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Abstract. We construct unique local solutions for the spherically-symmetric Einstein—
Klein-Gordon—AdS system subject to a large class of initial and boundary conditions
including some considered in the context of the AdS-CFT correspondence. The proof
relies on estimates developed for the linear wave equation by the second author and
involves a careful renormalization of the dynamical variables, including a renormalization
of the well-known Hawking mass. For some of the boundary conditions considered this
system is expected to exhibit rich global dynamics, including the existence of hairy black
holes. The present paper furnishes a starting point for such global investigations.
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1. Introduction

Consider the coupled Einstein—Klein-Gordon system in 3 + 1 dimensions in the

presence of a negative cosmological constant A = —l% and mass-squared m? = %—g
for the Klein-Gordon field:
1 3
Ry,y - igl‘“jR — ﬁgﬂy = 87TT1“,,
2a
gt — Z—Qw =0, (1.1)

1 a
auwauw - §guuao—wag¢ - ﬁ¢29uy = T;w .

We wish to construct spherically symmetric solutions of (L.1)) in the class of space-
times which are asymptotically anti de Sitter (aAdS) at infinity. The asymptotically-
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flat case (with A = 0, a = 0) has been considered in [6] and the asymptotically-de
Sitter case (with A > 0, a > 0) in [2007] .

As is well-known, the study of hyperbolic systems (linear or non-linear) in aAdS
spacetimes generally necessitates the prescription of boundary conditions at the
timelike asymptotic infinity. In perhaps the simplest case, that of the linear wave
equation

Oy — 24 =0 (1.2)

on a fized aAdS background g, the field has an expansion near infinity of the form:
bbbt 0 (ph),

where p = 0 defines the conformal boundary and x = 1/9/4 + 2a. For the mass-
squared in the range 5/4 < —2a < 9/4, the well posedness of the initial-boundary
value problem with inhomogeneous Dirichlet (¢)_ prescribed), Neumann (¢4 pre-
scribed) or Robin (linear combination of ¢4 prescribed) boundary conditions was
understood in the context of classical energy estimates in [22]. For an earlier treat-
ment of the Dirichlet case see [2II12]. We remark that for —2a < 5/4 there is no
freedom in specifying boundary conditions (at least in the context of the renor-
malised energies of [22]; finite energy solutions have been constructed in [2TJ12]),
while for —2a > 9/4, the Breitenlohner-Freedman bound [3], the classical well-
posedness theory based on energy estimates breaks down.

The connection between the linear problem and is that the lineariza-
tion of the system around a fized spherically symmetric aAdS background g
yields the Klein-Gordon equation .

In the case of Dirichlet conditions imposed on ¢, in [I3] the first author in
collaboration with J. Smulevici proved — based on estimates for the linear problem
[12] - that the system was well-posed. A companion paper [14] established the
stability of the Schwarzschild-AdS spacetime within this model.

With the recent results of [22], which ensure well-posedness of for general
boundary conditions (and 5/4 < —2a < 9/4), it is very natural to ask whether the
non-linear system is also well-posed for general boundary conditions. This is
a non-trivial problem, because the weaker decay exhibited by 1 for non-Dirichlet
boundary conditions can lead to divergences in the equations for the metric coeffi-
cients[f] At the level of applications, imposing these other boundary conditions will
allow one to study more interesting global dynamics such as non-trivial solitons,
which are absent in the Dirichlet caseﬁ A flavour of this is already provided by our

aIn particular, the metrics we construct extend only at the C1:" level to the conformal boundary
after rescaling for certain choices of a. The problems this introduces will be resolved by a careful
renormalization exploiting certain cancellations, see below.

bSuch boundary conditions are also of particular interest in the context of the AdS-CFT corre-
spondence. See for instance [I] where a black hole spacetime in a model incorporating an electro-
magnetic field is excited by imposing a time dependent inhomogeneous Dirichlet condition at the
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[15], which investigates the global dynamics of at the linear level, establishing
among other things the existence of solitons for certain choices of boundary condi-
tions. Therefore, the present paper opens the door for the mathematical analysis of
the global evolution of asymptotically AdS spacetimes under physically more inter-
esting boundary conditions, allowing, for instance, the study of stability of “hairy
black holes”.

We finally mention that the global non-linear dynamics of the system has
been intensely investigated numerically, see [2/415].

Remark. For a = —1, the scalar field is conformally coupled. In this case (or more
generally, for the Einstein equations coupled to any conformal matter model), well-
posedness of the system can be proven without symmetry restrictions by the
conformal method of Friedrich, see [RI17]. However, it is not clear whether or how
these methods extend to the general case.

New ideas and comparison with [13]. In the remainder of this introduction
we highlight the main difficulties and novel ideas in extending the results of [I3]
(homogeneous Dirichlet case) to general boundary conditions.

We recall that a key ingredient of the argument in [I3] was the consideration of
a renormalized system whose well-posedness was equivalent to that of the original
system. The solutions of the renormalized system were then constructed via a fixed
point argument, which combined L?-energy estimates for ¢ and (suitably weighted)
pointwise estimates for the metric coefficients. Because the linear statement of [12]
required H?2-regularity of solutions of the wave equation , the contraction map
was quite elaborate and required commutation of the wave equation, while carefully
keeping track of the regularity of the metric coefficients.

The approach taken in this paper is similar (in particular the set-up of doing
L?-estimates for 1) and pointwise estimates for the metric components is retaine
but based on several new ingredients:

(1) Unlike in the Dirichlet case, the energy estimates for ) have to be phrased
in terms of the twisted derivatives introduced in the linear context in [22].
The twisting, while eventually enabling one to prove an energy estimate for
non-Dirichlet conditions, introduces certain non-linear error-terms whose
regularity and decay towards infinity has to be controlled. In addition, at
several points (see for instance the formulation of the boundary condition
in Section it becomes quite subtle whether the twisting is done with

AdS boundary. See also [I8] for further examples of non-trivial boundary value problems in the
AdS/CFT context.
¢If the boundary were at a finite distance, an approach based entirely on pointwise estimates would

be possible using integration along characteristics for 1. Here, unless one is in the conformally
coupled case (which is essentially a “finite” problem), it is not immediate whether and how this
approach generalizes to the situation with the boundary being at infinity.
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respect to a fixed boundary defining function or the inverse of the (dynami-
call) geometric area radius. This difficulty is coupled with the low regularity
we are working with, cf. (4) below.

Unlike in the Dirichlet case, the equation for the Hawking mass also needs
to be renormalized. This may be viewed as a consequence of the fact that
the usual 0;-energy for the linear problem diverges. With the renormaliza-
tion one finally obtains a regular system (with a “¢-renormalized” Hawking
mass as a regular variable), whose contraction property can be es-
tablished.

Our contraction map scheme only uses the wave equation for the (inverse)
area radius 7 = % and the scalar field v together with a first order equa-
tion for the renormalized Hawking mass which is integrated from the data
towards the boundary. The Hawking mass can a posteriori be shown to be
constant along null-infinity in the homogeneous Dirichlet and Neumann
case but remarkably, for Robin boundary conditions, it is in fact non-
constant along the boundary, with the difference of renormalized Hawking
mass between any two points on the boundary related to the (renormal-
ized) energy flux of the scalar field through the boundary familiar from
the linear problem [22]. See Section We emphasize that having only
three equations in the contraction map considerably simplifies the overde-
termined scheme of [I3], where constancy of the Hawking mass is imposed
a-priori.

Because the well-posedness statement of [22] is proven at the H!-level, we
can close the argument with lower regularity for the contraction map than
in [13]E| The improvement of the regularity by commutation can be done
a posteriori. In particular, we obtain as a corollary an H'-well-posedness
result for the linear wave equation in a spherically symmetric background
(with precise (low) regularity assumptions on the metric), see Section
This may be useful for future applications.

In addition, some novel estimates are obtained in the context of the con-
traction map, which can be directly used to simplify the proof of [I3]. See
Section .3

Overview. In the next section we derive the renormalized system culminating in
the definition of a weak solution to the renormalized system (Definition 1). Ini-
tial and boundary data for this system are constructed in Section [3| followed by
a statement of the main theorem in Section [l The proof of the main theorem is
the content of Section 5: After definition of the relevant function spaces in Section
the contraction map is formulated in Section with the contraction property

dThe lower regularity also allows us to work with the simple change of variables # = 1/r, while
[I3] had to capture more detailed asymptotics.
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being demonstrated in Sections In conjunction with a proposition about the
propagation of the constraint equations (proven in Section the main theorem
then follows. Generalizations of the main theorem are discussed in Section [6] and
an appropriate higher order regularity version is obtained a posteriori in Section [7]
The last section provides a useful Corollary for the linear wave equation in spherical
symmetry with rough coefficients.

2. The Renormalized System of Equations

Recall that 12 = —%, where A is the cosmological constant and define

k=1/9/4+2a with —9/4 < 2a < —-5/4 (2.1)

where 2a is the mass-squared of the Klein-Gordon field, cf. . We are interested in
constructing spherically symmetric solutions of the Einstein—Klein-Gordon system
with a negative cosmological constant and with (possibly inhomogeneous) Dirichlet,
Neumann or Robin boundary conditions. In [I3] the same system was studied with
homogeneous Dirichlet boundary conditions, so we may start from the following
result of that paper:

Lemma 2.1. Let (M,g,v), with (M,g) a four dimensional, smooth Lorentzian
manifold with C?-metric g and ¢ € C*(M), be a solution to the EKG system (1.1)).
Assume that (M, g, 1) is invariant under an effective action of SO(3) with principal
orbit type an S%. Denote by r the area-radius of the spheres of symmetry. Then,
locally around any point of M, there exist double-null coordinates u,v such that the
metric takes the form

g = —Q%dudv + r’doge (2.2)

where Q := Q(u,v) and r := r(u,v) are C? functz’omﬁ and dogz is the standard
round metric of unit radius on S?. Let Q = M /SO(3) be the quotient of the space-
time by the isometry group. Then, the Einstein—Klein-Gordon equations reduce to:

Tu\ (8uw)2
Oy (@> = —4nr gz (2.3)
Ty '\ (@ﬂﬁ)Q
Oy (@> = —4ar z (2.4)
0% ryr,  2mar o o 37T
S T 2l 2,
T 4r r 12 4127 (25)
02 rury
(log®),,, = o2 + i 4Oy, (2.6)
Tu Ty 02%a
6u8v'¢ = —7% - 7¢u - Ww (27)

eIn fact, it suffices that r € C2, Q € C! with Qu, € CP for the metric to be C? in the sense that
the Riemann tensor has CY components.
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While the variables 2, r, 9 have a clean geometrical interpretation, they are not
very suitable for the purposes of solving the system of equations — because
they become singular at the conformal boundary of anti-de Sitter, where we expect
r — o0, with Q2 ~ r2,1) ~ r=2%_ In order to capture the asymptotic behaviour
more carefully, we introduce a renormalised system of equations. We follow [13] in
first introducing the Hawking mass:

T 4r, T 3
=—1 —. 2.8
“ 2( e >+212 (28)

This is a scalar under changes of (u,v) coordinates which fix the metric form (2.2)
and is simply a constant for the Schwarzschild—anti-de Sitter metric. The Hawking
mass obeys the following transport equations, which hold assuming (2.3])-(2.7)):

4rr3a

Oy = —871'7“2%(8,”/))2 + B ruth?, (2.9)
u 47
By = _SWQ%(&J«/))? + $rv¢2 . (2.10)

We can replace some of the Einstein—Klein-Gordon system of equations in the pre-
vious Lemma with equations involving w. For the purposes of the following Lemma,
we may assume all derivatives to be taken in the weak sense.

Lemma 2.2. Suppose that , , (@), hold, where Q is understood
to be defined by (@ Then as a consequence, , also hold. If furthermore
the right hand side of may be differentiated in u, then (@ holds.

Proof. We first show that (2.3]) holds as a consequence of (2.5)), (2.8]), (2.9)). Con-

sider the left hand side. We can replace g5 with a term involving r,7,, @ using
. Differentiating this in u, we can replace the r,, and w, terms which appear
by making use of and (2.9). Simplifying the resultant expression, we arrive at
(2.3). Similarly holds as a consequence of (2.5), (2.8), (2.10). To show that
holds, we can multiply by 92 and then differentiate with respect to v.
Doing so, we obtain a term involving (log ), a term involving 1,, and one involv-
ing 7,4, together with lower order terms. The first of these we retain, the second
can be replaced by making use of , and the final one we can write as 9y (Tuy)
and substitute in . Simplifying the resulting expression, we arrive at .
The Hawking mass may loosely be thought of as the mass-energy inside a sphere
of radius r. In the case of homogeneous Dirichlet conditions, this approaches a con-
stant on the conformal boundary. For other choices of boundary condition, w in fact
diverges towards the conformal boundary. This is a consequence of the fact that the
un-renormalised energy in the scalar field ¢ is infinite for such boundary conditions.
In the linear problem one must renormalise the energy-momentum tensor to give a
finite energy for the field [22JT5/3]. In much the same way, we shall renormalise @
and render it finite by subtracting a term which grows towards the boundary. To
do so, we recall that key to the construction of the renormalised energy-momentum
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tensor for the linear problem is the introduction of twisted derivatives. Consider
equation (2.9). We can replace 0,1 with a twisted derivative as follows:

6\
Oy = O,
v=1 (f)Jrfw

for some C! function f. From here we deduce:

= (5) ) = G w3 (5) - 4]

:{fau(;f)r—w[ﬂ J;?uw (2.11)

Our intuition from the linear case leads us to expect that a suitable choice for f is
to take f = r9 for some g to be determined below. After substituting into
, the term involving 9,1? can be moved to the left hand side, at the expense
of introducing some new zero’th order terms in ¢. Doing this and using (2.8) to
replace terms involving 7,7, /Q2, we find

2
Oy ( 27rg wQ) _ 2% |:fau (zﬁ)} +47rg('r72w)’l/) (fau;/j>

2

2
+ 21, (’l; [—g> —3g+2d] + ¢° <1 - w)) (2.12)
r
Now we see that the choice

o
= —— K
) 2 )

suggested by linear theory, indeed leads to a cancellation of the top order term on
the right hand side and we will henceforth work with g defined by this choice. We
therefore introduce a renormalised Hawking mass by

3
oN = w— 27Tg%1b2 . (2.13)

If (2.3)-(2.7)) hold, then wy obeys the equations

2
ava——&rr [f@ (;{,})} +47rg(r—2wN)1/J(f8v;/c)>

+ 2771/)27"1, ( (1 - Q?N)) — 1672 g 2 1/)3 (f ?) - 877293%27“,,1#4

2
6uwN——87rr — [f(‘? (?)} +47rg(r—2wN)1/J(f3u;€>

+ 271’1/;2ru <92 <1 — 2?\7)) 1671’292 ZS ,(/}3 (f&f]é) _ 87T2g3ﬁ7'u¢4
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which follow immediately from , together with the same equation after swap-
ping u,v.

To renormalise the wave equation for ¢ , we can simply follow the procedure
applied in [22T5] for twisting a Klein-Gordon equation. We claim that by expanding
the terms (assuming f = r— 3% r € C!, and that the equation for ry, holds)
the following equations are readily seen to be equivalent to one another and also to

27).

(1 (32)) = a0 (02) - Fove, o
o (10 (32)) = -a0n (a2) - Eve,

where the potential is given by:

2w 3\° 3Na o, 1(, 3

2 2
2N 3 2 3 3 1/, 3
= 7~3 (K}—Q) +12(K3—2) 87T0/+47T<H—2)‘|—r2<l’€ —2I€+Z .

(2.18)
Note that for k > %, i.e. beyond the conformally coupled case a = —1, the potential
decays slower than r—2. This is a consequence of the fact that, even assuming all

the metric functions are smooth on the interior, the rescaled metric 7~2g can no
longer be extended as a C2 metric across the conformal boundary, but rather only in
C1272% We shall be forced to confront this issue at various points in our arguments.

Finally, the radial coordinate » may be simply renormalised by considering in-

stead 7 = 1. Making use of (2.5)), together with the expressions (2.8)), (2.13) relating

), wy, it is a matter of simple calculation to show that

- 02 3wy 1 22 3

r 272 2r

2.1. Notation

In view of their importance, we introduce a notation for the twisted derivatives
introduced above. We let p = 1 (u — v) and define

S a0 "

Oyt :=p 0 (pg_“> (2.20)
and

s s 0 W

O := T 0 (f%—n) . (2.21)

Note that in (2.20) we twist with the function p known explicitly in terms of the
coordinates u and v, while in ([2.21]) we twist with the geometric area radius 7 which
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is itself a dynamical variable. The wave equation twists naturally with 7 while
the norms are more cleanly expressed in terms of p-twisted derivatives. A relation
between and in the context of the contraction map is established in
Lemma 5.9

We also denote t = % (u + v) and observe that this is a useful coordinate along

g

2.2. Restriction on k

Let us recapitulate what the above renormalization has achieved. We recall that
from the linear theory we expect

I N R R e

Investigating the right hand side of and we see that (assuming the
decay from the linear theory for the moment) all but the last of the five terms are
integrable for 0 < k < 1, while the last is integrable only for 0 < k < %. This
situation can be remedied with an additional renormalization to be discussed in
Section A further restriction on &, kK < %, will arise when proving the energy
estimate for the wave equation in view of the 9?-term in the potential
not decaying sufficiently strongly. This can also be remedied as shown in Section
However, to avoid cumbersome formulae and obscuring the main ideas, for the

remainder of the paper we are simply going to assume
2
0<kK< 3" (2.22)
In Section [6.1] we outline a proof of the general case 0 < k < 1.
It is not surprising that the problem becomes more technically challenging for «
close to 1. The solutions we shall construct at the H' level will have an expansion
in a suitable coordinate chart of the form

b= (pt "+ 0 (p})
= % (140 (oM) dudv + (1 + O (p")) dogs]

where 77 = min(2, 3 — 2x). Moreover this expansion is sharp: at the classical level of

3=2% and p? which

regularity one indeed sees terms in the metric proportional to p
cannot be removed by a coordinate choice. We thus see that the metric is only

weakly asymptotically AdS for x > %

2.3. The renormalised problem

Motivated by the previous considerations, we are now ready to set up the problem
which we will actually solve. Define the triangle As ., := {(u,v) € R? : ug < v <
up+d,v < u < ug+9d}, and the conformal boundary & := As 4, \ As.uy = {(u,v) €
Z(;,UO : u = v}. We shall allow ourselves to write A for As,,, as long as there is no
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ambiguity. We also define vy := g (as it is sometimes more intuitive to refer to the
v-range as vo < v < vg + §). We will take as our dynamical variables

Filsuy — R | A5y, —R | wn:Asu, — R, (2.23)
and treat these as defining the auxiliary variables:
1 r3 ArtF, 2w 712
== = o2ng—=?, QFi=—— 0 lepi=1- 4 (2,24
T 7:7 w wN + ng2w7 1_//6 ) 1% 7‘+l2 ( )

With these definitions, we can understand (2.14)), (2.15)), (2.16), (2.19) as equations
for 7, N, ¥.

Definition 2.3. A weak solution to the renormalised Finstein—Klein-Gordon equa-
tions is a triple (7, wn, ) € CL. N whin H} . such that ¥y, Fyu, (WN)u € CL.

loc. loc.

and which satisfies (2.14), (2.19)), (2.16), (2.19) in a weak sense.

We note that as a consequence of the equations holding, a weak solution to the
renormalised Einstein—Klein-Gordon equations necessarily has 7., Tyuy € Clooc_. We
justify considering the renormalised system of equations with the following result.

Lemma 2.4. Suppose that we have a weak solution to the renormalised Einstein—
Klein-Gordon equations. Then in fact the equations - hold in a weak sense,
and hence we can say that the metric satisfies the FEinstein—Klein-Gordon
equations, , in a weak sense.

Remark 2.5. Such a statement obviously makes sense with higher regularity. In
particular ifr € C.,w € CL ¢ € CL. then the metric g defined by has C°

oc.? loc.
curvature, and the Einstein—Klein-Gordon equations hold in a classical sense. We

also remark that only needs to hold on the initial data and is then propagated
by (2.19), (2-16), (2-14) as shown ezplicitly in Section[5.6,

3. Initial and boundary data
3.1. Initial data

In this section we shall give conditions on initial data which are sufficient for the
construction of a weak solution to the Einstein—Klein-Gordon system. When we
turn later to showing that better regularity is propagated by the equations, we
shall introduce further conditions, see Section

Definition 3.1. Let N' = (ug,u1] be a real interval. We call a pair of functions
(7,9) € C*(N) x CY(N) a free data set, provided the following holds:

e 7>0and 7y, >0 in N, as well as limy .y, 7 (1) = 0, limy_y, 7y (u) = 3
and 1imy, ., Fuuw = 0.
o There is a constant Cyguiq such that

[ ]G+

(u— o) du < Cata (3.1)




January 6, 2015 16:12 'WSPC/INSTRUCTION FILE jhdeversion

The Einstein-Klein-Gordon-AdS system for general boundary conditions 11

a7 gt () <0 02
N N /

_ _ _ __s
Here f = [% (u— uo)]3/2 " In particular, the limit U := limy, o -7 2t
exists.

From a free data set as above, we construct a complete initial data set
(7, ¢, %N, 7) € C?(N) x Ct (N) x C* (N) x C* (N) by integrating the constraints
as follows.
The function Zy is obtained as the unique solution Ty € C* (N) of the linear
ODE
2

_2wn | T2 7272 v "
(@N), = 277?21 r * ; Amg ¥ [fau (?)} + dng (F — 2@N) (fé)fjj)

__ =3 72
o (i (1 55)) 100t T (05) -

(3.3)
where 7 := 771, Ty = —i—; corresponds to the original geometric area radius func-
T
tion, subject to the boundary condition
uU—ruUg
where My is some constant (see the Remark below). The function 7, is obtained
as the unique solution 7, € @y € C! (N) of the ODE

= = —2

= _472~u~v 3 1 27T 3

(Fv)u = - 7‘727“ T — ( 72\’ o + W;w (_a+ 2g>> (3.5)
1- 228 5 gy \ 27 T

T

with boundary condition

- 1
uhﬁngo Ty = =35 (3.6)
Remark 3.2. The choice of 7 fixes the scale of the u-coordinate along N corre-
sponding to the gauge-freedom in the problem. A simple and convenient choice is
7= %(u —ug). The function v is the free data in the problem and can be specified
arbitrarily modulo the integrability conditions of Definition |3.1].

The choice of boundary condition for 7, ensures that initially T = 0 corre-
sponding to the fact that we would like to have Tt = 0 along the boundary u = v in
the evolution. It is also a convenient gauge freedom.

The choice of boundary condition for TN is again “free”. However, we
could also specify an initial value at uy and integrate outwards, determining TN as
u — ug, which may be the case in applications where uy corresponds to the axis on
which a reqularity condition wy = 0 has to be imposed.

The following Lemma is useful and a direct consequence of Definition [3.1
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Lemma 3.3. For any 0 < s < 1, given &' > 0 we can choose § > 0 such that the
Jollowing bounds hold on the truncated initial data ray N5 := N N{u <u+4d}:

17llco + 170 = Slleo + 117w + Slleo + [Fuullco < &' (3.7)

2

wuo+48 -
[l m @)

du<é and [F25 .70, (;f) ‘ <6

(3.8)
&% — Myllco <& and |7 0u@N oo < (3.9)
[dp~ 3t — W0 < & (3.10)

where || - ||co denotes the sup-norm in N.

Remark 3.4. The appearance of s is merely technical (to guarantee an additional
smallness factor). The weights could be improved in the context of higher regularity.

In particular, one expects to be able to propagate sharper decay for fO, (%) if higher
(C? regularity of 1) is imposed.

Proof. The bound (3.7)) follows from the fact that 7 is C? and its asymptotics at

(up,vo). The first bound of (3.8]) follows from localizing (3.1). Using (3.8)), integrat-
ing the equation ({3.3)) for (@y), establishes the first bound of (3.9)) after carefully
checking the 7-weights in each term. The second bound of (3.8)) follows directly

from l) using C’dam?s/‘l < Cuatad®’* < 6'. The second bound of |D follows
from estimating pointwise the right hand side of 1) after multiplying it by e
The bound (3.10)) follows from
uo+9

[bp 3t —w <0+ / a0 (5574 = W) | < Bl g o™+ (3:11)

3.2. Boundary Conditions

We require boundary conditions for the fields in order to produce a unique evolution.
For the dynamical field ¢ there are a variety of boundary conditions studied in the
context of the linear problem in [22I15]. We shall work with the non-linear version
of inhomogeneous Robin conditions, which includes the homogeneous Neumann
boundary condition as a special choice. While we do not discuss the inhomogeneous
Dirichlet condition, it can be treated by precisely the same methods. We will state
the boundary conditions on 1 in a form that may be applied to the non-spherically
symmetric case, before specialising to the case in hand.

We say that a triple (p, 3,7v) is a representative choice of boundary data if p is a
smooth boundary defining function for .# (i.e. p > 0on A\ ., with p =0,dp # 0
on .#) and B,y are functions along .. We will take 3,y to be smooth, but this is
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stronger than required. Given a representative choice of boundary data, we define
P to be the unique vector which is normal to .# with respect to the rescaled metric
p2g and further satisfies P(p) = 1. We say that ¢ satisfies the boundary conditions
determined by (p, B,v) if

o =P (o~ 1) ‘ﬂ +2 (or3) ‘ﬂ B=v. (3.12)

Notice that if w is a smooth function with w > 0, P(w) = 0 on .#, then the rep-
resentative choice of boundary data (wp,wl_z"[i,w_%_"y) gives rise to the same
boundary conditions. If k£ < %
We define a choice of boundary data B = [(p, B,v)]~ to be an equivalence class of

representative choices of boundary conditions under the equivalence relation

v), weC™® w>0and Plw)=0on .4

then the requirement on P(w) may be dropped.

—K

o9k _1
(p,B,y)N(wp,wl 2 Baw 2

Here we understand that for £ < % the condition P(w) can be dropped. Note that
the homogeneous Neumann boundary conditions 3 =y = 0 are invariant under the
similarity transformation, so for these boundary conditions the choice of boundary
defining function is immaterial.

In this paper, we will work with boundary conditions of the form [(p, 3, 7)]~,
where p = %(u —v) was previously introduced. For k < % this represents no restric-
tion, while for xk > % there exist choices of boundary data which do not belong to
this set.

For technical reasons, it will turn out to be very convenient to work with the
boundary conditions in the form

p i (-8 v+ 28(0)p =5 (1) on s (3.13)

where 9 is the derivative twisted with respect to r. These two conditions can be
seen to be equivalent provided that
p1—2."€ (pn—% ) |:7:Uj7:11 _ 1:| =0
7 P

as . is approached. The term in square brackets can be shown to be bounded for
solutions at the H' level of regularity, which gives equivalence of , for
K < % At the H? level, the term in square brackets has improved asymptotics of
O (pmin(1:2=2%)) ‘which shows equivalence for £ < 3. The reason we need to improve
regularity to show equivalence seems to be that for k > % one requires cancellations
coming from the next to leading order terms in the expansion of 1 near infinity.
At the H! level one has no control over these in general, but certain combinations
(such as z_/;f*%““) exhibit better behaviour than one may expect. At the H? level
of regularity another term in the expansion is available with which one can see
cancellations explicitly.

Remark 3.5. As is well-known, the boundary condition does not make sense
classically if 1 is only in H'. See the paper [22] for the appropriate weak formula-
tions.
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One might wonder why we introduce a boundary defining function p, rather
than stating the boundary conditions in terms of the geometric quantity 7 which
furnishes a convenient, canonical, boundary defining function. We could take as
boundary conditions:

) e () g o

with P(7) = 1. This is not included in our choice of boundary data allowed above,
since it assumes knowledge of 7 which we do not have until we have found the
solution. Our reasons for not considering these boundary conditions are twofold.
Firstly, the existence of 7 is a feature of the spherical symmetry. With the non-
spherically symmetric problem in mind it is clear that the boundary conditions may
only be stated once one has made a choice of p. The second reason is a technical
one: namely that for k > % we cannot, unless 8 = 0, close the contraction map
argument with these boundary conditions at the H!-level. However, we believe
that the problem with boundary conditions ([3.14) could also be solved directly for
K> % by closing the contraction map at the H?2-level.

We shall also require some boundary conditions for the metric. In spherical

symmetry this reduces to a condition on 7. To produce aAdS spacetimes we impose
7lsy =0. (3.15)

A consequence of our choice of boundary conditions is that the renormalised
Hawking mass at infinity, which we may think of as a measure of the energy in
the spacetime, need not be constant. To state the properties of the renormalised
Hawking mass at the boundary cleanly, it is convenient to introduce two vector
fields which are invariant under changes of the u, v coordinates preserving the form
of the metric. These are T = Q72(r,0, — r,0y) and R = —Q 2(r,0, + 1,0,).
Examining the fall-off of the terms in the wy evolution equations, we find that if

(2.14), (2.15) are satisfied then
i 2(F\ (P
Teowl, = lim $mr2(T0) (Ro)

Where T := T“éuw, and similarly for the other derivative. The right hand side has
a finite limit in L'(.#) provided that ¢ is at least H?, from the results of [22] (see
. Notice that for homogeneous Dirichlet conditions (corresponding to Tt = 0)
or homogeneous Neumann (Rt = 0), the renormalised Hawking mass is conserved.
Otherwise we find that the time derivative is proportional to the energy flux of the
field ¢ across .#, as one might expect.

4. The Main Theorem

We are now ready to state the main theorem.

Theorem 4.1. Fiz 0 < k < 2/3 and let (?, @) be a free data set on the interval
N = (ug,u1] as defined in Definition . Fixz also a choice of boundary condition
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of the form , where B and v are smooth along #. Then there exists a 6 > 0
such that the following holds. There exists a unique weak solution (7, wn, ) of the
renormalised Einstein—Klein-Gordon equations (cf. Definition in the triangle
Ay, such that

o T satisfies with boundary condition
e 1) satisfies with boundary condition n a weak sense

o The functions v and 7 agree as C' functions with 1 and 7 respectively when
restricted to u = uyg.

Proof. The results that prove this theorem make up §5| The solution is constructed
by a fixed point argument for a map ®, constructed in Propositions
assert that @ is a contraction map and Corollary [5.4] then asserts the existence
of a unique weak solution to (2.14]), (2.16]), (2.19) with given intial-boundary data.
Finally, Corollaryasserts that for such a solution, the constraint equation
propagates in the evolution.

Remark 4.2. The restriction on k is technical and could be improved to the full
range 0 < k < 1 with an additional renormalization of the system of equations.
See 2.3 and 6.1 The theorem may be extended to consider nonlinear potentials
for the Klein-Gordon equation, as well as nonlinear boundary conditions. These
possibilities are discussed in 6.4 and §6.3

Given a weak solution we can improve the regularity and in particular obtain a
classical solution:

Theorem 4.3. Suppose the initial data of Theorem[[.]] satisfy the additional regu-
larity conditions of Section[7 then the weak solution is actually a classical solution.

Proof. This follows immediately from Corollary [7.6] established in §7]

Geometric Uniqueness. A priori, Theorem [{.1] only provides a uniqueness state-
ment in the double-null coordinates in which the theorem is proven. For homo-
geneous Neumann boundary conditions, one can define the notion of a maximum
development and obtain also a geometric uniqueness statement within spherical
symmetry. This argument follows precisely §8.1 of [I3].

For Robin conditions, as well as inhomogeneous conditions it appears that a
geometric uniqueness result of this kind does not hold. The reason is that one
requires a choice of boundary defining function p in order to state such boundary
conditions, and a choice of p necessarily makes reference to the spacetime manifold
itself (rather than being intrinsic to the embedded surface .#). In this circumstance,
we may say that for a given spacetime manifold with initial data (7, 1) and boundary
data [(p, B, V)]~ specified, the fields g, are uniquely determined in the domain of
dependence of the data. This is weaker than the geometric uniqueness statement
for homogeneous Dirichlet or Neumann boundary conditions, which may crudely be
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thought of as asserting the uniqueness of the spacetime manifold itself, given the
initial data.

5. Proof of Theorem [4.1]
5.1. The function spaces

We set up the appropriate function spaces for the dynamical variables. We denote
by C’;‘L (Asu,) the space of positive functions 7 on Ag,, that are C! in As,,
with #, > 0, 7, < 0, agree with # on A/ and are such that both the uv- and the
uu-derivative exist and are continuous. We employ that space with the distance:

I T _ ~
d (T1,72) =||log é”co + [ log [(71)u| — log |(72)u|llco
T(f) T(fz)‘

+ 10g (~71)o] — 1og [(~72)ulllco + |

p p oo
+ || (Fl)uv - (FQ)’U.'U HCO + || (fl)uu - (7;2)uu ||CO ° (51)
Here || - ||co = supp, o | - | denotes the sup-norm in the triangle A, s and T :=

Oy + 0,. Similarly, we define ngv (As.u,) as the space of real-valued functions wy
that are C? in As 4, , agree with Ty on N and are such that the u-derivative exists
and is continuous. We equip that space with the distance

de (@N)y  (@N),y) = [ (@n)y — (@) [lco + 10" 0u (wn )y — "0 (wn)y [lco -

The appearance of the small number 0 < s < 1 is technical and will provide an
additional source of smallness in the contraction map. Finally, C’S)‘*‘Q L(A) is the
space of real-valued functions that are continuously differentiable in u, agree with
1 on N and are both continuous in u with values in H' (v) and continuous in v
with values in H' (u). We equip that space with the distance

dy (Y1, 92) = [1—2l|comr+]| (Y1 — P2) p~ 25| co+[|lp™ 2T EDhr—p~ 2+ 1,12 0o

where we recall the definition of the twisted derivative (2.20) and the norm (p :=

u52);

u R 2
¥lomia) = e 72 (0) "+ 7202

+ sup /U [p_Q (&ﬂﬁ)z + p_21b2] dv’. (5.2)

(u,v)eA Jug

This produces the metric space C = CiT (As ) X CoF (A u,) X C’Sfﬂl (Asug)
with distance

d((71, (@N)1, 1), (T2, (TN )2, ¥2)) = di (F1,T2) +dew (wN), , (@N)g) +dy (1, 92)
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We denote by By, the ball of radius b centred around (“2;”, My, \Ilp%’ﬁ where we
J

recall W = 1im (4 vg)— (uo,u0) wf’% from Deﬁnition and My from (
to check that B, equipped with the above distance is a complete metric space

. It is easy

5.2. The contraction map

We now define a map @ : B, 3 (7, wy,¥) — (?,ﬂ,{b\) by
_ _ u v 02 3wy 1 2mry? 3
_ = _ = / / - o _ =
=7 (u) r(v)—f—/v du /uodv {7’2 (27’2 2r+ B ( a+2g>>] (5.3)

¢ :=Unique H' solution of 9, (f?“ (3 1/})) = —0u(rf) (a”w> B %Qrvdj

=)

with boundary condition p~7 "% (5u — a,) ¥+ 28 (t) PR = (1)

(5.4)

oy =N (u) +/ dv’[—&rrz%

0

and initial condition zZ(w ug) = 1 (u).
~ 72 ~
1, (‘Jf) + 4mg (r—ng)qZ<faU;f>

~ 3 ~. )y . 2 ~
+2m%r, <92 (1 - 2?\7)) — 167‘(292%1/)3 (fﬁvw> - 8ﬂ293:—2rv1/)4] (u,v")

f
(5.5)

Remark 5.1. See Proposition for the well-posedness of and recall also
2.10).

The fact that 12; (and not 1 itself) appears on the right hand side of 18
merely technical as we will show existence of a fized point. It somehow reflects the
fact the true dynamics is in the gauge function T and the free field 1. To the same
effect, we could have moreover replaced 7 by;“: n but prefer not to. Finally, we
mention that in the last ¢ does not have a hat. This is because it is favourable
from a technical point of view to treat this term entirely as an inhomogenous term
in the wave equation.

We now state the main technical results of this section, and indeed of the paper,
as two propositions:

Proposition 5.2. The map ® is well-defined and for sufficiently small §, ® in fact
maps the ball By into itself.

fTo prove this, one requires the results of Lemma which permit one to deduce that a Cauchy

sequence has a uniform lower bound on 7, 7, and %.
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Furthermore, we have

For § sufficiently small, ® : By, — By is a contraction with respect to the distance
d.

From these immediately follows the corollary

Corollary 5.4. There exists a unique weak solution (7', wn, V) € By of the equations
(2.14), (2.16), (2.19) which satisfies the initial and boundary conditions, as in §3
72

Proof. By the Banach fixed point theorem, ® has a unique fixed point. By con-
struction of ®, a point (7, wy, ) € By is a fixed point of ® if and only if it solves
(2.14)), (2.16), (2.19).

The remainder of this section deals with the proof of Propositions In
we prove some useful auxilliary lemmas, before proving Proposition [5.2|in
and Proposition [5.3] in

5.3. Properties of By

Before we prove Propositions [5.2} [5.3] we first establish some properties of elements
in the ball B,. We denote by Cj, a constant depending only on b (the size of the ball)
and possibly the initial data quantities ¥, My and the parameter x determined by
the Klein-Gordon mass via .

Lemma 5.5. Let (F,wn, ) € By, C C. Then we have the following estimates for 7:

et <27, <eb et < 97, <eb (5.6)

Furthermore, v satisfies
| < Cp-727%  and  |Dub| < Cp -7
Finally, the auxiliary variables 0 and w satisfy
QQ
w<Cy-7F2 and ‘72‘ <Gy, (5.8)

where to achieve the last estimate we choose 6 of the region As .y, sufficiently small
depending on b

Proof. Straightforward computation.

Corollary 5.6. The function 7 extends continuously to the boundary v = u. The
functions 7, and 7, extend to bounded functions on the boundary.

€This is to ensure an upper bound on 2w,
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Corollary 5.7. In addition to the above bounds we have

Tv

’<3be ,

f—7‘<3b et (5.9)

r

Proof. We start from the following equality which holds in the triangle A, :

1 1
Ou <prv 2> T()—%—p-?’uv.

The quantity in brackets on the left extends to zero on the boundary v = u. Inte-
grating the right hand side yields

/du[;T(f)+p'7:uv:| S/du(;b~p+b~p> <3b-p”.

Dividing the resulting integrated inequality by 7 - p and using the first bound of the
Lemma yields the desired (first) inequality. The second is proven analogously.

The following version of the previous Corollary for differences will also be useful
in the sequel:

Corollary 5.8. Given two elements (71, (wn)1,%1) , (T2, (wn)2,192) € By C C we
have the estimate

(Fl)q) _ (7:2)1)

1 T

¢ (143h-¢ {sup‘

7”1 — 7g)

=T
‘—i—sup‘(fl) — (F2) uw —|—sup’ ! 2”
A

< Cy - di (F1,72)

and the same estimate with v replaced by u on the left hand side.

Proof. Note first that similar to the previous corollary we have

00 () = () + 5 (2 = 7)) = 5T (= F2) - () = )

which after integration leads to

1

o ((F1)o = (F2)u) + 5 (P = F2) | < p? [sgp ‘L

J.

|+ 500 | (P = (P2}

Secondly, observe that we can write

[0 0| o L) a1y, — o) + 220 5 1)
<ple (’ ((F1)o — (F2)o) + 2% (71 — 72) ’ i ‘ (7;22)1; N 21p‘ 7 — T1|)

T1 — T2
p

where we have used Corollary in the last step. Inserting the previous estimate
yields the result. The u-direction is proven analogously.

—-2.b
<p e ’

. - 1 .
p((F1)u = (Fa).) + 5 (71 = 72) | +€" - 3be sup
As
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Corollary allows us to establish the equivalence between the twisted deriva-
tives defined by (2.20) and (2.21]). Indeed, the identity

Lemma 5.9. Let (7,wwn, ) € By, CC. Then we have

1 N2 N2 N2
= [(auw) +¢2} p < {(auw) + wz} <0y [(am) + uﬂ] p~2. (5.10)
b
This Lemma will be useful, because the energy estimates will turn out to natu-
rally twist with 7. The Lemma guarantees that for the norm (5.2) twisting with p

or 7 are equivalent.

immediately proves

5.4. Map to the ball (Proof of Proposition
The radial bounds

We first verify that the contraction map respects the boundary conditions required
of 7. To do so, note that the integrand in ([5.3)) satisfies

2
‘ [Qz ()] ’ <Cy- fmin(1,272;<;)
r

and is hence integrable in v. Therefore ;”:|y = 0 on the boundary. Note also that

T (?) = (Oy + 3@)? extends to zero on the boundary by the dominant convergence

theorem. Moreover, clearly 7 (u, ug) = 7 (u).

We now compute
02 [ 3wn 1 " 21 f2 [ 273 (1, )
— - — — —-g—a u,v') .
r2 \ 272 2r 12 f 27 ’

;’:uu (U, V) = T (1) + / dv’' O,

0

Writing %; =— (ff“f)’;z and using the properties of the element of the ball it is not
hard to see that the integrand can be bounded pointwise by
10 [..]| < Cp - 7min(01=26) (5.11)
which is integrable for 0 < x < 1 and hence
[P (s 0) = Ty (w) | < HMLC;I’_Mamln(L“H) : (5.12)
which means that for sufficiently small §
b

/:uu 9 <5/ Thn
[P (u,0) | < +100

Similarly,

[Fu (1, 0) | < G - 72720 < G - gmin(12=2m) (5.13)



January 6, 2015 16:12 'WSPC/INSTRUCTION FILE jhdeversion

The Einstein-Klein-Gordon-AdS system for general boundary conditions 21
leads to
~ b
[T (u,v) | < 100
The lower derivatives are also straightforward:
[ (1, 0) = Fo () | < Cy - g23720) (5.14)
Py (1, 0) + Fu (V) | < Cp - 572326 (5.15)
~ _ ) 1
F < supy (u—v) + Cp - 6™M23720) (4 —y) < <2 +4 + de) P,
(5.16)

F>inf7, (u—v) — Cp - §™Z3720) (4 — p) > <; - - C’b5> p

which implies that for ¢ sufficiently small,
b

T ~
‘10g;’+|10g27‘u‘+|10g( 27"U) | < m

Finally, note that indeed T (?) = (O + 61,)? vanishes on the boundary v = v and

hence
(5.17)

T (?) (u,v) =0 +/ du’ (?vu +?uu> (', v),
which using that the integrand is § small by previous bounds leads to

r(7) - b
< Cb . 6mzn(1,2—2/~c) < —
p

100"
In summary, for sufficiently small § we indeed map back into the ball

Estimates for 1
From the wave equation (5.4]) we derive

~ 2 —~
%au f2T2 (avq‘?> —‘r’l"ZQZJQ + %a’v f2 2 ( T;) +r2,{&2
T (rf) Y 242
=— fr| ov= -
IR O R
0?2 Vo0 Voo T()
+4T27“3V(¢,w,7")¢f7"< f+a f>+r2’(/)f<auf +8uf.+ f2 ¢>
Integrating this over space-time and using that
T(rf) (r)
o) |0 029

rf
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holds for elements in the ball, we can estimate the first two terms on the right hand
side by

/ second line < Cy - 6 - ||1ZH200H1(A) (5.19)
A H

where we recall Lemma (ensuring the equivalence between twisting with p and
7 as far as the H'-norm is concerned) and the third line by

. 02\ 2
/ third line < Cy - 6 - [9[[Z0 1) +/ (2) V22 (5.20)
A - ANT
and naively applying pointwise bounds
02\ A
/ <7a2) V27”67Z12 < Cb/ p2'mm(2’372”)p76p372”dudv < Cb Y (521)
A A

The last step follows from our assumption k < %, which implies 3 — 6k > —1 and
makes the expression integrable. The ¢ is coming from the integration in the other
direction. To compute the boundary term on .# we recall the boundary condition

pE (00— b+ 28 () p = (1) (5.22)

Hence the boundary term on .# becomed]

Lop (0% 0.2) (0,202
[ ety (avf+auf> (avf auf)

2 ~ ~
¥ LoV g?
+/ﬂdt2rf<3vf+3uf>'y(t)p

+kK

SIS

f

/ thTQp_HQ”(—B)fQ (On + Oy)
s 2

~1 2
1 1 ~ 1 (0
i t=u \112 _ = t 2,’:72 —14+2k _|_/ dt*T f72 —14+2K 2 ke
50 (t = uo) 58V worsnrsy T ), 0 (7 %p Bf?) 7
1 1 ) 1/24k 1 ~—2 1/24kK 7,
—5 0y (t = o) + 37 (1) - 972 — [ T (72 1)
2 2 (uo+duo+s) Sy 2

where |(yo45,u0+5) i to be understood as a limit. Since 7' (7) ~ 7, the last term in
both the third and the fourth line are easily seen to be controlled by & - |42, ;1

and ¢ - sz lco g1 respectively, the ¢ coming from integration in ¢. Therefore,

| [t ] < 5180+ )] sup (72525 — W2 S0P o + ) — B (wo)|
B4 A

5,u0
1 a B 1 -~
+§|’Y (uo +6) |- sup [F2p"/2F e — | + §|‘I’H7 (uo +9) = (uo) | + Cpd - ||1/’||?;051 )
8,u0

of which the second term in both lines can be estimated by C'y g 4 - J, provided that
B and g are C'. For the terms involving the sup, we recall that |§ — 1| is é-small

hNotice that it suffices to assume that v € H'~* to deal with the inhomogeneous term, which will
be relevant when we later consider non-linear boundary conditions.
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in As,, (integrate 9, (g — 1) which is uniformly bounded by Corollary from
initial data where it is ¢’-small) and that we also have (cf. (3.11))),

[P~ F 0, 0) = W] < o™ (u,0) — 5| + [P (w) -
S Gy 6" [Yllcom(a) -

Combining all of the above, for sufficiently small 4 we obtain

N\ 2
~ uo+0 " ~
|W||200g1(A) S4/ durg f2 (auf> +1/P\2 +Cb’ﬁ7g,\p'6+0b'6ﬂ' HwHCDQI(A)'
uo
Applying Cauchy’s inequality to the last term we find
~ 1 b
[llcomr(ay < 3(6)2 + Chpgw-0" < T (5.23)

and of course also immediately

34k " 0 ;
[P, 0) = U] < Gy 0 - [l oo a) < 7o -

Writing the wave equation as a transport equation, we can also retrieve the pointwise
bound for the u-derivative: Starting from

o)\ 2\ 0 .
we derive

fr (a@ (w,v)]|

_ o o b
< ‘fr (6#) (1, v0) ’ +Cyor2 - Yllcom (a) +Cb/ Y ("P " 100)
Vo

< Cy - Caata - 7% (u,v0) + Cp - 8% - 173 + Cy (¥l +1) p3+Romin(23-20)-1 (5.25)

and since both —g + 3k < % and —% + K < % holds for 0 < k < 1 we obtain after
using that 7 (u,v) > 7 (u,v9) in Ag ,,, the bound

fré ((%1;) (u;v) ‘ < Cy - Caata + Chy - g™ E3m27) (5.26)
Clearly

o (15) = 08) 7120 (18°7)

and since Corollary establishes boundedness for the u-derivative of the round
bracket in the last term, we finally obtain
b

—1l,4s (8" A) v
‘,0 BRI N0 100’

for sufficiently small § depending only on the initial data constant ¥ and b.

< (Cb . Cdata + Ob,\I/ . 6min(373n,271<a)) (Si <
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The renormalized mass

Using Cauchy-Schwarz and basic properties of the weights following from Lemma
[6.5] it is not hard to see that for ¢ sufficiently small

~ ~ b
[@n = M| <8+ Cy - [ E0 g1 ay < 100" (5.27)

Taking a u-derivative one establishes after a tedious computatio using the wave
equation that

|au7%N (U,’U) ‘ S 5IF7178 (u7v0) + Cb,‘l”'zilii (U,U) H’lZHQCOEl(A) ) (529)

which after multiplying by p'T* retrieves also

5.5. Contraction property (Proof of Proposition
Let (?1, (@n); ,121) and (?2, (TN )q ,152) be two points in B. To establish the

contraction property it suffices to prove

4 (P @n)15) s (o By 2)) < 5 (G, (), ) (s (), 00)

(5.30)
We begin with a few decomposition formulae:
Lemma 5.10. We have
C L
‘7"2 - 7“1‘ S 717 . df (Tl,’l‘g) s (531)
2 2 _ Cp . _
(22)" = ()" < " ~d (71, (@N)y ¥1) 5 (T2, (WN)5 5 2)) (5.32)
[0 ) <y a (s (on)y ) (o )y ) - (5:39)
()7 (@)= ()L ), (2, (),
Proof. This follows from the computations:
1 1 1 .. Cy T1— T2
o —T|=|7zx— 7=~| = |z==rn—r < —su ‘7’ 5.34
‘ 2 1‘ ’(’I"Q) (7‘1)‘ ”I‘l’l“g( ! 2)‘ P P P ( )

iHere we only mention the most critical term arising in this computation which is estimated

v u a’u ] T8 - - v s —1-— S5
[ avfsmris ;f”avwauw\scbnwncogm,/ [ <06 ) (628)
v vo

providing the required smallness for 1} after multiplication by p'*s (u,v).
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and

(D)% — ()7 = g F2u (2)o (r2)* ) (F)u (Fa)o (r1)”

g T2 1—po o1 1=
o (F)a (PO (F2)e (12)* (F)u ((F2)o  (Fi)o) (r2)?
- ( T2 1 ) o 1—pa ! T1 ( T 7 ) 1— o

I GYAGI ( (r2)?  (r)? >
oo \l—p2 1=
Indeed, by Corollary and Lemma [5.5] and exploiting a cancellation of the top
order term in the last line, namely

1— H2 B 1-— M1
TN )1 w r1)2(r2)?
(1 2520 (1) — (1= 2522 (n)? — amg W22 ((91)° = (v2)?)
(1= pa)(1 = p2) 7
we obtain after further massaging (5.32). The estimate (5.33)) is then straightfor-

ward.

Turning to the proof of ([5.30)), we first establish

The radial bound

df (,Fl? ’F2) < CVb . 6min(1,2—2n) -d ((fh (wN)l 31/}1) ’ (7:27 (wN)Q 71/}2)) )
which follows by decomposing

(21)° (3(WN)1 L 2mr (¢1)? (

3
—a+ g)) —same with 1 <> 2 = ...

(r)2 \ 2(r1)?  2rp 12 2
(5.35)
as differences, of which we only discuss the most difficult term:
(22)* o () 2‘ ’(%)2‘ 2 2, (@)
_ =122/ ()2 = (Q At 2 _
Sy @) =y ] = [FE[102)° = (@) [+ S+ iy = ol
+(Ql)2(¢1)2|7:2 - 7:1| < pmin(1,272n)d ((Fla (wN)1 ,7,[11) 5 (7:25 (wN)2 71/}2)) P
(5.36)
which follows by inserting previous bounds on elements in the ball. This already
etablishes

v v
Fy — ol < Cp / ! / Ao/ g O2720) 4 (7 oy ) (g, o2, 12)
u uo

< Cb P - 5min(17272’€) -d ((flv (wN)l ’1/}1) ) (an (wN)Q ) 11[}2)) ) (537)

and similarly

< Cb -4 - 5min(1’2_2ﬁ) -d ((7:17 (wN>1 awl) y (7:27 (wN)Q 7’(/}2)) ) (5'38)
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as well as
(1) wo — (T2) | < Cp - 6002728 g (7 (@Wn)y, 1), (T2, (WN)y,¥2)) . (5.39)

To estimate the differences of ?uu, we need to differentiate the difference of the
integrands (5.35)) in u. Schematically:

~

v

(7)) uw — (72) . = / dv’ [0, (integrand; — integrand,)] ,
Vo

and we need to estimate the integrand analogous to what we did in (5.36|) for the

most difficult term. Again we omit this tedious computation and present only the

most difficult term:
()%, Q1) o
oG] oG]
s —(F2)ul(l2)v 1o GG

0 1052 e ) g, [agrapp =0 ]|
from which we see (counting weights) that the 7, difference (and the 7, differ-
ence) will enter with a factor p=3+27372%_ When the derivative hits the r- or the
(1 — p)-terms we lose one power compared with the computation and hence
obtain p™in(0:1=2%) a5 g factor, which is integrable for 0 < k£ < 1 and provides the
required smallness factor. Finally, when the derivative hits the ()2-term we twist
the derivative to obtain a zeroth order term (which loses one power and is hence
handled as previously) and

[ )] - [ @]

<Gy ptHETERE TR et <5u1/}2 - 5u¢1) |+ Cop? "2 E 1 p 7345 (4 — 4y |
FCyp I IR Ry — | 4 Cop TR A (7, (wn), Y1) (P2, (W) ¥2))
where (5.32) was used. We note that also here all p-weights are integrable. We
conclude

-~ ~ C
‘(Tl)uu - (r2)uu < b

S 5o gmin(1,2-25) 4 (71, (‘WN)I 1), (e, (wN)2 ,9)) .

Finally to get the T’ (?1 — ?2) difference, we recall that this quantity vanishes on
the boundary and therefore integrating from the boundary yields

T (R =) o) = [ awo, (0, (Fi 7o) +0, (i - 7)) (o)

u

from which we obtain

T (71— 7s)

5 < Gy - aMIn2720) L g (7, (won)y ,P1) s (P2, (N )y 5 P2))

from our previous estimates for the 7, and the 7, difference.
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Estimates for
The goal is to establish

dy (1217122) <Cy-6-d((F1, (wn)y,¥1), (T2, (WN)y, ¥2)) - (5.40)

From the wave equation we derive

b1 o b1 o
Oy (fmav (fl - h)) 0y (11f1) Ou <fl - f2> +& (5.41)

and similarly

b e\ 1
Oy (flrlau <fl - fQ)) = —0y (r1f1) Op (fl f2> + & (5.42)

_ (Q9)?raVoyhy <7”1f1 _ ) wz (fﬂ”l)
&= 4 rofo fars0 f2 Ou fara

2 2
o () () -+ B o

is invariant under interchanging v and v. Now note the identityﬂ

A <~’f22> = <; - K) (Z)H {(f;l)u _ (Z)u} (5.44)

and the same identity replacing u by v, which implies

o (fl“)\wb (71, (@N)y ), (s (@) 02)) - (5.45)

Jara
On the other hand, one also has by integrating the v-version of (5.45) from data

(where 11 = 1r3)

‘::f: 1| <y 8- d((Fr, (@) 1) s (o (), 02) (5.46)

and

‘ _(w)?
4

05)?
4

riViyr + ( 7“2‘@%‘ < Q- pirmdHee |P_%+H (Y1 —1b2) |

o <y p2 3 d((Fr, 1,401 , (Fay 02, 002)) - (5.47)

In the energy estimate we need the square of the p-weight to be integrable which

yields 3 — 6k > —1 and hence the familiar £ < % With the above estimates we

indeed see

/ R / CAE <Oy 5 (1 (s ) (s () ) (5.48)

JObserve also that the conformally coupled case k = % is special.
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the ¢ arising from the fact that we integrate in both w and v. The only thing
missing to close the energy estimate associated with (5.41]) and (5.42)) is to estimate
the boundary term. A calculation shows that one needs to control

2= 1426 @_@ i
/jdtc..) / (F1)2(7) 2014255 T<f1 f2> L (5.49)

Integrating by parts and treating the terms as in the original estimate in Section
we control this term by 6°Cj - d (1/)1, 1/12>.

In summary, the energy estimate associated with (5.41)) and (5.42)) furnishes the
estimate

_ o o
" b b YA Y
(U?BEAA g <f18“<f1 b)) ) <f1 f2> d“

~ ~ 2 ~ ~ 27
" Y1 _ Y2 2 (V1 _ %2 /
+<S$§EA/U0” <f16”<f1 b)) tf) (fl f2> w

< Cb -0 [d((fh (wN)l ad]l) ) (f2a (wN)Q a¢2))]2 ) (550)

which is almost what we need. To relate it to the honest C°H'-energy we observe

b _ B\ g (Pt (e
fla”(fl f2>_f18”< A (h 1))
IO Yo, 52)7 1 ¢2 fa
=0 (¢ — ) + (852)1/12) ( f2) + g0 <fl - 1> (5.51)

To control the last two terms, we recall that the H'-energy of 122 was already
established to be bounded. Therefore, the first of them picks up smallness through
while the seCOIAld is estimated through and picks up smallness via the
pointwise bound on . As a result we obtain

—~ ~ 2
[ wowsat o= [Lanw (o (- 2))
+Cy - 602720 (7, (o) ¥1) , (Fas (@n)g , 2))] (5.52)

Similarly one shows

/dv’pﬂ\% ho)? < /dvl 72’% wQ( ) ‘ +/ dv'p ™2 (1) (1_}2)

S/U dv'p” ‘1#1 ¢2< ) ‘ + Cyp - 6272 [d (7, (@), ¥1) 5 (Fa, (@) 902)))

the last step following from the L2-energy of 722 being small and |j Thus we
have established that the left hand side of ([5.50)) actually controls the energy of the
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difference twisted with f;. Since Lemma [5.9| establishes the equivalence of twisting
with p and 7, we have our desired contraction property

i1 — D2l o < Cp - 8™ O2729) g (71, (con) g 91) , (T2 (@ )g , W2)) -

The pointwise bounds for the differences
|p*%+"“ (@1 - 122) and |p’%+iau ({Zﬁ - 122) | then follow as for the estimates for
¢ alone (note that the quantities vanish on v = ug) establishing (5.40)).

The renormalized mass

The goal is to establish

de (@n)1, (@N)2) < Cp - 6-d((F1, (@)1, %1) 5 (T2, (@N)y, 92)) (5.53)

This is again a lengthy but straightforward computation. We focus on the most
difficult term, which is clearly the first:

~ 2 ~ 2
_ *(Tl)u ﬂ . 7(7"2)1; . @
A= (91)2 <T1f18v <f1 >> (92)2 < 2f28v <f2>>
71 f10, <1]/j11> + 1o fa0y (%)] [rlflav (3{11

where we have used Lemma Since the twisted H!'-energy of both 1&1 and @g
was already shown to be d-small, one obtains

(T2)u

Jr(92)2

/UA(uaU')dU" < Cp-0-d((F1, (wn)y,¥1) s (T2, (N )g 5 92)) -

The other terms are handled similarly establishing for || (@n); — (@N)y llco
on the left hand side. To get the statement for ||p' ™49, (@n), — p' 504 (BN), |l co
one differentiates the expression in the contraction map. We again concentrate on
the most difficult term (as all other terms simply lose one power of 7 which is
overcome by multiplying with the p!™*-weight in the end). The most difficult term
in 0, A is the one involving u derivatives of 12 as for this we only have the pointwise
bound (losing p~*/2) available. Finally,

/U dv' |0, A (u,v") | < Cy - p7 172 (u,0) - d ((Fr, (ww)y ,101) 5 (P2, (wn)y 5 ¥2))

Vo
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and smallness is obtained after multiplying by p1+sE|

5.6. Propagating the constraints

Now, thus far we have established that there exists a solution of , ,
with (7,wn,¥) € Byp. This alone is insufficient to enable us to reconstruct
a solution of Einstein’s equations. We need to also establish that the constraint
equation, is satisfied in the region A. We proceed by showing that we can
propagate the constraint through A using a transport equation in the v-direction.

We first wish to establish that the transport equation for wy may be differen-
tiated in u. We first rewrite , simplifying the twisted derivatives and making
use of the expression for §2 in terms of wy, 1, r to get:

4 - 2 2 . 2
8va = _TW (Tav'd] +gm¢> (?) + 7”1 (7“5@1/1 +9?"v1/1>
o 1 N
5 (L dmgy?) (9,v) (5.55)
3 ~
—167?92711—21#38”1# — 87ngr27‘v¢4

Now, we claim that the right hand side may be differentiated in u, with the resultant
expression belonging locally to COLL. Since we know that (7, @y, %) € By, we have
that r € C’l(AguO), TNy Ou(TN ) Tuws ¥, 0wt € CO(Agug)s Optp € COL2(Ag )
Finally, we note that the wave equation may be written in the form

2

Ou (T5U¢> =—(1+ g)nﬁuﬁ — %TVw (5.56)

whence we deduce that 9, (rd,v) € C°. Now, on differentiating with respect
to u, the only terms which are not manifestly in C° (and hence CJL!) are those
involving d,1. These are either of the form f;(9y1)2 or fod,1), where f; € CO. The
terms quadratic in 9,1 are manifestly in COL! since d,1) € COL2. The terms linear
in 5,,1/) can be dealt with by the Cauchy-Schwarz inequality. We thus conclude from
the Lemma of the appendix:

Lemma 5.11. Suppose (7, wwn, ) € By solves (2.19), (2.160), (2.14), with suitable
boundary conditions imposed on & together with initial data on v = ug according to
Definition . Then the weak derivative 0,0, (wn) = 0,0,(wwn) exists and belongs
locally to COL}.

k Actually, most terms already have a d-smallness in them. However, the term arising from differ-
entiating the last term in ((5.54)

(r2)u [ O (fir) )y~ | v (for2) 52~ o\ 2
(@) [ fin oLt farz 20 W] [rlfﬁv(fl) T2f28v<f2>]

does not.
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Having established that we can differentiate equation (2.14)) with respect to wu,
we can show

Corollary 5.12. Under the assumptions of Lemma [5.11], the constraint equation

holds on As .y, -

Proof. We rewrite the constraint equation as

0=w:=—-0,wn — i—: (réuw + gruw)Q (?) + % (réuw +gru1/))2
27 ;2 (1 — A gy ) (5u¢)2
—IGWQQZ—Swgéuw — 8w gPrir

We note that under the assumptions, w € C°. Differentiating (2.14) with respect
to u, which we can do by the previous Lemma, and making use of the equations
satisfied by 7,v, wy it is a matter of (tedious) calculation to show that w satisfies

4nr

Dot = —— (w+g w)

Now, since the coefficient on the right hand side is locally in COL!, we conclude

immediately that w = 0 on Ags,, (see again the Lemma in the appendix).

6. Generalizations
6.1. Remowving the restriction Kk < %

In this section we provide a sketch of how to extend our results to the entire range
0<k<l1l Letk> % The first step is to observe that the only non-integrable term

in (2.14) and (2.15)) (cf. Section can be rewritten as a boundary term and an

integrable term

1 8 32 3
_87T g *va = 4 _av 29 3w 29 3¢33v¢ for K # —
12 -3 3" 4
(6.1)
2370 4 2 31 4 3 231 4353 3
—8n“g l—grvw =—0, | 87y l—gw r’logr | + 32n“g l—21/1 r°dytp logr for k = 1
(6.2)
which allows to define a “doubly renormalized” Hawking mass
8 » ¢ 1 3
?DND:wN+§7T 1_%9721/1 forn#z, (6.3)

3 3
WND :wN+8w293%w4logr for k # 1’ (6.4)
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which is expected to be finite for all 0 < k < 1. In the second step one reformulates
the entire system — as equations for the variables (7, wyp,®) and sets
up the analogue of the contraction map. Here we recall that the only other occasion
where a restriction on  entered was in the energy estimate for ¢, cf. (5.21). To
remove that obstruction, we observe that it arose from the term proportional to
¥? in the potential , which did not decay sufficiently strongly (i.e. at least
like 7=2) for k < 2. However, one can easily see (formally) that this term will
enter as an (infinitd|for £ > 3) boundary term in the energy estimate for the wave
equation. Therefore, assuming a well-posedness theorem for the non-linear equation
Oy = ¢* on asymptotically AdS spacetimes (which is strongly suggested by the
a-priori energy estimate that can be derived for this equation) we can replace
in the contraction map by defining QZ as the unique solution of

VARVIITN ) 3 4 3\?
_VMV w—p(n—Q) 8ma + 77(/@—2)

with boundary condition p*%*” <5u — &J) V428 (t) p*%J”‘“'L/A) = v (t). Note that the

- V;'eg (¢7 w, T) ¢ = O (65)

1133 term has the correct sign to appear as a positive term in the energy estimate (in
case that k > 3/4 that term is however divergent and a further renormalization is
needed, cf. footnote [l). Now the potential V;.., (which is the potential V' of
minus its “divergent” part) is regular for all 0 < k < 1 and the contraction property
is established as before using the non-linear well-posedness theory for [ 1 = 3 on
a fixed aAdS background. It may be that (gt) = 9% is well posed only at a higher
level of regularity, in which case one should work at the H>-level, as in [13].

6.2. Nonlinear potentials

Examining the proof of the main theorem, we see that the only properties of the
function V' we use are an L?-boundedness condition to ensure that we map into the
ball, together with a Lipschitz condition to ensure the map contracts. Thus we can
readily verify that the above theorem generalizes to non-linear scalar fields with
energy momentum tensor

TMV = /ﬂl}au'(/} - %gw/ l:(az/))2 + %¢2 + W (w)

provided Wy (¢) satisfies:

i) For any (7, @y, ) € By we have

/A QW ()]® < Cyo®

for some € > 0.

! For x > 3/4 the divergent boundary term needs to be removed by a further renormalization of

1, as done for the Hawking mass in (6.1) and (6.2).
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ii) For any (7, (wn )i, ;) € By we have
/A [ Wi (¢n) — Q§T2W6(¢2)]2 < Gy d((71, (@ )1)s Y1), (P2 (N)2), 12))

for some £’ > 0.

This is of interest in applications, see for example [9] where a potential corre-
sponding to

Wo(y) =

is considered. This potential satisfies 4),4i) above provided that xk <

—12 (cosh V2 —1— ¢2) YK {6 sinh v/2y) — 2v/21(2 + cosh v2¢)]
2
37
as for the minimally coupled case, we expect this is merely a technical restriction
and that the result could be improved to the whole range (in [9], x = 3). For
related work where the metric is assumed to have hyperbolic rather than spherical
symmetry, see [I9/16]. This potential with K = 0,x = 3 is also considered in [L1],
where it comes from N = 8, D = 4 gauged supergravity (the massless sector of the
compactication of D = 11 supergravity on S7) after truncation to an abelian U (1)*
sector.

We note that including scalar fields with several components should also repre-
sent a straightforward generalisation of our proof.

however,

6.3. Non-linear boundary conditions

With a minor modification of the proof, the above theorem also generalizes to certain
non-linear (and in principle non-local) boundary conditions. In particular we can
consider boundary conditions of the form

p i (B B) vt 2B p i =G p i) ns (66)
where G : H*(#) — H'~"(.¥) satisfies the Lipschitz condition
|Glp1] = Glp2lllgi-r () < K llP1 = P2ll e (s

with K < 1 for all p; € H*(.#). In the case k > 3, if we take G[p] = F(p,t) with

)
F:Rx.# — R assumed to be C}. _, we may arraane that this condition is satisfied
by taking d sufficiently small.

In the case K < %, we appear to only be able to establish well posedness for
non-linear boundary conditions which are also non-local. The reason for this is that
to have a solution in the energy class for the linear wave equation with inhomo-
geneous Robin conditions we require (in the absence of further structure) that the
inhomogeneity be at least H'~*, however the trace theorem only guarantees a trace
in H".

Nonlinear boundary conditions have been considered, for example in [TTJ10].
The conditions considered in these papers are of the form (in 341 dimensions)

+2kK
—2K

p_%_"i (5u — (‘%) Y=k [,0_%'*'”1/}} : on & (6.7)
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Our results extend to these boundary conditions for x > %, as well as the case k = %

provided a smallness assumption is made on the data at infinity.

7. Improving the regularity: Proof of Theorem

Having established that we can always construct a unique weak solution to the
renormalized Einstein—Klein-Gordon system of equations subject to appropriate
boundary conditions, we wish now to demonstrate that higher regularity is in fact
propagated by the equations. Our approach to this will be to show that the con-
traction map we constructed in in fact respects a certain subspace of B, which
consist of functions with better regularity than a generic element of By. In essence we
establish that by commuting the contraction map with the vector field™| 7" = 9,,+ 9,
we preserve much of the structure. As a result, the subspace of elements of 3, whose
T —derivative also belongs to a ball in the metric space C is preserved by the con-
traction map. We first give more stringent conditions on the initial data which
guarantee that they represent the restriction to the initial data of a more regular
solution to our equations.

7.1. Constructing higher regularity initial data
Motivation

In order to construct solutions with higher regularity, we will of course need to
assume better regularity for the initial data. Before we do so, we motivate the
assumptions we make by recalling some facts from [22]. For a solution ¢ of the
Klein-Gordon equation on a fixed asymptotically AdS background, at the H? level
one finds that ¢ should have an expansion near .# of the form:

b= pE YT 4 pE TRyt 4O (pg)

where y* are functions on .#, and we have 1~ € H(.#), ¥ € L*(.#). Moreover,
we have

T = pd="Typ= + O (p%)

for any vector field T', tangent to .# and

piTrd, (pi,{) = 26p2 YT + O (p%)

for the twisted derivative normal to the boundary. As a result, we expect that the
null derivatives of an H? solution to the Klein-Gordon equation on an asymptoti-

mIt will be convenient also to define Ty = F_%+”T(F%_“w) as the twisted T-derivative of .
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cally AdS background should have expansions:

20350, ( w_) =ohmb =t o (o)
p2

203710, <¢> =t 0 (o)
p2

for some functions li), P’ € L?(.). Note that, as expected, the null derivatives decay
like pmin(%_"’%*‘“). Restricting to an initial data surface we have some necessary
conditions on the asymptotic behaviour of initial data which develops into an H?
solution. Of course, the spacetimes that we construct are not asymptotically AdS in
as strong a sense as those studied in [22]. This manifests itself in part in the subtle
distinction between twisting with respect to p and 7, and accordingly also in the
asymptotic expansions.

7.1.1. Constructing the data

We now give conditions on a free data set, (7,%) (with associated full data set
(7,1,%N, 7)) such that we can construct the functions (T'F, T, Twy) which gen-
erate a jet on M = {(u,v) € Ay, : v = up} satisfying the equation and boundary
conditions there. We first note that we already have constructed TF = 7y + 7.

In order to construct 7%, we will impose some conditions on the behaviour of
5u@ near ug. As discussed above, these conditions are necessary in order that the
data launch an H? solution of the Klein-Gordon equation. In particular we require:

o Defining ¥/ := v(tg) —25(to) limy—u, ﬁfgﬂ”‘ﬂ, which we should think of as
the initial value of the twisted derivative of 1) normal to the boundary, we
have:

_ b 1_14s. .
7% 70 (L) = Litrer| e oo
f 2

e Defining ¥, which we should think of as the initial value of the time deriva-

tive of ¥ on the boundary by:

. s [— ) 1-lik
U :=2 lim ﬁ"_% fo, i — 77;é+ o’
u—uo f 2
we furthermore require
_ " 1_1., 1_3_, _
so that:
~ 1-3_k. | _3
Outhi= 57 "4 ST 7 g (u)

¥r(u) should be thought of as the remainder of dut after subtracting the
singular terms in a series expansion at the boundary.
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e If these conditions on 1 hold, then we can construct the function

— _ . _1 _3 -~
Oy == -7 U —_r + 7R ( )

where ¢r(u) € C°(N), which should be thought of as the remainder ofﬂ
after subtracting singular terms at the boundary, is defined by

Pr(u) = —?‘%/ 7() TR o T <;— )w? du/

7,.2

7” 4

u/
with
—2

— — —2 = 3
V.= 2g2F3 (wN + 27Tgw2> — 8779%1/}2 _7 (mQ — 2Kk + ) .
127 [ 4

and

2 2N T2 2\
Q= —47, 7 <1 N B 47Tg E ) .
T

This is enough to define T(’(/J) = uw—l—&,w, with p~ 2T (1) € CO(N) and
to verify that the boundary condition

R (aﬂ _ ﬂ) +28(t)7 3P = (o), as 1 — g

holds. Moreover, the trace of the Klein-Gordon equation:

- —2
ou (r0,0) = - @ - H) Py B (&f}f) o

holds on N. We are going to assume that Tiﬁ’ satisfies the conditions im-
posed on v in which in particular will imply that ¢ € CZ _ .
e We are now in a position to define

Oy TN 1= —871'7" vw +47Tg(r—2wN)w6vw
o

=3 .
+ ZWEZH 1-— QW—N — 1671'2927’—@381,1? — 8712¢3 va
7 2 l2
(7.1)

and we have as a consequence constructed Twy := 0,0 + O, . We can
verify directly that Twy € C°(N), and we denote

My := lim Toy = 7\1, N7

u—uUQ l2

e Finally, we may construct 7, by integrating the linear ODE

au (m) = af’uv + oy
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with the initial conditio that 7, (ug) = 0. Here @ is the restriction to the
initial data of the quantity

02 (3wy 1 2mry? 3

For? ( 22 o 2 (‘“+29))

and @, is obtained by first differentiating @ in v and then restricting to the
initial data, using the definition of {2 to see that no term appears which we
have not already constructed on /. Doing this, we can verify that both @,
@, are integrable in u. As a result, we have constructed T7, = 7y, + (74 )u,
and we can check that T, (T7),, T7, all vanish at u = uy. We will assume
that T7.,, € C°(N), and that T, (uo) = 0. This in particular implies that
recC;..

o=

Remark 7.1. Note that the Hawking mass at infinity (which requires this level of
reqularity to define) will not generally be constant in time for the boundary condi-
tions we impose. This is a consequence of the fact that we are permitting energy to
enter the space from . If we impose homogeneous Neumann boundary conditions,
the flux vanishes and the Hawking mass is constant.

Definition 7.2. We say that a free data set (7,v) gives rise to H?—initial data if
it satisfies the conditions given above to allow us to construct (TT, T¢7TWN), and

furthermore we have that for any 0 < s < 1, the following bounds hold on the initial
data ray N for some C

ITFlco + (TF)ullco + | TTullco + [ TFuullco < C (7.2)
up+4 o ﬁ 2 __o9=2 _1is T‘w
uo f f
(7.3)
Toy — My|lco < C and |7 70, Twn|lco < C (7.4)
ITyp= 3% = o < C (7.5)

For any free data set giving rise to H?>—initial data, by truncating the initial data
ray we may assume that C < 8" for any 6’ > 0.

M There is some freedom in how we choose boundary conditions for the higher derivatives of 7 on
the initial data, but we choose a convenient gauge in which T'7 vanishes at .# to all orders on the
initial data.
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7.2. The commuted function space

Recall that in we defined a metric space C = Cit (As.,) X CLF (Asug) X
C’Sﬂ'ﬂl (A) with distance

d((F1, (@n)1, 1), (P2, (@N)2,¥2)) = di (F1,72) +de (@), (TN )o) +dy (P1,702)

and denoted by By, the ball of radius b centred around (“_” s My, \Ilp%_”>. We then

2
showed that the map ® : B, — B, is in fact a contraction map, provided we take

the size of the domain § to be sufficiently small.

Definition 7.3. We define the commuted ball B} to consist of those elements
(F,on, ) of By for which we additionally have that TT,, Ttyy, TTyw, TonN,
(TN ), T, T, are C°, with the following bounds:

HTTF

T uvllgo + 1T uull o < b,
Co

[Town — My||co + [|p* 0 (Twn), [co < b,

|7 — p* "Bl cops + | Top™ = Flleo + (o250, Tl oo < b,
where we define Tw = 5uz/J + 5vz/J. We also require that at v = ug we have
Fu,ug) = 7(u), T7(u,up) =T7(u), wn(u,ug) =N u),
W(u,uo) = B(w),  Tib(u,u) = To(u).

It is convenient to note the following bounds that can be derived for elements
of the commuted ball B}:

Lemma 7.4. Suppose (7,wn,v) € Bi. Then the following estimates hold:

0? .
|Tw\ <Chy- p*Q’”"? 'T ()‘ < Gy, |T(V)| < Cbpmm(213*2")

r2
- - T T
(&) (R)]e 0 (F)l [ (F)] <
7 7 7 7
Proof. The first three estimates follow by direct computation, making use of the

fact that we already know T'7/7 is bounded. To prove the final estimates, first note,
as in Corollary we have

and

1 1
whence we immediately estimate

1
Tr, — =17
’p T 3 T

< Sb/ (u —v")dv" < 3bp?
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which gives

< 3beb.

‘ TF, TF

Now, we note that

7 72

Tr, Tr Tr (1 Ty
= — |+ = | = — =
T 2pr7 T \20 T

whence it immediately follows that T’ (%") is bounded by some (. The v—derivative
follows in a similar fashion. The final estimate follows by noting that T (%“) =
T(0,log7) = 0, (T log7) = 0, (£L).

7

- (ru> _ T, #TF

7.3. Propagation of regularity

We are now ready to state the main result of this section concerning the propagation
of regularity.

Proposition 7.5. Suppose that the initial data is in the H?-class. Then the map
b : By, — By defined in maps B} into itself for & sufficiently small.

Before we prove this result, we note the following:

Corollary 7.6. Suppose we start with initial data in the H?—class. Then then the
weak solution (T,wn,¥) € By, to the renormalised Einstein—Klein-Gordon system
which we constructed above in fact belongs to Bé, As a consequence the associated
metric g is of class C°.

Proof of Proposition As in §5.2| we define (7, 7N, ) := (7, wn, ). We
first note that the conditions

¢(U7 UO) = @(u)v F(ua uO) = ?(u)v wWN (u7 uO) = W(u)

are clearly respected by the contraction map. Now note that the condition that
(7, N, ) € B} permits us to directly differentiate (5.3) and establish that

~ “ 02 (3own 1 27ry? 3
T~ =T — 7 = —_ — — — /
7 =Tu(u) —Tu(v) +/v du [T2 ( 22 o + 12 ( a+ 29))] (u', o)
“ v Q2 3wy 1 2’ 3
/ /T - o _ = / /
+/y du /uodv {7‘2 (27°2 SRRNE ( a+2g)>}(u’v)

We can re-write the first line, using the fact that by (3.5))

- — —2
u —AT%F, Ty N 1 2T
o)) = [ du— ATl (SN L 2 3N ) ),
2w N 72 72 72 27"2 2r ZQ 2
v 1— =28 + 7 —dngzy
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together with the initial conditions assumed on (7, o, ) to give

~

TF =Tr(u) —Tr(v)

/du/ ’T[Tz <3;;V %+2”;¢2 <a+gg>)](u',v’). (7.6)

Clearly we recover from here the condition

TF(u, ug) = Tr(u).

Now, since acting on any of the fields with T leaves the behaviour near u = v
unchanged, we can repeat the arguments of to show that

TT?

<b,

+ HTru
CO
0

+ \ ‘Tﬁuu
CO

for § sufficiently small.

Now let us consider the wave equation. Now note that by the results of §8| we
know that 1[) e foci. As a consequence, since the wave equation holds in C° along
the initial data ray, with 1 (u,ug) = 1 (u), together with the boundary conditions

at (ug, ug), we can deduce that Tt(u,up) = Tt (u). Moreover, we have sufficient

regularity to differentiate the wave equation. Doing so, we deduce that T(/) =
fT(f~14) is a weak solution of the wave equation:

Oy | fr OUT—JZ/) = =0, (rf) | Ou j}w + F, or equivalently
Ou | fr OUTTz/) = —0, (rf) 8quw + F
where
B 1 T V) ) Q2V e
Pie (x-1) T<f)m,(f)w( ) 1o, (f) o[V,

and T weakly satisfies the boundary condition
pEn <5u - 51}) T+ 28 (t) p~ 2t T = ' (t) — 28’ (t) p~ 2 4.

Now, note that since we control the COH'(A)—norm of ¢ in terms of b from the
lower order energy estimates, we can immediately bound

F2
/ dudv <100

provided that ¢ is sufficiently small, making use of the estimates of Lemma
Proceeding as in we deduce that for § sufficiently small we have

=~ 3, =~ s, 1A =™
[T = p2 ™ ¥l copgr + [ Tehp™ 2 = Wllco + [[p72 "5 0, T 0o < b,
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Finally, note that we actually wish to control Tiﬂ = fT( f ~14). However, we have

that

r T

and by Lemma the term in brackets belongs to C1(A), so for small enough §
we have

1T — p2 = Wl o + | Top™ 3+ — W|o + [|p~ 218, T0 0o < b.

Now let us finally consider the equation for wy. Differentiating in 7" and making
use of the expression (7.1)) for 0,y we deduce that

Twy =Twoy (u) + /U dv/T[ - 87‘(’)"2% lf@v (;{j) +dmg (r— Q?DN)’IZ (f&fji)

2 3 n 2
+2771]J\27’U (92 <1 — TN>) — 1677292%1/}3 <f3v1;> — 87'('293%?"1)’1/}4} (u,v').

Making use of the bounds for T'—derivatives on the unhatted functions, together
with the bounds derived above for ¢, we can again verify that the argument of

2

goes through without serious alteration, so that for sufficiently small § we have.
I Twy — Mn|lco + |90 (Twn), [lco < b,

whence we are done.

8. Well posedness for the wave equation with rough coefficients

In constructing the contraction map in we assumed the following result:

Proposition 8.1. Suppose that 7 is the radial function for some metric belonging
to By. Then there exists a unique solution v € COEI(A) to the wave equation

0, (7hr0, (Fi+eg)) 0, (F1%) 0, (7 Hey) = F (8.1)

with initial conditions

and boundary conditions
pan (5u — 5v) Y+28(t)p = (t) on I
where f3 is at least C*, provided the spherically symmetric data F,1),~ satisfy
i)

/ F2dudv := ||F|[}25) < 00
A
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i)

. 2
/ (a (w_)) 0 | (o)~ du =[] s ) < 00
uo T2 E

i11)
1=y < 00
where T is the restriction of T to the ray v = ug.

In this section we shall prove this result. Before we do so, let us note that the
subtlety here is in the low regularity assumed on the function 7.
We first note the following consequence of the energy estimates in

Lemma 8.2. Suppose that % € CY(A), B € CY(F), and that 1y € COH'(A) solves
the initial-boundary value problem of Proposition[8-l Then we have the estimate

Wl comra) <C (H@HE(N) + 1 p2ea) + H’YHHl**‘(ﬂ))

for some constant
C= C( 7 ,||5|c1(ﬂ)>
cl(A)

This immediately gives us the uniqueness statement in Proposition [8.1] since
the assumptions on elements of the ball ensure that = € C'(A). This estimate also
shows that it will be enough to prove the result for a dense subset of the data
(¥, F\ ).

From the results of [22], the following Lemma follows:

r

Lemma 8.3. Suppose that in addition to the assumptions above we have that 8 €
C>(F) and = € C*(A), then Pmpositionﬂ holds.

7
P
Proof. Let us define the wave operator

L6y =0, (770, (74 %60) ) + 0, (74 %) 0, (7 #*60)

\NK
Defining w = 73 (%) 1, a calculation shows that

_p% A\ (o F\ ' dw w1 O AN 19k 0, 4
w5 (5) {atm at]"’ apm o)

so that (8.1]) is equivalent to

a7\ ow N 2 ;) AN
- _ Z | — g — R _—_(ph =4[ - —. 2
ot [(P) 375] "o [(p) gl (p> pt 82)
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This is almost of the form considered in [22] (see §4.1). Unlike in that paper, we
have an additional term linear in wy, with a regular coeflicient, but this can easily
be handled with a slight modification of the same methods.

To account for the fact that we have a characteristic initial surface, rather than
a spacelike initial surface, it is possible to show that (at least for a dense set of
data), we can construct a function 81 such that L(§v) € L?(A) and d¢p = 1 on
the initial ray and at the boundary. This demonstration follows a similar strategy
to §7.1, but is somewhat technical, so we omit it here. Having constructed such a
01, we can reduce to the case of trivial initial and boundary data by considering
Y — 0.

Let us assume then that we wish to solve the characteristic initial-boundary
value problem above, with F' € L?(A) and the initial and boundary data trivial.
We extend the problem to the region U := [0, g]p X [ug,ug + 0]¢. We take any

positive extension of 7 such that % € O>®(U) and we extend F by 0, noting that
extending in this way leaves F' € L?. We can then solve a spacelike initial-boundary
problem with ¥ = ¥y = 0 on ¢ = ug. By the domain of dependence property, the
resulting ¢ restricted to A solves the characteristic initial-boundary value problem.
Next, we need to show that if we approximate 7/p and 8 in C! by suitable
smooth functions, then the sequence of solutions that we construct will converge in
C'H'.
Lemma 8.4. Fiz data (¢, F,~) € H* x L? x C'. Suppose 3; € C°(F) and = ¢
C>®(A) fori=1,2, with ||B;||c1 +||7i/pl|cr < K for some K. Let 1; be the solution
of

o |

0 (72 0u (72" 0) ) + 0 (72 7) 0 (70 = F
with initial conditions
bi=1y on v=ug
and boundary conditions
pr (5u - 5@) Vi + 2B (8) p i = (1) on I
Then we have the estimate
T T2

PP

||l/11 _wQHCOHl(A) S C (

+ 181 — 62|Cl(ﬂ)>

cH(a)

for some constant

C=0C@,FvK).

Proof. This proof mirrors the discussion of the contraction property for the wave
equation in From the equations satisfied by ;, we derive

0u (7870, (i F o = P 0n) ) = 0, (7)) 0 (o - ) v e
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and similarly

O (7t "0 (7 M =75 ) ) = =0 (72 7) 0 (72T - 7 )

where
7 -k 1 3 7 3
=F(1-|2 — 7270, (7 2Ty ) 0, | =
( LJ ) " (r2 %) {fz

—r 0 (7 ) 0, M "

From these equations, we can derive an energy estimate controlling |[¢1 — 12| o g
in terms of the L% norm of & and a term on .#, just as in It is straightforward
to show that

1 T2

& <C
€] 12 ;

oia)

using the fact that 7y /7y is C'—close to 1. For example, we have

B, (“)’ < Cx
]

The boundary term on .# is
3.4k e 34, 3.,
Fim i 00— 00) [ o =7 ] 0+ 00) [7 0 — 7 T

+K [PREE K ~_%+” k4L K
(w T2 —2p,p'"? wl) — 7 (w T3 = 28,p" wQ)]

3

~5—K ~7§+/<a ~ +kK
X T T[rl2 Y — Ty 2 1&2}

P plleiay

Now, since 3; is Cl—close to B2 and 71 /72 is Ct—close to 1, we can proceed as in
previous energy estimates, integrating by parts to remove the derivatives from the
terms and replace them with terms involving v; at the endpoints and +? integrated
over the boundary, both of which we control by the energy estimate. We eventually

/7=

Note that we need to assume better control on  in order to do this, as some of the
derivatives will hit 7. Once we have established existence for v € C1(.#), we will be
able to relax this condition to v € H'~*(.#) using the energy estimate. Now that
we control £, F, we are done.

Armed with this result, we are able to prove Proposition (8.1

show

f

1 T2
PP

+ 181 — 52||cl(f)> :

cr(a)

Proof of Proposition Now suppose that (7, wy, ) is an arbitrary element
of By, and B € C'(.#). As a consequence, we have that 7/p € C1(A). We may
thus construct a sequence 7, 8% such that #*/p € C®(A), ¥ € C>(F) and
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*/p — 7/p in C*(A), B¥ — B in C1(#). Assume we have data with v € C*(#).
Let ¢, € COH'(A) be the solution of the approximated problem:

By (rk 0, (f,; %“wk)) + 8, (rk *“) o, (f,; 3*“%) _F

with initial conditions

and boundary conditions
p (0= 00) o+ 28, (0 p H Y =9 (1) o S

which exists by Lemma [8.3] Taking & — oo, we deduce that 1 converges in
CO°H'(A) to a solution of by Lemma satisfying the same boundary con-
ditions. By Lemma this is the unique solution of our problem. At this point we
can relax the assumption that v € C! by approximating v € H!=*(.#) by a C!
function and using the energy estimate.

We note in passing that a similar result holds for 7% provided (F,wn, ) € BE,
with TF, T, T~y assumed to satisfy i) — i7). This can be deduced by commuting
with 7" and making use of estimates similar to those established in §7] In particular,
we deduce from this that under these assumptions ¢ € H? . .

Remark 8.5. Note that our approximation here was at the level of 7, rather than
at the level of the metric. In particular, we did not approrimate in the metric we
used for the contraction map. Metrics constructed from (7', wn,¥) € By are forced to
have some non-analytic behaviour at & by the presence of the y—dependent terms
in the renormalisation of 1. While these non-analytic terms are not an obstruction
to the well posedness of the wave equation, they do alter the asymptotic expansions
of solutions below the top order and as a result are not considered in [22].
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Appendix A. Estimates for the transport equation

The equation for the renormalised Hawking mass, wy takes the form of a linear
transport equation in v, with rough coefficients. We give here a Lemma to allow us
to handle such an equation. Firstly let us define the Banach space COLL(As,,) to
be the completion of C°°(As,,,) with respect to the norm:

u

loflcops == sup / le(u, v)| dv < oo
v uE['uo,uo+6] ug

We say tha ¢ € COLL(As.4,) if for any cut-off function x € C*°(A) vanishing

near .#, we have that ¢y € COLL(As,.,). Clearly COLL(As,) C COLL(Asuy)-

Lemma Appendix A.1. Suppose o, 3 € COLL(As,) and ¢ € CO((ug,uo + 9)).
Then there exists a unique ¢ € C°(As,,) such that:

i) For each u € (ug,ug+4], and 0 < € < u—wuyg, the map v — ¢(u,v) is absolutely
continuous on the interval [ug,u — €.
it) The transport equation

Ovp =+ 3
holds for all w and almost every v in Ags ., with the initial condition ¢(u,ug) =
do(u). o _
i) If moreover o, B € COLL(As ) and ¢po € C°([ug, uo+9]), then: ¢ € CO(Asu,);
for each u € [ug,ug + O] the map v — ¢(u,v) is absolutely continuous on the
interval [ug, u]; and we have the estimate

2||a
I8llco < "ot (1181gg 1y +110lco ) (A1)

Suppose now that additionally Oy, 0,3 € COLL(As ) and ¢o € CH((ug,ug + 4]).
Thevﬂ Ou¢ € C°(As,u,) and we have

i) For almost every u € (ug, up+9], and for any 0 < € < §, the map v — 9y d(u,v)
is absolutely continuous on the interval [ug,u — €.
it) The equation

auanZS = 8vau¢ = Olau¢ + (8ua)¢ + auﬂ (A2)

holds almost everywhere in Ay, s.

i) If moreover «,f3,0,0,0,8 € COLL(As.u,) and ¢o € CH([ug,ug + 8]) then:
Oy € CO(As.u,); for each u € [ug,ug + 6] the map v — dy¢(u,v) is abso-
lutely continuous on the interval [ug,u]; and we have the estimate

2||a
8ullco < 26*1 10t (118l gy + 110uBllcg s + 119wy + lldollen )
(A.3)

°recall As ., = Z(;’uo B4
PWe understand the derivative here to be a weak derivative, which will agree with the strong
derivative almost everywhere.



January 6, 2015 16:12 'WSPC/INSTRUCTION FILE jhdeversion

The Einstein-Klein-Gordon-AdS system for general boundary conditions 47

Proof. First we note that if « € CL;(As4,) then the function

Y(u,v) ==e" Jup tuvdv
belongs to C°(As.u,), and for any ug < u < ug + 9, 0 < € < u — up, the map
v — ~v(u,v) is absolutely continuous on the interval [ug,u — €]. Furthermore, if
a € COLL(As.,) we estimate

()] < elialot Ol < eligfatuadla

S eHchgL})

and a similar estimate holds for |y(u,v)~!|.
Now let us define

awmzwmml<£ﬁwwwwwmu+%wﬁ-

We readily verify that this is absolutely continuous in v € [ug,u — €], for any
ug < u < ug—+ 40, 0<e<u—ug. Furthermore, ¢ satisfies

8U¢ = O{(b + 67 w(uauo) = wo(u)

for all u € (ug,up + 6] and almost every v € [ug, u). To prove uniqueness, suppose
B8 =0, ¢g = 0. We can differentiate ¢y to find

dv(¢y) =0

for all v and almost every v, whence ¢ = 0. Finally we may directly estimate from
the equation for ¢ to show holds if the coefficients are assumed to be globally
bounded.

Now we consider the case where d,a, 0,8 € COLL(As.,) and ¢o € C((ug, up +
d]). Since « and 9, are locally integrable on A, 5, we have that

By (1) = (1, ) (- /u 8ua(u,v')dv'>

holds almost everywhere. Furthermore, the right hand side is in C°(As,,, ). Directly
differentiating the expression for ¢ above, making a similar argument to differentiate
3 under the integral sign, we conclude that 9, € C°(As,,, ). Here we must interpret
the derivative as a weak derivative, so that continuity holds modulo redefinition on
a set of measure zero. Differentiating once more with respect to v we conclude (A.2])
holds. Finally, if we make the further assumption that «, 8, 9y, 0,8 € COLL (A5 4,)
and ¢g € C([ug,up + 6]) we can readily estimate by applying the estimate
from the previous discussion.
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