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Abstract—Sparse superposition codes were recently introduced
by Barron and Joseph for reliable communication over the
AWGN channel at rates approaching the channel capacity. The
codebook is defined in terms of a Gaussian design matrix,
and codewords are sparse linear combinations of columns of
the matrix. In this paper, we propose an approximate message
passing decoder for sparse superposition codes, whose decoding
complexity scales linearly with the size of the design matrix.
The performance of the decoder is rigorously analyzed and it
is shown to asymptotically achieve the AWGN capacity with an
appropriate power allocation. Simulation results are provided
to demonstrate the performance of the decoder at finite block-
lengths. We introduce a power allocation scheme to improve
the empirical performance, and demonstrate how the decoding
complexity can be significantly reduced by using Hadamard
design matrices.

Index Terms—Sparse regression codes, capacity-achieving
codes, AWGN channel, coded modulation, low-complexity decod-
ing, compressed sensing

I. INTRODUCTION

His paper considers the problem of constructing low-

complexity, capacity-achieving codes for the memoryless
additive white Gaussian noise (AWGN) channel. The channel
generates output y from input x according to

y=r+tw, (D

where the noise w is a Gaussian random variable with zero
mean and variance 2. There is an average power constraint
P on the input z: if x1, ..., z, are transmitted over n uses of
the channel, then we require that = >°" | 2? < P. The signal-
to-noise ratio G—Pz is denoted by snr. The goal is to construct
codes with computationally efficient encoding and decoding,

whose rates approach the channel capacity given by
C := 3log(1+ snr). )

Sparse superposition codes, also called Sparse Regression
Codes (SPARCs), were recently introduced by Barron and
Joseph [I], [2] for communication over the channel in (T).
They proposed an efficient decoding algorithm called ‘adaptive
successive decoding’, and showed that for any fixed rate
R < C, the probability of decoding error decays to zero

exponentially in logn, where n is the block length of the
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code. Despite the strong theoretical performance guarantees,
the rates achieved by this decoder for practical block lengths
are significantly less than C. Subsequently, a soft-decision
iterative decoder was proposed by Cho and Barron [3[], [4],
with theoretical guarantees similar to the earlier decoder in [2]]
but improved empirical performance for finite block lengths.
In this paper, we propose an approximate message passing
(AMP) decoder for SPARCs. We analyze its performance and
prove that the probability of decoding error goes to zero with
growing block length for all fixed rates R < C. The decoding
complexity is proportional to the size of the design matrix
defining the code, which is a low order polynomial in n.

A. Approximate Message Passing (AMP)

“Approximate message passing” refers to a class of algo-
rithms [S[]-[|12]] that are Gaussian or quadratic approximations
of loopy belief propagation algorithms (e.g., min-sum, sum-
product) on dense factor graphs. AMP has proved particularly
effective for the problem of reconstructing sparse signals from
a small number of noisy linear measurements. This problem,
commonly referred to as compressed sensing [13]], is described
by the measurement model

y=Ap+w. 3)

Here A is an n x N measurement matrix with n < N,
B € R is a sparse vector to be estimated from the observed
vector y € R”, and w € R"™ is the measurement noise. One
popular class of algorithms to reconstruct 5 is £1-norm based
convex optimization, e.g. [[14]-[|16]]. Though these algorithms
have strong theoretical guarantees and excellent empirical
performance, the computational cost makes it challenging to
implement the convex optimization procedures for problems
where N is large. A fast AMP reconstruction algorithm for the
model in was proposed in [5]. Its empirical performance
(for a large class of measurement matrices) was found to be
similar to convex optimization based methods at significantly
lower computational cost.

The factor graph corresponding to the model in (@) is dense,
hence it is infeasible to implement message passing algorithms
in which the messages are complicated real-valued functions.
AMP circumvents this difficulty by passing only scalar pa-
rameters corresponding to these functions. For example, the
scalars could be the mean and the variance if the functions
are posterior distributions. The references [6]], [8]], [10], [11]]
describe how various flavors of AMP for the model in (3)) can
be obtained by approximating the standard message passing
equations. These approximations reduce the message passing



equations to a set of simple rules for computing successive
estimates of .

In [3], it was demonstrated via numerical experiments that
the mean-squared reconstruction error of these estimates of 3
could be tracked by a simple scalar iteration called state evolu-
tion. In [[7]], it was rigorously proved that the state evolution is
accurate in the large system limi for measurement matrices
A with i.i.d. Gaussian entries.

In addition to compressed sensing, AMP has also been
applied to a variety of related problems, e.g. [17]-[19]. We
will not attempt a complete survey of the growing literature
on AMP; the reader is referred to [[11]], [12] for comprehensive
lists of related work.

B. Contributions of the Paper

« We propose an AMP decoder for sparse regression codes,
which is derived via a first-order approximation of a min-
sum-like message passing algorithm.

« The main result of the paper is Theorem [I} in which we
rigorously show that the probability of decoding error
goes to zero as the block length tends to infinity, for all
rates R < C.

o The performance of the decoder for finite block lengths
is demonstrated via simulation results. We introduce a
power allocation scheme that significantly improves the
empirical performance for rates not close to C. We also
show how the decoding complexity can be reduced by
using Hadamard-based design matrices.

To prove our main result, we use the framework of Bayati
and Montanari [[7], [9], who in turn built on techniques
introduced by Bolthausen [20]. However, we remark that the
analysis of the proposed algorithm does not follow directly
from the results in [7]], [21]. The main reason for this is that
the undersampling ratio n/N in our setting goes to zero in the
large system limit, whereas previous rigorous analyses of AMP
consider the case where the undersampling ratio is a constant.
This point, as well as other differences from the analysis in
[7], [Ol, is discussed further in Section

C. Related work on communication with SPARCs

The adaptive successive decoder of Joseph-Barron [2] and
the iterative soft-decision decoder of Cho-Barron [3[], [[4]] both
have probability of error that decays as n/logn for any fixed
rate R < C, but the latter has better empirical performance.
Theorem [I] shows that the probability of error for the AMP
decoder goes to zero for all R < C, but does not give a rate of
decay; hence we cannot theoretically compare its performance
with the Cho-Barron decoder in [4]. We can, however, compare
the two decoders qualitatively.

Both the AMP and the Cho-Barron decoder generate a
succession of estimates 3',32,... for the message vector
[ based on test statistics s°,s',..., respectively. At step t,
the Barron-Cho decoder generates statistic s* based on an
orthonormalization of the observed vector y and the previ-
ous ‘fits’ ABL,..., AB?. In contrast, the test statistic in the

I'The large system limit considered in [7] lets n, N — oo with n/N held
constant.

AMP decoder is based on a modified version of the residual
(y — ABY). Despite being generated in very different ways,
the test statistics of the AMP and Cho-Barron decoders have
a similar structure: they are asymptotically equivalent to an
observation of 3 corrupted by additive Gaussian noise whose
variance decreases with ¢. However, the AMP statistic is faster
to compute in each step, which makes it feasible to implement
the decoder for larger block lengths.

An approximate message passing decoder for sparse super-
position codes was recently proposed by Barbier and Krzakala
in [22]]. This decoder has different update rules from the AMP
proposed here. A replica-based analysis of the decoder in [22]]
suggested it could not achieve rates beyond a threshold which
was strictly smaller than C. Subsequently, Barbier et al [23]]
reported empirical results which show that the performance of
the decoder in [22]] can be improved by using spatially coupled
Hadamard matrices to define the code.

Finally, we mention that bit-interleaved coded modulation
[24] is a technique widely used for communication over
AWGN channels. Some alternative approaches to designing
high-rate codes for the AWGN channel are low-density lattice
codes [25] and the recently proposed polar lattices [26].

D. Paper outline and Notation

The paper is organized as follows. The SPARC construction
is described in Section [ We describe the AMP channel
decoder in Section and provide some intuition about its
iterations. We also show how the decoder can be derived
as a first-order approximation to a min-sum-like message
passing algorithm. Section |[[V| contains the main result, which
characterizes the performance of the AMP decoder for any
rate R < C in the large system limit. In Section we
present simulation results to demonstrate the performance of
the decoder at finite block lengths. Section [V] contains the
proof of the main result, and the proof of a key technical
lemma is given in Section [VI|

Notation: The {3-norm of vector x is denoted by ||x||. The
transpose of a matrix B is denoted by B*. The Gaussian
distribution with mean g and variance o2 is denoted by
N (u,0?). For any positive integer m, [m] denotes the set
{1,...,m}. The indicator function of an event A is denoted
by 1(A). f(z) = o(g(x)) means lim,_, f(z)/g(x) = 0;
f(z) = ©(g(x)) means f(x)/g(x) asymptotically lies in an
interval [k1, ko] for some constants k1, ke > 0. log and In are
used to denote logarithms with base 2 and base e, respectively.
Rate is measured in bits.

II. THE SPARSE REGRESSION CODEBOOK

A sparse regression code is defined in terms of a dictionary
or design matrix A of dimension n x ML, whose entries
are ii.d. N'(0,1). Here n is the block length, and M, L are
integers whose values are specified below in terms of n and the
rate R. As shown in Fig.[I] one can think of the matrix A being
composed of L sections with M columns each. Each codeword
is a linear combination of L columns, with one column from
each section. Formally, a codeword can be expressed as Af,

where (3 is an M Lx1 vector ({1, ..., Barr) with the following
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Fig. 1. Ais an n X ML matrix and 8 is a ML x 1 vector. The
positions of the non-zeros in [ correspond to the gray columns of A
which combine to form the codeword ApS.

property: there is exactly one non-zero j3; for 1 < j < M,
one non-zero 3; for M +1 < j < 2M, and so forth. The
non-zero value of 3 in section ¢ € [L] is set to v/nPy, where
the positive constants P satisfy 25:1 P, = P. Denote the set
of all 5’s that satisfy this property by By (P, ..., PL).

Since each of the L sections contains M columns, the total
number of codewords is M*. To obtain a communication rate
of R bits/sample, we need

ML _ 2nR

or LlogM =nR. @
There are several choices for the pair (M, L) which satisfy
). For example, L =1 and M = 21 recovers the Shannon-
style random codebook in which the number of columns in A
is 2" For our constructions, we will choose M equal to L2,
for some constant a > 0. In this case, @]) becomes
allogL =nR. (®)]

Thus L = ©(y5;;), and the size of the design matrix A (given
by n x ML =n x L") now grows as n?*2/(logn)**1.

Encoding: The encoder splits its stream of input bits into
segments of log M bits each. A length M L message vector
B is indexed by L such segments—the decimal equivalent of
segment ¢ determines the position of the non-zero coefficient
in section ¢ of y. The input codeword is then computed as
x = ApPp; note that computing x simply involves adding L
columns of A, weighted by the appropriate coefficients.

Power Allocation: The power allocation {P,}L_ | plays an
important role in determining the performance of the decoder.
We will consider allocations where P, = 6(%) Two examples
are:

« Flat power allocation across sections: P, = £, £ € [L].

« Exponentially decaying power allocation: Fix parameter

k> 0. Then Py oc 27 %¢/L ¢ € [L).

We use the exponentially decaying allocation with x = 2C for
Theorem [I] In Section we discuss other power alloca-
tions, and find that an appropriate combination of exponential
and flat allocations yields good decoding performance at finite
block lengths.

Both the design matrix A and the power allocation { P} are
known to the encoder and the decoder before communication
begins.

Some more notation: In the analysis, we will treat the
message as a random vector (3, which is uniformly distributed
over Bur,(P1,...,Pr), the set of length ML vectors that
have a single non-zero entry \/nP, in section ¢, for £ € [L].
We will denote the true message vector by Sg; [So should be
understood as a realization of the random vector (.

We will use indices 4, j to denote specific entries of 3, while
the index ¢ will be used to denote the entire section ¢ of f3.
Thus 8;, 5; are scalars, while 3, is a length M vector. We
also set N = M L.

The performance of the SPARC decoder will be charac-
terized in the limit as the dictionary size goes to co. We
write limx to denote the limit of the quantity x as the
SPARC parameters n, L, M — oo simultaneously, according
to M =L2% and aLlogL =nR.

III. THE AMP CHANNEL DECODER

Given the received vector y = AfBy + w, the AMP decoder
generates successive estimates of the message vector, denoted

by {B!}, where 3t € RY for t = 1,2,.... Set 8° = 0, the
all-zeros vector. For ¢t =0, 1,..., compute

t—1 )2

T n

Bt =mi(B + A%,

where quantities with negative indices are set equal to zero.
The constants {7;}, and the estimation functions n!(-) are
defined as follows for t =0, 1,.. ..

fori=1,...,N=ML, (7)

Define
7 =0>+P, 2y =0+ P(l—x41), t>0, (8)
where
T 1_2L:&]E e@(%@@)
=R P
©)

In @), {Uf} are iid. AN(0,1) random variables for j €
M], L€ [L).

The notation j € sec(¢) will be used as shorthand for “index
jinsection £, i.e.,j € {({—1)M+1,...,0M} where £ € [L].
For i € [N] such that ¢ € sec({), define

sm/nPg/‘rt2
e
ni(s) = V/nP

Zj€sec(€) esj\/m/TtZ .
Notice that n!(s) depends on all the components of s in the
section containing 4. For brevity, the argument of n! in (7)
is written as A*z' + 3%, with the understanding that only
the components in the section containing ¢ play a role in
computing 7?.

Before running the AMP decoder, the constants {7;} must
be iteratively computed using (8) and (9). This is an offline
computation: for given values of M, L, n, the expectations
in (O can be computed via Monte Carlo simulation. The
relation , which describes how 7;,; is obtained from 7,
is called state evolution, following the terminology in [J5],
[7]. In Section [[V] (Lemmas [I] and [2), we derive closed form

(10)



expressions for z; and TE as n — oo for each ¢ > 0, which

we denote by z! and 77. In Section [[V] it is shown that for
an appropriately chosen power allocation, Z! strictly increases
with ¢ until it reaches 1 in a finite number of steps 7 for any
fixed R < C. (For the exponentially decaying allocation used
in Theorem T = W , as given in (33).)

The AMP decoder is run for T steps, and iteratively
computes codeword estimates 3', ..., 37" using (@) and (7).
Finally, in each section ¢ of 57", set the maximum value to
\/TPg and remaining entries to 0 to obtain the decoded mes-
sage B Our main theoretical result (Theorem |1 Ii characterizes
the performance of the AMP decoder run for T steps with
the asymptotic values {77 }i—o,. 7=

A. The Test Statistics 3t + A* 2t

To understand the decoder let us first focus on (7), in which
B! is generated from the test statistic

sti= gt 4 A%, (11)

The AMP update step (7) is underpinned by the following key
property of the test statistic: s® is asymptotically (as n — c0)
distributed as B + T Z, where Ty is the limit of 1, and Z is
an i.i.d. N(0,1) random vector independent of the message
vector (3. This property, which is proved in Section [V] is due
to the presence of the “Onsager” term

t—1 t)12
o (p- 1)
Ti—1 n

in the residual update step (6). The reader is referred to [[7,
Section I-C] for intuition about role of the Onsager term in
the standard AMP algorithm.

In light of the above property, a natural way to generate
Bt from st = s is

BT (s) =E[B| B+ 7 Z = 3], (12)

e., B'*! is the Bayes optimal estimate of 3 given the
observation s' = 3+ 1, Z. For i € sec({), £ € [L], we have

Bt (s) =E[B; | B+ 17 = o]

=E[Bi [{8j + 1Z; = sj}jesec(t)]

nP; P(B; = \/n? | {BJ + 1z = Sj}jEsec Z))
 VnPif({sj}jesce) | Bi = VnPy) P(Bi = /nPy)
a Zkesec(e) F{si}iesec(e) | B = VnPr) P(Bx = V/nPy)
(13)

where we have used Bayes’ theorem with f(:|8x = v/nP%)
denoting the joint density of {3; + 7:Z;}jcsec(e) conditioned
on [ being the non-zero entry in section ¢. Since § and Z
are independent with Z having i.i.d. A'(0, 1) entries, for each
k € sec(¢) we have

f({ﬁj + 1z = Sj}jEsec(E) | Br = \/TPZ)
SOSCONC I )

Jje€sec(£),j#k
_ esk\/nPZ/‘rt2 e*TLPg/2Tt2 H 678?/27}2'

jéEsec(£)

xX e
(14)
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Fig. 2. Progression of ,Bfg /+/nP; with t for various sections ¢, where
i¢ is the correct term in section ¢. The SPARC parameters are L =
512, M = 1024,snr = 15, R = 0.7C, P; x 272F*L_The figure
shows the progression for a ‘typical’ simulation run of the AMP
decoder, where there were no section errors after decoding. In 100
runs with the above SPARC parameters, a majority of runs resulted
in no section errors, and over 95% of the runs had fewer than five
section errors.

Using in (13), together with the fact that P(83; =
VnP;) = 57 for each k € sec((), we obtain

esi \/TPK/TE

t+1 _ — —
B6) =Bl B nZ = o) = VP
15)

which is the expression in (T0).
Thus, under the distributional assumption that s* equals

B+ 1.7, Bt is the estimate of the message vector 3 (based
on st) that minimizes the expected squared estimation error.
Further, for i € sec(¢), i /\/nP, is the posterior probability
of 5; being the non-zero entry in section ¢, conditioned on the
observation s' = 3 + 7,Z. Fig. [2| shows the progression of
¢ /v/nP, with t for various sections ¢, where i, denotes the
index of the true non-zero entry in section £. We see that the
later sections (which are allocated less power) require a larger
number of iterations for the posterior probability of the correct
term in the section to transition to a value close to one. The
iteration at which this transition occurs is determined by the
state evolution equations (8) and (9), as discussed below.

B. State Evolution and its Consequences

We now discuss the role of the quantity x;,; in the state
evolution equations (8) and ().

Proposition 1. Under the assumption that s = 3-+7;Z, where
Z is i.i.d. ~ N(0,1) and independent of j3, the quantity x**!
defined in Q) satisfies
1 *
! 18 - 841
(16)

1*~’Ct+1f7

_ pt412
and consequently, T, | = o* + w.

Proof. For convenience of notation, we relabel the N i.i.d.
random variables {Zy }pe[n) as



{U}jerm eeqry- For any £, U* denotes the length M vector
{U}}jern> and U is the length N vector {U*} (7). We have

1 % 1 *

n?E[ﬂ B = P]E[ﬂ n' (B + 1U)]

g 1 &

@ WP \/TPK nsent(e (Be +1U")]
=1

/'fng . ex/nPg(\/nP@-&-TtUg)/‘r,z

L
® 1
= nP;E /nP,

/P (\/nPg+TUY) \/ﬂPZTtU/
= -
e @ + Zj e i
VP e 1/77P
L Py e (Ui
= E :fE \/ﬁ \/W N7 = Tt+1-
— (UZ ) UZ

1 ZJ g€ Tt J

A7)

In (a) above, the index of the non-zero term in section ¢ is
denoted by sent(¢). (b) is obtained by assuming that sent(¥)
is the first entry in section ¢ — this assumption is valid because
the prior on g is uniform over By (P, ..., PL).

Next, consider

1 Ly ENI8™1%] - 2E
—E[l|g - g2 =1 —

Under the assumption that st = B+ 1.2, recall from Section

[11-A that 3'*! can be expressed as B!*! = E[S | s']. We
therefore have
E[|8H)%) =

W g gE[Bls!]] =

[,B*ﬁt+1]

. (18)

E[[|E[8]s"]]*] = E[(E[3]s"] [8]"]

E[ﬁ*6t+1],

—B+B)E

19)

where step (a) follows because E[ (E[3]s!] — 8)*E[B]s']] =0
due to the orthogonality principle. Substituting (T9) in (I8)
and using yields

1 E[3*3t+1]

—ENB =BT =1 - 2 T .

LEl8 - 54 - -
The last claim then follows from (8). O

Hence z;1; can be interpreted as the expectation of the
(power-weighted) fraction of correctly decoded sections in step
t + 1. We emphasize that this interpretation is accurate only
in the limit as n, M, L — oo, when s? is distributed as /3 +
7:Z, with 7 := lim 7. In Section [V] (Lemmas [I] and [2), we
derive a closed-form expression for Z;;; := limx;y; under
an exponentially decaying power allocation of the form P,
2-2Ct/L We show that for rates R < C,

(14snr) — (1 +snr)t=¢-

Ty = T
¢ snr rt

_0'2+P(1—i‘t)7
(20)
for t > 0 where £&_1 =0 and

oo ((§) ) o

A direct consequence of (20) and (2I) is that T, strictly
increases with ¢ until it reaches one, and the number of steps

T* until Zpe = 1is T* = {

2n

2C
log(C/R) |*
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— 17:7;[
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Fig. 3. Comparison of state evolution predictions with AMP perfor-
mance. The SPARC parameters are M = 512, L = 1024,snr =
15, R = 0.7C, P, < 272¢%/L_ The average of the 200 trials (green
curves) is the dashed red curve, which is almost indistinguishable
from the state evolution prediction (black curve).

The constants {{;};>o have a nice interpretation in the
large system limit: at the end of step ¢ + 1, the first &
fraction of sections in A**! will be correctly decodable with
high probability, i.e., the true non-zero entry in these sections
will have almost all the posterior probability mass. The other
(1 — &) fraction of sections will not be correctly decodable
from B'*1 as the power allocated to these sections is not large
enough. An additional 55 1og ( ) fraction of sections become
correctly decodable in each step until 7, when all the sections
are correctly decodable with high probability. Fig. ] illustrates
when various sections of 3 become decodable for a finite-sized
SPARC with L =512, M = 1024, and R = 0.7C.

As Z; increases to 1, implies that 72, the variance of
the “noise” in the AMP test statistic, decreases monotonically
from 73 = 02 + P down to 7. = o2. In other words, the
initial observation y = AQ + w is effectively transformed by
the AMP decoder into a cleaner statistic s7~ = 3+ w’, where
w’ is Gaussian with the same variance as the measurement
noise w.

To summarize, for any fixed R < C, when the AMP decoder
is run for a finite number of steps T* = {
PP

%—‘ , then in
the large system limit lim 2 E||3 — 87" ||? equals zero.

For finite-sized dictionaries, the test statistic s* will not be
precisely distributed as 3+ 7;Z. Nevertheless, computing x4 1
numerically via the state evolution equations (8) and () yields
an estimate for the expected weighted fraction of correctly
decoded sections after each step. Figure [3] shows the trajectory
of (1 —a) vs t for a SPARC with the parameters specified in
the figure. The empirical average of 1 — (3% /3")/nP matches
almost exactly with 1 — x;. The theoretical limit 1 — Z; given
in (20) is also shown in the figure.

C. Derivation of the AMP

We describe a min-sum-like message passing algorithm for
SPARC decoding from which the AMP decoder is obtained



as a first-order approximation. The aim is to highlight the
similarities and differences from the derivation of the AMP
in [[7]. The derivation here is not required for the analysis in
the remainder of the paper.

Consider the factor graph for the model y = AfS + w,
where 5 € By, (P, ..., Pr). Each row of A corresponds to
a constraint (factor) node, while each column corresponds to a
variable node. We use the indices a, b to denote factor nodes,
and indices ¢, j to denote variable nodes. The AMP updates
in ([6)—(7) are obtained via a first-order approximation to the
following message passing algorithm that iteratively computes
estimates of 5 from .

For i € [N], a € [n], set = 0, and compute the

j—>a
following for ¢ > O:
Zsi=Ya— >, AwBia (22)
JE[N\i
Bt =0 (Sisa) s (23)

where 7! (-) is the estimation function defined in (T0), and for
i € sec(l), the entries of the test statistic s; ,, € RM are

defined as
Sz—>a 7 Z Abzzb4n7
be[n]\a (24)
(sisads = 3 Aoy J € seclO\
be[n]

It is useful to compare the S-update in (23) to the message
passing algorithm from which the traditional AMP is derived
(cf. equation (1.2) in [[7])). In [7], the vector = to be recovered
is assumed to be i.i.d. across entries; hence we have a single
estimating function 7’ in this case, which for i € [N], a € [n],
generates the message

T =1 ( Z Abzzbﬂ> (25)
be[n

In (23), each outgoing message from the ith variable node
depends only on its own incoming messages. In contrast, in
(23), each outgoing message from a variable node depends
on the incoming messages of all the other nodes in the same
section. This is due to the constraint that S has exactly one
non-zero entry in each section, which ensures that entries of
Bt within each section are dependent, while entries in different
sections are mutually independent.

The derivation of the AMP updates in (6)-(7) starting
from the messaging passing algorithm @22)-(23) is given in
Appendix [A]

IV. PERFORMANCE OF THE AMP DECODER

Before giving the main result, we state two lemmas that
specify the limiting behaviour of the state evolution parameters
defined in (), (O). Treating x;1 in (9) as a function of 7, we
can define

=y e T Wi+ L)
P N N7 NG
=1 P e (UL YL +ij\i2 e U

(26)

where {Uf} are i.i.d. ~ N(0,1) for j € [M], £ € [L].

Lemma 1. For any power allocation {P;},—1 .. 1, that is non-

increasing with £, we have

,,,,,

L&* (L] P,

5 @7)

Z(7) :=limz(7) = lim
(=1

where £*(7) is the supremum of all ¢ € (0,1] that satisfy
lim LP¢r| > 2(In2)R7>.

If imLP¢r) < 2(In2)R7? for all £ > 0, then Z() = 0.
(The rate R is measured in bits.)

Proof. In Appendix O

Since the entries of A are i.i.d., the assumption that { P} is
non-decreasing with ¢ can be made without loss of generality.
Recalling that x,y; is the expected power-weighted fraction
of correctly decoded sections after step (¢ + 1), for any power
allocation {F}, Lemma |1| may be interpreted as follows: in
the large system limit, sections ¢ such that £ < [£*(7) L] will
be correctly decoded in step (¢ 4+ 1). All sections satisfying
this condition will be decodable in step (t+1) (i.e., will have
most of the posterior probability mass on the correct term);
conversely all sections whose power falls below the threshold
will not be decodable in this step.

The performance of the AMP decoder will be analyzed with
the following exponentially decaying power allocation:

22C/L -1

P@ == P . m 726£/L, g S [L} (28)
For the power allocation in (28), we have for £ € (0, 1]
lim LP¢r| = o?(1 +snr)' ¢ In(1 + snr). (29)

Lemma 2. For the power allocation {P;} given in 28), we
have for t =0,1,...:

_ 1-&—1
2, = lima, = (1+snrn — (1+snn 7 (30)
snr
72:=lim72 = 0> + P(1 — &) = o> (L + sn)' 5~ (31)
where §_1 =0, and for t > 0,
. C
{t:mm{<2clog< )+§t—1>, 1}. (32)
Proof. In Appendix O

We observe from Lemma [2] that &; increases in each step
by 56 log( ) until it equals 1. Also note that 72 strictly
decreases with ¢ until it reaches o (when &, reaches 1), after
which it remains constant. Thus the number of steps until &;
reaches one (i.e., 77 stops decreasing) equals

Our main result is proved for the following AMP decoder,
which uses the asymptotic values {7?} defined in Lemma



and runs for exactly T* steps. Set 3° = 0 and compute

-1 t)|2
=y — AB'+ S (P— I ) (34)
) n
Bitt =ni(B"+ A*2"),  fori € [N] (35)
where for i € sec({), £ € [L],

Sq‘\/rl:’é/?z

e t
ni(s) = /nPy (36)

sjv/nP /72"
Zj€sec(€) e™ e/

The only difference from the earlier decoder described in (§)—
(TO) is that we now use the limiting values {77} from Lemma
instead of {72}. The algorithm terminates after generating
BT", where T* is defined in (33). The decoded codeword B €
Bar,.(P1, ..., Pr)is obtained by setting the maximum of s
in each section ¢ to v/nP, and the remaining entries to 0.
The section error rate of a decoder for a SPARC S is
defined as
1
5sec(8) = Z Z 1{55 7é BO@}~

{=1

(37

Theorem 1. Fix any rate R < C, and a > 0. Consider a
sequence of rate R SPARCs {S,,} indexed by block length n,
with design matrix parameters L and M = L? determined ac-
cording to (B), and an exponentially decaying power allocation
given by [28). Then the section error rate of the AMP decoder
(described in B4)-B6), and run for T* steps) converges to
zero almost surely, i.e., for any € > 0,

lim P (Esec(Sn) <€, ¥n >ng) = 1.

no—roo

(38)

Remarks:

1) The probability measure in (38) is over the Gaussian de-
sign matrix A, the Gaussian channel noise w, and the the
message [ distributed uniformly in B (P, ..., PL).

2) As in [2], we can construct a concatenated code with an
inner SPARC of rate R and an outer Reed-Solomon (RS)
code of rate (1 — 2¢). If M is a prime power, a RS code
defined over a finite field of order M defines a one-to-
one mapping between a symbol of the RS codeword and
a section of the SPARC. The concatenated code has rate
R(1—2¢), and decoding complexity that is polynomial in
n. The decoded message B equals 8 whenever the section
error rate of the SPARC is less than e. Thus for any € > 0,
the theorem guarantees that the probability of message
decoding error for a sequence of rate R(1 —2¢) SPARC-
RS concatenated codes will tend to zero, i.e., lim P(B #*
8)=0.

The proof of Theorem [I]is given in Section

A. Empirical Performance at Finite Blocklengths

In this section, we make two modifications to the SPARC
construction used in Theorem [I] to improve the empirical per-
formance at finite block lengths. First, we introduce a power
allocation that yields several orders of magnitude improvement
in section error rate for rates R that are not very close to the

capacity C. Second, we use a Hadamard design matrix (instead
of Gaussian), which facilitates a decoder with O(N log N)
running time and a memory requirement of O(N). In com-
parsion, with a Gaussian design matrix the running time and
memory of the AMP decoder are both O(nN). We mention
that the recent work [23]] considers an AMP decoder with a
spatially coupled Hadamard-based design matrix. In our case,
the Hadamard design matrix is not spatially coupled, rather it
is the modified power allocation that yields low section error
rates.

Modified Power Allocation: We define a power allocation
characterized by two parameters a, f. For f € [0, 1], let

K.272aC€/L7 1<(<fL
P, = o—2aCf (39)
K-2 , JL+1</(<L
where
P 22aC/L -1
) (/s 1)

T 1272 (1— L(1 - f)(22C/L — 1))

The normalizing constant x ensures that the total power across
sections is P. For intuition, first assume that f = 1. Then @])
implies that Py oc 2722C¢/L for ¢ € [L]. Setting a = 1 recovers
the original power allocation of (28], while a = 0 allocates %
to each section. Increasing a increases the power allocated to
the initial sections which makes them more likely to decode
correctly, which in turn helps by decreasing the effective noise
variance %f in subsequent AMP iterations. However, if a is too
large, the final sections may have too little power to decode
correctly.

Hence we want the parameter a to be large enough to
ensure that the AMP gets started on the right track, but not
much larger. This intuition can be made precise in the large
system limit using Lemma (1} recall that for a section ¢ to be
correctly decoded in step (t+1), the limit of L P, must exceed
a threshold proportional to R7Z. For rates close to C, we need
a to be close to 1 for the initial sections to cross this threshold
and get decoding started correctly. On the other hand, for rates
such as R = 0.6C, a = 1 allocates more power than necessary
to the initial sections, leading to poor decoding performance
in the final sections.

In addition, we found that the section error rate can be
further improved by flattening the power allocation in the final
sections. For a given a, (39) has an exponential power allo-
cation until section fL, and constant power for the remaining
(1 — f)L sections. The allocation in (39) is continuous, i.e.
each section in the flat part is allocated the same power as
the final section in the exponential part. Flattening boosts the
power given to the final sections compared to an exponentially
decaying allocation. The two parameters (a, f) let us trade-off
between the conflicting objectives of assigning enough power
to the initial sections and ensuring that the final sections have
enough power to be decoded correctly.

The constants 77 and Z;: Analogous to Lemma the large
system limit values of the state evolution parameters for the
power allocation in (39) can be obtained from Lemma [T] Set
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Fig. 4. Section error rate vs R/C at snr = 15,C = 2 bits. The top
solid curve shows the average section error rate of the AMP over
1000 trials with P, oc 272/~ The solid curve in the middle shows
the section error rate using the power allocation in (39) with the
(a, f) values shown. The SPARC parameters for both these curves
are M = 512, L = 1024. The bottom solid curve shows the section
error rate with the same (a, f) values, but L = M = 4096. In all
cases, the dashed lines show the state evolution prediction [@3) of the
section error rate. Missing points at R = 0.6C and 0.65C indicate no
errors observed over 1000 trials.

72 = 0% + P, and define the shorthand

1 aCPp 2%e¢f
A(f) = 5.7 log (Rﬂg[zzacf +(1—f)2aCn2 — 1})'

For t > 0, recursively compute

= M(f), ifA(S) L S,
S = { LA > S, “0
_9—2aCé& .
T4y = 4 TEEEO ey L& <Ly
1, if g =1,
2 =02+ P(1—Zy41). (42)

We note that setting a« = f = 1 in @0)-(@2) recovers the
limiting state evolution parameters for the exponential power
allocation, which were obtained in Lemma

Experimental Results: Fig. ] shows the performance of the
AMP at different rates. Given the values of M, L, the block
length n is determined by the rate R according to (@). For
example, with M = 512, L = 1024, we have n = 7680 for
R = 0.6C, and n = 5120 for R = 0.9C. The solid curve at
the top shows the average section error rate of the AMP (over
1000 runs) with an exponentially decaying power allocation
where P; o 272¢¢/LThe solid curve in the middle shows the
average section error rate with the power allocation in (39),
with values of (a, f) obtained via a rough optimization around
an initial guess of a = f = R/C. The solid curve at the bottom
shows the average section error rate with L = M = 4096, and
the power allocation in (39) with same (a, f) values as before.

In all cases, the decoder described in (34)-(B6) was used.

The constants {72} required by the decoder are specified by
Lemma 2] for the exponential allocation, and by @0)-@2) for
the modified allocation. The simulations for Fig. |4 were run
using Hadamard design matrices, which are described below.

Across trials, we observed good concentration around the
average section error rates. For example, with M = 512, L =
1024 and R = 0.75C, 958 of the 1000 trials had zero errors,
and the remaining 42 had only one section in error, for an
average section error rate of 4.10 X 10>, Further, all the
section errors were in the flat part of the power allocation,
as expected. Increasing L tends to improve this concentration,
while increasing M reduces the average section error rate.
This improvement in the section error rate is illustrated by the
bottom curve in Fig. @]

The dashed curves in Fig. ] show the section error rate
predictions for the two power allocations obtained from state
evolution. Recall from Section that Z;y; in (@) can
be interpreted as the expectation of the (power-weighted)
fraction of correctly decoded sections after step ¢ + 1. Using
arguments similar to Proposition [l we can show that under
the assumption that the test statistic st ~ 3 + 7;Z, the non-
weighted expectation of the correctly decoded sections after
step (¢t + 1) is given by

L
iZLE[BZﬁ?H}

\/nPp (Uf-‘— ‘/"Pl)
Tt Tt

L
I =
= - = Ut41-
L nPy 1 op n Py Py .y
e Tt Ui+ Tt )-|— M = Uj

Zj:? €
(43)

Thus v7~ is an estimate of the section error rate. We observe
that the empirical section error rate in Fig. [] is close to the
vp~, especially for the larger dictionary.

It is evident that judicious power allocation can yield signif-
icant improvements in section error rates. An interesting open
question is to find good rules of thumb for the power allocation
as a function of rate and snr. For any given allocation, one can
determine whether the section error rate goes to zero in the
large system limit. Indeed, using Lemma 1| with 73 = 02 + P,
we see that those sections ¢ for which the indicator in is
positive are decoded in the first step; this also gives the value
of Z;. Then with 72 = o + P(1 — Z1) we can determine
which sections are decoded in step 2, and so on. The section
error rate goes to zero if and only if Z7- = 1. The proof of
this is essentially identical to that of Theorem [I]

Thus Lemma [I] gives a straightforward way to check
whether a power allocation is good in the large system limit.
This can provide some guidance for the finite length case, but
the challenge is to choose between several power allocations
for which z7» = 1. One way to compare these allocations
may be via the state evolution prediction v« from (@3], but
this needs additional investigation.

Reducing the decoding complexity using Hadamard Dic-
tionaries: The computational complexity of the decoder in
(B4)-(B6) is determined by the matrix-vector multiplications
AB' and A*z', whose running time is O(nN) if performed



in the straightforward way. The remaining operations are
O(N). As the number of iterations is finite, the decoding
complexity scales linearly with the size of the design matrix.
With a Gaussian design matrix, the memory requirement is
also proportional to nN as the entire matrix has to be stored.
This is the major bottleneck in scaling the AMP decoder to
work with large design matrices.

To reduce the decoding complexity and the required mem-
ory, we generate A from a Hadamard matrix as follows. Let
N = ML be a power of 2, and let m = log, N. With Hy = 1,
recursively define the 2™ x 2™ matrix H,, as

Hm—l

Hm—l
Hm N (Hm—l HnL—l) '

The design matrix A is generated by picking n rows
uniformly at random from H,,, and scaling the resulting matrix
by ﬁ so that each column has norm one Thus the kth
element of the codeword is (AB)r = > cn) AwjBj, Where
Ayj € {ﬁ,\‘/—%} for k € [n],j € [N].

For A generated as above, the matrix-vector multiplications
ApBt and A*z' can be performed efficiently using the fast
Walsh-Hadamard Transform (WHT) [27]. Let S,, denote the
set of n indices of the rows of H,, that constitute A. To
compute AA3?, compute the length-N WHT of % and keep
only the elements indexed by S,,. To compute A*z!, first
extend 2! € R™ to a vector 2! € RY by embedding z' in
the indices corresponding to S,,, and setting the remaining
entries to zero. Since H,, is symmetric, the length-N WHT
of Z* equals A*z%.

The fast WHT has O (N log N) running time. Further, we do
not need to store A; only the vectors 3¢ and 2% need to be kept
in memory. Hence the running time and memory requirement
of the decoder are now O(N log N) and O(N), respectively.
These substantial improvements allow the use of much larger
dictionaries (e.g., M = L = 4096) for which AMP decoding
with Gaussian matrices is infeasible with standard computing
resources. For given values of n, M, L and power allocation
{P;}, we found the empirical performance with a Hadamard
dictionary to be very similar to the Gaussian case.

V. PROOF OF THEOREMII]

The main ingredients in the proof of Theorem [I] are two
technical lemmas (Lemma 4] and Lemma [5). We first lay down
the notation that will be used in the proof. We then state the
two lemmas and use them to prove Theorem

A. Definitions and Notation for the Proof

For consistency and ease of comparison, we use notation
similar to [7]. Define the following column vectors recursively
for ¢ > 0, starting with 3% = 0 and 2" = y.

R =By — (A% + BY), ¢" == B" = Bo, 4
bt = w — 2t mt = —2t. @4

2Strictly speaking, we generate A by uniformly sampling from all rows of
H,,, except the first. This is because the first row is all ones, while the others
have an equal number of 1s and —1s.

Recall that [y is the message vector chosen by the transmitter.

Due to the symmetry of the code construction, we can assume

that the non-zeros of 3 are in the first entry of each section.
Define .%;, +, to be the sigma-algebra generated by

0 ti—1 , 0 ti—1 31 ts 0 t
b”, ., 0" T mY, . omt T R, L kg, ..., g™, and (g, w.

Lemma [] iteratively computes the conditional distributions
b, , and '], . Lemma [5| then uses this conditional
distributions to show the convergence of various inner products
involving h'*1, ¢?, b?, and m’ to deterministic constants.

For t > 1, let

-1 t12
Ti n
We then have
b+ Am' Tt = Adl, (46)
which follows from (6) and (@4). We also have
R 4 ¢t = A*mt. 47)
From and (7)), we have the matrix equations
Xy =AM, Y= AQ, (48)
where
Xe=['+¢"|h*+4q" [...|h" + 47T,
Y, = [00 |0+ Xm0 || b+ N imiT,
r=1 0| 1t71| | t—1m’ 7] 49)
My=[m”|...|m"™],
Qi=1¢"]...1¢".
The notation [¢1 | ¢ | ... | ¢x] is used to denote a matrix with
columns ¢y, ..., ci. Additionally define the matrices
B, = [°... b7 Y, H, =[h']...|hY],
AT T (YT R
Ay :=diag(Ag, ..., A1)

Note that My, Qq, By, Hy, and Aq are all-zero vectors. Using
the above we see that

}/t = Bt + At[OIMt—I] and Xt = Ht + Qt- (51)

We use m! and qﬁ to denote the projection of m! and ¢'
onto the column space of M; and @, respectively. Let a; :=
(af,...,at_1) and 7, := (7f,...,7i_;) be the coefficient
vectors of these projections, i.e.,

t—1 t—1
t _ t 7 t t 1
meaim’ ‘IH*ZW-
1=0

1=0

(52)

The projections of m! and ¢¢ onto the orthogonal complements
of Mt and Q?, respectively, are denoted by

m' =m' —mj, g1 =q" —q] (53)
With 77 and Z; as defined in Lemma [2| for ¢ > 0 define
52 =72 —0>=P(1—x,), (54)




Given two random vectors X,Y and a sigma-algebra .,
X|» £ Y implies that the conditional distribution of X given
& equals the distribution of Y. For random variables X, Y,
the notation X 2" Y means that X and Y are equal almost
surely. We use the notation 03 (n %) to denote a vector in R’
such that each of its coordinates is o(n~?) (here t is fixed).
The identity matrix is denoted by I.

The notation ‘lim’ is used to denote the large system limit
as n, M, L — oo; recall that the three quantities are related
as LlogM = nR, with M = Lb. We keep in mind that
(given R and b) the block length n uniquely determines
the dimensions of all the quantities in the system including
A, By, w, it ¢t bt m!. Thus we have a sequence indexed
by n of each of these random quantities, associated with the
sequence of SPARCs {S,}.

We next characterize (in Lemma [) the conditional distri-
bution of the vectors k™! and b given the matrices in (49)
as well as 8y and w. This shows that h**! and b can each be
expressed as the sum of an i.i.d. Gaussian random vector and
a deviation term. Lemma [5| then shows that these deviation
terms are small, in the sense that their section-wise maximum
absolute value and norm converge to 0 almost surely. Lemma
[5 also provides convergence results for various inner products
and functions involving {h**1 ¢ b*, m!}. These will be used
to show that the performance of the AMP decoder in the large
system limit is accurately predicted by the state evolution
equations (30) and (31I). In particular, it is shown that the
squared error + || 3—3|? converges almost surely to P(1—Z;),
for 0 <t <T™.

B. Conditional Distribution Lemma

A key ingredient in the proof is the distribution of A
conditioned on the sigma algebra .#;, ; where ¢; is either
t+ 1 or t. Observing that conditioning on .%;, ; is equivalent
to conditioning on the linear constraintsﬂ AQ:y =Y, and
A*M; = X, we have the following lemma.

Lemma 3. /7| Lemma 10, Lemma 12] For 0 < t < T%,
the conditional distribution of the vectors in (&6) and
satisfies the following, provided n >t and M; and @), have
full column rank.

* d * — *

A'ml |z, = Xo(M7 M)~ M m
+ Qt+1(Q:+1Qf+1)7
Aq’ |5”u = Yt(QtQt) 1thH + My (M M) X g5
MtACIu

where mﬁ,m#,qﬁ,q# are defined in (32) and (53). Here

fl, AL A are random matrices independent of ;114,54 1
and Py, = | — Py, where Py, = My(M; M)~ M}
is the orthogonal projection matrix onto the column space
of My; similarly, PQ = | — Pg,,,, where Pq,

Q+1(Q711Qu41)” Qt+1

Yiamie + Pg,,, Am',

3While conditioning on the linear constraints, we emphasize that only A
is treated as random.

The distributional characterization of A*m! and Ag’ in
Lemma [3] together with and 7)) leads to the following
lemma.

Lemma 4 (Conditional Distribution Lemma). For the vectors
h'*t and bt defined in (@), the following hold for 1 < t < T*,
provided n >t and My and Qy have full column rank.

d _
B 0= ToZo + A1,

4 T (56)
ht+1|yt+1 t * h’t + Tt Zt + At+1 ts
t 1
0 d _ t d 5t2 t—1 /
Vs 0= 0020, blo,= 0"+ 67 Z{+ Npy. (57)

t—1

where Zy, Z; € RN and Z}), Z, € R™ are i.i.d. standard Gaus-
sian random vectors that are independent of the corresponding
conditioning sigma algebras. The deviation terms are

mo mO
s ()l

. ) (58)
b l14°]1? (0°)*mo  I¢°|?
n n n ’
and for t > 0,
t—2 6’2
A, — tpr t Tt -t
t,t ;7r + (71&1 5—?71
[ — [t /
Ll 5 - Pu,| Z
= |(W o)1= e
M M\ —1
s
H* t M* t—1
. < tn(u _ Tt [)\tmtl _ ZATIYf’mT71 7
r=1
(59)
t—2 7__2
At-‘rl,t = Z O[ihr+1 + (Oéi_l — 72t > ht
r=0 Tt—1
[[m?, || J_) [l |
+ |:< - T | — PQt+1 Zy
n n
vn Vvn 60)

+ Q41 (QanQtH ) 7

_<B;+;ng le Za D

Proof. We first demonstrate (37). By (@4) it follows that

bo|y _ 7ABO :AqO g ”qOHZ/

0,0 \/ﬁ 0>
where Z(’) € R” is an i.i.d. standard Gaussian random vector,
independent of .% o. The result follows since ||¢°|| = || 3ol =

VnP = \/na.



For the case ¢ > 1, we use Lemma [3] to write
(Aq" — 2
< Yi(Qr Q)™ Q:‘Iﬁ + My (M M)~ X gl
Pas, Agl — Aem'™!
= Bi(Q; Q) ' Q1qf + [0]M—1]A(Q7 Q1) ' Qg
+ My (M; M) Hy ¢, + Py, Agh — AL

t t—1
b |§ﬂt = /\tm

)\tm

/\tm

The last equality above is obtained using (5I). Noticing
that PL Aq’i = (I — Pa,)Aq!, and Bt(Qz‘Qt)_lQ;‘qﬁ =
SEZh Ak it follows that

bt|yt,t
J R t—1 _
L (=Pl )Agh + 3 A+ 0]M-1]A(QF Q) 1 Qi d]
=0
+ Mt(M:Mt)_lHt*QZ —AmiTt

t t—1
d q 7 * — *
=(- P‘zlwt) |\/%H Zy + Z’be + My (M; M)~ Hf ¢
i=0

+ [01M; 1A (QF Q1) Q1 d]

_ Atmt_l,
(61)
where Z; € R™ is an i.i.d. standard Gaussian random vector.

All the quantities in the RHS of (61) except Z, are in the
conditioning sigma-field. We can rewrite (61) as

2
dO't

bty bf 1
|tt 5_

t—2 _92
r o —
Ay = Z%t«b + <'Ytt—1 - = )bt '
r=0 Ot—1
[ p— [l ,
PR N AN PN
| (W ot ) - a2
+ [O|Mt—1]At(QIQt)71Q:Qﬁ + My (M; M)~ Hy ¢y
t—1

+ 072+ A,

t—1

where

— )\tm

The above definition of A;; equals that given in (39) since

t—2
MM, M ;
M (tnt> </\t -3 /\i+1’Yf+1mz>
=0
+ [01M 1] A(QF Q1)1 Qy gl — Aem'™
-2 -2
= Amt Tt — Z )\Hl’yfﬂmz + Z )\j+1*y§+1m3 —ami!
=0 =0
=0.
This completes the proof of (57). Result (36) can be shown
similarly. O

The conditional distribution representation in Lemma [4]
implies that for each ¢ > 0, h!*! is the sum of an ii.d.
N(0,7?) random vector plus a deviation term. Indeed, if we
assume that h! has the representation ﬂ—1ZVt—1 + A, then

Lemma [] implies

—2
t+1 d T¢ 41 1
h |yt+1,t -7 h + 7§ Zy + AtJrl,t
t—1
77_2

1=

thfl + ﬂJ'Zt + A+ A 4 7_—tZVt'
(62)

Te—1

To obtain the last equality, we combine the independent
Gaussians Z_l and Z; using the expression for ?tl in (]3_3]) It
can be similarly seen that b’ is the sum of an i.i.d. N'(0,5?)
random vector and a deviation term. The next lemma shows
that these deviation terms are o(n~%) for some § > 0.

C. Main Convergence Lemma

Definition 1. A function ¢ : R™ — R is pseudo-Lipschitz of
order k (denoted by ¢ € PL(k)) if there exists a constant
C > 0 such that for all z,y € R™,

|6(2) = d(y)] < OO+ Jll|*~ + [lylI* )l =yl
1

In the lemma below, § € (0,5) is a generic positive
number whose exact value is not required. The value of ¢
in each statement of the lemma may be different. We will say
that a sequence x,, converges to a constant ¢ at rate n~ % if
lim,, 00 n? (2, —¢) = 0.

(63)

Lemma 5. The following statements hold for 0 < t < T,
* 2C
where T = Tog(C/R) |

(a) The following statements hold almost surely:

Jemax [Att1,el5] —0( legM)
sec (64)
ma>((€)|h < epyy/log M for € € L),
JjEsec
A 2
tim 12eel™ (65)

where c,11 > 0 is a constant not depending on N,n. The
convergence rate in (63) is n~°.

i) Consider the following functions defined on RM x RM x
RM — R. For T,Y, 2 € RM 1 <r<s<t and
¢ e [L), let

(b)

o10(2,y,2) == 2"y /M,

P2,0(w,y, 2) = ||nj (2 — @)||*/ log M,

$3,0(2,y,2) = [nj (2 — 2) = 2]"[nj (2 — y) — 2]/ log M,
Pae(@,y,2) == y"[n; (2 — @) — 2]/ log M,

(66)

where for v > 0, nj(-) is the restriction of 0" to section
¢ ie., for v € RM,

exp (7“ v ?P"')
T .
ne.i(x) == /nPy — ,i=1,..., M.
Z 5. exp (%Tigﬂ)

(Also, 1, ; () := 0 for i € [M].) Then, for k € {1,2,3,4}



and arbitrary constants (ag, ..., a, by, ..., bt), we have

L t t
1 T S
=3 e (Do kit S b o, )
/=1 r=0 s=0

(67)

lim n?

almost surely equals 0, where

L t ¢
.1 } : = 7 E 77
C = hmf E E | dr,e ( Ay Tr Ly, bSTsst5£>‘|
(=1 r=0 s=0

Here ZO, ...,Zt are lenguth-N Gaussian random vectors
independent of B, and Z,,, B, Bo., h}f“ denote the (th
section of the respective vectors. For 0 < s < t,
{ZSJ}]G (v] are iid. ~ N(0,1), and for each i € [N],
(ZO ., Zy,) are jointly Gaussian with E[TTZ TtZt | =
72 for 0 < r < t. The limit defining cy, exists and is finite
for each ¢y, 0 in (66).

ii) For all pseudo-Lipschitz functions ¢y :
order two, we have

lim n? [ Z(i)b T

a_tZt,on)]} =0 a.s.
(68)

Ri*2 — R of

- E[¢b(OTOZO7 ceey

The random variables (ZO,.. Zt) are jointly Gausszan
with Z, ~ N(0,1) for 0 < s <t and E[o, L6 7) = 2.
Further, (2, ..., Z;) are independent of Z,, ~ N (0,1).

(c)
(htJrl)*qO a

®

lim

0, (69)

n
(b')*w a.s.

e

lim

(70)
The convergence rate in both (©9) and (T0) is n~°
(d) Forall 0 <r <t,

(hr+1 *ht+1

~—

as o

lim £ (71)

==

. a.
lim

(") 72)
n

cn
”‘l\')

where G is defined in (54). The convergence rate in both
(1) and [72) is n~?°

(e) Forall 0 <r <,

r+1yx t+1

0y* t+1
lim% 267, lim e 07y
(73)
T\*, 0,1
lim P 0. 2 (74)

The convergence rate in both and is n~0
(f) Forall 0 <r,s <t

hs—i—l * r+1 a.s Y%,y S
i P sy i )T
n

2
as. T-‘rl max(r s) (75)

=2
Tr

b'l" * S X
lim % 52 () (76)
The convergence rate in both (T3) and (T6)) is n=°
(g) The vectors (751, ..., v™") and (af,...,al_;) con-

verge entry-wise to the following limits at rate n=°.

5.2
lim(’}/(t)+17"~77€+%7’yz+1) <03'~'a03 ;_—"2_1) ’ (77)
t
=2
lim(af,...,al_y,al_y) % <o,...,o, i ) t>1
Ti—1
(78)
(h)
t+1)12
q, 5.
i 11 o (@31)° (79)
t |12
lim [[m || w72, (80)

where Gi-, 7", defined in (53), are strictly positive for

t < T*. The convergence rate in both (T9) and is
—0
n=°.

The lemma is proved in Section

D. Comments on Lemmas 4 and [

To prove Theorem [I] the main result we need from Lemma
is that for each ¢ > 0, ”q I — et~ 50”2 converges (o 77
with probability 1. This result is used in Sectlon [V-E] below to
prove Theorem [1| The convergence of Hq I® is shown in part
(e) of Lemma [5| by appealing to part (b)1 which shows that
within the functions listed in (66), h!™ = By — (A*z! + BY)
(the difference between the true signal and the test statistic)
can be replaced by 7,7, in the large system limit.

While the results in Lemmas [4] and [3] are similar to those
found in [7, Lemma 1], there are a few key differences.

o The functions listed in (66) all act section-wise on the
vectors {h'}¢~0. Recall that the structure of 3y implies
that ht € RMZL are section-wise independent, where
the section size M = L? = O((n/logn)?). This is in
contrast to the functions considered in [7], [9] (and in
part (b).ii), which act component-wise on vectors whose
components are i.i.d.

o To prove part (b).i of Lemma [3] for the section-wise
functions in (66), we first need to show that the deviation
terms Ay4q ¢ (defined in Lemma [) can be neglected in
the large system limit. This is done by showing in part
(a) of Lemma [3] (see (64)) that

max |[At+1 t] | = O(
j€Esec(f)

0 /log 1)

To prove this, we require the inner product convergence
results given the other parts of the lemma to hold with a
convergence rate of n~° for some ¢ > 0. This is another
difference from [7, Lemma 1], where a minimum rate of
convergence was not needed. In our case, without an n~°
convergence rate, we would only have that the deviation
terms satisfied max;csec(e)|[At41,¢)5| = o(v/log M), and
we would not be able to neglect them.



o Other differences between Lemmas @E] and [[7, Lemma

1] include:

— Lemma M) characterizes the the conditional distribution
of the vectors h'*! and b, given the matrices in {9) as
well as By and w, as the sum of an ideal distribution
and a deviation term. Lemma [4] should be compared
to [7, Lemma 1(a)], which is a similar distributional
characterization of htt! and b, however it does not
use the ideal distribution. We found that working with
the ideal distribution throughout Lemma [5] simplified
our proof.

— Lemma [3] gives explicit values for the deterministic
limits in parts (c)—(h), which are required in other parts
of our proof.

E. Proof of Theorem ]|

From the definition in (37)), the event that the section error
rate is larger than e can be written as

L
{Esec(Sn) > €} = {Z 1{B¢ # Bo,} > Le} . @D
=1

When a section ¢ is decoded in error, the correct non-zero
entry has no more than half the total mass of section ¢ at
the termination step 7. That is, Bsem < % nPy where
sent(?) is the index of the non-zero entry in section ¢ of the
true message [o. Since By, (0) = v/nP,, we therefore have

VBe# o} = 167 —Bol? 2 52,

Hence when (81) holds, we have

L *
=> 18
/=1

® © 2
R LenPL Q) neo In(1 4+ snr)

- - )

teL]. (82)

@ N s
ol 2 Y0 1B # oyt

{=1

18" — Boll?

(83)

where (a) follows from (82); (b) is obtained using (8I), and
the fact that P, > Py, for ¢ € [L — 1] for the exponentially
decaying power allocation in (28); (c) is obtained using the
first-order Taylor series lower bound LP, > o?In(1 + £).
We therefore conclude that

(Eee(Sp) > €} = {IIBT* ; fol*  eo ln(lll—&-snr)}.

(84)
Now, from of Lemma |e), we know that

18" = Bol* _ . lla™ |I?
m-——— =lim ——
n

n

“P(l—are) L0, 85)

where (a) follows from Lemma |2} which implies that {7+ =
1 for T* = %1, and hence Z7+ = 1. Thus we have
T —Bol?

shown in (83) that 12
ie.,

converges almost surely to zero,

lim

ng—00

-
(Hﬁ — Boll? (86)

< €, Vnzno)zl

4e

for any € > 0. From (84), this implies that for ¢ = ST

lim P(gseC(Sn) < 6/, Vn > nO) =1.

no—roo

87)

VI. PROOF OF LEMMA [3]

A. Useful Probability and Linear Algebra Results

We list some results that will be used in the proof of Lemma
|§l Most of these can be found in [[7, Section III.G], but we
summarize them here for completeness.

Fact 1. Let u € RN and v € R™ be deterministic vectors such
that limy, oo ||u]|?/n and limy, _,so||v||? /n both exist and are
finite. Let A € R™*N be a matrix with independent N'(0,1/n)
entries. Then:

(a)

a Jlul dod ol

Jn Jn
where Z, € R™ and Z, € RY are each iid. standard
Gaussian random vectors. Consequently,

Au Z, and (88)

g 1A% s 0l S Z sl
n

—, (89
n—oo n n—oo n =1 n—oo N
~ N 2
g A ey I 28 g, IO
n— 00 n—oo N — n~>oo
J:

(b) Let W be a d-dimensional subspace of R" for d < n. Let
(w1, ..., wq) be an orthogonal basis of W with ||w;||* = n for
i € [d], and let Pyy denote the orthogonal projection operator
onto W. Then for D = [wy | ...
%PWZU 4 H%Dm where x € R% is a random vector with
iid. N(0,1/n) entries. Therefore lim, . no||z| “= 0 for
any constant 0 € [0,0.5). (The limit is taken with d fixed.)

| wq], we have PyyAu <

Fact 2 (Strong Law for Triangular Arrays). Let {X,,; : i €
[n],n > 1} be a triangular array of random variables such
that for each n (Xp1,...,Xn,n) are mutually independent,
have zero mean, and satisfy

1 n
- ZE|XW|2+“ < cent/? Sor some k € (0,1) and ¢ < oc.
n
i=1
on

Then % Z?:l Xn,i — 0 almost surely as n — oo.

Fact 3. Let v € R" be a random vector with i.i.d. entries ~ py
where the measure py has bounded second moment. Then for
any function 1) that is pseudo-Lipschitz of order two:

1< s
o L s
ngrolon;w(v)

with convergence rate n=°%, for some § € (0,1/4).

Fact 4 (Stein’s lemma). For zero-mean jointly Gaussian
random variables Zy,Z>, and any function f : R — R
for which E[Z,f(Z3)] and E[f'(Zs)] both exist, we have
E[Z1f(Z)] = E[Z1 Zo]E[f'(Z2)].



Fact 5. Let vy, ..
that for i € [t]

.,V be a sequence of vectors in R™ such

1
gHUz‘ —Pisi()|I’ > ¢,

where c is a positive constant and P;_y is the orthogonal
projection onto the span of vy, ...,v;_1.Then the matrix C €
R with C;; = v}vj/n has minimum eigenvalue Apin > ¢,
where ¢ is a strictly positive constant (depending only on c
and t).

Fact 6. Let {S,}n>1 be a sequence of t x t matrices such
that lim,,_, o S, = Soc Where the limit is element-wise. Then
if Uiminf,, oo Amin(Sn) > ¢ for a positive constant ¢, then
)\min(soo) Z C.

Fact 7. Let Z1,Zs,... be i.i.d. standard Gaussian random
variables. For any constant K > 1, with probability 1 we
have

m[zjz\};] |Z;| < v/2Klog M for all sufficiently large M.
VIS

Proof. For x > 0, we have P(maxjecn)Z; > ) =
1-(P(Zy <)M =1-(1 - Q(z)gM, where Q(x) =
[ ﬁe‘“zﬂdu. Using Q(z) < e ® /2 for x > 0 and
setting x = 2K In M, we obtain

M
1 1
P(jrg[e}\?]Zj > 2KlnM)§1—<1—W> SW’

where we have used (1 — y)™ > (1 — My) for y € (0,1).
Hence for K > 1, we have

oo 0 1
> P(max Z; > V2KInM) < )~ < o
a1 €Ml M=1

Therefore the Borel-Cantelli lemma implies that with prob-
ability 1, the event {max; e[ ZJ(M) > V2K In M} occurs
only for finitely many M. By a symmetrical argument, we
can show that with probability 1, the event {min;c(ay) Z; <
—v2K In M} also occurs only for finitely many M. [

B. Proof of Lemma [3]

The proof proceeds by induction on ¢. We label as H!*! the
results (64), (©7), (69), (71, (73, (73), (77), (79) and similarly
s B the resuls (63). @8, @3, (3. @, {0, {3, €.

The proof consists of four steps:

1) By holds.

2) H; holds.

3) If B,., H, holds for all » < ¢ and s < t, then B; holds.
4) if B, Hs holds for all » < ¢t and s < ¢, then H; ;1 holds.

1) Step 1: Showing By holds: We wish to show that (63),

©8), @, @, @@, [@6), (78). and @0) hold when ¢ = 0.

(a) Ag,0 = 0 so there is nothing to prove.

(b) From Lemma E| we note 10 < 60Z where Z € R™ is
a standard Gaussian vector. We will first use Fact 2| to show

that

limn5 %Z@,(&OZZ-,@UZ-)
—EZEz{gbb(c_fthwi)} =0 as.,

i=1

Let Z be an independent copy of Z. To apply Fact we need
to verify that

1 — -
= Eln’¢y(60Zi, wi)—n°Ez {¢u(50Zi, wi) } [P < en™/2.
n

i=1
for some constants x € (0,1) and ¢ > 0. Dropping the
subscript ¢ on Z, Z for brevity, we have
Ez|5(50Z, wi) — Ez {¢y(507Z, wi)}[*T™

(a) - _ 24k
<Ez, ‘¢b(0027wi) — ¢6(60Z, w;)

(b) - ~ 24k

< o5, {12 - 2 (14 loZ) + sl +1a02]) "}

< colool* ™ [Bz , {12 = 217 (1+ 10027 + 10027 }
By . {12 - 2P} ]

(c)
<c+ C2|wi\2+m,
(94)

where ¢, cg, c1, co are positive constants. In the chain above,
(a) uses Jensen’s inequality, (b) holds because ¢, € PL(2),

and (c) uses the fact that Z, Z are i.i.d. (0, 1). Using (94),
we obtain

1 — -
~ Y _Eln’éy(00Z,wi) — Bz {éy(G0Z, wi)} "
=1
o(k+2) ™
! Z(Cl + ealw ) < en/?,
1=1

n

£/2 Gince the w;’s are i.id. N'(0,02). Thus (93)

for § < o

holds.
Finally considering the expectation in (3], Fact [3] implies

i;Ez {pp(G0Z,wi)} =5 E{¢b(5020,azw)} a.s.,

95)
at rate n~. Combining (@3 and (03) yields the result.
(¢) The function ¢ (b9, w;) := bYw; € PL(2). By By(b),

lim (bo% “2 B{50Zo0Zy)} = 0 and the convergence rate
b
is n 0.
(d) The function ¢, (b9, w;) := (b?)? € PL(2). By By(b),
012 a.s. - _ .
lim M =" E{(60Z0)?} = 62 and the convergence rate is
n-°.
(e) Recall m® = b° — w. The function ¢,(b?,w;) :=

(0 — w;)? € PL(2). By By(b), lim 115 %2 (507, —
07,)?} = 62 + 0% = 72 and the convergence rate is n°.
(f) The function ¢, (b9, w;) = b?(bY — w;) € PL(2). By
Bo(b), lim Y 2 Bi 50 706020 — 0 Z)} = 63 and the
convergence rate is n°.
(g) For t = 0, nothing to prove.



(h) Since M is the empty matrix, mY = m?, so the result

is already shown in By(e).
2) Step 2: Showing Hy holds: We wish to show that (64),

@7, ©9), [71), 73D, 73), (77), and (79) hold when ¢ = 0.

(a) From the definition of A ¢ in LemmaE| (38), we have

s [(151-1):

L <q°||2>‘1 (<b°>*mo ) |q°||2>
n n n (96)
Z

[[m®]]

qu} Zo

m°ll ¢ Z
n VP

OO,

where the second equality follows from Fact|l| with Z € R ~

N(0,1). It follows from (96) that
0
max |[Aq];] < ||m H — To| max |[Z, ]|
jEsec(£) jEsec(l) 97)
n [[m°]| @Lzl VP | (09 m®
NG P \/n P '

We show all terms on the RHS of the above are
o(n=%/log M) almost surely. Recall \/nP; = ©(y/Tog M).

mP||?/n “% 72 at rate n=°. This along with the
Fact (7| implies that the first term is o(n~%y/log M) almost
surely. Similarly from By(e) and the fact that |Z|/y/n is
almost surely o(n~?) the second term is o(n~%y/Tog M);
finally by By(f) the third term is also o(n~?+/log M) almost
surely. We have therefore shown that max;cec(e)|[A1,0]5] Y
0 (n*‘s log M ) .
Next, from Lemma [] (56) it follows,

max |hj| < |7'0| max \Zo | + max |A10 |

j€sec(l) JEs
S |70 (\/3logM) + o(n~%/log M),

where we have used Fact [/| for the second inequality. This
completes the proof.

(b) The proof of this part involves several claims which are
fairly straightforward but tedious to verify, so we give only the
main steps, referring the reader to [28] for details. Throughout

we use generic ¢y ¢(x,y,z) since the steps are identical for
all k € {1,2,3,4}. From Lemma [4] (36),

(Zsk,f(aoh%a boh%, ﬂ02)|5’1,0
d _ _
= ¢k (a0T0Z0, + ao[A1,0le, boToZo, + bo[A1,0]e, Bo,) -

By Hi(a), max;esee(r)| [A1,0]5] = o(n~% /log M) for each
¢ € [L] and some §" > 0. In [28], the first step of the proof
uses this to show for each of the functions in (66)),

L
Z |Pk.e (@070 Zo, + ao[A1,0le, boToZo, + bo[A10]e, Bo,)
L=

— b0 (4070 Zo,, boToZo,, Bo,)| = o(n ~" log M).

Choosing ¢ € (0,¢") ensures that we can drop the deviation
term A .

The second step of the proof appeals to Fact[2]to show that

L

1
- Z%e aoT0Zo,, boToZo,, Po,)
LS

L
Z %o {¢k2 aOT()ZO@’ bO’rOZOu ﬂoe)}] = 0.

e:

lim n°®

Let Zy be an independent copy of Zj. In order to use Fact
] to get the above result we must prove the following for
each function in (]6_3[) for some 0 < k¥ < 1, and ¢ > 0 some
constant.

1 L
Z Z ]EZOyZO

{=1

n’ e (aofozop boTo Zo,, 505) ©8)
_ _ 24 .
—n’pie (@070 Zo, boToZo,, Po,)|” < L.

Note that the exact condition required by Fact 2] follows from
(98) by an application of Jensen’s inequality. In [28], it is
shown that for each function in (66) and each ¢ € [L],

E ~

Zo.Zo | Pkt (ao?ozow boToZo, 502)

— w1 (a0T0Z0,, boToZo,, Bo,) T = O((log M)?+*).
(99)

Bound (O9) implies (98) holds if §(2 + «) is chosen to be
smaller than k. (Recall L = ©(n/logn)).

The final step of the proof is to show that

L

. 1 _ _

lim n’ [L E Ez, [¢k.¢ (a0T0Z0,, boToZo,, Bo, )]
=1

L
1 ~ ~ a.s.
-7 > Eis [¢k,£ (aoToZOE,boTozogaﬂe)” =0

=1

But the above holds because the uniform distribution of the
non-zero entry in /3, over the M possible locations and the
1.1.d. distribution of Z; (and of Zo) together ensure that Vj3y €
Bas, 1, we have

Ez, [0k, (a0T0Z0,,boT0Zo,, Bo,)]

s, (100)

=E 75 [¢k,e (GOTOZOg7bOTOZ0£aB€)i| , Ve[l
Th}e existence _ of _ the limit of
T 201 By [0r,e(a0T0 20, boTo Zo,, Be)] for k= 1

follows from the law of large numbers; for k£ = 2, 3,4, the
limit follows from Appendix

(c) Usmg the fourth function in (66) with r = -1,
lim (042 iy LR{7, 258} = 0 by Ha(b) and the
convergence rate is n~

(d) Using the first function in (66)), |h I* s

l1nr1%011:£||Z0||2 = 7¢ by H1(b) and the convergence rate is
-

(e) Using the third function in (66)), by #1(b) we have for



r=0orr=1:
r\* 1
i (4)"4
n

B[ 6 = T Za) = ) (008 — 7o) — )

and the convergence rate is n . The last equality above is
shown in Appendix

(f) Using the fourth function in (66) with r = 0, by H;(b)
we have

1
lim n° <n(h1)*q1

1 & Ny .
n ZE{?OZS} Mg (B — 7020) — ﬁz]}) =0 a.s.
- (101)

Consider a single term in the expectation in (0T}, say ¢ = 1.
We have

]E{%OZS(I) [77?1)(5 — 77'020) - B}

M o o (102)
=70 > E{Zo, [0 (B — 70 Z0) — Bi]}
i=1
wllereu By = (B1,B2,...,8n) and Zom
(Zo,+ Z0yy -+ %0, ). Note that for each i, the function

nY(-) depends on all the M indices in the section containing
i. For each i € [M], we evaluate the expectation on the RHS
of (T02) using the law of iterated expectations:

E{Zo,[n} (B — ToZo) — Bil} (103)
=E [E {Zoi [0, (B — T0Zo) — B3] | B Zo(l)\i}]

where the inner expectation is over Zo, conditioned on
{5(1),20(1)\1.}' Since Zo, is in.depend.ent of {ﬁ(l),Zo(l)\i},
the latter just act as constants in the inner expectation over
Zy, ~ N(0,1). Applying Stein’s lemma (Fact@) to the inner
expectation, we obtain

E [E {Zo (8 = 7 Zo) = Bil | By, ZOMVH
E { agm [10(8 = 7oZ0) — Bi] | By, ZO<1>\i}]
) 7%]}3 [E {Tl?(ﬂ )
.(\/nTa1 — 08— %OZO)) ‘ Bays Zom\iH
© inE {77?(5 — 70Z) ( nPy =} (B - %OZO))}

=
where (a) follows from the definition of 7! in (I0) which
implies 87;7(8) = "%—(f) (v/nP; —nt(s)) fori € sec(f), and

Si

=E

(b) from the law of iterated expectation. Using the above in

(T03) and (1I02), we have

E [?()ng [77?1)(5 - 77'020) - ﬁ(1)ﬂ
M . . (104)
= ZE [U?(ﬂ — T0Zo) (771(:)(5 —T0Z0) — \/ﬂP1)] :
i=1

The argument above can be repeated for each section ¢ € [L]
to obtain a relation analogous to (I04). Using this for the
expectation in (I0T)), we obtain

N N 1 0 22
i (0" 2t (5 106 - )] - P

_ —2
= 01,

with convergence rate n~°. The last equality above follows
from Appendix

Finally, recall from By(e) that ||m°||?/n 3 72 at rate n=°.

Further, from (@3), we observe that

1 112
e (12 )
TO n

w1 (E[In°6B = 7Z0)I] 52
= lim — -P|=—,
TO n TO

where the convergence at rate n~° follows from #;(b) applied
to the second function in (66).

(g) Note that Q7@ is invertible since Q7Q); =
nP >0

* -1 * * = =
1 <Q1Q1> Qiq° _ (¢°)*¢" a.g. ﬁ i

lg°l =

"o = n n nP P
where the limit follows from H(e).
(h) Let Po, = Q1(Q;Q1)7'Q7 be the projection matrix

onto the column space of @Q; = ¢°. Note that Q;Q; is
invertible since ;@1 = nP > 0. Then,

1112
q
e T
—1
A ? @) (@) (@)
n n n n

(105)
Using the representation in (T03), it follows by #;(e) that
lgL|I?/n =3 o% = (01 /a8) = (a1 )*.
Finally note that 52 = o2 ((1 Fsnn)TEn 1) with &,
defined in (32). The definition of &,_; implies that (5;-)? is
strictly positive for » < T, where T* = m .

3) Step 3: Showing By holds: We wish to show that (63),

©3). (0, @). @, [76). @), and 0 hold assuming

B,.,Hs holds for all » < ¢ and s < t.

M M, Ht*qi

(a) Let Mt = o
%* [)\tmt’l -yt )\T’yﬁmr’l]. From the definition of

and v =

r=1



Ay in Lemma @] (39), we have

[ [—
Agg=) b+ (’Yt—1 - ) bt ( Z
;} t 7 Jn t ) 4t
t—1
[t ’

(106)

where we have used Fact [T] to write

AP ALY ANTARS Z 7
NG n NG NG

The matrix M; = [°|...|m!] € R™** forms an orthogonal
basis for the column space of M; such that ||/n°|| = /n, Vs,
and Z; € R! is an independent i.i.d. N(0,1) random vector.

. _ -1 ., s .
Using M;M; v = >'Zm"[M; '0],41 and |[/m°|? = n in
(TO6), we obtain the bound

t—2

1A 2 10711
ol < (3t+1
ul < e | Sl
o N2 g 2
(e, - a; \" v 1\\2+ g st 12312
=2 n NG ¢ n
||q I ||Z’H2 Z HW"HQ 2
L ]T+1)
(107)

We show that each term on the RHS of (T07) is almost surely
o(n™?%). Note thatby Hi(2), Y ofor0<j<t—2
and 7}_; "3 7. By Bo(d) - Bi_1(d), [[b]2/n =5 52 for
0<r<t- 1 These imply that the first and second terms
in are o(n~%) almost surely. By H.(h), ||¢} [|?>/n “3
(7)?; noting that || Z}||? and || Z}||? are x? random Variables,
it follows that the third and fourth terms are 0( ~9) almost
surely. Finally, by By(e) — Bi_1(e), |m"||?/n 3 72 for 0 <
r <t — 1. Therefore to prove convergence for the fifth term,
we will show that ([M[lv]rﬂ)2 %30 at rate n~°. Note that

—1
[Mt v]r+1 =
* =1 st
. M} M, Hq
/\T+17r+1 + |:< tn f) tnL

—A¢ + [(M"*th)l Ht;qi ]

We show that each of the above coefficients is o(n
for 1 <i<t,

Hiq ] _ (h)"q} _
n i n

} for 0 <r <t-—2
r+1

, forr=t—1.
t

(108)
—9). Indeed,

B GKE

s 7m ],

where the convergence (at rate n %) follows from 7,(f) and

i—l

“3 im [)\t 7(’”

H:(g) (convergence of 4 to finite values). Therefore,

|:Ht*qﬁ_:| a,s . [At(M )*mt—l
n

2
RS oA (M,)*m
E r41/\r+1 n

r=0
(109)
at rate n % Using (T09) in (T08) we see that each coefficient
of (T08) is o(n~°), which completes the proof.

n

(b) Using the characterization for b* obtained in Lemma
g

(37), we have
oo (b7, ..., b}, w;)

=2
a ¢ bO btfl <
= b iy Yy ) 5_2

t—1

bﬁfl + 6# Z;i +[A e, ,wi) .

The deviation term A;; in the RHS of the above can be
dropped. Indeed, defining

=2
o
_ 0 t—1 t t—1
_<bi7...,bi 5 bt
—1

+ 05 Z] 4 [Avd] 7wi) ,

02
= (b?,...,b;%—l, b 65 7y, w)
o
t—1
we can show that almost surely
1 n n
- ;m(ai%;ﬁb(a < Zm a;) — ¢ (cs)|
@) C &
< Dot llall + lleal) [[Ad,]
i=1
@ ~ (U flagll + llelD? - AR ©
< C 2 = .
< ; - = Zo(n?)
(110)

In (TT0), (a) holds because ¢, € PL(2); (b) is obtained usin

ail|

Holder’s inequality, and (c) follows from By(a) if > .-, I -
2
and 1, llecl” are bounded and finite. This holds almost

n
surely since

Z las| 2": i)
Z IIbTII2 [
Ut 1 n

w 2 A 2
+|| 5 1A }
n n

IIAmll2

A

+(07)

The RHS above is finite almost surely by By(d) — B;—1(d),
B; (a), and the Gaussianity of w and Z,. Thus by choosing
d < &', we can work with ¢; instead of a;. Next, we use Fact
2] to show that

lim 7° [ Zasb (ci) ——ZEZ/{@, (c:) 1“:3 . (1

To appeal to Fact 2] we need to verify that

% ZE |n5¢b ()
i=1

—Egz {n’¢ (Ci)}|2+N <en®?. (112)



Let Z/ be an independent copy of Z;. In what follows we drop
i indices on Z} and Z; for brevity and define £ = k+2. Using
steps similar to (94), we can show that

E [y (ci) = Bz {0 (ci)}]"
< Wt FE, 5, {120 - Z0F (1 + 10t 20 + It 217 §

K (Dbﬂﬂ(u |b§1|) +|wz-|*’~)
— t—1
10t "z 4 {16712 - Z;ﬁ}
(a) t—2 K
< K1+ Ko <Z|br|l{ <‘ bt 1|> + |w2|ﬁ>
(113)

r=0

for some constants ', k1, k2 > 0. In (TI3), (a) holds since
Z!, Z! are N'(0,1). Substituting (T13) in the LHS of (T12),
and applying induction hypotheses By(d) — B;_1(d) shows that
the condition (T12) is satisfied if 6 < ”’éz = :—ﬁ Thus (TTT)
holds, and we now need to show that the limit of

6" =2
=y {EZ/ {¢b (b?,...,bg—l, Ay w>}
gt t Ti-1

_E{¢b(60207 ey

5t2t7UZw)}

is almost surely 0 with E[5,Z,5¢ 2, = 2 for all 0 < r < t.
Define the function

o EW (B2, b )

=2
=Egz {qsb (b?,...,bf‘l,ztbf "+oi Z) w )}
01

It can be verified that ¢YEW € PL(2), and hence the
induction hypothesis B;_1(b) implies that the limit of

1 & 52
5 _
' lngﬁzz{%(b?wa LW i 2w -

7 5 g
EEz {¢b(50Z0, s Ot1 L4 1, - t

t—1

Zi_q + 0} Z£70Zw)}

is almost surely 0.

The proof is completed by noting that ((6? JGi1) 21 +
s Zé) is
(62/5:_1)%+ (5{)? = &2, where we have used the definition

of ;- from (53) and the fact that Z; ; and Z| are independent.
Note also that for 0 <r <t —1,

a Gaussian random variable with variance

~2
O

o B2, 2] = &

]E{&TZT( 7, 1+5§Z)} @

Ot—1 Ot—1

where (a) holds since Z,, Z, are independent and (b) because
0,011 {ZTZAtfl]
(¢) The function ¢(b?,..., bt w;) := blw; € PL(2). By
Bo(b), lim m 2 RB{6,Z,0Zy)} = 0, and the convergence
rate is n =0
(d) The function ¢,(b?,...,b% w;) :
0 <r <t By By(b), hmM s IE{(‘ITZTFH

— 52
=0¢-1-

the convergence rate is n°.

= b" —w for 0 < r < t. The function
Gp (b9, ... bt w;) = (b — w;) (bt — w;) € PL(2). By
Bo(b), lim U 2 B3, 7 52,)(612, — 0Z0)} =
E{(G,Z, O’tZt} + 02 = 32 + 0% = 77 and the convergence
rate is n ™%

(f) The function ¢y (8, ..., bt w ;) = br(bq —wl) PL(2)
for 0 < r,s < t. By Bo(b), hmM > B{G, 2, (6525 —
0Zy)} =52 ) and the convergence rate is n

5
max(r,s .
MM\ T MEmt
n n

that the matrix is invertible with a finite limit. From
the induction hypotheses By(e)-B;_1(e), lim %(mT)*mS s
Tiax(r 5 at rate n=% for 0 < r,s < (t — 1). Further, Bo(h)—
B;_1(h) and Fact Ektogether imply that the smallest eigenvalue
of the matrix 22t is bounded from below by a positive
constant for all n; then Fact |§| implies that its inverse has a
finite limit. Further, the inverse converges to its limit at rate

5 M M,
n~° as each entry in converges at this rate. Next, using

Bo(e)-Bi—1(e),

(e) Recall m”

(g) Note that a* . We first show

M} M

M;m?

n

Mt*Mt)_l

n

lim &' = lim (

—92 *
1

Ti_

(114)

In step (a), the matrix C € R has entries C,;
%iax(ifl,jfl) for1 <i,j < tand e, € R? denotes the all-ones
column vector. The equality () is obtained as follows: first,
note that C' e, is the solution to C'z = e;. Next, since all the
entries in the last column of C are equal to 72 _;, by inspection
the solution to Cz = ¢; is = [0,...,0, (72;)"!]*, which
yields (b) in (IT4).

(h) Let Pps, = My (M; M,;)~1 M} be the projection matrix
onto the column space of M;. Note that M; M, is invertible
with a finite limit in B(g). Then,

2
m
I — 1= gyt
N . _ N (115)
_mtE mt) My (MM T Mem!
n n n n

Using the representation in (TT13), it follows by By(e) - B:(e),

2 =4
. b
tim 20 @ 22 p2grcote,52 @ r - T — (72

Ti1

In step (a), the matrix C' € R’ has entries C;; =
?iax(i_l_j_l) for 1 <i,j7 <t and e; € R? denotes the all-
ones column vector. The equality (b) follows from the same

reasoning as in (I14).
Finally since 72 = o2 (1 + Snr)l_g“1 for 0 < r < t, the
definition of &, in (32) implies that (7;-)? is strictly positive

for r < T*, where T* = [% )
4) Step 4:: Showing H,11 holds.
. .
(@) Let Qg = 2@t anq g o= Biami

% [qt . From the definition of Asyq, in

t—1
721 an:|



Lemma [@] (60), we have
t—2

77—2

Bes= ot + (afy - 25 )
r=0 Ti—1

S

[ — (||| ot L1

_ Z _ T I

+< ) AT LT

+ Qt-‘rlQ;,}lvla

where we have used Fact [I] to write

(116)

[l d||thQt+12t+1 (||| s D11,
o >

NI n v v

The matrix Q;41 = [¢°|...|¢"] forms an orthogonal basis for
the columns of Q11 such that ||¢°|| = v/n and Z;;; € R¥F!
is an independent i.i.d. N'(0, 1) random vector. It follows from

(TT6) that

t—2
max |At+1 | < Z|at|max|h’+1|
jEsec(l —o
¢ 7 ¢ llmtll n
+ |1 — = X|h | + — T maX|th|
Ti—1

||thH sy : |Zt+1r/

+ \/ﬁ K nPgTIZ:O \/ﬁ
t

+ Kv/nP, Z |[Q;&1v’]r+1‘ )
r=0

(117)

Int the above we have used Q:+1Q, +11v’ =
S _0d"[Q v ]41, and the fact that both max|q; |
and max|q}| are bounded by K+/nP, for some constant
K > 0.

We show that all terms on the RHS of are
o(n=%/log M) almost surely. This is true of the first two
terms by Hi(a)-H(a), and B;(g), which says that al-
most surely |al| € o(n7%) for 0 < r < t — 2 and
laf_y — (72/721)| € o(n™?). By Fact [7| and By(h) the
third term is almost surely o(n~°/log M). Considering the
fourth term, [|m |/y/n has a bounded limiting value by
Byh), vnP; = ©(y/logM) and |Zyy1.|/v/n € o(n~?)
a.s. for 0 < v/ < t. Finally, the fifth term is almost surely
o(n=%y/log M) if we can show that |[Q;};v'],+1] € o(n™%)
for each 0 < r <t. We prove this in what follows.

Note that

[Qt_Jrllv/]r+1

* —1 px t
af_ﬂ + [ (QtﬂthH) Bt+711mL } for 0 <r <t,
r+1
—1+ [ (Qf+1Qt+1)71 BiymY ] , for r =t.
t
(118)
We show that each of the above coefficients is o(n~?). Indeed,

for 1 <i<t+1,

{Bé‘ﬂmi} _ T hrml

n n n
(bi—l)*mt t—1 t(bz‘—l)*mr
B Pl e
r=0
a.s. q. (qi)*qt — t(qi)*qr
=" lim T — ZQTT s
r=0

where the convergence (at rate n"s) follows from B;(e), B;(f),

and B;(g) (convergence of @ to finite values). Therefore, at

rate n=%,

Bt+1mt a.s. . (Qt+1)*qt - ¢ (Qep1)*q"
= lim | ———— — E al
{ n ' n = s n ’

(119)
and substituting @ in (T18) we see that each coefficient
of (I18) is o(n ThlS completes the proof demonstrating
manesec(z)HAtJrl,t] | <O (n°y/Iog M).

Next, from Lemma [4] (56) it follows,

max |hiT
jEsec(L)
=2

7
< - max |h |+|TtJ'| max |Zt | + Inax |At+1t |
jEse

- 7't 1 jEsec(l)
3 cer\/log M + |7|© (VlogM) +6 (n“\/logﬁ) .

The second inequality above comes from #;(a), Fact [7, and
the first result of H;1(a) proved above.

(b) As in the proof of H;(b), we provide the main steps of
the proof, referring the reader to [28]] for details. Throughout
we use generic ¢y ¢(z,y, ) as the steps are identical for all
k € {1,2,3,4}. From Lemma 4] (56),

t t
0 <Z auh7+1> Z bvhz+1a ﬂOg)
u=0 v=0

t—1
d w _
= Pr.e (Z ay i T Zy, + aAvede,

u=0

L1t

t—1
Z Vgt b7 Za, + be[Avyaele, ﬂ0g> ,

v=0
where a], = a, and b, = bq, for 0 < w,v < ¢—2 and
2
a,_, = a;_ 1+atl—fl and b,
max;esec()|[Aet1,e];] = o(n™ /log ) for each ¢ € [L ]

and some ¢’ > 0. In [28], the first step of the proof uses this
to show for each of the functions in (66)),

L t—1
1 _
I o, ( E a;hqf“ + atTtJ_Zt@ + ag[Apyade,
=1 u=0

-1
Z byhy 4 beT Ziy + b Ay, t]eﬁoz) -
v=0

t—1 t—1
(Za B+ thzb/ BT b Znﬁm)‘

u=0



is almost surely o(n~%" log M). Choosing § € (0,4’) ensures
that we can drop the deviation terms A;q ;.

The second step of the proof appeals to Fact 2] to show that
the limit of the expression

L t—1
%Z [¢k IZ(ZG hu+1 + a7y Ztevzb hv-H + b7y thaﬂw)

=1 u=0

th)k Z(Zauhu+1 —+ atTt th,Zb hUJrl + bt?#Zt[,ﬂoe)]
(120)

is almost surely 0. Let Z; be an independent copy of Z;.
Define the value diff;, ¢ to be the following difference for each
¢ € [L] and each function in (66) with k = 1,2, 3,4,

diffy, » ==
t—1

dre (3 i + v thzb/ By b 2, o )
u=0

— e Z d B+ a7t 7, Z b+ T 2, fo, )
= v=0
In order to use Fact |2| (conditionally on .%;;1+) to get the
above result we must prove that

"< eLh?, (121)

L
% N Ejz, g, |nodiffi|”"
=1

for some constants 0 < xk < 1 and ¢ > 0. The exact condition
required by Fact 2] follows from (12I) by an application of
Jensen’s inequality. In [28]] it is shown that for each function
in (66) and each ¢ € [L],

Ej, 7, |diffy o[ =

Bound (122)) implies (I21)) holds if § is chosen such that §(2+
k) < /2. Hence (120) holds.

Considering result (T20), define new functions ¢}/
ke {1,2,3,4} as

one” (Z AR Zb h”“,ﬁoe) =

t—1
Ez,éue( Z QR i Zey, SO bk bR 2y o, )
v=0

((log M)*T). (122)

NEW for

Using Jensen’s inequality, it can be shown that the induction
hypothesis H;(b) holds for the function ¢ ;" whenever
‘H¢(b) holds for the function ¢y, , inside the expectation. This
work can be found in [28]]. Therefore, the limit of

s L t—1
n w _
L Z {Ezt [¢W ( Z ayhy ™+ i Z,,
=1 u=0
t—1
SOUR + b 2, fo, )|
v=0
t—1
— EEy, [(W ( > @ FuZu, + T Zy,
u=0

t—1
S VR, + T 2B )| }

v=0
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is almost surely 0. To complete the proof we show that

t—1 t—1
EEz, [one( D ahraZu+ arti Ze, S buts 2y + b7 Ze, B )|

t t
- E[qsk,e(;amzm ;bmzv, ﬂz)].

Recall a, | = a;_1 + a¢(7?/77;) and b, | = b1 +
b(7?/77_1). Then to prove the above, we will show that
(7_'t2/’7_'t_1)Zt—1 + 7_'tJ_Zt g %tht where fr%tE[Zth} = 7_'t2 for
0 <r <t—1. Indeed, (?tQ/ﬂ_l)Zt_1 + 7"}2,:) is Gaussian
with variance equal to (77/7t-1)% + (7;-)> = 77, using the
definition of 77~ in (53) and the independence of Z;_; and
Zy. Further, for 0 <r <t-—1

E {%TZT ((ff/ft_l)Zt_l + ﬁ%Zt)}
= (%152/7_—:&2—1)7_—7‘7_—1&*1]E[Zr2t71] = 73&2

The existence of the limit of

]E{d)k,f(ZZ:o aufuzvua Zf}=0 bvazvva Bl)} for k 1
follows from the law of large numbers; for k£ = 2, 3,4, the
existence of the limit follows from Appendix

(c), (d), (e) These are shown by invoking H;,1(b), and are
similar to the corresponding results for step ;.
(f) Using the fourth function in (66) for any 0 < r,s < ¢
by Hiy1(b),
(hs+1)*qr+1 as

lim ——— =
n

= lim — ZE{TS 50 e (B—"7 r) Bel}s

and the convergence is o(n~%). Using arguments very similar
to those in H;(f) (iterated expectations and Stein’s lemma),
we obtain that

E{7.Z; s, [} (B — 7 Zr) — Be]}
= ZE[Z,, 2] (Eln (B =7 Z)|]* = nP)

r
=2

Tmaxrs —
22 (Bl (8 - 7, 2) |2~ nPe) . L€ [L)
(123)

Here Z 51 Zr1 refer to the first entries of the vectors Zs, Zr,
respectively. Using (123) along with the fact that (P —

LE{{ln"(8 — 7 Z.)|I? }) — 52,4 (cf. AppendleI) (VI-B3)

becomes

=2 =2
lim (hs+1)*qr+1 a.s. Tmax(r,s)UT+1
n 72 '

Next, from (43)), we observe that
52 (124)

r+1112
s 2<|5 [ P)
T, n
r+1

1 Elln"(8 — 7 7 V|12
m( " (8 = 72,)] _P>:
7 n T2

a.s. 1.

)

2
where the convergence at rate n~? follows from Hit1(b) ap-
plied to the second function in (66). The last equality in (124)
is from Appendix El By Bi(e) lim (m")*m?® /n = 72

max(r,s)’



which along with (I24) completes the proof.

(g) Note that 71+1 = (QZWQHI ) - e

the proof of step B;(g), the matrix %Q? | 1Q¢+1 can be shown
to be invertible with a finite limit using H1(e) — H:(e), H1(h)
— Hq(h), Fact 5] and Fact [6] Then use H1(e) — H.(e) to find
the value of the limit of F¢*1.

(h) This result follows similarly to B;(h) but uses the
convergence results H(e) — Hir1(e).

. Similarly to

APPENDIX

A. AMP Derivation

In (22), the dependence of 2! ., on i is only due to the term

AqiBL,, being excluded from the sum. Similarly, in (23) the
dependence of 3!_, , on a is due to excluding the term A,;2! .,
from the argument. We begin by estimating the order of these
excluded terms.

Note that A,; = O(n~'/?), and B¢, = O(ylogn).
The latter is true since for ¢ in section ¢, f3; < /nP,,
where P, = O(1/L), and L = ©(n/logn). Therefore

Auifl = O (Viogn/n). In @,

Apizt ., is O(n='/2) because z{ . = O(1). We set

the excluded term

Zami = 2o+ 0zn and B = BT 0BG (125)
Comparing (123) with (22)), we can write
Z - ya Z AQJ/B‘;/A)QJ 622*” = azﬂlaa (126)

JEIN

For i € [N], let sec(7) denote the set of indices in the section
containing i. To determine §3!_, ., we expand n! in (23) in a

Taylor series around the argument Zbe[n] Apizh j @
. . j€sec(i
which does not depend on a. We thus obtain

f+1
z—>a =i <{ Z Ab]zb_n }jESec(i)>

Avizhos ) ,
Z b Zb—>] stec(i))

be(n]

(127)
Aa@za—)z 2771 ({

where 9;n!(.) is the partial derivative of n! with respect to the
component of the argument corresponding to index 7. (Recall
from (T0) that the argument is a length M vector.) From (10),
the partial derivative can be evaluated as

9im; (s) = ni(s) 9; Innj(s)

si/mPy
2
{(s) vnb,  vnby e i
=ni(s
" T2 T2 55/ Py
j€Esec(t) €

) (x/@— nf(S)) :

(128)
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Using (128) in (127) yields
g+l — A }
z~>a <{ Z bjzb—>] jESec(i))

be(n]
E A }
bj Zb—)j jesec(i)>

aLZ t
<{ be[n]
\/TF)Z - 771t <{ bg[;] Abj th)%j }]Esec(i))

(129)

Notice that we have replaced the stand-alone term Ag;z. _,,
in (127) with A,;2! because the difference A,;02% ., is
O(y/logn/n), which can be ignored — we only keep terms
as small as O(n~1/2).

Since only the second term on the right-hand side of (129)
depends on a, we can write

gt = ({2 A +oo)

bem] j€Esec(s)

(130)

and

t

5Bt+1 o 7Aaiza
i—a 7_2

t

{0 At + 024}

be[n]

{3 At + 024, }

be[n]

jéEsec(s)

TLP@ —

jEsec(z)
(131)
O(logn/+/n). Hence, in (126), we

8zt . = AupBl

We observe that 63! ,, =
can write

(132)

because the dlfference Améﬁ

(132) in (130), we see that
ot A A2t
Bt =nl( 4 Y Az + A8

ben] jEsec(i)) (133)

@ nt ({(A*Zt + Bt)j }jeseC(i)> ’

where (a) holds because ), Ab] — 1 as n — oco. Analo-

= O(logn/n). Substituting

i—a

gously, using (132) in gives
P Aep— { >o(Arst +Bt)j}
e Tt2 ¢ b jéEsec(s)
/ P, — t A* t ty |
e <{ bez:[n]( 2s )] }jESec(i))

(134)
Finally, we use (133) and (134) in (126) to obtain
Ze=Ya— Y Aw(Bi+ 5B a)

k€E[N]

Z Aak nk

ke[N]

A* t—1 ﬁtfl)



A2 -l . B
+ Lok o (AT 4 B

Ti—1
(A* t=1 4 gt- 1)]

: {\/ N Pec(i) —
s L (P — 3P,

(b) t Za
= yq — (A8 P —
Y ( B ) + 2 (n

t—1

(135)

where (b) is obtained as follows. First, we use A2, ~ +. Next,
(TO) implies that for all s,

>

Z nPy = nP.
ke[N]

Finally, note from (I33) that 3", (n * (A*2'~1 + g71))?
> (BE)? = ||5]|*. The AMP update equations are thus given
by (133) and (T33)

\/ npsec(k) nk

B. Proof of Lemma []|

From (26), =

) can be written as

P,
a(r) = 2 &(r), (136)
P
/=1
where
. VnPy Ut
E(r)=E (137)
DY Il

The result needs to be proved only for £* > 0. (For brevity, we
supress the dependence of £* on 7.) Since P is non-increasing
with £, it is enouglﬂ to prove that for £ € (0, 1],

. . 1, if&E<Er,
hmgthJ (T) = { 0’ lff > g* (138)
Using the relation nR = L1n M /In 2, we can write
nPeL) _ LPler
7'2 = VKLJ th, where VI_fLJ = m

From the definition of &* in the lemma statement and the
non-increasing power-allocation, we see that lim Vier| > 2
for £ < &7, and limv|¢p) < 2 for £ > &*.

For brevity, in what follows we drop the superscripts on
UngLJ, and denote it by U; for j € [M]. From @37, Eery ()
can be written as

Elery(7)

e‘/utﬁLJ In M Uy
=E
e /VieL) In M Uy —|—M_UL5LJ Zh£2 e /VieL| InMU;

1/VL£LJ In M Uy
VV0eL) In M Uy —‘,—M_VLELJ ZIW

=,

#We can also prove that lim £ le*L| = 3. but we do not need this for the
exponentially decaying power allocation ﬂmce it will only affect a vanishing
fraction of sections as L increases. Since £, € [0, 1], these sections do not
affect the value of limz(7) in (I37).

U
1/VL£LJ InM U, 1
(139)
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The inner expectation in (I39) is of the form

e‘/V\.ELJ lnMU1
E U
\/Vier) In M Uy —v M Ve InMU; !
e + M~VleL) Zjﬂ eVVieL] J
C
c+X|’

(140)

where ¢ = exp (\/V|erInM Uy) is treated as a positive
constant, and the expectation is with respect to the random

variable

X = MM ]zw: exp (\/vier I M U)

Jj=2

(141)

Case 1: § < £*. Here we have limv|¢,| > 2. Since +X is
a convex functlon of X, applying Jensen’s inequality we get
Ex[x] = s&x- The expectation of X is

M
EX = M VleL ZE {e VieL) lnMUj]
j=2

@ avier) (M —1)M"1s/? <

1—v 2
Mvier)/?,

with (a) is obtained from the moment generating function of
a Gaussian random variable. Therefore,

1>By |[——|>——— > ¢
=N X | T e EX T oo Mlvien /2
_ 1
1 + o1 MIvien)/2”
(142)
Recalling that ¢ = exp (\/V|¢r| In M Uy ), (T42) implies that
]E [ e‘/nglenMUl ’ U
X 1
/v In MU
eV st 1+?f (143)

> .
- 1 + Ml*VtsLJ /2 6_ /VLELJ In M U,y
When {U; > —(In M)/}, the RHS of (T43) is at least [1 +
M=vier1/2 exp ((ln M)3/4 /VKLJ)]_l. Using this in (T39),
we obtain that
1> & (7)
P(U; > —(In M)Y/%)
1 —|—M1_VL£LJ/2 e(lnM)3/4«/VL§LJ
since limv|¢y,| > 2. Hence €| ¢r,| — 1 when limv|¢r,| > 2.

(144)

M—o00 1

)

Case 2: £ > £*. Here we have limv|¢y,| < 2. The random
variable X in (T41) can be bounded from below as follows.
max

e‘/ylﬁLJ lIlMUj
je{2,...,M}
_ MﬁVLELJ e[maxje{z ‘‘‘‘‘ M} Uj],/I/LELJ lnM‘

Using standard bounds for the standard normal distribution, it
can be shown that

P max U; <v2InM(1—¢)) <e ™7 (146)
j€{2,....,M}

VieL]

X>M"
(145)



for e = w (%) Combining (T46) and (T43), we obtain
that

max

M=) >p (
exp( ) B je{2,....,M}

U; <V2InM(1— e))
Z P (X < M_VLgLJe\/21nM(1_€)\/VL5LJ 111]\/[)
=P (X < Mm(lﬂ)*wm) )

Since limv|¢r) < 2 and € > 0 can be an arbitrarily small
constant, there exists a strictly positive constant § such that
6 < /2vjer)(1 — €) — vg for all sufficiently large L.
Therefore, for sufficiently large M, the expectation in (T40)
can be bounded as

Ex |

_ ¢
c—+ M
c(1—e 2
<eMUTT . < .
=€ + c+MS — 14+c1M9
(147)

Recalling that ¢ = exp (y/Vj¢z InM Uy), and using the

bound of (I47) in (139), we obtain

5|_5LJ(T) <E

— | < P(X < M%) -1+ P(X > M-
| =P <oy Pz )

2
1+ M(se_’/VLSLJ In M Uy

2P(U; < (In M)/4)
1 +M§e*m(lnM)3/4

(a) 1 1/2 2
L) .
S 26 2 + 1 1+e§lnM*m(lnM)3/4

< P(U; > (InM)Y*) .2 +

ﬂ>OasM—>oo.

(148)

In (T48), (a) is obtained using the bound ®(x) < exp(—x?/2)
for > 0, where ®(-) is the Gaussian cdf; (b) holds since &
and lim v|¢y| are both positive constants.

This proves that £¢r(7) — 0 when limv|¢r) < 2. The
proof of the lemma is complete since we have proved both

statements in (T38).

C. Proof of Lemma [2|

For brevity, let &, := £*(7;) for t > 0, where £*(+) is defined
in Lemma
we obtain

where & is the supremum of all £ € (0, 1] that satisfy

Jim LPepy = o?(14snr)' ¢ In(1+snr) > 2R(0?+P) In2.
—00

(149)
The first equality in (149) is due to (29). Simplifying (149)
yields the condition ¢ < 55 log(C/R), from which it follows

that the supremum is &y = %.

Recall that f(n) = w(g(n)) if for each k > 0, |f(n)|/|g(n)| > k for
all sufficiently large n.

m For t =0, %3 = 02 + P. Then, from Lemma

23

Using the geometric series formula lezng = (P +
0?)(1 —272Ck/L) (T49) becomes
[§oL] 2
T PZ _ P+ (o —2C¢
nem L p s U
~ (L4snr) — (1+snr)t=%
B snr '

The expression for 72 is a straightforward simplification of
o 2 + P (]. — (fl).

Assume towards induction that (30) and (31) hold for 7, 72
For step (¢ + 1), from Lemma 1}

& L]
= lim Y AL
t+1 L0 yam P7

where &; is the supremum of all £ € (0, 1] that satisfy

lim LPjp| =0*(1+snr)'"“In(1+snr) > 2R7 In2.
L—oo
(150)
Using the expression in (3I) for 77 (due to the induction
hypothesis) and simplifying (I50) yields the condition

1 ¢
1+ —log, —.
£<& 1+QC 082 1
Hence the supremum is & = &1 + 55 logy(C/R). It follows
that
[§:L]

P, P 2
Fepr = lim F’f _ ;" (1 — 2208
L—o0 = (151)
(14 snr) — (1 +snr)l=¢

snr

The proof is concluded by using (I31) to compute 77, =
P + 0'2(]. — ft+1).

D. The limit of XE{[n" (8 — 7 Z,) — B]*[n°(8 — 7s Zs) — B}
equals 6§+1 for —1 <r<s<t

Noting that ||3||> = nP, we prove that the desired limit
: 1 T = 77 \]*[,,S = 7
lim | “E{[n" (8 — 7 Z)]"[0° (B — 7sZ5)]}
1 . > _ s 1 . s e
_ﬁE{B n (ﬁ - TrZr)} - EE{B n (ﬁ - TSZS)} + P:|
(152)

equals 52, = o2 ((1 4 snr)!=5 —1). For the case r = s =
—1 the result holds since &g = P, so assume s > —1. To
obtain (T52), we show the following: for 0 < r < ¢,

S S
lim EE{ﬂ n" (8
and for 0 <r < s <t,
1 r — 7 \1%[,.S = 7 - =
lim —E{" (87 2,))" 0" (8- 7. 2]} = 78— 72, (154)

The above results are all trivially true if » = —1.
We first show (I33). Since j is distributed uniformly over
the set By 1, the expectation in (I33) can be computed by

— T Ze)} =T — A, (153)



assuming that 8 has a non-zero in the first entry of each
section. Thus

lim %]E{B*nr(ﬁ — ?TZT)}

L =
. e’
= lim g FE | =5 N

NG
e 2 e U1_|_ZJ 5 € TTZU]
(@ [¢-L]
lim Z Py =0 ((1+snr)— (1+snr)'=5)
(=1
W22 (155)

In @ {Uf} with £ € [L],j € [M] is a relabeled version
of —Z,, and is thus iid. A'(0,1). Equalities (a) and (b) are
obtained from Lemmas [I] and 2] (cf. 26), 27), and (BI)).

Consider result (I54). From the proof of Proposition [}

(noting that 3"*' = 9" (8 — 7, Z,) and cf. (I8) and (19)),
it follows that
1 , . .
—Ellne (8~ Ze)|1? = (B—72)}, LeIL]
(156)
which proves the result if » = s. For r < s, we obtain the

result by showing that

1
7E * T
n 1Bemi

[6-L]
1 ¥
ling{[nr(ﬁ_f}Zr)]*[né( _7—8 $)]} < lim Z Py,
(157)
) } [6-L]
ling{[nr(ﬁ—ﬂZr)]*[ns( _7-8 $)]} > lim Z Py
(158)

We then we get the desired result by observing that the limit
on the RHS above equals 7; — 72,4, as in (I53). From the
Cauchy-Schwarz inequality, we have

lim lIE{[?f(ﬁ - 7.7,

= lim — ZE{

@ 1 I o
< lim —~ Y (Ellng (8 =7 Z,)I1P) 2 (Ellng (8 — 76 Z5)|1P)*

14

AN
T
=

w
—~~
™

|

%\n
%N(
=
—

[€-L]

® hmZPg E(THE hm Z Py,

(159)

where (a) is obtained using the Cauchy-Schwarz inequality;
(b) follows from (I56), (I53), and the definition of &(-) in
(137); (c) is obtained as follows. Consider &j¢r,)(77) and
Eer)(72) for some ¢ € (0,1]. It follows from the proofs of
Lemmas [T] and [2] that,

. _ 1, for & <&,
llmngLJ (Tr) = { 0’ for 5 > €T,
and

. B 17 f0r§<§s7
im &ep ) (Ts) = { 0, for &> ¢,

24

where &, & are as defined in Lemma[2} Since r < s, we have
& < &, which yields (c) in (T39).

For the lower bound (T38), since 3 is distributed uniformly
over the set By, the expectation in (T34) can be computed
by assuming that 5 has a non-zero in the first entry of each
section:

lE{[ "B =)0 (B — T Z4)]}

*ZE{W — 7 2 i (8 - 7o Zs }—ZPZ ot

(160)
where
Ers,é =
JLE Uk, ebiz-i-bgeUsl + Z by Uri obs, Ul
( b2 er'r‘[ ,1+Z _erWUfg)( b2 +b51 51 +Z] e sg q])
(161)

with b?, := nP;/77 and b2, := nP;/72. In (T6]), the pairs
of random variables {(U’., U,

e )} j € [M] are i.id. across
index j, and for each j, Ue and UL, are jointly Gaussian
with A(0, 1) marginals and Covariance T/ Tr.

Consider the expectation using just the first term in the
numerator on the right-hand side of (I61). This can be written
as

ebWUfl
E lE l(ebwUﬁ + Z]Vig b UL b2, >
b Ut
| <eb”% + oM, P Vs, )‘ U1, Ul
szUrl

(a) e : ngUu
Z ]E ] 112 1RK2
ebreUnm + Me_fbw ePse U + Me_bez
b2 -1 b2 -1
(1+Me_22_bWUf1> <1+Me_’f_b°‘fU§1> ]

-1
b2 )
P (vt i, 0> o) (1o are 7 )

-1
2
: (1 + Me‘bf’f“’?f)
®)

— 1 as M — oo forl</{<|&L).

=FE

b1/2

T )

%

(162)

In (T62), (a) is obtained as follows. The inner expectation
on the first line of the form Ex y [f(X,Y)] with f(X,Y) =
n:ﬁx . K;Jiy, where k1,ko are positive constants. Since
f is a convex function of (X,Y’), Jensen’s inequality im-
plies E[f(X,Y)] > f(EX,EY), with E[exp(b”Ufj)] =
exp(4b2,).

To obtain the convergence in step (b) of (162), note that for



(<161,
b2 nPg nPLE LJ
1. T _ 1. 1 r
Mo T MM T 22 m M (163
i ZEle L)
2R72In2

where we have used nR = Llog M and the fact that &, is the
supremum of £ € (0,1] for which LP¢ 1| > 2R7?In2 (see
proof of Lemma [2).

Since &, ¢ in (T6]) lies in [0, 1] for all ¢, (I62) implies that
lim&,s¢=1for1 << [ L. Using this in (T60) gives the
lower bound (138). Together with the upper bound in (T37)),
this proves (I54), and hence completes the proof.
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