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Abstract We present a tetrad-based method for solving the Einstein field equations
for spherically-symmetric systems and compare it with the widely-used Lemaitre—
Tolman—Bondi (LTB) model. In particular, we focus on the issues of gauge ambiguity
and the use of comoving versus ‘physical’ coordinate systems. We also clarify the
correspondences between the two approaches, and illustrate their differences by
applying them to the classic examples of the Schwarzschild and Friedmann-Lemaitre—
Robertson—Walker spacetimes. We demonstrate that the tetrad-based method does not
suffer from the gauge freedoms inherent to the LTB model, naturally accommodates
non-uniform pressure and has a more transparent physical interpretation. We further
apply our tetrad-based method to a generalised form of ‘Swiss cheese’ model, which
consists of an interior spherical region surrounded by a spherical shell of vacuum
that is embedded in an exterior background universe. In general, we allow the fluid
in the interior and exterior regions to support pressure, and do not demand that the
interior region be compensated. We pay particular attention to the form of the solution
in the intervening vacuum region and illustrate the validity of Birkhoff’s theorem at
both the metric and tetrad level. We then reconsider critically the original theoretical
arguments underlying the so-called Ry = ct cosmological model, which has recently
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received considerable attention. These considerations in turn illustrate the interesting
behaviour of a number of ‘horizons’ in general cosmological models.

Keywords Lemaitre-Tolman—-Bondi model - Swiss cheese model - Spherically
symmetric solutions - Inhomogeneities - Ry, = ¢t model

1 Introduction

Spherically-symmetric solutions in general relativity are of fundamental importance
to the study of compact objects, black holes and cosmology. Indeed, two of the
oldest and most commonly studied exact solutions of Einstein’s field equations are
spherically symmetric: the Schwarzschild metric [1] describes the gravitational field
outside a static spherical massive body, and the Friedmann—Lemaitre—Robertson—
Walker (FLRW) metric [2—8] describes a homogeneous and isotropic universe in terms
of the evolution of its scale factor with cosmic time. Moreover, it was not long before
McVittie [9,10] combined the Schwarzschild and FLRW metrics to produce a new
spherically-symmetric solution that describes a point mass embedded in an expanding
universe, although there still remains some debate regarding its physical interpretation
[11,12].

Subsequently, there have been numerous studies of the general-relativistic dynam-
ics of self-gravitating spherical systems. For example, Misner et al. [13] describe the
spherically-symmetric collapse of a ‘ball of dust’ having uniform density and zero
pressure that is embedded in a static vacuum exterior spacetime, and later generalise
their results to incorporate pressure internal to the object. By contrast, ‘Swiss cheese’
models [14] consider an exterior expanding FLRW universe, albeit pressureless, in
which a pressureless spherical object is embedded and surrounded by a ‘compen-
sating void’ that itself expands into the background and ensures that there is no net
gravitational effect on the exterior universe.

A more realistic description than the Swiss cheese models is provided by models
based on the Lemaitre—Tolman—Bondi (LTB) solution [ 15—17]. Such models can incor-
porate an arbitrary (usually continuous) density profile for the central object, which
is usually not compensated but can be made so by an appropriate choice of initial
radial density and velocity profiles. Nonetheless, these models again assume both the
interior and exterior regions to be pressureless, although it is possible to accommodate
cosmological models with uniform pressure [18,19]. The standard LTB metric can be
extended to include non-uniform pressure but only when it is anisotropic [20-22].
Lastly, a more generalised version of the LTB solutions has been presented in [23] to
describe a central object with pressure embedded in a static vacuum exterior.

A recent resurgence of interest in Swiss cheese and LTB models has been prompted
by the possibility that they may provide an explanation for observations of the accel-
eration of the universal expansion, without invoking dark energy. This might occur if
we, as observers, reside in a part of the universe that happens to be expanding faster
than the region exterior to it. By observing a source in the exterior region, one would
then measure an apparent acceleration of the universe’s expansion, but this would
be only a local effect. The effects of local inhomogeneities on the apparent acceler-
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ation of the universe have been widely studied [24-31], and have been linked with
the observations of distant Type-Ia supernova. However it has been shown that such
models would induce variations in the CMB black-body spectrum through scattering,
which disagrees with observations [32,33]. In addition, LTB models have been used to
study the effects of inhomogeneities on observed cosmological parameters, such as the
Hubble constant [34-36], and to calculate effects of a void as a possible explanation
for the cold spot in the cosmic microwave background (CMB) [37,38].

The LTB model does, however, have some limitations. In addition to the usual
restriction to pressureless systems, the LTB model is typically expressed in comoving
coordinates and thus provides a Lagrangian picture of the fluid evolution that can
be difficult to interpret. More importantly, the LTB metric contains a residual gauge
freedom that necessitates the imposition of arbitrary initial conditions to determine
the system evolution.

As a consequence, we have for some time adopted a different, tetrad-based method
for solving the Einstein field equations for spherically-symmetric systems. The method
was originally presented in [39] in the language of geometric algebra, and was recently
re-expressed in more traditional tetrad notation in [40,41]. The advantages of the
approach are that it can straightforwardly accommodate non-uniform pressure, has
no gauge ambiguities (except in vacuum regions, as we shall discuss later) and is
expressed in terms of a ‘physical’ (non-comoving) radial coordinate. As a result, the
method has a clear and intuitive physical interpretation. Indeed, the gauge choices
employed result in equations that are essentially Newtonian in form.

In [42,43], we applied the method to modelling the evolution of a finite-size,
spherically-symmetric object with continuous radial density and velocity profiles that
isembedded in an expanding background universe (either spatially-flat, open or closed)
and compensated so that it does not exert any gravitational influence on the exterior
universe; the fluid was assumed to be pressureless throughout. In [40], we used the
method to obtain solutions describing a point mass residing in either a spatially-flat,
open or closed expanding universe containing a cosmological fluid with pressure.
In the spatially-flat case, a simple coordinate transformation relates our solution to
the corresponding one derived by McVittie, but for spatially-curved cosmologies our
metrics are physically distinct from the corresponding McVittie metrics, as shown in
Section 3.2 in [40]. Hence, we believe that the latter in fact do not necessarily describe
spatially-curved cosmologies with a point mass in the centre, even though they may
be solutions of Einstein’s equations. In [41], we extended this study by applying the
tetrad-based approach to obtain the solution describing the evolution of a finite spher-
ical region of uniform interior density that is embedded in a background of uniform
exterior density, where the fluid in both regions can support pressure and the expan-
sion (or contraction) rates of the two regions are expressed in terms of interior and
exterior Hubble parameters that are, in general, independent. We also derived a gener-
alised form of the Oppenheimer—Volkov equation, valid for general time-dependent,
spherically-symmetric systems.

In this paper, we present a comparison of our tetrad-based methodology with the
LTB model for solving the Einstein field equations for spherically-symmetric systems.
In particular, we focus on the issues of gauge ambiguity and the use of comoving versus
‘physical’ coordinate systems. We also clarify the correspondences, where they exist,
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between the two approaches. In addition, we extend the analysis presented in [41]
by applying our tetrad-based method to a generalised form of ‘Swiss cheese’ model,
which consists of an interior spherical region surrounded by a spherical shell of vacuum
that is embedded in an exterior background universe. In general, we allow the fluid in
the interior and exterior regions to support pressure, and we demand neither that the
interior region be compensated, nor that the interior and exterior regions be uniform.
Nonetheless, our principal focus is the case in which the fluid in the interior and exterior
regions has uniform (although, in general, different) densities. In particular, we pay
special attention to the form of the solution in the intervening vacuum region and
verify the validity of Birkhoff’s theorem, the usual interpretation of which has recently
been brought in question [44]. This investigation allows us to reconsider critically
the original theoretical arguments underlying the so-called R, = ct cosmological
model [45], which has recently received considerable attention. These considerations
in turn elucidate the behaviour of a number of ‘horizons’ during the general-relativistic
evolution of a spherically-symmetric self-gravitating matter distribution, which does
not appear to have been widely discussed in the literature.

The structure of this paper is as follows. In Sect. 2, we outline our tetrad-based
approach to solving the Einstein equations. In Sect. 3 we compare our approach to the
more commonly-used LTB model. Note that the comparison serves as a pedagogical
outline which presents the physical motivations behind each approach, with the aim of
highlighting the advantages of using the tetrad-based method and ‘physical’ coordi-
nates, by applying both methods to the familiar FLRW and Schwarzschild spacetimes.
We then present original results, where we apply our tetrad-based method to describe
the evolution of a generalised form of ‘Swiss cheese’ model in Sect. 4 and investi-
gate the validity of Birkhoff’s theorem in its vacuum region in Sect. 5. We discuss
the Ry, = ct cosmology in Sect. 6 and describe the generic evolution of a number of
cosmological ‘horizons’ in Sect. 7. Finally, we present our conclusions in Sect. 8. We
adopt natural units ¢ = G = 1 throughout.

2 Tetrad-based solution for spherical systems

In a Riemannian spacetime in which events are labelled with a set of coordinates x*,
each point has the corresponding coordinate basis vectors e, related to the metric via
€, - €, = g,. At each point we may also define a local Lorentz frame by another
set of orthogonal basis vectors €, (Roman indices), which are not derived from any
coordinate system and are related to the Minkowski metric 1, = diag(l, —1, —1, —1)
via €, - €, = n,p. The relationship between the two sets of basis vectors is defined in
terms of tetrads, or vierbeins e,**, where the inverse is denoted e ;:

&, =e.l'e,, e, =¢%,8,. (1)
It is not difficult to show that the metric elements are given in terms of the tetrads by
— a ,b
gMV = Nab€ Me v

The local Lorentz frames at each point define a family of ideal observers whose
worldlines are the integral curves of the timelike unit vector field €. Along a given
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worldline, the three spacelike unit vector fields &; (i = 1, 2, 3) specify the spatial triad
carried by the corresponding observer.

For our spherically-symmetric system, we work in terms of the tetrad components
f1 = e, g1 = e1! and g = eo!, as described in [40], which define the system via
the line-element

2 2
— 2 1

B8 a4+ 22 ardr — = ar® — r2a?. )
181 f187 41

ds* =

where d§2 is an element of solid angle and we have adopted a ‘physical’ (non-
comoving) coordinate! for which the proper area of a sphere of radius r is 472

Finally, the remaining gauge freedom (which leaves the line-element unchanged)
can be employed (at least in non-vacuum regions) to choose the timelike unit frame
vector €y at each point to coincide with the four-velocity of the fluid at that point. Thus,
by construction, the four-velocity v of a fluid particle (or an observer comoving with
the fluid) has components [9¢] = [1, 0, 0, 0] in the tetrad frame. Since v* = e/ 1%,
the four-velocity may be written in terms of the tetrad components and the coordinate
basis vectors as v = fjeg + gze;. Thus, the components of a comoving observer’s
four-velocity in the coordinate basis are simply [v#] = [/, F, 6, d)] = [f1,£2,0,0],
where dots denote differentiation with respect to the observer’s proper time 7.

As a consequence of this final gauge choice, it is convenient to define the two linear
differential operators

L; = f10; + g20r,
L, =g1d,. 3)

We may identify L; as the derivative with respect to the proper time of a comoving
observer, since L, = {9, +79, = d/dt, and similarly one may show that L, coincides
with the derivative with respect to the radial proper distance of a comoving observer.
Moreover, since g» is the rate of change of the r coordinate of a fluid particle with
respect to its proper time, it can be physically interpreted as the fluid 3-velocity. We
will therefore, in general, use g> and v interchangeably in our analysis.

It is also convenient to introduce explicitly the spin-connection coefficients F =
@1 and G = w'(, as described in [40], which are both, in general, functions
of ¢ and r. Since we are assuming standard general relativity, however, for which
torsion vanishes, the spin-connection coefficients can be written entirely in terms of the
tetrad components and their derivatives. For the torsion to vanish and for the resulting
Riemann tensor to satisfy its Bianchi identity, the spin-connection coefficients F and
G and the non-zero tetrad components f1, g; and g must satisfy the relationships

! These coordinates are occasionally called ‘curvature coordinates’ by some in the GR community.
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L fi==Gfi = fi=exp |- Ear],
L,g=Fgi,
L:g1 =Ggo, 4

where the explicit solution for f; contains no arbitrary function of ¢, because one can
always be absorbed by a further #-dependent rescaling of the time coordinate (which
does not change f>).

For matter in the form of a perfect fluid with proper density p and isotropic rest-
frame pressure p, the Einstein field equations and the contracted Bianchi identities
lead to the following system” of dynamical and continuity equations [39]

Lrp=—-G(p+p),
LM = 47[g1r2p,

282
LtP=—<T+F> (p+p),
LM = —47Tg2r2p, 5)

where we have defined the function of 7 and » (in general)
ME%r(g%—g%—{—l—%Arz), (6)

and A is the cosmological constant and M is the Misner-Sharp mass.

The physical interpretation of the functions F, G and M is straightforward. As
shown in [40], for an object in general radial motion (not necessarily co-moving with
the fluid) with four-velocity components [¢] = [, 4!, 0, 0] in the tetrad frame, the
corresponding components of the object’s four-acceleration are

a0 =i + Ga%a' + F@"?,

al ="'+ Ga%% + Filat, @)

and its proper acceleration is o = /—a?d,,, which provides a physical interpretation
of the functions F and G. In particular, for the special case in which the object is
co-moving with the fluid, one has [ﬁb] =[1,0,0, 0] and so [&b] = [0, G, 0, 0]. Thus
the proper acceleration of a fluid particle is « = G in the radial direction. Indeed, the
L, p-equation in (5) shows that, in the absence of a pressure gradient, G vanishes and
so the motion becomes geodesic. The physical interpretation of the function M can be
obtained from the forms of the equations in (5) in which it appears. In particular, the
L, M-equation can be written simply as 9, M = 4mr?p, which shows that M plays

2 In [39], two further equations are given, namely L,g1 = Fgy + rMZ — %Ar —4mrp and Ligy =

Gg1 — er + %Ar — 4mrrp, but these may be derived from the L, M and L; M equations, respectively, in
combination with the definition of M given in (6).
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the role of an intrinsic mass that is determined by the amount of mass-energy in a
sphere of radius r, also known as the Misner-Sharp mass [46,47]. It is useful to note
that [39] have shown that in spherically symmetric systems, M and r appear explicitly
in the eigenvalues of the Weyl tensor, and r is also a measurable quantity; hence the
name ‘physical’ coordinate. As they are both intrinsic (i.e. measurable) quantities, it
is useful to construct our equations in terms of these variables.

The Egs. (4)-(6) thus have clear physical interpretations and contain no residual
gauge freedom (in non-vacuum regions). In particular, given an equation of state
p = p(p), and initial data in the form of the density p (r, fo) and the velocity g2 (r, tg),
the future evolution of the system is fully determined. This is because p determines p
and M on a time slice and the definition of M then determines g;. The equations for
L,g2, L, p and L, f1 then determine the remaining information, namely F, G and f;
respectively, on the time slice. Finally, the L;p equation and L; M equation (together
with the definition of M) enable one to propagate p and g, respectively, to the next time
slice and the repeat the process. The equations can thus be implemented numerically as
asimple set of first-order update equations. This approach was illustrated in [39,42,43].

An alternative way of solving the system of Egs. (4)—(6), which was employed in
[40,41,48], is not to impose an equation of state, but instead specify a form for p(r, t)
for all ¢ or, equivalently, a form for M (r, t) followed by use of the L, M. This method
is used in Sect. 4. We merely note here that one may obtain the fluid pressure p(r, t)
by first using the L; M equation to eliminate f] from the L, p equation, which then
yields the ‘generalised Oppenheimer—Volkov’ equation [41]

+
8rp=_<p p)
r

M + 47Tr3p — %Ar3 +rZvd,v — 47tr4(,0 + p)(8,M)_1v8,v ®)
(14 v))r —2M — S Ar? '

This equation is, in fact, valid for any spherically-symmetric perfect fluid system and
reduces to the standard Oppenheimer—Volkov equation with a cosmological constant
[49,50] for a static spherically-symmetric system.

Finally, although the system of Egs. (4)—(6) accommodates non-zero pressure, it is
worth considering briefly the special case of a pressureless fluid. In this case, the L, p
equation forces G to vanish, so the motion of the fluid particles becomes geodesic
and the L, f] equation forces f; = 1. Consequently, the components in the coordinate
basis of the four-velocity of a fluid particle are [v*] = [f, F, 9, q'ﬁ] = [1, g2,0,0],
where dots denote differentiation with respect to the particle’s proper time t. Since
{ = 1, the coordinate time matches the proper time of all observers comoving with the
fluid. Hence the Newtonian gauge is a synchronous one: a global ‘Newtonian’ time is
recovered on which all comoving observers agree (provided all clocks are synchronised
initially).? Furthermore, combining the L, M equation and the definition of M yields
(0;4820,)g20 = —M/ r24 % Ar, which has the form of the Euler equation in Newtonian

3 In fact, these findings still hold in the slightly more general case in which there is no pressure gradient,
thereby allowing for the fluid to have a non-zero homogeneous pressure.
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fluid dynamics (recalling that g, is the fluid velocity v). Finally, setting A = O for a
moment, the definition of M can itself be rearranged to give % &$—M/r = %(gl2 -1,
which is the Bernoulli equation for zero pressure and total (non-relativistic) energy
per unit mass %(g% — 1) (i.e. after subtraction of the rest-mass energy).

2.1 Application to Schwarzschild spacetime

As an illustration of our approach, we now apply it to the special case in which the
matter source is concentrated at the single point » = 0 and the cosmological constant
vanishes (see also [39]). For such a solution, p = p = 0 everywhere away from the
origin and so that M = constant. One can show that the Eqs. (4)—(6) reduce to an
under-determined system of equations, such that additional gauge fixing is required
to determine an explicit solution. This occurs because in the final part of our gauge-
fixing procedure described above, one chooses the timelike unit Lorentz frame vector
at each point to coincide with the fluid four-velocity at that point, which clearly cannot
be performed in a vacuum region.

Nonetheless, one may instead choose the timelike unit frame vector to coincide with
the four-velocity u of some radially-moving test particle (which need not necessarily
be in free-fall), so that its components in the tetrad frame are [¢¢] = [1, 0,0, 0]
and hence in the coordinate basis one has [u*] = [7, F, 6, (jﬁ] = [f1,82,0,0], as
previously. This ensures that our previous physical interpretations of the tetrad and
spin-connection components still hold. It remains, however, to choose a particular class
of radially-moving test particle, and the simplest and most natural choice is a radially
free-falling particle that was released from rest at r = co. From the definition (6) of
M (with A = 0), one sees that g; corresponds to the total energy per unit rest mass
of an infalling particle, and so for a particle released from rest at infinity one should
adopt the gauge condition g1 = 1. It is then a simple matter to obtain expressions
for the remaining tetrad components and spin-connection coefficients. The resulting
non-zero tetrad components are

2M
f1=1, glzlv g2=_77 (9)
and the spin-connection coefficients F and G read
2MN\ P M
F = <—> . G=0. (10)
r r

We note that the condition G = 0 is clearly consistent with the geodesic motion of
the test particles.
The line-element (2) corresponding to the tetrad components (9) is given by

2
lom
ds? = dt* — (dr + —dt) —r2d?, (11)
r
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which we recognise as the Schwarzschild spacetime line-element expressed in terms
of Painlevé—Gullstrand coordinates [51,52]. This coordinate system has a number of
desirable features. For example, the line-element is regular for all positive values of
r and the spacelike hypersurfaces + = constant have Euclidean geometry. Moreover,
from (9), the non-zero components of the four-velocity of a particle released from rest

at infinity are immediately
. ) 2M
= 1, r=— —, (12)
r

and so we recover an essentially Newtonian description of the motion. In particular,
we see that ¢ coincides with the proper time of such particles.

Note that we can recover the standard form of the Schwarzschild line-element in
Schwarzschild coordinates by choosing the preferred class of test particle to have fixed
spatial coordinates, which leads to the tetrad components

M —1/2 M 1/2
fl: 1_7 , 81 = I - — ) 8220, (13)

r

and the spin-connection coefficients

(14)

r r

oM\ m
F=0, G:(l——) —.

We note that G # 0 is consistent with non-geodesic motion of the test particles.

2.2 Application to FLRW spacetime

As a second illustration of our approach, we apply it to the special case of a homoge-
neous and isotropic spacetime, as assumed in cosmology. This corresponds to setting
p and p to be functions of ¢ only, such that M(r, t) = %nr3 p. One can show that the
non-zero tetrad components are given by )

fi=1,
¢ =1—krlexp {—2 [T H dﬂ} ,
g =rH(), (15)

where k is an arbitrary constant of integration, and the spin-connection coefficients F
and G are
F=H(t), G=0. (16)

@ Springer
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We note that the condition G = 0 demonstrates that the fluid particles move geodesi-
cally, since there are no pressure gradients. Moreover, one can show

0p=—-3H®)(p+ p), )
87p = H(1) — LA + kexp {-2]’ H(t') dt’} . (18)

One also obtains the further (although clearly not independent) dynamical equation
0 H (1) + H*(1) — 3A = —37(p +3p), (19)

which we recognise as the standard ‘acceleration’ cosmological field equation
expressed in terms of the Hubble parameter H(¢). Indeed, from (15), the non-zero
components of the four-velocity of a fluid particle are immediately

i=1, r=rH(®), (20)

which both verifies that ¢ coincides with proper time of such particles and recovers
Hubble’s law.

Thus, our approach has led us to work directly with H (¢), which is an intrinsic and
measurable quantity, rather than the more usual scale factor, which we will denote
by S(¢). Nonetheless, we can make contact with the latter simply by setting H (¢) =
0:S(t)/S(t), in which case g12 =1- I<r2/S2 (t). The line-element (2) corresponding
to the tetrad components (15) then reads

-1

kr? ) 2 Py
[dr —rH(t)dt]* — r> d$22, 1)

ds* =dt* — (1 — ——
S2(1)

and the dynamical equations (18) and (19) become

[B:SOP +k

S2(1) 34 =57, .
928
ts(z()[ L 1a=—dnp+3p) >

which we recognise as Friedmann’s cosmological field equations in their standard
form. Note that on defining the comoving radial coordinate 7 = r/S(¢), the line-
element (21) takes the usual FLRW form.

3 Comparison with LTB model

In contrast to our tetrad-based approach, the LTB model [15—17] is based on the use of
a comoving radial coordinate, which we denote by 7, and the assumption of a diagonal
form for the metric. It is also usual to choose the time coordinate, which we denote
by 7, to coincide with the proper time measured by observers comoving with the fluid,
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but for the moment we will consider the Lemaitre metric [53], a slightly more general
version of the LTB metric in which this requirement is not enforced. Thus, we consider
a line element of the form

ds®> = A%di> — B*d#* — R?d2?, (24)

where, in general, A, B and R may be arbitrary functions of both 7 and 7. Note that
the LTB metric corresponds to setting A = 1.

We may understand the relationship between the line-element (24) and that given
in (2), obtained using our tetrad-based approach, by performing a coordinate transfor-
mation that expresses the latter in terms of a comoving radial coordinate and brings it
into diagonal form. We therefore consider the coordinate transformation

R . ar
t=1, r=r(,1), where ?—Q

iA =
Note that, although the time coordinates coincide, we still label the new one as f, since
the partial derivatives 8/d¢ and 3/97 will, in general, be different because they hold
fixed r and 7, respectively. One may verify that 7 is a comoving radial coordinate by
recalling that the four-velocity components of a comoving observer in the Newtonian
gauge are [v*] = (i, 7, 9, é) = (f1, g2, 0, 0), which transform under (25) into [0#] =
(, f é, q'S) = (f1,0,0,0). The physical nature of the transformation (25) may be
further clarified by noting that

o _mb ord (0 0)_ 1, 6
of oot aror . A \ar T8 ) TR

where L;, defined in (3), is the derivative with respect to the proper time of a comoving
observer; indeed this is consistent with our finding above that 7 = f. Since L; may
be considered as a relativistic form of convective derivative, one may interpret the
transformation (25) as moving from a Eulerian to a Lagrangian description of the
fluid motion. Similarly, one finds that

a 1 8rL 7
oF  gror @7)
where L,, also defined in (3), is the derivative with respect to the proper radial distance
of a comoving observer.
Under the transformation (25) to a comoving radial coordinate, the line-element
(2) takes the diagonal form

2 [ 1 (ar)? A2 2 162
ds® = —2dt v v dr —r-dS$2-. (28)
f] &7

One should first note that this has been achieved without having to specify dr/dr;
this demonstrates that the Lemaitre (and hence LTB) metric (24) possesses a residual
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gauge freedom, in contrast to the line-element (2) (recall that the final gauge choice
made in Sect. 2 leaves the form of (2) unchanged).

Comparing (24) and (28), one first identifies that r = R(F, 7) and hence the three
non-zero tetrad components used in Sect. 2 are given by

1 1 1
= —, = —a"R, = —8"R, 29
N 1 s =g 82= 9 (29)

where the final result is obtained using (25). The expressions for the spin-connection
coefficients F and G are obtained from the relations (4) and read

1 1
F=—9B, G=—0A. 30
AB'! AB " (30)

Substituting the expressions (29) and (30) into the dynamical and continuity equa-
tions (5), one then obtains

tp = — Ly, (1)
A
M = 4T R*p 0; R, (32)
2 1
hp=—(p+p) (ES;R+EB;B>, (33)
»M = —4TR*p O;R, (34)
where the expression for M in (6) now becomes

2M 1 2 1 2 | A p2

< - (0;R)” — 5 (0:R)"+1—3AR". (35)

The assumed form (24) of the line-element and the system of Egs. (31)—(35) con-
stitute a generalised form of the LTB model that can accommodate pressure and a
non-zero cosmological constant. Nonetheless, unlike the tetrad-based approach, this
model still possesses a gauge freedom, since d; R remains arbitrary. Thus, to determine
the evolution of the system, one must first choose a form for the function R(7, fy) at
some time #, (usually given as an initial condition), which can sometimes be difficult
to interpret physically.

To make contact with the standard LTB model, we may now set A = 1 in the
line-element (24), so that 7 coincides with the proper time measured by observers
comoving with the fluid. Hence, like the Newtonian gauge, the standard LTB model
employs a synchronous coordinate system. In terms of the tetrad components (29) and
spin-connection coefficients (30), setting A = 1 corresponds to setting f; = 1 and
G = 0, and hence (26) shows that the operators d; and L; then coincide. Thus, from
the L;g; equation in (4) one finds that g; = g;(7) is a function only of 7. Using the
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expression for g1 in (29) and adopting the standard notation used in LTB models, we
therefore define the function E(7) by

142EF) = %(a;mz, (36)

which we may choose arbitrarily provided that E () > — % Itis also immediately clear
from (31) that setting A = 1 requires the pressure gradient to vanish. Thus, the standard
LTB line-element can at best accommodate a fluid with a non-zero homogeneous
pressure. It is usual, however, to assume simply that the fluid is pressureless, in which
case (34) shows that M = M (7) is a function only of 7. Given our earlier interpretation
of M in the tetrad-based approach, one may thus verify the usual interpretation of M ()
in the LTB model as the Misner-Sharp mass, which is naturally time-independent in
the absence of pressure.

3.1 Application to Schwarzschild spacetime

As an illustration of the LTB model, and in particular to compare it with the tetrad-
based approach, we now apply it to the same physical situation as we considered
in Sect. 2.1, namely that of a matter source concentrated into a single point and
a vanishing cosmological constant. As previously, for such a solution, p = p =
0 everywhere away from the point mass, and so (34) implies that M = constant.
Once again, the remaining system of equations is under-determined, and so some
gauge-fixing is required. First we must choose a form for the arbitrary function E (7).
Similar to the approach adopted in Sect. 2.1, we may base our choice on some class
of radially-moving test particle and, once again, the most natural choice is a radially
free-falling particle released from rest at infinity. From the definition (36), we see that
the choice of g; = 1 in our tetrad-based approach is equivalent to setting E(#) = 0,
which corresponds to the particle having zero energy (after subtraction of its rest mass
energy).

One can show that the LTB equations can be then integrated to obtain %R3/ 2 =
—(2M)'2[f — 1,(7)], where the “bang-time” #,(#) may be an arbitrary function of 7,
but is usually chosen such that R(#, #,(#)) = 0, which in this case requires #, (7) = 7.
Thus, after this additional gauge-fixing, which was not required in the tetrad based
approach, one obtains

3 oM 2/3 oM 2/3
ds* = di* — % [m] di* — [T(f - BZ:I dQ?, @37
P

which is the line-element for the Schwarzschild spacetime expressed in Lemaitre
coordinates [15].

It is interesting that, although the tetrad-based approach and the LTB model both
employ synchronous time coordinates and are based on the trajectories of radially
infalling particles released from rest at infinity, the two methods naturally lead to
the very different line-elements (11) and (37). This occurs because of the use of a
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‘physical’ radial coordinate in the former, whereas the latter employs a comoving
radial coordinate, and also the requirement that the LTB line-element be diagonal.
In the authors’ opinion, the former line-element, expressed in Painlevé—Gullstrand
coordinates, is the more easily interpreted physically.

3.2 Application to FLRW spacetime

As an second illustration of the LTB model, we now apply it to the special case of
a homogeneous and isotropic spacetime, as considered in Sect. 2.2 using the tetrad-
based approach. As before, this corresponds to setting p to be a function of 7 only, but
for the LTB model we are limited to considering only pressureless fluids and so p = 0.
In contrast to the tetrad-based approach, one must begin by making a gauge choice
for the form for M (7). This is most naturally achieved by introducing the scale factor
S(#) at the outset, such that p(f) = ,oo[So/S(t}]3 where pg = p(fp) and So = S(f)
are defined at some cosmic time 7 = ,, usually taken in cosmology to be the current
epoch. Keeping in mind the phy51cal interpretation of M (7), it is then simplest to
assume the form M (r) = 3npoS #3. Once we have made this gauge choice, we find

that R = S(f)7 and E(F) = ——kr , where k is a constant. Thus the line-element (24)
(with A = 1) takes the usual FLRW form

dAZ
Mzzdﬁ—S%0<er2+ﬂdQ§. (38)

Moreover, the remaining LTB equations (36) and (34) then yield the standard Fried-
mann equation and cosmological continuity equation, respectively, namely

[B;SDP +k
0! ’
p = —3H(H)p, (40)

A %n,o, (39

where we have defined the Hubble parameter H &) = 0;S @ /S @).

Thus, we see that the LTB model has led us directly to working in terms of the scale
factor, in contrast to the tetrad-based approach used in Sect. 2.2, which led naturally to
the Hubble parameter, which is a directly measurable quantity. Moreover, considerable
gauge-fixing was required in the LTB model to obtain a definite form for the solution,
whereas this was unnecessary in the tetrad-based approach.

4 Generalised Swiss cheese model

We now apply our tetrad-based approach to a generalised form of the Swiss cheese
model. In its classic form, the Swiss cheese model consists of an exterior expanding
FLRW universe, albeit pressureless, in which a pressureless spherical object is embed-
ded and surrounded by a ‘compensating void’ that itself expands into the background
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and ensures that there is no net gravitational effect on the exterior universe. Such mod-
els were employed in some of the earliest attempts to describe non-linear cosmological
inhomogeneities [54-58], since they have the advantage that analytical calculations
can be performed, and compensation ensures observations in the exterior region can be
modelled unambiguously. They have also been used in more recent attempts to char-
acterise effects of inhomogeneities on cosmological observations, such as luminosity
distance and perceived dark energy [59-70]. Nonetheless, the matter and velocity
distributions are clearly unrealistic.

As mentioned in the Introduction, more realistic models can be constructed by
working with continuous density and velocity profiles, while still restricting to spher-
ical symmetry and ignoring pressure. Previous work using LTB models [71,72] has
usually ignored compensation, and this can lead to subtleties in modelling observations
in the exterior region, since it is not described by a homogeneous FLRW cosmology,
such as a net gravitational effect seen in the ISW effect [38,73]. The initial density
and velocity profiles must be carefully chosen so that streamline crossing is avoided
[42,43]. Otherwise, shock fronts form and one must include pressure to produce a
realistic model. Compensation in tetrad formalism is discussed in [42,43] and in the
LTB formalism in [74,75].

In this section, however, our primary focus is not the modelling of realistic cos-
mological inhomogeneities or the prediction of observational effects in the exterior
region. Rather, we wish merely to extend the analysis presented in [41] (hereinafter
NLH3) by applying our tetrad-based method to a generalised form of Swiss cheese
model, in which we allow the fluid in the interior and exterior regions to support pres-
sure, in general, and do not demand that the interior region be compensated. Aside
from intellectual curiosity, the motivations for this study are two-fold: we first wish to
verify that Birkhoff’s theorem holds in the vacuum region, the usual interpretation of
which has recently been brought into question for related systems [44]; and, second,
we wish to consider the validity of the theoretical arguments that underpin the Ry, = ct
cosmological model [45,76,77], which has recently received considerable attention
[78-80]. These investigations are presented, respectively, in Sects. 5 and 6 below.

As discussed in Sect. 2, instead of imposing an equation of state, p = p(p), we
solve the system of Egs. (4)—(6) by specify a form for p(r, t) for all ¢ or, equivalently,
a form for M (r, t) followed by use of the L, M. In general, the remaining equations
need to be solved as a set of coupled PDEs. Nonetheless, as shown in [40,41,48],
if p(r, t) is piecewise uniform in r, then one may combine the L;p, LM and L, M
equations to obtain an ODE in r that may be solved to obtain an expression for the
fluid velocity g2 (r, t) and hence F (r, t), albeit with each containing a time-dependent
‘constant’ of integration, and the definition of M then determines g1 (, 7).

One may obtain the fluid pressure p(r, t) by using the ‘generalised Oppenheimer—
Volkov’ equation (8), which requires the imposition of a boundary condition on the
pressure at some radius. One may then complete the solution either by obtaining
f1(r, t) fromthe L, p equation and hence G (r, t) from any other equation that contains
it, or by obtaining G(r, t) from the L, p equation and then fi(r,t) from the L, f;
equation.
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Fig. 1 Generalised Swiss
cheese model a spherical interior
region of uniform density pj (1) H,(t)
and radius a(¢) is surrounded by pelt
. . e
a vacuum region of radius b(t),
which itself resides in an exterior
region with uniform density
pe(t). The rates of expansion of
the interior, vacuum and exterior
regions are characterized by the
‘Hubble parameters’ H; (1),
Hy () and He (1), respectively. In
general, the fluid can support
pressure and the interior region
need not be compensated

~

4.1 Model specification

The generalised Swiss cheese model is illustrated in Fig. 1 and consists of a spherical
interior region of uniform density p;(¢) and radius a(¢) surrounded by a vacuum region
of radius b(¢), which itself resides in an exterior region with uniform density pe(?).
The rates of expansion of the interior, vacuum and exterior regions are characterized
by the ‘Hubble parameters’ H;(t), H,(t) and H.(t), respectively (the definition of
H,(t) is discussed below). These functions are free for us to choose, and together with
M (r, t) and initial conditions, completely specify the evolution of the system. As we
show later on, these ‘Hubble parameters’ are, in fact, equal to the covariant Hubble
scalar in both the interior and exterior regions. In general, the interior region need
not be compensated and the fluid in both the interior and exterior regions can support
pressure.

From the figure, we may write down an expression for the total mass-energy M (r, t)
contained within a sphere of physical radius r at time ¢. It is clear that

1o (0)r?, r<a,
M =1 3mpi(a()’ = Mo, a() <r < b(), (41)
o +m@t),  r=b),

where M) is a constant and m () = My — %rrpe(t)b(t)3 is the mass contained within
b(r) at time ¢, in excess of that which would be present due to the exterior background
alone. For a compensated interior region, one thus has m(z) = 0. We note that the
system considered in NLH3 corresponds to setting b(t) = a(t), so that there is no
vacuum region.

As we will show below, in the general case where the fluid supports pressure, to
determine the dynamical evolution of the system completely one must specify the
internal and external Hubble parameters H;(z) and H.(t), together with the evolution
a(t) and b(t) of the two boundaries (and the density p,. = pj(z,) of the interior region at
some reference time ¢ = t,). Typically, one should take H(?) to correspond to some
expanding exterior universe of interest, but H;(t), a(t) and b(¢) can, in principle,
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have any form.* This follows both from the presence of the vacuum region and from
allowing the relationship between the fluid pressure and density to be arbitrary, since
then the interplay between pressure and gravity may allow expansion or contraction of
the interior and vacuum regions at any rate. This freedom would disappear, however,
if one imposed an equation of state on the fluid. In particular, in the special case of
a pressureless fluid, a(z) is straightforwardly determined from H;(¢) (and the radius
a, = a(ty) at some reference time t = t,).

We note that by leaving H;(¢) and H.(?) free to choose, we are treating the system
as being composed of a mathematical fluid, that is intended to mimic the kinematical
evolution (if not the physics) of a combination of baryonic gas and dark matter, having
a single effective density and a single effective pressure required for stability (for more
details, see [48]). This results in an effective ‘equation’ of state which depends on both r
and ¢. Choosing the Hubble parameters and specifying the mass-energy M (r, t) means
that we can solve for p(r, t) using the generalised Oppenheimer—Volkov equation (8).
Hence the effective ‘equation of state’ is then determined. Treating the fluid as a single
mathematical fluid avoids the complication of calculating the non-linear evolution of
multi-fluid systems, whereby one would separate the fluid in each region into its
baryonic and dark matter components.

4.2 Boundary conditions

Any spatial surface at which the density is discontinuous, and which may in general
be moving, will trace out a 3-dimensional (timelike) hypersurface X in spacetime on
which the solution must satisfy the Israel junction conditions [81,82]. If 71, are the
covariant components of the unit (spacelike) normal to X, pointing from the inside
to the outside, then the Israel junction conditions require both of the induced metric
huw = guv + iy h,, and the extrinsic curvature Kog = ho'*hg” Vi1, to agree on X.

For the model illustrated in Fig. 1, two such hypersurfaces are defined by X' (¢, r) =
r — x(t) = 0, where x(¢) can equal either a(t) or b(t). As discussed in [41], the
components 7, are given by

[A ] [_8[)(:, 1901 O] (42)
nyl = ,

e - 2figidx + g3 — gil'/?

where d;x = dx(t)/dt; one may readily verify that71,,i* = —1, as required. One sees

immediately that, for the induced metric to be agree across the boundary x(¢), one
requires all three non-zero tetrad components f1, g1 and g to be continuous there.
Recalling that g5 is the rate of change of the r coordinate of a fluid particle with
respect to its proper time, and can thus be considered as the fluid velocity, the physical
interpretation of the continuity of g> is that matter does not cross the boundary x(¢)
in either direction. This is consistent with the boundary x (#) comoving with the fluid,

4 As shown by NLH3, however, in the case where b(t) = a(t), so that there is no vacuum region, the
evolution a(t) of the single boundary between the two fluid regions cannot be set arbitrarily, but is instead
determined by specifying Hj(t) and He(t) (together with the interior density pyx = pj(t«) and the radius
ax = a(ty) at some reference time t = #y).
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so that the situation depicted in Fig. 1 does indeed hold at all times. It does not imply,
however, that M (x (), t) is constant, since this quantity denotes the total energy within
x(t), which may change as x () evolves, as is clear from the L; M and L, M equations
in (5). Moreover, since L; corresponds to the derivative with respect to the proper time
of an observer comoving with the fluid, then one requires

Lix(t) = g2(x(1), 1), (43)

where L, is evaluated at the boundary x(¢). Thus, on the hypersurface X, one has
dx(t)/dt = g»/f1 and the expression (42) simplifies to

1
[,] = E[—gz/fl, 1,0,0]. (44)

After a long but straightforward calculation, one then finds that the only non-zero
components of the extrinsic curvature of ¥ are’

81 .
Koo = Farfl» Ki=gir, Kp=girsin*6. (45)
I

Since the first Israel junction condition requires f1, g1 and g» all to be continuous at
the boundary x(¢), then the second junction condition requires only that, in addition,
dr f1 is continuous there.

The above junction conditions have consequences for the continuity of other
variables of interest. In particular, from the L, f] equation in (4), one has G =
—(g1/f1)9r f1, which must therefore also be continuous at the boundary. Moreover,
the L, p equation in (5) and the continuity of g; and G imply that the pressure p is
also continuous across the boundary, although its radial derivative, in general, has a
step there.

Finally, we also adopt the boundary condition at large r that all physical quantities
tend to those of the exterior cosmology. For spatially-flat and open universes, this
corresponds to the limit r — oo, whereas for a closed universe one must instead
consider the limit x(¢) < r < S(t), where S(¢) is the universal scale factor which
also corresponds to the curvature scale for a closed universe. In each case, we require
the line-element (2) to tend at large r to the corresponding FLRW line-element (21)
with H (t) = H(t). Thus, for large r, one requires

kr?

1 — Sz—(t), 82 —> I’He(t). (46)

f]—)l, 81 —

5 The expression for K given here differs from thatin [41], since the latter is incorrect owing to a sign error
in the original calculation. Nonetheless, both forms lead to the same conclusion regarding the continuity of
dr f1 at the boundary.
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4.3 Interior and exterior regions

From (41), one sees that the forms for M in the interior and exterior regions are the
same as the model considered in NLH3, albeit with a different definition of m(t).
Moreover, the same boundary conditions (46) apply at large r. Therefore, many of the
equations derived in NLH3 remain valid.

Specifically, in the interior region, the non-zero tetrad components are again given
by

_3H;(@) (pi(®) + pi)

P = 47
11, o) 47)
g1i =1+ 72 (HX0) — Srpic) — 1 4), (48)
¢2i = rHi(0), (49)

where, following NLH3, a prime denotes differentiation with respect to 7. In order to
evaluate the above expressions for f1; and g; i, one requires forms for p;(¢) and
pi. Substituting the above expression for the fluid velocity g ; and the enclosed
mass M = 47”,01 (t)r3 from (41) into the generalised Oppenheimer—Volkov equa-
tion (8), and integrating, will yield an (integral) expression for p; in terms of H;(¢) and
pi(t), after imposing the condition that the pressure is continuous across the bound-
ary a(t) and hence vanishes there. Thus, it only remains to determine p;(¢), which
is straightforwardly obtained for a given boundary evolution a(¢) by recalling that
My = %’T pi(1)a> (1) is a constant. In the special case of a pressureless fluid, it is worth
noting that one immediately has f; ; = 1 and so (47) can be integrated to obtain p; (),
which then determines a(t).
For the exterior region, the non-zero tetrad elements are given by

_3He(t) (0e(t) + pe)

Jre= pi(1) c0
gle=1- 20 (He(t)2 — §7pe(t) — %A) r?

% (Smelr +m'0), 51)
g2e =rHe(t) + 3m (0 He(t) (52)

Anr2pl(t)

In order to evaluate the above expressions, one requires forms for pe, p.(t) and b(z).
Substituting the expressions for M and g3 . into the generalised Oppenheimer—Volkov
equation (8), integrating and imposing the condition that the pressure is continuous
across the boundary b(¢) and hence vanishes there, will yield an (integral) expression
for pe in terms of pe(t), He(t), b(¢) and the (in general) time-dependent uniform fluid
pressure p~o(t) at large r corresponding to the external cosmological model. One is
free to specify H.(t), b(t) and pso(t), and the function p.(#) may be determined from
the following equations from NLH3 which remain valid in the exterior region:
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Pe(t) + 3He(1) (pe(t) + poc(t)) =0, (53)
k
R?(1)’

HZ(t) — $mpe(t) — $4 = — (54)

We recognise (53) and (54) as the standard cosmological fluid evolution equation and
the Friedmann equation, respectively. Moreover, as in NLH3, these can be combined
in the usual manner to yield the dynamical cosmological field equation

HU(t) + HE(t) — A = =37 (pe(t) + 3poc(1)). (55)
which thus provides an expression for pe(¢) in terms of He(?) and poo(?).

We are free to choose the boundary evolution b(¢), and it is most convenient to do
this by defining the ‘vacuum Hubble parameter’ H,(t), such that

82,e(b(t), 1) = b(t)Hy(1). (56)
Equating the above expression with (52) evaluated on the boundary b(¢), one obtains

b'(t)  Hy(t)p(1)

= — . &7
b(1) 3pe(t) He(1)
This then allows one to write (52) in the elegant form
b3 (1)
8 =TrHe(t) — r_2 (He(t) — Hy(2)) . (58)
In a similar manner, one may write the expression (51) as
2 2m 28 1 2
gl,e =1- 7 + (He — 377106 — §A)r
b’ b’
+ T(Hv - He) [2He + r_3(Hv - He)] 5 (59)

where we have momentarily suppressed ¢t-dependencies for brevity. It is worth noting
that, for the special case of a pressureless fluid, one immediately has p. = 0 and
fi.e = 1,80 (57) becomes simply b'(¢)/b(t) = —Hy ().

4.4 Hubble scalar and shear in the interior and exterior regions
The fluid velocity covariant derivative can be split into parts with specific symmetry

properties [83,84]. The decomposition is given by (from equation (4.17) in [83],
adapted to our metric signature)

Vovu = Opy + 0y + 30hu + D00, (60)
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where w,,, is the vorticity tensor, oy,, is the shear tensor, &, is the projection tensor
into the 3D subspace orthogonal to the fluid velocity, and the volume expansion scalar,
0, is defined as

0 =V, vt (61)

Hence, the Hubble scalar is defined as

Hy = 30. (62)

W=

The shear tensor is defined as the traceless component of the ‘fully projected” part
of the symmetric piece of V,v,,. Specifically we define

e;w = hupthV(fvp), (63)
such that the shear tensor is given by
1
G#U = 91“) - gh,w@. (64)
The final quantity of interest is the relativistic 4-acceleration vector
v =a" =v'V, 0", (65)
which represents the degree to which matter moves under forces other than those of
gravity (see for example, Section 2.1 in [84]).
We now consider the values of these quantities in the interior and exterior regions
of our spherically symmetric solutions.

Since the fluid 4-velocity components, in a (¢, r, 6, ¢) coordinate system, are given
by v* = dxt (f1, &2, 0,0) (where g» is the fluid 3-velocity), the Hubble scalar

= dr
(62) in terms of tetrad components is given by
| (982 82
Hy=3(-—-—+2>=]). (66)
ar r

In fact, in both the interior and exterior regions, the Hubble scalar simply reduces to
the interior and exterior Hubble parameters respectively, despite the 3-velocity field
deviating from the Hubble flow. That this occurs in the interior region is unsurprising,
since Eq. (49) shows that the fluid 3-velocity here coincides with a pure Hubble flow,
r H;(t). In the exterior region, one again has H;(t) = H,(¢) despite the fluid 3-velocity
g> deviating from a pure Hubble flow, r H. () (see Eq. (58)). This occurs because the
deviation is a function of time divided by r2, for which the contribution to the 4-
divergence V, v* vanishes.

We can construct the shear tensor using Eq. (64) above. If we denote § =

% (8% - gTz), one can find using Eq. (64) that the eigenvalues of the shear tensor

are 0 in the 7 direction, 2§ in the r direction and —S in the 6 and ¢ directions. We note
this is traceless as required for a shear tensor.
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This shows a nice complementarity to what we just found for the Hubble scalar,
since here the part of g, corresponding to the Hubble flow gives zero shear, as expected,
whilst for the exterior, the deviation — ﬁ (He(t) — Hy()),as givenin Eq. (58), gives
us the tangential shear eigenvalue —S. Hence the model studied here, at least in the
exterior region, is different from those studied by [85], where the fluid is assumed to
be wholly shear-free.

The fact a spherically symmetric fluid can have a Hubble scalar which is everywhere
the same as the Hubble parameter at infinity (where there is just a cosmological flow),
but nevertheless has non-zero shear (tending to zero at infinity), is perhaps worthy
of further comment. Specifically, such a fluid would have to obey the irrotational
version of one of the constraint equations which can be derived from the Ricci identity
as applied to the velocity 4-vector. To discuss this briefly, we will use the notation
employed in [86], which generalises the 143 covariant approach to fluid dynamics of
[84] to the context of fluids with intrinsic spin, but is convenient here since it uses the
same (4, —, —, —) metric as the present work.

The Ricci identity from [86] is

2V Vi1vp = Ripnge™va (67)

and by taking an antisymmetric trace-free part, employing the Einstein equations and
(for current purposes) setting the spin and vorticity to zero, we can derive the equation

Dyo}; — 3Dy =0, (68)
where D, is the fully projected covariant derivative, which in this case would satisfy
D6 = he,Veh. (69)

Evaluating this constraint equation for the shear tensor and volume expansion scalar
found above, we find that there is a non-zero entry for u = r, given (as a general
function of the tetrad components) by

0g1 af1
2281 Jrfgz—Jrglgzai (70)

(Dm,f - %Du )} o« fi——
This looks as though there is a problem, but in fact the RHS here is proportional to the
Einstein tensor entry G¢,-, which due to our choice of fluid velocity vector, has to vanish
(this can be confirmed independently via the explicit solutions for these quantities we
have given in each region, including the external one). Thus our results for the shear and
expansion factor, and in particular the fact that the expansion parameter can correspond
to what one would have for a uniform Hubble flow, whilst the fluid still has non-zero
shear, are fully consistent with the Ricci identity constraint on the shear divergence.
Finally, we note that the 4-acceleration a* = v"V,v* simply evaluates to a radial
vector with magnitude G, as already discussed in Sect. 2.

@ Springer



Spherically-symmetric solutions in general relativity... Page 23 of 37 29

4.5 Vacuum region

In the vacuum region, one has p = p = 0 and so L,M = 0 and L,M = 0, which
together imply M is a constant, which we have denoted by M. As we found in
our discussion of the Schwarzschild spacetime in Sect. 2.1, in a vacuum region the
system of Egs. (4)—(6) reduces just to the relationships (4) between the tetrad and
spin-connection components and the definition of M (= M) in (6), from which one
finds that the quantity

2My
@ —g=1 —T—%Arzza(r) (71)

is a function of r only. No further equations yield new information, and one thus
has an under-determined system of equations that requires additional gauge-fixing to
determine an explicit solution.

This occurs because in a vacuum region one clearly cannot choose the timelike
unit Lorentz frame vector at each point to coincide with the fluid four-velocity at that
point. As we did for the Schwarzschild spacetime, however, one may instead choose
the timelike unit frame vector to coincide with the four-velocity u of some radially-
moving test particle (which need not necessarily be in free-fall), so that its components
in the tetrad frame are [#%] = [1, 0, 0, 0] and hence in the coordinate basis one has
[uh] = [¢, 7, é, ¢3] = [f1.v, 82.v, 0, 0], as previously. Moreover, this ensures that our
previous physical interpretations of the tetrad and spin-connection components still
hold.

Unlike in the Schwarzschild spacetime, however, there is no simplest or most natural
choice for the class of radially-moving test particle to use. All one requires is that the
boundary conditions discussed in Sect. 4.2 hold at each boundary a(z) and b(z). It is
most convenient to begin by choosing g2y = v(r, 7), where v may be an arbitrary
function satisfying the boundary conditions v(a(t),t) = g2i(a(t),t) = a(t)Hi(t)
and v(b(t),t) = g2.(b(t),t) = b(t)Hy(¢t). Then g; y is easily found from (71) and
is also continuous at both boundaries. Finally, eliminating G between the L, f1 and
L, g1 equations in (4) gives the general relation

.
0 (f181) + Eatgl =0, (72)

and using (71) to substitute for g, one then finds

2 3,1) _
or (fl,v\/a(’") + v2) + fl,v\/ﬁ =0, (73)

which may be straightforwardly solved for f; . Gathering these results together, in
the vacuum region one thus has
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g2,V = v7

giv = Va(r)+2,
—1
fiv= <\/a(r) +v2/ %d;’) . (74)

oc(r) +v

Let is first consider the general case in which the fluid in the interior and exterior
regions supports pressure. Suppose one specifies the form for v(r, t,) at some time
t,. One can then see from (73) that one also requires the profile f v (r, t,) in order to
evolve v in time. Thus, both v(r, t,) and fi (r, ¢.) need to be specified to determine
the system. One should note, however, that there is no equation determining the time
evolution of fj y; hence fi y is free to take any value on any time slice, provided it
satisfies the boundary conditions thatboth f} and 9, f are continuous at each boundary,
as shown in Sect. 4.2. Then the time evolution of v is determined.

The situation is somewhat simpler for the case in which the fluid in the interior
and exterior regions is pressureless, since one may take f; = 1 everywhere and at all
times. Hence, if one specifies the form for v(r, t,) at some time ¢, one can use (73)
to evolve v in time [42]. In this case, (73) becomes

My 1
v +vov=——+34r, (75)
r

which may also be derived directly by substituting the definition of M in (6) into
L:M =0.

In either case, with or without pressure, the exact choice of the initial profile v(r, t,)
or f1,y in the vacuum region has no physical effects on, for instance, the total redshift
of a photon passing through the inhomogeneity [42], showing that the ambiguity in
these functions is a gauge freedom and hence has no physical consequences.

5 Birkhoff’s theorem

One of our motivations for considering the generalised Swiss cheese model is to
illustrate that Birkhoff’s theorem holds in the vacuum region, despite having time-
evolving interior and exterior regions. Although its usual interpretation has recently
been brought into question for physical systems of this type [44], one can demonstrate
that Birkhoff’s theorem does indeed hold in the vacuum region of our generalised Swiss
cheese model using a traditional wholly metric-based approach, and that it also holds
directly at the level of the tetrad components by transforming into Schwarzschild—de-
Sitter form [87]. In particular, we note this does not depend on the radial distribution
of matter in the interior or exterior regions or its state of motion, provided spherical
symmetry holds.
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5.1 Comparison with previous work

The validity of Birkhoff’s theorem, or at least its usual interpretation, has recently
been brought into question by [44]. To be clear, Birkhoff’s theorem states that there
exist coordinates for which the metric in a vacuum region surrounding any spherically-
symmetric matter distribution takes the standard Schwarzschild (de-Sitter) form with
parameter My equal to the enclosed interior mass, even when the vacuum region is
itself embedded in an exterior spherically-symmetric matter distribution. Indeed, we
have verified this. An immediate corollary of Birkhoft’s theorem is that, if the enclosed
mass My = 0, there exist coordinates for which the metric in the vacuum region takes
the standard Minkowski (de-Sitter) form.

As pointed out by [44], however, acommon misinterpretation of Birkhoff’s theorem
is that the gravitational field anywhere inside a spherically-symmetric matter distribu-
tion is determined only by the enclosed mass. While this is true in Newtonian gravity,
it does not hold in general relativity. This point is illustrated in [44] by considering the
metric corresponding to a static thin spherical shell of mass mg at coordinate radius
r = rg, surrounding a spherical central object of mass m; centered on the origin.

A further example of the gravitational field at some radius in a spherically-
symmetric matter distribution being determined by material external to that radius
is provided by the system analysed in [41]. As mentioned previously, this system cor-
responds to setting b(¢) = a(t) in the generalised Swiss cheese model discussed in
Sect. 4, so that there is no vacuum region. In [41], this system is analysed separately
using Newtonian gravity and general relativity. The former case, the Newtonian grav-
itational potential in the interior region is found to be independent of the properties
of the exterior region, whereas the general-relativistic calculation shows that some of
the tetrad components, and hence metric elements, in the interior do depend on the
properties of the exterior region, such as its density pe () and Hubble parameter He ().

6 Ry = ct cosmology

The current standard model of cosmology is based on the ACDM model, which pro-
vides a good fit to a wide range of cosmological observations. As pointed out by [88],
however, for the best-fit ACDM model, the present-day Hubble distance is broadly
consistent with cfy to within observational uncertainties, where 7 is the current cos-
mic epoch. This suggests that the universe has expanded by an amount similar to what
would have occurred had the expansion rate been constant. In the ACDM model, this
correspondence is a peculiar coincidence, particularly since this situation should occur
only once in the history of the universe; that we observe it to hold at the present epoch
is thus intriguing.

It was therefore proposed by [45,76,77] that this correspondence is not coinciden-
tal, but should be satisfied at all cosmic times 7. The resulting cosmological model,
known as the ‘Ry = ct’ model, has received considerable attention over the last few
years, since it has been claimed to be favoured over the standard ACDM (and its
variant wCDM with w # —1) by most observational data [89-94]. These claims
have, however, recently been brought into question [95,96]. In addition, the comoving
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Hubble radius is constant in time in the Ry, = ¢t model, which cannot account for
acoustic peak structure observed in the power spectrum of CMB anisotropies or for
baryon acoustic oscillations.

In addition to observational objections, the validity of the physical argument under-
lying the Ry = ct model has also been criticised by a number of authors [78-80,97].
Additionally, analytical claims for the model presented in [98] have also been demon-
strated to be false [99].

Melia’s main proposal begins with the introduction of the ‘gravitational radius’
Ry (¢), which is defined by the requirement that

2ZM(Rn(1), 1)

=1, 76
Rn(1) (76)

where, as previously, we adopt natural unitsc = G = land M (r, t) = %‘71,0 (t)r3 isthe
mass-energy contained with a sphere of physical radius r at time ¢. Indeed, substituting
this form for M(r, t) into (76), one immediately finds that 1/ R%(t) = %np (t). The
key point in Melia’s argument is the assertion that, in order to satisfy Weyl’s postulate,
the comoving gravitational radius 7, (f) = Ry(¢)/S(¢) should be independent of t,
where S(¢) is the scale factor defined in Sect. 2.2. In other words, each fluid particle
has a fixed value of 7.

Then, following Melia’s assumption that k = 0 = A, the standard Friedmann
equation (18) immediately allows one to make the identification Ry(¢) = 1/H (%),
which is the Hubble radius. Since H () = 9,5(¢)/S(t), the comoving gravitational
(Hubble) radius in this case is given by

1 R
H®H)SG@) ~ 84Sk’

(1) = (77)

The requirement that 7, (z) is constant therefore implies S(#) o ¢ and so Ry(t) =
1/H (t) = t or, on momentarily abandoning natural units, one obtains the eponymous
Ru(t) = ct. It is worth noting that substituting H(f) = 1/¢ into the dynamical
cosmological field equation (19) yields Melia’s so-called ‘zero active mass’ condition
p +3p = 0, which is equivalent to demanding that the overall cosmological fluid has
the equation-of-state parameter w = —% at all epochs.

The argument given in [45] for supposing that 7y (¢) = constant is that, according to
Weyl’s postulate, any proper distance in an FLRW spacetime must be the product of the
scale factor S(¢) and some fixed co-moving radial coordinate, and that the definition
of Ry(¢) as a gravitational radius in (76) implies that it must be a proper distance. No
real justification is given for this latter assertion.

In the next section, we show that the requirement 7, () = constant does not fol-
low from the definition (76). In doing so, our investigations below also elucidate the
behaviour of a number of ‘horizons’ during the general-relativistic evolution of a
spherically-symmetric self-gravitating matter distribution; although straightforward
and interesting, this behaviour does not appear to have been widely discussed in the
literature.

@ Springer



Spherically-symmetric solutions in general relativity... Page 27 of 37 29

7 Evolution of horizons

In a homogeneous and isotropic cosmological model, let us consider an imaginary
spherical boundary of radius a(¢) that is comoving with the fluid and centred on some
arbitrary origin. From the discussion in Sect. 4, the equation of motion for a(?) is
Lia(t) = a = H(t)a(t) (since fi = 1 in this case), where H(¢) is the Hubble
parameter characterising the evolution of the fluid. If M (¢) denotes the mass-energy
contained within this sphere, we define the corresponding Schwarzschild radius Rs(z)
as the solution of

2M(t)

Rs(1)

— 1AR3(1) =0, (78)

which clearly reduces to Rs(t) = 2M (¢) if A = 0. We also define the Hubble radius
Ry(t) = 1/H (¢); note that this coincides with Melia’s gravitational radius Ry, () in the
case k = 0 = A, but differs from it in more general cosmological models (although
such models were not considered by Melia).

We now consider the behaviour of a(¢), Rs(¢) and Ry (¢) for a selection of analytical
spatially-flat (k = 0) expanding cosmological models, with cosmological constant A
and fluid equation-of-state parameter w, whose evolution is determined by the Hubble
parameter H (). We note that, in the spatially-flat (k = 0) case, a(t) is the proper
distance from the origin to the spherical boundary under consideration, and that a is
its rate of change with respect to the proper time of an observer comoving with the
fluid.® The results are presented in Table 1. The values of w considered correspond to
dust (w = 0), radiation (w = %) and Melia’s zero-active-mass condition (w = —%).
It is worth noting that it is only in the case w = 0 that the mass-energy M (¢) contained
within the comoving radius a(#) is constant; for other values of w the presence of
non-zero pressure means that the fluid does work and hence M (¢) changes with time.

For A = 0, the behaviour of the quantities listed in the table is shown in Fig. 2.
For both the dust and radiation cases, one sees that a(¢), Rs(¢) and Ry(f) cross at a
single point that we denote by ¢ = 1., which coincides with a(¢) dropping to 1 (or ¢
in standard units). This behaviour is quite general and holds for any positive value of
the parameter M in Table 1. Thus, the comoving radius a(¢) initially lies outside the
Hubble radius. Indeed, one may consider that ¢ is allowed to be greater than ¢ during
this initial period due to the ‘superhorizon’ (or, more correctly, super-Hubble-radius)
nature of a(¢). Note that from the Friedmann equation, we know that

1 ) 8rtp A
s—=H(1)=—+—,
R (1) 3 3

(79)

6 We further note that the proper distance is measurable in principle (albeit in a highly impractical manner!),
by arranging for a ‘cosmic conspiracy’ in which comoving observers (who may identify themselves as such
by the absence of a CMB dipole) along a radial line from » = 0 to » = a lay down rulers at the same
instant of their proper time ¢ (which may be determined, for example, by requiring the CMB temperature
they measure to have a particular value). Moreover, by arranging for such a conspiracy to be repeated at a
later time 7 + dt, the ‘velocity’ @ can be determined. Note, however, that when a is bigger than the current
particle horizon, it would not be possible to arrange for such a conspiracy.
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Fig. 2 Behaviour of quantities listed in Table 1 for the case A = 0. Top left: dust (w = 0 with My = 1%),
top right: radiation (w = % with My = 1), bottom: zero active mass (w = —% with My = %)

where we consider the general case with A # 0. Multiplying the above by a? gives us

o 2M  Ad?
Pt ==t . (80)
a 3

Hence we see that when ¢ = 1, a = Ry and also a = Rg. This is precisely what we
see in Fig. 2. a(t) enters the Hubble radius Ry () at precisely the same moment as it
exits the Schwarzschild radius Rg(#); it is allowed to do the latter, since the fluid at the
boundary is moving at speed c at this instant. Thus, one has two ‘horizon crossings’
taking place simultaneously and in opposite directions, which is not usually pointed
out in the literature. Moreover, one sees that there is no reason for the Hubble radius
to be comoving, which contradicts the central assumption of the R, = ct model. It is
also worth noting that in the case of dust, for which the pressure vanishes everywhere,
one can consistently ‘cut-off” the fluid at the boundary a(#), and thereby consider a
finite fluid ball surrounded by vacuum; the results for this case are precisely those
given above.

In fact, we can consider the case with a finite, pressureless ball in order to verify that
the physics is correct. Consider a sphere of radius a(¢) filled with dust, embedded in a
vacuum. Its evolution must still follow that described in Fig. 2, such that it expands with
time and eventually crosses Rs. Hence it is the time reversed equivalent of a collapsing
ball of dust. In the latter case, the physical event horizon exists only once the boundary
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of the sphere crosses the pointr = 2M (t) (for the A = 0 case). Therefore, we can view
the expanding sphere as a white hole, which has a horizon at Rg, where objects are only
allowed to move out initially. Once the boundary of the sphere crosses the horizon, the
physical characteristics of the horizon cease to exist, such that it becomes physically
possible for objects to fall in through the horizon. To verify that the crossing of the
fluid boundary over Rg is possible, we can calculate the speed at which a hypothetical
observer on Rg would move as measured by a comoving observer on the boundary
of the sphere, as it crosses Rg. One can show that the observed speed is given by
—g + %, which is valid for any A and equation of state. As discussed above,
when the crossing occurs, the fluid moves at speed c; hence the comoving observer
sees Rs move at the speed of light when he/she crosses it, for the dust case. This is
not problematic, as it is impossible to have an observer hover at Rg up until the point
in time at which the ball crosses the horizon. In addition, the horizon vanishes when
the edge of the fluid crosses it; hence the fluid is able to cross the horizon.

Note that when we have non-zero pressure, we can no longer ‘cut-off’ the fluid
at the boundary a(#); hence we cannot consider a case where the various lines have
physical characteristics.

The bottom panel in Fig. 2 shows the behaviour for the case w = —%, which
corresponds to the zero active mass condition required by the Ry = ct model. Clearly,
in this case, the radii a(f), Rs(t) and Ry(¢) all depend linearly on 7. If one chooses
My = %, then one obtains the special case in which a(t) = Rs(t) = Ry(#) and
a(t) = 1 at all times. When My > %, one has a(t) > 1 and a(¢) lies inside the
Schwarzschild radius and outside the Hubble radius at all times (this is illustrated in
Fig. 2, for which My = %). Conversely, if My < %, one has a(t) < 1 and a(t) lies
outside the Schwarzschild radius and inside the Hubble radius for all 7.

The behaviour of the quantities listed in Table 1 for A # 0 are illustrated in Fig. 3.

In both cases, the values of My and A have been chosen so that, at least for some
values of 7, the condition 1 — 9M? (t)\/Z > ( is satisfied and hence there exist two
positive solutions for Rg(¢), which correspond to the Schwarzschild radius and the de
Sitter radius, respectively.

In the case of dust (top panel), the mass-energy M (¢) enclosed within the spherical
boundary a(¢) is constant, as expected, and thus so too are the two solutions for
Rg(t). One again sees that each solution for Rg(¢) intersects with a(¢) and Ry (¢) at
a single point, and that at both these intersections one has a(f) = 1, as we expect
from equation (80). Thus, as in the case A = 0, the comoving radius a () initially lies
outside the Hubble radius and enters it at precisely the same moment as it exits the
Schwarzschild radius, at which point the fluid at the boundary a(¢) is moving at speed
c. In the presence of non-zero A, however, the boundary a(t) later exits the Hubble
radius again, at precisely the same moment that it enters the de Sitter radius, at which
point the fluid at the boundary is again moving with speed c. It is again worth noting in
this dust case that the absence of pressure allows one consistently to ‘cut-off’ the fluid
at the boundary a(z), and thereby consider a finite fluid ball surrounded by vacuum
with A # 0, and obtain identical results. In this case we again have a white hole,
with a physical horizon at the Schwarzschild radius inside which objects are swept in,
which ceases to exist at the moment in time the edge of the fluid crosses it.
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Fig. 3 Behaviour of quantities listed in Table 1 for the case A # 0. Top: dust (w = 0), bottom: radiation
(w = %); in both cases My =4 and A = 0.1

The same generic behaviour to that outlined above is also seen for radiation in
the bottom panel of Fig. 3. In this case, however, the non-zero pressure means that
the fluid does work as it expands and so the mass-energy M (#) contained within
a(t) decreases with time. Consequently, one initially has 1 — 9M2(t)/A < 0 and
hence no positive solution for Rs(¢). As M(t) decreases, however, one eventually has
1—-9M 2(t)\/z > () and so obtains two positive solutions for Rs(¢), which again
correspond to the Schwarzschild and de Sitter radii, respectively.

8 Discussion and conclusions

We have presented a comparison of our tetrad-based methodology for solving
the Einstein field equations for spherically-symmetric systems with the traditional
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Lemaitre—Tolman—-Bondi (LTB) model. Although the LTB model is widely used, it
has a number of limitations. In particular, in its usual form it is restricted to pressureless
systems. Moreover, the LTB model is typically expressed in comoving coordinates and
thus provides a Lagrangian picture of the fluid evolution that can be difficult to inter-
pret. Perhaps most importantly, however, even in the absence of vacuum regions the
LTB metric contains a residual gauge freedom that necessitates the imposition of arbi-
trary initial conditions to determine the system evolution. As a consequence, we have
for some time adopted a different, tetrad-based method for solving the Einstein field
equations for spherically-symmetric systems. The method was originally presented in
[39] in the language of geometric algebra, and was recently re-expressed in the more
traditional tetrad notation in [40,41]. The advantages of the tetrad-based approach are
that it can straightforwardly accommodate pressure, has no gauge ambiguities (except
in vacuum regions) and is expressed in terms of a ‘physical’ (non-comoving) radial
coordinate. As a result, in contrast to the LTB model, the method has a clear and intu-
itive physical interpretation. Indeed, the gauge choices employed result in equations
that are essentially Newtonian in form.

In comparing our tetrad-based methodology with the LTB model, we have focussed
particularly on the issues of gauge ambiguity and the use of comoving versus ‘physical’
coordinate systems. We have also clarified the correspondences, where they exist,
between the two approaches. As an illustration, we applied both methods to the classic
examples of the Schwarzschild and Friedmann-Lemaitre—Robertson—Walker (FLRW)
spacetimes. In the former, we demonstrate that although the tetrad-based and LTB
approaches both employ synchronous time coordinates and are based on trajectories
of radially-infalling particles released from rest at infinity, the two methods lead to
very different results corresponding to the use of Painlevé—Gullstrand and Lemaitre
coordinates, respectively. For the FLRW spacetime, we find that the LTB approach
leads one to work directly in terms of the scale factor, whereas the tetrad-based method
leads naturally to a description in terms of the Hubble parameter, which is a measurable
quantity. Moreover, considerable gauge-fixing was required in the LTB model to obtain
a definite solution, but this was unnecessary in the tetrad-based approach.

We have previously applied our tetrad-based method to modelling the evolution of a
finite-size, compensated, spherically-symmetric object with continuous radial density
and velocity profiles that is embedded in an expanding background universe, assuming
zero pressure throughout [42,43]. We have also previously used the approach to obtain
solutions describing a point mass residing in an expanding universe containing a
cosmological fluid with pressure [40], and later a finite spherical region of uniform
interior density embedded in a background of uniform exterior density, where the
pressure may be non-zero in both regions [41]. To illustrate further the use of our
tetrad-based approach, we here extended the analysis in [41] to a generalised form of
‘Swiss cheese’ model, which consists of an interior spherical region surrounded by
a spherical shell of vacuum that is embedded in an exterior background universe. In
general, we allow the fluid in the interior and exterior regions to support pressure, and
we do not demand that the interior region be compensated. We find that much of the
analysis in [41], including the specification of boundary conditions, can be applied
with little modification, but additional care is needed in determining the solution in
the vacuum region, which requires some gauge-fixing, as might be expected.
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We paid particular attention to the form of the solution in the vacuum region and ver-
ified the validity of Birkhoft’s theorem, the usual interpretation of which has recently
been brought in question [44]. As pointed out in [44], Birkhoff’s theorem is often used
to support the common belief that in a vacuum, the gravitational field is only affected
by the interior mass. We note that that this is incorrect.

The above investigations allowed us to re-examine critically the original theoretical
arguments set out in [45,76,77] for the so-called Ry, = ct cosmological model, which
has recently received considerable attention. After pointing out a number of objections
to the Ry = ct based on recent observational data, we consider in particular the central
assumption underlying the original theoretical argument for the model, namely that
the comoving Hubble distance should be constant. We demonstrate that this is not
required, and so find no reliable theoretical basis for the Ry, = ¢t model.

These considerations in turn elucidated the behaviour of a number of ‘horizons’
during the general-relativistic evolution of homogeneous and isotropic cosmological
models. In particular, we considered the evolution of an imaginary spherical boundary
of radius a(t) that is comoving with the fluid and centred on some arbitrary origin.
For a selection of analytical spatially-flat cosmological models, we compared a(¢) to
the Schwarzschild and Hubble radii. In the case of vanishing cosmological constant,
we find the generic behaviour (both for dust and radiation models) that the comoving
radius a(t) initially lies outside the Hubble radius, but eventually enters it at precisely
the same moment as it exits the Schwarzschild radius; it is allowed to do the latter,
since the fluid at the boundary is moving at speed ¢ at this instant. Thus, one has
two ‘horizon crossings’ taking place simultaneously and in opposite directions. In the
case A # 0, one can obtain two positive solutions for Rs(#), which correspond to the
Schwarzschild radius and the de Sitter radius, respectively. One again finds that the
comoving radius a(z) initially lies outside the Hubble radius and enters it at precisely
the same moment as it exits the Schwarzschild radius, at which point the fluid at the
boundary a(z) is moving at speed c. In the presence of non-zero A, however, the
boundary a(t) later exits the Hubble radius again, at precisely the same moment that
it enters the de Sitter radius, at which point the fluid at the boundary is again moving
with speed c. This interesting behaviour is not usually pointed out in the literature.
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