In this sense, this thesis both generalises
and interpolates between |[Nek09| and [NS16].

13



1.3. CHAPTER OVERVIEW 1. INTRODUCTION

1.3 Chapter overview

Chapters [2] and [3] are a review of CM theory as outlined in Section and serve
a twofold purpose: In these chapters we introduce the necessary notation, which is
quite extensive, and present the results of CM theory in a form most amenable to
generalisation. We often only sketch proofs or give references. We invite readers who
are familiar with CM theory and the theory of Shimura varieties to skim through
these chapters, or to directly start with Chapter

In Chapter [2| we review the theory of complex multiplication over the reflex
field. We start by introducing CM fields, CM types, the reflex norm, and CM
abelian varieties. We then state the Main Theorem of Complex Multiplication over
the reflex field in two versions, Theorem and Theorem (2.4.10). We finish
Chapter 2| with an application to the canonical model of the PEL Shimura variety
parametrising polarised CM abelian varieties.

Section [3.1] recalls the definition of Tate’s half transfer Fp: [% — I'%® and states
the Main Theorem of CM over Q again in two versions, Theorem and The-
orem (3.1.5). In Section we interpret the points of the PEL Hilbert modular
variety Sh(G,h" U (=h)") in terms of abelian varieties equipped with real multipli-
cation, polarisation and level structure. By applying the Main Theorem over QQ, we
obtain an explicit formula for the I'g-action on the CM points of Sh(G, " LI (—h)").

Sections and summarise the results of [Nek(9]. Here we introduce the
plectic Galois group S, x I';. and discuss several of its manifestations. We also recall
Nekovai’s plectic half transfer and the action of the subgroup (.S, x I'})p on the CM
points of the PEL Hilbert modular variety.

The stage is now set for the results announced in Section Section extends
the definition of Nekovar’s plectic Taniyama element to the entire plectic group.
The main ingredients are a suitable section yp of the reciprocity homomorphism
re: Af o/ FZy — T% together with diagram from class field theory. Section
introduces the variants Sh(G, X*#) of the Hilbert modular variety and proves
a moduli description (4.4.5) in terms of abelian varieties. Then it defines the sub-
group (S, x T%)&,; of S, x T and an action of this subgroup on the CM points of
Sh(G®, X*) in (4.4.13)), extending the natural action of I'g.

Chapter [f]is devoted to the study of 7o (Sh(GF, X #)), the set of connected compo-
nents of the Shimura variety Sh(G, X). We start by recalling the description of the
set of connected components of an arbitrary Shimura variety as a zero-dimensional
Shimura variety and then apply it to Sh(G, X¥). We then use a general formula to
describe the Galois action of T'g on mo(Sh(GT, X®)) in terms of a certain reciprocity
morphism, see (5.2.4). This allows us to define the plectic group (S, x I')E and an
action of this group on 7o(Sh(G*, X#)) in (5.2.6), extending the action of I'g. We

14



1. INTRODUCTION 1.3. CHAPTER OVERVIEW

then prove Theorem (1.2.1)) in (5.2.9) and (5.2.10).

Section is an appendix and contains a discussion of cohomological conditions

on the torus R that imply that (S, x F})fo is a subgroup of the plectic group S, x I'f..
Among those conditions is the vanishing of the Shafarevich—Tate group II(R) of
R, see . Examples of tori whose Shafarevich-Tate group vanishes include
R =Gy, and R = Rp/gGy,.

Section [6.1| reviews the plectic Galois action of S, x I'}, on the set of cocharacters
X.(Rp/gH) of the group Rr/gH. In Section we first define the plectic group
(S, x I')E and an action of this group on X,(G%) in (6.2.4) using the Cartesian
diagram ((1.2.0.3), and then define the plectic reflex Galois group of (G¥, X%) in
(6.2.6). We finish with a discussion of general properties of groups that differ
only in the centre from a group of the form Rp/gH, and generalise the results of

this chapter to such groups.
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1.4 Notation and conventions

For an algebraic number field k, we write A (resp. Ay f) for the adeles (resp. finite
adeles) of k and A} (resp. A ;) for the ideles (resp. finite ideles) of k. When k = Q,
we often write A for Ag etc. Moreover, k2, denotes the subgroup of k* consisting
of all elements that are positive under every real embedding of k. We write I'y for
the absolute Galois group of k and T'#" for its abelianisation. For notation regarding
class field theory, see (2.4.1)). We also write ¥ = Hom(k, Q) = I'g/T), for the set of
embeddings of k into Q, where Q denotes an algebraic closure of Q.

To avoid notational difficulties, we will usually view all occuring number fields
as embedded into Q and Q as embedded into C. We will use the letter ¢ to denote
complex conjugation, both as an element of Aut(C), of I'g or F%b, or of Galois groups
of CM fields. We will also occasionally use z for the complex conjugate of z.

From Section onwards, we fix a totally real number field F' and write X for
Y. We denote by Sy the symmetric group of the finite set ¥. Since we usually
denote elements of Sy, by o, we will use x for elements of 3.

Algebraic groups will usually be defined over Q. For an algebraic group H over a
number field £k, we write Ry /qH for the Weil restriction of scalars. It is the algebraic

group over Q whose A-points, for any Q-algebra A, are given by
(RijoH)(A) = H(A®q k).

To shorten notation, we will occasionally denote the torus Ry /oG, by T}, where G,,
denotes the multiplicative group. For a torus 7', we denote its character group by
X*(T) and its cocharacter group by X.(T"). We often write R for an algebraic torus
over Q with G,, C R C Rp/gG,,. For more notation on algebraic groups, see e.g.
(6.2.8]).

If k£ is a number field, V' is a k-vector space and A is a (Q-algebra, we sometimes
write V(A) for V ®¢ A.

Labels to paragraphs, theorems, examples, etc. consist of three numbers, the first
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1. INTRODUCTION 1.4. NOTATION AND CONVENTIONS

two of them indicating the chapter and section in which the paragraph can be found.
Labels for equations consist of four numbers, and labels for items in lists of three
numbers and a lower case letter. In both cases, the first three numbers indicate
the paragraph in which the equation or list can be found. When cross-referencing,
except for chapters and sections we will always put the label in parentheses, and we
will often simply write “” when refering to Theorem (|1.2.1]).
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2

Main Theorem of Complex

Multiplication over the reflex field

In this chapter, we summarise the theory of complex multiplication over the reflex
field. The main goals are to introduce notation for CM fields, CM types, and po-
larised abelian varieties, and to provide the background to state the Main Theorem
of CM over the reflex field. The Main Theorem is the starting point of both the the-
ory of Shimura varieties and the study of Galois conjugates of CM abelian varieties,
and both will play a major role in this thesis.

In Section we start by defining CM fields and CM types. We then associate
a reflex field E and a reflex type to a CM type ® of a CM field K, and use them to
define the reflex norm Ng: E* — K*. Finally, using the Serre group we find that
Ng extends to a morphism of algebraic tori Rg/oG,, = Rr/qGn.

In Section we introduce complex abelian varieties as polarisable complex tori
and explain how to think of polarisations in terms of Riemann forms. We then define
rational Hodge structures and state the equivalence of categories between
the category of abelian varieties up to isogeny and the category of polarisable rational
Hodge structures.

In Section we take a closer look at abelian varieties A with complex multipli-
cation by a CM field K. By definition, this means A is equipped with an embedding

i: K < End(A) ®7 Q.

We define the CM type ® of K associated to (A,i), and then describe polarised
CM abelian varieties (A,,1) of type ® by associating to (A,,1) a lattice a C K
and a totally imaginary element t € K>, see . We call (K, ®;a,t) the type of
(4,1, ).

Section is devoted to the Main Theorem over the reflex field. We start with

a quick summary of results from class field theory, which we will use throughout
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2.1. CM FIELDS 2. MAIN THEOREM OF CM

this thesis. We then state the Main Theorem in two versions: For a polarised CM
abelian variety (A,i,v) of type (K, ®;a,t), Theorem ({2.4.7) describes the type of
the conjugate of (A,i,1) under an automorphism of C fixing the reflex field E of

(K, ®) in terms of the finite adelic points of the reflex norm
Nq,: AEJ — A;{,f

Moreover, Theorem (2.4.7)) also describes the conjugates of the torsion points of A
in terms of the reflex norm, and Theorem (2.4.10) rephrases this result in terms of
Tate modules.

In Section [2.5] we introduce the PEL Shimura variety Sh(T, {he}) associated to a
pair (K, ®). The points of the zero-dimensional variety Sh(7’, {he}) are in bijection
with isomorphism classes of abelian varieties with CM of type (K, ®) equipped with
polarisation and level structure. We then explain how the Main Theorem over the
reflex field can be used to get a canonical model of Sh(7, {hs}).

With small exceptions, the contents of this chapter can be found in [Shi71|, which
is based on [ST61], and in [Mil07], see also [Lan83|. For this reason, proofs are kept
short and often sketchy. For details about the Serre group, we also use [Blalj,
[Sch94] and [MS82h]. In Section 2.2 we follow [SD74] and [BL04|, and for the

background on Shimura varieties we use |[Del71] and [Mil17].

2.1 CM fields and the reflex norm

2.1.1 (CM fields). A CM field is a totally imaginary quadratic extension K of a
totally real field. We will usually denote this totally real field by F' and its degree
by r = [F : Q], so that [K : Q] = 2r.

It is useful to also state the equivalent definition [Shi71l Prop. 5.11]: A number
field K is a CM field if and only if it has a non-trivial automorphism ¢ that acts as
complex conjugation under every embedding ¢ € Y := Hom(K,C), i.e. poc=7p

where () denotes complex conjugation on C. Namely, one chooses ¢ to be the
non-trivial element of Gal(K/F). We will often simply denote ¢ by (-).
Note that the Galois closure over Q of a CM field is again a CM field, and similarly

the composite of two CM fields is a CM field too.

2.1.2 (CM types). Let K be a CM field. A CM type ® of K is a subset & C Y =
Hom(K, C) containing precisely one embedding from each complex conjugate pair,
i.e.

Yg=oUQ.

The pair (K, ®) is called a CM pair.

20



2. MAIN THEOREM OF CM 2.1. CM FIELDS

If K C L are CM fields and ® is a CM type of K, then &, := {p € ¥1: p|x € P}
is a CM type of L. We say that & is induced from (K, ®). If a CM type ® of a
CM field K is not induced from any proper CM subfield of K, we call ® (or the
pair (K, ®)) primitive. Note that in this way every CM type of K is induced by a
unique primitive CM pair (Ko, o) with Ky C K, see [Mil06, Prop. 1.9].

2.1.3 (Reflex field and reflex type). Let (K, ®) be a CM pair. To (K, ®), we can
associate the reflex field E = E(K, ®), which will play a crucial role in the following
considerations. It is the subfield E of C given by

Aut(C/FE) := {1 € Aut(C) | 7® = d}.
More explicitly, it is given by
E =Q(Tre(x) | z € K),

where Tre(z) 1= >~ 4 p(2).

Note that the reflex field F is by definition a subfield of C, and is itself a CM
field because complex conjugation on C induces the required automorphism on F.
Moreover, the reflex field E comes equipped with a CM type ®*, called the reflex
type. 1t is defined as follows:

Let L be the Galois closure of K over Q and let G = Gal(L/Q). Fix an embedding
L c C, inducing an identification G = ¥;. We view E as a subfield of L, so we

have a diagram of fields

L
H
H* K
G
E
N
Q.

It is then not hard to see [Shi7ll p. 125-126] that
¢l ={peG:yplx €}

is a CM type of L and is induced from a CM type ®* of E. The pair (F, ®*) is
called the reflex pair of (K, ®).

Sketch of proof. Let us write H := Gal(L/K), H* := Gal(L/FE), and identify Yx =
G/H and ¥ = G/H*. Observe that H* ={g € G | g®, = ¢ }.
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Let us write ® = {¢p1H, ..., ¢, H} C ¥x = G/H, so that &, = UI_,p;H. Using
that complex conjugation gives an element ¢ in the centre of G, one sees that &'

is a CM type of L and consists of right cosets for H*, i.e.
ot =| |uH (2.1.3.1)
j=1

for some 1; € G. This means that ®,' is induced from ®* := {4y, H*, ... 1, H*} C
Y g, and one can show that ®* is indeed a CM type of F. O

However, it is worth pointing out that ®* depends on the embedding K C C
induced from the chosen embedding L C C.

2.1.4 Example. Let us give a few concrete examples of CM types. Let K be a
cyclic CM field of degree 6 and write G = Gal(K/Q) = (g). For a concrete example,
one may take K = Q((7). To avoid confusion, let us embed K into C via id = ¢°
and identify > with G. The maximal totally real subfield F' of K is the fixed field
of g = c. Let us denote by Kj the subfield of K fixed by the subgroup H = (g?).
Then K is an imaginary quadratic field.

Since K has degree 6, it has precisely 23 = 8 different CM types: two of them are
induced from the subfield Ky and the remaining six are primitive. For example the
CM type @y = {¢°|k,} C Tk, = G/H of Ky induces the CM type ® = {¢°, ¢*, ¢*} of
K. On the other hand, the CM type ¥ = {¢°, ¢*, g*} of K is primitive. To calculate
their reflex types, we see that &= = {¢", g%, ¢°} = id H, so ®* = ®,. Moreover,
Ut ={¢ ¢", 9"} = 0.

We observe that the reflex pair is always primitive, and repeating this calculation
we see that the “double reflex” of a CM type is equal to its primitive subpair. These
two facts actually hold in complete generality, i. e. for any CM pair (K, ®), see [ST61,
p. 71]. For more examples, see [ST61, 8.4

2.1.5 (Reflex norm). Let (K, ®) be a CM pair and F its reflex field. Fix an embed-
ding K C C and let ®* be the associated reflex type of E. The reflex norm is the

group homomorphism

This is well-defined: Using the notation of (2.1.3), note that if o € H and ¢ €
O =11_ Hp; ', then oy € ®;'. So o induces a permutation of ®;'. By (2.1.3.1)
o induces a permutation of {t1,..., ¥}, say ©¥; = ¥i.), determined by ov; €
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Ui(o,jH*. For x € E* we then conclude that
oNg(z) = HU%(W) = H%(a,j)(l") = Ng(z).
j=1 j=1

Hence Ng(z) is fixed by all 0 € H, i.e. Ng(z) € K*.

Moreover, one can show that the reflex norm is independent of the choice of
embedding K C C: Calling this embedding ¢: K — «(K), with +(K) C C, we see
that ®* depends on ¢, hence the reflex norm Ng: E* — +(K*) depends on ¢ (in the
calculation above, we suppressed ¢ from notation). In order to get a map E* — K*
we need to post-compose the reflex norm Ng with ¢!, and one can check that this

composition is independent of the choice of ¢.

We will need the reflex norm also as a map between the (finite) ideles of £ and

K, so we remark here that the group homomorphism Ng extends to a morphism
Ng: RE/@Gm — RK/QGm

of algebraic tori over Q. The details can be found in (2.1.8)) below, but first we need

some background about algebraic tori and the Serre group.

2.1.6 (Restriction of scalars of G,,). For any number field M, we write 1), for the
algebraic torus Ry;qGy,. It is defined over Q and its character and cocharacter
groups can be identified with Z[3,,] as I'g-modules. We write (co-)characters as
> oes,, Molo] with n, € Z. Here [0'] denotes either the character
o): (M eQ* = ][] @ —Q",
oEY N

(tU)JGZM — ta’a

or the cocharacter

where the ¢ is in the entry corresponding to ¢’. It will always be clear from context
whether [0] denotes a character or a cocharacter.
The action of v € I'g on [o] € X*(Th) or [o] € X.(Tw) is given by
vi [o] = [yo ],
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The canonical perfect pairing

() X*(Tw) x Xu(Tvy) = Z, (f,g) :=deg(fog),

where the degree of the morphism G,, — G,,, t — t", is defined to be n, translates

Z[Sy] X Z[Ey] — Z, < > molo], Y ng[a}> =) ngm,.

TEX M TEX M TEX M

to

2.1.7 (Serre group). Let E C C be a CM field. The Serre group S at level F is

the algebraic torus over Q whose character group is given by

X*(8F) = { Z nelo]

oeXE

Ne + Ng = Ny +ng for all 0,0’ € EE} C X*(Tkg).

The equivalence of categories [PR94, Thm 2.1| between algebraic tori and their
character groups implies that S” is a quotient of T, so there is a canonical map

Ty — SE. Moreover, its cocharacter group is given by
X.(8F) = Xu(Tp)/ X*(SP)*,

where X*(SF)t = {u € X.(Tg) | {x,u) =0 for all x € X*(SF)}.
The fixed embedding £ C C, which we will temporarily denote by ¢, determines

a cocharacter p? := [1] + X*(SF)* of S¥. On characters, this corresponds to

(1) X5(8F) = X*(Gp) =Z, Y nglo] > n,.

oEX R

From this it is not hard to see that p is defined over F and that its weight —(c+1)u”
is defined over Q, where c € I'p denotes complex conjugation.

In fact, the pair (S, u¥) satisfies the following universal property [Mil81] start
of §4|: For every pair (T, i) consisting of a Q-algebraic torus T' and a cocharacter
p of T defined over E such that —(c + 1)u is defined over Q, there exists a unique

morphism p,: S — T defined over Q such that the following diagram commutes:

2.1.8 (Reflex norm as a morphism of algebraic groups). Let (K, ®) be a CM pair
with reflex pair (E,®*) as in (2.1.5). There we constructed the reflex norm as a

group homomorphism Ng: E* — K>, which we will now upgrade to a morphims
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of algebraic tori over Q.

Note that the CM type @ determines a cocharacter po 1= > 4[¢] € Xu(Tk).
By definition of the reflex field E, the cocharacter ug is defined over F, and its
weight —(c+1)ue = >~ o5, [¢] is defined over Q. By the universal property of the

Serre group, there exists a unique morphism pg: S¥ — Tk defined over Q such that

G,, —— SF

m lpq) (2.1.8.1)

Tk

commutes.

Composing pe with the canonical map Tx — S” gives the desired morphism
Ng: Tg —>SE pi)TK,

which we will temporarily denote by N} to avoid confusion.
We claim that Ny, agrees, on Q-points, with the reflex norm Ng defined in (2.1.5).

Proof of claim. Looking at the morphisms in the commutative diagram ([2.1.8.1]) on

the level of characters, one sees that

ph: X*(Tx) — X*(S¥), Z nelo] — (an> [t] + (other terms),

O’GZK ced

where ¢ denotes the fixed embedding £ C C.

Using that pg is defined over QQ, one can determine p} completely as

Po: X' (Tx) — X*(SF). [o]r— D ma(o)l7]

with

1, if 7=~"1o for some v € 'y such that yoo € @,
m, (o) =
0, otherwise.

Note that (N})* is given by the same formula, using X*(S¥) C X*(Tg). This

enables us to write down N} explicitly on Q-points (in terms of the m,(0)).
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We want to prove that the following diagram commutes

(B0 Q)% —2 (K 99 Q)"

J J

E~ — K.

Using the above formula for N} (in terms of the m,(¢)) and combining it with
the notation of ([2.1.3), this reduces to proving that for each o € X,

{reXp|oerd} =5d",

where & € G denotes a lift of 0 € ¥x = G/H. To show this, also denote a lift of
T € ¥ to G by 7. Then

{reXpg|loerd}={TH €Xg|oeTd}
={TH " €¢Xp|oel_Tp;H}
={TH" € Sp | 7 € 6(UiL Hoy ') = o (7L HY)}

=od",
so we are done. In the penultimate step, we used (2.1.3.1)). O

2.2 Abelian varieties

2.2.1 (Complex abelian varieties). Let A be an abelian variety defined over C, of
dimension ¢ = dim A. By Riemann’s classification of abelian varieties over C, see
e.g. [Mil08, Prop. 1.2.1], there exists a lattice A in a g-dimensional C-vector space
V' and an isomorphism A(C) = V/A of complex Lie groups, which we will call a
uniformization of A.

More intrinsically, one can define V' to be the tangent space of A at the origin.
In this setting, A can be defined to be A := H,(A,Z).

Conversely, let V' be a finite dimensional complex vector space and A a lattice in
V. Then [Mum70, §3, Cor. on p. 35| the complex torus V/A admits the structure
of an abelian variety if and only if it is polarisable.

Here, a polarisation on V/A is defined to be an isogeny between V/A and its
dual complex torus that is associated to an ample line bundle on V/A. We call V/A

polarisable if it admits a polarisation.

2.2.2 (Polarisations and Riemann forms). Let V' be a finite dimensional complex
vector space and A a lattice in V. Because we are working over the complex numbers,

the Theorem of Appell-Humbert [Mum70, §2, p. 20| implies that polarisations on
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V/A are in bijection with positive definite Hermitian Riemann forms on V with

respect to A. Such forms are maps H: V x V — C satisfying

e H is Hermitian, i.e. H is C-linear in the first variable and satisfies H (v, w) =
H(w,v) for all v,w e V.

e H is positive definite, i.e. H(v,v) > 0 for all v € V' \ {0}.
o Im H is Z-valued on A x A.

It is not difficult (compare [Mum70, §2, Lemma on p. 19]) to express these prop-

erties only in terms of the imaginary part E of H, namely

o [J: VxV — Ris an R-bilinear alternating form satisfying E(iv,iw) = E(v, w)
for all v,w € V.

e The form (z,y) — E(ix,y) is positive definite.
e F is Z-valued on A x A.

Such forms E are called Riemann forms on V with respect to A. Because AQ;R =V,
it is enough to know E on A (or on A ®7 Q). In this thesis, we will often simply call
E (or E|xxa) a polarisation of V/A.

2.2.3 (Endomorphisms of abelian varieties). Let A be an abelian variety over C of
dimension g, and let A = V/A be a uniformization of A. Then the endomorphisms

of A are given by
End(A) = {¥ € Endc(V): W(A) C A}

This shows that the endomorphism ring End(A) has two natural representations:

(a) The complex representation is given by the action of End(A) on the complex

vector space V' of dimension g.

(b) The rational representation is given by the action of End(A) on the free Z-
module A = Hy(A,Z) of rank 2g, or (which is essentially the same) as the
action of Endg(A) := End(A) ®z Q on the 2g-dimensional Q-vector space
Hi(A,Q). This action is faithful.

These representations are related by the Hodge decomposition

Hi(A,Q) ®C2VaV, (2.2.3.1)

where V denotes a copy of the vector space V on which End(A) acts by the complex
conjugate of the action on V, i.e. if P is the matrix of ¥ € End(A) acting on V with
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respect to some basis, then W acts on V by P (with respect to the same basis). The
proof of this relation is an explicit calculation using ‘nice’ bases, see [SD74, Lem.
39].

Before moving on to CM abelian varieties, it will be useful to connect the theory
of abelian varieties over C to the theory of rational Hodge structures. We follow

IMil17, §2], but restrict ourselves to the necessary minimum.

2.2.4 ((Rational) Hodge structures). A (real) Hodge structure is a finite dimensional

real vector space V' together with a Hodge decomposition

VarC= v

P,qEL

where VP4 are complex subspaces of VV ®g C such that V7 is the complex conjugate
of V&P, The set of (p, q) € Z* with VP9 #£ ( is called the type of the Hodge structure.
The condition V?¢ = Ve implies that, for each n € Z, the (complex) subspace
@p+q:n VP4 is stable under complex conjugation. Hence there is a real subspace V,
of V' such that V,, ®g C = @p+q:n VP4 We call V,, the weight space of weight n.
A Z-Hodge structure is a free Z-module A of finite rank together with a Hodge
decomposition of A ®zC such that the weight spaces are defined over Q. Similarly, a
Q-Hodge structure is a finite dimensional Q-vector space M together with a Hodge
decomposition of M ®g C such that the weight spaces are defined over Q.

2.2.5 (Hodge structures and representations of the Deligne torus). Giving a Hodge
structure on a finite dimensional real vector space V is equivalent to giving a rep-
resentation h: S — GL(V) of the Deligne torus S := Rc¢/rG,,, which is an al-
gebraic torus over R. The dictionary between these two points of view is to let
(21,22) € S(C) = C* x C* act on VP by multiplication by 2725 7.

Associated to a Hodge structure h: S — GL(V') we also have a cocharacter py, of
GL(V)¢ given by

pn: G — GL(V ®@r C),  pp(z) := he(z, 1),

and this cocharacter determines h.
For example, a Hodge structure of type {(—1,0),(0,—1)} on a real vector space
V' is the same as a complex structure J on V, i.e. an endomorphims J € End(V)

such that J?2 = —1. Namely, if i denotes the associated representation of S, then
J = h(i).

2.2.6 (Polarisations of Hodge structures). Let (M,h) be a Q-Hodge structure of
weight n. A polarisation of (M, h) is a Q-bilinear form ¢: M x M — Q satisfying
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o Y(h(2)v,h(z)w) = (2Z) "p(v,w) for all v,w € M ®g R, z € C*, and

e the pairing (v, w) — (v, h(i)w) is positive definite (on M ®g R x M ®@qg R).
We call (M, h) polarisable if it admits a polarisation. Similarly, one defines polari-
sations for Z-Hodge structures and real Hodge structures.

For example, if (M, h) has type (—1,0), (0, —1) (i.e. weight —1), then a polarisa-
tion of (M, h) is a bilinear form ¢ : M x M — Q satisfying

e 1 is alternating and ¢ (h(i)v, h(i)w) = ¢ (v, w) for all v,w € M ®¢g R, and
o (v,w)+— Y(v,h(i)w) is positive definite.

The connection to abelian varieties is given by the following theorem, see [Mil1'7,
Thm 6.8]:

2.2.7 Theorem (Abelian varieties and Hodge structures). The category of abelian
varieties over C is equivalent to the category of polarisable Z-Hodge structures of
type {(—1,0), (0, —1)} wvia the functor

Ar— Hl(A,Z)

2.2.8 Remark. If the abelian variety A is given as V/A, then H(V/A,Z) = A.
The Hodge decomposition equips A with a Z-Hodge structure of type
{(=1,0),(0,—1)}, namely, V = V=10 and V = V%L, We mentioned in (2.2.1)
that A admits a polarisation, which we described in terms of Riemann forms in
(2.2.2). The Riemann form E (restricted to A x A) is then precisely a polarisation
of the Z-Hodge structure A.

2.2.9 (Isogeny category). For large parts of this thesis, we will work in the category
of abelian varieties up to isogeny. Its objects are abelian varieties, but the morphisms

between A; and A, in this isogeny category are given by
HOII]Q(Al, Ag) = HOIIl(Al, AQ) X7 @

Sometimes, elements of Hom (A, Ay) ®7 Q are called quasi-isogenies, because some
integer multiple of a quasi-isogeny is an actual isogeny.

Working in this category has the effect that isogenies are viewed as isomorphisms.
The equivalence of categories (2.2.7) implies:

2.2.10 Theorem. The category of abelian varieties over C up to isogeny is equiv-
alent to the category of polarisable Q-Hodge structures of type {(—1,0),(0,—1)} via
the functor

Ar— Hi(A Q).

We will denote the Q-Hodge structure on Hy1(A,Q) by ha: S — GL(H;(A,R)).

29



2.3. CM ABELIAN VARIETIES 2. MAIN THEOREM OF CM

2.3 Abelian varieties with complex multiplication

Going back to endomorphisms of abelian varieties, using the ideas of one can
classify the possible division algebras Endg(A) := End(A) ®z Q for simple A, see
[SD74, Thm. 43]. In this thesis, we are interested in abelian varieties with complex
multiplication, which in some sense are those abelian varieties whose endomorphism
algebra has largest possible centre. Namely, by [ST61, Prop. 1, p. 39|, any commu-
tative semi-simple subalgebra B of Endg(A) satisfies dimg B < 2 dim A.

2.3.1 (Abelian varieties with complex multiplication). We say an abelian variety
A over C of dimension g has complex multiplication (CM) by a CM field K if [K :

Q] = 2¢g and we are given an embedding
i: K — Endg(A).
A few remarks:

(2.3.1.a) An abelian variety A can have CM by several CM fields. Therefore, we include
the homomorphism ¢: K — Endg(A) as part of the data and say that (A, 1)
has CM by K, or that A has CM by K via i.

(2.3.1.b) If Ais simple, then Endg(A) is a division algebra. One can then show that if
,1) has v K wit simple, then 7 1s an 1Isomorphism. In this case,
A,i) has CM by K with A simple, then i i i hi In thi K

is determined up to isomorphism.

(2.3.1.c) Some authors allow K to be a CM algebra instead of a CM field. A CM
algebra is a finite product of CM fields. Most of the theory can be worked out
for CM algebras instead of CM fields, but for the purpose of this thesis we
will always restrict to the case where K is a field. This is not too restrictive
because if A has CM by a CM algebra, then it is isogeneous to a product of
abelian varieties, each of which has CM by a CM field.

2.3.2 (CM type determined by A). Let us assume that (A,i: K < Endg(A)) has
CM by K. Then the 2g-dimensional Q-vector space H;(A,Q) carries a faithful
representation of Endg(A) and hence by K. So we can view H;(A,Q) as a one-
dimensional vector space over K, and simply write H(A,Q) = K.

On the other hand, K also acts, via ¢ and the complex representation of Endg(A),
on the tangent space V' of A at the origin. The vector space V is g-dimensional over
C, and diagonalising the K-action we get an isomorphism of complex vector spaces
with K-actions

v=c, =C?,

ped
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for a subset ® C ¥ = Hom(K, C) with g elements (repetitions allowed), where C,,
denotes a one-dimensional complex vector space on which K acts via ¢.

It remains to show that & is a CM type of K. This follows from the Hodge
decomposition : We have isomorphisms of complex vector spaces with K-
actions

VoV 2H(AQ®eyC2KryC= P C,.
PEXK
But the left hand side is isomorphic to @w@ C,® 69%5 C,, thus ® is a CM type
of K.
We say that (A,1) is of type (K, D).

2.3.3 Remark. Let (A7) be a CM abelian variety of type (K, ®). Asin (2.3.2)), we
can view Hi(A,Q) as a one-dimensional K-vector space, and the tangent space V'
of A at the origin is isomorphic to C®, which is equipped with CM by K by letting
x € K act as multiplication by ®(z) = (¢()),co € C?.

Under the equivalence of categories , the abelian variety A hence corre-
sponds to the Q-Hodge structure (K, hg), where hg encodes the isomorphism

K®QRgC¢.

In other words, the endomorphism he(i) of K ®g R is equal to the pullback of
multiplication by (i,...,i) € C* under this isomorphism.

The CM pair (K, ®) determines the Q-Hodge structure (K, hg), so we conclude
that the isogeny class of a CM abelian variety (A, ) is determined by its type (K, ®).
Put differently, there is a bijection between CM types of K and isogeny classes of
abelian varieties with CM by K.

We have seen that (A,i) determines the pair (K, ®), and that in turn (K, ®)
determines the isogeny class of (A,i). In order to get a finer classification, we also

need to take polarisations into account. We follow the exposition in [Mil07, p. 5,
before Prop. 1.3].

2.3.4 (Compatible polarisations). Let (A,7: K — Endg(A)) be a CM abelian va-
riety of type (K, ®). We call (the Riemann form of) a polarisation ¢: Hy(A, Q) x
Hi(A,Q) — Q (K-)compatible (with i) if its Rosati involution stabilises i(K) and
induces complex conjugation on it. This means that ¥ (i(a)v, w) = (v, i(c(a))w)
for all v,w € Hi(A,Q) and a € K.

We can describe compatible polarisations more explicitly as follows: As in (2.3.2)
we can view H;(A, Q) as a 1-dimensional vector space over K. Call a basis element
e. Then by [Shi71l (5.5.13)] there exists a unique element ¢t € K such that

P(x-ey-e) = Ex,y) = Trgg(tec(y)), forall z,y € K.
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The conditions of (2.2.2) (or (2.2.6)) on the polarisation 1 translate to

(2.3.4.a) t being totally imaginary (because v is alternating), and
(2.3.4.b) Imp(t) > 0 for all p € @ (because (x,y) — ¥ (ix,y) is positive definite).

2.3.5 (Polarised CM abelian varieties). Let us classify triples (A, ,1) consisting of
a CM abelian variety (A, ) of type (K, ®) as in (2.3.2)) and a compatible polarisation
b

To analyse this situation, let ©: C* /A — A be a uniformization. Choose a K-
basis element e of H;(A, Q). This determines a latticea C K bya:={z € K |x-e €
A}, and allows us to identify A C C® with ®(a), where we write ®: K — C? for
the map = — (¢(2))pca-

Together with the discussion in (2.3.4)), this shows that the choice of e determines
a quadruple (K, ®;a,t), which we will also call the type of (A,i,1) relative to the
uniformization ©.

A different choice of basis element for H;(A, Q) has the form ¢’ = a™'e for some
a € K*, resulting in changing a to o’ =aaand t to t' = L (and © to ©' = O o0a™ ',
where a=1: C*/®(aa) — C?/®(a) denotes the map induced from multiplication by
®(a~') on C?).

To summarise: The type (K, ®;a,t) as above determines the triple (A, ,%) up to
isomorphism. Here an isomorphism of triples (A,i,) is an isomorphism of abelian
varieties respecting the complex multiplication ¢ and the polarisation . Conversely,
a triple (A,1,1) determines the type (K, ®;a,t) up to simultaneously changing a to
aa and ¢ to £, for some a € K*.

Finally, a quadruple (K, ®;a,t), with K a CM field, & a CM type of K, a a
lattice in K and ¢t € K™ a totally imaginary element, occurs as the type of some
polarized CM abelian variety (A4,4,1) if and only if Im ¢(¢) > 0 for all p € P.

The following lemma will be very useful.

2.3.6 Lemma. Let (A,i: K — Endg(A)) be a CM abelian variety. Let F denote
the mazimal totally real subfield of K, i.e. F = K'9. Assume that ¢: H (A, Q) x
Hi(A,Q) — Q is a polarisation of A that is F-compatible, i.e. Y(i(a)v,w) =
Y(v,i(a)w) for all v,w € Hi(A,Q) and a € F.

Then v 1s also K-compatible.

Proof. To shorten notation, let V := H; (A, Q). As before, we identify V' with K
and drop ¢ from notation. Note that dimg V' = 1, hence dimpV = 2. The proof

proceeds in three steps.

e The map
Homp(V, F) — Homg(V,Q), v*+— Trp/gov”
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is an F-linear isomorphism, where Homg(V, Q) is an F-vector space via (f -
a)(v) == a(fv) for f € F, a € Homg(V,Q), and v € V.

The map is clearly F-linear and both its domain and target have dimension
2[F : Q] over Q, so it is enough to check that the map is injective. So assume
that Trp/g ov* = 0 for some v* € Homp(V, F'). Then the F-vector space im(v*) is

contained in ker(Trp/q), which has dimension [F': Q] — 1 over Q, hence v* = 0.

e Let W denote the Q-vector space of all Q-bilinear, alternating, F-compatible
forms B: V x V — Q. We make W into an F-vector space by defining
(f - B)(v,w) := B(fv,w) for f € F and B € W. Then W has dimension 1 as

an F-vector space.

Let us first look at the F-vector space U of all Q-bilinear, F-compatible (not
necessarily alternating) forms B: V x V' — Q. Writing U’ for the F-vector space of
F-bilinear forms B': V x V — F, identifying a bilinear form B on V' with the map

v — B(v,-), and using the previous step we get an F-linear isomorphism

U’ = Homz(V,Homp(V, F')) — Homp(V, Homg(V,Q)) = U
B' — TrpjgoB’.

The F-subspace W of U consists precisely of those B € U that are alternating.
Now B’ € U’ is alternating if and only if the linear map g : V. — Homp(V, F)
defined by fp/(v) := B'(v,-)+ B'(-,v) is trivial, which by the previous step happens
if and only if Trp/q ofp is trivial. But clearly Trr g ofp = Py qon/, Which by the
same argument is trivial if and only if Trp/goB’ is alternating. Thus the isomor-
phism U = U’ restricts to an isomorphism between W and the F-vector space of
F-bilinear alternating forms V x V — F, i.e. with Homg(A}V, F). Since V has

dimension 2 over F', this latter space has dimension 1 over F'.
e Note that ¢ € W. So finally we claim that any B € W is K-compatible.

Let W' denote the set of all K-compatible, Q-bilinear, alternating forms B: V x
V — Q. Then W' is an F-subspace of W, and W’ # 0 because the pairing F;, for

any totally imaginary ¢t € K, is non-trivial. But since dimp W = 1, we must have
W' =Ww. O

2.3.7 Remark (Torsion points and uniformizations). Let (A,7) be a CM abelian
variety of type (K, ®), and let ©: C*/®(a) — A be a uniformization of A, with a
a lattice in K. Since a ®; Q = K, the torsion points of A correspond under © to
O(K)/®(a). We will simply write ©: K/a — Ao, although this should really be
written as © o @, for ®: K — C?® given by ®(z) := (p())yca-
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The importance of introducing the reflex field is illustrated by the following ob-

servation:

2.3.8 (Change of CM type). Let (A,7) be a CM abelian variety of type (K, ®). Let
o € Aut(C). Then the conjugate abelian variety °A also has CM by K via

%G K Endg(A4) -~ Endg(°A).

The same calculation as in (2.3.2) shows that (°A,%) is of type (K,oc®), where
0®:={oog | p e ®}. In particular, (°’A, %) has the same type as (4, 1) if and only
if c® = @, i.e. if and only if o fixes the reflex field E(K, ®).

2.4 Main Theorem over the reflex field

We are now almost ready to state the Main Theorem of Complex Multiplication
over the reflex field. But before doing so, we need to introduce more notation, and
talk about class field theory.

2.4.1 (Class field theory). Let k be a number field. We write A} := [], k) for the
group of ideles of k and A ;= H;*OO k) for the group of finite ideles. We embed
k* diagonally into A;" and Af .

Class field theory [NSW15, Ch. 8] says that there exists a surjective, continuous

group homomorphism
arty: A /k* — Gal(k*/k) = T3

called the Artin map. We normalise it by sending uniformizers to geometric Frobe-
nius elements. Recall that the kernel of art; is the connected component of the
identity element, which is equal to the closure of k, . - k™ inside A/ /k*. Here
k50 = I1, veat RS0 X I, comprex C* 18 the identity component in k% := ], k.-

In particular, art; induces a surjective, continuous group homomorphism
. X X ab
Tk Ak:,f/k>0 — I

where k2, := k> Nk

00,>0

places of k. For example, if k is totally imaginary, e.g. when k is a CM field, then

kX, = k*. The following commutative diagram summarises the situation

denotes the elements of k* that are positive at all real

AR —— AT RS ok —— mo(Ag/kX) 2k T3P

NT - (2.4.1.1)
A /R0
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2.4.2 Example (Class field theory of Q). For the field Q, one can describe its
class field theory explicitly using roots of unity and the cyclotomic character: The
Theorem of Kronecker-Weber states that Q® is obtained by adjoining all roots of
unity to Q. Hence the Galois group Gal(Q®/Q) is canonically isomorphic to 7x,
the isomorphism being given by the cyclotomic character yey.: Gal(Q*/Q) — 7%
An element o € Gal(Q*/Q) acts on a root of unity ¢ by

7() = (X,

On the other hand, the identity component in Q% = R* is R, and in this case
RZ,-Q*/Q* is a closed subgroup of Ag /Q*. Moreover, the quotient Ag /(RZ,-Q*) is
isomorphic to ZX, the isomorphism being induced from the inclusion Z* C A@ P

Aé. The Artin map is then given explicitly by the commutative diagram

art
AF/Q* — AG/RZQ* = mo(Ag/Q*) —3 T
NT =

Ag 1/ Q% -

Xcyc

2.4.3. (Class field theory and transfer) Let k’'/k be a finite extension of number
fields. Then we have a commutative diagram [Tat67, (13), p. 197]

art/

Ak 22, Tab

T e

X X ab
Ak’ /k arty, Fk? ’

where the left vertical arrow is induced from the inclusion & C &’ and the right
vertical arrow is the transfer map Vi, : T3> — I'2), see (2.4.4). The same diagram
with “r” instead of “art” and finite ideles and totally positive elements on the left

hand side also commutes. We will very often use the particular case when k£ = Q.

2.4.4 (Transfer). Let T' be a (profinite) group and A be a (closed) finite index
subgroup. Denote (the closure of) the commutator subgroup of I by [I',T'], and the
abelianisation of T by I'** := T'/[I", T']. The transfer map

Vi — A®

is defined as follows: For x € T'/A| let s, € T" be a representative of the right A-coset
z, so that I' = | | s,A. For any v € I, we have vs, = s,,6 for some § € A, i.e.
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52752 € A. So we can define

V(’Y) = H (S;;’ysx ’ [A7A]) S Aab‘
zel'/A

One checks that V' is a (continuous) group homomorphism, hence factors through
[P and is independent of the chosen system of representatives (s, ).
If ¥'/k is a finite extension of number fields, then 'y is a finite index subgroup

of I';, and we denote the resulting transfer map by Vi .

2.4.5 (“Idele times lattice”). Let K be a number field and a C K a lattice. For a
prime number p, let K, := K ®q Q, and a, := a ®z Z,, a Z,-lattice in K,. For an
idele x = (z,), € A% (or a finite idele, since the co-component will not play a role
here), define its p-component to be z, := (zy)yp € [],, Ko = Kp. Then z, - a, is
also a Zj,-lattice in K.

Now |Lan83, Ch. 3.6, p. 77-78| one can find a lattice b in K such that b, = z,a,
for all prime numbers p. So we define z - a := b. For example, if a is a fractional
ideal, then we can define b := (z) - a, where (z) is the fractional ideal of K defined
by the idele .

Furthermore, using the isomorphism K/a = B, K,/a,, we can also define a
“multiplication by 2” map K/a — K/za in the following way: Let u € K and
choose v € K such that v = zyumod z,a, for all p. Define - (umod a) := vmod za.

The following commutative diagram illustrates this process:

@p Kp/a, —— @p Kp/zpa,

| G

Ky/a, ——— K,/1,0,.

We denote this map by K/a -~ K /za although it is not really a “multiplication by
7 map.
If a is a fractional ideal, one can avoid working with prime numbers p and instead

work with the prime ideals p of K. The procedure remains the same.

2.4.6 (Projective vs. inductive limit). Here is another way to think about the con-
struction in (2.4.5)): For any lattice a in K, we have a ®; Q = K. So on the one

hand, we can view K/a as the union (inductive limit) of all ta/a, and we have
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constructed a map
K/a=1i Lo /a5 tim Lea/ 2a K/xa
=lim — im —za/ ra= K/za.
o o

On the other hand, we have

Agy = <l%n %a/a) ®z Q.

For every n, the “multiplication by x” map above induces a map %a/a — %xa/wa.
For n|m, these maps are compatible in the right way, so we get an induced map

between the projective limits (also denoted by x)

(tm, ta/a)®zQ@ — (lm ira/wa)@2Q

Then the dotted arrow is precisely given by multiplication by z € AIX(’ It

We are now ready to state the Main Theorem of Complex Multiplication over
the reflex field. Up to notational differencedl] this is [Shi7I, Thm 5.15] and follows
from the results in [ST61]. For a full proof, see [Lan83, Ch. 3, Thm 6.1] or [Mil07,
Thm 3.13].

2.4.7 Theorem (Main Theorem of CM over the reflex field I). Let (A,i) be a CM
abelian variety of type (K, ®) equipped with a compatible polarisation . Let (A,i,1)
be of type (K, ®; a,t) relative to a uniformization ©: C*/®(a) — A. Furthermore,
let E be the reflex field of (K, ®), let o € Aut(C/E) and choose s € Ap, ; such that
ri(s) = ol

Then:

(2.4.7.a) The triple o(A,i,v) := (°A, %, %) is of type (K, P; fa,txc?;?(a)) relative to some
uniformization ©', where f = Na(s) € Ag ;.

(2.4.7.b) There exists a unique uniformization ©': C*/®(fa) — (°A)(C) such that the
following diagram commutes:

K/a _° . Aiors

| lﬂ

K/fa o’ 7 (UA)tors-

!Most notably, [Shi71] and [Lan83] use a different normalisation for class field theory by sending
uniformizers to arithmetic Frobenius elements. We follow the convention in [Mil07], see ([2.4.1)).
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Here the left vertical arrow is the “multiplication by f” map defined in (2.4.5)).

2.4.8 Remark. In we write °A for the conjugate abelian variety. It has
CM by K via %, see (2.3.8). The polarisation ) of “A is defined to be associated to
the o-conjugate of the line bundle determining ). For more details in the slightly
different language of divisors, see [Lan83, Ch. 3.4].

Xeye(o

Moreover, by [Mil07, Lemma 3.7| we have f?) e QZ%,, so the quadruple

(K, ®; fa, tx?—?(”)) is a type in the sense of (2.3.5)).

The Main Theorem of Complex Multiplication is a statement of the action of
o € Aut(C) fixing the reflex field on the torsion points of an abelian variety A with
CM by K. It will be useful to restate this theorem in terms of the Tate module of
A.

2.4.9 (Tate module). The (full, rational) Tate module of an abelian variety A is
defined to be

~

V(A) = <1'£1A[n}> ®z Q.

It is a free Ag, ;-module of rank 2 dim A. If A has complex multiplication by K, then
XA/(A) becomes a free Ak r-module of rank 1.

The Main Theorem now becomes [Mil07, Thm 3.10]:

2.4.10 Theorem (Main Theorem of CM over the reflex field II). Let (A,7) be an
abelian variety with CM of type (K, ®), and let E be the reflex field of (K, ®). Let
o € Aut(C/E) and let s € Af ; such that rg(s) = o|gan. Finally, let f := Na(s) €
Ak

Then there exists a unique K-linear quasi-isogeny \: A — °A such that the fol-

lowing diagram s commutative:

V() — V(4
x b (2.4.10.1)
V(°A).

Moreover, if 1 is a compatible polarisation on (A, i), then for allv,w € Hi(A, Q)

we have

P Xeye(0)
Sketch of proof that Theorems (2.4.7) and (2.4.10) are equivalent. Theorem (2.4.7)
follows from Theorem (2.4.10) by [Mil07, 3.13], but the argument can be reversed.

Namely, the isogeny A: A — °A and the uniformizations © and © are related by
A=0007"
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~

where we view O as a K-linear isomorphism of Q-Hodge structures (K, he) —
(H1(A,Q), ha) and similarly for ©'. Moreover, the commutative diagrams (2.4.7.b)

and ([2.4.10.1) are related by (2.4.6)). O

2.5 PEL Shimura variety associated to (K, P)

We will now explain how the Main Theorem over the reflex field can be used to
get a canonical model of a certain (PEL) Shimura variety associated to a CM pair
(K, ®). This is an easy case of a general phenomenon, which will come up again in
, and is included here as an illustrative example for the general case.

2.5.1 (Two Shimura data associated to (K, ®)). Let K be a CM field and & a CM
type of K. Let hg: S — GLg(K)r be the associated Q-Hodge structure, see (2.3.3).
We view Tx = Rg/gG,, as an algebraic subgroup of GLg(K): On Q-points, we
embed Tk (Q) = K* as the K-linear endomorphisms in GLg(K). By construction,
for every z € C* the map he(z) is K-linear on K ®g R, hence we may view he as
a morphism hg: S — (Tk)g of algebraic tori over R.

The pair (Tk, {he}) satisfies the axioms [Del79, (2.1.1.1-3)] because Tk is a torus,
hence (Tk,{hs}) is a Shimura datum. However, except when K/Q is imaginary
quadratic, it is not of PEL type. We modify Tk slightly in order to get a PEL
Shimura datum:

Let F' be the maximal totally real subfield of K. Define the Q-algebraic torus T’

by the Cartesian diagram
T e—— TK

l lN (2.5.1.1)

Gm —> TF,

where the map NV is the norm map, which on the level of Q-points is given by the
norm Ng,p: K* — F*, and the embedding G,,, < T on the level of Q-points is

given by the inclusion Q* — F*. In particular, this means that
T(Q) = {x € K* | Nyyr(x) € Q).

We describe all these maps on the level of cocharacters in (6.2.2)).

It is then not hard to see that the image of hg is contained in the R-torus Tg.
Then (T, {he}) is a Shimura datum of PEL type: Fix a totally imaginary element
t € K* such that Im(t) > 0 for all ¢ € ®. Then (7, {he}) is the PEL Shimura
datum (in the sense of [Del71l 4.9]) associated to the simple Q-algebra K, with
involution given by complex conjugation, acting on the Q-vector space K, which we

equip with the alternating, Q-bilinear, K-compatible form E; from ([2.3.4]).
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2.5.2 (Shimura variety associated to (7, {he})). For a compact open subgroup U C
T(Ay), we define the Shimura variety of level U to be the set

Shy (T’ {he}) := T(Q\ {ha} x T(Af)/U].

It is often more convenient to work with the projective limit over all such U,

namely we call the limit
Sh(T,{he}) := l&n Shy (T, {hs})
U

the Shimura variety associated to (T, {he}). It carries an action by T'(Ay) by mul-
tiplication on the right in the second factor. We mention the formula [Orrl8| (1),
p. 4] (which is a variant of [Del79, Prop. 2.1.10]):

Sh(T, {ha}) = T(Q)\ [{he} x T(Ay)/T(Q)| = {ha} x T(A;)/T(Q),

where T(Q) denotes the closure of 7'(Q) inside T'(Af) (in the idelic topology).

The Shimura variety Sh(T, {he}) is a pro-algebraic variety over C, i.e. the pro-
jective limit of the algebraic varieties Shy (7', {he}) over C. However, every Shimura
variety has a unique so-called canonical model, defined over its refiex field, a certain
number field. The aim of the following discussion is to describe the canonical model

for Sh(T, {he}) in terms of abelian varieties with complex multiplication.

2.5.3 (Reflex field of Sh(7',{he})). Associated to the Hodge structure hg we have
the cocharacter py, (see (2.2.5)). By definition, for z € C* it is given by

fihe (2) = multiplication by (z,...,2,1,...,1) on C* @ C®=K ®q C,

i. e. the cocharacter iy, agrees with the cocharacter p1g of Tx defined in (2.1.8)). The
description of the cocharacters of 7' in (6.2.2.4]) shows that ue can be viewed as a
cocharacter of T', too. This also means that the reflex norm constructed in (2.1.8|)
can be viewed as a morphism Ng: T — T.

By Definition (6.1.11)), the reflex field of the Shimura datum (T, {hs}) (or of
(Tk,{he})) is the field of definition of the cocharacter uge, and so is equal to the
reflex field E of the CM pair (K, ®).

2.5.4 (Canonical model of Sh(T, {he})). The canonical model of a Shimura variety
is defined to be a model over the reflex field, equipped with a (right) action of
the adelic points of the underlying group, satisfying a certain reciprocity law on its
special points. For a precise definition, see [Del71), 3.13] or [Mill7, 12.8].
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In our case, the underlying algebraic group is the torus 7', so all points are
special points and the associated Shimura variety is zero-dimensional. Moreover,
the reciprocity law is given by a morphism Tr — T (see [Mill7, (60)]) that agrees,
by its definition, with the reflex norm Ng: Ty — T.

Spelling out the definition: The canonical model of Sh(T', {hs}) is a pro-variety
M defined over E with a (right) action of T'(Ay), together with a T'(Af)-equivariant
isomorphism m: M xiy C — Sh(T,{hs}) such that for every point |[he,g] €
Sh(T,{hs}), where g € T(Ay), the point m~'([hs,g]) € M(C) is defined over E*",
and for an arbitrary o € Aut(C/FE) and an element s € Aj, ; such that rg(s) = o|ga,

we have

U[h@, g] = [hq,, gN¢<S)] (2541)

Now, a zero-dimensional pro-variety defined over any field E is the same as a
profinite set equipped with a continuous action of the absolute Galois group I'g of
E. So here we can simply define the canonical model M by declaring it to be the
profinite set Sh(7', {hs}), which we equip with a I'g-action by defining o € I'g to
act by the formula (2.5.4.1]).

2.5.5 Remark. As explained in (2.5.4), the construction of canonical models for
tori is basically tautological. simply defines the correct I'g-action. What
is less tautological is its relationship with the Main Theorem over the reflex field,
which we will explain in the remaining paragraphs of this section and which is the
reason for defining canonical models in the way they are defined.

Canonical models are defined by the property that on special points the Galois
action is equal to a certain class-field theoretic recipe (called a reciprocity map).
This reciprocity map is modelled on the reflex norm. This means that, for PEL
Shimura varieties, special points correspond to abelian varieties with complex mul-
tiplication, and so the Main Theorem over the reflex field implies, under a few tech-
nical assumptions, that the moduli variety representing the associated PEL moduli

problem defines a canonical model of the Shimura variety.

We illustrate this procedure by looking at the example of the Shimura variety
Sh(T,{hs}). It is related to abelian varieties with complex multiplication of type
(K, ®) by Theorem below, which can be found in [Del71], 4.11], specialised to
the particular choice of PEL data in (2.5.1)). For a proof and an explicit description
of the bijection, one can use the same strategy as in the proof of (4.4.5)).

For the remainder of this section, we fix, as in (2.5.1]), a totally imaginary element
t € K* such that Imp(t) > 0 for all ¢ € ®. Temporarily, we write V' = K and
Y: V xV — Q for the bilinear form E; defined in (2.3.4), and we write V(Ay) for
V®gAr =Agy.
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2.5.6 Theorem ((7,{he}) and CM abelian varieties). The coset space

T@QN\ [{he} x T(Af)]

is in bijection with the set of isomorphism classes of quadruples (A,i,Q*s,n), con-

sisting of

o (A i) a CM abelian variety of type (K, D),

e s a K-compatible polarisation of A, and

o n: V(A — ‘7(A) an isomorphism of A, j-modules sending Az to ATs,
satisfying the condition

(2.5.6.a) There exists a K-linear isomorphism a: (H1(A,Q),hs) — (V,ha) of Q-
Hodge structures that sends Q*s to Q*1.

Moreover, if we let g € T(Ay) act on such a quadruple (A,i,Q*s,n) by sending
it to (A,1,Q*s,nog), then this bijection is equivariant for the T'(Af)-actions.

2.5.7 Remarks. A few comments about the notation in the above theorem are

necessary.

(2.5.7.a) We view Q*s as the set of all bilinear forms {¢s | ¢ € Q} on H;(A, Q) (and sim-
ilarly for Q*4). Note that not every element of the set Q*s is a polarisation,
since for negative ¢ the pairing (v, w) — gs(v, ha(i)w) is negative definite, so

the last condition of ({2.2.6] fails.

The condition on 71 sending A;zﬂ to A?s then translates to: There exists an
element ¢ € A} such that s(n(v),n(w)) = q(v,w) for all v,w € V(Ay).
Similarly for the last condition on a in (2.5.6.al).

(2.5.7.b) An isomorphism of quadruples (4,7, Q%s,n) — (A,i',Q*s",7) is a quasi-
isogeny f: A — A’ such that

e f sends Q*s to Q*¢,
e f is K-compatible (with respect to i and ¢'), and

e fsendsnton, ie fon=n.

Note that the T'(Af)-action on quadruples induces a well-defined action on the

set of isomorphism classes of such quadruples.

Theorem ({2.5.6) immediately implies the following interpretation of the points of
the Shimura variety Shy (T, {he}), see [Del7ll, 4.11]:
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2.5.8 Corollary (Complex points of Sh(7',{he})). For any compact open subgroup
U C T(Ay), the points of the Shimura variety

Shy (T’ {he})(C) = T(Q)\ [{ha} x T(Ay)/U]

are in bijection with isomorphism classes of quadruples (A,i,Q*s,nU) satisfying
the conditions of Theorem , where nU denotes a (right) U-coset of isomor-
phisms V(A;) — 17(/4) and isomorphisms between such quadruples are defined
as in , with the last condition replaced by the analogous equality of (right)
U-cosets (f on)U =n'U.

Similarly, in the projective limit we get a bijection between

Sh(T', {ha})(C) = T(Q)\ |{he} x T(As)/T(Q)

and isomorphism classes of quadruples (A,i,Q*s,nT(Q)).

We use this interpretation of the complex points of Sh(7', {he}) in terms of CM
abelian varieties to define another profinite set and equip it with the structure of a

pro-variety over E:

2.5.9 (Moduli variety). Let M™ be the set of isomorphism classes of quadruples

(A,4,Q*s,nT(Q)), consisting of
e (A,i) a CM abelian variety of type (K, ®) defined over Q,
e s a K-compatible polarisation of A, also defined ove Q, and
o 1: V(A;) == V(A) an Ag s-module-isomorphism sending AZy to Afs,

satisfying the condition

~

(2.5.9.a) There exists a K-linear isomorphism a: (H1(A,Q),ha) — (V,he) of Q-
Hodge structures that sends Q*s to Q*.

Note that the only difference to the set in Corollary is that (A, 1, s) is defined
over Q, which enables us to conjugate (A,4,s) by an element of I'y. In fact, any
(polarised) complex abelian variety with CM is isomorphic to a (polarised) CM
abelian variety defined over some number field, see [STG1, Prop. 26, p. 109], so
indeed M™ is equal to the set in ([2.5.8)).

We endow M ™ with the profinite topology as M™ is equal to the projective limit,
over all compact open subgroups U C T'(Ay), of sets M;" defined in the same way

2This means that the line bundle associated to s is defined over Q, see (2.2.2).
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with (right) U-cosets of 7 instead of T'(Q)-cosets. We let o € I'g act on an element
[4,1,Q5, 7T(Q)] of M* by

o[A,i,Q*s,nT(Q)] := ["A,%,Q* (%), (¢ o n)T(Q)],

where A denotes the conjugate abelian variety, % and %s are defined as in ,
and the action on the level structure 7 is given by composition with the induced
map on Tate modules o: V(A) — V(°A).

It is not hard to check that this gives a well-defined continuous action of I'y on
the set M ™, hence gives M the structure of a zero-dimensional pro-variety over E.
We call M* the moduli variety (associated to T', he and ).

Combining this with the Main Theorem of Complex Multiplication over the reflex
field, in the version (2.4.10)), yields the following theorem, see [Del71l 4.19 & 4.20]:

2.5.10 Theorem. The moduli variety M+ defines a canonical model of the Shimura
variety Sh(T, {hs}).

Proof. First of all, Corollary (£2.5.8)) shows that M™ indeed defines a model of
Sh(T,{hs}) over the reflex field E.

Secondly, let [A,i,Q*s,nT(Q)] be a point of M*, and let v € Aut(C/FE) and
u € Aj, such that rp(u) = ¥|gs. Let A\t A — 74 be the quasi-isogeny in the
statement of the Main Theorem over the reflex field (2.4.10). Then

von=AoNg(u)on=Aono Ne(u),

where the first equality is the commutative diagram (2.4.10.1)), and the second equal-
ity holds because 7 is Ag s-linear. Together with the statement about the polarisa-

tion in (2.4.10]), we see that X\ defines an isomorphism of quadruples
(4,1,Q%s,n o No(u)) — ("4,%,Q* (%), 7 o n).

We conclude that

YA, 1,Q*s,nT(Q)] = [A,i,Q*s, (n o No(uw))T(Q)],

which by (2.5.4.1)) precisely says that M7 is a canonical model for Sh(7T,{he}). O
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(Galois conjugates of CM abelian

varieties

Let (K, ®) be a CM pair. In this chapter we generalise the Main Theorem of CM
over the reflex field to the Main Theorem of CM over Q. The former gives only
information about conjugates of CM abelian varieties by Galois elements fixing the
reflex field E of (K, ®), whereas the latter allows arbitrary Galois elements. The
key idea is to replace the reflex norm Ng: Aj , — Ag . by the Taniyama element
fo:To = Ak /K>,

Section starts by defining Tate’s half transfer

Fp:Tg—T%

associated to a CM pair (K,®). For v € Ig, the Taniyama element fg(y) €
Aj ¢/K* is then a suitably normalised class-field-theoretic preimage of Fy(7). Us-
ing class field theory, we can think of the Taniyama element as extending the reflex
norm. We then state the Main Theorem of CM over QQ in two version: Theorem
describes Galois conjugates of torsion points of CM abelian varieties, and
Theorem describes the same effect on the level of Tate modules.

Fix a totally real number field /. In Section we introduce the PEL Hilbert
modular variety Sh(G, X) associated to F. In we interpret the points of
Sh(G, X) as isomorphism classes of abelian varieties with real multiplication by F
equipped with polarisation and level structure, and describe the canonical model
of Sh(G, X)) over Q. Finally, in (3.2.9) we apply the Main Theorem of CM over Q
to get an explicit formula describing the Galois action of I'g on the CM points of
Sh(G, X)) in terms of the Taniyama element. This formula is extremely useful when
generalising this action to an action of the plectic Galois group in Chapter [4]

The results of Section can be found in |[Mil07, §4|, which is based on the
observations in [Tatl16], see also [Lan83, Ch. 7]. In Section [3.2f we apply the general

45



3.1. MAIN THEOREM OVER Q 3. CONJUGATES OF CM AVS

theory of Shimura varieties, see [Mill7] and [Del71], to the specific example of the
PEL Hilbert modular variety.

3.1 Main Theorem over QQ

3.1.1 (Tate’s half transfer). Let K C Q be a CM field and ® be a CM type of K.
Identify Y5 = Hom(K, Q) with I'g/T' k. For each p € Y, choose a representative
w, € I'g of the corresponding coset in I'g/I'x in such a way that for all p € X we
have

Wep = CWp,

where ¢ € I'g denotes complex conjugation.

The choice of w, gives a partition I'g = U,cs, w,['k, so for any v € I'g, we have
yw, = wy,h for some h € I'k. In other words, w;plva € 'k, so we may define
Tate’s half transfer by

Fg:Tg — %

Y II @7U¢
ped

Kab *

These maps have the following properties, which can be checked easily:

(3.1.1.a) [Mil07, Lem. 4.4] F5(7) is independent of the choice of the set-theoretic section
w: Yg = Tg, p—=w, tol'g - Ig/Tx = k.

(3.1.1.b) |[Mil07, Lem. 4.5] Fp(7) is independent of the choice of embedding of K into
Q.

(3.1.1.c) From the definition of the transfer map Viq: I8 — T4 in one imme-
diately sees that

Fo(v) - Fea(y) = H (w§jvw¢)

PEXK

Kab = VK/Q(V)

That is why Fg is called a “half-transfer”.

(3.1.1.d) |[Nek09, (1.4.1.3)] For v,~" € I'y we have the “cocycle relation”
Fo(vY) = Fya(y)Fo (7).

We are aiming for a description of the effect of conjugation by v € I'p on the
torsion points of a CM abelian variety. Under a uniformization, the torsion points
will be given by K/a as in (2.3.7)), and the effect of v on torsion points will again
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be expressed by multiplication by a certain idele f € Af ;. This idele is (a lift of)
the Taniyama element — a particular preimage, under the Artin map, of Tate’s half
transfer. Here we follow the ideas of [Tat16, Prop.-Def.|.

3.1.2 (Taniyama element). Let (K, ®) be as in (3.1.1), and let v € T'g. Look at the

following commutative diagram with exact rows

~
)

0 — ker(rg) —— A /K~ K, Tab

lm lm lm (3.1.2.1)

0 — ker(rg) —— A, /K* —— I'{ > 0.

~

~

Here, 1 + ¢ denotes the map that multiplies an element with its conjugate under c.
Moreover, ¢ acts by conjugation on I'%". By [Tat16, Lemma 1|, ker(rg) is uniquely
divisible and complex conjugation c acts trivially on it, so the left vertical arrow is
an isomorphism. By an easy diagram chase, this means the right hand square is a
pullback square.

Using the action of ¢ by conjugation on I'?, choosing the coset representatives

wy, 1= we,c to calculate Feg(7y) (see [3.1.1.a), then using (3.1.1.c) and finally class
field theory (2.4.3) and (2.4.2)), we see that

Fe () = Fo(7)(cFo (7)) = Fo(v)Fea(7) = Viya(7) = 75 (Xeye(7))-

Since the right square in (3.1.2.1) is Cartesian, there exists a unique fg(7y) €
Ag ;/K* such that

(3.1.2.a) rx(fa(7)) = Fo(vy), and

(3-1.2.b) () = Xeye( V) K

The map fo: I'g — A ;/K* is called the Taniyama element attached to (K, ®).

The cocycle relation for Tate’s half transfer translates to

foe() = fra(V)fa(Y), 7,7 €Tq.

The relation between the Taniyama element and the reflex norm is given by
IMilO7, Prop. 4.9]: If v € ', where E is the reflex field of (K, ®), then for any
u € Ag ;/E* such that rg(u) = 7[g we have

fo(7) = No(u) K™

We are now ready to state the Main Theorem. Again, we will present two versions

of it, one in terms of torsion points and one in terms of Tate modules. For a proof:
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[Tat16] proves the theorem up to a sequence of signs, and the proof was completed
as a consequence of [Del82], see [Del82, Rem. 4, p. 263|. The details can be found
in [Mil07, §4].

3.1.3 Theorem (Main Theorem of CM over Q — I). Let (A,1,s) be a triple con-
sisting of a CM abelian variety (A,1) of type (K, ®) and a compatible polarisation
s. Assume (A,1,s) has type (K, ®;a,t) relative to a uniformization ©. Let v € I'g
and take f € Ay ; such that fo(v) = fK*. Then:

(3.1.8.a) The triple ("A,%,7%s) has type
( ’y(b f tXCYC(V))
f-f

relative to some uniformization ©'.

(5.1.3.b) Moreover, one can choose ©" uniquely such that the following diagram is com-

mutative:
Kla —2— Ao

| P

K/fCl o’ ? (7A)tors-

3.1.4 Remark. By condition (3.1.2.b) we have XC]{—?(” € K, and this element

is fixed by complex conjugation, hence even lies in F'*. Hence the quadruple

( ,vD; fa, txcjyff )) in (3.1.3.a) makes sense.
Now, part of the assertion of (3.1.3.a]) is that

Im ¢ (tX;L(%)) >0, forall p €y, (3.1.4.1)

so that the quadruple satisfies the last condition in (2.3.5). We will prove (3.1.4.1)

directly and in more generality in (4.2.9).
In terms of Tate modules, this translates to:

3.1.5 Theorem (Main Theorem of CM over Q — II). Let (A,i,s) be a triple
consisting of a CM abelian variety (A, 1) of type (K, ®) and a compatible polarisation
s. Let v € Ig and take f € Ak ; such that fo(y) = fK*. Then:

(3.1.5.a) ("A,%) is of type (K,v®P).

(3.1.5.b) There exists a unique K -linear isomorphis §: Hi(A, Q) — Hi("A, Q) such
that

Xeye(7)
(o) = (9 o). o H(AQ)
[
!Note that if y® # ®, then § cannot be an isomorphism of Q-Hodge structures. So in general
0 is only an isomorphism of K-vector spaces.
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and the following diagram commutes:
V(4) —= V@)
x l‘;
V(A).

Sketch of proof that Theorems (3.1.3)) and (3.1.5) are equivalent. This is similar to

the equivalence of (2.4.7)) and (2.4.10). Namely, we again view a uniformization © as
a K-linear isomorphism of Q-Hodge structures (K, hge) — (H1(A,Q),ha). Then

the map 0 of (3.1.5.b)) is related to the uniformizations in (3.1.3)) by
§=0007"

Moreover, the commutative diagrams in (3.1.3.b]) and (3.1.5.b)) are related by (12.4.6]).
]

3.2 PEL Hilbert modular variety and Galois action
on its CM points

In (2.5.8), we saw that the Shimura variety Sh(T,{he}) parametrises CM abelian
varieties of a fixed type (K, ®). Moreover, in (2.5.10) we then used the Main The-
orem over the reflex field £ of (K, ®) to describe the I'g-action on Sh(T,{he}) in
terms of the reflex norm. It was essential to only look at Galois elements fixing F,
because otherwise, by , the conjugate abelian variety induces a CM type on
K that is different from ®, and therefore does not define a point of Sh(T’, {he}).

From now on, fix a totally real number field F'. In this section, we introduce
the Hilbert modular variety and the PEL Hilbert modular variety. The latter
parametrises abelian varieties with real multiplication by a totally real field F
equipped with polarisation and level structure. For any totally imaginary quadratic
extension K of F', the PEL Hilbert modular variety contains the points correspond-
ing to abelian varieties with CM by K — of any CM type — as special points. It is
the goal of this section to understand the action of I'p on these special points using
the Main Theorem over Q.

We denote the two-dimensional F-vector space F? by V.

3.2.1 (Hilbert modular variety). Let G be the Q-algebraic group given by G; :=
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RF/Q GLQ = RF/Q GLF(V) Define hoi S — (G1>R by

ho(i) := <(1) _01) € G1(R) = GLpggr((F ®g R)?),

and let X; be the G;(R)-conjugacy class of hy. To describe X; more explicitly,
we identify V(R) = (F?) ®q R with [[ oy, R? using F ®g R = [[ 5,
Y = Hom(F,C). Since the totally real field F' will always be fixed, we will very
often drop the F' from notation and simply write % for Xp.

Under this identification, we get G1(R) = [[,cx,
g € Gi(R) as ¢ = (9u)zen, with g, € GLy(R). For example, the element h(7)

R, where

GL2(R), so we write elements

corresponds to

ho(i) = <<(1) _01>> € Gi(R) = [] GLa(R). (3.2.1.1)

€Y R

If we let [], 5, GL2(R) act on (C\ R)** by componentiwise Mobius transforma-
tions, then we may identify X; with (C\ R)>F by

X; = (C\R)*>F (3.2.1.2)
Qhogil — (gz : i):EEZF*? g = (giﬁ)ﬂ?EZF € G1<R)7
compare [vdG88, Ch. 1.7]. The pair (G, X7) is a Shimura datum, i.e. it satisfies

the axioms [Del79, (2.1.1.1-3)|. The associated Shimura variety Sh(Gy, X) is called
the Hilbert modular variety (associated to F').

In order to get a PEL Shimura datum, we equip V with the Q-bilinear alternating
form ¢: V xV — Q given by

Vo Wo V2 W2
The form 1 is F-compatible, i.e. ¢ (fv,w) = (v, fw) for all v,w € V and f € F.

3.2.2 (PEL Hilbert modular variety). Associated to the PEL datum (of type (C))
consisting of the simple Q-algebra F', with trivial involution, acting on the Q-vector
space V equipped with the alternating, Q-bilinear, F-compatible form v, we get
a PEL Shimura datum (G, X) as in [Mill7, Def. 8.15], [Del71, 4.9]. We call the
associated Shimura variety Sh(G, X) the PEL Hilbert modular variety.

We can describe the group G' C G explicitly as having Q-points

G(Q) = {g € GLy(F) | det(g) € Q" }.
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The proof of this is an easy calculation and is done, in slightly more generality, in
(4.4.4). In other words, the diagram

G —— RF/Q G’L2

Gm — RF/@Gm

is Cartesian. This is precisely diagram ((1.2.0.1). On Q-points, the bottom arrow is
given by the inclusion Q* — F* and the right hand arrow is given by the usual
determinant det: GLy(F) — F*. Note the similarity to (2.5.1.1)).

On real points, this means

G(R) = {g = (gx)erF S Gl(R) = H GL?(R) det(gx) = det(Qx’) VI‘,[E, € E} :
TEX R

We can also describe X more explicitly: Let hg: S — (G1)g be as in (3.2.1]). First

of all, by (3.2.1.1)) ho lands in Gg C (G1)r. Moreover, the form (v, w) — (v, ho(i)w)

is positive definite on V(R), hence hy lies in X. This means that X is the G(R)-

conjugacy class of hg, and it is easy to see that the bijection (3.2.1.2) restricts to

X =5 p¥F U (—h)¥F (3.2.2.2)

ghog_l — (goc : i)xEEpa g= (gx)erF € G(R)v

where h denotes the upper half plane in C. For a proof in a slightly more general

setting, we refer to (5.1.7).

3.2.3 (Reflex field of Sh(G, X)). In (6.1.11)) we define the reflex field E(G, X) of a
Shimura datum (G, X). By [Mill7, 12.4(c)], in the case of a PEL Shimura datum the
reflex field (G, X) is given by Q(Trx(b) | b € F'*), where Trx(b) denotes the trace
of b € F* acting on V19 where V = V=19 ¢ V%! is the Hodge decomposition
associated to h (compare ([2.2.4)).

In the case of the Shimura datum (G, X) from (3.2.2), we can take h = hy,
and then a direct calculation shows that Trx (b) = Trp/g(b) for all b € F*. Hence
E(G,X) = Q. Moreover, Definition only depends on the adjoint group of
G. By (6.2.9), the adjoint group of G and G, are the same, so E(Gy, X;) = Q too.

Similar to (2.5.8), the complex points of Sh(G, X) can be interpreted as isomor-
phism classes of abelian varieties. The following theorem is a special case of [Mill7,

Thm 8.17]. We prove a slightly different, but more general version in (4.4.5]).
3.2.4 Theorem ((G, X) and abelian varieties with real multiplication). The coset
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space

GQNX x G(Ay)]

is in bijection with the set of isomorphism classes of quadruples (A,i,Q*s,n), where

A is a complex abelian variety,
i: F— End(A) ®z Q is a ring homomorphism,
s is an F-compatible polarisation of A, and

n: V(A — XA/(A) is an Ap, j-module-isomorphism sending A7 to Afs,

satisfying the condition

(5.2.4.a)

There exists an F-linear isomorphism a: Hy(A,Q) —— V that sends Q*s to
Q*4 and satisfies aohpoa ! € X.

Moreover, this bijection is equivariant for the right G(Ay)-actions.

3.2.5

(3.2.5.a)

(3.2.5.b)

(3.2.5.¢)

(3.2.5.d)

(3.2.5.e)

02

Remarks. To clarify the notation, let us make a few comments.

If i: F — End(A) ®z Q for an abelian variety A of dimension [F' : Q] as in
the theorem, then we say that (A, ) has real multiplication by F.

A polarisation s of an abelian variety (A,7) with real multiplication by F
is called F-compatible if s(i(f)v,w) = s(v,i(f)w) for all f € F and v,w €
H1<A7Q)

In (3.2.4.a) ha: S — End(H;(A,R)) denotes the Hodge structure on H;(A, Q)

and aohyoa™': S — GL(V)g is given (on R-points) by z +> ao ha(z) oca™'.

We call (A,i,Q*s,n) and (A',7,Q*s',n’) isomorphic if there exists a quasi-
isogeny f: A — A’ that is F-linear (with respect to i and '), sends Q*s to
Q*s" and satisfies ' = fon.

By [Mill7, 8.19], condition (3.2.4.a]) is equivalent to s being F-compatible and

i satisfying the trace condition

e For any b € F'*, the trace of i(b), acting on the tangent space of A at the
origin, is equal to Trx (b) = Trp/g(b).

By a calculation very similar to the one in (2.3.2)), we see that this trace con-
dition is automatically satisfied. It is nonetheless useful to mention condition
because the existence of an isomorphism a (although automatic) is
the key for the proof of Theorem (3.2.4)).



3. CONJUGATES OF CM AVS 3.2, PEL HILBERT MODULAR VARIETY

As in (2.5.8), Theorem ({3.2.4) implies the following interpretation of the points
of the Shimura variety Sh(G, X), see [Del71l, 4.11]:

3.2.6 Corollary (Complex points of Sh(G, X)). The complez points

Sh(G, X)(C) :=lm G(Q\ [X x G(Af)/U] = G(Q)\ | X x G(Af)/Z(Q)| (32.6.1)

of the Shimura variety Sh(G, X) are in bijection with isomorphism classes of quadru-

ples (A,1,Q%s,nZ(Q)), where

o A is a complex abelian variety,

e i: F— End(A) ®z Q is a ring homomorphism,

e s is an F'-compatible polarization of A, and

o n: V(A — V(A) is an Ap p-module-isomorphism sending ATv to Afs,
satisfying the condition

(3.2.6.a) There exists an F-linear isomorphism a: H,(A,Q) — V that sends Q*s to
Q>4 and satisfies aohyoa! € X.

Here Z C G denotes the centre of G, and Z(Q) denotes the closure of Z(Q)
inside G(Ay) (in the adelic topology). Moreover, the second equality in (3.2.6.1)) is

[Orri8, (1), p. 4].

3.2.7 (Special points of Sh(G, X)). By definition, a special point of the Shimura
variety Sh(G, X) is a point [h,g] € Sh(G, X) such that the Mumford—Tate group
of h is a torus, where we view h: S — Ggr as a Q-Hodge structure on V via G C
GLr(V) C GLg(V).

By [Mill7, 14.11], if the point [h, g] corresponds to a quadruple [A, i, Q%s, nZ(Q)]
under the bijection in (3.2.6), then [k, g] is special if and only if A has CM by a
CM algebra (compare (2.3.1.d)). In this case, since h takes values in Gg, it is in
particular F-linear, so the CM structure on A must extend the real multiplication
i by F. Hence A has CM by a CM field K that is a totally imaginary quadratic
extension of F'. We will often abuse notation and denote the associated embedding
K — End(A) ®z Q also by .

3.2.8 (Canonical model of Sh(G, X)). In order to get a canonical model for the
Shimura variety Sh(G, X), one follows the strategy outlined in [Mill7, p. 126], mim-
icking the Siegel case presented in [Mill7, §14|. Namely, the canonical model is the

2IMil17, 14.11] is actually the analogous statement for points of the Siegel variety. But the
condition on h being special (resp. A having CM) only depends on the Mumford-Tate group of h
(resp. A), hence the same argument works.
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(pro-)variety M* over Q representing the moduli functor, modelled on Corollary
, of abelian varieties with real multiplication by F' equipped with polarisation
and level structure. See also [Del71l 4.15, 5.8] or [Kot92l §8].

Corollary tells us that M is a model for the Shimura variety Sh(G, X).
By , its special points correspond to CM abelian varieties. To show that this
defines a canonical model is then similar to the calculation in (2.5.10) and relies only

on the Main Theorem over the reflex field.

3.2.9 (Galois action on special points of Sh(G, X)). Let P = [4,1,Q*s,nZ(Q)] be
a special point of Sh(G, X) as in (3.2.7). Then A has CM, so in particular can be
defined over Q. Let v € T'g.

By (3.2.8), the y-conjugate of the given point corresponds to the quadruple

YA, 4, Q%s,nZ(Q)] = ['A,7%, Q™ (%), (v o 1) Z(Q)].

The abelian variety (A,7) has CM, say of type (K, ®) for some totally imaginary
quadratic extension K of F. Note that by Lemma the polarisation s is
automatically K-compatible. We observe that the point P for arbitrary v € I'g
is a special point too, because (74,7%) is a CM abelian variety (of type (K,~v®)).
Moreover, we can describe it using the Main Theorem over Q: Take f € Alxﬂf such
that fo(y) = fK*. Using the notation in (3.1.5), we can write

PAQ () o0 = A (ﬁ#%’”a-%),a-l(-)) Sofon|.

We can give a similar description in terms of uniformizations: Using the notation
of Theorem (|3.1.3)), we have

[A,i,Q%s,n] = [C?/®(a),is|r, Q“E;, 0 o), (3.2.9.1)

where ig: K — End(C?/®(a)) is given by sending k € K to the map on C*/®(a)
given by multiplication by (¢(k))yce. For the conjugate quadruple, we get

A, %, Q* (%), y o] = [C® /7®(f0), ive|p, Q“Eyy, (') 0y 01
= [C"* /4@ (fa),iye|r, Q* Eys, f 0 © ' o1, (3.2.9.2)

where x = XC};? € F*. Here the first equality follows from (3.1.3.a]) and the second

equality follows from (3.1.3.b|).

3.2.10 Remark (Galois conjugates of special points). It is actually true in full
generality that conjugates of special points of an arbitrary Shimura variety by Galois

elements that fix its reflex field are again special points, see [Orrl8, Thm 5.1|.
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But here we additionally need the Main Theorem over Q to get the explicit
description in (3.2.9) of the conjugate special point on the PEL Hilbert modular

variety in terms of CM abelian varieties.
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4
Plectic Galois action on CM points

Fix a totally real number field F. In this chapter, we introduce the plectic Galois
group Auty(F ®g Q) associated to F. For every algebraic torus R defined over Q
with G,,, C R C Rp/gGyy,, we then show that a certain subgroup Autz(F ®gQ)%&,, of
Autr(F ®¢Q) acts naturally on the CM points of the Shimura variety Sh(G?, X ).
Here the Shimura variety Sh(G, X %) is a variant of the Hilbert modular variety. It
is associated to the group G* that fits into the Cartesian diagram ((1.2.0.3))

G" —— Rp)gGLy

l lRF/@ (det)

R — Rp/gGn.

The key idea to define this action of Auty(F ®¢ Q)& on the CM points is to
extend Tate’s half transfer Fg: Tg — ['32 to a plectic half transfer

Fp: Autp(F ®g Q) — T3P,

The goal of Section is to familiarise the reader with the properties of the
plectic group Autp(F ®g Q). The absolute Galois group of @ embeds into the
plectic group via

g — Autp(F ®9 Q), v+ id®y.

This definition does not involve any choices. However, it is useful to identify
Autr(F ®g Q) with the semi-direct product Sy, x ' mentioned in Section m,
where ¥ := Hom(F,Q) = I'g/T'r. Namely, a choice of coset representatives s =
(Sz)zex for the right I'p-cosets in I'g defines an isomorphism f;: Autp(F ®@@) -
Sy, x T'%. We finish Section [4.1| by recalling in the definition of the plectic
half transfer Fp, where (K, ®) denotes a CM pair.

Section starts with some remarks about class field theory before defining, for
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an element 7 of a certain subgroup Auty(F ®g Q); of Autr(F ®¢ Q), the plectic
Taniyama element fo(y) € A ;/K* as a suitably normalised class-field-theoretic
preimage of Fg(y). Inspired by formula for the ['g-action, we then show in
how the subgroup Autx(F ®q Q) of Autr(F ®g Q); naturally acts on the
set of CM points of the PEL Hilbert modular variety.

Sections and are a review of the results in [Nek09], most of which are
presented without proof. We present them in enough detail to generalise the results
to Shimura varieties whose groups differ only in the centre from Rp/g GLo, i.e. are
of the form G as above.

In Section we extend the plectic Taniyama element f; to the entire plectic
group Autr(F ®¢ Q). To do so, we choose a splitting xp: I'% — Ag ;/FZ, to the
reciprocity map rp: A ./ FZy — I'aP and then proceed in analogy to Tate’s strategy
(3.1.2), see (4.3.6).

In Section [4.4{ we study the Shimura varieties Sh(GT, X). In (4.4.5) we prove a

moduli interpretation of the points of Sh(G¥, X®) in terms of isomorphism classes

of abelian varieties with real multiplication by F' equipped with an R(Q)-class of
a polarisation and a level structure. We define the subgroup Auty(F ®q Q)& of

Autp(F ®¢ Q) in (4.4.11)). Finally, we show in (4.4.13) that the group Autp(F ®q
Q)& acts naturally on the CM points of Sh(G%, X), extending the action of I'g.

4.1 Plectic Galois group and plectic half transfer

4.1.1. (Plectic Galois group) The (F'-)plectic Galois group is the group
AutF(F ®Q @)

of F-algebra automorphisms of F' ®q Q. The absolute Galois group of Q embeds

into the plectic Galois group via
FQ~’—>AutF(F®Q@), ’}/I—>ldF®’Y
It is useful to view Autp(F®gQ) more concretely as a certain semi-direct product:

4.1.2. (Semi-direct product) Fix an embedding F C Q and identify ¥ := Yp =
Hom(F, Q) with the quotient I'q/T' . Let Sy, be the symmetric group on the finite
set Y. Let I': denote the group of X-tuples h = (h,).ex of elements of I'p, with the
group structure given by pointwise composition.

We introduce the semi-direct product
SE X F%,
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where the group operation is given by
(0, 1)(0" 1) = (00", (hor(a) ] )ees) -

Let s: x — s, be a section to the map I'g - I'g/I'r = X. Then we can define

an injective group homomorphism
ps: Tg = Sy x T%, po(y) = (o, h),

where o is given by o: x — vx and h = (hy)zex by h, = s;xlfysm. For more details,

e.g. on how p, depends on the chosen section s, see [Nek09, (1.1.2)].

4.1.3. (Isomorphism between Autr(F ®¢Q) and Sx. x T'%) We continue (.1.2)). Let
@E denote the ring of Y-tuples of elements of Q. We view @2 as an F-algebra via
the fixed embedding F' C Q in each component. By [Nek09, (1.1.3)] the canonical

map
Ss x T% = Auty Q)
(0, h) —> [(qx)xez — (ha—l(x)<qa_1($)))x62] )

is a group isomorphism. We will simply identify these two groups.

The section s: ¥ — I'g induces an isomorphism of F-algebras

TEX

(%c)a:EZ — (396((]90))90627

where we view Q, as an F-algebra via the embedding € ¥ = Hom(F, Q). Com-

bining these two observations (see [Nek09) (1.1.4)]), we get an isomorphism
B,: Autp(F ®@g Q) = Autp(Q ) = S x IS

between the plectic Galois group (4.1.1) and the semi-direct product (4.1.2)). More-
over, the isomorphism [, is compatible with the embeddings of I'g, i.e. we have the
commutative diagram

FQ —> AutF(F ®Q @)

T

SE X F%

4.1.4 Remark. (Plectic groups and induced representations) The semi-direct prod-

uct Sy x I'% is a purely group-theoretical construction. Replacing I'g by an arbitrary
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group I' and the subgroup I'p of I'g by a finite index subgroup A of I', and denoting
¥ :=T/A, we can define the group Sy X A¥ in the same way.

Similarly, a section s: ¥ — I will induce an embedding p,: I' <= Sx; x A¥. Now
(compare [NS16| §3] and [Nek09, (1.1.1.1)]), if V' is a representation of A, then the

induced representation is the vector space

Indy (V) = @) 5.V, (4.1.4.1)

TEX

where the right hand side consists of formal sums (or ¥-tuples) of elements of V,
and the s, are only introduced for notational purposes to denote the summand
corresponding to x. It comes equipped with a I'-action given as follows: If v € T’
and Y v 5,0, € IndEE(V), and ps(y) = (o, h), then

gl <Z SI'UHC> = Z Sa(z)-hw(vm)' (4142)

AP TEX

This formula clearly makes sense for arbitrary (o, h) € Sy x A¥, and it is straight-
forward to check that this defines a representation of Ss;x A*. Similar remarks apply
for the tensor induction of V' and other related constructions, see e.g. (4.1.6)) below.

Induced representations are one instance where plectic groups arise naturally. Of
course, the action of I' on the induced module is canonical, i.e. given a different
section s’ there is a canonical isomorphism of I'-representations between @, v, 5.V
and @@,y s,.V. In other words, there is a description of Ind} (V) that is indepen-
dent of s, so it is desirable to also find a description of p,: I' < Sy, x A® that is

independent of s.

4.1.5 (Another version of the plectic group). For general groups I' and A, look at
the group (see [NS16, §3| and [Blaldl (3.2.1)])

F#A = Autset ,A(F>

of right A-equivariant bijections of the set I' with itself.
The group I' embeds into I'#A as the subgroup of left translations, i.e. v € T’
is sent to the bijection g — ~g, which clearly is right A-equivariant. Now [Blal5l

(3.2.2)], a section s: ¥ — I" induces a group isomorphism
me: TH#A " Sy x A* (4.1.5.1)
that is compatible with the respective embeddings of I'; i. e. we have the commutative
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diagram
[ —— I'#A

o

SE X AE.

Moreover, I'#A acts canonically on the intrinsically defined induction IndZ(V), and
the isomorphim (4.1.4.1)) is compatible with the actions of T#A and Sy, x A* under

.

4.1.6 Example. (Plectic action on CM types — I) As a concrete example of (4.1.4)),
let K be a totally imaginary quadratic extension of F', and choose an embedding
K C Q. We continue to use the notation of (4.1.2). The section s: ¥ = Xz — I'g
determines a CM type {p, | x € X} of K by ¢, := s.|k. It allows us to write

Y ={ctp, | v €Sp,be Z)27}. (4.1.6.1)

We claim that the set X, with its usual I'g-action is isomorphic to the induced
module (in the category of sets with I'g-action rather than the category of I'g-

representations over some field)

Ind;? ({1,¢}) = | | so-{1.c}

TEX

by sending ’p, = ’s.|x = (5.¢%)|x € Tk to s,.c € Ind?i’i({l,c}). Here {1,c}
is a two-element set equipped with the (left) I'g-action given by the map 'y —
Gal(K/F) = (¢) = {1, ¢}, which we will denote by h +— ¢ with h € Z/2Z.

Proof of claim. The map P, + s,.c% is clearly a bijection Y — Ind?i’i({l,c}),
and for v € I'g and ps(y) = (0, h) we have

Y(pr) = [5aC’] | = va(s;leSx)Cb‘K = So’(x)hxcb‘K = sg(x)cb%m o

SO

Y(Ppy) — sg(m).cb*hz = (5..c"),

where the last equality holds by Definition (4.1.4.2) (without the formal sum). O
We conclude that we can define an action of Sy x I'% on Yk by
(0, h)(Ppy) = oy 4. (4.1.6.2)

Clearly this action factors through the finite group Sy, x Gal(K/F)*. Since o is a

permutation of ¥, this action induces an action of Sx, x T'% on the set of CM types

61



4.1. PLECTIC GALOIS GROUPS 4. PLECTIC CM THEORY

of K, which depends on the choice of s because the identification (4.1.6.1) does —
but see (4.1.8.a) for a result that is independent of s.

4.1.7 Example. Let us give a concrete example of the plectic action on CM types
by having another look at the CM types ® = {¢°, g% ¢°} and U = {¢° ¢!, ¢*} of
(2.1.4), where G = Gal(K/Q) = (g) is cyclic of order 6. It is not hard to see that the
set of CM types decomposes into precisely two G-orbits, namely the induced types
and the primitive types. The former is the G-orbit of ®, the latter is the G-orbit of
v,

We identify ¥ = G/(c) with {0, 1,2} by ¢*(c) — i and also Sy, with S{o12; = Ss.
We thus write elements of Gal(K/F)* = (c)® as (c®,c™,c®) with a; € Z/2Z.
Moreover, we choose the section s: X — G given by s; := ¢°. Then we have the
embedding

ps: G S3x (¢)®, g (0 1 2),(% ).

Using (4.1.6.2)) we directly calculate that
(0 1),(c", ", ") ¥ =0a.
In particular the plectic group Sy x Gal(K/F)* acts transitively on the set of CM
types of K. In fact, this holds for any CM field K.

4.1.8 Remarks. (Independence of the section s)

(4.1.8.a) The actions of Sx, x I'% on induced representations in and on the set
of CM types in induce, via 8, actions of Autp(F ®q Q), which turn
out to be independent of the chosen section s. See for the strategy of
the proof.

(4.1.8.b) Combining the isomorphisms f; of (4.1.3) and 7, of (4.1.5.1)), we get the group
isomorphism [Blal3, (3.2.12)]

Autp(F @9 Q) —= To#Ip,

which turns out to be independent of the chosen section s: ¥ — I'g.
4.1.9 Example. (Quotients of the plectic group)
(4.1.9.a) The composition]|

Autr(F ®¢ Q) Ly Sy ) TR — S,

(o,h) — o,

IThis is actually a special case of (4.1.8.al), because similar to (4.1.6) we have ¥ =2 Ind?ﬁ ({1}) =
| |,ex 82-{1}, via the map x +— s,.1, as sets with I'g-action, where {1} denotes a set with one

element and trivial I' p-action.

62



4. PLECTIC CM THEORY 4.1. PLECTIC GALOIS GROUPS

is independent of the choice of section s: ¥ — I'p.
(4.1.9.b) The composition

Autp(F ©g Q) 2 Sy w 1% LD, pab.

(o,h) — [ Pl

r€EX

is independent of the choice of section s: ¥ — I'p.

Moreover, when restricted to I'p, we get the commutative diagram

Ty <2 Sy x I'%

l l(l,prod)

ab ab

Proof. Let s': ¥ — I'gp be another section, so s/, = s,t, for some t = (t;).ex € r.
By [Nek09, (1.1.4)(iv)], we have for all v € Autp(F ®q Q):

Bo () = (1, t)_lﬁs(’y)(l, t).
So if Bs(y) = (0,h) € Ss x T'%, then
_ -1
B = (o, (ta(x)hmth)IeE) .
From this, (4.1.9.a)) follows immediately. For (4.1.9.b]), note

(17 pr0d> o By (’7) = H t;(lx)hmtz

TEN

_ (H = ) (H |) (H ww)
TEY TEY TEY

- H hm’Fab7

TEL

Fab

so as claimed (1, prod) o (s is independent of s.
The last assertion is [Nek09) (1.1.2.3)] and can be proved as follows. For v € I'g,

we have p,(v) = ([z — ], (SW_Q}WS:B):BGE)’ S0

(1, prod) o p(v) = ] (s52754)

€Y

Fab )

which by definition of the transfer map is equal to Ve/g(7), see (2.4.4). O

So far, we have found two good indications that the plectic theory can be com-
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bined with CM theory. Namely, by the plectic group acts on CM types,
extending the action of I'g, which is a good sign in view of (2.3.8). On the other
hand, by the commutative diagram in there is a connection between the
plectic group and the transfer map, so we can hope to find an analogue of Tate’s

half transfer in the plectic world.

4.1.10. (Plectic action on CM types — IT) We continue (4.1.6). The identification
(4.1.6.1)) induces a bijection

(Z./27)* == {CM types of K},

(ag)pes —> { ™Syl v € X}

The plectic action on CM types induced by (4.1.6.2)) then translates to an action of
(0,h) € Sy X I'% on a = (a,)ex € (Z/27)% given by

(0, h)a = (ag-1(0) + ho1(2)) e - (4.1.10.1)

4.1.11. (Nekovai’s plectic half transfer) With the notation as in (4.1.10)), let ® be
a CM type of K, corresponding to a = (a,).ex € (Z/27Z)*. As in [Nek09, (2.1.3)],
define the map

JF,: Sy x % — T2

—1 T E -1 T
(o,h) —> H sg(x)c“ + So(z)hasy €75y
TEY

This map depends on s and a.
By the calculations in [Nek09, (2.1.2)], this extends the domain of Tate’s half
transfer (3.1.1) from I'g to Sy x I'% via the embedding p,: T'g < Sy x 'z, namely

Sﬁaops =F5:Tg —>F’}‘?.
Moreover (see [Nek09l (2.1.7)]), the composition
ﬁ@ = Sﬁa o fs: Autp(F ®q Q) — F"}?

is independent of the section s and therefore only depends on the CM type ® of K.
It is called the (F'-)plectic half transfer and satisfies:

(4.1.11.a) Restricted to I'g via the embedding T'g < Auty(F®qQ) of (4.1.1), the plectic

half transfer ﬁp agrees with Tate’s half transfer F.
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(4.1.11.b) For v,v € Autp(F ®g Q), we have the cocycle relation

Fo(rY) = Fra(1) Fa().
(4.1.11.c) For (o,h) € Sy x I'%, we have [Nek09, (2.1.4)(ii), first formula]

= 11 e« Ilellnle
Frab

z€|(o,h)a|  z€la] TEX

Fa(o,h)

where |a| := {x € ¥: a, # 0} denotes the support of a = (a,).ex € (Z/27)%,
and (o, h)a is given by (4.1.10.1) and corresponds to the CM type (o, h)®.

(4.1.11.d) For (o,h) € Sy x I'%, we have [Nek09, (2.1.4)(ii), second formula]

Lt (Sﬁa(a, h)) = Vigyr o (1, prod) (o, h) € T%2,

4.2 Plectic Taniyama element and plectic action on
CM points of the PEL Hilbert modular variety

As in (3.1.2), in this section we define a suitably normalised preimage ﬁp(’y) €
A /K> of the plectic half transfer Fg(7) € T30 under the Artin map. To achieve
this, we will start with a few remarks about class field theory, see [Nek09, §1.3].

4.2.1. (Complex conjugations) Fix an embedding F' C Q. For each 2 € %, we define
the complex conjugation corresponding to x to be the element c, € I'?> defined as
follows: If s: X — I'g is a section as before, then s, 'cs, is an element of I'p and its
image ¢, in I'%" is independent of s.

Define the subgroup ¢ := {(c,: z € ¥) C I'®*. By [Nek09, (1.3.1)], the Artin map

rp: Af /FZy — I'3 induces a bijection

X Qi
aFZy — H e,

TeEX

where the o, € Z/2Z are determined by (—1)* = sgn(z(«a)) for each z € 3. Here
sgn: R* — {£1} denotes the sign of a real number.
Note that the group F*/FZ, is isomorphic to {£1}* via aFY, + (sgn(z(a))).es.

4.2.2. (Kernel of transfer) By |[Nek09, (1.2.5)], for any number field & the kernel
of the transfer map Vi q: I — T%" is either (c), if k is totally complex, or trivial
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otherwise. In particular, one can show [Nek(09, (1.3.2.4-6)] that this implies that the
preimage of ¢ C T'3” under Vp/g is equal to () C I'®, so that

Vig: TP/ (c) — TP /e (4.2.2.1)

is injective. Moreover, we have Vi/g(c) = [,y Ca-
We state [Nek09, (1.3.4)], which will be extremely useful:

4.2.3 Proposition. Let K be a CM field and F its mazximal totally real subfield.

(4.2.8.a) The Artin map rx restricts to a bijection

{y e Af oy € ZXK*Y /KX 5 {y € T3 4 pas € ¢ Virjg(TH)}.
Denoting its inverse by lx, we get

ol (1) = Xeye(u(7))K* € Af /KX,

where u(y) € T2 /(c) is the unique element satisfying V pjg(u(y)) = 7| pa - ¢

(4.2.3.b) One can be more precise: If v is an element of the domain of lx, write (non-

uniquely)
Vs = Virjg(u) [T 7,

TEX

with v € T and o, € Z/2Z, x € 3. Then

Ni/p(lk (7)) = Xeye(w)aFZy € Af /FZ,
where o € F* has signs

sgn(z(a)) = (=), =z €.

4.2.4 Remarks. A few comments to avoid confusion:

(4.2.4.2) For a finite idele y € Ag ;, note that "y = ix/r o Ngyr(y) € Ag ;, where

ix/r denotes the embedding Alx,vf — A%f. Since Ng,p(K*) C FZ,, we get an
induced map
Nijp: Ak /K™ — Af /FZ,
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fitting into the commutative diagram

K/F

Ag /K" —— Ap/F3
m liK/F
AIX(J/KX.

From this point of view, (4.2.3.a)) describes the image of (x(v) under the
diagonal arrow, whereas (4.2.3.b|) describes the image under the top horizontal

arrow.

(4.2.4.b) Moreover, note how the description in (4.2.3.b) depends (very slightly) on the
choice of u: By the injectivity of (4.2.2.1)), the only other possible choice is

u’ = cu, and this forces o, to changeto ol =1—a,, r € ¥, and o to &/ = —a.

4.2.5 Remark. Recall the definition of the Taniyama element fs(7) in (3.1.2), for
v € I'g, from Tate’s half transfer Fy(y). From the point of view of (4.2.3), we can

rephrase (3.1.2.b) as stating that Fg(7) lies in the domain of ¢k, and (3.1.2.a)) as
fo(7) = Lk (Fo(v))-

So we want to use the isomorphism £ of Proposition (4.2.3) to get a preimage
of the plectic half transfer ﬁp(’y) under the Artin map, for v € Autp(F ®¢ Q). For

this we need Fy(7) to lie in the domain of £, so we need to look at Fi(y)]pab.

4.2.6. (1% subgroup of the plectic group) Using the notation of (4.1.11)), recall
(4.1.11.¢): for (o,h) € Sy, x T'%, we have

Fab H CIHCJCHh |F1b

z€|(o,h)a|  x€lal TEX

5F<

We want ,F, (0, h)| pab to lie inside ¢-Vio(T'8), as then F, (0, h) lies in the domain
of £x. However, as the h, are arbitrary elements of I'r, this is not automatically
the case. To remedy this, we define the subgroup (Sy x I'%); C Sy x I'% by the

Cartesian diagram
(SZ X F%‘)l — SZ X F%

l l(l,prod)

F&b/(c) —— I'ab/c.
VF/Q

This precisely means that (o,h) € Sy x T'% lies in (Sy x T'%); if and only if
[T.es ha|pav lies in ¢ Vig(T8), i.e. if and only if +Fu(0, h) lies in the domain of .
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We also define
Autp(F @g Q)1 = 81 ((Se x T3)1) € Aute(F ®g Q).

By (4.1.9.b)), this definition is independent of the choice of s.
Finally, observe that the diagram in (4.1.9.b|) implies that the embedding p, of

[g into Sy x I'% actually lands inside (Sx x I'%);. In other words,
FQ C AutF(F 030) @)1

4.2.7. (Plectic Taniyama element) Continuing with the same notation, the plectic

Taniyama element is the map
fq;i AutF(F ®Q @)1 — A;(<7f/KX
v Uk (ﬁb(ﬂ) :
It satisfies the following properties [Nek09, (2.2.3)]:

(4.2.7.a) Because (k is inverse to 7k, we have rx o fq) = Fy

Autp (F®Q@) 1 '

(4.2.7.b) By (@1.1L.a) and (@.2.5), we have fo(idp ®7) = fo(y) for v € Tq.

(4.2.7.c) By (4.1.11.b)), we have the cocycle relation fv@(yy’) = ﬁ/@(’y)ﬁ(’yl) for v, €
AutF(F ®Q @)1

(4.2.7.d) By applying (4.2.3.a]) to ﬁq>(y)7 we see that for v € Autp(F ®g Q); we have
1+Cf’1>(7) = chc(a{(’y»KX € A;(,f/Kxa
where () is the unique element of I'¥/(c) with Veg(u(y)) = Fo(7)| pave.

It was necessary to restrict to (Sxx'%);, because then a combination of (4.1.11.d)
and (£.2.3.a) allowed us to define f. Moreover, we can achieve a more precise

statement in (4.2.7.d)) if we use (4.2.3.b] instead of (4.2.3.a). For this to work, it is

necessary to restrict to a smaller subgroup:

4.2.8. (0'™ subgroup of the plectic group) Define the subgroup (S x I'E)g of Sy x I'%
by the Cartesian diagram

(SE X F%)Q — SZ X F%

l l(l,prod)

Fab c Fab
Q Veo L
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and let
Autp(F ®q Q)o = 8, ((Se x T'R)g) C Autp(F ®g Q),
which, again by (4.1.9.b)), is independent of the chosen section s: ¥ — I'g.

Clearly, we have (SxxI'%) C (SgxT'%); and so AutF(F®@@)o C AutF(F®@@)1.
Moreover, by the diagram in (4.1.9.b)) we see that

FQ C AutF(F 030) @)0

Again using the notation of (.1.11), let v € Autz(F®gQ), and (0, h) = Bs(7) €
(Sz xT%)o, and let & € T'y be the unique element such that Vg (@) = []

We calculate

zeX hm|Fab .

ﬁ¢(’7)|Fab = sﬁa(@ h>|Fab

= H CchxHh:c|Fab

z€|(o,h)a|  xz€la] TED

=[] & Vepol@),

A

where (o;).ex measures the difference between the CM types ® (which corresponds

to a) and yv® (which corresponds to (o, h)a), namely

0, if [(o,h)al, = a,,
= (o, h)al (4.2.8.1)
1, otherwise.

In the calculation above, the first equality holds by Definition of Fy, the
second equality is , and the last equality follows from the definition of u.

Applying ([£.2.3.D)), we conclude that (see [Nek09, (2.2.3)(vii)|, which contains a
typo in the definition of u(g) that we fixed here):

(4.2.8.a) For v € Autp(F ®g Q)o and & € T3 defined above, we have

Ni/rfo(7) = Xeye(W)aFZ, € A?«“,f/FgO?
where o € F'* has signs

N 1, if v® and ® agree at z,
sgn(z(a)) = (=1)% = '
—1, otherwise,

for x € 2.

Here we say that two CM types ®, ®’ agree at x € ¥ if the unique elements ¢, € ®

and ¢! € ¢’ extending z are the same.
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4.2.9 Remark. The assertion about the signs in (4.2.8.a]) implies the following:
Let t € K* be totally imaginary such that Im(¢) > 0 for all ¢ € . Let v €
Autr(F ®g Q) and fe A ; such that fo(v) = fK*. Then

Imp <tXCL(~u)) >0, forall pey®.

1+cf

In particular, for v € I'g, this proves (3.1.4.1)).

We have seen in how the action of 'y on the special points of the
PEL Hilbert modular variety Sh(G,X) can be described using Tate’s half trans-
fer. Namely, recall (3.2.9.2): If K is a CM field whose maximal totally real subfield
is F, and (K, ®;a,t) describes a polarised CM abelian variety as in (2.3.5), then for
v €Tgand f € Ag such that fo(v) = fK* € Af /K> we hav

7 [C?/0(),ialr, Q* B nZ(@)] = [©F /40 (fa). iralr, Q* By, f 0 nZ(Q)]

where y 1= X;Z—%V) c F~.
Now, we reverse this process and define an action of Autr(F ®g Q)¢ on the
special points of Sh(G, X) using the plectic half transfer (4.1.11)) together with the

observations in (4.2.8)), compare [Nek09, (2.2.5)]:

4.2.10 (Plectic action on CM points of PEL Hilbert modular variety). Let K be
a totally imaginary quadratic extension of F, and let (K, ®;a,t) be a type as in
([2.3.5). We look at the CM point [C®/®(a), is|p, Q% E;, nZ(Q)] of the PEL Hilbert
modular variety Sh(G, X).

Let v € Autp(F ®g Q)o and f € Af ; such that fo(y) = fK* € A ;/K*. Let
u € T be the unique element such that Viq(w) = (1,prod) o f,(v) as in ([.2.8),

and denote y := Xf%(}z) € F*. Define

i [(Cq)/(b(a), i@’Fy QXEM U@} = |:(C7‘1’/,Y(I)(fa>’ l.’y<1>|F7 @XExt7 fo n@} .
(4.2.10.1)

This defines a group action of AutF(F®Q@)Q on the set of CM points of Sh(G, X),
extending the action of ['p.
We will prove this in more generality in (4.4.13)). Here, we only give a sketch:

Sketch of proof. First of all, one needs to show that (4.2.10.1)) is independent of the
choice of f and of choosing a different type (K, ®,d’,t') (of the same CM point),
but both are easy to check.

2We now ignore the uniformizations © and ©’ and directly work with the abelian variety
A=C?/®(a).
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Secondly, one needs to check that the right hand side of defines a
valid CM point of Sh(G, X). For this, note that E,, is a K-compatible polarisation
of C'* /y®(fa) by ([£.2.9), which by implies that the right hand side of
is a point of Sh(G, X), which is clearly a CM point. Let us also remark
that here we identify V(C®/®(a)) = Hy(C®/®(a), Q) ©g Ag s with A f, so we may

view f € Aj ; as a map
V(C?/0(a) = Aicy = A = V(" /4®(fa)).

This shows that (4.2.10.1)) is well-defined. Finally, the cocycle relation (4.2.7.c|
implies that (4.2.10.1)) does indeed define a group action of Auty(F ®g Q)o. ]

4.2.11 Remark. In Definition (4.2.10.1)), it was absolutely essential to restrict to
v € Autp(F®gQ)o: First of all, by we need to restrict to v € Autr(F®qQ);
because otherwise the plectic Taniyama element j;('y) is not defined. However, in
(4.3.6)) we will find a way to define the plectic Taniyama element on the entire plectic
group Autr(F ®q Q).

Nonetheless, we need to restrict further to v € Auty(F ®¢Q)o because otherwise
we would have no control over the signs of the imaginary parts of xt under the

embeddings ¢ € v®. So in view of (2.3.4.b) and (4.2.9)), we can only guarantee that
E,. is a polarisation of C® /y®(fa) if v € Autp(F ®0 Q)o.

4.3 Plectic Taniyama element on the entire plectic

group

In the previous section we recalled Nekovai’s definition of the plectic Taniyama
element fy(v) := (x(Fa(y)) € A% /K> from the plectic half transfer Fp(y) € T2
via the isomorphism ¢ of ([£.2.3). We had to restrict to ¥ € Autz(F ®qQ); so that
Fy(7) lies in the domain of (.

In this section we will extend the definition of f@ to the entire plectic group
Autr(F ®g Q). We will do this in a way closer to the definition of the (non-plectic)
Taniyama element in , using an extension of diagram (3.1.2.1)).

From now on, unless stated otherwise, the results and proofs are our own.
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4.3.1 (A useful diagram). We look at the commutative diagram with exact rows

0 — ker(rg) —— Ak /K L TE 0

lNK/F lNK/F lres

r

0 —— ker(rp) —— Ap/FZy —— TP —— 0 (4.3.1.1)

liK/F liK/F lVK/F

0 — ker(rg) —— Ak /K s TE 0.
Here Nk, denotes the norm map, ig/p is induced from the inclusion F' C K,
res(y) = y|pav is the restriction and Vi p the transfer map. The vertical composites
are 1 + ¢, so that the outer diagram is precisely (3.1.2.1).

As mentioned in (3.1.2)), the map 1+ ¢ is an isomorphism on ker(rg), so that the
right hand composite rectangle is Cartesian. By [Nek09, (1.2.2)], we have ker(rg) =
Ok ®z (Agy/Q) and ker(rr) = Of . ®z (Ag,s/Q). By Dirichlet’s Unit Theorem
[Neu92, Thm 1.7.4] the groups Ok and Op., have the same Z-rank. Hence the
maps Ng/p: O — (’);’>0 and ig/p: (’);’>0 — Oj have finite kernel and cokernel,
and since Ag r/Q is a Q-vector space, we conclude that both left vertical arrows
Ngp: ker(rg) — ker(rp) and ig/p: ker(rp) — ker(rg) are in fact isomorphisms.
By the same diagram chase as in this means that both right hand squares
in (4.3.1.1)) are Cartesian. Let us highlight the top right Cartesian square

Aje /KX T

[ l (4.3.1.2)

T

Afp/Fy —— TF

because it will be extremely useful for the rest of this section.

4.3.2 (Definition of ¢k revisited). With the help of diagrams (4.3.1.1]) and (4.3.1.2))

let us give a different perspective on the definition of {x: Let v € T'%" lie in the
domain of (g, i.e. y|pa = Viyg(u) [[,e5 co® for some (almost unique, see (4.2.4.b)))

u € F&b and a, € Z/27. By (4.2.1) we have rp(aF2) = [[,ex c5® for a € F* with

TeYX "

sgn(z(a)) = (—1)* for all € ¥. Moreover, by (2.4.3) we also have rp(Xcyc(u)) =
Vrg(u). Now the Cartesian square (4.3.1.2)) looks like

XCYC(U)QF;O 'T—F> VF/@(U’) HmGE ngu

hence asserts the existence of a unique ¢ € A /K™ such that rx(f) = v and
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Ni/p(€) = Xeye(u)aFZ,. The element ¢ is precisely (x(y) from (4.2.3).

4.3.3 (Definition of fo revisited). Let v € Autp(F ®g Q);. By definition of the
group Autr(F ®g Q)1, we have (1, prod)(8s(7)) = Vi/g(u) [T,ex b € T4 for some
(again almost unique) v € ¥ and b, € Z/2Z. Combining this with ([4.1.11.c) yields

(with o, given by (4.2.8.1)))

Fo(7)|par = Viryg(u) [ ] 2=t
reX
Using ([#.2.1), let o/ € F* with sgn(z(a’)) = (=1)*= for all x € ¥, so that
rr(o/F2)) = [Lies 2. Now the Cartesian square (4.3.1.2) looks like

Xeye(u)a!' FZ, — VF/@(“) erz ng%z

and hence asserts the existence and uniqueness of an element f € Ag ;/K*. The

element ]?is precisely the plectic Taniyama element }V.q)(")/) from (4.2.7).

In other words, the reason for restricting to v € Autp(F ®g Q); is to ensure
we have a canonical preimage of Fi(y)|pa = V() [Tes 2 € 5" under rp,
namely Xeye(u)o'FZy € Af ;/FZ,, so that the Cartesian square implies the
existence of f3(7). Note here that the ambiguity in choosing a, and u does
not affect the product xeye(u)o/ FZ.

For general v € Auty(F ®g Q) however we only have (4.1.11.c)

Fp(7)|pa = (1, prod)(Bs(v)) [ [ 5 € I3

TEN

Since (1,prod): Sy x I'E — I is surjective, Fp(7)|pa» can be any element of
I'sd. Since we are aiming to construct a plectic Taniyama element ﬁp(y) for any
v € Autp(F ®g Q) using the Cartesian diagram (4.3.1.2), this means we need to
choose a splittin Xr: T® = Ap  JFZ torp: Af /FX — TP

4.3.4 (Splitting of rp). Let us look at the middle row in (4.3.1.1)), i.e. the short

exact sequence of topological abelian groups

T

0 — ker(rp) —— A}, /FY, —— I'P > 0,

3We choose the notation y r for this splitting as it is going to play a similar role as the cyclotomic
character Xcyc-
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where rp temporarily denotes the inclusion ker(rp) — A% ./FZ,. The Splitting
Lemma [Hat02, p. 147| tells us that (in the category of abelian groups) it is equivalent
to find a map yr such that rpoypr = idr%b or a map wr such that wrokp = idier(ry).-
We call either of xr and wp a splitting, and if they exist they are related by the
identity im(yr) = ker(wg). This situation is illustrated by the diagram

wp
\.i// \\\
K T
0 — ker(rp) —— AL, /FY) —— I'P > 0.
7 N pd
-

As mentioned in (4.3.1)), ker(rg) is (uniquely) divisible, hence an injective object
in the category of abelian groups. In turn, the injectivity of ker(rz) implies the

existence of the dashed arrow in the commutative diagram

ker(rp) ——t— A§7f/F>XO

-
id -
L’// wp

ker(rg).

This diagram precisely means that wp is a splitting of kp, and we denote the asso-

ciated splitting of rr by xp.

We want the splitting xp of rp to be compatible with the lift xcyc(u)aFZ, of
Vio(u) [ ],ex ¢ under rp as in (4.3.2)). This is guaranteed by the following lemma.

4.3.5 Lemma (Extra properties of xr). We use the notation of (4.3.4). Then

(4.3.5.a) Restricted to the subgroup ¢ C T2 the splitting xr is an inverse to the iso-

morphism of (4.2.1)

rpt FXJFY e

(4.3.5.0) We can choose the splitting xr so that the following diagram commutes

iF/Ql lVF /0

Ay [Py = T9.

Proof. To prove (4.3.5.a), notice that wp restricted to F*/FJ, is a group homo-
morphism with domain a finite group and target a uniquely divisible group, hence

wp must be trivial. This easily translates into the desired property of xp: Let
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¢ € ¢. We need to show xr(c') = £(¢), where £: ¢ — F*/FZ, denotes the inverse
of rp: FX/FXy — .

We see that £(') € F*/FX, C ker(wr) = im(xr), so there exists a 6 € ['%> such
that xp(d) = &(¢’). We calculate

xr() = xrrré(d) = xprexr(d) = xr(9),

where the first equality uses that £ is inverse to rr, the second equality follows from
the choice of ¢, and the third equality holds since rpxr = id.
To prove (4.3.5.h)), let us first look at the commutative diagram

Zx ~ Iab
rQ Q
jip/@ [ves (4.3.5.1)

T

0 — ker(rp) —= A [FSy ——= TF > 0.
It shows im(ir/q) Nker(rp) = 0, hence the composition

ker(rp) <5 A% JFX — Af /27 FX,

is injective, where the second arrow is the quotient map. Again since ker(rg) is

divisible, the dashed arrow in the following diagram

ker(rp) LN A;yf/ZXFgo

exists. Then the composite
wpt AF Xy — AJ X FX) =5 ker(rp)

is a splitting of kp satisfying wF(ZX) = 0. We claim that the splitting x r associated
to such an wp makes the diagram (4.3.5.b) commutative, where we proceed in a

similar way as at the end of the proof of (4.3.5.a)):
Let v € ¥ and let z := xeye(7) € 7%, so that ro(z) = 7. Since ipjg(z) €
ker(wp) = im(xr), there exists an element ¢ € I'3 such that x#(8) = ir/g(z). We

calculate
XrVr(Y) = xXrVEra(z) = Xrrrirg(z) = Xerexr(d) = xr(d) = irq(2),
where the first equality uses the definition of z, the second equality follows from
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(4.3.5.1)), the third and fifth equality use the definition of §, and the fourth equality

uses rpxr = id. Finally, using the definition of z one more time, we conclude
xXrVro(7) = ir/Q(2) = ir/gXeye(7);

i.e. (4.3.5.b) commutes. [l

From now on, we fix a splitting y as in (4.3.4)) satisfying the additional property
(4.3.5.bf). We are ready to define the plectic Taniyama element ﬁp(fy) for arbitrary
v € Autp(F ®g Q).

4.3.6 (Plectic Taniyama element). Let v € Autz(F ®g Q). By the Cartesian dia-
gram (4.3.1.2), there exists a unique element Zp(y) € Ag ;/K* such that

o rx(fs(7)) = Fy(y) and

o Ni/r(fo(7)) = Xr(Fo(7)|pa).

We call the map fp: Autp(F ®0 Q) — Aj ¢/ K* the plectic Taniyama element. In

diagrammatic form, ﬁp(fy) is the unique element such that

commutes.

4.3.7 Remark. Clearly this definition of ﬁp depends on the choice of yr. However
let us show that Definition (4.3.6) of fo extends Nekovai’s definition (1.2.7), and

hence by (4.2.7.b)) in particular extends the Taniyama element fo of (3.1.2):
Let v € Autp(F ®g Q);. We use the notation of (4.3.3). There we saw that

Fy(7)|par = Vijo(u) [Les 2 and that (4.2.7) defines fo(7) as the unique ele-
ment such that

Jo(7) pemmeHeneaor Fo(y)
TN Ires (4.3.7.1)
\P
Xeye(w) o/ FZy —— Viyg(u) [1pes 3ot

commutes.

On the other hand, (4.3.5) implies

XF (VF/@(U) II Cfc“”bz) = Xeye(u)a'FZg,

TEX
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hence the defining diagram in (4.3.6) is precisely the same as (4.3.7.1)), thus the two
definitions of fq,(’y) agree.

4.3.8 Remark. Since (4.3.1.2)) is Cartesian, the splitting xz of the bottom hori-
zontal map induces a splitting, let us denote it by yg, of the top horizontal map:

For v € TR, the element xx(v) € Ag /K™ is the unique element such that

XK (7) Fommmee oy
-E—NK/F :I;res
\P

XF(’Y|Fab) — 7|Fab

commutes. Then

f@:XKOﬁcb-

4.4 Variants of the Hilbert modular variety, and

plectic action on their CM points

Let G be a group that differs only in the centre from Rp/g GLs, i.e. Gf fits into
the Cartesian diagram ([1.2.0.3]) and R denotes an algebraic torus over Q with G,,, C
R C Rp/gG,,. For example, for R = G, the group G®m is the group G considered

in (3.2.2). In (4.2.10) we saw that the subgroup Auty(F ®g Q)o acts on the CM
points of Sh(G, X). The goal of this section is to find an analogue of this plectic

action on CM points for the Shimura variety Sh(G%, X), for any R.
Let us start by recalling the notation of Section and defining the variants
Sh(GE, X %) of the Hilbert modular variety.

4.4.1. (Notation) As in Section [3.2|let
e IV := F? be a 2-dimensional F-vector space.
e (1 := Rp)g GL; be the restriction of scalars of GLs.

e Y: V xV — Q be the F-compatible, Q-bilinear alternating form given by

() ) reeesn(5)
(%) Wa V2 W2

e hy: S — (G1)r be the morphism of algebraic groups that is (on real points)
given by

ho(i) == ((1) _01> € G1(R) = GLy(F ® R).
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As noted in (3.2.2), the form (v,w) — (v, ho(i)w) is positive definite on
V(R).

e X, be the G1(R)-conjugacy class of hy.

4.4.2. (Variants of the Hilbert modular variety) Let R be an algebraic torus over Q
with embeddings G,, = R — Rp/gG,,. We will always assume that the composition
of these two embeddings is given by the ‘usual” embedding G,, < Rr/gG,,, which
on Q-points is given by the inclusion Q* < F*. Define the algebraic group G

over Q by the Cartesian diagram

GR — RF/Q GL2
l lRF o) (4.4.2.1)

R — RpgGom.

This is diagram ({1.2.0.3)).

Note that R = Rp/gGy, results in GFrebm = G, For R = G,,, the above
diagram is the same as , so G® is equal to the group G considered there.
Of course, G,, = R — Rp/pG,, yields inclusions

GEm — GF — G4,

In (3.2.2)), we also saw that hg actually takes values in (G®™)g, so in particular we
can view hy as a morphism S — (Gf)g and define X% to be the GF(R)-conjugacy

class of hy. Clearly, we thus have
XOm c XB c XHRrabn = X,

In (6.2.9) we will calculate that G¥ has the same adjoint group as G;. Axioms
[Del79. (2.1.1.2-3)] obviously only depend on the adjoint group, and the same is true
for [Del79, (2.1.1.1)], see [Mil17, after Def. 5.5, p. 55]. Thus (G%, X*) is a Shimura
datum and the associated Shimura variety Sh(G%, X%) is the desired variant of the
Hilbert modular variety.

Moreover, similar to ([3.2.3) we see that (G, X%) has the same reflex field as
(G4, X1), so E(GE, X®) = Q.

For the remainder of this section, fix an algebraic torus R as above. We will
often drop the R from notation and simply write (G, X) for (G%, X®) if there is no

danger of confusion.

4.4.3 Remark. The Shimura varieties Sh(G%, X) interpolate between the two
extreme cases, the Hilbert modular variety (for R = Rp/gG,,) and the PEL Hilbert
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modular variety (for R = G,,). The groups G are precisely the groups that differ
only in the centre from G = Rp)g GLy in the sense of (1.2.0.2). We will see in
(6.2.9) that this implies that (G®)dr = G and (GF)* = G34.

Moreover, similar to (3.2.1.2)) and (3.2.2.2)), there is a more explicit description
of the set X in terms of upper and lower half planes, see (5.1.6)).

4.4.4. (Action of F* on F-compatible bilinear forms) We let F'* act on the set of

all F-compatible, Q-bilinear alternating forms 1)’ as follows:

(f ) (v,w) = (fo,w), feF, vweV

Let us calculate the effect of an element g € G¥(Q) on the form

Y(gv, gw) = Trpg(det gdet(v, w)) = Trp/g(det(det(g)v, w)) = 1 (det(g)v, w).

Now by definition of G® this means that this form is an R(Q)-multiple of . The
same calculation also shows the converse, i.e. that an element g € GLo(F') preserves
R(Q) if and only if g € G*(Q). Hence

GH(Q) = {g € GLx(F) | ¢"(¢)) € R(Q)¥}. (4.4.4.1)

In (4.2.10)), the key to writing down a plectic Galois action on the CM points
of the PEL Hilbert modular variety Sh(G®, X®") was to understand the points

of Sh(G®m, X®m) in terms of abelian varieties with real multiplication and extra
structure as in (3.2.6). We will now prove (3.2.6)) in this more general set-up:

4.4.5 Theorem (Moduli interpretation for Sh(GT, X®)). Let (G, X) = (GE, XT) be
the Shimura datum constructed in (4.4.2). Then the complex points of the Shimura

variety

Sh(G, X)(C) = lim GQ)\ [X x G(Ay)/U] = GO\ | X x G(A)/Z(Q)]

U

are in bijection with isomorphism classes of quadruples (A, i, R(Q)s,n (@)), where

e A is a compler abelian variety of dimension [F : Q),
e i: F— End(A) ®z Q is a ring homomorphism,
e s is an F'-compatible polarisation of A, and

o n: V(A — V(A) is an Ap p-module-isomorphism sending the class R(A)y
to R(Ay)s,

satisfying the condition
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(4.4.5.a) There exists an F-linear isomorphism a: Hi(A,Q) — V that sends R(Q)s to
R(Q)Y and satisfies aohpoa™! € X, where hy: S — End(H;(A,R)) denotes
the Hodge structure on Hi(A, Q).

Here, the projective limit is taken over all compact open subgroups U C G(Ay).
Moreover, Z = ZT denotes the centre of G = G, and Z(Q) denotes the closure of
Z(Q) inside G(Ay).

4.4.6 Remark. In analogy to (3.2.5.d]), we call quadruples (A,i, R(Q)s,nZ(Q))

and (A, R(Q)s',n'Z(Q)) isomorphic if there exists a quasi-isogeny f: A — A’
that is F-linear (with respect to i and '), sends R(Q)s to R(Q)s and satisfies

1Z(Q) = fonz(Q).
Proof of Theorem (4.4.5). Let A = AR denote the set of isomorphism classes of

quadruples (A, i, R(Q)s,nZ(Q)) as described above. The strategy of the proof is
modelled on the (PEL) Siegel case outlined in [Mill7, §6, especially prop. 6.3].

e Definition of «.

Let

a: Sh(G, X)(C) — A
1, g] — | An,io, RQ)¢, gZ(Q)|

where

- Ay is the abelian variety associated to the Q-rational Hodge structure (V) h).
In particular, we identify H;(Ap, Q) with V.

- ig: FF'— End(V) is the usual F-structure on V', which does respect the Hodge
structure h and hence induces iy: F' — End(V,h) = End(A4;) ®7 Q,

- 1) is viewed as an F-compatible polarisation of A, (using the identification
Hy (A, Q) =V), and
- g is viewed as the map g: V(Ay) = V(Ay) = V(Ay), again using V(Ay) =

~

Hi(Ap, Q) ®q Ay = V(Ap).

e The map « is well-defined.

First of all, (A, i, R(Q)Y, 9Z(Q)) satisfies the necessary conditions: By (the adelic
version of) (4.4.4.1) we see that ¢ preserves R(A)y, and condition (4.4.5.a]) holds
with a = id because we identified H,(A,, Q) with V. Thus [Ay, ip, R(Q)y, ¢Z(Q)]

is an element of A.
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Secondly, choosing (%', ¢’) in the same class as (h, g), we see that b’ = gohogq™!

and ¢’ = qgz for some ¢ € G(Q) and z € Z(Q). Then ¢ defines an F-compatible
isomorphism of Hodge structures Hy (A, Q) — H;(Aw,Q), i.e. an F-compatible
isogeny A, — Ap. It moreover preserves R(Q)y, and together with ¢ = qgz

this shows that ¢ defines an isomorphism of quadruples (A, g, R(Q)¢, ¢Z(Q)) —
(Apr, 10, R(Q)Y, ¢’ Z(Q)). Thus « is well-defined.

e Definition of S.
In the other direction, we define the map

B: A —s Sh(G, X)(C)

i, RQs.1Z(@| — lac haoa™ aon),
where hy denotes the Hodge structure of A and a is an isomorphism as in (4.4.5.al).
e The map  is well-defined.

First of all, part of condition (4.4.5.a]) says that achsoa™ € X. Also, [achso0a™!, ao

n] € Sh(G, X)(C) = G(Q)\[X x G(Ay)/Z(Q)] depends only on the class nZ(Q), i.e.
is unchanged if 7 is replaced by n o z for any z € W Moreover, a o n is clearly
an Ap -linear endomorphism of V' (Ay), hence an element of (Rp/g GL2)(Ay), and
by and the condition on 7 we see that a o n preserves R(As)y. Thus
by (the adelic version of) (4.4.4.1) we conclude that a on € G(Ay) as desired, so
[aohaoa ! aonis an element of Sh(G, X)(C).

Secondly, if a’: Hy(A,Q) — V is another isomorphism satisfying (4.4.5.4), then
q:=doa':V — V preserves R(Q)¢ (by for both a and a'), hence by
(4.4.4.1) is an element of G(Q). This shows

1

(a' ohao(a) ™ a o] =[goachsoa og™ qoaoy] = [achioaaon),

so 3 is independent of the choice of a.

Thirdly, choose (A',#, R(Q)s',n'Z(Q)) in the same class as (A, i, R(Q)s,nZ(Q)).
This means there is an isogeny f: A — A’ with the properties in (4.4.6). Look
at @ :=ao f7': H(A,Q) — V. Then o satisfies (£.4.5.4) for the quadruple

(A7, R(Q)s',n"Z(Q)): Tt sends R(Q)s" to R(Q) by combining (4.4.5.a)) for a with
(4.4.6); since f is an isogeny, this means ha = fohao f~, hence

adohyo(d)'=aoftohyofoa'=aohyoa’eX.

Thus we may take a’ to compute [ using the representative (A’,i', R(Q)s', 7' Z(Q))
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of [A,i, R(Q)s,nZ(Q)], resulting in

1

(d ohwod,don)=(aof  ohyofoaaof ofon) =(achsoa " aon).

Thus f is well-defined.

e « and [ are inverses of each other.

Let us first show that oo f = id: The map S sends [A,i, R(Q)s,nZ(Q)] to [a o
haoa ! aonl; applying « to this results in [Asop 0a-1, %0, B(Q)1),a o nZ(Q)]. The
Hodge structure of A,op 001 is given by hAaohAoafl =aohyoa !, hence a defines
an isogeny A — Agop,00-1 sending R(Q)s to R(Q)y by (4.4.5.a)). Thus the isogeny

a satisfies the conditions of (4.4.6]), and we conclude

Aqstyeatyio RQ, a0 1Z(Q)] = |A,i, R(Q)s,nZ (@)

i.e. o B =id.

Now let us show that foa = id: The map a sends [h, g] to [Ap, ig, R(Q), ¢Z(Q)];
applying (3 using a = id, corresponding to the canonical identification H(Ap, Q) =
V, gives back [h,g]. Thus

Boa(lh,g]) = [h, g].

O

4.4.7 Remark. As mentioned before, the case R = G,, yields the PEL Hilbert
modular variety, in which case Theorem (4.4.5)) was already mentioned in (3.2.6)),
and is proved in [Del71, 4.11].

For most authors, “the” Hilbert modular variety is the Shimura variety associated
to G1 = Rpyg GLy, which corresponds to the case R = Rp/gGy, see e.g. [vdG8S,
Ch. 1.7]. In this case, Theorem is a special case of [Del71], 4.14] and simplifies
significantly:

The Hodge structure H; (A, Q) of any abelian variety A of dimension [F': Q] with
real multiplication by F' is a two-dimensional F-vector space, hence by the proof of
Lemma the F'*-class of any non-zero, alternating, Q-bilinear, F-compatible
form s consists of all such forms and hence always contains a polarisation. Moreover,
/\; H{(A,Q) = F also implies that any F-linear isogeny will preserve the F*-class
of such a form. In conclusion, we can simply forget about the polarisation as part of
the data. Moreover, condition (4.4.5.a]) is automatic because the G;(R)-conjugacy
class X; consists of all F-compatible (polarisable) Q-Hodge structures on V = F2.

4.4.8 (Canonical model of Sh(G¥, X%®)). In the PEL case R = G,,, the canonical

model of the Shimura variety Sh(G%, X) is a fine moduli space for a certain moduli
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problem involving abelian varieties with real multiplication, polarisation, and level
structure, see .

For general R, the canonical model of the Shimura variety Sh(G*®, X ) is a coarse
moduli space for a similar functor modelled on the set A in the proof of Theorem
([#.4.5), see [DT04, Remarque 2.8.1)|. The case R = Ry /qG,, of the Hilbert modular
variety Sh(G1, X1) is explained in more detail in [TX16, §2.3, in particular after
Prop. 2.4]. See also [Hid04] §4.2.1|, [Liul6. §2.4.1] and [DSI7, §2.5 and §2.7].

4.4.9. (Aut(C)-equivariance) In particular, implies that for all R the bijec-
tion of Theorem (4.4.5) is Aut(C)-equivariant, i.e. conjugate points correspond to
conjugate abelian varieties. Since [DT04, 2.8.1)] does not give many details and we
will crucially use this equivariance, let us briefly explain an alternative proof of this
fact, relying only on the coarse moduli space interpretation in the case R = Rp/qGy,.

Namely, look at the following commutative diagram

AR(C) ——— A(C)

Sh(G*, X*)(C) —— Sh(Gy, X1)(C),

where A;(C) := A®#e®n(C). In this diagram, the vertical maps are the bijections
of Theorem (4.4.5). The bottom horizontal arrow is induced from the inclusion
G C G and is a closed immersion by [Del71], 1.15.1], and the top horizontal arrow

is chosen to make the diagram commute; explicitly, it maps [A, i, R(Q)s, nZ%(Q)]
to [A, 1, F*s,nZ1(Q)].

If we let Aut(C) act on A%(C) and A;(C) by conjugating the abelian variety (and
its extra structure), then the top horizontal arrow is clearly Aut(C)-equivariant. By
[Del71. 5.4|, the bottom horizontal arrow is the base change of a map between
the canonical models defined over Q, thus this arrow is also Aut(C)-equivariant.
Finally, by [TX16] the canonical model for Sh(G4, X;) is a coarse moduli space for
such a functor, thus the right vertical map is Aut(C)-equivariant, too. Hence the

left vertical map is Aut(C)-equivariant, which is what we wanted to show.

4.4.10 (Special points of Sh(G#, X)), In analogy to (3.2.7), special points corre-
spond to CM abelian varieties. If [h, g] corresponds to [A,i, R(Q)s,nZ(Q)] under
the bijection in (4.4.5)), then [h, g] is special if and only if A has CM by a CM alge-
bra, and it again turns out that this CM algebra is automatically a CM field that

is a totally imaginary quadratic extension of F.

Now let [A,7, R(Q)s,nZ(Q)] be a special point of Sh(G, X), where K is a CM
field and i: K — End(A) ®z Q is an extension of i: [ — End(A) ®z Q. By Lemma
(2.3.6) the polarisation s is automatically K-compatible. Thus (A, i, s) is a triple as
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in (2.3.4)), so we can find ®, 0, a,t such that

[A,4, R(Q)s,nZ(Q)] = [C*/®(a), ia|r, RQ)E, 07" 0 nZ(Q)].

We claim that conversely, as long as t satisfies (2.3.4.b)) and 1 sends R(Af)v to
R(A;)E;, a quadruple of the form [C*/®(a),is|r, R(Q)E;,nZ(Q)] always satisfies
(4.4.5.a)) and hence defines a point of Sh(G, X).

Proof of claim. We identify the tangent space at 0 of C*/®(a) with C®. Then, for
f € F, we have

Tr (i (f)| Tgto(C*/@(a))) = Tr ((2(f))gea| C*) = D x(f),
zENp
hence the quadruple fulfills condition (3.2.5.¢|) (E is clearly F-compatible because it
is even K-compatible). Since this, in turn, is equivalent to (3.2.4.a) (i.e. condition
in the PEL case), this means that there exists an F-linear isomorphism
a: Hi(A,Q) = V that sends Q*E, to Q%% and satisfies a o hy o a™! € XCm,
In particular, a sends R(Q)E; to R(Q)vy, and since X®m C X% we conclude that

[C®/®(a),is|r, R(Q)E:,nZ(Q)] is a point of AL, O

We continue to suppress uniformizations from notation and will henceforth write

CM points of Sh(G, X) as [C*/®(a),is|r, R(Q)E:, nZ(Q)]. Here it is enough if some
element t' € R(Q)t satisfies (2.3.4.b]), but we usually choose ¢ to satisfy (2.3.4.b))

itself.

As promised, we will now define a certain subgroup of the plectic group and an
action of this group on the set of CM points of Sh(G%, X), generalising (4.2.10).

4.4.11. (Subgroup of the plectic group associated to R) As before, let R be a Q-
algebraic torus with G,, — R — Rp/gG,,. We have subgroups R(Q) C F* and
R(Ay) C Ag ;. Let R(Q)>o := R(Q) N FY,. We then have an injective map

R(A;)/R(Q)s0 — A;’,f/F;O'

We define the subgroup (Sx x I'%)&,, of the plectic group Sy x 'z by the Cartesian
diagram
(Sy x TE)E; ——— S x '}

l lxpo(Lprod)

R(Af)/R(Q)s0 — AL,/ FZ.
We also define
Autp(F ®@q Q)& := 8,1 ((Se x TR)&y) C Autp(F ®g Q),
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which is independent of s by (4.1.9.b)).

4.4.12 Remark. For R = Rp/gG,, we clearly have
(SE X FF)RF/QGm = SE X FIE;, AU_tF(F ®Q @)RF/QGm = AlltF(F ®Q @)

For R = G,,, we have Ag ;/Q%, = Z*. The bottom left entries of the defining
Cartesian diagrams for the groups (Sy x I'R)&r and (Sy x T'R)o in (@4.11) and
(4.2.8]), respectively, are related by the isomorphism r@' 7* — Fab or its inverse
Xeye Fab — 7. Using the commutative diagrams ([2.4.3) and (4.3.5.D] m, we conclude
that

(e x TE)ci = (Se x Tg)o,  Autp(F @g Q)étp = Autr(F ©g Q)o.
For general R, note that G,, — R induces
(S x T)o C (Se x TE)éy,  Autr(F ®gQ)o C Autp(F ®g Q)cy

4.4.13. (Plectic action on the CM points of Sh(GE, X#)) Let (G, X) = (G#, XT)
and let (K, ®;a,t) be a type as in (2.3.5), with K a totally imaginary quadratic
extension of F'. We look at the CM point

P = [C*/@(a), ialr, RQ)E, nZ(Q)

of the Shimura variety Sh(G, X).

Let v € Autp(F @g Q)f, and f € A% ; such that foy) = fK* € Ag /K~
Let u € R(Ay) be such that xp o (1,prod) o Bs(y) = uFZ,. The existence of u is
guaranteed by the definition of Auty(F ®q Q)E&,,. Finally denote y := —“~, which

1+cf
lies in F'*, see (4.4.13.2) below.
Define

7 |C*/2(0),is|r, Q) B, nZ(Q)| = |©* /40 (fa) iralr, RQ) By, f onZ(Q)] -
(4.4.13.1)

This defines a group action of Autz(F ®¢ Q)& on the set of CM points of
Sh(G, X), extending the action of I'g.

Proof. There are several things to check in order to show that this is well-defined
and in fact does give an action of (Autz(F ®¢Q))&,; on the CM points of Sh(G, X),
namely that (£.4.13.1) defines a point of Sh(G, X), does not depend on the choice
of u, f, or the representative (C®/®(a),is|r, R(Q)E,,nZ(Q)) of P (i.e. of the uni-
formization), that the resulting point is again a CM point with K-compatible (R(Q)-

85



4.4. VARIANTS OF THE HMV 4. PLECTIC CM THEORY

class of) polarisation, and that this defines a group action:

e (4.4.13.1) does not depend on the choice of u:

A different choice for u must be of the form v = au with a € R(Q)~,. This changes
X to X’ = ay, hence the polarisations E,; and E,/ lie in the same R(Q)-class.

e (4.4.13.1) does not depend on the choice of J7

Let f’KX = fKX = f’:p(’}/) € Ak ¢/K*. Then f’ = k:ffor some k € K*, and k
defines an isogeny C*®/y®(fa) — C*®/y®(kfa) that sends the polarisation Ey, to

Elﬁ%t and the level structure fo nto ko fo 1, i.e. k induces an equality between

(€7 /7@(fa), o, RQ) By, o nZ(Q)| and

(€% 10(Fa). ialr. ROQ) By, F o iZ(@)]

I _u . _X
where x' = o = Theg-

e (4.4.13.1) does not depend on the choice of uniformization:

By (2.3.5)), a different choice of uniformization yields a different representative

(C*/®(ka),ig|p, R(Q)Ey,, k 0 nZ(Q)) of P, for some k € K* and t, := 7. The
right hand side of (4.4.13.1)) then becomes

(€7 /30 (kfa), iralr RQ)E, ., f ok onZ(Q)] .

k-k

But again we can view k as an isogeny k: C'® /y®(fa) — C7®/v®(kfa), which

induces an equality between [qu’/w@(fa), ino|r, R(Q)Eyy, fon (Q)] and

(C©7 1@k fa), iralr, RQ)E, .+ ko fonZ(@)],

k-k

as desired.

o (4.4.13.1)) defines a CM point of Sh(G, X):

We need to check that the right hand side of (#.4.13.1)) lies in A® (see Theorem
(#.45)). But if we show that f on is compatible with the R(Ay)-classes of the
polarisations, and that R(Q)E,, contains a polarisation of C® /4®(fa), then this is

guaranteed by (4.4.10).

- fonsends R(Af)iy to R(Ayp)E\,:
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For v,w € V(Ay), we have

B (Fen(), fon(w)) = Trrsg (utn(v)n(w))

= Et (U(Uv)a U(w))
= 1o (urv,w), for some r € R(Ay).

Here the first equality uses the definition of E,; and of , the second equality follows
from the Ap s C Ak s-linearity of n and the definition of F;, and the third equality
follows because 1 sends R(Aj)y to R(Af)E;.

As u by definition lies in R(Ay), this calculation precisely shows that fo 1 sends
R(Af)g to R(As)E,;. This explains why we had to restrict to v € Autp(F®qQ)E,,
— for arbitrary v € Autp(F ®g Q) we only have u € A% ;, but we need u € R(Ay).

- R(Q)E,, contains a polarisation of C'® Jy®(fa):

We need to calculate the signs of the imaginary part of xt under embeddings ¢ € Y.

Recall that Im ¢(t) > 0 for all ¢ € . To calculate the signs of y, recall (4.1.11.c)
that

o)l = (1,prod)(8,()) [ =,

TEX

where (o, )zex are given by (4.2.8.1). By (4.3.6) and (4.3.5.a)) we thus have
N (Fa(1) = xr (Folre ) = (i o (1,prod) o (1) (@ FZ).

where o € F* satisfies sgn(z()) = (—1)* for z € ¥. By choice of f and u, the
last equality implies that

X € o' FY,. (4.4.13.2)

In other words, y has the same signs as a. These signs are given by (4.2.8.1)
and measure the difference between the CM types ® and v®. We conclude that, for
Y € Yk, we have

Im ¢(xt) > 0 if and only if ¢ € vP. (4.4.13.3)

Since we know that C'®/y®(fa) has type v®, by (2.3.4.b) we conclude that
[C7® /7D (fa), ino|r, R(Q)Ey, FonZ(Q)] is a point of Sh(G, X). It is then automat-
ically a CM point.

e (4.4.13.1)) defines a group action of Autp(F ®g Q)& on the CM points of
Sh(G, X):
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Let P = [C?/®(a),is|r, R(Q)E;,nZ(Q)] € A® be a CM point with K-compatible
polarisation E;. Let v1,7, € Autp(F ®q @)@M We show

Y2(1P) = (v2m1)P- (4.4.13.4)

To calculate the left hand side, we first let fl S ﬁp(%), uy € xro(1,prod)ofs(y1)

. Then by (4.4.13.1))

and y; =

717) = |:(C71<D/71q)(}:1a)7 Z.’y1q>|F7 R(Q)Ex1t7 .}v.l o 772(@)] :
Now take f; € ]771@(72), ug € xr o (1,prod) o B4(72) and yo = 1+Cf , S0 we get

72(717)) = [([37271@/’}/2’}/1(1)(}:2?10), Z"}'2'Y1‘1’|F7 R(Q)EX2X1t7 .]72 © fl © Wm} :
(4.4.13.5)

To calculate the right hand side of ([£.4.13.4)), we use the cocycle relation (4.2.7.d),
which allows us to take f fg f1 € fq>(7271) in order to calculate

(’72’71)7) = [(CW%@/%%@(J?C‘)?%»y@’F; R(Q)Ean J?O 772(@)] ) (4-4-13-6)

where y = %= € K* with u € xr o (1,prod) o B(7172). Since xg o (1, prod) o S is

1+ f
a group homomorphism, we may take u = usuy, resulting in

U2Uq
X = —==- = X2X1-
e ( fofy)
Therefore the right hand sides of (4.4.13.5) and (4.4.13.6) are equal, hence we

have shown that (4.4.13.4) holds.

o ([£.413.7) extends the action of 'y to Autp(F ®q Q)&

The reflex field of (G, X is Q, and by (#.4.8) the I'g-action on the Q-points of
the Shimura variety Sh(GT, X) is given by conjugating the corresponding abelian
variety and its extra structure. In particular, this applies to CM points as they are

defined over Q, where the Galois conjugate can again be described using Tate’s half

transfer. By (4.3.7)) this agrees with (4.4.13.1)). O

For each Q-algebraic torus R with G,, — R < Rp,G,, as above, we have
defined a plectic group Autp(F ®g Q)& and an action of this group on the CM
points of Sh(GT X®). These Shimura varieties are variants of the Hilbert modular
variety, and their moduli interpretation (4.4.5)) only differ in the degree of precision

with which they include polarisations and level structures.
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The calculations in the above proof show that it was crucial to restrict to v €
Autp(F ®q @)gM, precisely because then and only then the level structure fo n
sends R(Af)yg to R(Af)E,,.

4.4.14 Remark. Let us make a few comments about the two extreme cases:

(4.4.14.a) If R = G,,, then Sh(G®", X®m) is equal to the PEL Hilbert modular variety
Sh(G, X) of (3.2.2). We have defined two plectic actions on its CM points,
namely in (4.2.10) and in (4.4.13]), which we will compare now:

We already remarked in (4.4.12) that the involved plectic groups Autp(F ®q
Q)o and Autp(F ®¢ Q)gy; are the same. Moreover, by (#.3.5.b)) we can take u
in (4.4.13.1)) to be Xcyc(w) in (4.2.10.1)), and then the two formulae giving the

plectic action agree.

(4.4.14.b) If R = Rp/gG,y,, then Sh(GRr/eCm X Er/eCm) g equal to the Hilbert modular
variety Sh(G1, X1) of (3.2.1)). In this case, (4.4.13) gives an action of the entire
plectic group Autz(F ®g Q) on the CM points of the Hilbert modular variety.
This proves [NS16, Prop. 6.8].

4.4.15 Remark. It is an interesting question in what way the group Autp(F ®q
Q)&,; and its action on the CM points of Sh(GF, X%) depend on the choice of
splitting xp. (4.4.14.a) shows that for R = G,, the property prescribes
the values of the splitting x on the image of Vpq: I'y> — I'?, which is all that is
needed. However, for all other choices of R, including R = Rp/gG,, this question

remains open.

89






5

Plectic action on the set of connected
components of variants of Hilbert

modular varieties

Fix a totally real number field F' and an algebraic torus R over Q with G,, C
R C Rp/gG,,. The goal of this chapter is to define an action of a certain plectic
group Auty(F ®@g Q) on the set m(Sh(GF, X)) of connected components of the
Shimura variety Sh(G¥, X 7). Here Sh(G%, X®) is the variant of the Hilbert modular
variety defined in (£.4.2). This action of Auty(F ®gQ)E can be viewed as a plectic
structure, in the vague sense of Section on 7o (Sh(GT, X 7)),

In Section we start by recalling the description of the set of connected compo-
nents of an arbitrary Shimura variety as a zero-dimensional Shimura variety. Spe-

cialising to Sh(G®, X®), we see in (5.1.9) that
mo(Sh(GT, X)) == Sh(R, VZH),

where VZ® is a certain subset of {41}> defined in (5.1.6).

In Section we recall that the Galois action on the set of connected compo-
nents of a Shimura variety is given by a reciprocity homomorphism. Again spe-
cialising to Sh(G®, XT), we see in that mo(Sh(GT, X%)) = mo(R(A)/R(Q))
and explicitly describe the action of v € I'g on my(R(A)/R(Q)) in terms of class
field theory. In (5.2.6) we define the group Autp(F ®g Q)£ and an action of this
group on m(R(A)/R(Q)), extending the action of I'g. We then show in (5.2.9)
that Auty(F ®qQ)&, embeds canonically into Autp(F ®gQ)~E and prove Theorem
in (5.2.10), namely that the mo-map is Autp(F ®g Q)& -equivariant when
restricted to CM points.

In the Appendix we formulate a cohomological condition on the algebraic
torus R that implies that the group Auty(F®¢Q)~E is a subgroup of Autp(F®gQ).
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Namely, we show that if the Shafarevich-Tate group III(R) of R vanishes (condition
(5.3.4.1))), then Autp(F ®¢ Q)% is a subgroup of Auty(F ®¢ Q). Examples of tori

0

R satisfying (5.3.4.1)) include R = G,,, and R = Rp;9G,,. Moreover, if for instance

the extension F'/Q is cyclic, then every R satisfies (5.3.4.1)).
For the description of the set of connected components of a general Shimura

variety, we use |[Mill7, §5, §12-13|. For background on the Galois cohomology of
tori, see [Tat66, PR94|.

5.1 Connected components of Shimura varieties

In this section we recall facts about connected components of Shimura varieties from
INIILT, §5]:

5.1.1. (Notation) Fix a Shimura datum (G, X). We will write

o G for the derived group of G, i.e. the group spanned by all commutators of

elements of G.
o T = G/GY* for the cocentre of G, and v: G — T for the quotient map.
e 7 for the centre and G* := G/Z for the adjoint group of G.
e T(R)":=v(Z(R)) and T(Q)' := T(Q) N T(R)".
We state [Mill7, Thm 5.17|:
5.1.2 Theorem. Let (G,X) be a Shimura datum and U be a sufficiently small

compact open subgroup of G(Ay). If moreover G is simply connected, then the set

of connected components of the Shimura variety Shy (G, X) is given by
mo(Shy (G, X)) — T(Q)\T(A) /v (V).

The proof of Theorem ([5.1.2) can be found in [Mill7, Thm 5.17]. However, it

will be useful to describe the bijection explicitly.

5.1.3. (mp-map) We use the notation of (5.1.2). As always, we will mostly work in
the limit over all compact open subgroups, but for the moment let us fix a sufficiently

small compact open subgroup U C G(Ay). Let us describe the map
To: Shy (G, X) — T(Q)N\T(Af)/v(U).
It is given as the composition

G\ [X x G(Af)/U] == G(Q)4\ [X" x G(Af)/U] — T(@NT(As)/v(U)
(5.1.3.1)
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where

e G(R), is the preimage in G(R) of the identity component of G*(R), and
G(Q)+ = GQNGR)4.

e X denotes a connected component of X.

The first arrow is induced from the inclusion of X% into X, and is a bijection by
IMil17, Lem 5.11]. The second map is induced by v: G(Ay) — T'(Ay), forgetting

the X T-coordinate.

5.1.4 Remark. (Zero-dimensional Shimura varieties) The double quotient

T(QNT(A)/v(U)

occuring in looks similar to a double quotient defined by a Shimura variety.
Let us make this resemblance even more striking:

Using the notation of (5.1.2)), we also write Y := T(R)/T(R)". By real approx-
imation[] we have Y = T(Q)/T(Q)!. Moreover, Y is finite by |[Mill7, p. 59, after
(34)]. For any compact open subgroup U C T'(Af), we have the bijection

T(QNT(Af)/U = T(@Q\[Y x T(As)/U]

5.1.4.1
lg] — [1, ). ( )

Proof. 1t is easy to check that this map is well-defined and surjective. For the
injectivity, assume [1,¢g] = [1,¢'] € T(Q\[Y x T(A;)/U] for g,¢' € T(Af). Then
there exist ¢ € T'(Q) and u € U such that (¢, ggu) = (1, ¢’). This means in particular
that ¢ =1 € T(Q)/T(Q)', i.e. ¢ € T(Q)" and therefore [g] = [¢'] in T(Q)"\T'(A;)/U.

O]

We denote the double quotient T(Q)\ [Y x T'(Af)/U] by Shy(T,Y’) although
(T,Y) is not a Shimura datum because 7" is abelian and hence a T'(R)-conjugacy
class of Hodge structures has to consist of a single element, whereas Y is a finite set
with usually more than one element.

We still call such Shy(T,Y) a zero-dimensional Shimura variety, using the con-
vention of [Mill7, p. 62-63], namely that in place of the T(R)-conjugacy class of
Hodge structures we allow a finite set with a transitive T(R)/T(R)f-action. Here,
this finite set is precisely Y = T(R)/T(R). And, of course, we denote the projective
limit over all compact open subgroups U C T'(Ay) by Sh(T,Y).

In this way, Theorem tells us that the set of connected components of the
Shimura variety Shy (G, X) is the zero-dimensional Shimura variety Sh,(7,Y),

1This is [Mil17, p. 63, 1. 4]. For a slightly more elaborate explanation in the case of interest,
see (5.1.8)).
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and the map

7o - ShU(G,X) — Sh,,(U)(T, Y) (5.1.4.2)

is given as the composition of (5.1.3.1) and (5.1.4.1). In the projective limit over all

compact open subgroups U C G(Af) we get
mo: Sh(G, X) — Sh(T,Y). (5.1.4.3)

5.1.5 Example. (Hilbert modular variety and PEL Hilbert modular variety) We
will explicitly describe the map 7y for the variants of the Hilbert modular variety
introduced in (4.4.2)). But let us first look at two familiar examples in detail:

(5.1.5.a) Let G; = Rpjg GLy and X; = (C\ R)* be the Shimura datum associated to
the Hilbert modular variety (3.2.1)), where we denote ¥ = Xr = Hom(F,C).
Then:

o G = Rp/gSLs, so v = Rpjg(det): Gi — RpgG,,. In particular,
T =T, := Rp9G,,. We will also denote v by dp: Gy — Th.

o / = Zl = RF/Q<Gm)
¢ TR) = {g = (¢u)rex € (FOR) = [[LexRY | g» > 0V € B} =
(FogR)Z, 2 (R%,)* and hence T(Q)" = FXyand Y = F*/FZ, = {£1}*.

>0

e GiI(R); = {9 = (gu)zex € GLo(F ®R) | det(g,) >0 Vz € X}.

e We choose the component X" = h* of X;.

Chasing through the description of the map mg in (5.1.3) yields the following:
Take [h, g] € Shy(Gy, X;), with h corresponding to (z;)zex € (C\ R)* under

(3.2.1.2). The first arrow in (5.1.4.2) is given by

[, 9] — [aha™" ag] € G(Q)4\ [XT x G(Af)/U],

where a =

0
/ ) € G1(Q) = GLy(F) with f € F* an arbitrary element

satisfying sgn(z(f)) = sgn(Imz,) for each z € X, because then the Hodge

structure aha™! corresponds to (fz;)zex € b* under (3.2.1.2). Hence (5.1.3.1))

is given by
[, 9] = [dr(a)dr(g)] € T(QNT(Af)/v(U).

Finally, composing this with (5.1.4.1)) and using dr(a) = f € F* = T(Q), we
get (in the inverse limit over U)
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To: Sh(Rp/g GLg, (C\ R)*) — Sh(Rp/gGn, {£1}7),

[(Zx)x627 g] — [(Sgn Im Zx)xGZa dF(g)]

(5.1.5.b) Let (G, X) be the Shimura datum associated to the PEL Hilbert modular
variety, see (3.2.2)); in particular, we have X = h* LU (—h)*. Then:

L] Gder = G(lier = RF/QSLQ, so T = Gm and v = dFlgi G — Gm —
Rp/9Gy,, where the second arrow is the embedding G,, — Rp/gG,, of
B-2.9).

Z = Z; NG has Q-points Z(Q) = {t € F* | t* € Q*}.

TR = {9 = (9)sex € R* C [[exRY | ¢ > 0} = RZ, and hence
T(Q)T = Q;o

YV =Q*/Q%, = {#£1}.
G* = G, hence G(R); = {9 = (g2)zex € G(R) | det(g,) > 0 Vz € X},

We choose the component X = h* of X.

Chasing through (5.1.3)) in the same way as in (5.1.5.a)) yields

mo: Sh(G, X) —> Sh(G, {£1}),

[(22)zew, 9] — [sgnTm 24, dr(g)],

for any choice of 2y € X.

Before repeating this procedure for the Shimura varieties Sh(G®, X %) of (4.4.9),

let us first decribe X% in more concrete terms.

5.1.6 Lemma. The GE(R)-conjugacy class X is in bijection with the set
{(22)zex € (C\R)* | (sgnIm 2,),ex € VZF}, (5.1.6.1)
where VZE is the subgrou of {£1}* defined by
VZ' = (R(R) - (R%)%) /(R%p)™ € (R*)™/(R%,)™ = {£1}*.

In other words,

mo(X ) = vz,

24yZ” is short for “Vorzeichen”, the German word for signs.
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5.1.7 Remark. Before starting the proof, let us remark that in the cases R =
Rp/9Gy, and R = Gy, considered in , we get VZItreCm — {£1}* and VZEm =
{(1,...,1),(=1,...,—1)} = {£1}. Hence XPr/aCm = (C\ R)® and X¢m = ph* LI
(—h)*. So (5.1.6) includes and proves (3.2.2.2).

Proof of Lemma . Let us temporarily denote G by G and the set in (5.1.6.1])
by W. First of all, recall that (C\ R)* is identified with the G;(RR)-conjugacy class
X of hyg: S — G, see (3.2.1.2). We saw in that ho factors through G®=,
and G® C G = @, so we may view hg as a morphism hg: S — Gg. Under the
identification in (3.2.1.2)), it remains to calculate the orbit G(R)-(4,...,7). We claim
that this orbit is equal to W

e Step 1: G(R) - (4,...,7) C W.

If ()2 = (gz - 1), for some (g,), € G(R), then sgn(Im z,) = sgn(det g,) for all
x € Y by the usual formula for the imaginary part under Mo6bius transformations.
As (detg,), € R(R) by definition of G, we get (sgndetg,), € VZ®. This means
(22)2 € W.

e Step 2: If (2,), € G(R) - (4,...,17), and (2,), satisfies sgnIm z, = sgnlm 2/, for
all z € 3, then (2)), € G(R) - (4,...,17).

T

As GLy(R) acts transitively on C \ R, there exists a (g,). € GLo(R)* such that
gz - 2z = 2., for all x. By assumption on the signs of the imaginary parts, we know
that det g, > 0 for all z. Now rescale every g, by a scalar in order to get det g, = 1
and still g, - z, = 2., for all x, which is possible since scalars do not affect the action
by Mébius transformations. Thus we get (g,), € SLy(R)* C G(R), which implies
(21)s € G(R) - (4,... ).

e Step 3: For any (e,), € VZ, there exists (2,), € G(R) - (4,...,4) such that

sgnlm z, = ¢, for all x.

By definition, there exists (A;), € R(R) such that sgn A\, = ¢, for all x € ¥. Then

A 0 . . :
(92)e = 0 1)) lies in G(R) by definition of G and satisfies det g, = A, for
all z. Hence (2,), 1= Ecgw)x (1,...,i) € G(R) - (4,...,1) satisfies sgnIm 2z, = ¢,.
Together, steps 2 and 3 imply W C G(R) - (4, ... ,1). O

We can also describe the set VZ% in terms of rational points of the torus R:

5.1.8 Lemma. Let R be a Q-algebraic torus as before. Then the inclusion R(Q) —»
R(R) induces a bijection

(R(Q) ) F>Xo)/F>Xo — (R(R) ) (Rio)z) /(Rio)Z = Vz".
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Proof. The map is well-defined and injective since an element of R(Q) C F* that
lies in (RX,)*F clearly lies in F,. For the surjectivity: Using the usual canonical

isomorphisms, we can write the above map as
R(Q)/R(Q) N FZy — R(R)/R(R) N (R%,)™.

The surjectivity now follows because R(Q) is dense in R(R) by real approximation
[MAII7, Thm 5.4] for the torus R, and R(R) N (RZ,)* is open in R(R). O

Now let us describe the mp-map for Sh(G#, X):

5.1.9 Example (General Hilbert modular variety). Let (G, X) = (G%, X) be the
Shimura datum of (4.4.2)), with R a Q-algebraic torus as before, and let us identify

X with the set in (5.1.6.1). We again calculate the quantities of ((5.1.3), see (6.2.9)

for the calculation of Z and G24.

o GY =G = RpgSLe,so T =Rand v =dplg: G — T.

[ ] Z:ZlﬂG

T(R)T = {g = (gx)xEE S R(R) C erZR; | 9z > 0 V(I} S Z} = R(R) N
(RZy)* =: R(R)=¢ C (R*)* and hence T(Q)" = R(Q) N F,.

Y = R(R)/(R(R) N (R)%) = (R(R) - (R%,)%)/(R%,)” = V"

o G = G?da hence G(R); = {g = (9z)zes € GR) | det(g,) > 0 Vz € ¥},

We choose the component X+ = h* of X.

Going through the same steps as in (5.1.5.a)), we find that

mo: Sh(G, X) —» Sh(R, VZ?),

[(zx)x627 g] — [(Sgn Im zz)era dF(.Q)]

5.2 Plectic Galois action on connected components

Under the hypotheses of (5.1.2)), we have given in (5.1.4.3)) a rather explicit descrip-
tion of the map m: Sh(G, X) — Sh(T,Y’). Moreover, the Shimura variety Sh(G, X)

has a canonical model over the reflex field F(G, X), so it is natural to expect that
the mp-map is equivariant with respect to a certain action of Aut(C/E(G, X)) on
Sh(T,Y).
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We quote the following results from [Mill'7, (64), p. 119]. Namely, the action on
Sh(T,Y") is given by a class field theoretic recipe similar to the one giving the action
on Shimura varieties associated to tori (compare [Mill7, (60)-(62), p. 114]). The

only difference is a component at infinity of the reciprocity map acting on Y.

5.2.1. (Galois action on connected components) Let (G, X) be an arbitrary Shimura
datum such that G is simply connected. We continue to use the notation of (5.1.2).
Let ho € X and h :=vohg: S — 1. Look at the associated cocharacter u, of T,

see (2.2.5)). By Definition (6.1.11)), the reflex field E(G, X) is precisely the field of

definition of the unique G(Q)-conjugacy class contained in the G(C)-conjugacy class
of tip,, thus py, is certainly defined over E(G, X). [Mill7, (60)] defines a morphism
of Q-algebraic groups

r = T(T, [Lh): RE(G,X)/QGm — T

called the reciprocity morphism.

The action of Aut(C/E(G, X)) on Sh(7,Y") is then defined via the adelic points
of 7 and class field theory: Let o € Aut(C/E(G, X)) and s € Af ) such that
artpa,x)(s) = olgex)». Write r(s) € T(Ag) as 7(s) = (r(5)e,7(5)s) € T(R) x
T(Ay). Then define

oly, glv == [r(s)ee - ¥, 7(8)s - 9], [, 9lv € Shy(T,Y),

and similarly in the limit over all compact open subgroups U C T(Ay). Then the
map

mo: Sh(G, X) — Sh(T,Y)

is Aut(C/E(G, X))-equivariant
Let us see how ([5.2.1)) applies to the Hilbert modular varieties Sh(G*, X ®):

5.2.2 Example (Galois action on mo(Sh(G#, X*))). We use the general set-up of
Example , so we look at the group G* associated to an algebraic torus R with
Gm C R C RpjoGn.

As mentioned before, the reflex field of (G, X%®) is Q, so gives an action
of Aut(C) described by class field theory and the adelic points of the reciprocity
morphism

r:G,, — T = R.

To calculate r, take hg € X® C X% as defined in (4.4.2). Then the cocharacter

3IMil17, (64), p. 119] states this and sketches a proof. In the case of interest of CM points of
variants of the Hilbert modular variety, we will prove a more general result in ([5.2.10]).
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pn: Gmc — Re associated to h = dp o hg: S — Ry is given (on C-points) by

uh:Gm—>R<—>RF/QGm,
Z EH(CX— F®Q C)™.

reX

In other words, p;, is equal to the fixed embedding G,, < R. Here we used the

assumption of (4.4.2)) that
Gp — R

>~ |

Rp/gGm

commutes, where the diagonal arrow is given by z — (z,...,2) € [[,cxCy on
complex points.

The definition of r in [Mill7, (60)] then immediately says that r: G,, — R is
equal to up, i.e. r is equal to the fixed embedding G,,, — R.

Before continuing this example, let us prove the following lemma:

5.2.3 Lemma. Let G,, C R C Rp/9Gy, as before. Then
mo(Sh(G", X ™)) = mo(R(A)/R(Q)).
Proof. By (5.1.9) and the definition of Sh(R, VZ) and of VZ# we have

mo(Sh(G®, X®)) = Sh(R, VZ?)
=lim R(Q)\ [VZ" xR(Ay)/U]

=1lim R(A) /(R(Q) - (R(R)>o x U)) ,

where R(R)so = R(R) N (F ®q R)Z,, and the projective limit is taken over all
compact open subgroups U C R(Af). Note that R(R)so x U is a subgroup of
R(R) x R(Af) = R(A), and that we embed R(Q) diagonally in R(R) x R(Ay) =
R(A).

Let us write Cr := R(A)/R(Q), which is a subgroup of Cr = A} /F* endowed
with the subspace topology. Since Cr is a locally compact, complete topological

group, so is Cg. Moreover,

R(A) /(RQ) - (R(R)so x U)) = my (%

where we write U’ for the subgroup (R(Q).[1 x U])/R(Q) of Cg. Taking the projec-

) = m(Ca/t),
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tive limit commutes with g, so

@ Wo(CR/U/) = T <1LH CR/UI> .
U

U

It remains to show that the canonical map
p: Cp — 1&1 Cr/U’
U
is an isomorphism.
e p is injective:

The kernel of p is the intersection (), U’. To show it is trivial is the same as showing
that

(R@Q.[1x U] = R(Q).

Now R(Q) is discrete in R(A), so if U is small enough, then

RQ.1xUl= [] ritxUl

reRr(Q)

We know that the intersection of all U is 1 (because the intersection of all compact

open subgroups of Ay is 1), hence

A I ~xvl] = R@),

U \reR(Q)

as desired.
e p is surjective:

To ease notation, use the fact that the topology on R(Ay) is second countable and

choose a neighbourhood basis of the identity of the form
UiDU; D ...

with U,, C R(Ay) compact open subgroups, and (), U,, = 1. Note that this system of
neighbourhoods is cofinal for the system of all compact open subgroups U C R(Ay),

so we have

lim Cr/U" = lim Cr/U}.
U n
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Similarly, choose auxiliary open subsets
VioxVeD ...

of R(R) with (N, V, = {1}. Then W, := V, x U, is a cofinal system of open
neighbourhoods of 1 in R(A) (because (), W,, = 1), and similarly the images W, of
W, inside C'r form a cofinal system of open neighbourhoods of 1.

Now assume that (y,U, ), € im Cpr/U,, with y, € Cg. Fix N € N. By definition

of the projective limit, we have for all m > N
Ym =yy mod Uy,
i.e.
Ym'yn € Uy (5.2.3.1)

In particular, for all m,n > N we have

y = (i tyn) (s b))~ e Ul € W

By the cofinality of the system (W} )y, this means that (y,), is a Cauchy sequence
inside Cg. But Cg is complete, so the sequence (y,), converges to a limit y € Cg.
We claim that

P(Y) = WnU,)n,

which then implies that p is surjective. O

Proof of claim. Since (y,), converges to y, we in particular have, for all N € N,
y=yy mod Wy. (5.2.3.2)

If we can show this congruence modulo U}, instead of W}, we are done since this

then says

p(y) = (ynUn)n-

Let (an,bn) € R(R) x R(Ay) (resp. (a,b)) denote a lift of y, € Cg (resp. y). Since
lim,, o0 ¥ = y in Cg, there exist r, € R(Q) such that lim,,_,o 7,(an, b,) = (a,b) in
R(A). Changing (ay,, b,) to m,(a,,b,), we may assume that

(an,bn) = (a,b), n — o0, (5.2.3.3)
inside R(A).
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(5.2.3.1)) implies that for all m > N (and all N) we have
(a;llaN,b;lle) S U],V = R(@)[l X UN]

In particular, a,, = s,,a; for s, € R(Q). But a,, — a as m — o0, 80 S, — a/a;
as m — oco. But R(Q) is discrete in R(R), hence (s,,),, must become constant, so
a/ay lies in R(Q) and w.l.o.g. we may assume that s, = a/a; for all m, i.e. a,, = a

for all m.

Now (}5.2.3.3]) becomes

(G, bn) = (a,b,) — (a,b), n — oo,
which when combined with ([5.2.3.2)) becomes
yy = (ay, bx)R(Q) = (a,)R(Q) =y mod U},

so we are done. O

5.2.4 Example. (Galois action on mo(Sh(G®, X)) = mo(R(A)/R(Q))) de-
scribes an action of Aut(C) on m(Sh(G*, X*#)). Under the identification of (5.2.3),
we get an action of Aut(C) on mo(R(A)/R(Q)), which we will now describe:

The inclusions G,,, C R C Rp/gG,, induce inclusions on the level of adelic points
Ay — R(Ag) — Aj and on the level of Q-points Q* — R(Q) < F*. Hence
we also get an induced map on quotients Cyp — Cr — Cp, and can pass to the

connected components to get
mo(AF/Q*) — mo(R(A)/R(Q)) — mo(A)/FX). (5.2.4.1)

We denote the left hand arrow by i and the right hand arrow by j. Then v € Aut(C)
acts on Sh(R, VZT) = mo(R(Ag)/R(Q)) by multiplication by

i (artg' (v]g=)) € mo(R(Ag)/R(Q)).

5.2.5 Example. Let us look in more detail at the special cases of Example ({5.1.5)):

(5.2.5.a) Asin (5.1.5.4), let G; = Rp/g GLy and X; = (C \ R)*, so that Sh(Gy, X;) is
the Hilbert modular variety. Then the connected components of Sh(Gy, X;)

are given by
mo(Sh(G1, X1)) = Sh(RryqGum, {£1}7) = mo(Ax/FX),

the group of connected components of the idele class group of F', which is
isomorphic to I'% via the Artin map artr, see (2.4.1)).
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Let v € Aut(C) and s € Ag such that artg(s) = 7[gss. Then v acts on
Sh(Rp/gGum, {£1}*) = mo(AF/F>) as multiplication by the element

r(s) = i(arty! (v]gw)) = arty' (Ve (vlgw)) € mo(AF/F),

where the second equality uses the commutative diagram (2.4.3) from class
field theory.

(5.2.5.b) As in (5.1.5.h), look at the PEL Hilbert modular variety Sh(G, X). The con-

nected components are given by

7o(Sh(G, X)) = Sh(Gyn, {£1}) = mo(A3/Q7).

In this case, r: G,, - R = G,, is the identity, so v € Aut(C) acts on
Sh(G, {£1}) = m(Ag/Q*) as multiplication by the element

r(s) = artg (]ge) € To(A%3/Q).

By (5.2.4) the action of T'g on m(Sh(G%, X)) = my(R(A)/R(Q)) is determined
by the map

art7! i
Lo — mo(Ag/Q) —— mo(R(A)/R(Q)).
We would like to extend this action to the plectic group Autp(F ®gqQ). It is natural
to do this by extending this map, and it will again not be the full plectic group that

acts but rather a group fitting into a Cartesian diagram.

5.2.6. (Plectic action on my(Sh(G%, X)) Let R be an algebraic torus defined over
Q with G,, C R C Rp/gGyy, as in ([#.4.2). We define the group (S x T7)E by the

Cartesian diagram
(SZ X F%)RO E— SE X F%

iy

(LPTOd)TrOl l(l,prod) (5261)

mo(R(A)/R(Q)) —— T'F,

artp oj

where j: mo(R(A)/R(Q)) — mo(A}/F*) denotes the right hand arrow in (5.2.4.1)).
From now on we denote the left vertical arrow defined by this diagram by (1, prod),.
We also define Autp(F ®q @)fo by the Cartesian diagram

Autp(F ®¢Q)E —— Autp(F ®g Q)

0

(1,prod) oﬁsl l(l,prod)oﬁs
mo(R(A)/R(Q)) I3,

artp oj
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which is independent of s by (4.1.9.b)). Note that the isomorphism fs: Autp(F ®q
Q) — Sy x I'} induces an isomorphism Auty(F ®g Q)F — (Sy, x I'F)E | which

0
we also denote by [;.

Now let v € (S, x [F")E act on mo(R(Ag)/R(Q)) by multiplication by the
element (1, prod), (). We claim that this defines a group action of (S x I'z)E on
mo(R(Ag)/R(Q)) that extends the action of I'gp described in (5.2.4) via the embed-
ding ps: g — Sy x T'%.

Of course, we also let v € Autp(F ®¢ Q)E act on m(R(A)/R(Q)) by multipli-

o

cation by (1, prod).,(Bs(7v)), which is independent of s by (4.1.9.b]).

Proof of claim. Tt is a group action because (1, prod),, is a group homomorphism.

To show that it extends the I'g-action, look at the diagram

(1»Pr0d)w0l l(l,prod)

Iy P mo(R(A)/R(Q) —— T¥,

joart artp oj

where i: m(Agy/Q) — m(R(A)/R(Q)) is the left hand arrow in (5.2.4.1). In this

diagram, the composition of the two bottom arrows is equal to Vp/q: F%b — Tab
by (2.4.3), so the commutative diagram in precisely says that the outer
trapezium in this diagram commutes. As the bottom right square is Cartesian, the
the embedding p,: g < Sy, x 'y factors through (Sy, x T'Z)E - The commutativity
of the left hand trapezium then precisely shows that the action of (Sy x T'z)E

restricted to ['g coincides with the action in (5.2.4). [

5.2.7 Remark. Note that the group (Sx xI'7)E is not necessarily a subgroup of the
plectic group Sy, x I'%. It will be a subgroup if the bottom arrow arty oj in (5.2.6.1))
is injective. Since artp: mo(Aj/F*) — T'% is an isomorphism, the bottom arrow

is injective if and only if the following condition holds:

(5.2.7.a) The map
g+ mo(R(A)/R(Q)) — mo(AL/F7),

induced from the inclusion R C Rp/gGyy,, is injective.

In Section we will discuss condition (5.2.7.a)) and exhibit many examples of
tori satisfying it, see (5.3.1) and ({5.3.7).

Let us continue by looking at special cases of (5.2.6)).
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5.2.8 Example. ((PEL) Hilbert modular variety) As always, let us have a closer
look at the special cases R = Rp/gG,, and R = G,,:

(5.2.8.a) In the case (5.1.5.a)) of the Hilbert modular variety, we have R = Rp/gGp,
and j = id: mo(AL/F*) — mo(Ag/F*), so R satisfies (5.2.7.a). Moreover
(Sy x IF)E = Sy x I'E, so the entire plectic group acts on mo(Sh(Gy, X1)).

(5.2.8.b) In the case (5.1.5.b)) of the PEL Hilbert modular variety, we have R = G,,

and j: mo(Ag/Q*) — mo(Az/F™). By (2.4.3), the map j corresponds to the
transfer map Vp/q: F@b — I'sP under class field theory. Hence j is injective by

(4.2.2)), thus R satisfies (5.2.7.al).
Moreover, (Sy x T'F)Sm = (Sy x T'F)o by comparing the defining diagrams
in (5.2.6) and (4.2.8): The bottom left entries are isomorphic via the Artin

map artg: mo(Agy/Q*) — T8 and the bottom arrows are related by diagram
©4.3).

Next, we show that the mo-map

mo: Sh(G®, X®)em — Sh(R, VZT)

is equivariant with respect to the plectic actions defined in (4.4.13)) and (5.2.6). Here
Sh(G®, X)q\ denotes the set of CM points of Sh(GT, X ), see (4.4.10)).

First of all, we need to compare the group (Sx x T'%)&, defined in (4.4.11)),
which acts on Sh(G*, X®)cy, with the group (Sy x I'7)E | defined in (5.2.6), which

acts on Sh(R, VZR). In (5.2.8) we saw that for R = G,,, or R = Rp/gG,, we have

(Sy x TF)éy = (Sy x T'F)E | In general, we have

5.2.9 Lemma. Let G,, C R C Rp/9G,, be an intermediate algebraic torus over Q.
Then

(s TF)éw — (S x TR
Proof. Look at the diagram
(SE X F%‘)}C%M > SZ X F%

l lXFo(l,prod) (1,prod)
R(Ap)/R(Q)s0 — AF;/FZ, (5.2.9.1)

| Ly

mo(R(A)/R(Q)) —— mo(AS/F*) 2 Tab,

Here the top left hand square is the Cartesian square (4.4.11)), which defines (Sx X

I'%)&,,, the top right hand triangle commutes because rz o xr = id, and the bottom
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right hand triangle commutes by (2.4.1.1). Moreover, the bottom left hand vertical
arrow is well-defined because clearly the identity component of R(A)/R(Q) contains
(R(R)so-R(Q))/R(Q), and the kernel of the map R(Af) = R(A)/(R(R)so-R(Q)) is
R(Q)~o. Also j is induced by R C Rp/9G,, and so the bottom left square commutes
by functoriality of taking quotients and applying 7.

Looking only at the outer edges of (5.2.9.1)), we conclude that the embedding
(Sy x TR)& C Sy x I'% factors through (Sy x I'Z)E by the Cartesian diagram
(5.2.6.1]). m

We are ready to prove our main result Theorem ({1.2.1)).

5.2.10 Theorem. Let G,, C R C Rp/gG,, be an intermediate algebraic torus
defined over Q. Then the my-map restricted to CM points

To - Sh(GR, XR)CM — Sh(R, VZR)
is (Sy x ['%) &\ -equivariant.

Proof. The main ingredients of the proof are the description (5.1.9) of the m-map,
the interpretation (4.4.5) of (special) points of Sh(G®, X %) as (CM) abelian varieties,
and of course the definition of the plectic actions on CM points (4.4.13]) and on the

set of connected components (5.2.6)).
So let

P = [C*/®(a).io r. R(Q) Ec i ZT(@)

be a CM point of Sh(G, XF), with K a totally imaginary quadratic extension of
F and (K, ®;a,t) as in (2.3.5). Write the CM type ® as ® = {p, | x € X}, where
o] = x for all x € Xp. Let us assume that Im @, (¢) > 0 for all z € Zp.

(a) Calculation of m(P):

We start by calculating the point [k, g] € Sh(G®, X®) corresponding to P. The
Hodge structure hg: S — GL(H,(C?/®(a),R)) of the abelian variety C®/®(a) is
given in (2.3.3): We have H;(C®/®(a), Q) = K and hg on real points is given by

he: C* — Autge,r(Hi(C?/@(a),R)) = (K ®g R)* C GLg(C®)

0 -1
1 0
17—
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with respect to the R-basis

0\ /0
ol |o :

117 1ol o
0/ \o i

Of Cq) K ®Q R.
Using the totally imaginary element o := % € K*, which under ¢, € ® has pos-

itive imaginary parts (3, := Im @, (a) > 0 for all x € X, we define the isomorphism

~ 1 0
a: K =5 F?, 1|—><0>,04|—><1>.

We conclude that by (4.4.5) we have

of F-vector spaces

h=aohgoa':S— (GF)r and g=aonec G¥(A;) = GLy(Ary),

but first we need to check that a satisfies condition (4.4.5.a)): Indeed, a direct cal-

culation shows that

Ey(u,v) = =2Trpg(u1vs — ugvi) = —2¢(a(u), a(v)),

where u = uy + usar,v = v + vax € K™ with uy, ug, v1,v9 € F*. As —2 € Q* C
R(Q), this means that a sends F; to an R(Q)-multiple of ¢ as desired.

Moreover, h = aohgoa™! € X holds by the following calculation of the image of
h under the isomorphism X; = (C\R)> of ([3.2.1.2): We see that h(i) = (h(i),)zes €
G1(R) with

w0 e (0 =g\ () (o 1) (s -
x*mofﬁizo* 1) \1 0 1)

This means that h = BhoB~! with B = ((ﬂz 1)) € G1(R). Hence h
TEX R

corresponds to B - (i,...,1) = (B4i)ses,, which lies in h* = X7 = (XF)*. In
particular, h lies in X and so a satisfies (4.4.5.al).
Using (5.1.9), we conclude that

mo(P) = [(sgn(Bs))zex, det(a 0 )] = [(1)zex, det(a o n)] € Sh(R, VZT).
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(b) Calculation of v(mo(P)), for v € (Sy x TR)E,,.

By (5.2.6), the image of [(1),ex, det(a o n)] under 7 is
Y(mo(P)) = (1, prod), © Bs(7) - [(1)sex, det(a o n)]. (5.2.10.1)

(c) Calculation of mo(yP):

On the other hand, let us first conjugate P by v and then calculate the image under
the mo-map. After choosing f € Aj ; such that fo(7) = fK* and u € R(Ay) such

that xr o (1, prod) o Bs(7) = uFZ,, gives
VP = [©*/1@(fa), iralr, F* By, FonZ(Q)] .

where y = 1+ucf€ Fx.

Doing the exact same steps as before, let us first calculate the point [/, ¢'] €

Sh(G®, X corresponding to this conjugate quadruple: Write v® = {¢, | z € Xr},
where ¢! |p =z for all z € Xp. Let o/ := % € K*. The calculation of the signs of
xt in (4.4.13.3) shows that we have

Bl=Img (/) >0, forall xeXp.

The Hodge structure of C'®/ 7<I>(fa) is given by h,¢, and using the isomorphism

of F'-vector spaces

we see that

W =dohgo(d)" and ¢ =dofon.

Furthermore, we see that h'(i) = (h/(i),)eex € GF(R) with

v (0 P (B Y (o ()
””_ﬁigo_ 1) \1 o0 1)

!/
hence I/ = B'ho(B')~! with B’ = ((Bm 1)) € G1(R) and so A’ corresponds
TEXR

to B' - (iy...,1) = (BL1)ses, € b= C X1
Finally, we get

m0(vP) = [(sgn 3 )ses. det(a’ o fon)] = [(1)ses, det(a’ o f o).
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1
Asad = ( ) o a, we see that
X

det(a’ o fon) = x(""f) det(a o) = udet(aomn),
so we conclude that

To(YP) = [(1)zex, udet(a o n)]. (5.2.10.2)

(d) Comparison of (5.2.10.1)) and (5.2.10.2):

We do this by spelling out the action of v in (5.2.10.1). By the proof of Lemma
(5.2.9), in particular by diagram ((5.2.9.1)), the element (1, prod),, o Bs(7) is equal to
the image of uR(Q)so € R(Af)/R(Q)so inside mo(R(A)/R(Q)). Chasing through

the identification Sh(R, VZT) = m(R(A)/R(Q)) of (5.2.3)), we see that (5.2.10.1))

equals
(17 pl“Od)ﬂO © 55(7) ’ [(1>I€E> det(a o 7])] = [(1>I€E> U det(a o 7])]7
i.e. is equal to (5.2.10.2)). O

5.3 Appendix: When is Autz(F ®g Q)X a subgroup

0

of the plectic group?

We conclude this chapter by discussing scenarios in which the torus R satisfies
assumption (5.2.7.a). As a motivating example, we look at tori R = Rp /oGy,
coming from subfields F’ C F:

5.3.1 Lemma. Let ' C F be a subfield, and let R = Rp)9Gy,. Let Gy, — R —
RpjoGy, be the morphisms of Q-algebraic tori that on Q-points are given by the
inclusions Q* — F'* — F*,

Then R satisfies (5.2.7.al).

Proof. First of all, note that R(A) = A%, and R(Q) = F'*, so that R(A)/R(Q) is
equal to the idele class group Cp = A%, /F'™* of F'.
We want to prove that
7o(Cr) — mo(Cr)

is injective. We reduce to the case when F'/F" is Galois: Indeed, in the general case
let F° be the Galois closure of F' over F’. Then the result for Galois extensions
implies that my(Cp) and mo(Cr) both embed into mo(Crs). The map Cp — Cpo
factors through Cp, so the embedding m(Cr) < mo(Cre) factors through mo(Cr),
implying that the map mo(Cr) — mo(Cr) is injective as desired.
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So now assume that F'/F’ is Galois, say with Galois group H. Look at the short

exact sequence

0 > C% > OF > WO(CF) E— 0,

where C% denotes the identity component of Cp.

Taking H-invariants of this short exact sequence yields the long exact sequence

0 —— (CW)H » CH s 1o(Cp)! —— HY(H,CY%) —— ...

By [Neul3, I11.2.7], we have H°(H,Cr) = Cpr, and by [NSWT5| 8.2.6] we have
H(H,C%) = CY% and H'(H,C%) = 0. Hence the long exact sequence yields

(WO(CF))H = CF//CO' = mo(Cpr),

so in particular the map mo(Cp) — mo(CFr) is injective. O

Inspired by the proof of (5.3.1]), we can formulate a condition in terms of Galois
cohomology of the torus R that also implies ((5.2.7.a)).

5.3.2 Proposition. Let G,, C R C Rp/9G,, be as in (4.4.2). Denote a Galois
closure of F over Q by F° and its Galois group by G = Gal(F°/Q). Write A :=
X*(R) for the character group of R. The torus R is split over F°, so A is a G-

module, and we assume that
ker (Extg; (A, (F°)*) — Extg (A, Af.)) = 0. (5.3.2.1)

Then R satisfies (p.2.7.al).

Before starting with the proof, let us simplify notation and assume that F'/Q is

Galois:

5.3.3 Remark. (Reduction to the case when F/Q is Galois) Assuming the state-
ment of the proposition for all Galois extensions F'/Q, we can deduce the general
statement in the same way as in the proof of (5.3.1): We then have embeddings
To(R(A)/R(Q)) — m(Cpe) and mo(Cr) < mo(Cpo), fitting into the commutative
diagram

mo(R(A)/R(Q)) —— mo(Clre)

\ T

This implies that the diagonal arrow is also injective, which is what we wanted to

show.
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From now on, we assume that F/Q is Galois with G = Gal(F¥/Q). Before
completing the proof of (5.3.2)), let us make some remarks about the Ext-groups
Extg (A, F*) and Extg (A, A%):

5.3.4 Remark (Extg (A, —)). The functors Ext?(A, —) are the right derived functors
of the functor Homg(A, —). As functors from the category of G-modules to the

category of abelian groups, we have
Homg (A, —) = ()¢ o Hom(A, —).
The associated Grothendieck spectral sequence
EY = HP(G,Exti(A, —)) = Ext (A, —).
degenerates, because A is a free abelian group and hence Hom(A, —) is exact. Thus
H?(G,Hom(A, —)) = Extl, (A, —), p>0.
In particular, we get

Extg (A, F*) = H'(G,Hom(A, F¥))
= Hl(G,X*(R) ®gz F)
= HY(G, R(F)),

where we used the G-isomorphisms Hom(A, F'*) = X,.(R) ®z F* = R(F), the
former being induced from the perfect pairing A x X,(R) — Z, the latter being
[PR94, Lemma 6.7, p. 302|.

Similarly, by [Tat66, p. 719] we have Hom(A, Ay) = R(AF), thus

Extg (A, AY) = H'(G, R(Ar)).
Hence (j5.3.2.1)) is equivalent to
II(R) := ker (H'(G, R(F)) — H'(G,R(AF))) =0, (5.3.4.1)
where III(R) denotes the Shafarevich—Tate group of R, see [PR94. p. 307].

Proof of Proposition ((5.3.2)). By remark (5.3.3)) we assume that F/Q is Galois with
G := Gal(F/Q). We follow the same strategy as in the proof of (5.3.1) and start by

looking at the short exact sequence

0 y CY, y O > 7o(Cp) — 0.

111



5.3. APPENDIX 5. CONNECTED COMPONENTS

We will always denote the identity component of a topological group A by A°.
Applying the functor Homg (A, —) yields

0 —— Homg (A, C%) —— Homg (A, Cr) —— Homg(A, mo(Cr)) j

& Exth(A, C9) — 5 ..

We will see below that
(a) Homg(A, Cr) = R(A)/R(Q),
(b) Homg(A, C%) = Homg(A, Cr)°, and
(c) Exth(A,C%) =0,
so the above long exact sequence yields

R(A)/R(Q)
(R(A)/R(Q)
Now note that R C Rp/gGn, so A = X*(R) is a quotient of X*(Rp/qGy,) = Z[G],

say A = Z|G]/I for a G-stable I C Z[G]. This means A is a cyclic Z[G]-module,
thus

Homg (A, m0(Cr)) = 5 = mo(R(A)/R(Q)).

Homg (A, 79(Cr)) — 7o(Cr), a > a(fid] + 1)
is injective, i.e. mo(R(A)/R(Q)) embeds into m(Cr).
e Proof of [(a)}

Let us look at the short exact sequence

We apply the functor Homg (A, —) and, using the assumption (5.3.2.1]), get the short

exact sequence
0 —— Homg (A, F*) —— Homg(A,Ay) —— Homg (A, Cp) —— 0.

Now we use [Vos01, §2.4, p. 3111] that, because R is split over F', for every Q-algebra
A we have
R(A) = Homg(A, (A®qg F)™).

Applying this fact for A =Q and A = A = Ag gives
R(A)/R(Q) = Homg (A, Cr).
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e Proof of [(b)] and

Since A is Z-free, we have
Hom(A, C%) = Hom(A, Cr)°. (5.3.4.2)

To shorten notation, let us temporarily denote Hom(A,Cr) by A. Since C% is
G-stable, so is Hom(A, C%) = A°. So we take G-invariants and get

Homg (A, C9) = [4°] .
For @ we are left to show
4% = [4°]°.

First of all, [A9]% is connected, so [A%]° C A°; but also every element of [A®]° is

G-invariant, hence

[4°]F o [A9]°.
To show equality, we need to show that [A°]“ is connected, because then the inclusion
[A%¢ c A% implies that

[AO]G C [AG]O.

To show that [A°]¢ is connected, let us first use the definition of A and ([5.3.4.2):

[4°1F = [Hom(A, Cr)°]¢ = H*(G, Hom(A, CY)).

Using that A is a free Z-module, say of rank m, we see that as abelian groups we
have

Hom(A, ) = (C3)"™.

By [NSWT5, 8.2.5], C% = ([R x Z]/Z)"~' x R, where r = [F : Q], which by
[NSWT5, 8.2.4] is uniquely divisible. Thus the same is true for (C%)™ = Hom(A, C%),
so by [NSWT15| 1.6.2] we see that Hom(A, C%) is cohomologically trivial, i.e.

H°(G,Hom(A,C%)) =0 and HYG,Hom(A,C%)) = 0. (5.3.4.3)
The first equality means that
H°(G,Hom(A,C%)) = Ng(Hom(A,CY)),

so the continuity of the norm map Ng = > _,0: Cr — Cp implies that [A°]9 =
H°(G,Hom(A, C%)) is connected because Hom(A, C%) = (C%)™ is. This finishes the
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proof of [(b)]
Finally, using (5.3.4) and (5.3.4.3) we can also deduce [(c)}

Extg (A, C%) = HY(G,Hom(A,C%)) = 0.

This finishes the proof of the proposition. m

5.3.5 Remark. For completeness, note that the torus R = Rpr/gG,, for a subfield

F' C F satisfies (5.3.2.1)), so that (5.3.2)) includes (5.3.1)) as a special case:
We still assume that F//Q is Galois with G = Gal(F/Q), and let H := Gal(F/F").

Then A = X*(R) = Z[G/H] = Coind§;Z = Ind§Z as G-moduleg’] hence by
INSW15, footnote p. 63] we have

Homg (A, —) = Homg(Ind$, Z, —) = Hompy(Z, Res$, —) = (1) o Res§,

where Res% is the functor from G-modules to H-modules that simply restricts the
G-action to the subgroup H, and Z is equipped with the trivial H-action.
The functor Res% is clearly exact, hence in the same way as in ([5.3.4) we deduce
that
HP(H,Res$; —) = Ext%(A, =), p>0.

Thus by Hilbert 90:
Extg(A, F*) = H'(H,F*) =0,

hence R satisfies (5.3.2.1)).

We finish this section by discussing condition ([5.3.4.1) and providing more ex-
amples of tori R satisfying it.

5.3.6 Remark. Let F//Q be Galois with Galois group G and G,, C R C Rp/oGyp,
as before. Let S = Sp denote the set of all places of F'. We view Z[S] as a G-module
via the usual action of G on places of F, and let A be the kernel of the G-equivariant

surjective map

Z[S| — Z,

Zaw[w] — Zaw.

weS wesS

We apply [Tat66, Thm, p. 717] with M = X,(R) and r + 2 = 1 to get the

1See [NSWT5, footnote p. 61] for the definition of the functor Coind$ from H-modules to
G-modules. Here it is equal to Indg (see (4.1.4.1))) because G is finite.
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following commutative diagram with exact rows and vertical isomorphisms:

A

—— HYG,A®; M) —— H YG,Z[S] @z M) — H Y (G, M)

l~ - I

. —— HY(G,R(F)) ——— HY(G,R(Ap)) ——— HYG,Cp @z M)
Thus

ITI(R) = ker ( NG, Ay M) — HY(G,Z[S] @ M))
= coker < 2@, Z]S] @z M) — H (G, M)) ,

o (.3.4.1) is equivalent to
coker( 2(G, Z[S] @z M) — H (G, M)) —0. (5.3.6.1)

For certain fields F', all tori R with G,, C R C Rp/qG,, satisfy (5.3.6.1):
5.3.7 Example. Let F//Q be Galois and G,, C R C Rp/gG,, as before. Denote

M := X.(R). Assume that there exists a prime number p with precisely one prime
ideal p above p in F. For example, if F'/Q is cyclic, there exist inert primes p by
Chebotarev’s Density Theorem [Neu92, VII.13.4], which have this property.

The G-module Z[S] decomposes as @, Z[S,], where v runs over the places Sg of
Q and S, denotes the places of F' above v. Let us show that R satisfies (5.3.6.1)),
i.e. that the map

(G, Z[SF) ®2 M) = @ H(G, Z[S,] ®2 M) — H*(G, M)

vESQ

is surjective: By assumption S, = {p}, so
Z[S,| — Z, alp] — a,

is an isomorphism of G-modules, inducing a G-equivariant isomorphism Z[S,] @z
M = M. Thus H%(G,Z[S,) ®z M) = H~2(G, M) is also an isomorphism, hence R
satisfies ({5.3.6.1]).

5.3.8. (Summary) We have seen that the equivalent conditions (5.3.2.1), (5.3.4.1)
(vanishing of III(R)) and (5.3.6.1) are satisfied for many tori R, see (5.3.5) and

(5.3.7). We also saw in (5.3.2)) that these conditions imply (5.2.7.a)).
However, we do not know whether (5.2.7.a)) is equivalent to (5.3.2.1)), or whether

either of these conditions holds for all tori R. There are examples of “norm one tori”
T which do not satisfy III(T") = 0, see e.g. [PR94, Ex. 1, p. 308]. The Shafarevitch—
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Tate group of a norm one torus is well-studied because it vanishes if and only if the
Hasse norm principle holds for the corresponding field extension. See [MN19| for
more details.

Unfortunately, the norm one torus for the extension F'/Q does not contain G,,,
so it does not fall into the setup of . Nonetheless the fact that for certain
fields F' there are tori T' C Rp/gG,, that do not satisfy III(7") = 0 seems to us to be
an indication that probably does not hold for all R with G,, C R either.
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6

Plectic action on cocharacters

Fix a totally real number field F'. The reflex field of a Shimura datum (G, X) is of
fundamental importance in the theory of Shimura varieties. The goal of this chapter
is to define the plectic analogue of the absolute Galois group of the reflex field, the
so-called plectic reflex Galois group, for algebraic groups G that differ only in the
centre from a group of the form Rp/qgH.

In Section we recall from [NST6| §5] how the plectic group Sy, x I'% canonically
acts on the cocharacters of the group Rp/gH, and how this action is used to define
the plectic reflex Galois group of a Shimura datum (Rp/oH, X).

In Section we look at cocharacters of the groups G that differ only in the
centre from Rp/gGLa, where R is an algebraic torus over Q with G,, C R C
Rr/gGy. The Cartesian diagram allows us to view the cocharacter group
X, (GF) of G as a subgroup of X, (Rp/g GLy). The latter carries an action of Sy, xI'%
by Section 6.1} so we can define the subgroup (Sx x T'Z)E of Sy, x I'F as the stabiliser
of the subset X, (G®) C X,(Rr/g GLs). In (6.2.6)), it is then straightforward to define
the plectic reflex Galois group of (G%, X*) as the stabiliser of a certain conjugacy
class jixr of cocharacters of GT.

We finish Section [6.2] with discussing properties of algebraic groups G that differ
only in the centre from an arbitrary group G;. By definition, this means that
diagram (1.2.0.2) is Cartesian. In (6.2.9), we relate the derived group, the adjoint
group, the centre, and the cocentre of G to their respective counterparts of G; using
this Cartesian diagram. Moreover, if Gy is of the form Rp/gH and admits a Shimura
variety, the same methods as for the groups G can be used to define the plectic

reflex Galois group associated to G.
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6.1 Plectic action on cocharacters of restrictions of

scalars

6.1.1. (Cocharacters) Let G be an algebraic group defined over Q. Then a cochar-
acter of GG is a morphism of algebraic groups from the multiplicative group G,, to
G, defined over Q. We denote the set of cocharacters of G by

X.(G) = Hom(G,, 5, G),

where “Hom” denotes morphisms of group schemes over Q.

The set X.(G) comes equipped with an action of the Galois group I'g. To define

this action, let us recall:

6.1.2. (Galois action on schemes) Let k be a field, X a scheme over k and X the
base change of X, to the separable closure k of k. This means we have a Cartesian
diagram

X —"— Speck

Xo —— Speck.

Here ¢+ = Spec(i) for the fixed inclusion i: k < k, and 7 is the structure morphism.
Now for v € 'y, we have yo1i = ¢, which translates to ¢oSpec(y) = ¢. This yields
the unique dotted arrow in the following diagram, defining a (right) action of Iy, on
the scheme X.
X —— Spec k
v}} lSpeC(v)

~

al X —T 4 Speck

Xo —— Speck.
As a concrete example, assume Xy = Speck[Ty,...,T,]/(f1,..., fm) is an affine
variety. The k-points of X are the simultaneous solutions (z;); € k to the polyno-
mial equations f;(zy,...,2,) =0, j =1,...,m. Then v% acts on the k-points of X

by ()i = (v(2i))i-
From now on, we will simply write v (or sometimes v*) for v% or Spec(y). We

hope this does not cause confusion.

6.1.3. (Galois action on cocharacters) We apply (6.1.2)) for the scheme G,, over Q,
and the action of 'y on G, 7 induces an action of 'y on X.(G) by pre-composition

yixrxoy, 7€l x€Xd(G). (6.1.3.1)
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Note that, despite its appearance, this is a left action because in reality we are
precomposing by fy(*}m@ and (”yl”yg)(}‘;m@ = (’yg)am@(’yl)am@. Also note that y o~ is
again a morphism of group schemes, i.e. a cocharacter of G.

There is another way of defining this action, which will be useful for us. First of

all, note that by base-change
X* (G) = HomQ—Gr—Sch(G}m@a G) = Hom@—Gr—Sch(Gm,@7 G@) (6132)

The absolute Galois group I'g acts on both G, 5 and Gg by (6.1.2). The previous
Definition (6.1.3.1)) then translates (via base-change) to

v:ix—=7y toxony, 7ve€Tq x€Homg_g.sa(G,ng Go)- (6.1.3.3)

*

To be precise, the right hand side is equal to (7_1)0@ oX OGS o

6.1.4 (Plectic action on cocharacters for restrictions of scalars I). Let H be an
algebraic group defined over a number field /' and let G := RpgH. Then G is
an algebraic group over Q, hence X,(G) carries a I'g-action as explained above.
However, because G is a restriction of scalars, it carries an action by the plectic
group Auty(F ®g Q) which can be described as follows:

First of all, we can exploit that G(S) = H(Sr) for every Q-scheme S, i.e.

Homg_sen (S, G) = Homp_sn(Sr, H),

where Sy denotes the base change Spec(F') Xgpec(q) S of S.

Note that X.(G) is by definition the subset of G(G,,g) consisting of those Q-
morphisms from G,, 5 to G which are morphisms of group schemes. This property
means that a certain diagram commutes, and translates into the analogous property
in H(G,, pg,g)- Thus

X*<G) = HomQ—Gr—Sch<Gm7@7 G) = HomF—Gr—SCh<Gm7F®Q@7 H) (6141)
In analogy to diagram (6.1.2)), we get for v € Autp(F ®qg Q)

Gm7F®@@ —— Spec(F ®q @)
é’y* lSpec('y)

~

Gy, pogg — Spec(F ©q Q)

! l

Gp,p —— Spec F'
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We conclude that Autyz(F ®g Q) acts (on the left) on X,(G) by precomposition
vix = xov, 7€ Autp(F®ReQ), x € X.(G). (6.1.4.2)

It clearly extends the I'g-action (6.1.3.1]).

6.1.5 (Plectic action on cocharacters for restrictions of scalars II). We can also
describe the plectic action more explicitly in the following way, using the plectic
group Sy x ['%: Because G is a restriction of scalars of H, the action of I'gp on X, (G)

is the induced action of I'r on X, (H), i.e. we have an isomorphism of I'g-sets
X.(G) = Indp X, (H). (6.1.5.1)

The action of Sy, x '% is then given by (4.1.4]). This definition of the plectic action
agrees with the one in (6.1.4) under the isomorphsim S,: Autp(F®qQ) — SexI'%

of (T3,

6.1.6 Remark (Plectic equivariant maps on cocharacters). Let G; = RpjgH,;, i =
1,2, be two algebraic groups over Q that are restriction of scalars, and let f: H; —
Hj be defined over F. Then f induces Rp/q(f): Gi — G2, which is defined over Q,

and thus induces the map

Rej(f)e: Xu(G1) — Xu(Ga), x+— Rrjo(f)ox.

This map is not only I'g-equivariant, but by functoriality in the adjunction (6.1.4.1)
and by Definition (6.1.4.2)) it is also equivariant with respect to the plectic action.

6.1.7 Example. Consider the algebraic torus Rp/gG,, over Q. Here we consider
G, as an algebraic group over F', and X,(G,,) is isomorphic to Z with the trivial

I'p-action by
7 ;> X* (Gm) = HomF—Gr-Sch(Gmf, Gmyp), n +— [t — tn}.

By (6.1.5.1) and (4.1.4.2), the I'g-module X, (Rr/gGy,) is isomorphic to Z[¥], see

(2.1.6). By (4.1.4.2), the plectic action of Sy, x I'} is given as the linear extension of

(0,h)[z] = [o(x)], €Y, (0,h) €Sy x 7

This means the plectic action on X,(Rp/gG,) factors through the canonical

quotient Sy, see (4.1.9.a)).

6.1.8 Example. Let K be a totally imaginary quadratic extension of the totally
real field F. Let Gal(K/F) = (c), i.e. denote complex conjugation by c¢. Consider
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the algebraic torus Ri/0Gn = RpjoRk/rGrm. The I'g-module X, (Rgk/gGr) is
isomorphic to Z[Xk], where Y := Hom(K, Q), with ['g-action given by

Vel = [vel, ¢ € Xk.

In (4.1.6) we have seen how Sy x I'% acts on Y, and the action on Z[X k] is thus
given by
(0, 1)[c"¢a] = [0
This shows that the plectic action on X, (Rx/gGn) factors through the group Sy x

Gal(K/F)*. If K is Galois over Q, then this group is isomorphic to Autp(F ®q K)
(resp. Gal(K/Q)# Gal(K/F)) under a modification of ;5 (resp. ) from (4.1.3)

(resp. (4.1.5.1))), see [Blaldl, (3.2.12)].

6.1.9 Remark. Similar to (6.1.3.3)), we can also define the plectic action on cochar-
acters as follows: Let H again be an algebraic group defined over ' and G := Rp/gH.

Starting from (/6.1.4.1]), base change yields
X.(G) = HOmF—Gr—SCh(Gm,FQQ@@’ H) = HomF®Q@—Gr-Sch<Gm,F®Q@7 HF®@@),

where HF®©@ = H Xgpec(r) Spec(F ®q @)

In complete analogy to (6.1.3.3)), base-change of (6.1.4.2)) yields

vix— Ay oxoy, v € Autp(F @¢Q), x € Hompg g g san(Con pegg: Hrsgd)-

(6.1.9.1)

To be precise, the right hand side is equal to (y7!)%

oy o~k
F®Q@X7(G

mf@@@.

6.1.10 (Galois action on conjugacy classes of cocharacters). Let G be an algebraic

group over Q. In (6.1.3.3) we defined a Galois action on X, (G). This action induces

an action on the G(Q)-conjugacy classes of cocharacters which we will now explain:
By (6.1.3.2), the cocharacters of G are given by X.(G) = Homg_g, 54,(G,, 5, Gg)-

Recall that an element g € G(Q) acts on the scheme Gg by conjugation as follows:

r= (g,2) = grgt
To be precise, the map denoted x — ¢ is shorthand for
Gg — Spec(Q) L Gy
and the second map is the conjugation map (built from the group law G x G — G).
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We can therefore use (6.1.3.2)) to define the cocharacter conjugate to x € X,(G)

by g € G(Q) as 9y := ad(g) o x, i.e.
9x: G,g == Gg = Gy (6.1.10.1)

In order to deduce an action on the conjugacy classes of cocharacters, we need

to show that the I'g-action on X,(G) is compatible with conjugation. We show

Y0x) ="(vx), 7 €Tlqg g€ GQ),x e X.(G). (6.1.10.2)

The calculation is straight-forward:

In the penultimate step, we used ad(yg) = (v !)goad(g) o and Definition (6.1.3.3)
of y7x. The former is a scheme-theoretic exercise which comes down to the fact that

the group law, and hence conjugation, on G is defined over Q.

6.1.11. (Reflex field of a Shimura datum) Let (G, X) be a Shimura datum. We
recall the definition [Mill7, Def. 12.2] of the reflex field E(G,X) of (G, X): Take
any h € X and look at the associated cocharacter u; of G, see . Then the
G(C)-conjugacy class C of py, is independent of the choice of h, hence only depends

on X. Moreover, C contains a unique G(Q)-conjugacy class pux of cocharacters of
GG. The reflex field is defined to be the field of definition of px.

6.1.12 (Plectic Galois action on conjugacy classes of cocharacters). With the nota-
tion of (6.1.10), assume that G = Rp/oH for some algebraic group H over F. We
use the description of the plectic Galois action on X,(G). In exactly the
same way as in (6.1.10.2)), one can show that

Y(Ox) =" (vx), 7€ Autp(F ®qQ),9 € G(Q),x € X.(G). (6.1.12.1)

In particular, the plectic action on X,(G) induces an action on G(Q)-conjugacy

classes of cocharacters.

6.1.13 (Plectic reflex Galois group). Let (G, X) be a Shimura datum with G =
RpjoH for some algebraic group H over F'. In analogy to (6.1.11]), using (6.1.12)) we

122



6. COCHARACTERS 6.1. RESTRICTIONS OF SCALARS

can define the plectic reflex Galois group of (G, X) to be the stabiliser of px inside
the plectic group Auty(F ®¢ Q), see [NS16, Def. 5.1].

6.1.14 Example. (Hilbert modular variety) The Hilbert modular variety is asso-
ciated to the group Gi = Rp/g GLo, see (3.2.1). So the plectic group Sy x I'Z acts
on the set X,(Gy), and by also on the set of G;(Q)-conjugacy classes of
X, (G1). We can describe this more explicitly as follows:

We use the Q-torus Sy := Rp/g(G?2,), embedded as a maximal torus inside G; =

Ry GL; as the diagonal matrices. Then we can identify the set of G (Q)-conjugacy

classes of cocharacters of G; with
X.(G1)/G1(Q)-conj. = X.(Sy)/W,

where W denotes the Weyl group of 5.

We have S1(Q) =[] C G1(Q), hence the cocharacters of S; are given

TEX

by

X = (Xr)xEE: Gm — Sl

"
Xe: t yma |

for integers n,,m, € Z. The Weyl group W is isomorphic to (Z/27)*, with the
element w, = (0,...,0,1,0,...,0) (with the 1 in the z-th coordinate) acting on

*
the z-th factor of S;(Q) = [[,cx by swapping the two entries and acting
*

trivially on all other factors. Thus in the above notation

n
X, (S)/W 2 {x = (Xo)wes | Xo: t — ( o ) with n, > m, for all z}.

We can also describe the plectic Galois action on X, (S7) explicitly, which will

then also describe the plectic action on the G1(Q)-conjugacy classes of X.(G;) by
(6.1.6)): Note that X*(GfmF) carries the trivial I'p-action, hence by (4.1.4.2)) the
action of Sy x I'% on X, (S)) factors through Sy and is given by

(U’ h) X = (XJ/‘)sz — (XJ*I(J))IEE-

123



6.2. GENERAL CASE 6. COCHARACTERS

6.2 Plectic action on cocharacters of more general
groups

In this section we define a plectic action on cocharacters of algebraic groups that
differ only in the centre from a group of the form RpgH. The following purely
group-theoretical observations will be very useful:

Assume I is a group acting on a set Ay, and let A C A;. We denote the largest
subgroup of I' stabilising A by Stabr(A).

6.2.1 Lemma. Let ' be a group acting on the sets Ay and By, and let d: Ay — B,
be I'-equivariant and surjective. Assume that B C B is a subset, and that A C A;

1s given by the following Cartesian diagram of sets

A;)Al

|

B;)Bl,

A={a€A |da)e B} =d'(B)
Then
Stabp<A) = Stabp(B).

Proof. An element v € T" preserves A if and only if for all « € A we have va € A, i.e.
d(va) € B. But d(va) = vd(a) and d|4: A — B is surjective, so this is equivalent
to 7y preserving B. O

As a motivating example, we generalise (6.1.8) to certain subtori of Rx/qG,,, for

a totally imaginary quadratic extension K of F":

6.2.2. (Subtori of Rg/gG,,) We use the notation of (6.1.8), and abbreviate R, :=
Rp/9Gy, and Th := Rk /oGy = RrjgRk/rGry, for the algebraic tori over Q of (6.1.7)
and (6.1.8)), respectively. Let

N = RF/Q(NK/F) T — Ry
be the norm map, which on Q-points is given by

N: (KoeQ)* = [ Q@ —]]Q =Fe@7,

z€X, beZ/2Z €Y

(Z:E,b>z,b — (Zx,OZx,l)x'
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It will be useful to calculate the induced map N,: X.(T1) — X.(R;) on cochar-
acters explicitly: Recall that X,(R;) = Z[X] and X.(T1) = Z[Xk|. By using the

description of the cocharacter [z] in (2.1.6)), we see that

Nt > mapea] =) (Mg + may)|z]. (6.2.2.1)

2€Y, bEZ/2Z z€eY

Let R — R; be an algebraic subtorus over Q and define T" to be the algebraic

torus over Q that makes the following diagram Cartesian

T‘—>T1

|

R;)Rl.

Note that in general T' will not be of the form Rp/gH for some algebraic torus
H over F, hence does not give a plectic action on X, (7).

However, it does give an action on X, (T), see (6.1.8)), and hence X, (T) C X.(T})
inherits an action by the largest subgroup of the plectic group Sy x I'% which sta-
bilises the subspace X, (T'). This subgroup is Stabg,, s (X.(T")) in the notation of
(6-2.1)). It contains, of course, the absolute Galois group of Q because T is an alge-
braic torus over QQ, but it is in fact much bigger. We can calculate it explicitly as
follows:

The above diagram of tori induces a Cartesian diagram of I'g-modules

| |~

X.(T) = {x € X.(T1) | Nu(x) € X.(R) C X.(R1)}. (6.2.2.2)

For example, if R = G,,, and G,,, — R; is the usual embedding which on Q-points
is simply the inclusion Q* C F*, then the corresponding map on cocharacters is

given by

X.(Gp) = Z — X.(R)) = Z[5)],
I (6.2.2.3)
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and thus

X (T) = { Z my[g]

my + Mz = my + my for all p, ¢’ € EK} . (6.2.2.4)
PEXK

Using (6.1.6) and the fact that N, is surjective (obvious from (6.2.2.1)), (6.2.1)
implies that

StabSZ MF% (X* (T)) = Sta’bSE MF% (X* (R) ) ‘

We can be more explicit as follows: The action of the plectic group on X, (R;)
factors through its canonical quotient Sy, see (6.1.7). Let S(R) := Stabg, (X.(R))
be the largest subgroup of Sy, stabilising X,(R) C X.(R;), then

Stabg, s (X.(R?)) = preimage of S(R) = S(R) x I (6.2.2.5)
We denote this group by (Sy x T7)E.

6.2.3 Example. Let us look at subtori R = Rp//9G,, coming from intermediate
fields Q C F' C F:

(6.2.3.a) Clearly, if I = F', then R = Ry and T' = T}, so S(R) = Sy, and the full plectic

group acts on the cocharacters of T

(6.2.3.b) Let F = Q, so R = G,,, embedded in R, diagonally (on Q-points). Then the
associated T is the algebraic torus introduced in (2.5.1)) (the “PEL torus”).

Then X.(R) C X.(Ry) = Z[X] corresponds to Z(}_,.x[x]). Clearly this is
stable under the action of Sy, (in fact, Sy acts trivially on it), hence again the

full plectic group acts on X, (7).

This example also shows that (Sy; x T'%)E = Sy x I'% is possible even though

the torus T is not the restriction of scalars of some torus defined over F.

R C

(6.2.3.c) General case: This example will show that it is possible that (Sy x T7)E &

Sy, x I'%. We have

XAR) = X.(R), 2] Y[l

x|z’

where x|z’ means that : F < Q extends 2/: F' — Q.

Therefore S(R) is equal to all permutations of ¥ preserving the partition
Y = s {z: 22}, where &' := Hom(F",Q), i.e. o € Sy, belongs to S(R) if
and only if for all 2’ € ¥’ there exists ¢y € ¥ such that {o(z): z|2'} = {z €
X:oxly'}.
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The cases [/ = F and F’' = Q give back the previous examples. But in all
other cases, this is a proper subgroup of Sy, hence also (Sx x I'E)E is a proper

subgroup of Sy x I'%.

After this introductory example, we will define a plectic action on the cocharacters
of a group that differs only in the centre (see (6.2.9))) from a restriction of scalars.
As the second and most important example, we look at groups that differ only in
the centre from G := Rp/qg GLs.

6.2.4 Example (Cocharacters of variants of Rp/gGLs). Similar to (6.2.2) and as
in ([(£.4.2), let R — Ry = Ry/gG,, be an algebraic subtorus over Q and let G = G*.
Recall the Cartesian diagram (4.4.2.1)

G‘—)Gl

I

R%Rl,

where dp := Rpjg(det): G1 = Rp/g GLy = RpjgGy, = Ri. Then X, (G) is a subset
of X,(Gy), fitting into the Cartesian diagram of sets with I'g-action

X(G) —— X.(Gy)

L e

X.(G) = {y € X.(G1) | (dr).(x) € X.(R)}. (6.2.4.1)

The cocharacters X,(G1) of Gy carry an action by the plectic group by (6.1.4),
and so once again X, (G) inherits an action by Stabg,rs(X.(G)). In analogy to

(6.2.2.2)), (dr). is plectic equivariant by (6.1.6]), hence (6.2.1)) implies that
Stabgg .y (X.(G)) = Stabg, 2 (X.(R)) = (Ss x Tp).

For Definition (6.1.11)) of the reflex field in the theory of Shimura varieties, one
does not use the action of the Galois group I'g on cocharacters of G, but the induced

action on G(Q)-conjugacy classes of cocharacters of G.

6.2.5 Example (Conjugacy classes of cocharacters of G¥). We continue the pre-
vious example. Having defined a plectic action on the cocharacters of GG, we now

need to make sure this action is compatible with conjugation by G(Q). Note that by
(6.1.12) the full plectic group acts on the G;(Q)-conjugacy classes of cocharacters
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of Gl.
If two cocharacters x1, x2 € X.(G) of G are G(Q)-conjugate, then they are clearly

also G1(Q)-conjugate, and hence by what we know about G their plectic images
7x1,7x2 are G1(Q)-conjugate. To conclude that they are G(Q)-conjugate, note that
conjugation factors through the adjoint groups G® and G34. But these two groups

are equal by (6.2.8)) below.

Thus we may conclude that (Sx x I'3)2 acts on conjugacy classes of cocharacters
of G.

In (6.1.13) we defined the plectic reflex Galois group for Shimura data (G, X),
with G a group of the form RpgH, as the stabiliser inside Autz(F ®q Q) of a

certain conjugacy class pux of cocharacters. In analogy, we have:

6.2.6. (Plectic reflex Galois group of (G, X)) We continue (6.2.4). Let (G, X) :=
(GE, XE). Let px be the G(Q)-conjugacy class of cocharacters of G determined by
X, see (6.1.11). Then the plectic reflex Galois group of (G, X) is defined to be the

stabiliser of px inside (Sy x ['%)%.

6.2.7 Example. We continue (6.2.4). By (6.2.5)), we can identify the set of G(Q)-
conjugacy classes in X, (G) with a subset of X,(S1)/W, namely those cocharacters

x with (dr)«(x) € X«(R). Here W again denotes the Weyl group of Sy, see (6.1.14]).
We can explicitly calculate that for x = (x,) we have

(dr)e(x) = D _(ne +my)[z] € Z[3],

TEN

where we identify X, (R;) with Z[X] as in (6.1.7)). Hence

X.(G)/G(@)-conj. = {x = (Xz) | nx > my, and Y (n, +m,)[z] € X.(R)}.

TED

Note the resemblance with ((6.2.2.1) and (6.2.2.2)).

To compare the groups G and G of (6.2.4)), let us first recall some facts about

algebraic groups:

6.2.8 (Adjoint and derived group). Recall that for any connected reductive group

G over Q one has two short exact sequences fitting into the following diagram of
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algebraic groups over QQ:

Here
e 7 denotes the centre of G,
e G = G/Z denotes the adjoint group of G,
o GY =[G, G] denotes the derived subgroup of G,
o C := G/G%" denotes the cocentre of G,

and the induced dashed arrows are isogenies, i.e. surjective morphisms with finite

kernel. For example, for G; = Rp/g GLy we get:
o 7 = Rp/9Gy,, embedded diagonally in Gi,
o G = Ry PGLy,
o G = Rp/qSLy,
o () = Rp/9G,, = Ry and the map G — C} is equal to dp: G; — R;.

The calculation of C indicates that defining G by the Cartesian diagram (4.4.2.1)

means a change in the cocentre, and we can indeed proceed in greater generality:

6.2.9. (Change in the cocentre) Let G; be a reductive groups over Q. Fix some

subtorus R of C'y. Define the reductive group G over Q by the Cartesian diagram

G%Gl

l ld (6.2.9.1)

R%Cl,

where d: G; — C; denotes the canonical map. In this case, we say that G differs

only in the centre from Gy, compare ([1.2.0.2)).
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To justify this terminology, we now successively calculate the groups Z, C', G*,
GYer associated to G from the corresponding groups Z;, C1, G2, G of G by a

diagram chase:
Step 1: The groups G and GGy have the same derived groups:

By definition, we have G = ker(d). Now d|¢ factors through R by the diagram
defining G, and R is abelian (because C) is), hence ker(d) contains G9°.
On the other hand, the Cartesian diagram (6.2.9.1) also implies that G contains
ker(d) = G{*, and hence G contains (G{)%" = G, where the last equality

holds because G{** is semisimple. We conclude:
der der
G = G

Step 2: The cocentre of G is R:

Because R is abelian, the map G — R factors through the cocentre C'. This

shows that G4 C K := ker(G — R).
Moreover, since G4 = G¢° there is a map C' — C; which factors through R,

i.e. we get a commutative diagram

C‘_>01

[

This means we get the commutative diagram with exact rows

1 s K s G s R s 1
1 y (Gder s G y C y 1

A direct diagram chase shows that G = K, hence
C =R.

Step 3: The groups G and Gy have the same adjoint group:

The adjoint group of a reductive group is the same as the adjoint group of its

derived group, hence step 1 implies that G and G; have the same adjoint group.
Step 4: The centre Z of GG is equal to Z; N G:

By step 3 we have
Z =ker(G — G*) =ker(G — Gy — G =G =G n Z,.
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6.2.10 (Plectic reflex Galois group — general case). Assume that G and G, are
related by the Cartesian diagram . We saw that this implies that G and
GG1 have the same derived and adjoint groups. They only differ in the cocentre
C = R < (] and the centre Z = Z; N G.

Now if G1 = Rp/gH, is a restriction of scalars, then C) is of the form Rp/qD;
for some algebraic torus D; over F. This means that the cocharacters of both Gy
and (' carry plectic actions by the full plectic group, and that the induced map
X,(G1) = X.(Cy) is equivariant with respect to these actions by (6.1.6).

We can now mimic to define a plectic group acting on X, (G): Recall that
Stabg,,.rx (X« (R)) is the largest subgroup of the plectic group stabilising the subset
X.(R) of X,(C4). Then shows that X, (G) inherits an action by

Stabg, .1z (X.(G)) = Stabg, . rz (X (R)) =t (Sx & Tg)ce-

Note that this group is not necessarily of the form S x I'% for some subgroup
S C Sy, because the action of the plectic group on X, (C}) does not necessarily factor

through Sy, like in (6.2.4) []
Also note that because G* = G394, the same argument as in (6.2.5)) shows that the

action of Stabgg,px(X.(R)) on cocharacters induces an action on G(Q)-conjugacy
classes of cocharacters of G. This allows us to define the plectic reflex Galois group

of a Shimura datum (&, X) as the subgroup of Stabgy, = (X.(R)) fixing the G(Q)-

conjugacy class ux of cocharacters of G.

Let us conclude this section by relating the plectic action on cocharacters of tori
defined in (6.2.2)) to the action on cocharacters of groups related to Rp/g GLo:

6.2.11 Remark. (Functoriality of the plectic reflex Galois group) Let G,, C R C
RpjoGy, be an intermediate algebraic torus over Q, and define G = GT asin (6.2.4).
Moreover, let K /F be a totally imaginary quadratic extension, and let 7" be the torus
defined in (6.2.2)).

A F-vector space isomorphism a: K —— F? as in the proof of induces
an embedding (77, he) < (G, X;) of Shimura data. We choose the isomorphism
a is so that a o hg o a™! lies inside X = X%, hence we also get an embedding
(T, he) — (G, X). From now on, we will suppress a from notation, so we view hg
as an element of X.

The plectic reflex Galois group of (G, X) is the stabiliser, inside (Sy x I'%)E

cc)

of the G(Q)-conjugacy class px determined by the cocharacter p associated to a
fixed h € X. For example, we can take the conjugacy class of the cocharacter pg

associated to he € X.

However, the action of the plectic group on X, (C7) factors through some finite quotient of the
plectic group, and so one does at least get a more concrete description of Stabgy , ps (X« (R)).
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Now T < G induces a map X,(T) — X,(G) that is (Sy x '%)E_-equivariant:
Indeed, X, (T}) — X.(G) is Sy, x ['F-equivariant by (6.1.6]), and so by the definition
of the plectic action on X, (7") in (6.2.2)) and on X, (G) in (6.2.4) the assertion follows

from the commutative diagram

So if v € (Sy x I'%)Z lies in the plectic reflex Galois group of (T, hg), then ~ fixes
pe (viewed as a cocharacter of T'), so in particular it fixes the conjugacy class of
po inside X, (G), hence v is an element of the plectic reflex Galois group of (G, X).
This means that the plectic reflex Galois group of (T, hg) is contained in the plectic
reflex Galois group of (G, X).

One can easily prove the plectic analogue of [Mill7, 12.3(c)]:

6.2.12 Lemma. For i = 1,2, let G; = RpoH; for some algebraic group H; over
F. Denote the cocentre of G; by C;, let R; C C; be a subtorus and look at the group
GZR" C G; defined by the Cartesian diagram

Gl —— @
|

R, —— (.

7

~

Moreover, let (GZF”',XZ-) be a Shimura datum. Let f: Hi — Hy be a morphism
defined over F such that Rpjq(f): Gi — G restricts to a morphism of Shimura
data (G, X1) — (GE2, X,).

Then the plectic reflex Galois group of (Gfl, X4) is contained in the plectic reflex
Galois group of (G52, X5).

6.2.13 Remark. [Del71, Thm 5.1] says that the reflex field of a Shimura datum is
determined by the reflex fields of its special points. Is there a plectic analogue of
this, i.e. is the plectic reflex Galois group determined by the plectic reflex Galois
group of its special points? We do not know the answer to this question, not even

in the case where G = Rp/oH.

6.2.14 Remark. We are also curious to see how the plectic groups (Sx x I'%)E;

and (Sx x T%)E are related.
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