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Semisimple extensions of the Standard Model gauge algebra
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We show how one may classify all semisimple algebras containing the 81(3) @ 3u(2) @ u(1)
symmetry of the Standard Model and acting on some given matter sector, enabling theories beyond the

Standard Model with unification (partial or total) of symmetries (gauge or global) to be cataloged. With just
a single generation of Standard Model fermions plus a singlet neutrino, the only gauge symmetries
correspond to the well-known algebras 811(5), 80(10), and 81(4) @ 8u(2) @ 8u(2), but with two or more
generations a limited number of exotic symmetries mixing flavor, color, and electroweak degrees of
freedom become possible. We provide a complete catalog in the case of three generations or fewer and
outline how our method generalizes to cases with additional matter.
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I. INTRODUCTION

In searching for theories of physics beyond the Standard
Model (SM), it is of interest to ask how the gauge Lie
algebra 8m := 3u(3) @ 3u(2) @ u(1l) could be extended
to a larger Lie algebra ¢ D $m. To give a useful answer to
this question requires us to make some plausible assump-
tions, not least because there are, a priori, infinitely many
such algebras, and because the question is anyway mean-
ingless if we do not specify how g acts on the physical
degrees of freedom.

The list of possible g not only becomes finite, but it also
can be determined explicitly with the help of a computer,
once we specify that g is semisimple, as is indicated by the
fact that ratios of hypercharges are simple fractions and by
the fact that gauge couplings appear to unify, and that g acts
by a unitary (respectively, orthogonal) representation on
some given complex (respectively, real) matter fields, so as
to preserve the kinetic terms in the Lagrangian density.
(Strictly speaking, to get a finite list we must discard the
largest summand of g that acts trivially on the matter, which
is anyway of no interest, and identify algebras that lead to
equivalent physical theories, as we discuss below. Thus, for
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us, g will act via faithful representation.) The list may
be further curtailed by insisting that g be free of
local anomalies (global anomalies require us to specify
the gauge group, in general, and will not concern us
here) with respect to fermionic matter, so that it can be
gauged.1 Such a list can serve as a vade mecum for model
builders.

In this paper, we find all such g in the case where the
matter fields are taken to be the three generations of quarks
and leptons of the SM along with three 3m-singlet
fermions (invoked to give neutrinos their observed masses),
bringing the total number of Weyl fermions to 48. A valid g
is then given by an anomaly-free semisimple algebra that
contains $m and is contained in 31 (48). Two such algebras
will lead to physical theories that are equivalent if they are
related by an inner automorphism of 81(48), since such an
automorphism can be effected by a linear change of
variables of the fermion fields, which leaves the path
integral invariant. They will also lead to equivalent theories
if they are related by an outer automorphism of g, since
applying such a transformation does not change the image
of g in 8u(48).

Although we study just one example, the methods we
use can be generalized at whim. For example, one could
easily include the scalar Higgs fields of the SM [in which
case one seeks all g containing sm and contained in
31u(48) @ 80(4)] or indeed with n additional fermions

'If we discard the requirement that g be semisimple, the list
becomes infinite, even if we add only a single anomaly-free 1 (1),
as Ref. [1] shows.
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and m additional scalars [in which case the containing
algebra is 3u(48 +n) @ 30(4 +m)]. In this way, we
end up with a procedure for finding unification symmetries
that is so general that a critic might judge it as being
worthless; we therefore feel a fitting name for it is
floccinaucinihilipilification.

To illustrate the results we obtain, it is useful to begin
with the simpler case with just a single generation of quarks
and leptons together with a single 3m-singlet fermion. Here
we already know that there are at least three possibilities,
corresponding to the unification algebras p3 := 3u(4) @
3u(2)®? [ie., su(4) @ su(2) @ su(2)] [2], su(5) [3],
and 80(10) [4,5] [which are all subalgebras of 3u(16);
without the extra 8m-singlet, we have just 3u(5) C
3u(15)]; the “new result” with just a single generation,
then, is that there are, perhaps unsurprisingly, no other
possibilities.2

Things become more interesting with more genera-
tions, because of the possibility of interplay between
gauge and flavor symmetries. With two generations, for
example, there are 45 possible algebras, up to equiv-
alence. Some of these are easily guessed, such as the
algebra 80(10) @ 8u(2), with the right-hand factor
acting as a flavor symmetry mixing the two generations,
along with 80(10) @ 8u(5), with each summand acting
nontrivially only on a single generation. But there
also exist possibilities that are less easy to guess and
which are interesting in that they mix up flavor and
gauge symmetries in an essential way. One of these
has algebra 3u(8) @ 3u(2)®2, which generalizes with N
generations to 81(4N) @ 8u(2)®2. This construction
relies on the obvious embedding 3u(4) @ 8u(N) C
3u(4N), showing that it provides a generalization of
the usual Pati-Salam symmetry p8 for N = 1 containing
an 8u(N) flavor symmetry. Thus, whereas in the usual
Pati-Salam setup lepton number is interpreted as the
fourth color, here flavor is to be interpreted as the
remaining 4N — 4 colors!

A qualitatively different generalization of the Pati-Salam
model with two generations can be obtained as follows.
Since the fermion fields in the one-generation version
form two irreducible representations, there is a possible
31(2)®? flavor symmetry when we go to two genera-
tions, giving the algebra 8u(4) @ su(2)®*, with the
32 fermion fields arranging themselves into the represen-
tation (4,2,2,1,1) @ (4,1,1,2,2). This is anomaly free
because 811(2) has no anomalous representations. Noting
that 81(2)®? =~ 80(4) C 80(5) = 3p(4) and that the defin-
ing representation of 8p(4) restricts to the (2,2) of

’In each case there is a single nontrivial outer automorphism of
g, so without this equivalence we would find six possibilities,
corresponding to the fact that one could assign the fermions to
carry either of the inequivalent 16-dimensional spinor represen-
tations of 80(10), say.

31u(2)®2, it follows that this can be enlarged even further
to 3u(4) @ 8p(4)®2, again leading to an essential mixing
of flavor symmetry with gm.

Since this last construction relies on “accidental” iso-
morphisms of low-dimensional Lie algebras, we do not
expect it to generalize to N > 2 generations. Two quali-
tatively new algebras do appear, however. One uses the
embeddings 8u(16N) D su(4) @ 8p(2N)®? C 3u(4) @
(80(N) @ 8p(2))®? along with the isomorphism 8p(2) =
31(2) to produce an algebra containing p38 along with
an 80(N)®? flavor symmetry. The other uses the embed-
dings 3u(16N) D 3u(4) @ 8p(2N) @ 30(2N) C 3u(4) ®
30(N) ® 3p(2) ® 30(2) ® 30(N), to produce an algebra
containing not p8, but rather its subalgebra 8u(4) @
31u(2) @ 80(2) D 83m, which is not only not semisimple,
but is also not left-right symmetric. Again we find a flavor
symmetry isomorphic to 8o(N)®?, but now embedded
differently in the SM flavor symmetry. These constructions
rely on the embeddings 80(2) @ 8o(N) C 80(2N) and
8p(2) @ 30(N) C 8p(2N). Note that in these examples,
flavor symmetry is unified with the electroweak symmetry
rather than with the strong symmetry, and in a variety
of ways.3

The upshot is that with three generations we get many
more algebras (340, up to equivalence) but all of them
can be regarded as variations on the themes already
described. This shows that the model building possibil-
ities are in fact extremely limited, unless we include
additional fermion fields. Nevertheless, we find a small
number of interesting possibilities which mix gauge and
flavor symmetries in an essential way. In particular, if
such symmetries are gauged, the corresponding gauge
bosons can change both flavor and color/electroweak
charges of matter fields.

The algebras organize themselves into 26 (respectively,
six) equivalence classes of semisimple anomaly-free alge-
bras that are maximal (respectively, minimal) with respect
to inclusion [note that 31(48) is not anomaly free, and
31(3) @ 3u(2) @ u(l) is not semisimple, so these defi-
nitions are cromulent]. We list these in Table I. The
remaining algebras can be found in Table II. Additional
information about the embeddings can be found in the
Supplemental Matrials [6].

II. THEORY

We now describe the mathematical formulation of the
problem. Because of the need to track automorphisms, this
is most easily done using the language of category theory.
A suitable category has objects, labeled (g, @, ,7), given
by commuting diagrams of the form

For an even number of generations, we also have an
embedding 8u(16N) D 3u(4) @ 30(2N)®> > 3u(4) @ (8p(2) ®
3p(N))®?, using the embedding 8p(2) @ 8p(N) C 80(2N).
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Fermion representations corresponding to /3

Maximal

All maximal and minimal anomaly-free algebras for exactly three generations of SM fermions plus three right-handed
Algebra
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where j is an embedding and i is an inner automorphism.
We call a morphism (j,i) an equivalence if j is an
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s5u(48)

~

g

-

sm

embeddings, i.e., injective maps that preserve Lie brackets.
A morphism, labeled (j, i), from (¢, &, ', 7') to (g, a, 5, 7)

where ¢ is a semisimple Lie algebra, and «, 3, y are
is then a commuting diagram of the form
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(Table continued)
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isomorphism (i.e., if j also surjects). We say such a diagram
(1) is maximal (respectively, minimal) if the only mor-
phisms out of (respectively, into) it are equivalences.

Our goal is then to find all inequivalent diagrams
(g,a,p,y) for which y corresponds to the SM embedding.
To do so, we choose Cartan subalgebras of each algebra
appearing in diagram (1), which we denote §g,,, §, and by
for 8m, g, and 31(48), respectively. Up to equivalence,
we choose @, f, and y such that these get embedded
into one another (along with a compatible restriction on
morphisms).

Equivalently, using the universal property of the direct
sum, we seek a pair of diagrams

N N e

su(3) @ su(2) — 5 su(48) wu(1) —2 hus

where y = p @ p corresponds to the chosen SM embed-
ding, @ = k @ &, and f| on the right-hand side denotes the
obvious restriction map.

III. COMPUTATION

In rough terms, our approach to the computation is as
follows. The first step is to evaluate all embeddings f in
Eq. (1). Up to inner automorphisms of 81(48) these are
inequivalent representations of semisimple Lie algebras of
dimension 48 and so can be found using standard repre-
sentation theory techniques. We keep only those which are
anomaly free. For every g for which a f exists, we then find
all embeddings x up to outer automorphisms using the
theory of maximal embeddings. We then find all x and f
such that there exists a p matching the embedding of the
SM up to inner automorphisms, as in the left-hand diagram
in Eq. (3). For a given diagram, we then determine if
compatible & and p exist (taking account of possible inner
automorphisms which may need to be applied). By finding
all embeddings j:g' — g for algebras which appear in our
final list, our program then checks which are maximal and
which are minimal.

The program itself uses projection matrices rather than
embeddings. Projection matrices describe how the weights
project from the superalgebra to the subalgebra. For a given
g, the projection matrices corresponding to potentially
allowed «’s can be found using the theory of maximal
embeddings [7-11]. (We use the Mathematica program
LieART2.0 [12,13] to generate the maximal projection
matrices themselves). One has to take care to ensure that
these projection matrices lift correctly to embeddings, and
to ensure that they define a unique diagram [Eq. (1)] up to
equivalence.

The output of the program (provided in Supplemental
Matrials [6]) consists of the highest weights of the
representation specified by f and the projection matrix

of the embedding «, to which we have appended a final row
specifying & [to wit, acting on the weights of g, this row
returns the corresponding 1t(1) C 8m charges].

This approach results in a number of practical issues
when it comes to carrying out the computation, which we
now describe, along with their resolutions, in rough order
of importance.

(i) Since 8u(2) has anomaly-free irreducible represen-
tations of every dimension, there are many possible
anomaly-free embeddings of ideals of g made up of
3u(2) s in 8u(48). For example, there are O(10°) for g =
3u(2) and O(107) for g = 8u(2)®2. We reduce this by
first finding all possible § for g without an 31t(2) ideal
and then requiring that they contain 811(3) C 8m [here we
use the fact that the restriction of x to 81(3) has to map
trivially into any 8u(2) ideal of g]. To these g we add all
possible ideals made up of 811(2)’s and retest to see if a full
K exists.

(ii) Even after ignoring ideals made up of 3u(2)’s, there
are still O(10°) anomaly-free embeddings of g. We
determine these in a bottom-up fashion by first finding
the O(10°) anomaly-free representations of dimension 48
of the O(10?) possible simple g [e.g., 5@ 10 plus 33
singlets of 3u(5)] and then using these to find all anomaly-
free representations of possible semisimple g of dimension
48. Here, we use the fact that a representation of a
semisimple algebra is anomaly-free iff its restriction to
any simple ideal is anomaly free. For example, the
representations of 3u(4) @ 8p(4) given by

i) (4.4) @ (4.1)% @ (1,1)%

(i) (4.4) @ (4.1)® @ (1,1)9'°

(i) (4.)% @ 4. 1)% e (1,4)%
are anomaly free because they all reduce to the 49* @ 4
of 81(4) and the 494 of 8p(4) (plus the appropriate number
of singlets). This bottom-up method is also used later to
find all representations when ideals made up of 811(2)’s are
included.

(iii) Finding the possible representations of semisimple
algebras above requires considering a large number of
permutations of a list (as do other steps in the calculation,
e.g., finding x from maximal embeddings). For example, to
find the anomaly-free representations 1-3 above requires
consideration of around 500 different permutations. The
computation is greatly expedited by the use of an algorithm
that determines which permutations can be skipped based
on previous cases.

Two more minor improvements are as follows: (iv) the
fact that one can discard f whose corresponding repre-
sentation has a nontrivial part of dimension fewer than 45
[or 36 before we include 3u(2) ideals], since these cannot
lead to a valid a; (v) in a similar vein, no « exists for those S
whose corresponding representations have more than three
vanishing weights, or weights in negative pairs, since such
weights must be associated with 3m singlets of which there
are just three.
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The program took less than an hour to run on a personal
computer. As such, model builders should find it easy to
adapt it to other cases of interest.”

IV. CLOSING REMARKS

We have produced, for the first time, a definitive list of
semisimple Lie algebras that contain the SM Lie algebra,
are free of local anomalies, and act by a unitary repre-
sentation on SM fermions plus three singlet neutrinos. Such
extensions can mix flavor, color, and electroweak sym-
metries in nontrivial ways. Table I shows the 26 maximal
algebras and six minimal ones, whereas the remainder are
provided in Table II. In total, there are 340 physically
inequivalent algebras. No exceptional Lie algebras appear,
since they require fermions beyond those in the SM plus
three singlet neutrinos. Many of the symmetries listed are
semifamiliar, being variations on the theme of well-known
unification and flavor symmetries. A few of the symmetries
in our catalog have the novel feature of combining
unification and flavor symmetries in an essential way,
motivating their further study. For example, we have
su(12) @ 8u(2)®2 su(8) @ 8u(2)®2, su(4) @ 8p(6)%2,
3u(4) @ 8p(6) @ 20(6), and su(4) @ sp(4)®2.

By concentrating upon semisimple algebras, we have
neglected the class of models with Abelian summands in
their gauge Lie algebras. Previously, a few very particular

“The programs and instructions on their use can be found in the
ancillary information attached to the arXiv preprint version of the
present paper.

cases with additional summands of 1(1) have had their
anomaly cancellation conditions solved with quite some
effort [1,15-19] but there are currently no known methods
for a fixed matter field content, but general Lie algebra.
Including such Abelian summands then implies a signifi-
cant increase in difficulty as compared to not including
them. One could imagine having to find particular geo-
metric constructions for each possibility of the semisimple
algebra. In order to sidestep this difficulty, we have
narrowed the scope to examine only semisimple exten-
sions. This, however, implicitly includes all cases where an
Abelian summand is ultimately derived from a semisimple
one through its spontaneous breaking, which could happen
at an intermediate stage between g and $m.

Adding additional matter fields changes the list, but is
straightforward to carry out, in principle. An interesting
example to investigate would be to add a Dirac fermion in
the same representation as the Higgs boson, since it
constitutes a viable candidate for weakly interacting ther-
mal relic dark matter.
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The 81(12) @ 81(2) @ 8u(2) example appeared in a ma-
chine-learning scan of a subset of type IIA orientifolds on
T®/(Z, x Z,) with intersecting D6-branes [14].
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