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We present some new and explicit error bounds for the approximation of distributions. The
approximation error is quantified by the maximal density ratio of the distribution @ to be
approximated and its proxy P. This non-symmetric measure is more informative than and
implies bounds for the total variation distance.

Explicit approximation problems include, among others, hypergeometric by binomial distri-
butions, binomial by Poisson distributions, and beta by gamma distributions. In many cases we
provide both upper and (matching) lower bounds.
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1. Introduction

The aim of this work is to provide new inequalities for the approximation of probability
distributions. A traditional measure of discrepancy between distributions P, QQ on a space
(X,.A) is their total variation distance

drv(Q, P) = /811611;|Q(A)*P(A)|-

Alternatively we consider the maximal ratio

QA)

p(Q, P) := sup ——=,

(@1 = 3 P
with the conventions 0/0 := 0 and a/0 := oo for a > 0. Obviously p(Q, P) > 1 because
Q(X) = P(X) = 1. While drvy(+,-) is a standard and strong metric on the space of all
probability measures on (X, A), the maximal ratio p(Q, P) is particularly important in
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2 L. Diimbgen, R. J. Samworth, and J. A. Wellner

situations in which a distribution @ is approximated by a distribution P. When p(Q, P) <
00, we know that
Q(A) < p(Q, P)P(A)
for arbitrary events A, no matter how small P(A) is, whereas total variation distance
gives only the additive bounds P(A) + dtv (@, P).
Explicit values or bounds for p(Q, P) are obtained via density ratios. From now on let
P and @ have densities f and g, respectively, with respect to some measure p on (X, A).
Then
9(x)

p(Q,P) = essSup o (1)

The ratio measure p(Q, P) plays an important role in acceptance-rejection sampling (von
Neumann, 1951): Suppose that p(Q, P) < C' < oo. Let X3, Xo, X3,... and Uy, Us, Us, . ..
be independent random variables where X; ~ P and U; ~ Unif[0, 1]. Now let 7y < 72 <
73 < --- denote all indices i € N such that U; < C71g(X;)/f(X;). Then the random
variables Y; := X, and W; := 7; —7;_1 (j € N, 19 := 0) are independent with Y; ~ Q
and W; ~ Geom(1/C).

As soon as we have a finite bound for p(Q, P), we can bound total variation distance
or other measures of discrepancy. The general result is as follows:

Proposition 1. Suppose that g/f < p for some number p € [1,00).
(a) For any non-decreasing function v : [0,00) — R with (1) =0,

[wtainaq < Qs> 1)),
(b) For any convex function v : [0,00) — R,

o) 1 L) =00

/ Blg/f)dP < -

Both inequalities are equalities if g/ f takes only values in {0, p}.

Under the assumptions of Proposition 1, the following inequalities hold true, with
equality in case of g/f € {0, p}:
Total variation: With ¢(t) := (1 —t~1),, part (a) leads to

drv(Q,P) < QU{g > fHA—p). (2)
Kullback-Leibler divergence: With () := logt, part (a) yields

[1osta/nda < Qtfs > togs.
Hellinger distance: With ¢(t) := 271 (vt — 1)2, part (b) leads to

%/(ﬁ—\@?du < 1-pT
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Bounding via density ratios 3

Pearson x? divergence: With v (t) := (¢t — 1)2, part (b) yields
Jorr-1pap < p-1.

Inequality (2) implies that drv(Q, P) < 1—p(Q, P)~!, and the latter quantity is easily
seen to be the mixture index of fit introduced by Rudas et al. (1994),

™(P,Q) = min{r € [0,1] : P = (1 — m)Q + 7R for some distribution R}
= min{r €[0,1]: P> (1 - m)Q on A}.

The remainder of this paper is organized as follows: In Section 2 we present an explicit
inequality for p(Q, P) with @ being a hypergeometric and P being an approximating
binomial distribution. Our result complements results of Diaconis and Freedman (1980),
Ehm (1991) and Holmes (2004) for drv(Q, P).

In Section 3 we first consider the case of () being a binomial distribution and P
being the Poisson distribution with the same mean. The corresponding ratio measure
p(Q, P) has been analyzed previously by Christensen et al. (1995) and Antonelli and
Regoli (2005). Our new explicit bounds bridge the gap between these two works. As a
by-product we obtain explicit bounds for drv(Q, P) which are comparable to well-known
bounds from the literature. All these bounds carry over to multinomial distributions, to
be approximated by a product of Poisson distributions. In particular, we improve and
generalize approximation bounds by Diaconis and Freedman (1987). Indeed, at several
places we use sufficiency arguments similarly to the latter authors to reduce multivariate
approximation problems to univariate ones. Section 4 presents several further examples,
most of which are based on approximating beta by gamma distributions.

Most proofs are deferred to Section 5. In particular, we provide a slightly strengthened
version of the Stirling—Robbins approximation of factorials (Robbins, 1955) and some
properties of the log-gamma function. This part is potentially of independent interest.
As notation used throughout, we write [a]o := 1 and [a], := H?:Ol(a—i) for real numbers
a and integers m > 1.

2. Binomial approximation of hypergeometric
distributions

Sampling from a finite population. First we revisit a result of Freedman (1977)

concerning sampling with and without replacement. For integers 1 < n < N let X =

{1,...,N}", the set of all samples of size n drawn with replacement from {1,..., N}.
The uniform distribution P on X has weights

P({z}) = 1/N"
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4 L. Diimbgen, R. J. Samworth, and J. A. Wellner

for x = (z1,...,z,) € X. When sampling without replacement, we consider the set X,
of all x with all components different, and the distribution @ with weights

1/[N], ifzeX,,

Q({x}):{o ifreX\ X,
Consequently, dQ/dP = N™/[N],, on X, and dQ/dP = 0 on X \ X, so Proposition 1 (a)
with ¥(t) := (1 — ¢t~ '), implies that

p(Q.P) = N"/IN], and drv(@,P) =1-p(Q,P)" =1 [N],/N".  (3)
Freedman (1977) showed that

n(n—1)

(n—-1)
2N '

n

— — < <
1 eXP( ) sdrv(Q P) < —5+ (4)
Here are two new bounds for p(Q, P) which we will prove in Section 5. The lower bound
in the following display follows from Freedman’s proof of the lower bound in (4), while

the upper bound is new.

n(n—1) n n—1
) < < = - ).
< logp(Q.P) < —Flog(1- ") (5)
From (3) and (4) one would get the upper bound —log(1 — n(n — 1)/(2N)) with the
convention that log(t) := —oo for ¢ < 0. For n = 2 this coincides with the upper bound

in (5), for n > 3 it is strictly larger.

Hypergeometric and binomial distributions. Now recall the definition of the hy-
pergeometric distribution: Consider an urn with NV balls, L of them being black and N —L
being white. Now we draw n balls at random and define X to be the number of black
balls in this sample. When sampling with replacement, X has the binomial distribution
Bin(n, L/N), and when sampling without replacement (n < N), X has the hypergeo-
metric distribution Hyp (N, L, n). Intuitively one would guess that the difference between
Bin(n, L/N) and Hyp(N, L, n) is small when n < N. Note that when Freedman’s (1977)
result is applied to a particular function, e.g. the number of black balls, the resulting
bound is suboptimal because it involves n(n — 1)/N rather than n/N. Indeed, Diaconis
and Freedman (1980) showed that

drv (Bin(n, L/N),Hyp(N, L, n)) < 2%.

Stronger bounds have been obtained by means of the Chen—Stein method. Ehm (1991)
showed that with p := L/N,

drv ( Hyp(N, L, n), Bin(n, L/N))

1
< nLH (1—p™+t — (1 —p)™+) % for 1 <n <min{L,N—L}, (6)
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Bounding via density ratios 5

while Holmes (2004) proved that

n—1
N-1

drv(Hyp(N, L,n),Bin(n, L/N)) < (7)

Our first main result shows that for fixed parameters N and n < N/2 + 1, the ratio
measure p(Hyp(N, L,n),Bin(n, L/N)) is maximized by L =1 (and L = N — 1):

Theorem 2. For integers N,L,n with1 <n < N,n—1< N/2and L €{0,1,...,N},

p(Hyp(N, L,n),Bin(n, L/N)) < p(Hyp(N,1,n),Bin(n, 1/N))
_ (17%)—(71—1)
< (1_ ”;{1)*1.
Moreover,
b (B0, o, Bt £40) = (1 e = B ) (1 (1))
[ldn UV-—‘L]n n—1
<(-pp-TE)

Remarks. Note that our bounds for drv (Hyp(N, L,n),Bin(n, L/N)) are slightly bet-
ter than the bound (7) of Holmes (2004). If we fix n and let L, N — oo such that
L/N — p € (0,1), then our bounds are equal to

n—1

N

and thus similar to the bound (6) of Ehm (1991). If we fix L and let n, N — oo such
that n/N — « € (0,1), then our two bounds converge to

(1-7")1—-e) < 1=+,

whereas the upper bound in (7) tends to v, and (6) is not applicable.

(I+o(1)(1 =p" —q")

3. Poisson approximations

3.1. Binomial distributions

It is well-known that for n € N and p € [0, 1], the binomial distribution Bin(n,p) may
be approximated by the Poisson distribution Poiss(np) if p is small. Explicit bounds
for the approximation error have been developed in the more general setting of sums
of independent but not necessarily identically distributed Bernoulli random variables by
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6 L. Diimbgen, R. J. Samworth, and J. A. Wellner

various authors. Hodges and Le Cam (1960) introduced a coupling method which was
refined by Serfling (1975) and implies the inequality

drv (Bin(n, p), Poiss(np)) < np(l —e?) < np’
By direct calculations involving density ratios, Reiss (1993) showed that
drv (Bin(n,p),Poiss(np)) < p.

Finally, by means of the Chen—Stein method, Barbour and Hall (1984) derived the re-
markable bound

drv (Bin(n,p), Poiss(np)) < (1 —e "P)p. (8)

Concerning the ratio measure p(Bin(n, p), Poiss(np)), Christensen et al. (1995) showed
that

Alp) = max log p(Bin(n, p), Poiss(n, p))
is a convex, piecewise linear function of p € [0, 1) with lim, 1 A(p) = oo and
A(p) = p for 0 <p <log(2). (9)

A close inspection of their proof reveals that A(p) is the maximum of the log-ratio measure
logp(Bin(n,p), Poiss(n,p)) over all integers n < 1/(1—p), so the bound A(p) is probably
rather conservative for large sample sizes n. Indeed, it follows from the results of Antonelli
and Regoli (2005) that for any fixed p € (0, 1),

lim log p(Bin(n,p), Poiss(np)) = —log(1—p)/2 (10)

n— oo

which is substantially smaller than A(p), at least for small values p. By means of ele-
mentary calculations and an appropriate version of Stirling’s formula, we shall prove the
following bounds:

Theorem 3. For arbitrary n € N,
An(p) = logp(Bin(n, p), Poiss(np))
is a continuous and strictly increasing function of p € [0,1), satisfying A, (0) =0 and
—log(1 —p)
An(p) < {
—log(1— [np]/n)/2

for 0 < p < 1. More precisely, with k := [np],

k—1 1
< - +
12n(n—k+1 8(n—k)+6’
An(p) +log(1 — p),2 (1= s (1)

T Tnm—k+ D) 20 -Rm-—kt1)
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Figure 1. Comparing Bin(40, p) with Poiss(40p).

Remarks. Since P({0}) = e " > Q({0}) = (1 — p)™, the first two upper bounds of
Theorem 3 and Proposition 1 (a) lead to the inequalities

b,
drv (Bin(n, p), Poiss(np)) < (1—(1—p)")- 11 [np] < [npl/n
no = 2—[np]/n’

see inequality (20) in Section 5. For fixed A > 0, the bound in (8) may be rephrased as
ndry (Bin(n, A/n), Poiss(A)) < (1 — e~ *)A. Our bounds imply that

limsup drv (Bin(n, A\/n), Poiss(\)) < (1 — e *)min{), [\]/2},

n—00

and [A]/2 < A for A > 1/2. The refined inequalities imply that for any fixed p, € (0, 1),
log p(Bin(n, p), Poiss(np)) = —log(1 —p)/2+ O(n™") uniformly in p < p,.

The proof of Theorem 3 reveals that A, (p) = logp(Bin(n,p), Poiss(np)) is concave in
p € [(k—1)/n,k/n] for each k € {1,...,n}. Figure 1 illustrates this for n = 40. In the
left panel one sees A, (p) (black) together with A(p) (black dashed) and the simple upper
bounds —log(1 — p) (green) and —log(1 — [np]/n)/2 (blue). The right panel shows the
quantities A, (p) + log(1 — p)/2 (black), i.e. the difference of A, (p) and the asymptotic
bound —log(1 — p)/2 of Antonelli and Regoli (2005), together with the upper bound
—log(1 — [np]/n)/2 4+ log(1 — p)/2 (blue) and the two bounds in (11) (red and orange).

Poisson binomial distributions. The distribution Bin(n,p) can be replaced with
the distribution @) of Z?zl Z; with independent Bernoulli variables Z; with arbitrary
parameters p; := IP(Z; = 1) € (0,1) and X := > I, p; in place of np. Diimbgen and
Wellner (2020) showed that p(Q, Poiss(\)) < (1 — pi) ™! with p, := maxj<i<n p;.
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8 L. Diimbgen, R. J. Samworth, and J. A. Wellner
3.2. Multinomial distributions and Poissonization

Multinomial distributions. The previous bounds for the approximation of binomial
by Poisson distributions imply bounds for the approximation of multinomial distributions
by products of Poisson distributions. For integers n, K > 1 and parameters p1,...,pg >0
such that py := Zfil pi < 1, let (Yp,Yq,...,Yk) follow a multinomial distribution

Mult(n;pOapla cee apK)7

where pg := 1 — py. Further, let X;,..., Xx be independent Poisson random vari-
ables with parameters npi,...,npx respectively. Elementary calculations reveal that
with Vy == YK Vi and X} == 38| X,

L(Yi,....Yk|Ye=m) = L(X1,..., Xk | Xy =m) = Mult(m;p—l,... p—K)

b+ py
for arbitrary integers m > 0. Moreover,
Y, ~ Bin(n,py) and X, ~ Poiss(npy).
This implies that for arbitrary integers z1,...,2x > 0 and x4 := Zfil Zi,

P(Y; =x; for 1 <i<K) P(Yy =x4)
P(X;=z;for 1<i<K) PX,=x,)

Consequently, by (1),
p(‘c(Xla sy XK)’ E(Yla ceey YK)) = p(Bin(n,p.,.), POiSS(Tlp+))7

and one easily verifies that

dTV (ﬁ(Xl, ey XK), K(Yl, ceey YK)) dTV (Bin(n,p+), Poiss(np+)).

Poissonization. Theorem 3 applies also to Poissonization for empirical processes: Let
X1, X5, X3,... be independent random variables with distribution P on a measurable
space (X, A). Let M, be the random measure Y ;" dx,, and let M,, be a Poisson process

on (&, .A) with intensity measure nP. Then M, has the same distribution as ), n dx;,,
where N,, ~ Poiss(n) is independent from (X;);>1. For a set 4, € A with 0 < p, :=
P(A,) < 1, the restrictions of the random measures M,, and M, to A, satisfy the equality

P(L(Mala,), £(My|a,)) = p(Bin(n,p), Poiss(npo)).
Here M,|4, and Mn|AO stand for the random measures

{Ac A:ACA)}>A — M,(A),M,(A)
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Bounding via density ratios 9

on A,. Indeed, for arbitrary integers m > 0,

£(Mala, | Ma(Ao) =m) = £(Myla, | Ma(Ao) =m),
while .

M, (A,) ~ Bin(n,p,) and M,(A,) ~ Poiss(np,).
Consequently,

P(L(Moa,), L(Ma]a,)) = p(Bin(n.po), Poiss(np,))
and

drv (L(Mp)a,), L(Mp]a,)) = drv (Bin(n, p,), Poiss(np,)).

4. Gamma approximations and more

In this section we present further examples of bounds for the ratio measure p(Q, P). In
all but one case, they are related to the approximation of beta by gamma distributions.

4.1. Beta distributions

In what follows, let Beta(a,b) be the beta distribution with parameters a,b > 0. The
corresponding density is given by

F(a + b) a—1 b—1
a = =T 1- ; 0,
Bap(x) NORO (1 —x) x>
with the gamma function I'(a) := [;° #*'e™" dz. Note that we view Beta(a,b) as a

distribution on the halfline (0, 00), because we want to approximate it by gamma distri-
butions. Specifically, let Gamma(a, ¢) be the gamma distribution with shape parameter
a > 0 and rate parameter (i.e. inverse scale parameter) ¢ > 0. The corresponding density
is given by

C(l

T'(a)

The next theorem shows that Beta(a, b) may be approximated by Gamma(a, ¢) for suit-
able rate parameters ¢ > 0, provided that b > max(a,1).

Ya,e(x) = x4 le™ 1 >0,

Theorem 4. (i) For arbitrary parameters a >0 and b > 1,

p(Beta(a,b), Gamma(a,a+ b)) < (1—6)"Y2  and
1)

drv (Beta(a,b), Gamma(a,a + b)) < 1—(1-8)Y? < 5
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10 L. Diimbgen, R. J. Samworth, and J. A. Wellner

where
5 a+1
T oa+b

(ii) For a >0, b > 1, and arbitrary ¢ > 0,
p(Beta(a,b), Gamma(a,c)) > p(Beta(a,b), Gamma(a,a +b—1)).
Moreover, for this opimal rate parameter c=a+b—1,
p(Beta(a, b), Gamma(a,a +b—1)) < (1— 5)~1/? and

drv (Beta(a7 b), Gamma(a,a + b — 1)) < 1-(1- 5)1/2 < P

where _ a
6 = ——— 4.
a+b—1 <

Remarks. The rate parameter ¢ = a 4 b is canonical in the sense that the means of
Beta(a, b) and Gammal(a,a + b) are both equal to a/(a + b). But note that

E_ a a+b N a
) a+1 a+b—1 " a+1

if b > max{a,1}. Hence, Gamma(a,a+ b — 1) yields a remarkably better approximation
than Gamma(a, a + b), unless a is rather large or b is close to 1.

In the proof of Theorem 4 it is shown that in the special case of a = 1, one can show
the following: For b > 1,

log p(Beta(1,b), Gamma(1,b)) = (b—1)log(1—1/b)+1,

and for b > 2,

log p(Beta(1,b), Gamma(1,b)) - 1 1
=2 Ap

+ JE—
drv (Beta(1,b), Gamma(1,b))

4.2. The Lévy—Poincaré projection problem

Let U = (U1, Us,...,U,) be uniformly distributed on the unit sphere in R™. It is well-
known that U can be represented as Z/||Z|| where Z ~ N,(0,I) and | - | denotes
standard Euclidean norm. Then the first k& coordinates of U satisfy

Vi (Ui,...,U) < (Zl,...,zk)/(n{izf)l/2 (12)

—d (231,...,£Zk) ~ ]Vk(o,]k),
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Bounding via density ratios 11

since n~! 2?21 ZJ2 —p 1 by the weak law of large numbers. Indeed, let

Qn,k = E(Tn(Ul, .. .,Uk))

with 7, > 0, and let
Pk = E(Zl,...,Zk) = Nk(O,I).

Diaconis and Freedman (1987) showed that

k
dTV(Qn,kyPk)g% for 1<k<n-—4andr, =+n.
n— J—

By means of Theorem 4, this bound can be improved by a factor larger than 2. The
approximation becomes even better if we set r, = v/n — 2. To verify all this, we consider
the random variables Ry := (Y8 | Z?), R, := (X1, Z?) and

V = RN %, ..., Z).

Note that V is uniformly distributed on the unit sphere in R¥ and independent of
(Rk, Ry). Moreover,

(Z17...,Zk) = RkV and (Ul,...,Uk) = %V

But R? ~ Gamma(k/2,1/2) and R2/R? ~ Beta(k/2, (n — k)/2). Hence,
p(Qn,k» Pk) = P(E(Tan/Rn)v ‘C(Rk))

= p(L(RE/RS), £(ry " RY))

= p(Beta(k/2, (n — k)/2), Gamma(k/2,72 /2)).
Applying Theorem 4 with a := k/2, b := (n — k)/2 and ¢ := r2 /2 yields the following
bounds:
Corollary 5. Forn > k+ 2,

p(Qui,Pr) < (1—=6)7"Y2  and

1)
drv(Qni, Pr) < 1-V1-0 < —,

2—90
where 9
* if T, =/,
5 = n
LI N )
n—2

Figures 2 and 3 illustrate Corollary 5 in case of & = 1. For dimensions n = 5,10,
Figure 2 shows the standard Gaussian density f (green) and the density g, of Q1 in
case of r,, = /n (black) and r,, = v/n — 2 (blue). Figure 3 depicts the corresponding ratios
gn/f. The dotted black and blue lines are the corresponding upper bounds (1 — §)~/2
from Corollary 5. These pictures show clearly that using r,, = v/n — 2 instead of r,, = \/n
yields a substantial improvement.

imsart-bj ver. 2014/10/16 file: BinPoissAppr_BJ_final.tex date: July 31, 2020



12 L. Diimbgen, R. J. Samworth, and J. A. Wellner
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Figure 2. Densities of N(0,1) and Qn,1 for n = 5, 10.
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4.3. Dirichlet distributions and uniform spacings

Dirichlet distributions. For integers 1 < & < N and parameters a1,...,ay,c > 0,
let X be a random vector with independent components X; ~ Gamma(a;,c). With
Xy = Zf\il Xi, it is well-known that the random vector

Y = (Yi,....Yy) = (Xl XN)

X7+,...,X7+

and X are independent, where X, ~ Gamma(a,c) with

N
a4 = E a;.
i=1

The distribution of Y is the Dirichlet distribution with parameters a1, ...,ay, written
Y ~ Dirichlet(aq,...,an).
Now let us focus on the first & components of X and Y:

(X1, X)) = XV, W),

)

(Y1,....Y3) = Xi(vl,...,vk),

+
with

(k) e X

- . L e— v
X\ o= ZXI and V; = pCl

=1 +

Then (V4,...,V;) ~ Dirichlet(aq, ..., ax) and is independent of (XJ(rk), X ), while

8
X—i ~ Beta(af)7a+—a$€)) and Xik) ~ Gamma(af),c)

with i
af) = Z ;.
=1

Hence, the difference between L£(Y7,...,Ys) and £(X1,...,Xk), in terms of the ratio

measure, is the difference between Beta(aﬁf), ay — af)) and Gamma(af), ¢). Thus The-
orem 4 yields the following bounds:

Corollary 6. Let Py := ®f:1Gamma(ai, ), and let Qn i == L(Y1,...,Ys). Then
p(QN,kaPk) < (1—5)_1/2 and

5
drv(@uas Pi) < 1-VI=6 < 5o

imsart-bj ver. 2014/10/16 file: BinPoissAppr_BJ_final.tex date: July 31, 2020



14 L. Diimbgen, R. J. Samworth, and J. A. Wellner

where either

(k)
+1
c = a4 and § = = ,
a+
or
k)
¢c=ua.—1 and 6 = ——.
GJ+—1

Uniform spacings. A special case of the previous result are uniform spacings: For an
integer n > 2, let Uy, ..., U, be independent random variables with uniform distribution
on [0, 1]. Then we consider the order statistics 0 < Up.q < Upa < +++ < Upu < 1. With
Un.0 :=0and U,.,+1 := 1, it is well-known that

(Unij = Unij—1)2] ~ Dirichlet(1,1,...,1).
N——

n+1 times

n+1

i1 with in-

dependent, standard exponential random variables Fy, ..., E,4+; and E; = Z?ill E;.
Consequently, Corollary 6 and the second remark after Theorem 4 yield the following

bounds:

That means, the n + 1 spacings have the same distribution as (E;/E.)

Corollary 7. For integers 1 < k <n let Qy 1 be the distribution of the vector
Yn,k = n(Un] - Un:jfl)?:l-

Further let Py be the k-fold product of the standard exponential distribution. Then

exp(i + i) if k=1,

2n  4n?
p(Qn7k7P]€) S k 71/2
— 7) in general.
n
In particular,
1 1
— 4+ — fk=1
n + 4n? if ’

dTV(Qn,kaPk) < A k
1-— \/1fﬁ < ST— in general.

Remarks. Corollary 7 gives another proof of the results of Runnenburg and Vervaat
(1969), who obtained bounds on drv (@ k, Pr) by first bounding the Kullback-Leibler
divergence; see their Remark 4.1, pages 74-75. It can be shown via the methods of Hall
and Wellner (1979) that

2¢2 e 2

n2

dTV(Qn,la Pl) <

9

where 2e72 ~ .2707 < 1/2.

imsart-bj ver. 2014/10/16 file: BinPoissAppr_BJ_final.tex date: July 31, 2020



Bounding via density ratios 15

4.4. Student distributions

For r > 0 let t,. denote student’s t distribution with r degrees of freedom, with density
I'((r+1)/2) (1 xi> —(r+1)/2

L(r/2)y/rm r ’

It is well-known that f,. converges uniformly to the density ¢ of the standard Gaussian

distribution N(0,1), where ¢(z) := exp(—x2/2)/+/27. The distribution ¢, has heavier
tails than the standard Gaussian distribution and, indeed,

p(tr, N(0,1)) = oo.

j;(m) =

However, for the reverse ratio measure we do obtain a reasonable upper bound:
Lemma 8. Forr > 2,

1
—_— 1 N(0,1),t, —.
2(7"4‘1) < ng( (07 )7 ) < QT

Remarks. It follows from Lemma 8 that
1
rlog p(N(0,1),¢.) — 5 asT oo

By means of Proposition 1 (a) we obtain the inequality r drv (N (0,1),¢,) < 1/2for r > 2.
Pinelis (2015) proved that

1 /7452

for r > 4, and that r drv (N(O, 1),tr) — C as r — 00. So C' is optimal in the bound for
drv, whereas 1/2 is optimal for p.
Let Z and T, be random variables with distribution N (0, 1) and ¢,., respectively, where
r > 2. Then for any Borel set B C R,
IP(T, € B) > ¢ Y@ pP(Z e B).
In particular,
-1 _
P(+T, < 711 — o)) S VN1 ),
P(|T.| <®'(1-a/2) | —

4.5. A counterexample: convergence of normal extremes

In all previous settings, we derived upper bounds for p(Q, P) which implied resonable
bounds for drv(Q, P) = drv(P,Q), whereas p(P,Q) = oo in general. This raises the
question whether there are probability densities g and f,,, n > 1, such that drv(f,,9) —
0, but both p(fn,g) = oo and p(g, fr) = co? The answer is “yes” in view of the following
example.
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16 L. Diimbgen, R. J. Samworth, and J. A. Wellner

Example 9. Suppose that 71, Z5, Z3, ... are independent, standard Gaussian random
variables. Let V,, :== max{Z; : 1 <i < n}. Let b, > 0 satisfy 27b2 exp(b2) = n? and then
set a, := 1/by,. Then it is well-known that

Yo =Vh—bn)/an —q Yoo ~ G (13)

where G is the Gumbel distribution function given by G(x) = exp(—exp(—z)). Set
F,(z) := P(Y,, <) forn >1and « € R. Hall (1979) shows that for constants 0 < C; <
Cy < 3 and sufficiently large n,

Gy

logn

Cs

logn’

< ||Fn — Glloo == su£|Fn(x) - G(z)] <
S

and di,(F,,G) = O(1/logn) for the Lévy metric dp. It is also known that if b, :=
(2logn)/2 — (1/2){loglogn + log(4m)}/(2logn)*/? and @, := 1/by, then a,/a, — 1,
(EL —by)/an — 0 and (13) continues to hold with a,, and b,, replaced by @, and Zn, but
the rate of convergence in the last display is not better than (loglogn)?/logn.

In this example the densities f, of F,, are given by

nNand(anx + by)
b(anz + by)

for each fixed z € R; here ¢ is the standard normal density and ®(z) == [~ __ ¢(y)dy is
the standard normal distribution function. Thus dpv(F,,G) — 0 by Scheffé’s lemma.
But in this case it is easily seen that both p(f,,g) = co and p(g, f) = oo where the
infinity in the first case occurs in the left tail, and the infinity in the second case occurs
in the right tail.

We do not know a rate for the total variation convergence in this example, but it
cannot be faster than 1/logn.

falx) = ®(anx +by,) — Gx) e =G (x) = g(x)

5. Proofs and Auxiliary Results

5.1. Proofs of the main results

Proof of (1). Suppose that u({g/f > r}) = 0 for some real number r > 0. Then
g < rf, u-almost everywhere, so Q(A) < rP(A) for all A € A, and this implies that
p(Q, P) < r. On the other hand, if u({g/f > r}) > 0 for some real number r > 0, then
A:={g/f>r}={g9g>rf}n{g > 0} satisfies Q(A) > 0 and Q(A) > rP(A), whence
p(Q, P) > r. These considerations show that p(Q, P) equals the p-essential supremum of

g/f. O

Proof of Proposition 1. (a) Under the given hypotheses that 1) is non-decreasing,
¥(1) =0 and g/f < p, we have

/ Blg/)dQ < /{ , alDdQ < @lla> fHvie) (14)
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Bounding via density ratios 17

Equality holds in the first inequality if and only if Q({g < f} N {¥(g/f) <0}) =0, and
in the second inequality if and only if Q({g > f} N {¥(g/f) < ¥(p)}) = 0. In particular,

if g/f € {0,p}, then Q({g < f}) = QU{g/f = 0}) = 0 and Q({g > f} N {w(g/f) <
¥(p)}) = Q(P) = 0, so we have equality in (14).
(b) For any convex function % : [0,00) — R and y € [0, p], we have

W(y) < B(0) + %{wp) —(0)}

with equality in case of y € {0, p}. Hence

¥(p) — (0)
p :

Equality holds if g/ f € {0, p}. O

V(o) =) [g o
/ vlo/f)ap < b(0)+ WL / Ldp = w(0)+

Proof of (5) and comparison with (4). The asserted bounds are trivial in case of
n =1, so we assume that 2 < n < N. Note first that

log p(Q, P) = log(N"/[N],) = > H(j)

with H(z) := —log(1 —z/N) = Y72, (z/N)*/¢ for > 0. Since H(z) > z/N,

n(nfl)'

n—1
> ) —
log p(Q, P) > ;J/N I

This is essentially Freedman’s (1977) argument. For the upper bound, it suffices to show
that for 1 < n < N, the increment
log(N"*!/[N]n11) — log(N"/[N],) = H(n) (15)

is not larger than the increment

—ngllog(l—%>+glog(l—n;[l) = (n+1)H(n)/2 - nH(n-1)/2. (16)

But the difference between (16) and (15) equals
(n—1)H(n)/2—nH(n—-1)/2 = n(n—1)(H(n)/n—H(n-1)/(n—-1))/2 > 0,

because H(z)/z is non-decreasing on [0,00). Since H(tz) > tH(z) for x € [0, N) and
t > 1, we may also conclude that for 3 <n < N,

_1og(1—%) = H(n(n—1)/2) > (n/2)H(n-1) = —glog(l—n;{l).

O
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18 L. Diimbgen, R. J. Samworth, and J. A. Wellner

Auxiliary inequalities. In what follows, we will use repeatedly the following inequal-
ities for logarithms: For real numbers z,a > 0 and b > —zx,

a(a —2b)  2a*(z +0b)

x
log(——) < - 1
(z+)log x+a < et 2z +a 3(2z 4 a)3 (7
a(a — 2b)
< - _ 18
a+ % +a (18)
and
(x +a/2)lo (L) > —a— L (19)
S\rta 12z(z +a)
These inequalities follow essentially from the fact
x 2r+a—a 1—y T 23
(i 25) = () < (1) = a5 < Y
8 T+a o8 2r+a+a o8 14y ;}28—%1 < 4 3

with y := a/(2z + a), where the Taylor series expansion in the second to last step is
well-known and follows from the usual expansion log(1 +y) = — > 7 | (Fy)*/k. Then it
follows from = + b > 0 that

2a(x +b)  2a*(x +b) a(a —2b)  2a3(x +b)
(x +b) 10g<7> < - - = —a - ,
x+a 2x +a 3(2x + a)? 2x +a 3(2x + a)®
whereas
(x +a/2) 1og(i) = £10g<1_—y) = —ai v
T+a 2y 1+y £=02€+1
S g W _ @
3(1—y2) 12z(x +a)

Here is another expression which will be encountered several times: For ¢ € [0, 1],

§ ) §
1-V1-6 = — R
1+vV1-9 2—(1—+/1-0) 20—

and the inequality v/1 —d > 1 — ¢ implies that

5 IR NS S
—_ —_ < — = —= —_ - = - .
1-VI-d < 5— 2(1 2) SRIEY;

(20)

Recall that we write [a]p := 1 and [a]n, := H?:Ol(afi) for real numbers a and integers

m > 1. In particular, (Z) = [n]i/k! for integers 0 < k < n.
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Bounding via density ratios 19

Proof of Theorem 2. The assertions are trivial in case of n = 1 or L € {0, N}, because
then Hyp(N, L,n) = Bin(n, L/N). Hence it suffices to consider n > 2and 1 < L < N—1.
For k € {0,1,...,n} let

h(k) = hy.Lx(k) := Hyp(N,L,n)({k}) = (i) <N: ;f )/ (N>

(e

b(k) = bz (8) = Bino, /N () = () /)AL= L/
_ <n) LF(N — L)n*

k N™
and
r(k) =rnrn(k) = b((]{i)) = ék}(kJEI — L)T]L_k]EN]n .
Since

rnN—Ln(n—k) = rnon(k),
it even suffices to consider

n>2 and 1< L<N/2

In this case, r(k) > 0 for 1 < k < min(n, L), and (k) = 0 for min(n, L) < k < n.
In order to maximize the weight ratio r, note that for any integer 0 < k < min(L, n),

r(k+1) (L—k)(N—-L) {S}l

r(k)  L(IN-L-n+k+1) | >

{2 e

p(Hyp(N,L,n),Bin(n,L/N)) = rN,Lm(k)

if and only if

Consequently,

— 1)L
with k=Eknrn = [%—‘ S {1,...,71—1}.

The worst-case value kn 1., equals 1 if and only if L < N/(n — 1). But

[N — L], N i i \ N"
ran(l) = (N—L)" 'N], H(I_N—L)@
n—2 . n
< (- wop)pg, = G-y = maa)
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20 L. Diimbgen, R. J. Samworth, and J. A. Wellner

Consequently, it suffices to consider
N/(n—1) < L < N/2.

Note that these inequalities for L imply that n — 1 > 2. Hence it remains to prove the
assertions when n >4 and N/(n — 1) < L < N/2.
The case n = 4 is treated separately: Here it suffices to show that

TN,L,4<2) < ’I“N71)4(1) for N>6and 1 <L < N/Q.

Indeed
rN,L4(2) _ [L]2[N — L]o(N —1)3 (L-1)(N—-L—-1)(N—-1)?

rn1,4(1) L2(N —L)2[N —1]3  L(N —L)(N —2)(N —3)

(L(N = L) = N+ 1)(N — 1)2 N-1 3N -5
T LIN-L((N-12-3N+5) (I*L(N—L))/(I*(N_U?)

(-2 (- =)

with equality if and only if L = N/2. The latter expression is less than or equal to 1 if
and only if

IN

A(N —1) 3N -5
NZ T (N-1)2

and elementary manipulations show that this is equivalent to

(N —7/2)> +12—49/4 > 4/N.

But this inequality is satisfied for all N > 5.
Consequently, it suffices to prove our assertion in case of

n>5 and N/(n—1)<L < N/2.
The maximizer k = kn, 1, of the density ratio is k = [(n —1)L/N| > 2, and
n—k = |n—(n—-1L/N|] > |[n—(n—-1)/2] = |[(n+1)/2] > 3.
Now our task is to bound
log p(Hyp(N,L,n),Bin(mL/N))

- ) (= 228) ()

= gLt gV LTt (Il

V_
i
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Bounding via density ratios 21
from above. Corollary 11 in Section 5.2 implies that for integers A > m > 2,

k%(kiiihti) = log((A —1)!) —log((A —m)!) — (m — 1) log(A)

Am—1
(A—1/2)log(A) — A— (m —1)log(A)
- (A-m+1/2)log(A—m+1)+A-m+1+s5,,4

:(A7m+1/2)log( )+1—m+sm,A>

A—-m+1
where
m—1

__m=1 0.
RAA-—mt1) = TmA S

Consequently,

logp( Hyp(N, L, n), Bin(n, L/N))

N-L )

L—k+1/2)1
< k+/)°g( N—L-ntk+1

L
m)+(N—L—n+k+1/2)log(

1
+1—(N—n+1/2)1og( n

N )+
N-n+1 12N(N —n+1)’

Now we introduce the auxiliary quantities

n—1 N-n+1
b= e A= 1-4 5
and write
k= (n—-1L/N+v = Lé+~ with0<~y<1.
Then
L-k=LA-~, N—-L-n+k = (N-—LA+y—1,
whence
I N-L
(L*k+1/2)10g(m>JF(N*L*”JrkJrl/Z)IOg(N_L_n_i_k_F1)
L N-L
- (LA+1/2—7)log(m)+((N—L)A+7—1/2)log(m)
- LA (v -L)A
— (LA+1/2—7)10g(m)+((N—L)A+7—1/2)log(m)
— (N —n+1)log(A).
It follows from (18) with x = LA, a =1 —+ and b = 1/2 —y that
LA 71 -7)
_ R —(1— P e—
(LA +1/2 7)1og(LA+17V) < —U-Mt5aT
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22 L. Diimbgen, R. J. Samworth, and J. A. Wellner

and with x = (N — L)A, a = v and b = v — 1/2 we may conclude that

(N —-L)A (1 —9)

(N = L)A 4+~ —1/2) log<m> DTy Y

Hence

log p(Hyp(N, L, n), Bin(n, L/N))

< - Q(N”(_lL)Z)M — (N —n+1)log(A)
+ 1*(N*"+1/2)1°g<zv_]i+1) + 12N(Z7z7_—1n+1)
— g0 - ER
where
9(b) 7(1*V)<2LAi1—y+2(N—i)A+fy>

1 1 N

S8IA TB(N_L)A _ BL(N_L)A’

because y(1 — ) < 1/4. It will be shown later that

]
L) < —. 21
o(n) < - (21)
Consequently,
. log(A 4] )
log p(Hyp(N, L,n),Bin(n, L/N)) < — g; ) + A + ONA
_log(1-9) n 0 n )
B 2 7(1-6)  12N(1-9)
log(1 — ) o d
< — _—
= 2 71-90) TN

because § < 1/2, and we want to show that the right-hand side is not greater than

4]

—(n—1)log(1 —1/N) = (n—l)zg% > 0t o
(=1

Hence, it suffices to show that

_log(1—9) ]

2 7(1—5)_‘S

IN
o
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Bounding via density ratios 23

But the left-hand side is a convex function of § € [0,1/2] and takes the value 0 for § = 0.
Thus it suffices to verify that the latter inequality holds for § = 1/2. Indeed, for § = 1/2,
the left-hand side is log(2)/2 4 1/7 —1/2 = (log(2) — 5/7)/2 < 0.
It remains to verify (21). When k& = [L§] > 3, this is relatively easy: Here 2671 <
L <N/2, so
-1 -1 n=3 -1
LIN-L) > 204N —-25"1) = 2N6 12— > N§ ™,

n—1

because n > 5. Hence,
N )

SSL(N-L)A © A
The case k = 2 is a bit more involved: Since

A(1—4)(2NA +1)
(2LA+1—-7)(2(N - L)A+7)’

g(L)

g(L) =

inequality (21) is equivalent to
7y(1 —7)(2NA? + A) < (2LA +1—7)(2(N — L)A +7)6. (22)
The left-hand side of (22) equals
149(1 — 9)NA? + 7y(1 — 9)A < 149(1 —y)NA? +2A,
because 7y(1 — ) < 7/4 < 2, while the right-hand of (22) side equals

AL(N — L)A%5 +2((1 —4)(N — L) + yL)AS + (1 — )8
> 4L(N — L)A%5 +2LSA > 4L(N — L)A?%§ +2A,
because N — L > L and L§ > 1. Consequently, it suffices to verify that
7y(1 —=~)N < 2L(N — L)é. (23)
To this end, note that v depends on L, namely, v = 2 — L§, whence L = (2 —~)d~! and
LN~ L)6 = 22— )N = (27571 = 22-9)n—1-(2-2))5",
so (23) is equivalent to
22-=7)(n—=3+7)-Ty(1-yn-1) > 0. (24)
But the left-hand side is
4(n —3) — 2y(4.5n — 8.5) +7(Tn — 9)
(4.5n — 8.5)2 4(n —3)(7Tn — 9) — (4.5n — 8.5)?

> An—3)— -
=z 4n—3) n—9 ™m—9
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24 L. Diimbgen, R. J. Samworth, and J. A. Wellner

For n > 5, the denominator is strictly positive, and the derivative of the numerator is
15.5n — 43.5, which is strictly positive, too. Thus it suffices to verify that the numerator
is nonnegative for n = 5. Indeed, 4(n — 3)(7n — 9) — (4.5n — 8.5)? = 12 for n = 5.

Finally, it follows from Bernoulli’s inequality® that (1—1/N)~(=1) < (1—(n—1)/N)~".
Now the inequalities for the total variation distance are an immediate consequence of
Proposition 1 (a) with ¥(¢t) = (1 — ¢t71); and the fact that Q({0}) < P({0}) and
Q({n}) < P({n}), whence

Qg >} < 1-Q({0}) —Q({n}) = 1- N

Proof of Theorem 3. Obviously, A,,(0) = 0. For k € Ny we introduce the weights
b(k) = by (k) := Bin(n, p)({k}) and 7(k) = m,,(k) := Poiss(np)({k}) = e "P(np)*/k!.
Obviously, b(k) = 0 for k > n, while for 0 < k <n and p € (0, 1),

Anp(k) = log f;((l]?) = log(%) +np+ (n—k)log(l —p).

Note that the right hand side is a continuous function of p € [0,1) with limit A\, o(k) :=
log([n]/n*) <0 as p — 0, where A, ¢(0) = 0. Thus we may conclude that

An(p) = | max  Anp(k)

is a continuous function of p € [0,1).
Next we need to determine the maximizer of A, ,(-). For k € {0,1...,n — 1},

> 0 if k < np,

Anplk+1) = App(k) = log(l —k/n) —log(l —p) {< 0 ifh>mnp

Consequently,
An(p) = Anp([np]).

From now on we fix an integer k € {1,...,n} and focus on p € [(k — 1)/n, k/n], so
that k = [np] if p > (k —1)/n. Then

A, (p) = log<%) +np+ (n—k)log(1 —p).

This is a concave function of p with derivative

n

B > 0

n—k _k—np < 1/(1-p)
L—p L—p

(1 + )™ > 1+ ma for real numbers z > —1 and m > 1
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Bounding via density ratios 25

if (k—1)/n <p < k/n. Since 1/(1 — p) is the derivative of —log(1 — p) with respect to
p, and since A, (0) =0 = —log(1 — 0), this implies that

An(p) < —log(1—p) forpe (0,1).
On the other hand, A,, is strictly increasing, whence
An(p) < An(k/n).

But Corollary 11 in Section 5.2 implies that

log([Z—]kk) = log(%) = (n—k+1/2) 10g(%k+1> +1—k+skn,
with
k—1 . k—1 1
Tnn—kt1) - %S mm<0’ Tnn—k+1) 120k~ 1)2)‘
Consequently,
An(k/n) = log(h;—}kk) k4 (n— k) log(1 — k/n)

IN

k )+1_ log(1 — k/n)

o=k 10

1 _
_ o= k/n)
2
where the last inequality follows from (18) with z =n—k, a =1, and b =1/2.
The refined bounds are for the quantity

Dy (p) = An(p) +log(l —p)/2.
For p € [(k—1)/n,k/n],

D,(p) = 1og<%>+np+(n—k:+1/2)log(1—p)

and
D) = MEEL2 k- 12omp 20 ifp<(k-1/2)/n,
nT l-p  1-p <0 ifp>(k—1/2)/n.
Consequently,
k—1/2
D) < D, (E212)
n—k+1/2y 1 k-1 1
< - T 1 o .
< (n—k+1/2)log(T0) + 5 e 57T T ATy
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It follows from (17) with z =n —k+1/2, a =1/2 and b = 0 that

log (=, ) +
=z _— a
gm—&—a

(n—k+1/2) log(w> Jr%

n—k+1
< a? 2a3x
2r+a 32z +a)?
< 1 n—Fk+1/2
8n—Fk)+6 12-8(n—k+3/4)3’
and with y :=n —k+3/4 > 3/4,
n—Fk+1/2 1
12-8(n—k+3/4)3/ 122(n — k + 1)2
_ 314 3wt -1/16) 4
B 23 292 -3 = 7
Hence . E1
Dn(p) <

8(n—k)+6 12n(n—k+1)

On the other hand, the lower bound for D, (p) in (11) is trivial in case of k = n, and
otherwise

o i ,
Du(p) = min Dn(j/n)

— mi _ _n-Jj L
—j:%irik((” k+1/2)log(n_k+1)+1 B+3) + sk
n—k k—1
— 1/2)1 _ l1-—
> (n—k+ /)Og(n—k+1)+ 12n(n —k+1)
o 1 7 k—1
12n—k)(n—k+1) 12n(n—Fk+1)
by (19) with x =n — k and a = 1. O

Proof of Theorem 4. We start with the first statement of part (ii). Let 8 := 8, and
Ve 1= Ya,c for ¢ > 0. Since §(z) = 0 for « > 1, it suffices to consider the log-density ratio

Ac(z) :=log E(x) ~ log I(a+b)

————— —alogc+ (b—1)log(l —z) + cx
% r) 0= Dleslt =)

for 0 < z < 1, noting that the latter expression for A\ (x) is well-defined for all 2 < 1.
The derivative of A. equals

b—1 c b—1 c c—b+1
L P )
1—=x 1—=x 1—=x c
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Bounding via density ratios 27

and this is smaller or greater than zero if and only if x is greater or smaller than the
ratio (¢ — b+ 1) /¢, respectively. This shows that in case of ¢ < b—1,

r b
log p(Beta(a, b), Gamma(a, c)) = A.(0) = log (g(_;—)) —aloge
r b
> log @(Jbr)) —alog(b—1)
= log p(Beta(a,b), Gamma(a,b — 1)).
Forec>b—1,
c—b+1
log p(Beta(a, b), Gammal(a,c)) = )\c(7>
c
r b
= log(1?(1_))—(a+b—1)logc+(b—1)1og(b—1)+c—b+l. (25)
But the derivative of the latter expression with respect to ¢ > b — 1 equals
1_@ +b- 17
c

so the unique minimizer of log p(Beta(a, b), Gamma(a, c)) with respect to ¢ > 0 is ¢ =
a+b—1.
It remains to verify the inequalities

log(1 —
log p(Beta(a, b), Gamma(a, a + b)) < —M, (26)
log(1 — 4
log p(Beta(a, b), Gamma(a,a + b — 1)) < —M. (27)

Then the total variation bounds of Theorem 4 follow from Proposition 1 (a) and the
elementary inequality (20). Corollary 11 in Section 5.2 implies that

I'(a+b)
()

Combining this with (25) yields (26):

log < (a+b—1/2)log(a+b) — (b—1/2)log(b) — a. (28)

log p(Beta(a, b), Gamma(a, a + b))

= logF(I(f(;)L)b)(a+b1)log(a+b)+(bl)log(b1)+a+1
< 10g((12+ b _ log(bQ— ) +1+(b—-1/2) log(b_Tl)

= *w+l+(b71/2)log(b;bl)

- _by;—éx
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28 L. Diimbgen, R. J. Samworth, and J. A. Wellner

by (18) with (z,a,b) = (b—1,a,1/2). Concerning (27), if follows from (25) and (28) that

log p(Beta(a,b), Gamma(a,a + b — 1))

= logr(ltf(z)b)(a+b1)10g(a+b1)+(b1)log(b1)+a
< log(c;+ b _ log(bQ— b _ (a+b-— 1/2)log<7a?:~b~_; 1) +(b—-1/2) 10g(b_T1)

log(1—9) 1 1-1/A 1-1/B
= 2870 4 S (Alog( L2 — Blog(~——L2
2 +2( Og(1+1/A> Og(1+1/3)>’
where A :=2b—1 and B :=2(a +b) — 1. Now (27) follows from

1-1/A 1-1/B\ =B -4
1+1/A>_B10 (1+1/B)_Z 20+ 1

Alog( < 0,

because A < B.

In the special case of a = 1, we do not need (28) but get via (25) the explicit expression
I'b+1)
'(b)
= (b—1)log(l1—1/b)+1,

log p(Beta(1,b), Gamma(1,b)) = log

—blog(b) + (b—1)log(b—1)+1

because I'(b + 1) = bI'(b). Now the standard Taylor series for log(1 — z) yields that

log p(Beta(1,b), Gamma(1,b))
0 bt bt

00yt — b
- —(b—l);7+1 = 2(7_64—1) - ZWH)

/=1 /=1

1 1 1 1 1 1
L 4 - Ny = -
< % e T i ; % e T Rh—1)

and in case of b > 2, the latter expression is not larger than
1 1 1 1 1

% e T T o a -

Proof of Lemma 8. By Proposition 1 (a) and the inequality 1—exp(—z) < x for z > 0,
it suffices to verify the claims about log p(N(0,1),t,). Note first that

olx) L(r/2)\/r/2  r+1 x? x?
@ BT T2 log(H?)_?

log

and
1 p) _ r+1 1 1-a?
BF @) T 20r+a22) 2 2r+a2)

a(22)
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whence

Ing(N(Ovl)vtr> = IOgm - % + 7"—;1 log(l—i— %)

On the one hand, the Taylor expansion —log(1 —z) = >_p—, 2*/k yields that

1 r+1 1 1 r+1 r 1 r4+1 1
e ]) = g e() =
p T sty 2 T2 Bl SR ’;k(rJrl)k
1 1
- 5/;2k(r+l)k—1’

and the latter series equals

1 1 = 1
D) 212 ; @+ 3)(r + 1)F

1 1 > _ 1 1
M+ 61 ;(TJF N = 0+ ) Terr PG LD
1 1 1 1 1 1 1

4(r+1)+6(r+1)r T 4r 4r(r+1)+6(r+l)r T4 12r(r+1)

Moreover, it follows from Lemma 12 in Section 5.2 with z := r/2 that

T(r/2)\/r/2 1 1 1 1
e r T/ ~ o T12E—D e )=
1 1

< —
T 4r 12r(r41)
because r — 1 > 1 by assumption. Consequently,

1
log p(N(O, 1),tr) < o

On the other hand, the previous considerations and Lemma 12 imply that

1 r+1 1
oI e =
2t os( +r> 7 A+ 1)
and
log T(r/2)\/7/2 - 1 7
L((r+1)/2) 4(r+1)
whence 1
log p(N(0,1),t,) > .
02N O0.1).t0) > s _
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30 L. Diimbgen, R. J. Samworth, and J. A. Wellner

5.2. Auxiliary Results for the Gamma Function

In what follows, let
h(z) = logT'(z) = log/ t"letdt, x>0.
0

With a random variable Y, ~ Gamma(x, 1) one may write
h'(z) = E(logY,) and h"(z) = Var(log,).

The functions k' and h” are known as the digamma and trigamma functions; see e.g.,
Olver et al. (2010), Section 5.15. This shows that h(x) is strictly convex in = > 0.
Moreover, it follows from concavity of log(:) and Jensen’s inequality that

h'(z) < logIE(Y,) = logz.
The well-known identity I'(x + 1) = aT'(z) is equivalent to

h(z+1) — h(z) = logz.

Binet’s first formula and Stirling’s approximation. Binet’s first integral formula
states that

h(z) = logV2m + (x —1/2)logz — x + R(z), (29)
where
R(z) = /O e w(t)dt and w(t) := %(%_%jLet%l»

see Chapter 12 of Whittaker and Watson (1996). The following lemma provides a lower
and upper bound for w(t), and these yield rather precise bounds for the remainder R(x).

Lemma 10. For arbitrary t > 0,
1271712 < w(t) < 127L

In particular, the remainder R(x) in Binet’s formula (29) is strictly decreasing in x > 0
and satisfies
(122 +1)"' < R(z) < (12z)~ "

Since n! = T'(n 4 1), Lemma 10 implies a slight improvement of the Stirling approxi-
mation by Robbins (1955): For arbitrary integers n > 0,
log(n!) = logVv2r+ (n+1/2)log(n+1)—n—1+ s, (30)

with

RS S

12(n+1)+1 " 12(n+1)°
In addition, Binet’s formula (29) and Lemma 10 lead to useful inequalities for the incre-
ments of A(:).

imsart-bj ver. 2014/10/16 file: BinPoissAppr_BJ_final.tex date: July 31, 2020



Bounding via density ratios 31

Corollary 11. For arbitrary 0 < a < b,
h(b) — h(a) = (b—1/2)1og(b) — (a —1/2)log(a) — (b — a) + s(a,b)
where

_b—a
12ab

b—1 1 )

< s(.b) < min(0, o0+ 15

Proof of Lemma 10. The series expansion of the exponential function and some ele-
mentary algebra lead to the representation

(t)_l(l 1+;)
=5\ et —1

t
_ t(et—l)—Q(et—l—t)/et—l

2t3 t
B e a’rntm_l 0 tm_l
- Z m! /Z m! "’
m=1 m=1
with
m

A, 1= .
2(m+1)(m + 2)
Note that a; = 127!, and

Am+1 (m‘|‘1)2 =1 form:l,
am  (M+1)24+m—1 J< 1 form>2.

This shows that a,, < 127! with strict inequality for m > 3. Consequently, w(t) < 1271
The reverse inequality, w(t) > 127 1e~*/12 is equivalent to

tlet —1) —2(et —1—1¢) - et — 1e_t/12.

12
2t3 t

The left hand side equals 12 Z:Zl a,t™1 /m!, while the right hand side equals

6(11/12)t _ eft/12 _ e ((11/12)m _ (_1/12)m)tm—1
t = m!
0 Cmtm71
D T with ey, = (11/12)™ 4 (1/12)™
m!
m=1

Note that 12a; = 1 = ¢;. Consequently, w(t) > 127 'e~*/12 for all t > 0, provided
that 12a,, > ¢, for all m > 2. But ¢co = 61/72 and c¢yq1/¢m < 11/12, whence ¢, <
(61/72)(11/12)™=2 for m > 2. Consequently, it suffices to show that

12(12/11)™2a,, > 61/72 for all m > 2.
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But
(12/11)™ 1 2q,, 4 1+1/11
(12/11)m2a,, 14 (m—1)/(m+1)2

if and only if m? —9m < —12, and for integers m > 2 this is equivalent to m < 7. Hence

<1

min 12(12/11)™ 2a,, = 12(12/11)%2ag > 0.89 > 0.85 > 61/72.

Since for any fixed ¢t > 0, the integrand e~ *®w(t) is strictly decreasing in z > 0, the
remainder R(z) is strictly decreasing in > 0. The two bounds for w(t) imply that R(x)
is larger than 127! [* e#@+1/12) gt = (122 + 1)~! and smaller than 127! [[* e~ dt =
(12z)~ L. O

Proof of Corollary 11. Writing h(z) = log v27 + h(z) + R(z) with the auxiliary func-
tion h(x) := (x — 1/2)logx — x, the remainder term s(a,b) equals R(b) — R(a). But

R(a) — R(b) = /Ooo(eta — e ®Yw(t) dt,

and since e 7% — e > 0, it follows from 0 < w(t) < 127! that

0 < R(a)—R() < 1 oo(e—ta_e—tb)dt _ i-l-i _b—a
12 Jo T 120 120 12ab°
Moreover, since w(t) > 127 tet/12)
R(a) — R(b) > B Oo(e*t(aJrl/m) _e—t(b+1/12))dt _ 1 B 1
12 Jo 12a+1 12b+1
_b-a 4 1 _ 1 o b—a 1
12ab ' 12b(126+ 1) 12a(12a+1) ~ 12ab 12242 .

Special increments of h. In connection with student distributions, we need lower and
upper bounds for the quantities h(z + 1/2) — h(x) — log(x)/2. With a random variable
Y, ~ Gamma(z, 1), the latter expression equals log IE /Y. /2, so it follows from Jensen’s
inequality that h(x+1/2) —h(x) —log(x)/2 < log /IE(Y,/x) = 0. The next lemma shows
that h(x 4+ 1/2) — h(z) — log(x)/2 is close to to —1/(8x) for large .

Lemma 12. For arbitrary x > 0,
1 1 log x 1
—— < h 1/2) — h(x) — —— _
8z 2dw(da?—1); @+1/2) = k@) - == < —55 5179

Proof of Lemma 12. Let us first mention that the second derivative of the log-gamma
function A is given by Gauss’ formula

oo

" 1
W'(z) = Z—(Hn)w

n=0
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see Chapter 12 of Whittaker and Watson (1996). In particular, A" is strictly convex and
decreasing on (0, c0) with

<1 1
B'(x) > / —dy = —,
z Y €z
because (z +n)~! > 5::“ y 2 dy.
Now we start with a general consideration about second order differences of h: For
arbitrary 0 < a < z,

hz+a)+ h(z —a) — 2h(2) (h(z+a) — h(z)) — (h(z) — h(z — a))

/Oa(h’(z—l—u)—h’(z—a—l—u)) du

//h”(z—a—i—u—i—v)dvdu
o Jo
= d®EL (z—a+aU+V)),

where U and V are independent random variables with uniform distribution on [0, 1].
Since h' is convex and h'’(z) > 1/z, it follows from Jensen’s inequality that

a2

h(z+a) + h(z —a) —2h(z) > a®h'(z —a+aBU+V)) = a®h"(z) > —

Note also that the distribution of W := U 4V is given by the triangular density f(w) :=
(1—1Jw—1])4, so

h(z +a)+ h(z —a) — 2h(z) = a? /R(l —|w—=1))+h"(z — a + aw) dw
= /(a —la(w = 1)) h"(z + a(w — 1)) adw
R
= /(a7|t|)+h”(z+t)dt.
R

We first apply these findings with z = z+1/2 and @ = 1/2: Since h(x+1)—h(x) = log z,

logx — (h(z +1/2) — h(z)) = w — h(z +1/2) + h(z)
= 5 (h(z +1) + h(x) - 20(z +1/2)
1
= Ra+1/2)

which gives us the upper bound for h(z + 1/2) — h(z) — log(z)/2. Furthermore,

L~ (a1 = h@) = 5 [ (/2 t)H ot 1/24 )
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34 L. Diimbgen, R. J. Samworth, and J. A. Wellner

On the other hand, if > 1/2, then with z = 2 + 1/2 and a = 1 we obtain

IOg(i t 1;;) = (h(z +3/2) — h(z +1/2)) — (h(z + 1/2) — h(z — 1/2))

= [t @ 24t
R

Note that 1

AW) = S0 — 5072 )

has the following properties:

/RA(t)dt = /RA(t)tdt =0

A®) {< 0 if ¢| < 1/3,

and
>0 if|t| >1/3.
These properties plus the convexity of h” imply that

/A(t)h”(x+1/2+t)dt > 0.
R

Indeed, the latter integral doesn’t change if we replace h”(x + 1/2 + t) with g(t) :=
R (x+1/241t)+a+ bt with constants a, b such that g(£1/3) = 0. But then, by convexity
of g and the sign changes of A, we have that gA > 0. Consequently,

1o§x (W4 1/2) - b)) = %/Ra/g_|t|)+h”(x+1/2+t)dt
1 1
< g/Ra_mm (¢ +1/2+1)dt
1 z+1/2
- §1°g(a;—1/2)‘

Finally, with y := (22)7! < 1, the latter expression equals

1 1+y 1 oo y22+1 Yy 1 e y2€+1
slos(i=)) = 1 91 = ittty
=0 =1
Y 3/7
RV ITTg R
_ 1, 1
T 8z 24x(42? — 1) N
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