THE FOURIER TRANSFORM FOR CERTAIN HYPERKAHLER FOURFOLDS

MINGMIN SHEN AND CHARLES VIAL

ABSTRACT. Using a codimension-1 algebraic cycle obtained from the Poincaré line bundle, Beauville
defined the Fourier transform on the Chow groups of an abelian variety A and showed that the Fourier
transform induces a decomposition of the Chow ring CH*(A). By using a codimension-2 algebraic cycle
representing the Beauville-Bogomolov class, we give evidence for the existence of a similar decomposition
for the Chow ring of hyperkédhler varieties deformation equivalent to the Hilbert scheme of length-2
subschemes on a K3 surface. We indeed establish the existence of such a decomposition for the Hilbert
scheme of length-2 subschemes on a K3 surface and for the variety of lines on a very general cubic

fourfold.
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INTRODUCTION

A. Abelian varieties. Let A be an abelian variety of dimension d over a field k. Let A = Pic’(A) be its
dual and let L be the Poincaré line bundle on A x A viewed as an element of CH!(A x A). The Fourier
transform on the Chow groups with rational coefficients is defined as

F(0) := pax(er -pio), forall o € CH'(A).
Here, el := [AxA]—f—L—i—é—!z—&—. . .+(L2—Z(;!, and p1: Ax A — Aand py: Ax A — A are the two projections.
The main result of [8] is the following.

Theorem (Beauville). Let A be an abelian variety of dimension d. The Fourier transform induces a
canonical splitting

(1) CH'(A) = @ CH'(A),, where CH'(A), := {0 € CH'(A) : F(o) € CH"(A)}.
s=i—d

Furthermore, this decomposition enjoys the following two properties :

(a) CH?(A)S ={o¢€ CH'(A) :[n]*o = n*"%0}, where [n] : A — A is the multiplication-by-n map ;
(b) CH'(A)s - CH’(A), C CH"™(A), . O

Property (a) shows that the Fourier decomposition (1) is canonical, while Property (b) shows that the
Fourier decomposition is compatible with the ring structure on CH*(A) given by intersection product.
It should be mentioned that, as explained in [8], (1) is expected to be the splitting of a Bloch—Beilinson
type filtration on CH*(A4). By [21], this splitting is in fact induced by a Chow—Kiinneth decomposition
of the diagonal and it is of Bloch—Beilinson type if it satisfies the following two properties :

(B) CH'(A), =0 for all s <0 ;
(D) the cycle class map CH'(A)y — H? (A, Q) is injective for all i.

Actually, if Property (D) is true for all abelian varieties, then Property (B) is true for all abelian varieties ;
see [51].

A direct consequence of the Fourier decomposition on the Chow ring of an abelian variety is the
following. First note that CH?(A)y = ([0]), where [0] is the class of the identity element 0 € A. Let
Dy, ..., Dy besymmetric divisors, that is, divisors such that [~1]*D; = D;, or equivalently D; € CH'(A)o,
for all z. Then

(2) Dy-Dy-...-Dg=deg(Dy-Dy-...-Dg)[0] in CHA).

So far, for lack of a Bloch—Beilinson type filtration on the Chow groups of hyperkéhler varieties, it is this
consequence (2), and variants thereof, of the canonical splitting of the Chow ring of an abelian variety
that have been tested for certain types of hyperkéhler varieties. Property (2) for divisors on hyperkéihler
varieties F' is Beauville’s weak splitting conjecture [9] ; it was subsequently strengthened in [54] to include
the Chern classes of F'. The goal of this manuscript is to show that a Fourier decomposition should exist
on the Chow ring of hyperkéhler fourfolds which are deformation equivalent to the Hilbert scheme of
length-2 subschemes on a K3 surface. Before making this more precise, we first consider the case of K3
surfaces.

B. K3 surfaces. Let S be a complex projective K3 surface. In that case, a Bloch—Beilinson type filtration
on CH*(S) is explicit : we have FICH?(S) = F2CH?*(S) = CH?*(S)nom := ker{cl : CH*(S) — H*(S,Q)}
and FICH'(S) = 0. Beauville and Voisin [11] observed that this filtration splits canonically by showing
the existence of a zero-cycle og € CH?(S), which is the class of any point lying on a rational curve
on S, such that the intersection of any two divisors on S is proportional to 0g. Let us introduce the
Chow—Kiinneth decomposition

(3) e i=0g xS 7wE:=S8xo0g and 7%:=Ag—o0gxS—Sxog inCH*(SxS).
Cohomologically, 7%, 7% and 74 are the Kiinneth projectors on H(S, Q), H2(S, Q), and H*(S, Q), respec-

tively. The result of Beauville-Voisin shows that among the Chow—Kiinneth decompositions of Ag (note
that a pair of zero-cycles of degree 1 induces a Chow—Kiinneth decomposition for S and two distinct pairs
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induce distinct such decompositions) the symmetric one associated to og, denoted Ag = 7% + 7% + 7¢,
is special because the decomposition it induces on the Chow groups of S is compatible with the ring
structure on CH*(S).

A key property satisfied by og, proved in [11], is that c2(S) = 240g. Let tao : S — S x S be the
diagonal embedding. Having in mind that the top Chern class of the tangent bundle co(S) is equal to
thAg, we see that the self-intersection of the Chow—Kiinneth projector m% satisfies

me e =A% —2Ag- (05 x S+ S x0g)+ (05 xS+ x0g)?

= (ta)«ca(5) =205 x 05
= 2205 X 0g.

We then observe that the action of e™ := S x S + i+ ink 71 =S xS+ 7%+ 1log x 05 on the
Chow group CH*(S), called the Fourier transform and denoted F, induces the same splitting as the
Chow-Kiinneth decomposition considered above. Indeed, writing

CHY(S), := {0 € CH(S) : F(c) € CH>7""5(S)},
we also have
CH'(S)s = (12 ~*).CH'(S).

With these notations, we then have CH?(S) = CH?*(S), @ CH?*(S),, CH'(S) = CH*(S)o and CH(S) =
CH?(S)o, with the multiplicative property that

CH?(S)o = CH'(S)o - CH'(S)o = (05).

The Beauville-Bogomolov form gg on a K3 surface S is simply given by the cup-product on H2(S, Q) ;
its inverse q§1 defines an element of H2(S, Q) ® H2(S, Q). By the Kiinneth formula, we may view q§1 as
an element of H*(S x S, Q) that we denote B and call the Beauville-Bogomolov class. The description
above immediately gives that the cohomology class of w% in H4(S x S,Q) is B. Let us denote b := (3B
and b; = pib, where p; : S x S — S is the i*® projection, i = 1,2. On the one hand, a cohomological
computation yields

B = [As] (b1 =+ bg)

1

22
On the other hand, the cycle L := Ag — 05 x S — S x 0g, which was previously denoted 7%, satisfies
AL = c2(S) — 205 = 2205. Thus not only does L lift B to rational equivalence, but L also lifts the above
equation satisfied by 9 in the sense that

1
L=Ag— i(ll +l2)

in the Chow group CH?(S x §), where [ := AL and l; := p}l, i = 1,2. Moreover, a cycle L that satisfies
the equation L = Ag — 2 ((pitaL) + (p3eAL)) is unique. Indeed, if L + ¢ is another cycle such that
L4e=Ag— 55 (pjta(L+e)+psei(L+e)), then e = — 35 (pjac +pieac). Consequently, the = —1riie.
Thus tje = 0 and hence € = 0.

We may then state a refinement of the main result of [11].

Theorem (Beauville-Voisin, revisited). Let S be a complex projective K3 surface. Then there exists a
unique 2-cycle L € CH?*(S x S) such that L = Ag — 5 (l1 + 12). Moreover, L represents the Beauville—
Bogomolov class B on S and the Fourier transform associated to L induces a splitting of the Chow ring
CH*(S). O
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C. Hyperkahler varieties of K3[2]-type. Hyperkéhler manifolds are simply connected compact Kahler
manifolds F such that HY(F,Q%) is spanned by a nowhere degenerate 2-form. This class of manifolds
constitutes a natural generalization of the notion of a K3 surface in higher dimensions. Such manifolds
are endowed with a canonical symmetric bilinear form qr : H2(F, Z)®@H?(F, Z) — Z called the Beauville—
Bogomolov form. Passing to rational coefficients, its inverse q}l defines an element of H?(F, Q)@H?(F, Q)
and we define the Beauville-Bogomolov class B in HY(F x F,Q) to be the class corresponding to qgl
via the Kiinneth formula. In this manuscript, we will mostly be concerned with projective hyperkéhler
manifolds and these will simply be called hyperkdhler varieties. A hyperkédhler variety is said to be of
K3l -type if it is deformation equivalent to the Hilbert scheme of length-n subschemes on a K3 surface.
A first result is that if F' is a hyperkéhler variety of KZ’)[”]—type7 then there is a cycle L € CH? (F X F)
defined in (53) whose cohomology class is B € H*(F x F,Q) ; see Theorem 9.15.

C.1. The Fourier decomposition for the Chow groups. Given a hyperkahler variety F' of K32
type endowed with a cycle L with cohomology class 9B, we define a descending filtration F* on the Chow
groups CH'(F') as

(4) F2HLCHY(F) = F2T2CHY(F) = ker{(L*~"*F), : F?*CH'(F) — CH* "2 ().

The cohomological description of the powers of [L] = 98 given in Proposition 1.3 shows that this filtration
should be of Bloch—Beilinson type. We then define the Fourier transform as
F(o) = (p2)«(ef -pio), for all 0 € CH*(F).

In this work, we ask if there is a canonical choice of a codimension-2 cycle L on F x F' lifting the
Beauville-Bogomolov class B such that the Fourier transform associated to L induces a splitting of the
conjectural Bloch-Beilinson filtration on the Chow group CH*(F') compatible with its ring structure
given by intersection product. We give positive answers in the case when F' is either the Hilbert scheme
of length-2 subschemes on a K3 surface or the variety of lines on a cubic fourfold.

Consider now a projective hyperkahler manifold F of KS[Z]-type and let B denote its Beauville—

Bogomolov class, that is, the inverse of its Beauville-Bogomolov form seen as an element of H*(F x F, Q).
We define b := /3B and b; := pjb. Proposition 1.3 shows that B is uniquely determined up to sign by
the following quadratic equation :

2 1
(5) B2 =2[Ar] - 2—5(61 +b2) - B — m(zbi —23byby +2b3) in H¥(F x F,Q).
We address the following ; see also Conjecture 2.1 for a more general version involving hyperkéhler
fourfolds whose cohomology ring is generated by degree-2 classes.

Conjecture 1. Let F be a hyperkdahler variety F ofKS[Q]-type. Then there exists a cycle L € CHQ(FX F)
with cohomology class B € H*(F x F,Q) satisfying

(203 — 23115 + 213) in CH(F x F),

2
I? =2Ap — = L —
(6) F 25(l1+l2) 2325

where by definition we have set | := (AL and [; := p}l.

In fact, we expect the symmetric cycle L defined in (53) to satisfy the quadratic equation (6). Moreover,
we expect a symmetric cycle L € CH?(F) representing the Beauville-Bogomolov class B to be uniquely
determined by the quadratic equation (6) ; see Proposition 3.4 for some evidence. From now on, when
F' is the Hilbert scheme of length-2 subschemes on a K3 surface, F' is endowed with the cycle L defined
in (92) — it agrees with the one defined in (53) by Proposition 16.1. When F is the variety of lines on a
cubic fourfold, F' is endowed with the cycle L defined in (107) — although we do not give a proof, this
cycle (107) should agree with the one defined in (53).

Our first result, upon which our work is built, is the following theorem ; see Theorem 14.5 and Theorem
19.2.

Theorem 1. Let F be either the Hilbert scheme of length-2 subschemes on a K3 surface or the variety
of lines on a cubic fourfold. Then Conjecture 1 holds for F.
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Let us introduce the cycle | := (4 L € CH?*(F) — it turns out that | = 2¢y(F) when F is either the
Hilbert scheme of length-2 subschemes on a K3 surface or the variety of lines on a cubic fourfold ; see (93)
and (108). The following hypotheses, together with (6), constitute the key relations towards establishing
a Fourier decomposition for the Chow groups of F :

(7) L.12=0;
(8) L.(l-L.o)=25L.0 for all ¢ € CH*(F);
(9) (L*).(1- (L?).1) =0 for all 7 € CH?*(F).

Indeed, Theorem 2 below shows that in order to establish the existence of a Fourier decomposition on
the Chow groups of a hyperkéhler variety of K3[2]—type, it suffices to show that the cycle L defined in
(53) (which is a characteristic class of Markman’s twisted sheaf [35]) satisfies (6), (7), (8) and (9). Note
that Properties (8) and (9) describe the intersection of [ with 2-cycles on F.

Theorem 2. Let F be a hyperkihler variety of K31 -type. Assume that there exists a cycle L € CH?(F x
F) representing the Beauville-Bogomolov class B satisfying (6), (7), (8) and (9). For instance, F could
be either the Hilbert scheme of length-2 subschemes on a K3 surface endowed with the cycle L of (92) or
the variety of lines on a cubic fourfold endowed with the cycle L of (107). Denote

CH!(F), := {0 € CH'(F) : F(0) € CH*"(F)}.

Then the Chow groups of F split canonically as

CH’(F) = CH(F)o;

CH'(F) = CH'(F)o;

CH?*(F) = CH*(F)o @ CH?*(F)y;

CH?*(F) = CH*(F)o @ CH?(F)y;

CH*(F) = CH*(F)o @ CH*(F), ® CH*(F),.

Moreover, we have
CH'(F), = Grj. CH'(F), where F* denotes the filtration (4) ;
and
o belongs to CH'(F), if and only if F(o) belongs to CH*~"*5(F),.

We give further evidence that the splitting obtained in Theorem 2 is the splitting of a conjectural filtra-
tion F* on CH*(F') of Bloch—Beilinson type by showing that it arises as the splitting of a filtration induced
by a Chow—Kiinneth decomposition of the diagonal ; see Theorem 3.3. Note that our indexing convention
is such that the graded piece of the conjectural Bloch-Beilinson filtration CH*(F), = Gri,CH'(F) should
only depend on the cohomology group H?~*(F,Q), or rather, on the Grothendieck motive h2*—*(F).

hom

The proof that the Chow groups of a hyperkihler variety of K3[2-type satisfying hypotheses (6), (7),
(8) and (9) have a Fourier decomposition as described in the conclusion of Theorem 2 is contained in
Theorems 2.2 & 2.4. That the Hilbert scheme of length-2 subschemes on a K3 surface endowed with the
cycle L of (92) satisfies hypotheses (6), (7), (8) and (9) is Theorem 14.5, Proposition 14.6 and Proposition
14.8. That the variety of lines on a cubic fourfold endowed with the cycle L of (107) satisfies hypotheses
(6), (7), (8) and (9) is Theorem 19.2, Proposition 19.4 and Proposition 19.6.

Theorem 2 is of course reminiscent of the case of abelian varieties where the Fourier decomposition on
the Chow groups is induced by the exponential of the Poincaré bundle. Beauville’s proof relies essentially
on the interplay of the Poincaré line bundle and the multiplication-by-n homomorphisms. Those homo-
morphisms are used in a crucial way to prove the compatibility of the Fourier decomposition with the
intersection product. The difficulty in the case of hyperkéhler varieties is that there are no obvious ana-
logues to the multiplication-by-n morphisms ; see however Remark 21.11. Still, when F is the variety of
lines on a cubic fourfold, Voisin [53] defined a rational self-map ¢ : F' --+ F as follows. For a general point
[[] € F representing a line [ on X, there is a unique plane II containing ! which is tangent to X along I.
Thus IT- X = 2{+1’, where I’ is the residue line. Then one defines ¢([I]) = [I']. In §21, we study the graph
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of ¢ in depth and completely determine its class both modulo rational equivalence and homological equiv-
alence. It turns out that the action of ¢ on the Chow groups of F' respects the Fourier decomposition ; see
§21.6. Thus in many respects the rational map ¢ may be considered as an “endomorphism” of F'. The in-
terplay of ¢ with L is used to prove many features of the Fourier decomposition on the Chow groups of F.

C.2. The Fourier decomposition for the Chow ring. As in the case of abelian varieties or K3
surfaces, we are interested in the compatibility of the Fourier decomposition of Theorem 2 with the ring
structure of CH*(F). In the hyperkédhler case, this was initiated by Beauville [9] who considered the
sub-ring of CH*(F') generated by divisors on the Hilbert scheme of length-2 subschemes on a K3 surface,
and then generalized by Voisin [54] who considered the sub-ring of CH*(F') generated by divisors and the
Chern classes of the tangent bundle when F is either the Hilbert scheme of length-2 subschemes on a K3
surface or the variety of lines on a cubic fourfold :

Theorem (Beauville [9], Voisin [54]). Let F be either the Hilbert scheme of length-2 subschemes on a
K3 surface, or the variety of lines on a cubic fourfold. Then any polynomial expression P(D;,ca(F)),
D; € CH'(F), which is homologically trivial vanishes in the Chow ring CH*(F).

This theorem implies the existence of a zero-cycle o € CHo(F') which is the class of a point such that
(0r) = (e2(F)?) = (ca(F)) - CH'(F)® = CH'(F) ™.
This latter result can already be restated, in the context of our Fourier decomposition, as follows ; see
Theorem 4.6.
CH(F)o = (1?) = (1) - CH'(F)§ = CH'(F);".
We ask whether
CH'(F), - CH/(F), € CH'""(F),,s, forall (i,s),(j,7).
The following theorem answers this question affirmatively when F' is the Hilbert scheme of length-2
subschemes on a K3 surface or the variety of lines on a very general cubic fourfold. Hilbert schemes of
length-2 subschemes on K3 surfaces are dense in the moduli of hyperkéhler varieties of I{i’>[2]—‘5ype7 and
the varieties of lines on cubic fourfolds form an algebraic component of maximal dimension. Therefore
Theorem 3 gives strong evidence that a Fourier decomposition on the Chow ring of hyperkahler varieties
of KS[Q]—type should exist.

Theorem 3. Let F be either the Hilbert scheme of length-2 subschemes on a K3 surface or the variety
of lines on a very general cubic fourfold. Then

CH'(F)s - CH/(F), € CH'"(F)pys, for all (i,s), (j, 7).
Moreover equality holds except when CH'V (F), ., = CH*(F)y or CH*(F),.

We actually show Theorem 3 in a few more cases. Indeed, it is shown in Theorem 6.5 that the existence
of a Fourier decomposition on the Chow groups or Chow ring of a hyperkéhler variety of K3[2]—type is a
birational invariant, so that the conclusion of Theorem 3 also holds for any hyperkéhler fourfold that is
birational to the Hilbert scheme of length-2 subschemes on a K3 surface or to the variety of lines on a
very general cubic fourfold.

The proof of Theorem 3 uses in an essential way a Theorem of Beauville-Voisin [11] on the vanishing
of the “modified diagonal” of the K3 surface S in the case when F is the Hilbert scheme S, while it uses
in an essential way the rational self-map ¢ : F' --+ F constructed by Voisin [53] when F' is the variety of
lines on a cubic fourfold. Theorem 3 is proved for divisors in Section 4, while it is proved in full generality
for Sl in Theorem 15.8 and for the variety of lines on a very general cubic fourfold in Section 22. In
the S[? case, we prove in fact a stronger result : the Fourier decomposition is induced by a multiplicative
Chow-Kiinneth decomposition of the diagonal in the sense of Definition 8.1 ; see Theorem 15.8.

In addition to stating the multiplicativity property of the Fourier decomposition, Theorem 3 also
states that CH?(F)y - CH?(F)y = CH*(F),. This equality, which also holds for the variety of lines on
a (not necessarily very general) cubic fourfold, reflects at the level of Chow groups, as predicted by the
Bloch-Beilinson conjectures, the fact that the transcendental part of the Hodge structure H*(F, Q) is a
sub-quotient of Sym? H2(F, Q). A proof in the case of S can be found in Proposition 12.9 and a proof
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in the case of the variety of lines on a cubic fourfold can be found in Proposition 20.3. It is also expected
from the Bloch-Beilinson conjectures that CH?*(F)g hom = 0 ; see Theorem 3.3. In fact, for F = S?I, this
would essentially follow from the validity of Bloch’s conjecture for S. Although we cannot prove such a
vanishing, a direct consequence of Theorem 3 is that

CH'(F) - CH*(F)opom =0 and CH?*(F)y - CH*(F)o hom = 0.

Propositions 22.4 & 22.5 show that the above identities also hold when F is the variety of lines on a (not
necessarily very general) cubic fourfold.

Furthermore, we ought to mention that each piece of the decomposition of CHi(F ) obtained in The-
orem 2 is non-trivial. Indeed, we have CH*(F)y = (1) and [- : CH?*(F), — CH*(F) is injective with
image CH*(F)y ; see Theorems 2.2 & 2.4. Therefore, CH*(F)y ® CH*(F), is supported on a sur-
face. Since H*(F,Or) # 0, it follows from Bloch-Srinivas [14] that CH*(F)4 # 0. Thus, because
CH?(F), - CH*(F)y = CH*(F)4, CH?(F)3 # 0 and hence CH*(F), # 0.

A direct consequence of Theorems 2 & 3 for zero-dimensional cycles is the following theorem which is
analogous to the decomposition of the Chow group of zero-cycles on an abelian variety as can be found
in [8, Proposition 4].

Theorem 4. Let F be either the Hilbert scheme of length-2 subschemes on a K3 surface or the variety
of lines on a cubic fourfold. Then

CH*(F) = (I*) @ () - L.CH*(F) @ (L.CH*(F)) 2.
Moreover, this decomposition agrees with the Fourier decomposition of Theorem 2.

Let us point out that, with the notations of Theorem 2, L,CH*(F) = CH?(F),. A hyperkihler variety
is simply connected. Thus its first Betti number vanishes and a theorem of Rojtman [45] implies that
CH% (F)hom is uniquely divisible. Therefore, Theorem 4 can actually be stated for 0-dimensional cycles
with integral coefficients :

CHZ,(F) = Zor ® () - (L.CH*(F)) @ (L.CH*(F))2.

Finally, let us mention the following remark which could be useful to future work. As it is not
essential to the work presented here, the details are not expounded. Given a divisor D on F with
qr([D]) # 0 where gr denotes the quadratic form attached to the Beauville-Bogomolov form, the cycle
Lp:=L- le - Do, where D; := piD, i = 1,2, defines a special Fourier transform Fp : CH*(F) —
CH*(F),x + (p2)+(efP - pix) such that Fp o Fp induces a further splitting of CH*(F) which takes into
account D. For instance, if F' is the variety of lines on a cubic fourfold and if g is the Pliicker polarization
on F, then F, o F, induces an orthogonal decomposition CH'(F) = (g) @ CH' (F)pim but also a further
decomposition CH*(F)y = A® B, where F,0F, acts as the identity on A and as zero on B = g-CH?(F)s,.
It turns out that ¢* acts by multiplication by 4 on A and by multiplication by —14 on B.

D. Hyperkéahler varieties. Let F' be a hyperkahler variety. In general, the sub-algebra of H* (F X F, Q)
generated by the Beauville-Bogomolov class 9B, by and by only “sees” the sub-Hodge structure of H*(F, Q)
generated by H2(F,Q). Precisely, it can be checked that the cohomological Fourier transform F acts
trivially on the orthogonal complement of the image of Sym” H?(F, Q) inside H?"(F, Q). Therefore, it
does not seem possible to formulate directly an analogous Fourier decomposition, as that of Theorems 2
& 3, for the Chow ring of those hyperkihler varieties F' whose cohomology is not generated by H?(F, Q).
There are however three questions that we would like to raise concerning algebraic cycles on hyperkéhler
varieties.
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D.1. Zero-cycles on hyperkihler varieties. If w is a nowhere degenerate 2-form on a hyperkéhler
variety F, then the powers w™ € Sym” H?(F, C) of w span the degree-zero graded part of the cohomology
of F for the coniveau filtration. Hence we can expect that if a canonical 2-cycle L € CH?*(F x F)
representing the Beauville-Bogomolov class B exists, then the Fourier transform F := el splits a Bloch—
Beilinson type filtration on CHg(F'). It is thus tempting to ask whether the decomposition of Theorem
4 holds for hyperkahler varieties :

Conjecture 2. Let F' be a hyperkdhler variety of dimension 2d. Then there exists a canonical cycle
Le CHQ(F x F) representing the Beauville—Bogomolov class B which induces a canonical splitting

d
CH*!(F) = €D CH*!(F),
s=0

where CH*!(F)y, := {0 € CH*(F) : F(0) € CH*(F)}. Moreover, we have
CH*(F)qy = (197%) - (L.CH?*(F))™®
and
CH*(F)as 2 P(I, Dy, ..., Dy) - (L.CH*(F))*,
for any degree 2d — 2s weighted homogeneous polynomial P in | and divisors D;, i =1,...,r.

Note that in the case of hyperkéhler varieties of Ki‘l["]—type7 a candidate for a canonical cycle L
representing B is given by Theorem 9.15. Note also that, in general, because [L] = 9 induces an
isomorphism H24~2(F, Q) — H?(F, Q) a consequence of the Bloch-Beilinson conjectures would be that
L.CH*(F) = ker{AJ? : CH*(F)pom — J2(F) ® Q}, where AJ? denotes Griffiths’ Abel-Jacobi map
tensored with Q.

D.2. On the existence of a distinguished cycle L € CH2(F x F). Let F be a hyperkéhler
variety. Beauville [9] conjectured that the sub-algebra Vg of CH*(F') generated by divisors injects into
cohomology via the cycle class map. Voisin [54] conjectured that if one adds to Vp the Chern classes
of the tangent bundle of F', then the resulting sub-algebra still injects into cohomology. The following
conjecture, which is in the same vein as the conjecture of Beauville-Voisin, is rather speculative but as
Theorem 5 shows, it implies the existence of a Fourier decomposition on the Chow ring of hyperkéhler
fourfolds of K3[2]—type. Before we can state it, we introduce some notations. Let X be a smooth
projective variety, and let the Q-vector space €, CH"(X") be equipped with the algebra structure
given by intersection product on each summand. Denote pxn, . i : X" — X* the projection on the

(i1,. .. ,ik)th factor for 1 <14y < ... <1i, <n,and (s x» : X — X" the diagonal embedding. Given cycles
o1,...,00 € @, CH*(X"), we define V(X;01,...,0,) to be the smallest sub-algebra of @@, CH"(X")
that contains o1, ..., 0, and that is stable under (pxn.i, . i )ss (Pxniin,..i)™ (ba,xn)« and (ta xn)*.

Conjecture 3 (Generalization of Conjecture 1). Let F be a hyperkihler variety. Then there exists
a canonical cycle L € CH?(F x F) representing the Beauville-Bogomolov class B € H*(F x F,Q)
such that the restriction of the cycle class map @, CH*(F") — @,H(F",Q) to
V(F; L,co(F),ca(F), ... ,c2a(F),Dy,...,D,), for any D; € CH'(F), is injective.

Note that in higher dimensions [ and cy(F) are no longer proportional in H*(F, Q). This is the reason
why we consider V(F; L, co(F),...,coq(F),D1,...,D,) rather than V(F; L, Dy,...,D,). Conjecture 3 is
very strong : Voisin [54, Conjecture 1.6] had already stated it in the case of K3 surfaces (in that case L
need not be specified as it is simply given by Ag —o0g x .S — S X 05) and noticed [57, p.92] that it implies
the finite dimensionality in the sense of Kimura [33] and O’Sullivan [42] of the Chow motive of S. The
following theorem reduces the Fourier decomposition problem for the Chow ring of hyperkahler varieties
of KS[Q]—type to a weaker form of Conjecture 3 that only involves L.

Theorem 5 (Theorem 8.18). Let F be a hyperkahler variety of KS[Q]—type. Assume that F' satisfies the
following weaker version of Conjecture 3 : there exists a cycle L € CH? (F x F) representing the Beauville—
Bogomolov class B satisfying equation (6), and the restriction of the cycle class map @,, CH"(F™) —
@, H*(F"*,Q) to V(F; L) is injective. Then CH*(F) admits a Fourier decomposition as in Theorem 2
which is compatible with its ring structure.
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This provides an approach to proving the Fourier decomposition for the Chow ring of hyperkéhler
varieties of K3[2]—type that would avoid having to deal with non-generic cycles. Conjecture 3 can be
considered as an analogue for hyperkéhler varieties of O’Sullivan’s theorem [43] which is concerned with
abelian varieties. In the same way that Conjecture 3 implies the existence of a Fourier decomposition
for the Chow ring of hyperkéhler varieties of K3[-type, we explain in Section 7 how Beauville’s Fourier
decomposition theorem for abelian varieties can be deduced directly from O’Sullivan’s theorem.

Finally, as already pointed out, the diagonal [Ag] cannot be expressed as a polynomial in 9B, b; and
by when F' is a hyperkéhler variety whose cohomology ring is not generated by degree-2 cohomology
classes. Nevertheless, the orthogonal projector on the sub-Hodge structure generated by H2(F,Q) can
be expressed as a polynomial in B, by and by. If one believes in Conjecture 3, this projector should
in fact lift to a projector, denoted II, modulo rational equivalence. In that case, it seems reasonable to
expect II,CH"(F) to be a sub-ring of CH*(F) and to expect the existence of a Fourier decomposition
with kernel L on the ring IT,CH*(F).

D.3. Multiplicative Chow—Kiinneth decompositions. We already mentioned that the Fourier
decomposition for the Chow ring of the Hilbert scheme of length-2 subschemes on a K3 surface or the
variety of lines on a very general cubic fourfold is in fact induced by a Chow—Kiinneth decomposition of the
diagonal (cf. §3 for a definition). A smooth projective variety X of dimension d is said to admit a weakly
multiplicative Chow-Kiinneth decomposition if it can be endowed with a Chow—Kiinneth decomposition
{m% : 0 <i < 2d} that induces a decomposition of the Chow ring of X. That is, writing

CHek (X)s = (w3 ™). CH'(X),

we have _ 4 o
CHEg (X)s - CHLy (X)), € CHE (X) g5, for all (i, 5), (4,7).

The Chow—Kiinneth decomposition is said to be multiplicative if the above holds at the level of corre-
spondences ; see Definition 8.1.
Together with Murre’s conjecture (D) as stated in §3, we ask :

Conjecture 4. Let X be a hyperkihler variety. Then X can be endowed with a Chow—Kiinneth decompo-
sition that is multiplicative. Moreover, the cycle class map CH'(X) — H*(X, Q) restricted to CHgg (X )o
1s injective.

Note that if A is an abelian variety, then A has a multiplicative Chow—Kiinneth decomposition (cf.
Example 8.3) ; and that the cycle class map restricted to the degree-zero graded part of the Chow ring
for the Chow—Kiinneth decomposition is injective was asked by Beauville [8]. Note also that Conjecture
3 and Conjecture 4 have non-trivial intersection. Indeed, if X is a hyperkahler variety, then provided
that 9B is algebraic (which is the case if X is of K3[-type by Theorem 9.15), then by invoking Lemma
8.7 we see that Conjecture 3 for X is implied by Conjecture 4 for X and by knowing that the Chern
classes ¢;(X) € CH'(X) of X belong to CHik (X)o. As a partial converse, Theorem 8.18 shows that a
hyperkéhler variety of K3[2-type for which Conjecture 3 holds admits a multiplicative ChowKiinneth
decomposition.

In Section 8, we define the notion of multiplicative Chow—Kiinneth decomposition and discuss its
relevance as well as its links with so-called modified diagonals (cf. Proposition 8.12). In Section 13,
we prove that the Hilbert scheme of length-2 subschemes on a K3 surface not only admits a weakly
multiplicative Chow—Kiinneth decomposition but admits a multiplicative Chow—-Kiinneth decomposition
(as predicted by Conjecture 3). More generally, we produce many examples of varieties that can be
endowed with a multiplicative Chow—Kiinneth decomposition. In §13.4, we prove :

Theorem 6. Let E be the smallest sub-set of smooth projective varieties that contains varieties with
Chow groups of finite rank (as Q-vector spaces), abelian varieties, symmetric products of hyperelliptic
curves, and K38 surfaces, and that is stable under the following operations :

(i) if X andY belong to E, then X xY € E ;
(ii) if X belongs to E, then P(JIx) € E, where Tx is the tangent bundle of X ;
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(iii) if X belongs to E, then the blow-up of X x X along the diagonal belongs to E ;
(iv) if X belongs to E, then the Hilbert scheme of length-2 subschemes XxPleE.

Let X be a smooth projective variety that is isomorphic to a variety in E. Then X admits a multiplicative
Chow-Kiinneth decomposition.

It is intriguing to notice that all the examples that we produce satisfy ¢;(X) € CHag (X)o.

Abelian varieties and hyperkéhler varieties are instances of varieties with vanishing first Chern class.
In fact a classical theorem of Beauville [6] and Bogomolov [15] states that every smooth projective variety
X with vanishing first Chern class is, up to finite étale cover, isomorphic to the product of an abelian
variety with hyperkahler varieties and Calabi—Yau varieties. However, one cannot expect varieties with
vanishing first Chern class to have a multiplicative (and even a weakly multiplicative) Chow—Kiinneth
decomposition : Beauville constructed Calabi-Yau threefolds X [9, Example 2.1.5(b)] that do not satisfy
the weak splitting property. Precisely, Beauville’s examples have the property that there exist two divisors
Dy and Dy such that Dy - Dy # 0 € CH?(X) but such that [D;]U[Ds] = 0 € H4(X, Q). To conclude, we
ask : what is a reasonable class of varieties, containing abelian varieties and hyperkéhler varieties, that
we can expect to have a multiplicative Chow—Kiinneth decomposition?
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Outline. The manuscript is divided into three parts. We have tried to extract the key properties
that a cycle L representing the Beauville-Bogomolov class 8 must satisfy in order to induce a Fourier
decomposition on the Chow groups of a hyperkéhler fourfold of K3m—type. As a consequence the sections
are not organized in a linear order.

We first introduce in §1 the Beauville-Bogomolov class 26 and establish in Proposition 1.3 the quadratic
equation (5). The core of Part 1 then consists in Theorems 2.2 & 2.4 and Theorem 3.3, where we consider
a hyperkihler variety F' of K3[2-type endowed with a cycle L € CH?*(F x F) representing the Beauville-
Bogomolov class B that satisfies (6), (7), (8) and (9), and show that the conclusion of Theorem 2
holds for F' and that the resulting Fourier decomposition on the Chow groups of F' is in fact induced
by a Chow—Kiinneth decomposition. We then assume that we have proved the existence of a cycle L
representing the Beauville-Bogomolov class satisfying hypotheses (6), (7), (8) and (9) when F is either
the Hilbert scheme of length-2 subschemes on a K3 surface or the variety of lines on a cubic fourfold.
We then consider in §4 the sub-algebra Vg of CH*(F) generated by divisors and . With the formalism
of the Fourier decomposition in mind, we show that the results of Beauville [9] and Voisin [54] which
state that V injects into cohomology via the cycle class map can be reinterpreted as saying that Vg lies
in the degree-zero graded part of our filtration. Proposition 5.1 explains how Conjecture 2 is helpful to
understanding the action of automorphisms on zero-cycles of hyperkéhler varieties. An application to
symplectic automorphisms of S is given. We show in §6 that the multiplicativity property of the Fourier
decomposition boils down to intersection-theoretic properties of the cycle L. We deduce in Theorem 6.5
that the Fourier decomposition is a birational invariant for hyperkéhler varieties of K3[2-type. This
approach is used in §7 to give new insight on the theory of algebraic cycles on abelian varieties by
showing how Beauville’s Fourier decomposition theorem [8] is a direct consequence of a recent theorem
of O’Sullivan [43]. Section 8 introduces the notion of multiplicative Chow-Kiinneth decomposition and its
relevance is discussed. In particular, we relate this notion to the notion of so-called modified diagonals,
give first examples of varieties admitting a multiplicative Chow-Kiinneth decomposition, and prove a more
precise version of Theorem 5. Part 1 ends with §9 where a proof of the algebraicity of the Beauville—
Bogomolov class 9B is given for hyperkahler varieties of K3["-type.

Part 2 and Part 3 are devoted to proving Theorem 1, Theorem 2 and Theorem 3 for the Hilbert scheme
of length-2 subschemes on a K3 surface and for the variety of lines on a cubic fourfold, respectively. In
both cases, the strategy for proving Theorem 1 and Theorem 2 consists in first studying the incidence
correspondence I and its intersection-theoretic properties, and then in constructing a cycle L € CH? (F x
F) very close to I representing the Beauville-Bogomolov class satisfying hypotheses (6), (7), (8) and (9).

Actually, Part 2 begins by considering the incidence correspondence I for the Hilbert scheme X2 for
any smooth projective variety X. In that generality, we establish in §11 some equations satisfied by I
and deduce in §12 some splitting results for the action of I? = I - T on CHp(X™). We then gradually
add some constraints on X which are related to degeneration properties of the modified diagonal. In §13,
we study in depth the notion of multiplicative Chow—Kiinneth decomposition for X and give sufficient
conditions for it to be stable under blow-up and under taking the Hilbert scheme of length-2 points X 2.
The main contribution there is the proof of Theorem 6 given in §13.4, and a notable intermediate result is
Theorem 13.4 which shows in particular that X2 admits a multiplicative Chow—Kiinneth decomposition
when X is a K3 surface or an abelian variety. In §14, we turn our focus exclusively on S[? for a K3
surface S, and prove Theorem 1 (note the use of the crucial Lemma 14.3) and Theorem 2 in that case.
In §15, we prove Theorem 3 by showing that the Fourier decomposition of the Chow group CH*(S[?))
agrees with the multiplicative Chow—Kiinneth decomposition of Theorem 13.4 obtained by considering
the multiplicative Chow—Kiinneth decomposition for S of Example 8.17. Finally, in §16, we prove that the
cycle L constructed in §14.2 using the incidence correspondence coincides with the cycle L constructed
in §9 using Markman’s twisted sheaf.

The structure of Part 3 is more straightforward. We define the incidence correspondence I and Voisin’s
rational self-map ¢ for F, the variety of lines on a cubic fourfold, and study their interaction when acting
on the Chow groups of F. This leads in §19 to a proof of Theorems 1 & 2 in that case. The goal of §20 is
to prove that CH*(F)4 = CH?(F)y-CH?(F),. While such a statement was only a matter of combinatorics
in the case of SI?, here we have to resort to an analysis of the geometry of cubic fourfolds ; see Theorem
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20.5 in this respect. Finally, in order to complete the proof of Theorem 3 in §22, we use the rational map
@ in an essential way. For that matter, the main result of §21 is Proposition 21.2, a nice consequence
of which is Theorem 21.9 which shows that the action of * on CH*(F) is diagonalizable when X does
not contain any plane. For the sake of completeness and clarity, we have gathered general results used
throughout Part 3 about cubic fourfolds and about the action of rational maps on Chow groups in two
separate and self-contained appendices.

Conventions. We work over the field of complex numbers. Chow groups CH’ are with rational coeffi-
cients and we use CHiZ to denote the Chow groups with integral coefficients. If X is a variety, CHi(X Yhom
is the kernel of the cycle class map that sends a cycle o € CH!(X) to its cohomology class [0] € H* (X, Q).
By definition we set CHj(X) =0 for j < 0 and for j > dim X. If Y is another variety and if v is a
correspondence in CHi(X x Y, its transpose 'y € CHi(Y x X) is the image of v under the action of
the permutation map X x Y — Y x X. If 44, -+ ,~, are correspondences in CH*(X x Y), then the
correspondence 1 ® +++ ® v, € CH" (X" x Y™) is defined as 71 ® --- @ v, = [\, (Pi,nt4)*vi, where
Pinti: X" XY™ — X x Y is the projection on the i*" and (n + i)' factors.

Acknowledgments. We would like to thank Daniel Huybrechts for his interest and for explaining [35].
We are also very grateful to two referees for their detailed comments that have helped improve the
exposition.
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Part 1. The Fourier transform for hyperkahler fourfolds

1. THE COHOMOLOGICAL FOURIER TRANSFORM

The goal of this section is to establish equation (5) satisfied by the Beauville-Bogomolov class B of
a hyperkahler manifold of I{Z’>[2]—‘cype7 and to show that ‘B is uniquely determined, up to sign, by this
equation. This is embodied in Proposition 1.3. Along the way, we express the Kiinneth projectors in
terms of *B ; see Corollary 1.7.

We start by defining the Beauville-Bogomolov class B seen as an element of HY(F x F,Q). In a
broader context, let us first consider a free abelian group A and the associated vector space V = A ® Q
(or A® C). A quadratic form (or equivalently a symmetric bilinear form) ¢ on V' can be viewed as an
element of Sym?(V*). If ¢ is non-degenerate, then it induces an isomorphism V 2 V* which further gives
an identification

Sym?(V) 2 Sym?(V*).

Under this identification, the element g € Sym2(V*) gives rise to an element, denoted ¢~*, of Sym2(V).

If we choose a basis {v1,...,v,} of V and write A := (q(vi, Uj)>1gi,jgr’ then
(10) ¢ = Z ijv;i @ v; € Sym?V,
1<i,j<r

where (qi]’)lgi,jgr = AL
We will be especially interested in the second cohomology group of a compact hyperkahler manifold,
which carries a canonical bilinear form by the following theorem of Bogomolov, Beauville and Fujiki.

Theorem 1.1 (Bogomolov, Beauville, and Fujiki ; see [6, 24]). Let F be a compact hyperkihler manifold
of dimension 2n. Then A = H2(F,Z) is endowed with a canonical bilinear form qr which satisfies the
Fugiki relation

2n)!
/ a? = (2n) crqr(a, )", VYo € H(F, 7).

The above bilinear form of Theorem 1.1 is called the Beauville—Bogomolov form and the constant

(22"71),' cp is called the Fujiki constant. In this section, we deal with cup-product only for cohomology

classes of even degree. Hence the symbol “U” will frequently be omitted and a8 will stand for o U 3.

Definition 1.2. Let ¢z be the Beauville-Bogomolov bilinear form on H?(F,Z). Its inverse qgl defines
an element of H2(F,Z) @ H?(F,Z) ® Q, and the Beauville-Bogomolov class

B c HY(F x F,Q)

is defined to be the image of 0&¢,' ©0 € H(F, Q)@H*(F,Q)oH?(F, Q)®H?(F,Q)oH*(F,Q)®H (F, Q)
under the Kiinneth decomposition.
The cohomological Fourier transform is the homomorphism

[F]: H*(F,Q) —» H*(F,Q), x> pa.(e® Upla),

where p; : F x F — F is the projection onto the i** factor.
We write ta : F— F x F for the diagonal embedding and we define

b:=:AB e HY(F,Q) and b;:=pibec H(F x F,Q).
From now on, we assume that dim F' = 4. In this case, the Fujiki relation of Theorem 1.1 implies
(11) / arazazay = cp{qr(ar, az)qr(as, o) + qr (o, a3)qr(az, ag) + qr(ar, as)qr(as, az)}
F

for all oy, a9, a3,a4 € A = H3(F,Z). The following proposition describes the action of the powers of
B € H*(F x F,Q) on H*(F,Q), when the cohomology ring of F is generated by degree-2 classes. Note
that by a result of Verbitsky, the cup-product map Sym?(H?(F, Q)) — H*(F, Q) is always injective ; see
[16].



14 MINGMIN SHEN AND CHARLES VIAL

Proposition 1.3. Assume F is a compact hyperkihler manifold of dimension 4 which satisfies
HY(F,Q) = Sym®(H*(F,Q)) and H(F,Q) =0.
Let r = dim H?(F, Q) and let cr be a third of the Fujiki constant of F. Then the following are true.
(i) The following equality holds in H®(F x F,Q),
2 1
12 B2 = 2cp[Ap] — —— bo)B — ———— (267 — 2b3).
(12) cr[Arp] = =5 (b1 +b2) T(T+2)( 1 —7biby +2b3)

(ii) The action of (B*)., k =0,1,2,3,4, on H(F, Q) is zero for i # 8 — 2k.
(iii) The action of (B2). on HY(F,Q) gives an eigenspace decomposition
HY(F,Q) = (b) @ (b)*

which is orthogonal for the intersection form and where (B2). = (r+2)cp on (b) and (B?), = 2cp
on (b)*.

(iv) (BF). o (B1F), : H*(F, Q) — H32K(F,Q) — H2*(F,Q) is multiplication by 3(r + 2)c% when
k = 1,3 and is multiplication by 3r(r + 2)c2 when k = 0, 4.

(v) £B is the unique element in H?(F) @ H2(F) that satisfies the above equation (12) in the following

sense. Assume that € € H?(F) @ H2(F) satisfies equation (12) with B replaced by € and b; replaced
by ¢i, where ¢; = pic and ¢ = 1A C. Then € = £B.

Before proving Proposition 1.3, we establish some auxiliary lemmas : Lemma 1.4 and Lemma 1.5 hold
generally for any compact hyperkahler manifold of dimension 4, and Lemma 1.6 computes the class of
the diagonal [Ap] in terms of the Beauville-Bogomolov class under the condition that the cohomology
of F' is generated by degree-2 elements.

Let V = H2(F,C), then the Beauville-Bogomolov bilinear form extends to V x V. We choose an
orthonormal basis {e1,es,...,e,} for V, namely qr(e;, ej) = 6;5. Then we have

(13) B=e1Re1+e®Re+--+e.Qe,
and b=e? +e3 4 - +e2.

By Poincaré duality, we have

Hé(F,C) = H*(F,C)".

This allows us to define the dual basis {eY, ey, ..., e’} of HS(F,C).

With the above notions, we first note that if 1 <4, j, k < r are distinct then
(14) eiejer =0, in HS(F, C).
This is because, by equation (11), one easily shows that e;ejere; = 0 for all 1 <1 <. We also note that

(15) e?

2

(16) 6? = 3cFe;-/, 1<j<r

ej:cFe}/7 1<i#j5<m,

The equation (15) follows from the following computation

eZejer = cp (qr(ei,ei)qr(ej, ex) + 2qr(ei, ej)qr(es,ex)) = cpdjp, 1% j.

3

Similarly, equation (16) follows from e}

and (16), we have

er = 3crqr(ej, ej)qr(e;, ex) = 3cpdji. Combining equations (15)

(17) be; = (r+2)cpe), 1<i<r.

Lemma 1.4. The following cohomological relations hold.
(i) B2 =" e ®@e?+2 Zlgiq’gr eie;  ee;j.
(i) B> =3(r +2)ckp i ef @e¢).

(iii) B* = 3r(r + 2)c% [pt] @ [pt].
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Proof. Statement (i) follows by squaring both sides of (13). Statement (i) can be derived as follows.
First we use (i) and get

B(er ®ep) = Z eler ® eley, + 2 Z eiejer @ e;ejey.

i=1r 1<i<j<r

We invoke equations (14), (15) and (16) to find

B2(ep @ep) = (r + 6)che) @e) + 2% Zeiv Re; .

i=1

By taking the sum as k runs through 1 to r, we get (%). Statement (ii7) can be proved similarly. O

Lemma 1.5. The following cohomological relations hold.
(i) b1B = (r+2)cr Y i, € ®eleH6(F)®H2(F).
(i) b2B = (r+2)cp Y., e; ®e) € H*(F) @ HS(F).

(iii) (b1)? =r(r +2)cp [pt] @ [F] € H¥(F) @ HO(F).

(iv) (b2)* =r(r+ 2)cF[ ]® [pt] € H'(F) ® H3(F).

(v) b1bzzzlj 165 ®6 € HY(F) @ HY(F).

T

Proof. Under the Kiinneth isomorphism, we have b; = >

1=

pef ®1land by =371 1®e7. Hence we get
0B =) ele;@e; =) (be;)®e; = (r+2)cp Z%V ®e;,
3,j=1 Jj=1 j=1

which proves (7). Statement (ii) can be proved similarly. Statements (iii) and (iv) follow from b% =
r(r 4 2)cp[pt]. Statement (v) follows from the above explicit expressions for by and bs. O

Lemma 1.6. Under the assumption of Proposition 1.3, the cohomology class of the diagonal Ap is given
by

: 1 < 1
(18) [Ap] = Z(eiv ®e;i+e;®e)+ %en Ze? ®e? + - Z eie; @ e;e;

i=1 i=1 1<i<j<r

- r+2 Ze ® e + [pt] ® [F] + [F] @ [pt].

Proof. We need to check that the right-hand side of (18) acts as the identity on cohomology. Here we
only check this on H*(F, Q). The other cases are easy to check. Note that if 1 <i < j < r then

(19) (eie; ® ejej)«(ener) = (eiejener) eie; = cp(dindj)eie;, 1<k<l<r.

Likewise, we note that
K

(Y- e@ed)(ener) =0, 1<k<l<r
i,j=1

and that

(20) (2 @e)ere =0, 1<k<l<r

From these, we see that the right-hand side of (18) acts as the identity on the sub-space of H*(F, Q)
spanned by {ere; : 1 < k <1 <r}. Now we consider the action of the right-hand side of (18) on e7. First
we note that

(21) (eiej & 62'6]‘)*6% =0
forall1<i<j<randalll<k<r, and also that

{CF e?, ik

e; ®e; 2
( ) % = 3cFef, i=kK.
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From the above equation, we get
ks T
(22) () e?@e?),el =3cper +0F26f =2cpel +cp Zef.
i=1 i#k i=1

Furthermore, we note that equation (17) implies that (>;_, €?)e? = (r 4+ 2)cp [pt]. It follows that

( Z el ® e?)*ei = (r+2)cp Ze?.

i,j=1 i=1
Combining the above computations, we see that the right-hand side of (18) acts as the identity on the
sub-space spanned by {e7}. Thus it acts as the identity on the whole cohomology group H*(F, Q). O

Proof of Proposition 1.3. We may work with complex coefficients and hence use an orthonormal basis
{ei} as above. Then statement (4) follows easily from Lemma 1.5 and Lemma 1.6.

Statement (i) follows from the fact that B* lies in H2*(F) @ H?*(F) ; see Lemma 1.4.

If we combine Lemma 1.4 with equations (19) and (20), we see that

(%2)*ekel =2crere;, 1<k<i<r.
Similarly, equations (21) and (22) give
(B?).e2 =2cp el +cpb.

Note that b = Y €?, and therefore
(B%).b = (1 +2)cp b.

Since by definition (b)* is generated by e;e; and e? — e?, we easily see that (82), is multiplication by
2cr on (b)1. This proves statement (iii).

Statement (iv) can be proved using Lemma 1.4. For example take e} € HS(F). Then we easily see
that B,e = e;. Using the explicit expression for B2 in Lemma 1.4, we get (B3).e; = 3(r + 2)cke). It
follows that (B3), o (B). is equal to 3(r + 2)c% on H(F, Q). The other equalities are proved similarly.

To prove (v), we assume that € satisfies the equation (12). We write € = > a;je; ® e; and hence
c=> a;jeie;. We define the transpose ¢ = "¢ = > aj;e; ® e;, where ¢ is the involution on I’ x F' that
switches the two factors. Let A = (a;;). Plugging in € into equation (12) and taking the H*(F) @ H*(F)-

component of the equation, we get

(23) ¢? = 2cp [Ar]aqa +

1
r+2° ®
where [ |44 means the H*(F) ® H*(F)-component. Given the explicit expression for [Ar] in Lemma 1.6,
we can compare the coefficients of the two sides of (23). When we consider the coefficient of e ® €2, we
get

1 (a:i)?
r+2 r+42’
which implies that a; = 1. Without loss of generality, we assume that a;; = 1 for 1 < ¢ < r’ and
a; =—1forr" +1<¢ <7, where 0 <7’ <r.

We first show that € is symmetric, meaning € = '*€. Applying ¢* to equation (12) and taking the
difference with the original equation, we get

(a;;)? =1-

€ _ (te)? = —%(cl +e)(@— ).
Note that the left-hand side is an element in H4(F) ® H*(F) and that ¢;(€ — t€) (resp. co(€ —'€)) is an
element in HS(F) ® H2(F) (resp. H?(F) @ H%(F')). Hence we conclude that
(24) ¢? = (f¢)?, (€ —1¢)=0.
Comparing the coefficients of e? ® eje; in €% and ('€)?, we get
(25) aijaij = ajaj, Vi, g, j.

By taking j =4 in (25) and by noting that a;; = £1, we get a,; = a;;. Hence € is symmetric.
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Now we have A = A, and Lemma 1.4 yields
¢ = Z Q;;AK1€;€5€k X ey
=CF Z @ijakl(fsijeX + 51-;66]Y + (5jkeiv) ® e
s T
=CF Z(Z akkQij + 2 Z airakj)e] @ ej.
i k=1 k=1

Note that the left-hand side of equation (12) is purely in H*(F)®@H*(F). Given Lemma 1.6 and considering
the H%(F) ® H?(F)-component of the right-hand side of (12), we get

(26) 2A4% + (trA)A — (r +2)I = 0.
Comparing the coefficients of e ® €7 for 7 # j in equation (23), we get
1 iG55
N2 iijj
(a45) r+2 r+2°

It follows that a;; =0 forall 1 <4¢,j <r' or v +1<4,j <r with ¢ # j. Comparing the coefficients of
e? @ ejey, for j # k in equation (23), we get

2aiiajk

r+2
Ifr' > 2, wetake 1 <i# j <71 and v +1 < k < r in the above equation. Recalling that a;; = 0 it
follows that a;, = 0 and hence we conclude that A is diagonal. If v’ =1, we take 7' +1 < i j <rin

the above equation, we can still conclude that A is diagonal. So, in any case, A is a diagonal matrix with
+1 coefficients in the diagonal. Then equation (26) implies that A = +1, namely € = +B. (]

2aijaik =

Corollary 1.7. Let F be a compact hyperkihler manifold of dimension 4 and let 7} be the class of the
Kiinneth projector on H'(F, Q) in H¥(F x F,Q). Then
1 1 1 1
0 2 2 6 8 2
= — b7, = —— 70,8, m = ———02B, om = —————b5.
Thom crr(r+2) * "hom cr(r+2) ! Tho cr(r+2) 2 i cpr(r+2) 2
Moreover, if F satisfies the assumptions of Proposition 1.3, then equation (12) defines a Kinneth decom-
position of the diagonal and we have
1
r+2

Proof. This follows from Lemma 1.4 and Lemma 1.5. (|

4 1

_ 2
Thom — 2CF ( -

b102).

The cohomological Fourier transform is then easy to understand.

Proposition 1.8. Let F be a compact hyperkdhler manifold of dimension 4 and let [F] be the cohomo-
logical Fourier transform. Then

(i) [F] o [F] = "UH2E o HO(F, Q) and on H(F,Q) ;

(ii) [Flo[F] = 2% on H2(F,Q) and on HS(F,Q) ;
(ii1) if F satisfies the assumptions of Proposition 1.3, [F] o [F] induces an eigenspace decomposition

HY(F,Q) = (b) @ (b)*, where [F]o [F] = (“t2cp)? on (b) and [F]o [F] = ¢ on (b)*. 0

2. THE FOURIER TRANSFORM ON THE CHOW GROUPS OF HYPERKAHLER FOURFOLDS

The aim of this section is to exhibit key properties that a cycle L € CH?*(F x F) representing the
Beauville-Bogomolov class B on a hyperkéhler variety F' of K3[2]-type should satisfy in order to induce
a Fourier decomposition as in Theorem 2 on the Chow groups of F. The two main results here are
Theorems 2.2 & 2.4 ; they reduce Theorem 2 to showing that L satisfies hypotheses (6), (7), (8) and (9).
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Although in this paper we will be mostly considering hyperkéhler varieties which are deformation
equivalent to the Hilbert scheme of length-2 subschemes on a K3 surface, in which case by [6, 44] we have
cr =1 (so that the Fujiki constant is equal to 3) and r = 23, we first formulate a more general version
of Conjecture 1.

Conjecture 2.1. Let F be a projective hyperkdhler manifold of dimension 4 whose cohomology ring is
generated by H?(F,Q). Let r = dimH?(F, Q). Then there exists a canonical cycle L € CH*(F x F) with
cohomology class B € H*(F x F,Q) satisfying

(27) L? = 2cpAp — (Ih +1g) - L — (212 — rlyly +213) € CHY(F x F),

r+2 r(r+2)
where by definition we have set | := '\ L and l; := pjl.

Theorem 2.2. Let F' be a hyperkihler variety of K32 -type. Assume that there exists a cycle L €
CH?(F x F) as in Conjecture 1 and assume moreover that

(7) LI?>=0;

(8) L.(l- L,o) =25 Lo for all o € CH*(F).

Then the action of (L?). on CH*(F) diagonalizes. Precisely, for A € Q, writing
{:={0 € CHY(F) : (L?).0 = Ao},

we have
CHY(F) = Ay ® A3, with A5 = F*CH*(F) := ker{L, : CH*(F)pom — CH*(F)};
CH*(F) = A @ A3, with A3 = CH?(F)pom ;
CH?(F) = A%, ® A2 @ A2, with A2, = (1) and A2 = L,CH*(F) C CH?*(F)nom ;
CHY(F) = A};
CH’(F) = AJ.

Moreover, 1- : A2 — CH*(F) maps A} isomorphically onto (Ad)nom with inverse given by L. and
I A} — CH3(F) maps A} isomorphically onto A3 with inverse given by 2—15L*, We also have the natural
inclusion | - A3 C A5,
Proof. Let us first remark that, by the projection formula, we have that for all ¢ € CH*(F) and all
i,j,k >0

(-1 L*Yo =1 - (L*).(I'-0).
The following lemma will be used throughout the proof of the proposition.

Lemma 2.3. Assume that there exists L € CH*(F x F) as in Conjecture 1 satisfying hypothesis (7).
Then

(28) (L*).(P) = 0if k+2j # 4, and (L°),1? = 23-25 [F], (L?).l =251, (LY).[F] =3 1>

Proof of Lemma 2.3. Following directly from the cohomological description of L are the following iden-
tities : (L°),1? = 23251 and L,l? =0 for j = 0,1. Now, using (6), we have

o i . *213?25 (Lg)*lz =0 1fJ =0;
(L)1 =21 + ¢ +550- (L°).l =25 if j=1;
—gl? (L) 2 =0 ifj=2.

Because Ap - L = (1a)«tA L = (ta)«l, where 1o : F — F x F is the diagonal embedding, we have after
intersecting (6) with L :

2 1
(29) L3 =2(1p)ul — %(ll +1p) - L? — ﬂ(m% — 23141y +213) - L,
which yields

2 )

=1 (L*),(I") = 0 for all j.

. _ ) .
LS*J:2J+1——L2*13+1 _
(L3). = 207+ — (1), () — =
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Finally, intersecting (6) with L? gives

2 1
L' =2(ta)«l? — = (lh + 1) - L — ——— (21 — 231115 + 213) - L?
which, combined with the previous computations, yields the relation (L*),I° = 3I2. O

The decompositions induced by the action L? on the Chow groups of F are established case by case.

Step 1 : CH*(F) = A} @ A}, with A} = FACH*(F).
Let 0 € CH*(F) and denote 7 := [ - L,o. Note that the statement (ii) of Proposition 1.3 implies that
Lo is homologically trivial and hence deg(7) = 0. Equation (6) applied to o gives

2 2d 2 2d
(31) (L), —2)o = — 21 Lo 2deel0) p 2 2deg(o)
25 23-25 25 23-25
On the one hand, by condition (8) we have I - L,7 = 257 so that
2 2 deg(7) 2
L =21 — =l - L,— 22 21>=21— — .25r = 0.
(L*) T =27 251 T 23.25l T 5 57 =0

On the other hand, we have (L?).l?> = 0 by Lemma 2.3.

Applying (L?). to equation (31) thus gives

(L) ((L?)s = 2)0 = 0,

which yields the required eigenspace decomposition for CH4(F ).

Let us now show that A = F*CH*(F). If ¢ € F*CH*(F), then 7 = [ - L,o = 0. Hence we get
(L?).0 = 20. It follows that

FYCHY(F) C A3,

Conversely, consider o € A3. Then equation (31) implies

2 2deg(o)
0="95" 3325 -
Since 7 is homologically trivial, we get deg(o) = 0, which further implies 7 = 0. Then by condition (8)
we have 25L,0 = L,7 = 0 which means that L,oc = 0. Hence we have
A3 C FA*CH*(F).
Finally, note that, as an immediate consequence of equation (31) and of the fact that deg((L?).0) = 0,
we have

(32) (A hom = {0 € CH*(F) : 1 - L.o = 250}.

Step 2 : CH*(F) = A3 @ A}, where A3 = CH*(F)pom.
Consider a divisor ¢ € CH?(F). Equation (6) applied to o gives
2
2y __ 4.
(L)« — 2)o 25l L.o.

Note that Lo is a divisor, and recall from Corollary 1.7 that L, induces an isomorphism H°(F, Q) =
H2(F, Q) with inverse given by intersecting with 2—151. Because CH' (F) injects into H2(F, Q) via the cycle
class map, we obtain that L,o = 0 if and only if ¢ is homologically trivial. In other words, we have
(L?),0 = 20 if and only if 0 € CH?*(F)pom. Statement (i) of Proposition 1.3 implies that (L?),o is
homologically trivial for all ¢ € CH*(F). Thus

((L?)s = 2)(L?).0 =0,
which yields the required eigenspace decomposition. Note for future reference that
(33) A3 ={o € CH*(F):l - L,o =250}.

Step 3 : CH*(F) = A3; @ A3 @ A3, with A3y = (), A3 = L,CH*(F) = L.(A})nom. Furthermore, we
have CH?(F)pom = (A3)hom ® AZ.
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Let ¢ € CH?(F) and denote 7 := L, (I - o). We know from (%) of Proposition 1.3 that L,oc = 0 and
that 7 is homologically trivial. Equation (6), together with the identity L.l = 0, then gives

(34) (1), ~ 20 =~ Lu(l-0) + o (/F[l] U m) L

In particular, equation (6) applied to 7 gives

2 2

L?), —2)r=—= _=

(L5 =27 = —5 55

where the third equality is hypothesis (8). Thus (L?).7 = 0. We then apply (L?), to equation (34) and
get, in view of the identity (L?).l = 251 of Lemma 2.3,

(35) (L), ((L?)s — 2)o = </F[z] U [a}> I, Vo€ CH*F).

We then apply ((L?). — 25) to the above equation and get
(L. ((L*). — 2)((L*). — 25)0 = 0, Yo € CH?(F),

which yields the required eigenspace decomposition.
It is worth noting that (35) implies that

(36) (LY. ((L?)s —2)0 =0, Vo € CH*(F)hom.

Let us characterize the eigenspaces A3;, A3 and A2. First we show that A3 is spanned by . If o € A3,

then we have
20 = (1), 2 = — o7+ o (/Fm U [0]) L

Since 7 is homologically trivial, we see that the homology class [o] of o is a multiple of the homology
class of . Consequently, there exists a rational number a such that ¢’ = ¢ — al is homologically trivial
and hence, by equation (36), we get

Lo(l-7) = Ll La(l-0) = ~ = (5L (1-0)) = ~2r,

(L*):((L?)« = 2)0" =0
Since o’ € AZ;, the above equation implies ¢/ = 0, namely o = al. This proves that A3 = ().
Identity (34), together with Proposition 1.3 (i), implies that o € CH?(F) satisfies (L?),0 = 20 if and
only if L,(l- o) = 0 and deg(l - 0) = 0. Thus, since A§ = F*CH*(F), we get
(37) A2 ={o € CH*(F): (L*).(l-0) =2l -0}.
In particular, this implies the inclusion [ - A2 C A3.
Finally, we give a description of the space A3. Statement (iii) of Proposition 1.3 implies that 0 is

not an eigenvalue of (L?), acting on the cohomology group H*(F, Q). Hence all the elements of A2 are
homologically trivial. Thus, if ¢ € A2, then we have

—90 = ((L%). — 2)o = —%L*(l o).

It follows that o = 3= L. (I - ¢), namely that A3 C L.CH*(F). Consider now ¢ € L,CH*(F). Note that o
is homologically trivial by statement (4i) of Proposition 1.3. By condition (8), we see that

L.(l-0) = 250.
Hence it follows that

(). =20 =~ 2 1-0) + o [110101) 1= 20,

which further gives o € A2. Thus we have the inclusion L,CH*(F) C A2. The above arguments establish
the equality

A2 = L.CH*(F).
Actually, since L.I? =0 and L,A3 = 0, we have

A(Q) = L*(Ag)hom-
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il-:Ag —

The identity (32) then implies that L, : (A§)hom — A§ is an isomorphism with inverse 5

(Ag)honr

Step 4 : CHY(F) = A}. Indeed, CH'(F) injects into H2(F, Q) by the cycle class map and L? acts as
zero on H2(F, Q) by Proposition 1.3 (ii).

Step 5 : CH°(F) = A. This is obvious from Lemma 2.3. O

Theorem 2.4. Let F' be a hyperkdhler variety of K3 -type. Assume that there exists L € CH*(F x F)
as in Conjecture 1 satisfying conditions (7) and (8). For A € Q, denote

Wi = {0 € CH(F) : Fo F(0) = \o}.
Then, with the notations of Theorem 2 and Theorem 2.2, we have

CH(F)o = Whas = (%), CH'(F)z =W = (Ag)uom: CH'(F)a = WY = A3;

8

CH*(F)o = W;;S = A3, CH*(F)y = W} = A3;

W(Z%s)z =A% = (), WE =A%, CH*(F), = Wi = A3
Assume moreover that L satisfies the following condition :
©)) (L?).(1- (L?).0) = 0 for all o € CH*(F).

Then
CH?(F)o = A5s @ A3,
Proof. All is needed is to understand the actions of (L*), and (L").(L®). on the pieces A}. Clearly, for
dimension reasons, (L*).A} = 0 either if i <4 —2s or i > 8 — 2s.
First, we note that the action of L? does not completely decompose CH4(F ). The correspondence
LY = [F x F] clearly acts as zero on CH*(F)pom. In particular L° acts as zero on A3. By Lemma 2.3, F

satisfies condition (28). Thus L* o L? acts as multiplication by 3-23-25 on [? and (L?).l? = 0. It follows
that the action of L* o L commutes with the action of L? on CH*(F). Therefore, A} further splits into

Aé = <l2> D (Aé)hom'

Now by condition (7) we have L,I?> = 0, and by Theorem 2.2 we have L,AZ = 0. We claim that L? o L
acts by multiplication by 3 - 25 on (Ag)nom- Recall that we have equation (29) for the expression of L3.
Thus, having in mind that L,o is homologically trivial for ¢ € CH*(F),

(I3)a(Leo) = 21 - Lo — 2 (1 - (L?)Luo + (L2)u(l - Luo)) + &1 Lo(I- L.o), for all o € CHY(F),
Condition (8) gives [ - L.(l- Lyo) = 251 - L,o and Theorem 2.2 gives L.o € A, i.e., (L?).L.o = 0. Hence
(L%).(Lyo) =31+ Lo — & (L*)(l- Lyo), for all o € CH*(F).

The claim then follows from the identity (32) which stipulates that [ - L.o = 250 for all 0 € (A$)hom-

Since A3 = CH?(F)yom, it is clear that L,A3 = 0. Consider o € A3. Then Theorem 2.2 gives L.o € A}
and [ - L.o = 250. Equation (29) applied to L.o yields

1
(L*)+Lyo =2l-L,o + %l -L,(l- L.o) =3 -250.

Condition (7), via Lemma 2.3, gives (L*),A3> = 0 unless k = 2, and Proposition 1.3 gives L,CH?(F) =
0. Recall that by Theorem 2.2 we have A2 = L.(A3)pom. Consider o € A3 and o € (Ad)nom such that
o = L,oo. Equation (29), together with equation (32), then gives (L3).o = 3 - 2500, so that

L.(L?) .0 =3 250.
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Let us now consider an element o € A%, According to (37), o € A3 if and only if [-o € A] ; and according
to Theorem 2.2, [ - o € Aj only if L.(I - o) = 0. Therefore applying (29) to o yields

2 2 1 58
3 P . _— . 2 _— 2 . _— . . = —_—— .
(38) (L)oo =2l -0+ 25l (L*)so + 55 (L7)s(l-0) + 251 L.(l-0) 25l o.

It immediately follows that

L.(L*).0=0, foralloc Al
Note that
(39) Condition (9) is equivalent to [ - A2 = 0.

Indeed, consider o € A%. On the one hand, (37) gives [ - o € A3. On the other hand, condition (9) gives
(L?).(l-0) =0, i.e., -0 € A}. But, by Theorem 2.2, CH*(F) = A ® Aj. Hence |- o = 0.
Thus, assuming (9), (38) gives (L?).o = 0 for all ¢ € A3. This yields the identity CH?*(F)o = A3 ®A3.

Finally, both CH'(F) and CH°(F) inject by the cycle class map into H?(F, Q) and H°(F, Q) respec-
tively, so that the proof here reduces to Proposition 1.3. (]

3. THE FOURIER DECOMPOSITION IS MOTIVIC

Let F be a hyperkahler variety of K3[2-type. In this section, we show that, provided F is endowed
with a cycle L € CH?*(F x F) representing the Beauville-Bogomolov class B satisfying (6), (7), (8) and
(9), the induced Fourier decomposition of Theorem 2 arises from a Chow—Kiinneth decomposition of the
diagonal.

Let X be a smooth projective variety of dimension d defined over a field k. Murre [39] conjectured
the existence of mutually orthogonal idempotents 7, ..., 72¢ in the ring (for the composition law) of
correspondences CH?(X x X)) such that Ax = 7%4...4+72% € CH(X x X) and such that the cohomology
class of m € H24(X x X) C End(H*(X)) is the projector on H/(X). Here H’/(X) denotes the (-
adic cohomology group H’ (X7, Q). Such a decomposition of the diagonal is called a Chow-Kiinneth
decomposition ; it is a lift of the Kiinneth decomposition of id € End(H*(X)) via the cycle class map
CHY(X x X) — H?(X x X). Furthermore, Murre conjectured that any Chow-Kiinneth decomposition
satisfies the following properties :

(B) 7iCH?(X) = 0 for i > 2j and for i < j ;
(D) ker{nZ : CH/(X) — CH’(X)} = CH/(X)nom.
If such a Chow-Kiinneth decomposition exists, we may define a descending filtration F* on CH’(X) as
follows :

F'CHY(X) := ker{(n% + ... + 7% ~"1), . CH/(X) — CH’(X)}.
Thus FOCH/ (X)) = CH (X), FICH/ (X) = CH/ (X )pom and F/+'CH (X) = 0. Murre further conjectured
(C) The filtration F* does not depend on the choice of Chow-Kiinneth decomposition.

It is a theorem of Jannsen [32] that Murre’s conjectures for all smooth projective varieties are equiva-
lent to the conjectures of Bloch and Beilinson [12, 13] ; see [32, Conjecture 2.1] for a formulation of these
conjectures. Here we show that a hyperkahler fourfold that satisfies the assumptions of Theorems 2.2
and 2.4, e.g. the Hilbert scheme of length-2 subschemes on a K3 surface or the Fano scheme of lines on a
smooth cubic fourfold, has a Chow-Kiinneth decomposition that satisfies (B) and for which the induced
filtration on CH*(F) is the one considered in (4). Note that the existence of a Chow-Kiinneth decompo-
sition for the Hilbert scheme of length-n subschemes on a surface follows directly from the existence of
a Chow-Kiinneth decomposition for surfaces [38] and from the work of de Cataldo and Migliorini [18].
We will also give in Section 13 another way of constructing a Chow-Kiinneth decomposition for S©!. In
the same spirit as Conjecture 3, all these Chow Kiinneth decompositions for S should agree provided
that one starts with the Chow-Kiinneth decomposition for S given by 7% = 0g x S, 7§ = S x 05 and
7% = Ag — 7% — 7, where og is any point lying on a rational curve on S.

The following lemma relies on a technique initiated by Bloch and Srinivas [14].
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Lemma 3.1. Let X be a smooth projective variety over a field k and let Q0 be a universal domain
containing k. If f € CHY™X(X x X) is a correspondence such that (fo).CHo(Xq) = 0, then there is
a smooth projective variety Y of dimension dim X — 1 and correspondences g € CHdimX(Y x X) and
h € CHgim x (X X Y) such that f =goh. If dim X =0, then f =0.

Proof. The lemma is clear when d := dim X = 0. Let k(X)) be the function field of X. The assumption
that (fa).CHo(Xq) = 0 implies that (fi(x))«CHo(Xr(x)) = 0. Let n be the generic point of X seen as a
k(X )-rational point. In particular, (fx(x))«[n] = 0. The 0-cycle (fi(x))«[n] € CHo(k(X) x X) coincides
with the restriction of f along the map CH(X x X) — CHg(k(X) x X) obtained as the direct limit,
indexed by the non-empty open sub-sets U of X, of the flat pull-back maps CHd(X xX)— CHd(U x X).
Therefore, by the localization exact sequence for Chow groups, f is supported on D x X for some divisor
D inside X. If Y — D is an alteration of D, then f factors through Y. t

Proposition 3.2. Let X be a smooth projective variety over a field k and let 2 be a universal domain
containing k. If f € CHY™X(X x X) is a correspondence such that (fo).CH,(Xq) = 0, then f is
nilpotent. Precisely, if N := 24mX _ 1 we have foN = 0.

Proof. We proceed by induction on dim X. If dim X = 0, then by Lemma 3.1 f = 0. Let’s now assume
that dim X > 0. By Lemma 3.1, there is a smooth projective variety Y of dimension dim X — 1 and
correspondences g € CHdimX(Y x X) and h € CHgim x (X X Y) such that f = goh. The correspondence
(hogohog)a € CHaimy (Yo X Yq) then acts as zero on CH,(Yy). By induction, hogohog is nilpotent of
index 24mY — 1. It immediately follows that f is nilpotent of index 2. (24mY — 1) 41 =2dmX 1 O

Theorem 3.3. Let F' be a hyperkdihler fourfold of K3[2]-type that satisfies the assumptions of Theorems
2.2 and 2.4. Then F has a Chow-Kiinneth decomposition {r® w2 w4 75 78} that satisfies (B) and such
that

mSCH (F) = CH'(F)a;_s.
Moreover, {r°, w2, m* 76 7%} satisfies (D) if and only if the cycle class map cl : CH*(F) — H*(F,Q)
restricted to CH?(F)g is injective.

Proof. In view of Corollary 1.7, it is tempting to think that the identity (6) already gives a Chow—Kiinneth
decomposition of the diagonal (and this would be a consequence of Conjecture 3 ; see Theorem 8.18).
We cannot prove this but the arguments below consist in modifying the correspondences of Proposition
1.7 so as to turn them into mutually orthogonal idempotents modulo rational equivalence.

First we define 70 = Tl%l% and 7% = Tl%l% . These are clearly orthogonal idempotents. Then we
define

1
pi=gel-be CH*(F x F).

The correspondence p defines an idempotent in H¥(F x F,Q), which is the Kiinneth projector onto
HS(F) ; see Corollary 1.7. Because L.l2 = 0 € CH*(F), we see that po7® = 78 o p = 0. The action of p,
on CH*(F) is given by p.o = [- L,o and the action of p* is given by p*c = L.(l- ). The action of p, on
CH'(F), is zero unless 2i — s = 6, in which case p, acts as the identity, and the action of p* on CH*(F),
is zero unless 27 — s = 2, in which case p* acts as the identity ; see the proof of Proposition 2.2, especially
the identities (32), (33) and (37) therein. Finally, we note that po‘p factors through Lo L € CHY(F x F)
which is zero because L,I%2 = 0.

The above shows that the correspondence pop —p € CH*(F x F) acts as zero on CH*(F). By
Proposition 3.2, p o p — p is nilpotent, say of index N. It follows that the image, denoted A, of the
homomorphism of Q-algebras Q[T] — CH*(F x F) which sends T to p is a quotient of Q[T]/(TN (T —1)N),
in particular a commutative finite-dimensional Q-algebra. Moreover, if we consider the reduced algebra,
then p € A/Nil(A) is a projector. By Wedderburn’s section theorem (cf. [5]), we can lift p to a genuine
projector ¢ in A, which differs from p by a nilpotent element n € A. Since neither p nor 1—p are nilpotent
(they both define non-trivial projectors modulo homological equivalence), we remark that n must factor
through pop —p. Thus p and ¢ are homologically equivalent correspondences and, because pop — p acts
as zero on CH*(F'), it is also apparent that p, and ¢. have the same action on CH*(F). Thus ¢ is an
idempotent whose cohomology class is the projector on H%(M) and whose action g, on CH*(F) is the
projector with image CH*(F), and kernel CH*(F)o ® CH*(F),.
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We noted that po!p = 0. We also noted that ¢ = p + n, where n factors through p o p — p and also
commutes with p. Therefore g o g = 0. We then define

m2:='qo(1-3q) and 7%:=(1-

The correspondences w2 and 7% are then clearly orthogonal idempotents in CH4(F x F). By Poincaré
duality, we see that the classes modulo homological equivalence of 72 and 7% are w2, and 75 |
respectively. It is also apparent that 7’CH*(F) = CH’(F), n2CH*(F) = CH'(F)y @ CH?*(F),,
mOCH* (F) = CH*(F)o @ CH*(F)q, and 73CH*(F) = CH*(F)o.

We now define

7t = Ap — (7% + 72 + 7% + 78).

It is then clear that {n°, 72 7% 7% 78} defines a Chow-Kiinneth decomposition for F which satisfies
T CH*(F) = CH?(F)o ® CH?(F)y ® CH*(F)4 as well as Murre’s conjecture (B).

Finally, note that the correspondences ’p and ‘q act the same on CH2(F Jhom : they project onto
CH2(F)2 along CHQ(F)O,hom. Moreover, g acts as zero on CHQ(F)hom. Thus 72 acts like *p on CHQ(F)hom.
By the above, we also have a decomposition CH?*(F) = im{7?} @ im{n?} = im{n?} @ ker{n?}, where
74 and 72 are acting on CH?*(F). Therefore, Murre’s conjecture (D) holds if and only if ker{z?} =
CH?(F)pom if and only if im{72} = CH?*(F)pom if and only if CH?(F)g hom = 0. O

Let us end this paragraph with the following proposition which gives evidence for the uniqueness up
to sign of a cycle L € CH?*(F x F) satisfying the quadratic equation (6).

Proposition 3.4. Let F' be a hyperkahler fourfold of KS[Z]—type endowed with a cycle L € CHQ(F X
F) representing the Beauville—Bogomolov class 8. Assume that L is symmetric, that is 'L = L, and
satisfies (6), (7), (8) and (9). Assume that the Fourier decomposition of Theorem 2.4 satisfies CH?(F) -
CHQ(F)Q C CH4(F)4. Assume the Bloch—Beilinson conjectures. Then L is the unique symmetric cycle
in CH?(F x F) representing B that satisfies the quadratic equation (6).

Proof. Let L be as in Theorem 1 and let L+ E be another cycle representing 8 that satisfies the quadratic
equation (6). In particular, E' is homologically trivial. Writing ! := ¢\ L, l; := p}l, ¢ := A\ E and ¢; := pe,
where ta : F — F' X F is the diagonal embedding and p; : F' x F' — F are the projections, we have

1
(L+E)*=2Ap — h+ei+la+e) (L+E)— ((h +51)2+(12+52)2)+?5(l1 +e1)- (la+e2).

2 2
25 2325
Subtracting the equation satisfied by L and pulling back along the diagonal, we obtain
e24+2e-1=0 € CHY(F).

Since F is homologically trivial, ¢ is also homologically trivial. Assuming the Bloch—Beilinson conjectures,
we get by Theorem 3.3 that ¢ € CH?*(F);. Therefore we have on the one hand €2 € CH*(F)4 by
assumption, and on the other hand e -1 € CH*(F); by Theorem 2.4. It immediately follows that
e2 =¢-1=0. By Theorem 2.2, [- : CH*(F)y — CH*(F) is injective. We conclude that ¢ = 0.

Let us now write h(F) = h°(F) @ b%(F) @ h*(F) @ h°(F) @ h¥(F) for the Chow—Kiinneth decom-
position of F obtained in Theorem 3.3. Here h(F) is the Chow motive of F and h?!(F) is the Chow
motive (F,7%). Then the motive of F' x F' has a Chow-Kiinneth decomposition @_, h¥(F x F),
where h*'(F x F) := @’_,h* (F) ® h* 2/ (F). The Bloch-Beilinson conjectures imply that CH?*(F x
F)hom = CHA(h2(F x F)) = CH*(h?(F) ® h°(F) @ b°(F) ® b*(F)) = p;CH*(h(F)) ® p5CH* (h*(F)) =
prHQ(F)hom @ngHQ(F)hom. Therefore, there exist p and v € CH? (F)hom such that
E = pip+ pyv.

That & := i E = 0 yields u+v = 0. On the other hand, if one assumes that ‘L = L and *(L+F) = L+ E,
then 'F = E, so that p = v. We conclude that gy = v = 0 and hence that E = 0. (]

Remark 3.5. As will be shown in Sections 14 and 19, if F' is the Hilbert scheme of length-2 subschemes
on a K3 surface or the variety of lines on a cubic fourfold, then there is a symmetric cycle L € CH?(F x
F) representing the Beauville-Bogomolov class B that satisfies (6), (7), (8) and (9). Moreover, the
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Fourier decomposition induced by such a cycle L € CH?*(F x F) satisfies the extra assumption CH?(F)s -
CH?(F)y C CH*(F), of Proposition 3.4 (and in fact CH?(F), - CH?(F), = CH*(F),) ; see Proposition
12.9 and Theorem 20.2.

4. FIRST MULTIPLICATIVE RESULTS

4.1. Intersection with [. In this paragraph, we consider a hyperkéhler fourfold F' endowed with a cycle
L € CH?*(F x F) representing the Beauville-Bogomolov class B that satisfies hypotheses (6), (7), (8)
and (9). These hypotheses which are prerequisites to establishing the Fourier decomposition for F' are
related to the understanding of the intersection of [ with 2-cycles. Here, we basically reformulate these
hypotheses in the context of the Fourier decomposition.

First, it is straightforward to extract from the statements of Theorems 2.2 and 2.4 the following.

Proposition 4.1. We have
CH*(F)y = (I) - CH%(F),.

Second, (9) can be reformulated as the following.

Proposition 4.2. We have
CH(F)o = (1) - CH(F)o.
More precisely, we have
W2 = ker {I- : CH?*(F) — CH*(F)}.
Proof. Recall from Theorems 2.2 & 2.4 that CH?(F) = CH?(F)o @ CH?(F), with CH?(F)o = (I) ® A3,
CH?*(F), = A2, and that [- : CH?*(F)y — CH*(F) is injective. We also have A3 = W?. Thus, because
CH*(F)o = (I%), we are reduced to prove that [ - A3 = 0. But then, this is (39). O

4.2. Intersection of divisors. In this paragraph, we consider a hyperkahler fourfold F' which is either
the Hilbert scheme of length-2 subschemes on a K3 surface or the variety of lines on a smooth cubic
fourfold. Tt will be shown in Parts 2 and 3 that there exists a cycle L € CH?*(F x F) representing the
Beauville-Bogomolov class B that satisfies hypotheses (6), (7), (8) and (9). Moreover, it will also be the
case that [ := (AL = %CQ(F), where tan : F — F x F' is the diagonal embedding. The goal here is to
prove Theorem 4.6, which sets in the context of the Fourier decomposition the following result.

Theorem 4.3 (Voisin [54]). Let F be either the Hilbert scheme of length-2 subschemes on a K3 sur-
face or the variety of lines on a smooth cubic fourfold. Then any polynomial cohomological relation
P([er(L;)); [ei(F))]) = 0 in H?*(F,Q), L; € Pic F, already holds at the level of Chow groups : P(c1(L;); c;i(F)) =
0 in CH*(F).
Lemma 4.4. Let D;, D, € CH'(F) be divisors on F. Then

(i) Dy -Dy € W@ (l) (= CH*(F)o) ;

(ii) S, D; - D € Wi if and only if >_1" | qr([D;], [D}]) = 0.

Proof. By Proposition 1.3, [ - L.(D; - Dg) vanishes. Therefore, according to (6), we have

%L*(l Dy - D) + % (/F[z} U [D1] U [Dz]) L.

By Theorem 4.3 and the fact that | = 2¢o(F), [ - Dy - Dy is a multiple of 2, so that L.(l- Dy - Do) = 0.
It is also a fact that [.[l] U [D1] U [D2] = 25qp([D1], [D2]). Hence

(L*)+(D1 - D2) = 2Dy - Dy + qp([D1], [D2]) 1,
which establishes item (ii). Since (L?).l = 251 by Theorem 2.2, we find that
(L? - 25),(L* — 2).(Dy - D3) =0,
that is, Dy - Dy belongs to A2@® A2,. By Theorem 2.4, A2 = W2 and A2, = (I), and item (7) is proved. [

(L*).(Dy - Dy) = 2D; - Dy —

oo
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Lemma 4.5. Let D € CH'(F) be a divisor. Then
(i) L.D* =3qp([D]) D ;
(ii) (L?).D* =0 ;
fiii) D = Zqp([D])1- D.
Proof. (i) — L.D? is a divisor whose cohomology class is

23

[L.D*] =) (ID*]ue)e Z3qF (D], ei) e: = 3qr([D]) [D].

i=1

Thus L,.D?* = 3qr([D]) D.
(#) and (44i) — According to (6), together with the above, we have

2 2
(L*),D? = 2D — 5l L.D?®=2D3 — Q—;qp([D]) l-D.

Since by Theorem 2.2 CH*(F) splits as A3 @ A3 under the action of L?, with A3 = CH?(F)pom, we get
2[D3) = Z3qp([D]) [I] - [D] = 0. Theorem 4.3 yields 2D* — £3¢p([D])1- D = 0. O
Theorem 4.6. Let P(D;,l), D; € CHI(F), be a polynomial. Then

P(D;,1) e HCH'(F

Proof. By Theorem 2.4, we have to show that P(D;,1) € (I?) ® W3 @ (1) ® W2 @ CHY(F) @ (I°). Given
Theorem 4.3 and Lemma 4.4, we only need to show that P(D;,l) € W for all weighted homogeneous P
2

of degree 3. First we note that the intersection of three divisors can be written as a linear combination
of cycles of the form D3. Since [ - D is proportional to D3, we only need to show that D3 € W3, = A}.
2

Observe that by Lemma 4.5 we have
1-L.D?=3qp([D))Il-D = 25D,
so that the proof follows from (33). O
Remark 4.7. By Theorems 2.2 & 2.4 and Lemma 4.5, we actually have CH*(F)y = (CH'(F))? =
(I) - CH'(F).
Let us end this section with the following lemma, which will be used in Part 2 and Part 3.

Lemma 4.8. Let Vg C CH*(F) be the sub-algebra generated by all divisors and Chern classes of F'. Then
any cohomological polynomial relation P among elements of the sub-algebra of CH*(F x F) generated by
piVr and p3Vg holds in the Chow ring CH*(F x F).

Proof. This is a consequence of Theorem 4.3. We assume that P is a polynomial of bidegree (e1,e2). We
take a basis

{ay,a2,..., 0y}

of Vp N CH®(F'). Then we can write
i=1

where P; are polynomials in Vg of degree e5. There exists a basis {by,ba,...0,,} of Vp N CH* “(F)
such that deg(a; - b;) = d;;. If P = 0 in cohomology, then P; = P.b; is homologically trivial. It follows
from Proposition 4. 3 that P; = 0. Consequently, we get P = 0 at the Chow group level. (]
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5. AN APPLICATION TO SYMPLECTIC AUTOMORPHISMS

The results of this section will not be used in the rest of this manuscript. The goal here is to show
that the Fourier decomposition reduces the question of understanding the action f* of a morphism
f+ F — F on the Chow group of zero-cycles of a hyperkéhler variety F' to the understanding of the
action of f* on certain codimension-two cycles ; see Proposition 5.1. We then use recent results of Voisin
[56], Huybrechts [30] and Fu [23] to exemplify this method to the cases where F' is the Hilbert scheme
of length-2 subschemes on a K3 surface or the variety of lines on a cubic fourfold ; see Proposition 5.2
and Theorem 5.3, respectively. Note that, in both cases, we show that our cycle L representing the
Beauville-Bogomolov class B is preserved under the action of any automorphism f: F' — F.

Proposition 5.1. Let F' be a hyperkdahler variety of dimension 2d for which the decomposition
d
CH*(F) = @D CH*!(F)y,  CH*(F)g, =1%° - (L,CH*(F))"*
s=0

in Congecture 2 holds true. Let f : F — F be a morphism such that f*c = ac for all o € L*CHQd(F)
and f*1 = bl, for some a,b € Q. Then f* acts as multiplication by a*b%* on CHQd(F)gs. In particular,
ifa=>b=1 then f* =1d on CH*!(F).

Proof. By assumption, CHQd(F)gs is generated by elements of the form (9~ %¢ - - - o, where o; € L*CHQd(F).
The compatibility of f* and the intersection product shows that f* acts as multiplication by a*b%~* on
such elements. [l

Note that by Remark 3.5, Theorem 2 and Proposition 4.1, if F' is the Hilbert scheme of length-2
subschemes on a K3 surface or the variety of lines on a cubic fourfold, then CHy(F’) has a decomposition
as in Conjecture 2.

An automorphism f : F — F of a hyperkdhler variety F' is said to be symplectic if f* = Id on
HY(F,Q%). The conjectures of Bloch-Beilinson predict that a symplectic automorphism acts trivially on
CHy(F') ; see [32]. This was proved to hold for symplectic involutions on K3 surfaces by Voisin [56] and
generalized to symplectic automorphisms of finite order on K3 surfaces by Huybrechts [30].

Combined with Proposition 5.1, these results give the following proposition in the case where F' is the
Hilbert scheme of length-2 subschemes on a K3 surface S.

Proposition 5.2. Let f: S — S be a symplectic automorphism of finite order of S and f : F— F the
induced symplectic automorphism of F = S, then

f*=1d: CHy(F) — CHo(F).

Proof. The notations are those of Part 2. Let € S be a point and let S, be the surface parameterizing
all length-2 subschemes W C S such that x € W. Since f is an automorphism, one sees that x €¢ W
if and only if f~'z € f~'W. Hence at the level of Chow groups we have f*Sx = Sf«z. As a special
case, one has f *Se, = 8,, since o is the class of any point on a rational curve of S and f maps a rational
curve to a rational curve. Similarly, a length-2 subscheme W C S is non-reduced if and only if f~'W
is non-reduced. This implies f*5 = §. Since f preserves the incidence of subschemes of S, we have
(f x f)*I =1. It follows that (f x f)*L = L, where L is as in (92). Thus we get

Fl=f"(a)L=(a)(f x f)'L=(a)L=L

Now since L,CHo(F) is generated by cycles of the form S, —.S,, we see that the condition f* =1Id on
L.CHy(F) is implied by f* = Id on CHg(S)hom, which was established by Voisin [56] and Huybrechts
[30]. We can then invoke Proposition 5.1 with a = b =1 to conclude. O

In the case where F is the variety of lines on a cubic fourfold, let us mention the following recent result
of L. Fu [23].
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Theorem 5.3 (Fu [23]). Let f : X — X be an automorphism of the cubic fourfold X such that f* =1d
on H3Y(X) — H>Y(X) and f : F — F the induced symplectic automorphism of F, then

f*=1d: CHo(F) — CHy(F).

Proof. The notations are those of Part 3. We reproduce, in our setting, the original argument of Fu.
First we note that the polarization g on F' is represented by the divisor of all lines meeting Hy N Ho,
where H; and H, are two general hyperplane sections on X. Since f maps a line to a line and maps a
hyperplane section to a hyperplane section, we have f* g = g. Note that the class c¢ is represented by all
lines contained in some hyperplane section, and hence we get f *c¢ = c¢. For a point t € F', with associated
line [; C X, we define Sj, to be the surface of all lines meeting the line /;. Since f is an automorphism
of X that preserves the degrees of subvarieties, we see that ; meets ,/ if and only if f~1I; meets f~1l.
From this we deduce (f x f)*I = I and f*S;, = Sjy«,, for all t € F. Tt follows that (f x f)*L = L, where
L is as in (107). Thus we get

Fl=FGa)yL=0a)(fx )’ L=(a)L=L
Now since L.CHg(F') is generated by cycles of the form S;, — Sj, , we see that the condition f* =1Id on
L.CH*(F) is reduced to
li, =l = f*ly, — f*ly,,  in CH*(X).
The above equality is implied by f* = Id on CH? (X)hom, which was established by Fu [23]. Hence we
can conclude by Proposition 5.1 with a =b = 1. O

6. ON THE BIRATIONAL INVARIANCE OF THE FOURIER DECOMPOSITION
Ulrike Greiner [26] has recently proved the following theorem.

Theorem 6.1 (Greiner [26]). Let F' and F’ be birational hyperkdihler varieties of K3 type. Then there
exists a correspondence v € CH*(F x F') such that y, : CH*(F) — CH*(F") is an isomorphism of graded
rings.

The main result of this section is Theorem 6.5, which roughly states that if ' and F’ are birational
hyperkahler varieties of KS[Z]-type and if the Chow ring of F' has a Fourier decomposition with respect
to a cycle L € CH?(F x F) representing the Beauville-Bogomolov class 9B, then the Chow ring of F’
also has a Fourier decomposition with respect to a cycle L' € CH?(F’ x F') representing the Beauville-
Bogomolov class B’ € H*(F’ x F’,Q). Thus Theorem 3 also holds for any hyperkihler variety birational
to the Hilbert scheme of length-2 subschemes on a K3 surface, or to the variety of lines on a very general
cubic fourfold. Theorem 6.5 is a generalization of Theorem 6.1 and the method of proof follows closely
that of Greiner.

The following result is due to Huybrechts [28, Theorem 3.4 & Theorem 4.7] in the non-algebraic setting.
As noted in [26], the proof adapts to the algebraic setting at the condition that the two varieties F and
F’ are connected by Mukai flops, which is the case for hyperkihler fourfolds of K3[-type by [58].

Theorem 6.2 (Huybrechts [28]). Let F' and F' be birational hyperkihler fourfolds of K312 _type. Then
there exist algebraic varieties F and F' smooth and projective over a smooth quasi-projective curve T,
and a closed point 0 € T such that

(i) %o =F and F,=F';

(ii) there is an isomorphism W : Fp\ (0} = 9}\{0} over T\{0}. O

In the rest of this section, we are in the situation of Theorem 6.2. Let n — T be the generic point of
T and let v, € CHY (%, x,, Z,) be the class of the restriction to the generic fiber of the graph of W. The
isomorphism W restricts to an isomorphism ¢ : %, — 977;, and 7, is nothing but the class of the graph
of 1. In particular, we have v, o 'y, = A(g{] and ‘v, 0, = Az, , where t~, denotes the transpose of ~,.
Let us write sg for Fulton’s specialization map on Chow groups of varieties which are smooth over T ;
see [25, §20.3]. If 2" — T is a smooth morphism, then the specialization map so : CH* (%) — CH"(20)
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sends a cycle a on the generic fiber 27, of 2" — T to the restriction to the special fiber Zj of a closure of
a to CH*(Z"). This map commutes with intersection product, flat pull-backs and proper push-forwards.
In particular, if we are dealing with varieties which are smooth and projective over T', then sy commutes
with composition of correspondences. We set

v 1= s0(7y) € CH*(F x F').

U. Greiner showed [26, Theorem 2.6] that v, : CH*(F) — CH*(F”) is an isomorphism of graded rings
with inverse given by ~*. Let us, for clarity, reproduce Greiner’s proof. Specializing the identities
T © tyy = Ag; and ‘9 © vy = Ag, immediately gives v o'y = Ap/ and yoy = Ap, so that
v : CH*(F) — CH"(F’) is a group isomorphism. Given a smooth projective variety X, the small
diagonal A, € CH*(X x X x X) is the class of the graph of the diagonal embedding ta : X — X x X
that we see as a correspondence from X x X to X. Thus, given cycles «, 3 € CH*(X), we have

a-B=1alaxB) = Al (axf).
In order to prove that . is a ring homomorphism, it is therefore enough to check that vy o AL, =
AT 0 (v x 'y) or equivalently that v o Al o (ty x ty) = AlL,. By specialization, it is enough to prove
that ~, o A123 o (tyy X ty,) = A123 But then, by [51, Lemma 3.3], we have
(40) (Bxa)Z=ao0Zo'f € CH" (X' xY'),
for all X, X', Y and Y’ smooth projective varieties and all correspondences Z € CH*(X xY), a €
CH*(Y xY’)and 8 € CH*(X x X’). Hence, by (40), we have fynoA‘f;'éo(t% X tyn) = (i X 7 X yn)*Af;%,
which clearly is equal to A123

Note that replacing ¥ by ¥ x ... x ¥, the above also shows that (y X ... X y).: CH*(F x ... x F) —
CH*(F’ x...x F’) is an isomorphism of graded rings with inverse (v x ... xv)*. The compatibility of the
Fourier decomposition with the intersection product can be expressed purely in terms of the intersection
theoretical properties of L :

Lemma 6.3. Let L € CH*(F x F) be a correspondence and let L' := (v x )« L. Then, for all integers
p,q,7 >0, we have

yo Lo Afyy o (pisL? - p3,L?) = (L) 0 Afls o (P3(L')7 - pa(L)9) o (7 x ),
yo L o (piepl? - L) = (L')" o (p"vA (L") - (L)) 0,
vo L o (pltpl? - pjuaL?) = (L) o (pi"tA(L))P - P ea (L)) oy,
where p; : F x F — F is the projection on the it" factor, pij : X F X FxF— FxF is the projection
on the product of the i™™ and j* factors, and similarly for F'.
Proof. It Z € CH*(X xY) and a € CH*(X), then we have the following formula
Z.o=Zoae€ CH"(Y),

where on the right-hand side of the equality « is seen as a correspondence from a point to X. For instance,
we have pfua LP = 'T'), o Al o LP, where on the right-hand side L? is seen as a correspondence from a
point to F' x F'. Thus the main point consists in checking that v commutes with L and its powers, with
projections and with diagonals. Precisely, writing I'y € CHgim x (X X Y') for the class of the graph of a
morphism f: X — Y we claim that

yoL"=L"oy, ~oAkL, :Aggo(’y xv) and yol'y =Ty o(yxn).

The following identities have already been established : y oty = Ap/, 'yoy = Ap and 7o Al o
(ty x ') = Aly,. Recall that (v x ... x v), is multiplicative. Thus (y x 7).(L") = ((y x 7)«L)" = (L')".
By (40), we get v o L" o'y = L'™ and hence, by composing with v on the right, v o L" = L™ o 7.
Therefore it remains only to check that for p;,, ;. : F™ — F*® the projection on the (i1,...,4s)-factor,
we have y** o T’ is the class of the graph of p;, . ;. and where

s

— Xn
Piq,..., is F;D'ﬂ .o ’ Where Fpi

i1,..00s

Pi, i, o F'™ — F'® is the projection on the (iy,...,i)-factor. But then, this follows immediately from
L0 (t,y)xn _ (,yx(n+s))*1“pi1 = F , . O

Piy,..is

1o is

7" o (*9)*" = Apn and from the identity v** o T,
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Lemma 6.4. Let F' be a hyperkdhler fourfold of K3[2]-type. Assume that there is a cycle L € CH*(F x F)
with cohomology class B that satisfies (6), (7), (8) and (9). Let (i,s) and (j,r) be pairs of non-negative
integers and set p == i — s and q := j —r. The inclusion CH'(F)a, - CH? (F)g, € CH™ (F)g 0, is
equivalent to having

(41) (LY. ((LP)uo - (LY)47) =0, for allt #4 —p—q, all o € CH*""?*(F) and all T € CH*72"(F).
Proof. Tt follows immediately from Theorem 2.4 that

(42) CH'(F)gs = (L=%),CH*"“"25(F) for all i, s
and that
(43) CH'(F)oy = () ker{(L¥).: CH'(F) — CH'~**2*(F)} for all i,s.
s'#d—its
This proves the lemma. (I

Theorem 6.5. Let F' and F' be two birational hyperkdhler fourfolds of KS[Q]—type. Assume that there
is a cycle L € CH?(F x F) representing the Beauville-Bogomolov class B that satisfies (6), (7), (8), or
(9). Then the cycle L' := (y x 7).L € CH*(F’ x F') represents the Beauville-Bogomolov class B’ on F,
and satisfies (6), (7), (8), or (9), respectively.

Assume that L satisfies all four conditions (6), (7), (8) and (9) and that the associated Fourier
decomposition of Theorem 2.4 satisfies CH'(F)qs - CH (F)g, € CH™ (F)g, 194 for some (i,s) and (j,7).
Then the Fourier decomposition associated to L' satisfies CHi(F/)Qs . CHj(F/)Qr - CHi's'j(F’)Q,«HS

Proof. The correspondence v € CH* (F x F') respects the Beauville-Bogomolov form by Huybrechts [29,
Corollary 2.7], so that [L'] = (v x v).8 = B'. If L satisfies (6), then Lemma 6.3 immediately shows that
L’ = yo Loty also satisfies (6). As a consequence of Lemma 6.3, we have for all ¢/, 7/ € CH*(F) and all
non-negative integers p, q, t,

(44) (L) ((L)s0" - (L')s7") = (L) (LP)s0 - (L)),
where we have set 0 := v*0’ and 7 := *7’. Thus it is clear that if L satisfies one of (7), (8) or (9), then
so does L'.

Assume now that L satisfies all four conditions (6), (7), (8) and (9). Then (44), together with
Lemma 6.4, yields that CH(F)q, - CHY (F)g, € CHY (F)gp49, if and only if CH'(F")q, - CHY (F')g, C
CH™ (F') gy y0s. O

Remark 6.6. Let F' and F’ be birational hyperkahler fourfolds of K3[2]—type. Assume that F' satisfies
Conjecture 3. Then the same arguments as the ones above combined with the fact [26, Lemma 3.4] that
Y«Co(F) = co(F’) show that F’ also satisfies Conjecture 3 with L' := (y x 7). L.

7. AN ALTERNATE APPROACH TO THE FOURIER DECOMPOSITION ON THE CHOW RING OF ABELIAN
VARIETIES

We wish to give new insight in the theory of algebraic cycles on abelian varieties by explaining how
Beauville’s decomposition theorem [8] on the Chow ring of abelian varieties can be derived directly from
a recent powerful theorem of Peter O’Sullivan [43]. This approach is in the same spirit as the proof of
Theorem 5, which will be given at the end of Section 8. It is also somewhat closer to our approach
for proving the Fourier decomposition for certain hyperkahler fourfolds of K3[2]—type. At the end of the
section, we further explain how O’Sullivan’s theorem easily implies finite-dimensionality [33, 42] for the
Chow motive of an abelian variety.

We insist that the sole purpose of this section is to illustrate the importance of O’Sullivan’s theorem,
and to a lesser extent to make manifest how powerful a similar result for hyperk&hler varieties (cf.
Conjecture 3) would be. In particular, this section is logically ill for two reasons. First, in order to
obtain his final result, O’Sullivan establishes Beauville’s decomposition theorem from his own machinery
(independent of Beauville’s) as an intermediate result [43, Theorem 5.2.5]. Second, O’Sullivan uses in a
crucial way that the Chow motive of an abelian variety is finite-dimensional [33].
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Let A be an abelian variety over a field k. O’Sullivan introduces the following definition. Consider
a cycle a € CH"(A). For each integer m > 0, denote by V,,(a) the Q-vector sub-space of CH"(A™)
generated by elements of the form p.(pja™ - p5a™ - ... - pha™), where n < m, the r; are integers > 0,
p; : A" — A are the projections on the ' factor, and p : A" — A™ is a closed immersion with each
component A" — A either a projection or the composite of a projection with [-1] : A — A. Then
a is called symmetrically distinguished if for every m the restriction of the quotient map CH*(A™) —
CH*(A™)/ ~pum, where ~p,, is numerical equivalence of cycles, to V,,(a) is injective.

Here is the main result of [43].

Theorem 7.1 (O’Sullivan). The symmetrically distinguished cycles in CH*(A) form a Q-sub-algebra
which maps isomorphically to CH*(A)/~pum under the projection CH*(A™) — CH*(A™)/ ~pum. More-
over, symmetrically distinguished cycles are stable under push-forward and pull-back of homomorphisms
of abelian varieties. ([

In particular, [A] € CH%(A) is symmetrically distinguished and consequently the graphs of homo-
morphisms f : A — A’ of abelian varieties are symmetrically distinguished. Indeed, we may write
'y = (ida x f)«[A] € CH*(A x A"). According to Theorem 7.1, another class of symmetrically distin-
guished cycles is given by symmetric divisors on A, i.e., divisors D € CH'(A) such that [-1]*D = D. A
direct consequence of Theorem 7.1 is thus the following analogue of Theorem 4.3 in the case of abelian
varieties.

Corollary 7.2. The sub-algebra of CH*(A) generated by symmetric divisors injects into cohomology via
the cycle class map. O

Note that Corollary 7.2 has been recently obtained by different methods by Ancona [4] and Moonen [36].

Denote A ?he dual abelifm variety of A. Let L beAthe Poincaré bundle on A ><A/A1 seen as an element
of CH'(A x A). We write L for the transpose of L ; L is the Poincaré bundle on A x A.

Proposition 7.3. Write wj € H*{(A x A, Q) for the Kiinneth projector on H'(A,Q). The Poincaré
bundle L satisfies the following cohomological relations :
A ) ifj #i;
J 2d—i __ ) ) )
[LY o [LJ = { (“1) il (2d — i)lal, . ifj =i.
Proof. The following proof is inspired from [7, Proposition 1]. Let us write H := H!(A, Q) and recall

that H*(A,Q) = /\k H'(A,Q) = /\k H. Let eq,...,eaq be a basis of H and let €Y, ..., ey, be the dual

basis. We then have o

L] =) ex®ef € H (A X A, Q).
k=1
As in the proof of [7, Proposition 1], we write, for K = {ki,...,k,} a sub-set of {1,...,2d} with
ki <...<kp ex =ex, N...Nex, and ej :=¢f A...Aey . A simple calculation yields

[L]P = p! ZeK ® ey,
where the sum runs through all sub-sets K C {1,...,2d} of cardinality |K| = p. If J is another sub-set
of {1,...,2d}, then (ex ® e} )xey = 0 unless J = K¢ :={1,...,2d}\K in which case (ex ® €}, )s€xec =
e(K)e),, where e(K) = 41 is such that ex Aexe = e(K) ey A...Aeaq. Noting that e(K¢)e(K) = (—1)%1
we get for I, J and K sub-sets of {1,...,2d}

y y (- )Elege ifT=J=KS
(ef ®er)s(ex ®eg)es = { 0 otherwise.

We therefore see that, if i # 7, then ([L]7 o [L]?¥~), acts trivially on e} for all sub-sets K C {1,...,2d},
i.e., that [L]? o [L]??~%" = 0 for i # j. On the other hand, if i = j and if J is a sub-set of {1,...,2d},
then ([L]? o [L]??~%).e; = 0 unless if |J| = i in which case ([L]' o [L]??~%),e; = i!(2d —i)! (€Y ® )« (ege @
eye )y = (—1)%!(2d —i)!e;. Thus [L]J o [L]??~% acts by multiplication by (—1)%!(2d —4)! on H*(4,Q) =
N\" H, and as zero on H' (A, Q) = N\’ H if j # i. O
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By the theorem of the square, the Poincaré bundle L is symmetric. Theorem 7.1 then implies that the
relations of Proposition 7.3 hold modulo rational equivalence. More precisely, L7 o L??~* = 0 if j # i and
if we define

R G VL T :
(45) ™ —m[/ oL f0r3110§2§2d,
then {r’ : 0 < i < 2d} is a ChowKiinneth decomposition of the diagonal A4 € CH%(A x A) that consists
of symmetrically distinguished cycles. Denote F := el the Fourier transform, it follows that

K3
CH'(A) = @D CH'(A),, with CH'(A), := (v*~*)*CH'(A) = {0 € CH'(A) : F(0) € CHI"""*(A)}.
s=i—d
Let T, € CHd(A x A) be the class of the graph of the multiplication-by-n map [n] : A — A. Since
[n]* acts by multiplication by n? on H’(A, Q) and since [}, is symmetrically distinguished, Theorem 7.1
yields
tl“[n] o 7Tj = ’17,]'7Tj7
and therefore
CH'(A), = {o € CH(A) : [n]*0 = n* % o}.
As a straightforward consequence, we get the multiplicative property of the Fourier decomposition :
CH'(A), - CH?(A), € CH™(A),,,. Let us however give a proof that does not use the multiplication-
by-n map. This will be used in the next section to establish that the Chow—Kiinneth decomposition
{m*:0 <i < 2d} is in fact multiplicative ; see Example 8.3. As in the proof of Lemma 6.4, the Fourier
decomposition may be characterized by

CH'(A), = (L¥=*),CH*"(A) = (] ker{(L*).: CH'(4) — CH***(4)}.
§'#2d—2i+s

Therefore, CH*(A), - CH’(A), € CH""(A), ., holds for all non-negative integers i, j,r and s if and only
if (L"), ((LP)so - (L9).7) =0 for all t + p + ¢ # 2d and all 0,7 € CH*(A). By Theorem 7.1, it is enough
to check the following cohomological formula :

(46) [L]" o [Afhs] o (Ps[LI” - p34[L)7) = 0 for all ¢ + p+ g # 2d,

where [A4},] is the class of the graph of the diagonal embedding ¢ : A — A x A seen as a correspondence
from A x A to A, and where p;; : A x Ax Ax A — A x A is the projection on the i*" and j*® factor.
But then this is straightforward as [L]? : H*(A, Q) — H*(A, Q) acts as zero on HY(A, Q) for g+p # 2d. O

Finally, we highlight the fact that O’Sullivan’s Theorem 7.1 encompasses Kimura—O’Sullivan’s finite-
dimensionality [33] for abelian varieties. Indeed, the cycles

Dsn ::% Z I'; and pan ::% Z e(o)Ty in CH™ (A" x A™)
€S, €S,
are clearly symmetrically distinguished. Here G,, is the symmetric group on n elements, € is the signature
homomorphism and T, is the graph of the action of ¢ on X™ that permutes the factors. Having in mind
the symmetrically distinguished Chow—Kiinneth projectors 7 of (45), we consider the projectors on the
even and odd degree part of the cohomology :

Ty = Zwm and w_ := Zw2i+1 in CHY(A x A).

For a cycle a € CHd(A x A), we denote a®" the cycle (p1n+1)*@ - (P2nt2) @ ... (Pnon)*a, where
pij « A2 — A x A are the projections on the i*" and j' factors for 1 < 4,5 < 2n. Then, with
those conventions, the cycles pgn o 7" and pan o ﬂf‘f" become homologically trivial for n >> 0. Being
symmetrically distinguished, they are also rationally trivial for n >> 0 by O’Sullivan’s Theorem 7.1,
thereby establishing Kimura—O’Sullivan’s finite-dimensionality for the Chow motive of abelian varieties.
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8. MULTIPLICATIVE CHOW-KUNNETH DECOMPOSITIONS

Let F' be a hyperkéhler variety. A Fourier transform with kernel a cycle representing the Beauville—
Bogomolov class acts as zero on the orthogonal complement of the image of Sym* H?(F,Q) inside
H*(F, Q). In general, this orthogonal complement is non-trivial. Thus, such a Fourier transform cannot
induce a bigrading on the total Chow ring of F' in general. However, it seems reasonable to expect the
Chow ring of hyperkéhler varieties to actually be endowed with a bigrading that is induced by a Chow—
Kiinneth decomposition (as in Conjecture 4). In this section, we introduce the notion of multiplicative
Chow—Kiinneth decomposition (c¢f. Definition 8.1), discuss its relevance and links with degenerations of
modified diagonals (cf. Definition 8.8), and give first examples of varieties that admit a multiplicative
Chow—Kiinneth decomposition. We also provide a proof for Theorem 5 ; see Theorem 8.18. The results
of this section will be used in Section 13 to show that the Hilbert scheme of length-2 subschemes on a
K3 surface admits a multiplicative Chow—Kiinneth decomposition, as well as to prove Theorem 6.

8.1. Multiplicative Chow—Kiinneth decompositions : definition and first properties.

Definition 8.1. Let X be a smooth projective variety of dimension d endowed with a Chow—Kiinneth
decomposition {7 : 0 < i < 2d} as defined in §3. The small diagonal A3 is the class in CHg(X x
X x X) of the image of the diagonal embedding X — X x X x X,z — (z,z,2). The Chow—Kiinneth
decomposition {7} is said to be
o multiplicative if, for all k # i + j, 7 0 Az o (1P @) =0 € CHg(X x X x X)
or equivalently if Ajpz =7, i, 7 0 Apgz o (1" @ 17) € CHa(X x X x X)) ;
o weakly multiplicative if, for all k # i+ j, 7% 0 A1z 0 (7 @ 77) acts as zero on decomposable cycles,
that is, if (7% o Ajpg o (7' @ 7)) (o x B) = 7l (wla - WZ,B) =0 for all o, 8 € CH*(X)

or equivalently if (Ziﬂ.:k 7F o Ajgz o (7' ® 7rj)> (axB)=a-pforall a,f € CH*(X).

Here, by definition, we have set 7 @ 77 := pigwi ~p§747rj, where p,. s : A* — A x A are the projections on
the r*" and s'" factors for 1 < r,s < 4. In both cases, the Chow ring of X inherits a bigrading

CHeg (X)s := 72" *CH'(X),
which means that CHby (X)), - CHLy (X), € CHEZ (X)), 4 s.

Remark 8.2. Let h(X) be the Chow motive of X. The diagonal embedding morphism ta : X < X x X
induces a multiplication map h(X)®@h(X) — h(X) and a co-multiplication map h(X)(d) — h(X)@h(X).
Denote h*(X) := 7’h(X). Then that the Chow—Kiinneth decomposition {7’ : 0 < i < 2d} is multiplicative
can be restated motivically as requiring that the multiplication map restricted to h*(X) @ h?(X) factors
through hi*7(X) for all i and j, or that the co-multiplication map restricted to h*(X)(d) factors through
D h'(X) @ H/(X) for all k.

A first class of varieties that admit a multiplicative Chow—Kiinneth decomposition is given by abelian
varieties :

Example 8.3 (Abelian varieties). As in the previous section, let A be an abelian variety of dimension
d, A its dual, and L € CHI(A X /1) the Poincaré bundle. By Theorem 7.1 and Proposition 7.3, the cycles
o= %L’ o L2~ j = 0,...,2d, are symmetrically distinguished and define a ChowKiinneth
decomposition of A. This Chow—Kiinneth decomposition is multiplicative. Indeed, by Theorem 7.1
again, in order to show that 7% o Aje3 0 (7! ® m7) = 0 for all k # i + j, it is enough to show that

[L]27=F o [Afys] o (pis[L) - pis[L}7) = 0 in cohomology for all k # i + j. But then, this is (46).
The following proposition gives a useful criterion for a Chow—Kiinneth decomposition to be multiplica-

tive.

Proposition 8.4. Let X be a smooth projective variety of dimension d endowed with a Chow-Kinneth
decomposition {m% : 0 < i < 2dx} that is self-dual (i.e., such that 'r’ = 7r§(d_l for all i). Endow X3
with the product Chow—-Kiinneth decomposition
7r§<3:: Z 7r§®7r§§®7r§§, 0<k<6d.
i1+io+iz=k
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Then the Chow-Kiinneth decomposition {m } is multiplicative if and only if the small diagonal A7, lies
in the degree-zero graded part of CHy(X?3) for the aforementioned product Chow-Kiinneth decomposition,
that is, if and only if (m3%) Ay = Ad,.

Proof. Here, the cycle W; ® 77@? ®7r§g is p’{AWEé -p§’57r§§ -p:’;ﬁwég where p,. s 1 X® — X? are the projections
on the r*" and s*" factors. The proposition follows at once from the formula

(47) (% @ T2 @) ATy =R 0 Afyg 0 (TR @ 1) =1k 0 Ay 0 (n¥ 2 @7 ),
where the first equality is (40). O

Example 8.5 (Abelian varieties, bis). Let A be an abelian variety of dimension d. Here is another proof
that A admits a multiplicative Chow—Kiinneth decomposition. By Deninger-Murre [21], A has a Chow—
Kiinneth decomposition that induces the same decomposition on CH*(A) as the Fourier decomposition
of Beauville [8]. In order to prove that this Chow—Kiinneth decomposition is multiplicative, it is enough
to check by Proposition 8.4 that [n]*Af,; = n*?Af,, where [n] : A x Ax A - Ax Ax A is the
multiplication-by-n map. But then, this follows simply from the fact that [n] restricted to the small
diagonal is n?¢-to-1.

The notion of multiplicative Chow—Kiinneth decomposition is stable under product :
Theorem 8.6. Let X and Y be two smooth projective varieties of respective dimension dx and dy each
endowed with a multiplicative Chow-Kiinneth decomposition {r’ : 0 <1i < 2dx} and {7}, : 0 < j < 2dy }.
Then the product Chow—-Kiinneth decomposition on X XY, which is defined as
(48) {7k oy = Z 77%@77{} :0<k<2(dx +dy)},

k=i+j

is multiplicative.
Proof. Let px : X XY x X XY x X XY — X x X x X be the projection on the first, third and fifth

factors, and let py denote the projection on the second, fourth and sixth factors. Writing Af,; for the
small diagonal of X and similarly for Y and X X Y, we have the identity

XxY X o x AY
Alyy’ = pxAizs - Py Algs.
We immediately deduce that
(T xy @ Thxy @ Txuy)eAs " = Z pX [(WE( Ty ® WI;()*A{;?)} Dy {(ﬁ/ ® Ty ® W@)*A{zg} .
i+i' =a
G+5'=b
k+k'=c

By Proposition 8.4, the cycles (% ® % ® %), A%, and (1l ® 7l @ %), AY,4 are both non-zero only
ifi+j+k=4dx and i’ + ' + k' = 4dy. Therefore

(T% y @ sy @ Ty )sAlonY =0 if a+b+c#4(dx +dy).

Hence, by Proposition 8.4 again, the product Chow—Kiinneth decomposition on X x Y is multiplicative.
O

Before moving on to modified diagonals, we state a proposition that will be useful when dealing with
multiplicative Chow—Kiinneth decompositions.

Proposition 8.7. Let X and Y be smooth projective varieties of dimension dx and dy, respectively.
Assume that both X and Y have Chow-Kiinneth decompositions {r% : 0 < i < 2dx} and {7l : 0 <
i < 2dy}. Endow X XY and X™ with the product Chow-Kinneth decomposition. Then the following
statements are true.

(i) If p1 : X XY = X and ps : X XY =Y are the two projections, then
o pia’ € CHE (X x Y1
for all o € CHZ (X)s and o/ € CH%,K (Y)s . In particular, we have
pICHE (X)s C CHP (X x V),  and pjCHZ(Y)y € CHZL (X X V).
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(i) If {71'3(} is self-dual, then Ax € CHES (X x X)o.
(i) If {71'3(} is multiplicative and self-dual, then the small diagonal embedding itpn, : X — X" 1is

compatible with the decompositions, namely

(tan) CHE (X7) C CHE(X)y and  (tan)«CHER (X)s © CHERX D (X,

In particular, the small diagonal (tan)«[X] is contained in CHdX(n 1)(X")
Proof. By definition, « satisfies (7 ).a = 0 for all i # 2p — s and o satisfies (73, )./ = 0 for all
j # 2p’ — s'. Note that

Ty = Z Ty ® Ty = Z PisTx * PayTy -
itj=k itj=k

We thus have

(T v )« (Pra - psa’) = > (Piamy - poamd )« (pia - pa)

itj=k
= > pi((k).a) - pi((m).a’).
itj=k
Therefore, since (7% ). = 0 unless i = 2p — s and (ﬂ'Y)*Oé = 0 unless j = 2p’ — s, we get that

(7% v )« (pia-psa’) =0 for all k # 2(p+p') — (s + s'). It follows that pja - pia/ € CHerp (X X Y)syer-

Let us now show that the diagonal Ay belongs to CHEY, (X x X)o, or equivalently that (7% ). Ax =0
for all k # 2dx. A direct computation yields

(7TX><X) Ax = Z (p24)*((p1<3ﬁ§< 'P§47Tg<) 'pTQAX)

i+j=k

- 3 ot
i+j=k

— Z 7TXO7T2dX i
i+j=k

_fo. b2y

| Ax, k=2dx.

We now prove (iii). By Theorem 8.6, the product Chow—Kiinneth decomposition on X" is multiplica-
tive for all n > 2. Note that

(tan+1)«[X] = 1,0) ()5 [X]) - P sr Ax € CHEL ™V (XY - CHE (XY,

It follows by induction that (1a ,)«[X] € CHdX "D (xm,.
Finally, we show that the decompositions are compatible with small diagonal embeddings. On the one
hand, if @ € CH{(X)s, then

(tam)a = pia- (tan)s[X] € CHY (X™), - CHE" ™V (X™)o € CHELX D (X,
On the other hand, if 8 € CHZ (X™)s, then

(tam)s(tan) B =B+ (tan).[X] € CHE (X™), - CHGE" ™V (X™) € CHE 7V (x7),.
Note that (ta,n)« is injective because p1 ota,, = idx. Thus we conclude that (ta,)*8 € CHEk(X)s. O

8.2. Modified diagonals and multiplicative Chow—Kiinneth decompositions. Another class of
varieties admitting a multiplicative Chow—Kiinneth decomposition that we have in mind is given by K3
surfaces. If X is a K3 surface and ox is the class of a point lying on a rational curve, then the Chow—
Kiinneth decomposition 7° := ox x X, 7% := X x ox and 7% := Ax — 7 — 72 is weakly multiplicative.
This is due to the fact proved by Beauville-Voisin [11] that the intersection of any two divisors on X is
a multiple of 0x and was explained in the introduction. We would however like to explain why this is in

fact a multiplicative Chow—Kiinneth decomposition. Proposition 8.14 will show that this boils down to
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the main result of [11] on the vanishing of some “modified diagonal”. Let us recall the definition of the
modified diagonal A as first introduced by Gross and Schoen [27].

Definition 8.8. Recall that the small diagonal is defined as
Az :=Im{X > X x X x X,z — (z,z,2)}

viewed as a cycle on X x X x X. Let ox € CHp(X) be a zero-cycle of degree 1. We define for
{i,4,k} = {1,2,3} the following cycles in CHg(X x X x X)

Ajj = pi;Ax - prox;

A; = pi[X] - pjox - prox,
where p; : X x X x X = X and p;; : X x X x X — X x X are the projections. The modified diagonal
(attached to the degree-1 zero-cycle 0x) is then the cycle

Aot := A1z — Ajg — Aoz — A1z + Ay + Ao + Az € CHy(X x X x X).
Here are two important classes of varieties for which Ao vanishes modulo rational equivalence.

Theorem 8.9 (Gross—Schoen [27]). If X is a hyperelliptic curve and ox is the class of a Weierstrass
point, then Aoy =0 in CHp (X x X x X).

Theorem 8.10 (Beauville-Voisin [11]). If X is a K3 surface and ox is the class of any point lying on
a rational curve, then Ao =0 in CHa(X x X x X).

Note that the condition that Ay vanishes is extremely restrictive. Indeed, if dim X > 1, a straight-
forward computation gives

(Atot)*(a X B) = OéUB, for all a € HP(X7Q), 6 € Hq(Xa Q)7 0 <p,q< dim X.

In particular, if dim X > 2, At never vanishes (consider a = 8 € H2(X, Q) the class of an ample divisor)
and, if dim X = 2, then Ao, = 0 imposes that H}(X, Q) = 0. Even in the case of curves, the vanishing of
Aot 18 very restrictive ; one may consult [27] and [11] for further discussions. More generally, O’Grady
[41] considers a higher order modified diagonal, which is defined as follows. Consider a smooth projective
variety X of dimension d endowed with a closed point ox. For I C {1,...,m}, we let

AT (X;0x) ={(z1,...,2pm) € X" iy =z, ifd,jeTand x; =ox if i & I}.
The m'™ modified diagonal cycle associated to ox is the d-cycle on X™ given by

Ap(Xoox)i= 3 ()" AP (X 0x).
0AIC{1.2,....m}

One may also define the m™ modified diagonal cycle associated to a zero-cycle of degree 1 on X by
proceeding as in Definition 8.8. One can then ask if, given a smooth projective variety X, there exists a
zero-cycle ox € CHy(X) of degree 1 and an integer m > 0 such that A%, (X;0x) =0 € CHg(X™). In
the case of abelian varieties, the following theorem answers a question raised by O’Grady. This result
was obtained independently by Moonen and Yin [37] by using the Fourier transform on abelian varieties
8, 21].

Theorem 8.11. Let A be an abelian variety of dimension d. Then A2%F(A;a) = 0 in CHg(A241) for
all closed points a € A.

Proof. By translation it is enough to show that A24M (A e) = 0 for e the identity element in A. The
cycle Afgtﬂ(A,e) is apparently symmetrically distinguished in the sense of O’Sullivan. Therefore, by
O’Sullivan’s Theorem 7.1, it is rationally trivial if it is homologically trivial. That it is homologically
trivial is proved by O’Grady in [41, Proposition 1.3].

An alternate proof of this Theorem will be given after the next proposition in Remark 8.13. (]

The significance of modified diagonals is made apparent by the following :
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Proposition 8.12. Let X be a smooth projective variety of dimension d over a field k. Assume that X
admits a multiplicative self-dual Chow—-Kinneth decomposition {Tl'i 10 <i < 2d} with m2d =X xoyx for
some degree-1 zero-cycle ox on X. Then A (X,0x) =0 for allm > 2d + 1.

Moreover, if 7t =0, then AT (X,0x) =0 for allm >d + 1.

Proof. For any I = {iy,iq,...,iy} C {1,2,...,m} we define II"* € CH™(X™ x X™) as the m-fold
tensor product of 7 copies of Ax and m — r copies of 72¢ with the diagonals Ax being placed in the
(i1,i9,...,1,)*" position. Then one easily checks that

(II7")A™ = AT (X;0x), where A™:= A7 1 (X,ox)={(z,2,...,2) 2 € X}
For example, if I = {1,2,...,n}, 1 <n <m, then

( ’{’3727___%})*Am =(Ax® - Ax 7@ - @), A" = {(x,...,z,0x,...,0x) :x € X}.
n times m—n times n times m-—n times
It follows that the m'™ modified diagonal satisfies
AR(X ox) = (II™).A™,  where T := > (=)™ oy
0AIC{1,...,m}

Substituting Ay = 7° +-+ 724 into the definition of II7*, we see that II7* expands into a sum whose
terms are of the form 77t @ 72 ® - - - @ wIm with ji, = 2d for all k ¢ I.

First we claim, without any assumptions on the smooth projective variety X, that II"™ can be expressed
as a sum of terms of the form 77 ® 172 ® - - - ® /™, where none of the indices ji, 1 < k < m, are equal
to 2d. For that matter, note that the term

(49) (7 ®. . . @m?) @@ ®. . @xtm-n), 0<li,...,lijm—pn <2dand 1 <n < m,
—_———
n times

appears in IT7* (with coefficient 1) if and only if {n + 1,n 4+ 2,...,m} C I. There are (miT) subsets
0#£1C{1,...,m}suchthat {n+1,n+2,...,m} C I and |I| = r. Tt follows that the term (49) appears

in II™ with coefficient
n
—1)mr = 0.
Z (=1) (m - 7')

r=m-—n
By symmetry, any term 7' ® 772 ® --- ® /™ with at least one index j; equal to 2d does not appear in
IT™. The claim is thus settled.

Now, assume that the Chow—Kiinneth decomposition {7¢} is multiplicative. By Proposition 8.7 (iii)

the small diagonal A™ belongs to CHé(Km_l)(X )o for the product Chow—Kiinneth decomposition on X
and hence

(T @r2g...@rm),A™ =0, for all j1 + ja + -+ + jm # 2d(m — 1).
When m > 2d +1 (or m > d+ 1 if 7t = 0), the condition j; + jo + -+ + jm = 2d(m — 1) forces at

least one index jj;, to be equal to 2d for (71 @ 172 @ - - ® 7wim),A™ to be possibly non-zero. This yields
AT (X, 0x) = (IT™),A™ = 0. O

Remark 8.13. Note that by combining Example 8.3 or Example 8.5 with Proposition 8.12, we obtain
another proof of Theorem 8.11.

In forthcoming work [48], we show that A%t?(C,¢) = 0 in CH,(C9+2) for all curves C of genus g
and all closed points ¢ € C. Let us also point out that, for a K3 surface S, O’Grady [41] shows that
AY (S 0) = 0, where o is any point on S[? corresponding to a subscheme of length 2 supported at a
point lying on a rational curve on S. This result can also be seen, via Proposition 8.12, as a consequence

of our Theorem 13.4 where we establish the existence of a multiplicative Chow—Kiinneth decomposition
for S

After this digression on higher order modified diagonals, we go back to the more down-to-earth 34
modified diagonal of Definition 8.8. In both cases covered by Theorem 8.9 and Theorem 8.10, the
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vanishing of the 3" modified diagonal Ay is directly related to the existence of a multiplicative Chow—
Kiinneth decomposition, as shown in the following proposition ; see also [55, §2.3].

Proposition 8.14. Let X be either a curve or a surface with vanishing irreqularity and let ox € CHo(X)
be a zero-cycle of degree 1. Consider the Chow—Kiinneth decomposition of X consisting of the 3 mutually
orthogonal projectors 10 = ox x X, 7% := X x ox and 7% := Ax — 7% — 2%, d =1 or 2. Then this
Chow-Kiinneth decomposition is multiplicative if and only if Ayoy = 0.

Proof. The “if” part of the proposition was already covered by Proposition 8.12. Let us however give a
direct proof of the proposition. By Definition 8.1, the Chow—Kiinneth decomposition is multiplicative if
and only if
Algg = Z 7Tk o A123 @) (71'7; ® 7Tj).
itj=k
Substituting 7¢ = Ax — 7% — 2% into the above expression and expanding yields
(50) Ajgz3 = — 100 Az 0 (1° @ 7°) — Az 0 (122 @ 7°) — Aoz 0 (70 ® ©2%)
+ A0 (1 ® Ax) + Apaz o (Ax @ 7°) + 7% 0 Agas.

In order to conclude it is thus enough to check that the first line of the right-hand side of (50) is
—(A1 + Ag + A3) and that the second line is Ajs + Agz + Ajz. This can be checked term-by-term by
using the formula (47). O

Remark 8.15. The notion of multiplicative Chow—Kiinneth decomposition is much stronger than the
notion of weakly multiplicative Chow-Kiinneth decomposition. For instance, it is clear that every curve
has a weakly multiplicative Chow—Kiinneth decomposition but, by Proposition 8.14 and the discussion
following Definition 8.8, the class of curves admitting a multiplicative Chow—Kiinneth decomposition is
restricted.

Other classes of varieties admitting a weakly multiplicative Chow—Kiinneth decomposition but that
should not admit a multiplicative Chow—Kiinneth decomposition in general are given by smooth hyper-
surfaces in P4. Indeed, let X be a smooth hypersurface in P% of degree d. Let ox be the class of h3/d,
where h := ¢1(Ox(1)). Then the Chow—Kiinneth decomposition 7° := ox x X,7? := Lh x h? 7% :=
éhz x h,7% = X xox and 73 := Ax — 70 — 7% — 7* — 7% is weakly multiplicative. Indeed, we have
CHix (X)o = (h?) for all i, and also CH'(X) = CH¢(X)o. We thus only need to check that h-a =0
for all @ € CHE&k(X);1. But then dh - a = i*i.a, where i : X < P* is the natural embedding. Thus
h - o is numerically trivial and proportional to h?, and so h - o = 0. In the case where X is Calabi-Yau,
similar arguments as in the proof of Proposition 8.14 show that the Chow—Kiinneth decomposition above
is multiplicative if and only if [55, Conjecture 3.5] holds.

From Proposition 8.14, we deduce the following two examples of varieties having a multiplicative
Chow-Kiinneth decomposition.

Example 8.16 (Hyperelliptic curves). Let X be a hyperelliptic curve and let ox be the class of a
Weierstrass point. Then the Chow-Kiinneth decomposition 7° := ox x X, 72 := X x ox and 7! :=

Ax — 7 — 72 is multiplicative.

Example 8.17 (K3 surfaces). Let X be a K3 surface and let 0x be the class of a point lying on a rational
curve. Then the Chow—Kiinneth decomposition 7% :=ox x X, 72 := X xox and 7' := Ax — 70 — 72 is

multiplicative.

8.3. On Theorem 5. Let us finally prove a more precise version of Theorem 5, which shows that part
of Conjecture 4 for hyperkéhler varieties of K3[2]—type reduces to Conjecture 3.

Theorem 8.18. Let F' be a hyperkihler variety of K3[2]-type endowed with a cycle L € CH2(F x F)
representing the Beauville—Bogomolov class B. Assume that F satisfies the following weaker version
of Conjecture 3 : the restriction of the cycle class map @, CH*(F") — @, H*(F",Q) to V(F;L) is
injective. Then CH*(F') admits a Fourier decomposition as in Theorem 2 which is compatible with its
ring structure. Moreover, F' admits a multiplicative Chow—Kunneth decomposition.
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Proof. By Theorem 2.4, in order to obtain a Fourier decomposition for CH*(F) as in the statement of
Theorem 2, one needs only to check the existence of L satisfying conditions (6), (7), (8) and (9). Note
that composition of correspondences only involves intersection products, push-forward and pull-back along
projections. Therefore, if as is assumed V' (F'; L) injects into cohomology, then one needs only to check
that B satisfies (5), B.b% = 0, Bo(by-B) = 258 and (B?)o(by-B?) = 0. All of these can be read off the
results of §1. As before, note that the intersection product is induced by pulling back along diagonals. By
Lemma 6.4, in order to check that the Fourier decomposition is compatible with the intersection product
on CH*(F), one needs only to check a cohomological statement, namely B! o [Af} ] o (p1,BP - p5,B9) =0
for all t +p + q # 4. But then, this follows again from the cohomological description of the powers of
% given in §1. Finally, under our assumptions, the projectors defined in Proposition 1.7 define Chow—
Kiinneth projectors for F' and the fact that they define a multiplicative Chow—Kiinneth decomposition
follows from the cohomological equation above : B o [AL,]o (pi3BP - p5,B) =0 forall t+p+q #4. O

9. ALGEBRAICITY OF B FOR HYPERKAHLER VARIETIES OF K3"-TvpPE

In this section, we use a twisted sheaf constructed by Markman [35] to show that the Beauville—
Bogomolov class B lifts to a cycle L € CHQ(F x F) for all projective hyperkéhler manifolds F' deformation
equivalent to KS[”], n > 2. The proof goes along these lines : thanks to the work of many authors (cf.
Theorem 9.6), one may associate to any K3 surface S endowed with a Mukai vector v a variety M called
the moduli space of stable sheaves with respect to v. The variety M turns out to be a hyperkéahler
variety of K3[-type. The variety M x S comes equipped with a so-called “universal twisted sheaf” &,
from which one naturally produces a twisted sheaf .#Z on M x M. The idea behind twisted sheaves is
that a sheaf in the usual sense might not deform in a family, while it could deform once it gets suitably
“twisted”. The main result of Markman [35], which is stated as Theorem 9.12, stipulates that given a
hyperkéhler variety F of K3[™-type, there exists a K3 surface S and a Mukai vector v such that the
twisted sheaf .# over the self-product M x M of the associated moduli space M of stable sheaves
deforms to a twisted sheaf on F' x F. Furthermore, Markman shows the existence of characteristic classes
(k-classes) for twisted sheaves. Our sole contribution then consists in computing the cohomology classes
of the k-classes of the twisted sheaf on F' x F' ; see Proposition 9.11, Lemma 9.14 and Theorem 9.15.

9.1. Twisted sheaves and k-classes. Let Y be a compact complex manifold. In [35], Markman defined
the classes x,°P(&) € H?(Y, Q) for (twisted) sheaves & on Y. We will see that when Y is algebraic the
classes k;(&) can be defined at the level of Chow groups, lifting the topological classes.

Assume that Y is projective. Let K°(Y) be the Grothendieck group of locally free coherent sheaves
on Y, i.e., the free abelian group generated by locally free coherent sheaves on Y modulo the equivalence
generated by short exact sequences. Let y € K°(Y) be an element with nonzero rank 7, we define
(51) k(y) := ch(y) - exp(—ci(y)/r) € CH'(Y).

We use #;(y) to denote the component of x(y) in CH (Y). Note that #;(y) = 0 for all y € K°(Y) with
nonzero rank. We also easily see that « is multiplicative but not additive. We also have x(.Z) =1 for all
invertible sheaves £ on Y.

Keep assuming that Y is projective. Let K(Y) be the Grothendieck group of coherent sheaves on
Y. Since Y is smooth, every coherent sheaf can be resolved by locally free sheaves and it follows that
the natural homomorphism K°(Y) — Ky(Y) is an isomorphism. This makes it possible to extend the
definition of x to (bounded complexes of) coherent sheaves as long as the rank is nonzero. In this case,

L
the multiplicativity of x becomes k(& ® %) = k(&) - k(F) where & and .Z are (complexes of) coherent
sheaves. In particular, we have

(52) k(& ® L) = k(E),
for all invertible sheaves .Z.

Definition 9.1. Let Y be either a compact complex manifold or a smooth projective variety over an
algebraically closed field. Let 8 € Br'(X) := H?(Y, O} )tors, where the topology is either the analytic
topology or the étale topology. A O-twisted sheaf & consists of the following data.
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(1) Anvopen covering U = {Uq }aer of Y in either the analytic or the étale topology ;
(ii) A Cech cocycle {fap+} € Z2(U, O} ) representing the class 6 ;
(iii) A sheaf &, of Oy, -modules over U, for each o € I together with isomorphisms gng : &a

Uag —7
&3lu.,, satisfying the conditions : (a) gaa = id, (b) g;é = gga and () gapgsygya = Oapyid.

The twisted sheaf & is locally free (resp. coherent, torsion free or reflexive) if each &, is. The rank of
& is defined to be the rank of &,. If 6 = 0, then & is said to be untwisted.

Remark 9.2. Assume that Y is a smooth projective variety. If 8 = 0, so that & is an untwisted
sheaf, then 6,3 is a coboundary (after a refinement of the covering if necessary) and hence we can find
hap € OF,, such that
05, = haphphya-

If we modify gop by hap for all o and all 3 and take Gog := gaghag, then we may use g,g as transition
functions and glue the &, to a global coherent sheaf &. The ambiguity of the choice of hqg is a transition
function of some line bundle on Y. Hence & is defined up to tensoring with a line bundle on Y. Then
equation (52) implies that the class x(¢&) is independent of the choices. We define x(&) := x(&). By abuse
of notation, we will again use & to denote the sheaf &. Hence when & is untwisted, we automatically
view & as a usual sheaf of Oy-modules.

Let & = (Ua, 6u, gap) and & = (Ua, &, g,,5) be two O-twisted sheaves. We can define a homomorphism
f:& — & to be a collection of homomorphisms f, : & — &, such that fg o gag = g5 © fo. Then one
can naturally define exact sequences of 6-twisted sheaves and the K-group K¢ (Y, 0) of 6-twisted sheaves.

With the above remark, it makes sense to ask if x can be defined for twisted sheaves. The following
proposition gives a positive answer.

Proposition 9.3 (Markman [35]). Let Y be a smooth projective variety ; the function k can be naturally
extended to Ko(Y,0).

Sketch of proof. Assume that 6 has order r and & is a f-twisted sheaf. Then, with the correct definition,
the r*! tensor product of & is untwisted and hence r is defined on this tensor product. Then x(&) is
defined by taking the 7" root. See §2.2 of [35] for more details. O

Definition 9.4. Let X — B be a flat family of compact complex manifolds (or projective algebraic
varieties) and 6§ € Br'(X). A flat family of O-twisted sheaves is a f-twisted coherent sheaf & on X which
is flat over B.

Note that for all ¢ € B the restriction of & to the fiber X} gives rise to a #;-twisted sheaf &;. Usually
we do not specify the class § and call & a flat family of twisted sheaves. It is a fact that x'°P(&;) varies
continuously, which we state as the following lemma.

Lemma 9.5. Let & be a flat family of twisted sheaves on a flat family © : X — B of compact complex
manifolds, then HZOP(&) € H?(X;,Q), t € B, are parallel transports of each other in this family.

Proof. We may assume that B is smooth and hence that X is smooth. By taking some (derived) tensor
power of &, we get a complex &’ of untwisted locally free sheaves. The r-class of & is a r*P-root of the -
class of & ; see §2.2 of [35]. By flatness, the above tensor power construction commutes with base change.
Hence x'°P(&;) agrees with the r'"-root of k'°P(&/). As a consequence, we have k'°P(&;) = Kk'P(&)|x,.
This proves the lemma. (I

9.2. Moduli space of stable sheaves on a K3 surface. The concept of a twisted sheaf naturally
appears when one tries to construct universal sheaves over various moduli spaces of stable sheaves. We
will be mainly interested in the geometry of moduli spaces of stable sheaves on K3 surfaces ; our main
reference is [31].

Let S be an algebraic K3 surface. Let

H(S,Z) = H°(S,Z) & H2(S,Z) & H(S, Z)
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be the Mukai lattice of S endowed with the Mukai pairing
! / !/ /!
(v,v") ::/ —vp U vy + v1 U] —v2 Uy,
s

for all v = (vg,v1,vs) and v = (v}, v}, vh) in H(S,Z). Given a coherent sheaf & on S, its Mukai vector
v(&) is defined to be

v(&) = ch'*P(&)\/td"P(S) € H(S, Z).

For a Mukai vector v = (vg,v1,v2), we say that vy is primitive if it is not divisible as a cohomology
class in H2(S, Z). Given a Mukai vector v € H(S,Z), there is a chamber structure with respect to v on
the ample cone of S ; see [31, Appendix 4.C]. An ample divisor H on S is said to be v-generic if it is
contained in an open chamber with respect to v. Given v € ﬁ(S, Z) and an ample divisor H on S, we
define My (v) to be the moduli space of H-stable sheaves with Mukai vector v. The following result is
due to many authors ; see [31, Theorem 6.2.5] and the discussion thereafter.

Theorem 9.6 (Mukai, Huybrechts, Gottsche, O’Grady and Yoshioka). Let vy be primitive and let H be v-

generic, then My (v) is a projective hyperkihler manifold deformation equivalent to S™ forn = 1+ @

From now on, we keep the assumptions of the above theorem. Usually, the moduli space M := Mg (v)
is not fine. Namely there is no universal sheaf on M x S. However, if we allow twisted sheaves, it turns
out that there is always a twisted universal sheaf. We use myq : M xS - M and g : M xS — S to
denote the projections.

Proposition 9.7 ([17, Proposition 3.3.2 and 3.3.4]). There exist a unique element 6 € Br'(M) and a
T 0-twisted universal sheaf & on M x S.

Let p;; be the projections from M x M x S to the product of the i" and j* factors. Then the
relative extension sheaf &xt! (pj3&,p336), i > 0, becomes a (pi6~'p30)-twisted sheaf on M x M,
where p; and ps are the projections of M x M onto the corresponding factors. For our purpose, the
sheaf &xtl  (pis&, pss&) will be the most important. We will restrict ourselves to the case when & is

. P12
untwisted.

Lemma 9.8. Assume that & is a universal sheaf on M x S. Then both sheaves &xt)  (pi3&, ps3&)

and Ext?  (pi3&,p53&) are supported on the diagonal of M x M. For any point t € M, let & be the

P12
corresponding stable sheaf on S. Then both &xtY, (&,75&;) and Exts (£, 7s* &) are supported at the

point t.
Proof. Let Fy and E5 be two stable sheaves on S, then

0, Ei % Ej;

HOHl(El,EQ) = {(D B ~E
’ 1 = 2.

This implies that &ztY (pi3&,p3s&) is supported on the diagonal. By Grothendieck—Serre duality, we

P12
have Ext?(E1, Fy) = Hom(FEs, E1)V. It follows that Ext?  (pis&,ps3&) is also supported on the diagonal.
The second half of the lemma is proved similarly. O

Here we recall a result of O’Grady [40]. Let v € H(S, Z) with (v,v) > 0. Let
vV :=vt C H(S,7Z)

be the orthogonal complement of v with respect to the Mukai pairing. Note that the restriction of the
Mukai pairing to V' gives a natural bilinear form on V. We define

p = ch"™P(&)Urs(1+ [pt]) € H*(M x S, Q).

Let f: H(S,Z) — H*(M, Q) be the homomorphism sending a class o € H(S,Z) to maq, (1" Unha). We
recall from [31, §6] that if p =" pu; € H* (M x S, Q), then p" = > (—1)"p;.
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Theorem 9.9 (O’Grady [40]). The restriction of f to V followed by the projection to the H*(M,Z.)-
component, usually denoted 0,,, gives a canonical isomorphism of integral Hodge structures

0, :V — H*(M,Z)
which respects the bilinear pairing on V' and the Beauville—Bogomolov form on the right-hand side.
Furthermore, we have the following

Lemma 9.10. The homomorphism f enjoys the following properties.
(i) The H2(M)-component of f(v) is equal to 71, where 71 = —chioP(éoxt}TM (&,mEEL)) for some closed
point t € M ;
(ii) The HO(M)-component of f(v) is equal to 2—2n and f(w) has no H°(M)-component for allw € V.

Proof. The proof of the lemma goes along the same lines as the proof of [31, Theorem 6.1.14] so that we
omit the details here. (|

Proposition 9.11. Assume that there is a universal sheaf & on M x S. Let & := éaa:t;u(p’{?)é”,p;‘?)éa),
1=0,1,2. Then the component of /@gOp(cgal) in H2(M, Q) ® H?(M, Q) is equal to —B.

Proof. Take a basis {wy,...,wss} of V and set w; = 0, (w;). By the above result of O’Grady, we know
that {11, ...,wWes} forms a basis of H*(M,Z). Let u = > u! be the decomposition of p such that
w, € H*(M) @ H*(S). Let A = (a;j)23x23 be the intersection matrix of the bilinear form on V with
respect to the chosen basis, i.e., a;; = (w;, w;). Note that A is also the matrix representing the Beauville—
Bogomolov form on H?(M, Z) with respect to the basis w;. Let B = (b;;) = A~!. The result of O’Grady
together with the first part of Lemma 9.10 implies that

1
'\V __ b A, \
— L QW) —
(1h) E ij Wi J o — 2 £
1<i,j<23 1<i,j<23

. 1
T1 & ’Uv’ ,LLll = Z bZ]wZ X ’LU] —+ m']‘l X v.

The second part of Lemma 9.10 implies that pj = [M] ® v. Then we can compute
v = ch'P(prz, (p13[]" - Pis[])
= p1a. (Pisch" P (&)Y U pzsch™P(8) Upstds)
= p12. (Piapt” Upsap),

where the second equation uses the Grothendieck-Riemann-Roch theorem. Denoting [v]; ; the H/(M) ®
HY (M)-component of [v], we readily get

V2,2 = P12, (PTQ(N&)V U p;3ﬁ‘/1)

23 23 1
=2 D bybrpayii @iy g e
ij=1i,j'=1
23
= ) bt @by + L e
= ) i m— 92 1 1
=% .
=+ om_ot ® T
Similarly, we find [v]o,2 = —[M] ® 7 and [v]2,0 = 71 ® [M] from the second part of Lemma 9.10. Note

that
P12 (P13[6]Y - Phs[8)) = D (=1)'[67] € Ko(M x M)

and recall that by Lemma 9.8, &% and &2 do not contribute to ch; or chy. Hence we get

(o} 1 * E
[chy ™ ()22 = —[V]22 = —B — 9, — ol UpaTi,

chi® (&) = —[v]o2 — [V]2.0 = —PiT1 + Pi71.
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Then the s-class of &' can be computed as follows

KPP (&) = chP(£1) - eXp( _ Ciop(é"l))

2n —2
top/ p1 top/ @1Y)2

_ _ top ol top p1y | .. _chy (¢7) | (chy™(7))

_(2n 2 4 chiP(&1) + chiP(£1) + )(1 23t a7 )
Therefore

1
R (ET) = P o (8T

The Lemma follows by taking the H?(M) @ H?(M)-component. O

9.3. Markman’s twisted sheaves. Let F' be a hyperkahler manifold of KS["]—type, i.e., deformation
equivalent to the Hilbert scheme of length-n subschemes of a K3 surface, where n > 2 is an integer. In
[35], Markman constructed a twisted sheaf .# on F' x F which is the deformation of some sheaf that is
well understood.

Theorem 9.12 (Markman [35]). Let F' be a hyperkdhler manifold of K3 _type. There exists a K3
surface S together with a Mukai vector v € H(S,Z) with primitive v1 and a v-generic ample divisor H
such that there is a proper flat family m : X — C' of compact hyperkdhler manifolds satisfying the following
conditions :

(i) The curve C, which is connected but possibly reducible, has arithmetic genus 0.
(i) There exist t1,ta € C such that Xy, = F and Xy, = My (v).
(iii) A universal sheaf & exists on My (v) x S.
(iv) There is a torsion-free reflexive coherent twisted sheaf 4 on X x¢ X, flat over C, such that 4, :=
9| x,, is isomorphic to Ext)  (pi3&, p53E).

Definition 9.13. The twisted sheaf ¢;, on F' x F obtained in Theorem 9.12 will be denoted .# and,
although it might depend on choices, it will be referred to as Markman’s sheaf.

However, the low-degree cohomological k-classes do not depend on choices :

Lemma 9.14. Let x5 (#) = k5" + k2% + k30 be the decomposition of k\P () into the Kinneth
- 2 2 2 2 2
components ky’ € H(F) @ HI(F). Then we have
(i) k3% = =B in HY(F x F,Q) ;
(ii) k5" = 3pi(b — 5P(F)) and ky* = §p5(b — &P (F)) in HY(F x F,Q) ;
i) (Lp)* KX (M) = —cPP(F) in HY(F, Q), where tp : F — F x F is the diagonal embedding.
2 2

Proof. Since . deforms to the sheaf &' = &ut]  (pi3&, p33¢6) (by Theorem 9.12), we only need to check

(i) for &' which is Proposition 9.11. Statement (i) follows from [35, Lemma 1.4], and statement (iii)
follows from (i) and (ii). O

Theorem 9.15. Let F be a projective hyperkihler manifold of K3l -type, n > 2. Then there exists
L € CH*(F x F) lifting the Beauville-Bogomolov class B € H*(F x F, Q).

Proof. Let e(F) = deg(can(F')) be the Euler number of F. We first define

2
Li= gy (Rald) - Biean(F)) + ea(F) € CHY(P),
which, by (i) of Lemma 9.14, lifts the class b. Then we set
L. L.
L= —tis( M) + 5p7 (1 = e2(F)) + 5p3(1 = eo(F)) € CHA(F x F).
By (i) and (ii) of Lemma 9.14, we see that L lifts 9B. O

Remark 9.16. With definitions as in the proof of Theorem 9.15, the equality ¢} L = [ holds if and only
if item (77) of Lemma 9.14 holds at the level of Chow groups.
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Remark 9.17. Let S be a K3 surface and let F' = S be the Hilbert scheme of length-n subschemes
of S. Let Z C F x S be the universal family of length-n subschemes of S and let Z be the ideal sheaf
defining Z as a subscheme of F' x S. In this way, F' is realized as the moduli space of stable sheaves with
Mukai vector v = (1,0,1 — n), and Z is the universal sheaf. In this situation, there is no need to deform

and Markman’s sheaf is simply given by .# := &t} (33T, p53T). We can then define, for F' = st

(53) L:=—ko(M)+ %p’{(l —co(F)) + %pé(l —c3(F)) € CH*(F x F),

where [ := %pg,*(ﬁg(///) - piean(F)) + co(F). This cycle L represents the Beauville-Bogomolov class

B by virtue of Theorem 9.15. In the case where F' = S/, this cycle will be shown to coincide with the
cycle constructed in (92) ; see Proposition 16.1.
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Part 2. The Hilbert scheme S!?

10. BASICS ON THE HILBERT SCHEME OF LENGTH-2 SUBSCHEMES ON A VARIETY X

Let X be a smooth projective variety of dimension d. Let F' = X2 be the Hilbert scheme of length-2
subschemes on X and let

7z 1. x

)

be the universal family seen as a correspondence between F and X. For any w € F, we use Z,, := q(p~'w)

to denote the corresponding subscheme of X. Note that Z is naturally isomorphic to the blow-up of X x X
along the diagonal. Let p: Z — X x X be the blow-up morphism with £ C Z the exceptional divisor.
Then E is naturally identified with the geometric projectivization P(Jx) := Proj (Sym® QY ) of the
tangent bundle Jx of X. Let w : E — X be the natural projection. Then ¢ can be chosen to be p; o p,
where p; : X x X — X is the projection onto the first factor. Let A C F' be the points corresponding to
nonreduced subschemes of X, or equivalently A = p(E). As varieties, we have A = E. We will identify
A and E with P(Jx) and accordingly we have closed immersions j : P(Jx) < F and j' : P(Jx) — Z.
Hence we have the following diagram

(54) X< BT 7 P.XxxX
:
P(Tx) L F

Let § be the cycle class of %A. By abuse of notation, we also use § to denote its cohomological class in
H2(F,Z). If we further assume that H!(X,Z) = 0, then we see that

(55) H*(F,Z) = p.q¢"H*(X, Z) © Z0.
We also note that the double cover Z — F' naturally induces an involution 7: Z — Z.

Remark 10.1. If X = S is a K3 surface, then F is a hyperkahler manifold ; see [6]. The homomorphism
[Z]* : H(S,Z) — H?(F,Z) induces the following orthogonal direct sum decomposition with respect to
the Beauville-Bogomolov form ¢ :

(56) H%(F,Z) = H*(S,Z) & Z6.
Furthermore, g (8,5) = —2 and gr restricted to H2(S, Z) is the intersection form on S.

For any given point # € X, we can define a smooth variety X, = p(¢~'x) C F. The variety X, is
isomorphic to the blow-up of X at the point z and it represents the cycle Z*x. For two distinct points
x,y € X, we use [z,y] € F to denote the point of F' that corresponds to the subscheme {z,y} C X.
When z = y, we use [z, z] to denote the element in CHy(F') represented by any point corresponding to
a nonreduced subscheme of length 2 of X supported at x. As cycles, we have

(57) X, - Xy = [z,
Intersecting with 4 is unveiled in the following lemma.

Lemma 10.2. Let 7 : P(Jx) — X be the natural morphism and ¢ € CH'(P(Jx)) be the first Chern
class of the relative O(1) bundle. Then we have the following identities in CH*(F),

1 k—1
ok = %j*g’“l, k=1,2,...,2d;
" Xy = (71)k71(jm)*(£];71)3 k=1,2,...,d,
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where j, : m e = P(JIx ) — F is the natural closed immersion and &, is the class of a hyperplane on

P(Ix o). In particular, we have

(58) 6% X, = (=1) 2] in CHo(F).

Proof. First recall that p: Z — F has degree 2 and that § = %p*E. By the projection formula, we get
P(E*) = p.p*(8*) = 6" - p.(2) = 26",

)kfl

Note that E¥ = j/(—&)F~1 = (—1)k~15.¢k=1 Tt follows that 6% = (_%j*fk_l, k=1,...,2d—1. Now,

) 1 1 N 1 ~ e ~
&* Ko = §p*Ek X = §p*(Ek P Xy) = §p*(Ek (Xe+ T Xz)) :p*(Ek 'Xw)v

where X, = ¢~ !(z). Note that E - X, = (j.).P(Fx.), where j, = j'|,—1, and that (j,)*E = —£,. We
get

EF- X, = BN (1) P(Txe) = ()« ()T (BFY) = (=1D)F 1 (7). (€571,
Apply p. to the above equation and the second equality of the lemma follows since j, = po j.. O

11. THE INCIDENCE CORRESPONDENCE [

Let X be a smooth projective variety of dimension d and let F' := X[ be the Hilbert scheme of
length-2 subschemes on X. We introduce the incidence correspondence I € CHY(F x F) and establish a
quadratic equation satisfied by I ; see Proposition 11.4. We also compute, in Lemma 11.7, the pull-back
of I along the diagonal embedding ta : F' — F x F. The first result will already make it possible to
obtain in that generality a splitting of the Chow group of zero-cycles on X[ ; see Section 12. When X is
a K3 surface, the incidence cycle I will be closely related to the crucial lifting of the Beauville-Bogomolov
class B, and Proposition 11.4 and Proposition 11.7 will constitute the first step towards establishing the
quadratic equation (6) of Conjecture 1 ; see §14.2.

The notations are those of the previous section. Consider the diagram

Zx 7L xx X
pxpi
FxF
Definition 11.1. The incidence subscheme I C F' x F is defined by
I := {(wy,ws) € F X F : there exists a closed point € X such that = € Z,,,,7 = 1,2},

where the right hand side is equipped with the reduced closed subscheme structure. The incidence
correspondence is the cycle class of I in CH? (F x F) and, by abuse of notations, is also denoted I.

The following lemma justifies this abuse of notations.

Lemma 11.2. The incidence subscheme I enjoys the following properties.
(i) The sub-variety I is irreducible and its cycle class is given by
I=(pxplgxq*Ax in CHY(F x F).

Equivalently, if one sees the universal family Z of length-2 subschemes on the variety X as a
correspondence between F = X2 and X, then

I=%Z02Z, inCHYFxF).

(i) The diagonal Af is contained in I and I\Afp is smooth.
(iii) The action of I on points is given by

(59) I*[x,y] :Xx+Xy-
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Proof. Recall that Z is the blow-up of X x X along the diagonal and that ¢ : Z — X is the composition
of the blow-up morphism Z — X x X with the first projection p; : X x X — X. As a consequence, ¢
is a smooth morphism and ¢!z = Bl,(X) is the blow-up of X at the closed point z € X. It follows
that ¢ X ¢ : Z x Z — X x X is smooth. Hence Za = (¢ x ¢)"'!Ax C Z x Z is a smooth sub-variety
whose cycle class is (¢ x ¢)*Ax. Note that the image of p x p restricted to Za is I. In particular, T is
irreducible. To prove (i), it suffices to show that the morphism (p X p)|z, is generically one-to-one. A
general point of I has the form ([x,y], [y, z]), where z,y, z € X are distinct points and the inverse image
of ([z,y],[y,2]) in Z x Z is

{(07 @), p ™ (w,2), (0w ), 27w, 2)) (0 (), o7 (20 w), (0 H(ys ), o7 (2, ) -

Among these four points, the only point contained in Za is (p~!(y, ), p 1 (y, 2)). Since the degree of
p X pis 4, this proves that (p x p)|z, has degree 1 and hence statement (i) follows.

To prove (%), we note that the fiber of the natural morphism I — F' (projection to the first factor) over
a point [z,y] € F is [x,y] x (X; UX,), which is smooth away from the point ([z,y], [x,y]) if z # y. Hence
the singular locus of I is contained in the union of Ar and E xx E. Note that a length-2 subscheme
supported at a point z is given by a l-dimensional sub-space Cv C Jx, ; we use (z,Cv) to denote
the corresponding point of F. Let u = ((x,Cvy), (x,Cvy)) € I be a point supported on F xx E. Let
4 € Z x Z be the unique lift of u, and let

t—pi(t)eX, teC, |t <e,
be a germ of a smooth analytic curve with ¢}(0) € Cuv;, i = 1,2. We define
Qi {teC:t|<e} —Z
to be the strict transform of the curve
= (pi(t), pi(—t)) € X x X.
Let S C Z x Z be the surface parameterized by
(t1,t2) = (@1(t1), Pa(te)) € Z x Z.

Then Js4 C Tzxza is the kernel of d(p X p) : Tzxz.4 — Trxru. The scheme-theoretic intersection of
Za and S is given by the equation ¢1(t1) = @a(t2). It follows that S intersects I at the point @ with
multiplicity 1 if Cvq # Cuvg. This implies that the map Jz, 4 — J7,, is an isomorphism. In particular,
I is smooth at u if Cv; # Cuy or, equivalently, if u ¢ Ap. Hence we conclude that I\Ag is smooth.
Statement (7i7) follows directly from the definition of I. O

Definition 11.3. Let 0 € CH"(X) ; we define an element T, € CH*™(F x F) as follows.
Lo = (p xp)s(q x @) (tay)«o,
where ta, : X = X x X is the diagonal embedding.
Note that, if o is represented by an irreducible closed sub-variety Y C X, then I', is the cycle class of
(60) Ty :={(w,we) e FXF:3yeY, yeZ, andy € Z,,}
In particular, if we take Y = X, then we have 'y = I.

The following proposition is the analogue of an identity of Voisin, stated in (105), which was originally
proved in the case of varieties of lines on cubic fourfolds.

Proposition 11.4. Let §;, i = 1,2, be the pull-back of § via the projection of F x F to the it" factor.
We write

k—1
e = (=D)F1OF =D 6105+ 05), k=1,2,...,4d, d=dim X,
i=1
and yo := [F x F]. Then the cycle I satisfies the following equation in CH2d(F x F),
d—1
(61) P =20p+ya-T+Y uk-Tep,(x)-

k=0
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Proof. To prove this result, we first give a different description of the cycle I. Consider the following
diagram

ZXFLLXXF

pxll

FxF
The variety Z is naturally a sub-variety of X x F. Then I = (px1),(qx1)*Z. Let I = (¢x1)"'Z ¢ ZxF.

Note that I is smooth since g% 1 is a smooth morphism. Then we see that I is a local complete intersection
and

=/1/I”/sz = (g x )" Az xxF-
The morphism p x 1 induces a homomorphism
v=d(px1): ,/1/I~/Z><F — (px 1|1~)*r/VI/F><F-

The homomorphism ¥ fits into the following commutative diagram with short exact rows and columns

0 T Tzxrlf Ntjzxp ——=0

| | lﬂ

0——(px1;)*7; (p x 1]7)* Trxrlr (px 1p)* A pxr —=0

| | l

0 Q' PiOR(2E)|; 2 0

where p;, i = 1,2, are the projections of Z X I’ onto the two factors and all the sheaves are viewed as
their restrictions to I\(p x 1)"!Ap. In the above diagram, the middle column follows from the following
fundamental short exact sequence

0 yz p*gp OE(QE)HO.

Note that the morphism p x 1| : I — I is an isomorphism away from Ap C I ; it follows that ' = 0
away from (p x 1)"'Ap. Hence a Chern class computation on I\(p x 1)"1Ap gives

c((px Up)* Aypxr) = c(piOBQE))|; - (N7 p)
(62) = c(P1OB(2E))|; - (g X L) Az sxF)-
We have the following short exact sequence

0——=0z(F) ————— > 04(2E) ———— Og(2E) ——0.

From this exact sequence we get

1+2F
(63) c(Op(2E)) = 11 = =1+E- E*+E*—E*+...—FE*  in CH*(Z),d = dim X.
In order to compute the Chern classes of .47/ r, we consider the following diagram

q*yX _ q*yX

L

0 —— Iz — Ixxrlz —= Nz/xxp —0

L

0 yz p*yp OE(QE)HO

where all the rows and columns are short exact. As a result we have

(64) (Nyyx ) = elq” Tx) - (Op(2E)) = g"e(X) - (1 + B — B 4. — B,
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where ¢(X) =14 ¢1(X) + -+ + ¢4(X). Substituting (62) and (63) into (64) yields

(65) e((p X 17)* M pxp) = pi(1+ E — B2+ B> — B* 4 - — B2)[; - (g x 1];)"¢"c(X)

(gxUp)*A+E—-E>+E3—E' ... - E%)

=P (L4607 487 0"+ = )7 -pid’e(X));
(g x 1) p (A 46—6 48 -5t 4. — 6%

=pip (1 +0 -2+ — 6t 4o — 82|} pige(X)];
'p§(1+5—(52—|—53—54+..._52d)|i

=(px D)1 +6 — 07+ -5+ — ™)
(U0 = 83408 = 03 - = )7 pia e X,

when restricted to I\(p x 1)"'Ap. The second equation follows from the fact that p*d = E and that
the composition ¢ o (¢ x 1)|; is equal to (g o p1)|;. The third equation holds since the composition of
gx1lj: I — Zand p: Z — F is simply the second projection py : Z x F' — F restricted to I. Now we

need the following lemma.
Lemma 11.5. Let 0 € CH"(X) be a cycle. Then

(p X 1)*(pfq*0 : j) =T,
where p1 : Z X F'— Z is the projection to the first factor and p x 1 : Z x FF — F x F is the natural
morphism.

Proof. We may assume that o is represented by an irreducible closed sub-variety ¥ C X. Then by
definition, the class pjg*o - I is represented by the cycle

{(z,w) € Zx F:q(z) €Y and q(z) € Z},
whose push-forward to F' x F is easily seen to be 'y ; see equation (60). (I

Then the above equation (65) for c((p x 1|7)*A47/px ) implies
d
ca((p X 1) Mypxr) = Pig"en(X)| 1+ D> (0 % 1)y - pig"ca—w(X)] -
k=1
We apply (p x 1]7)« to the above identity followed by (ig)., where ig : [y = I\Ap — F x F\Ap is the
natural inclusion. Then we get
d
(i0)«Ca(N/pxF) = Zyk (px 1)u(piqca—i(X)-I), when restricted to F x F\Ap.
k=0
Recall that the self-intersection of I outside of the diagonal is given by the top Chern class of its normal
bundle. We then apply the localization sequence for Chow groups and Lemma 11.5 to obtain
d—1
(66) P=alAp+ya-T+Y Yk Tepo(x)
k=0
for some o € Z. In order to determine the integer o, we will compute the degree of (I?).[z,y] for a
general point [z, y] € F. First we have the following lemma.

Lemma 11.6. Let 7 € CHo(F), then I'vr =0 for allT' =y, -T'c, ,(x), k=0,1,...,d—1.
Proof. Since yy, is a linear combination of 5{5§7i, 1=0,1,...,k, we only need to show the following
(0185 " Ty p(x))e™ = 6" (Tey_y(x))+ (67 - 7) = 0.

Note that §°-7 = 0 unless i = 0. It reduces to showing that (I',).7 = 0 for all cycles o on X of dimension
less than d. Using the definition of ', we get

PiT Lo = (p X p):(p"7 x Z (g % 0)" (tax)+0) =0,
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where the second equality holds because ¢, p*7 is zero-dimensional and because ¢ has dimension less than
d =dim X. Thus (T,).7 = 0. O

Equation (66) above together with Lemma 11.6 shows that
(1), 9] = afz,y] + (—=1)*710% - L[z, y].
Recall from Lemma 10.2 that L[z,y] = X, + X,,, and §¢ - X, = (=1)?" [z, 2]. Tt follows that
(I*)slz,y] = a o y] + [, 2] + [y, y).

Meanwhile, we can calculate cohomologically the degree of (I?).[z,y] as follows. Note that under the
Kiinneth decomposition, the H?(X) ® H24(X)-component of [Ax] € H?¢(X) is given by

[Ax]o,2a = [X] ® [pt]
By Lemma 11.2, we see that the H?(F) @ H2¢(F)-component of [I] € H2¢(F x F) is given by
[To.2a = (p x p)«(g x )" ([X] @ [pt]) = 2[F] ® [X],
where z € X is any point. It follows that the H°(F) ® H*¢(F)-component of I? is given by
[o4a = 4[F] @ [Xz]* = 4[F] @ [pt].
Therefore

deg((1?)s[z,y]) = 4.
This implies that o + 2 = 4. The proof of Proposition 11.4 is complete. [l

Let us conclude this section with the following proposition.

Proposition 11.7. Let I € CHY(F x F) be the incidence correspondence. Then

d

AL = pagiea(X) + Y (1) pgeai(X) - 8,
=1

where ta : F'— F X F is the diagonal embedding.

Proof. We take on the notations from the proof of Proposition 11.4. The image I', of the morphism
(1,p) : Z < Z x F coincides with (p x 1)"'Ag. From the commutative diagram

(1,p)

Z ——> 7 xF
-
F——FxF
we get
pral =(L,p)"(px1)"1
=(Lp)I+T1)
= ca((L,P)" N5y zxp) + ca((L, D) N 7 )

)t
= p'psca((1,p)" ‘/Vi/ZxF)'

Note that A7, r = (¢ X 1|;)"Az/xxp and that (¢ x 1[7) o (1,p) is the identity morphism. Thus
(L,P)* N5 )z = Nzyxxp- 1t follows that

tAd = puca( Nz xxF)-

y (64), we have
d

ca(Nzyxxr) = q"ca(X)+ D> (1) "¢ cas(X) - E'.

i=1
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Note that E? = p*§’. We apply p. to the above equation and get

d
Al =pegiea(X)+ ) (=1) 7 'pagea-i(X) - 8.
=1

This proves the lemma. (Il

12. DECOMPOSITION RESULTS ON THE CHOW GROUPS oF X (2

Let X be a smooth projective variety of dimension d and F = X2 as in the previous two sections. In
that generality, it follows easily from the results in the previous section that the action of I? =11 €
CHQd(F x F) on CHy(F) diagonalizes with eigenvalues 2 and 4 ; see Proposition 12.2. When X is a
K3 surface or a smooth Calabi—Yau complete intersection, the cycle Ay introduced in Definition 8.8 is
supported on D x X x X for some divisor D C X (see Remark 12.4), and as a consequence we give other
characterizations of the eigenspaces for the action of (12). on CHy(F); see Propositions 12.7 and 12.8 for
the eigenvalue 4, and Proposition 12.9 for the eigenvalue 2.

Along the proof of Proposition 11.4, we have proved the following.
Proposition 12.1. The action of (I?). on CHo(F) can be described as
(I*).0 =20 + (1)1 I,o, Vo € CHy(F).
In concrete terms, we have
(67) (1)l 9] = 2[z, 9] + [x, 2] + [y, ).
We may then deduce the following eigenspace decomposition.
Proposition 12.2. The correspondence (I? — 4Ap) o (I — 2AR) acts as zero on CHy(F). Moreover,
ker {(I? — 2AF), : CHo(F) — CHo(F)} = ker {I, : CHo(F) — CH4(F)}
ker {(I* = 4Ap). : CHo(F) — CHo(F)} = im {CHo(A) — CHy(F)}
= im {6 : CHq(F') — CHy(F)}.
Here, A denotes the sub-variety of X2 parameterizing non-reduced subschemes of length 2 on X.

Proof. That (I2—4AFp)o(I?—2AF) acts as zero on CHg(F') follows immediately from Proposition 12.1 and
from the two formulas : L [z,y] = X, +X, and 6¢- X, = (—1)4"![z, 2] (Lemma 10.2). It is also immediate
from Proposition 12.1 that ker {I.} C ker {(I? — 2Ar).}. The inclusion ker {L.} D ker {(I? — 2AF).}
follows from the following computation

L(8% L[z,y)) = L(67 (Xo+ X)) = (1) ' L([z, 2]+ [y, 9]) = (- DT 12X+ X)) = (1) 2Lz, y).

The image of CHy(A) — CHy(F) is spanned by the classes of the points [z,z]. By (67), it is clear
that (I?).[x,z] = 4]z, z]. Conversely, if o € CHq(F) is such that (I?).oc = 40, then by Proposition 12.1
we have 20 = (—1)9715¢ . I,o. Therefore 20 € im {§?- : CHy(F) — CHg(F)}, which concludes the proof
since we are working with rational coefficients. O

We now wish to turn our focus on K3 surfaces and give other characterizations of the eigenspace
decomposition above. As it turns out, the property of K3 surfaces that is going to be used is also
satisfied by smooth Calabi—Yau complete intersections. This property can be stated as follows.

Assumption 12.3. There exists a special cycle ox € CHy(X) of degree 1 such that
pi(z—ox) pi(x —o0x) =0

in CHo(X x X) for all x € X, where p; : X x X — X are the two projections.
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Remark 12.4. One observes that the cycle pj(x — 0x) - p5(z — 0x) can be obtained by restricting
the cycle Ago of Definition 8.8 to {z} x X x X. Therefore, by Bloch—Srinivas [14], Assumption 12.3
is equivalent to asking for the existence of a special cycle ox € CHg(X) of degree 1 such that Ay is
supported on D x X x X for some divisor D C X. This is proved for smooth Calabi—Yau hypersufaces
by Voisin [55] and for smooth Calabi-Yau complete intersections by Fu [22]. In the case of K3 surfaces,
Atot = 0 by Theorem 8.10 of Beauville-Voisin. Thus Assumption 12.3 is satisfied by K3 surfaces and
smooth Calabi—Yau complete intersections.

Definition 12.5. Given ox € CHy(X), we define

(68) oF = p«p*(piox - p3ox) € CHo(F),
where p; : X x X = X, i = 1,2, are the projections. We also define
(69) X, :=p«q"ox € CHy(F).

We say that ox is effective if it is the class of a single point. Assume that ox is effective. By
abuse of notation, we will use 0x to denote both the cycle class and an actual point representing this
canonical class. We also use X, to denote the variety p(¢~lox). Furthermore, o is also effective since
it is represented by the point [0x,0x] € F. In this situation where ox is supposed to be effective,
Assumption 12.3 can be restated as requiring that, for all points = € X, we have

(70) [I,I]*2[0x,$]+[ﬂx,0X]:Oin CHO(F)
Let us then state the following proposition.

Proposition 12.6. Let X be a K38 surface or a smooth Calabi—Yau complete intersection. Then there
exists a point 0x € X such that for all points x € X we have

[z, 2] — 2[ox, 2] + [0x,0x] = 0 in CHo(F).

Moreover, the intersection of any two positive-dimensional cycles of complementary codimension inside
X is rationally equivalent to a multiple of 0x .

Proof. The first part of the proposition is a combination of the discussion above and Remark 12.4. The
second part of the proposition concerned with intersection of cycles is proved by Beauville-Voisin [11] in
the case of K3 surfaces, by Voisin [55] in the case of smooth Calabi-Yau hypersurfaces, and by Fu [22]
in the case of smooth Calabi—Yau complete intersections. Note that in the case of K3 surfaces, Beauville
and Voisin first establish that the intersection of any two divisors on a K3 surface is a multiple of o x and
then, after some intricate arguments, deduce that Ay, = 0, whereas in the case of smooth Calabi—Yau
complete intersections the logic is reversed : it is first proved that Ao is supported on a nice divisor and
then the intersection property is easily deduced. O

We then have the following complement to Proposition 12.2.
Proposition 12.7. If X satisfies Assumption 12.3 with ox effective, then
ker {(I? — 4Ap), : CHy(F) — CHo(F)} = im {CHo(X,) — CHo(F)}
=im{X, : CHy(F) — CHo(F)}.
Proof. The image of CHy(X,) — CHy(F) is spanned by the cycle classes of points [ox,z]. A direct
computation using (67) and (70) shows that (I?).[ox, ] = 4[ox, z]. Conversely, Proposition 12.2 shows
that ker {(1? — 4AFp), : CHo(F) — CHo(F)} is spanned by cycle classes of points [z,z]. But then, (70)

says that [z, 7] = 2[ox, 2] — [ox, 0x] = X, - (2X, — X, ), which implies that ker {(I? —4AF), : CHo(F) —
CHo(F)} Cim{X, : CHyq(F) — CHo(F)}. O

Proposition 12.8. Let X be a smooth projective variety with H'(X,Z) = 0. Assume that Assumption
12.3 holds on X and that the intersection of any d divisors on X is a multiple of ox (e.g., X a K3
surface or a smooth Calabi-Yau complete intersection ; cf. Proposition 12.6), then

CHY(F)®-I,CHy(F) = ker {(I? — 4AF). : CHo(F) — CHy(F)}.
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Proof. By Proposition 12.2, ker {(I? — 4AF),} is spanned by the classes of the points [x,z] for all x € X.
Since [z, 2] = (—=1)4716? - I, 2, we get the inclusion “D”.

As for the inclusion “C”, it is enough to show, thanks to Propositions 12.2 and 12.7, that D¢ - X, is
a linear combination of [z, z] and [z, 0] for all divisors D and all points € X. The decomposition (55)
implies that any divisor D on F is of the form

D =29 + ad, where ® = p,.¢*D, D € CH'(X), and a € Q.

Given o € CH;(F), 0 - o belongs to the image of CHo(A) — CHy(F), so that by Proposition 12.2 it
suffices to verify :

D¢ X, is a linear combination of [z, z] and [z, o].
Recall that we have the following diagram

7l xxxPox

|
F
with ¢ = p; o p. Let us compute D4 for any divisor D of the form p,¢*D, D € CH'(X).
D = pug™@ - (p.g"D)*!
=pe(@*D - (p*pug™ @)
= p(p"PID - (' PID + p"psD)" )

d—1
=pp i@ + D cipp (i psD), ¢ €Q
1=1

d—1
= deg(®?) X, + Zcip*p*(gd*i x D).
i=1

where the last equality holds since ®¢ is a multiple of ox. Thus
9. X, = deg(D9) [z,0x].

Actually, the above can be made more precise. We have

(71) §-9D-X,=0, forallzeX.

Indeed, 6 - D can be represented by a divisor F on A, so that for general x € X, S, does not meet F.
Thus we have proved
DX, = (-1)% el [z, 2] + deg(D?) [z, 0x].

Since X, - X, = [z,y], it is clear that the intersection product
CHy(F) ® CHy(F) — CHy(F)
is surjective. We define
(72) A = I,CHy(F) C CHy(F).
The following proposition essentially shows, as will become apparent once L is defined, the equality
CH?(F)y - CH?(F)y = CH*(F)4 of Theorem 3 in the case when F is the Hilbert scheme of length-2
subschemes on a K3 surface.
Proposition 12.9. Let X be a smooth projective variety. We have the following inclusions
Anom - Anom C ker{Z, : CHy(F) — CHy(X)} C ker{I, : CHyo(F) — CHy(F)} ;

and Anom * Anom 15 spanned by cycles of the form [x,y] + [z, w] — [z, 2] — [y, w].
Moreover, if X satisfies Assumption 12.3, then the above inclusions are all equalities.



54 MINGMIN SHEN AND CHARLES VIAL

Proof. Two distinct points z,y € X determine a point [z,y] € F and a general point of F' is always of
this form. By definition we have

Liz,yl =X, + Xy = Z"Z,[x,y].

If 0 € CHy(F) is such that Z,o = 0, then by the above equality we have I.o = 0. Thus ker(Z,) C ker(I,).
Recall that X, - X, = [z, y] so that, for a general point p € X, we have

[z, y] + [2,w] = [z, 2] — [y, w] = (Xp — Xo) - (X — X2)
= L([z,p] — [w,p]) - L([y, p] — [2,D]),

which by bilinearity shows that Apem - Anom 1s spanned by cycles of the form [z, y] + [z, w] — [z, 2] — [y, w].
It is then immediate to see that Anom - Anom C ker{Z.}.

Let us now assume that X satisfies Assumption 12.3 and let us show that ker{l.} C Apom - Anhom- We
further assume that oy is effective. Otherwise, in what follows, we replace [z,0x]| by p.p*(pix - p5ox)
and [0x,0x] by p.p*(pfox - p5ox). Then the same proof carries through. By Assumption 12.3, the key
identity (70)

(73) [x,2] = 2[x,0x] + 0p =0, in CHy(F)
is satisfied. Now let o = Y7, [z, vi] — >, [2i, wi] € CHo(F)hom be such that I,o =0, i.e.,
> (Xa, + Xy,) =Y (Xz, + Xu,) =0, in CHy(F).
By intersecting the above sum with X, ,, we get
Z([m“ ox|+ [yi, 0x]) — Z([Z“ ox]| + [wi,0x]) =0, in CHy(F).
Combined with equation (70), this yields > ([zs, z:] + [vi, ] — [24, 2] — [wi, w;]) = 0. Hence it follows

that
20 =2 (Y lwi il = Y [z wil)
=Y (X = X)* =D (Xey = Xu)® =D (s ] + i il — [20, 23] — [wi, wi))
=Y (X, — X)2 =) (X — Xy,)?
=Y (Llmiy0x] = [y 0x]))* = D (L([z, 0x] — [wi, 0x]))*.
This shows that ker{Z.} € Anom - Anom- 0

13. MULTIPLICATIVE CHOW—KUNNETH DECOMPOSITION FOR X 2]

In this section, we consider a smooth projective variety X of dimension d endowed with a multiplicative
Chow-Kiinneth decomposition in the sense of Definition 8.1. Recall that, denoting A%, the class of
{(z,z,z) : 2 € X} inside X x X x X seen as a correspondence of degree d from X x X to X, this means
that there is a Chow—Kiinneth decomposition of the diagonal

2d
Ax :ZWE(, such that A%, = Z T 0 Afgs o (T @ T%).
=0 i+i=Fk

In particular, such a multiplicative decomposition induces a bigrading of the Chow ring

CH*(X) = @ CHL, (X),,  with CHEZy (X), = (73 °).CH?(X).
p,s

Under the condition that the Chern classes of the tangent bundle of X belong to the degree-zero graded
part of the above decomposition, and viewing X2 as a quotient of the blow-up of X x X along the
diagonal for the action of the symmetric group &s, we show in Theorem 13.4 that X[ is naturally
endowed with a multiplicative Chow—Kiinneth decomposition. We first show that the projective normal
bundle of X can be endowed with a multiplicative Chow—Kiinneth decomposition. Then we show that
the blow-up of X along the diagonal has a multiplicative Gs-equivariant Chow—Kiinneth decomposition.
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Finally we deduce that X2 has a multiplicative Chow-Kiinneth decomposition. The point of Section 15
will be to check that the decomposition induced by this multiplicative Chow—Kiinneth decomposition on
the Chow groups of S?! coincides with the decomposition induced by the Fourier transform. Finally, in
§13.4, we prove Theorem 6.

13.1. Multiplicative Chow—Kiinneth decompositions for projective bundles. Let & be a locally
free coherent sheaf of rank r + 1 and let 7 : P(€) — X be the associated projective bundle. Let
¢ € CHY(IP(&)) be the class of the relative O(1)-bundle. Then the Chow ring of P(&) is given by

(74)  CH'(P(£)) = CH'(X)[e],  where &) 4 n%ei(E)€ +-- - + 7 e (E)€ + 77 erin (&) = 0.

The same formula holds for the cohomology ring of P(&£). We may then write, for each i > 0,
(75) &= ma; ¢,
j=0

for some unique a;; € CH'™/ (X), where a; ; is a polynomial of the Chern classes of &. It follows in
particular that 7.£* = a;, is a polynomial of the Chern classes of &.

Proposition 13.1. Suppose X has a multiplicative Chow-Kiinneth decomposition and c;(&) € CHgg (X )o
for all i > 0. Then P(&) has a multiplicative Chow-Kinneth decomposition such that the associated
decomposition of the Chow ring of P(&) satisfies

(76) CHE (P 696‘ 7" CHER (X))

Proof. The projective bundle formula for Chow groups gives an isomorphism
> e @CHP {(X) =5 CHP(P(&)).
1=0

This isomorphism is in fact an isomorphism of motives ; see Manin [34]. Therefore, the Chow—Kiinneth de-
composition of X induces a Chow—Kiinneth decomposition of Ap sy whose associated pieces CH¢ . (P(&))
of the Chow groups CH?(X) are described in the formula (76).

The self-product P(&) x P(&) x P(&) can be obtained from X x X x X by successively taking the
projectivizations of the vector bundles p;&’, i = 1,2,3. The subtle point here is that there are thus two
ways of obtaining a Chow-Kiinneth decompos1t10n for P(&) x P(&) x P(&) : either one considers the
product Chow—Kiinneth decomposition on P(&) x P(&) x P(&) induced by that of P(&£) (and this is
the one that matters in order to establish the multiplicativity property), or one considers the product
Chow-Kiinneth decomposition on X x X x X induced by that of X and then uses the projective bundle
isomorphism together with Manin’s identity principle to produce a Chow—Kiinneth decomposition on the
successive projectivizations of the vector bundles pf&’, i = 1,2,3 (and this is the one used to compute
the induced decomposition on the Chow groups of P(&) x IP(éa) x P(&) in terms of the Chow groups of
X x X x X as in (77) below). Either way, these Chow—Kiinneth decompositions agree. In particular, the
decompositions induced on the Chow groups of P(&) x P(&) x P(&) agree and satisfy :

(77) CHEx(P(6) x P(6) x P(6))s = @ (7)) CHEL ™ M (X x X x X), - £163¢3,
0<4,5,k<r

where 7%3 : P(&) x P(&) x P(£) — X x X x X is the the 3-fold product of m, and where & €
CH'(P(&) x P(&) x P(&)) is the pull-back of £ € CH'(IP(&£)) from the i factor, i = 1,2, 3.

By the criterion for multiplicativity of a Chow—Kiinneth decomposition given in Proposition 8.4, we
only need to show that

ALsS) € CHEEY (P(8) x P(&) x P(&))o,
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where A]g(f ) is the small diagonal of P(&) (cf. Definition 8.8). Consider the following diagram

P EpPyyPxxP—"sPxPxP

\ lﬂ';()?’ \LWXS

X 20 X x X x X,

where in order to lighten the notations we have set P := IP(&), and where tp,x is the small diagonal
embedding of P relative to X. By definition, we have

P(&
AT = ()alemyx). [P
Note that the Chow groups of P xx P x x IP are given by
(78) CH'(P xx PxxP)= €D (m/ ) CHI7R(X) - ()" (&) (¢5)",
0<i,j,k<r
where & = (//)*¢;. Hence we have
(yx)[P] = > (m/9) aun - (€)"(&)(€3)"
0<i,j,k<r

for some «a;;, € CH"(X). For each triple (I1,l2,l3) of non- negative integers, we intersect the above
equation with (&7)4(€5)2(£5)% and then push forward to X along 7r/X Noting that

(7)) ((LP/XMIP] (&)1 (&2)" (éé)ls) = m, £t Hs = polynomial in {c;(&)},

we obtain a bunch of linear equations involving the o;;i’s whose coefficients are all polynomials in terms
of the Chern classes of &. One inductively deduces from these equations that the o are all polynomials
of the Chern classes of &. Then, by assumption, we have a;;, € CHg (X)o. Note that

A]fz(:f) =t (tp/x)«[PP]
(e (€016 €)")

(=]
A
MM
El
IN
;

(e () Eeeh))

0<4,5,k<r

= Z (L (7T/X) Oézjk) 516253
0<¢,5,k<r

= Z ((73)* (1 3)suiji ) - ELESER.
0<i,j,k<r

Since (ta,3)«ijr € CHEk(X?3)o by Proposition 8.7, we conclude from (77) that AY,; € CH{ k(P x P x
P)o. O

13.2. Multiplicative Chow—Kiinneth decompositions for smooth blow-ups. In this paragraph,
we investigate the stability of the multiplicativity property for Chow—Kiinneth decompositions under
smooth blow-up. Let X be a smooth projective variety and let ¢ : ¥ — X be a smooth closed sub-variety
of codimension r 4+ 1. Let p : X — X be the blow-up of X along Y. Consider the following diagram

y "o X

where F is the exceptional divisor on X ; it is isomorphic to the geometric projectivization (A5 x)
of the normal bundle of Y inside X. Let & € CH'(E) be the class of the relative O(1)-bundle of the
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projective bundle E — X. The smooth blow-up formula for Chow groups [25, Proposition 6.7 (e)] gives
an isomorphism
— r—1
(79)  CHY(X)® P CH "M (Y) = CHP(X), (a,Bo,.--,Br1) = pra+ »_j.(& 7" By).
1=0
Proposition 13.2. Assume the following conditions :
(i) both X andY have a multiplicative Chow-Kiinneth decomposition ;
(ii) i*CHLy (X)s € CHEy (V)5 and i, CHEL (V) € CHEE (X)), for all p and s;
(iii) the homomorphism i, : CH,.(Y) — CH.(X) is injective;
() cp(Ny/x) € CHL (Y )o for all p > 0.

Then X has a multiplicative Chow—Kinneth decomposition such that

(80) CH, (X), = p"CHE, (EBJ* w*ng;j—l(Y)s)).

Furthermore, if CHLy (E)s is the decomposition obtained in Proposition 13.1, then we have
JCHP(X)s © CHP(B).  and  j.CHE (B), € CHEy (X)..

Proof. By Manin [34], the isomorphism (79) is in fact an isomorphism of motives so that the Chow-
Kiinneth decompositions of X and Y induce a Chow—Kiinneth decomposition of X such that the associ-
ated pieces of the decomposition of the Chow groups are as given in (80). Before proving that the above
decomposition is multiplicative, we first establish the compatibility results for j* and j.. We first note
that if a = p*a/, for some o/ € CHZ(X)s, then i*o/ € CHZ (Y)s and hence

Jfa=7%"a" € CHLk(E)s.

Similarly, if a = j, (&' - 7*a’) for some o/ € CHE 1Y), then
jra=j (¢ 7)) = Blp- ¢ wta’ = = o € CHYy(B),
where we used the fact that j*E = —£. Hence we have

J*CHE (X)s C CHy (B

To prove the compatibility for j,, consider a = &' - 7% for some o' € CH%%Z (Y)s. If I < r, then that
j«a belongs to CH? +1(X )s is automatic. Assume that [ = r. Then the key formula of [25, Proposition
6.7 (a)] (which is recalled later on in Lemma 14.1) implies

Pl = j. (cr(w*%/x/(?(—l)) . 7r*o/)
— . ((W*CT(JVY/X) & T (Myx) e ET I (M x) +ET) - ﬂ*a’).

Note that
o (€7 (il Aoy x) - o)) € CHEL(R),,

for all I’ < 7. Meanwhile, using the assumption (ii), we also know that p*i,a’ € CHEE! (X)s. Then one
casily sees that j,(¢"m*a/) € CHE (X),. In all cases, we have j,CHY (E), € CHAR (X),.

It remains to show that the Chow—Kiinneth decomposition of X is multiplicative. As in the proof of
Proposition 13.1, we would like to use the criterion of Proposition 8.4 to show that the small diagonal

A% (cf. Definition 8.8) belongs to CHZL (X x X x X )o, where the Chow-Kiinneth decomposition used
is the 3-fold product Chow—Kiinneth decomposition on X. For that purpose, we need to understand at
least how the Chow groups of X x X x X fit into the Chow groups of X x X x X (see (82)). Note
that the 3-fold product X3 of X can also be viewed as blowing up X x X x X successively three times
into X x X x X, X x X x X and then into X x X x X. The crucial point is then to observe that the
product Chow—Kiinneth decomposition on X3 agrees with the one obtained by starting with the product
Chow-Kiinneth decomposition on X3 and then by using the blow-up formula (79) and Manin’s identity
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principle after each blow-up necessary to obtain X3, As such, these Chow—Kiinneth decompositions for
X3 induce the same decomposition of the Chow groups of X3 ; in view of (80) applied to X x X x X,
XxXxXand X x X x X , successively, one finds that the induced decomposition on the Chow groups
of X x X x X satisfies

(81) (,OXS)*CH%K(X?))S + (j><3)>‘< @ f 22 23 . 3)*CH€¥<3—1'1—1'2—1'3 (Y3)s C CHI();K()?S)s-

i1,12,13=0

As already mentioned, in order to establish the multiplicativity property of the Chow—Kiinneth decom-
position on X it suffices by the criterion of Proposition 8.4 to show that the small diagonal A123 satisfies

Aixza € CHZ (X?)o.
Consider the following fiber square

Z4L/>)~(3

LAL3
X =% x3

where Z contains two components : Z1 X which is such that the restriction of ¢/ to Z is simply the
small diagonal embedding 7a 3 : CX X3 ,and Zo = E Xy E xy E. It follows that

(82) M= ()
for some o € CH*(E xy E xy E). By equation (78), we get

(83) o= Z (,ﬂ;}é)*ailiﬂs : (51)“ (55)12 (£é)i3a for some Qjyigig € CH*<Y)7

11,12,i3=0

where ¢, € CH'(E xx E xx E) is the pull-back of ¢ € CH'(E) from the k' factor. For any triple
(I1,12,13) of non-negative integers, we intersect both sides of (82) with (—FE;)" (—FEy)"(—E3)!* and then
apply (p™?). to get

(%) (Al (— )™ (~B2)2 (= By)" ) = (0"). ((— )" (— B2)"* (— Bs)"*) - A
+ (). (B (~B2)* (~Eo)" - fa).
We note that
(%)< (A - (—ED)" (~E2)2 (= Eo)'* ) = (1a,8)-p (~B)H+0
and we also observe that p,(E') € CHgk (X)o since it is either the class of X (when [ = 0) or of the form
ix(polynomial of c(Ay ) x)).

It follows that _
(pX?’)*(A{‘zg : (—El)ll(—Ez)lz(—Eg)l3) € CHix (X x X x X)o.

Similarly, using Proposition 8.7, one also shows that
(%) (=B (~B2)'* (—Ex)" ) - Afhy € CHE (X % X x X,
Hence we conclude that
(pX?’)*((—El)ll(—Eg)l2(—E3)ls : L;a) € CHYp (X % X % X)o.
Substituting the expression (83) into the above equation, we find
(%) (= E0)" (~B2)2(= o) - ) = ()l ((€)" (€2)" (€)' - )

= (aa)ein (5. (€D (€0)"(€0)" - a)
= (LA,3)*i*Ll1l2l3 (ai1i2i3) € CHEK(X X X x X)Oa
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where Ly,,1, is a linear form of a,;,:, whose coefficients are polynomials of the Chern classes of Ay x.
Since both i, and (ta,3)« are injective and respect the decompositions of the Chow groups, we get

Ll1l2l2 (ai1igi3) € CH* (Y)O

By induction, it follows from these linear equations that «;,;,;; € CH*(Y)o. Consider the following fiber

square
@ it
Exy Exy FE——=FE3 > X3

X3
x3
7T/Y T
7
a3

Yy ———=Y3

where L/A’3 is the small diagonal embedding of Y. Note that

da=(7°).p.a
= (j><3)* Z @*((77;<§§>*ai1i2i3) ’ il 52 ZZ’;S
11,12,13=0
= <j><3)* Z (WXS)*((L/A,B)*QHQZS) ’ 1'1 ;2 §3
11,12,13=0
Combining this with (81), (82) and the fact that «;,;,,; € CH"(Y)o yields that A{?B lies in the piece
CH??(X3)o, which finishes the proof. 0

13.3. Multiplicative Chow—Kiinneth decomposition for X2, If X is a smooth projective variety,

we consider X2 as the quotient under the action of &5 that permutes the factors on the blow-up of X x X
along the diagonal. First we note that Proposition 8.7 implies that condition (7) of Proposition 13.2 is
automatically satisfied for the blow-up of X x X along the diagonal if X is endowed with a multiplicative
Chow-Kiinneth decomposition that is self-dual :

Proposition 13.3. Let X be a smooth projective variety endowed with a multiplicative self-dual Chow-
Kiinneth decomposition. Assume that ¢,(X) belongs to CHg(X)o for all p > 0. Then the induced
Chow—-Kiinneth decomposition (as described in Proposition 13.2) on the blow-up of X x X along the
diagonal s multiplicative.

Proof. Indeed, by Proposition 8.7, the assumptions of Proposition 13.2 are met (and note also that, since
prowa =idx : X = X, (1a)s : CH*(X) — CH*"(X x X) is injective). 0

Theorem 13.4. Let X be a smooth projective variety endowed with a multiplicative self-dual Chow—
Kiinneth decomposition. Assume that c¢,(X) belongs to CHZ (X )o for all p > 0. For instance, X could
be an abelian variety (the positive Chern classes are trivial) or a K3 surface endowed with the Chow-
Kiinneth decomposition (3) (c2(X) = 24ox by [11]). Then X' has a multiplicative Chow-Kiinneth
decomposition.

Proof. Let 7: X x X — X x X be the morphism that permutes the factors. This gives an action of the
symmetric group Gy = {1,7} on X x X, which by functoriality of blow-ups extends to an action of Gq

on the blow-up p: Z = (X x X)a — X x X of X x X along the diagonal. The morphism p: Z — X
is then the quotient morphism corresponding to that action.

The action of &2 = {1,7} on X x X induces an action of G2 on the ring of self-correspondences of
X x X : if we view 1 and 7 as correspondences from X x X to X x X, then we have

Tey:=Toyor, forallye CH*((X x X) x (X x X)).

It is then clear that the product Chow—Kiinneth decomposition of X x X as defined in (48) is Go-
equivariant for that action ; it is also multiplicative by virtue of Theorem 8.6. Likewise, the induced
action of &5 on the blow-up Z induces an action of G on the ring of self-correspondences of Z, and
again we view 1 and 7 as correspondences from Z to Z. With respect to that action, the Chow—Kiinneth
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decomposition {7}, : 0 < i < 4d} on Z induced by that on X x X and X via the blow-up formula (79) is
Ga-equivariant ; it is also multiplicative by Proposition 13.3. Moreover, as correspondences, we have

Ipoly, =2Axpe  and 'Tpol,=1+7,

where I'), € cH* (Z X X[z]) denotes the graph of p: Z — X[ and ‘T, denotes its transpose.
We now claim that the correspondences

. 1 .
mi= g Tyomy o T, e CH*(X P x x )

define a multiplicative Chow-Kiinneth decomposition on X2 First it is clear that the action of 7 on
H*(X [, Q) is the projector on H* (X[ Q). Next we have

i i _ it Jj oLt _ i J At
drtom! =T,omy o' Tpol,on, o'Ty=Tpon,o(l+7)onl, o'l

— i J ot i J ot

=Iyonrgyomyol,+Tonyoromy, o,
Since 7%, is Gy-equivariant, we have Ton?, oT = 7%, so that Ton?, = 7% or. Thus ['yon’ oTom), o', =

z ’ Z Z z Z p°Tz Z P
I,oTomy om), 0!l and because I'yor =T, we get Iyony, oTonl, 0T, =T, o7l on), o'T',. This
yields
T i j ot
drtom! =20, oy omy, oIy,

and hence that the correspondences ¢ define a Chow—Kiinneth decomposition on X2, It remains to

check that this decomposition is multiplicative. By the criterion given in Proposition 8.4, it suffices to
check that the small diagonal A{gi] belongs to CHerk (X[21)g, i.e., that

(r@m @*),AXS =0, whenever i+ j+k # 4d.
We note that Tyonl, or =T, 0707, =T, 0, and therefore that
T,onyo!T,ol, =T,0n,0(l+7)=2T,07y, in CH*(Z x X3
We also note that
Z x12
(Tp @Tp @)« Algz = 4 Afyy .

It follows that
1

i . [2] i .
(mer @ Wk)*A{(% = 372(@17 0Tz o trp) @ (Tpomyo trp) ®(Lpo W% ° trp))*(P X pX p)*Alz%
1 ) |
= 33((FP 0Tz o trp olp)® ([pony o trp ol)® (o 7r§ o trp o Fp))*Alzm
1 , A
= <(pxpxp(ry @, @ k). Al

4
=0 ifi4j+k#A4d,

where the last equality follows from multiplicativity for the Chow-Kiinneth decomposition {r%,} of Z.
This finishes the proof of the theorem. O

Remark 13.5. Define as usual CHZ (X[?]), := 72?7*CHP(X[?]). Then note, for further reference, that
with the notations of Theorem 13.4 and its proof the quotient map p : Z — X2 is compatible with the
Chow-Kiinneth decompositions on Z and X2, in the sense that for all p and all s we have

p«CHE (Z)s = CHEy (XP) | and  p*CHYy (X)) € CHE(Z)..

Remark 13.6. Let C' be a smooth projective curve. The Hilbert scheme of length-n subschemes on C' is
smooth and is nothing but the n*" symmetric product of C'. Assume that C' admits a multiplicative Chow—
Kiinneth decomposition, e.g., C is a hyperelliptic curve ; see Example 8.16. Then the product Chow—
Kiinneth decomposition on C™ is multiplicative by Theorem 8.6, and it is clearly &,,-equivariant. Here,
&, is the symmetric group on n elements acting on C™ by permuting the factors. An easy adaptation of
the proof of Theorem 13.4 yields that C!") has a multiplicative Chow-Kiinneth decomposition.
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13.4. Proof of Theorem 6. According to Theorem 8.6, Proposition 13.1, Proposition 13.3 and Theorem
13.4, it suffices to check that

(a) the varieties listed in Theorem 6 admit a multiplicative Chow—Kiinneth decomposition such that
their Chern classes belong to the degree-zero graded part of the induced decomposition on the Chow
ring ;

(b) the property that the Chern classes belong to the degree-zero graded part of the Chow ring is stable
under the operations (i)-(iv) listed in Theorem 6.

Item (b) is taken care of by the following lemma :

Lemma 13.7. Let X and Y be two smooth projective varieties endowed with multiplicative Chow—
Kiinneth decompositions such that c;(X) € CHex(X)o for all 0 < i < dim X and ¢;(Y) € CHey (Y)o for
all 0 <i<dimY. Then the following statements hold.
(i) ci(X xY) € CHa (X x Y)o for all 0 <i < dim X +dimY.
(ii) ¢i(P(Tx)) € CHex (P(Ix))o for all 0 <i < 2dim X — 1.
(iii) ci(Z) € CHox(Z)o for all 0 < i < 2dim X, where Z is the blow-up of X x X along the diagonal.
(iv) ¢;(XP) € CHL i (X))o for all 0 < i < 2dim X.

Proof. Statement (i) follows directly from Theorem 8.6 and Proposition 8.7(i), and from the formula
(X xY)=pice(X) - pic(Y), where p1 : X xY — X and po : X XY — Y are the two projections.

Let E := P(Jx) be the geometric projectivization of the tangent bundle of X and let 7 : E — X be
the projection morphism. The relative Euler exact sequence in this setting becomes

0——0p —71"Ix ® O(1) — Tg;x —=0,
where 75, x is the relative (or vertical) tangent bundle. It follows that
ch(Tp/x) = m*ch(Tx) - e — 1,

where ¢ is the first Chern class of the relative O(1)-bundle. Note that the multiplicative Chow—Kiinneth
decomposition on E given by Proposition 13.1 satisfies £ € CH%;K(E)O. Hence we conclude that the
Chern character ch(J,x) lies in the piece CHgg (E)o, so that

ch(Ig) = 7" ch(Ix) + ch(Tg/x) € CHek (E)o-
Statement (77) follows immediately.
Let p: Z — X x X be the blow-up morphism and let j' : E — Z be the exceptional divisor. Note
that F is isomorphic to P(Zx). Consider the short exact sequence
00— p"Qky —>Qy — j;Q}E/X —0.
By taking Chern characters, one finds
ch(Q}) = p*ch(Qx, x) + Ch(j;QJlE/X)‘

By (i) and Proposition 13.3, we see that

p*ch(Qx  x) € CHEk (2)o.
Hence it suffices to show that

ch(j1Q%,x) € CHeg (2)o.
This can be obtained from the Grothendieck—Riemann—Roch Theorem. Indeed, we have
ji(Ch(QlE/X) - td(E)) _ <Ch(QlE/X)>

td(2)

ch(j.OL ) =
(] E‘/X) td(r/VE/Z)

Now note that A%,; = Op(—1), so that td(A%,z) € CHgk (E)o. Statement (7i) implies that ch(Q}E/X) €
CH{.x(E)o. The proof of (i) then follows from the compatibility of j, with the gradings induced by the
Chow-Kiinneth decompositions as in Proposition 13.2.
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Let p : Z — X! be the natural double cover ramified along the divisor E. Then we have the following
short exact sequence

0 —— Tz ——p*Ixp — Op(2E) —0,

from which one obtains
p*ch(Tx2) = ch(Tz) + ch(Or(2F)).
Note that Og(2F) fits into the short exact sequences

0—— Oz(E) —— 0Oz(2E) —— Op(2E) —— 0.

It follows that ch(Og(2F)) € CH{k(Z)o. Statement (iii) implies that ch(.7z) € CHEk(Z)o. Hence we
get
p*ch(Txi21) € CHGk (2)o,

which proves (iv) ; see Remark 13.5. O

As for item (a), first note that if X has a ChowKiinneth decomposition, we have CH?(X) = CHZx (X)o
so that obviously co(X) lies in CHy (X)o. We then proceed case-by-case :

Case 1 : X is a smooth projective variety with Chow groups of finite rank (as Q-vector spaces). By [49,
Theorem 5], the Chow motive of X is isomorphic to a direct sum of Lefschetz motives (see [49] for the
definitions) so that X has a Chow—Kiinneth decomposition such that the induced grading on CH*(X) is
concentrated in degree zero, that is, CH"(X) = CH{k (X )o. The Chow motive of X x X x X, which is
the 3-fold self tensor product of the Chow motive of X, is also isomorphic to a direct sum of Lefschetz
motives and the product Chow-Kiinneth decomposition is such that CH*(X x X x X) is concentrated
in degree 0. It is then clear that the Chern classes of X lie in the degree-zero graded part and in view of
the criterion of Proposition 8.4 that this Chow-Kiinneth decomposition is multiplicative.

Case 2 : X is the n*"-symmetric product of an hyperelliptic curve C. By Remark 13.6, X = C" admits a
multiplicative Chow-Kiinneth decomposition. The Chern classes ¢;(C[™]) belong to CHpy (C1M)g for the
following reason. Let Z € CI™ x C be the universal family. Given a line bundle .Z on C, the associated
tautological bundle 2" on CI" can be defined by

g[n] = p*(oZ ® q*j)a

where p : CI" x ¢ — CI" and ¢ : C" x C — C are the two projections. If we take .Z = QL, it turns
out that the associated tautological bundle is Qlc[”]. The Grothendieck—Riemann—Roch theorem applied
to this situation becomes

(D) = pe (ch(O7) - ¢* (ch(2) - +d(C)) )

Hence it suffices to see that ch(Oyz) € CHEK(C’["] x Co. Let Z; := pZ}lHAC cC"x(C,1<i<n,and
let 7 : C™ — C!™ be the symmetrization morphism. Then we have

(rx1de)* Oz =Y 0z, inKe(C"xC).
i=1
By taking the Chern character, we see that (7 x Id¢)*ch(Oyz) lies in the degree-zero graded part of the
Chow ring of C™ x C' and hence, after applying (7 x Idg)., that ch(Oy) € CHEk (CM x ©)q.

Case 8 : X is an abelian variety endowed with the multiplicative self-dual Chow—Kiinneth decomposition
of Example 8.3. In that case, the tangent bundle of X is trivial so that its Chern classes of positive degree
vanish and hence obviously lie in the degree-zero graded part of CH*(X).

Case 4 : X is a K3 surface endowed with the multiplicative self-dual Chow—Kiinneth decomposition of
Example 8.17. In that case, ¢1(X) =0, and c2(X) = 24 0x by Beauville-Voisin [11].

The proof of Theorem 6 is now complete. O
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14. THE FOURIER DECOMPOSITION FOR S[2

In this section, we construct a cycle L € CHQ(S Rl x s [2]) that represents the Beauville-Bogomolov
form 9B and show that S endowed with that cycle L satisfies the conclusions of Theorem 1 and Theorem
2. This is achieved in §14.2. A preliminary crucial ingredient for that purpose is an equality, given in
Lemma 14.3, in the ring of correspondences of S12.

14.1. A key lemma. Let X be a smooth projective variety of dimension d. The set-up is that of Section
10. We consider the diagonals (introduced in of Definition 8.8) Aja3,A;; and A, with respect to the
choice of a zero-cycle 0x of degree 1 on X. For simplicity of notations, from now on we assume that ox
is effective. Otherwise, one may replace X, by p.q¢*ox and Lemma 14.2 below still holds true.

The following blow-up formula, which was already used in the proof of Proposition 13.2, will be very
useful in explicit computations. We include it here for the convenience of the reader.

Lemma 14.1 ([25], Proposition 6.7). Let Y be a smooth projective variety, and Y1 C'Y a smooth closed
sub-variety of codimension e. Let p1 :Y — Y be the blow-up of Y along Y1 and Ey = P(Ay,)y) CY the
exceptional divisor. We have the following diagram attached to this situation

By
I
v, oy
Then for any o € CH*(Y1) we have
P11.40 = J1x(Ce1(F) - Wi 0),
where F = (71 My )y) [ N, /7 O

We fix some notations that will be used frequently in the remaining part of this section. Let f : Y — Y’
be a morphism, then .4} denotes the cokernel of the sheaf homomorphism % — f*.3. This quotient
sheaf .4} will be called the normal sheaf (or normal bundle if it is locally free) of the morphism f. If
two varieties Y7 and Y, are defined over some base B, then py, xpv,,i; ¢ = 1,2, denote the projections
Yi xgYs = Y.

Consider the following diagram (¢f. §10 for the notations) :

IXZ——>7ZxX—XxXxX.

poi

F x F

Lemma 14.2. The following equations hold in CHQd(F x F).

d—1 (—1)d-1- _
(p X D)alp X @) Arag =Y P (X)) S
i=0
d—1 ‘
(pxp)(pxq) A1z = Z( DAt G (X)) - 65717 ps X
i=0

(X p)(pxq) Doz =piXo- T —Toy;

(P xp)(p x )A13=p§Xa-I—F
(px p)e(p x Q)" A; = p1 Xo - p3 Xo, i=1,2
(pxp)(pxq)” A3 = 2pjoF.

Ux;
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Proof. Let ta, xIdx : X x X — X x X x X be the morphism (z,y) — (z,z,y). Then we have the
following commutative diagram

Idg xq wxIdx

(84) ExZ-2ExX XxX

j’xIle ' xIdx LAXxIXm
Idz xq xIdx.

Zx 727w x 20K x X x X,
where all the squares are fiber products. Note that (ta, X Idx).Ax = Aqas.

(85) (pXIdx)*Aug: (pXIdx)*(LAX XIdx)*Ax.

We also see that the morphism p x Idx is naturally the blow-up of X x X x X along the image of
tax X Idx. By the blow-up formula (Lemma 14.1), we have

(86) (p X Idx)*(LAX X Idx)*AX = (j, X Idx)*(cd_l(éo) . (ﬂ' X Idx)*Ax),
where & is the locally free sheaf defined by
& = coker{/l@xldx — (71' X IdX)*t/VLAXXIdX}“

Note that A} x1ax = (PExx1)*AE/7z and JVLAXXIdx = (pxxx1)*7x. On E = P(Jx) we have the
following short exact sequence

(87) OHO(—l) ﬁ*yX é()O 0

Then the vector bundle & can be identified with (pgxx.1)*&p. The above short exact sequence implies
(&)= 1+ (X)+ea(X)+- +ca(X)) L+ €+ + -+ 270,
where £ = —FE)|g is the first Chern class of the relative O(1)-bundle. It follows that

d-1
(88) ca-1(8) =Y (Pexx1) (7 ei(X) - €7177).
=0
Substituting (88) into (86) gives
d—1
(p X Idx)*(LAX X Idx)*AX = (]I X Idx)*{(pEXx,l)*(ﬂ'*Ci(X) -fd_l_i) . (7T X Idx)*Ax}
2 |
= (' x 1dx)u{(pExx.1) (77 ei(X) - 47171 - (Idg, 7). E}
=0
d—1 '
=Y (' x 1dx).(dg, 7)o {(dg, 7)* (pExx 1) (77 (X) - £47177)}
=0
d—1

(]

(7' ) (s (X) - €717,
i=0
Here the second equality uses the following fiber product square

E u X

(IdE,ﬂ')\L \LLAX
Ex X2y o x

The third equality uses the projection formula. The last equality follows from the facts that (j' x Idx) o
(Idg,m) = (j', ) and that (pexx,1) o Idg, ) = Idg. Substituting the above equality into equation (85)
yields

d—1
(89) (px Idx)*Args = Y (5, m)u (7 (X) - 4717,

i=0
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Note that we have the following fiber square

Exx 72 o F

j'qui l(j'ﬂr)
Zxz M7 oy

From this and the above equation (89), we get

d—1

(90) (Idz X q)*(p X IdX)*AIZS — Z(jl X Q)*(pl)*(ﬂ*ci(X) .gd—l—i).
1=0

We now observe that, for any cycle class a on E, we have
(91) (7' %x @s(p1)"a = (Pzxz,1)"(Ji0) - (g x ¢)*Ax.

Indeed, consider the following commutative diagram

LAy
X —— X x X

T T axq
TXq
./

Exx 72— >Exz22 7,7

where the square is a fiber product. Then we have
('
(7 % Tdz). (pmxza)a- (r x 0)"Ax)

= (' % ). ((prxza) e~ (7' % 1dz)" (g x )" Ax )
(' x1dz)«(PEx2z1)"a- (¢ X ¢)*Ax.

(j' xx q)«pia = (j' x Idz).p.pia

Then equation (91) follows easily by noting

(7' xIdz)«(PExz1) 0 = (pzxz,1)*js0.

Combining equations (90) and (91) gives

d-1
(p > q)" A2z = Z(prZ,l)*(j;(W*Ci(X) TN (g x @) Ax

i=0
d—1

= (pzxz1) (GLr"ci(X) - 5 (=E)* 7)) - (¢ x 9)* Ax
i=0
d—1

= Z(_l)dflﬂl(Psz,l)*(jiﬂ*ci(X) BT (g x g) " Ax
i=0
S (D a1

= 5 (P xp) (Pl es(X) -1 7) - (g x )" Ax.
i=0

Now we apply (p X p). to the above equation and find

d—1

1\d—1—i 4
(P X P)elp X @) A1z =) ( 1)2 piGmte(X)) 070 (p X p)a(a x ¢)* Ax.
i=0

This proves the first identity.
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In order to prove the second equality, we note that Ajs = (1a, X Idx)«(Pxxx,2)*0x. Hence we have
(pxIdx)* A = (p x Idx)*(tax x Idx)«(Pxxx,2) 0x

= (' x Idx)«(ca-1(&) - (m x Idx)" (pxxx,2) 0x)
d—1
(DG % 1dx)o{ (pExxa) (T i (X) - B0 - (ppxx,2) fox }

<

1%
- O

(=) (pzx ) (firrei(X) - B - (pzxx ) ox.
0

%

Applying (Idz x ¢)* to the above equation, we get
d—1
(pxq) A = Z(—l)dilil(prZ,l)*(j;ﬂ'*ci(X) BN (pzxz2)*(¢Fox).
i=0
It follows from this equation that
d—1

(p % P)alpx @) A1z =Y (=) pi(um*ei(X)) - 6771 ph(pegTox),
=0

which proves the second equality.
For the third equality, we proceed to the following direct computation. Recall that there is an involution
7 on Z. We will denote 7 := 7 X Idz the involution of Z x Z induced by the action of 7 on the first
factor. Similarly, we have 75 := Idz x 7. Then we have
(P x p)i(p x q)" Aoz = (p X p)u(p X @) {(px3,1)"0x - (Px3,23) " Ax}
= (p x p):{(pzxz1)"q"0x - 7 (q x ¢)"Ax}
= (p x p)u{(p x p)"PIP<q 0x - 7 (q x q)"Ax}
— (@ xp){r (Pzx2,1) ¢ 0x - 71 (q % ¢)"Ax}
=pip«qox - (p X p)uTi (g X )" Ax
= (@ xp){(pzxz1) ¢ 0x - (¢ x 9)"Ax}
=pi(p«qox) - I —Toy.
Here the first equality follows from the definition of Asz. The second equality follows from the fact that
(pxs1)o(pxq) =qo(pzxza1) and that (pxs 1) o (p X q) = (g X ¢q) o 71. The third equality is obtained
by using
(p x p)*pipca = (pzxz1) a+ 11 (pzxz1)"a, Va e CH(Z x Z).
The fourth equality uses the projection formula and the fact that (p x p).7a = (p X p).a for all cycle
classes a on Z x Z. The last equality follows from the definition of T, .

The equation involving A;3 follows from that involving Asz by symmetry. The remaining equalities
are proved easily. O

Note that a direct computation shows that, if X satisfies Assumption 12.3, then for all o0 € CHy(F)
we have
(12X, + (-1)%6%) - 1) 0 = (2X, + (-1)%0%) - Lo = 2deg(0)or.
The reason for carrying out the computations involved in the proof of Lemma 14.2 is to show that
the formula above can actually be made much more precise in the case when X = S is a K3 surface.
The following lemma gives an equality of correspondences (rather than merely an equality of actions of
correspondences on zero-cycles) and is essential to establishing Conjecture 1 for F = S (21

Lemma 14.3. Let S be a K3 surface and F = S the Hilbert scheme of length-2 subschemes of S. Then
the following relation holds in CH*(F x F) :

pi(280 +6°) - I = 267 - p3Se + 4P So - p3Se + 20} 0.
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Proof. We know from [11] that Aty =0 € CHa(S x S x S) (see Theorem 8.10), and also that ¢1(S) =0
and c¢2(S) = 240s. Then the lemma follows from spelling out the equation (p X p).(p X ¢)*Ator = 0 term
by term using Lemma 14.2. (I

14.2. The Fourier transform for S/2. In the remaining part of this section, we assume that X = Sisa
K3 surface so that F' = S is a hyperkahler fourfold. In that case, it is possible to refine the results of §12
and obtain a decomposition of the Chow groups of F', similar in every way to the Fourier decomposition
we will eventually establish, by using the powers of the action of the incidence correspondence I. However,
the incidence correspondence I does not deform in moduli and the whole point of modifying I into a
cycle L with cohomology class the Beauville-Bogomolov class 5 is to have at our disposal a cycle that
would deform in moduli (and in fact our cycle L defined in (92) does deform as will be shown in §16) and
whose deformations would induce a Fourier decomposition for all hyperkahler varieties of K3[2}—type.

In concrete terms, the goal here is to prove Theorem 2 for F'. For that purpose, we first construct a cycle
L € CH?*(F x F) that represents the Beauville-Bogomolov class B, and we show (Theorem 14.5) that L
satisfies Conjecture 1, i.e., that L? = 2Ap — 2= (I1 +12) - L — 555= (213 = 231115+ 213) € CH*(F x F). Then
we check that Properties (7) and (8) are satisfied by L (Proposition 14.6). We can thus apply Theorem
2.2. Finally, we show that L satisfies Property (9) (Proposition 14.8) so that we can apply Theorem 2.4
and get the Fourier decomposition of Theorem 2 for F'.

It is easy to see that Ag — pjos — psos represents the intersection form on S. From the definition of

I, a simple computation gives
(p x p)(gx q)"(As — pios — p3os) =1 — (p x p)«(Piq"0s - p3p” [F] + 3¢ 0s - pip”[F])
=1 —2p]S, — 2p55,.
Here the coefficient 2 appears in the second equality because p : Z — F is of degree 2. As a result, the
cycle
Ls :=1—2piS, — 2p35,

represents the (H?(S,Q) ® H?(S,Q))-component of the Beauville-Bogomolov class B € H?*(F,Q) ®
H2(F,Q) C HY(F x F,Q) with respect to the gr-orthogonal decomposition (56). Hence we see that

1
(92) L.=1- QpTSU — QPESO — 55152

represents the Beauville-Bogomolov class ‘B, where §; = p}d, ¢ = 1,2. Proposition 11.7, together with
the identity c2(S) = 240g of Beauville-Voisin [11], implies
(ta)*T = 248, — 262

Then we have
5

5
(93) l:=(ta)*L =208, — 552 = 6cQ(F),
where the last equality is the following lemma.

Lemma 14.4. If S is a K3 surface, then co(S™?) = p.q*ca(S) — 36% = 245, — 362.

Proof. We take up the notations of diagram (54) with X = S. The blow-up morphism p: Z — S x §
gives a short exact sequence

0—p* Qs QL j,’kQ};/SQO.
Note that j'Qj, ¢ = Op(2E), and hence
1+2F
1+ FE
By taking Chern classes of the sheaves in the above short exact sequence, we get
1+2F

(@) = pe(Qbs) - Uiiy5) = 9" (PReOY) - Pe(O)) - T

c(jlQ,s) = =1+E—-E?+E*-E%
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Meanwhile the double cover p : Z — F' gives the following short exact sequence

0 —p*QL QL Op(—-E) —0.
By taking Chern classes, we get
. 1-2F
P o) = Q) /e(Op(=E)) = (0 - =
Combining the above two computations yields
* * ([ ok * 1- 4E2
p C(Q}V) =p (p10(939) 'P2C(Q}9)) 12

This gives p*ca(F) = p*(pica(S)+pica(S))—3E2. We apply p. to this equation and note that p, E? = 252
and p.p*pfca(S) = peg*ea(S), i = 1,2. Then we get

2¢5(F) = 2p.q*ca(S) — 662,
which, in light of Beauville-Voisin’s formula ¢3(S) = 240g, proves the lemma. O

Theorem 14.5. Conjecture 1 holds for F' with L as in (92).
Proof. First note that Proposition 11.4 gives the equation

(94) I? = 2Ap — (67 — 8102 + 03) - T + 24pt S, - p5S,.
If we substitute I = L + 2p7S, + 2p3S, + %5152 into the above equation, we get
(95) L? =20p — (57 + 65 + 4p} So + 4p35a) - L + P1(61, 62, P} S0, P55,

where Py is a weighted homogeneous polynomial of degree 4. Lemma 14.3 implies that (62 4+2p%S,)-L is a
weighted homogeneous polynomial of degree 4 in (1, 82, p% S, p5S,). By symmetry, so is (83 +2p3S,) - L.
From the equation (93), we get

2 6

1 — (48, +6%) = ——(6* + 25,).

L= (15, +8%) = —2 (5 +25,)

Hence p}‘(%l—(450+52))-L, i = 1,2, is a weighted homogeneous polynomial of degree 4 in (01, d2, p§Sa, P5Ss)-
From equation (95), we get

2
(96) L2ZQAF_275(11+l2)'L+P2(517523p>{503p;50)a

where P is a weighted homogeneous polynomial of degree 4 which is homologically equivalent to ﬁ (213~

23111 + 213). Then Lemma 4.8 shows that P, = 553= (20 — 231315 + 213). O
We now check that L satisfies conditions (7) and (8) of Theorem 2.2.
Proposition 14.6. We have L.I> =0 and L.(l - L.c) = 25 L.o for all 0 € CHy(F).
Proof. A direct computation using (92) yields
(97) L.[z,y] = Lz,y] — 25, = Sz + Sy — 25,.
By (93), [ is proportional to co(F) and it follows, thanks to [54], that [? is proportional to [0g, 05]. Thus
(97) gives L,I%? = 0.
Let now a and b be rational numbers. An easy computation using (97), S, - S, = [z,y] and 6% - S, =
—[x, x] yields
L*((aS0 + b6?) - L*[o:,y]) = (a — 2b) L[z, y].
The identity (93) I = 205, — 562 then gives L. (I - L.o) = 25 L,o for all o € CHy(F). O
We then check that L satisfies condition (9) of Theorem 2.4. Let us first compare the decompositions
of CHy(F) induced by I and L.
Lemma 14.7. We have
ker{L, : CHo(F)pom — CHa(F)} = ker{I, : CHo(F) — CHa(F)};
ker {(L?), : CHo(F) — CHo(F)} = ker {(I? — 4Ap), : CHo(F) — CHo(F)}.
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Proof. The first equality follows from (97) and from I.[og,05] = 25, # 0 € CHa(F'). A straightforward
computation involving Proposition 12.6, (93), (6) and (97) gives

(LQ)*[IL’,y} - 2[33,y] - 2[05,%] - 2[°Say] + 2[0570.5']'

Thus L? acts as zero on cycles of the form [x,z]. Proposition 12.2 implies that ker {(I? — 4Ar),} C
ker {(L?),}. Consider now o € CHy(F) such that (L?).0c = 0. Then by (6) we see that o is a linear
combination of - L,o and of (2. Since [ is a linear combination of 62 and S,, the cycle o is a linear
combination of cycles of the form [0, z]. By Proposition 12.7, we conclude that (1?).c = 4o. O

Proposition 14.8. (L?).(I- (L?).0) = 0 for all 0 € CH?*(F).

Proof. In view of Theorem 14.5 and Proposition 14.6, Theorem 2.2 gives eigenspace decompositions
CH*(F) = A} ® A§ and CH?*(F) = A3; @ A} @ A2 for the action of L?. Moreover, A3; = (I) and Lemma
2.3 gives (L?).l? = 0. Therefore, it is sufficient to prove that [ - o = 0 for all o € A3. According to (37),
o € A2 if and only if [- o0 € Aj. But, since (93) [ = 205, — 362, Propositions 12.2 and 12.7, together with
Lemma 14.7, show that [ - o € A} for all 0 € CH?*(F). Hence if 0 € A2, then -0 € AN A ={0}. O

By the work carried out in Part I, the Fourier decomposition as in Theorem 2 is proved for the Hilbert
scheme of length-2 subschemes of K3 surfaces. O

15. THE FOURIER DECOMPOSITION FOR S[Q] IS MULTIPLICATIVE

Let F = S be the Hilbert scheme of length-2 subschemes on a K3 surface S. To avoid confusion, the
Fourier decomposition of the Chow groups of S obtained in Section 14.2 will be denoted CHY(—)s. We
continue to denote CHZ(—)s the decomposition induced by the multiplicative Chow-Kiinneth decom-
position of Theorem 13.4 obtained by considering the multiplicative Chow—Kiinneth decomposition on
S of Example 8.17. The goal of this section is to show that these two decompositions coincide, thereby
proving Theorem 3 in the case F = S2.

15.1. The Chow—Kiinneth decomposition of CH*(SP!). Let S be a K3 surface and let og be the
class of a point on S lying on a rational curve. Recall that the following idempotents in CHQ(S x S)

(98) 73 =o0g xS, s =8 x o0g, 7% =Ag — 7Y — Th

define a multiplicative Chow—Kiinneth decomposition of .S in the sense of Definition 8.1. The Chow ring
of S inherits a bigrading _ _
CH'(S)s := (ﬂ'gf_s)*CHl(S).
As explained in the introduction, this bigrading coincides with the one induced by the Fourier transform
F(=) :== (p2)«(7% - pi—). We will thus omit the subscript “CK” or “F” when mentioning the Chow ring
of S.
The variety S x S is naturally endowed with the product Chow—Kiinneth decomposition given by
(99) mhs= Y Ts®@7L, 0<k<8.
itj=k
According to Theorem 8.6, this Chow—Kiinneth decomposition is multiplicative and induces a bigrading
CHEx (S x 8)s := (7%:8).CH (S x S)
of the Chow ring of S x S.
Let p; : S x S — S, i =1,2, be the two projections. We write (0,0) := piog - psog € CHEx (S x S).
We define
¢1: 85— 8 x8, x> (z,09);
P2 : S =8 xS, z— (0g,).

Lemma 15.1. The above morphisms ¢;, i = 1,2, satisfy
¢rCHY (S x S)y CCHP(S)s  and  ¢;, CHP(S), C CHARZ(S x S)s.
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Proof. By Proposition 8.7(i), we see that ¢, [S] = p5og belongs to CHZk (S x S)o. Let a € CHP(S), ;
then

dr.a=pia- 615 € CHEk(S x S)s - CHEK (S x S)o © CHELS (S x S)s.
Let f € CH k(S x S)s ; then
¢1,018 =B 61,5 € CHEZ(S x S)s.

Given that ¢;, is injective and respects the Chow—Kiinneth decomposition, the above equation implies
¢18 € CHP(S),. O

Proposition 15.2. The Chow-Kiinneth decomposition of the Chow groups of S X S can be described as

(S x S ={ae CHQ(S x S):a-piog € ((0,0)), a-piog € ((0,0))};
CHC (S x S)y = piCH?(S)y @ p3CH?(S)2;

ek (S x S)o = piog - psCH'(S) @ piCH'(S) - phos ;
CHCK(S x 8)y = CH?*(S X $)nom ;

ek (S x 8)o = Q(0,0);
CHCK(S x §)s = pios - psCH?(S)y ® pjCH?(S), - pos;

k(S x 8)4 = piCH%(S), - psCH?(S),.

Proof. In this proof, we use pgs; and pgs;; to denote the projections from 5% to the corresponding
factor(s) and we use p; to denote the projection from S? to the corresponding factor.
Let o € CH?(S x ). Using the expression (99) for 7%, ¢, we have
(7S s)xa = ((0,0) x §x ) a=0.
(Thxs)wax = (1§ ® TE)uax + (1§ ® 7G)cx
= (Pst,34)+ (p§4,105 'p§4,247‘l29 'p2'4,12a)
(Ps4,34) (p’§4,205 'p§4,1377g‘ -p*s4712a)

+

= p3(7§).d50 + pi(75). P
0.
0.

(m S><S) =
Note that a - pjos € {(0,0)) if and only if ¢ € (0s) for (i,5) = (1,2) and (i,j) = (2,1). If follows that
if a-pros € ((0,0)), then (7k, ¢)«a = 0 for all k # 4. Therefore a belongs to CHg (S x S)o. Conversely,

if « € CHZ (S x S)o, then - pfog € CHEk (S x S)o = ((0,0)). This proves the first equation. The
remaining equations are easier to establish and their proofs are thus omitted. ([l

Let p: Z — S x S be the blow-up of S x S along the diagonal. We have the following commutative
diagram

FE—1 -7

L)
S 25 8% 8.

The K3 surface S is endowed with its multiplicative self-dual Chow—Kiinneth decomposition (98). We
also have ¢;(S) = 0, and ¢3(S) = 240g which is in CH?(S)g. Therefore Proposition 13.3 yields the
existence of a multiplicative Chow—Kiinneth decomposition for Z inducing a bigrading

(100) CH (Z)s = p*CH (S x S), @ jLo*CH'™!(9),
of the Chow ring of Z.



THE FOURIER TRANSFORM FOR CERTAIN HYPERKAHLER FOURFOLDS 71

Proposition 15.3. The Chow-Kiinneth decomposition (100) of the Chow groups of Z have the following
description

CHZx(Z)o = {a € CH*(Z) : a - p*plog € {07), Vi =1,2};
CHCK(Z)2 =p CH k(S % 8)2;

3 (Z)o = p"CHLL (S x 8)o® Q- j.m*0g;

ek (Z)2 = CH*(Z)nom ;

ek (2)o = (0z),

CHC (Z)y = p*CHEk (S x )2 ;

CHCK(Z)4 =p CH k(9 X S)4;

where 0z := p*(0,0).

Proof. This follows from formula (100) and Proposition 15.2. For example, consider « € CHQ(Z). We
can write

o= ptel + B,
for some o/ € CH?*(S x S) and some 3 € CH'(S). Then

I***)

a-p'piog = p*(a’ pios) + (7B j"p plos
=p"(e’ - pios) + ji(x"B - 7 Lapios)
=p"(e - plog) +ji(n"B - 7" 0s)
=p*(d - pios).
Hence the condition « - p*piog € (0z) is equivalent to o' - pfog € {(0,0)), which is further equivalent to

o e CH%K (S x S)p. By symmetry, the same holds if we replace p; by ps. This yields the first equality.
All the other equalities can be verified similarly. O

15.2. The Fourier decomposition of CH*(S[?!). We now provide an explicit description of the Fourier
decomposition on the Chow groups of F'. A satisfying description consists in understanding how S, and
¢ intersect with 2-cycles. For that matter, Lemma 15.5 is crucial ; it relies on the key Lemma 14.3.

Let p : Z — F = S be the natural double cover and j = poj’ : E — F. Recall the following
definition (72) from Section 12 :

A= I,CH*(F) c CH*(F).
Note that A is generated by cycles of the form S,, x € S.

Lemma 15.4. The Fourier decomposition enjoys the following properties.

(i) CH.27-‘(F)2 = Anom ;

(ii) CHx(F)2 = ([0,2] — [0,y]), 2,y € 5 ;
(iii) I : CH4}-(F)2 — CH%(F)Q is an isomorphism and its inverse is given by intersecting with S, ;
(iv) § - CH*(F) C CH*(F)y ® CH*(F),.

Proof. By Theorems 2.2 and 2.4 and equation (97), we have
CHZ(F)y = A2 = L.CH*(F) = Apom.
This proves (i). For (ii), we argue as follows
CH4F(F)2 = (A})hom (Theorem 2.4)
= (ker{L2 . CHY(F) — CH4(F)})h0m (by definition of AZ%)
= (ker{1? —4ap : CHY(F) - CH4(F)})h0m (Lemma 14.7)
= 1m{CHy(Ss)hom — CHo(F)} (Proposition 12.7).
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Statement (%) follows from (%) and (%i). Note that Proposition 12.6 shows that a 0-cycle supported on E
is also supported on S,. Hence any 0-cycle supported on E belongs to CH‘}(F)O @ CH4f(F)2. Statement
(iv) follows since 26 = j, E. O

We now come to the crucial lemma.
Lemma 15.5. Let o € CH%(F)o, then
a-S, € CHE(F)o and a-0? € CHE(F)o.

Proof. On the one hand, by Proposition 4.2 and equation (93), we know that
5 5
a-l=a- (208 +50%) =200 S+ ja-6° € CHZ(F)o.
On the other hand, by the key Lemma 14.3, we see that

L(20-So +a-0%) = (p’{(QSO +62). 1) a is a multiple of S, in CH2(F).

*

Since « - S, is supported on S, and since « - §2 is supported on the boundary divisor, it follows from
Lemma 15.4 that

B:=2a-S, +a-6*c CHL(F)o ® CH%(F),.

Note that S, is a linear combination of I and §2. We know that | € CH%(F)o (Theorem 2.4) and 6% €
CHZ%(F)o (Theorem 4.6). Tt follows that S, € CH%(F)o. By Lemma 15.4, I, : CHR(F)y — CH%(F)
is an isomorphism. Hence the fact that I3 is a multiple of S, € CH?.—(F)O implies that S € CH‘}.—(F)O.
Thus we have two different linear combinations of S, and 62 whose intersections with o are multiples of
or. The lemma follows immediately. ([

In order to get a description of the Fourier decomposition on F, we introduce some new notations.
For a divisor D € CH'(S), we write

D :=p.p*piD € CH'(F);
D,:=S,-D.
Proposition 15.6. The Fourier decomposition enjoys the following properties.
CH%(F)o={a € CH*(F):a-S, € {op)}
={a € CH*(F):a 0% (op)};

CH%(F)y = (S, — S,), x,y€S;
CH%(F)o = ju.m*os ® {D, : D € CH'(S)};
CH%(F)2 = CH?(F)hom ;

CHZ(F)o =< F)i

CHZ(F)s = ([0,2] = [0,9]), ,y€S;
CHJ(F)s = CH%(F)z - CH%(F)s.

Proof. If a € CH%_—(F)O, then by Lemma 15.5 we know that both of a - S, and « - 62 are multiples of op.
Conversely, let &« € CH?(F) be an arbitrary 2-cycle on F. Then we can write

a = ag + as, ag € CHQF(F)O, Qg € CH%(F)Q.

Assume that a - S, € CH4F(F)0. Note that Lemma 15.5 implies that ag - S, € CH4F(F)0. Hence we get
as - S, € CHZ(F)o. Since intersecting with S, defines an isomorphism between CH%(F ), and CH%(F)
by Lemma 15.4 (%), it follows that ag - S, = 0. Therefore

g = I*(Oég . So) = 0
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Thus o = ag € CH%(F)o. This establishes the first equality. The second equality is established similarly.
The equations involving CH%(F), and CH%(F), are direct consequences of Lemma 15.4. Combining
Theorems 2.2 and 2.4, we have

CH3%(F)a = A3 = CH*(F)pom.
The equation involving CH%(F)o follows from the identity CH%(F)y = CH(F)*? of Remark 4.7.
Indeed, we have CH'(F) = () @ {D : D € CH'(S)}. A direct calculation gives

6 = —12j.m0g;
0%+ D = —j.(§- 7 D);
§-Dy- Dy =257 (Dy - Dy);
Dy Dy D3 = ai(D1)o + as(Da)o + az(Ds)o ;

where ¢ € CH'(E) is the class of the relative O(1) bundles and the a;’s are rational numbers. Note that

Pu(€ - 7 D) = 2jL(¢ - 7' D) € CHAye(Z)o.
By Propositions 15.2 and 15.3, we get

p*ju(§ -7 D) = p*(D} X 05 + 05 x Dy) +bjim*0s,  bEQ.

Applying p, to the above we find

Jo(€ 7 D) = S((D)a + (Dh)o) + om0,

Combining all the above equations, we get the expression for CH%(F)o.
It remains to show the equation involving CH?.—(F )4. This can be done as follows

CH%(F)4 = A} (Theorem 2.4)
= ker{L, : CH*(F)pom — CH?*(F)}  (Theorem 2.2)
= ker{I, : CH*(F) — CH*(F)}  (Lemma 14.7)
= Ahom * Ahom (Proposition 12.9)
= CH%(F)> - CH%(F)a,
where the last equality follows from Lemma 15.4. (]

15.3. The Chow—Kiinneth decomposition and the Fourier decomposition agree. Recall that
p: Z — F denotes the quotient map from the blow-up of X x X along the diagonal to the Hilbert scheme
F = X Pl The following proposition shows that the Chow-Kiinneth decomposition (100) on CH*(Z) is
compatible with the Fourier decomposition of Theorem 2 on CH*(F), via the morphism p.

Proposition 15.7. The following holds
CH%(F), = {a € CH'(F) : p*a € CHLk(Z),}.

Proof. This is a direct consequence of Propositions 15.2, 15.3 and 15.6. For example, consider a 2-cycle
a € CH*(F). If p*a € CHZk(F)o, then

pra-p*piog =aoy, for some a € Q.
We apply p. to the above equation and find
a- S, =p«(pTa- p'pios) = ap.oz = aor.
This yields that o € CH%(F)o. Conversely, if o € CH%(F)o, then we write
pra=po+pP,  Bs € CHEk(Z)s.
The condition « - .S, = bog for some b € Q implies that

pe(pra- p*piog) =a- S, =bop.
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It follows that p. (82 - p*pfog) = b'op. Since fa is homologically trivial, we actually have

P«(B2 - p*pjos) = 0.

Since (s is symmetric, we can write

B = Zp* (pi(zi —yi) + p3(@; — i), for some z;,y; € S.
i
Therefore we have

0 =p.(B2 - ppios) = pup” (Z(U,xi) — (o, y¢)> = ([o,zi] — [0, 3i])-

% 7

It follows that 3, (z; —y;) = 0 in CH?(S). Thus we get 82 = 0, namely p*a € CHg(Z)o. All the other
cases can be easily proved and the details are thus omitted. ([

Given Remark 13.5, we readily get the following
Theorem 15.8. The Fourier decomposition agrees with the Chow-Kiunneth decomposition, namely
CHY(S®), = CHE (SP),.

Consequently, the Fourier decomposition is compatible with intersection product, i.e, the conclusion of
Theorem 3 holds for F = SI21. O

Remark 15.9. One can check that the cycle L representing the Beauville-Bogomolov class defined in (92)
belongs to the graded piece CHgg (S x SP)o. Here, the Chow-Kiinneth decomposition of S x SI!
is understood to be the product Chow-Kiinneth decomposition of the multiplicative Chow—Kiinneth
decomposition of S given by Theorem 6.

16. THE CYCLE L OF 5[2] VIA MODULI OF STABLE SHEAVES

Let F = S for some K3 surface S. So far, we have defined two cycles L € CH?(F x F) lifting the
Beauville-Bogomolov class 8. The first one was defined in (53) using Markman’s twisted sheaf .# of
Definition 9.13 on F' x F with F' seen as the moduli space of stable sheaves on S with Mukai vector
v = (1,0, —1), while the second one was defined in (92) using the incidence correspondence I. The goal
of this section is to prove that these two cycles agree.

Proposition 16.1. The cycle L defined in (92) agrees with the cycle L defined in (53).

Let Z C F x S be the universal family of length-2 subschemes of S. Let Z be the ideal sheaf defining
Z as a subscheme of F' x S. In this way, we realize F' as the moduli space of stable sheaves with Mukai
vector v = (1,0, —1) and Z is the universal sheaf. As before, we use p: Z — F and ¢: Z — S to denote
the natural projections. These are the restriction to Z of the natural projections 7r and wg from F x S
to the corresponding factors.

Lemma 16.2. Let Y be a smooth projective variety and W C'Y a smooth closed sub-variety. If Ty, is
the ideal sheaf defining the sub-variety W, then

ch(Tw) = 1 —iw. (W) ’

where iy : W — Y is the natural closed embedding.

Proof. There is a short exact sequence

0 IW Oy iW* OW —0
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on Y and hence we have ch(Zy ) = 1—ch(iw, Ow). If we apply the Grothendieck-Riemann—Roch theorem
to the morphism iy and the structure sheaf Oy, we get

tdy
Z'W* tdW
T tdy

- (W) /

which proves the lemma. O

ch(iw, Ow) =

Proof of Proposition 16.1. Considering the universal family iz : Z < F x S, we easily deduce from (64)
that

c1(MNz/pxs) = E, ca( Nz rxs) =24q"0s — E*,  c3(Nz/pxs) =0, ca(ANz/pxs) = 0.
Then the Todd classes of AZ/py g can be written explicitly as

1 " *
tdi (A2 rxs) = 5 E, tda(Az/pxs) =2q¢"0s, td3(Az/pxs) =2¢"0s - E, tda(ANz/pxs) =0,
2

where we use the fact that £ = —24j,.n*0s. By Lemma 16.2, we have
1
2
Let & = Rpia, (p13ZY ® p33T), where p;; and pj are the natural projections from F' x F' x S and all
the push-forward, pull-back and tensor product are in the derived sense. Then, by the Grothendieck—
Riemann—Roch formula, we have

ch(&) = pia, (Pisch’(Z) - p33ch(Z) - p3tds).
We put equation (101) into the above formula and eventually get

1 1 1
(101) ch(D)=1-2Z+ 5@;5 -7+ (21505 - Z — 1”252 - Z)+ gw}53 Z+ —mhop - Z.

1 1
(102) ch(€) = =24 (=61 +d2) + (I — 55% - 5(53) +o

where [ is the incidence correspondence of Definition 11.1. Let &% := Sxtfm (p15Z,p55ZL), i =0,1,2. Note

that in the current situation, Markman’s sheaf .# is simply &'. In the K-group, we have

(6] = [6°] = [6'] + [67]
By Lemma 9.8, £° and &2 do not contribute to lower degree terms in the total Chern character. Hence
ch(&1) agrees with —ch(&) in low degree terms. To be more precise, we have

ch(61) :2+(51—52)+(—I+%5f+%5§)+--- :
It follows that
K(E") = ch(& Jexp(—er (6Y)/r) = 2~ T4 16 + 2034 Subnt -+
where r = rk(&') = 2. Thus we have

1 1 1

1 1

—L —2p%S, — 2p5S, + +1<Sf + 165

= L~ pies(F) — pies(F)

= 12p182 12]3202 )
where p; : F'x F — F are the projections. Here, L denotes the cycle defined in (92) and the third equality
uses Lemma 14.4. One consequence of the above is

1

(103) thka(EY) = =1 — 6C2(F) = —co(F).

Comparing the above computation with (53) yields the proposition. O
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Part 3. The variety of lines on a cubic fourfold

Fix a 6-dimensional vector space V over C. Let X C P(V) be a smooth cubic fourfold and F = F(X)
be the variety of lines on X. It is known that F' is smooth of dimension 4 ; see [5]. Let h € Pic(X) be
the class of a hyperplane section on X. The variety F' naturally embeds into the Grassmannian G(2,V)
and hence inherits the tautological rank 2 sub-bundle & C V. Let g = —¢;(&3) € Pic(F) be the Pliicker
polarization on F' and ¢ = c2(&2). Set g; = plg € CH'(Fx F) and ¢; = pice CH*(Fx F),i=1,2, where
pi : F' X F — F are the projections. For all points x € X, let C, be the sub-variety of I’ parameterizing
all lines passing through z. If © € X is general, then C, is a curve (¢f. [20, Lemma 2.1]). Voisin [54]
showed that F' carries a canonical 0-cycle, op, of degree 1 such that the intersection of four divisors is

always a multiple of 0. We always use

_ 7. x

Y

bS]
-

B!

to denote the universal family of lines on X.

17. THE INCIDENCE CORRESPONDENCE [

We introduce the incidence correspondence I € CH?(F x F) on the variety of lines on a cubic fourfold.
This cycle is the starting point to define the Fourier transform on the Chow ring of F. We establish
three core identities involving I, namely we compute I2 = I - I, the pull-back of I along the diagonal
embedding tp : F— F' x F and ¢; - I.

If | C X is a line, then we use [l] € F to denote the corresponding point on F ; If ¢ € F is a closed
point, then we use [; C X to denote the corresponding line on X.

Definition 17.1. The incidence subscheme I C F x F is defined to be
I:={(s,t) e Fx F:lsnl # 0},

which is endowed with the reduced closed subscheme structure. Its cycle class in CH?*(F x F), also
denoted I by abuse of notations, is called the incidence correspondence. With the projection onto the
first factor F', we get a morphism I — F whose fiber over a point [I] € F is denoted S;.

It is known that S; is always a surface and smooth if [ is general ; see [52]. Consider the following
diagram

(104) PxP—2" _xxX
PXP\L
FxF

Lemma 17.2. The cycle class of I is given by
I=(pxplgxq)Ax, in CHQ(F x F).

FEquivalently, if one sees the universal family of lines P on the cubic fourfold X as a correspondence
between F' and X, then
I='PoP, inCH*(FxF).

Proof. For z € X, the fiber ¢~ 1(x) is identified with C,, the space of lines passing through x. In [20,
Lemma 2.1], it is shown that dimC, = 1 for a general point 2 € X. By [20, Corollary 2.2], there
are at most finitely many points z; € X, called Eckardt points (see [20, Definition 2.3]), such that C,,
is a surface. As a consequence, J := (¢ X q)"*Ax C P x P is an irreducible variety of dimension 6.
Furthermore, the image of J under the morphism p X p is equal to I. To prove the lemma, it suffices to
show that (p x p)|; : J — I is of degree 1. This is clear since a general pair of intersecting lines on X
meet transversally in a single point. [l

For future reference, let us state and prove the following basic general lemma.
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Lemma 17.3. Let Y and Y’ be smooth projective varieties and I' CY x Y’ be a closed sub-variety of
codimension r. Assume that I' — Y is dominant with smooth general fibers. Then

(I).y = (T.y)*
holds in CH*(Y) for a general point y € Y. Here, I'? denotes the self-intersection I' -T € CH*(Y x Y”).
Proof. This follows from the following computation.
PaeT2 - (y X Y) = tecr (M v xyelr,) = v (A, vr) = (D)2,
where I'y =T'N (y x Y’) is viewed as a sub-variety of Y and i : I'y < Y” is the natural embedding. O
In [54], C. Voisin established the following identity in CH*(F x F),
(105) I’ =aAp+1-(g7+ 9192+ 935) +T2(g1,92,¢1,¢2) for some integer a # 0,

where T'2(g1, g2, ¢1, ¢2) is a weighted homogeneous polynomial of degree 4. Voisin’s method actually gives
I'y = 62 — 3(g1 + 92)T'h, ; see equations (119) and (120) for the notations. Given Proposition A.6, we
readily obtain

Ty = —gf — g5 — gica — gsc1 + 2g3c1 + 2g3¢a — g1g2(c1 + ¢2) + 2¢1co.
This shows that (I's).[l] = —g* + 2g°%¢c, which is of degree —18. One also sees that
(I (g1 + 9192 + 92)):[l] = g7 - (L.[1]),
which is of degree 21 since the cohomology class of I.[l] is equal to that of %(g2 — ¢). Meanwhile, by
Lemma 17.3 we have (1?).[l] = (I.[l])?, which is of degree 5. Letting both sides of the identity (106) act

on a point [I] and then counting the degrees, we see that o = 2. We have thus established the following
refinement of Voisin’s identity (105).

Proposition 17.4. The following identity holds true in CH*(F x F),

(106) I? =2Ap +1- (g7 + 9192 + ¢3) + T2(g1, 92, 1, ¢2),

where T'2(g1, g2, ¢1, c2) s a weighted homogeneous polynomial of degree 4. ([l
The pull-back of I along the diagonal embedding can be expressed in terms of ¢ and ¢ :

Proposition 17.5. The equation ti I = 6¢—3g* holds in CHQ(F), where L : F' — F X F 1is the diagonal
embedding.

Proof. Consider the fiber product square

PxpP—“>PxP

lf ipxp
F—2>FxF
By Lemma 17.2 we have I = (p X p).(q x ¢)*Ax and hence we get
Al = AP x p)s(a x @)"Ax = f.i*(q x ¢)*Ax.

Let Ap/p : P — P xp P be the diagonal morphism. Then one sees that i*(¢ X ¢)*Ax = (Ap/p)«P.
Consider the following square

A
Pp— " pxpP

al X lf
(gxq) *Axy ——=PxP
where ta,, : P — P x P is the diagonal embedding. Let .#; be the normal bundle of (¢ x ¢)"'Ax in

P x P. Then o.M = ¢*Jx. Let 43 be the normal bundle of the diagonal Ap,r in P xp P. Then 43
is naturally isomorphic to Jp,p. The quotient a*.41 /.43 is simply the total normal bundle Ap,x. The
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refined intersection formula of Chapter 6 of Fulton [25] shows that i*(q x ¢)*Ax = (Ap/r)«c3(Ap/x).
By applying f. we get

il = fu(Ap/p)scs(Np/x) = pecs(Np/x)-
A routine Chern class computation gives

* T *c( Tps
C(f/VP/X)Zcq x) 7 c(Tpe)

(
(Tpir) ¢ c(Ox(3)) - e(Tpyr)
q*(1 + 6h + 15h% + 20h3 + 15h%)

(1+3¢*h)(1+2¢*h —p*g)
It follows that cs(Ap/x) = —6¢*h® 4+ 6p*g - ¢*h? — 3p*g* - ¢*h + p*¢®. Hence we have p.cs(ANp/x) =
—6(g% — ¢) + 6g® — 3g%> = 6¢ — 3¢g2. This concludes the proof. O

The following lifting lemma is essential to getting statements that do not depend on the choice of a
polarization. Specifically, Lemma 17.6 is to the variety of lines on a cubic fourfold what Lemma 14.3 is
to the Hilbert scheme of length-2 subschemes on a K3 surface : it is essential to establishing Conjecture
1 for F.

Lemma 17.6. The following relation holds in CH*(F x F) :
c1 -1 = P(g1,92,c1,¢2)
for some weighted homogeneous polynomial P of degree 4.

Proof. Let Hi C X be a general hyperplane section of X. Then the class ¢ can be represented by the
surface of all lines contained in Hy. Then c¢; - I is represented by the following cycle

Z1 ={([li],[l2]) e Fx F:1y C Hy, 1 Nls #0}.

Let Hy C X be another general hyperplane section of X and let
Yi={[l]e F:INnHiNHy#0}.

Note that the cycle class of Y7 is simply ¢g. The following two cycles are defined in Appendix A, equations
(119) and (120) respectively.

T ={([l1],[le]) € F x F:3z € Hy, x €1 Nla};

Tre ={([l1],[le]) e F x F: 3z € HiNHa, x €11 N}
We have the following scheme-theoretic intersection
Y1 x F)NTy = Z; U TTpe.

It follows that g; - I'j, is a linear combination of Z; and I'y2. Or equivalently ¢; - I can be written as

a linear combination of g; - I'y, and T'y2. It follows from Proposition A.6 that ¢; - I is a polynomial in
(91,92, c1,C2)- U

18. THE RATIONAL SELF-MAP ¢ : F' --» I

The goal of this section is to understand the action of a rational map ¢ : F' --+ F, first constructed
by Voisin [53], on zero-cycles on F. We state and prove two lemmas that will be used in Section 19 to
show Theorem 2 for F.

We refer to Appendix A for definitions and notations. In [53], Voisin defines a rational self-map
@: F --+ F as follows. If a line [ C X is of first type, then there is a unique plane IT; which contains [
and is tangent to X along [. If II; is not contained in X, then we have

M- X =2+10

for some line I’. Let ¥; C F be the sub-variety of lines contained in some linear plane P? C X. When
X does not contain any plane, then ¥y = (). If X contains at least a plane, then ¥; is a disjoint union
of P?’s. Let ¥y C F be the surface of lines of second type.

Definition 18.1 ([53]). Let ¢ : F\(X; UX3) — F be the morphism defined by ¢([l]) = [I'].
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Lemma 18.2 below will be used in the proof of Proposition 19.4 in order to establish conditions (7)
and (8) in the case where F' is the variety of lines on a cubic fourfold. Note that Lemma 18.2 can be seen
as a consequence of Proposition 21.3. We have however decided for clarity to postpone the more detailed
study of ¢ until after the Fourier decomposition for F' is established.

Lemma 18.2. For any point || € F, we have
g% L]l = @.[l] — 4[l] +240p € CHy(F).

Proof. We may assume that the point [I] is general. We first recall some results on the geometry of the
surface S; C F of all lines meeting { C X. Our main reference for this is [52]. It is known that for general
[ the surface S; is smooth. On S; we have an involution ¢ which is defined as follows. Let [l;] € S; which
is not [I] then ¢([l1]) is the residue line of I Uly. If Iy = I, then ¢([l]) = ¢([]]). There are two natural
divisors on S;. The first one is C), which is the curve parameterizing all the lines passing through a point
x € l. The second one is C% = +(C,). Then we have

Cz = [l]a (CaLc)z - L([l])7 g‘Sz =2C; + C;
Let j : S; — F be the natural inclusion, then
g Ll = ¢ 8 = j.(5"9%) = j.(2C; + C})? = j. (4[] + 4C. - Cy + u([1)))
One notes that j.(2[l] + C,CL) = j.(Cy) - g = 60p. The lemma follows easily. O
We now study the action of ¢ on points s € ¥y, that is, on points s € F whose corresponding line

[ = I, is of second type ; see Appendix A. The following lemma is crucial to establishing condition (9)
for F' ; see Proposition 19.6.

Lemma 18.3. Let s € Y5, then we have
0.5 =—2s+30p € CHy(F).

Proof. We writel =15 C X. Let ]Pi”l> be the linear P? tangent to X along {. Let S = ]P‘?l> NX. Then there
is a canonical curve I’ C S such that for any point s’ € £y the corresponding line [,» meets both [ and I’.
Let x € I be a general point, then there are two points s}, s5 € £ with corresponding lines /1 and I such
that both of them pass through the point = € [ ; see Proposition A.11. In Lemma A.8, we established
the following fact : if L, and Ly are two intersecting lines and L; a family of lines that specialize to the
line Loy, then four secant lines of (L, L;) specialize to four lines F1, ..., E4 passing through x = L1 N Lo
with
[L1] + [L2] + [Er] + [E2] + [Es] + [Es] = 60p, in CHo(F)

and the fifth secant line specializes to the residue line of L; and Lo. Now we apply this specialization
argument by taking Ly = Iy, Lo = Iy and Ly = Iy, t € Epy\{s1, s2} with ¢ — s5. By Proposition A.12, the
secant lines of (I1,[;) are constantly given by 41 + I’. In particular the limit is again 41 +1’. Note that I’
is the residue line of I; and l5. Hence we have

A1 + [l1] + [l2] = 6op.
The following claim shows that [I1] = [l2] = ¢«[l] in CHy(F).
Claim. Let s = [l] € ¥, then p.s = 5" in CHo(F), where s’ € &y is an arbitrary point.

Proof of Claim. Consider a general curve C' C F such that C' meets the indeterminacy loci of ¢ in the
single point s € ¥3. Then ¢|c\ s extends to a morphism ¢’ : C' — F such that s' = ¢'(s) € ;. Note
that s is rationally equivalent to a cycle vy supported on C'\{s}. Then by definition, we have

P8 =y =Py =pis =5
Since &) is a rational curve, any point s’ € £} represents ,s.

The lemma is now proved. |
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19. THE FOURIER DECOMPOSITION FOR F'

In this section, we prove Theorem 2 for the variety of lines F' on a cubic fourfold. First we construct
a cycle L in CH?(F x F) that represents the Beauville-Bogomolov form B, and we show (Theorem
19.2) that L satisfies Conjecture 1, i.e., that L? = 2Ap — (I 4 l2) - L — 555: (217 — 231115 + 213) in
CH*(F x F). Then we check that Properties (7) and (8) are satisfied by L (Proposition 19.4). We can
thus apply Theorem 2.2. Finally, we show that L satisfies Property (9) (Proposition 19.6) so that we can
apply Theorem 2.4 and get the Fourier decomposition of Theorem 2 for F'.

Let {a1,az,...,as3} be a basis of H*(X,Z). We use by : H*(X,Z) x H{(X,Z) — Z,(a,0') = [, aUd’
to denote the intersection pairing on H*(X,Z). Let A = (bo(a;, aj)>1<¢ ;<o be the intersection matrix.
For any a € H*(X,Q) we define a = p.q*a € H?(F,Q). Then by ‘a result of Beauville and Donagi

[10], the set {aj,...,d23} forms a basis of H?(F,Z). Consider now A := H?(F,Z) endowed with the
Beauville-Bogomolov bilinear form ¢r. Then g can be described as follows

qr(@,a') = bo(a, h?)bo(a’, h?) — bo(a, o).
Hence as in equation (10) we obtain a well-defined element

_ 1
qFl € Sym2(A)[*

1
2] CA ®A[§] C HY(F x F,Q).

Proposition 19.1. The cohomological class [I] € HY(F x F,Z) is given by
1 3 _
[1] = g(g% + 59192 +5—c1— o) — ‘JF1~

Proof. Consider the diagram (104). By Lemma 17.2 we have I = (p x p).(¢ X ¢)*Ax. The cohomology
class of the diagonal Ax C X x X is given by

1
[Ax]zptx[X]+[X]xpt+§(h®h3+h3®h)+bal,

where by : H4(X,Z) x HY(X,Z) — Z, (a,d’) — [ aUd’ is the intersection pairing. Then the cohomology
class of I can be computed as
] = (p x p)«(q x q)"[Ax]
1 * * * * k7 —
= 301" P*) + P5(peg™h?)) — (0 X P)la x @) b5 "
1 o —
=307 + 93 — 1 —e2) = (0 x p)alg X 0) b5
Here, we used the fact that p.q*h® = ¢g® — ¢ ; see Lemma A.4. We take a basis {a] = h% d),... ab;}
of HY(X, Q) such that bo(h? af) := [, h*Ud] =0, for all 2 < i < 23. Let A" = (bo(a, a;))%m,§23 and
B’ = A'"~!. Then we have

byt = h2®h2 Z bia; @ aj.
2<4,5<23
On F, the Beauville-Bogomolov bilinear form gr is given by qr(g,9) = 6 and gr(aj, a;) = —aj;, for all

2 <1i,7 < 23. It follows that

1 N .
Ip =-g®g — Z bi;a; @ aj.

6 2<i,j<23
Hence we have
« 1 -
(px p)u(q x q)*by " = *9192 L bpiapia = S92 —qr'
2<4,5<23

Combining this with the expression of [I] obtained above gives

1

3 _
5(9% + 59192 +95—c1—ca) — qFl,

which completes the proof. (I

1=
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Thus it follows from Proposition 19.1 and its proof that the cycle

1 3
(107) L:= 5(9% + 59192 +9g5—c1—co)—1

represents the Beauville-Bogomolov class B. Also, we see that the cohomology class of the cycle

1
Ly:= 5(9% +g192+ 93 —c1—c2) — I

is (qF\Hz(RZ)prim)_l, where H2(F, Z) prim = 9+ = p+q*H4(X, Z) prim-

Note that Proposition 17.5 gives

(108) l:=(a)"L= 692 —3¢= Al =—¢° — —c=—ca(F).

The last step follows from Lemma A.1. One should compare this with equation (93).
Theorem 19.2. The cycle L of (107) satisfies Conjecture 1.
Proof. Using Voisin’s identity (106) and the definition (107) of L, we easily get

1
L2 =2Ap — g(g% + 92 4+2¢; +2¢) - L+TYy,

where T'y is a weighted homogeneous polynomial of degree 4 in (g1, go, ¢1,c3). Note that Lemma 17.6
implies that ¢; - L is a weighted homogeneous polynomial in (g1, g2, ¢1, ¢2). Hence we can modify the term
in the middle by ¢; - L and get

1 8 8
L2 =98~ L(gi 43— Ser— Sen) L 4T,

3 )
where I'5 is a degree 4 polynomial in (g1, g2, ¢1, c2). Equation (108) gives
1., , 8 2
- ——c1— —co) = —(l1 +1
Wi tg—ca—re)= o (h+h),

where [; = pfl as before. Thus we have the following equation

2
L? =2Ap — %(114—12)-L+F5.

Comparing this with equation (12), we see that I's is cohomologically equivalent to 55'5= (203 +231112+213).

Lemma 4.8 yields I's = ﬁ(?l% + 231115 + 213). O

Lemma 19.3. The cycle L acts as zero on op and on triangles ([I], [I], ¢([l])). Precisely,

(Z) Liop =0 ;
(i) L.(psx+2) =0 on CHo(F), where ¢ is as in Definition 18.1.

Proof. Using the definition of L, we have

L.op = %(g2 —¢)—ILop =0,
where the last equality uses Lemma A.5. This proves statement (i). Let ¢t € F', then we have
L (put +2t) = O(VU(put + 2t)) = &(h3) = g* — ¢
where the last equality uses Lemma A.4. By the definition of L, we get
Lo (put +2t) = (g% — ¢) — L(pat +2t) = 0.
This proves statement (4i). O
We now check that the cycle L satisfies conditions (7) and (8) of Theorem 2.2 :

Proposition 19.4. We have L.I> =0 and L.(l - L.c) = 25L.0 for all o € CHy(F).
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Proof. By equation (108), we see that [? is proportional to co(F)?. By [54], [? is a multiple of 0. Hence

we only need to prove that L.op = 0, which is statement (7) of Lemma 19.3. To prove the second equality,
we take an arbitrary closed point ¢t € F. Then we have
25 , 20, ,1

|- L.t= (Fg 3 c) . (3(92 —c) — I*t)

25
:ch—ngJ*t, a€”Z
25
=a0fp — F(@*t —4t—|—24OF)

25
=dop — E(ga*t + 2t) + 25¢, a’ = a— 100.

Here the first equality uses the definition of L and the explicit expression of [ as given in equation (108).
The second equality used the fact that any degree 4 polynomial in (g,c¢) is a multiple of of ; see [54].
The third equality uses Lemma 18.2. We apply L. to the above equality and use Lemma 19.3, we get

L.(l-Lit) =04 0+ 25L,t = 25L,t.
This establishes the second equality. (I

We now check that the cycle L satisfies condition (9) of Theorem 2.4. By Theorem 19.2 and Proposition
19.4, we see that CH*(F) (= CH(F)) has a Fourier decomposition as in Theorem 2.4. First, we have
the following.

Proposition 19.5. We have
CH*(F)o ® CH*(F)y = im {CH (%) — CHo(F)}.

Proof. Recall that (108) | = 222 — Z¢ that c- o is a multiple of of for all o € CH*(F) (Lemma A.3)
and that ¥y = 5(9 — ¢) (Lemma A.9). Therefore | - ¢ is proportional to ¥y - o for all ¢ € CH?(F).
Now that Theorem 19.2 and Proposition 19.4 have been proved, we know from Theorems 2.2 & 2.4 that
CH*(F)o = (I?) and that CH*(F)y = I - CH*(F). Hence CH*(F)y @ CH*(F), C im {%,- : CH*(F) —
CH*(F)}. Consider now a zero-cycle 7 € CH*(F) which is supported on Xy. The key point is then
Lemma 18.3 which gives ¢, 7 = —27 +3deg(7) o € CH*(F). We also have, by Lemma 18.2, g2 - I, (1) =
0sT — 47 + 24 deg(7) op. It follows that 7 is a linear combination of [ - L,(7) and op. By Theorems 2.2
& 2.4, 1- L,(r) and op belong respectively to CH*(F)y and CH*(F), and we are done. O

Proposition 19.6. (L?).(I- (L?).0) = 0 for all o € CH*(F).

Proof. By Theorem 19.2 and Proposition 19.4, we see that the decomposition in Theorem 2.2 holds on
F. Thus we have eigenspace decompositions CH*(F) = A} @ A} and CH?(F) = A3; @ A3 @ A2 for the
action of L2 Moreover, A3; = (I) and Lemma 2.3 gives (L?).l?> = 0. Therefore, it is sufficient to prove
that [ - o = 0 for all 0 € A3. According to (37), ¢ € A3 if and only if [ - ¢ € A3. In order to conclude it
is enough to show that [ - o € A3, where A} = CH*(F)o @ CH*(F), by Theorem 2.4. But as in the proof
of Proposition 19.5, we see that [ - ¢ is proportional to X - o so that the statement of Proposition 19.5
yields the result. O

By Theorems 2.2 and 2.4, the Fourier decomposition as in Theorem 2 is now established for the variety
of lines on a cubic fourfold. O

20. A FIRST MULTIPLICATIVE RESULT
Let us start with the following definition.
Definition 20.1. We set
F2CHZ,(F) = F'CHZ,(F) = ker{cl : CHy,(F) — H3(F, Z)},
FICHZ,(F) = F3CHy,(F) = ker{I, : CHy(F) — CHZ(F)},
A= I,CH(F) C CH%(F).
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After tensoring with @, this filtration coincides with the one given in (4) in the introduction ; see the
proof of Proposition 20.3.

The main result of this section is the following theorem which shows that the multiplicative structure
on the cohomology of F' reflects on its Chow groups.

Theorem 20.2. The intersection of 2-cycles on F enjoys the following properties.

(i) The natural homomorphism
CHZ,(F) ® CHZ,(F) — CHZ(F)
s surjective ;
(ii) The natural homomorphism
CHZ,(F) ® CHZ,(F)nom — CHZ(F)hom

is also surjective ;
(i3i) The image of the natural homomorphism

-Ahom ® Ahom — CH4Z (F)hom
is equal to FACHZ,(F).

Here, the subscript “hom” denotes those cycles that are homologically trivial.
As an immediate corollary of Theorem 20.2(iii), we obtain the following.

Proposition 20.3. We have
CH*(F)4 = CH?(F)y - CH?(F)s.

Proof. In view of Theorem 2 and Theorem 20.2, it suffices to check that Apom @ Q = L*CH4(F ) and that
ker{I, : CH*(F) — CH?*(F)} = ker{L, : CH*(F)pom — CH?*(F)}. Both equalities follow from the fact
proved in Lemma A.5 that I,op = (g — ¢) which is not zero in H*(F, Q), and from (107) which gives
L.o = Ldeg(o)(g? — ¢) — I, for all 0 € CH*(F). O

A key step to proving Theorem 20.2 (%) is embodied by Theorem 20.5 ; it consists in giving a different
description of the filtration F*® of Definition 20.1. On the one hand, we define
® = p.q* : CH(X) = CH"Y(F) and ¥ = ¢,p* : CH(F) — CH" (X))
to be the induced homomorphisms of Chow groups ; see Definition A.2. On the other hand, we introduce
the following crucial definition.

Definition 20.4. Three lines I,1l2,l3 C X form a triangle if there is a linear II = P? C P® such that
M- X =11 + I3+ I3. Each of the lines in a triangle will be called an edge of the triangle. A line ! C X is
called a triple line if (I,1,1) is a triangle on X. Let R C CHZ(F) = CHy,(F) be the sub-group generated
by elements of the form sy + so + s3 where (Is,,ls,,1s,) is a triangle.

Theorem 20.5. Let Ryom C R be the sub-group of all homologically trivial elements, then
F*CH*(F) = ker{¥ : CH*(F) — CH*(X)} = Riom.

Proof. To establish the first equality, we note that the composition ® o ¥ is equal to I,. Hence we only
need to see that ® : CH?’(X)}lom — CH? (F)hom is injective. This is an immediate consequence of [47,
Theorem 4.7] where it is shown that the composition of ® and the restriction CH?*(F)pom — CH?(S))hom
is injective for [ a general line on X.

As for the second equality, the inclusion Ryem C ker{W¥} is obvious and the inclusion ker{U} C Ryom
is Lemma 20.6 below. Il

Lemma 20.6. Let l; and I, i = 1,...,n, be two collections of lines on X such that > 1, = > 1. in
CH?*(X). Then we have

n n

Z[lz} - Z[l;] € Rhom-

i=1 i=1
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Proof. We recall the concept, which was defined in [46], of a secant line of a pair of (disjoint) curves C;
and Cy on X. Namely [ is a secant line of (Cy,Cs) if it meets both curves. This concept is naturally
generalized to the concept of secant lines of two 1-dimensional cycles on X. A pair of curves are well-
positioned if they have finitely many (counted with multiplicities) secant lines. To prove the lemma, we
first prove the following.

Claim : Let (I1,[2) be a pair of well-positioned lines on X and E;, i = 1,...,5, the secant lines of (I1,ls).
Then we have

2] +2[la] + ) _[Ei] € R

Proof of Claim. we may assume that the pair (I1,l2) is general. This is because the special case follows
from the generic case by a limit argument. Let IT =2 IP3 be the linear span of I; and lo. Since (Iy,ls) is
general, the intersection ¥ = IIN X C II = P? is a smooth cubic surface. Hence ¥ 2 Blyp, . py(P?) is
the blow-up of P2 at 6 points. Let R; C ¥, 1 < i < 6, be the the 6 exceptional curves. Let L;; C ¥ be
the strict transform of the line on P2 connecting P; and Pj, where 1 <i<j<6. Let C; CX,1<1¢<6,
be the strict transform of the conic on P? passing through all P; with j # i. The set {R;, L;;, Ci} gives
all the 27 lines on . Without loss of generality, we may assume that Ry = [; and Ry = l3. Then
the set of all secant lines {E;}%_; is explicitly given by {L12,C3,Cy,C5,Cs}. The triangles on X are
always of the form (R;, L;;,C;) (here we allow ¢ > j and set L;; = Lj;) or (Li,j,, Lisjs, Ligj,) Where
{i1,12,13,J1, J2, 3} = {1,...,6}. Then we easily check that

2l + 2l + Y E; =2Ry + 2Ry + L1z + C3 + Cy + C5 + Cg
=(R1+ L3+ Cs)+ (R1 + Lia+ Cy) + (Ra + Las + Cs)
+ (Ro 4 Lag + Cg) 4 (L12 + Lag + L3s)
— (L13 + Las + Lag) — (L14 + Log + L3s).
Hence 2[l1] + 2[l2] + Y [Ei] € R. O

Back to the proof of the lemma. We pick a general line [ such that (I,l;) and (1,1}) are all well-
positioned. Let E;;, j =1,...,5, be the secant lines of [; and [ ; similarly let Eg’j, 7 =1,...,5, be the
secant lines of I} and I. Then by definition, we have

n 5
ZZ il =2() - S, ZZEQJ )-8, in CHo(F),

=1 j5=1

where v =>"1; € CH1(X) and v/ = > Il € CH;(X). By assumption v = 4" and hence

Z MBS =YDIE ]

i=1j=1 i=1 j=1
Thus we get
n 5 n n 5 n n 5
20) T[] =D ) = @D ] +2nl] + >0 [Eig) — @D+ 2nl+ > B
i=1 i=1 i=1 i=1 j=1 i=1 i=1 j=1
n 5 n 5
- Z + Z Z l] + Z € 7zhom
=1 Jj=1 =1 Jj=1

Here the last step uses the claim. If we can prove that Ryem is divisible (and hence uniquely divisible),
then we get > [l;] — Y [l}] € Ruom- Let R be the (desingularized and compactified) moduli space of

triangles on X, then we have a surjection CHj (E)hom — Rhuom- It is a standard fact that CHy (E)hom is
divisible. Hence so is Rpom. This finishes the proof. (Il

Proposition 20.7 below will be used to prove Theorem 20.2.
Proposition 20.7. Let (I1,12,13) be a triangle, then the following are true.
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(i) The identity Sy, - Si, = 60p + [I3] — [l1] — [l2] holds true in CHo(F) ;
(i) If (13,15,1%) is another triangle, then
i=3 3
603 =YD= > (Su—=9)"= D (Su—5u)?
i=1 i=1 1<i<j<3 1<i<j<3

holds true in CHo(F).

Proof of Proposition 20.7. We prove (i) for the case where all the edges of the triangle are distinct. Then
the general case follows by a simple limit argument. Take a 1-dimensional family of lines {I; : t € T'} such
that {;, = 1;. We may assume that (I;,l2) is well-positioned when ¢ # ¢1. Let {E,; : i =1,...,5} be the
secant lines of the pair (Iy,l3) for ¢ # t;. The tangent space ., (T') determines a section of HO(ly, A7, /x)
which in turn gives a normal direction v in A7, /x ., where x = I; Nly. When t — 1, the secant lines E; ;
specializes to {Li,...,Ly4,l3} where Lq,..., Ly together with {l;,lo} form the six lines through x that
are contained in the linear P? spanned by (I1,l2,v). This means [Lq] + -« + [Lg] + [l1] + [l2] = 60F ; see
Lemma A.8. By construction, we have
5
Si, - Siy = _[Eril.
i=1
Let t — t; and take the limit, we have
4
Sll : Slz = Z[Ll] + [13]
i=1
We combine this with [L1] + -+ 4+ [L4] + [l1] 4 [l2] = 60 and deduce (7).
Let (I1,12,13) be a triangle, then we have

S -5 =2 Y 8) 6 Y S8,

1<i<j<3 1<i<3 1<i<j<3
=2(®(h*)*+6 Y [li] — 1080
1<i<3
Then (i) follows easily from this computation. O

Proof of Theorem 20.2. To prove (ii), it is enough to show that [I;] — [l2] is in the image of the map. Let
' be a line meeting both I, and lo, then [I1] — [I2] = ([l1] — [I']) + (['] — [l2]). Hence we may assume that
1 meets l5. We may further assume that (I3,ls) is general. Since CH4(F)hom = CHo(F)nhom is uniquely
divisible, we only need to show that 2([l;] — [l2]) is in the image. Now let I3 be the residue line of I; U ly
so that (I1,la,13) forms a triangle. Then

2([] = [l2]) = (S1, = S1,) - i

is in the image of CH?(F) ® CH?*(F)hom — CH*(F)pom-
To prove (i), it suffices to show that the image of CHz(F) ® CH(F) — CHZ,(F) contains a cycle of
degree 1. By Lemma A.3 and the fact that a general pair of lines has 5 secant lines (see [46]), we have

deg(g” - g°) = 108, deg(S), - Si,) = 5.

Hence the image of the intersection of 2-cycles hits a 0-cycle of degree 1.
(#ii) As an easy consequence of Proposition 20.7 (%) we have Ruom = Ahom - Ahom. But then, Theorem
20.5 gives F*CH*(F) = Anom - Anom 0

Remark 20.8. An alternate proof of statements (i) and (i) of Theorem 20.2 can be obtained as a
combination of Voisin’s identity (106) and of the basic Lemma 17.3. However, (106) does not seem to
imply statement (). In addition, our proofs also work for the case of cubic threefolds as follows. If X is
a cubic threefold, then its variety of lines, S, is a smooth surface. Then F20H2(S ), the Albanese kernel,
is the same as ker{¥ : CH?(S) — CH*(X)}. As in Theorem 20.5, F2CH?(S) is identified with Ryom.
Statements (i) and (ii) of Proposition 20.7 are true in the following sense. In this case S, the space of all
lines meeting a given line [, is a curve. The constant class 60 in statement (i) should be replaced by the
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class of the sum of all lines passing through a general point of X. Then the statement (iii) of Theorem
20.2 reads as Pic’(S) @ Pic’(S) — F2CH?(S) being surjective. This result concerning the Fano scheme
of lines on a smooth cubic threefold already appears in [13].

21. THE RATIONAL SELF-MAP ¢ : F' --» ' AND THE FOURIER DECOMPOSITION

In this section we determine completely the class in CH*(F x F) of the closure of the graph T, of the
rational map ¢ of Definition 18.1 ; see Proposition 21.2. We obtain thus in Proposition 21.7 a complete
description of the cohomology class of I',, thereby complementing the main result of Amerik [2]. After
some work, we also obtain in Theorem 21.9 an eigenspace decomposition for the action of ¢ on the Chow
groups of F. It turns out that the action of ¢ is compatible with the Fourier decomposition on the
Chow groups of F' ; see §21.6. This interplay between ¢ and the Fourier decomposition will be crucial to
showing in Section 22 that the Fourier decomposition is compatible with intersection product.

Let w be a global 2 form on F. The action of ¢* on w is known :

Proposition 21.1 ([3]). The rational map ¢ : F --» F has degree 16 and we have
Orw = —2w, @rw? =40

By the very definition of ¢, the triple (I,1, p(l)) is a triangle, in the sense of Definition 20.4, whenever
[ is a line of first type. Thus I.(p.o + 20) = 0 for all ¢ € CHo(F)nom ; see Proposition 20.5. Other
links between the rational map ¢ and the incidence correspondence I have already been mentioned :
Lemma 18.2 shows that g2 - L[l] = ¢.([l]) — 4[l] + 240r € CHy(F), and Proposition 20.7 implies, for
instance, that L[l] - L.g.[l] = 60r — p.[l] and (L[l])? = 60 + @«[l] — 2[l]. Here we wish to relate I and
@ as correspondences in F' X F' and not only the actions of I and ¢ on the Chow groups of F. As such,
the main result of this section is Proposition 21.2. As a consequence, we determine the action of ¢ on
CH*(F') and study its compatibility with the Fourier transform.

21.1. The correspondence I',. Let ¢ : F' --» F' be the rational map introduced in Definition 18.1
and let I'y C F' x F be the closure of the graph of ¢. We denote I', 9o C F' x F the set of points
([l1], [I2]) € F x F such that there is a linear plane P? C P°, not contained in X, with P? - X = 2[; + 5.
Then I'y, ¢ is irreducible and Iy, is the closure of I'y, . Furthermore, if X does not contain any plane,
then I'y, = 'y, o. Our next goal is to study the correspondence I', in more details.

Let us now introduce some other natural cycles on F' x F' ; see Appendix A for more details. Let
I, C F x F be the 5-dimensional cycle of all points ([l1], [l2]) such that 2 € I; Ny for some point = on a
given hyperplane H C X. Let I'y2 C F' x F be the 4-dimensional cycle of all points ([I1], [l2]) such that
x € l; Ny for some x on an intersection H; N Hy C X of two general hyperplane sections. Let II; C X,
J=1,...,r, be all the planes contained in X and II7 C F' the corresponding dual planes. Then we define
I = Z;Zl 17 < II7 € CH*(F x F). Note that a general cubic fourfold does not contain any plane and
hence I = 0. Now we can state the main result of this section.

Proposition 21.2. The following equation holds true in CH*(F x F),
(109) Ty + 1 =4Ap + (267 + 39192 + 93) - I — (591 + 4g2) - Th + 302,
Furthermore, —(5g91+4¢92)-Tp+3T 1,2 can be expressed as a weighted homogeneous polynomial T5(g1, g2, c1, ¢2)
of degree 4 ; see Proposition A.6.
Proof. Let In = I\Ap. Then we have a natural morphism
q0 ZI()*)X, ([lﬂ,[lg])*—)l’zllmlg
Let m; = pil1, : Io — F be the two projections. We use &5 C V to denote the natural rank two sub-bundle
of V.on F and & = Ox(—1) C V to denote the restriction of the tautological line bundle. We first note

that on Iy, we have natural inclusions ¢3é1 — 7w} &s, ¢ = 1,2, which correspond to the geometric fact
that x € [;. In this way we get the following short exact sequences

(110) 0 qé‘é‘)l W?(aﬂg Ql O7
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for ¢ = 1,2, where Q; is an invertible sheaf on Iy. Let V3 C V be the rank 3 sub-bundle spanned by 77 &>
and 75 &5, then we have the following short exact sequence

0 qgé”i ) + Vg 0.

7'(';(52 @7'(';672

At a point ([l1], [l2]) € o, the fiber of Vs is the 3-dimensional sub-space of V' that corresponds to the
linear P? spanned by [ and l3. We have a natural inclusion 7} & C V3 whose quotient is isomorphic to
Q, for {i,j} = {1,2}. This gives a natural surjection Vs — Q; & Qo which fits into the following short
exact sequence

(111) 0 qééal V3 Q1 ® Qs ——0.

We write .#; = m/&», i = 1,2, and note that we have natural inclusions .#; C V5. By taking the third
symmetric power, we get
(112) 0—> Py —=Sym* Vs — =4 — =0,

_ Sym3 F1 @Sym3 Fo . _ 3 iV,
where % = By and ¥ is locally free of rank 3 on Iy. Let ¢ = 0, for some ¢ € Sym”(V)V,

0™1

be the defining equation of X C IP(V'). Then by restricting to the sub-bundle Sym? V3 of Sym?® V', we get
a homomorphism ¢; : Sym® Vs — Op,. Note that at a closed point ([l1],[l2]) € Io, #; C V corresponds

to the line I;, 4 = 1,2. The fact that [; is contained in X implies that ¢; vanishes on Sym?®.%;. Hence by
the short exact sequence (112), we see that ¢; induces a homomorphism

¢2 IgHOIO.

Consider the following diagram

0 Zo Sym? Vs 7 0

| | p
0——=Sym®Q; ®Sym® Qg —————=Sym*(Q1 P Qy) —————= D, ® Q% ——=0

where all the vertical arrows are surjections. The homomorphism p fits into the following short exact
sequence

(113) 0——qt& ® Q1 ® Qs % 2?0 d0O ®Q%——0.
Hence ¢ induces an homomorphism
03: G561 QR Q1 ® Qy — Oy, .

Let Z C Iy be the locus defined by ¢35 = 0. Hence on Z the homomorphism ¢3 factors through the third
term in the sequence (113) and gives

¢45Q%®Q2@Q1®Q%—>OIO-
This homomorphism further splits as ¢4 = ¢4,1 + ¢4,2, where
$a1:91® Qy — Oy,
ba2:Q1 ® Q3 — Oy,.
Let Z' C Z be the locus defined by ¢41 = 0. The cycle class of Z’ on I can then be computed as
Z'=c@é 0 ®Qy) al(Qr ® Q)
= (qoh + 91lr, — a5h + 9211y — @6 h) (2911, — 2¢5h + 92[1, — a5 h)
= (297 + 39192 + 93)|1, — (Bg1 + 4g2) - g3h + 3q5h*.

Here the second equality uses the fact that —c1(9;) = gil1, — ¢ih, ¢ = 1,2, which is a simple consequence
of the sequence (110). Let ig : Iy — F' x F\Ap be the inclusion, then we have

(114) (i0)+Z' = (297 + 39192 + ¢2) - T — (5g1 +4g2) - Th + 342, on F x F\Ap.
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Our next step is to relate Z’ to I',. Let ey (resp. e; and es) be a local generator of ¢5é&1 (resp.
Q; and Q) and Ty (resp. Ty and Tb) be the dual generator of ¢5& ' (resp. Q7' and Qy'). Then
(Th,T1,T>) can be viewed as homogeneous coordinates of the plane II; spanned by l; and Iz, where
t = ([l1], [12]) € Iy is a point at which the T;’s are defined. Furthermore, /1 is defined by T = 0 and I5 is
defined by T3 = 0. Let ¢; be the restriction of ¢ to Il;. The fact that ¢ = 0 along [; and ls implies that
¢r = aToTyTo 4 bTETs + ¢T1T5. The condition ¢3 = 0 is equivalent to a = 0 and the condition ¢4 = 0 is
equivalent to b = 0. Thence ¢t € Z' if and only if ¢, = ¢T}T# for some constant c. Equivalently, we have

Z/:{tGIQZHt'X:2l1+12 OI‘HtCX}.
It follows that (ig)«Z" =Ty, + I; on F' x F\Ap. Using the localization sequence for Chow groups and
equation (114), we get
T, + 1 = aAr + (297 + 39192 + 93) - T — (501 +4g2) - T, + 302, in CHY(F x F),

for some integer . By Proposition A.6, the terms involving I', and I'2 are polynomials in g; and ¢;.
To determine the value of o, we note that all the terms in the above formula act trivially on H*?(F')
except for ', and aAp. We already know that ¢* = 4 on H*%(F) ; see Proposition 21.1. Hence we get
a=4. O

21.2. The action of ¢ on homologically trivial cycles. Let I', C F' x F' be the closure of the graph
of ¢ as before. Then, for any element o € CH'(F'), we define
¢*o =p1(ly-p30) and  p.0 =p2n(ly - pio);

See Appendix B for a general discussion on the action of rational maps on Chow groups. The main goal
of this section is to get explicit descriptions of ¢* and ..

Proposition 21.3. The following are true.

(i) The action of ¢* on homologically trivial cycles can be described by
©*o =40 +2¢% - I0, s CH4(F)h0m
o =40+3g-L(g-0), o € CH*(F)hom
¢*o =40+ L(¢* o), o € CH?*(F)hom;

(ii) The action of . on homologically trivial cycles can be described by
0.0 =40+ g* - Lo, o € CH*(F)uom
w0 =40+ 3g - L.(g - 0), o € CH*(F)hom
p.0 = 4o +21.(g% - o), o € CH?*(F)hom.

Proof. In view of Proposition 21.2, (i) and (ii) are direct consequences of the following three facts.
First, since I is supported on the union of the II7 x II7, the action of /; on CHi(F ) factors through both
@®, CH;(II}) and P; CHi(H;). Therefore, I; acts as zero on CH'(F) for i # 2 and since CH*(IT} ) hom = 0
it also acts as zero on CH*(F)pom. Secondly, the action of pja - p38 - T on 0 € CH*(F), where a, § €
CH*(F) and T' € CH*(F x F)), is given by

(via-p3B-T)'o = a-T*(3-0).

Thirdly, if T, € CH*(F x F) is a polynomial in the variables ¢y, ca, g1, g2, then for ¢ € CH*(F)nom
(T'4)*o € CH*(F) is a polynomial in the variables ¢, g which is homologically trivial. The main result of
[54] recalled in Theorem 4.3 implies that (I'y)*o = 0 in CH*(F). O

21.3. The action of ¢ on g, ¢ and their products. Amerik [2] computed, for X generic, the action
of ¢* on the powers of g and on ¢. We use Proposition 21.2 to complement Amerik’s result.

Proposition 21.4. We have ¢*g = Tg, 0.9 = 289, ¢*g%> = p.g9> = 49 + 45¢c — I7 g%, p*c = p.c =
3lc— Ife, p*g® = 28¢% and ¢.g° = Tg3.
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Proof. First note, as in the proof of Proposition 21.2, that I, acts as zero on CH'(F) for i # 2 but also
that the correspondence I; is self-transpose. To prove ¢,g = 28¢, we apply the identity in Proposition
21.2 and Lemmas A.3 and A.4. We have

0ug =49 +2L.g° +3g- L.g°> —4g - (Cn)+g — 5(T1)sg” + 3(Tp2)sg
=49+ T2g+639g—4-6g—5-21g+3-6g

One simplifies the above expression and gets p.g = 28¢. Let us now compute ¢.c. By Proposition 21.2,
we have

puct+Ifc=4dc+2L(¢% ¢) +3g-L.(g-¢) + g% Lc —5(T1)(g-c) — 4g - (Th)sc+ 3(Th2)xc.

Lemma A.3 and Proposition A.6 give (I'y,)«c = 6g and (I'j,2).c = 6(g?—c). On the other hand, [54, Lemma
3.5] shows that g-c and ¢g* are proportional. Since by Lemma A.3 deg(g? - ¢) = 45 and deg(g*) = 108, we
get 12g-c = 5¢>. In order to finish off the computation of o, c using Lemma A.4, it remains to compute I,c.
Since 6] = 25g2—40c and L.l = 0, we get 8L.c = 5L, g?. Now by (107), L = %(g%—l—%glgg—l—g%—cl—cQ)—I.
A straightforward calculation yields I.c = 6[F]. Putting all together gives the required ¢.c = 31lc — Ic.
The other identities can be proved by using the same basic arguments and are therefore omitted. O

21.4. Eigenspace decomposition of the cohomology groups. Let us denote 7 : I'y, — F and
¢ : I'y — F the first and second projection restricted to I'y C F x F. Thus ¢*0c = 7.9%0 and
ws0 = @u7*0 for all o € CH*(F). Let us also denote IIy, ..., II,, the planes contained in X, ITj, ..., IT}
the corresponding dual planes contained in F' and F1, ..., F, their pre-images under 7. Finally, we write
FE for the ruled divisor which is the pre-image of the surface s of lines of second type on F' ; see Lemma
A.9. The Chow group CH'(F) splits as

CH'(F) = (g) ® CH" (F)jprim,

where CH'(F)prim := p+q* CHa(X)prim and CHz(X)prim = {Z € CH2(X) : [Z] € HY(X,Q)prim}- An
easy adaptation of [2, Proposition 6] and [54, Lemma 3.11] is the following.

Lemma 21.5. We have §*g = Tr*g—3E+Y, a,; E; for some numbers ay ; € 7, and for D € CH'(F)prim
we have o*D = —27*D + ZZ ap;E; for some numbers ap; € 7. O

Remark 21.6. Note that by Proposition 21.4, p.g = 28¢, so that if X does not contain any plane we
get 7-28g = T .9 = 0x0*g + 30, E = 169 + 30, F and thus ¢,F = 4¢g. Likewise, one may compute
30, E% = 52¢% 4 735¢ and 40, E3 = 80594°.

First we have the following cohomological description of I',. Note that Proposition 21.2, together with
(107), already fully computed the cohomology class of I';, in terms of g, ¢ and the Beauville-Bogomolov
class 8.

Proposition 21.7. Let X be a smooth cubic fourfold and let F be its variety of lines. Then
o (¢* +2)(¢* —7) vanishes on H3(F, Q) ;
o (p* —28)(p* + 8) wanishes on HO(F, Q).

Assume moreover that X does not contain any plane. Then
o (¢* —31)(p* + 14)(p* — 4) vanishes on HA(F, Q).

Proof. According to Proposition 21.2, we know that the cohomology class of I', + I; is constant in the
family, where I; = 0 if X does not contain any plane. As in the proof of Proposition 21.3, we see that
I; acts trivially on H*(F, Q) unless possibly when i = 4. Therefore it is enough to prove the proposition
for generic X. In particular X does not contain any plane and, as explained in [2, Remark 9], H?(F, Q)
decomposes as (g) ®H?(F, Q) prim, where H?(F, Q),rim is a simple Hodge structure spanned by a nowhere
degenerate global 2-form w, and H*(F, Q) = Sym*H?(F, Q) decomposes as a direct sum of simple Hodge
structures

(115) HY(F,Q) = (¢*) @ {c) ® (9 H*(F, Q)prim) @ V,
where V is spanned by w?.

By Proposition 21.1 and Proposition 21.3 respectively, we see that ¢* acts by multiplication by —2
on H?(F, Q)prim and by multiplication by 7 on (g). Thus (¢* + 2)(p* — 7) vanishes on H*(F, Q). By
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Proposition 21.1, ¢* —4 vanishes on V. By Proposition 21.4, p*g? = 4g%+45¢c and p*c = 31c. Since clearly
P*w = —27*w, it is straightforward from the projection formula to see that ¢*([g] Uw) = —14[g] U w.
Therefore (¢* — 31)(¢* + 14)(p* — 4) vanishes on H*(F, Q). Finally, by the Lefschetz isomorphism, we
have HS(F, Q) = ¢* - H*(F, Q) = (¢*) & ¢ - H*(F, Q) prim- By [2, Theorem 8], p*g* = 28¢>. It remains to
compute ¢*([g]? Uw). We have

" (9] Uw) = 7 (@"[g]? U (-2)7"w) = ¢*[g] U (—2w) = (4[g]* +45[c]) U (—2w) = =8 [g]* Uw — 90 [c] Uw.

But then, for generic X, ¢ can be represented by a singular rational surface ; see the proof of Lemma 3.2
in [54]. Therefore [c] Uw = 0 and hence ¢*([g]? Uw) = —8[g]> Uw. O

21.5. Eigenspace decomposition of the Chow groups. In this paragraph we show that for a cubic
fourfold X not containing any plane, the Chow groups of its variety of lines F' split under the action of
©*. Let us fix some notations.

Definition 21.8. For A € Q, we set
Vi :={o € CH(F): ¢*0 = Ao}
For instance, CH(F) = V;*. According to Proposition 21.7 we have
CH'(F) =V} @ V1, with V! = (g) and V!; = CH"(F)prim-

The following is the main theorem of this section.

Theorem 21.9. Let X be a smooth cubic fourfold and let F be its variety of lines. Let ¢ : F --+ F be
the rational map of Definition 18.1. Then the following are true.
(i) The action of ¢* on CH*(F) satisfies (p* — 16)(o* + 8)(¢* —4) = 0 and induces an eigenspace
decomposition
CHYF)=Via VoVl
with  CH*(F)o = V%, CHYF)y=V%, CHYF)y=V
(ii) The action of ¢* on CH?*(F) satisfies (o* — 28)(¢* + 8)(¢* — 4)(¢* + 14) = 0 and induces a
decomposition
CH*(F)=VaaVioViaVs,,
with  Vig =(g°), Vig=g¢>-V%, V3, =g V2,
CHY(F)o = Vi & V3, CH(F)y = Vi & V3.
(iii) The action of ¢* on CH?(F) satisfies (¢* —31)(¢* + 14)(¢* — 4)(¢* +2) = 0, provided that X does
not contain any plane, and induces a decomposition
CH*(F)=VZ e V2, e Vo V2,
with V& = {(c), V2,=g9-Vli,,
CH?*(F)y =V?2,, CH*(F)o=Via®V?,0 Vi
That CH? (F)2 is an eigenspace for the action of ¢* on CHZ(F ) is singled out in the following propo-

sition. Its proof uses the triangle relation introduced in Definition 20.4, and its link to the filtration F*®
on CH*(F) as shown in Theorem 20.5.

Proposition 21.10. Let F be the variety of lines on a cubic fourfold. Then, inside CH? (F), the sub-group
V2, coincides with the sub-group Anom introduced in Definition 20.1. In particular, V2, = CH?(F)s,.

Proof. The group Apen, is spanned by cycles of the form S;, —Sj,. Let us compute p*o for o = S, — 5}, =
I.x where x = [l;] — [l2] € CHo(F).
p*c = 4o+ I*(g2 <L)
= 4o+ L (p.x — 4x)
4o + L (pwx + 22) — I.(6x)
40 — 60
= —20.
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Thus Apom C V2,. Here, the first and second equalities are Proposition 21.3. The fourth equality follows
simply from the fact that p.x + 2x satisfies the triangle relation of Definition 20.4, i.e., belongs to Ryom,
and that I, acts as zero on Ryom by Theorem 20.5.

Consider now o € CH?(F) such that ¢*oc = —20. Because —2 is not an eigenvalue of ¢* acting on
H%(F,Q), we see that ¢ € CH?(F)pom. By Proposition 21.3, we have p*oc = 40 + L.(g? - ¢) so that
I.(g% - 0) = —60. Thus 6V?2, C I,CHo(F)nom := Ahom- O

Proof of Theorem 21.9. We first show (i), the decomposition for CH*(F). Let 2 € CH*(F)nom, then
0+ + 22 € Rpom. Proposition 20.5 yields I (p.x + 2x) = 0. Hence by Proposition 21.3 we have

(0x = 4)(px +2)z = ¢* - L(puz +22) = g* - 0= 0.

This implies that (¢* — 4)(¢* 4+ 8) = 0 on CH*(F)nom. The rational map ¢ has degree 16 and hence,
by Proposition B.7, ¢.¢* = 16 on CH*(F). If 2 € CH*(F), then ¢*z — 16z € CH*(F)pom and hence
(¢* — 4)(¢* + 8)(p* — 16)z = 0. This establishes the polynomial equation that ¢* satisfies on CH*(F).
Let us prove that p*op = 160, or equivalently p.or = op. This will show that V¢ = CH4(F)0
and that CH*(F)pem = V% @ V4. By Lemma A.5, we have I.op = +(g® — ¢). Meanwhile, having
in mind that whenever ¢ is defined at [ the triple (I,1,¢()) is a triangle, Proposition 20.7(i) yields
(I.0r)? = .0 + 40p. Hence using the identities in (i) of Lemma A.3, we get
0, 0p +4dop = %(94 —2¢%c+c*) = bop.

It follows that p.op = op.

Finally, we have g2 - I, = p. —4 = —6 on V% ; see Proposition 21.3. This implies that I, induces an

isomorphism V4, — Apom and that FACH*(F) = ker(I,) = V;*. This shows that V4, = CH*(F), and
Vit = CHY(F),.

Now we show (iii), the decomposition for CH*(F) when X does not contain any plane. For o € CH?(F),
Proposition 21.2 gives

(116) ©*o —40 = I.(¢* - 0) + P(g,D;,¢) in CH*(F),

for some weighted homogeneous polynomial P of degree 2, D; € CH'(F )prim- The cycle g% - o can be
written as g2 - o = deg(g® - o) [op] + o', where o' € CH*(F)pom. By Lemma A.5, Lop = (g% —¢).
Thus p*o — 40 = L.(¢") + Q(g, D;, ¢), for some weighted homogeneous polynomial @ of degree 2. Now
I.(0") belongs to Apom so that by Proposition 21.10 we get (¢* 4+ 2)I.0’ = 0. Recall that ¢*c = 31c¢ and
©*g? = 4g®+45c ; see [2, Theorem 8]. Lemma 21.5 gives, when X does not contain any plane, p* D? = 4D?
and ¢*(g- D) = —14g - D for all D € CH'(F)pim. We can then conclude that (p* + 2)(p* — 4)0 is a
polynomial in ¢, ¢ and D;, D; € CHl(F)prim. On the other hand, by Proposition 21.7, we know that
(¢* —31)(¢* + 14)(¢* — 4) maps CH*(F) to CH?(F)pom. Therefore (¢* —31)(¢* + 14)(¢* + 2)(¢* — 4)o
is a polynomial in the variables g, ¢ and D; which is homologically trivial. By the main result of [54], it
must be zero modulo rational equivalence. This establishes the polynomial equation of ¢* on CH? (F).

Let us now show that V4 = (c). First note that for ¢ € CH?(F)pem Proposition 21.3 gives p*o —40 =
I.(g? - o), and hence (¢* + 2)(p* —4)o = 0. Consider then o € VZ. By Proposition 21.7, or rather its
proof, we see that [o] is proportional to [¢]. But then, by the above, 31 is not an eigenvalue of ¢* on
CH?(F)pom- Hence o is proportional to ¢, which proves that V4 = (c).

We now show that V2, = g-V%,. Recall that V', = CH'(F)pim. Lemma 21.5 gives the inclusion
V2, 2 gV, Consider then o € V2,,. A quick look at the proof of Proposition 21.7 shows that [o]
belongs to [g] - H?(F, Q)prim- Since —14 is not an eigenvalue of ¢* acting on CH2(F)h0m, we get that
oc€g- Vi,

Finally let us show that CH?(F)o = V2 @ V?,, ® V2. Consider ¢ € V2. We know that 0 = ¢*0 —40 =
I.(g% - 0 — deg(g® - o)[or]) + Q(g, Ds, ), for some weighted homogeneous polynomial @ of degree 2.
Since I.(g% - o — deg(g? - o)[or]) belongs to CH*(F), and Q(g, D;, c) belongs to CH?(F)g, we get that
I.(g? 0 —deg(g* - 0)[or]) = 0. It immediately follows from (107) and from the identity I,op = (g —c)
of Lemma A.5 that L.(g?> - o) = 0. Since by (iii) of Lemma A.3 c¢- o is a multiple of [or] for all
o € CH?(F), we see that L.(l- o) = 0. Therefore by Theorem 19.2 (L?).0 = 20, i.e., 0 € W C
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CH?(F)o. Since V4 @ V2, C CH*(F)y and V2, = CH?*(F)y, it is straightforward to conclude that
CH*(F)o = Vi @ V2, &V}

Now we prove (7i), the decomposition for CH?*(F). First consider oy € g-V?2,. Since V2, = Apom and

I : V4 =5 Apom is an isomorphism, we can write o1 = g - L.z for some x € V4. Then by Proposition
21.3 we have

0 o1 =401 +3g-1.(g-01) = 40 +3g - L.(¢° - I.x) = 4oy + 39 - I.(—6x) = —1407.

Here, we used the fact mentioned earlier in the proof that g2 - I, acts as multiplication by —6 on V4.
Thus we have shown that ¢* = —14 on g- V'2,. The formula for the action of ¢* on CH?(F)pem obtained
in Proposition 21.3 shows that for all 0 € CH?*(F)hom, we have ¢*c — 40 € g - V2,. Tt follows that
(¢* + 14)(p* — 4)0 = 0. We may then conclude that (¢* — 28)(¢* + 8)(p™ — 4)(¢* + 14) vanishes on
CH?(F) by Proposition 21.7.

Finally, that Vi = (¢°), V3 = ¢>- V!, and CH?*(F)o = Vi ® V3, follows from the proof of Proposition
21.7 and from the fact proved above that 28 and —8 are not eigenvalues of ¢* acting on CH? (F)hom- O

Remark 21.11. It is interesting to note the following. Let F be a hyperkéhler variety of dimension
2d which is birational to a Lagrangian fibration F — P? Let B — P? be a generically finite map
with B smooth projective such that the pull-back Fp — B admits a section. In that case, Fp is an
abelian scheme over B. Consider then the relative multiplication-by-n map on Fp. By the work of
Deninger—Murre [21], we see that CHQd(F 5) splits into eigenspaces for the action of the multiplication-
by-n map and that the eigenvalues are n??, n2?=1 ... n This multiplication-by-n map defines naturally
a self-correspondence I',, € CHag(F x F)) which induces a similar decomposition on CH*(F), i.e., we have
CH*/(F) = CH*(F)o®CH*(F)y®...® CH*!(F)yq where CH?*Y(F)y; = {0 € CH?**(F) : T%o = n?*ig}.

Thus, what we see here, is that the rational map ¢ : F --» F induces a map ¢* : CH*(F) — CH*(F)
which splits CH*(F) in the same way a relative multiplication-by-(—2) map would on a Lagrangian
fibration. It would be interesting to show that when F' admits a Lagrangian fibration the two splittings
are identical.

Let us end this section by the following complement to Theorem 21.9, which deals with the action of
©* on CH?*(F) when X may contain some planes.

Lemma 21.12. Let F be the variety of lines on a cubic fourfold X. If o € CH2(F)0, then
QO*O- =4o + P(g,C, Dl)v

where P(g,¢,D;), D; € CH(F), is a weighted homogeneous polynomial of degree 2. In particular, if
oc CH2(F)0,hom, then p*o = 4o.

Proof. Let o be a 2-cycle on F'. By Proposition 21.2, we have
p*o =40+ L.(9* - 0) + Q(Di, g,¢,11}),

where Q(D;, g, ¢, H;‘) is a weighted homogeneous polynomial of degree 2. By Lemma 21.13 below, II7 is
a polynomial in g, ¢ and Dy, where Dy, is the divisor of lines meeting II;. Therefore Q(D;, g, ¢, II7)
is actually a weighted homogeneous polynomial of degree 2 in the variables D,, g,c. Now assume that
o € CH? (F)o. We know from Proposition 4.2 that [-o is a multiple of 0. Since g2 is a linear combination
of  and ¢ by (108) and since ¢- 7 is a multiple of 0 by Lemma A.3 for all 7 € CH?(F), we see that g - o
is a multiple of or. Thus, by Lemma A.5, I,(g? - o) is a linear combination of g? and c. All in all, this
yields the first part of the lemma.

Now, if o is homologically trivial, then P(g,c, D;) is homologically trivial. By [54], it follows that
P(g,c,D;) =0. O

Lemma 21.13. Let Il C X be a plane and II* C F' the dual plane. Then the class of II* in CH2(F) 18
a linear combination of g%, ¢, (Dn)? and g - Dn, where Dry is the divisor of all lines meeting II.
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Proof. This is implicitly contained in [54, p.646] and we repeat the proof for completeness. Let D= q I
then D is isomorphic to D = Dy away from II*. Thus under this identification, we get
Dlp = det(q¢" Mi/x) = Tp/rlp =0—(2¢°"h —p"g) =p"g — 2¢"h,
away from IT*. By pushing forward to F' and noting that the class h|r is represented by a line on II, we
get
(Dn)? = all* + g Dy — 28]

for some integer a € Z, where | C II is a line. Note that [l] = o (see Lemma A.3) and S; = L[] =
Lop = £(g? — ¢) (see Lemma A.5). To conclude, we still have to show that a # 0. But this is clear since
if @ = 0 then ¢ would be a linear combination of intersections of divisors and we know this is not the
case. Hence a # 0 and the Lemma follows. O

21.6. Compatibility of the action of ¢ with the Fourier transform.

Proposition 21.14. The rational map ¢ : F --+ F preserves the Fourier decomposition, i.e., ™ maps
CH'(F)s into CH"(F)s for all i and all s.

Proof. By Theorem 21.9, the only thing to check is that ¢*o € CH?(F), for all ¢ € CH?(F)o. But this is
a consequence of Lemma 21.12, together with Theorem 4.6 which shows that any weighted homogeneous
polynomial P(g,c, D;) of degree 2 belongs to CH?(F)y (recall that ¢ is a linear combination of I and
9%). O

Actually we have the following more precise result which implies that ¢* commutes with F o F on
CH'(F), as long as (i,s) # (2,0). On CH?*(F)y, it is not true that p,F = Fp* because both ¢, = ¢*
and F are diagonalizable but (1) is fixed by F and ¢*l = .l ¢ (I).

Proposition 21.15. Let F' be the variety of lines on a cubic fourfold X. Then
0. F = Fp* : CH(F)y — CH* "M (F), for all (i,s) # (2,0);
@, = " : CH*(F)o — CH*(F).

Proof. By Theorem 2, F induces isomorphisms CH*(F), — CH*™""*(F),. By Theorem 21.9, the action
of * is multiplication by (—2)*~* on CH*(F), and is multiplication by —2 on CH?(F),. By Proposition
B.7, we know that ¢, ¢* is multiplication by 16 on CH*(F) and on CH?(F)pom. Therefore the proposition
is settled for s = 0 or 4 and (i,s) = (2,2). For i = 3, we have CH*(F)y = CH?*(F)pom and F acts on
CH?(F); as the identity. We can then conclude in the case (i,s) = (3,2) from Proposition 21.3 where
it is shown that ¢, and ¢* have the same action on CH?(F)yom. Let us now consider (i,s) = (3,0) or
(1,0). Let D be a divisor on F. One can check from the proof of Theorem 2.2 that F(D) = 4l - D and
that F(I- D) = 25D. If D € CH"(F)pyim, then by [54, (3.36)] ¢- D = 0 so that [ - D is proportional to
g - D ;if D € {g), then by [54, Lemma 3.5] ¢- D is proportional to g3 so that [ - D is proportional to g.
In the proof of Proposition 21.7, we determined the action of ¢* on H2(F, Q) and on g% - H?(F, Q). Since
both CH?*(F)o and CH'(F), inject into cohomology via the cycle class map, we need only to determine
the action of ¢, on H?(F, Q) and on g2 - H?(F, Q). On the one hand, we have p,g = 28¢ and p.w = —8w
because —27*w = @*w. On the other hand, we have ¢,g® = 7g and ¢.([¢?] Uw) = =20, (T*[¢?] U w) =
—20.[9*]Uw = —2[g*] Uw. This proves that ¢, F = F¢* on CH?*(F)y and on CH'(F),.

It remains to see that ¢, = ¢* on CH?(F)y. Consider ¢ € CH?*(F)o. By Lemma 21.12, we know
that ¢*o = 40 + P(g,c¢, D;), where P(g,c, D;), D; € CH'(F), is a weighted homogeneous polynomial
of degree 2. The exact same arguments as in the proof of Lemma 21.12 show that likewise we have
0.0 = 40 + Q(g,¢,D;), where Q(g,¢,D;), D; € CH'(F), is a weighted homogeneous polynomial of
degree 2. Thus

@0 —p.0=(P—Q)(g,¢c, D).
By Theorem 4.6, it is then enough to check that ¢, = ¢* on H*(F,Q). We know from Proposition
21.4 that this is the case on (g2,¢). From the proof of Proposition 21.7, it is enough to check that
0«([g] Uw) = —14[g] Uw and ¢, (w?) = 4w?. But then this follows immediately from —27*w = ¢*w and
from p,g = 28¢. (]
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22. THE FOURIER DECOMPOSITION FOR F' IS MULTIPLICATIVE

In this section, we use the rational map ¢ : F' --+ F' to investigate the compatibility of the Fourier
decomposition with the intersection product on CH*(F). The concatenation of all the results of this
section provides a proof of Theorem 3 for F' the variety of lines on a very general cubic fourfold.

22.1. Intersection with homologically trivial 2-cycles. Because ¢ is only a rational map, ¢* does
not respect the intersection product in general. Yet we have the following observation.

Lemma 22.1. If @ € CH?*(F)pom, then ¢*a - ¢*f = ¢*(a- B) for all § € CH*(F).

Proof. This is Proposition B.6 in view of the fact that CH?*(F)pom = T?(F), where T?(F) is the kernel
of the Abel-Jacobi map CH?(F)pom — J?(F), because J?(F) is a sub-quotient of H3(F,C) = 0. O

Proposition 22.2. Let F be the variety of lines on a cubic fourfold X. Then the Fourier decomposition
satisfies
CH*(F)y = CHY(F){? - CH*(F)s.
Moreover, we have
g-D-CH*(F)y =0, for all D € CH'(F)pim-

Proof. Recall that CH?*(F)s = V2,. By Lemma 21.5, we have for all D € CH'(F)im
©*(9-D)=7.¢"(g- D) =7.((77%g — 3E + Z agiE;) - (27D + ZaDJEi))

=—14g-D+ Y by pll;
where the by p; are rational numbers and the IIf are the dual planes to the planes contained in X.
Likewise, we have ¢*g? = 4g2 + 45¢ + Y b,z ;II¢ and ¢*D? = 4D? + 3" bpe 1T} for all D € CH'(F)pyim.
Since for all o € CH2(F)h0m ¢-0 =0 by Lemma A.3(%ii) and IT} - o0 = 0, we see thanks to Lemma 22.1
that for all D € CHl(F)prim and for all o € CHQ(F)Q we have

<p*(92~
(117) ©*(D*-0)=—-8D? .0,
¢ (g-D-0)=28g-D-o.

):_892'07

The proposition then follows because 28 is not an eigenvalue of ¢* acting on CH*(F) by Theorem 21.9
and because g% : CH?(F)y — CH*(F), is an isomorphism. O

Since CH'(F)i? € CH?(F)y by Theorem 4.6, the following is a refinement of the first statement of
Proposition 22.2.

Proposition 22.3. Let F' be the variety of lines on a cubic fourfold. Then
CH?(F)o - CH?(F)y = CH*(F)s.
Proof. By Proposition 21.10, we know that CHQ(F )o = V2, consists of homologically trivial cycles.
Consider o € CH?*(F)o and 7 € CH?*(F),. By Lemmas 22.1 and 21.12, we have
SO*(J : T) = SO*U : (p*’T = (40 + P(g,C7 Dl)) : (_27—) =80T — QP(g,Cv Dz) °T
Since ¢-7 = 0, by Proposition 22.2 we obtain that P(g, ¢, D;)-7 belongs to CH*(F),. It then immediately
follows from the fact that CH*(F), = V% that o - 7 € CH*(F)s,. O
Proposition 22.4. Let F' be the variety of lines on a cubic fourfold. Then
CHI(F) ! CH2(F)0,hom =0.

Proof. Indeed, if ¢ € CH?(F)g pom, then by Lemma 21.12 p*o = 40. It follows from Lemma 22.1 that
©*(D-0) =40 - p*D for all D € CH'(F). Depending whether D € (g) or D € CH'(F)yim, we see that

©*(D-0) =280 D or =80 - D. By Theorem 21.9, neither 28 nor —8 are eigenvalues of ¢* acting on
CH?(F)pom = CH?*(F)y. Hence D -0 = 0. O

Proposition 22.5. Let F' be the variety of lines on a cubic fourfold. Then
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CH?*(F)o - CH*(F)o hom = 0.
Proof. Consider o € CH?*(F)o and 7 € CH?(F)g pom- By Lemmas 22.1 and 21.12, we have
(o 1) =9 0 p*r = (40 + P(g,¢,D;)) - 47 = 160 - 7 + 4P(g,¢,D;) - 7.
But then, as in the proof of Proposition 22.2, we see that p*(¢g2 - 7) = 16¢* - 7, p*(D? - 7) = 16D? - 7
and ¢*(g-D-7) = —14-4g- D -7 for all D € CH'(F)pim. Also, we have ¢*(c-7) = 31 -4c - 7. Since
none of these numbers are eigenvalues of p* acting on CH*(F)yom, we see that P(g, ¢, D;) - 7 = 0. Thus

©*(0-7) =160 - 7. Again, 16 is not an eigenvalue of ¢* acting on CH*(F)nom and hence o -7 =0. O

22.2. Intersection with divisors. We know that CH?(F)y = CH?*(F)pom and CH?(F)y € CH?(F)pom,
so that it is clear that CH'(F) - CH?(F)y C CH?*(F)y. The following is thus a strengthening of the
equality CH*(F)y = CH'(F)? - CH?(F); of Proposition 22.2.

Proposition 22.6. Let F be the variety of lines on a cubic fourfold X. Then
CH'(F) - CH3(F)y = CH*(F),.
Proof. Recall from Theorems 2.2 & 2.4 that CH*(F)yom = CH?(F)s. Let us first compute ¢*(g - o) for
o € CH?(F),. By Lemma 21.5, we have $*g = 77*g — 3E + 3" a, ; E; for some numbers a,; € Z. Thus
©*(g-0) =7.((T7"g — 3E + ZawEi) Q*0) =Tg-¢*o —37.(E-g0) + Zag,ﬂ*(Ei -pFo).

Now @*o is a homologically trivial cycles so that 7. (E-$*0) is a homologically trivial zero-cycle supported
on ¥y. By Proposition 19.5 we get 7,.(E-3*0) € CH*(F), = V. Likewise 7, (E; - 3*0) is a homologically
trivial cycle support on the plane IIf and is therefore zero. By Theorem 21.9, the action of ¢* on
CH?(F)pom diagonalizes with eigenvalues 4 and —14. Since 7 -4 and 7 - (—14) are not eigenvalues of ¢*
acting on CH*(F) we conclude that g - 0 € CH*(F)y = V.

Consider now D € V1, = CHI(F)prim. In that case, we have g*D = —27*D + > ap;E; for some
numbers ap ; € Z. Thus

QO*(D . 0) = T*((—2T*D + ZaD,iEi) . (ﬁ*o’) =-2D- @*J + ZaD,iT*(Ei . 6*0') =-2D- @*0.
It follows that *(D - o) € V3 if p*o = 40 and that ¢*(D - o) = 0 if p*o = —140. O
Proposition 22.7. Let F be the variety of lines on a cubic fourfold X. Then
CH"(F) prim - CH?(F)o = CH?(F)o.
Moreover, if X is very general, then CH'(F) - CH?*(F)o = CH?(F)o.
Proof. Let us consider D € CH(F)prim and o € CH?*(F),. We have
¢*(0- D) =1.(p"0- 0" D)

=7.(Ar" 0+ 7" P(g,c.D;) + @) - (—2"D+ ) ap,E;))

=—80-D—2P(g,¢,D;)- D+ > ap.r(a- Ey).
For the second equality, we have used Lemmas 21.5 and 21.12, and « is a 2-cycle on F such that .o = 0.
The third equality is the projection formula coupled with 7, F; = 0. Since [ is a linear combination of g2
and ¢, Theorem 4.6 gives P(g,c,D;)- D € CH3(F)o. On the other hand, 7, (a- E;) is a 1-cycle supported
on II¥. Therefore, 7.(a - F;) is rationally equivalent to a multiple of a rational curve on F' that contains
a point rationally equivalent to op (for instance because ¢ - II} is a multiple of 0r). Now we claim that

the class of every rational curve C' on F' that contains a point rationally equivalent to o is in CH?’(F )o-
Let us finish the proof assuming the claim. First, we see that

©*(0-D)+80-D e CH*(F)q.

Second, we know from Theorem 21.9 that CH?*(F)y = Vi, @ V3 and that CH*(F), = V2 @ V3,,. We
immediately get that o - D € CH?(F)o.

Let us now prove the claim. As in the proof of [54, Corollary 3.4], note that I? is the restriction
of I x I to the diagonal Apyp of (F x F)2. Therefore (I?).C = ((I x I)«(ta)«C)|ap, - But then,
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because C is a rational curve and because it contains a point rationally equivalent to op, we have
(ta)«C = op x C + C x op. This immediately yields (I?),C = 2I,C - I,op. Since I,or is a linear
combination of I and g2, Theorem 4.6 shows that (1?),C' € CH*(F)o. By comparing (106) and (109), one
may see that, for u € CH?(F)y = CH*(F)pom, ¢* it = 4p if and only if (I?),p = 2u and that ¢*pu = —14pu
if and only if (I?),pn = —4u. Thus, in view of Theorem 21.9, I? induces an automorphism of CH?(F)pom
and we obtain that C' € CH*(F)j.

Finally, if X is very general, then (115) shows that CH?(F)g is spanned by [, g> and by CH? (F)0,hom-
The proposition is thus a combination of Proposition 22.4, Theorem 4.6 and Proposition 4.2. (]

22.3. Self-intersection of 2-cycles. We already proved that CH?*(F), - CH?*(F) = CH*(F)4 and that
CH?(F)o - CH?(F)y = CH*(F),. We cannot prove that CH?(F) - CH?(F)o = CH*(F), in general but
we have the following.

Proposition 22.8. Let F' be the variety of lines on a cubic fourfold X. Then
CH?(F)o - CH*(F)o € CH*(F)o ® CH*(F)s.
If X is a very general cubic, then CH?(F)o - CH?(F)o = CH*(F),.
Proof. First we show that
(118) CH'(F) - CH'(F) - CH*(F)o € CH*(F)o ® CH*(F)».
Indeed, if D, D’ € CH'(F) and ¢ € CH?*(F)o, then D' - ¢ € CH*(F) = CH?*(F)o ® CH?(F)s, so that by

Theorem 4.6 and Proposition 22.6 we get D - D' - o € CH*(F)q @ CH*(F)s,.
Let us now consider o and ¢/ € CH?(F)o. By Lemma 21.12, we have

g*c=41*c +7*P+a and Q%o =470’ + 7P + o/,

where P, P’ are weighted homogeneous polynomials of degree 2 in g, ¢, D;, and «, o’ are cycles supported
on F such that .o = 0 and 7.’ = 0. We then have

# (o0 = (7o 7o)
=160-0'+0"-P+o-P+P-P +1.(a ).

By Theorem 4.6, P- P’ € CH*(F)o. By (118), ¢’ - P and o - P’ belong to CH*(F)q & CH*(F),. The cycle
7.(a - ') is supported on ¥ so that, by Proposition 19.5, 7.(a - o) € CH*(F)q @ CH*(F),. It is then
immediate to conclude from Theorem 21.9 that ¢ - o/ € CH*(F)o @ CH*(F)s.

If X is very general, then (115) shows that CH?(F), is spanned by [, by ¢* and by CHZ(F)Oyhom. That
CH?(F), - CH?*(F)o = CH*(F), is thus a combination of Proposition 22.5, Theorem 4.6 and Proposition
4.2. (I

Remark 22.9 (About the intersection with CH?(F)g). The results of this section prove Theorem 3 for
the variety of lines on a very general cubic fourfold. In order to prove Theorem 3 for the variety of lines
on a (not necessarily very general) cubic fourfold, one would need to prove that g - CH?(F)o = CH?*(F),
and that CH?(F), - CH?(F)o = CH*(F),.

That g - CH?(F)o = CH?*(F)o would follow from knowing that the image of CH'(X5) — CH?*(F) is
contained in CH?(F)o. In addition, that CH?*(F)o - CH?(F)o = CH*(F) would follow from knowing that
the image of CH* () - CH(X5) — CH*(F) is contained in CH*(F)q.

APPENDIX A. SOME GEOMETRY OF CUBIC FOURFOLDS

In this appendix we review and prove some results on the geometry of a smooth cubic fourfold and
its variety of lines. We fix an algebraically closed field k of characteristic different from 2 or 3. Let
X C P(V) be a smooth cubic fourfold, where V is a 6-dimensional vector space over k. Let F' be the
variety of lines on X, which is smooth of dimension 4 by [5]. When k& = C, it is also known that F' is a
hyperkihler manifold of K32 -type ; see [10]. Let h € Pic(X) be the class of a hyperplane section. The
variety F is naturally a sub-variety of G(2,V) and hence inherits a natural rank 2 sub-bundle & C V.
Let g = —c1(&2) be the Plicker polarization and ¢ = ¢o(&3).
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A.1. Some natural cycle classes. As a sub-variety of G(2, V), the variety F' can be viewed as the zero
locus of a section of Sym?® &y ; see [5]. This description also gives a short exact sequence

0— Tp —— Tge.v)lr — Sym® &' |p — 0.

Then a routine Chern class computation gives the following

Lemma A.1. c3(F) = 5g% — 8c. O
Over F', we have the universal family of lines
P—2sx
¢
F

Definition A.2. Associated with the above situation, we define the cylinder homomorphism as ¥ =
¢.p* : CHY(F) — CH""}(X) and the Abel-Jacobi homomorphism as ® = p,q* : CH'(X) — CH"}(F).

It is proved in [54] that F' contains a surface W which represents ¢ = co(&) in CH?(F). Furthermore,
any two points on W are rationally equivalent on F. Hence a point on W defines a special degree 1
element o € CHo(F). We summarize some results we need.

Lemma A.3. The following statements hold true.
(i) Any weighted homogeneous polynomial of degree 4 in g and c is a multiple of o in CHo(F). To be
more precise, we have g* = 1080r, ¢ = 270r and g?c = 450F.
(i) Let C, C F be the curve of all lines passing through a general point x € X, then g - Cy, = 6op in
CHy(F).
(iii) For any 2-cycle v € CH?(F), the intersection + - ¢ is a multiple of o in CHo(F).
(iv) If 1 =1P2 C X is a plane contained in X, then [I] = op for any line | C 1.
(v) Let 1 C X be a line such that [I] = op, then 3l = h® in CH?*(X).

Proof. For (i), (ii) and (i), we refer to [54]. For (iv), we take v to be the lines on II and then apply
(iii). To prove (v), we note that the class ¢ can be represented by the sum of all points corresponding
to lines on the intersection Y = H; N Hs of two general hyperplanes on X. Since Y is a smooth cubic
surface, it contains exactly 27 lines. These 27 lines can be divided into 9 groups, where each group forms
a triangle ; see Definition 20.4. Statement (v) then follows from the observation that the class of each
triangle on X is equal to h® and that ¢ = 270p. O

Now we introduce some correspondences on F. The most natural one is the incidence correspondence
I C F x F which consists of pairs of lines meeting each other. Let H; and Hs be two general hyperplanes
sections on X. Then we define

(119) Iy, = {([11], [ZQ]) € Fx F:dx € Hy, such that x € [} ﬂlg};

(120) T2 = {([l1],[le]) € F x F : 32 € Hy N Hy, such that « € i Nl2}.
Lemma A.4. We have the following list of identities.

(i) The cylinder homomorphism U satisfies

T(g) =6[X], U(g?) =21h, W(g®)=36R% T(g") = 36h%
The Abel-Jacobi homomorphism ® satisfies
dh*) =g, @®h*)=g°>—c, &) =3C,.
(i) The action of I on self-intersections of g is given by
L(g*) = 21[F], L.(¢%) =369, L.(g")=360(h"),

where I C F X F' 1is the incidence correspondence.
(iii) The action of T'y, on the self-intersections of g is given by

(Th)*g =6[F], (Tn)*g*=21g, (Th)*¢>=36®(h), (I'n)*g*=108C,.
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(iv) The action of T2 on the self-intersections of g is given by
(Th2)*g =69, (Th2)*g? =218(h%), (Ty2)*¢® = 108C,, (Th2)*¢* =0.
Proof. First, for dimension reasons, we have ¥(g) = nq[X] for some integer ny. Then one computes
n=xz-V¥(g)=2(x) - g=0Cr-g=6.
Since ¥(g?) lives on X, it has to be a multiple of h. We assume that W(g?) = noh, then we have
ne =W(g?) - 1=g%-0() =g¢>- 5 =21.
In the last step, we used the fact that the cohomology class of S is %(g2 —¢) ; see [52, §0]. Similarly, we
have ¥(g?) = nzh? and we determine n3 = 36 by
3ns =U(g%) - h?=g* ®(h?) =g g = 108.
By Lemma A.3, we have U(op) = 3. Hence ¥(g*) = U(1080r) = 36h3. The equality g = ®(h?) and
®(h*) = 3C, are easy. To prove the remaining equality, we note that P = P(&) and ¢*h is the Chern
class of the relative O(1) bundle. Hence we have the equality

Oh* 4+ p 1 (&) g h + prea(&) =0
Then it follows
¢*h* = ¢"h(—p*c1(E)q*h — p*ea(&a))
= q"h(p*9q"h —p*c)

=p"g(p"9q"h —p“c) — ¢"hp“c

=p"(9* — )a*h —p*(g%0).
Hence ®(h3) = p. q*h3 = g% — ¢. This proves (i). Since I, = ® o U, (I'y)*g" = ®(h - ¥(g%)) and
(Tp2)* g = ®(h% - ¥(g")), all the remaining identities follow from (3). O

);
Lemma A.5. Lop = 3(9° — ¢).

*

Proof. By (v) of Lemma A.3, we sce that ¥(op) = $h. Then by (i) of Lemma A.4, we conclude the
proof. O

Proposition A.6. The following identities hold true in the Chow groups of F x F

1
Ty = g(gi’ + 9192 + 9195 + 95 — 29101 — g1¢2 — gac1 — 292C2);

1
Tpe = 3(9192 + 9195 + 9195 — gica — 2g192c2 — gac1 — 2g1g2€1 + C1C2).

Proof. Let h; = pfh on X x X. In the proof of [54, Proposition 3.3], Voisin shows that there is a Kiinneth
type decomposition
Ax =A1+ A
in CH*(X x X) such that A; = Z?:o a;ihihy~" and Ag - h; = 0 in CH*(X x X). One can show that
a; = %, i=0,...,4, as follows. Let both side act on h?, j =1,...,4, and get
h = au_j(h*)h? = 3au_jh?.
Hence we get o; = %, 1=0,...,3. By symmetry, we also have ay = % Therefore we have

I'n=(@xp)lgxq)*(Ax - h1)

1
=3 xp)(gx q)*(hihy + hih3 + hih3 + hihs)

4
1 * D\, 5—1
:gzplq)(h P2 ®(R°7)
i=1

1. .
= 3(3p3Ce + 91(g5 — ¢2) + (97 — c1)g2 + 3piCh)
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Note that in the Proof of [53, Lemma 3.2], Voisin shows that 3C, = ¢g* — 2gc. Put this into the above
formula, we get the equality for I';,. The second equality can be proved in a similar way. O

A.2. Secant lines and their specializations. We recall some definitions from [46]. Let Cy,C2 C X
be two disjoint curves on X.

Definition A.7. A secant line of the pair (C1,C3) is a line on X that meets both Cy and Cs.

It is shown in [46] that the total number, if finite, of secant lines (counted with multiplicity) of (Cy, C2)
is equal to 5d1dy, where d; = deg(C;), i = 1,2. We will be mainly interested in the case when both C4
and Cy are lines.

Lemma A.8. Let [, 1y be two lines on X meeting each other in a point x and II = P2 the plane spanned
by 11 and ly. Assume that 11 is not contained in X and I1- X =1y + lo + I3 for a third line l3 C X. Let
{li :t € T} be a 1-dimensional family of lines on X with ly, = l1. Assume that for a general pointt € T,
the pair (l2,1;) has five secant lines {E1 4,...,Es+}. Then as t specializes to to, four of the secant lines,
say {E1r4,...,Ea}, specialize to four lines {Ex, ..., Eq} passing through x while the fifth secant line Es
specializes to the line l3, such that

(1] + [l2] + [E4] + [E2] + [E3] + [E4] = 6op.

Proof. Note that the tangent space of T' at the point tq corresponds to a global section v € H%(Iy, My /x)-
We may assume that v(z) # 0 and hence v(x), 7, , and J, , span a linear P? which is tangent to X
at the point z. There are 6 lines on X passing through = and contained in the above P3. These lines
are {l1,l2, E1,...,E4}. By construction, one easily checks that the cycle [I1] + [l2] + [E1] + ... + [E4]
represents Cy, - g = 6op. O

A.3. The geometry of lines of second type. If | C X is a line contained in X, then either
Hyx = 0(1) @ O,
in which case [ is said to be of first type, or
Myx = 0(1)2 @ O(-1),

in which case [ is said to be of second type. It is known that for a general point [I] € F, the corresponding
line [ is of first type. Let X5 C F be the closed subscheme of lines of second type.

Lemma A.9 ([19, 2]). 3 is a surface on F whose cycle class is 5(g*> — ¢).

Proof. The fact that ¥y is a surface is proved in [19, Corollary 7.6]. The cohomology class of 3o is
computed in [2] and is actually valid at the level of Chow groups. O

Proposition A.10. For all o € CH*(F)pom, [Z2] -0 = 5g° - 0.

Proof. Let 0 € CH?(F)pom, then by (iii) of Lemma A.3, we have ¢ - o = 0. The proposition then follows
from Lemma A.9. O

Now we study the geometry of lines of second type. Let | C X be a line of second type. Then there
exist a linear IP3, denoted ]P?D’ containing ! which is tangent to X along I. Let B =2 P! be the rational
curve parameterizing all planes containing [ and contained in the linear ]P‘?l). For t € B, we use II; to
denote the corresponding plane. When t is general, then II; is not contained in X and hence we have

- X =20 +1,,

for some line /;. As t moves in B, the points [I;] traces out a curve P! = & C F. The lines parameterized
by & swipe out a cubic surface singular along [, which is simply IP?I) nx.

Proposition A.11. Letl C X be a line of second type and notation as above. Then there is a unique
line I’ C X, disjoint with l, together with a natural isomorphism i : &y — " and a degree 2 morphism
ag : & — | such that the following holds : for all point s € &y, the corresponding line Iy C X is the line
connecting the points ay(s) and as(s). The surface S is smooth away from I.
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Proof. This is the consequence of the geometry of cubic surfaces singular along a curve. Let S = IP3I> NnXx
be the cubic surface swept out by all lines parameterized by &;. Then S is singular along [. Take
homogeneous coordinates [Xo : X : X5 : X3] on P?) such that [ is defined by X5 = X35 = 0. Let I’ be
the line defined by X3 = X3 = 0. We easily see that S C P3 W is defined by an equation

XoQ1(X2, X3) — X1Qo(X2, X3) =0,

where g, Q1 are homogeneous polynomials of degree 2 in X5, X3. We see that the smoothness of X
forces Q¢ and @1 to be linearly independent. Indeed, if Qo and @1 are proportional to each other, then
we can apply a linear change of coordinates and the equation for S in ]P?l) can be written as XX, X3 =0
or XoX3 = 0. In either case, one easily checks that X is singular at the point [0:1:0:0] € IP<l We
use [Xp : X1] as homogeneous coordinates on . Pick a point ¢t = [ty : t1] € [. A line on S passing through
t can be parameterized by

[)\0 : /\1] — [)\oto : )\Otl s \a /\zb],

where t0Q1(a,b) — t1Qo(a,b) = 0. We note that any such line always meets the line I’ at the point
[0:0:a:b]. For a fixed ¢, we have two pairs (counted with multiplicities) (a,b) satisfying the above
equation. Consequently through a general point ¢ € [, there are two points s1,s2 € £ such that both
ls, and I,, pass through . Then we take ai(s) = lsNI" and az(s) = I, N1 for all s € Ey;. We still need to
show that S is smooth away from [. Note that the above description of S implies that S is smooth away
from [ and I’. However the fact that a; is an isomorphism forces S to be smooth along [’. (|

Proposition A.12. Let | C X be a line of second type and si,s2 € & two points such that the
corresponding lines Iy = lg, and ly = I, are disjoint. Then the set of secant lines of (l1,12) is given by
4l +1', where l' is the line as in Proposition A.11.

Proof. Any secant line L of (I1,l2) different from [ or !’ is in the smooth locus of S. This implies that
Mys = O(—1). It follows that L does not move on S. Thus (l1,l2) has finitely many, and hence
five, secant lines. Note that both I; and Iy are pointing the the positive direction of .47,x. Hence the
multiplicity of I, as a secant line of (I1,12) is 4 ; see [46, §3]. Hence the multiplicity of I’ has to be 1. This
finishes the proof. (]

APPENDIX B. RATIONAL MAPS AND CHOW GROUPS

We consider ¢ : X --+ Y a rational map between projective varieties defined over a field k of charac-
teristic zero. Let

X
N
X-%2>vy

be a resolution of ¢, that is, 7 : X > Xisa projective birational morphism such that ¢ extends to a
morphism ¢ : X — Y. Note that no smoothness assumption is required on X.
Assume that X is smooth. Then we define a map ¢, : CH;(X) — CH;(Y") by the formula

psa =g for all o € CHy(X).
Here, 7 : CH;(X) — CH;(X) is the pull-back map as defined in [25, §8].

Lemma B.1. Assume that X is smooth. The map ¢, : CH)(X) — CHy(Y) defined above does not
depend on a choice of resolution for .

Proof. Let m : X1 — X, ¢1 : X1 = Y be a resolution of ¢, and let m : Xo — X, 9 : Xo = Y be
another resolution of ¢. There is then a projective variety X and birational morphisms 71 : X — X; and
: X — X, such that both 1 and @9 extend to a morphism ¢ : X > Y. It is then enough to see that

Pu(m 0T1)* = (¢1)s7] : CH)(X) — CHy(Y).
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The identity @1 0o T = @ gives @u(m 0 T1)* = (p1)«(T1)«(71 0 T1)*. We may then conclude by the
projection formula [25, Proposition 8.1.1] which implies that (71).(m o 71)* = 7. O

If Y, instead of X, is assumed to be smooth, then we define a map ¢* : CH'(Y) — CH'(X) by the
formula

©*B:=mg*p forall B € CH(Y).
Likewise, we have

Lemma B.2. Assume thatY is smooth. The map ¢* : CH'(Y') — CH'(X) defined above does not depend
on a choice of resolution for . O

Let now px : X XY — X and py : X XY — Y be the natural projections, and let 'y, C X x Y be
the closure of the graph of ¢, given with the natural projections

I, ——=Y

\

The morphism p is birational and the morphism ¢ clearly extends ¢. Therefore, as a consequence of
Lemmas B.1 and B.2, we get

Lemma B.3. If X is smooth, then g.a = q.p*a for all @« € CHy(X). If Y is smooth, then ©*8 = p.q* 8
for all B € CH\(Y). If X and Y are both smooth, then
e = (Ty)sa = (py):(L'y -pxa) and ¢*f=(Ty)"B:= (px)«(Ly - py-B).
U

We now want to understand, when X and Y are both smooth, to which extent ¢* : CH*(Y') — CH"*(X)
is compatible with intersection product.

Lemma B.4. Let 7 : X — X be a dominant morphism between smooth projective varieties and let x
and y be two cycles in CH,(X). Then

T (T Y) = Tt - Ty + T ((az — 7)) - (y — 7r*7r*y)).
Proof. Let’s define 2’ := x — n*m,xz and ¢y’ := y — w*m,y. By the projection formula, m,7* acts as the

identity on CH, (X). Therefore w2’ = 0 and m,y’ = 0. The projection formula gives 7, ((7*m.z) - y') =
mex - Ty = 0 and m, ([L'/ . (ﬂ'*ﬂ'*y)) = ma' - my = 0. This yields

T2 - y) = o (T M - T¥my) + (2 ) = mex - Ty + (@' - y).

For a smooth projective variety X over k, we write
T?(X) := ker{AJ? : CH*(X)pom — J*(X)}

for the kernel of Griffiths’ second Abel-Jacobi map to the second intermediate Jacobian J?(X) which is a
quotient of H3(X, C). The group 72(X) is a birational invariant of smooth projective varieties. Precisely,
we have

Lemma B.5. Let 7 : )N( --» X be a birational map betiueen smooth projective varieties. Then m*m, acts
as the identity on CHo(X), Griff;(X), Griff>(X), T%(X), CH'(X)hom and CH°(X).

Proof. This is proved in [50, Proposition 5.4] in the case when 7 is a birational morphism. In the general
case, by resolution of singularities, there is a smooth projective variety Y and birational morphisms
f:Y — X and 7 : X — X such that # = 7o f- By definition of the action of rational maps on
Chow groups, we have n*m, = f. 77, f* and the proof of the lemma reduces to the case of birational
morphisms. O
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Proposition B.6. Let ¢ : X --+» Y be a rational map between smooth projective varieties and let d be
the dimension of X. Let a € CH*(Y') be a cycle that belongs to one of the sub-groups CHd(Y), T2(Y),
CH (Y )nom or CHY(Y) (respectively o € Grift=" (Y) or Griff>(Y)), and let § € CH*(Y) be any cycle.
Then

(- f) =9 a- " € CH"(X) (resp. € Griff*(X)).

Proof. Let m : X - X, o ),Z: — Y be a resolution of ¢ with X smooth. For x belonging to one
of the groups CHy(X), Griff;(X), Griff?(X), T?(X), CH (X )hom or CH(X), we have by Lemma B.5
x = m¥mx, so that Lemma B.4 yields

(121) T (X - Y) = Tl - Ty

If we now set x = @*« for a as in the statement of the proposition, then = defines a cycle as above

(if o € T?(Y), then z € T?(X) by functoriality of the Abel-Jacobi map with respect to the action of
correspondences), and (121) gives :
pra- 9B = meta TS
T (P - 0 B)
mp" (o B)
= ¢'(a-p).

There is also a projection formula for rational maps.

Proposition B.7. Let ¢ : X --» Y be a rational map between smooth projective varieties and let d be
the dimension of X. Let a € CH*(Y) be a cycle that belongs to one of the sub-groups CH(Y'), T?(Y),
CH (Y )nom or CHY(Y) (respectively a € Griff®™*(Y') or Grift*(Y)), and let § € CH*(X) be any cycle.
Then

oe(pfa-B)=a-p.f € CH (Y) (resp. € Griff*(Y)).
In particular, if o : X --+Y is a finite rational map of degree deg ¢, then

wsp = (degp)a € CH*(Y) (resp. € Griff*(Y)).

Proof. Again consider a resolution of ¢ as in the proof of Proposition B.6. By Lemmas B.1 and B.2,
Lemma B.5 and the projection formula for morphism of smooth projective varieties, we have

pu(p a - f) = g (T a- f)
G (g )
= @u(¢7a-7"p)
=a- @
= - p.f.
The last statement follows by taking 8 = [X] € CH’(X). O
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