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Abstract

This dissertation contains results from various areas of combinatorics.

In Chapters 2, 3 and 4 we consider questions in the area of isoperimetric inequalities. In
Chapter 2, we find the exact classification of all subsets A C {0,1}" for which both A and
A¢ minimise the size of the neighbourhood, which answers a question of Aubrun and Szarek.
Harper’s inequality implies that the initial segments of the simplicial order satisfy these condi-
tions, but we prove that in general there are non-trivial examples of such sets as well.

In Chapter 3, we consider the zero-deletion shadow, which is closely related to the general
coordinate deletion shadow introduced by Danh and Daykin. We prove that there is a certain
order on [k]" ={0,...,k —1}", the n-dimensional grid of side-length k, whose initial segments
minimise the size of the zero-deletion shadow.

In Chapter 4, we consider the following generalisation of the Kruskal-Katona theorem on
[k]". For a set A C [k]", define the d-shadow of A to be the set of all points x obtained from
any y € A by replacing one non-zero coordinate of y by 0. We find an order on [k]" whose initial
segments minimise the size of the d-shadow.

In Chapter 5, we consider a certain combinatorial game called Toucher-Isolator game that is
played on the edges of a given graph GG. The value of the game on G measures how many vertices
of G one of the players can achieve by using the edges claimed by her. We find the exact value of
the game when G is a path or a cycle of a given length, and we prove that among the trees on n
vertices, the path on n vertices has the least value of the game. These results improve previous
bounds obtained by Dowden, Kang, Mikalacki and Stojakovié.

In Chapter 6, we consider a problem in Ramsey Theory related to the Hales-Jewett theorem.
We prove that for any 2-colouring of [3]" there exists a monochromatic combinatorial line whose
active coordinate set is an interval, provided that n is large. This disproves a conjecture of
Conlon and Kamdev.

In Chapter 7, we give a construction of a graph G that is Ps-induced-saturated, where Pj is

the path on 6 vertices. This answers a question of Axenovich and Csikoés.
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Chapter 1

Introduction

In this dissertation, we consider six questions in the area of extremal combinatorics.

Chapters 2, 3 and 4 are concerned with questions in the area of discrete isoperimetric in-
equalities. Perhaps the best-known discrete isoperimetric inequality is Harper’s theorem on
the n-dimensional hypercube @, = {0,1}". We say that vertices x,y in Q,, are neighbours if
they differ in exactly one coordinate, and more generally define the distance of z and y to be
d(z,y) = |{i: z; # vi}|. The neighbourhood of a set A C @,, consists of the set A itself together
with all other elements that are a neighbour of some element of A. The classical result of Harper
[23] states that among the sets of a given size, the initial segment of the simplicial order has the
smallest neighbourhood.

Let A be an initial segment of the simplicial order. Since its complement A€ is also isomorphic
to an initial segment of the simplicial order, Harper’s theorem implies that both A and A° have
neighbourhoods of minimal size. Aubrun and Szarek [I] asked if the initial segments are the
only sets (up to isomorphism) for which both A and A€ have neighbourhoods of minimal size. In
Chapter 2, we give a negative answer to their question. We go on to give an exact classification
of all subsets A for which both A and A° have neighbourhoods of minimal size.

Define the ezact Hamming ball of radius r centered at x to be B (z,r) ={y € Qn : d (z,y) <1},
and define A to be a Hamming ball if there exist x and r so that B (z,r) C A C B(z,r + 1).
It turns out that all the extremal sets A are contained between two exact Hamming balls with
the same center and radius differing by 2 - that is, there exist « and r for which B (z,r) C A C
B (x,r + 2). Rather surprisingly, it turns out that the only Hamming balls which are extremal
are the initial segments of the simplicial order. This chapter is based on [41].

Another well-known discrete isoperimetric inequality is the Kruskal-Katona theorem [25] 28].
Let {0,1}"" denote the set of all {0, 1}-sequences of length n containing exactly r coordinates
that equal 1. The lower shadow of A C {0,1}," is the set of points in {0,1}," ; that can be
obtained by flipping exactly one l-entry to 0 from a point in A. Similarly, the upper shadow of
A C {0,1}] is the set of points in {0,1}",; obtained by flipping exactly one O-entry to 1 from a
point in A. The Kruskal-Katona theorem states that the size of the lower shadow is minimised
by the initial segments of the colexicographic order, or equivalently, the size of the upper shadow
is minimised by the initial segments of the lexicographic order.

Instead of changing the value of a coordinate, it is also natural to define an operator which
acts by deleting a coordinate. For A C [k]" = {0,...,k — 1}", define the coordinate deletion



shadow of A to be the set of points obtained by deleting exactly one coordinate from a point in
A. Danh and Daykin [16] proved that the initial segments of the simplicial order minimise the
size of the coordinate deletion shadow when k& = 2. However, Leck [30] proved that no such order
exists when k > 3. Bollobas and Leader [9] proved that the exact subcubes [m]™ have minimal
coordinate deletion shadow in [k]" for all m. Furthermore, they conjectured that for all m and
r, the subset of [m]" containing the sequences with at most r coordinates that equal m — 1 has
minimal coordinate deletion shadow. This conjecture remains open.

Define the rank of a sequence to be the sum of its coordinates. The usual lower shadow
decreases the rank by 1 and preserves the dimension n, while the coordinate deletion shadow
decreases the dimension by 1 but there is no control on how it changes the rank. There is, however,
an operator called zero-deletion shadow which preserves the rank but reduces the dimension by
one, and hence comes ‘between’ the lower shadow and the coordinate deletion shadow. Define
the zero-deletion shadow of A C [k]" to be the set of points obtained by removing one coordinate
that equals 0 from any point in A.

Note that the zero-deletion shadow of any subset of {1,...,k—1}" C [k]" is empty, and
in order to minimise the size of the zero-deletion shadow in general, it seems natural to choose
points with as few zeroes as possible. In particular, it is natural to guess that for each 0 <¢ < n
the sets containing all points with at most ¢ zeroes have zero-deletion shadow of minimal size.
In Chapter 3 we prove that the initial segments of a certain order minimise the size of the
zero-deletion shadow, and indeed points with fewer zeroes are preferred by this order. As a
consequence, it follows that the sets containing all points with at most ¢ zeroes indeed have
zero-deletion shadow of minimal size. This chapter is based on [38].

Various generalisations of the Kruskal-Katona theorem itself has been studied in general grids
[k]". One such generalisation of the upper shadow was considered by Clements [13]. For a set
A C [k]", define the dT-shadow of A to be the set of all points x obtained from any y € A by
replacing one coordinate of y that equals 0 by any element in {1,...,k — 1}. Clements found an
order whose initial segments minimise the size of the d™-shadow. In Chapter 4, we consider the
following closely related operator. For a set A C [k]", define the d-shadow of A to be the set of
all points = obtained from any y € A by replacing one coordinate of y that is in {1,...,k — 1}
by 0.

Again, it seems natural to prefer points containing as many zeroes as possible, and this indeed
turns out to be the case. We prove that there is a certain order whose initial segments minimise
the size of the d-shadow, and it follows that the sets containing points with at least i zeroes have
d-shadow of minimal size. Furthermore, we prove that the restrictions of the initial segments
of our order minimise the size of the d-shadow on levels containing points with a given number
of zeroes. We have recently learnt that the main result of this chapter may be deduced from a
result of Frankl, Fiiredi and Kalai [19], and of London [32]. Given that, this chapter should be
viewed as giving a new proof of their result. This chapter is based on [36].

In Chapter 5, we consider the following combinatorial game introduced by Dowden, Kang,
Mikala¢ki and Stojakovi¢. The game is played on the edges of a given graph G by two players,
Toucher and Isolator. They claim edges on alternating turns, with the first move given to

Toucher. Toucher is aiming to maximise the number of vertices incident with some edge she



has claimed, and Isolator is aiming to minimise this number. Equivalently, Isolator is trying to
maximise the number of vertices so that she has claimed all of their incident edges.

We say that a vertex is isolated if it is not incident with any of the edges claimed by Toucher.
Define the value of the game u (G) to be the number of isolated vertices at the end of the game
when both players play under optimal strategies. Dowden, Kang, Mikalacki and Stojakovi¢ had
specific interest in the case when G is a tree, and they gave bounds for the value of the game in
terms of the degree sequence of G. As a consequence, they proved that when G is a tree, the
asymptotic proportion of isolated vertices is between 1/8 and 1/2. Note that the upper bound is
attained when G is a star on n vertices. For certain trees they noted that the general bounds can
be improved. As an example, they proved that for P,, the path on n vertices, the asymptotic
proportion of isolated vertices is between 3/16 and 1/4. Furthermore, they conjectured that the
correct asymptotic proportion of isolated vertices on the path should be 1/5.

In Chapter 5, we improve both the general bound and the bound on the path. We prove that
1/5 is the correct asymptotic proportion of isolated vertices for a path, and in fact, we find the
exact value of the game for a path. We also find the exact value of the game for a cycle. Our
other main result is to improve the general lower bound for trees, and we prove that the value
of the game for any tree T" with n vertices is at least as large as the value of the game for P,.
Therefore, the asymptotic proportion of isolated vertices in a tree is at least 1/5. These results
are based on [37, [40].

In Chapter 6, we consider a problem related to the Hales-Jewett theorem [22]. A set L C [k]"

is called a combinatorial line if there exist a non-empty set S and integers a; € [k] so that
L={(z1,...,2p) i =q; for all i € S and x; = z; for all 4,5 € S} .

The set S is called the active coordinate set of L. The Hales-Jewett theorem states that whenever
[k]" is r-coloured, there is a monochromatic combinatorial line provided that n is large enough.
The least such n is denoted by HJ (k,r).

Following Shelah’s proof [42] of Hales-Jewett theorem, it can be shown that provided n is
large, one can always find a monochromatic combinatorial line whose active coordinate set is
a union of at most HJ (k — 1,r) intervals. Since HJ (2,r) = r, it follows that one can find a
monochromatic combinatorial line in [3]" whose active coordinate set is a union of at most r
intervals. Conlon and Kamcev proved that this bound is tight when r is odd, and they conjectured
the same to be true when r is even. In this chapter we prove that whenever [3]" is 2-coloured and
n is sufficiently large, there exists a monochromatic combinatorial line whose active coordinate
set is actually an interval. This disproves the conjecture of Conlon and Kamdev. This chapter
is joint work with Leader based on [29].

In Chapter 7, we consider a graph saturation question. A graph G is said to be H-induced-
saturated if G does not contain H as an induced subgraph, but removing any edge from G or
adding any edge from G° to G creates an induced copy of H. It is easy to see that an empty
graph is Py-induced-saturated and a clique is Ps-induced saturated, where again P,, denotes the
path on n vertices. Martin and Smith studied a similar problem, and their results imply that
there is no graph that is Ps-induced-saturated. Axenovich and Csikos gave examples of families

of trees for which an induced saturated graph exists. However, they noted that these results did



not cover P, for any n > 5, and they asked whether P, is induced saturated for any n > 5. In
Chapter 7 we give a construction which proves that Ps is induced saturated. This chapter is
based on [39].

Throughout the thesis, we use standard graph theoretic and combinatorial notation. We write
[k] for {0,...,k — 1} and [k]" for {0,...,k — 1}", and we often use the shorthand X = {1,...,n}.
As usual, for any set A we write A" for {B C A : |B| = r}, and also A" for {B C A : |B| < r}
and AC7) for {BC A:|B| <r}.



Chapter 2

Uniqueness in Harper’s

vertex-isoperimetric theorem

2.1 Introduction

The n-dimensional hypercube @, has vertex-set the power set P ({1,...,n}) with metric d (z,y) =
|zAy|. We can also view @, as {0,1}", the set of {0, 1}-sequences of length n, with the met-
ric d(z,y) = |{i:x; #y;}|. For a subset A of the hypercube Q,, define the neighbourhood
of A to be the set N(A) = {z €@y :d(z,A) <1} where d(z,A) = mingead(z,y). Also
more generally for each ¢t > 0 define N' (A) = {z € Q, : d(x, A) < t}, and note that we have
N'(A) =N (N1 (4)).

In order to state Harper’s vertex-isoperimetric theorem we need a few definitions. For any
n and 0 < r < n define the lexicographic order on {x :x C {1,...,n},|z| =r} to be given by
T <jez y if min (xAy) € x, and define the colexicographic order to be given by = <coper vy if
max (xAy) € y. Define the simplicial order on @, to be given by = <g, y if

|z <[yl or (2] = |y and & <jez y) -

Theorem 1. (Harper, [23]). Let A be a subset of Q, and let B be the initial segment of the
simplicial order of size |A|. Then we have |N (A)| > |N (B)]. O

For a general introduction to the vertex-isoperimetric theorem, see e.g. Bollobés [6l Chapter
16].

It turns out that the sets for which Harper’s theorem holds with equality are not in general
unique. As a trivial example, any subset of Q2 of size 2 has minimal vertex boundary and not
all such sets are isomorphic. There are more interesting and less trivial examples as well.

It is easy to verify that if A is an initial segment of the simplicial order then so is N (A).
Hence Harper’s theorem implies that among the subsets A C @, of a given size, the size of
N'(A) is minimised when A is chosen to be the initial segment of the simplicial order. We say
that N' (A) is minimal if |[N* (B)| > |N* (A)| for all B C Q, satisfying |B| = |A|. Let C be the
initial segment of the simplicial order of size |A|. It is useful to observe that Harper’s theorem
implies that N* (A) is minimal if and only if |[N* (4)| = |N* (C)|.



We say that two subsets A and B of Q,, are isomorphic if there exists an isometry 6 of @,
satisfying 6 (A) = B. In this chapter we consider the following question of Aubrun and Szarek
[1, Exercise 5.66]: If A C Q,, for which both N* (A) and N* (A°) are minimal for all ¢ > 0, does
it follow that A is isomorphic to an initial segment of the simplicial order? For convenience, we
say that A is extremal if N'(A) and N!(A°) are minimal for all ¢ > 0. Let C be the initial
segment of the simplicial order of size |A|. Since C¢ is isomorphic to the initial segment of the
simplicial order of size |C€|, it follows from Harper’s inequality that A is extremal if and only if
we have |N'(A)| = [N*(C)| and |N*(A°)| = |[N*(C®)] for all ¢ > 0. In particular, the initial
segments of the simplicial order are extremal.

Define the ezact Hamming ball of radius r centred at x tobe B (z,7) = {y € Q,, : d(z,y) < r},
and define A to be a Hamming ball if there exist x and r for which we have B (z,r) C A C
B (z,r + 1). Note that B (0, r) is the initial segment of the simplicial order of size > ;_ (}), and
every initial segment of the simplicial order is a Hamming ball. Later in the chapter we some-
times consider exact Hamming balls of radius r centred at « in P ({1,...,n} \ {¢}) rather than
in P ({1,...,n}). In order to highlight this difference, we write B; (z,r) for the exact Hamming
ball of radius r centred at x with respect to ground set {1,...,n}\ {i}.

Note that requiring only N (A) to be minimal for all ¢+ > 0 is not a strong enough condition
to guarantee that A should be isomorphic to an initial segment of the simplicial order. Indeed,
as a trivial example one could take A = B (z,r) \ {z} for r > 1. Then N*(A) = B(z,r +t) for
all t > 0, and hence N*(A) is always minimal, yet A is not isomorphic to an initial segment of
the simplicial order.

It turns out that the answer to the question of Aubrun and Szarek is negative, and we present
a counterexample in Section 2.2. It turns out that all the extremal sets are contained between
two exact Hamming balls with the same centre and radius differing by 2 - that is, if A is extremal,
there exist « and r with B (z,7) C A C B (z,r 4+ 2). Rather surprisingly, it turns out that the
only Hamming balls which are extremal are the initial segments of the simplicial order.

The second aim of this chapter is to classify all the extremal sets A up to isomorphism.
In order to state the result, we need some notation. We write X = {1,...,n}, X" =
{rCX:|z|=r}, XC) ={zCX:|z|>r}, XE) ={a C X :|z|<r}, X; ={1,...,n}\ {i}
and X;; = {1,...,n}\ {¢,j}. Throughout this chapter, we denote the elements of @),, by lower
case letters, the subsets of Q,, by upper case letters and the set systems on X () by calligraphy
letters.

Define the maps 7; : X+ — Xi(r) U Xi(rﬂ) by setting 7; (z) = x \ {i} for all z € X +1).
For a set system B C X (1) define m; (B) = {m; () : © € B}. Note that 7; is a bijection from
X+ to XZ-(T) U XZ-(TH), and hence it follows that |m; (B)| = |B| for all i.

It is known that the exact Hamming balls are the only sets of their respective sizes for which
the inequality in Harper’s theorem holds with equality. That is, it A C @, is a set of size
‘X(S”)‘ for which the size of N (A) is minimal among the subsets of @,, of the same size, then
A = B (xz,r) for some x € Q. Hence if A C @, is an extremal set of size }X(S’”)’ for some r, it
certainly follows that A has to be isomorphic to the initial segment of the simplicial order.

Note that if A is extremal, then so is A¢, as the definition of extremality is symmetric under
taking complements. Let G, = Xy {b e Xt .1 ¢ b}. It is easy to check that we have



|Gr| + |Gn—r—2| = 2™ for all r. Hence if A C @, satisfies |A| # ’X(ﬁ””)‘ for all 7, then at least
one of the inequalities ‘X(ST” < |A] < |Gy| or }X(ST)‘ < |A¢| < |Gy| is satisfied for some r.
Hence it is sufficient to only classify the extremal sets A C ), for which there exists r such that
| XED] < Al < |Gy

For convenience, we write f, = fy, = ‘X(Sr)‘ =30 (?) and g, = gn,r = |Gy =377 (?)+
(":1) In both cases, the dependence on n will not be highlighted if the value of n is clear from
the context.

Let s be an integer of the form s = f,. 4+ k for some 0 < k < (";1) Note that for a fixed
n, the value of s uniquely determines the values of r and k. Furthermore, observe that we have
fn + (”;1) = gr. Hence the set of integers that can be written as f,. + k for some 0 < k < (";1)
is exactly the set of those integers s’ for which there exists r satisfying f,. < s’ < g,.

Given an integer s of the form s = f, + k, let A be the initial segment of the lexicographic
order on X1 of size k. For A C P (X;) write {i} + A for the family {{i} Ua:a € A}. For
each i define

A = XED U {i} + 7 (A)).

Note that we have m; (A) C XZ-(T) U XZ(T+1), and hence {i} + m; (A) is a well-defined subset of
X+ Y X +2) of the same size as A. In particular, the sets X(<7) and {i} 4+ m; (A) are disjoint,
and hence each set A; contains exactly s elements. We also have A C {1} + X Y) since k < (";1)
Hence it follows that {1} +m (A) = A, and thus A; is the initial segment of the simplicial order.
Note that some of the sets A; might be isomorphic to each other.

Now we are ready to state the classification of extremal sets.

Theorem 2. (Classification of extremal sets). Let A C Q, be a subset of size s, where s = f.+k
for some r and k < (”;1) Let Ay, ..., A, be the sets defined as above for these choices of r and

k. Then A is extremal if and only if A is isomorphic to some A;.

It is natural to ask what happens if we weaken the notion of extremality. A natural way to do
this is to seek subsets A C @,, for which both N (A) and N (A€) have minimal sizes among the
subsets of @, of the same sizes. We say that A C @, is weakly extremal if for all B C Q,, with
|B| = |A| we have |N (B)| > |N (A)| and [N (B¢)| > |N (A°)|. Let C be the initial segment of
the simplicial order of size |A|. Again, by Harper’s theorem, weak extremality of A is equivalent
to having |N (A)| = |N (C)] and |N (A°)| = |N (C°)|. Rather surprisingly, we prove in Section

2.4 that the notions of weak extremality and extremality coincide.

Theorem 3. Let A C @, be a subset for which every B C Q, with |B| = |A| satisfies [N (B)| >
IN (A)| and |N (B€)| > |N (A°)|. Then for all t > 0 and B C Q, with |B| = |A| we have
IN'(B)| > [N (4)] and |N* (BY)| > |N* (49).

Hence it immediately follows that Theorem [2] holds when extremality is replaced with weak
extremality. In fact, Theorem [3| follows from the following slightly stronger Theorem which we

also prove in Section 2.4.

Theorem 4. Let A C Q,, be a subsel for which every B C Q,, with |B| = |A| satisfies |[N (B)| >
|IN (A)|. Then for allt >0 and B C Q, with |B| = |A| we have ‘Nt (B)} > [Nt (A)].



The plan of this chapter is as follows. In Section 2.2 we construct an extremal set which is
not isomorphic to an initial segment of the simplicial order. In Section 2.3 we prove Theorem
In Section 2.4 we consider weakly extremal sets and prove Theorem

Recall that exact Hamming balls are the unique sets of their respective sizes for which equality
holds in Harper’s inequality. In Section 2.5 we prove another near-uniqueness result: we show
that there exists only one set B, of size g, apart from the initial segment, for which equality
holds in Harper’s inequality. In fact, the set B, is also an extremal set, and we describe it already

in Section 2.2.

2.2 Construction of an example

In this section we find for every r an extremal set B, C @, satisfying |B,| = g, for which B, is
not isomorphic to an initial segment of the simplicial order. Let C,. be the initial segment of the
simplicial order of size g, on @,. Then C; can be written as C, = B (,r) U B ({1}, 7). Define
B, =B (0,7)UB ({1,2},r). That is, B, is the union of two exact Hamming balls of same radius
and centres within distance 2 apart from each other.

Note that if B(s,r) C B, C B(s,r+ 1) holds for some s € @, then the first inclusion
implies that we have s = () or s = {1,2}. However, the second inclusion is violated in both cases.
Hence B, is not a Hamming ball, and hence it cannot be isomorphic to an initial segment of the
simplicial order.

It is easy to verify that we have N'(C,) = C,4; and N*(B,) = B4 for all t > 0. Hence in
order to prove that N* (B,.) are minimal for all ¢ > 0, it suffices to prove that we have |B,,| = |C,|
for all m. Observe that B, can be written as B, = X(57) U ({1, 2} + (XYQ_I) U X{TQ))) Hence

it follows that 5 5 .
n — n — n —

|Br|:fr+< >+< >:fr+< >:gr7
r—1 T r

and thus we have |B,| = |C;| for all r.
Since
Ci=B{1,...,n},n—r—1)NB{2,...,n},n—r—1),

r

it is easy to check that we have

Ci=B{1,...,n},n—r—2)UB({2,...,n},n—r—2).

r

Hence C¢ is isomorphic to Cy,—,_2 under the isometry 6 : @, — @y, given by 0 (a) = a for all
a € Q. In particular, it follows that g, + gn_r—o = 2™.

Similarly we have

Bi=B({l,....,n},n—r—1)NB{3,...,n},n—r—1)

T

and our aim is to show that this implies that

B;=B({1,3,...,n},n—r—2)UB({2,...,n},n—r—2). (2.1)



Indeed, note that for any x € B ({1,3,...,n},n —r — 2) we have
d(z,{1,...,n}) <d(z,{1,3....,n}) +d({1,3,...,n},{1,....n}) < (n—r—-2)+1=n—r—1

by the triangle inequality. One can similarly deduce that we have d (z,{3,...,n}) <n—r—1
Hence it follows that

B{.3,....n},n—r—2)CB{1,....,.n},n—r—1)NB{3,...,n},n—r—1),
and similarly we have
B{2,...,n},n—r—2)CB{l,....n},n—r—1)NB{3,...,n},n—r—1).

These two observations imply that the D-part of (2.1)) holds.
Note that B({1,3,...,n},n—r—2) U B({2,...,n},n—r —2) is isomorphic to B,_,_2
under the isometry ¢ given by ¢ (a) = aA{2,...,n} for all a € Q,,. Hence we have

IB({1,3...,n},n—r—2)UB({2,...,n},n—r—2)| = |Bp_r_2| = gn—r—2 = 2"—|B,| = | Bg] .

This, together with the fact that the inclusion holds in the D-direction, implies that holds.
In particular, B¢ is isomorphic to Bp_r_2.

Hence N (B¢) is isomorphic to By, 42 and Nt (C¢) is isomorphic to Cy,— 149 for all ¢ > 0.
Since |Bp—yit—2| = |Cn—ryt—2|, it follows that |[N*(BS)| = [N (C¢)| for all ¢t > 0, and hence

N (B¢) are minimal for all ¢ > 0. Therefore B, is an extremal set.

2.3 Classifying all extremal sets

Recall that f, = Y7 (%) is the size of the exact Hamming ball of radius 7, and g, = >_;_ (}) +

(";1) is the size of the initial segment X (=7 U ({1} + XY)). It is convenient to exclude the sets

of size f, from the classification, and this is possible due to the following result.

Proposition 5. Let A C Q,, be a set satisfying |A| = f, and suppose that for any B C Q)
satisfying |B| = f, we have [N (B)| > |N (A)|. Then A= B (z,r) for some x € Q. O

Since this is a well-known fact, the proof is omitted. This could be deduced by induction on
n and applying Lemma 6 of Katona from [24]. A similar technique will be used in Section 2.5 in
the proof of Claim 1 in Theorem

Since the classification of extremal sets A C @, satisfying |A| = f, for some r is covered by
Proposition , it is enough to consider only those sets A C @Q,, satisfying f, < |A| < fr41 for some
r. Furthermore, since g, + gn—2—r = 2" and f, + fn_1—» = 2", by considering A¢ if necessary,
it is enough to classify only those extremal sets A C @, satisfying f, < |A| < g, for some r.
Hence, from now on, we will assume that A C @,, is an extremal set satisfying f, < |A| < g, for

some 7.

Lemma 6. Let A C Q,, be an extremal set satisfying f, < |A| < g, for some r. Then there
exist x, y, z € Qn with y # z satisfying d(x,y) < 1, d(z,2) <1 and for which B (z,r) C A C



B(y,r+1)NB(z,r+1).

Since d (x,y) < 1, the condition A C B (y,r + 1) implies that we also have A C B (x,r + 2).
Hence it follows that there exists an element z € @, for which we have B(z,7r) C A C
B (x,r + 2). This implies that the interesting behaviour in the set A occurs only on two layers

of the cube, namely on those which are distance » + 1 and r + 2 apart from .

Proof. Let A C @, satisfying the condition f, < |A| < g,. Let C, be the initial segment of
size gr, and recall from Section 2.2 that we have N'(C,) = C,4. Since |A| < g, and A is
extremal, it follows that ’N”_T_Q (A)} < ‘N"_T_Q (CT)‘ = gn—2 = 2" — 2. Hence there exist
distinct elements u, v € N" "2 (A)°. Let y = u® and z = v°. By the choice of u and v, it
follows that B (u,n —r —2)U B (v,n —r —2) C A° Taking complements implies that we have
ACB(y,r+1)NB(z,r+1).

Since |A| > f,, it follows that |A°| < f,—,—1. Combining this with the extremality of A,
it follows that |N" (A°)| < |[N"(B(0,n—r —1))| = fn—1 = 2™ — 1. Hence there exists = €
(N" (A°))° and therefore we have B (z,7) C A. Combining this with the previous observations
implies that B (z,r) C A C B(y,r+1) N B(z,7+1). Since B(z,r) C B(y,r + 1), we must
have d (z,y) < 1, and similarly it follows that d (z, z) < 1. O

The proof of Lemma [6] gives some insight on why it is convenient to assume that the size of
A satisfies the condition f, < |A| < g, rather than only f,. < |A| < fr41. Indeed, the condition
fr < |A| < fry1 would not be strong enough to guarantee the existence of both y and z.

Given this result, we can split the rest of the classification into two parts: considering those
A which are Hamming balls, i.e. for which there exist z € @Q,, and r satisfying B (z,r) C A C
B (z,7+ 1), and considering those A for which no such z and r exist. It turns out that all
the extremal sets apart from the initial segment appear in the second case. This is proved in
Proposition but before that we need a few preliminary results. Many of these preliminary
results are used later as well.

For A C @, define the i-sections A; + and A; _ of A by setting A;  ={a\ {i} :a € A,i € a}
and A; - ={a:a € A,i¢a}. Note that A; + and A; _ are subsets of P (X;) which is naturally
isomorphic to @,,—1. If the direction i is clear from the context, they will be denoted as Ay and
A_.

We often want to relate the neighbourhood of A to the neighbourhoods of the i-sections A4; 4
and A; _. However, for A; ; and A; _ the neighbourhood is always taken inside P (X;), i.e.
with respect to the ground set X; rather than X. Since for i-sections A;  and A; _ we always
consider the neighbourhood with respect to X;, and otherwise we always consider neighbourhood
with respect to X, we will use the same notation N (A) and N (A4; +) in both cases to avoid
excessive use of subscripts. In the second case the neighbourhood N (A4; +) that is considered is
a neighbourhood of an i-section, and hence it should always be understood as the neighbourhood

with respect to the ground set X;.

Lemma 7. For all r > 0 and for any distinct elements x, y € Qn we have |B (z,7)U B (y,r)| >
gr, with equality if and only if d (z,y) < 2.

Proof. We may assume that y ¢ . Set A = B(z,r)U B (y,r). Recall that B; (z,r) denotes

the exact Hamming ball of radius r centred at x with respect to the ground set X;. For any
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ic€y\xwehave A, - = B;(x,r)UB;(y\{i},r—1) and A; + = B; (z,7 — 1)U B; (v \ {¢},7).
In particular, we have B; (z,7) C A; — and B;(y\ {i},r) C A; +, and thus it follows that
’A| = ‘A’i,+‘ + ’Ai,f’ > 2fn71,r-

Let C be the initial segment of the simplicial order of size gy, ,, and recall that we have C' =

B(0,7)UB ({1},r). Note that C; — = C; + = By (0,r), and hence it follows that g, , = 2fn—1,,-
In particular, we obtain that |A| > gy, ..
Note that the equality holds if and only if A; - = B;(x,r) and A; + = B; (v \ {i},7).

Hence we must have B; (y \ {i},r —1) C B; (z,r) and B; (z,7 — 1) C B; (y \ {¢},r), which are
satisfied if and only if d (y \ {i},z) < 1. Since i € y \ , this inequality is satisfied if and only if
d(z,y) <2. O

Lemma 8. Let G be the set of isometries ¢ of Qy, satisfying ¢ (0) = 0. For each o € Sy, define
oo by setting ¢ (a) = {0 (i) :i € a} for a € Q,. Then we have G = {¢, : 0 € Sy, }.

Proof. Tt is clear that each ¢, is an isometry satisfying ¢, () = ). Let g € G. Since g (0) = 0, it
follows that for all ¢ € X we have d (g ({i}),0) = 1, and thus g ({¢}) is a set containing exactly
one element. Denote this unique element by g;, and define o by setting o (i) = g;. Since g is a
bijection, it follows that o : X — X is an injection, and hence we have o € .S,,.

Our aim is to prove that we have g (a) = ¢, (a) for all a € @Q,. We prove this by induction
on the number of elements in a. Note that the claim is true for any a € @, with |a| € {0,1} by
the construction of o and the fact that g (0) = 0.

Suppose that the claim is true for all b € @, with |b] < m — 1 where m > 2, and let
a € @ with |a] = m. For each i € a we have g(a\ {i}) = ¢, (a\ {i}) by induction. Note
that ¢y (a\ {i})] = |a| =1 = m — 1 and |g(a)| = d(g(a),0) = d(a,0) = m. We also have
d(g(a),g(a\{i})) = d(a,a\ {i}) = 1. In particular, g (a) is a set containing m elements,
g (a\ {i}) is a set containing m — 1 elements and the symmetric difference of g (a) and g (a \ {i})
contains one element. Hence it follows that g (a) = g (a \ {i}) U{j} = ¢o (a \ {i}) U{j} for some
j ¢ g(a\ b,

Note that d(g(a),g({i})) = d(a,{i}) = m — 1. Combining this with the previous obser-
vations |g (a)] = m and |g ({i})] = [{o(i)}| = 1, it follows that o (i) € g(a). Since o (i) &
¢o (a\ {7}), we must have j = o (¢). Hence it follows that g (a) = ¢, (a \ {i}) U{o (i)} = ¢ (a),

as required. O

Note that ¢, induces a bijection on X for every o € S,,. We say that A C X and
B C X are isomorphic as subsets of X" if there exists ¢, for which we have ¢, (A) = B. In
order to avoid confusion between this notion and the notion of being isomorphic on @,,, we will
explicitly write down ‘isomorphic as subsets of X(")’ rather than ‘isomorphic’. The aim of the

following lemma is to relate these two notions.

Lemma 9. Let A and C be subsets of Q, of the form A = B(0,r) UA and C = B (,r)UC

for some A, C C XU+ If A and C are isomorphic, then A and C are isomorphic as subsets of
X(T-l—l)'

Proof. Note that it suffices to show that if A and C' are isomorphic, then there exists ¢, € G
with ¢, (A) = C. Let g be an isometry mapping A to C. Hence g also maps A° to C¢. If
g (0) = 0, we are done by Lemma [§] and hence we may assume that g (0) # 0.
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Since g is an isometry, it follows that B (g (0),r) = g (B (0,7)), and hence we have B (g (0),r) C
C. Thus B (0,r)UB (g9 (0),r) C C, and by Lemma 7] we have |C| > g,. Furthermore, the equality
holds if and only if C = B (0,r) UB (g (0),r) and d (g (0),0) < 2.

Since B ({1,...,n},n—r —2) C A° it follows similarly that B (g ({1,...,n}),n—r—2) C
C°. Since g is an isometry with g (@) # 0, it follows that ¢ ({1,...,n}) # {1,...,n} as 0 and

{1,...,n} are antipodal points. Hence we have
B{1,...,n},n—r—2)UB(g({1,...,n}),n—1r—2)CC"

and thus Lemma [7| implies that |C°| > g,—r—o2.

Since g, + gn—r—2 = 2", the equality must hold in both cases. Thus C' = B (0,r)UB (g (0),r),
and since C C B (0,7 + 1) we must have d (g (#),0) = 1. Hence A = B (g~ (0),r) UB(0,7),
and we also have d (g7 (0),0) = 1 since g is an isometry.

Let i, j € X be chosen so that g (0) = {i} and g~ (0) = j. Since A = B ({j},r)UB (0,7) and
C = B ({i},r)UB(0,r), by choosing o = (ij) € S,, it follows that ¢, (A) = C, as required. [

Lemma 10. Let t be a fized positive integer, A C Q. and let j be a direction for which we have
|A; —| > |Aj +|. Let Cj — and C; 4 be the initial segments of the simplicial order on P (X;) with
IC; —| = |4, _| and |C}, +| = |Aj +|. If N*(A) is minimal and Cj,_ C N (C; +), then N*(4; _)
and N' (A +) are minimal and we have N*™1 (A; 1) C Nt (A; _) and N'71 (A; _) C Nt (A; 4).

The idea of comparing the neighbourhoods of Ay and A_ with the neighbourhoods of C+
and C_ was used similarly by Bollobas and Leader [§].

Proof. For simplicity we denote the j-sections by Ay, A_, C; and C_. Define C' C @, by setting
C = C_U(C4 + {j})- Tt is easy to observe that we have (N* (A))Jr = N1 (A )UN!(Ay) and
(N*(A))_ = N'""1(Ay) UN'(A_). Hence it follows that

|N*(A)] = [N (AD) UN" (A |+ |[N"H(A4) UNT(AD)]. (2.2)

Since C; and C_ are initial segments of the simplicial order on P (X;) with |C}| < |C_],
it follows that C; C C_ as initial segments are nested. Hence we also have N*~1(C,) C
N=1(C_) C N'(C.), as taking neighbourhoods preserves the inclusion of sets, and a set is
always contained in its neighbourhood. Similarly the assumption C_ C N (C) implies that we
have N'*=1(C_) C N*(C,). Applying for C implies that

INT(C)| = [N (Cy)| + [N (C-)]. (2.3)

Since C; and C_ are initial segments, Harper’s inequality implies that we have |Nt (A+)} >
[Nt (C4)| and [N*(A_)| > |N*(C-)|. In particular, it follows that

IN1(AZ)UN' (A1) = [N (A4)] = [N (C4)| (2.4)
and

N (A UN' (AD)] > [N (40)] = [N (0-)]. (2.5)
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Hence combining , , and it follows that
IN*(A)| = [N (O)]. (2.6)

However, since |A| = |C| and N* (A) is minimal, the equality must hold in (2.6)), and in particular
it must hold in and . Thus implies that we have |N*(Ay)| = |[N*(C4)
since O is the initial segment of the simplicial order, it follows that N (A.) is minimal. Since
equality holds in (2.4), we also obtain that N*~! (A_) U N*(Ay) = N*(A,). Hence it follows
that N'=!1 (A_) C N*(A4). Similarly the fact that equality holds in implies that N (A_)
is minimal, and that N'=!1(A;) C Nt (A_). O

, and

Proposition 11. Suppose that A C @Q,, is an extremal set for which there exist t € @, and r
so that B (t,r) C AC B(t,r+1). Then A is isomorphic to an initial segment of the simplicial

order.

Proof. The proof is by induction on n. When n < 2 it is easy to verify that the claim is true.
Suppose that the claim holds for n — 1, and let A C @),, be an extremal set for which there exist
t € @ and r so that B (t,r) C A C B(t,r +1). By the symmetry of @,,, we may assume that
t=10.

If A satisfies |A| = f,, then Proposition [p|implies that A is an exact Hamming ball of radius 7.
In particular, A is isomorphic to the initial segment of the simplicial order, and the claim follows
in this case. Otherwise, by taking complements if necessary, we may assume that A satisfies
fr < |A] < gr. Indeed, this follows from the earlier observation that extremality is preserved
under taking complements.

Since f, < |A| < gr, Lemma [6] implies that there exist z, y and z with y # z satisfying
B(z,r) CACB(y,r+1)NB(z,r+1),d(x,y) <1and d(x,z) < 1. We split the rest of the
proof into two cases based on whether we have |A| = g, or f, < |A]| < g,

Case 1. The size of A satisfies |A| = g;.

Since A C B (y,r +1)NB (z,r + 1), it follows that B (y*,n —r —2)UB (z¢,n —r —2) C A°.
Since y© # z¢, Lemma [7] implies that we have |A°| > g,_,_o. Since |A°| = 2" — g, = g5_r_2, the
equality must hold. In particular, we must have A° = B (y“,n —r —2) U B (2,n —r — 2), and
hence it follows that A = B (y,r + 1) N B (z,r + 1).

If d (y,z) = 1, by applying a suitable isometry of @, if necessary we may assume that y =0
and z = {1}. Hence A equals B (0, +1)NB ({1}, +1) = XU ({1} + XY)), which is the
initial segment of the simplicial order of size g,. If d(y,z) = 2, note that the only elements s
satisfying the condition A C B (s,r + 1) are s = y and s = z. However, since d (y,z) = 2, it
follows that neither of B (y,r) nor B (z,r) is a subset of A. This contradicts the existence of ¢
satisfying B (t,7) C A C B (t,r + 1). Hence A has to be isomorphic to an initial segment of the

simplicial order.
Case 2. The size of A satisfies f, < |A| < g,.

Recall that ¢ = () is the element satisfying the condition B (¢t,7) C A C B (t,r + 1), and that
x, y and z are elements with y # z satisfying B (x,7r) C A C B (y,r + 1)NB(z,7 + 1), d (x,y) <1

13



and d (z,2z) < 1. If  # 0, Lemma [7] implies that we have |A| > |B(0,7) U B (z,r)| > g, which
contradicts the assumption |A| < g,. Hence we must have x = ().

Since y # z, it follows that at least one of y and z does not equal (), and hence we may
assume that y # . Hence the condition d(y,z) < 1 implies that y = {i} for some 4, and by
applying a suitable isometry we may assume that ¢ = 1. Since A C B (y,r + 1) and B (0,r) C
AC B(@,r+1), it follows that B (0,7) C A C B(@,r+1)NB({1},r+1). Hence there exists
BC XY) for which we have A = X< U ({1} + B).

Consider the j-sections in the direction j = 1, and for simplicity denote them by A4 and A_
for the rest of the proof. Since A = X&) U ({1} + B), it follows that A, = ngr*l) U B and
A_= XFT). Let C4 and C_ be the initial segments of the simplicial order of the same sizes as
Ay and A_ on P (X;).

Since we have f,—1,,—1 <|Cy| < |C_| = fn—1,r, it follows that C_ C N (C4). Since A is an
extremal set, it follows that N?(A) are minimal for all ¢ > 0. Hence Lemma [10| applied for all
t > 0 implies that N* (A4 ) and N (A_) are minimal for all ¢ > 0.

Let D_ and D4 be the initial segments of the simplicial order of the same sizes as A
and AS on P (X1). Since we have fr_1 nr_2 = ‘Ac_| < |Ai‘ < fa—1,n—r—1, it follows that
DS CN (D‘i). Hence Lemma implies that N* (Aﬁr) and N* (Ai) are minimal for all £ > 0,
and thus both A, and A_ are extremal, although note that the extremality of A_ is also evident
from the fact that A_ = Xl(gr).

The extremality of A4 implies that XFT‘_I) U B is extremal as a subset of P (X7). Since
By (0,r—1) C ngr_l) UB C By (0,r), the inductive hypothesis implies that Xl(g—l) U B is
isomorphic to an initial segment of the simplicial order on P (X1). Recall that the initial segment
of the simplicial order of size |A4| on P (X7) is of the form ngr_l) UC, where C C Xl(r) is the
initial segment of the lexicographic order on XY) of size |B|. Hence Lemma @ implies that one
can choose the isomorphism to be of the form ¢, for some o € S,,. Hence we have ¢, (B) = C,
which implies that B is isomorphic to an initial segment of the lexicographic order on XY) as
subsets of X Y). Thus {1} + B is isomorphic to an initial segment of the lexicographic order on
X (1) as subsets of X"+ and hence A = XS U ({1} + B) is isomorphic to an initial segment

of the simplicial order. O

Define the lower shadow of a set system A C X () by setting ~A = {b\ {i} : b€ A,i € b},
and the iterated lower shadow by setting 07 'A = 0~ (8_(t_1)A). Similarly define the wupper
shadow of A C X ) by setting 0T A = {bU {i} : i € X \ b,b € A}, and the iterated upper shadow
by setting 91t A = 0T (8+(t_1)A). Note that the upper shadow depends on the ground set, which
will be X unless otherwise highlighted in the notation. For A C X () define A = {a®:a € A}.
Note that we have ‘Z‘ = |A| and A € X7). It turns out that the upper and lower shadows

can be related to each others via 97 A4 = 90— A.

It is natural to ask how one should choose a set system A C X (") of a given size in order to

minimise the size of the lower shadow. Note that answering this question would answer the same

question concerning the upper shadow by using the fact that 974 = 9~ A. These questions are

answered by the Kruskal-Katona theorem.
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Theorem 12. (Kruskal-Katona theorem [25, [28)])

1. Let AC X and let B C X") be the initial segment of the colexicographic order of size
|Al. Then we have |0~ A| > [0~ B|.

2. Let AC X" and let C C X") be the initial segment of the lezicographic order of size |Al.
Then we have |0 A| > |07C|. O

Note that the lower shadow of an initial segment of the colexicographic order on X () is an
initial segment of the colexicographic order on X"~V and similarly the upper shadow of an
initial segment of the lexicographic order on X () is an initial segment of the lexicographic order
on X1, Hence we can strengthen the conclusion of Theorem [12| by replacing [0~ A| > [0~ B|
with |07t A| > |07B| for all t > 0, and by replacing [0FA| > [07C| with |9TA| > [07C| for all
t>0.

Let A C X let B be the initial segment of the colexicographic order on X () of size |A|
and let C be the initial segment of the lexicographic order on X (") of size |.A|. We say that "4
are minimal for oll t > 0 if we have }8*t,4‘ = ‘8*t8| for all + > 0, and we say that 07t A are
minimal for all t > 0 if we have ’8‘“@4‘ = ‘8+tC| for all ¢ > 0. Since the Kruskal-Katona theorem
implies that we always have ‘8*'5.,4} > ’848‘ and }8“.,4‘ > ‘OHC’ for all ¢t > 0, in order to
verify minimality it suffices to prove that we have ‘a_tB} > }a_tA‘ and ’8“‘%} > }E)HA’ for all
t>0.

Let C be an initial segment of the lexicographic order on X () and let B = X \C. Then B is
isomorphic to an initial segment of the colexicographic order as subsets of X ("), Hence it follows
that O7'C are minimal for all ¢ > 0 and O~'B are minimal for all ¢ > 0. We now prove that if
A C X for which 7t A are minimal for all £ > 0 and 9! (X(’") \A) are minimal for all ¢ > 0,
then A and the initial segment of the lexicographic order on X (") of size |.A| are isomorphic as
subsets of X (7).

Corollary 13. Let A C X" and set D = X"\ A. Suppose that 9T*'A and d~'D are minimal
for allt > 0. Then A and the initial segment of the lexicographic order of size |A| are isomorphic
as subsets of X,

Proof. Let A = X(&=D U A, and note that A° = X&) UD. Let C € X be the initial
segment of the lexicographic order of size |A|. Then C' = X("=D U( is the initial segment of
the simplicial order of size |A|. Define B = X () \ C, and note that we have C¢ = X(Z+D U B,

Since 7' A are minimal for all t > 0 and C is the initial segment of the lexicographic order on
X ) of size | A|, it follows that |0t A| = |67C| for all ¢ > 0. Since N* (A) = XErH-DyogttA
and N* (C) = X(Er+t=1) g 9*C, it follows that

N (4)] = ‘X(Sr+t—1)‘ +|ottA| = ‘X(Sr—&-t—l)‘ +|otte| = [Nt (0)| (2.7)

for all t > 0.

Since 97'D are minimal for all t > 0 and B is isomorphic to the initial segment of the
colexicographic order of size |D| as subsets of X", it follows that |0~'D| = |97'B| for all ¢ > 0.
Note that similarly we also have N* (A¢) = XG4+ y9=tD and Nt (C°) = XE—HD yo—B.
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Hence it follows that
N (4)] = ‘X(Zr—t—i-l)‘ +|07'D| = ‘X(Zr—tﬂ)‘ +|o7tB| = |N* (€| (2.8)

for all t > 0. Hence A is extremal.

Since B (0,7 —1) C A C B((,r), Proposition [11] implies that A is isomorphic to the initial
segment of the simplicial order, and hence A is isomorphic to C. Thus Lemma [9] implies that
there exists o € S, for which we have ¢, (4) = C. Since ¢, maps the elements of X to
the elements of X (), it follows that ¢, (A) = C. Hence A and C are isomorphic as subsets of
X, O

For convenience, we recall the definition of the sets A; and restate Theorem [2] Define the
maps m; : XU+ — Xi(rﬂ) U Xi(r) by setting m; (x) = = \ {i} for all z € X"*+D and for a set
system B C X1 define 7; (B) = {m; () : © € B}. Let s be an integer of the form s = f, + k
for some 0 < k < (”;1) Let A be the initial segment of the lexicographic order on X +1) of
size k. Finally, for each ¢ set

A= XED U {i} +m (A),

and note that we have |A;| = s for all 1.

Theorem 2. Let A C Q, be a subset of size s, where s = f,. +k for some r and k < (”;1) Let
Ay, ..., A, be the sets defined as above for these choices of r and k. Then A is extremal if and

only if A is isomorphic to some A;.

Proof. Let 0 <r <n, 0 <k < (";1) and set s = f. + k. Let Aq,..., A, be the subsets of @,
defined as above for these choices of n, r, k and s. We start by proving that every extremal set
A C @, of size s is isomorphic to A; for some i, and then we prove that each A; is extremal.
The second part is much easier, but since it follows very quickly as a consequence of the first
part, we start with the more difficult part.

If £ =0, it follows that |A| = f,. Hence Proposition [5[implies that A is an exact Hamming
ball of radius r, and so is each of the sets A;. Hence the result follows in this case. Hence we
may assume that k& > 0.

Since f, < |A| < g, Lemma @] implies that there exist =, y, 2 € @, with y # z satisfying
d(z,y) <1,d(z,z) <1and B(z,7r) C AC B(y,r+1)NB(z,r+1). We may also assume
that x = 0. If y =0 or 2 = (), then we have B ((),r) C A C B ((,r + 1) and hence Proposition
implies that A is isomorphic to the initial segment of the simplicial order, and thus A is
isomorphic to A;. Hence we may assume that y # () and z # (), and thus we have y = {i} and
z = {j} for distinct elements i, j € X.

The condition B (z,7) € A C B(y,r+1) N B(z,r+ 1) guaranteed by Lemma [6] can be
rewritten as

XD c 4 xEy ({z}j} + (Xf,’fl) J Xff;))) '

Hence it follows that A = X7 U ({i, 5} + A1) U ({i,j} + Ag) where A; C Xi(;._2+t) for both
t € {1,2}. Define a set system F C X+Y by setting F = ({i,7} + A1) U ({i} + A2), and
C C @, by setting C = X" U F. Note that F can be written as F = {i} + (({j} + A1) U Ap).
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We start by verifying that it suffices to prove that C is extremal. If C is extremal, C
is isomorphic to the initial segment of the simplicial order of size |A| by Proposition [11], and
Lemma [9] implies that this isomorphism can be chosen to be of the form ¢, for some o € S,.
Hence o (F) is the initial segment of the lexicographic order on X ") of size | F|.

We will show that such o always exists with o (i) = 1, and hence suppose that we have
o(i) # 1. Since F C {i} + Xi(r), we also have o (F) C o (i) + Xg&), and since o (F) is
an initial segment of the lexicographic order on X+ with |o (F)| < (";1), it follows that
o(F)C{1}+ Xl(r). Hence every element of o (F) contains {1,0 (7)} as a subset. Thus ¢’ given
by ¢’ = (10 (i)) o also maps F to the initial segment of the lexicographic order, and hence we
may assume that o (i) = 1.

It is easy to see that we have ¢, (A) = A,(j) whenever o maps F to the initial segment of
the lexicographic order and satisfies o (i) =1. Hence in order to prove that A is isomorphic to
one of Aq,...,A,, it suffices to show that C is extremal.

Let 0;"] denote the upper shadow operator with respect to the ground set X; ;. Note that we

have

ottF = ({i,j} + (8;;%1 U 8;;-“_1)«42)) U ({i} + %-tv‘lz) ,

and hence it follows that

IN“(O)] = ‘X(STH)‘ + ot F| = )X(STH)‘ n

OHA LIV Ao +

a;;AQ’ . (2.9)
On the other hand, we have

N (4) = XEH0 U (i) + (074000 A) ) U ({0} + 654
and hence it follows that

[N (4)] = | x(sre] 4

AL U ajj(t‘”Az‘ +

8;;?/12’ : (2.10)

Combining (2.9) with (2.10) we obtain that |N* (A)’ = }Nt (C)! for all ¢ > 0.
Let By = XY\ A and By = X[\ As. Let S, = {z € X0 : {i,j} Za}, ie. S, =
X\ ({i,j} + XZ.(;._2)>. It is easy to verify that we have

A= XE ) U ({i, 5} + (B1 UBa)) U Spy1 U Sryo. (2.11)
It is easy to see that 97tS,, = S,,—; for any m > t. Also note that we have
{i,4} + 07 By, C O ({i, 5} + Bm) € ({iy 4} + 07 Bin) U Sy
for both m € {1,2}. Hence implies that we have
Nt(A°) = xEr=t43) ({i, i+ (a—tsz U 8‘(t‘1)Bl>) U ({irj} +07'B)) USr_y11U Sy 140

(2.12)
Note that X (Z7—t+3) {i,j}+ (8*t82 U 8*(“1)81), Sr—tya, {i,j}+07 By and S,_41 are pairwise
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disjoint subsets of @Q),,. Indeed, the first one has only sets containing at least r — ¢t 4+ 3 elements,
whereas the next two contain only sets of size r —t 4+ 2 and the last two contain only sets of size
r—t+4 1. Also, S,_t42 and S,_;41 do not have any sets contained in {4, j} + P (X; ), whereas
the second and fourth set systems are contained in {7, 5} + P (X; ;).

Combining these observations together with , we obtain that

Nt (49)] = ‘X@T*H?’)( + ‘a*tzsg U a%t*l)zsl) + 07 B + [Sera] 4 [Seipal . (213)
Note that we have ‘ ) ’ + ‘X“ = (:}:%) + (n;2) = (n;l) for all ». Since S, = X \

(3,3} + x7), it follows that
|Sr—t41| + |Sr—t42| = ‘X(T’”l)’ + ’X(”’HQ ) (‘X(r 1) ’ + ‘X(r 2 D (2.14)
= (r*t+2)’ n (1Y ‘ (r—t+2) ‘ n—1
el () - G2 =l ()

Combining (2.13) and (2.14) together with the fact that ’Xi(r_tﬂ)’ =( nl ), it follows that

r—t+1

Nt (A9)] = ‘X(Zr—t+2)‘ 4 ‘Xi(r—tJrl)‘ " ‘8_% U a—(t—l)Bl‘ +107By]. (2.15)

Let G = XU+D\ F. Since F € X+ and ¢ = X(ED U F, it follows that C°¢ = X2 yg.
Hence we have
‘Nt (Cc)‘ — ‘X(Zr—t+2)‘ + ‘8—tg| (2.16)

for all £ > 0. We now find an expression for \a—tg\ in terms of By and Bs.
Recall that F can be written as F = {i} + (({j} + A1) U Az). Hence it follows that G =
XZ-(TH) U({4,7} + B1)U{i} + Ba), and it is easy to verify that we have

071G = X"V U ({i,j} + 0By U ({z} n ( t-DB, U o~ t&)) (2.17)

Note that the sets X(T 1) , i, 7} + 078y and {i} + (0~ By U9 7IB,) are pairwise disjoint.
Indeed, this follows by noting that the sets in X(r "1 4o not contain i, the sets in {4, j}—i—8 tBl
contain both i and j, and the sets in {i}+ (0~ =B, uo~ !By) contain i but not j. Hence

and (2.17)) imply that
N (C)] =[xt [ x| o tBy + 00U Uo B (218)

In particular, and imply that we have |N* (C¢)| = |N* (A¢)] for all t > 0. Hence C
is extremal, and thus by our earlier observations it follows that A is isomorphic to A; for some 1.

Conversely, suppose that A = A; for some i. Define the set systems Ay, A, B, By, F and
G as before. By the construction of the set A;, it follows that F is isomorphic to an initial
segment of the lexicographic order as subsets of X("t1)_ As before, define C' = X (=) U F. Then
C is isomorphic to an initial segment of the simplicial order, so C' is extremal. Then and

imply that ‘Nt (A)| = ‘Nt (C)‘ for all ¢ > 0, and similarly and 1) imply that
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[Nt (A%)| = [N (C®)| for all t > 0. Since A and C are subsets of the same size and C'is extremal,

it follows that A is an extremal set as well, which completes the proof. O

Note that if s = f, for some r, then Proposition [p|implies that if A is an extremal set of size
s, then A is isomorphic to the initial segment of the simplicial order. We now show that for all

other sizes s there exists a non-trivial extremal set of size s.

Corollary 14. For all n and for all s & {fo,..., fn} there exists an extremal set A C Q,, of size

s which is not isomorphic to the initial segment of the simplicial order.

Proof. If s = g, for some r, we may take A = B, where B, is the set defined in Section 2.2.
Hence by taking complements if necessary, we may assume that f. < s < g, for some r. Let
k = s — f., and let D be the initial segment of the lexicographic order of size k on X1 Let
D;,+ and D; _ be the i-sections of D. Since D # (), there exists ¢ for which D; _ # 0.

Consider the set A; for this particular choice of 4, and note that A; is given by 4; = X (&) U
({i} +D;, ) U ({i} + D;, ). Since D; _ # 0, it follows that A; N X2 £ (. Since s < g,
it follows that B ((,r) is the unique exact Hamming ball of radius r contained in A4;. Indeed,
it B(xz,r) C A for some x # (), then Lemma [7| implies that |A| > |B(0,r)U B (x,7)| > gy,
which contradicts the fact that |A| < g,. Thus at least one of the conditions B (z,r) C A; and
A; C B(x,r+1) is violated for any z € Q,. The first condition is violated for any = # (), and
the second one is violated for z = 0 since A; N X2 £ @, In particular, it follows that A; is
not a Hamming ball, and thus A; cannot be isomorphic to an initial segment of the simplicial
order. O

It is natural to ask when the sets A; and A; are isomorphic as subsets of @,,. Let D be the
initial segment chosen so that the sets A; are obtained from D. If ¢ = (ij) € S, satisfies the
condition ¢4 (D) = D, then A; and A; are certainly isomorphic. The aim of the following lemma

is to prove that this is the only case when such an isomorphism occurs.

Lemma 15. Let 0 < r <n, 0 <k < (ngl), s = fr+k, and let A; be the sets defined before
Theorem [3 for these choices of n and s. Let D be the initial segment of the lexicographic order
of size k on X"tV . Then A; and A;j are isomorphic if and only if ¢, (D) =D for o = (ij).

We say that D C X (") is left compressed if for all i < j and a € D we have

(J€aandi¢a)= (a\{j}) U{i} €D.

As an example, if D is an initial segment of the lexicographic order or the colexicographic order,

then D is left compressed.

Proof. If s = f,, then D = () and we have A; = B ((),r) for all i. Hence for every i and j the sets
A; and A;j are isomorphic. We also have ¢, (D) = D for all ¢ = (ij), and therefore the claim
follows.

If s = g, we have D = {1} + X{T). Hence we have ¢, (D) = D for o = (ij) if and only if
1 ¢ {i,j}. On the other hand, note that A; is isomorphic to the initial segment of the simplicial
order, and for j > 2 each A; is isomorphic to the set B, defined in Section 2.2. Hence the claim

is true when s = f, or s = g,, and from now, on we may assume that f, < s < gy.
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If ¢ (D) =D for o = (ij), it follows that ¢, (D;,—) = Dj,— and ¢, (D;, 4+) = Dj 4. Hence it
follows that ¢4 (A;) = A, and thus A; and A; are isomorphic.

Suppose that A; and A; are isomorphic and we have i < j. Since s < g,, Lemma [7| implies
that B (0, r) is the unique exact Hamming ball of radius r contained in each set A;. Hence if g
is an isometry mapping A; to A;, then it follows that ¢ (0) = . Thus Lemma [8| implies that we
have g = ¢, for some o € S,,. Hence it follows that A; N X (M) ig mapped to A; N X M) for all
m, and in particular it follows that |D; _| = |D;, —| and |D; 4| = |Dj, +|. In order to prove that

b5 (D) = D, we need to prove the following two claims

1. For all a € D with i ¢ a and j € a we have (a\ {j}) U {i} € D.

2. For all a € D with i € a and j & a we have (a\ {i}) U{j} € D.

Since ¢ < j and D is an initial segment of the lexicographic order, the first claim follows
immediately from the fact that D is left-compressed.

Define 7, ={aecD:ica,j¢a},Tj={aeD:jca,i¢alandT;j={ac€D:ica,jca}.
Note that we have D; y = T; UT; j and D; y = T; UT; j. Since T;, T; and 7; ; are disjoint sets,
the condition |D; 1| = |Dj 4| is equivalent to the condition |7;| = |7;|.

Since D is left compressed, it follows that the map a — (a\ {j}) U {i} is a well-defined
injection from 7; to 7;. Since |7;| = |7;|, this map is a bijection, and its inverse is given by b —
(b\ {i})U{j}. Hence the second claim must be true as well, and thus we have ¢;; (D) =D. [0

It is natural to ask whether for all ¢ there exist n and s for which there are ¢ pairwise non-
isomorphic extremal sets By,..., B; of size s on ,,. One can use Lemma [I5] to conclude that
this turns out to be true. Indeed, for a given ¢ it suffices to find n, r and an initial segment A
of the lexicographic order on X (") with [A| < ("Z]) for which the sizes |.Aj, ;| are distinct for
some j1,...,7: € X.

Recall that if A is isomorphic to an initial segment of the colexicographic order, then
X\ A is isomorphic to an initial segment of the lexicographic order. Also note that |.A; 4|+
’(X(r) \A)j’+‘ = (?:11) for all j € X. Hence it suffices to find an initial segment A of the
colexicographic order on X with |A] > (*) — ("Z]) = ("") for which the sizes of Aj, + are

distinct for some ji,...,J: € X.

For all ¢, we inductively construct a proper subset A; of {1,..., 2t}(t) satisfying ‘(At)21'7+) <
’(At)2j7+‘ for all 1 < j < i <t and with |A;| > (*;!). As the base case t = 1 we can certainly
take Ay = {{1}}.

Now suppose that t > 2 and that the claim holds for ¢ — 1, and consider the set system
A ={1,...,2t+ 1}(t+1) U (A + {2t + 2}). First of all, Ay41 is certainly an initial segment of

the colexicographic order on {1,...,2t+ 2}(t+1) as Ay is an initial segment of the colexicographic
order on {1,...,2t}¥) and we also have | A 1| > (2;111)

Note that for all 1 < ¢ < ¢ we have (At+1)2@-7+ = (Qtt) + ‘(At)2i7+’ > (2;) Hence the inductive
hypothesis implies that we have ‘(At+1)2¢,+‘ < ’(.At+1)2j’+‘ for all 1 < j < i <t. On the other
hand, note that (At+1)2t+27+‘ = |A¢| < (%), as Ay is a proper subset of {1,... ,2t}Y). Hence we
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have (At+1)2t+2’+‘ < ’(At+1)2¢,+’ for all 1 <14 <t¢+ 1. Hence for n = 2t there exists a suitable

swith fi 1 <s< fi 1+ (2;:11) for which the sets As, Ay, ..., Ay are pairwise non-isomorphic.

2.4 The weak version

Suppose we weaken the notion of extremality so that we only require N (A) and N (A€) to have
minimal size among the sets A C @), of a given size. The aim of this section is to prove that this
weaker condition actually implies that we have |[N'(B)| > |N*(A)| and |N*(B¢)| > |N* (A°)|
for all B C @, of size |A| and for all ¢ > 0, i.e. that such a set A is extremal. From now on,
we say that A is weakly extremal if for all B C @, of size |A| we have [N (B)| > |[N (A4)| and
N (BY)| = |V (49)]

Fiiredi and Griggs [20] proved that if D C X (") is a set system for which the size of 9~ D is
minimal among the subsets of X() of a given size, then d*D are minimal for all ¢ > 0. Our
aim is to prove that a similar conclusion holds for subsets of ),, as well. That is, if A C @Q,, is a
subset for which the size of NV (A) is minimal among the subsets of @, of size |A|, then the size of
N (A) is also minimal for all ¢ > 0 among the subsets of @, of size | A|. This result immediately
implies that the notions of weak extremality and extremality coincide. Hence the main task is

to prove the following theorem.

Theorem 4. Let A C @, be a subset for which every B C Q, with |B| = |A| satisfies [N (B)| >
IN (A)|. Then for all t >0 and B C Q,, with |B| = |A| we have [N*(B)| > |N* (A)|.

Let A C @, be a set satisfying the conditions of Theorem ] A natural way to prove
Theorem [ is to use induction on the dimension n. Let A; + and A; _ be the i-sections of A
for some direction 4, and let C; + and C; _ be the initial segments of the simplicial order on
P (X;) of sizes |A; +| and |A; | respectively. Without loss of generality assume that we have
|A; +| < |A; —|. If the sets C; 4+ and C; _ satisfy the conditions of Lemma |10| when ¢ = 1, i.e.
we have C; — C N (C}, 1), then applying Lemma [10| with ¢ = 1 implies that both N (4; +) and
N (A;, ) are minimal, and hence the claim follows from a relatively straightforward application
of . However, we cannot apply this argument if the conditions of Lemma are not satisfied,
ie. if N (C; 4) is a proper subset of C; _. It is easy to verify that this may happen even when
A is an initial segment of the simplicial order. For example, if A = B (0,r) U {{1,...,r+ 1}},
then N (A; ) is a proper subset of A; _ for every i > r + 1.

Note that in the previous example there were some directions ¢ for which the sets C; _ and
Ci, + satisfy the conditions of Lemma [10] for example any i < r + 1 would work. Conveniently,
it turns out that for any set A C @Q,, satisfying the conditions of Theorem {4 there is always a
direction 7 for which both C;  and C; _ satisfy the conditions of Lemma

We start with some preliminary results which are Lemmas [I6] [17)and [I8] In a sense, Lemmas
and [18] are just necessary tools for subsequent results, and the proofs are mostly calculational,
while Lemmal [I6]is a direct consequence of a result proved in Section 3.3. These statements are in
flavour similar to Harper’s theorem and the Kruskal-Katona theorem, but it seems that there is
no straightforward way of deducing them directly from Harper’s theorem or the Kruskal-Katona

theorem.
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Armed with those, we move on to Lemma [19in which we prove that there exists a direction
i for which C; t and C; _ satisfy the conditions of Lemma [[0] Given Lemma the proof of
Theorem {4 follows almost immediately, and we deduce that weak extremality implies extremality
in Theorem [3

Lemma 16. Let A, B C X") be initial segments of the colexicographic order with |A| + |B| <
("), and recall that Ay = {a\{1}:1€ a,a€ A}. Let C C X") be the initial segment of the
colezicographic order of size |A| + |B| on X"). Then we have | Ay |+ [By| > |Cy|.

Proof. Let T and J be initial segments of the colexicographic order on X with |Z| > |7],
and let K be the initial segment of the colexicographic order on X () of size |Z\ J|. Since
K| +|J| = |Z|, Lemma [31| from Section 3.3 states that we have [KCy| > !(I\ j)+’.

We apply this Lemma for Z = C and J = A, and these conditions imply that we have K = B.
Since A C C, it follows directly that we have [C1| = |(C \ A),| + |A4|. Since Lemma [31|implies
that |(C\ A), | < |By], it follows that [Ay |+ [By| > [C4]. O

Lemma 17.

1. Let A, B C X be non-empty initial segments of the lexicographic order satisfying |A| 4+
IB| < () and let C be the initial segment of the lezicographic order of size |A| + |B| on
X, Then we have |0 A| + |07 B| > |0*C].

2. Let A, B C X) be non-empty initial segments of the colezicographic order satisfying |A|+
IB] < () and let C be the initial segment of the colexicographic order of size |A| + |B| on
X, Then we have |0~ A| + |0~ B| > |0C].

Note that the Kruskal-Katona theorem certainly implies that we have |07 A|+[07B| > |07C|
and |07 A|+|07B| > |0~ C|. However, there does not seem to be a straightforward way to directly

conclude the strict inequalities from the Kruskal-Katona theorem.

Proof. Let A be an initial segment of the lexicographic order and let A = {a®: a € A}. Recall
that we have |A| = |A], 8"A = 97 A and that A is isomorphic to an initial segment of the
colexicographic order. Hence these claims are equivalent, so it suffices to prove the second one.

The proof is by induction on r. When r = 1, we have [0~ A| = |07 B| = |07C| =1 as each of
the set systems A, B and C is non-empty. Hence we may assume that r > 1, and that the claim
holds for » — 1.

Recall that A, = {a\ {1} : 1€a,a€ A} and A_ = {a: 1€ a,a e A}. Since 1 is the
smallest element in X and A is an initial segment of the colexicographic order and hence left
compressed, it follows that 07 A C A,. Since A = ({1} + A;+) U A_, it follows that

O A=({1}+0"A) U (AL U AL) = ({1} + 07 AL) UAL,

and hence we have

Al = AL+ [0 A4 (2.19)

Similarly (2.19) holds for B and C as well. Since A, B and C are non-empty initial segments

of the colexicographic order, it follows that A, , B, and Cy are non-empty initial segments of
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the colexicographic order on X Y_l). Thus Lemma [16|implies that we have
As|+ By| = (0] (2.20)

Since the lower shadow of a smaller initial segment cannot have larger size than the lower shadow

of a larger initial segment, the inductive hypothesis implies that we have
|07 AL+ |07 By| > [07Cy]. (2.21)
Combining (2.19), (2.20) and (2.21) we obtain that

07 Al +[07B| = |07 AL | + (07 By | + 1A+ | + 184
> 07 A+ |07 By +[C4| > |07 Cy| +[Cr| = |07 C

)

which completes the proof of Lemma O

Lemma 18. Let A C @, and suppose that for all B C @, with |B| = |A| we have |N (B)| >
|N (A)|. Let Dy be the initial segment of the simplicial order on Q1 of the largest size for which
the initial segment D_ of the simplicial order on Q,—1 of size |A| —|D4| satisfies N (Dy) C D_.
Then for any direction i we have |A; | > |Dy|. Furthermore, we must have |A; +| = |Dy|
whenever |N (A; 1) < |A; —|.

Proof. For simplicity, denote the i-sections by Ay and A_. Let Dy and D_ be defined as in the
statement, and let D = D_U ({n} + D).

Suppose that we have |A4| < |D4|, and note that then we must also have |[A_| > |D_|.
Since D_ is an initial segment of the simplicial order, Harper’s theorem implies that |N (A_)| >
|IN (D_)|. Since N (D4) C D_, and hence Dy C N?(D,) C N (D_), (2.2) implies that we have

IN(D)| = [N (D-)[ +|D—].
On the other hand, implies that
IN(A)] = [N (A)|+[A-| > [N (D-)[ +|D-| = [N (D)]

as |[A_| > |D_| and [N (A_)| > |N (D-)|. This contradicts the fact that |N (D)| > |N (4)|.
Hence we must have |AL| > |Dy|.

In order to prove the second part, suppose that we have |N (Ay)| < |A_|. Let Cy and
C_ be the initial segments of the simplicial order on P (X;) of sizes |A4| and |A_|. Harper’s
theorem implies that we have |N (Ay)| > |N(Cy)|, and since |A_| = |C_| it follows that
IN (C1)| < |C_|. Since Cy and C_ are initial segments of the simplicial order on P (Xj;), it
follows that N (Cy) C C_, so C; and C_ satisfy the conditions required from D, and D_.
Thus by the maximality condition it follows that |Cy| < |D4|. By the first part, we know that
|Ay| > |D4|. Since |Ay| = |C4|, these two inequalities imply that AL | = |D4]. O

Lemma 19. Let A C Q, be a set satisfying |A| # f, for all v, and so that for all B C Q,, with
|B| = |A| we have |N (B)| > |N (A)|. Let D+ and D_ be defined as in the statement of Lemma
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[1§ for A. Then there exists a direction i for which we have min (|A; 4|, [A; —|) > [D4].

Proof. Let Dy and D_ be defined as in the statement of Lemmal[I§ For I C X, note that the set
Ar C @y, defined by Ay = {zAI : x € A} isisomorphic to A. By taking I = {i : |[4; 4| > |4 |},
it is easy to see that we may assume that the condition |4; 4| < |A; —| holds for all . Hence it
suffices to show that under this condition there exists ¢ satisfying |A4; 4| > [D4y|.

Suppose that the claim is false. Then, by Lemma we must have |4; 4| = |D4| for all 1.
Let 7 be chosen so that f, < |A| < fr+1, and note that such r exists as |A| # fs for all s. Since
N(Bp-1 (0,7 —1)) = Bp—1 (0,7) and fr—1,r—1 + fa—1,r = fn,r, it follows from the maximality
assumption that we have [Dy| > f,_1 ,—1. On the other hand, since fr,—1,r+ fn—1,r41 = fn, r+1,
the condition N (D) C D_ will be violated if |D,| > f,—1,,. These two conditions imply that

we have

fn—l,r—l < ‘D-l—‘ < fn—l,r- (222)
Hence there exists a set system D C X,(LT) so that Dy = XT(LSPD UD. Since N (Dy) C D_, it

follows that X\=" Ud+D C D_.

Let C be the initial segment of the simplicial order of size |A| on @,. Since f, < |A| < fry1,
it follows that C' = X(S7) UC for some C C X("+1). Combining the conditions |A| = | D, |+|D_]|,
Dy =XV UD and X5 UaFD C D_, it follows that |C| > |D| + |0 D.

For B C @, define f (B) = >__.p|z|. It is easy to see that among the sets B C @, of a given
size, f (B) attains its minimum value when B is taken to be the initial segment of the simplicial

order. In particular, we have f (A) > f(C). It is easy to verify that

T

f(C)sz(?) +(r+1) C|:n§::<n]_,1> +(r+1)C]. (2.23)

J=0

Let I{i € x} denote the indicator function of the event {i € x} for x € @Q,,. Then for any B C Q,

we have
FB) =) =) > T{icat=> > I{ica}=> |Bil. (2.24)
=1

reB zeB i=1 1=1 z€B

Since |A;, 4| = |D4| for all 4, it follows that
r—1 n—1
f(A):n\D+|:nZ< ; >+nu>\. (2.25)
j=0

Since f (A) > f(C), (2.23) and (2.25)) imply that we have
n|D| > |C|(r+1) (2.26)
Since |C| > |D| + |9, D], (2.26]) implies that

(n—r—1)|D| > (r+1)|5;D|. (2.27)
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The Local LYM inequality [31), 35, 44] for upper shadow states that for D C X,(f) we have
(r+1)07D| = (n—1) =) D, (2.28)

and the equality holds if and only if D = @ or D = X{”). Combining with (2.28), we
obtain that the equality must hold in (2.28)).

If D = (), then implies that C = (. Hence |A| = f., which contradicts our earlier
assumption. If D = Xflr), then Dy = X,(FT) and hence XfLST—H) = N (Dy) C D_. Therefore
|A| = |D4| + |D_| > fr4+1, which contradicts the assumption that |A| < fr4+1. Thus there exists

a direction ¢ satisfying min (|4; 4|, |A4i, —|) > |D+|. O
Now we are ready to prove Theorem [4

Theorem 4. Let A C Q,, be a subset for which every B C Q,, with |B| = |A| satisfies |[N (B)| >
IN (A)|. Then for allt >0 and B C Qy, with |B| = |A| we have |[N*(B)| > |N* (A4)|.

Proof. The proof is by induction on n. When n < 2, it is easy to verify that the result holds.
Hence we may assume that n > 3 and that the result holds for n — 1.

Let A C @y, be a subset so that for all B C @Q,, with |B| = |A| we have |N (B)| > |N (A)|.
By the argument presented in the proof of Lemma 18] we may assume that |A4; | < |[A4; _| holds
for all directions ¢. Let D4 and D_ be defined as in the statement of Lemma [I§ Then Lemma
implies that there exists a direction ¢ satisfying |A4; 4| > |D4|. For notational convenience,
denote the i-sections in this direction by A, and A_.

Let Cy and C_ be the initial segments of the simplicial order on P (X;) of the same sizes
as Ay and A_ respectively, and set C = C_ U ({i} + Cy). Then |Cy| = |A4| > |D4], and
the maximality assumption on D4 implies that we have C_ C N (C4). Since |Cy| < |C_], it
certainly follows that Cy C N (C_). Hence Lemma [10| with ¢ = 1 implies that N (A;) and

N (A_) are minimal, i.e. we can apply the inductive hypothesis on them, and that we have
AL €N (A5). (2.29)
Since N (A4+) and N (A_) are minimal, the inductive hypothesis combined with Harper’s theorem
implies that for all ¢ > 0 we have
IN*(Ag)| = [N"(C)]. (2.30)

By taking neighbourhood t—1 times from (2.29)), it follows that we have N~ (A1) C Nt (A5)
for all t > 0. Since Cx C N (Cz), we also have N~ (Cy) C Nt (Cx) for all ¢ > 0. Thus (2.2)

implies that we have
|N*(A)| = |N*(Ap)| + |N* (A (2.31)

and
INY(C)| = |N* (Cy)| + |N*(Co)| (2.32)

for all ¢ > 0. Combining 1D li and 1} we obtain that ‘Nt (A)‘ = }Nt (C)| holds
for all ¢ > 0. Thus Harper’s inequality implies that for all B C @, with |B| = |A| we have
|N*(B)| > |N*(A)|, which completes the proof of Theorem O
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Now we can immediately apply Theorem [d]to prove that weak extremality implies extremality.
Theorem 3. Let A C Q,, be a weakly extremal subset. Then A is extremal.

Proof. Since for all B C @, with |B| = |A| we have |N (B)| > |N (A)|, Theorem [4] implies that
for all B C Q, with |B| = |A| we have |N*(B)| > |N*(A)|. Similarly applying Theorem
to A® implies that for all B C @, with |B| = |A| we have |[N*(B)| > |N*(A¢)|. Hence weak

extremality implies extremality. O
Thus we can conclude the classification of weakly extremal sets.

Corollary 20. Theorem [9 holds when extremality is replaced with weak extremality. O

2.5 A uniqueness result for certain sizes

Recall that in Section 2.2 we defined an extremal set B, of size g, by setting B, = B (0,r) U
B ({1,2},r). The aim of this section is to prove that up to isomorphism the sets B, introduced
in Section 2.2 are the only sets of size g,, together with the initial segment, for which N (A) is
minimal. Recently Keevash and Long [26] studied stability in the vertex isoperimetric inequality.

Theorem 21] follows as a consequence of their more general result.

Theorem 21. Let r <n —1, and let A C Q,, satisfying |A| = g, for which the size of N (A) is
minimal among the subsets of Q, of size g.. Then either A is isomorphic to the initial segment

of the simplicial order or A is isomorphic to B,.

Proof. The main idea of the proof is to carefully analyse the codimension-1 compressions. Let
A C @, satisfying |A| = g, for which N (A) is minimal. As in the proof of Lemma by
considering A; = {aAIl : a € A} if necessary for a suitably chosen I C X, we may assume that
we have |A; 4| < |A; _| for all directions i.

Choose a direction ¢. Let C; 4 and C; _ be the initial segments of the simplicial order with
|Ci, 4| = |Ai +| and |C;, —| = |A; —|, and define C' = C; _ U ({i} + C; +). Let D be the initial
segment of the simplicial order of size g,, i.e. D = X(57) U ({1} + X@). Recall that we have
N (D) = X(=r+D y ({1} + X{TH)) and |N (D)| = gr+1. Our first aim is to find bounds for the
sizes of A; _ and A; 4. Since their sizes are the same as the sizes of C; _ and Cj 4, it suffices to
prove these bounds for the sizes of C; _ and C; 4.

If |Cs, —| > gn—-1,r, we have |C; 4| < gn—1,r—1. Hence it follows that |[N (C; +)| < gn—1,r <
|C;, |, and thus we have N (C; 1) € C; —. In particular, implies that

|N (C)’ = |N (Cz,—)’ + |C7L,—‘ > In—1,r+1 +gn—1,7" = 9n,r+1-
Since |N (A; —)| > |N (C;,-)| holds by Harper’s inequality, (2.2) implies that
[N (A)| = [N (Ai, )|+ [Ai, | = [N (Ci, )| + [Cs,—| = [N (C)] > gn,rt1- (2.33)

This contradicts the minimality of the size of N (A). Hence we must have |C; —| < gn—1,,-
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Since |C;, —| > |C;, 1|, it follows that |C; —| > 3gn» = fa—1,,. These two conditions imply
that we have fp,—1» <|Cj —| < gn—1,r. Our next aim is to show that |C; _|, which equals |4; _]|,

must always be either fr,_1,, or gn—1,,.

Claim 1. For each direction ¢ we have |C; _| = fp—1,,. or |Ci —| = gn—1,r-

Proof of Claim 1. Since fp—1,, < |Ci,—| < gn—1,» and |C| = gp,r, it follows that g,—1 ,—1 <
|Ci,+| < fa—1,r. In particular, we have C; - C N (C; 4), and we also trivially have C; 4 C
N (C; -).

Let j be the least element in X;, ie. j =1if 7 # 1 and j = 2 if ¢« = 1. Since C; _ is an
initial segment of the simplicial order on P (X;) satistying fr—1,» < |Ci,—| < gn—1,r , it follows
that C; _ = X(<T U({j} + A) where A is an initial segment of the lexicographic order on X( )
Similarly one can deduce that C; ; = X(<T Dy ({j} + X(r 1)) UB, where B is an initial segment

of the lexicographic order on Xi(7 j). Note that

1 0 B 9 ey

It is easy to verify that

‘A‘ + ’B‘ = |A‘ - fnfl,rfl - fnfl,r - ‘X.(T.il)

N(C;-) = XU () +054)

)

and
N (Ci) = X=U ({5} + X[ ) U038,

where again (");rj denotes the upper shadow operator with respect to the ground set X; ;. In

particular, it follows that
[N (Ci, ) = fa—1,r41 +

(2.35)

and
IN (Ci, )| = gn—1,r +

Note that frn—1r+1+ gn—1,r = Gn,r+1 — (T-l—l) Since C;,+ € N (C;,~) and C;, - € N (Cj +),

combining (2.2]) together with (2.35)) and we obtain that

N -

Applying the Local LYM inequality to A as a subset of Xi(;-), it follows that

(2.36)

IN(O)] = IN(Ci, )| + N (Ci, )| =

-2
A} > ﬁ A, (2.38)

and the equality holds if and only if A;; = X or A = (). Certainly (2.38) holds for B as well.
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Adding these two inequalities together we obtain that

oA + o] = =2 )+ 1B (2.39)
Since |A| + |B| = ("?) and ”;’:2 ("2 = (Z;f), it follows that
o5 A| + |08 = (” N 2). (2.40)
r+1
Combining with , we obtain that
IN(C)] > gn,r+1- (2.41)

Asin (2.33), Harper’s inequality implies that we have [N (A)| > [N (C)|. Since |N (A)| = gn, r+1,

(2.41) implies that the equality holds in both applications of the Local LYM inequality. In
(r)

particular, we must have A = () or A = X ;- In the first case we have |Ci,~| = fn-1,r and in
the second case we have |C; _| = gn—1,, as required. O
If |A; | = fn—1,, for some direction ¢, we could use Proposition |5 to deduce that A; _ and

A; + must be exact Hamming balls. The aim of the next claim is to prove that such a direction

7 must always exist.

Claim 2. There exists a direction ¢ for which we have |A; _| = fr—1 .-

Proof of Claim 2. Suppose that the claim is false. Then by Claim 1 it follows that [A; —| = gn—1,r
for all i. As in the proof of Lemma[19} for B C Q, define f (B) =" p |2|. Recall that among
the sets B C @, of a given size, f (B) attains its minimum value when B is taken to be the
initial segment of the simplicial order. Also recall that f(B) =3 " | |B; +| for any B C Q.
Since |A; —| = gn—1,» for all i, it follows that |A; 4| = gn—1,r—1 for all i. Hence f(A4) =
NGn—1,r—1. Let D = X (=) y ({1} + XY)) be the initial segment of the simplicial order of size
Gn,r- It is easy to verify that we have | Dy | = fn—1,» and |D; 1| = gn—1,r—1 for all ¢ > 2. Hence
it follows that f (D) = fr—1,r +(n — 1) gn—1,r—1. Since D is the initial segment of the simplicial
order of the same size as A, it follows that f (A) > f (D). Hence we must have gp,—1 r—1 > fn—1,r,
which is only true when » = n — 1. However, this case can only occur when A = ), in which

case we also have |A; _| = 2"t = f,_1 ,_1. This completes the proof of Claim 2. O

Let i be a direction for which we have |A; _| = fn,—1, r, and note that we also have |4; ;| =
fn-1,r. Hence we have C; , € N (Cj ) and C; = € N (Cj +), and thus Lemma [10] with ¢ = 1
implies that both N (A; +) and N (A4; ) are minimal. Since |A4; 4| = |A;, —| = fo—1,r, Propo-
sition [5| implies that A; — and A; 4 are exact Hamming balls on P (X;) with radius . Hence
A; + = Bj(x,r) and A; - = B; (y,r) for some z, y € @y, and by symmetry we may assume that
x=10.

Note that implies that

IN(A)| = A+ UN (Ai, )|+ |Ai, ~UN (4;,4)|
= |Bi (0,r) U B; (y,r + 1)| + | B; (0,7 + 1) U B; (y,7)] -
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Recall that |N (A)| = gn,r+1 = 2fn—1,r+1 by the minimality of |N (A)|. Since |B; (y,r+1)| =
|B; (0,7 +1)| = fn—1,r+1, we must have B; (0,7) C B; (y,r + 1) and B; (y,7) C B; (0,7 +1). In
particular, we must have d (y,0) < 1.

If y = (), it follows that A is isomorphic to the initial segment of the simplicial order, and the
isomorphism is given by any ¢, with o (i) = 1. If y = {j} for some j € X;, then A is isomorphic
to the set B,, and the isomorphism is given by any ¢, with o (i) =1 and o (j) = 2. O
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Chapter 3

Coordinate deletion of zeroes

3.1 Introduction

We start by recalling the Kruskal-Katona theorem concerning the lower shadow of a set system.
However, this time we work with {0, 1}-sequences, i.e. we view @, as {0,1}" which is the set of
{0, 1}-sequences of length n. In this framework, the lower shadow of A is defined to be the set
of points that can be obtained by flipping exactly one 1-entry to 0 from a point in A.

The rank of a point € [k]" ={0,...,k —1}" is defined to be |z| = Y | z;. Note that the
lower shadow operator on {0,1}" decreases the rank of a point by 1. For a given r, it is natural
to ask how one should choose a set A C {0,1}" of a given size containing only points of rank r
to minimise the size of the lower shadow. This question was answered by Kruskal and Katona
[24] 25].

Recall that the colezicographic order on {z € {0,1}" : |z| = r} is defined by setting = < pex ¥
ifz =yormax(XAY)eY, where X = {i:z; =1} and Y = {i : y; = 1} . The Kruskal-Katona
theorem states that for a set A C {0,1}" of a given size containing only points of rank r, the size
of the lower shadow is minimised when A is chosen to be the initial segment of the colexicographic
order.

Instead of changing the values of the coordinates, it is also natural to define an operator
which acts by deleting the coordinates. For A C [k]|", define the coordinate deletion shadow to
be the set of points that can be obtained by deleting one coordinate from a point in A. The
coordinate deletion shadow of A is denoted by A (A). For example, the coordinate deletion
shadow of {000, 001,002,121} is {00,01,02,12,11,21}.

Again, it is natural to ask which subsets of {0, 1}" minimise the size of the coordinate deletion
shadow among the sets of a given size. Recall that the simplicial order <g;,, is defined on {0,1}"
by setting

T <gim y if |z| < |y| or (|z| = |y| and min (XAY) € X).

Danh and Daykin proved that among the subsets of {0, 1}" of a given size, the initial segment
of the simplicial order minimises the size of the coordinate deletion shadow [16]. They also
conjectured a certain order as the best in [k]" for k > 3, but Leck [30] showed that this turned
out to be false. In fact, he proved that there is no order in general whose initial segments have

minimal coordinate deletion shadow.
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Bollobas and Leader [9] pointed out that the exact subcubes [¢t]" C [k]" have minimal co-
ordinate deletion shadow. Indeed, for a set B C [k]" we define B; to be the projection of B
onto the hyperplane excluding the i*" direction. Then the Loomis-Whitney inequality [33] im-
plies that we have ([]i; B;) > |B|*"'. Since for any i we have B; C A (B), it follows that
IA(B)|™ > |B|"!. In particular, when |B| = t” we have |A (B)| > t"~!, which proves that [t]"
has minimal coordinate deletion shadow among the subsets of [k]" of size ¢™.

In addition, Bollobas and Leader made the following conjecture that certain other types of

sets also have minimal coordinate deletion shadow.

Conjecture 22. (Bollobds, Leader [9]). For each t < k and r < n, let B,y C [k]" be the set
containing all the points whose coordinates are in [t] = {0,...,t — 1} and which have at most r
coordinates that equal t — 1. Then the sets B, have minimal coordinate deletion shadow among

the subsets of [k]" of the same size.

Even the case t = k in the conjecture is unknown.

There is, however, a notion that comes ‘between’ the lower shadow and the coordinate deletion
shadow. The usual lower shadow operator decreases the rank by 1 and preserves the dimension
n, while the coordinate deletion shadow decreases the dimension by 1 but there is no control on
how it changes the rank. Hence it is natural to consider the following operator which preserves
the rank, but reduces the dimension by one.

Define the zero-deletion shadow of A C [k]" to be the set of points in [k]"~' obtained by
removing one coordinate that equals 0 from a point in A. We denote the zero-deletion shadow of
A by 6 (A). For example, we have 6 ({00011,00101}) = {0011,0101} and 6 ({112,113,123}) = 0.
For convenience, we say that A has minimal zero-deletion shadow if for any B C [k]|" satisfying
|B| = |A| we have |6 (B)| > |6 (4)].

How can we find sets A with minimal zero-deletion shadow? If |A| < (k — 1)", the question
is trivial as one can take any subset of {1,...,k — 1}" of the given size. In general, it is natural
to choose A to contain points with as few zeroes as possible. Furthermore, it is natural to guess
that for each 0 < ¢ < n, the sets containing all points with at most ¢ zeroes have minimal
zero-deletion shadow.

Our main result in this chapter is to find an order on [£k]" whose initial segments have minimal
zero-deletion shadow. In particular, it follows that the sets containing all points with at most ¢
zeroes have minimal zero-deletion shadow.

In order to state the main result, we need a few definitions. For a point = € [k]", let
R(x) ={i:x; =0} and let w(z) = |R (z)|. Let L, (n) = {z € [k]" : w(z) = r}. Note that the
zero-deletion operator maps the elements in L, (n) to elements in L,_; (n — 1).

For x € [k]", define its reduced sequence to be the sequence obtained by removing all coor-
dinates of z that equal 0. Denote the reduced sequence of x by re(z). Note that for any point
s and for any t € 6 ({s}) we have re (s) = re(t), as removing a coordinate which equals 0 does
not change the reduced sequence. Hence we can split L, (n) into equivalence classes which are
characterised by the reduced sequences.

We start by proving that inside an equivalence class one should choose points = so that the
set system containing the sets R (z) is an initial segment of the colexicographic order. This is a

straightforward consequence of the work of Danh and Daykin in [16].
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Since [k]" splits into equivalence classes based on the reduced sequences, and we know that
the initial segments of the colexicographic order minimise the size of the zero-deletion shadow
inside each equivalence class, we are left with the question on how to split the points into different
equivalence classes. We go on to prove that in order to minimise the zero-deletion shadow of a
subset of [k]", one should prioritise points in L, (n) over points that are in Ls (n) for r < s, and
inside L, (n) one should choose all points from one equivalence class before choosing points from
another equivalence class. As a consequence, we obtain an order whose initial segments have
minimal zero-deletion shadow.

For r € [k], define R, (x) = {i:x; =r} and w, () = |R, (x)|. Note that we have R = Ry
and w = wy. For each i, define the order <. on {1,...,k — 1}i as follows. For distinct z,y €
{1,...,k—1} let 7 € {1,...,k} be the minimal index satisfying R, (x) # R, (y). We say that
z <.y if and only if max (R, (z) AR, (v)) € R, (y).

Finally, define the order < on [k]" as follows. For distinct z, y € [k]" we set # < y if one of

the following conditions holds.
1. wo (z) < wo (y)
2. wo (z) = w (3), 7 (x) # re (y) and re (z) < re (y)
3. wo () = wo (y), re () = re(y) and Ro () <colea Ro (y)

Note that for any distinct  and y exactly one of x < y and y < x is satisfied. Hence < defines
an order on [k]".

Now we are ready to state our main theorem.

Theorem 23. Let A C [k]" and let B be the initial segment of the <-order of size |A|. Then we
have |6 (A)| > |6 (B)|.

In particular, it follows that the sets of the form L<, (n) = (J;_, L; (n) have minimal zero-
deletion shadow. Note that the zero-deletion shadow is affected only by the location of non-zero
coordinates and not on their exact values. Hence all the equivalence classes of L, (n) behave
in the same way. Thus for any fixed r, one could replace the <. -order with any other order on
{1,...,k —1}" in the definition of the <-order.

The plan of this chapter is as follows. In Section 3.2 we prove that in order to minimise the
size of the zero-deletion shadow inside an equivalence class, one should choose points = so that
the set system containing the sets R (x) forms an initial segment of the colexicographic order.
In Section 3.3 we prove Theorem 23] In Section 3.4 we generalise the zero-deletion shadow to
allow deleting a coordinate that is in the set {0,...,r} for a chosen r instead of just deleting a
coordinate which equals 0. In this case we show that the sets {z : >°;_jw; (z) < s}, which are
analogous to the sets L<s (n), minimise the size of the shadow for each 0 < s < n. In this general
case we do not know what happens for sets of other sizes.

As in the previous chapter, we write X = {1,...,n} and X() = {A C {1,...,n}: |[A] =r}.
We write L, instead of L, (n) if the value of n is clear. When k = 1, we may also write
{0,1}) instead of L, (n). This notation will be used to highlight that we are working with
{0, 1}-sequences.
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3.2 Deletion on {0, 1}-sequences

In this section we always work with subsets of {0,1}" or {0,1},. Danh and Daykin proved in
[16] the following result for the coordinate deletion shadow on {0,1}" .

Theorem 24. (Danh, Daykin). Let A C {0,1}" and let B be the initial segment of the simplicial
order of size |A|l. Then we have |A (A)| > |A(B)]. O

Recall that there is a natural correspondence between {0,1}" and the power-set P (X). For
our purposes, it is convenient to choose this correspondence to be given by mapping a sequence
(z;) to the set Ro(x) = {i:x; =0}. In this way we can identify a set A C {0,1}, with
the set system A C X (") containing the images of the elements of A under this bijection. This
correspondence enables us to translate questions related to the zero-deletion shadow to questions
related to the properties of the set systems A C X () instead. We start by proving that the
subsets A of {0,1}"" with minimal zero-deletion shadow are the ones whose corresponding set A

is an initial segment of the colexicographic order.

Lemma 25. Let A C {0,1}, and let B C {0,1}," be the initial segment of the colexicographic
order of size |A|. Then we have |6 (A)| > |0 (B)|.

Proof. Define C1 = AU L+, (n) and Cy = BU Ls, (n), where L+, (n) = Ui, {0,1};. Note
that Cs is isomorphic to an initial segment of the simplicial order, where the isomorphism is
given by the map which reverses the sequence. Since this map also preserves the size of the
coordinate deletion shadow, Theorem [24] implies that we have

[A(C)] = [A(Cy)]. (3.1)

It is easy to check that we have A (C1) = L~, (n — 1)Ué (A) and A (C) = L~y (n — 1)Ud (B).
Indeed, Ls, (n — 1) is certainly contained in both A (C7) and A (C2), and the only contribution
to the coordinate deletion shadow outside L, (n — 1) arises by removing 0 from a point which

contains exactly n — r coordinates that equal 1. Hence we have
|A(C)] = [Lsr (n = 1) + 16 (A)] (3.2)

and
[A(C2)| =Ly (n=1)[+ 6 (B)]. (3.3)

Thus (3.1), (3.2) and (3.3)) imply that we have |6 (A)| > | (B)|. O

Lemma [25] implies that the initial segments of the colexicographic order have minimal zero-
deletion shadow among the subsets of {0, 1}". Before moving on to the general case from {0,1}-
sequences, we find a way to relate the size of § (A) to a certain property of the associated set
system A for A C {0,1},". For convenience, from now on, we say that A C {0,1} is an initial
segment of the colexicographic order if the associated set system A is an initial segment of the
colexicographic order. For A C P (X) define A; ={B € A:1¢€ B}.

Lemma 26. Let A C {0,1}" be an initial segment of the colexicographic order, and let A be the
set system associated to A. Then we have |0 (A)| = |Aq].
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Proof. The proof is by induction on the size of A; note that the statement certainly holds when
|A] = 1. Suppose that the statement holds for A, and let B be the initial segment satisfying
|B| = |A| + 1. Let x be the unique element in B\ A, and write x = 1 ... 2.

We start by proving that either § (B) \ d (A) is empty or it contains only one element which
is x3...x,. Indeed, suppose that t € §(B) \ (A) and that ¢t is obtained by removing the
r" coordinate of x. Hence t = 21...2_1%41...7, and o, = 0. Let 4 = min {j: xj =1},
and consider the particular element y = 0t. If i« < r, we have y; = x; for all 7 < i —1 and
y; = 0 < 1= z;. Hence we have y < e . However, as t € § ({y}) C § (A), this contradicts the
fact that t € 6 (B) \ 0 (A). Hence we must have ¢ > r, which implies that z; = --- = x, = 0.
In particular, it follows that ¢t = x1 ...z 12p112, = T2... 2y, and thus 6 (B) \ 6 (A) is either
empty or contains only one element zs ... x,.

Note that Oxs...x, is the least element with respect to the colexicographic order for which
the element x5 ...x, is contained in its zero-deletion shadow. Hence it follows that x5 ..., €

d(B)\0(A) if and only if x = 0za...x,. In particular, we have

6(A)|+1  ifa=0
15 (A)] if 2y =1

0(B)| =

Since B =AU {Ry (z)} and the set Ry(x) contains 1 if and only if z; = 0, it follows that

Al +1 ifz; =0
| A1 ifx; =1

Hence we have |6 (B)| = |Bi| by induction. O

3.3 The main theorem

Let H be the bipartite graph on the vertex set [k]™ U [k]" ' whose edges are precisely the pairs
s,t with s € [k]" and ¢t € §({s}). Note that §(A) is the neighbourhood of A C [k]" in the
graph H. Observe that both vertex classes of H can be partitioned as [k|" = (J;_, L; (n) and
[k]"~' = U Li (n — 1), and by definition of the zero-deletion shadow it is clear that there are
edges only between L; (n) and L;_1 (n — 1), with the convention L_; = ().

Let C be a non-trivial connected component in H, i.e. a connected component satisfying
[k]" N C C L;(n) for some i > 0. Recall that the reduced sequence of a point y € 6 ({z}) is
always the same as the reduced sequence of . Since C is a connected component, it follows that
every z € C has the same reduced sequence. Conversely, it is easy to check that for each i > 0,
all the elements in L; (n) U L;—1 (n — 1) with the same reduced sequence are also in the same
connected component. Hence the non-trivial connected components of H are characterised by

the reduced sequences.

Lemma 27. Forsec|J_ {1,...,k—1}" define

Cs={x e [k]" :re(x) = s}
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and

D, = {x e k" ire(z) = s} .
Then the sets of the form Cs U Dy are the non-trivial connected components of H. O

Note that the only points outside the non-trivial connected components are the points in
{1,...,k —1}", and their zero-deletion shadows are always empty.

Broadly speaking, we only need to understand how to minimise the size of the zero-deletion
shadow inside a connected component, and to determine how to distribute the points into different
connected components in order to minimise the size of the zero-deletion shadow. It turns out
that inside a connected component one should choose points x so that the set system consisting

of the sets R (z) forms an initial segment of the colexicographic order.

Lemma 28. Let C C L; (n)UL;—1 (n — 1) be a connected component corresponding to a reduced
sequence © = T1...Tp—ij. Let B C L;NC and let A C L; N C be the set of points of size |B|
chosen so that {Ry (z) : © € A} is an initial segment of the colexicographic order. Then we have

6(B)[ =16 (A)[.

Proof. Note that the order of the coordinates is preserved under the zero-deletion shadow, and
recall that the reduced sequence is preserved under the zero-deletion shadow. Moreover, the
exact values of the coordinates in the reduced sequence do not affect the zero-deletion shadow,
and hence the behaviour of the connected component depends only on the value of 7, and not on
the exact values of the coordinates x1,...,Z,_;.

In particular, all connected components containing points with equal number of zeroes have
the same size and they all behave in the same way under the zero-deletion shadow. Hence each
connected component is identical to the connected component corresponding to the reduced
sequence x; = -+ = x,_; = 1. Since this particular component is {0, 1}?, the result follows from
Lemma 25 O

Our next aim is to understand how to fill different connected components. We will prove
that it is optimal to first prioritise points in L; (n) over points in L;+1 (n), and that it is also
optimal to choose all points in one connected component on a level L; (n) before choosing points
from another component on the same level.

From now on, we call the sets Cs connected components. That is, by a connected component
we refer to the intersection of a connected component with [£]".

For s,t € UJ;_o{1,...,k— 1}i define the s, t-compression operator as follows. For A C [k]",

its compression B = Cs; (A) is given by setting
1. BNCj to be the initial segment of the colexicographic order of size min (|A N (Cs U Cy)|, |Cs|)
2. BNC} to be the initial segment of the colexicographic order of size max (0, |A N (Cs U Cy)| — |Cs))
3. B\ (CsUCy) = A\ (Cs UCy)

It is clear that we have |Cs; (A)] = |A] for all s and t. As usual, we say that A C [k]" is
s, t-compressed if Cs; (A) = A.
In order to prove Theorem we need the following two results.
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Lemma 29. For any A C [k]" and s,t € {1,...,k —1}""" we have |5 (A)] > |5 (Cs; (A))).

Lemma 30. For any A C [k]", s € {1,....,k—1}Y""and t € {1,...,k—1}"""" we have
16.(A)] =16 (Cs.t (A))].

In order to prove these results, we translate them to questions related to the properties of
the set systems on X (. We now state the versions of these questions that are concerned with
set systems, and their proofs are given after the proofs of Lemma 29| and Lemma

A set system B C X is said to be a segment if there exist initial segments Z and J of the
colexicographic order satisfying A =7\ J.

Lemma 31. The following claims are true.

Claim 1. Let A C X be a segment and let T C X be the initial segment of the colexico-
graphic order of size |A|. Then we have |Z;| > | A;|.

Claim 2. Let T C X@ and J C XY pe initial segments of the colexicographic order
satisfying |Z| = |J|. Then we have |J1| > |Z1].

Claim 3. Let A C X@ pe q segment and let T = x@ \ J, where J is the initial segment of
the colexicographic order chosen so that ’X(i) \J| = |A|. Then we have |A;| > |I4|.

Claim 4. Let I, and J. be initial segments of the colexicographic order chosen so that T =
XON\TZ, and J = XD\ 7, satisfy |Z| = |T|. Then we have |J1| > |T1|.

Proof of Lemma |29 Let A C [k]" and B = Cs; (A), and note that B depends only on the sizes
of ANCs and ANCY. Hence we may assume that Q = ANCs and R = ANCY are initial segments
of the colexicographic order by Lemma

Let S=BNCsand T=BNCy. Let Q, R, S and T be the associated set systems in X ®.
By using Lemma[26]and the fact that B\ (Cs U Cy) = A\ (Cs U Cy), it follows that the conditions
|0 (A)] > |0 (B)] and |Q1] + |R1| > |Si| + |T1| are equivalent. We now split the rest of the proof
into two cases based on the sizes of ) and R.
Case 1. @ and R satisfy |Q| + |R| < |C4l.

By definition of B it follows that T'= 0 and |S| = |Q| + |R|. Let Z =S\ Q. Since S and Q
are initial segments of the colexicographic order, it follows that Z is a segment of size |R|. Thus

Claim 1 implies that |Ri| > |Z;|, and hence we have
Q1]+ [Ra| = [@i] + |Ta| = [81] = [S1| + [ Tal,

as required.
Case 2. Q and R satisfy |Q| + |R| > |Cs].

In this case we have S = Cs and hence it follows that |T] < |R|. Let Z = R\ 7T, and
note that Z is a segment. Let 7 =8\ Q = X @ \ Q, and note that J is also a segment. Since
|S|+ 7| = |R|+]|9Q)|, it follows that |Z| = |J|. Thus Claim 3 implies that |Z;| > |71|. Combining
this together with the definitions of Z and 7, it follows that

|Q1| 4+ [Ra| = || + i + |Th] = |@a| + ||+ [Tl = [S1] + [ Th],
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which completes the proof of Lemma O

Proof of Lemma[30, Let A C [k]" and B = C5; (A). As before, we may assume that both ANCj
and A N C; are initial segments of the colexicographic order, and again we set Q = ANC5 ,
R=ANC;, S=BNCsand T = BNC;. Let Q and S be the associated set systems in X, and
R and T be the associated set systems in X+ Again, Lemma implies that the conditions
10 (A)| > |0 (B)] and |Q1] + |R1| > |Si| + |T1| are equivalent. Again, we split the proof into two
cases based on the sizes of ) and R.

Case 1. @ and R satisfy |Q| + |R| < |Cy|.

By definition of B, it follows that S is an initial segment of the colexicographic order of size
1Q] + |R| on X, and we also have 7 = ). Let Z be the initial segment of the colexicographic
order of size |R| on X@ and set 7 = S\ Q. Then J is a segment satisfying | 7| = |R| = |Z|.
Thus Claim 1 implies that we have |Z;| > |J1]. On the other hand, Claim 2 implies that we have
|R1| > |Z1], and these two inequalities imply that |Ri| > |J1]. Hence it follows that

R1| + Q1] > || + Q1] = |S1] = |S1] + | T1],

as required.
Case 2. Q and R satisfy |Q| + |R| > |Cs|.

By definition of B it follows that S = X ). Since |S| > |Q|, it follows that |R| > |T|. Hence
T=R\T C X0+ is a segment satisfying R = ZUT. Let Z, € X+ be the initial segment
of the colexicographic order chosen so that K = X+ \ Z, is a segment of size |Z|. Define
J=XW\Q=8)\Q. Hence J is a segment of size |S| — |Q| = |R1| — |T1| = |Z|.

Claim 3 implies that |Z;| > |K;] and Claim 4 implies that [K1] > | 71|, and hence it follows
that |Z;| > |J1|. Thus we have

[R1|+ Q1| = |Ta| + | Qi + |Th] = || + Q1| + |Th| = [S1] + [ Thl,

which completes the proof of Lemma O

Proof of Lemma[31, We start by proving Claim 1, and then we prove that the other results

follow from Claim 1.

Proof of Claim 1. Since A is a segment, there exist initial segments Z4 and Ja of the colexico-
graphic order so that A =Z4 \ Ja. Denote the set of points associated to these set systems by
14 and J4 respectively. Let C be obtained from J4 by adding 2n coordinates that equal 1 at the
start of each point, and let D be obtained from I by adding 2n coordinates that equal 1 at the
end of each point in I, where [ is the set of points associated to Z. Finally, we set B=C U D.

Due to the added 1’s at the start of the elements of C' and at the end of the elements of D,
it follows that 6 (C') and ¢ (D) are disjoint sets. Also note that adding 1’s to every point does
not change the size of the zero-deletion shadow. Hence we have |§ (B)| = |6 (C)| + |6 (D)| =
10 (I)] + 16 (Ja)|. On the other hand, since Z and J4 are initial segments of the colexicographic
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order, Lemma [26]implies that we have |6 (I)| = |Z;| and |6 (Ja)| = [(Ja);|- Hence it follows that
0(B)| = [T + [(Ta)ul - (3.4)

Since Z4 is an initial segment of the colexicographic order, Lemma [26|implies that |6 (14)| =
|(Za),|- Since Z is a disjoint union of J4 and A, it follows that

0 (L)l = [(Za)1] = [(Ta)s| + A (3.5)

Since Z4 is an initial segment of the colexicographic order, the corresponding set of points 14 has

minimal zero-deletion shadow inside a connected component. Since |B| = |Z4], it follows that

0(B)| =10 (14)] - (3.6)

Thus , and imply that
|Z1] > A4, (3.7)
which completes the proof. O

Claim 1 = Claim 3. Let A and T be defined as in the statement of Claim 3. For a set system
D C X recall that D is defined by setting D = {A° : A € D}, and recall that we have |D| = |D|
and D C X 7). Furthermore, it is easy to check that if D C X () is an initial segment of the
colexicographic order then so is (X (r) \D) In particular, it follows that Z is an initial segment
of the colexicographic order.

Since A is a segment, there exist initial segments K and £ so that A = K\ £. This can be
rewritten as A = (X )\ L)\ (X (r) \ K), and hence it follows that

A= (XO )\ (X1 K) = (X1 £)\ (X1 K).

Since (X () \ E) and (X () \IC) are initial segments of the colexicographic order, it follows that

A is also a segment. Hence A and T satisfy the conditions of Claim 1, and therefore we have

(D), = [(A),]. (3.8)

Note that for any set system B we have |B| = |By| + ‘(B)l‘, as for every A € B exactly one
of the conditions 1 € A and 1 € A€ is satisfied. Thus it follows that

Z| = .| + | (Z),] (3.9)

and

Al = [Ail + |(A),]. (3.10)
Thus (3.8), (3.9) and (3.10) together with |Z| = | A| imply that we have

AL > [T, (3.11)
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as required. O

Claim 1 = Claim 2. Let Z and J be defined as in the statement of Claim 2. For each i4+1 < j <
nlet S = {A\{j}: A€ J, max A = j}, and note that we have S; C {1,...,j — 1}@ c X,
Since J is an initial segment of the colexicographic order, it follows that S; is an initial segment
of the colexicographic order on {1,...,j — 1}(i) for each j. Thus §; is an initial segment of the
colexicographic order also on X () as the definition of the colexicographic order is independent
of the ground set.

Note that we can express J as a disjoint union J = (Ji_;; (S; + {j}). Hence it follows that

(Tl =D 1S+l = D 1Sl (3.12)

Jj=i+1 j=i+1

Since each §; is an initial segment of the colexicographic order on X () and we have Z;-L:i ISl =

|J| = |Z|, applying Claim 1 n — ¢ — 2 times implies the result. O

Claim 2 = Claim 4. Let Z, J, Z, and J, be defined as in the statement of Claim 4. Since Z,
and J, are initial segments of the colexicographic order, the observation pointed out in the proof
of Claim 3 implies that 7C X (=) and JC X (n=i=1) are initial segments of the colexicographic

order as well. Thus Claim 2 implies that we have

(@) = [(7),]- (3.13)
Combining this observation with
Z| = .| + | (Z),] (3.14)
and
MESNVIESIVIN (3.15)
implies that | J1| > |Z41]. O
This completes the proof of Lemma [3T] O

We are now ready to deduce Theorem 23] For convenience, we recall the definition of the

<-order. For distinct z, y € [k]" we set < y if one of the following conditions holds.
1. wo (z) < wo (y)
2. wo (z) = wo (y), re (z) # re(y) and re (z) <. re(y)

3. wo (z) = wo (y), re (z) =re(y) and Ry (z) <cotex Ro (Y)

Proof of Theorem[23. Let A be a subset of [k]". For D C [k]", define
v(D) =Y _jIDNL;(n).
=0

Note that for I € {1,...,n}, s € {1,....k—1}""and t € {1,...,k—1}"7""" we have v (D) >
v (Cs4t (D)), and the equality holds only when D is s, t-compressed.
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Starting with Ag = A, we construct a sequence (A;) as follows. Given A;, if there exist
I e {l,....,n}, s € {1,...,k—1}”_l and t € {1,...,/’4:—1}"_l_1 for which A; is not s,t-
compressed, we set A;11 = Cs;(A;). Otherwise, we set A;y; = A;. Since v (A4;) is a non-
increasing sequence of non-negative integers, it must eventually become constant, and hence the
sequence (A4;) is also eventually constant. In particular, there exists A, that is s, t-compressed
forallse {1,....k—1}"""and t € {1,...,k —1}" "1 Hence there exists i for which we have
Lj(n) C Ay, for all j <iand Lj(n)N A, =0 for all j > i. Note that Lemma [2§| implies that
we have |0 (A)] > |0 (Anm)].

Let Cs,,...,Cs, be the connected components in L; (n) so that s, <. s, whenever u < v,
and define w (D) = Z;le ‘D N Cs, } It is not too hard to check that for each u < v we have
w (D) > w(Cs,.s, (D)), and the equality holds only when D is s, s,-compressed. Again, we
construct a sequence of sets starting with By = A,,. Given B;, if there exist u < v for which
B is not sy, s,-compressed, we set Bj11 = Cs, ¢, (B;), and otherwise we set Bj;1 = B;. As
before, w (B;) is a non-increasing sequence of non-negative integers, and hence there exists M
so that By is sy, Sy-compressed for all u < v. Hence there exist ¢ and p so that L; (n) C By
for all j <4, Lj (n) N By = 0 for all j > i, Cs, € By for all uw < p and Cs, N By = 0 for all
u > p. Note that Lemma [29implies that we have |§ (By)| > |0 (Ba)|, and hence it follows that
5.(A)] > 16 (Bar)l-

Let D = By NCs, and let B be the set obtained by taking BNCs, to be the set corresponding
to the initial segment of the colexicographic order of size | D|, and by taking B\ Cs, = Bas \ Cs, .
Thus Lemma 25 implies that we have |0 (Bas)| > |0 (B)|. It is not too hard to check that the
set B constructed in this way is an initial segment of the <-order. Since we have proved that
|0 (A)| > |0 (B)], this completes the proof. O

3.4 An extremal result for the generalised shadow

So far we have considered an operator which allows us to delete a coordinate that equals 0. It is
natural to ask what happens if we generalise this set-up and allow the deletion of any coordinate
that is in some chosen set.

Define the 6,-shadow of A C [k]" to be the set of points obtained by removing exactly one
coordinate that is in {0,...,r} from a point in A. In particular, we have § = dp and A = ;1.
Define v, () = >.;_,w; (x), i.e. v, (z) is the number of coordinates of x in the set {0,...,7}.
Define Ly (n) = {z € [k]" : v, (z) = s} and L<s (n) = J;_y L;i (n). The aim of this section is to
prove that the sets L<s(n) have §,-shadow of a minimal size. This follows directly from the

following result.

Proposition 32. Let A C [k]" and let As = AN L (n). Then we have

1 n
r(A)| > —— Al .
8- (412 gy sl

Proof. Let r be a given integer with 0 <7 < k — 1. Let X = [k]", Y = [k]"" ', let H be defined
as in Section 3.4 and let H be a bipartite multigraph on X UY whose edges are given as follows.

For each x € X N Ls(n) there are exactly s coordinates w;,,...,z;, which are in {0,...,r}.
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Define y; to be the element obtained by deleting the coordinate x;;. Then we certainly have
yj € 0, ({z}), and some of the points y; may be equal. Define the edges of H to be the edges
xy; for all 1 < j < s counted with multiplicities. For example, when r = 1 the point = 00121
is connected with 0121 by two edges, and with both 0012 and 0021 by one edge.

It is easy to check that for all y € Y the degree of y is n(r + 1), as this corresponds to
adding an element in {0,...,r} to any of the n possible places in the sequence y. Note that
for all x € X we have I'y (x) = 6, ({z}), and hence for any A C X we have §, (A) = I'y (A4).
By the construction of H we have d(x) = s for all z € Ls(n), and as observed earlier we have
d(y) =n(r+1) for all y € Y. Since the connected components of H are contained in the sets
Ls(n)ULs_1(n—1), wehave I'y (A)NLs_1(n—1) =Ty (AN Lg (n)). Therefore it follows that

Do (A)] =D [T (4)] (3.16)
s=0
For a set B C Lg (n) we have
s|B| =e(B,I'y (B)) < ey (B),X) = Iy (B)|n(r+1),

and hence it follows that

‘FH (B)| > m

Applying (3.17) to each term in the sum (3.16]), we obtain that

R (3.17)

1 T
(A)] = |TyA| > ———— Ayl 1
3 (A =0l 2 7y S s 4 (318)

which completes the proof. O
Now we are ready to conclude that the sets L<, (n) have §,-shadow of a minimal size.

Corollary 33. Let A be a subset of [k]" satisfying |A| = |L<s (n)|. Then we have |5, (A)] >
10, (L<s (n))|, and the equality holds if and only if A= L<s(n).

Proof. Let B = L<s(n). We start by checking that the equality holds for B in (3.18]). Note that
we have B; = L; (n) for all i < s and B; = () for all i > s. For i < s, we have

Bl = L@l = () (r+ 1 (= (4 )™

and

16, (B;)| = |Li—1 (n —1)| = <” B 1) (r+1)" (k= (@+1)"".

1—1
Therefore, we have |d, (B;)| = n(++1) |B;| for each ¢ < s, and in fact, this also holds for each
i > s as in this case both sides are 0. Hence the equality holds in (3.17) for all 4, and thus the

equality holds in (3.18) as well.
Given a set A of a fixed size for which we have |A;| < |L; (n)| for all ¢, it is not too hard

to check that the quantity m Y i—ot|A¢| is minimised if and only if A = L<, (n) U B for
a suitably chosen r and for any B C L, (n) of a suitable size. Given that the size of A
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satisfies |A| = |L<s(n)|, the quantity ﬁZLOHAA attains its minimum value uniquely
when A = L<, (n).
Hence it follows that

1 ¢ 1 -
5 (A)) > ———— S Ay > ———— S t|L: (n)] = |6 (L<s , 3.19
5 (02 gy oA 2 e S L e = o B (19
and the second inequality holds if and only if A = L<g(n). O
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Chapter 4

A grid generalisation of the

Kruskal-Katona theorem

4.1 Introduction

Recall that the lower shadow of A C {0,1}" is defined to be the set of points that can be obtained
by flipping exactly one l-entry to 0 from a point in A, and it is denoted by 0~ A. Similarly, the
upper shadow of A is defined to be the set of points that can be obtained by flipping exactly
one O-entry to 1 from a point in A, and it is denoted by 9T A. For x € {0,1}", recall that in
the previous chapter we defined the rank of x to be the sum of its coordinates. However, for the
purposes of this chapter, it turns out to be more convenient to define the rank w (z) of a {0, 1}-
sequence z by setting w (z) = |{i : z; > 1}|. Even though this notion of rank coincides with the
previous notion for {0, 1}-sequences, these two notions will differ for general k. We choose to
also call this new notion the rank given that it plays similar role with respect to the shadow
operator considered in this chapter. As before, we define {0,1}," = {z € {0,1}" : w (z) = r}.

For a given r, recall that the Kruskal-Katona theorem [25] 28] states that for a set A C {0, 1},
of a given size, the size of the lower shadow of A is minimised when A is chosen to be the
initial segment of the colexicographic order. Given A C {0,1}", recall that A is defined by
setting A = {2¢: 2 € A}. Recall from Chapter 2 that we have ‘Z‘ = |A4], A € {0,1};_,. and
OtA = ﬁ, and hence it follows that |01 A| = ‘Q*ZL Thus there is a close connection between
the lower shadow and the upper shadow, and in particular the Kruskal-Katona theorem implies
that the size of the upper shadow of A is minimised when A is chosen to be an initial segment
of the lexicographic order.

There are many natural generalisations of the lower shadow and the upper shadow for points
in [k]", and one such generalisation can be obtained in the following way. Define the d-shadow
of a point = € [k]" to be the set of points obtained by flipping one of the coordinates of x that
isin {1,...,k — 1} to 0. Denote the d shadow of a point = by d ({z}). For A C [k]", define the
d-shadow of A by setting d (A) = (J,c4d({x}). For example, we have d ({012}) = {002,010}
and d ({000}) = 0. It is clear that this operator agrees with the lower shadow operator when
k= 2.

Define the rank of a point z € [k]" to be w(x) = [{i : x; > 1}|. For 0 < r < n set [k =
{z € [k]" : w(z) = r}. Note that the rank of a point in d ({z}) is one lower than the rank of x.

43



There is a superficial resemblance to a result of Clements as we now describe. Define the
dT-shadow of a point x € [k]" by setting d* ({x}) to be the set of points obtained from x by
changing one of the coordinates of  which equals 0 to any number in {1,...,k — 1}, and we set
dt (A) =U,ea d ({z}). Again, it is clear that the rank of a point in d* ({x}) is one larger than
the rank of z.

Clements [13] found an order on [k]"" whose initial segments minimise the size of the d*-

,
shadow. Recall that the ordinary lower shadow and upper shadow can be related to each other
by using the fact that 0T A = - A. However, for k > 3, it is clear that there is no similar natural
relation between the d-shadow and the d-shadow. That is, given the Clements’ result for the
d*-shadow, there seems to be no way to deduce results for the d-shadow.

There is also a superficial resemblance to the Clements-Lindstrém Theorem [14]. Let k1, ..., &y
be integers such that 1 < ky < --- < ky,, and let F' be the set of all integer points (a1, ..., an)

with 0 < a; < k; for all 7. Define the shadow operator I' by setting
T'((a1,...an)) ={(a1 — lyaz...,a,),(a1,a0 — 1,...,a,) ..., (a1,a2...,an, — 1)} N F,

and ' (A) = U,ea T (a) for A C F. Let F, be the set of points (a1, ...,a,) € F with Y7, a; = 7.
Generalise the colexicographic order by writing (a1, ..., a,) <¢ (b1,...,by) if there exists i such
that a; = b; for all j > ¢ and a; < b;. The Clements-Lindstrom theorem states that the initial
segments of the colexicographic order minimise the size of the I'-shadow on F;..

The aim of this chapter is to find an order on [k]!" whose initial segments minimise the size
of the d-shadow among the subsets of a given size. In fact, we do this by first solving the
unrestricted version, i.e. we find an order on [k]" whose initial segments minimise the size of the
d-shadow among the subsets of a given size. Once we have proved the result for [k]", the result
for [k]," follows easily. We have recently learnt that our result may also be deduced from a result
of Frankl, Fiiredi and Kalai [19], and of London [32]; in this chapter we provide a new proof of
their result.

We start by defining the order whose initial segments minimise the size of the d-shadow for
the unrestricted version. For each i define R; (x) = {j : #; = i¢}. For a fixed k, define the order

< on [k]" by setting z < y if x = y or one of the following conditions holds.
L. [Ro ()| > [Ro (y)]|

2. |Ro ()] = |Ro (y)| and for the largest index i satisfying R; () # R; (y) we have
max (R; (z) AR; (y)) € R; (y).

As usual, we say that x < y if z < y and x # y. Now we are ready to state the unrestricted

version of our theorem.

Theorem 34. Let A be a subset of [k|" and let B be an initial segment of the <-order on [k]"
of size |A|. Then we have |d (A)| > |d (B)].

The proof of Theorem [34]is an inductive proof. As the proof of Theorem [34]is fairly long, we
split the proof it into four subsections. In the first subsection, we introduce certain codimension-

1 compression operators, and we prove that they cannot increase the size of the shadow. In
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particular, because of the compression operators, it suffices to prove Theorem [34] for those sets
A that are stable under the compression operators.

Compression operators have been much utilised previously, see e.g. [7,27]. For example, there
are very straightforward proofs using compression operators for Harper’s vertex-isoperimetric
inequality on the hypercube and for the edge-isoperimetric inequality on the hypercube. In these
examples, it is straightforward to prove the desired isoperimetric inequality for the sets that are
stable under the compression operators. However, proving the inequality for the sets that are
stable under the compression operators is highly nontrivial in our main theorem. In particular,
the main part of the proof consists of dealing with the sets that are stable under the compression
operators.

Even though n = 1 is the base case in the proof, it turns out to be convenient to consider
the case n = 2 individually as well. Hence we consider the case n = 2 in the second subsection.
This special case turns out to be reasonably straightforward when restricted to the sets that are
stable under the compression operators.

We start the proof of the general case n > 3 by making some observations on the structure of
the sets that are stable under the compression operators. As an example, we prove that it suffices
to restrict our attention to the sets A for which there exists r such that A contains all the points
with at least r+ 1 zeroes and no point with at most r — 1 zeroes, and which are also stable under
the compression operators. Let D be the set of points in A with exactly r zeroes. Since the d-
shadow operator preserves the rank, it suffices to focus on analysing d (D). The fourth subsection
is dedicated to analysing d (D) by using the previous and some new structural observations. At
this stage of the proof, we need to split the proof into multiple subcases depending on the size
and the structure of A.

Denote the restriction of the <-order on N! = {x =21 ...z, : w(x) = r} also by <, where
we define N = {0,1,...}. This order is well-defined, as it is easy to check that [m], is an initial
segment of the restriction of the <-order on [k] for all k > m, and these orders coincide on [m];".

Now we can state our main theorem.

Theorem 35. Let A be a subset of k], and let B be an initial segment of the <-order on (k]
of size |A|. Then we have |d (A)| > |d (B)|.

We end this section by introducing some notation. As before, we write X = {1,...,n},
XM ={AC X :|A=r}and X(57) = {A C X : |A| < r}. For convenience, we often write

By = [k],_, = {z € [K]" : |Ro (¢)] =}

and B>, = |J;, B; for the set of points containing exactly r coordinates that are zeroes and
for the set of points containing at least r coordinates that are zeroes respectively. Note that B,
depends on the values of n and k, but since their values are often clear from the context, the
dependence is not highlighted. For x € [k]", we write d (x) instead of d ({z}).

For a; € [k] and for positive integers ¢; € N we define (¢1 - a1) (t2 - a2) ... (t - ar) to represent
the element a;...ajas...0a3...a,...a, which has t; a1’s immediately followed by to as’s, and
so on. For example, we have (3-0)(2-4) 56 = 0004456.
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Fory=y...yn1 € [k]""", s € X and t € [k] define

tsy =y1-- - Ys—1Ys - - Yn—1,

and for Y C [k]""! we write t,Y = {tsy:y € Y}. Note that we have t,z < tyy if and only if
z <.

Finally, define the binary order <p;, on P (N) by setting X <p;, Y if X =Y or max (XAY) €
Y. We write X <pin, Y if X <3, Y and X # Y. Note that the second condition in the definition
of the <-order is equivalent to saying that for the largest index i satisfying R; (x) # R; (y) we
have R; (z) <pin Ri (y).

4.2 Proof of Theorem

For convenience, we say that a set A C [k]" is extremal if the size of d (A) is minimal among the
subsets of [k]" of the same size. The proof of Theorem [34]is an inductive proof, and note that

the result is trivial when n = 1. Throughout this section we assume that Theorem [34] holds for

[k]"~!, and our aim is to prove it for [k]".

4.2.1 The compression operators

For A C [k]", t € [k] and s € X define
Agp = {y S [k]"il ttsy € A} )

Let Bs: C [k]"_l be the initial segment of the <-order of size |As;|, and set Csy = tsBs .
Define the Cs-compression of A by setting Cs (A4) = f;ol Cs,t. We start by proving that the

Cs-compression operators cannot increase the size of the d-shadow.

Claim 1. For all A C [k]" and s € X we have |C, (4)| = |A| and |d (A)| > |d (Cs (4))].

Proof of Claim 1. For a given s, note that the sets Cs; are pairwise disjoint for ¢ € [k], as every
x € Cy, satisfies x5 = t. Since |Cy | = |Ag | for all t € [k], it follows that |Cs (A)] = |A.
Note that we have

k—1 k—1
d(CS(A)):d<UtsBS,t>:<<U035t>u0d SO) <Utd St), (4.1)
t=0 t=1

and similarly we have

k—1 k—1
-a(ens) - (Gon)onatan) o (Grann) o
t=0 t=1

Observe that the k sets

k—1
(U OSB&t) U0sd (Bso), 1sd(Bsa),---,(k—1),d(Bsp_1)

t=1
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are pairwise disjoint as their s'* coordinates are distinct. Hence we have

k—1 k—1 k—1
d (U tsBs,t> | = (U oSBsJ) U0sd (Bso)| + Y [tsd (Bsy)|, (4.3)
t=0 t=1 t=1
and similarly we have
k—1 k—1 k-1
d (U tSA&t) ‘ = | (U OSAM) U0sd (Aso)| + Y [tsd (Asy)] - (4.4)
t=0 t=1 t=1

Since Theorem [34) holds for [k]" !, it follows that for any s and ¢ we have

‘tsd (As,t)‘ = ’d(As,t)| > |d(Bs,t)| = |tsd (Bs,t)‘ . (4'5)

Note that the image of an initial segment under the d-shadow is also an initial segment. Since

initial segments are nested, we have

k—1
<U 05B57t> U04d (Bs,)| = max (|Bsil,...,|Bsk-1l,|d(Bso)|) - (4.6)
t=1
Combining the trivial estimate
k—1
<U 05A57t> U0sd (Asp)| > max (|Ag1],...,[Ask—1],]d(Asp)]) (4.7)
t=1

with (4.5)), (4.6) and the fact that |A,;| = |Bs;| for all 0 <1 < k — 1, it follows that

k—1 k—1
‘ (U OSA&t) U 0sd (Ag ) (U osBs,t) U 05d (Bs))

t=1 t=1

>

. (4.8)

Thus pairing up the terms in (4.3)) and (4.4) in the natural way and applying (4.5) and (4.8)), it
follows that

[d(A)] = [d(Cs (A))], (4.9)
which completes the proof. O

We say that T' C [k]" is compressed if for every s € X we have C, (T') = T. We now make
the standard observation that it suffices to prove Theorem [34] for compressed sets.

Claim 2. Let A be a subset of [k]". Then there exists a compressed set B C [k]" of size |A| for
which we have |d (A)| > |d (B)].

Proof of Claim 2. Consider a sequence (4,,) with Ag = A obtained as follows. Given A,,, if there
exists s € X so that Cs (Ay,) # Am, we set Ay 11 = Cs (Ay,). Otherwise, we set A1 = Ap-
Let K; be the i'" set in [k]" with respect to the <-order. As in Chapter 3, define f (A) =
Zf; il{K; € A}, where [{K; € A} denotes the indicator function of the event K; € A. By the
construction of the compression operator Cs, it is easy to verify that we have f (Cs (A)) < f(A)
for all s € X, and for a given s the equality holds if and only if we have Cs (A) = A. Since f (A)
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is always a non-negative integer, it follows that the sequence f (A4,,) is eventually constant. Thus
there exists r for which the condition f (Cs (4,)) = f (A4,) is satisfied for all s, and hence A, is
compressed.

By Claim 1, for all 0 < ¢ < r — 1 we have |d(4;)] > |d(Ai+1)|. Hence it follows that
|d (A)| > |d(A,)|, and thus we may take B = A,. O

From now on, let A C [k]" denote an arbitrary compressed set, and let C' denote the initial
segment of size |A| on [k]". By Claim 2, it suffices to prove that |d (A)| > |d (C)|.

4.2.2 The special case n = 2.

Before moving on to the general case, we prove that Theorem [34] holds when n = 2. This turns

out to be convenient as n = 2 is too small in one part of the general argument.

Claim 8. Theorem [34 holds for a compressed set A C [k]*.

Proof of Claim 3. The claim is trivial if |A| = 1. Let C' denote the initial segment of [k]? of size
|A|. If 2 < |A| <2k —1, then C is a subset of B>1, and hence it follows that d (C') = {00}. Thus
we evidently have |d (A)| > |d (C)].

Now suppose that |A| > 2k. Write A as A = AgU X, where Ag = AN B>; and

X =A\Ay={r122 € A: 21 #0 and z9 # 0} .

Since |B>1| = 2k — 1, it follows that |X| > |A| — 2k + 1, and in particular X is non-empty.
Let x1,...,z, € {1,...,k—1} and y1,...,ys € {1,...,k — 1} be chosen so that

d(X)={0z1,...,0x,,110,...,ys0}.

Then we certainly have
X C{yjmi:1<j<s, 1<i<r},

which implies that | X| < rs. Since for non-negative integers r and s we have r + s > (\/m, it
follows that |d (X)| > [\/m—‘

Since A is compressed and |A| > 1, it follows that A contains a point xjz9 # 00 with 1 =0
or g = 0. In particular, we must have 00 € d (A). Hence it follows that d (4) = {00} U d (X).
As | X| > |A| — 2k + 1, we have

d(A)] > 1+ [\/4<\Ay "okt 1)] .

If r2 + 2k < |A] < r?2 4+ 7+ 2k — 1 for some 1 <r < k — 2, it is easy to verify that C satisfies
CCBs1U{mze: 1<z <r+1,1<uzy <r}. In particular, we have

d(O) <1+ +1)+r=1+ W4(|A\—2k+1)},

and hence it follows that |d(A)| > |d(C)|. If 2 + 7 + 2k < |A| < (r+1)? + 2k — 1 for some
1 <r <k-—2,itis easy to verify that C satisfies C C B>y U{z122:1 < 1,29 <7+ 1}. Again,

48



we have

() <1+2(r+1) =1+ [VA(A—2k+1)] .

Thus in either case we have |d (A4)| > |d (C)|. O

4.2.3 General observations

From now on, we assume that n > 3, and our aim is to prove that Theorem holds for a
compressed set A C [k]". As in the previous section, the proof is trivial when |A] = 1 or
2 < |A| < n(k—1)+1, as in these cases the d-shadow of the initial segment has size 0 or 1
respectively. Thus we may assume that |A| > n (k —1) + 2.

We say that B C [k]" is a down-set if for any points y € B and = € [k]" satisfying z; < y;
for all j we have x € B. In this subsection, we make some observations on the structure of a
compressed set A. We start by proving that a compressed set is also a down-set, and in fact,
this follows from a slightly stronger statement. Secondly, recall that for an initial segment C'
there exists r satisfying B>,4+1 € C' C B>,. For a compressed set the same conclusion does not
necessarily hold, but as a second structural claim we prove that for a compressed set A there
exists r which satisfies d (B>y4+1) C d(A) C d(B>,). Since we only consider the size of the
d-shadow of A, in a sense this is ‘equally good’ for our purposes as having B>,4y; C A C B>,.
Note that the second observation allows us to focus only on d (AN By).

Before proving that A and d(A) are down-sets, we start with a straightforward observation
that turns out to be even more useful. Given points z,y with x < y and y € A, suppose that
there exists an index 7 satisfying x; = y;, and for convenience set t = z;. Since A is compressed,
it follows that A;; is an initial segment. Let 2’ and ¢’ be the points obtained from x and y by
removing their ¥ coordinate, and note that we have y’ € Ay Since z < y and z; = y;, it
follows that ' < y’. Since A is compressed and y’ € A;, it follows that 2’ € A;; and hence we

also have x € A. In summary, we have proved that

x<y,y€ A, x; =y; for somei=x € A. (4.10)

This turns out to be a very useful fact that we will use throughout this chapter. As a simple

consequence, we now prove that A and d(A) are down-sets.

Claim 4. Let A C [k]" be a compressed set. Then both A and d (A) are down-sets.

Proof of Claim 4. Let y € A and let x € [k]" be a point satisfying x; < y; for all i. Let z € [k]"
be obtained by taking z; = z; and 2z = ys for all s > 2, and note that we certainly have
x <z <y. Since yo = zo and x1 = 21, by using we first obtain that z € A, and applying
again we obtain that x € A. This completes the proof of the first part.

Let y € d(A) and let € [k]" be a point satisfying x; < y; for all i. Choose a point v € A
for which we have y € d (v), and let a be the unique index for which we have v, # 0 and y, = 0.
Let u be the point obtained by setting u, = v, and u; = x; for all j # a. Then for any j # a
we have u; = x; < y; = v;. Since we also have u, = v,, the first part implies that v € A. Since
Zaq < Yo = 0, we must have z, = 0. Hence it follows that x € d (u) C d(A), which completes the
proof. O
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Before moving on to the second structural fact, we introduce some notation that will be used
throughout the rest of this section. For x = x1...2, € N, set m (z) = max (z1,...,x,) and
recall that for all i € N we defined R; (x) = {j : x; = i}. Define

c(z) = (m (), Ry (2) | Ro (2)]) -

That is, the first coordinate of ¢ (z) is max (z1,...,x,), the second coordinate is the set of all
positions where this maximal value is attained and the last coordinate is the number of z;’s that
equal 0. Define the component of x by setting C, = {y € [k]" : ¢c(y) = ¢ (2)}.

Note that we have x € [k]" if and only if C, C [k]", as the maximal value among the coor-
dinates is the same for any y € C,. Moreover, since every y € C,, also shares the same positions
of the coordinates that attain the maximal value and has the same number of coordinates that
equal 0, it follows that for any other class C', either all the points in C, occur before the points
in C, with respect to the <-order, or all the points in C, occur after the points in C,. Hence we
can order the classes inside [k]" as C1,...,Cy, such that whenever i # j, for points z € C; and
y € Cj we have x < y if and only if ¢ < j.

Note that for all x,y € C; there exists r satisfying z, = y,. Indeed, any 7 € R,y (z) =
Ry (y) (y) works. Hence implies that for any i we either have AN C; = (0, or there exists
y; € C; such that ANC; ={x € C;:x <y}

For fixed s and ¢, the classes of the form (s, A4, t) for A € X"~ occur consecutively with
respect to the <-order. Furthermore, from the definition of the <-order it is easy to verify that
the classes of the form (s, A, t) for given s and ¢ occur in the order induced by the binary order on
X (==t Tn particular, if A; and A;4; are two consecutive sets under the binary order satisfying
|A;| <n—tand |Ajy1| < n—t, then (s, A;,t) immediately precedes (s, A;t1, t) in the order of
classes.

Recall that B is defined to be the set of points with exactly s coordinates that equal 0, i.e.
Bs ={z € [k]" : |[Ro ()] = s},

and B>, = |J;__, B;. Note that if X is an initial segment of the <-order, there exists r such that
B>,11 € X C B>,. Our next aim is to prove that for any compressed set A there exists r for
which we have d (B>,41) C d(A) C d(B>y).

Claim 5. Let A be a compressed set and let 0 < p < m be the minimal index satisfying
AN B, # (. Then we have d(B>pt1) C d(A) C d(B>p). In particular, if r is chosen such
that |B>y41| < |A| < |B>,|, it suffices to prove Theorem (34| for compressed sets A which satisfy
B>,41 € AC B>,

Proof of Claim 5. Let p be the minimal index for which we have AN B, # (), and let u be the
minimal point under the <-order in AN B,. Since A is a down-set and u € B,, it follows that
every coordinate of u must be either 0 or 1. Hence there exists a set X of size n — p for which
we have u; =1{i € X}.

Let © € Bopyo = d(B>pt1). If Ry (z)NX # 0, choose i € Ry (x) N X and consider the point
y obtained by taking y; = x; for j # 7 and y; = 1. Since 7 € X, it follows that u; = 1 = y;. On
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the other hand, since |Ry (y)] =p+2—-1=p+1>p = |Ry(u)|, it follows that y < u. Hence
implies that y € A, and hence it follows that z € d (A).

If Ry(x) N X =0, choose any i € Ry (x) and again consider the point y obtained by taking
yj = x; for j #iand y; = 1. Let j € Ry (z) \ {i}, and note that such j exists as |Ro (z)| >
p+2 > 2 Since j € X, it follows that u; = 0 = z; = y;. Similarly as in the first case, we
have |Ry (y)| > |Ro (u)| and hence it follows that y < w. Hence implies that y € A, and
therefore we have x € d (A), which completes the proof of the first part.

For the second part, suppose that A’ is a compressed set satisfying |B>,11| < |A’| < |Bx,| for
some 7. Let C denote the initial segment of the <-order of size |A’|, and assume that Theorem
holds for any compressed set A C [k]" satisfying the conditions |A| = |A’| and B>,41 € A C B>,.
Let p denote the least integer for which we have A’ N B, # (). Since |A’| > |B>,11/, it follows
that p <.

If p < r, the first part implies that we have d (B>,) C d (B>p+1) C d(A’), and since C C B>,
it certainly follows that |d (A")| > |d (C)|. If p = r, the choice of p implies that we have A’ C B>,
and the first part implies that d (B>,1+1) C d(A4’). Let D' = A’ N B,, and note that the last
two observations imply that d (A") = d (B>,+1) Ud(D'). Let C' = C' N By, and note that since
|A'| = |C| and B>,4+1 C C, it follows that |C’| < |D’|. Let D be the set of |C’'| smallest points
in D’ under the <-order, and let A = B>,1; UD. It is easy to see that A is compressed and we
have |A] = |C| = |A/|. By the construction of A it follows that B>,+; C A C B>, and since
we have D C D" and d(B>,41) C d(4’), it follows that d (A) C d(A’). In particular, we have
|d (A")| > |d (A)|, which implies the result. O

4.2.4 Rest of the proof

Let A be a compressed set, let r be chosen so that |Bs,41] < |A| < [B>,| and let C be
the the initial segment of the <-order of size |A|. By Claim 5 we may assume that we have
B>,41 € A C B>,. From now on, we set D = AN B,. Since |d(A)| = |B>r42| + |d(D)| and
|d (C)| = |B>r42| + |d (C N By)|, it suffices to focus on comparing d (D) with d (C' N By).

We split the proof into two cases depending on whether we have |A| < |B>1| or |A| > |B>1].
Case 1. |A| < |B>1].

Since |A| < |B>1], it follows that A = B>,41 U D for some D C B, and r > 1. Recall that
Theorem [34]is trivial when |A| < n(k — 1) + 1, and hence we may assume that r < n — 2.

Note that each of the sets B>,41 U ([s]" N B;) is an initial segment of the <-order, and
recall that [s]" = {0,...,s — 1}". We start by comparing the sets d (D) and d ([s]" N B,) for an

appropriately chosen s.

Claim 6. Let s = max{m (z) : 2 € D} = max{z; : z1...x, € D}. Then we have d ([s]" N B,) C

d(A). In particular, if r and s are chosen so that
[Bsrsa U ([s]" N By)| < |A] < [Bsri U (s + 1" N B,
it suffices to prove Theorem [34] for compressed sets A satisfying

Borpr U([s]" N B,) S AC Bs, U([(s + 1" N B,))).
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Proof of Claim 6. When s = 1, the claim is equivalent to the condition B>,11 C d (A), which is
certainly true by the choice of A. Now suppose that s > 2, and let z be the least point under
the <-order in D with m (z) = s. Since A is a down-set and s > 2, the minimality of x implies
that there exists a unique index 7 satisfying z; = s.

Let v € d([s]" N B,). Since |Ry (v)| = r+ 1 > 2, it follows that there exists j # 4 for which
we have v; = 0. If x; # 0, consider the point z obtained by setting

Ut lft#j
Zj lft:j .

Zt =
Otherwise, pick any p # j with v, = 0, and consider the point z obtained by setting

vy ift#p
1 ift=p

Zt =

Since v € [s] for all ¢ and j is chosen so that x; # s, in either case we have z € [s]". In both
cases we certainly have v € d (z) by the construction of z, and we have |Ry (z)| = |Rp (z)|. Since
m (x) > m(z), it follows that z < z.

In the first case we have z; = z;, and hence implies that z € A. In the second case
we have z; = v; = z; = 0, so again implies that z € A. Hence in either case we have
v € d(A), which completes the proof of the first part.

In order to prove the second part, suppose that A’ is a compressed set satisfying
[B>r1 U ([s]" N By)| < [A] < [Bspr1 U ([s + 10" N By)|

for some r and s. Recall that by Claim 5 we may assume that B>,4+; C A’ C Bs,. Let C be the
initial segment of the <-order of size |A’|, and note that we have C C B>,4+1 U ([s+ 1]" N B,).

Let t = max (m(x) : © € A’ N B,). Since |A’| > |B>,+1 U ([s]" N B,)|, we must have t > s. If
t > s+ 1, the first part implies that

d(Bsr+1U([s+1]"NB,)) Cd(A).

In particular, it follows that d (C) C d (A’), and thus we have |d (4")] > |d (C)].

If t = s, it follows that A’ C Bs,y1 U ([s+1]"NB,). Let X = {x € ANB, : m(x) = s},
and note that we have X # (). Let Y be the set of k least points in X under the <-order, where
k =1|A"| — |B>r4+1 U ([s]" N B,)|, and consider A defined by A = B>,41 U ([s]"NB,)UY. It is
clear that A is compressed, and we have |A| = |4A'| = |C|.

By the construction of A it follows that B>y+1 U ([s]" N B;) C A C Bspp1 U ([s +1]" N B,).
By Claim 5 and the first part, we have d (B>,4+1 U ([s]" N B;)) € d(A’). In particular, it follows
that d (B>,41U ([s]"NB,)) Ud(X) C d(A"). Since d(Y) C d(X), we must have d(A) =
d(B>r+1 U ([s]" N B,))Ud(Y) C d(A’). Hence it follows that |d (A’)| > |d (A)|, which completes
the proof. O

Let s = max (m (x) : « € D). From now on, we suppose that A is a compressed set satisfying
BZT—H U ([S]n N B,«) CAC BZT-H U ([8 + 1]” n Br).
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We split our proof into two subcases based on whether s = max (m (x) : © € D) satisfies s = 1
or s > 2. When s = 1, Theorem [34]is equivalent to the Kruskal-Katona Theorem, and hence the

case s > 2 is the main part of the proof.
Case 1.1. s=1.
Since s = 1, it follows that D C {0,1}" N By, and note that we have {0,1}"NB, = {0,1},_.

It is easy to check that the colexicographic order and the <-order coincide on {0,1}" . Hence
Kruskal-Katona theorem implies that Theorem [34] holds when s = 1.

Case 1.2. s > 2.

Since s > 2, it follows that for any point x changing a value of a non-zero coordinate to 1
cannot increase the set Rs (x). As a consequence of Claim 6, from now on, we only need to focus
on the points in D that contain s as a coordinate.

Let A = X(S»=7)\ {(}, and for X € A denote the class C; corresponding to the tuple (s, X, )
by Cx. Note that A characterizes all the classes containing points with exactly r zeroes and s as
a maximal coordinate. As noted before, the order of the classes under the <-order is the order
induced on A by the binary order.

Let T € A be the largest set under the binary order satisfying C7 N D # (). We start by
proving that for any S € A with S <p;,, T we have d(Cs) C d(D). If SNT # (), the claim
follows easily as Cs C D holds by . We start by proving the claim when 7' contains only
one point, as in this case such an easy argument does not exist and the stronger conclusion
Cs C D may not always hold. In Claim 8 we deduce that for any S € A with S <, T" we have
d(Cg) C d(D) regardless of the size of T

Claim 7. Let X € A be a set satisfying Cx N D # () and |X| = 1. Then for any S € A with
S <pin X we have d (Cg) C d (D).

Proof of Claim 7. Let i be chosen so that X = {i}, and define the particular point
a=s;((n—r—1)-1)(r-0)).

Note that a is the least point in C'x, and hence implies that a € D.

Let z € d(Cg). Since D C B, for some r > 1, it follows that |Rg (x)] = r + 1 > 2. Hence
there exist distinct elements [ and m satisfying z; = z,,, = 0. In particular, we may assume that
m # 1.

Let y be the point obtained by taking y; = x; for j # m and y,, = 1, and let z be the point
obtained by taking z; = z; for j # [ and z; = 1. Note that we have R, (y) C S and Rs(z) C S,
and recall that Rs(a) = X . Since S <p;, X, these conditions imply that y < a and z < a.
Note that by the construction of the elements y and z we have y,, = 1 and z,, = x,,, = 0. Since
m # i, it follows that a,, € {0,1}, and hence we either have a,, = yp, or a,, = 2zp,. Thus
implies that we have y € D or z € D, and in either case it follows that = € d (D). O]

Claim 8. Let T € A be the largest set under the binary order satisfying Cp N D # (). Then for
any S € A with S <p;, T we have d(Cg) C d (D).
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Proof of Claim 8. The result follows immediately from Claim 7 when |T| = 1. Hence we may
assume that |7 > 1, and define 77 = {maxT}. Note that we have Ty N T # 0 and T1 <p, T
Hence implies that Cr, C D.

Let S € A be a set satisfying S <p;, T. If max S = max T, then implies that Cs C D,
and in particular it follows that d (Cs) C d (D). If max S < max T, it follows that S <p;, T1. By
applying Claim 7 for the set T} which contains only one point, we obtain that d(Cgs) C d (D),
which completes the proof. O

Now we are ready to finish the proof of Case 1.2. Let C be the initial segment of the <-order of
size |A|. Recall that r and s are chosen so that B>,4+1U([s]" N B;) C A C B>,11U([s+ 1]" N B,).
Since C'is an initial segment, it follows that there exist T} € A and = € T1 so that

C = Bs, U([s|"NB,)U U ¢s)u{yiy<ayecn}.
SeA, S<pinTh

Since |A| = |C|, we must have T1 <p;,, T. If T} < T, we have d(Cg) C d(A) for all S with
S € Aand S <p;, T1 by Claim 8. In particular, it follows that d (C) C d(A), and therefore we
have |d (4)] > |d(C)].

Now suppose that 77 = T'. Let z € Cr be chosen so that we have ANCr = {y : y < z,y € Cr}.
Since C' is the initial segment of the <-order of size |A|, it follows that x < z. Hence we have
d{y:y<z,yeTi}) C d(A), and it follows that d(C) C d(A). This completes the proof of
Case 1.2.

Case 2. |A| > |B>1].

Recall that A is of the form A = B>y U D for some D C By = {1,...,k —1}". Note that
Theorem [34] holds when |A| = |B>1| + 1 as |d(z)| = n for any x € By. From now on, we will
assume that |A| > |B>1| + 1. Hence it follows that |[D| > 1, and thus s = max (m (z) : x € D)
satisfies s > 2.

Ideally, we would like to use an approach that is similar to the one used in the proof of Case
1. However, it turns out that some difficulties may arise with the appropriate versions of Claims
6 and 8. We start with a preliminary result which states that also holds for points inside
d (D). Then we move on to prove an appropriate version of Claim 6. When T" # {1}, we again
have d ({1,...,s—1}") C d(A). When T = {1}, one specific point from d ({1,...,s—1}")
might not be contained in d (A).

Claim 9. Let y € d(D), and let x be a point satisfying the conditions |Ry (z)| =1 and z < y.

Furthermore, suppose that there exists an index 7 satisfying x; = y;. Then we have z € d (D).

Proof of Clatm 9. Let x and y be points satisfying the conditions described above, and note that
we may assume that x < y. Since y € d (D), there exists v € D for which y € d(v). Thus there
exists b satisfying v; = y; for j # b, where y, = 0 and v, # 0. Since A is a down-set, we may
assume that v, = 1. Note that b is the unique index for which we have y, = 0 as |Ro (y)| = 1.
Since |Rp ()| = 1, there exists a unique index a with z, = 0. Let u be the element obtained

by taking u; = x; for j # a and u, = 1, and observe that we have x € d (u).
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Our aim is to prove that u € D. Let t be the largest index satisfying R; () # R (y), and
note that for this choice of ¢t we have max (R, () AR; (y)) € R (y). Observe that we must have
t > 1, as for any point z the sets R; (z) are disjoint and their union equals {1,...,n}.

First note that by the construction of the points u and v it follows that Rs (u) = Rs (x) and
Rs (v) = Rs (y) for s > 2. In particular, it follows that Rs (u) = Rs(v) for all s > t.

We start by proving that ¢t = 1 implies v = v. Indeed, by the previous observation we have
Rs (u) = Rs (v) for all s > 1, and we also have Ry (u) = Ry (v) = ). Since for any point ¢ the
sets R (c) are disjoint and their union equals {1,...,n}, we must also have Ry (u) = Ry (v). In
particular, it follows that u = v.

If t > 2, it follows that Rs(u) = Rs(z) and Rs (v) = Rs(y) for all s > t. In particular, it
follows that max (R (u) AR; (v)) € R; (v), and thus we have u < v.

Recall that there exists an index i satisfying x; = y;. If i € {a,b}, it follows that u; = x; and
v; = y; by the construction of the points v and v. In particular, we have u; = v;, and thus
implies that v € D.

Now suppose that i € {a,b}. Since z, = 0 and y, = 0, we must have x; = y; = 0. Since
both Ry (x) and Ry (y) are sets containing only one point, it follows that a = b = i. Thus by the
construction of u and v it follows that u; = v; = 1. As before, implies that v € D, which
completes the proof. O

Claim 10.
1. If T # {1} we have d ({1,...,s — 1}") C d(A).
2. T ={1} wehave d({1,...,s —1}")\{0((n—1)- (s — 1))} C d(A).

Proof of Claim 10. We start with the case T' # {1}, and recall that we have s > 2. Let j =
max (1), which by assumption is at least 2. Define the particular point a = s; ((n — 1) - 1) which
is the least point in Cyj;. Let z be a point in C7 N D. Since a < z and a; = z; = s,
implies that we have a € D. Define the particular point b = s;_; ((n — 1) - 1), and note that b is
well-defined as j > 1. Since 2(n — 1) > n, there exists an index i satisfying a; = b; = 1 by the
pigeonhole principle. Thus implies that b € D.

Let z € d({1,...,s — 1}), and let i be the unique index satisfying xz; = 0. Let y be obtained
by taking y, = w, for r # i and y; = 1. Since s > 2, it follows that y € {1,...,s —1}", and
hence we have y < a and y < b.

We have a; = y; = 1 whenever i # j, and we have b; = y; = 1 whenever ¢ = j. Since a,b € D,
in either case we have y € D by . This completes the proof of the first part.

Now suppose that 7" = {1}. For convenience, define the points w = 0((n—1)-(s—1))
and a = s((n—1)-1). Note that a is the least point in Cp, and thus we have a € D. For
every 2 < ¢ < n define the points b; = 1;((n —1)- (s —1)). Then (b;); =1 = a; and b; < a
for all ¢, so implies that we have b; € d (D) for all i. For 2 < i < n define the points
¢i = 0;((n—1)-(s—1)), and note that we have ¢; € d(b;) for all i. Hence it follows that
ci €d(D) for all 2 <i<n.

Let = be a point satisfying € d ({1,...,s —1}") and = # w. If z; = 0 for some i > 2, we
have x; < (¢;); for every l. Since d (A) is a down-set by Claim 4, it follows that z € d (D).
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Now suppose that x is a point with 1 = 0 and = # w. Since x # w, it follows that Rs_1 (z) is
a proper subset of {2,...,n}. Note that Rs_1 (c2) = {1,3,...,n} islarger than any proper subset
of {2,...,n} under the binary order, and hence we have < ¢o. Let k € {2,...,n} \ Rs—1 (),
and consider v obtained by taking v; = (62)1 for [ # k and vg = x. Then we have x < v < ¢, and
hence applying Claim 9 twice implies that = € d (D). Thus we have d ({1,...,s — 1}") \ {w} C
d (D), which completes the proof. O

Define the particular points w =0((n—1)-(s—1))anda; =i((n—1)-(s—1)) for 1 <i <
s—1. It is easy to verify that we have w € d (z) for z € [s]" N By if and only if z = a; for some i.
In order to deal with the case T' = {1}, we prove that adding suitably many consecutive points
to an initial segment must increase the size of the d-shadow. This is done in Claim 12, but first
we need a preliminary result. For x € [k]", define the point " to be the successor of z, i.e. x "

is the least point under the <-order satisfying z < z™*.

Claim 11. Let x € D and suppose that we also have y = 27 € D. Then the following claims

are true.

1. There exists a unique index ¢ satisfying y; > x;.
2. If y; < x; for some j then we have y; = 1.

3. If y; > 2 for every j, we must have y; > x; for every j, where ¢ is the unique index satisfying

Yi > ;.

Proof of Claim 11. Let t be the largest index satisfying R; (z) # R (y), and since x < y we
must have Ry (z) <pin B¢ (y). Let i = max (R; () ARy (y)), and since i € Ry (y) it follows that
Yi > Tj.

Consider the point z obtained by taking z; = min (x;,y;) for every j # i and z; = y;. By
the construction of the element z we have z; < y; for each j, and hence we have z < y. For all
s >t we have R (x) = R (y), and hence by the construction of z it follows that R, (x) = Rs (2)
for all s > t. Similarly, it is easy to see that we have Ry (x) N R (y) C Ry (z). Since we also
have ¢ € R;(2), it follows that max (R; (z) AR: (z)) = i € Ry (z), which implies that z < =z.
Combining these two observations, we obtain that z < z < y, and since y = x™ it follows that
y = z. Thus for any j # i we have y; = min (z;,y;) < x;, which completes the proof of the first
part.

Let X = {j:y; <z}, and let u be the element obtained by taking u; = 1 for every j € X
and u; = y; for every j ¢ X. Since y; > 0 for every j, we must have u; < y; for every j, and
hence we certainly have u < y. Let ¢t and i be defined as in the previous part. As in the previous
part, it is easy to check that we have Rs () = Rs (u) for all s >t and max (R; (u) ARy (x)) = 1.
Therefore we have < w. Combining these two observations we obtain that x < u < y, and
since y = x" it follows that y = u. Hence the condition y; < x; implies that y; = 1, which
proves the second part.

Suppose that we have y; > 2 for every j. Combining the first and the second part, it follows
that there exists a unique 4 so that y; = x; for all j # 4 and y; > ;. Since y is the successor of
x, it evidently follows that y; = x; + 1. Our aim is to prove that x; is strictly smaller than any

other x;.
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First assume that there exists k satisfying x < x;. Consider the point v obtained by taking
vj = x; for j # k and vy = x; + 1, and note that we certainly have x < v. For convenience,
set a = x; and b = zp. By the construction of v it follows that Rs(x) = Rs(y) = Rs (v)
for all s > a + 2. Since b < a, it follows that Rast1(y) = Rat1 (x) U {i}, while we have
Rat1 (v) = Rgy1(z). Hence we also have v < y, which contradicts the fact that y is the
successor of x.

Again, let a = z;, and note that when a = 1 the claim follows evidently. Now suppose that
for all j we have z; > a and |Rq (x)| > 2. Let v be the point obtained by taking v; = x; for
all j € Ry (), vy =a+1and v; = 1for all j € R, (x) \ {i}. Note that for all s > a + 2 we
have Rs(x) = Rs (v) = Rs(y). However, we also have Ry11(y) = Rat1 (v) = Raq1 (z) U {i},
R, (y) = Ra () \ {i} and R, (v) = 0 since a > 1. Since R, () contains at least two elements, it
follows that r < v < y, which contradicts the fact that y = z*.

Hence for each j # i we have x; > x;. Since y; # 1 for all j, the second part implies that we
have y; > x; for all j. Hence for all j # ¢ we have y; > x; > x;, and by the choice of i we have
y; > x;. This completes the proof of the third part. O

Claim 12. Let z1,...,211 € {1,...,L —1}" be consecutive points under the <-order. Let
X and Y be the initial segments of the <-order on [k]" defined by X = {y:y <z 1} and
Y ={y:y <z1}. Then we have |d(X)| = |d(Y)| if and only if z; = (i) (n — 1) - (L — 1)) for
all1<:<L—1.

Proof of Claim 12. Let x € {1,...,L —1}", and consider the initial segment Z defined by Z =
{y : y < x}. We start by proving that |d (Z U {z})| = |d(Z)| if and only if Ry () = (). Suppose
that there exists an element z € d(Z U {z}) \ d(Z), and let j be the unique index satisfying
zj = 0. Let a1, ...,ar—1 be the points obtained by taking (a;), = z for k # j, and (ai)j =3. It

is clear that we have a; < -+ < ar_1. Furthermore, for an element u € {1,..., L — 1}" we have
z € d(u) if and only if u € {ay,...,ar—1}. In particular, it follows that z € d (Z U {z}) \ d(Z)
if and only if ZN{ai,...,ar—1} = 0 and = € {a1,...,ar—1}. Since Z is an initial segment

and z is the least element in Z¢ under the <-order, we must have x = a;. Hence the condition
|d(Z U{z})| = |d(Z)| implies that Ry (x) = 0. Conversely, if z; = 1 for some ¢, consider the
element u obtained by taking u; = x; for j # i and u; = 0. By using a similar argument, it is
easy to see that we have u € d(x) \ d(Z).

Let X and Y satisfy the conditions of the claim and suppose that we have |d (X)| = |d (Y)].
Then the previous observation implies that we have Ry (z;) =0 for all 2 <i < L — 1.

Let m (i) denote the value of the smallest coordinate of the point z;. Since Ry (x;) = 0 for
2 < i < L —1, the third part of Claim 11 implies that we have ($i+1)j

particular, it follows that m (i + 1) > m (i), i.e. m is strictly increasing. Since Rj (z2) = 0, we

> m (i) for all j. In

have m (2) > 2, and hence we must also have m (i) > i for all 4. In particular, it follows that
m(L—1) > L — 1, and thus we must have ;1 = (n- (L —1)). Since the points z; occur
consecutively under the <-order, it is easy to verify that we have x; = (i) (n — 1) - (L — 1)) for
al1<:<L—1. OJ

As a consequence of the following claim, it suffices to prove Theorem [34] only for compressed
sets A satisfying the condition B>; U ([s]" N By) C A C B>1 U ([s + 1]" N By) for some s.
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Claim 13. Let A be a compressed set with |A| > |B>1| + 2, and let s > 2 be chosen so that
|B>1 U ([s]" N By)| < |A| < |B>1U ([s+1]" N By)|. Then there exists a compressed set B of size
|A| satisfying B>1 U ([s]" N By) € B C B>1U([s + 1]" N By) for which we have |d (A)| > |d (B)].

Proof of Claim 13. Let ¢ = max (m (x) : x € D), and note that the condition on the size of A
implies that we have ¢ > s. Let T be the largest point under the binary order so that the class
CT has a non-empty intersection with A.

First suppose that 7' = {1}, and let C be the initial segment of the <-order of size |A|. Define
the particular points w = 0((n—1)-(¢g—1)) and w; =i((n—1)-(¢g—1)) for 1 <i < ¢q— 1.
Thus Claim 10 implies that we have d ([s]") \ {w} C d (A).

We start by verifying that C N Cpr C AN Cp. If ¢ > s, the inclusion is trivial as we have
CNCr=0. If ¢ =s, it follows that A\ (B>1 U ([s]" N By)) = AN Crp, and similarly we have
C\(B>1 U ([s]" N By)) = CNCr (as T = {1} is the first non-empty set under the binary order).
Since C' is an initial segment of size |A|, we have |[ANCr| > |C N Cr|. As ANCr is of the form
{y € Cp :y <z} for some = € Cp, the inclusion follows.

First consider the case when we also have w € d(A). Then Claim 10 implies that we have
d([s]") € d(A), and since we also have d (C'NCp) C d(A), it follows that d (C) C d(A). Thus
we may take B = C.

Now suppose that we have w & d(A). We first deal with the easy case ¢ > s. Note that we
have d (C) C d(B>1 U ([s + 1]" N By)). Since ¢ > s+ 1, Claim 10 implies that d ([s + 1]" N By) \
{w} C d(A), and hence it follows that d (C)\ d (A) C {w}. Since ¢ > s+ 1, A contains a point
u € ([q]" \ [s]")NBy. Asn > 2 and Ry (u) =0, d(u) contains a point having a coordinate which
is at least s+1. In particular, it follows that d (u) € d (C'), and hence we have |d (4) \ d(C)| > 1.
Combining this with the earlier observation |d (C) \ d (4)| < 1, it follows that |d (A)| > |d(C)|,
and hence we may take B = C.

Now suppose that we have w & d (A) and g = s. By using the previous observation CNCp C
AN Cr and Claim 10, it follows that d (C) \ d (A) = {w}. Since w ¢ d(A) and g = s, it follows
that {wi,...,ws_1} € C'\ A, and in particular we have |(C'\ A) N (B>1 U ([s]" N By))| > s — 1.
Since A\ (B>1U ([s]"NBy)) = ANCr and C \ (B>1 U ([s]" N By)) = C N Cr, it follows that
|[ANCyp| > |CNCp|+s—1.

Let x be the largest point in A and y be the largest point in C under the <-order. Define
X = {z:2 <z}, and note that C = {z:2 <y} as C is an initial segment. Note that we
have z,y € Cr, and hence we have |X| > |C| + (s —1). Thus Claim 12 with L = s implies
that we have |d(X)| > |d(C)|, unless z = (2) (n —1)-(s)) and y = (n-s). However, these
points are not in C7 since T' = {1}, and thus there exists an element u € d (X) \ d(C). Since
ved({z:z<z<y}) Cd(CrnA)Cd(A), it follows that |d (A) \ d(C)| > 1. Combining this
with the earlier observation |d (C) \ d (A)| = 1, it follows that |d (A)| > |d (C)]|.

Finally, consider the case when we have T' # {1}. If ¢ > s, Claim 10 implies that we have
d([s+1]" N By) C d(A), and thus we can take B = C. If ¢ = s, let X = A\ (B>1 U ([s]" N By))
and k = |A| — |B>1 U ([s]" N By)|. Let Y be the set of k least points in X under the <-order,
and let B = B>1 U ([s]" N By) UY. We certainly have |A| = |B|, and since ¢ = s it follows that
B C B>1 U ([s+1]"N By). Furthermore, as A is compressed, it follows that B is compressed
as well. Since T' # {1}, Claim 10 implies that we have d ([s]" N By) C d(A). Since Y C X, it
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follows that d (B) C d(A), and thus B satisfies the required conditions. O

From now on, we assume that A is a compressed set for which there exists s > 2 so that
B>1 U ([s]"NBy) € AC B>1U([s+1]" N By). As before, we set T to be the largest set under
the binary order for which we have C7 N A # (). Our next aim is to prove an appropriate version
of Claim 8.

Clawm 14.
1. If |T| # 1, then for all S with S <, T we have Cg C A.

2. Let T ={j}and U = {1,...,j — 1} where j # 1. Then for all S with S <p;,, U we have
d(Cs) C d(A). Define the particular point w; = 0; (((5 —1)-s) (n —j) - (s —1))). Then
we also have d (Cy) \ {w;} € d(A).

Proof of Claim 14. We start by proving the first part. Let j = max (T") andset U = {1,...,5 — 1}.
Since |T'| # 1 it follows that U N'T # (), and hence implies that we have Cy C A. Given

any S € A with S <p;n T, note that we must either have S C U or j € S. If S C U, we also have

S <pin U and since Cy C A, implies that we also have Cg C A. If j € S, we certainly

have SNT # (). Since S <pip, T, implies that C's C A. In particular, for all S <, T we

have Cg C A, which completes the proof of the first part.

Now suppose that we have T' = {j} for some j with j € {1,n}. The assumption j < n is
used in the proof when we are considering the (j + 1)th
{1,...,5 — 1}. Define the particular pointsa = s; (n —1) - 1) and b= ((j —1)-s) (n —j + 1) - 1).
Note that a is the least point under the <-order in Cr and b is the least point in Cy. Since
CrnNA#1(, implies that we have a € A. Since U <p;, T' and ajy1 = bj1 = 1,
implies that we have b € A, and thus we also have Cy N A # (. Let S be a set satisfying the
conditions S <y, T and S # U. Since S C U and Cy N A # 0, implies that we have
Cgs C A.

Let x € d(Cy) \ {w;} and let ¢ be the unique index satisfying x; = 0. If i # j, consider the

coordinate of a point. Again, let U =

point y obtained by taking y; = x; for t # ¢ and y; = 1. Since j # ¢, it follows that y; = a; = 1.
We also have R (y) C U, and hence it follows that y < a. Since a € A, implies that we
have y € A, and hence we also have x € d(A).

Now suppose that ¢ = j. Since € d(Cy) \ {w;} and i = j, it follows that x; = s for all
t<j—1,2;=0,1<2; <s—1forallt> j+1, and there exists k > j + 1 satisfying x;, < s—2.
Let u be the point obtained by setting u; = x; for ¢t # j and u; = 1, and let v be obtained by
setting v; = x4 for all t & {j, k}, v; = s — 1 and vy = 1. It is easy to see that we have z € d (u).
Since Rs (u) = Rs (v) and Rs_1 (v) = Rs—1 (u)U{j}, it follows that v < v. Since k # j, it follows
that vy = a; = 1, and hence implies that we have v € A. Since u1 = v1 = s, implies
that u € A and hence we have z € d (A).

Finally, suppose that T'= {n}. Let U = {1,...,n—1} and V = {2,...,n — 1}. Note that

for any S <p;, T we either have S = U or S <, V. Define the particular point a by setting
a=((n—1)-1)s. Since a is the least point in Cr, it follows that a € A.
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Given a set S satisfying the condition S <p;, T and a point x € d(Cg), and let i be the
unique index satisfying x; = 0. Note that we may certainly assume that ¢ d(Cg/) for any
proper subset S” of S, with the convention Cy = [s]" N By. It is easy to see that this is equivalent
to assuming that ¢ &€ S.

If S = U, the only possible point is x = ((n — 1) - s) 0 which is precisely the point w,,. Hence
we are done in this case. Now suppose that S = V, and hence we have i € {1,n}. Let u and v
be the points u = (1) (n —2)-s)(s—1)and v = (s — 1) ((n — 2) - s) (1). Since a; = u; =1 and
u < a, implies that u € A. Note that we have R (u) = R (v) and Rs—1 (v) <pin, Rs—1 (u),
and hence it follows that v < u. Since n > 3, we have us = vy = s, and hence implies that
we have v € A.

Forall 1 <j<s—2and 1<k <s— 2 define the points w;, = (j) ((n —2) - s) (k). Since
Rs_ 1 (wjg) = 0, it follows that wj < u. As (wjx), = uz = s, implies that we have
wir € Aforall 1 <j,k<s—2.

Since 0 € {x1,zy}, we either have x = (0) ((n — 2) - s) (¢) or x = (d) ((n — 2) - s) (0) for some
1<¢d<s—1. Ifc=s—1lord=s—1,wehavexz € d(u)orz € d(v)respectively. If c < s—2
or d < s—2, it is easy to see that we have x € d (w1,.) or € d(wgq,1) respectively. In particular,
it follows that x € d (A). This completes the proof when S =V.

In order to deal with the sets S with S <;, V, we first consider the case when we have
n > 4. As noticed in the previous case, we have Cy NA # (. If SNV # 0, implies
that we also have Cg C A and hence the conclusion certainly follows. The only non-empty set
S satisfying S <p;n, V together with SNV =0 is S = {1}. However, as n > 4, it follows that
{1} <win {1,2} <pin V, and since {1} N {1,2} # 0 and {1,2} NV # 0, we also have Cy;y C D.
This completes the proof when n > 4.

Now suppose that n = 3. Then V = {2}, and thus the only non-empty set S satisfying
S <pin Vis S={1}. Let x €d (C{l}) and let ¢ be the unique index satisfying x; = 0. Recall
that we may assume that i € {2,3}. Let y be the point obtained by setting y; = x; for j # i
and y; = 1. Our aim is to prove that y € D.

Ifi=2and y3 = s — 1, we have y3 = us. Since y < u, implies that we have y € D. If
t=2and y3 =cforsome 1l <c<s—2, thenys=c= (wlvc)g, and since y < w; . it follows that
y € D. Finally, if ¢ = 3, we have y3 = v3 = 1, and since y < v it follows that y € D. Thus in all

three cases we have y € D, which completes the proof. O

Now we have the necessary tools to finish the proof of Theorem Let A be a set satisfying
B>y U ([s]"NBy) € A C B>1 U ([s+1]"NDBy), and let C be the initial segment of the <-
order of size |A]. Since A and C have the same size, we must have B> U ([s]" N By) C C C
B>1 U ([s+1]" N By). Let T} be the largest set under the binary order satisfying Cp, N C # 0,
and since C is an initial segment we certainly have T1 <p;, T

First suppose that we have T7 <g;, T, and set

X:leu([s]”ﬂBg)U U Cs.
SSbiTLTl

Note that we cannot have T'= {1} as {1} is the least set under the binary order in .A.
If |T| > 2, for any S € A with S <p;;,, T1 we have S <p;;, T, and hence Claim 14 implies that
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we have Cg C A. Hence it follows that X C A, and since C C X we must have C' C A. Since A
and C are sets of the same size, it follows that A = C. However, this contradicts the assumption
T <pin T, so this case cannot actually occur when |T'| > 2.

If T'={j} for some j # 1, define the particular point w; =0; ((j — 1) - s) ((n —j) - (s — 1)).
Claim 14 implies that for all S <p,, {1,...,7 — 1} we have d(Cgs) C d(A), and for U =
{1,...,7 —1} we have d(Cy) \ {w;} € d(A). Since T\ <pn T, it follows that 71 <p;, U,
and hence we have d (X) \ {w;} C d(A). In particular, it follows that |d (X)\ d(A4)| < 1.

Pick any point v € Cp, and consider an element u € d(v) obtained by flipping the first
coordinate to 0. Since j # 1, it follows that u; = s. In particular, we must have u ¢ d(X) as
T1 <pin U. Hence it follows that u € d(A4) \ d(X), and hence we have |d(A)\d(X)| > 1. In
particular, it follows that |d (A)| > |d(X)|, and since C C X this completes the proof of this
case.

Hence we are only left with the case when 77 = T'. It turns out to be convenient to split
the rest of the argument into two subcases based on the size of 7. When T" = {1}, there are no
non-empty sets S satisfying S <pin, T. Hence we can deal with the cases T = {1} and |T| > 2 at

the same time.
Case 2.1. |T|>2or T = {1}.
Let C be an initial segment of size |A|, and let s, T" and T} be chosen as before. Recall that

we have T1 = T. We prove that under these assumptions we must have A = C.

Let X be defined by X = Bs1 U ([s]" N By) U (U Sep T CS>. Claim 14 implies that for all
S <pin T we have Cg C A, and hence it follows that X C A. On the other hand, by the choice of
T we have A\ X = ANCp and C'\ X = CNCp. Since |A| = |C| and both of these sets contain
X as a subset, it follows that |[A N Cp| = |C'NCr|. Since both sets AN Cr and C N Cr are of
the form {y € Cp : y < z} for some element x € Cp, we must have AN Cp = C N Cp. Hence it
follows that A = C.

Case 2.2. T ={j} where 2 < j <n.

As before, let C be the initial segment of size |A|, let s, T and T7 be chosen as before,
and recall that we have T} = T = {j} for some 2 < j < n. Define the particular points
w=0;((j—-1)-s)(n—yj)-(s=1)andw; =i; ((j —1)-s)((n—7)-(s—1)) for 1 <i<s—1.
Note that if we have w € d (z) for some element = € Cg with S <y, T, it follows that z = wj
for some 4. As before, let X = B>1 U ([s]" N By) UUg.,, 7Cs-

First consider the easy case when we have w € d (A). Then Claim 10 implies that we have
d(Cg) C d(A) for all S satisfying S <pi T, and hence we have d(X) C d(A). Since X C C
and we have C'\ X C Cr and A\ X C Cr, it follows that |[ANCr| > |C N Cr|. By using the
same argument as in the proof of Case 2.1, it follows that C N Cr C AN Cp, and thus it follows
that d (C) C d(A).

Now suppose that w ¢ d(A), and hence we must have {wi,...,ws—1} N A # (. Since
{wy,...,ws—1} € X C C, it follows that |C'\ X| > |A\ X| + s — 1, and thus it follows that
|JANCr| > |CNCr| 4+ s—1. Let u and v be chosen so that ANCr = {z € Cr: z <wu} and
CNCr={z¢€Cr:z<wv}. Let W be the initial segment obtained by setting W = {z : z < u},
and note that we have C = {z:z <w}. Since |C\ X| > |[A\ X]| 4+ s — 1, it follows that
(W[ >|C|+s—1.
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Since n > 3, it follows that (1) ((n — 1) - s) € Cr, and hence must have v # (1) ((n — 1) - s).
Since |[W| > |C| + s — 1, Claim 12 with L = s+ 1 implies that there exists an element a €
d(W)\ d(C). Hence we have a € d(ANCr), and thus it follows that |[d(A)\d(C)| > 1.
Together with the previous observation |d (C) \ d (A)| = 1, it follows that |d (A)| > |d (C)|.

This completes the proof of Theorem O

4.3 Minimal d-shadow for a given rank

Recall that we defined [k] = {x € [k]" : w (x) = r} to be the set of points with exactly r non-
zero coordinates, and consider the restriction of the <-order on [k]!". Since |Ry(z)] = n —r
holds for every point = € [k], it follows that for distinct « and y we have x < y if and only if
max (R; () AR; (y)) € R; (y), where j is the largest index satisfying R; (z) # R; (y).

Note that for all m < k, [m]" is an initial segment of the <-order on [k]!, and the restrictions
of the <-order on [m];" and on [k]" coincide on [m];. Thus the <-order naturally extends to an
order on N' ={x =1 ... 2, : 2; € NJw(z) = r}, which we will also denote by <.

The notion of the d-shadow is still sensible for the subsets of N' as well. If A C NI', we
certainly have d (A) C N' ;. We now use Theorem [34] to deduce that among the subsets of N

of a given finite size, the initial segment of the <-order minimises the size of the d-shadow.

Theorem 35. Let A be a finite subset of NI and let C be the initial segment of the <-order on
N of size |A|. Then we have |d(A)| > |d(C)].

Proof. Let k be the size of A. Since A contains points of length n and with exactly r non-zero
coordinates, by relabeling the elements of the ground set if necessary we may assume that A C
[nk]". Let B = [nk]Z,_; UA, where [nk|Z,_, ={z € [nk]" : |[Ry (z)| >n— (r—1)} = B>p—ri1.
Let X be the initial_segment of size | B] on [nk]". Then X can be written as X = [nk|Z,_, UC,
where C is the initial segment of the <-order of size |A| on [nk|;. Thus C is also the initial
segment of the <-order of size |A| on NJ".
Note that we have
4(B)| = |(nk]2, _y | + 1d (4)

and
d(X)| = |nk]Z, | + 14 (O],

d(A)N[nklZ, | =d(C)N[nklZ, | =0.

Since |B| = | X| and X is an initial segment of the <-order on [nk]", Theorem [34]implies that
we have |d (B)| > |d (X)|. Hence it follows that |d (A)| > |d (C)|, which completes the proof. [
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Chapter 5

The Toucher-Isolator game

5.1 Introduction

Consider the following game, called the ‘Toucher-Isolator’ game, introduced by Dowden, Kang,
Mikalacki and Stojakovi¢ [I7]. The two players, Toucher and Isolator, claim edges of a given
graph G alternately with Toucher having the first move. At the end of the game when all the
edges of G have been claimed, a vertex is said to be touched if it is incident with at least one of
the edges claimed by Toucher, and isolated otherwise. In particular, all the edges incident with
an isolated vertex must be claimed by Isolator. The aim of Toucher is to minimise the number
of isolated vertices and the aim of Isolator is to maximise the number of isolated vertices. Hence
Toucher-Isolator game is a ‘quantitative’ Maker-Breaker type of game. Define the value of the
game u (G) to be the number of isolated vertices at the end of the game when both players play
under optimal strategies.

In [I7], the authors studied the size of u (G) for graphs G belonging to certain families. For
a tree T', they gave bounds for u (T") in terms of the degree sequence of T. As a consequence,
they proved that if T" is a tree with n vertices, then

n;2 SU(T)Sn2 1.

If T is a star with n > 3 vertices, it is easy to verify that u (7)) = L%J regardless of how
Toucher and Isolator play the edges. Hence the upper bound in is tight.

Let P, be the path on n vertices and C), be the cycle of length n. The authors proved in [17]
that when T' = P,, the general bound can be improved to

(5.1)

3 n+1
— — < <
16(n 2) <u(P,) < Y

and as an easy consequence it follows that

3 n
2 (n=3)< <.
16(n 3)_u(Cn)_4

These bounds imply that the asymptotic proportion of isolated vertices is between 3/16 and 1/4 in
both cases. The authors asked in [17] what the correct asymptotic proportion of isolated vertices

is and suggested that the correct answer could be 1/5 for cycles and paths. In this chapter we
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prove that this is the correct asymptotic proportion, and in fact, we find the exact values of
u (Cy) and u (P,) for all n.

Theorem 36. Let n > 3. When both players play optimally, there will be L”;L'SJ 1solated vertices

on P, and L”THJ 1solated vertices on C,.

Our other main result is to improve their lower bound of (5.1 for general trees. We prove

that paths are the ‘worst’ for Isolator among the trees with n vertices.

Theorem 37. Let n > 3 and let T be a tree with n vertices. When both players play optimally,

there will be at least L"TH’J isolated vertices on T .

Although this chapter is self-contained, for a general background on Maker-Breaker type of
games see Beck [4]. There are many other papers dealing with achievement games on graphs —
see for example a classical paper of Chvatal and Erdés [12], and subsequent papers [3], 21].

We start by outlining the proof of Theorem [36] For convenience, in the proof of Theorem
we work with the ‘dual version’ of the game which is played on the vertices of a path or a cycle.
In the dual version, Isolator is aiming to claim as many pairs of consecutive vertices as possible,
and Toucher is aiming to minimise the number of such pairs claimed by Isolator. In addition, in
the dual version played on a path, claiming an endpoint of the path increases the score by one
as well.

Since Isolator is trying to maximise the score, it seems sensible for her to start by claiming
some suitably chosen vertex 4, and then trying to claim as long a block of consecutive elements
as possible. Now suppose she has claimed a block of length ¢ and she cannot proceed in this way.
This means that Toucher has claimed the points next to the endpoints of this block, or one of
the endpoints of the block is also an endpoint of the path. Removing this block together with
exactly one of its endpoints claimed by Toucher leaves a shorter path with no elements claimed
by Isolator and t — 1 elements claimed by Toucher. This motivates us to define a ‘delayed’ notion
of the dual Toucher-Isolator game played on a path, where at the start of the game Toucher is
allowed to claim k points, and then the players claim elements alternately.

It turns out that following the idea described above, we can prove a good enough lower bound
for the delayed version of the Toucher-Isolator game. However, one has to be slightly careful
with the choice of the initial move whenever a new block is started. This is especially important
near the start of the game when the endpoints of the path are not yet claimed. Using such an
approach, we can prove the lower bound of Theorem

By analysing the proof of the lower bound, one can observe that allowing Isolator to claim
multiple ‘long blocks’ would allow Isolator to achieve a better score than the one stated in
Theorem [36] This suggests that Toucher should primarily claim an element next to the element
claimed by Isolator on her previous move. As a result of such a pair of moves, the initial path
splits into two disjoint paths. However, the endpoints of the paths obtained during the process
may behave in different ways, as the vertex next to an endpoint before splitting the board may
have been claimed by Toucher or Isolator. Hence it turns out to be useful to define three different
games played on paths which essentially only differ at the endpoints of the path. Given that
after every pair of moves the path splits into two disjoint paths, it is natural to analyse all three

types of boards simultaneously by considering games G played on boards that are disjoint unions
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of these three types of paths. By proving an upper bound for such generalised boards, we prove
the upper bound of Theorem

We now outline the proof of Theorem [37} The approach is very similar to the proof of the
lower bound for u (P,) in Theorem At the early stages of the game, it seems natural for
Isolator to claim edges having a leaf as an endpoint, as claiming such an edge instantly increases
the score by one. When T = P,,, this naturally corresponds to claiming blocks of consecutive
elements near the endpoints at the start of the game. Note that after claiming such an edge, the
isolated leaf does not affect the rest of the game, and hence it may be discarded (together with
the edge that was occupied by Isolator). During the process, the other endpoint of the edge may
become a leaf, and in such case Isolator can continue claiming isolated leaves.

Suppose that at some point Isolator has no such move available. Let T} be the tree obtained
as a result of the process and let C7 be the set of edges claimed by Toucher. Hence for every
leaf v € T7 there exists an edge e € C] whose endpoint v is. Such a situation is very similar to
the delayed game introduced in the proof of Theorem in which Toucher is allowed to claim
a certain number of edges at the start of the game and in which isolating endpoints does not
increase the score.

However, before we can define a delayed game that is good enough for our purposes, the
structure of 71 and C] may need to be modified. Let v be a leaf in 77, and let w be the unique
neighbour of v. Similarly to leaves that are already isolated, the leaves that are already touched
are useless for the rest of the game, so it would be tempting to just delete them. However,
during the process we must keep in mind that w is already touched, even though the edge vw is
deleted during the process. Thus it will be convenient to declare a set X; C V (T1) of ‘additional’
touched vertices for the delayed game.

It turns out that such a simple deletion is fine whenever dr, (w) = 2. Indeed, in this case
w becomes a leaf as its neighbour v is removed from the graph. When dp, (w) > 3, we need
to modify the structure of 7T} in a slightly different way. In this case, we duplicate w into two
vertices joined by an edge claimed by Toucher and split the original neighbours of w between
these two vertices so that both of these new vertices have at least one neighbour. As a result,
we may restrict ourselves to those delayed games where X7 is exactly the set of all leaves in T7.

When analysing the delayed game, we start by modifying the structure of the tree locally
even further. If T' contains touched edges that are close to each other or a touched edge that
is close to a leaf, it seems intuitive that Toucher can prevent Isolator from increasing the score
near such local configuration. Hence it would be convenient to delete such local configurations.
After the deletion of such configurations, we move on to analysing structures that are suitable
for Isolator. The structures we are looking for are local configurations that are similar to paths,
that is, neighbouring vertices of degree 1 or 2 that are not yet touched. If there are no such
configurations in T', then the vertices of degree 1 or 2 must be spread out or they are already
touched. Since every leaf of T  is declared to be touched at the start of the delayed game, in both
cases T' contains many vertices that are initially touched, which implies the result by induction.

The plan of this chapter is following. In Section 5.2.1 we prove the lower bound for u (F,).
Of course, this lower bound could also be deduced from Theorem [37, but in this special case a

much simpler proof is available. Furthermore, some important ideas that are used in the proof
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of Theorem [37]are already introduced in the proof of the lower bound. In Section 5.2.2 we prove
the upper bound for u (P, ), and deduce Theorem We start Section 5.3. by defining a suitable
notion that allows us to reduce the tree without changing the game too much, and in Section
5.3.1 we deal with the first phase of the game in which Isolator is claiming only leaves. In Section
5.3.2 we move on to analysing the specific delayed version of the game where leaves are initially
counted as touched vertices, and Toucher is allowed to claim a certain number of edges at the
start of the game. We then use such delayed games to deal with the second phase of the game,

and we deduce Theorem 7] from these results.

5.2 Toucher-Isolator game on a cycle and a path

Recall that in this section we work with the dual version of the Toucher-Isolator game. There is
a natural connection between the original and the dual version when the board is a cycle, but
we need to be more careful with paths due to irregular behaviour near the endpoints. Define the
game F'(n) played on the elements of {1,...,n} with two players Isolator and Toucher claiming
elements in alternating turns with the first move given to Isolator. Define the score of this game
to be the number of pairs {i,7 4+ 1} for which both ¢ and i + 1 are claimed by Isolator, and
as usual Isolator is aiming to maximise the score and Toucher is aiming to minimise the score.
Let a (n) be the score attained at the end of the game when both Isolator and Toucher play
optimally.

Consider the dual version of the Toucher-Isolator game played on a cycle with vertex set
{1,...,n}, and recall that the first move is given to Toucher. Due to the symmetry of the cycle,
we may assume that Toucher claims the element n on her first move. Hence after the first move,
the available pairs that can increase the score are the pairs {1,2},...,{n —2,n —1}. These
correspond to the pairs that can increase the score of the game F'(n — 1), and since Isolator
has the next move, it follows that the subsequent game is equivalent to the game F (n —1). In
particular, we have u (Cy,) = a(n —1).

The situation with the dual version on a path is slightly more complicated due to irregular
behaviour at the endpoints. Define the games G (n) and H (n) both played on {1,...,n}, with
the players Isolator and Toucher claiming elements in alternating turns with the first move given
to Isolator. On G (n), we increase the score by one for each pair {i,7 + 1} with both ¢ and i + 1
claimed by Isolator, and the score is also increased by 1 if Isolator claims the element 1. In a
sense, this can be viewed as a game on the board {0, ...,n} with 0 assigned to Isolator initially.
Similarly on H (n), we increase the score by one for each pair {i,7 + 1} with both ¢ and ¢ 4+ 1
claimed by Isolator, and additionally the score is increased by 1 for each element in the set {1, n}
claimed by Isolator. Again, this can be viewed as a game on the board {0,...,n + 1} with both
0 and n + 1 assigned to Isolator initially. Define 8 (n) and 7 (n) to be the scores of these games
when both players play optimally.

Let B denote a Toucher-Isolator game played on a board that is of the form F (n), G (n) or
H (n) for some n. If Toucher plays her first move adjacent to Isolator’s first move, the board B
splits into at most two disjoint boards, both of which are of the form F (m), G (m) or H (m) for
some m. However, note that these two boards are not in general of the same form or size, and

not necessarily of the same form as the original board. Hence in order to find an upper bound
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for the value of the game, it turns out to be useful to consider games G played on a board that
is a disjoint union of F'(Iy),...,F (I;), G(m1),...,G (ms) and H (n1),..., H (n:).

Finally, define the game Hy, (n) in the same way as H (n), but with the first move given to
Toucher, and let 73 (n) be the score of this game when both players play optimally. It is easy to
see that the Toucher-Isolator game and Hy (n — 1) are equivalent, as the n — 1 edges naturally
correspond to the n — 1 elements of H, (n — 1). Hence it follows that u (P,) = v, (n — 1), and
thus it suffices to find the value of .

5.2.1 The lower bound

We start by focusing on the game F'(n) and finding the value of a (n). Since Isolator is trying
to maximise the score, it seems sensible for her to start by claiming some suitably chosen ¢, and
then trying to claim as long a block of consecutive elements as possible. As long as i ¢ {1,n},
she can certainly guarantee a block of length at least 2. Now suppose that she has claimed
a block of length ¢, and that she cannot proceed in this way. This means that Toucher must
have claimed the points next to the endpoints of the block (or one of the endpoints is 1 or n).
Removing this block together with exactly one of its endpoints claimed by Toucher leaves a path
with n — ¢ — 1 elements containing exactly t — 1 elements claimed by Toucher, and no elements
claimed by Isolator.

This motivates the definition of the following game, which can be viewed as a delayed version
of F'(n). Let F (n,k) be the game played on {1,...,n}, where at the start of the game Toucher
is allowed to claim k points, and then the players claim elements alternately with the first move
given to Isolator. The score of the delayed game is defined in the same way as the score of F'(n),
and hence F' (n) and F'(n,0) are identical games. Let « (n, k) be the score attained when both
players play optimally. We start by proving the following lower bound for a (n, k), which is later
used to deduce the lower bound for 73 (n).

Lemma 38. For alln > 2 and k < n we have o (n, k) > | =342,

Proof. Suppose that Toucher claims the elements si,...,s; on her first move. These elements
split the path into k 4+ 1 (possibly empty) intervals of lengths Iy, ..., g, with l; = s;41 — s; — 1
(where sp = 0 and sg+1 = n + 1). By symmetry we may assume that [y is the longest interval.
If lo <2, thenn < k+2-(k+1) =3k + 2, and hence it follows that L%MJ < (0. Thus
the claim evidently holds in this case, and hence we may assume that Iy > 3. We treat the cases
lop > 4 and Iy = 3 individually. In both cases the proof follows the same idea, however the choice
of the initial move is slightly different for lp = 3 since an interval with only 3 elements is ‘too

short’ for the general argument.
Case 1. Iy > 4.

The aim for Isolator is to build a long block of consecutive elements inside the interval.
Initially, she claims the element 3. Assuming she has already claimed exactly the elements in
{t,...,t +r} for some ¢t and r, she claims one of the elements ¢t + r + 1 or ¢ — 1, if possible. If
not, she stops.

Consider the point when the process terminates and suppose that at the point when the

process terminates, the elements claimed by Isolator are exactly the elements in {¢,...,t 4 r}.
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Since this set contains the element 3, we must have ¢t +r > 3 and t € {1, 2, 3}. Furthermore, the
element ¢t + r 4+ 1 must be claimed by Toucher, and either ¢ = 1 or the element ¢ — 1 is claimed
by Toucher. Since [y > 4, it follows that the elements 2 and 4 are not claimed after Isolator’s
first move. Since Toucher cannot claim both of these elements on her first move, it follows that
Isolator can always guarantee that r > 1.

Let Ty = {t+r+2,...n} and let b be the number of elements claimed by Toucher in 7.
Note that Toucher has claimed k + r + 1 elements in total and one of them must be t +r + 1.
Furthermore, if £ > 1 then one of them must be ¢ — 1 as well. Hence it follows that b < k + r,
and if t > 2 we also have b < k + r — 1. Also note that Isolator has not claimed any elements in
7.

Note that Isolator has increased her score by r by claiming the elements {¢,...,t+ r}, and
this is the only contribution arising outside 77. Thus the total score that Isolator can attain is

at least r + a (n —t —r — 1,b). By induction, it follows that the score is at least

—t—r—1-3b+2
r+{” ! 3bF J (5.2)

5

If t =1, it follows that b < k 4+ r. Furthermore, the condition ¢ + r > 3 implies that r» > 2.
Hence (5.2)) implies that Isolator can guarantee that the score is at least

Ln—?;k—i—r—&-l—tJ - {n—3k+2J
5 - 5 '

If t > 2, it follows that b < k 4+ r — 1. Recall that we always have t < 3 and r > 1. Hence
(5.2) implies that Isolator can guarantee that the score is at least

{n—Bk‘—t—H“—l—élJ - {n—Bk—3—|—1+4J B {n—3k+2J
5 - 5 N 5 '

Hence in either case we have a (n, k) > {%MJ

Case 2. [y = 3.

Again, Isolator is aiming to claim as long a block of consecutive elements in {1,2,3} as
possible. Initially, she claims the element 2, and on the subsequent moves she claims one of the
remaining elements of the set, if they are available. Given that Toucher cannot pick both 1 and
3 on her first move, Isolator can always pick at least two of these elements. In particular, at the

end of such process exactly one of the following is true.
1. Isolator has claimed all three elements in {1,2,3}.

2. Isolator has claimed two consecutive elements in {1,2,3} and Toucher has claimed the
third element in {1,2,3}.

In both cases, consider the game played on 77 = {5,...,n}. Let a be the number of elements
Isolator has claimed in {1,2,3}. Note that in both cases Toucher claims all the other elements in
{1,2, 3,4} not claimed by Isolator, and thus Toucher claims 4 — a elements in {1,2,3,4}. Since
Toucher claims in total a + k elements, it follows that she claims k 4+ 2a — 4 elements in 7. Since

Isolator has not yet claimed any elements in 77, it follows that on 737 Isolator can increase the
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score by a(n — 4,k + 2a — 4). Since she has achieved a score of a — 1 outside 77 with her block
of a consecutive elements, it follows that the total score achieved is a — 1+« (n — 4,k + 2a — 4).

By induction, it follows that the score achieved is at least

4 2 — 4) + 2 _ 3k —
a1+{n 3(1@;L a—4)+ J:{n 3/-c5 a—|—5J.

Since a € {2, 3}, it follows that

Thus Lemma 38 follows by induction. O
Lemma 39. For all n > 2 we have vy, (n) > L”THJ, and v, (1) = 0.

Proof. When n =1, the claim is trivial as the only move is given to Toucher. Now consider the
case when we have n > 2.

At the start of the game, Isolator is aiming to claim as long a block of consecutive elements
as possible near both of the endpoints. Once this is no longer possible, she starts using the same
strategy as in Lemma [38 We start by describing this initial process formally.

Suppose that after Isolator’s k' move the set of elements claimed by Isolator is of the form
{1,...t}U{n—k+t+1,...,n} for some t € {0,...,k}, with the convention that {1,...,t} =0
when t = 0 and {n —k+t+1,...,n} = 0 when ¢t = k. Note that this certainly holds when
k = 0, as Isolator has not claimed any elements before her first move. If at least one of the
elements t+1 or n—k+1 is not yet claimed before Isolator’s (k + l)th move, then Isolator claims
one of these elements which is still available, and thus the set of vertices claimed by Isolator is of
this form also after & + 1 moves. If both t+ 1 and n — k + ¢ are claimed by Toucher, the process
stops.

The process terminates trivially, as Toucher must claim an element during the game. Let
k and t € {0,...,k} be chosen so that the set of vertices claimed by Isolator at the end of the
process is {1,...t}U{n—k+t+1,...,n}. Note that we must have k£ > 1, as Toucher cannot
claim both of the elements 1 and n on her first move.

Let T'={t+2,...,n—k+t—1}, and note that by the choice of k and ¢ it follows that
Isolator has not claimed any elements in 7. Since the process has terminated at this stage, it
follows that Toucher must have claimed both of the elements ¢ + 1 and n — k 4 ¢. Since Toucher
started the game, she has claimed k4 1 elements in total, and thus k — 1 of these elements must
bein T.

Note that any increment of the score arising outside T' occurs from the sets {1,...,¢} and
{n—k+t+1,...,n}. On the other hand, since Isolator has not claimed any elements in 7" and
Toucher has claimed k& — 1 elements in T, the rest of the game on T is identical to the game
F(n—k—2,k—1). Hence Isolator can increase the score by at least a (n —k — 2,k — 1) during
the rest of the game played on T'.

It is easy to check that the contribution of the score arising from the sets {1,...,t} and
{n—k+t+1,...,n}isexactly t+ (k — t) = k for any choice of t. Thus by Lemma[38] it follows

69



that Isolator can guarantee that the score is at least

k+an—k—2k—1)>k+

{n—k—Z—B(kz—l)—i—2J

n+k+3
: .

5

Since k > 1, Isolator can always guarantee that the score is at least L”?HJ, which completes the

proof. O

5.2.2 The upper bound

In this section, all congruences are considered modulo 5 unless otherwise stated, and in such
cases we omit (mod 5) from the notation. Furthermore, we write n = 0 or 1 instead of (n =0
orn=1),and n # 0 and 1 instead of (n # 0 and n # 1).

Lemma 40. Suppose that T is a Toucher-Isolator game played on a disjoint union of the
boards F (l1),...,F (), G(m1),...,G(ms) and H (n1),...,H (ny) with Isolator having the
first move. Let f(l; m;n) be the score of this game when both players play optimally. Let
Ny =H{i:li=3o0r4}, Ng = {i:m;=0o0rl}|, N3 = [{i:n;#2andn; =2 or 3}|, Ny =
{i:n; =2} and N5 = |{i : n; = 1}|. Let e € {0,1} be chosen so that N5 = ¢ (mod 2). Then we

have

T s t
Flimin) <> V’;QJ +y {mi;w +y° V?SJ —Ny+te— {Nl +N22+ Ns +€J . (5.3)
i =1

=1

By looking at the proof of Lemma it is reasonable for Toucher to claim one of the points
next to the point claimed by Isolator on her first move, as in this case Toucher can restrict the
length of the interval created by Isolator. Such a first pair of moves splits the original board into
two new boards, which motivates the idea of considering unions of disjoint boards. It might be
tempting to say that Toucher can always follow Isolator to the board where she plays her next
move, and hence proceed by using an inductive proof. However, sometimes Toucher may gain an
‘additional move’ if one of these boards has no sensible moves left (i.e. the component is F' (1)
or F'(2)).

Ignoring such additional moves completely would make the proof much shorter, but the
bound obtained would not even be asymptotically good enough. Since Isolator is free to alternate
between these two boards, she has some control on the time of the game when Toucher is given
the additional move. In particular, we cannot assume that the additional moves are given at the
start of the game, which was the case in Section 5.2.1. In order to keep track of such additional
moves, we need to consider arbitrary disjoint unions of boards.

We start by briefly outlining the structure of the proof and explaining the motivation behind
the upper bound in . The proof is an inductive argument, and we chose to apply the
induction on the sum of the lengths of the paths. The aim is to prove that for any possible
Isolator’s initial move, there is a move for Toucher that can be used to show that holds
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by induction. This move will in general depend on the position of the initial move modulo 5,
however, we have to be slightly careful if the initial move is close to an endpoint of the board.
For the same reason, one has to be careful with small components as well.

Since there are 3 possible types of boards, 5 possible locations of the initial move (modulo 5),
and two possible cases for the size of the initial length of the component (depending on whether
the initial length affects the values of N1, Ny or N3 or not), it follows that there are in some sense
30 cases to be considered. In addition, we have to individually consider some of the situations
when the initial move is near to an endpoint of the board. Fortunately, some of these cases can
be treated simultaneously, and in general the techniques used are very similar.

In a sense, the most difficult part is rather to come up with a suitable upper bound in (5.3))
which is strong enough for an inductive argument to work than the proof itself. Once a suitable
upper bound is obtained, identifying the possible ‘response moves’ for Toucher is a reasonably
easy task. Finally, the proof itself is mathematically not challenging, but it is tedious.

Why should we choose this particular upper bound in (5.3)? For B = F (1), G (m) or H (n)
(when n > 3) it turns out that Toucher can always guarantee that the score is at most L”%J,
LmT‘%J or L%"SJ respectively. This explains the first three terms of the upper bound. Moreover,
ifl=30r4, m=0or1lorn=2or3, it turns out that Toucher has a strategy which allows
her to force Isolator to either play the last non-trivial move, or Isolator can only attain a score
which is strictly less than the previously stated bound. Hence the quantity Ny + No + N3 is
measuring the number of such ‘additional moves’. Given such an additional move, Toucher can
make another component of the board slightly shorter, which either reduces the score by one, or
guarantees that she will also gain an additional move from the new board which she would not
have otherwise gained.

However, one has to be careful with small values of n. Indeed, it turns out that on H (2)
Isolator can only increase the score by 1 (instead of 2), and Toucher cannot gain an additional
move. This is the reason behind the —Ny-term. Also on H (1), Isolator can increase the score by
2 (instead of 1), and Toucher gains an additional turn. Note that if the number of components
of the form H (1) is even, then Toucher can always claim a point on another component that
is of the form H (1). If the number of components of the form H (1) is odd, she can follow a
pairing strategy until the number of such boards decreases to 1. When the element on the last
board of the form H (1) has been claimed by Isolator, Toucher has to use the additional move
elsewhere. Hence only the parity of N5 affects the bound.

In a sense, dealing with the boards of the form H (n) is the most difficult task due to irregular
behaviour at both endpoints, and in particular, when n is small. Hence we start the proof by
considering the boards of the form H (n), and during the proof we also introduce some standard
arguments that can be used when dealing with the boards of the form F (I) or G (m). In those
cases, we do not always give full justification.

Note that the bound may not always be tight, but by following a similar argument as
presented in Section 5.2.1, one could verify that the bound is tight when applied to a single board
of the form F (1), G (m) or F (n), which is good enough for our purposes. The reason why the
bound is not necessarily tight is the fact that sometimes Toucher could have a better place to

play her additional move, rather than the ‘worst case scenario’ that is considered in the proof.
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For convenience, define

- li +2 ° m; + 5 ¢ n; +8 Nj + No+ Na + ¢
g(l;m;n):ZL 5 J+Z{ 5 J+ZL 5 J_Nﬁeﬂ 5 J

i=1 =1 =1

y (L my; @):i V;JJ +i {mi5+5J +Zt: {nz‘;ﬂ

=1 =1 =1

and

N- N N-
Z(l;m;n):—NAt—Fe—{ 1+ No+ 3+6J.

2

For later purposes, it is convenient to observe that we may rewrite z as

N N Ny —
Z(l;m;n):—M—{ B El GJ-

5 (5.4)

Proof of Lemma [0, Define N =30 1, + 3% m; + > i_, n;. The proof is by induction on N,
and it is easy to check that the claim holds for all possible configurations when N =1 or N = 2.
Suppose that the claim holds whenever we have N < M — 1 for some M > 3 and suppose that
I, m, n are chosen so that >\ | l;+> 7, m; + Zle n; =M.

We now split the proof into several cases depending on Isolator’s first move. In each case, let
S (T') be the maximum score that Isolator can attain given her first move and given that Toucher
plays optimally.
Case 1. Isolator claims an element on H (n;) on her first move.

For convenience, we set n = n;. The game H (n) is played on {1,...,n}, and since both
endpoints of the board are symmetric, we may assume that Isolator claims an element j satisfying
j < [g] on her move. We prove that apart from small values of n, claiming one of j —1 or j4+1
is a suitable choice for Toucher, where the choice is made depending on the value of j (mod 5),
as indicated in Table 5.1. If j > 3, it is easy to see that after such first pair of moves the
H (n)-component of the board splits into disjoint union of two boards H (a) and G (b) for some
a, b with n = a + b+ 2. However, since the boards H (1) and H (2) behave in a different way
compared to other boards of the form H (n), it turns out to be convenient to consider the cases
j=1,j=2and (j,n) = (3,5) individually.

Indeed, if 4 < j < [%1, the board splits into components H (a) and G (b) with a > 3. If
7 = 3, Toucher claims the element 2 as indicated in Table 5.1. Hence the original board splits
into two boards G (1) and H (n — 3), and the second one of these is of the form H (1) or H (2)
only when n =5, as j < [%] Hence j =1, j =2 and (j,n) = (3,5) are the only special cases
which could change the number of boards of the form H (1) or H (2).

Denote the new set of parameters obtained after the first pair of moves by I/, m’ and n’, and
let s; denote the increment of the score caused by Isolator’s first move. Throughout the proof
it is convenient to define the quantities dy = z (I; m; n) — 2 ([; m’; @/) and dy = y (I; m; n) —
y (I'; m’; n'). Note that we have g (I; m; n) = dy +dz + g (I'; m'; n/).
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The inductive hypothesis implies that we have S (T) < g (I'; m'; n’) + s;. Since our aim is to
prove S (T) < g (I; m; n), it suffices to prove that we always have d; + dy > s;. Indeed, we will
prove that for all possible Isolator’s initial moves there exists a move for Toucher which satisfies
di + do > s;.

We start with the general case j > 3 and n > 6, and we deal with the special cases later.

Table 5.1: Choices for Toucher’s first move depending on the value of j

F (n) | Condition on a or b | G (n) | Condition on a or ¢ | H (n) | Condition on a or b
j=0|j+1 b=4 7j—1 a=3 j—1 b=3
j= j—1 a=4 j—1 a=4 7j—1 b=4
=2 j+1 b=1 i1 c=1 i1 a=1
i=3]j-1 a=1 i1 a=1 -1 b=1
j=415-1 a=2 741 c=3 741 a=3

Case 1.1. n>6,j > 3.

In this case we have s; = 0, so it suffices to prove that we have di + do > 0. It is easy to see
that N1, N4 and € are unaffected in this case. Since No certainly cannot increase and N3 can
decrease by at most 1, it follows that d; > —1.

Note that we have dy = L"?H;J — LaT%J — V’J“Tﬂ . By using the trivial upper and lower bounds
z —1 < |z] <z and the fact that n = a + b+ 2, it follows that dy > "%rg — %5“3 = %8. Since
ds is an integer, it follows that do > —1. We now split the proof into two cases based on the

values of n and j in order to improve our bounds on d; and ds.

Case 1.1.1. n=2 or 3.

We start by improving the bound on dy. Since n = 2 or 3, it follows that VLTJFSJ > ”T”
Hence by using the trivial bounds for the other terms, we obtain that dy > ”T” — %5“3 = %4.

Since ds is an integer, it follows that ds > 0.

First suppose that a = 2 or 3. Then N3 cannot decrease, so in fact, we have d; > 0. Hence
we have dy + do > 0.

Now suppose that b =0 or 1. Then N3 decreases by at most 1 and Ny increases by 1. Hence
the sum Ny + N3 certainly cannot decrease. Thus we also have d; > 0, and it follows that
dy +ds2 > 0.

Finally, suppose that a # 2 and 3 and b # 0 and 1. Then we have | %8| 4 |55 | < af6 4

b3 — atbt9  Note that the equality holds if and only if @ = 4 and b = 2, but by Table 5.1
it follows that this can never happen. Hence the inequality must be strict, and it follows that
do > ”%“7 — ng = 0. Hence we must have do > 1, and combining this with the trivial bound

dy > —1, it follows that di; + dy > 0.
Case 1.1.2. n# 2 and 3.

Since n # 2 and 3, it follows that N3 cannot decrease. Hence we must have d; > 0.
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First suppose that @ = 2 or 3 and b = 0 or 1. Then both Ny and N3 increase by 1, and
hence it follows that dy > 1. Combining this with the trivial bound do > —1, it follows that
dy +dy > 0.

Now suppose that a #Z 2 and 3 or b Z 0 and 1. In both cases we can improve the upper
bound of L%SJ + V’*Tﬂ to LaT%J + LH%J < %5“1 by following the argument presented in the
proof of Case 1.1.1. Note that the equality holds if and only if (¢ = 4 and b = 0) or (a = 2
and b = 2). However, both of these cases are impossible, as they are not compatible with
Toucher’s moves indicated in Table 5.1. Hence the inequality must be strict, and thus we have

doy > %*4 — % = —1. Thus it follows that dy > 0, and hence we have d; + dy > 0.
Case 1.2. j =1.

Here we split the proof into three cases based on the size of n. First, we consider the case
n > 3, which should be viewed as the main part of the argument. Then we consider the cases
n = 2 and n = 1 individually, as these behave in a slightly different way as these boards are
small. The case n = 1 turns out to be very tedious and lengthy, and it does not really contain any
interesting ideas either. In a sense, as Toucher is forced to play a move on another component
of the board, our aim is to prove that even in the worst case an additional move has a certain

positive effect for Toucher.
Case 1.2.1. n > 3.

Suppose that Toucher claims the element 2. Since Isolator claimed the element 1 on the
board H (n) satisfying n > 3, it follows that s; = 1. Hence it suffices to prove that by claiming
the element 2 Toucher can guarantee that d; + do > 1 holds. First of all, note that the board
H (n) is replaced with G (n — 2) after such pair of moves, which is non-empty as n > 3. Since
n=2or 3ifand only if n —2 =0 or 1 and n > 3, it follows that N3 decreases by 1 if and only
if Ny increases by 1. In particular, it follows that d; = 0. On the other hand, it is easy to see
that for any n we have ds = L%‘SJ — LMJ = 1. Hence we always have d; + do = 1.

5
Case 1.2.2. n =2.
Suppose that Toucher claims the element 2. Since the board H (2) has only two elements, it

follows that all elements of the board have been claimed after this pair of moves. Note that we
certainly have s; = 1 and dy = LQ%SJ = 2. On the other hand, it is clear that N1, No, N3 and
€ remain unaffected while Ny decreases by 1. Hence we have d; = —1, and thus it follows that
di +do = 1.

Case 1.2.3. n=1.

Since n = 1, it follows that s; = 2. First suppose that we have N5 > 1, and that Toucher
claims the only element on another board that is of the form H (1). Hence N5 decreases by 2
and e remains unaffected, and thus we have d; = 0. We also have dy = 2 L%J = 2, and hence
it follows that dy + do = s;.

Otherwise, we have N5 = 1, and hence it follows that ¢ = 1. Since the total number of points
on T is strictly more than 1, there exists another component B of T.

First suppose that B = H (2) and that Toucher claims the element 1. Then Ny increases by
1, N4 decreases by 1 and e changes from 1 to 0. Hence N7 + Ny + N3 — € increases by 2 and
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— Ny increases by 1, so we have d; = 0. Note that do = L%J + LMJ — L%J = 2, and hence
it follows that di + dgy = s;.

Now suppose that B = H (m) with m > 3. Suppose that Toucher claims the element 1, and
hence B is replaced with G (m —1). Then N, remains unaffected, N3 decreases by at most 1
and Nj increases by at most one. Since € changes from 1 to 0, it follows that Ny 4+ No + N3 — ¢
cannot decrease, and hence we have d; > 0. Note that we have dy = L%J + LmTJrSJ - LWTMJ,
and thus we have dy > 1.

If m = 1, then m — 1 = 0 and thus Ns increases by 1 but N3 does not decrease. Hence

N1 + No + N3 — € increases by 2, and thus we have d; > 1. If m # 1, it certainly follows that

=2 - [

Next suppose that B = G (m) and suppose that Toucher claims the element 1. Hence B is
replaced with F' (m — 1). As above, it is easy to deduce that Ny remains unaffected and N1+ No+
N3 — € cannot decrease, and hence we have dy > 0. We also have dy = L%J =+ LmTJ“r’J — LmTHJ,
and thus it follows that do > 1.

If m = 4, then m — 1 = 3 and hence Nj increases by 1 but Ny does not decrease. As €

J =1, and hence we have ds > 2. Hence in either case we have d; + do > 2.

changes from 1 to 0, we can similarly deduce that d; > 1. Otherwise, it is easy to see that we
have do > 2. Hence in either case we have d; +dy > 2. Note that the same argument also applies
even when m = 1 (with the convention that F' (0) is the empty board).

Finally, suppose that B = F' (m) and suppose that Toucher claims the element m—2. Hence B
is replaced with disjoint union of boards F' (m — 3) and F'(2). The board F'(2) can be discarded
as on this board Toucher can follow a pairing strategy and avoid any increment of the score.
Again, we know that N; cannot decrease by more than 1, and since € changes from 1 to 0 it
follows that d; > 0. We also have dy = L%J + LmT"’QJ — LmT_lJ, and hence we have that dy > 1.

If m = 3, 4 or 5, we certainly have do > 2. If m = 1 or 2, then m — 3 = 3 or 4, and hence
Nj increases by 1. Hence N; + N2 4+ N3 — ¢ increases by 2, and thus we have d; > 1. In either

case, it follows that d; + do > 2.
Case 1.3. j =2.

Since j < {%], it follows that n > 3. Hence we split the proof into cases based on whether

we have n > 5, n=4orn=23.
Case 1.3.1. n > 5.

Suppose that Toucher claims the element 1. Hence it follows that s; = 0, and the board
H (n) is replaced with H (n — 2) after such pair of moves. Since n — 2 > 3, it follows that N4
and e remain unchanged.

First suppose that n # 2 and 3. Note that in this case N3 cannot decrease, and hence it
follows that di > 0. We also have dy = LHTJFSJ — L”T‘%J > 0, and therefore it follows that
di +ds2 > 0.

Now suppose that n = 2 or 3. In this case N3 decreases by at most 1, and hence it follows
that dp > —1. We again have dy = L”—%J - L”—%J, and since n = 2 or 3, it follows that do > 1.

5 5
Thus in either case we have d; + dy > 0.
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Case 1.3.2. n=4.

Again suppose that Toucher claims the element 1. Hence s; = 0, and since 4 is not congruent
to 2 or 3 modulo 5, it follows that N1, Ny, N3 and € remain unaffected. On the other hand, Ny
increases by 1 as after this pair of moves the board becomes H (2). Hence we have d; = 1. We

also have dy = L%J - L%J =0, and thus it follows that di +do =1 > 0.

Case 1.3.3. n = 3.

Again suppose that Toucher claims the element 1, and thus we have s; = 0. After this pair
o : 348 148
of moves the board becomes H (1), and it is easy to verify that do = L%J — L%J =1.
It is clear that N7, N2 and N4 remain unchanged. It is easy to observe that N3 decreases by
1 and e is replaced with 1 —e. Hence, in the worst case, N3 — e decreases by 2, and thus by (5.4)

it follows that d; > —1. Therefore we have di + dy > 0.
Case 1.4. n=5and j = 3.

Suppose that Toucher claims the element 2. Hence the board B (5) splits into two boards of
the form G (1) and H (2), and we have s; = 0. Hence Ny increases by 1, Ny increases by 1 and Ny,
N3 and € remain unaffected. Thus it follows that d; > 1. Since dy = L%J — L%J — L%J = -1,
we have di + do > 0.

This completes the proof of Case 1.

Case 2. Isolator claims an element on G (ms) on her first move.

For convenience, we set n = ms. The game G (n) is played on {1,...,n}, and note that in
this case the board is not symmetric. Recall that claiming the element 1 increases the score by
1, but claiming the element n does not.

Assume that Isolator claims the element j on her first move. As before, we prove that claiming
j—1or j+ 1 is a suitable choice for Toucher, and this choice is again determined by the value
of j (mod 5). We use the same notation as before, however in this case there are two options
on how the board might split: the board either splits into two components that are of the form
G (a) and G (b) if Toucher claims the element j — 1, or into two components that are of the form
H (c) and F (d) if Toucher claims the element j 4+ 1. This time we only need to consider the
boundary cases j = 1, 7 = 2 and j = n individually, and note that hence we may assume that
n > 4. We start by checking the special cases, and we skip some of the details when they are

identical or very similar to the arguments used in the proof of Case 1.
Case 2.1. j =1.

The proof is essentially identical to the proof of Case 1.2.1. Indeed, suppose Toucher claims
the element 2. After the first pair of moves the board becomes F'(n —2) and we have s; = 1.
We have dy = L%J - L%J =1, and as in the proof of Case 1.2.1 N» decreases by 1 if and only
if V7 increases by 1. Hence it follows that d; = 0, and thus we have d; 4+ do = 1.

Case 2.2. j=2.

Suppose that Toucher claims the element 1. After the first pair of moves, the board becomes
G (n —2) and we have s; = 0. Note that N2 can decrease by at most 1, and hence it follows that
di1 > —1. We also have dy = L%‘E’J — L”T“’J, and thus we certainly have do > 0.

76



If n=0or 1, it is easy to verify that we have do = 1, and hence it follows that d; + dy > 0.
Otherwise, Ny cannot decrease, and hence we have d; > 0. Thus it follows that di + ds > 0 in

this case as well.
Case 2.3. j =n.

Suppose that Toucher claims the element n — 1. After the first pair of moves, the board
becomes G (n — 2) and we have s; = 0. Hence the proof follows by using the same steps as in
the previous case.

Case 2.4.3<j<n-—1.

Suppose that Toucher chooses the appropriate move as indicated in Table 5.1 depending on
the value of j (mod 5). Note that depending on the value of j, the board may split into two
components of the form G (a) and G (b) or two components of the form H (¢) and F (d). We
now split the proof into 4 subcases depending on the value value of n (mod 5) and depending on
how the board splits into two components. As in the proof of Case 1.1, it is easy to deduce that

we have the trivial lower bounds d; > —1 and do > —1.
Case 2.4.1. n=0or 1.

Note that regardless of how the board splits into two components, in either case we have
do > L”T*E’J - ”T‘FS by using the trivial upper bound |z]| < x. Since n = 0 or 1, it follows that

do > %4 and thus we have dy > 0.
Case 2.4.1.1. j =0, 1 or 3.

In this case, Toucher claims the element j — 1, and hence the board splits into components
of the form G (a) and G (b). Hence it follows that dy = L”TH’J - L%‘%J - LHTW Note that from
Table 5.1 we can conclude that we have a = 1, 3 or 4.

First suppose that a = 1 or b = 0 or 1. Then N certainly does not decrease, so we have
di; > 0, and hence it follows that d; + ds > 0.

Otherwise, we have a = 3 or 4 and b = 2, 3 or 4. Hence we have L“%ﬂ + LHTW < QTH+HT3 =
%*3. Since n = 0 or 1, we have dy > "TH — ”T% > 0, and therefore it follows that dy >

we have dy +dy > 0.
Case 2.4.1.2. j=2or 4.

1. Hence

In this case Toucher claims the element j + 1, and the board splits into two components of
the form H (c) and F (d). Since j > 2, it follows that j > 4 and thus we have ¢ > 3. Hence Ny
and e remain unaffected. Again, we could split the proof into cases depending on whether one
of c=2 or 3 or d =3 or 4 holds or not. The details are the same as in the proof of Case 2.4.1.1,
and hence we omit the proof.

Case 2.4.2. n#0 and 1.

Now regardless of how the board splits into two components, we can deduce that d; > 0 as

none of the NV;’s can decrease. Again, the rest of the proof is similar to the proof of Case 1.1.2

(with appropriate modifications similar to those done in Case 2.4.1). Hence we omit the details.

This completes the proof of Case 2.
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Case 3. Isolator claims an element on F'([,) on her first move.

For convenience, we set n = [,. The game F'(n) is played on {1,...,n}, and the board is
again symmetric. Hence we may assume that Isolator claims an element j satisfying j < {%] on
her first move. In this case, the only special case that needs to be considered is j = 1. Again, for
J > 2 claiming either j —1 or j+ 1 is a suitable choice for Toucher, and this choice is determined
by the value of j (mod 5) as indicated in Table 5.1. Apart from the case j = 1, the board always
splits into two boards of the form F (a) and G (b) for some a and b with n = a + b + 2. We use

the same notation as in the earlier cases.
Case 3.1. j=1.

Suppose that Toucher claims the element 2. Then s; = 0 and after the first pair of moves
the board is replaced with F (n — 2). Hence do = |®2| — | 2], which is certainly always non-
negative. Since Nj decreases by at most 1, it follows that d; > —1.

If n =3 or 4, we have do > 1 and hence it follows that d; + do > 0. Otherwise, N7 cannot

decrease and hence we have d; > 0. Thus in either case it follows that d; + dy > 0.
Case 3.2. j#£1andn=3or 4.

The proof is identical to the proof of Case 1.1.1.
Case 3.3. j # 1 and n # 3 and 4.

The proof is identical to the proof of Case 1.1.2.
This completes the proof of Claim 3, and hence Lemma [40] holds by induction. O

Recall from the Introduction that Hj (n) is the game played on the same board as H (n),
but with Toucher having the first move. Also recall that we have u(P,) = 7, (n —1) and
u(Cp) = a(n—1). We now deduce Theorem (36| from our earlier results.

Proof of Theorem [36, Let n > 3. Lemma [39| implies that we have u (P,) = 75 (n — 1) > | %£2].
In order to prove the upper bound, consider the game Hj(n — 1) and suppose that Toucher
claims the element n—1 on her first move. After the initial move, the subsequent game coincides
with the game G (n — 2). Hence it follows that 7, (n — 1) < f (0; n — 2; (), and thus Lemma
implies that we have 73 (n) < L@J Therefore for all n > 3 we have u (P,) = L%'?’J

Recall that we have u (C),) = a(n —1). Hence Lemma |38/ implies that u (C),) > LWJ,

5

and Lemma H0| implies that u (Cy) < f(n—1;0; 0) = [MJ Therefore for all n > 3 we
have u (Cy,) = L"THJ In particular, for both G = P, and G = C,, the asymptotic proportion of

isolated vertices is 1/5 when both players play optimally. O

5.3 Toucher-Isolator game on trees

Recall that it turned out to be good for Isolator to claim consecutive edges near the endpoints
when playing the Toucher-Isolator game on a path. When playing on a tree, it seems natural
for Isolator to start by claiming edges that have a leaf as an endpoint, as claiming such an edge
immediately increases the number of isolated vertices. Since the leaf isolated as a result of such

move does not affect the subsequent game, the edge claimed by Isolator can be discarded. After
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discarding the edge, the other endpoint of the edge may also become a leaf, and in such case
Isolator can continue claiming untouched leaves.

Now suppose that at some point of this process there is no move for Isolator which would
instantly increase the number of isolated vertices. Let T7 be the tree obtained as a result of the
process and let C be the set of edges claimed by Toucher. Thus for every leaf v € T} there
exists an edge e € (1 whose endpoint v is, as Isolator cannot increase the number of isolated
vertices. Such a situation is very similar to the delayed game for paths introduced in the proof
of Theorem. This motivates us to define a delayed version of the Toucher-Isolator game that is
more suitable for trees.

Let T be a tree, let C' and D be disjoint subsets of the edges of T, and let X be a subset
of the vertices of T. Define the delayed game F (T,C, D, X, s) to be the Toucher-Isolator game
played on the edges of T with the edges in C' and D given to Toucher and Isolator respectively
at the start of the game, and with the first move given to player specified by the parameter
s € {i,t}. Define the score of the game to be the number of isolated vertices in V (T') \ X at the
end of the game, and denote the score by o (T,C, D, X,s). Thus X should be viewed as a set
of vertices that are additionally declared to be touched at the start of the game, as they cannot
increase the score even if they are isolated.

For our purposes, we mostly focus on certain subclasses of such delayed games, and hence
some of the parameters can be omitted as they will be clear from the context. First of all, we
use F (T) to denote the ordinary Toucher-Isolator game on T, i.e. F (T,0,0,0,t), and similarly
we use a(T") to denote the score of F'(T"). However, apart from this special case, it is more
convenient to choose Isolator to be the player having the first move in the delayed version of the
game, and hence s should be taken to be Isolator if it is omitted from the notation, with F' (T)
being an exception. Similarly C' and D should be taken to be empty if they are omitted from the
notation. We often either have X = () or X = L, where L is the set of the leaves in T. Hence we
write F'(T,C, X) = F(T,C,0,X,i), F(T,C) = F(T,C,0,0,i) and F (T,C,L) = F (T, C,0, L,1)
to simplify our notation.

Since some of the results used in the proof of Theorem are proved by induction, it is
convenient to introduce a suitable reduction operation that allows us to reduce the tree without
increasing the score of the game. Our reduction operator is defined for the games of the form
F(T,C,D,X,s), and in general s is taken to be Isolator.

First we need to introduce some notation. As usual, let £ and V denote the set of edges and
vertices of T respectively, and let C, D and X be defined as before. Let £ = E\ (C'U D) be
the set of edges that are not given to Toucher or Isolator at the start of the game, let I be the
set of vertices in V' \ X that are isolated by the edges in D, and let O be the set of vertices in
V' \ X that are touched by an edge in C'. The vertices in O are called occupied and the vertices
in OUX are called touched. Finally, we set U = V' \ (I U X U O) and the vertices in U are called
unoccupied. Note that U is the set of those vertices that could still increase the score, and in a
sense they are the only interesting vertices left in the tree.

The definition of the reduction operation is quite tedious, but the ideas behind it are fairly
simple, and we start by outlining these ideas. Suppose that vy and ve are two touched vertices

and let e be an edge of the form wv; that is not in C. Let 17 be the graph obtained by replacing
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the edge uv; with wvy in T and suppose that 717 is also a tree. This operation changes the
structure of 7', but in a sense it does not affect the game at all. First of all, note that the process
only affects the vertices u, v; and vo. However, in both T and 77 the vertices v; and vy are
already touched, only one edge with u as its endpoint is affected during the process and in both
trees the other endpoint of this edge is touched. Note that it does not matter which particular
vertex the other endpoint is, as long as in both trees the other endpoint is touched. Hence, in
fact, the game is not affected at any vertex during the process. One can also perform similar
operations to leaves that are an endpoint of an edge in C and whose only neighbour has degree
at least 3.

Recall that £ = E\ (C'U D). Let e € E, and note that neither of the endpoints of e is in 1.
Define the endpoint pattern of e to be P (e) € {1,2,3}, where P (e) = 1 if both of the endpoints
of e are unoccupied, P (e) = 2 if exactly one of the endpoints is unoccupied and P (e) = 3 if
neither of the endpoints is unoccupied. Let T7 and 75 be trees with appropriate sets C;, D; and
X;. We say that a function f : E — By preserves the type of the endpoints if for every e € El, e
and f (e) have the same endpoint pattern. Finally, for a vertex v € V (T') define & (v) to be the
collection of the edges whose endpoint v is.

We say that F (T, Cq, D1, X1, s) is a reduction of F (Ty, Co, Do, Xo,s) if D1 = () and if there
exist injections fg : E‘l — Eg and fy : Uy — Us so that fp preserves the type of the endpoints
and we have £ (fv (v)) = fg (€ (v)) for all v € Uy, where fg (A) = U.ca fE (a) for A C Ey. The
first condition is intuitively clear, and the second condition implies that the neighbourhood of
an unoccupied vertex is preserved. The second condition guarantees that the process of isolating
an unoccupied vertex is the same in both 77 and 75. For convenience, we just say that T}
is a reduction of Ty if F' (11,Ch, D1, X1,s) is a reduction of F (15, Co, Dy, Xa,s), as the other
parameters are clear from the context.

In all of our applications, 77 is obtained by deleting some vertices from T5 or by changing
endpoints of a small number of edges. If only deletion of vertices is used in the process, we
usually take fgp and fiy to be the identity maps. For convenience, if fg and fi, are taken to
be the identity maps we simply say that 77 is a reduction of Ty (without explicitly specifying
that the maps are taken to be identity maps). If the endpoints of some edges are changed, we
often still take fy to be the identity map and we take fg (e) = e for most of the edges, apart
from several exceptions involving the edges whose endpoints were changed. In such case we only
specify the map fr on such exceptional edges, and in general for any unspecified vertices v € U
and edges e € F we set fy (v) = v and fg (e) = e.

Our first aim is to prove that such a reduction cannot increase the score of the game, when
the effect of those vertices that are already isolated is taken into account. This essentially follows

by copying the optimal strategy on T3 to a strategy on T3 by using the function fg.

Lemma 41. Let Ty and Ty be trees with appropriate sets C;, D; and X; with D1 = 0 and
suppose that T1 is a reduction of Ts. Let Iy be the set of isolated vertices in Ty, Then we have
« (TQ, CQ, Do, Xs, 8) > |Ig| + « (Tl, Cl, Dy, X4, S).

Proof. Let S; be a strategy on 77 which guarantees that Isolator can isolate at least
a(Th,C1, Dy, X1, s) vertices. Consider the strategy So on T, obtained as follows. If on her

move Toucher claims an edge e € FE for which e is in the image of fg, suppose that the edge
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fgl (e) is assigned to Toucher on the game Tj. If she claims an edge e € E, that is not in the
image of fg, then assign an arbitrary edge to Toucher on T7. On a given turn of Isolator, suppose
that she should claim an edge g € Eyon Ty according to the strategy S1. We define the strategy
S by insisting that Isolator claims the edge fg (¢) on T5 in such case. Once all the edges on T}
are claimed, Isolator plays an arbitrary edge on 75 on her move under the strategy So.

By following this strategy, at the end of the game Isolator has isolated « (71, C1, D1, X1, s)
vertices on 1. Since for all v € U; we have fg (€ (v)) = & (fy (v)), it follows that for each isolated
vertex v € Uy the appropriate vertex fy (v) is also isolated, and all of these vertices are distinct as
fv is an injection. In addition, all the vertices in I5 are also isolated by definition, and note that
we have Iy N Us = (0. Hence it follows that « (Ts, C2, Do, Xo,8) > |I3] + « (Th,C1, D1, X1,5). O

5.3.1 First phase of the game

At the start of the game we say that the game is in the first phase, and after a given move of
Toucher the game remains in the first phase if there exists an unoccupied vertex v for which
€ (v) contains exactly one edge that is not already claimed by Isolator. Otherwise, the game
moves to the second phase, and note that this transition always occurs after Toucher’s move. In
particular, the game is in the first phase as long as Toucher can increase her score on every move
by claiming a suitable edge - it turns out that choosing an arbitrary edge among the available
candidates will be good enough for our purposes.

Let C' and D be the set of edges occupied by Toucher and Isolator when the game moves
from the first phase to the second phase. Recall that for a tree T we write L for the set of leaves
in T. Our first aim is to show that there exists a reduction 7" of T with D’ = (), X' = L’ and
for which [T7| — 3|C’| — 3|L'| is not too small. This is done in Lemma [42] Note that the game
on T corresponds to the delayed game F (T',C", L), as X' = L', D' = () and since Isolator has
the first move in the second phase. Thus in order to analyse the second phase, we need a lower
bound for a (T, C, L). In Lemma [43| we prove a lower bound for a (T, C, L) that depends on the
value of |T'| — 3|C| —3|L|.

Lemma 42. Let T be a tree with n > 3 wvertices. Suppose that Isolator has the next move and
that the game is in the first phase. Let Y be the set of those edges e in E that are not yet played
for which Isolator can immediately isolate a new vertex by claiming e on her current move.

Suppose that on each of her move Isolator claims an arbitrarily chosen edge from Y. Let r
be the number of edges Isolator claims during the first phase, and let C' and D be the set of edges
clatmed by Toucher and Isolator at the end of the first phase. Then there exists a reduction T’
of the game F (T,C,D) with X' = L', D' =0 and |T'| — 3|L'| = 3|C’"| > |T| — 5r — 4.

Proof. Let C ={e1,...,e,41} and D = {f1,..., fr} be the set of edges claimed by Toucher and
Isolator respectively at the end of the first phase, ordered in a way that f; is claimed before f;
for ¢ < j. Let v; be the vertex isolated by claiming the edge f;.

We start by verifying that 7'\ {v1,...,v;} is a tree for all 4, and that claiming f; cannot
isolate both of its endpoints. Indeed, note that v1 must be a leaf, and since n > 3 it follows that
no two leaves can be neighbours. Hence the claim is true when ¢ = 1. If the claim is true for all

1 < j < for some 1, it follows that 7'\ {v1,...,v;} is a tree which does not contain any isolated
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vertices. Note that it also does not contain any edge claimed by Isolator on her first ¢ moves, as
for every edge f1,..., f; at least one of the endpoints is deleted during the process. Thus v;41
must be a leaf in T\ {v1,...,v;}, and note that the unique neighbour of v;11 cannot be a leaf.
Indeed, this follows from the fact that 7'\ {v1,...,v;} contains an edge claimed by Toucher, and
hence it contains at least 3 vertices. Thus both claims follow by induction.

Let 7" be the tree obtained by deleting the vertices v1,...,v,, and note that C C E (T")
as none of the vertices vy, ..., v, is touched. Hence it follows that 7" is a reduction of T when
we choose ' = C, D' = () and X’ = (). Our aim is to reduce T further by constructing a
suitable sequence of reductions Ty,...,T; for some ¢t with Ty = T”, and for which T} satisfies
|Ti| — 3|Ls| — 3|Ct| > |T'| — 5r — 4. For each i define g; = |T;| — 3| X;| — 3|C5].

The sequence Ty, ..., T; is obtained as follows. First of all, we take Ty = T". Given T;_
together with appropriate sets satisfying X;_ 1 C L;_1 € X;_1 UO;_1 and D; 1 = (), we stop
the process if we have X; 1 = L;_;. Otherwise, there exists a leaf v € T;_; whose unique
neighbour w satisfies vw € C;_1. Indeed, since X;_1 # L;_1, it follows that there exists a leaf
v € L1\ Xi—1 € O;_1. Let w be chosen so that N (v) = {w}. Since v € O;_1, we must have
vw € Ci_q.

Let v € L;—1 and let w be the unique neighbour of v for which we have vw € C;—;. We will
prove that in every case we have g; > ¢;—1 — 1, and that the property X; C L; C X; U O; is
preserved.

Case 1. w satisfies dr,_, (w) = 2.

Consider T; obtained by deleting the vertex v and by setting C; = C;—1 \ {vw}, D; = 0 and
Xi = (Xi—1 \ {v})U{w}. Note that T; is certainly a reduction of T;_; as w is a touched vertex in
both T;_1 and T;. We certainly have |C;| = |C;—1] — 1 and |T;| = |T;—1| — 1. Since we might also
have v € X;_1, in the worst case we have |X;| < |X;_1|+ 1. Hence it follows that g; > ¢g;—1 — 1,
and it is easy to see that we also have X; C L; C X; U O;.

Case 2. w satisfies d,_, (w) > 3 and |€ (w) N Ci—1| > 2.

Since |€ (w) N Cy—1| > 2, it follows that there exists an edge uw € C;_1 with u # v. Consider
T; obtained by deleting the vertex v and by setting C; = C;—1 \ {vw}, D; = 0 and X; =
(Xi—1 \ {v}). As before, this is a reduction of T;_1, as w is touched in both T;_; and T; since
uw € Cj. Since dr,_, (w) > 3, it follows that w is not a leaf in 7}, and hence we have X; C L; C
X; UO;. It is easy to check that we have g; > ¢;—1 + 2.

Case 3. w satisfies dr,_, (w) > 3 and |€ (w) N Cy—1| = 1.

Let Nr,_, (w) \ {v} = {vi1,...,vs}. Since dr,_, (w) > 3, it follows that s > 2, and since
|€ (w) N Ci—1] = 1 it follows that wv; ¢ Cj—; for all j. Consider T; obtained by replacing the
edge wv; with vvy and by setting C; = C;—1, D; = ) and X; = X;_1 \ {v}. Since vw € E;_1
and T;_1 is a tree, it follows that T; is a connected graph which does not contain a cycle, and
hence T; is also a tree. Again, we obtain that 7; is a reduction of T;_1 by taking fg (wv1) = vv;.
Indeed, this follows from the fact that both v and w are touched vertices.

Note that we have L; = L;_1 \ {v}, as the only vertices whose degrees are affected during the
process are v and w, and since s > 2 it follows that w is not a leaf in T;. It is easy to see that
we have |T;| = |Ti—1], | Xi| < |Xi—1| and |C;| = |Ci—1|. Hence it follows that ¢g; > ¢;—1, and it is
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also easy to see that we have X; C L; C X; U O;.

Note that we still need to verify that any sequence of such operations will terminate in a finite
time. During every application of Case 1, the number of vertices in T; decreases by 1, yet the size
of T; remains unaffected in Cases 2 and 3. Thus Case 1 can be applied at most |Tp| times. On
the other hand, the number of leaves in T; decreases by 1 during every application of Cases 2 or
3, so the number of times Cases 2 or 3 can be applied consecutively without applying Case 1 is
at most the number of vertices at that particular stage. Hence the total number of applications
is at most [7ol(I7o[+1)/2, which proves that the process must terminate in a finite time.

Let Ty, ..., T: be the sequence of reductions obtained during the process, and let a be the
number of times Case 1 is applied. Since g; > ¢;—1 — 1 whenever Case 1 is applied, ¢g; > gi—1 + 2
whenever Case 2 is applied and g; > g;—1 whenever Case 3 is applied, it follows that g; > go — a.

On the other hand, note that |C;| = |C;_1| whenever Case 3 is applied, yet |C;| = |Ci—1| — 1
whenever Cases 1 or 2 are applied. Since |Cy| > 0 and |Cy| = r + 1, it follows that a < r + 1.
Thus we must have g; > go — (r + 1). Since Xy = L; and Xy = 0, it follows that

Te| = 3|Le| = 3|Cy| = |To| = 3|Col = (r +1).
Since |Ty| = |T| — r and |Cp| = r + 1, it follows that
|Ty| — 3| L] — 3|Cy| > |T'| — b5r — 4.
Since T} is a reduction of T, this completes the proof. O

5.3.2 Delayed version of the game

Let Ti, C; and Ly be the reduction provided by Lemma and let r be the number of edges
claimed by Isolator during the first phase of the game. Then Lemma [41] implies that we have
a(T) > r+ a(Ti,Cy, Ly). Since |Ty| — 3|L¢| — 3|Cy| > |T| — 5r — 4, it suffices to prove that

for all trees T' with n vertices, [ leaves and for any set of edges C C E we have o (7,C, L) >

{n—31—3\0|+7J
— |

However, for the purposes of the inductive proof it turns out to be convenient to prove a
slightly stronger statement. Recall that O is the set of occupied vertices, and since X = L it
follows that O is the set of those vertices of degree at least 2 which are an endpoint of an edge

in C. Our aim is to prove the following result.

Lemma 43. Let T be a tree with n vertices and | leaves. Let O be the set of occupied vertices of
T and let C C E. Then we have

(5.5)

W(T.C.L)> V—Bl_gw+7;ZUEO(d(U)_2)J'

In particular, it follows that o (T,C, L) > L%J

The proof is an inductive proof first on the size of T' and then on the number of leaves in T';

however, for simplicity one could view it just as an inductive proof on the size of T'. Given a
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tree T whose leaves are touched and with some edges claimed by Toucher at the start, our aim
is to either find suitable edges for Isolator that can help to isolate some vertices, or find suitable
substructures of the tree with many touched edges that could be removed without deleting too
many vertices that could possibly be isolated. In either case, our aim is to reduce the size of T'
without reducing the lower bound.

The structures we are in general looking for are two neighbouring vertices of degree 1 or 2,
as near such vertices T' behaves similarly compared to a path. If no such substructure exists, it
follows that the vertices of degree 1 or 2 must be spread out. In particular, there must be vertices
of higher degree, which implies that T contains plenty of leaves. The aim of the next Lemma is
to make this argument precise. As a consequence, it turns out that if no suitable substructure
of T exist, then lower bound of cannot be positive, and hence the claim is certainly true.

Since there are several substructures we are considering, the proof splits into many cases and
the proofs of some cases are rather long. This is due to the fact that for each substructure,
the proof often splits into multiple subcases based on the structure of T on vertices near the
substructure. In general, the proofs are fairly easy within each case, and similar ideas are
repeatedly used in different cases. In a sense, the most difficult idea is to come up with a

suitable lower bound in (5.5 that is strong enough for an inductive argument.

Lemma 44. Let T be a tree with n > 3 vertices containing no two adjacent vertices of degree 2

and no leaf adjacent to a vertex of degree 2. Then T contains at least % leaves.

Proof. Let d; be the number of vertices of degree ¢ in T'. Since a tree on n vertices contains n — 1

edges, it is easy to verify that we have

> idi=2(n - 1) (5.6)

and

dy :2+i(i—2)di. (5.7)
=3

Let X be the set of vertices in T which have degree 1 or 2, and let Y be the set of vertices in
T which have degree at least 3. Note that there are no edges inside X. Indeed, trivially no two
leaves can be adjacent in any tree with at least 3 vertices, and by assumption no leaf is adjacent

to a vertex of degree 2 and no two vertices of degree 2 are adjacent. Hence it follows that

n

dy+2dy =e(X,)Y) <> d(y) =) id;. (5.8)
yey i=3

Thus (5.6) with (5.8)) imply that

n

ZidiZn—l.

1=3

Since we have 3 (i —2) > i for all 7 > 3, it follows that

n n

Z(z‘—%de%Zidiz”;l.

=3 i=3
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Thus 1} implies that di > 2 + ”T_l = ”T%, which completes the proof. O

Now we are ready to prove Lemma

Proof of Lemma[{3 The proof is by induction on n, and for a fixed n we also induct on the
number of leaves. Let C = {ey,..., e} be the set of edges claimed by Toucher at the start of
the game, and for convenience we write [ = |L| and k = |C| throughout the proof. We start by
checking the base cases. For a fixed n, note that the claim follows if T" is a path by Theorem
Hence for a given n, the base case for the induction on the number of leaves holds. Thus we
may always assume that 7" is not a path.

Next we prove that the claim holds whenever n < 5. Since T is not a path, we must have
I > 3. Note that we always have > 5 (d(v) —2) <3 o/ (d(v) —2) =1 —2. Hence for n <5
and [ > 3 we have

n+T-31-3k+> (d(v)—2)<n+5-2<4,
veO
which completes the proof, since we always have a (T,C, L) > 0. Thus, from now on, we may
assume that T has at least 6 vertices and that T is not a path.

We split the proof into cases based on whether T' contains suitable substructures. At the
end we verify by using Lemma [44] that if T" contains none of these substructures, we must have
n—3l—3k+7+>,c0(d(v)—2) <5, in which case the claim follows trivially.

In the first four cases we consider the situations when C' contains two edges that are ‘close’
to each others or when C' contains an edge close to a leaf. In those cases we prove that a suitable
part of the tree can be removed already before the start of the game in a way that the resulting
tree is a reduction of the original tree, and so that this reduction does not decrease the score. In
particular, note that we have D = I = () in such cases. In the remaining two cases we consider
situations when T contains sufficiently many neighbouring vertices of degree 2. In such cases
Isolator can increase the score by claiming the edges joining such vertices.

Let us first focus on those cases in which we can simply reduce T' before the game starts.
Given a reduction T} of T with appropriate sets C, L1 and D7 = (), for convenience we define
d(k) = C| — 1], (1) = |L| — |Lal, d (n) = |T| - T3] and

d(s)=) (dr(v)=2)= ) (dr (v) —2).

ve0 veO]

For v € V (T'), we define
ds (v) = (dr (v) —2)[{v € O} — (dp, (v) —2)I{v € O1},
where as usual I denotes the indicator function of an event, and note that we have

d(s)= Y  ds(v).

veVuUVp

Finally, we define D (T,T1) = d (n) — 3d (I) — 3d (k) + d (s). Note that this also depends on the
sets C and C1, but the dependence will not be highlighted in the notation as these sets are clear
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Figure 5.1: Construction of T7. Red rigid edges are edges in T which are replaced with red
dotted edges.

from the context.
Let

S(T) = {n—3l—3k+7+zveo(d(v) —Z)J |
5
and again note that S also depends on C. If d(n) > 0, the inductive hypothesis implies that
we have «(T1,C1,L1) > S(Th). If we also had D (T,T1) < 0, it would certainly follow that
S(Ty) > S(T). Since Ty is a reduction of T', Lemma [41]implies that a (T, C, L) > o (T4, Ch, L1),
as D = () implies that I = (). Combining these together, we obtain that o (T,C,L) > S (T).
Thus we can conclude that when |T| > |7}, the inductive step follows if we can prove that

D (T,T1) < 0. We now move on to considering various substructures of T
Case 1. T contains an unoccupied vertex of degree 2 both of whose neighbours are touched.

Since n > 3, it follows that either both of the vertices are occupied, or one of them is occupied
and the other is a leaf. We start by reducing the first case to the second case.

Let v be the unoccupied vertex of degree 2, and let v and w be the neighbours of v. By
the assumption we know that u and w are occupied. Let N (u) \ {v} = {u1,...,u,}. Since u is
occupied and v is unoccupied, there exists j for which we have uu; € C. Let a be a leaf in T so
that every path from a to w must go through w. Consider T1 obtained by deleting all the edges
with u as an endpoint apart from the edge uv and adding the edges auq, ... au,, as illustrated in
Figure 5.1. We also set C to be the set containing all the edges in C' that do not have v as an
endpoint, and together with the edges of the form aw; for those ¢ for which we also have uu; € C.

It is easy to see that T is a reduction of T by taking fg (uu;) = au;. Indeed, this follows
from the fact that a is touched in 77 as au; € C. It is also easy to check that we have d (k) =0
and d (n) = 0. We also have L1 = (L \ {a}) U {u}, which implies that d (I) = 0. Note that a and
u are the only vertices whose degrees are affected during the process. Since we have dg (a) = 1—r
and dg (u) = r — 1, it follows that d (s) = 0. In particular, we have S (T') = S (T1), and thus by
Lemma {41} it suffices to only consider the case when one of the neighbours is a leaf.

Hence we may assume that 7' contains an unoccupied vertex v of degree 2 with neighbours
u and w so that u is a leaf and w is occupied. Let w; be chosen so that ww; € C. Since T

has at least 6 vertices, we must have d (w) + d (w;) > 4. We start by considering the cases
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Figure 5.2: Construction of T} when d (w) +d (w1) > 5 and ¢ = 0. Red rigid edge is the edge in
T that is replaced with the red dotted edge.

corresponding to d (w)+d (w1) = 4, and it is easy to check that this condition is satisfied exactly
when (d (w),d (w1)) € {(2,2),(3,1)}.

If d(w) = d(w1) = 2, consider T} obtained by deleting the vertices u, v and w, and by
taking C; = C'\ {ww;}. Since w; is a leaf in T3, it follows that T is a reduction of T'. Since
Ly = (L\ {v}) U{w}, it follows that d (I) = 0. It is also easy to check that we have d(n) = 3,
d(k) =1 and d(s) = 0. Thus we have D (7,71) = 0, and since |T'| > |T1| the claim follows by
induction.

If d(w) =3 and d (w;1) = 1, let = be chosen so that N (w) = {x,v,w;}. Consider T} obtained
by deleting the vertices u, v and wi, and by taking C; = C'\ {ww; }. Since Np (w) = {z,v,w; },
it follows that w is a leaf in 77, and hence T3 is a reduction of T'. Note that we have L1 =
(L\ {u,w1})U{w}, and w is the only vertex whose degree is affected during the process. Hence
we have d (n) =3, d(l) =1 and d (k) = 1, and since d, (w) = 1 we also have d(s) = 1. Hence it
follows that D (T,T1) = —2, and since |T'| > |T}]| the claim follows by induction.

Now suppose that we have d (w) 4+ d (w1) > 5. Let N (w;) \ {w} = {a1,...,ac} and N (w) \
{v,w1} = {act+1,...,aq} where one of these sets might be empty. Note that the condition
d(w) + d(wy1) > 5 implies that we have d > 2. Consider T obtained by deleting the vertices
uw and v, and by taking E (T1) to be the set of those edges in T' that do not have w or w; as
their endpoint together with the edges wwy, wia; and wa; for 2 < i < d. See Figure 5.2 for
illustration when ¢ = 0. Finally, we take C to be the set containing the edge wwy, all the edges
in C that do not have w or w; as an endpoint, and the unique edge in {wa;, wia;} N E (T1) for
those ¢ for which the one of wa; or wya; that is an edge in 7' is also contained in C'. In particular,
it follows that |C1| = |C|.

Note that T} is a reduction of 7" by taking f (wa;) = aja; for all 2 < i < ¢ since both w and
wy are touched in T and T;. Tt is easy to check that we have d(n) =2,d(l) > 1 and d (k) = 0.
It is also easy to see that the only vertices whose degrees are affected are v, w and w;. We have
ds(v) =0,ds(w) =(d—¢)—(d—1)=1—-cand ds (w) =max(c—1,00) —0<casc>0. In
particular, it follows that d (s) < 1, and hence we have D (7,77) < 0. Since |T'| > |T1], the claim
follows by induction. This completes the proof of Case 1.

Case 2. T contains an edge e ¢ C both of whose endpoints are touched.

There are again two possibilities: either both endpoints of e are occupied or one of them is

occupied and the other one is a leaf. By using the same argument as in the proof of Case 1, we
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may assume that one of the endpoints is occupied and the other one is a leaf. Let u and v be
the endpoints of e so that w is a leaf and v is occupied, and let w be chosen so that vw € C.
Again, we split the proof into cases based on the size of d (v) + d (w), and since T" has at least 6
vertices, we have d (v) + d (w) > 4. Again, the condition d (v) + d (w) = 4 implies that we have
(d(v),d(w)) € {(2,2), (3, 1)}

If d(v) = d(w) = 2, consider T} obtained by deleting the vertices v and v, and by taking
C1 = C\ {vw}. Since dr (w) = 2, it follows that w is a leaf in 77, and hence 77 is a reduction of
T. Tt is easy to check that we have d (n) =2, d(l) = 0 and d (k) =1. Since w is the only vertex
whose degree is affected during the process and ds (w) = 0, it follows that d (s) = 0. Hence we
have D (T,T1) = —1, and since |T'| > |T1| the claim follows by induction.

If d (v) = 3 and d (w) = 1, let T} be the tree obtained by deleting the vertices u and w, and
by taking C; = C'\ {vw}. Since v is a leaf in T7, it follows that T} is a reduction of T'. It is easy
to check that we have d(n) =2, d(l) = 1 and d (k) = 1. Note that v is the only vertex whose
degree is affected during the process, and since ds (v) = 1 it follows that d(s) = 1. Hence we
have D (T,T1) = —3, and since |T'| > |T1| the claim follows by induction.

Finally, suppose that d (v) +d (w) > 5. Let N (v) \ {uv,w} = {a1,...,a.} and N (w) \ {v} =
{act1,--.,aq}, where one of these sets might be empty. Note that the condition d (v)+d(w) > 5
implies that we have d > 2. Consider T7 obtained by deleting the vertex w, and similarly as in
the proof of Case 1 we take E (T7) to be the set of those edges in 7' that do not have v or w as
their endpoint together with the edges vw, va; and wa; for 2 <4 < d. Again, we choose C] to
be the set containing the edge vw, all the edges in C' that do not have v or w as an endpoint,
and for those ¢ for which the one of va; or wa; that is an edge in T is also in C, the unique edge
in {va;, wa;} N E(Ty) is also included in Cy. As before, we have |Ci| = |C|. As in the proof of
Case 1, since v and w are occupied in both T and 17, it follows that 717 is a reduction of T" by
taking fg (va;) = wa; for all 2 <i <.

Note that we have d(n) = 1, d(I) > 1 and d (k) = 0. Since v and w are the only vertices
whose degrees are affected during the process, and since we have ds (v) = ¢ and ds (w) =
max (d —c—1,0) — (d — 2) <2 — ¢, it follows that d(s) < 2. Hence we have D (T,77) <0, and
since |T'| > |T1]| the claim follows by induction. This completes the proof of Case 2.

Case 3. There exists an edge e € C' whose endpoint is a leaf.

Let u and v be the endpoints of e with u being a leaf. First suppose that we have d (v) = 2.
Let T} be the tree obtained by deleting the vertex u, and by taking C; = C'\ {uv}. Since v is
touched in both 77 and 7', it follows that T} is a reduction of T'. It is easy to check that we have
d(n)=1,d(l)=0,d(k) =1 and d(s) = 0. Thus we have D (T,T7) = —2, and since |T'| > |T7|
the claim follows by induction.

Now suppose that we have d (v) > 3, and let N (v)\{u} = {v1,...,v.} where ¢ > 2. Consider
T1 obtained by replacing the edge vv; with uv; and by taking C] to be the set of all edges in C
that are also edges in 71, and if vv; € C then wv; is also included in C;. It is easy to see that
T; is a reduction of T by taking fp (vv1) = uwvy since u and v are touched vertices in 77 and
T. It is easy to check that we have d(n) =0, d(I) = 1 and d (k) = 0. Note that v and v are
the only vertices whose degrees are affected during the process, and we clearly have ds (v) = 1
and ds (u) = 0. Hence it follows that d(s) = 1, and thus we have D (T,7T1) = —2 < 0. Since
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Figure 5.3: Construction of T7. Red rigid edges are edges in T which are replaced with red
dotted edges.

w

the number of vertices remains the same and the number of leaves decreases by one, the claim

follows by induction. This completes the proof of Case 3.
Case 4. There exist distinct edges e;, e; € C' which have a common endpoint.

Let u be the common endpoint of e; and e;, and let v and w be the other endpoints respec-
tively. By Case 3, we may assume that neither of v or w is a leaf. Let N (u)\{v,w} = {v1,...,v.}
with possibly r» = 0. Consider T} obtained by removing the vertex u together with all the edges
that have u as an endpoint, and by adding the edges vw and vv; for all 1 < i < r as illustrated
in Figure 5.3. It is easy to check that T} is a tree. Let Cj be the set containing the edge vw,
all the edges in C' that do not have u as an endpoint and all the edges vv; for those ¢ for which
we also have uv; € C. Since both u and v are touched, it follows that 77 is a reduction of T by
taking fg (uv;) = vv; for all i.

It is easy to check that we have d (n) =1, d () = 0 and d (k) = 1. Note that the only vertices
whose degrees are affected during the process are u, v and w. Since neither of v or w is a leaf,
it is easy to check that dg (u) =7, ds (v) = (dr (v) —2) — (dr (v) + 7 — 2) = —r and ds (w) = 0.
In particular, it follows that d (s) = 0, and hence we have D (T, T1) = —2. Since |T'| > |T1|, the

claim follows by induction, and this completes the proof of Case 4.

From now on, we suppose that 1" contains no configuration described in Cases 1-4, and hence
the edges in C are suitably ‘isolated’. We now consider the cases when T' contains two adjacent
vertices of degree 2 that are both unoccupied. In such case the edges incident with these two
vertices could be suitable moves for Isolator. Our aim is to describe a sequence of moves for
Isolator that allows her to increase the score in a way that the resulting tree (together with the
new moves) has a reduction with sufficiently large score.

From now on, we change our notation slightly: let C’ denote the set of edges claimed by
Toucher at the start of the delayed game and let O’ be the set of occupied vertices at the start of
the delayed game. Let D be the set of edges claimed by Isolator during the new moves, and let
C be the set of edges claimed by Toucher during the new moves, and for convenience we write
C = {fl, ey f‘D|}. Finally, we set C = C' U C, and hence C is the set of edges claimed by
Toucher at the end of the process, i.e. once the new moves have been played.

In all the cases we are about to consider, the edges in D form a path in T so that all the
vertices on this path apart from the endpoints have degree 2 in T', and the endpoints have degree
at least 3 or are touched at the end of the process. In particular, it follows that the number of

vertices isolated during the process is exactly |D| — 1.
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Our aim is again to seek for a suitable reduction 77 of T for these choices of C'; D and
X = L, and as usual we require that D; = () and X; = L;. Since there are exactly |D| — 1
isolated vertices, Lemma [41]implies that we have o (T',C, D, L) > (|D| — 1) + a(T1, C1, D1, Ly).
If |T| > |T1|, the inductive hypothesis implies that « (71, Cy, D1, L1) > S (T1). Note that during
the process of claiming new edges we fix a suitable strategy for Isolator, but we allow Toucher to
play arbitrary edges on her moves. Hence it follows that o (T,C’, L) > o (T, C, D, L), as playing
the edges in D corresponds to a certain choice of strategy, which may or may not be optimal.

Define d (n) = |T| — |T1|, d (1) = |L| — | L1]|, d (k) = |C| — |C’| and let

d(s)=) (dv)=2) =) (d(v)-2).

ve0’ ve0

In particular, note that d (k) and d (s) are defined for the initial set-up of the delayed game, and
not for the set-up containing the new edges that are played. As before, we define D (T,T7) =
d(n) —3d(l) — 3d (k) + d(s). Again, if we had D (T,T1) < 5(|D| — 1), it would follow that
S(T1,Ch) + (|ID] — 1) > S(T,C") and hence it would follow that « (T,C’, L) > S (T, C"), where
the dependence on the set of claimed edges C’ is highlighted in the notation for clarity. Hence
our aim is to prove that we always have D (T,77) < 5(|D| —1).

We now focus on the unoccupied vertices of degree 2. First we consider a case when there
exists such an unoccupied vertex whose neighbour is a touched vertex, although this case splits
into a large number of subcases. Note that if no such unoccupied vertex of degree 2 exists, then
by following a path of unoccupied vertices of degree 2 it follows that both of the endpoints of

such paths are unoccupied vertices of degree at least 3, and not touched vertices.
Case 5. There exists an unoccupied vertex of degree 2 whose neighbour is touched.

Let v1 be an unoccupied vertex of degree 2 and let vy be the neighbour of v; that is touched.
Note that by using the same argument as in the proof of Case 1 we may assume that vg is a leaf.
We start by constructing a sequence of vertices vg, vy, ..., v, as follows: given an unoccupied
vertex v; of degree 2 with v;_jv; € E, let v;41 be chosen so that we have N (v;) = {vij—1, vit+1}.
Let m denote the index for which the process stops, i.e. m is the least positive integer for which
Up, 18 touched or d (vy,) > 3. Since v; is an unoccupied vertex of degree 2, it follows that m > 2.

We now split the proof into main cases which mostly depend on the value of m. For conve-
nience, we say that a vertex v is inittally touched if v is touched in the initial set-up. That is, if
v is unoccupied on the initial board but v is an endpoint of one of the edges claimed by Toucher
once the game has started, we do not consider v to be initially touched vertex (and we say that

v is initially untouched).
Case 5.1. m = 2.

Note that v2 cannot be touched by Case 1. Hence by the choice of m we must have d (v2) > 3.
Suppose that Isolator claims the edge vive on her first move. If Toucher claims the edge vgv; on
her first move, we stop. Otherwise, Isolator claims the edge vgv; on her second move, and we
stop after Toucher’s second move.

First consider the case when Isolator managed to claim both of these edges, and consider T}
obtained by deleting the vertices vy and v1. We set C1 = C" U {f1, f2}, and recall that f; and

fo are the edges claimed by Toucher on her two moves. It is easy to see that 77 is a reduction

90



of T, and we have d(n) = 2, d(I) = 1 and d (k) = —2. Note that vy is the only vertex whose
degree changes during the process, and vy is initially unoccupied. Hence we have d (s) < 0, as
the additional two moves given to Toucher can only decrease the value of d (s). Since |D| = 2, it
follows that D (T,71) =5 < 5(|D| —1).

Now suppose that Toucher claimed the edge vovi. Again, consider 77 obtained by deleting
the vertices vg and vy, but in this case we take C; = C’. It is easy to see that T} is a reduction
of T, and similarly we have d(n) = 2, d(l) =1, d(k) = 0 and d(s) = 0. Indeed, in this case
we have d (s) = 0, as Toucher claimed the edge vov; on her move. Since |D| = 1, it follows that
D(T,T) = -1 <5(D| - 1).

Case 5.2. m = 3 and vs is initially touched.

Since T is a tree with least 6 vertices, it follows that vs cannot be a leaf, and hence vs is
occupied. Suppose that Isolator claims the edge vivs on her first move and one of the edges in
{vov1, v2v3} on her second move. If Toucher has claimed the other one of these edges on one of
her first two moves, the process stops after Toucher’s second move. Otherwise, Isolator claims
the other edge in {vgv1, vovs}, and the process stops after Toucher’s third move. The rest of our

analysis splits into cases based on the number of neighbours of vs.
Case 5.2.1. d(v3) =2.

Let vy be chosen so that d (v3) = {va,v4}. Since vs is occupied, it follows that vsvy € C. We
also need to split the proof into cases based on the number of neighbours of v4, and note that vy

cannot be a leaf as T' contains at least 6 vertices.
Case 5.2.1.1. d(v4) = 2.
Let T7 be the tree obtained by deleting the vertices vy, v1, v2 and vs, and let C be the set

of those edges in C' that are not deleted during the process. Since vy is a leaf in 77 and occupied
in T, it follows that 77 is a reduction of 7.

First suppose that Isolator claimed all three edges in {vov1, viva, vaus}. Since vy is a leaf in
T and the edge vsvg € C' is deleted during the process, it is easy to check that we have d (n) = 4,
d(l) =0, d(k) = —2 and d(s) < 0, as the new edges claimed by Toucher cannot increase the
value of d (s). Hence it follows that D (T,77) <10 =5(|D| —1).

Now suppose that Isolator claimed only two such edges. Hence one of the edges in
{vov1, v1v2, v2v3} must be claimed by Toucher, and this edge is deleted together with the edge
vsvg € C. Hence it is easy to check that we have d(n) =4, d(l) =0, d(k) =0 and d(s) <0,
and thus it follows that D (T,T1) <4 < 5(|D| —1).

Case 5.2.1.2. d(vs) > 3.
Let N (vq) \ {vs} = {u1,...,us} where a > 2. Let T} be the tree obtained by deleting the

vertices vg, v1 and vy, and by replacing the edge vqu; with vsu;. Let C7 be the set of all edges
in C that are also edges in 717, and if vqu; € C the edge vsuy is also added to Cy. Hence T}
is a reduction of T by taking f (vqu1) = vsuj. Note that the only vertices whose degrees are
affected during the process are vs and vy, and it is easy to check that we have ds (v3) = 0 and
ds (vg) = (a+1—2) — (a —2) = 1. In particular, it follows that d(s) < 1, and we also have
d(n)=3and d(l) =1.
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If Isolator claimed all three edges, it follows that d (k) = —3. Hence we have D (T,T1) <
10 = 5(|D| — 1). If Isolator claimed only two such edges, it follows that d (k) = —1. Hence we
have D (T,1T1) <4 <5(|D| —1).
Case 5.2.2. d(v3) > 3.

Let 17 be the tree obtained by deleting the vertices vg, v; and vy, and note that 77 is a

reduction of T. Since v3 is the only vertex whose degree is affected during the process and
ds (v3) = 1, it follows that d (s) < 1. We also have d (n) = 3.

If Tsolator claimed all three edges, it follows that d(I) = 1 and d (k) = —3. Hence we have
D(T,Th) = 10 < 5(|D| —1). If Isolator claimed only two such edges, it follows that d(I) =1
and d (k) = —1. Hence we have D (T,T1) <4 <5(|D| —1).

Case 5.3. m = 3 and wvs is initially unoccupied.

Since w3 is initially unoccupied and m = 3, it follows that d(v3) > 3. Again, suppose that
Isolator claims the edge viv2 on her first move and one of the edges in {vov1, vav3} on her second
move. If Toucher has occupied the other one of these edges on her first two moves, the process
stops after the second move of Toucher. Otherwise, Isolator claims the other one of these edges
on her third move, and the process tops after the third move of Toucher.

First suppose that Isolator claimed all three edges, and let T be the tree obtained by deleting
the vertices vg, v1 and vg, and by taking C; = C. Then T} is a reduction of T, and the only
vertex whose degree is affected during the process is vs. Since vz € O’ it follows that d (s) < 0,
and it is also easy to check that we have d(n) =3, d(I) = 1 and d (k) = —3. Hence it follows
that D (T,Th) <9 <5(|D| —1).

If Isolator claimed only the edges vive and wovs, consider the same reduction T; as in the
previous case, and again we take C] to be the set of those edges in C' that are also edges in
T1. Again, it is easy to see that 77 is indeed a reduction of T, as the edge vovs is occupied by
Isolator. It is also easy to check that we have d(n) =3, d(l) =1, d(k) = —1 and d(s) <0, and
hence it follows that D (T,T1) <3 <5(|D| —1).

Finally, suppose that Isolator claimed only the edges vov; and vive. Let N (v3) \ {v2} =
{u1,...,uq} where a > 2. Consider T} obtained by deleting the vertices vy and vy, and replacing
the edge vsuy with vouy, and by taking C to be the set containing all the edges in C' that are
also in 77, and if vsu; € C then vouy is also added to C';. Since both ve and w3 are touched, it
follows that T3 is a reduction of T' by taking fg (vsu1) = vous.

Note that vy and v3 are the only vertices whose degrees are affected during the process. Since
both of them are initially unoccupied, it follows that d (s) < 0. It is easy to check that we have
d(n)=2,d(l)=1and d (k) = —2. Hence we have D (T,T1) <5=5(|D| —1).

Case 5.4. m > 4.

Suppose that Isolator claims the edge vovs on her first move. Suppose that before a given move
of Isolator the set of the edges claimed by Isolator is of the form {vvit1,viq1vig2, ..., vjvj41}
for somei <2and 2 <j <m—1. If j <m—1 and if the edge vj11v;42 is still available, Isolator
claims this edge on her next move. Otherwise, if ¢ > 1 and the edge v;_1v; is still available,
Isolator claims this edge on her next move. If neither of these edges is available, the process

stops.
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Let D = {v;vi11, ..., vjvj41} be the set of edges claimed by Isolator at the end of the process.
In particular, we have |D| = j —i+ 1. Hence the number of isolated vertices is j — i as the set of
isolated vertices is {vj11,...,v;}. Note that we always have i1 <2,2<j<m—1land j—i>1,
as Toucher cannot claim both of the edges v1vy and v3vs on her first move. We now split the
proof into multiple cases, mostly based on the value of j but sometimes also based on whether
Up, 18 touched or d (vy,) > 3.

Case 5.4.1. j <m—2.

Since 5 # m — 1 at the end of the process, it follows that Toucher has claimed the edge
V41542 on one of her moves. Let T be the tree obtained by deleting the vertices vo, ..., vj41,
and by taking C to be the set of those edges in C that are also edges in T7. Since j < m — 2, it
follows that vjy2 is a leaf in 77. Hence Ti is a reduction of 7', and it is easy to see that we have
dn)=74+2,d(l)=0and d(s) <0.

First suppose that we have i € {1,2}. Hence Toucher has claimed at least one of the edges
in {vov1,v1v2}, and also note that the edge v;j11vj42 claimed by Toucher is deleted. Since
Toucher has claimed exactly j — i+ 1 edges outside C’ on her new moves, it follows that d (k) >
(1—j—1)4+2=1+4+1i—j. Hence we have D (T,T1) < 4j — 3i — 1, and by using the facts that
i<2and j—i>1 we obtain that 5(|D| —1) — D (T,T1) > j—2i+1>0.

Now suppose that we have ¢ = 0. In this case it follows that d (k) = —j, as vj41vj42 is the
only deleted edge claimed by Toucher. Hence we have D (T,71) < 4j + 2, and since j > 2, it
follows that D (T,T1) < 5j =5(|D| —1).

Case 5.4.2. j=m —2 and d (vy) = 2.

Since d (vy,) = 2, it follows that v, is initially touched by the definition of m. Again, since
j # m—1, at the end of the process, Toucher has claimed the edge v.;,— 1V, on one of her moves.
Let 11 be the tree obtained by deleting the vertices vy, ..., vm,—1, and by taking C; to be the set
of those edges in C' that are also edges in T;. Since d (v,,) = 2, it follows that vy, is a leaf in
T;. Hence T} is a reduction of T', and it is easy to check that we have d (n) = m, d(I) = 0 and
d(s) <0.

If i € {1,2}, it follows that d(k) > 1414 — j = 3 4+ i — m by using the same argument as
in the proof of Case 5.4.1. Hence we have D (T,T1) < 4m — 3i — 9, and thus it follows that
5(D|—-1) = D(T,Ty) > m —2i — 1. Since j > i+ 1 and ¢ < 2, it follows that m = j +2 >
i+3>2i+1. If i =0, it follows that d (k) = —j = 2 — m. Hence we have D (T,T1) < 4m — 6,
and since m = j + 2 > 4, it follows that D (T,T1) <5(m —2) =5(|D| —1).

Case 5.4.3. j =m —2 and d(vy) > 3.

Since j # m — 1, Toucher has claimed the edge v,,—1v;,, on one of her moves. Let N (vy,) \
{vm-1} = {u1,...,us} where a > 2. Consider T} obtained by removing the vertices vy, . . . , Um—2,
and by replacing the edge v, u; with v, _ju1. Let C7 be the set of those edges in C that are
also edges in 71, and if vpuy € C then vy, —1uy is also added to C;. It is easy to see that T} is a
reduction of T by taking f (vmu1) = vpm—1u1, as both v,,—; and v, are touched.

If vy, is initially unoccupied, it is clear that we have d (s) < 0. Otherwise, we have ds (vp,) =
(a+1—-2)—(a—2) =1 and ds (v,—1) = 0. Hence it follows that d(s) < 1 in either case. We
also have d(n) =m — 1 and d(l) = 1.
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If i € {1,2}, Toucher has claimed at least one of the edges vgv; or vive, and hence we have
d(k) >i—j=1i+2—m. Hence it follows that D (T,T1) < 4m — 3i — 9, and hence we have

5(D|=1)=D(T,Ty) >5(m—2—1i)— (4m —3i —9) =m — 2i — 1.

By using m=j+2>1i+3 and i < 2, it follows that D (T,71) < 5(|D| — 1).

If i =0, we have d (k) = —j — 1 =1 — m. Hence it follows that D (T,T1) < 4m — 6. Since
m >4, we have D (T,1T1) <5(m —2)=5(|D| —1).
Case 5.4.4. j=m—1and d(vy) > 3.

Let 11 be the tree obtained by deleting the vertices vy, ..., vp—1. Since Isolator has occupied
all the edges v;vit1, ..., Um—1Vm, it follows that T} is a reduction of T regardless of whether v,,
is touched or not. Since vy, is the only vertex whose degree is affected during the process and
dr, (V) = dr (v) — 1, it follows that d (s) < 1. We also have d (n) = m and d (1) = 1.

If : € {1,2}, it follows that d (k) > ¢ +1 —m. Hence we have D (T,T7) < 4m — 3i — 5, and
thus it follows that

5(D|—1) = D(T,T1) >5(m—i—1) — (4m — 3i — 5) = m — 2i.

Combining this with m > 4 and i < 2, we obtain that D (T,71) < 5(|D| —1).

If i = 0, it follows that d (k) = —m. Hence we have D (T,T1) < 4m — 2, and since m > 4, it
follows that D (T,T1) <5(m —1) <5(|D| —1).
Case 5.4.5. j=m—1 and d(vy) < 2.

Since d (vy,) < 2, the definition of m implies that v, is touched. Since T is not a path, we
must have d (vy,) = 2. Let vy,4+1 be chosen so that N (vy,) = {Um—1,Vm+1}. Since vy, is touched
and vp—1vy, € C, it follows that vy,vm+1 € C. We split the proof into subcases based on the

degree of v,,11. Note that v,,41 cannot be a leaf since T is not a path.
Case 5.4.5.1. d(vmy1) = 2.

Let 11 be the tree obtained by deleting the vertices vg, ..., V. Since vy, is touched in T
and a leaf in 71, it follows that 77 is a reduction of 7. We clearly have d(n) =m +1, d(l) =0
and d (s) = 0.

If i € {1,2}, it follows that d (k) > — (j — i+ 1)+2 =i—m+2, as at least two edges claimed
by Toucher are deleted during the process, namely v, vpy,11 and one of vgvy or vive. Hence we
have D (T,T1) < 4m — 3i — 5, and thus it follows that

5(D|=1)=D(T,T1) >5(m —i—1) — (4m — 3i — 5) = m — 2i.

Again, by using m > 4 and ¢ < 2, we obtain that D (7,T1) < 5(|D| —1).

If i = 0, it follows that d (k) > — (j +1) + 1 = 1 — m, and thus we have D (T,T1) < 4m — 2.
Since m > 4, it follows that D (T,T1) <5(m —1) =5(|D| —1).
Case 5.4.5.2. d(vm+1) > 3.

Let N (vpm+1) \ {vm} = {u1,...,us} where a > 2, and let T} be the tree obtained by deleting
the vertices vy, . .., vm—1 and by replacing the edge vy, 111 with vp,uq. Let Cp be the set of those
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edges in C that are also edges in T1, and if vy,41u; € C then vpuy is also added to €. Then
Ty is a reduction of T by taking fg (Um41u1) = vmui. It is easy to see that we have d (n) =m
and d(I) = 0. Note that v, and v,,4+1 are the only vertices whose degrees are affected during
the process. Since ds (vpm+1) < 1 and ds (vy,) = 0, it follows that d (s) < 1.

If i € {1, 2}, it follows that d (k) > —(j —i+ 1)+ 1 =4+ 1—m. Hence we have D (T, T1) <
4m — 3i — 5. Since m > 4 > 2i, it follows that

5(D|—=1)=D(T,T1) >5(m—i—1)— (4m — 3i — 5) = m — 2i > 0.

If i = 0, it follows that d (k) = —m, and hence we have D (T,T1) < 4m — 2. Since m > 4, it
follows that D (T,T1) <5(m —1) < 5(|D| — 1), which completes the proof of Case 5.

Suppose that T does not contain any configurations described in Cases 1-5, and let vy, ..., vm
be a maximal path of vertices in T for which v; is an unoccupied vertex of degree 2 for all
1 <i<m—1, and for which we have v; € N (v;_1) for all 1 <14 < m. Since T does not contain
any configurations described in Cases 1-5, it follows that vy and v,, are also unoccupied, and the
maximality assumption implies that we must have d (vg) > 3 and d (v,,) > 3. In our final case

we suppose that there exists such a path with m > 3.

Case 6. There exist m > 3 and unoccupied vertices vy, . .., vy, satisfying v; € N (v;—1) for all
1<i<m,d(v;))=2foralll<i<m-—1,d(vy) >3 andd(vy,)>3.

Suppose that Isolator claims the edge vivy on her first move. Suppose that before a given
move of Isolator, the set of edges claimed by Isolator is of the form {v;vit1, Vit1viq2, ..., VjVj41}
for some ¢ € {0,1} and j < m—1. If j < m—1 and if the edge vj11vj42 is still available, Isolator
claims this edge on her move. Otherwise, if i = 1 and the edge vgv; is still available, Isolator
claims this edge on her move. If neither of these conditions is satisfied, the process stops.

Let {vivit1,...,vjvj41} be the set of edges claimed by Isolator at the end of such process.
Note that we have |D| =j—i+1,i€ {0,1},1 <j<m—1and j—i>1 as Toucher cannot
claim both of the edges vgv; and vevs on her first move. We split the proof into several cases

based on the values of ¢ and j.
Case 6.1. i =0and j=m — 1.
Let S be the graph obtained by deleting the vertices vy,...,vm—1. It is easy to see that S

consists of two connected components, both of which are trees. Let a and b be leaves chosen
from distinct connected components and let 17 be the tree obtained by adding the edge ab to
the graph S as demonstrated in Figure 5.4, and set C; = C' U {ab}. Note that the set of leaves
in T3 is exactly L\ {a,b} since dr, (vo) > 3 —1 =2 and drp, (vs,) > 3 —1 = 2. Hence we have
d (l) = 2. Since ab € (1, it follows that Ty is a reduction of T'.

Since vy and vy, are initially unoccupied, it is easy to see that we have d (s) < 0. Note that
d (k) = —m — 1, as Toucher has claimed m new edges, and the edge ab is assigned to Toucher.
Finally, it is clear that we have d (n) = m — 1. Since m > 3, it follows that D (T, T1) < 4m—4 <
5(m—1)=5(]D|—1).
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Figure 5.4: Construction of 7. Green edges are edges claimed by Isolator. These edges are
deleted during the process, and the red dotted edge is assigned to Toucher.
a b

Vo Vg Um—2 Um

Case 6.2. i=0and j <m —1.

Since j < m — 1, it follows that Toucher has claimed the edge v;j41v;42 on one of her moves.
Let S be the graph obtained by deleting the vertices vq,...,vj41, and let a be a leaf in the
component of S containing vg. Consider the tree 77 obtained by adding the edge avj;2 to S, and
define Cy by setting C1 = (C U {avj42}) \{vj+1vj4+2}. Note that 77 is a reduction of T" as both a
and v o are touched vertices in both T" and T7. Finally, note that we have dr, (vg) >3 —1 = 2,
and hence we have d (1) = 1.

Note that the only vertices whose degrees are affected during the process are a, vo and vj42.
Note that ds (a) = 0, and since vg, vj12 ¢ O’ it follows that d (s) < 0. It is easy to check that we
also have d(n) = j+ 1 and d(k) = — (j + 1). Thus we have D (T,T1) < 4j + 1, and since j > 1
it follows that D (T,T1) < 5j =5(|D| —1).

Case 6.3. t=1and j=m — 1.

Note that the case (i,7) = (1,m — 1) is equivalent to the case (,j) = (0,m — 2), which is
covered by Case 6.2.

Case 6.4.i=1and j <m—1.

Since i = 1 and 5 < m — 1, it follows that Toucher has claimed both of the edges vov; and
vj41vj42. Let Th be the tree obtained by deleting the vertices vi,...,v;11, and by adding the
edge vovj42, and set C1 = (C' U {vgvj2}) \ {vovi, vj41vj42}. Note that T is a reduction of T
as both vy and v; 42 are touched before and after the reduction.

Note that the degree of any vertex that is not deleted is not affected during the process.
Since vg € O"\ O and dp, (vo) = dr (vg) > 3, it follows that ds (vg) < —1. Hence we must have
d (s) < —1. Since the edges vov; and vj41v;42 claimed by Toucher are deleted during the process
and the edge vovj42 is given to Toucher, it follows that d (k) = 1—j, and it is easy to see that we
have d(n) = j+1 and d (1) = 0. Hence it follows that D (7, 77) < 4j—3. Since |D|—1 = j—1 and
Jj >i+1 > 2, it follows that we have D (T, T1) < 5 (|D| — 1), which completes the proof of Case 6.

Note that introducing the term ) _, (d(v) —2) in order to strengthen the inductive hy-
pothesis was crucial in the proof of Case 6.4.
Let C = {ei1,...,ex} be the set of edges claimed by Toucher at the start of the game. Our

aim is to prove that if T together with this particular collection C does not contain any of the
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Figure 5.5: Nlustration of one stage of the process. The red edge uv € C; is deleted, and since

d; = 3 the tree splits into 3 components.
uy

U1

configurations described in Cases 1-6, we must have S (7)) < 0. For each 1 <1i < k let e; = a;b;,
and let d; = dp (a;) + dp (b;) — 2.

We say that a graph T is a forest if every connected component of T is a tree. We define a
sequence of forests Ty, ..., Ty and collections of edges Cy,...,Ck as follows. First of all, we set
To=T and Cy = C = {ey,...,er}, and at every stage we have C; = {e;11,...,ex}.

Given T; and Cj, let X be the connected component of T; containing the edge e;, and note that
X is a tree since T; is a forest. Let Y be the forest consisting of d; trees obtained by removing the
vertices a; and b; and the edge a;b;, and by adding one new vertex to each connected component
S; of Y joined by an edge to the vertex of S; that is a neighbour of a; or b;. Note that such a
vertex always exists in each connected component, and such vertex is also unique since X is a
tree. Finally, we set T;4+1 to be the union of Y and all the components of T; apart from X. One
stage of the process is illustrated in Figure 5.5.

Note that by Claims 2, 3 and 4 it follows that all a1,...,ag,b1,..., b are distinct vertices,
none of them is a leaf in 7', and there are no other pairs of neighbours among these vertices apart
from the pairs a;b; (before such an edge is deleted). By Claim 1 it follows that every connected
component of T}, contains at least 4 vertices, and also none of the a; or b; is a leaf in any Tj
(before they are deleted).

Note that during the i*" step of the process, the number of connected components increases
by d; — 1, as one connected component splits into d; connected components. Hence the number

of connected components in T}, is

k k
D=1+ (di-1)=1-k+> d; (5.9)
i=1 i=1
Let nq,...,np be the number of vertices in each connected component and let I1,...,lp be

the number of leaves in each connected component. Note that during the i" stage of the process,

the number of vertices increases by d; — 2, as we delete the vertices a; and b;, and add d; new
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vertices that are leaves. Hence we have

D k k
dni=n+) (di-2)=n-2k+) d; (5.10)
=1 =1 i=1

Since none of the vertices ay,...,ax,b1,...,b; is a leaf at any stage of the process before they

are deleted, it follows that the number of leaves increases by d; on the it" stage. Hence we have

D k
=1+ d (5.11)
=1 =1

Let S be a connected component in Tj. Note that if S contains a vertex of degree 2 whose
neighbour is a leaf, we can backtrack the process and find a vertex of degree 2 in T" whose
neighbour is a touched vertex, which contradicts Case 5. Hence we may assume that no vertex
of degree 2 in S has a leaf as a neighbour.

If S contains two vertices of degree 2 that are neighbours, it follows that there exists a path
of vertices vp,...,v in S for some t > 3 with d(vg) > 3, d(vi+1) > 3 and d(v;) = 2 for all
1 <4 < t. Since none of these vertices is a leaf in S, it follows that these vertices also formed
a path satisfying the same condition in 7', and all of these vertices were unoccupied in 7'. This
contradicts Case 6.

Hence in every connected component there is no vertex of degree 2 whose neighbour is a
leaf or another vertex of degree 2. Since each connected component is a tree with at least 4
vertices, Lemma [{4] implies that we have 3l; > n; + 5 for all <. Adding these inequalities for all

i €{1,...,D}, and by using (5.9), (5.10) and (5.11)) we obtain that

k k k
3<Z+Zdi> 2n—2k+2di+5—5k+52di.
=1

i=1 i=1

This can be rearranged to
k

Bl+3k>n+5+3) d;—A4k. (5.12)
=1

Note that O (T') = {au,...,ak,b1,...,b;}, and hence it follows that

k k
P! d(a;) +d (b = (di—2) =26+ ds.
=1

veO(T) z:l i=1

Hence (5.12)) can be written as

Mw

Bl+3k>n+5+ >  (d(v)—2) +2Zd—2k. (5.13)
veO(T) i=1

Since none of a; or b; is a leaf, it follows that d; = d(a;) + d(b;) —2 > 2. Hence we have
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2 Zle d; — 2k > 2k > 0. In particular, 1} implies that we have

n+7-3k-3l+ Y (d(v)-2) <2
veO(T)

and thus we must have S (T) < L%J = 0. Hence the claim follows trivially, as we always have
a(T,C,L) = 0. Since we always have Y o) (d(v) —2) > 0, the second part of the Lemma

follows immediately. O

We are now ready to prove Theorem [37]

Proof of Theorem[37 Let T be a tree with n vertices. Suppose that during the first phase of
the game Isolator follows the strategy specified in Lemma 2], and let r be the number of edges
claimed by her during the first phase of the game. Let 77, ¢’ and X’ = L’ be given by Lemma
Since |I| = r, it follows that a (T') > r + « (T",C’, L'). Since the second phase is equivalent
to the delayed game F (T”,C’, L’), Lemma [43| implies that we have

Tl_ 1 _ L/
a(ch',L')zV |- 31C’| - 3] '”J-

5

Since Lemma [42] guarantees that we have
IT'| = 3|C"| = 3|L'| = n—br —4,

it follows that

5 5
which completes the proof of Theorem [37] O

a(T)zHV—M—H?J _ {“3]

There are many questions that are open concerning the value of u (G) for general G. Dowden,
Kang, Mikalacki and Stojakovi¢ [I7] gave bounds for u(G) that depended on the degree sequence
of the graph G. In particular, they concluded that if the minimum degree of G is at least 4, we
have u (G) = 0. They also proved that there exists a 3-regular graph satisfying u (G) > 0, and

n

they proved that for all 3-regular graphs we have u (G) < §. It would be interesting to know

what the largest possible proportion of isolated vertices in a connected 3-regular graph is.
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Chapter 6

Intervals 1n the Hales-Jewett theorem

6.1 Introduction

In order to state the Hales-Jewett theorem we need some notation. Given positive integers k and
n, note that the cube [k]" can be viewed as the set of all words in symbols {0, ...,k — 1} of length
n. A set L C [k]" is called a combinatorial line if there exist a non-empty set S C {1,...,n}
and integers a; € [k] for all i € S such that

L={(x1,...,2pn) s xi=qa; for all i ¢ S and x; = z; for all 4,5 € S}.

The set S is called the active coordinate set of L.

Theorem 45. (Hales-Jewett, [22]). For any k and r there exists N so that whenever [k]|" is

r-coloured for n > N, there exists a monochromatic combinatorial line.

As noted by Conlon and Kamcev [15], by following Shelah’s proof of the Hales-Jewett the-
orem [42] it can be shown that for sufficiently large n one can always find a monochromatic
combinatorial line whose active coordinate set S is a union of at most HJ (k — 1,r) intervals,
where HJ (k — 1,r) is the smallest integer n for which the Hales-Jewett theorem holds for k£ — 1
and 7.

In the case k = 3, since HJ (2,r) = r, this says that one can always find a monochromatic
line whose active coordinate set is a union of at most r intervals. Conlon and Kamdéev proved
in [15] that this bound is tight for r odd: in other words, they showed that for each odd r there
exists an r-colouring of [3]" for any n for which every monochromatic line has active coordinate
set made up of at least r intervals. They conjectured that this would also be the case for r even.
In particular, for r = 2, they conjectured that for all n there exists a 2-colouring of [3]" for which
there exists no monochromatic combinatorial line whose active coordinate set is an interval.

In this chapter we prove that, perhaps surprisingly, their conjecture is false when r = 2. This

can be stated in the following form.

Theorem 46. For all sufficiently large n, whenever [3]" is 2-coloured there exists a monochro-

matic combinatorial line whose active coordinate set S is an interval.
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6.2 Proof of Theorem

The idea of the proof is as follows. By applying Ramsey’s theorem, we will pass to a subspace on
which the colour of a word depends only on its ‘pattern’ of intervals, and not on its ‘breakpoints’
which are the places where the word changes from one letter to another. Once this is done, we
can consider some particular small patterns.

For a word w, define the pattern W to be the word obtained from w by contracting every
interval on which w is constant to a single letter. We define the particular words s; = 021,
s9 = 0121, s3 = 0201, s4 = 02121 and s5 = 02021. Set t; to be the length of the word s;. Define
recursively ng = 4, and for i > 1 let n; = R~ (n;_1) where R® (s) = R® (s, s) is the t-set
Ramsey-number. Finally, set N = n5 + 1.

Suppose that n > N and let ¢ be a 2-colouring of [3]". For a word w, define the set of
breakpoints T (w) by setting T (w) = {a1,...,am} if we, ;41 = -+ = wg, and w,; # We,4+1 for
all 1 < i < m+ 1, with the convention ap = 0, a1 = n. For example, w = 0011222000 has
breakpoints T'(w) = {2,4, 7}.

Let s be a word of length ¢ and let 77 = {ay,...,a.—1} € {1,...,n — 1} be a set of size t — 1.
We say that w € [3]" has breakpoints in Ty with pattern s if T (w) = Ty and w = s. For example,
w = 0011222000 has breakpoints in 7" (w) = {2,4, 7} with pattern s = 0120. Note that if w = s,
then there exists a unique set T3 of size |s| — 1 for which w has breakpoints in 77 with pattern s.

Set Y5 = {1,...,n—1}. Given a set Y; satisfying |Y;| > n; and a certain specific pattern
p, we will recursively define a set Y;_ satisfying |Y;—1| > mn;—1 so that the words w which have
breakpoints in Y with pattern p for some Y C Y;_; all have the same colour.

Recall that ¢; is the length of the word s; defined at the start of the theorem. For all
Ae{l,...,n—1} (ti=1) define slA to be the unique word which has breakpoints in A with pattern

(t;i—1) given by ¢; (A) = ¢ (s;“)_ By Ramsey’s theorem

s;. Let ¢; denote the 2-colouring of the set Y;
and the choice of n;, there exists Y;_; C Y; with |Y;_1| > n;_; for which Yi(_til_l) is monochromatic,
say with colour d;. In particular, if w is a word with W = s; and T (w) C Y;_1, then we have
¢ (w) = d;. Thus we obtain sets Yy C Y, C --- C Y5 with |Yy| > 4 and colours d; ..., ds so that

¢; restricted to Yi(ti“fl) is a constant d;;q.

Note that it is impossible to choose colours dy, ..., ds without at least one of the following
sets
Ny = {d1,dz}
Ny = {d1,d3}
N3 = {da,ds}
Ny = {d3, ds}

N5 = {dy,d4,ds}

having just one element (i.e. all colours being equal). Indeed, if the first four sets contain both
colours, we must have dy = d3 and dy = d4 = d5, and the second condition implies that the last
set contains only one colour.

Let a1 < ay < a3 < a4 be elements in Y. We use the shorthand w = [b1babsbsbs] for the
word which has w; = b; for all aj_1 <7 < aj, with the convention ag = 0 and a5 = n. Note that
we allow b; = b; ;1. Hence we have T'(w) C {a1,...,as} C Xo and W = bybyb3bybs.

Set wy = [02221], wy = [01121], w3 = [02001], wg = [02121] and ws = [02021]. It is easy to
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verify that for all ¢ we have w; = s; and T (w;) C Yy C Y;—1. Furthermore, set v; = [00021],
v = [00121], v3 = [02011] and w; = [02111]. As before, it is easy to verify that we have 7; = s;,
u; = $1, and by construction we have T (v;) C Yy C Y;—; and T (u1) C Yp. Thus by the choice
of the sets Y;, it follows that we have ¢ (w;) = d;, ¢(v;) = d; and ¢ (uy) = d;.

It is straightforward to verify that

e vy, wo,w; forms a combinatorial line {; with S; = {a; +1,...,a3}
e w3, uy,w; forms a combinatorial line ly with Sy = {as +1,...,a4}
e V9, we, wy forms a combinatorial line I3 with S3 = {a1 +1,..., a2}
e w3, v3, ws forms a combinatorial line Iy with Sy = {az+1,...,a4}
e ws,wy, w; forms a combinatorial line l5 with S5 = {as +1,..., a3}

It is clear that the colours used to colour the points of the line /; are exactly the colours in the
set IV;. As observed earlier, one of the sets IV; contains only one colour, which implies that the
associated line [; is monochromatic. Since the active coordinate set of each line [; is an interval,

this completes the proof. O
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Chapter 7

Induced saturation of Fj

7.1 Introduction

A graph G is said to be H-saturated if G does not contain a copy of H, but adding any edge
from G to G creates a copy of H. It is clear that for any non-empty H there exists such G with
a given number of vertices.

The notion of saturation can be generalised to induced subgraphs in the following way. A
graph G is said to be H-induced-saturated if G does not contain an induced copy of H, but
removing any edge from G creates an induced copy of H and adding any edge of G° to G creates
an induced copy of H.

It is not clear whether for a given H there exists a graph G which is H-induced-saturated.
Martin and Smith [34] studied a similar problem from a quantitative perspective, and they proved
that for H = P4 there is no such G satisfying the property, where P, denotes the path on n
vertices. For convenience, we say that H is induced saturated if there exists some G which is H-
induced-saturated. Behrens, Erbes, Santana, Yager and Yeager [5] proved that graphs belonging
to a few simple families are induced saturated, and they also proved some quantitative results.

It is natural to ask what happens when H = P, for other values of n. The cases H = P, and
H = P5 are trivial, as one can take G to be an empty graph or a clique respectively. Axenovich
and Csikos [2] gave examples of families of graphs that are induced saturated, and they also gave
an easier proof of the fact that Py is not induced saturated. However, their examples of induced
saturated families did not include P, for any n > 5, and they asked whether the graphs H = P,
are induced saturated for n > 5. The aim of this chapter is to provide an example which shows

that Fg is induced saturated.

7.2 The construction

Theorem 47. There exists a graph with 16 vertices which is Pg-induced-saturated.

Proof. Let F =Ty («) / (a4 +a+ 1) be the finite field of order 16, and note that « is a generator

of the multiplicative group F*. Let S be the set of non-zero cubes in F, i.e.
S={1,0’, a’+a’, a+a’ 1+a+a’+a’}.
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Define a graph G whose vertex set is F and whose edges are given by zy € E (G) if and only
x —y € S. This graph is an example of a Cayley graph, and it is also known as the Clebsch
graph. For later purposes, it will be convenient to use the algebraic way of defining the graph.

First of all, note that the map x — o®x + 8 is an automorphism of G for any i € {0,...,4}
and € F. Indeed, let 6 (x) = a3z + 3 for some i and 3. Then for all z, y € F we have
0 (z) — 0 (y) = o (x —y). Thus 6 (z) — 0 (y) is a non-zero cube in F if and only if x — y is, and
thus 0 (z) 0 (y) € E(G) if and only if zy € E (G).

Given any edge 2y € E(G), let i be chosen so that * —y = . Then 6 defined by
6 (z) = %z + y is an automorphism of G satisfying 6 (0) = y and 6 (1) = x. In particular, the
edge 01 is mapped to the edge zy under this automorphism, and hence it follows that for any
two edges e, f € E(G) there exists an automorphism 6 satisfying 6 (e¢) = f, i.e. the group of
automorphisms acts transitively on the edges of G.

For convenience, we call the edges of G° as non-edges. Define the particular non-edges
fi = 0% and fo = 0a'. Given a non-edge e = xy, since E (G) consists of pairs zy satisfying

x —y = o’ for some i, it follows that there exists 7 for which one of the conditions z —y = a3 *!

3142 is satisfied. In the first case, note that 6 given by 0 (z) = o2z + y maps fi
3i—12
=«

orr—y=«
to e, and in the second case note that 6 given by 6 (z) z 4+ y maps fa to e. By taking
inverses, it follows that for an arbitrary non-edge e there exists an automorphism 6 mapping e
to either f1 or fo.

We will now check that G satisfies all the required properties.

Clatm 1. G does not contain an induced copy of Fs.

Proof of Claim 1. Suppose that G contains an induced copy of Ps. Since the group of automor-
phisms acts transitively on F (G), we may assume that 0 is one of the endpoints of the induced
path, and 1 is the only neighbour of 0 on this induced path. Thus 7= N (0)°N N (1) contains
an induced path on three vertices.

It is easy to verify that
T={a,1+a, 0 1+a% ata® 1+a+a’}.

Hence G [T] is a union of three disjoint edges corresponding to the pairs {a, 1 + a}, {042, 1+ 042}
and {a +a?, 14+a+ ag}. Thus G [T] does not contain an induced path on three vertices, so G

cannot contain an induced copy of Fg. O
Clawm 2. Adding any non-edge to G creates an induced copy of Fg.

Proof of Claim 2. By the earlier observations, it suffices to consider the cases when the non-edge
is 0! or 0a™®. Consider the particular elements 1 = 0, zo = a+a?, 23 = a, T4 = a+a? +a?,
r5 =0, 26 =a=1+a+a?and vy = o' =1+0a? and let R = {z1,...,27}. It is easy
to verify that G [R] is a union of induced Ps; whose vertices are 1, x2, 3, 24, x5 in this order,
together with two isolated vertices 2 and x7. Hence adding either of the non-edges 0a'® or 0o

creates an induced copy of P in G. O
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Claim 3. Removal of any edge from G creates an induced copy of Fs.

Proof of Claim 3. By our earlier observation we may assume that the edge removed is 01. It is
easy to check that vy = a+a? + a3, vo =1, v3 =14+ 03, vg = a3, v5 = 0 and vg = o + o>

forms an induced copy of P in this case. O
From the claims above it follows that G is Ps-induced-saturated graph. O

We now mention some other recent work on induced saturation of paths. Cho, Choi and Park
[11] found the first infinite family of induced saturated paths. They generalised our construction
of G and proved that Ps, is induced-saturated for every n > 2. In addition, they gave examples
of some other graphs G that are P,-induced-saturated for some specific small values of n. As an
example, they noted that the Petersen graph is also FPs-induced-saturated.

Inspired by this observation, Dvoiak [18] proved that for all n > 6 there exists a graph G, that
is Pp-induced saturated, where the graphs G,, are natural generalisations of the Petersen graph
obtained as follows. For each n, the vertex set of G, is {v1,...,vp—1,w1,..., Wy—1}, with the
edges vjw;, v;Vi11, V1V, and wjwy, for any i and for any j and k satisfying j—k # £1 (mod n — 1).
Finally, the case n = 5 was settled by Spiegel [43], and independently by Bonamy, Groenland,
Johnston, Morrison and Scott [I0] who proved that Ps is induced saturated. As a consequence

of these results, it follows that P, is induced saturated whenever n # 4.
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