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Abstract

On Gaussian multiplicative chaos and conformal field theory

Guillaume Baverez

This thesis is concerned with conformally invariant stochastic processes in two dimen-
sions and their applications to conformal field theory (CFT). The main probabilistic objects
are the Gaussian free field (GFF) and the random geometries associated to it. Especially,
we are interested in Gaussian multiplicative chaos (GMC), Schramm-Loewner evolution
(SLE) and Liouville CFT, which can be understood as theories of random surfaces.

From the point of view of physics, the idea of a “summing over surfaces” can be traced
back to Polyakov’s work on bosonic string theory [Pol81]. Indeed, the starting point of
string theory is to replace a point particle by a one dimensional manifold (a string), so
that one must replace the worldline by a worldsheet, i.e. an embedding of a surface into
space-time. The path integral that Polyakov wrote down features a random conformal
factor that should be described by the quantisation of the Liouville action. Therefore, this
probability measure should describe random fluctuations around the uniform metric.

Polyakov also suggested that the resulting quantum field theory should exhibit conformal
invariance. This means that the Hilbert space of the theory should carry a projective
unitary representation of the group of local conformal transformations, i.e. a unitary
representation of the Virasoro algebra. Since it is an infinite dimensional Lie algebra, this
is a huge constraint to put on a system and this led Belavin, Polyakov & Zamolodchikov to
give an axiomatic framework for CFT based on the representation theory of the Virasoro
algebra [BPZ84]. Here, the game is somehow reversed: one tries to exhibit and classify all
theories fitting in this framework. In particular, it is not even clear in the first place that
such algebraic structures exist.

In this context, Liouville theory is a success story in the interaction of algebra, geometry
and probability. On the one hand, the algebraic point of view was successful in finding
a theory fitting in the BPZ framework [D094, 7796, Tes03]. On the other hand, it was
unclear that this theory should correspond to the actual path integral written down
by Polyakov, let alone the fact that this path integral was not a rigorously defined

mathematical object. Only recently was this path integral constructed using a rigorous



probabilistic framework [DKRV16, DRV16, GRV19] and shown to satisfy all the properties
predicted by the algebraic formulation [KRV19, KRV20, GKRV20].

The construction of the Liouville path integral relies on Gaussian multiplicative chaos,
a theory pioneered by Kahane in the context of turbulence [Kah85], allowing one to
exponentiate a logarithmically correlated Gaussian field such as the two-dimensional GFF.
The resulting object is a random multifractal measure which has found many applications in
modern probability theory [RV14]. In Liouville theory, partition functions and correlation
functions are expressed as expected values of observables associated with GMC. The fact
that the path integral fits in the BPZ framework has two important consequences. First,
the algebraic constraints coming from the BPZ framework give a better understanding
of the law of GMC. Second, having a concrete representation of the axiomatic structure
allows one to perform additional computations and answer some algebraic questions, such
as the convergence of conformal blocks [GKRV20, GRSS20].

Apart from Liouville theory, CFT has a wide scope and is conjectured (in a few cases
proved) to describe the scaling limits of many statistical mechanics models at criticality.
On the probabilistic side of the story, a major step was performed by Schramm [Sch00]
with the introduction of stochastic Loewner evolutions (SLE). He was able to classify all
conformally invariant probability measures on paths joining two points on the boundary of
a planar domain, therefore describing all possible scaling limits of interfaces of spin clusters
of critical models (provided they are conformally invariant in the limit). These measures
are indexed by a real parameter £ > 0 (understood as Planck’s constant) and are related
to the central charge of the theory (i.e. the universality class of the model considered).
Sheffield later showed that SLE is the solution to a problem of conformal welding involving
GMC [Shel6], a deep result which was considerably generalised in [DMS14]. Roughly
speaking, Sheffield’s result means that Liouville theory is stable under gluing of boundary
components, and that the interface curve arising from the gluing is an SLE. Another
corollary is the existence of a natural parameterisation of SLE known as the quantum
length.

In this thesis, we tried to explore the above mentioned connections between probability,
geometry and algebra. In Chapters 2 and 3, we study the asymptotic behaviour of Liouville
correlation functions in two specific geometric cases: the once-puncture torus and the
four-punctured sphere. This is a purely probabilistic statement, which can be interpreted
physically as the factorisation of the partition function on the boundary of the moduli
space. The two cases considered constitute the two degeneration paradigms (self-gluing
and gluing of disconnected components) and the methods could generalise easily to other
moduli spaces of stable curves.

The data of a conformal structure on a surface can be understood as the data of

Brownian motion up to reparameterisation. In this context, Liouville Brownian motion
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(LBM) is the Brownian motion with the parameterisation induced by GMC viewed as a
random conformal factor. The existence of such a process is not clear due to the irregularity
of GMC but was carried out in [GRV16, GRV14, RV15, Berl5]. In Chapter 4 we introduce
the boundary version of (LBM), which is a Cauchy process reparameterised by GMC.
Using Sheffield’s result, an interesting consequence is the existence of a diffusion process
on SLE, which is a Cauchy process parameterised by quantum length. The subsequent
Chapter 5 studies the regularity of the welding homeomorphism of SLE for k = 4, which
is a critical situation from many points of view.

One advantage of conformal welding is that we can view SLE as a probability measure
on the group Homeo(S') of orientation preserving homeomorphisms of the circle. Thus,
it is natural to ask whether SLE is related in a certain sense to the quantisation of
Diff(S'). More interestingly, the homogeneous space S'\Diff(S!) arises as a coadjoint orbit
of Diff(S') and was shown to possess a two-parametric family of homogeneous Kéahler
forms [Kir98], for which there is a globally defined potential. Among the various formulae
known for this potential, the universal Liouville action of Takhtajan & Teo [TT06] suggests
a link between SLE and the geometric quantisation of S'\Diff(S'). This connection will
be made more precise in an ongoing work described in Section 1.5, where we use the
canonical action of Diff(S!) to define a unitary representation of the Virasoro algebra on
the L%-space of SLE endowed with its quantum length. Using conformal welding, this
action can be expressed in terms of the so-called universal period mapping of Nag &
Sullivan [NS95]. Interestingly, the integration by parts formula from Malliavin calculus
can be interpreted in the context of symplectic geometry and the stress-energy tensor

emerges in connection with the momentum map for the Diff(S*)-action.
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Chapter 1
Introduction

This chapter gives some background on various theories that will turn out useful in
subsequent chapters. Section 1.1 is an introduction to two-dimensional geometry: Riemann
surfaces, uniformisation and Teichmiiller theory. In Section 1.2 we move on to Diff(S') and
the universal Teichmiiller space, which is an infinite dimensional manifold containing all
finite-dimensional Teichmiiller spaces. Section 1.3 introduces the probabilistic notions of
interest. In Section 1.4 we review various approaches to quantisation and two-dimensional

conformal field theory and explain how these approaches are connected to each other.

1.1 Riemann surfaces

It’s called memory cloth. Regularly flexible, but
put a current through it... molecules realign, it

becomes rigid.

Lucius Fox, Batman Begins

In this section we recall the uniformisation theorem of surfaces and give a basic
introduction to Teichmiiller theory, which can be understood as the space of all Riemann
surfaces with a given topology. This material is standard and can be found for instance in
[Wol83, Wol85, Mir(7a]. We also introduce the Dirichlet energy and the Liouville action,

which will play an important role in subsequent probabilistic constructions.

1.1.1 Uniformisation

A Riemann surface is a two-dimensional real manifold with holomorphic transition func-
tions; equivalently it is a complex manifold of complex dimension one. The uniformisation
theorem states that every simply connected Riemann surface is biholomorphic to either

one of the Riemann sphere S?, the complex plane C or the unit disc D. In particular, every



Riemann surface admits a Riemannian metric of constant scalar curvature, and the three
models above describe positive, flat, and negative curvature respectively.

Every Riemann surface is the quotient of its universal cover by the free, proper and
holomorphic action of a discrete group. If the universal cover is the plane, we obtain the
tori C/(Z + 7Z), for 7 in the upper-half plane, which are the surfaces of genus 1. The
most interesting case is that of surfaces of genus > 2, which are uniformised by the unit
disc. Every such surface is the quotient of D by a discrete subgroup of PSLy(R).

A conformal structure on a (smooth) surface is the data of a Riemannian metric
modulo conformal multiplication, i.e. we identify the metrics ¢ and g if there exists
o € C*(X) such that g = ¢**g. From a probabilistic point of view, a conformal structure
is the data of Brownian motion modulo time reparameterisation. One remarkable aspect
of the uniformisation theorem is the fact that a conformal structure is equivalent to a
complex structure. This statement follows from the existence of isothermal coordinates
(i.e. coordinates which are conformally equivalent to the standard metric), which can
be established by solving the Beltrami equation. Intuitively, this equivalence can be
understood as follows. It is known that a complex structure on a surface is equivalent to
an almost complex structure, which is a smooth section J of End(T'Y) satisfying J* = —Id
fibrewise. The almost complex structure may be understood as a rotation of angle 7 in
each tangent space, i.e. it gives the notion of right angles. On the other hand, a conformal
structure gives us an inner-product modulo scaling, which precisely allows us to speak of
right angles. From this we see that a conformal and a complex structure give the same
data.

From uniformisation, every Riemann surface admits a Riemannian metric with constant
scalar curvature, which we will refer to as a geometric structure. It turns out that each
conformal class has a unique geometric structure. Under Weyl rescaling g = e* ¢, the

variation of the scalar curvature is given by

K; =e % (K, — 2A,0), (1.1)
where —A, is the Laplace-Beltrami operator. Looking for a geometric structure means

solving this equation for K3 = k constant, leading to the non-linear PDE
1 20
Ayo = 5(/@6 + K,).

This equation is known as the Liouwville equation and has a unique solution in the conformal
class. In genus 1, we obtain the flat structure on the tori. In genus > 2, we obtain the
surfaces of constant negative curvature, i.e. the hyperbolic surfaces.

To summarise, every Riemann surface has a unique geometric structure compatible

with the complex structure. This unifies two seemingly different but powerful areas of



mathematics: complex analysis and Riemannian geometry. This means that there are
at least to ways to study a problem dealing with Riemann surfaces, leading to fruitful

interactions.

1.1.2 Teichmiiller theory

Let 3 be a compact, oriented surface and Diff ; (¥) be the group of orientation preserving
diffeomorphisms of 3. Let also Diffy(X) be the subgroup of Diff (X) consisting of those
diffeomorphisms which are isotopic to the identity. Recall that two diffeomorphisms ¢, ¢,
are isotopic if there exists a continuous path ¢ : [0, 1] — Diff | (X) such that ¢(0) = ¢y and
¢<1) = ¢1.

The Teichmiiller space Ts. the space of complex structures on ¥ modulo the action of
Diffy(X). By the uniformisation theorem, one can also view Teichmiiller theory as the
study of geometric structures modulo Diff(3). Thus, there are naturally two approaches
to Teichmiiller theory, one analytic and one geometric. The case of genus 0 is of no interest
since there is only one complex structure on the sphere. The Teichmiiller space of a surface
of genus 1 is the upper-half plane H, parameterising the tori C/(Z 4 7Z) for 7 € H. In

the follwing we assume that the genus is > 2.

1.1.2.1 via complex analysis

A marked Riemann surface is a pair (X, ¢) where X is a Riemann surface and ¢ : ¥ — X is
a diffecomorphism. We declare two marked Riemann surfaces (X, w) and (X', w’) equivalent

lis isotopic to a biholomorphism. The Teichmiiller space Ty, is the space of

if wow™
equivalence classes of marked Riemann surfaces. A point in 7Ty, can be represented by a
Fuchsian group I' € PSLy(R) giving the Riemann surface H/T.

One way to deform the complex structure on H/T" is to use quasi-conformal mappings.
A homeomorphism w is quasi-conformal if it is differentiable almost everywhere and there

exists a function p such that p < 1 almost everywhere and

ow ow

oz Mor
This equation is called the Beltrami equation and p is called a Beltrami differential, which
is a tensor of type (—1,1). More precisely, Beltrami differentials are functions on H
satisfying u(y(z))% = u(z) for all 4y € T". The space of essentially bounded, I'-invariant
Beltrami differentials is denoted M (I"). It is known that the Beltrami equation has a
homeomorphic solution w,, for each p € M(I");, the unit ball of M(I"). The solution is
a quasi-conformal homeomorphism of H and is unique up to Mébius transformations of
H. In fact, the solution extends to a homeomorphism of H, and the boundary value of

w,, is called a quasi-symmetric homeomorphism of R. A convenient way to normalise the



solution is to require that w, fixes 0, 1 and oo. Thus, solving the Beltrami equation gives
a new complex structure on ¥, so we have a map M;(I') — Tx. The Teichmiiller space T,
inherits a complex structure from M (T").

Being (—1, 1)-tensors, Beltrami differentials are dual to tensors of type (2,0), a.k.a. the
quadratic differentials. Quadratic differentials satisfy the transformation rule ¢(v(2))7y'(2)? =
¢(z). The space of integrable holomorphic quadratic differentials is denoted Q(I"), and it
is finite dimensional. For a compact surface of genus g, the (complex) dimension is equal
to 3g — 3. Given ¢ € Q(I') and p € M(I'), the product ¢p is a (1, 1)-form and the natural
pairing (¢, p) — fz o is called the Weil-Petersson pairing. The kernel of this pairing is
denoted N(I') and the quotient M (I")/N(I") is identified with the holomorphic tangent
space to Ty at the Riemann surface H/I'. Similarly, Q(I") is the holomorphic cotangent
space. The Weil-Petersson pairing introduces a symplectic form wwp on 7Ty, which turns

out to be Kahler, turning 7y into a Kahler manifold of complex dimension 3g — 3.

1.1.2.2 via hyperbolic geometry

Now we proceed with the geometric description of Ts. Let Met_;(X) be the space of
metrics on X with constant scalar curvature —1. The Teichmiiller space of X is given by
T = Met_4(2)/Diffy(X%).

There are natural coordinates on Ty, using hyperbolic geometry, known as the Fenchel-
Nielsen coordinates. Every homotopy class of a simple closed curve (not isotopic to a point)
has a unique geodesic representative. Now, we can pick 3g — 3 such geodesics 1y, ..., N3g_3,
which are furthermore non-intersecting. Cutting the surface along these geodesics yields a
collection of 2g — 2 hyperbolic pairs pants (a pair of pants is a sphere with three discs
removed). The hyperbolic length of 7; is denoted ¢; and these lengths constitute half of
the coordinates. The other half is given by the Fenchel-Nielsen twist, which is described
as follows. Cutting the surface along 7;, we obtain a new hyperbolic surface with two
additional boundary circles, which are geodesics of length ¢;. Now, rotate one boundary
circle by a distance 7; with respect to the other, and glue the boundaries back together.
The hyperbolic metric from the cut surface defines a hyperbolic metric on the glued surface,
defining a new point in the Teichmiiller space of the original surface. The coordinate
functions (¢;, 7;)1<i<3g—3 are the Fenchel-Nielsen coordinates, and Ty is isomorphic to
((0,00) x R)3®73 as a smooth manifold. Note that the choice of geodesics is not unique and
each such choice gives a system of coordinates. Wolpert gave a remarkable expression for

the Weil-Petersson symplectic form in terms of the Fenchel-Nielsen coordinates [Wol85]:

3g—3

Wwp = Z d& VAN dTZ'.

=1

The infinitesimal version of the Fenchel-Nielsen twist gives a vector field on T, which is



the Hamiltonian vector field of the hyperbolic length function.

Applying a twist of length 7; = ¢; along the geodesic n; is called the Dehn twist and it
is a diffeomorphism not isotopic to the identity. In fact, Dehn twists along simple closed
curves generate the group of isotopy classes of diffeomorphisms of ¥, a.k.a. the mapping
class group Mods. The moduli space is the quotient My, := Ts,/Mody, and it is a complex
orbifold (with singularities arising due to the fixed points of the action). The boundary of
My is described by those surfaces with nodes, which corresponds to shrinking one or more
geodesic lengths to 0. A fundamental result is that the Weil-Petersson is Modyg-invariant
and descends to a symplectic form on My. The total volume of the associated Liouville
volume form is finite. These volumes have been the subject of intense study since the
pioneering work of Mirzakhani [Mir(7a], in connection with the intersection theory of

tautological classes [Mir(7b] and the Eynard-Orantin topological recursion [ABO17].

1.1.2.3 via character varieties

For completeness, we include a third approach to Teichmiiller theory based on character
varieties. This approach is important in order to understand higher Teichmiiller theory
and the connection of between quantum Liouville theory and the quantisation of moduli
spaces of flat connections [TV15].

By the uniformisation theorem, every Riemann surface can be represented as the
quotient H/T" with I a certain discrete subgroup of PSL(2,R). Homotopy classes of simple
closed curves act by isometries, inducing a representation of 7;(3) into PSL(2,R). On
the other hand, representations of the fundamental group of a manifold into a group G
are linked to flat G-connections on a G-bundle over that manifold. Indeed, the parallel
transport along a curve using a flat connection only depends on the homotopy class of
that curve, and holonomies induce a representation of the fundamental group into G.

To make things more precise, introduce the PSL(2, C)-character variety of m(X):

MG, := Hom(m (%), PSL(2,C))/PSL(2, C),

char

where the action of PSL(2,C) on Hom(m(3), PSL(2,C)) is by conjugation. Then M
R

contains a real slice Mg,

which is made of finitely many connected components. The
connected component to the identity, M;Rﬁgr, contains all Fuchsian representations and is
identified with the Teichmiiller space of . In summary, 7y is a connected component of
the moduli space of flat PSL(2, C)-connections on 3.

With this new characterisation of Teichmiiller space, one can forget about complex
structures and replace PSL(2,C) with other algebraic groups (say PSL(n,C)). This
leads to the so-called higher Teichmiiller theory [FGO6]. This explains the link between

Teichmiiller spaces and moduli spaces of flat connections.



1.1.3 Dirichlet energy

Let ¥ be a Riemann surface with a compatible Riemannian metric g. We assume for
a moment that 09X = @ Denote by vol, the associated volume form and —A, the
(non-negative) Laplace Beltrami operator. The Sobolev space H'(X) is the subspace
of L*(X, vol,) of functions with (weak) partial derivatives in L?*(3, vol,). The homogeneous
space H'(X) = H'(X)/R is endowed with the following norm called the Dirichlet energy:

1
2
) = 55 [ 14f2vol

Here, d denotes the de Rham differential and |d f|? is the norm of d f under the identification
of T with T*¥ given by the metric.

The Dirichlet energy is conformally invariant. Given a biholomorphism 1 : > P3N
we have [|f o |45 = [[fll71(s)- In other words, precomposition with ¢ is a unitary
map from H'(X) to H'(X). This conformal invariance also justifies why we do not make
explicit the dependence of H 1(X) on the metric, since this space only depends on the
conformal structure of the surface, and not on the precise value of the conformal factor.

Probabilistically, the Dirichlet energy is the action defining a conformally invariant
Gaussian process known as the Gaussian free field (see Section 1.3.1). It turns out that
a more natural object to consider is a random field transforming not as a function but
as conformal factor. For that matter, one considers the classical Liouville action, which
is the Dirichlet energy perturbed by a linear term: S¢(o;g) := 5= [5,(|do|? + Kyo)vol,.
Geometrically, the minimiser oy of the Liouville action (if it exists) is a conformal factor
such that the metric e??°g is flat. For other values of the curvature, the Liouville action
gets an extra non-linear term, which is the starting point of the probabilistic approach to
Liouville CFT (see Section 1.4.4). Anticipating on the quantum theory, we need a further

modification of this action. Given v > 0 (understood as Planck’s constant), one defines

Si(o;9) = %/2 (Jdo|2 + QK,0) vol,,
where () := % + 3. The term § in the definition of @ is small as v — 0 and is known as
a “quantum correction”. The classical Liouville action is recovered when omitting the
quantum correction and taking v = 2.

Suppose now that ¥ has a non-empty (smooth) boundary homeomorphic to a collection
of disjoint circles and consider the subspace H(X) € HY(X) of functions with zero
boundary conditions. Otherwise stated, Hj(X) is the Hilbert space completion (with

respect to the Dirichlet inner-product) of the space of smooth, compactly supported



functions in 3. We have the well-known orthogonal decomposition
H'(Z)=H{®)dH (1.2)

where H is the subspace of H'(X) of harmonic functions in X.

Sobolev functions have a trace on 9X. The trace operator “loses” 1/2-point of regularity,
so that the trace on each boundary circle gives an element of H'/2(S'). The converse
operation consists in harmonic extension, which identifies H'/2(9%) with H. Green’s
formula also tells us that |lulg1/2sp) = o= [op uOpudf, where 9, is the outer normal
derivative (w.r.t. the orientation on the Riemann surface ¥) and d is arclength induced
by the metric g.

The Liouville action also gets an extra curvature term in this case:

1 1
Si(o;9) = p /E (Jdo|? + QK o) vol, + | Qkyodo,

where k, denotes the geodesic curvature of 9% in the metric g.

The case of the unit disc. One special case of interest is ¥ = ID with the Euclidean

metric (so that k, = 1). The boundary term of the Liouville action on D is denoted by

1
San(u) = 5 / (udou + 2Qu)d0,  u € HX(ID). (13)
™ Jst
Identifying v with its harmonic extension to D, we have Syp(u) = Hqu%p/z(aD) + 2Qu(0)

by the mean value principle. A similar action Sgp« can be written in D*. Their classical
counterpart (Q = 1) is denoted S%, SG--

The space H'/2(9D) is not just a Hilbert space but carries additional structures. The
Hilbert transform H associates to each u € HY 2(0D) its harmonic conjugate, i.e. v+ iHu
is the boundary value of a holomorphic function in ID. Since the Hilbert transform is
unique up to constant, we have a well-defined operator H : H/2(0D) — H'/?(0D), which
is actually unitary. We also have H? = —Id, i.e. H is a complex structure. This also
gives rise to a symplectic structure © defined by (u, 'U>H1/2(8D) = O(u, Hv). Due to the

Cauchy-Riemann equations, we have the simple expression

O(u,v) = %/udv. (1.4)

™



1.2 Diff(S') and the universal Teichmiiller space

Here the boundaries meet and all contradictions

exist side by side.

Fyodor Dostoevsky, The brothers Karamazov

This section introduces the group of orientation preserving diffeomorphisms of the
unit circle and its Lie algebra, the space of smooth vector fields on the circle (a.k.a. the
Witt algebra). In physics, this group is understood as the group of reparameterisations of
the closed string and is therefore central in string theory. The central extension of the
Witt algebra is known as the Virasoro algebra and is the symmetry algebra of conformal
field theory, so that much of CFT can be understood in terms of its representation theory.
Roughly speaking, one could understand CFT as harmonic analysis on Diff(S!).

The group Diff(S') (modulo Mobius) lies inside the universal Teichmiiller space, which
is the group of quasi-symmetric homeomorphisms of the unit circle (modulo Mébius),
T(1) := Mob(S")\QS(S!). These homeomorphisms arise as boundary values of the quasi-
conformal mappings of I introduced in Section 1.1.2.1. Via the Beltrami equation,
finite dimensional Teichmiiller spaces appear as subspaces of T'(1) satisfying the desired
covariance under the action of a given Fuchsian group, which justifies the terminology
“universal”. The Weil-Petersson class is a subgroup 75 (1) of 7'(1) which has been extensively

studied by [TT06]. It has a rich geometry of infinite dimensional Kéhler manifold.

1.2.1 The Virasoro algebra
1.2.1.1 Definition

The Witt algebra Vect(S') is the Lie algebra of smooth vector fields on the unit circle, i.e.
it is the Lie algebra of the group Diff(S!) of orientation preserving diffeomorphisms of the
unit circle. Its complexification Vectc(S?) has generators £, = ie™?0y, with commutation
relations

Wy ] = (0 — m)lpym, n,m € Z.
Recall that a two-cocycle on a Lie algebra g is a skew-symmetric pairing w satisfying
the condition

w(u, [v,w]) + w(v, [w, u]) + w(w, [u,v]) =0, u,v,w € g.

Cocycles are important objects in the theory of Lie algebras since they enable one to
construct the central extension g @ Rc, where c is central and the bracket is otherwise

given by [u, V]pew = [, V]ola + w(u,v) for u,v € g. The cocycle condition ensures that the



new bracket satisfies the Jacobi identity, thus defining an honest Lie bracket.

On the Witt algebra, there is a two-parameter family of cocycles [KY88]:

Wap(bny ) = (an® + )8, . (1.5)

1

15, known as the Virasoro cocycle w. In terms of the

The canonical choice is a = —b =
vector fields, it corresponds to
27 do

U/(/U/ + /Ul//)_

w(udy,vdy) = — 5

12 Jy
The cocycle can be used to define a one-dimensional central extension of Vectc(S'),
known as the Virasoro algebra. It has a central element ¢ = cId and other generators

(Lp)nez with the commutation relations

Ly, L) = (n —m) Ly, + 1—C2(n3 — 1)0p, —m-
The complex number c is called the central charge and we write 0. for the Virasoro algebra
of central charge c. It has two subalgebras U}, U generated by the positive and negative

modes respectively.

1.2.1.2 Highest-weight representations

The representation theory of the Virasoro is well-known and we recall some important
features. We refer to [Ribl14] for a simple presentation of this material and we will
also remind the reader of some basic terminology from the theory of Lie algebras. A
representation is called irreducible if it contains no non-trivial subrepresentation. A highest-
weight vector (or primary state in physics) of weight h € C is a vector v such that L,v =0
for all n > 0 and Lyv = hv. Such a vector generates a highest-weight module V., := U(V.)v,
where U(-) denotes the universal enveloping algebra. That is, V., is generated by vectors
of the form L_y, ---L_y,L_y,v for all integer partitions A = Ay > Ap--- A, > 1. These
vectors are the descendants of v and their level is the number partitioned by A. A simple
computation shows that a descendant vector of weight n is an eigenvector of Lo with
eigenvalue h + n.

A Verma module is a heighest-weight module which is linearly isomorphic to U(J, ). A
highest-weight representation which is not a Verma module is called degenerate. Degenerate
representations arise when they contain a vector generating its own representation. Such a
vector is then called singular or degenerate. It is a simple exercise to look for degenerate
vectors at level 2: such a vector must be of the form aL_, + bL?, and be annihilated

by UF. The vanishing condition must only be checked for L; and Ly, and a repeated



application of the Virasoro bracket leads to

34+ (4h +2)b =0
(4h + )a+6b =0,

The determinant of this system of linear equations is a second degree polynomial in h
A=42h+1)*+ (c—13)(2h + 1) +9. (1.6)

Thus, (non-trivial) singular vectors at level 2 exist if and only if A =0, i.e.

o 5—c+/(c—25)(c—1)
— T :

It is customary in CFT to use the “Liouville parameterisation” of the central charge
¢ =1+6Q? and the highest weight h = §(Q — §), where Q = % + 3 and v is a priori an
arbitrary complex number’. The parameters Q and « are usually called the background
charge and Liouville momentum respectively. Notice the ambiguity in the definition of «
under a <> 2Q) — a. Using this parameterisation, a module has a singular vector at level
r+ s — 1 for the value

2
&TS:Q_TZ_S_7
El 2 ’}/

where r, s are arbitrary positive integers. In particular, a singular vector at level 2
corresponds to (r,s) = (2,1) or (1,2), corresponding to the two roots of (1.6). The
operators associated to these values are

4 2
L_2 + ¥L2,1; L_Q + Z

L. (1.7)
In physics, it is assumed that representations are irreducible, which means that singular
vectors must vanish. That is, the above operators must annihilate the highest-weight
vector. This is known as the BPZ equation.

To conclude this introduction to the representation theory of the Virasoro algebra,
we mention the notion of unitarity, which is necessary for a CF'T to have a physical
(hence probabilistic) meaning. A highest-weight module is unitary if it carries a positive
definite Hermitian form such that L_, = LI for all n € Z and the central element is
self-adjoint. This last condition immediately implies that the central charge must be real,
¢ € R. Unitarity conditions for highest-weight representations are given thanks to the Kac
determinant formula. Most importantly, one consequence of this formula is that Verma

modules are unitary for ¢ > 1. There is a discrete set of values of the central charge in

n physics, one would have v = 2b)

10



the regime ¢ < 1 for which some degenerate modules are unitary. They correspond to

ﬁ for positive integers m and are known as the discrete series. We refer to

[Rib14, Equation (2.1.36)] for more details on unitarity conditions.

c=1-—

1.2.2 Kaihler geometry of Diff(S!)

Given a Lie group GG with Lie algebra g, the coadjoint representation is an action of G on

the dual Lie algebra g*. Infinitesimally, this action is given by the map?

gxg —g
(x,\) = ad;A = —A([z,-]).

This expression actually endows the codjoint orbits with an invariant symplectic structure.
Thus, one may think of a coadjoint orbit as a classical phase space and this raises
the question of whether it can be subject to the framework of geometric quantision as
introduced in Section 1.4.2. One outcome of quantisation being a unitary irreducible
representation of the group (or a central extension) on the quantum Hilbert space, this
suggests a link between coadjoint orbits and irreducible unitary representations. This
approach to irreducible unitary representations is known as Kirillov’s orbit method and
gives an actual equivalence between the two objects (orbits and representations) in some
special cases (e.g. nilpotent groups).

In the 1980’s, Kirillov [KY87] initiated the study of coadjoint orbits of Diff (S') (see also
[Wit88] for an account) and found two such orbits carrying additionally a Kéhler structure:
these are S\ Diff(S') and Mob(S*)\Diff(S!). The first (resp. second) of these manifolds is
the space of diffeomorphisms modulo rotations (resp. M&bius transformations of the disc),
identified with the group of diffeomorphisms fixing 1 (resp. 1,—1,4). In fact, S\ Diff (S!)
can be realised as a one-dimensional complex fibre bundle over Méb(S')\Diff(S'). On
S'\Diff(S'), there is a two-parameter family of symplectic structures. Due to their
invariance, they are determined by their value at the identity, which is nothing but the
cocycles wyp, of (1.5). This cocycle vanishes on the span of (_y, £y, ¢, if and only if a = —b,
giving the unique (up to scaling) symplectic structure on Mob(S')\Diff(S!).

We now turn to the complex structure on these manifolds, which can be described using
conformal welding. Let n: S — C be a smooth Jordan curve bounding complementary

Jordand domains D > 0 and D*. By Riemann uniformisation, we can fix a univalent map

2The group G acts on itslef by conjugation, (g,h) — ghg~'. The adjoint map Ad, : g — g is the
differential at the identity in the second variable. Differentiating in g at the identity gives ad,, = [z, -], the
expression following e.g. from the Baker-Campbell-Hausdorff formula. The dual is ad;\ := —A(ad,(+)).

3The two subgroups S! and M&b(S!) are generated by the Virasoro generators £y and ¢_1, o, {q
respectively. Other orbits include the quotient of Diff(S!) by the group generated by ¢_,,, £y, £, but do
not carry a natural Kahler structure. It has been suggested that their quantisation should rather be
connected to the discrete series [Wit88]

11



f:D — D (resp. g:D* — D*) fixing 0 (resp. oo). On S*, the function g~ o f defines an
element of Diff (S'). Conversely, given h € Diff(S'), there always exist univalent functions
f, g as above and satisfying g~' o f = h. These functions are not unique but the ambiguity
is resolved as follows [Kir98, TT06]. Given h € S*'\Diff(S') there exists a unique pair of

univalent functions f, g on D, D* such that
1. g'of=honS.
2. f(0)=0and f'(0) = 1.
3. g(o0) = o0.

The normalisation f'(0) = 1 means that the domain f(ID) has unit conformal radius viewed
from 0.
Thus, the conformal welding procedure identifies S'\Diff(S') with the space

M. := {f univalent function on D, f(0) =0, f'(0) =1}

This manifold sits embedded in the complex vector space of holomorphic functions on
D, endowing it with a complex structure. Moreover, this complex structure is Diff (S')-
invariant and compatible with the symplectic structure [Kir98], so that S\ Diff(S') is a
Kahler manifold. Since it is invariant, the almost complex structure is determined by its
value at the identity, where it is given by the Hilbert transform already introduced in
Section 1.1.3. Namely, the tangent space to the identity of S'\Diff(S') is the space of

smooth vector fields v(6)0dy with vanishing mean, and H is characterised by
H(cos(nf)0p) = — sin(nd)0y; H(sin(n#)0y) = cos(nd)0, n>1.

The same expression (for n > 1) defines the complex structure on Mob(S')\Diff(S!).
Writing v(0) = > 7, vpe™? 4+ v,e7 the Weil-Petersson metric is then given by
2 1oy s 2
¥ e = v, Hv) = 5" = )

n=2

The Weil-Petersson metric is the unique (up to scaling) invariant K&hler metric on
S'\Diff(S'), and it is degenerate in the fibres of S'\Diff(S!) — Mob(S!')\Diff(S'). On the
other hand, the cocycles w, for a + b # 0 define non-degenerate metrics on S'\Diff(S*').
For a = 0, the metric is sometimes called the Veling-Kirillov metric [TT06].

Although M, has a complicated geometry, it is topologically trivial. Indeed, the
expression f;(z) = 1f(tz), t € [0,1] provides a homotopy from Idu, to the constant
map f +— Idp. Therefore, one can expect to get a globally defined Kéhler potential for

the Weil-Petersson metric. Indeed, various potentials have been exhibited, both for the

12



Veling-Kirillov [KY87] and Weil-Petersson metrics [KY88, NS95]. However, we will be
particularly interested in a more recent potential found by Takhtajan & Teo, the universal
Liouville action [TT06]:*

S(h) = Si(log|f'l) + Sgp.(loglg'),  h=g"" o fe€S"\Diff(S"). (1.8)

1.2.3 Universal Teichmiiller space and the Weil-Petersson class

This section gives a brief introduction to the universal Teichmiiller space T'(1). A more
detailed survey can be found in [Pek95]. We also introduce the Weil-Petersson class as
studied extensively by Takhtajan & Teo [TT06].

As seen in Section 1.1, the Teichmiiller theory of a surface I'\D can be described by
[-invariant Beltrami differentials in the unit ball of L>°(ID). The universal Teichmiiller
space is what we obtain when we drop the requirement of I'-invariance. Solving the
Beltrami equation in D for such a Beltrami differential p € L>°(ID); gives a quasi-conformal
homeomorphism w, of ID. Boundary values of such homeomorphisms are the quasi-
symmetric homeomorphisms QS(S'), characterised by the property that there exists C' > 0

such that for all 0,1,

i(04)Y _ 1 (pi0
Me” ) )]
h(eze) _ h(ez(eft)) —

An equivalence relation on L*>°(D); is introduced by declaring u ~ v if the boundary

cl<

values of w, and w, coincide up to a Mobius transformation, i.e. p and v induce the
same homeomorphism of S'. The wuniversal Teichmiiller space is then defined to be
T(1):= L>*(D)/ ~, so that

T(1) ~ M&b(S")\QS(SH).

In particular, Mob(S!')\Diff(S') embeds into 7'(1) since smooth homeomorphisms are
quasi-symmetric.

As for Diff(S'), quasi-symmetric homeomorphisms have a representation in terms of
conformal welding, with the same procedure applying verbatim. This result is sometimes
called the fundamental theorem of conformal welding. Jordan curves arising from the
welding of quasi-symmetries are known as quasi-circles and are typically wild, fractal
curves. Away from QS(S'), there is no general theory about existence and uniqueness of
a welding curve associated with a homeomorphism. In this respect, Sheffield’s quantum
zipper theorem [Shel(] is a striking example of existence and uniqueness (for x < 4) of
conformal welding.

One remarkable property of quasi-symmetries is that they act on HY 2(0D) by sym-

plectomorphisms, i.e. they preserve the symplectic form © introduced in Section 1.1.3:

4The definition in [TT06] differs by a constant of 27
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given h € T'(1), we have [NS95]
©(uoh,voh)=0(u,v), u,v € HY?(0D), (1.9)

where it is implicitely assumed that we view wo h,v o h up to constant. Furthermore, T'(1)
is the largest possible subgroup of Homeo(S') with this property.

The tangent space to the identity of T'(1) can be viewed alternatively as a space of
Beltrami differential or of vector fields on the circle. The latter space is known as the
Zygmund class and is a rather complicated function space. Still, it is known that the
Weil-Petersson metric does not converge on the Zygmund class since (1.8) implies that
the metric only converges on H®/?-regular vector fields. In fact, H*/?-vector fields define
a subspace of TyT'(1), inducing an invariant subbundle of the tangent bundle by right
translations. This subbundle is integrable and the Weil-Petersson class Tp(1) C T'(1)
is obtained by taking the integral manifold containing the identity [TT06]. The Weil-
Petersson class gives a conceptually satisfying picture in which Ty(1) is the “completion”
of Mob(S')\Diff(S') with respect to the Weil-Petersson metric.

Jordan curves arising as the conformal welding of a Weil-Petersson homeomorphism
are called Weil-Petersson quasi-circles. Contrary to generic quasi-circles, they are rather
nice curves: they have Hausdorff dimension 1 and can be parameterised by arclength. We

also have the remarkable intrinsic characterisation of Weil-Petersson homeomorphisms
[ST20].

Proposition 1.2.1. A homeomorphism h is the Weil-Petersson class if and only if h is

absolutely continuous and log h' € HY/?.

1.3 Probabilistic background

Ce qui m’intéresse en ce moment, c’est
d’échapper a la mécanique, de savoir si

I'inévitable peut avoir une issue.

Albert Camus, L’Etmnger

1.3.1 White-noise
1.3.1.1 Definitions

Let (H,(-,-)) be a separable Hilbert space, with an orthonormal basis (e,)nen. The

isonormal Gaussian process (or white noise) based on H is the centred Gaussian process
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(&u)uer indexed by H satisfying [t6’s isometry:
E[¢.&,] = (u,v), u,v € H. (1.10)

Here, we assumed that ¢ is defined on some probability space (€2, F,P) and denoted by E
the associated expectation. This process is easily constructed using a sequence (&,)nen
of i.i.d. normal random variables. Set &, := ¢, for all n € N and extend the process to
the whole of H by linearity of u — &,. Conversely, the correlation structure (1.10) implies
that (&, )nen are i.i.d. normals and it is an easy exercise to check that the map u — &,
must be linear. The linear span of the random variables {&,} is often called a Gaussian
Hilbert space, with the inner-product obtained from It6’s isometry.

Note that for all uw € H, &, is almost surely finite. On the other hand, £ is almost
surely an unbounded linear form on H, since limsup &, = oo almost surely as n — oo.
Often however, it is possible to realise £ as a random distribution. That is, we look for a

dense subspace V' C H (with a finer topology than H) such that the formal sum
5 - Z gnen

almost surely converges in V', the dual of V. The space V is interpreted as a space of
test functions, while V” is a space of distributions. Such a triple V- C H C V' is called a
Gelfand triple.

The Gaussian nature of white-noise has two important consequences. The first one is

symmetry. For all unitary transformations U : H — H,

(gUu)ueH lg\’ (5u)u€H7

as follows from E[{y.&vy] = E[§u&,]. The second one is the Markov property. Suppose Hy
is a closed subspace of H. Then we can sample £ as the independent pair (€%, ¢), where &£°
is a white-noise on Hy and ¢ is a white-noise Hy .

Let T be a non-negative, self-adjoint operator with dense domain D(T") C H. Assume
that kg := dimker " < oo and that 7" has a compact resolvent. The positive spectrum
of T is written 0 < A; < Ay.... The operator T is positive on Hy := (ker T')* and we fix
a basis of (e,),>1 of Hy such that Te, = \,e, and the e,’s are orthonormal in H. The
normalised Gaussian field X associated with T is the centred Gaussian process X indexed
by D(T) N Hy with covariance kernel E[X,X,] = (u,Tv). Formally, X 24 Yoy =en,
where a, are i.i.d. normal random variables. We see that this sum converges in H if and
only if Y>° | A\, < co. The unnormalised process is obtained by tensorising with Lebesgue
measure on ker 7" (so we get an infinite measure).

There is a convenient way to sample X using the heat kernel of T'. Given a countable
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family of independent standard Brownian motions ((Bt(n))tzo)ngh we set

X ::/ e_%TZendBt(") = Z/ e_%)‘"dBt(n)en.
0 n=1 n=1"0

law poo

Indeed, we have that for alln > 1, X, = [,

variance fooo e~ndt = \-1. Moreover, the X, ’s are independent. If X does not converge

e_%’\”dBt(n)7 which is a centred Gaussian of

H, truncating the above integral at a small parameter £ > 0 gives a regularisation (X;)cso
of X by elements of H. Morally, we are applying the heat kernel e~2T to “infinitesimal
white-noises” Y > | endBt(") white-noises, which is why this procedure is usually called the
white-noise reqularisation. The interesting aspect of this regularisation is that the different

bits of the integral have independent contributions, so that (X;).~o is a martingale.

1.3.1.2 Gaussian free field

In the context of Section 1.3.1.1, the Gaussian free field (GFF) on X is the Gaussian
process obtained by taking the Hilbert space H = L*(3, vol,) and operator 7' = —%Ag.
By Green’s formula, we may also think of the GFF as white-noise on H 1(2). The law
of this process is conformally invariant due to the conformal invariance of the Dirichlet
energy. In the presence of the boundary, one can take the Laplacian with either Dirichlet or
Neumann boundary conditions, leading to different boundary conditions. By the Markov
property, a GFF with Neumann (or free) boundary conditions is the independent sum
of a GFF with Dirichlet boundary conditions and a random harmonic function whose
covariance kernel is the resolvent of the Dirichlet-to-Neumann operator.

Suppose that 0% = @ and let us exhibit a space of distributions in which the GFF
almost surely converges. Let (e,),>1 be an orthonormal basis of H'(X) consisting of
eigenfunctions of —%Ag, ie. —%Agen = Men. The GFF is then the formal sum
X =3 51 &nen, where (§,)n>1 are ii.d. normal random variables. By Weyl’s law, we

have A\, ~ n as n — oo, so that Green’s formula yields

9 &2
_ —s>n
Hs(Z) = Z” N,

n>1

X1

Now, we have almost surely £2 = o(n®) for all € > 0, so that || X| we(sy < 00 if s <0. On
the other hand, >_ -, % = oo almost surely, so that X ¢ L*(3, vol,). In particular, the

GFF is almost surely not a function and has to be understood as a distribution.

By definition, the correlation kernel of the GFF is given by Itd’s isometry

E[(X, f>H1(2)<X, 9>H1(2)>] =(/, 9>H1(2)’ frgeC>(X).
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Formally, this implies that the two-point covariance is the resolvent of the Laplacian:

E[X ()X (y)] = 2n(=A) " (z,y) +0(1),

= log m
where O(1) is uniformly bounded in (z,y). This means that the GFF falls in the scope of
logarithmically correlated fields. These fields appear in several areas of probability theory
such as random matrix theory. For the purpose of this thesis, we will stick to the GFF,
but several results hold in wider generality.

Since the GFF is not defined pointwise, it is important to be able to regularise it. We
record two such regularisation procedures.

Circle averages: Given xz € ¥ and ¢ > 0 sufficiently small, we let C,(z,¢) be the
geodesic circle about z € X of ¢, and 6, . the uniform measure on Cy(z, ). This measure
belongs to H~'(X), so that X, (z) := (X, 0,.)12(x) is a.s. finite. Taking countable dense
collections and applying Kolmogorov’s criterion yields a jointly Holder continuous process
(X:(2))zexeso [HMP10]. Moreover, by the Markov property of the GFF, for all (z,¢)
such that X, (x) is defined, the process (X.-t.,(2)):>0 is a Brownian motion started at
X.,(x). Finally, for z,y € ¥ distinct and ¢y such that Cy(z,e0) N Cy(y,e0) = I, the
Brownian motions (Xe—t.,(z) — X, (2))i>0 and (Xe-t-,(y) — Xc, (¥))i>0 are independent.

White-noise reqularisation: One can also implement the white-noise regularisation of

the previous section, which takes the form

X0 - [ " Dol y)dE(t, y),

where py(x, y) is the heat kernel and £ is a space-time white-noise on ¥ x (0, 00). Again, the
main advantage of this regularisation is its martingale structure, making some arguments
about convergence simpler or trivial.

The two regularisation procedures that we have just described are only two widely
used examples. Other possible examples include the convolution by a bump function. The
key property is that we obtain fields X, a.s. converging (in the sense of distributions) to
the GFF. We will always assume that E[X?(z)] =logl + O(1) as e — 0, for all z € X.
For concreteness, we assume in the sequel that we are working with circle averages.

To conclude this introduction to the GFF, we introduce the notion of thick points. For
each x € ¥, the process X.-:(x) behaves like a Brownian motion,2 so that almost surely

X)) _, 0 as e — 0. However, we have P(X.(z) > vlog?l) = £, suggesting that the
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is equal to (2 — —) [HMP10]. Moreover, 7, is a.s. empty for v > 2, but uncountably
infinite for v = 2.

1.3.1.3 Malliavin calculus and Gaussian integration by parts

Malliavin derivative. We briefly recall how to construct the Malliavin derivative, which
is a densely defined operator on L?*(2, F,P). Let 8 be the collection of random variables
F such that there exists N € N and a smooth function f : RY — R such that f and its

derivatives have at most polynomial growth at co and

F = f(€1,€27 ...,gN) S L2(Q,f, ]P)) (]_1]_)

Such random variables are called smooth random variables. The interest of smooth random
variables is that (i) they bridge the gap between the original space H and the abstract
space ©; (it) they are dense in L*(P), so they form a sufficiently large set of test functions

in order that P be determined by its value on them.

Remark 1. Smooth random variables are analogous to the Schwartz space. They form a
locally convex vector space with the topology induced by the countable family of seminorms

| - la.p.v defined as follows. Let «, 8 be multi-indices, N € N and define the semi-norm

lz|?

| flapn = sup 290 f (z)]e™ 2.
By the identification of (1.11), this formula defines a semi-norm on 8. The topological
dual 8 of 8 plays the role of tempered distributions, and we will adopt this terminology.
For example, if X is the GFF and 2 € ¥ is some point, the formal expression X?(z) does
not define a tempered distribution, but the normally ordered expression X?(z) — E[X?(z)]

does.

The Malliavin derivative of F' is the H-valued random variable

N
== Z 8kfek.
k=1

This operator is closable and the domain of its closure is denoted Wh? C L2?(Q, F,P).
The Malliavin derivative is simply a formulation of the differential in infinite dimensions.

Indeed, writing elements of H as z = ) &,e,, we have the tangent vectors fields f

and differential forms d§,, = <@, -}, which are obtained by parallel transporting e,,. For

F € W2, we have
dF =
> e

An important result from Malliavin calculus is the integration by parts formula. Recall
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the Gaussian integration by parts in one dimension:

, 2 drz 22 dx
/R faye = / of@)e T S

or, if X ~ N(0,1),
E[f'(X)] = E[X f(X)], (1.12)

Bootstrapping from the finite dimensional case, we have for all F € W? and u € H,
E [(dF,u)] = E[F&,] (113

Parallel transporting, we may view (dF, u) as the covariant derivative of F' in the direction
of the vector field u, and the integration by parts formula computes the adjoint of this
derivative (which is a densely defined operator on L*(IP)).

There is another way to arrive at this integration by parts formula using Girsanov’s
theorem (i.e. a change of variables). Let us consider again the one-dimensional case. If
X ~ N(0,1), we have for all u € R, by a change of variables

z? z—u)? d
B ) = [ ferwe T IE = [ e
— / euw—“—;f(x>€_§ dx
R

— Bl f(X)].

Taking the derivative of this expression at u = 0, one recovers (1.12). From here one easily
deduces (1.13) in the infinite dimensional setting using smooth random variables.

Viewing H as a Lie group, the integration by parts formula describes how the Gaussian
measure transforms under the infinitesimal action of H on itself. Although there is no
translation invariant (or Haar) measure on the non locally compact group H, the Gaussian
measure can be characterised as the unique measure satisfying the transformation rule
(1.13) under the infinitesimal action of H.

Complex Hilbert space. Formula (1.13) can be generalised to non-constant vector
fields in the case of a complex Hilbert space. We assume that there is a linear complex
structure J on H (i.e. J> = —Id) compatible with (-,-), and denote by ©(u,v) = (Ju,v)
the corresponding symplectic form. Some background on symplectic geometry is given in
Section 1.4.2.

Fix a basis (en)nez\joy of H with linear coordinates u =~ | Zn€, + yn€_, such that
© = > dwx, A dy,, ie. these coordinates are Darboux. The subspace Hy ~ R?M
spanned by {ej,e_1,---ey,e_n} is a symplectic subspace of H for each N > 1, and the
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Liouville volume form is Lebesgue measure. Let f, g € 8 identified with functions on R?Y
for some sufficiently large N. Since Hy is symplectic, there is a Poisson bracket {f, g},
and this bracket does not depend on the choice of N. Applying the integration by parts

formula (1.26), we have

[ Ak rdndy - dovdys = [ g{fp)erdrdy - doydyy,
R2N R2N

where we have denoted p = % By density, the Poisson bracket extends uniquely to a
continuous bilinear form {-,-} : W2 x WH2 — L1(P), and the integration by parts formula

reads
E[{f g} =Elg.{f.p},  f.geW"? (1.14)

Although p = oo almost surely, the bracket {f, p} still makes sense as an element of
W12 the dual of Wh? with respect to the L?*(P) inner-product. Formula (1.14) is a
generalisation of (1.13) to all square-integrable Hamiltonian vector fields. One recovers
(1.13) by specialising f to coordinate functions. There is also a similar extension {-,-} :

8 x 8 = 8§ and the same integration by parts formula.

1.3.2 Gaussian multiplicative chaos

In this section we introduce Gaussian multiplicative chaos, which plays a major role
in all subsequent chapters. Here, the point is to state its main properties and convey
some intuition and heuristic justifications, detailed studies appearing in the later chapters.
Standard references for this material are [[Kah85, Berl7, RV 14, Berl6].

1.3.2.1 Main construction

Let v € (0,2). Since the GFF is a.s. not defined pointwise, the quantity e is a priori
ill-defined. Consider a regularisation of the GFF as in the previous section, and note
that E[e?*=(®)] = eﬁE[XEQ(I)] = 5_§ as € — 0. This suggests to introduce the regularised
measure

dM?(z) = 5§67X5(x)volg(a:). (1.15)

The question is whether this family of measures converges as ¢ — 0 (and for which topology),

and if so whether the limit is trivial and/or depends on the choice of regularisation.
These questions can be answered by the theory of Gaussian multiplicative (GMC)

pioneered by Kahane [Kah&85]. Typically, the fields that are targetted by this theory are

the x-scale invariant fields in R? (see [RV14] for an account on these fields). These are
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fields having the correlation kernels

K(x,y)=/01k<x;y) %7

where the function k satisfies k(0) = 1. Under suitable assumptions on k, the kernel K

is of o-positive type and there is indeed a Gaussian process with this correlation kernel.
Letting K. be the kernel obtained by cutting the integral at ¢ > 0, we get a family of
smooth Gaussian processes (X.).-o approximating X . This regularisation exhibits the
same martingale structure as the white-noise regularisation of the GFF.

Given v > 0, one introduces the measures
AMD (z) = X=@-FEX2@] 45 (),

where ¢ is a reference measure on R?. In Kahane’s theory, ¢ may be singular with respect
to Lebesgue measure (e.g. supported on a fractal subset of R?), but we will stick to
o =Lebesgue for simplicity. The sequence (M7).~o forms a measure-valued martingale
and the martingale convergence theorem implies that M a.s. converges as ¢ — 0 to a

random measure M” on R%. The main result of Kahane’s theory is

Theorem 1.3.1. The measure M" is non-trivial if and only iof v < /2d. For v > +/2d,
we have M" = 0.

Outside the realm of x-scale invariant fields, we don’t have the martingale structure and
the convergence of the measures is not granted. This leads to the questions of existence
and universality of GMC. Namely, which class of fields have a well-defined GMC? Given
two distinct regularisations of the same field (e.g. white-noise, convolution etc.), do we get
the same measure in the limit? For the second question, a rather flexible framework has
been proposed in [JS17].

The question of existence has been addressed for a large class of log-correlated fields,
with Berestycki’s approach [Berl17] now being the standard reference. In general, one
obtains the convergence in probability of the measures for v € (0, \/ﬁ) The proof is
considerably simpler in the case v < v/d, which is known as the “L2-phase”. Indeed, for

all Borel sets f € C°(R?), we have by a standard Gaussian computation

E [M2(f)?] < Ce” / E [e%Xs(xHXf(y)} f(2) f(y)dady

<C’/ dxdy<oo
Ix—yl

so that we get a uniform bound for the second moment of M2(S). In fact, one can similarly
show that M7(S) is not only bounded in L?*(P) but also Cauchy. From here, a standard
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argument using a countable dense collection of functions allows one to establish the weak
convergence of M. The above argument fails in the case v € [\/3, \/ﬁ) since the second
moment is infinite, but one can still show the convergence with some extra work. This
case is both more difficult and more enlightening since it forces one to understand where
the measure “lives”. It turns out that M" assigns full mass to the y-thick point of the
field, and the reason why the second moment blows up is because of the points that are
“thicker” than « but otherwise have zero L'-contribution (since they are assigned zero
mass). This is why v € [V/d, V2d) is sometimes referred to as the “L'-phase”.

Remark 2. In the special case of the two-dimensional GFF with the circle-average reg-
ularisation, Duplantier & Sheffield independently rediscovered this result [DS11b], and
they called the limiting measure the Liouville measure due to its connection with Liouville
CFT. Their measure is not exactly the same as GMC since it is more naturally defined as
a tensor. However, we will stick to the terminology GMC due to the multiple occurrences
of Liouville’s name. To avoid confusions, we mention that the term “Liouville measure” is
used by Kupiainen, Rhodes & Vargas for the path integral of Liouville quantum gravity,

and the term “Liouville volume form” is the canonical volume form in symplectic geometry.

1.3.2.2 Basic properties

Multifractal properties. GMC is a multifractal measure that is almost surely singular
with respect to Lebesgue measure. In this paragraph, we state some of its multifractal
properties. We give heuristic justifications for these results and refer to [RV14] for formal
proofs. Since this is not specific to the two-dimensional setting, we take M” to be the
GMC of a d-dimensional log-correlated field.

The first main property is that it gives full mass to the «-thick points:

P(M'(S\T,) =0)=1. (1.16)

The fact that dim(7;) — 0 as v — v/2d gives a heuristic justification for the v = v2d
threshold: there are no more points to support the measure past this value. A quick way

to justify (1.16) is to observe that by Girsanov’s theorem, we have for all & > 0

1 1
E {Mg ({x € X, | Xc(x) —vlog —| > alog—})]
£ £
'72 T
/EE {5267&( )]l{lXe(w)wlogilmlogi}} daf
1
P (\XE(:U)] > alog —)
5 £

—0(e%) = o(1).
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The fact that M7 lives on 7, is already a sufficient reason to study GMC: this measure
encodes interesting properties of the field. Knowing that the measure should eventually live
on T, it is easy to adapt the L*-construction of the measure to the L'-phase: introducing
the event G%(z) := {X.(z) — alog L < 0}, our aim is to estimate for all f € C2(R?)

E [Mv (f]lGa / fa [ KXW o (1) L] dady

For z,y € R? fixed, the two processes X,-:(z) and X,-«(y) are strongly correlated for
t < log% and “almost” independent for ¢t > log % Thus, a good approximation for the
joint process (X.—¢(z), Xo—t(y))e>0 is a single Brownian motion branching at ¢ = log .
Using this, the Markov property of Brownian motion and the Girsanov transform, one
gets uniformly in e

2 X a
R |:e'Y(X€( HXE(y))]ng(z)]ng(y)} < ‘ y‘ 2v)2—~2 .

~Y

Taking « sufficiently close to v from above, we get
E [M (f1 < C / dxdy,
|z — yl

which is finite provided v < v/2d. This puts us in the situation of the L?-phase for the
measure Lgo M7, so that we have a weak limit in probability as € — 0. On the other hand,
MY — Tge M converges weakly to 0, so that M] converges to the same limit.

GMC measures have a heavy tail at co: for a bounded Borel set A C ¥, we have for
all p € R,

E[M7"(AP] < oo p< \4_22_d

In particular, the second moment diverges as soon as v > v/d, and in general the law of
M7 (A) is heavy tailed near co. On the contrary, the existence of all negative moments
implies that M7(A) is unlikely to be very close to 0.

The multifractal spectrum of M?” is the study of the moments M?(By(x,¢)), where
By(z,¢e) denotes the ball centred at z of small radius ¢ > 0. Suppose for a moment that

the field is defined in a simply connected domain D C R? and it exactly logarithmically

correlated, i.e. E[X (z)X (y)] = log ﬁ Then we have the exact scale invariance
X(e) 'Y X + A,

where A, is a normal random variable independent of X. Using this identity in law and
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by a change of variable, we have
MY(B(x,e)) = &% MY (B(x, 1)),

where we have set ) := 3 + %. Hence, for all p < \g—zjd, we have

2, 2
E[M"(B(z,¢))] =< QPR [evp/\e] — @r—1= — L)

The function
v?p?
¢ (P) =vQp — T

(defined on (—o0, \4—2;‘1)) is called the multifractal spectrum of M?.

We say that the local dimension of M7 at x € ¥ is equal to § > 0 if M7(B,(z,¢)) < &°
as ¢ — 0. In multifractal analysis, one aims to compute the Hausdorff dimension of the
set of points G5 C X where the local dimension is §. This is known as the spectrum of
singularities of the measure. This question is intuitively connected to that of the thick

points of the GFF. Indeed, a good proxy is to use
M"(By(x,¢€)) ~ vol,(By(z, 5))5§67X5(I) ~ QX))
Then we have by a standard Gaussian computation
P (M"(By(z,e) <&°) <P (Xs(x) ~ (% — Q) log é) = 2@,
This rough estimate can be made precise and we have that almost surely [RV14],

dimegzd—%(Q—g) S Q- Vad),A(Q+ Vad)]

Frisch-Parisi formula. Another aspect of multifractal analysis is the connection be-
tween the multifractal spectrum and the Besov regularity of the measure, known as
the Frisch-Parisi formula (see [Jaf00] for a review of the validity of this formula in
a wider context). The study of the Besov regularity of GMC has been initiated in
[JSV19]. Besov spaces Bj (R?) are spaces of functions/distributions indexed by s € R
and p,q € [1,00]. They are generalisations of Sobolev and Hoélder-Zygmund spaces, for
instance Bj,(R?) = H*(R?) and B,  (R?) = C*(RY).

Their definition is more easily understood with the help of wavelets. One starts with

“mother wavelets” (1)), <;<pa_; such that the functions

z v 29720 (20 — k), jEeLkeZl
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form an orthonormal basis of L2(R%). Tt is convenient to index the descendant wavelets
by dyadic cubes of the form A = 273(k + [0, 1]?) and define 1\ (z) := 1(2/z — k). The

wavelet coefficients of a distribution f are then
&0 =29 [ o piaatt
Rd

and we also introduce

, 1/p

. dy -

b= (Sheenr)
kezd

Then by definition, f € B;q(Rd) if and only if the sequence (A;) belongs to ¢.

This characterisation of Besov spaces gives an intuitive way of computing Besov
regularity in terms of the spectrum of singularities, by decomposing A; with respect to
this spectrum. For concreteness, consider the case of a GMC measure M7 on [0, 1]%.
Roughly speaking, the support of the wavelet w/(\i) concentrates on the cube A so we use
the approximation cf\i) ~ 249 M7 ()\). On the other hand, the number of cubes A where
MY(X\) < |\ is of order |\|~4™% where |A| denotes the sidelength of A. Hence, the

dimGgs
r 0

contribution to A; of those points where the local dimension is 9 is of order 95~ 5 x ¢
Thus, the main contribution to A; is given by the points which maximise the quantity

dim G5 — dp, over 9§ in the spectrum of singularities. In other words,

- n(p)

A o 2575 x 2 (1.17)

where

n(p) := supdim G5 — op
5

is the Legendre transform of dim G, with ¢ ranging in the support of the spectrum of
singularities. In particular, (A;) € ¢ if and only if s — % + @ < 0, expressing the
Besov regularity of the measure in terms of the Legendre transform of the spectrum of
singularities. Using the expression for dim G, one finds that the maximiser 6* for the
Legendre transform satisfies

5* V2d

o= @ — ymin(p, T)-

Note that for p > @, we have 6* = v(Q) — v/2d), which is the lower-bound of the support
of the spectrum of singularities. Thus, for all p,q € [1, 0], the threshold s* at which
M7 e B, isgivenbys*zyQ—% for p < \/727‘1 and S*:%—FQ—\/Qdipr */7271. That

is, M7 € By  for s < s* and M7 € B5 for s > s* (the case s = s* not being treated).
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Singularities. Another important topic is what kind of singularities can M7 integrate,

/ M (z) (1.18)
B(0,1)

e

namely we look at the integral

and ask about the finiteness of its moments for a given a > 0. A detailed study is given in
[KRV20, Section 3]. To study the local behaviour of M” near the singularity, one writes
the field as X (z) = Xz (x) + Y (x), where X, (x) is the average of X on the sphere of
radius r centred at 0 and Y. This is sometimes called the radial decomposition of the field;
it appears in several places in the literature and in Chapters 2 and 3. It turns out that
X|.| provides a reasonably good approximation of X near the singularity. Since X+ (x)
is a Brownian motion, what we obtain for (1.18) when ignoring Y is Yor’s exponential

functional of Brownian motion [MY05]
7z / " B@-angy,
0

Obviously this integral a.s. does not converge for a > (), so we assume o < Q).
Many exact results are known for Z, and it is easy to evaluate the finiteness of its
moments using Laplace’s method. The distribution of the maximum of drifted Brownian

motion is well known

law
S = sup By — (@ — )t ™ Exp(2(Q — ),
>0
where Exp is an exponential random variable. By the Laplace principle, this integral is
intuitively dominated by €?°. It is possible to justify this intuition using Williams’ path
decomposition of drifted Brownian motion (see [[XRV20, Lemma 3.1]), and one obtains
E[ZP] < 0o < E[S7] < co. In conclusion, one has the following condition of integrability

of singularities for M7:

[, S5 <mer 2o

The case o« = @ is critical (therefore interesting) and corresponds to a Brownian motion
with no drift. Although the integral does not converge, it is possible to describe in detail
the behaviour of the GMC mass with a small ball removed. This will be studied in more
details in Chapters 2 and 3.

Conformal covariance. We return to the setting where M” is the exponential of the

two-dimensional GFF. The GFF possesses the additional property of conformal invariance,

which is also reflected in its exponential. To be more precise, under a change of coordinate
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charts, we have
7Q

dM7(w) = (i_w dM7(2).

z

That is, M7 almost surely varies like a (%, %)-differential. In other words, it is a section
of K5, where K = QLX) is the bundle of (1,1)-forms. We will give an idea of the
reason why this is true, a detailed proof can be found in [Ber16]. The change of coordinate
is a transition function, i.e. a conformal map f : D — D between two simply connected
domains of C. Given z € D, we have that f(C(z,¢)) is roughly C(f(z),|f"(z)|). Thus, if
X is the GFF in D, we have (X o f).(z) ~ X (z). If M7 is the regularised GMC in D,

we then have

£
[/ (2)]

2
d(f*MD)(2) = £F XD /() da

£

2

2 2
~ | f 2+ £ YXes 15101 (F(2)) | 4 2|2
1 () &

= !f’(Z)\VQdMQ\f/(Z)|(2),

where M7 is the GMC in D. From this we infer that d(f*M?") = |f/["2dM” as required.
This argument is however not a proof for many reasons, starting from the fact that |f’|
varies with z.

The fact that M7 = ¢7X|dz|? varies like a (%, @)—tensor implies that X does not vary

trivially. It does not even vary like a usual conformal factor, but rather like a @Q-conformal

factor, i.e. under a change of coordinates w = w(z), we have

X(z) = X(w) + Qlog

- (1.19)

dw‘

Equivalently, under a Weyl rescaling of the metric § = €**g, the new Liouville field X is
X =X +Qo. (1.20)

Thus, the Liouville field is really an affine (non-centred) Gaussian field. Its defining action

is not the Dirichlet energy but the Liouwille action

1
S(19) = 5= [ (del} + QypIvol, (1.21)

where we recall the transformation law of the curvature (1.1). In general, we will call
Liouville field a GFF that transforms like a @-conformal factor as in (1.19).
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1.3.2.3 Ciritical case

We conclude this introduction to the theory of Gaussian multiplicative chaos with a
brief presentation of the critical case [DRSV14a, DRSV14b]. A more detailed study will
also appear in Chapter 4. In R? we have seen that for v € (0, \/%Z), the GMC of a
log-correlated field is a random measure M7 giving full mass to the set of y-thick points,
which is a set of Hausdorff dimension d — % encoding points where the field is exceptionally
“large”. For v = v/2d, one would expect the putative GMC to live on a set of Hausdorff
dimension 0 corresponding to the “maximum” of the field. Therefore, critical GMC is
intimately connected to extreme values of log-correlated fields. The latter topic is a rather
active field of research in probability theory. In the Gaussian realm, Madaule [Madl5,

Theorem 1.1] showed that for a large class of log-correlated fields, we have

1
lim sup X.(z)— Vv2dlog -+
€

e=0 z€[0,1]4

3 oo 1
oglog —
2V2d SR

exists in distribution and is given by a Gumbel variable with a random parameter involving
critical GMC. The leading behaviour of the maximum is expected to be a universal feature
of many log-correlated fields (not necessarily Gaussian). Most common examples are the
logarithm of the characteristic polynomial of large random matrices, or stochastic models
for the Riemann (-function.

Going back to critical GMC, the story goes as follows. Similarly to the L!-phase, one
wants to compute second moments after having carefully removed the contribution of “bad
points” that are not “seen” by the measure but make the second moment blow up. The
first main feature of critical GMC is that the usual regularisation applied at v = v/2d

converges to 0. Instead, one needs to use the so-called “derivative regularisation”:
AM! = (X. — V2dE[X?])eY X~ dEX2 gy, (1.22)

The prime in the notation means “derivative” and the terminology stems from the fact
_d

that dMg = d_'y ,y:mdMg

As for the subcritical case, one wants to interpret the derivative martingale as a
Radon-Nykodym derivative which changes the behaviour of the field at the point under
consideration. While the exponential term gives a v/2d-drift, we need to understand how
the term X, affects the measure. Note however that this is not a positive martingale. This
situation is similar to the weighting of standard Brownian motion (By):;>¢ started from
x > 0 by %. A simple way to get a positive martingale is to consider instead the stopped
process B, where 7 is the hitting time of 0, and it is well-known that this reweighing

gives a three-dimensional Bessel process. This process has three different characterisations

i It is the Euclidean norm of a three dimensional Brownian motion (hence its name)
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started from (say) (z,0,0).
ii It is the law of Brownian motion started from x and conditioned to stay positive.
iii Tt satisfies the SDE dX; = ¢ + dB,.

It is therefore not surprising that 3d-Bessel processes play an important role in the
construction of critical GMC, and they also appear in the asymptotic analysis of Liouville
correlation functions where a similar phenomenon occurs. The result of [DRSV14a] is that
for a large class of fields, M! converges a.s. to a random measure M’ as ¢ — 0. Moreover,
this measure gives full mass to a set of Hausdorff dimension 0 and has no atoms.

The derivative normalisation is only one possible regularisation of the critical measure.
The other one is the so-called “Seneta-Heyde” regularisation, which consists in multiplying

MV by the deterministic prefactor ,/logé rather than the random prefactor X, —

V2dE[X?]. The result of [DRSV14b] is that the measures %Mg/ﬁ converges in
probability as e — 0 to the same measure M’. This result can be understood as follows:
since the Bessel process is Brownian motion conditioned to stay positive, we are conditioning
on an event of probability asymptotically equivalent to , /—2—, which is the quantity by

7 log

which we need to renormalise.

1.3.3 Schramm-Loewner evolution

It is a wide belief that scaling limits of statistical mechanics models at criticality exhibit
conformal invariance, and apart from a handful of landmark results this remains largely
conjectural (see e.g. [DS1la] for a review of known results). In particular, interfaces
between clusters in these models should scale to random, conformally invariant curves.
Schramm was able to classify all continuous curves possessing the conformal invariance
property, by introducing the so-called Stochastic Loewner evolutions (now Schramm-
Loewner evolutions) or SLE. The classification depends on a single parameter s € (0, c0)
describing the universality class of the underlying model.

The Loewner evolution describes a family of conformal maps from simply connected
domains to the upper-half plane. More precisely, suppose 7 : [0, 00] — H is a curve from 0
to oo in the upper-half plane such that H\ n(0, 7] is simply connected for each ¢ > 0. Then
there is a unique conformal map g, : H\7(0, 7) — H with the normalisation g.(z) = z+o(1)
as z — oo. Writing g,(2) = 2+, o, a,2~", the coeflicient a; =: hcap(n|0, 7]) is called the
half-plane capacity of 7[0, 7]. It is an increasing function of 7, so that we can reparameterise

g, by half-plane capacity. This leads to the Loewner differential equation:

2
Dugu(z) = ————,
tgt(z) gt(2> —
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where the continuous function u; is called the Loewner driving function.

Schramm showed that the conformally invariant random curves arising as solutions to
the Loewner equation are those for which the driving function is a multiple of a Brownian
motion, u; = /kW;. More precisely, the SLE,, curves are the unique curves satisfying the
so-called conformal Markov property. That is, if F; = o(us, 0 < s <t) and 7, is the curve

at time t, we have

i The conditional law of (g¢(744s) — ut)s>0 given F; is equal to the law of (7s)s>o-

ii Scale invariance: (r7;/2)¢>0 fa (Me)e>0
By conformal invariance, SLE, can be defined in any simply connected domain as a random
curve joining two boundary points.

In fact, it is not obvious that feeding Brownian motion to the Loewner equation yields
a family of curves, and a large amount of work was put in the proof [RS05]. The basic
properties of SLE, vary wildly with respect to k. They are a.s. simple for k € (0,4), but
for k > 4, they are self- and boundary-intersecting (though never self-crossing). Moreover,
the almost sure Hausdorff dimension of SLE, is (1 + §) V 2 [Bef0g].

The definition of SLE using the stochastic Loewner equation yields a curve that is
parameterised by half-plane capacity, i.e. hcap(H \ n[0,¢]) = 2¢t. It turns out that this
time parameterisation is not the most natural. A more interesting one is the natural
parameterisation introduced by Lawler & Sheffield [LS11], which is the unique non-trivial
(1+§)-dimensional measure on the curve satisfying a certain Markov property. In turns out
that this measure also coincides with the Minkowski content of the curve [LR15]. Keeping
in mind the interpretation of SLE as a scaling limit of lattice models, the analogous
parameterisation in the discrete world would simply be the number of edges in the path.
This also explains why this parameterisation is coined as “natural”. We note that it is a
remarkable (and maybe underrated) fact that SLE possesses non-trivial Minkowski content.
As a matter of comparison, the (1 + §)-Hausdorff measure is almost surely zero.

Since SLE describes interfaces in a field theory, it is important to relate it to the
underlying field. Therefore it does not come as a surprise that there exist several couplings
between SLE and the GFF [Shel6]. One of these couplings interprets SLE as the flow
lines of the formal vector field e"*/X where X is the GFF and y = \% — ‘/TE, or as the
level lines of X in the limiting case kK = 4. This point of view led to the rich theory of
imaginary geometry [MS16a, MS16b, MS16¢, MS17].

The other coupling shows that SLE is the solution to a problem of conformal welding
involving GMC: this is the “quantum zipper theorem” of [Shel6]. This coupling was vastly
used and generalised in the mating-of-trees theory of Liouville quantum gravity [DMS14].
Among other things, the coupling with GMC introduces another parameterisation of the

curve, called the quantum length of SLE. This parameterisation can be understood as a
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“quantum” version of the natural parameterisation, since it is a multiplicative chaos on the
natural parameterisation [Benl18].

Let us now describe in more detail the conformal welding of which SLE is the solution,
for v € (0,2). The formulation in [Shel6] is rather complicated and we will follow the
simpler description in the loop version. More precise statements for this approach can be

found in [AHS21]. Let X, X_ be independent Liouville fields in D and D*, and W, W_

be their traces on the boundary. Let pu, = 7+ u_ = e7*- be the corresponding bulk
GMCs and v, = e3X+ y_ = e2X~ be the boundary GMCs on dD ~ S',D* ~ S'. Fix
h € Homeo(S') such that h*v_ = v,. Then h is almost surely the conformal welding

homeomorphism of a unique Jordan curve n and 7 has the law of the SLE, loop measure
of [Zhal7], with k = 2. Moreover, letting f : D — D, g : D* — D* be the welding maps,
the pushforwards f,p, g«p— define a tensor on C which has the law of an independent
GMC of a Liouville field. Finally, the pushforwards, f.v,, g.v_ define the same tensor on
n, which is called the quantum length of SLE.

To summarise, conformally welding according to boundary GMC length preserves the
Liouville field, and the interface curve is described by an independent SLE. In other words,
this result means that Liouville quantum gravity is stable under the operation of welding

according to quantum length.

1.4 Quantum field theory

Elle est le point lointain et blafardement
lumineux ou convergent toutes les attentions

des affolées et des détraquées.

Catulle Mendes, Méphistophéla

Quantum field theory is a vast subject with many approaches and it is not always
clear how these approaches are related. This section introduces (quite modestly) some
mathematical objects that often appear in this study. We start with the concept of
(-regularised determinants, which among other things allow one to define the partition
function of the GFF. In Section 1.4.2 we introduce the framework of geometric quantisation
and explain how it can be related to path integrals for infinite dimensional Kéhler manifolds.
The following Section 1.4.3 describes the algebro-geomtric formulation of conformal field
theory, and Section 1.4.4 gives a concrete realisation of this framework in the probabilistic
formulation of the Liouville CET of [DKRV16, KRV19, KRV20].
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1.4.1 (-regularised determinants

In general, (-regularisation is a process allowing one to assign a finite value to a divergent
series. Applied to the spectrum of an operator, it can give a way to speak of its determinant.
These renormalised determinants arise in several places in quantum field theory. In our
case, we are interested in the Laplace-Beltrami operator on a Riemannian surface, whose

determinant is interpreted as the partition function of the GFF.

1.4.1.1 (-regularisation

Let T be a positive, self-adjoint operator with compact resolvent and write its spectrum
0 < A1 < \a.... Since A\, — 00 as n — 00, we obviously have that Hff:l An is divergent.

Assume that A\, grows at least like some positive power of n. The (-function of T is the

Crls) =D A°

n>1

holomorphic function

where the region of convergence is for Re s sufficiently large. In this region, we also have

Gr(s) = =) log A,

n>1

Now, suppose that (r has a meromorphic continuation to C (still denoted (7) such

that (r is regular at 0. The (-renormalised determinant of T is then defined as
dete(T) := e~ 20,
The interpretation of this value is that evaluating (/- at 0 yields formally

“Cp(0) == "\, = —logdet T .

n>1

It is interesting to note how det¢(7") varies under rescaling. Given a > 0, we have
Car(s) = a*Cr(s), hence (7 (s) = a ({1 (s) — logalr(s)). Evaluating at s = 0 leads to

dete(aT) = a7 Odet(T).
In a sense, (r(0) can be understood as a “regularised dimension”.

1.4.1.2 The case of the Laplacian

The above procedure is well-known to work for the Laplace-Beltrami operator —A,

on a Riemann surface ¥, which we assume without boundary for simplicity. We then

—-1/2

have ker(—A,) = R, which is spanned by the constant function vol,(X)~"/*, normal in
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L?(3, voly). The analysis of ¢ := (_a, is related to the heat kernel of T'. Indeed, using the

— oo
formula 7% = ﬁ Jo e "9 we have

Cr(s) = ﬁ /000 ;e”tﬁ% = ﬁ /OOO (Tr (=T — VOI;@)) ts%.

That is, (7 is the Mellin transform of the heat kernel of T'.
Well-known estimates for the heat kernel [HPMS67] yield

voly(2) | (%)
47t 6

Tr (') = + O(1),

so that its Mellin transform satisfies

> dt vol, (%) x(2)
tAg\ 457 _ g
/0 Tr () ¢ t Awr(s—1) * 65

+ f(s),

where f is some analytic function in s. This yields

G-, (8) = r(ls) (410(3(_21) * (X(ﬁz) - 1) %JF f<8)) |

Thus, the only pole of (_a, is at s = 1; in particular it is regular at 0 and det.(—4,) is

well-defined. Moreover,
x (2
(-a,(0) = % -1
A crucial property of det;(—A,) is the Polyakov-Alvarez anomaly. Let § = €* g be a

metric conformally equivalent to g. Then we have [OPS88]

detg(—AA) detg(—A ) 1 /
log ——~ —97 —] 97 _ dol? + K 1 1.23
% TOLE) B TwoL®) 12 (ol + Koo)voly (1.23)

det¢(=Ay)
volg (X)

In the language of conformal field theory, satisfies the Weyl anomaly with central
charge —2.

Among other things, detc(—%Ag) allows us to define the partition function of the GFF,
which is the formal integral [ e~ 1x J2 199130l D Since the correlation matrix of the GFF
is —%Ag and by analogy with the finite-dimensional setting, this total mass is interpreted

as detc(—%Ag)*l/2 (due to the simple scaling property, we may take det:(—A,)~/2 for

simplicity). In fact, since [|1][;2(5 01,) = vol,(X)1/2, the partition function is more naturally

defined as 12
detc(—A ) h
Z = — =9 1.24
ar= (M) (1.24)

which satisfies the Weyl anomaly with central charge 1.
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1.4.2 Geometric quantisation

Geometric quantisation is a general framework aiming at the quantisation of a classical
phase space. By the latter term, it is usually meant a Poisson manifold (M,{:,-}).
To quantise such a system, one seeks a Hilbert space H together with an assignment
C®(M) > f ~— Ty, where T} is a self-adjoint operator on H and the assignment represents
the Poisson bracket

[Ty, Ty] = iT 13- (1.25)

It turns out that the more natural setting to achieve this goal is the one of symplectic
geometry (every symplectic manifold is canonically Poisson). For the reader’s convenience,

we will give some background on this topic.

1.4.2.1 Symplectic geometry

Definitions. A symplectic manifold (M,w) is a smooth manifold M with a non degen-
erate, closed two-form w. The non-degenracy of w requires M to be even dimensional,
say dim M = 2n. There is a natural volume form on (M,w), the Liouville volume form
e¥ = “’n#" The symplectic form induces a pairing between the tangent and cotangent
bundles, with the assignment X — w(X, ) for all vector fields X. The Hamiltonian vector

field of a function f € C*°(M) is the vector field X characterised by
df = W(Xfa ) = —lx,Ww,

where txa = a(X, - -+ ) is the contraction of the differential form a with the vector field X.
Conversely, a vector field X is Hamiltonian if it is the Hamiltonian vector field of some
function, i.e. if the differential form ¢xw is exact.

A Poisson manifold (M,{-,-}) is a smooth manifold together with a skew-symmetric
bilinear form {-,-} on C*(M) satisfying the Leibniz rule and the Jacobi identity. A

symplectic manifold is canonically Poisson with the bracket

{fa g} = W(XﬁXg)a

and the map f +— Xy is a Lie algebra homomorphism: Xy = [ X, Xg].

A vector field X is symplectic if its flow (¢;) preserves w, i.e. ¢, is a symplectomorphism
of M for each t. Equivalently, the differential form ¢xw is closed. Thus, the obstruction
for a symplectic vector field to be Hamiltonian is the first de Rham cohomology of M.

Now, suppose that a Lie group GG with Lie algebra g acts on M. The infinitesimal action
of G on M induces a vector field p(§) € T(T'M) for each £ € g, and the corresponding

°In fact, e = > o, “’%ﬂ with the convention that the integral of a p-form on a k-dimensional
submanifold is 0 if k£ # p. Note that e“ is non-degenerate on symplectic submanifolds of M.
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mapping g — ['(T'M) is a Lie algebra homomorphism. The action of G is symplectic (resp.
Hamiltonian) if p(§) is a symplectic (resp. Hamiltonian) vector field for each £ € g.

Connections on line bundles. Let L — M be a complex line bundle over a smooth
manifold M. A connection on £ is an operator V : I'(£) — I'(T*"M ® L) satisfying the
Leibniz rule,

V(fs)=df ® s+ fVs, fece(M),seTl(L).

Locally, a connection has the form V = d + a where d is the de Rham differential and «
is a one-form. The space of connections is an affine space modelled on Q!(M).
The curvature of V is the End(£)-valued two-form given for all vector fields X, Y by

Fy(X,Y)=[Vx,Vy] = Vixy,

The connection is flat if Fy = 0, i.e. if the mapping X +— Vx is a homomorphism of Lie
algebras. A Hermitian metric on £ is a smoothly varying Hermitian inner-product in the

fibres of £. The connection V is compatible with h if
d(h(s,t)) = h(Vs,t) + h(s, Vi), s, t € I'(L).

On I'(£) we can introduce the inner-product (s,t) = [} h(s,t)e”.

If M is additionally a complex manifold, the connection splits into its holomorphic and
anti-holomorphic components, V = V50 + V%! A section s is holomorphic if V%'s = 0.
The metric is determined by the function h = h(s,s), where s is a holomorphic frame.
Conversely, given a holomorphic, Hermitian line bundle £, there is a unique connection

on L compatible with both structures, the Chern connection. Its curvature satisfies
Fy = 00log h.

Integration by parts. Let (M,w) be a compact symplectic manifold, and e* = % the
Liouville volume, where dim M = 2n. The Lie derivative along a vector field X is denoted
Lx. Recall Cartan’s formula

Lx =doixy +1xod.

Proposition 1.4.1. For all f,g € C*(M),

| tr.ape =0

From this proposition and the Leibniz rule we get the immediate corollary: for all

f.9,h € C=(M),
/M{f’g}he“ = —/M{f, h}ge”. (1.26)
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The proof of Proposition 1.4.1 is based on Liouville’s theorem, stating that

e = 0. (1.27)

Liouville’s theorem is an easy consequence of Cartan’s formula and the closedness of w:

Lx,w=d(x,w)=d(w(Xy,-)) =—-d*f=0.

f

Then (1.27) follows from e = °;—7,L With this in hand, one can prove Proposition 1.4.1. By

Liouville’s theorem and the Leibniz rule
Lx,(ge”) = Lx,ge”.

On the other hand, g":L—:L is closed as a top-degree form, so by Cartan’s formula, Lx,(ge”) =

d(ex,(ge”)) is exact. Thus, by Stokes’ theorem,

0= [ xtoe) = [ Lrge = [ {Fgbe”

1.4.2.2 The main construction

A first idea to achieve (1.25) is to realise H as a space of functions on M. It turns out that
a slight generalisation is needed: namely, we need to take H as a space of sections of some
complex line bundle £ — M with a Hermitian metric i and a compatible connection V
such that its curvature satisfies

Fv = —lw.

Recall that the curvature of a connection V is the two-form
Fy(X,Y) =[Vx,Vy] = Vixyy, XY e(TM),
and V is said to be compatible with the metric if for all sections s,t of £, we have
dh(s,t) = h(Vs,t) + h(s, V).

The connection is flat if Fy = 0, so that the assignment X +— Vx is a homomorphism of
Lie algebras in this case.

If such a triple (£, h, V) exists, it is called prequantum data. The obstruction to the
existence of prequantum data is topological: it exists if and only if %[w] € Hizx(M,Z). In
this case, we set H to be the Hilbert space completion of the space of smooth sections
of £ with respect to the inner-product (s,t) — [, h(s,t)e”. Moreover, one checks that
the assignment f ~— Ty := f — iV, satisfies the commutation relation (1.25). The
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self-adjointness follows from the integration by parts formula. Indeed, we have for all

smooth sections s, t of £

0= /Mﬁxfh(s,t)e‘” = /M h(Vx,s,t)e” + /M h(s, Vx,t)e”,
ie. (iVx,) =iVx,.

As the name suggests, prequantisation is only the first step of the programme, because
the representation is not irreducible. This is usually phrased by saying that the Hilbert
space is “too big”. A physical justification of this fact is that wave functions usually
depend on half the number of variables in the classical phase space. To cut the number of
variables in half, one needs to choose a polarisation, i.e. a Lagrangian distribution ® of
TM. Then we only keep in our Hilbert space those sections which are annihilated by V x
for all sections X of ©. There are only a few cases with a natural choice of polarisation,

typically cotangent bundles and Kahler manifolds.

Hamiltonian group action. The process of geometric quantisation associates a self-
adjoint operator ¢V x to each Hamiltonian vector field X. The most interesting Hamiltonian
vector fields are those arising from the Hamiltonian action of a Lie group G on M. By
definition, this means that the fundamental vector field p(£) on M induced by & € g is
Hamiltonian, i.e. there exists a function H¢ such that dH; = —¢,¢)w. The functions H
may be chosen such that { — H¢ is a Lie algebra homomorphism, and a momentum map
for the G-action is a map p : M — g* satisfying pu(§) = He for all € € g.

In particular, G acts on M by symplectomorphisms, so that the condition that w be
closed reduces to [BR87]

w([p(x), p(W)], p(2)) +w((p(y), p(2)], p(x)) + w([p(2), p()], p(y)) = 0O

for all z,y, 2z € g. Thus, we get a two-cocycle on g. The fact that Fy is proportional to w
means that the assignment § — iV, is a unitary representation of the central extension of
g by this cocycle.

In summary, given a Hamiltonian action of G on M, the machinery of geometric
quantisation provides a projective unitary representation of G on the quantum Hilbert
space. The typical example of this situation is Kirillov’s orbit method which which aims

to study unitary representations of G via the quantisation of its coadjoint orbits.

1.4.2.3 Kahler manifolds

The programme of geometric quantisation becomes simpler when M is not only symplectic

but also Kéhler. A Kdhler manifold is a symplectic manifold (M,w) together with an
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integrable almost complex structure J such that the bilinear form
9(X)Y) = w(X,JY), X, Y eT(TM) (1.28)

is definite-positive, i.e. g defines a Riemannian metric on M. Thus, Kdhler manifolds are
simultaneously symplectic, complex and Riemannian, with the compatibility between the
three structures expressed by (1.28).

Due to the identity J? = —Idg,s, every complex manifold has a splitting of the
complexified tangent bundle T¢M = T'°M @ T%'M into the +i eigenspaces of J. This
splitting applies to the cotangent bundle by duality and to its exterior algebra, so that we
have the decomposition QF(M) = @, ,=xQP?(M) of the space of k-forms. In coordinates,
a (p, q)-form looks like a linear combination of dz;, A ---dz;, AdZ;, ---dZ;,. The de Rham
differential has a splitting d = 9 + @ where 9 : QP9(M) — QPFL4(M) and 0 : QP9(M) —
QPaTL(M). These are the Dolbeault operators (a.k.a. the (1,0) and (0,1) components of
d), which satisfy the same axioms as an exterior differential with the additional property
that they anticommute. The chain complex associated with 0 is called the Dolbeault
cohomology.

Kahler metrics can be described locally by a single real function p called the Kdhler
potential:

%85p = w,

where 0 and O are the holomorphic and anti-holomorphic parts of the de Rham differential.
The existence of Kéhler potentials is a remarkable feature of Kéhler geometry (for instance
it is not possible in general to describe a Riemannian metric by a single function).
Suppose for a moment that p is globally defined and let £ = M x C be the trivial line
bundle with holomorphic structure induced from M. We also consider the metric h = e=#/2,
which turns £ into a holomorphic, Hermitian line bundle. The Chern connection V is the
unique connection on £ compatible with both the holomorphic and Hermitian structures,

and we have

1
—= d— —
Y 23p,

i.e. the connection form of V is ¢ = —%8p. Thus, the curvature form of V is
1,5 .
Fg =dv = 588/} = —iw,

so that (£, h, V) gives us prequantum data, and the prequantum Hilbert space is given by
L%(M,e*/?¢¥). A natural choice of polarisation is to restrict to holomorphic functions,
which we write with a subscript O: H = L2,(M, e */%e).

Example 1. Consider the standard space CV endowed with the canonical symplectic form

w=1% SV, dzi AdZ. A global Kéhler potential is given by p(z) = |2|%. Carrying out the
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2 2
previous construction yields the Segal-Bargmann space L% (CN, e |dz|?). The relevance

of this space is the hermiticity relation 87 = z.

In summary, the geometric quantisation of a Kéahler manifold is closely related to the
measure e */2e, giving a probabilistic interpretation of this procedure. This point of view
can be useful in infinite dimensions since probabilistic techniques can be used to address

the construction of the path integral with action functional given by the Kahler potential.

1.4.3 Conformal field theory

Let ¥ be a compact, oriented surface. In a quantum field theory, we wish that the partition
function doesn’t depend on the parameterisation of the surface, so we look at metrics
up to the action of diffeomorphisms. Now, up to the action of Diff, (X), we can write
any Riemannian metric g € Met(X)/Diff (X) as €*g,,, where (gm)mems. is a family of
constant curvature metrics parameterising the moduli space, and ¢ is a conformal factor.
It is useful to think of this space as an infinite dimensional vector bundle over My, where
the fibre over m € My is C*(X). In fact, the Dirichlet energy endows this vector bundle
with a natural metric.

In all generality, the partition function of a quantum field theory based on X is a
function Z(g,,, o) depending on both m and o. In a conformal field theory, we assume on
the contrary that the theory does not depend on the representative of the conformal class.

More precisely, the partition function must satisfy the Weyl anomaly

Z(€*g) = exp (ﬁ /E(|d0|§ + Kga)volg) Z(9),
where the parameter ¢ € R is called the central charge. Notice that the Polyakov-Alvarez
anomaly formula (1.23) means that the partition function of the GFF (1.24) satisfies the
Weyl anomaly with ¢ = 1. The Weyl anomaly encodes the variation of the partition
function inside the conformal class into a single one-dimensional object. Thus, the infinite
dimensional vector bundle of all metrics is reduced to a one-dimensional vector bundle,
i.e. a line bundle over My,. Letting £ be the line bundle trivialised by Zgpr, sections of
the line bundle £%¢ are those functions of the metric satisfying the Weyl anomaly with
central charge c.

One is also interested in correlation functions, which should be expected values of
“fields” inserted at some marked points (or punctures). A priori, correlation functions may
depend on a local holomorphic chart around the puncture. Hence, one needs to consider
tuples (3, p1, 21, ..., Pn, 2n) Where ¥ is a Riemann surface, p; is a puncture and z; is a local
coordinate at p; satisfying z;(p;) = 0. For simplicity, let us consider the case n = 1. We
can realise the tuples (X, p, z) as a bundle M\g over My, with the fibre modelled on the
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2C{z}, where C{z} is the space of converging power series in a neighbourhood of 0. For
technical reasons, the space C{z} is usually replaced with C][z]], the space of formal power
series. Axiomatically, correlation functions of primary fields rescale homogeneously under

a change of local coordinate

2h

Wl (@), (1.29)

(Pu(p, 2)) = @(p)

That is, correlation functions of primary fields behave like (h,h)-forms and can be un-
derstood as sections of |T|?* @ £#¢ where T is the line bundle whose fibre at (X, p) is
T3, This line bundle is sometimes called the tautological line bundle [Mir07b] and plays a
central role in algebraic geometry. In this definition, the number A is called the conformal
weight of the primary field ®,. The notation in (1.29) is purely formal and does not say
whether there are actual “fields” whose “expectation” would satisfy that property.
These first principles dictate what kind of algebro-geometric objects should the partition
and correlation functions be. In particular, they put the analytic geometry of the moduli
space at the centre stage, a point of view that can be traced back to the work of Friedan &
Shenker [FS87]. To see what kind of constraints this is imposing, we need to understand
the infinitesimal structure of M\g. We consider the Teichmiiller space 7A'g7n of n-pointed
complex curves of genus g. The tangent space to ’7;,” can be described by the so-called
Virasoro uniformisation [FBZ01, Section 17.3]. Let (X,p,2) € 73,1 and let us consider
a meromorphic vector field with a possible pole at p. Flowing in the direction of this
vector field gives an infinitesimal deformation of the coordinate chart at p. Moreover, if
the vector field has a pole at p, we also get an infinitesimal deformation of the complex
structure of the surface. Writing the Laurent expansion of the vector field ) _, &,2"0.,
we get an action of the Witt algebra on 7\;,1. In the case of multiple punctures, py, ..., p,
we get an action of @ C((z;))d.,. Moreover, the stabiliser of this action is the space
Vect(X\ {p1,...,pn}) of meromorphic vector fields on ¥ with poles only allowed at the

punctures. The statement of Virasoro uniformisation is then:

T(E,phzh---,pn,zn)’?g,n = Vect(E\ {p1, -, pa})\ @ C((2:))0x;.-

k=1

Additionally, we have

n

T o) Tan = Vet (BN {p1, .. pa})\ €D C((20))8:, / ) Cllzil)0..

k=1

This description of the tangent space means that we can define representations of the
Witt algebra as differential operators acting on functions on 7A'g7n. To get a non-zero central

charge, one considers sections suitable line bundles instead of functions. The different
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representations of the Virasoro algebra are understood as being attached to each puncture.
The space Vect(2 \ {p1, ..., pn}) is an infinite dimensional Lie algebra and the invariance
of correlation functions under its action implies an infinite hierarchy of equations known
as the conformal Ward identities.

In principle, one should be able to represent the variation of correlation functions by
the insertion of the stress-energy tensor: differentiating in the direction of the vector field
v = v(2)0,,, one has [Fre(7]

([T ono0) = [T ] enteads (130

where the integral is over a small loop surrounding px. The stress-energy tensor allows
us to differentiate with respect to the complex structure, so it defines a connection on
the bundle over the moduli space in which correlation functions take values. Thus, it
behaves locally like a one-form on moduli space. Namely, for each value of the complex
structure, z — T'(z) should be a quadratic differential on the underlying surface. However,
the conformal anomaly prevents 7" to be a globally defined quadratic differential on the

surface, and its transformation rule is given by [FS87]
T(2) = T(w)(dw/dz)? + 1—02510(2),

where c is the central charge

w'\’ 1 /w" 2 w" 3 /" 2
Sw=(—) —=|—) =— = | —
w’ 2\ w w’ 2 \w
is the Schwarzian derivative. Tensors with this transformation property are called projective
connections and the central charge is the obstruction to their flatness.
The question whether one can define actual fields (in a mathematical sense yet to be
clarified) satisfying this algebro-geometric framework is a difficult and important one. The

probabilistic formulation of Liouville CF'T introduced in the next section is an example

where this was proved to be the case.

1.4.4 Liouville conformal field theory

Liouville conformal field theory (LCFT) is the path integral with action given by the
Liouville action, the variational formulation of the Liouville equation. Recall that the
solution to the Liouville equation is a metric with constant scalar curvature, so that LCFT
may be understood as a random perturbation of the uniform metric.

In this section we give some background on the probabilistic formulation of LCF'T, which
is a vast programme spanning [DIKRV16, DRV16, GRV19, KRV19, KRV20, GKRV20]. Tt
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would therefore be too ambitious to give a full review. We simply explain how Gaussian
multiplicative chaos comes into the picture and how one can recover the axiomatic

framework described in the previous section.

1.4.4.1 Construction.

To introduce LCFT, let ¥ be a Riemann surface with empty boundary and g be a

compatible metric with conformal class [g] = {€*7g, o € C>*(2)}. The Liouville action is

Sr(o;g) = % /E (Jdo|? + QK40 + 2mpue™) vol,.
We have already encountered the quadratic term from this equation in Section 1.1.3, which
is the action for a random ()-conformal factor. This Gaussian field X is only defined up
to constant, but we fix it by imposing that X has vanishing vol,-mean. Then we tensorise
with Haar (i.e. Lebesgue) measure on R. We want to understand the extra term in the
Liouville action as a Radon-Nikodym derivative with respect to the GFF (except that
ultimately we will obtain a measure singular with respect to the GFF). Note that the last
term features the exponential of the field, which we interpret as its GMC M7,

We now assume that g is the uniform metric. The interpretation of the path integral

associated with the Liouville action is then

0‘6_%SL(‘7§9) o= detC(_Ag) e o~ Qx(Z)e o) exch (— e M7 .
/F( ) D <—volg(2) ) /R E[F(X + ¢)exp (—pue’*M (2)()1] 21;

where F'is in a function space to be determined. To get to this expression, we have used
the Gauss-Bonnet theorem [, Kyvol, = 2mx(X). We have also used that g is the uniform
metric, so that [ XK vol, = 0.

The partition function Z, of the theory is obtained by plugging F' = 1. It is finite if
and only if x(3) < 0, in which case

7, - (M)‘” PEPCCR (_QX(Z)

Qx(®) :|
voly (X) 7y

) E [MV(z)f
Recall that GMC has finite negative moments, so that this is indeed finite. In the case
X(X) > 0, the partition function diverges because of the zero mode c. In the case x(X) < 0,
the partition function satisfies the Weyl anomaly with central charge ¢ = 1 4+ 6Q?%. To
see this, let § = €**¢ be a conformally equivalent metric and let F(+; g) be a functional
depending on the metric and satisfying F(X;g) = F(X + Qo;g). This transformation

property is satisfied by M” due to the conformal covariance of GMC. Using the variational
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formula K; = e 27(K, — 2A,0) and Girsanov’s theorem, we obtain

E e_ﬁ fz QK§XV01§F(X; ’g\)i| =K [6_% sz(Kg—2AgU)V019F(X + QO’; g)]
_ G%j f2(|da|§+2KgU)volgE [F(X, g)] )
Thus, we have a conformal anomaly of 6Q2. Combining with the anomaly given by the

Polyakov-Alvarez formula, one gets 1 + 6Q? as required.

1.4.4.2 Correlation functions.

Roughly speaking, correlation functions correspond to certain Laplace transforms of the
field. More precisely, we fix weights as, ..., a,, € R and non-coinciding points z1, ...z, € X,
and take F =[], Vo, (2:) in (1.31), where V,,(z;) = e%¥) is a so-called vertex operator.
A renormalisation of this operator is required: similarly to the definition of GMC we may
set Vi, e(z) = 8§e°‘iX€(zi), where X, is a circle average with respect to the background
metric. The transformation of the vertex operator goes as follows: in the metric § = €27g,
the field transforms as X +— X + Qo and the e-average in the metric g corresponds
approximately to a ce~? average in the metric g. Hence the vertex operator transforms as

‘7(17,' (Zz) = e_ai(Q_%g(Zi)Va (Zz)

Up to a bounded term in ¢, the regularised vertex operator is the Radon-Nykodym

o2
o Xz (21) 5 BIXZ (20) corresponding to the change of measure X — X + ;G (2, ),

derivative e
where G is the resolvent of ;—;A and G. is the corresponding regularisation. Passing to
the limit, the Girsanov transform gives the shift X — X 4+ 3" | a;G(z;, ) and correlation

functions are given up to prefactors by

n QX(E)*Zz'Lzl Xy
n Y
HVai(zi) o H e~ G(z2) (/ eVZi—laiG(zi")dMV) . (1.32)
i=1 b

1<i<j<n

These correlation functions are the focus of Chapters 2 and 3 where we study their
asymptotic behaviour in certain degenerate geometric limits, such as colliding insertion
points.

Because of the conformal covariance of M7, the shift X — X + > | a;G(z;, ) can
be understood as taking the GMC of X in the metric []}_, G%G(Zi")g. This metric has
conical singularities of order % at z;. For such a surface to have negative curvature away

from these conical singularities, the Gauss-Bonnet theorem gives us

X(2) =) = <o.
= @
Equivalently, the GMC moment in (1.32) is negative. This constraint is known as the first
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Seiberg bound. On the other hand, for the GMC expectation to be finite, one requires

067;<Q7

which is consistent with the geometric interpretation of a conical singularity of order £ o at
20 at a; = ) the angle closes. This condition is the second Seiberg bound.

In particular, for these two bounds to be satisfied on the sphere (y(S?) = 2), it is
necessary to have n > 3. Moreover, the three-point correlation function on the sphere is
completely determined by conformal invariance, since for each triple of non-coinciding
points (z1, 29, 23) € C there exists a unique Mobius transformation sending (z1, 22, 23) to
(0,1,00). The three-point correlation functions on the sphere are known as the structure
constants and constitute one building block of the theory, and there exists an exact
expression for them known as the DOZZ formula. This formula was first conjectured in
[DO94, Z796] using non-rigorous arguments based on Coulomb gas integrals. A more
convincing argument was proposed by Teschner [Tes03], and the formula was finally proved
in [KRV20].

1.4.4.3 Differential equations.

The conformal anomaly and the transformation properties of the vertex operators mean
that the correlation functions satisfying the axioms of Section 1.4.3. In particular, the
vertex operators defined above behave like highest-weight vectors of weight h; = $(Q — %),
and one can write the corresponding conformal Ward identities. Furthermore, for the

values o = —7 and a = —%, one obtains a degenerate representation at levels (2,1) and

(1,2) respectively, so that the BPZ equation (1.7) holds. The stress-energy tensor has an
expression as a random field formally given by [GKRV20]

T(Z) - Qasz - ((azX)2 - E[(azX>2]) :

For the n-point correlation function on the Riemann sphere, the conformal Ward identities

take the following explicit form for primary fields [KRV19]

<T<z>HVai<%>> = (Z (= —hiz» —) <Hva i >

One can read the fact that the V,,(2;)’s are primary through the holomorphicity of this

equation: the positive modes of the Virasoro algebra vanish against this expression.
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Similarly, the BPZ equation (1.7) takes the explicit form [KRV19]

(%832 + i E —hzz)Q + Za_zlz> <V_g(z) ﬁVai(zi)> =0,

i=1 =1

2

1 2. We stress the conformal

and the same equation holds under the substitution 2 <>
Ward identities and the BPZ equations have very different status: while the first are a
pure manifestation of conformal symmetry and only involve first order partial differential
operators, the second expresses the degeneracy of the Virasoro module generated by the
primary field V_1(z) and involves higher order differential operators.

The interesting aspect is that these equations are purely a feature of the representation
theory of the Virasoro algebra but allow us to say deep things about multiplicative chaos.
The most striking examples are the DOZZ formula, the exact distribution of GMC on
the circle [Rem20] and the link between the tail of GMC and the reflection coefficient
(two-point function) of LCFT [RV19]. Conversely, multiplicative chaos gives a concrete
realisation of this otherwise abstract theory. As a consequence, [GKRV20] were able
to prove the convergence of Virasoro conformal blocks for almost every element of the
spectrum of LCF'T, a highly non-trivial fact that algebraic tools had not been sufficient to

tackle.

1.5 Perspectives

Morgen ist die Frage.

Berghain facade

To conclude this introduction, we briefly describe some ongoing work whose goal is
to establish several connections between the different theories we have mentioned. On
the one, we would like to relate SLE to unitary representations of the Virasoro algebra
and the quantisation of coadjoint orbits of Diff(S'). On the other hand, we would also
like to make more explicit the link between the probabilistic formulation of Liouville CF'T
and the quantisation of Teichmiiller spaces (viewed as classical phase spaces with the

Weil-Petersson metric).

1.5.1 A connection on H'/2(S!)

The group Diff(S!) acts on the space of measures on S' by pullback: pdf — p o hh'd6.

Given v € (0,2), we can generalise this action to an action on the bundle of %—tensors by

1R 29
2

p(d6)=" = poh(l)

2Q
2

(d6)
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Writing such densities as p = e2", this action is expressed in terms of u by
ur—uoh+Qlogh'. (1.33)

The stabiliser of 0 is the group of rotations, so we may identify the orbit of 0 with the
coadjoint orbit S'\Diff(S'). By Proposition 1.2.1, this action extends to all & in the
Weil-Petersson class and v € HY2(S'), so we get a right action of 75(1) on HY2(S').
Proposition 1.2.1 also implies that the action is transitive, so that we can identify H'/2(S")
with 7o(1).

We will write u.h for the action of h on u. The differential of the action in the direction
v e T,HY?(S") ~ HY?(S') is given for all u, h by

{Tuﬁﬂ/2 — T, H'?

v — voh.

This is nothing but the universal (or KYNS) period mapping of Nag & Sullivan [[XY88,
NS935, TT06], which is a symplectomorphism of H'/? (recall (1.9)). Hence the action
of To(1) on H'? is symplectic. In fact, this action is even Hamiltonian since H'/? is

topologically trivial, and it is easy to show that the corresponding Hamiltonian function is

2
Hy(u) := /0 (—%(89102 + Q@gu) v%.

Let us define the function

M(0) = M,(0) := _%agu(e)Q + QOZu(6), (1.34)

so that Hy(u) = 027r M(0)v(0)92. For a fixed u, it is natural to view M as the linear form

v [T M(0)v(6)dd. More intrinsically, M is the quadratic differential M(6)(d¢)? which
)
%.
of Diff(S!). Therefore, the mapping u +— M, is nothing but a momentum map for the
Diff(S') action on H'Y?(S").

Using the integration by parts formula, we have for all smooth random variables F,

is dual to vector fields of the form v = v(0) Hence M lives in the dual Lie algebra

E[{M(0), F}] = E[F{M(6),S}] (1.35)

where S(u) =1 [l /2(s1y and the expectation is with respect to the probability measure
of the trace of the Gaussian free field on S'. However, this formula does not hold as such
since the quadratic term in (1.34) requires normal ordering. Hence the correct expression
is M(0) = —1(9,W (0)* — Var(9yW (0)?)) + Q02,W, which makes sense as a tempered

distribution (in the sense of Remark 1).
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Equation (1.35) expresses the variation of the law of the GFF under a infinitesimal
change of conformal structure. It is analogous to the Ward identity and 7'(0) := {M(#), S}
is the stress-energy tensor (as suggested also by its expression). Integrating (1.35) against
vector fields on the circle gives a picture analogous to (1.30).

Next, we consider an SLE loop n with its quantum length ¢ obtained by conformally
welding independent instances of GMC. The welding operation is just a unitary operator
from the L?-space of two independent GMCs to the L2-space of (), ). Representing the
loop by its welding homeomorphism, there are natural left and right actions of Diff(S') by
post- and pre-composition. This is the same as acting on the GFF in the manner described
in (1.33). Finally, an energy identity similar to [V W20, Theorem 3.1] shows that the SLE
measure can be interpreted as a path integral with respect to the universal Liouville action
of Takhtajan & Teo.

The Diff(S')-action can also be interpreted in a broader geometric setting as an
extension of the Fenchel-Nielsen twist and Mirzakhani’s S'-action on the moduli space
of Riemann surfaces [Mir07b]. She was considering the moduli space M\gm of bordered
hyperbolic surfaces with a marked point on each boundary circle, with the S'-action given
by rotating the marked point. The analysis of the symplectic reduction of this space is
at the basis of the connection she found between Weil-Petersson volume and intersection
numbers of tautological classes. More generally, we can decorate Mirzakhani’s moduli
space with a parameterisation of each boundary circles, and consider the Diff(S')-action.
In particular, one can attach a Virasoro module to each boundary circle, and it would be

worth exploring the connections of this structure with CF'T in more details.

1.5.2 Sugawara construction

The previous construction is a natural way to produce a Virasoro representation since it is
based on the realisation of the Witt algebra as differential operators in the direction of
fundamental vector fields (more precisely, a connection on a line bundle) over the target
manifold. However, in conformal field theory, the Virasoro symmetry is usually realised
through the celebrated Sugawara construction, in which the Virasoro generators are second
order differential operators. This is obviously different from a connection, since it is a first
order operators.

The Sugawara construction has been extensively studied from an algebro-geometric
point of view [FBZ01], but we are currently establishing a natural probabilistic interpreta-
tion in connection with the harmonic analysis on Diff (S'). We sketch this interpretation
below in the case of Liouville theory. The Hilbert space is the space L?(dc ® P), where
dc is Lebesgue measure on R and P is the law of the trace on S! of the GFF in S%. In
Fourier modes, this field is written p(e?) =" _ 0™ + ¢p_,e ™™ with p_, = @, and

the ¢, are independent complex Gaussian with variance 5~ [GKRV20]. The Malliavin
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differential on L2(P) has an adjoint d*, densely defined on the space of H/2(S!)-valued,
square-integrable random variables. The corresponding Laplacian on functions is d*d and
it is an infinite dimensional Ornstein-Uhlenbeck (OU) operator: it generates independent
OU processes (¢, (t))n>1. In the free Liouville theory (where the cosmological constant
is set to zero), one can identify the generator Ly of the Sugawara construction with the
operator 3(—02 + Q?) + d*d.

The identification of Ly with the generator of a diffusion process has a generalisation
to the other modes of the Virasoro representation. We call a holomorphic vector field v €
C[z]0. Markovian if it generates a family of conformal transformations f; : D — Dy, z —
z+tv(z) + o(t) such that (D;)¢>o is a decreasing family of domains with smooth boundary.
Let Py be the harmonic extension to D of the field ¢ above, and set X := Xp + Py where
Xp is an independent Dirichlet GFF. Finally, define a stochastic process

@ = (X o fy + Qlog|f|)st,

i.e. we pull back to S' the values of X on f;(S'). Define L, to be the generator of this
process. It turns out that there is a unique way to extend the assignment v — L, from
Markovian vector fields to a C-linear (resp. C-antilinear) map C(2)d, > v — L (resp.
C(z)0, > v — L) forming two commuting representations of the Virasoro algebra with
central charge ¢ = 1 + 6Q?%. Namely, we have

L3 L3) = L

[v,w

|+ aw(v, w); [L{, L] =0,

for all mereomorphic vector fields v, w, where w is the Virasoro cocycle introduced in
Section 1.2.1. Moreover, this representation is equivalent to the Sugawara construction.
We stress that this result is a rather elementary result on the GFF and we find it surprising
that it seemed to have escaped from the mathematical literature until now (some related
computations appear in [KM13]). In this construction, the Markovian vector fields have a
rather deep interpretation: they are self-adjoint with respect to a different inner-product
on H'2(S') that is still compatible with the canonical symplectic structure.

To go from the free field theory to Liouville theory, one needs to treat the Liouville
potential and show that commutation relations are preserved in a suitable sense. This
step is non-trivial since the Liouville potential is a distributional random variable (it is not
even in L'(P) for v > /2). Relying on results from [GKRV20] and the idea of Markovian
deformations of the disc, we are able to define the Liouville operators and make rigorous

sense of the formulae appearing in the physics literature [Tes(1]

2m ) ]
LY =L, + u/ e Re (e ?v(h))d6.
0
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Moreover, we can use the scattering theory of the Liouville Hamiltonian developed in
[GKRV20] to show that the scattering operator intertwines the Virasoro representations.

After the oral examination of this thesis, the probabilistic interpretation of the Sugawara
construction has triggered some discussions with one of the examiners. Together with the
authors of [GIKRV20], we plan to use these results to prove that the scattering matrix of the
Liouville Hamiltonian is diagonal. Another joint project with these authors is to establish
the conformal Ward identities in the formalism of [FBZ01] and show that conformal blocks
are well-defined as locally analytic functions on the moduli space of Riemann surfaces).
Finally, we are planning to estbalish the BPZ equations in all generality in a joint work
with J. Dubédat and G. Remy.

It would be interesting to study other probabilistic realisations of the Sugawara
construction. One natural direction is the coupling of LCFT with conformal loop ensemble
(CLE), where the conformal symmetry is still not completely understood [AS21]. Another
direction is CFT with extended symmetry such as WZW models [Wit84], where the
symmetry algebra is the affine Kac-Moody algebra of a semi-simple Lie group G. These
models are geometrically more involved than Liouville theory since the target manifold is
curved. In these models, the natural thing to do is to qantise the coadjoint orbits of the
Kac-Moody group, so we need to define a probability measure on an infinite dimensional
(curved) manifold. This would pave the way to the harmonic analysis of loop groups and

a proabilistic proof of the celebrated Knizhnik-Zamolodchikov equations.
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Chapter 2
One-point function in genus 1

This chapter is adapted from [Bav19].

In the context of the probabilistic formulation of LCFT introduced in 1.4.4, we study
the asymptotic behaviour of the one-point correlation function in genus 1, as defined in
[DRV16]. The degeneration paradigm considered is the limit Im7 — oo, where 7 € H
denotes the modulus of the torus C/(Z + 7Z).

2.1 Introduction

In theoretical physics, there are two approaches to Conformal Field Theories (CFTs). The
first is the Hamiltonian approach: it consists in quantising an action functional and is
usually treated with Feynman path integrals. The second is the conformal bootstrap:
an abstract machinery used to classify CFTs from the algebraic information encoded by
conformal invariance. Liouville CFT arises in the Hamiltonian approach in many fields
of theoretical physics, notably in string theory [Pol81, Dav88, DP86]. In the conformal
bootstrap, it is the first CFT with continuous spectrum that physicists were able to “solve”
[Rib14].

From a mathematical point of view, path integrals are not rigorous, but recently, a
rigorous probabilistic framework based on the Gaussian Free Field (GFF) and Gaussian
Multiplicative Chaos (GMC) was introduced in order to make sense of the path integral
approach to LCFT on any compact Riemann surface [DKRV16, DRV16, GRV19]. The
remaining challenge for probabilists is to show that the path integral carries all the
representation theoretic aspects predicted by the conformal bootstrap.

A first step was made in this direction when [KRV20] showed that the structure
constants of LCFT (see Section 2.1.2) satisfy the so-called DOZZ formula. The term
“bootstrapping” refers to the recursive computation of correlation functions from the
structure constants, and this paper checks the validity of this recursion in a weakly

interacting regime. From a probabilistic point of view, the DOZZ formula is a highly
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non-trivial integrability result on GMC, and it was soon followed by the results of [Rem?20,
RZ20a] where similar methods were implemented in order to compute the law of GMC on

the unit circle and interval.

2.1.1 Path integral

Let M be either the Riemann sphere §? ~ C = C U {oo} or the torus T, ~ C/(Z + 7Z)
for some 7 € H := {Im7 > 0}. The Liouville action with background metric g on M is

the map Sy, : ¥ — R (where X is some function space to be determined) defined by!

1

SuXi9) = 3= [ (VXP + dmuerg(2)) (21)
A Jur

where p > 0 is the cosmological constant (whose value is unimportant for this paper) and

v € (0,2) is the parameter of the theory. Liouville quantum field theory is the measure

formally defined by

(F) := / F(X)e X9 px (2.2)

for all continuous functional F'. Here, DX should stand for “Lebesgue” measure on . Of
course, this does not make sense mathematically but it is possible to interpret the formal

measure 1

e~ JulVXPpx (2.3)
2GR

as a Gaussian probability measure on some Hilbert space (to be determined). The resulting
field is called the Gaussian Free Field and the quantity Zgpr is a “normalising constant”
turning the measure (2.3) into a probability measure. We will refer to it as the partition
function of the GFF (see Section 2.2.1).

As it turns out, the GFF does not live in the space of continuous functions (not even
in L?) but is rather a distribution in the sense of Schwartz. It can be shown that the GFF
almost surely lives in the topological dual of the Sobolev space H' with respect to the
L? product. Hence the exponential term e’Xdz appearing in the action is not a priori
well-defined, but it can be made sense of after a regularising procedure based on Kahane’s
theory of Gaussian Mutiplicative Chaos (GMC) (see Section 2.2.2).

The main observables of the theory are the vertex operators V,(z) = e*X(%0

) for
any zo € M and a < Q := % + 3. The point 2y is called an insertion as it has the
interpretation of puncturing M with a conical singularity of order «/Q (see [HMW11] and
Appendix 2.B). The coeflicient « is called the Liouville momentum and A, := $(Q — §)
is called the conformal dimension. The vertex operators give rise to the correlation

functions <H5:1 Va,, (2,)) which are defined for any pairwise disjoint 21, ..., 2y € M and

1Usually the Liouville action features an additional curvature term. We omitted it since we will work
with a background metric which is flat everywhere except on the unit circle.
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aq,...,ay € R satisfying the so-called Seiberg bounds

N
- % — (M) >0 Vi, am < Q, (2.4)
n=1

where x (M) is the Euler characteristic. The Seiberg bounds have a geometric nature: the
a, /@ singularity introduced by V,, (z,) is integrable only if «,, < @, hence the second
bound in (2.4). On the other hand, Gauss-Bonnet theorem shows that the first bound is
equivalent to asking for the total curvature on the surface M \ {z1, ..., zy } with prescribed
conical singularities a,,/Q at z, to be negative. In particular, the correlation function
exists only if N > 3 for the sphere and N > 1 for the torus.

We now briefly recall the results that will be needed in order to state the main result.
Consider the Riemann sphere S2 ~ C equipped with the metric g(z) = |z|3* (with the
notation |z|; = max(1, |z|)). We will refer to this metric as the crépe metric as it consists
in two flat disks glued together (as can be seen from the change of variable z — 1/z). The 3-
point function enjoys some conformal covariance under Mébius transformations [DKRV16],
implying that we can choose to put the insertions at 0, 1, co. It was shown in [KRV20] that
for all aq, as, a3 satisfying the Seiberg bounds, (V,, (0)V,,(1)Va,(00))s2 = C, (a1, ag, a3)
where C, (a1, ag, a3) is the celebrated DOZZ formula (see Appendix 2.A).

Recall that a torus is a curve C/(Z+ 7Z) with 7 € H. The moduli group I' = PSL(2, Z)

acts on H via linear fractional transformation

at +b
Y= ct+d
a b _ . . .
for all ¢ = q € I'. The moduli space is the quotient M := I"\ H. Two tori
c

with moduli 7, 7’ respectively are conformally equivalent if and only if there exists ¢ €
I' such that 77 = #.7. The fundamental domain of M is the set {z € H, Re(z) €
(=1/2,1/2] and |z| > 1} U{e®,0 € [F, 2]} (see Figure 2.1), so that the boundary of the
moduli space can be approached by moduli 7 = % for large t. These correspond to “skinny”
tori. From [DRV16] it is possible to define the 1-point correlation function (V,(0)), with
flat background metric for each modulus 7 € M and a € (0,Q),

Using the framework of CF'T known as the conformal bootstrap, physicists have argued
that all correlation functions on any surface can be derived from the three-point function
on the sphere by some topological recursion (see Section 2.1.2). In the case of the one-point
function on the torus, the formula involves an integral over some algebraically defined
objects that do not yet have a probabilistic representation (see Equation (2.6)). However,

these objects have nice asymptotic behaviours as Im7 — oo, explaining why we were able

to compute the asymptotic behaviour of the one-point toric function and match it with
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0 “i/2 0 /2 1

Figure 2.1: The moduli space M =T'\ H (hashed). The vertical lines are identified, so that it
is topologically a sphere with three marked points at ¢“™/3,i and oo. The interesting boundary
point is co, and we will approach it using moduli 7 = % for large t. These correspond to “skinny”
tori.

the bootstrap prediction in this limit.

2.1.2 Conformal bootstrap

From the operator theoretic perspective, a quantum field theory is the data of a self-
adjoint non-negative Hamiltonian acting on some Hilbert space. In their founding paper,
[BPZ84] argued that the Hilbert space of a 2d conformal field theory must carry a
representation of the Virasoro algebra. This strong constraint on the structure of the
Hilbert space led to spectacular integrability results, among which the DOZZ formula
from Liouville theory. Although the representation theory of the Virasoro algebra is well-
understood mathematically, it is only a conjecture that the path integral of the quantised
Liouville action carries the expected algebraic structure. Thus, except for the results of
[KRV19, KRV20], all the formulae from the conformal bootstrap are to be considered as
predictions and not facts.

In the conformal bootstrap framework, any CF'T should be characterised by

1. The spectrum of the Hamiltonian S C R,. For each o € C such that A, € 5,
the field V,(+) is called a primary field. It is important to note that the conformal
bootstrap assumes that vertex operators are defined for all a € C and not necessarily
for a in the “physical region” defined by the Seiberg bounds. The spectrum of

Liouville theory is conjectured to be [%2, o0), corresponding to momenta a € @ + iR.

2. The structure constants, i.e. the three-point functions (V,, (0)V,,(1)Va,(00))s2. In
Liouville CFT, these are given by the DOZZ formula C, (a1, ag, ag) [DO94|[ZZ96].

Correlation functions are meromorphic functions of each o € C.
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From the data of the spectrum and the structure constants, the bootstrap machinery
gives a way to compute recursively all correlation functions on any Riemann surface of
any genus. Thus, “solving” a theory means finding both the spectrum and the structure
constants.

The two most simple examples are the 4-point spherical and the 1-point toric correlation
function. Given two copies Mj, My of the thrice punctured sphere S? \ {0, 1, 00}, one can
glue together annuli neighbourhoods of punctures in M; and M5 to produce a 4-punctured
sphere (see Figure 2.2). Similarly, given one instance of the thrice-punctured sphere, one

can glue together annuli neighbourhoods of 0 and oo to produce the once-punctured torus.

glue
A
¢ g
glue o
LD

Figure 2.2: Top: On the left, two instances of the thrice-punctured sphere with annuli
neighbourhoods to be identified (curves of the same colour are identified). The resulting surface
on the right: a sphere with 4 marked points. Bottom: Annuli neighbourhoods of the north and
south pole are identified to produce a torus with one marked point.

More generally, this procedure gives a way to construct any Riemann surface of genus
g1 + g2 and n; + ny punctures by gluing a surface of genus g; and n; + 1 punctures to
a surface of genus gs and ny + 1 punctures (see [TV 15] for details of this construction).
Similarly a surface of genus g and n + 2 punctures gives a surface of genus g + 1 and
n + 2 punctures after gluing together two distinct punctured neighbourhoods. This gives
a recursive procedure to construct any Riemann surface using only instances of the thrice-
punctured sphere. This construction is one of the driving ideas behind the fact that
three-point functions are building blocks for CFTs.

The two simple examples above are the starting point of the bootstrap programme as
they require only one gluing. Physicists have predicted formulae — called the bootstrap
equations — that compute these correlation functions using the spectrum and the structure

constants. The bootstrap equation for the 4-point function on the sphere is given by*[BZ06]

2We add the superscript °® for “conformal bootstrap” and to differentiate it from the path integral
correlation function.
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. 1 Q% A _
<Va1 (O)Va2(z>va3<1)va4(oo>> 5 = _7T|Z|2( TR

. (2.5)
x/ 2P (an, a, Q@ — iP)C (Q + 0P, g, )| i (=) 2P,

—00

where A; = G(Q — %) (1 = 1,2) and Fp'***(2) = 1 + o(1) is the so-called Virasoro
conformal block — a holomorphic function of z, universal in the sense that it only depends
on the «;’s, P and 7.

There is a similar formula to (2.11) for the 1-point toric function [HJS10, Equation

(20)], which is the one this paper is concerned about. For a torus of modulus 7, we have

2

ot =3 [ @-ipagrin im0l . eo

2imT

where ¢ = ¢ is the nome and 7(-) is Dedekind’s éta function. Here the so-called elliptic

o : : .
conformal bloc H p admits a power series expansion in ¢

(1 +) Hﬁﬁqn)
n=1

and the function in the brackets is holomorphic in ¢q. The elliptic conformal blocks should

o n(q)
H3pe) = gL/

be understood as a basis of solutions for the one-point toric function, and they are universal
in the sense that they depend only on «,~ and P. We will refer to equation (2.6) as the
modular bootstrap. Again, this formula should be valid a priori only for a primary field but
we will show that it is true for « € (0,Q) in the path integral framework when Im7 — co.

At this stage, let us stress again that equations (2.5) and (2.6) should be understood
only as guesses since there is still no mathematical justification for them. In general, one
way to establish rigorously the validity of the conformal bootstrap would be to recover
its results using the rigorous path integral approach of DKRV. This is usually a hard
matter but some works were made in this direction [KRV19, KRV20]. In the first paper,
the authors showed the validity of some aspects of the bootstrap approach — namely BPZ
equation and Ward identities —, while the second is a proof of the DOZZ formula.

From the point of view of probability, both the conformal blocks and the spectrum
are not understood (there is not even a probabilistic interpretation of complex Liouville
momenta). As we mentioned earlier, the integral in (2.6) simplifies as Im7 — oo, namely
the conformal blocks tend to 1 and the integral freezes at P = 0, avoiding dealing with

complex insertions.
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2.1.3 Main result and outline
Suppose T = % with ¢t > 0 large, so that ¢ = e~ is real and small. Recall that the DOZZ

formula is meromorphic and symmetric with respect to the real axis, hence

Cy(Q+iPa,Q—iP) ~ P92 .0, (Q,,Q).

ajas

Taking HS p(q) = 1 uniformly in ¢ as P — 0, equation (2.6) gives in the limit t — oo
2
ap

ot =" [ @ - ipa@ 1P |l

2 R
ity|—2 P2
~ % / C,(Q —iP.a,Q+iP)e™ "% |HE p(g)|" dP
R
HE =y P PN el [
- e (0-itagrin ) e T ] ap @D
’77(%)|_2t_3/282 C 9 _P?
~ 0Oy (Q, 0, Q) [ PPe”2dP
R
7r it\| —3/292
~ E 77 ; t aalagc’Y(Q7a7Q>‘
Rewriting this in terms of the modulus, we have in the limit Im7 — oo
w V2 o _
(Va(0))5” ~ ==n(r)|~*(lmr) 207 ,,C4(Q, @, Q). (2.8)

7r
There are two noticeable facts about the asymptotic behaviour of (V,(0)):

e There is a polynomial decay in t~%/? correcting the exponential term |77(%)|*2.

e The limit is expressed using the derivative of the DOZZ formula at the critical points

041:(13:Q.

Throughout, we will write T, for a torus with modulus 7 = ;—t and think of ¢ large. Our
representation for Ty is the rectangle Ty := (—t,t] x S! with edges {—t} x S! and {t} x S!
identified, and equipped with the flat metric. The reason for this choice of parametrisation
is that the variable ¢ will appear as the time driving a Brownian motion.

Let Co := R x S' be the infinite cylinder. This surface is the image of the twice-
punctured sphere C\ {0, 0o} under the change of coordinates 1 : Coo — C\{0, 00}, 2 — 7.
In the sequel, we will always parametrise the sphere with these coordinates. Of particular
interest for us will be the correlation function (V) (0)V,(1)Vy(00))sz for A, a € (0, Q) and
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0=2(A— Q)+ a>0. In the cylinder coordinates, these take the form [[KRV20)]

Qo
(/ ey((A—Q)It+aG(0¢+i9))dM”(t,9)) 7]
(2.9)

where G is Green’s function on C,, with zero average on {0} x S! and M” is the chaos

(VAO)Va(1)Va(oo))e = 29 T (%) E

measure associated to a GFF on C.
The negative drift A — @) is essential in order to make the total GMC mass finite near
+00. On the contrary if A = @), the GMC mass is a.s. infinite and the correlation function

vanishes. In this critical case, we consider the truncated correlation function
(/ 9GO G (s, 9)) ] . (2.10)
Ct
where C; := (—t,t) x S'.

The truncated correlation function is just the correlation function where we integrate

(VO)Va(DVa (o) =275 () B

the GMC measure outside a small disc of radius e™* away from the singularities (when
seen in the planar coordinates).

As for the torus Ty, the 1-point function is defined by
o () (t\ 7 it 5
W) =25t (2) (£) e ([ erevoay) ] @)
T

7r T
Our main result, stated as Theorem 2.1.1 below shows that we recover the same

where G; is Green’s function on T;.

polynomial rate and the derivative DOZZ formula when working with the correlation

function computed in the path integral framework.

Theorem 2.1.1. Let (V,(0))« be the 1-point toric correlation function given by (2.11).
Then

-2

t73202 | CL(Q,a,Q). (2.12)

a3

it
T

00D~ 7= 1)

Corollary 2.1.2. In the setting of Theorem 1.1, we have for T € M:

n(

()2 (M) P22, O (@ . Q).

T ~ ala
ImT—o0 47T2 193

(Va(0))

Remark 3. The fact that we don’t recover the same global overall factor as in equation

(2.8) is irrelevant since the correlation functions are defined up to multiplicative factor.
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2.1.4 Steps of the proof

There will be two steps in the proof of Theorem 2.1.1. First we will compute the exact
asymptotic behaviour of (Vi (0)V,(1)Vgy(o0)): as t — oo (Proposition 2.1.3) and second
we will compare (V,,(0))i to (Vo(0)V,(1)Vh(o0)): (Proposition 2.1.4). This is the point
of using the cylinder cogrdinates for the sphere, as we can embed T, into C;. Namely,
we will show that negative moments of GMC on T; and on C; have the same asymptotic

behaviour, up to some explicit constant.

Proposition 2.1.3. For all a € (0,Q),

i (Vi (0)Va (1)Vap(00)) = 52,0, C4(@. 0, Q) (213

t—o00

Proposition 2.1.4. Let X be a GFF on Cy and X; be a GFF on Ty, i.e. X and X; have
respective covariances G and Gy (Green’s function with zero average on {0} x S'). Let
dM" and dM, be the associated chaos measures. Then for all ¥ > 0 and a € (0,Q),

e10GO0) gN1Y (2) - §lim tE GO AN (2) . (2.14)
T, 2t—>oo C

We will prove these propositions in Section 2.3. For now, we use Propositions 2.1.3
and 2.1.4 to prove Theorem 2.1.1 and Corollary 2.1.2.

LimtE

t—o00

Proof of Theorem 2.1.1. Using Propositions 2.1.3 and 2.1.4, we have

()

Vel =Ty (/Tfm“‘”sz)_”]
t500 ytﬂ/zln(%)|‘2<VQ(0)VQ(1)VQ(OO)>t (2.15)
3

- —3/2,, 1ty 1—2.92
o e 0,0 Q0. Q).
In particular we recover the asymptotic formula of equation (2.7) up to an explicit global
multiplicative constant.
O

Proof of Corollary 2.1.2. In this proof and this proof only, we make change the embedding
and embed all tori in the square [0,1]* as in [DRV16]. We only need to compare the
negative moments of GMC for tori with moduli 7, 7" such that Im7 = Im7’ and show that
they have the same asymptotic behaviour as Im7 — oc.

Let 7 € M with Im7 = % Let G, be Green’s function on the torus T, of modulus 7
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and set G.(z) := G,(0,z). It is readily seen from [DRV16, Equation (3.4)] that

|G-(z) = Gu(x)| = O(e™)

BN

Bl

uniformly in x € T,. Now let dM? and dM}, be the GMC measures of a GFF on T, and

T respectively. By Kahane’s convexity ineofuality (see Section 2.2.2) we have for all r > 0

(/ e'yan—(O,-)dM;_y) -
T

This concludes the proof. O

T

_E / T | a+oE ). (2.16)
Tt T

™

E

The rest of this paper is devoted to proving Propositions 2.1.3, 2.1.4. This will be done
is Section 2.3 while Section 2.2 gives the necessary probabilistic background needed for

the proofs.

2.2 Background

In this section, we recall the definitions of the basic objects needed to define the correlation
functions (2.9) and (2.11) (namely the GFF and GMC) and we give a derivation of the

expression of these correlation functions.

2.2.1 Gaussian Free Field

We give a basic introduction to the Gaussian Free Field (GFF) on the complete cylinder
Co and the torus T, (we refer the reader to [Dub09, DMS14, DKRV16, DRV16]).
To begin with, let us consider the case of C,, endowed with the flat metric. Let
H}(Cs) be the set of functions f : Coo — R with weak derivative in L?*(C,,) and such that
027r f(0,0)d6 = 0. Then the (non-negative) Laplacian —5-A has a well defined inverse
G : L*(Co) — H}(Cs) called the Green function. Tt has a kernel satisfying for all € Cy

- QLAG@, ) =3,
i (2.17)
/ G(x,i0)d6 = 0.
0

The GFF on C, is the Gaussian field X on whose covariance kernel is given by Green’s

function

E[X(2)X(y)] = G(z,y).
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This is done at the formal level, since Green’s function blows up logarithmically near the
diagonal. However, it is possible to show that such a field exists and that it almost surely
lives in H, '(Cs). Hence the GFF on Co, is a distribution on C, (and not a function).

We can define HJ(T;) similarly as the space of functions f : T, — R with weak
derivatives in L?*(T;) and vanishing mean on T;. The Laplacian —%At on T, also has a
Green’s function Gy : L*(T,) — H(T,).

As explained in Section 2.1.1, the formal measure e~ 17 Ju VX DX should be interpreted
as a Gaussian measure. To fix ideas, let us consider the case of the torus T;. Then the

map

1
(fag) H_g/‘EtAtfg: <f79>v

defines an inner-product on Hj(T;) that we call the Dirichlet energy. We write ||-||¢ for
the associated norm. By analogy with the finite dimensional case, we want to interpret the
density e~2IXI DX as that of a centred Gaussian random variable with covariance kernel
given by the inverse of —%A, i.e. Green’s function G;. This is nothing but the GFF of
the previous paragraph. To keep with the analogy with the finite dimensional case, the

partition function of the GFF (i.e. the “normalising constant”) is given by [Gaw89)]
Zgrr(t) = det(—=A)" = ;|77(;)| ; (2.18)

where det(—A;) is the zéta regularised determinant of the Laplacian (see [OPS88, Section
1] for a general definition and [Gaw89] p10 for the value on the torus).

The GFF on T; can be constructed using an orthonormal basis of L*(T;) of eigenfunc-
tions of —As. If (f,)n>0 is such a basis with associated eigenvalues 0 = Ao < Ay, .., < A,

then ( ?\—: fn)n>1 is an orthonormal basis of H}(T,;) and we set

VY S,

n>1

where (a,)n>1 18 a sequence of i.i.d. normal random variables. It can be shown that this
formal series indeed converges almost surely in H;*(T;) [DRV16, Section 3.2].

As such, the constant coefficient of the GFF (a.k.a. the zero mode) depends on the
choice of the background metric, since we impose a vanishing mean in the flat metric. In
order to get rid of this dependence, we complete the definition of the field by “sampling”
the constant coefficient with Lebesgue measure (see the discussion in [DKRV16, Section
2.2]). Informally, we can interpret the zero mode as a Gaussian random variable with

variance 1/\g = oo since 4/ 27” times the law of an N'(0, A™!) converges vaguely to Lebesgue
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as A — 0. So we arrive at the field decomposition

X=X+

i

and the final interpretation is that for all continuous functional F : Hy*(T;) — R, we set®

/F(X)e—iw FWXPDx = 2 det(—At)l/Q/E

R

F(X, +

< )] de
Vit/m (2.19)
t

=2 (S | EIFCE + e

[7(%)|~* appearing in the asymptotic formula of Theorem

This formula explains the ¢~/

2.1.1. Applying this to a regularisation of the vertex operator V,(0) leads to the expression
(2.11) of the correlation function (V,(0))« [DRV16, Theorem 4.3].

For the torus, the natural eigenbasis of L?(T;) is given by the functions

1
wm (8,0) = COS(st> cos(m#)
7 \/(1 + ]ln=0)<1 + ]lm:(])ﬂ't t
1
Zom(sa 9) = COS(nﬂ-S) Sln(m@)
’ (1+ 1)t ¢
1 nms (2.20)
non(8,0) = sin( ) cos(m#)
’ (14 Tppeo) 7t t
1 nms
2 (s,0) := —=sin(——) sin(m#),
nm(5,0) N (=) sin(mé)
and the eigenvalue associated to the eigenfunction fi7fo% is A, ,, := ni;r2 m2. Then
we can set
</ ags af’ ¢ a®
X = 27T == 2em + = 7eLOm _'_ — 'gem + s gonw 221
t Z M )\n,m ) )‘n,m ; N ( )

)

n,m#(0,0) ’

where qf¢¢9°¢% are i.i.d. centred normal random variables.

n,m

An immediate consequence of this decomposition is that we can sample X; as follows

1. Sample a GFF XP with zero (a.k.a. Dirichlet) boundary conditions® on the cylinder
(0,t) x St

2. Sample an independent GFF XN with free (a.k.a. Neumann) boundary conditions
on the cylinder (0,¢) x S'.

3. For all (s,0) € (—1,t) x S, set Xy(s,0) := X080,

3We add a factor 2 to conform with [KRV20]
4We refer the reader to [Berl6, Section 5] for an introduction to different types of boundary conditions.

62



We call this decomposition the odd/even decomposition of fields, which is based on
the orthogonal decomposition HE(C;) = Hy*(C) @ Hy°(C;) where Hy(Cy), Hy°(Cy) are
respectively the subspaces of even and odd functions with respect to s € (—t,t). The nice
property of this decomposition is that we can view the GFF X; on T; as a GFF on C,
whose odd part is a GFF with zero (Dirichlet) boundary conditions and whose even part is
a GFF with free (Neumann) boundary conditions (see [Berl6, Section 5.1] for a discussion
of this decomposition).

Let us now introduce the radial/angular decomposition of fields [DMS14, KRV20],
which is based on the orthogonal decomposition HZ(C,) = Hy™(C,) @ Hy*(C,) (for all
t € (0,00]) where

Hy"(C) = {f € HL(C,), f(s,-) is constant on S! for all s € (—t,t)}

L (2.22)
H0’ (Ct) = {f € H01<Ct)7 Vs € (_t7t) f(S,(g)dQ = O}
st

For a field X on Cu, we will write Xo(t) := 5= [o, X (¢,0)d0 for its mean on the circle
{t} x S* for all t € R. Viewed in the planar coordinates, Xy(#) is the mean value of X on
the circle of radius e~ about 0.

Now let X be a GFF on C, normalised such that X,(0) = 0. Then, from [DKRV17,

Lemmata 4.2-3], we can write X (¢,0) = B; + Y (¢,6) with B independent of Y and
1. By = Xo(t) has the law of a standard two-sided Brownian motion on R.
2. Y is a log-correlated field with covariance kernel

/
e tve
je—t+i0 — e—tFi0|"

H(t,0,t,60) :=E[Y(t,0)Y(t,0)] = log

(2.23)

For a GFF X; on Ty, the radial part is given by the sum of the radial parts of X and
XN, Hence (\/535)0389 is the independent sum of a Brownian bridge and a standard

Brownian motion with its mean subtracted.

2.2.2 Gaussian Multiplicative Chaos

Recall that a GFF X (on Cy or T;) is only defined as a distribution, so the exponential term
e’ is ill-defined a priori. However it is possible to make sense of the measure e?X % dsdf
using a regularising procedure based on Kahane’s theory of Gaussian Multiplicative Chaos
(GMC) (see [Berl7, RV14] for more detailed reviews). We use the regularisation called
the circle average: let X.(x) be a jointly continuous version of the average of the field
on the circle of (Euclidean) radius ¢ about x € M [Berl6, Section 2]. From [DKRVI6,
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Proposition 2.6] and [DRV 16, Proposition 3.8], the sequence of measures
dM?(x) := X @) =g PEX:(2)7] g (2.24)

converges in probability as ¢ — 0 (in the sense of weak convergence of measures) to an
almost surely non-trivial measure dM” with no atoms, for all v € (0,2). Moreover, the
result of [Ber17, Theorem 1.1] together with universality of the limit (see the discussion in
[Ber16] after Theorem 2.1) shows that M2(D) — M?(D) in L' as e — 0 for all Borel set
D.

An important tool in GMC is Kahane’s convexity inequality, which we will use in form
of Theorem 2.2.1 below. In this form, this theorem is a consequence of [RV 14, Theorem
2.1] (see the discussion after Theorem 2.3 of [RV14]).

Theorem 2.2.1. [RV1/, Theorem 2.1] Let X and Y be two continuous Gaussian fields
on D C C such that for all x,y € D

E[X (2)X(y)] < E[Y (2)Y (y)].

Then for all convexr function F': Ry — R with at most polynomial growth at infinity,

E { P ( / 6vx<x>—f1€[x<z>21dx)] <E { P ( / ewY(z)—ﬁﬁ[Y<z>2}dx)] _
D D

In practice, we can apply this result to the GMC measures of log-correlated fields (like
the GFF) using the regularising procedure. Suppose X, Y are log-correlated fields with
|E[X ()X (y) — E[Y (2)Y (y)]| < e for all z,y, and write M7, N7 for their respective chaos

measure. In particular we have
E[X(2)X(y)] < E[Y (2)Y(y)] +e.

Notice that the field Z(z) = Y (z) 4+ /20 — with 6 ~ N(0,1) independent of everything —
has covariance kernel E[Y ()Y (y)] 4+ €. The argument of [RV14] in the discussion following

Theorem 2.3 shows that we can apply Kahane’s inequality in the limit, and we get:
E[M"(D)™"] < E[e ™"V NY(D)™"] = 27" **E[N"(D)"].

By symmetry of the roles of X and Y, the converse inequality is also true, so that in the
end

E[M™(D)™"] = E[NT(D)™"](1 4 Oc0(€))-
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2.2.3 Derivation of the correlation function

Using the GFF and GMC, we give a short derivation of the correlation function (V,(0)) i
on the torus. In [DRV16], this object is constructed so as to satisfy some invarianc;
properties, e.g. the Weyl anomaly (Theorem 4.1) and modular invariance (Theorem 4.6).
Hence, as in [KRV20, Section 2.2], we suppose that we have fixed the geometric setting
described above (Green’s function Gy, representative of the modulus 7 = ;—t) and take the
invariance properties as part of the definition.

We renormalise the vertex operator V,(0) by setting

Ve (0) 1= ¢oXeO— S EXO7] (2.25)

)

Applying Girsanov’s theorem, then taking ¢ — 0 and making the change of variables

u = €7¢ we can set:

(Vo (O)) e = im 2( )~ 172)p(2

™ e—0 T T

t it
= 2(_)—1/2'77(%)‘—2/RGQCE |:exp(_lue’YC/T e’YozGt(O,~)dM’Y):| de

T
t (f o) |
oG 0q1)
Ty

Remark 4. At first glance, our choices of renormalisation in (2.24) and (2.25) may seem
2 2

)‘72 ““F, eaXs(U)f%QE[XE(O)Q] ex (_ ’ycM'y(T )) d
. p{—nue t c

_ it 9 _1 _« (6]
=2(=)"* ()| Py O T(D)E
s s 0%

(2.26)

different than the ones in [DRV16] where the renormalisation factors are ez and %
respectively. However, notice that for the lateral noise Y on the infinite cylinder C.,, we
have E[Y?(x)] = log 1 + o(1) with o(1) uniform, so we get the same limit by Kahane’s
inequality. Moreover, our parametrisation is made precisely to have the Green function
for the lateral noise Y; on T, converging in a suitable sense to that of Y as t — oo (see
Section 2.3.2 and in particular (2.42)).

2.3 Proofs

2.3.1 Proof of Proposition 2.1.3

We will start by showing in Section 2.3.1.1 that ¢(V(0)V,(1)Vp(00)): has a limit ¢ — oo
and find its expression in terms of the derivative DOZZ formula in Section 2.3.1.2. Section

2.3.1.3 gives a heuristic explanation for this limit.
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2.3.1.1 Background and notations

Let g(z) = |2|1* be the crépe metric on C. Under the conformal change of coordinates
¥ : Coo — C defined by ¥(2) = —log 2, we get the metric g,(¢,0) = e~2% on the infinite
cylinder.

Let X(t,0) = B; + Y (t,0) be a GFF on Cy. By conformal covariance [GRV19,
Equation (3.13)], taking the chaos of X with respect to g, is the same as taking the chaos
of X(t,0)— Q|t| with respect to Lebesgue measure. Equivalently, this is the same as taking
the radial part of the GFF to be the drifted Brownian motion B; — Q|t|. Notice that the
angular part is unchanged in this process and we write d/N7 for the GMC measure of Y.
We will be interested in the negative moments of GMC. To this end, for all t < t/, we

introduce the random variable

Ziy(N) = / VBt A=Q)lsl+aG(0:s4i0) g N Y (5 ), (2.27)
’ [t,#/] xS

where r > 0 is fixed throughout the proof and recall G(-,-) is Green’s function on C,,. For
notational convenience, we also define Z;(\) := Z_;(\).

We can see in the expression of Z;(\) that the Brownian motion has a drift that
makes the chaos measure integrable when |t| — oco. The value of the drift is precisely
linked to the strength of the singularity and in vanishes when \ = @), causing the mass
to explode and the negative moments to vanish, so we have Z,.(Q) := tlLI?OZt(Q) = 00
a.s., and }LTOE[Zt(@)_T] = 0 [DKRV16, Theorem 3.2]. On the other hand, Z;(\) converges
a.s. to a positive, finite random variable Z(A) for all A € (Q — 5,@Q), and all negative
moments of Z.(\) are positive and finite. Furthermore, the DOZZ formula states that for

all A € (Q —5,Q), we have

27
(N, \) =297 5T (%) E [Zoo()\)’%] .

The rate at which the negative moments of Z;(Q)) vanish with ¢ was studied in [DKRV17]
where it was shown that tE[Z;(Q) "] has a non-trivial limit as ¢t — oo (Theorem 2.1 with
k=2 and t = log %) Let us briefly recall what the strategy was, as we will need some
ingredients from the proof. What we state from here to equation (2.36) is the idea of the
proof of Proposition 3.1 of [DKRV17]. For b,t > 0, define the event

Apy = { sup B, < b} ) (2.28)

—t<s<t
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By independence of the Brownian motions (B;);>o and (B_;)¢>0, we have

b/VE e‘é 2
P(Ay;) = (2/0 mdm) —=: f(b/V1)?, (2.29)

with the elementary estimates f(z) — 1 as x — oo and

f(z) ~ \/gx as x — 0. (2.30)

The law of (b — B;)_t<s<: converges as t — oo to a two-sided, 3-dimensional Bessel
process on R taking the value b at t = 0 [DKRV17, Lemma 4.5] and the independence of
the left and right processes). Hence the limiting process (Bj)ser goes to —oo as |s| — oo
at scale roughly —\/H :

Let P, be the law of the GFF on C,, where the radial part is replaced by b minus a
2-sided, 3-dimensional Bessel process taking the value b at t = 0. Under P,, Z.(Q) is a.s.
a non-trivial random variable, and Ey[Z(Q)] < oo [DKRV17, Equations (5.5) and (5.6)].
Furthermore the authors show that E, [Z.,(Q)~"] € (0,00) and its value is characterised
by [DKRV17, Proposition 3.1]:

lim(E [Z,(Q)"] = lim lim tE[Z,(Q) " 14,,]

t—o0 t—o00b—00

= lim limtf(b/Vt)’E [Zt(Q)_T‘ Ay

t—oob—00

= lim tlimtf(b/\/g)zE [Z,(Q)7"| Avy]

b—oot—00

(2.31)

:ghmﬁEﬂZAqu.

T b—oo

The exchange of limits in b and in ¢ is justified by the uniform convergence in b with
respect to t. In the last line, the limit in b can be shown to be finite using estimates on

hitting probabilities of Bessel processes.

2.3.1.2 Characterisation of the limit

We now turn to the study of the behaviour of E[Z,,(A)™"] as A — Q. From the independence
of the left and right radial processes, it suffices to study the one-sided problem and show
that % has a limit as A — @ and that this limit coincides with bli_>1r£1o bEy[Zo - (Q) "]

Let A € (Q — §,Q). By the Williams path decomposition (see e.g. [KRV20, Lemma

2.6]), we can sample a Brownian motion in R, with drift A — @ < 0 as follows:

1. Sample an exponential random variable M ~ Exp(2(Q — A)) (this is the supremum

of the process).
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2. Conditionally on M, run an independent Brownian motion with drift ¢ — A > 0
until its hitting time T}, of b.

3. Conditionally on T}, run an independent Brownian motion in [T}, co) with drift

A — @ < 0 started from b and conditioned to stay below b.

By definition, what is meant by Brownian motion with drift ¥ > 0 conditioned to stay
positive is the process with generator %% + veot(va)L [KRV20, Section 12.4]. In the
%% + %% of the 3d Bessel process. Thus, on the event

that M = b, the Williams path decomposition converges in law as A — () to the joining of

limit ¥ — 0, we get the generator

a Brownian motion run until its hitting time of b and a Brownian motion conditioned to
stay below b (i.e. b minus a 3d Bessel process). Thus, Williams’ path decomposition gives
a way to make sense of conditioning on the value of the supremum of the radial process,

and we can write for all » > 0,

E [Z0.00(A) "]

200 — \) = /OOOE [Z07OO()\)*7“\M — b] e26(0=Q) gp,

As already seen in Section 2.3.1.1, the properties of the Bessel process imply that, for all

b>0,E[Z)(Q)"|M =] := /\lir%E[Zovoo()\)_ﬂM = b] exists and is positive. Furthermore,
_>

the positivity of the GMC measure implies

E [Zooo(N) "M =b] <E[Z

Tb—1,Tb

AT IM =b] <eVE [Z,, ()M = 1],
(2.32)
where we wrote 7, for the hitting time of x by the drifted process, and used the Markov
property and the stationarity of the lateral noise. From [DKRV17, Lemma 4.4], we know
that E[Zy ., (Q)™"|M = b] < co. Actually, this lemma also holds in the case A < @) since it
relies on an estimate of P(7; < t) as ¢ — 0 which gives the same result in the drifted case.
This implies that E [Z o(A)""|M = b] decays exponentially fast as b — co. By stochastic
domination [KRV20, Section 9.2], E[Z) o (A)™"|M = b] is also decreasing in A for all b. It

then follows from the dominated convergence theorem that

o E 7o)

tim =0 B (20 (@M = 8] 2.5

To conclude, we must show that this limit coincides with blggo bEy[Zoo(Q)7"]. Under Py,
(b — By)s>0 is a 3d-Bessel process started from b, so (b — B,)~! is a positive continuous
local martingale a.s. converging to 0 as s — oco. Applying the optional stopping theorem,
we find that Py(o, < co) = 7 for all z € (0,b), where o, is the first hitting time of z by
(b — Bs)s>o (this is the well-known fact that the infimum of a Bessel process started from

b > 0 is uniformly distributed in (0,b), see also [MY16, Exercise 2.5] for a more general
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setting). It follows that under P,, M = supB; is uniformly distributed in [0, b]. Hence
s>0

b
lim OB [Zo.oo(Q) 7] = lim [ By [Zo0o(Q)7|M = ] df
0

b—o0 b—o0

o (2.34)
- / E [Zo00(Q) "M = 0] db.

Thus we find the same limit as in (2.33). Now we go back to the two-sided setting.
Since the left and right radial processes are i.i.d. Brownian motions, we can apply the

above conditioning to each one of these processes independently, and putting together
(2.31), (2.33) and (2.34) yields:

B[Nt ,
lim = o e = ImSE[Z2(Q)7].

Plugging this into the expression for the correlation function yields

™. 1 -« « .. _r
2l VOV (Ve (ool = 27T () tim i 2]

2t%oo
e (@) ElZee(M)7
= v — _— 2
nr (S e e
1. Cy(N\a,N)
SRR
[

2.3.1.3 Heuristic interpretation of the limit

For the record, we give a heuristic interpretation of the result of Proposition 2.1.3. Using
the expression of the Radon-Nikodym derivative of the Bessel process with respect to

Brownian motion, one can rewrite (2.31) as

lim¢E [Z,"] = 2 imE [B.B_Z; "] (2.36)

t—o0 T t—o0

and we define the (renormalised) correlation function to be

_a 07 . —r
BVo(0)V, (1) Vg(oo))s2 := 2yt T (;> lim E [B.B_,Z,"] . (2.37)
We have seen that this correlation function can be expressed using the derivative
of DOZZ formula at the critical point oy = a3 = ). The usual interpretation of
R(Vo(0)V,(1)Vg(00))s2 is that of a derivative operator. Indeed, the value of B, in equation
(2.37) is the average of the field on the circle of radius e™* about 0, so it is formally X (0)
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in the limit ¢+ — oo. Still on the formal level, we have the interpretation

(Vo (0)Va(1)Vg(00)) = (X(0)Vo(0)Va(1)X (00) Vg (00))se

d

2.38
_ <%VA(O)|A:QVa(1)ﬁVA<OO)A:Q> (2.38)

SQ

This explains why we could expect #(V(0)V,(1)Vg(00))s2 to be expressed in terms of
the (second) derivative of DOZZ formula at the critical point.

2.3.2 Proof of Proposition 2.1.4

The second item in the proof of Theorem 2.1.1 is the equivalent asymptotic behaviour of
(Va(0)) i and (V(0)V,(1)Vg(00)):. This will follow from comparisons between Green’s

function on the infinite cylinder and the torus.

Lemma 2.3.1. Let X; be a GFF on the torus T; (embedded into C;) with the normalisation
Jo1 X:(0,0)d0 = 0. Then we can write X,(s,0) = By(s) + Yy(s,0) with B, independent of
Y, and

1. For all s € (—t,t), By(s) = Be(\S\)Jrsi\g/g(s)BD(‘sl) where (B°(s))o<s<t s standard Brown-

ian bridge and (B°(s))o<s<t 1S an independent standard Brownian motion.

2.'Y; is a log-correlated Gaussian field with covariance kernel (recall equation (2.23))

Hy(s,0,5,0) = ZH(S,H, s+ 2nt,0). (2.39)

neEL

Proof. With the choice of normalisation of the Lemma, we can sample X; simply by setting
X, = X, — fsl X;(0,0)dO where X, is a GFF on T, with vanishing mean on T;. From
Section 2.2.1, the radial part of X, on (0,t) x S! is w where (B°(s))o<s<t 1s a
standard Brownian bridge and B¢(s) is an independent Brownian motion whose mean has
been subtracted. The normalisation of X, is simply translating B° along the y axis such
that BY(0) = 0, so the radial part is the claimed one.

Now we deal with the angular part X;. From equation (2.23), we have for all s € (—t, 1),
6 eStandneZ)\ {0}

—2|n|t>

H(0,0, s+ 2nt,0) = log = Ojpj-oo(e

Y

1 — e lst2nlt=i0)|

implying that the series (2.39) converges absolutely on compact subsets of C; \ {(s,0)} for
all (s,0) € C; (we used the translation invariance of H). In particular, H(s,6,-,) defines

a function on T;.
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For all (s,0) € Cy, the function (s',0") — >, o H(s,0,s" + 2nt, ') defined on C; is an
absolutely convergent sum of harmonic functions on C; (with respect to the Laplacian on
Cx), and the second derivatives also converge absolutely. Hence the function is harmonic
on C;. Note also that H,(s,0,-,-) is a sum of angular functions, so it is also angular. Let
¢ € C®(Ty) be an angular function. We can view ¢ as a 2t-periodic function on C,, and
we have (—5=AHy(s,0,-,-),0) = (52AH(s,0,-,-),0) = ¢(s,0). So by definition H, is the

angular part of Green’s function on T;. n

Proof of Proposition 2.1./. Let us introduce some notation. Fix § > 0 and write

7, = / ev(B(s)+aG(Oﬁs+i0))de(57 0) = U + &, (2.40)
Ct

where
Ut _ / efy(B(s)JrozG(O,eriO))CUV'y<S7 (9)
Co-s (2.41)
& _ / ey(B(s)-l—ozG(O,s-i—i@))d]\/w(S7 9)
(—t,—t1=9)u(tr =9 t) xSt

We define also
7, = / B+ G 0.55i0) I\ (5 6) = T, + &,
Ty

where U, and Et are defined similarly (here dN," is the GMC measure of the field Y;). The
term U, is the core of the mass while gt is some error term that we have to control. We
will see that (Z behaves exactly as U; as t — oo.

It follows from Lemma 2.3.1 that for all z,y € Cj1-s

|Hi(z,y) — H(z,y)| = Z H(z,y + 2nt)| < Ce™ (2.42)

n#0

for some constant C' > 0 independent of t.
Let b > 0 and define the event

gb,t = { sup By(s) < b} .

—t<s<t

By Brownian scaling, there exists a function g : Ry — [0, 1] such that P <gb7t> = g(b/V1).

It is clear that lim g(z) = 1 and we will show in Lemma 2.3.2 (at the end of this section)
T—r00

~ B2
that g(xN) R
On A, 4, the process (b— B:(s))o<s<t is absolutely continuous with respect to a 3d-Bessel

process started from b. Hence there exists v > 0 such that the event

{VS € (t1767t> U (_ta _tli(S)? Bt(s) < _t1/2ill}
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occurs with high probability as t — oo, implying that Et — 0 in probability conditionally

on Zb,t as t — oo. Similarly, & — 0 in probability as ¢ — oo when conditioned on A ;.
From the previous subsection we know that Z; conditioned on A;, has a non-trivial

limit Z, as t — oo, and the negative moments of Z,, are finite. Now for each € > 0, we

have

E[U; " Avs] > E[Z; | Ave] = E[(Ur + €) L, <c| Avyl, (2.43)

and taking first £ — oo then ¢ — 0 yields
(U, 7|4y, = BmE[Z,7] 4]

We now turn to the study of U,. Let & be the Radon-Nikodym derivative of the
law of the process (B(s))_y1-s<s<p1-s (conditioned on Ayy) with respect to that of the
process (B(s))_n-s<s<p-s (conditioned on A;;). From Lemma 2.3.1, this is the Radon-
Nikodym derivative of the Brownian bridge B° in [0,t] stopped at t'~° with respect

to Brownian motion in [0,#'7%]. From [MY16, Exercise 9.4], this is explicitly given by
(B01—6>2
(1-— t*‘s)*l/Qef?(tt—tl“;), so & — 1 a.s. and in L'. Thus:

([ e g o g
Ci-s
— E[£0,7 4] (1 +0(e™)),

E |:[7t7T|Avb,t:| =E Ab,t

(2.44)

where we have used the estimate (2.42) and Kahane’s convexity inequality (Section 2.2.2)
to go from Y; (resp. G4(0,-)) to Y (resp. G(0,-)). Hence

LmE[U; " |Ay,] = UmE[U; | Apy).
t—o0 t—o0

Since Et — 0 in probability conditionally on gb,t, we find using the same argument as
in (2.43)

HmB(Z;|As) = (DA = BB} Ay = BmB(Z7 4] (245)

Finally, we want to take the limit b — oo in the above equation and then exchange
the order of the limits. This is the argument of [DKRV17] leading to (2.31) but we
briefly recall it for completeness. Recall that E[Z;"|supy<,«; Bs = 2] = ¢ x O(1)
as © — oo, where O(1) is independent of ¢ > 0. This is because factorising out the

—bxr

maximum gives a contribution e on this event (see also (2.32)). Moreover, the law of

SUPg<,<; Bs conditionally on {supy<,; Bs < b} is absolutely continuous with respect to

M (the uniform measure on (0,b)), and the density is uniformly bounded in ¢ > 0.
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Thus, the convergence of b*E[Z; "| Ay 4] as b — oo is exponentially fast, with a rate O(e=7"")

independent of ¢ > 0. This uniform convergence enables to exchange limits, and with

the estimate (2.30) we find blim tlim VE[Z, 7| Apy] = gtlim tE[Z,"]. The same argument
—00L—> 00 —00

applies to Z, and Lemma 2.3.2 then entails:

lim “4E[Z;"] = lim b lim E [Z—qﬁb,t]

t—o00 b—oo t—oo

lim b° im E [Z,"| Ap]

b—oo t—oo

= lim Z4E [2;7],

t—o0

(2.46)

Le. m(E |Z,7| = $lim (K [7;7].

t—o00 2t—>oo

We conclude this section by stating and proving Lemma 2.3.2.
Lemma 2.3.2. Let (B;)_1<i<1 be a standard 2-sided Brownian motion. Then

3
B1 = B_l) ~ —{E27

x—0 77

JP’( sup By <z

—1<t<1

where we abuse notation by writing P( - |B; = B_1) = lirr(l)IP( | |B1 — B_1] < ¢).
e—

Proof. For £ > 0 we have

IP’( sup By <z

—1<t<1

|Bl — B_1| < 8)

P (]Bl — B 4| <e| sup By <z
—1<t<1

=P B; <
(p ) P(|B,— B <)

We have the basic estimate

) (2.47)

2
e * €
P(|Bl—B_1’ <€) 230 26/]1{ o dr = ﬁ

Now we need to estimate the same probability when conditioned on { sup By < x}
—1<t<1

On this event, the process (z — B;)_1<i<1 has the law of a two-sided Bessel process started
from x. At time 1, the density of this Bessel process is the density of ((z+X)2+Y?2+ 22))/2
where (X,Y,Z) are i.i.d. normal random variables. Let f,(-) be the density function

2
of this random variable. It is straightforward to check that fo(r) = 1/2r%e¢~ 2 1,50 and

> 2 [ > 3
Qd — _/ 4 —r dr = ——
/0 fo(r)=dr =) rie” " dr NG

furthermore
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Now we have the following bounds on f, (recall z > 0)

2 (r+a)2 2 (r—a)2
\/;“26_ > < folr) < \/;“26_ z
T v

/ Fulr m:-——+%a)

From here a straightforward computation shows

so that

P(|B;—B_{|<el| sup B; <=z 00
lim (’ S )fo PPl )= 3 4 o)
=0 P(|Byr — B-1] <) el 2 T

Hence recalling (2.47):

IP’( sup By <z

—1<t<1

B, = B_l) = limP ( sup B; < «x

e—0 71§t§1 z—0 77

3
|B1 — B_1| < 6) ~ —ZE2.

]

Let us see how the Lemma is useful. Let (B;)_1<t<1 be standard two-sided Brownian

motion. Then the even part B} := % and the odd part By := \/5 L are independent

Brownian motions, and |B; — B_;| = v/2|B¢|. So conditioning on the event B, =

B_; is conditioning on By = B?,, i.e. taking the odd part to be a Brownian bridge.
Hence if §_1St§1 is the radial part of the GFF on T;, we have IP’( sup Et < x) =

—1<t<1

IP’( sup By <z

—1<t<1

B, = B_1>. The general case follows by Brownian scaling.

2.A The DOZZ formula

The DOZZ formula is the expression of the 3-point correlation function on the sphere
(Vo (0) V4, (1)V,, (00))s2. The formula reads

nE T\
Ov<a1,a2aa3>=(”“<§> m)
T4 (0)T3 (1) Y3 (a2) T3 ()
59) Ty (5 — ) Ty (5 —a2) Ty (5 — )’

(2.48)
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where @ = a1 + s + a3 and T% is Zamolodchikov’s special function. It has the following
integral representation for Rez € (0, Q)

00 2 in2 Q
logT;(z):/O (9_2> et_shSQ )2) ) at

and it extends holomorphically to C.
It satisfies the functional relation T3 (Q — 2z) = T1(z) and it has a simple zero at 0 if
72 € R\ Q°. Thus it also has a simple zero at @ and T4 (Q) = —T%(0) # 0.

Of great importance in this paper is the derivative DOZZ formula at the critical point
a1 = (Q = a3 which has the expression

o 2 > 5L (0374 (a
R0 (3T ) B

2.B Conical singularities

A=0
0<A<Q > .
1
A=Q | | |
o " ‘V ‘v 0
- / e

Figure 2.3: Conic degeneration under the insertion of the vertex operators V) (0) and V) (o0).
Top: For A = 0, we have the crépe metric, i.e. two disks glued together. Middle: For 0 < A < Q,
we have two Fuclidean cones glued together. Bottom: For A = @), the angle of the cones is 0, so
we get a bi-infinite cylinder. The limit A — @ is the setting of the proof of Proposition 2.1.3

5This is not really a restriction since the theory is continuous in ~y
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We study the effect of a change of measure with respect to the Liouville field. Let X be
a GFF on §* with some background metric g and dM, be the associated chaos measure
(regularised in g). Let w € H} be a function such that e3% € L}(dM7). Let § 1= e¥g
and al]\/%y be the chaos of X regularised in g. Then for all » > 0, applying successively

Girsanov’s theorem and conformal covariance, we find

(/ eygg“’dMg”>
SQ

In particular, the vertex operator which is formally written V,(z) = e

E e(X,§w>v—%llw%Mv<g2)—r] —E =K [Mg(SQ)"’] . (2.49)

aX(2)~SEX(2)? ig g
special case of the previous setting with w = %‘)‘G’ (z,+). Hence, after regularising, we find
that adding a vertex operator is the same as conformally multiplying the metric and set

§=e9%)g ie. the new metric satisfies log g(z + h) = =% log |h| + Ox(1) so0 it has a
conical singularity of order /@ at z.

Another way to see this is to look at the curvature, which reads in the distributional

20 4oy 1
K= 6CE) (g T (s 2
7= ( 70 ( Vol,(89) ) )

where Vol,(S?) is the volume of the sphere in the metric g. Thus the metric has an atom

sense

of curvature at z, meaning it has a conical singularity.

If = @, the singularity is no longer integrable, so the volume is infinite and the
surface has a semi-infinite cylinder. Loosely, we will refer to this situation as a cusp, even
though the hyperbolic cusp has finite volume because of the extra log-correction in the
metric:

1
logg(z + h) = —2log |h| — 2log log Tl +O(1).

The reason for this abuse of terminology is that we are interested in GMC measure. Indeed,
suppose z = 0 in the sphere coordinates. By conformal covariance, if we use the cylinder
coordinates, the log-correction term is the same as shifting the radial part of the GFF from

the Brownian motion (By)s>o to (Bs — Qlog(1 + s))s>0. Up to time ¢, this corresponds

2
QL =5 o s i
+e (1+92 ™ which

to a change of measure given by the exponential martingale e

1
(1+t¢)2

with respect to the old one, meaning that GMC does not make a difference between a

is uniformly integrable since fooo dt < o00. So the new field is absolutely continuous

Euclidean cylinder and a hyperbolic cusp.

6We work on the sphere for concreteness but this argument is valid on any compact Riemann surface.
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Chapter 3
Four-point function in genus 0

This chapter is adapted from [BW18].

We continue our study of asymptotic behaviour of correlation functions of LCFT in
the different context of colliding insertion points. We compute fusion estimates for the
four-point correlation function on the Riemann sphere, and find that it is consistent with
predictions from the framework of theoretical physics known as the conformal bootstrap.
This result fits naturally into the famous KPZ conjecture [KPZ88] which relates the
four-point function to the expected density of points around the root of a large random
planar map weighted by some statistical mechanics model.

From a purely probabilistic point of view, we give non-trivial results on negative
moments of GMC. We give exact formulae based on the DOZZ formula in the Liouville
case and asymptotic behaviours in the other cases, with a probabilistic representation of
the limit.

Finally, we show how to extend our results to boundary LCF'T, treating the cases of
the fusion of two boundary or bulk insertions as well as the absorption of a bulk insertion

on the boundary.

3.1 Introduction

3.1.1 Path integral

The Liouville action on the Riemann sphere S22 C = C U {oo} is the action functional

St : ¥ — R (where ¥ is some function space to be determined) defined by!

1
C 4r

Su(X) /S (IVXP + dmpe g )2 (3.1)

1Usually the Liouville action has also a curvature term, which we have omitted here for simplicity.
This will not play an important role since we will consider metrics whose curvature concentrates on the
unit circle.
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where g(2) = |2|7* := (|2] V 1)7* is the background metric, v € (0,2) is the parameter
of the theory, and p > 0 is the cosmological constant (whose value is irrelevant in this
paper). Another important parameter is the so-called background charge which is defined
by Q = 3 + % From here, Liouville Conformal Field Theory (LCFT) is the “Gibbs

measure” associated to Sy, which is formally defined in the physics literature by
(F) := / F(X)e t™Dx (3.2)

for all continuous functional ' on 3. Here DX stands for “Lebesgue measure” on C*(S?),
which of course does not make sense mathematically. Nonetheless, it is possible to define
(3.2) in a rigorous framework using the Gaussian Free Field (GFF) and Kahane’s theory
of Gaussian Multiplicative Chaos (GMC) — see [DKRV16] and sections 3.2.1 and 3.2.2
of this paper. Roughly speaking, the GFF X on S? is the Gaussian field corresponding
to the “Gaussian measure” e~ /2 VX’ DX We will write P for its probability measure
and E for the associated expectation. The GFF lives P-a.s. in the topological dual
of the Sobolev space H'(S?, g) and is therefore defined as a distribution (in the sense
of Schwartz). In this context, GMC is the random measure M” on S? defined for all
v € (0,2) and making sense of the exponential of the GFF (which is a priori ill-defined).
This can be constructed through a regularisation of the field and we will loosely write
dM7(z) = e”X(z)’éE[X(Z)Z}g(z)dQZ to refer to the limiting measure, even though X is only
defined as a distribution.

The main observables in LCFT are the vertez operators V(z) := e®X(?)

, giving rise to
the correlation functions, which can be thought of as the Laplace transform of the field

defined by the measure (3.2):

< [T Vet zz> /Heal () e=SLX) DX (3.3)

On the sphere, these are defined for all pairwise disjoint insertions (z1, ..., z,) € CN and

Liouville momenta (ay, ..., ay,) € RY satisfying the Seiberg bounds

N
o Q;
=) ——2>0 Vi, — <1 (3.4)
2.0 G
In particular, this implies that the correlation function exists only if N > 3.
For fixed 2y € ((Af, the vertex operator V,,(zp) has a geometric interpretation, as it inserts
a conical singularity of order a/@ at 2z in the physical metric ([Sei90, HMW11], Appendix
2.B). Thus the second Seiberg bound is there to make the singularity integrable around

2. On the other hand by Gauss-Bonnet theorem, the first bound is equivalent to asking

78



that the surface S? \ {21, ..., 2y} with conical singularities of order a;/Q at z; has negative
total curvature.

The correlation functions satisfy some conformal covariance under Mobius transforma-
tion, namely if ¢ is such a map, then [DKRV16]

<ﬁvai<w<z > Hw (20722 <Hva >

where A; = A, = §(Q — %) is called the conformal dimension of V,,(-). This prop-
erty implies that the three-point correlation function ([T, Va,(2:)) is determined by
(Vi (0)Vay (1) 4y (00)) since there is a unique Mobius transformation sending (21, 22, 23) to
(0,1,00). The three-point correlation functions play a central role in the conformal boot-
strap approach to CFTs (see Section 3.1.2). For LCFT, they are given by the celebrated
DOZZ formula, a proof of which was given for the first time in [[KRV20], where the authors
rigorously implemented the method known as Teschner’s trick [Tes95] (see [DO94, ZZ96]
for the original derivation of the formula which uses a different approach).

We now turn to the four-point function. By conformal covariance, we can take the
insertions to be at (z1, 22, 23,24) = (0,2,1,00) with z € C \ {0,1,00} being the free
parameter. In this paper, we will take (ay, ag, ag, ay) satisfying the Seiberg bounds and
will be concerned about the behaviour of the four-point function as z — 0 (the other

fusions being easily deduced from conformal invariance). In the framework of [DIKRV16]

using the GFF and GMC, the four-point function has the following expression for |z| < 1:

_Qo
<H Vo, (2 > =2y 5T <@> 2|10 |1 — 2|72 (/ eVZ?ﬂo‘iG(zi“)dM’Y) ’ ]
g c

(3.5)
where G = G(-,-) is Green’s function on (S?,g). The main feature of (3.5) is that, up

to explicit factors, it is expressed using negative moments of GMC. One of our main
results (Theorem 3.1.1) gives the exact asymptotic behaviour of (3.5) as z — 0 using the
integrability result of the DOZZ formula. Now the reader will notice that the negative
exponent in the definition of (3.5) depends on the «;’s, so the DOZZ formula does not give
integrability results for all moments of GMC but only for the one corresponding to the
Liouville correlation function. However, in our framework, we lose nothing in promoting
o to a free parameter, so we were able to find the asymptotic behaviour of all negative
moments (Theorems 3.1.2 and 3.1.3) but only in the Liouville case did we get an exact
expression for the limit. In this special case, we were able to confirm a prediction coming

from the bootstrap approach to LCFT, which we review now.
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3.1.2 Conformal bootstrap

So far, we have described LCFT as a measure u;, on D'(R x S!), the space of distributions
on the sphere viewed as the infinite cylinder R x S (think of the R axis as time). This
framework is usually referred to as Euclidean field theory in the mathematical physics
literature. If this measure satisfies some additional properties known as the Osterwalder-
Schrader axioms, a standard procedure enables to construct a Hilbert space H acted on by
a non-negative self-adjoint operator H. Roughly speaking, H is the space of functionals
F € L*(puz) which are measurable with respect to the values of the field in the positive
part of the cylinder R, x S!. The inner-product of F,G € H is given by (F,G) — (FOG),
where G is the time reflection of G. Finally, the Hamiltonian H is the generator of time
translations. We refer the reader to Chapter 6 of [GJ81] for a more detailed presentation
of this procedure.

In the case of LCFT, this construction was carried out in [Kup16]. Hence, we may view
the correlation function (3.5) as the inner-product in ‘H of the functionals V,, (0)V,,(2)
and (the reflection of) V,,(1)V,,(c0), provided that these functionals belong to H. Thus,
a simple way to express this inner-product would be to diagonalise H and decompose it
onto a basis of eigenstates. The difficulty of Liouville theory is that, based on the free field
case (u = 0) where one can actually solve the model [[Kup16], the spectrum is expected to
a generalised sense: they are expected to be the vertex operators (Voi.p)per. Notice that

be purely absolutely continuous o(H) = [%-, c0), and the eigenstates should exist only in
these are not a priori well-defined in the probabilistic setting since vertex operators are
naturally defined inside the Seiberg bounds.

In quantum field theory, the Hilbert space H must carry a representation of the
symmetry algebra: the Virasoro algebra for a conformal field theory. This assumption
was the starting point of the founding paper [BPZ84], where the authors argued that
correlation functions of a CFT satisfy an infinite hierarchy of identities known as the
conformal Ward identities. This strong constraint enabled them to “solve” the so-called
minimal models (where the spectrum is discrete), followed later on by Liouville theory
(see [Rib14] for an account). Although the representation theory of the Virasoro algebra is
well-understood mathematically, the lack of rigour here is that it is not known if the actual
Liouville theory (coming from the quantisation of the Liouville action and introduced in
the previous subsection) does indeed form a representation of this algebraic structure.
Proving this fact in full generality is still a challenge for mathematicians. In any case,

this putative algebraic structure led to the following prediction for the expression of (3.5),
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known as the conformal bootstrap equation?:

(Vi (0)Vas () Vi (Vi (0)) = [P 5070
(3.6)

X / |z]PTC’7(a1, az, Q —iP)C,(Q + iP, as, a4)|.7-"37§§34(z)\2d]3

2
where (ZQT*A“A” 13

25 (+)) per are called the four-point conformal block and form a basis
of solutions for the conformal Ward identities. F7'53** is expected to be holomorphic in
z € D (with F73*(0) = 1) and universal in the sense that it depends only on v, P, a1, g, a3
and ay.

Let us stress again that formula (3.6) is far from having a mathematical justification.
A first step towards the validity of the bootstrap programme was made with the proof
of the DOZZ formula for the three-point correlation function [KRV19, KRV20]. At this
stage, we are still far from having a probabilistic interpretation of formula (3.6) because
the eigenstates and the conformal blocks are not properly understood in the path integral
approach. However, the fusion estimates of this paper will show that (3.6) is valid in the
z — 0 limit.

There is a geometric interpretation of equation (3.6). Indeed, one can produce a
four-punctured sphere by gluing together two instances of the thrice-punctured sphere
along annuli neighbourhoods of one puncture (see Figure 2.2 and [TV 15] for details of
this procedure). The bootstrap equation is the CFT counterpart of this gluing procedure
since the integrand is a product of DOZZ formulae. We will see in Section 3.1.3 that the
factorisation becomes exact in the z — 0 limit. The problem of factorisation of surfaces is
an old one and was stressed by Seiberg [Sei90, p336] as the most important open problem
in Liouville CFT, at a time when the DOZZ formula was not yet known (nor even guessed).
This paper gives a partial answer to the problem since we will show rigorously that the
state factorises into two independent states as z — 0.

Finally, let us briefly comment on the place of this work within the existing literature.
The recent proof of the DOZZ formula [KRV20] made an extensive use of the BPZ equation,
a second order ODE satisfied by the correlation function z — (V_3(2)Va, (0)Va, (1) Vay(00)),
which was established in the earlier paper [[KRV19] and solved explicitly using hyperge-
ometric functions. The reason why such an equation was expected to hold in the first
place is that the representation of the Virasoro algebra associated to the field V_3 () is
expected to be degenerate, with a null vector at level two in the Verma module. This
drastically simplifies the fusion rule for the fields V_1(2)V4, (0), and using the interpreta-

tion of Virasoro generators as differential operators, this leads to the second order BPZ

2We add the superscript °® for “conformal bootstrap”, in order to differentiate it with the correlation
function given by the path integral.
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equation. In this paper on the contrary, we study the general form of the fusion rule, for
which the associated representation should not be degenerate in general, thus not leading
to a differential equation. To our knowledge, there is no rigorous construction of represen-
tations of the Virasoro algebra in Liouville CFT yet, but there are works addressing the
question and exploiting null vectors in the context of boundary CFT. For instance, it was
shown in [Dub15] that SLE partitions functions can be constructed from highest-weight
representations of the Virasoro algebra. In general, some BPZ and Ward-type identities
appear in SLE related martingales as the condition making the drift term in It6’s formula
vanish [Fri04].

3.1.3 Main results

Let (o, ag, asz, ay) be satisfying the Seiberg bounds (3.4). In particular, this implies that
either a; + g > Q or az+ay > @ (or both), and we assume without loss of generality that
as + ay > Q. Notice that these conditions are equivalent to having the Seiberg bounds
being satisfied by (a1, as, Q) (with the exception of the ag = @) saturation).

Suppose for now that ay + as > Q. Then equation (3.6) is expected to hold, i.e. we

should have

8

1 2
(Vay (2)Vaay (0) Vi (1) Vi (00)) 0 = 2257 ~31=52)
P2 (3.7)
x/|z|zCy(al,ozz,Q—iP)Cv(Q+¢p7a37a4)| 12 (2)[2dP
R

At the geometrical level, we can produce a four-punctured sphere by gluing together
two copies of the thrice-punctured sphere (see Figure 2.2) by picking one puncture on each
sphere and identifying together annuli neighbourhoods of these punctures. The form of
equation (3.6) reveals this gluing construction: the four-point function is a factorisation of
three-point functions.

Assume o + ag > Q. Taking F7'%3* (2) = 1 uniformly as P — 0, making the change of
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variable P — P, /log |—i‘, equation (3.6) gives

_Q? c
8|2 XA A2 7TV, (2)Viay (0) Vi (1) Vi (00))

_ / 2% O, 09, Q — iP)CH(Q + i P, s, )| F23 (2) 2P
R

1 2
=—/e-’307 a1, 02, Q — i
1/logﬁ R log‘L

p 2 (3.8)
xCy | Q+1 = , (i3, Qg ]—";“234,3 (z)| dP
\/log Tl Ve

1 —-3/2 P2
(10g m) 8307(04170[2,69)8107(62,(137044) / PQQ_TdP

R

—3/2
=2r (log —> 3307(041, Qg Q)alc'y(Qa a3, 0uy)

Hence

’Z|2(QT2*A1*A2)

z—0 4‘ / 27T 10g3/2 —

1
||

(Ve (0) Vo (2) Ve (1) Vi, (Oo)>Cb

8307(%,ag,Q)é?le(Q,ozg,azl) (39)

There are two important features in this asymptotic behaviour
. —3/2 . . Q2
e There is a <10g ﬁ) term correcting the polynomial rate |z|2Cr—41742)

e The limit is expressed as a product of two derivative DOZZ formulae. Geometrically
speaking, this means that we are sewing two instances of the thrice-punctured
spheres, each one presenting a cusp at the a = @) singularity. The fact that we have

a product means that we have two “independent” surfaces.

In the case a1 + as = @, the computation of Appendix 2.A shows that:
]LiLI%)CW(al, g, Q — ZP)C»Y(Q + ZP, A3, 064) = _4810’Y(Q’ a3, 064) (310)

Going back to the bootstrap equation and noticing that 2(%2 — A — Ay) = —aae,

we can apply the same change of variables as in (3.8), and get in this case

2

(Vs (2)Vas (0)Vry ()Var (00)) ~v == 010 (Q, a5, 000) [ €™ T dP
oy flog 1 3 4/R (3.11)

1 |zfoa0e
—\/—Q—Wlongiale(Qa a3, 044)
|=|

—1x
|Z‘ 102
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a1+oz2>Q

ay (o7
Qy
ooy =Q 0
[€%:]
Q:
[e%) 3
Qy
o+ as < Q
oy + o
ag

Figure 3.1: The three different regimes depending on the sign of a1 + as — Q. Up: Case
a1+ az > Q. The surface on the left is a four-punctured sphere with conical singularities of order

( %, %, %, %) at (0,z,1,00). The limiting surface is a pair of thrice-punctured sphere: one with
singularities (7, & 1) at (0,1,00) (the singularity at oo is a cusp), the other with singularities

(1, %, %) at (0,1,00). Middle: Case a; + a3 = Q. The limiting surface is a thrice-punctured
sphere with singularities of order (1, %, %) at (0,1,00). Bottom: Case a1 + a2 < Q. The

limiting surface is a thrice-punctured sphere with singularities (%, TG at (0,1,00).

Again, let us notice two important features of this asymptotic behaviour

—1/2
e There is a <log ﬁ) correction term to be compared with the power —3/2 found

in the supercritical case oy + @ > @ in (3.8). This is explained by the fact that

there is only one cusp and one limiting surface (so no extra zero mode).

e The limit is expressed with only one derivative DOZZ block, to be compared with the
product found in (3.8). Intuitively, this means that in this critical case a; + s = @,

we see only one surface with two conical singularities and one cusp.

Finally we turn to the case aj + as < Q. In this case, equation (3.6) does not hold
in this form and there is a need for “discrete corrections” (see [BZ06, Section 8] for a
thorough discussion of the phenomenon). This is linked with the fact that the contour of
integration in (3.6) includes poles of the DOZZ formula, and the discrete corrections are

merely residues. In particular, the leading order as z — 0 is simply

<Va1(0)vozz(Z)Vag(l)va4<oo)>0b ~ |Z|_ala207(o‘l+0427a37044)

Z—00

so that the geometric interpretation is that the two singularities add up together. This
makes sense since (a; + g, a3, ay) satisfies the Seiberg bounds. In this last case, the
spectrum is “hidden” behind the discrete leading-order terms. In order to see the spectrum

in our probabilistic framework, one would need to push the asymptotic expansion further.
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It should be possible to do so using similar techniques as in [[KRV20, Section 6] but we

restrict ourselves to the leading order for now.

Theorem 3.1.1. Let (ay, oo, a3, ) satisfying the Seiberg bounds and such that o + ag >
Q. The asymptotic behaviour as z — 0 of (Vi (0)Vay, (2)Vas (1)Va, (00)) depends on the

sign of a1 + ag — Q and is described by the following three cases.

1. Supercritical case:

If ay + ag > Q, then

(Vs (0)Vay (2)Vay (1) Vs (00))

1 o2& i) (3.12)
z:O AN/ 27 1Og3/2 1 8307(0517 a2, Q)alc,y(Q, Qasg, Oé4>

|2l

2. Critical case:
If a1 +ag = Q, then

PR
VOV Vs WV 5, = AT O @) (313)

3. Subcritical case®:

If a1 + s < Q, then

(Vo (0) Vi, (2) Vi (1) Vi, (00)) o |2| 72O, (a1 + g, a3, g) (3.14)

The different regimes appearing in the statement of Theorem 3.1.1 have a natural
geometric explanation (see Figure 3.1 for an illustration of the phenomenon). First,
notice that the condition a3 + a4y — @) > 0 corresponds to having the Seiberg bounds
satisfied for (Q, ag, ), except that the first coefficient saturates the second bound. When
a1 + as < @, the two singularities add up and the limit is non-trivial. When a1 + as = @,
the second Seiberg bound is saturated and it is natural [DKRV17, Bavl9] to expect
the factor (log ﬁ)_l/QalCﬁ,(Q,ag,m) since the 0 order is trivial in this case. When
a1 + as — @ > 0, this also explains the factor (log ﬁ)_laga,(al,042,@)8107(@,043,044).
The extra (log é)*l/Q term has a more subtle origin. Since both (aq, as, Q) and (Q, as, )
satisfy the Seiberg bounds, we expect to see the two spheres split and form a disconnected
pair of surfaces in the limit. In this limit, the GFF should have two zero modes (given e.g.
by the mean on each independent surface). Roughly speaking, upon splitting, the mean

on the right surface conditioned on the mean on the total surface is a Gaussian random

3This was already proved in [KRV20, Section 6.1] and essentially follows from dominated convergence.
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variable with large variance which — when properly rescaled — produces the extra zero

mode. This rescaling explains the extra (log é)*l/ 2

term appearing in (3.12).

Theorem 3.1.1 can be equivalently reformulated in terms of GMC. Since our proof
does not depend on the particular choice of ( —%)—moment in the four-point correlation,
we may promote o to a free parameter and study fusion estimates for arbitrary negative
moments of GMC that could be of independent interest. We first record the decay rate in

the theorem below.

Theorem 3.1.2. Let k >0, v € (0,2) and (a1, a2, a3, oq) € RY be such that the Seiberg
bound is satisfied. Also let (21, 29, 23, 24) = (0, 2,1, 00) with z € C\ {0}. Then there exists

some constant E)(aq, ag, as, ay) > 0 such that

1 4 -k
lim ————F {M” <e”zj=1°‘jG(zj")> ] = El(on, az, a3, aq) (3.15)
2—0 I(;/’l-i-ozz (Z)
where the rate function 17" is given by
(
1 a—Q <0,
\/log ‘—i| a—Q =0,
o a—0)2 3/2
L) =1 (log ) a—Qe (0,m9),
(a=Q)°
A fog  a-Q=m
a—Q)2 ry—(a— 2
k‘Z|( 2@) _ (s (2 Q) CY—Q>/€’)/.

As mentioned in Section 3.1.1, LCFT gives an exact expression for EY (o, g, arg, ) in

4
M While this is not the case in general, we

terms of the DOZZ formula when x =
can still provide a probabilistic representation of the constant based on the radial/angular
decomposition of the GFF on the infinite cylinder (see Section 3.2.1). For this it is useful

to introduce the random functional

Foy oy, f(-)) = ew/ dM ()

g|>1 [z erte) | — e

n / =) =a1G(Le™ ") 1 (5 g) (3.16)
Rszo XSé

:/ 67((—U+Bs+(Q—a2)S)1{s§o}—f(S)l{szo}+a1G(176757i0))d]/\/f’Y(8’9)

oo

where (B_;)s>0 is a Brownian motion independent of the GMC AN 7(s,60) associated

with the lateral noise of GFF (see Lemma 3.2.1). We will also write (8%)s>0 to denote a
BES, (3)-process (see Definition 3.2.1).
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Theorem 3.1.3. Let a1 + as — Q > 0. The constant E)(aq, ag, as, ) in (3.15) has the

following probabilistic representations.

o [fa;+as—Q =0, then

Bi(anana0,00) = 2y 2B | (Favulr ) ] (3.17)

Ky V m

where T ~ Exp(k7y).

o [fa;+as—Q € (0,ky), then

1 B <Ot1+a2—Q K — a1+a2—Q> 5
Ez(Oél,OQ,OZg,OQl) - - i ! \/j
Y+ —Q)ky —(ta—Q)) V

M) _ojtag—@Q
v

« E (FQQ,QI(T,ET)) 7 ] (3.18)

(Fa3,a4 (7, ET)> e

where 7 ~ Exp(ky — (a1 + a2 — Q)), T ~ Exp(a1 + ap — Q) and B(z,y) = Fr(érac)ig%)

o [fay+ as —Q = kv, then

EX(au, s, a3, ug) = i\/%E {(Fam (T, BT))_H] . (3.19)

Ky
where T ~ Exp(k7y).

o Ifag 4+ as — Q) > Kk, then

Ez(ah G2, (i3, 054) =K |:(FOL2,O£1 (07 _B-_(al+a2_Q_ny)>) _Kj| (320)

where (B;<a1+a2_@_m))520 is a Brownian motion with negative drift —(aq +as—Q — K7).

Remark 5. When o + as — Q) > k7, we can easily rewrite (3.20) as

_1(k+1)2 -k
2T A ()
¢ Jz[tmleatan)|z — 1[res

which is very similar to the subcritical regime oy + ap — @ < 0 where

E;Z(aly Qg, (i3, 044) =E

—K

dM7(x)

E’Y(Oél Q9,03 Oé4) =E /
K 9 ) ’ C ‘w|’y(a1+a2)’$ . 1|7a3|x|i*72?:1 [e7]

can be obtained immediately by dominated convergence.
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3.1.4 Conjectured link with random planar maps

The result of Theorem 3.1.1 has an interesting counterpart in the world of 2d discretised
quantum gravity via the famous KPZ conjecture which was originally formulated in the
physics literature by Knizhnik, Polyakov and Zamolodchikov [KPZ88]. Roughly speaking,
the authors conjectured that, in some sense, LCFT should be the scaling limit of large
random planar maps weighted by some statistical mechanics model.

We start by recalling some facts about planar maps, using the setting of [Kupl6]
section 1 (see also [DKRV16] section 5.3). A planar map is a graph together with an
embedding into the sphere such that no two edges cross and viewed up to orientation
preserving homeomorphisms.

For concreteness, we will work with triangulations, meaning that all the faces in the
map are triangles. Let 73 be the set of planar triangulations with N faces and 3 extra
marked points (called roots). The combinatorics of Ty 3 is well known since the work of
Tutte [Tut63] and we have

#Twg = N7V2eel

NS
for some p. > 0. We mention that a wide class of planar maps fall into the same universality
class (e.g. 2p-angulations), meaning that they scale like N~'/2e=#<N where p, depends on
the model.

There is a way to conformally embed any triangulation (t,x;, X2, X3) into the sphere
by first turning it into a topological manifold and second specifying complex coordinate
charts. This endows the triangulation with a structure of Riemann surface with conical
singularities at vertices with n # 6 neighbours, and this embedding is unique if we add
the extra requirement that the marked points (x;, Xy, x3) are sent to (0,1,00) (see e.g.
[Kup16]). Concretely, if A C C is an equilateral triangle with unit (Lebesgue) volume, the
embedding provides a conformal map ¥, : A — C for each triangle ¢ in the map. For all
a > 0, we consider the pushforward measure dv; (z) = a?|(¢; ') (2)[2dz on 1;(/\), which
assigns a mass a® to each triangle of t. The collection of (14, )et defines a measure v* on
C, and in particular v£(C) = Na2 for all t € Ty 3.

The model becomes interesting when we choose the triangulation randomly. The
simplest example is the case of pure gravity, which amounts in sampling the triangulation

with respect to the probability measure defined by

1
]Pa(t7 X1, X2, XS) = _e_ult‘
a
where p := (1 + a*)p., |t| is the number of faces of t and Z, is a normalising constant.
Notice that Z, — oo as we send a — 0, which means that the measure selects larger and
larger maps. When (t,x;, X2, x3) is sampled under P,, the KPZ conjecture states that the

random measure v, = v/f converges in distribution (with respect to the topology of weak
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convergence of measures) as a — 0 to a random Radon measure v on S?. This limiting
measure is expected to be given by the Liouville measure (see [DIXRV 16, Section 3.3] for a

definition) and in particular, it should satisfy the property that for all measurable A C (@,

v(4)

v(C)

E

- /Af\/mc

where we have defined the probability density function

oy (O (2)V,(1)V,(00))
Frl2) = 3y —2Q Cy(7,7:7) (3.21)

for all v € (0,2) and u > 0 (see Appendix 3.A for the derivation of the normalising

2 4 _ /8
%,sothaty— 3

falls into the supercritical case. Thus we have the asymptotic behaviour (note that
2
A-y = % X ; = 1)

constant). The critical case of Theorem 3.1.1 is given by v =

—3/2 2
Y Q@ 1 93C, (7,7, Q
Fou(z) ~ Bl (log —) (0:0( ) (3.22)
2=0 2¢/27(3y — 2Q) 2| Cy(7:7,7)
If we integrate this formula on a small disc of radius ¢, we find
IS5 2 1 73/2 o0 Q7272
/ e (log ‘) rdr = (Q*/2 - 2)1/2/ e~ 2y ~ 25
0 r (@2/2-2)log 1 £—0 log 1
so that ,
V2rpy (95C 2 %2
fru(2)dz miy (05C4 (7,7, Q)" € (3.23)

I2|<e =037 =20 G117 flggl

If the conjecture holds true, the asymptotic behaviour (3.23) gives the expected fraction
of vertices which are close to 0 in a large planar map. In particular, the exponent of ¢ is
%2 — 2 =1/12 for pure gravity.

Similar conjectures hold for random maps coupled with some statistical mechanics
model (e.g. Ising, Potts... see [DKRV16]). The conjectures are essentially the same in
each case except that the value of v and p may vary (e.g. Ising model corresponds to
v = v/3). However one can still plug the good value of v in formula (3.23) to conjecture
the expected density of points around 0.

4We notice that this is a special value of v from the random maps perspective since it corresponds to
the scaling limit of bipolar-oriented maps, see [KMSW19]
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3.1.5 Outline

The remainder of this article is organised as follows. In the next section, we provide a
summary of GFF and GMC for the construction of Liouville correlation functions, and
then explain the main idea of our proofs. Section 3.3 is devoted to the proof of Theorem
3.1.1 (on the four-point correlation) and Theorem 3.1.2 (on the decay of arbitrary negative
moments of GMC), while that of Theorem 3.1.3 (on the probabilistic representations of
the limiting constants) is treated in Section 3.4. In the appendices we collect the DOZZ
formula, discuss our work from the perspective of surfaces with conical singularities and

explain how to normalise the four-point correlation to a probability distribution.

Update: Since the first version of this paper was posted online, a proof of the conformal
bootstrap formula (3.6) has been proposed [GIKKRV20] and there has been some progress
on the integrability programme of boundary LCFT [RZ20b]. The proof of [GIKKRV20] relies
on conformal symmetry while our methods are purely probabilistic and fall in the scope of

logarithmically correlated fields.

3.2 Background

In this section, we recall the mathematical foundation for the Liouville measure (3.2) and
the derivation for the 4-point function, and explain the main idea of our approach. To

commence with, we quickly review GFF and GMC and mention several facts about them.

3.2.1 Gaussian Free Field

Let Hj(S? g) (or simply Hj) be the Sobolev space of functions with distributional deriva-

tives in L%(S?, g) and vanishing g-mean. This space is equipped with the norm

1 1
XU = o [ 19XP = —5 [ axox
21 Js2 2m Joo
that we call the Dirichlet energy. This interprets the formal measure ﬁ Ik e~3IXIv DX
as a Gaussian probability measure on the space Hj (where Zgpy is a “normalising constant”

which we will explain at the end of this section). Thus if (e,),>1 is an orthonormal basis

of Hg, we define the formal series

X = Zanen

n>1

where (a,,)n>1 18 a sequence of i.i.d. normal random variables. It can be shown that this

series converges in Hy ', the topological dual of H}. In particular, it is not defined as
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a function but rather as a distribution in the sense of Schwartz. We call this field the
Gaussian Free Field (GFF). We write P for the probability measure of the GFF and E the
associated expectation. The covariance kernel of the GFF is given by Green’s function

G :=(—5=A)7!, i.e. we formally write
E[X(2)X(y)] = G(z,y)

where the kernel of Green’s function is explicitly given by

G(z,y) = log

T log x|+ + log |yl+
Thus the “normalising constant” Zgpr that we are looking for should be given by Zgpp :=
(det(—5=A))"/2, which is obtained via zeta-regularisation [OPS88].

There is a convenient choice of basis for HJ, which is the family (\/%gon)nzl where
(©n)n>0 is an orthonormal basis of L? of eigenfunctions of —A with eigenvalues 0 = \g <
A < ... < \,.... This gives an L? decomposition of the GFF, except that we are missing the
zero mode (the coefficient in front of the constant function ¢y = Vol,(S?)~/2). This should
be a Gaussian with infinite variance and we interpret this as Lebesgue measure, since

27” times the law of a Gaussian random variable with variance A\~! converges vaguely

to Lebesgue measure as A — 0. So our final interpretation of the measure e~3IXIR DX is

that we set for all continuous functional F : H=! - R

/ F(X)e:Xlvpx = (%) o /R E[F(X + ¢)]de (3.24)

Throughout the paper, we will make an extensive use of the so-called radial/angular
decomposition of the GFF, which is better understood in cylinder coordinates. Let
Co := R, x S} be the complete cylinder. Under the conformal change of coordinates
¥ : z — —log 2, the Riemann sphere (C \ {0, 00}, g) endowed with the crépe metric is

—2ls|

mapped to (Cx, gy) With gy(s,0) =e From now on, we write G for Green’s function

on (Cs, gy) With vanishing mean on {0} x S'.

Lemma 3.2.1. Let X(s,0) be a GFF on Cs. Then we can write X(s,0) = Bs+ Y (s,0)

where

1. (Bs)ser is a two-sided Brownian motion. We will call this process the radial part of
the field.

2. Y is alog-correlated field with covariance kernel

_ o
e Ve ?

|6—s—i9 _ e—s’—w’

H(s,0,s,0") :=E[Y(s,0)Y(s,6)] = log (3.25)
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We will call this field the lateral noise or angular part of the field. Notice that the

law of Y 1is translation invariant.
3. B is independent of Y.

Otherwise stated, Lemma 3.2.1 enables to rewrite Green’s function (on the cylinder)
as
G(s,0,58,0) = (|s| A|s])L1ss>0 + H(s,0,5,6)
= (Is| A |s']) 150 + H(0,0,s" — s,6" — 0) (3.26)
= (|s| A ') 1sss0 + G(0,0,8" — 5,6 —0)

Remark 6. We will sometimes abuse notations and write the more compact form G(s +
i0,s" +i0") (vesp. H(s+i0,s +i0')) for G(s,0,s",0') (resp. H(s+ i6,s + if)).

3.2.2 Gaussian Multiplicative Chaos

Recall that a GFF is only defined as a distribution, so the exponential term e’¥ is ill-
defined a priori. However it is possible to make sense of the measure X (®) g(x)d?z using a
regularising procedure based on Kahane’s theory of Gaussian Multiplicative Chaos (GMC)
(see [RV14, Berl7] for more detailed reviews).

We use the regularisation called the circle average. For € > 0, let X, . be the average
of X on the geodesic circle of radius € in the metric g. The field X, is continuous, so the

measure
dMng(m) — eWXg,s(x)—%”/QE[XQ,E(QC)Q]dQI»

is well-defined for all v € (0,2), and it is known that the sequence of measures M) _
converges weakly in probability to a (random) Radon measure M with no atoms.

An important property of GMC measure is its conformal covariance under conformal
change of metrics (see e.g. equation (3.12) of [GRV19]). Let w € C*(S? g). Let X be a
GFF on (S?,g) and Mg be the GMC measure obtained when regularising the field with

. . Lo~ -}
circle averages in the metric g := e“g. Then My = ez M/.

Remark 7. For notational convenience, when the regularising metric is the background

metric g(z) = |z|* on C, we will drop the subscript and write M7 = Mj.

Another useful tool of GMC is Kahane’s convexity inequality [RV 14, Theorem 2.2]

Theorem 3.2.2 (Kahane 1985). Let X and Y be two continuous Gaussian fields on
D C S? such that for all z,y € D

E[X(2)X(y)] <E[Y (2)Y (y)]
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Then for all convex function F': R, — R with at most polynomial growth at infinity,

E { 7 ( / e“/X(x)—”;E[X(fU)Q}d%)} <E [F ( / ewY(x)—“ﬁE[Y(x)?}d%)]
D D

In practice, one can apply this theorem to the GMC measure log-correlated fields like
the GFF after using the regularising procedure.
Now suppose X, Y are log-correlated fields with |E[X (2)X (y) — E[Y ()Y (y)]| < e and

write M7, N7 for their respective chaos measure. In particular we have

E[X (2)X(y)] <E[Y (2)Y (y)] +¢

Notice that the field Z(z) = Y (x) + /) — with § ~ N (0,1) independent of everything —
has covariance kernel E[Y (2)Y (y)] + . Hence by Kahane’s convexity inequality, we have

for all kK > 0
E[M(D)™] < B[~ VF N (D)™ = 2" “E[N"(D) ]
By the symmetry of the roles played by X and Y, the converse inequality is also true, so
E[MY(D)™ "] =E[N"(D) "(1 + O.-0(¢))
Similarly, we have for all ¢ € R,

E [exp(— ™M (D))] = E [exp(—pc™ N (D))] (1 + Ocsole))

3.2.3 Derivation of the correlation function

Using the GFF and GMC we are ready to state the definition of the correlation functions on

the sphere. For € > 0, we can regularise the vertex operator V,,(z;) by defining V,, .(2;) =
2

oiXe(zi)— FE[Xe(2:)%]

By Cameron-Martin theorem, we have (recall o = Y27 5-2>0)

N
<H Va,E(Zi)> = 2% (@) / QR [exp (—,uevc/Ae”zlj‘v—lo"'Gf(zi")dM7>} de (3.27)
i=1 R

C

where C¢(z) = 3, _;
to a positive finite limit as ¢ — 0 as long as the Seiberg bounds are satisfied as the GMC

a;0;G (2, zj). This regularised correlation function (3.27) converges

measure integrates the singularities around each insertion. We take this limit as our
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definition of the correlation function

HVQI z) ) = = 2¢¢ )/eQUC]E {exp (—ue7c/ e”ZﬁlaiG(zi”)dM"Y)} dc
R C

_ Qo

= 2¢C@) A~ 1/[@ (@) E (/ eszNzlaiG(zz‘r)de) W]
Y ®

after making the change of variable u = €7°. As can be seen from expression (3.28), the

(3.28)

finiteness of the correlation function in our probabilistic formulation is equivalent to the
finiteness of the moments of the GMC measure. This holds provided the extended Seiberg
bounds are satisfied [IKKRV20)]

—— < — A min (Q — «;) Vi, a; < Q

In particular, if N = 3 with insertions at (0, 1, 00) and Liouville momenta (o, as, a3)

satisfying the Seiberg bounds, the expression is simply

_ Qo
</A e’Y(alG(O,.)JragG(l Y+azG(oo dM,y) ¥ ]
C

(3.29)

Vs OVes Vi o0 = 2040 (L) 2

and this expression equals the DOZZ formula C., (o, a2, ag) [IKRV20].
As for the four-point correlation function with insertions at (z1, 29, 23, 24) = (0, 2, 1, 00)
with |z] < 1, we find

(Ve (0) Ve, (2) Vi (1) Vi, (00))

= 2 e |exp | —pe® 1 X GGE G ) | de
|z[*192|1 — z]o203 g e

(3.30)

3.2.4 Main idea

We now explain our approach which is inspired by [DKRV17]. By applying the ra-
dial/angular decomposition of the GFF as we will see in Section 3.3.1, we can effectively
transform our problem to the study of exponential functionals of Brownian motion.

To be more precise consider the following toy model. Let (B2)s>0 be a Brownian

motion with drift A, and suppose Ci,Cy > 0 are two fixed constants. Our goal is to
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understand the asymptotics of

t —K
<01 + / VB ds + C’geﬁ’BtA) ] (3.31)
0

as t — oo. In order to extract the leading order in (3.31), we have to play the game of

E

balancing energy (i.e. asking our drifted Brownian motion (B2}), to remain small) and

entropy (i.e. paying a multiplicative cost given by the probability of such event).

e When \ < 0, we don’t have to do anything because B2 2% o0 anyway, and

t -k 00 —K
<C1 + / B ds + C’ge“’B’fA> ] KNy <C’1 + / e”BSAds) ]
0 0

by dominated convergence easily.

E

e When A\ = 0, we should demand our Brownian motion to never exceed an O(1) threshold.
On the event that {sup,., By < N}, (N — By)s<; behaves like a BESy(3)-process and

drifts to —oo, and therefore for suitably chosen ¢’ < t we see that
¢ A A ¢ A
Ci+ / B ds + CrePi ~ O + / e"Ps ds
0 0

is expected to be O(1) while the entropy cost is given by

P (SsliIt)BS < N> ~ \/g% =0 <t7%> )

e When )\ € (0, k7), we still demand our drifted Brownian motion B} to remain below an

O(1) threshold, which requires an entropy cost of

2 €_§t A2 3
P (Sup B < N) ~[ == N =0 (e*Ttt*5> .
Sst m A2t§

The structural difference here is that even though B2 is rather negative in the interme-

diate time interval s € [t/,t — t], the terminal value B} is typically O(1):

]P’(B?gx

suszAgN) H—°°>e”\(N’I)(1+)\(N—IU))> x < N.

s<t
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Therefore for the purpose of deriving the renormalised constant, we will have to keep
t A A v A ¢ A A
Gt / P ds + Cye?t = O + / e ds + / eBeds + P .
0 0 t—t/

which is O(1) as (B2)s<y and (B} ,— B})s< behave like the negation of two independent
BES(3)-processes.

Moving beyond, we can only ask the B not to drift faster than A — k~y or else the entropy
cost would be too expensive. To proceed we first apply Cameron-Martin theorem to
rewrite (3.31) as

t —K
_n2'y2 A=Ky A=Ky
e Bi="5t (01 ~|—/ P ds 4 Chre? B
0

2.2
Ky
5t

E

—RYAt+

t —K
—e E (Cle—vB? Ky +/ ev(Bi g m)ds_|_02) (3.32)
0

If A = k7, there isn’t any drift in the expectation. The observation from the case A =0
suggests that we may want to demand B, s — B; to not exceed an O(1) threshold for
s < t. This would imply again an entropy cost of O(t’%), and we expect that

t t
Cre™ B 4 / BB s 4 Oy ~ / BB s 4 O
0 0

is O(1) because (B;—s — Bt)s<¢ behaves like the negation of a BES(3)-process as before.

If A\ > k7, the story is simpler because By " — B;"" may be seen as a Brownian

motion with negative drift. Similar to the earlier case where A < 0,
B)\fnw t B)\fliw B)\fliw ¢ BA7H7 BA7H7
Che 7B _l_/e'Y(s —-B; )ds—l—C'gz/ VB =B qg 4 O,
0 0
is already O(1) without incurring any further entropy cost.

3.2.5 Path decomposition of BES(3)-processes

Before we proceed to the proofs, we collect Williams’ path decomposition theorem [Wil74]
for 3-dimensional Bessel processes (abbreviated as BES(3)-processes) which will be helpful

when we study the probabilistic representations of the renormalised constant (3.15).

Theorem 3.2.3 (Williams 1974). Fiz x > 0, and consider the following independent

objects:
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o (By)s>0 is a standard Brownian motion (starting from 0).
e U is a Uniform|0, 1] random variable.

o (8%)s>0 is a S-dimensional Bessel process starting from 0.

~

Then the process (B%)s>o defined by

~ x + Bs S S T—x -U)>»
B = 4o (3.33)
zU + 3° s >T ,a-v)

s=T_a-u)

with
T sa—vy=inf{s >0: B, = —2(1 -U)} =inf{s >0: 2+ B, = 2U}

is a 3-dimensional Bessel process starting from x (written as BES,(3)-process).
In view of Theorem 3.2.3, we introduce the following definition.

Definition 3.2.1. Let (B,),> and (8%).>0 be as in Theorem 3.2.3, and = > 0 an inde-

pendent random variable. Then the process (87)s>¢ defined by

Bs = (3.34)

with
T_,=inf{s >0: 2+ B, =0}

is called a 3-dimensional Bessel process starting from x conditioned on hitting 0, written
as BES,(3)-process.

3.3 Proof of Theorem 3.1.1

3.3.1 Supercritical case

We set the insertions at (21, 22, 23, 24) := (0, 2, 1, 00) with Liouville momenta (o, g, arg, cvy)
satisfying the Seiberg bounds, and we write —logz =t 4 i¢ with ¢ > 0 and ¢ € [0, 27).
We assume that both a3 + ay — @ > 0 and a3 + as — ) > 0 which corresponds to the
supercritical case of Theorem 3.1.1. Notice that this corresponds precisely to having
(a1, an,Q) and (Q, a3, o) satisfying the Seiberg bounds (with respectively the 3'¢ and 1%

momenta saturating the second Seiberg bound).
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Proof of (3.12). Let X(s,0) = Bs+Y (s,0) be a GFF on C,, = R, x S}. By the conformal
covariance of GMC, it is equivalent to study the chaos measure of X with respect to g,
or to consider the field X (s, 0) + % log gy (s,0) = X(s,0) — Q|s| and do the regularisation
with respect to Lebesgue measure.

From now on, we write AN 7(s,0) for GMC measure of the lateral noise with respect
to Lebesgue measure on Cy, (while dM7(z) will be used for GMC measure of the entire
GFF in spherical coordinates).

We are interested in the total GMC mass

W, ::/ e’Y(Bs+(6¥1—Q)Sls>0—(a4—Q)Sls<0+asG(0,S+i9)+a2G(t+i¢75+i9))d]/\ZV(s 0)
Coo

:/ e’Y(Bs+(Oé1+O<21s<t*Q)51s>0*(044*Q)S1s<0+a3G(0»8+i9)+a2G(0»8*t+i(9*¢)))d]/w\’r(5 0)
7

oo

(3.35)

The behaviour of this integral is essentially governed by the radial process. From the

expression above, we can see that on the negative real line the process is (B_s+ (s —Q)$)s>0

which is a Brownian motion with negative drift so the integrand is integrable at s = —oo0.

On the positive real line, the radial process has a positive drift a; + g — @ up to time ¢,
then a negative drift ay — @ from ¢ to oo.

The first step is to apply Cameron-Martin theorem to get rid of the (ay + ay — @) drift

term in [0, ¢], so that for all continuous and bounded function F': R — R
E[F(W,)] = E |ele1toz-@Bg(ataa-Q p( 7 (3.36)
where Z,; is the random variable defined by

Zi = / B+ Qoo (1@l oGO =5 4i(6-0) 3G 0540 TT7 (5, 9)  (3.37)

Hence the correlation function takes the form (recall ¢ = log ﬁ)

(Ve (0)Vay (2) Vi (1) Vi (00))

= 2|z|2(%2_A1_A2)|1 o / Q7R [e(o‘1+a2_Q)Bt exp(—pe’°Zy)] de
: (3.38)
where the exponent for |z| was found by noticing that (a1 + as — Q)* — ajas = 2(%2 —
A — Ay).
Remark 8. The change of measure (3.36) becomes trivial if ay + ag = @. This is the

reason why there is a phase transition at this value and why the case is easier to treat.

Remark 9. From a geometric point of view, the change of measure (3.36) has the effect

of changing the background metric from a cone to a cylinder as illustrated in Figure 3.2
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(see also Appendix 2.B for links between changes of metrics and changes of probability

measures).

Figure 3.2: Change of measure from the cone to the cylinder

We can sample the radial part (B;s)o<s<: by the independent sum By = Brg + \/%s

where (Brg)o<s<; is a standard Brownian bridge and 6 ~ A(0,1) (see Figure 3.3). We

write (Bs)o<s<t the process on R where

1. (E—s)szo and (Bs)s>¢ are independent Brownian motions.

2. (Bs)o<s<t is a Brownian bridge in [0, ¢] independent of the two other processes.

Similarly, we write Zt for the GMC mass defined similarly as Z; but with B instead of B.

The result will follow from an analysis of the behaviour of Z.

Bf:\/i(g

0 t
a;—Q

Q- ay

Figure 3.3: The radial process in (0,¢) is the independent sum of a Brownian bridge (red) and
a random drift (blue).

Let n € (0,1/2). We split Z into three parts and write Z = Zt + @ + }th where
L, C; and R, are obtained by restricting the domain of integration to (—oo, t+/277) x S,
(#1271 ¢ —¢1/271) x S and (t — t'/%7", 00) x S! respectively. We define Z, = L, + C; + R,
similarly. These random variables are the “left”, “central”, and “right” parts of the Z
and Z;.

For b > 0, we introduce the event ﬁb’t = { sup Es < b}. This event has probability

0<s<t

P(Ap,) =1 — e 2/t = f(b/\/1).
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Notice that lim f(z) =1 and f(z) ~ 222,
T—00 r—r
Conditioning on Ay, the processes (b — Bs)o<s<t/2 and (b — By_s)o<s<t/2 are absolutely
continuous with respect to a BES,(3)-process. Hence there exists ' > 0 such that with

high probability as ¢t — oo, we have sup B, < —t1/2=7"_ It follows that C, — 0
t1/2-n<g<¢—t1/2—n

in probability as ¢ — oo when conditioned on Zb,t-

Let Py the law of a field X (s,6) = B, + Y (s,0) where

1. Y is a standard lateral noise.

2. (B_s)s>0 s a standard Brownian motion.

3. (b— Bs)s>o0 is a BES,(3)-process independent of (B_;)s>o.

We now describe the behaviour of Zt and Et. On g;,,t, the law of the process (b —
ES)OSSStl/Z—n is absolutely continuous with respect to that of a BES,(3)-process, and the
Radon-Nikodym derivative tends to 1 a.s. and in L' as t — oo (see e.g. [MY16, Exercise
9.4]). Hence the pair of processes ((b — Es)ogsgtl/%m (b — Et,s)ogsgtl/gfn) converges in
distribution to a pair of BES(3)-processes, and it is clear that these limit processes are
independent of each other.

As for the angular part, notice that for all s < t'/2=7 and s’ > t — t'/27"_ we have for
all 0,0 € S,

1 1

1= e Gow—a] = 8T )

H(s+10,s +i6') = log =0(e ") (3.39)

Now let Y, Y™ be independent lateral noises on C,, and define
Y/(87 9) = Y+(Sa 9)1s<t/2 + Y_(Sa 0) 152t/2-

Let L, (resp Rif) be the random variable defined like L, (resp. R;) except we use Y’
rather than Y for the lateral noise. Then under A,,, the pair (L, R;") converges in

distribution to a pair of independent random variables (L, Ry ) with

Loo lgv / e’Y(BS_(a4_Q)Sls§0+a3G(Ovs+i0))dM'Y(S7 9)

oo

ROO 12&7 / e'y(BS—(Oél—Q)815§0+QQG(O,S+’£9))dM’y(87 0)
Coo

where the field is sampled from P, in both cases.
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Using the estimate (3.39) and Kahane’s convexity inequality, we have for all ¢ € R

E [exp (—uevc(zt + }Nzt)) |Zb,t} =E, [Et exp (—Me%‘(i; + }N%:r)ﬂ (1+ O(e‘t/Q))
= By [exp(—pe"(Loo + Roo))]

= Ky [exp(—pe” Loo )| Ep [exp(—pe" Ro )]
Putting pieces together, we find for all c € R
limE eXp(—ue”CZ)lﬁb,t} = limE [exp(—ue”cft) exp(—pe°Cy) exp(—pe * Ry)| Ay,
—00 —00

= By [exp(—pe™ Lo )| By [exp(—pe” Roo )]

To conclude we need to relate the behaviour of Z with that of Z; as t — oo. To
this end we will condition on the value of the drift 6 ~ N(0,1). For fixed § € R, we
have \%tl/%” = 6t~ and this will be sufficient to show that up to time ¢'/27", the radial
part of the GFF (B;_; — \%5)09@1/2717 does not “feel” the drift and therefore looks like a

Brownian motion started from v/¢6. More precisely, we have
6—7\5It"’]§t < e—%/féRt < €W\5It"’fgt

1/2

Taking expectations and rescaling o by ¢t~/¢, we get for all ¢ € R

VAR |elortor @Bt exp(— e Ry)| Ay, |

_ / pla1+a2—Q)o [exp(—/LeV(CMHO(tJ/%n))Et)‘gb’t] © L ds
R
1
(e1ta2—Q)6 y(c+96)
- — | e Eylexp(—pue R |do
e o /R plexp(—p ]
where we applied the dominated convergence theorem in the last line.
Remark 10. The take-out message of this computation is that as ¢ gets large the value of
the radial part at t is distributed like /%6, so when properly rescaled, its law converges
vaguely to Lebesgue measure. Hence the field in the right part looks like a usual GFF plus
a constant which is “distributed” with Lebesgue measure, so ¢ plays the role of an extra

zero mode in the limit. This translates the fact that we see two independent surfaces in
the limit.

Recalling the expression of the correlation function (3.38), we make the change of
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variable (¢, d) = (u,v — u) (with Jacobian equal to 1) and find

\/¥/ eQacE |:€(a1+a27Q)Bt eXp<—M€70Zt)|gb7t] de
R
2

_8?
= \/E/GQ“/@(O‘”O‘Q_Q)‘/%E [exp(—,ueVCZﬂﬁb } €
R R Rl BVo7

QFHQ‘QXC+®6“”+Q“*”ﬂEbhxp(—¢uﬂcLaQ]Eb[exp(—u67@+&}im)]d5dc

dodc

1
(
- — [ e
t—o0 \/271' /RQ
1

= — (astas=Qup —pe’ L) d ) (/ (1+az=Qv —ue™ Ry | d )
e ex e™ L)l du e ex e Ry)| dv
o (/R b [exp(—p )] . b [exp(—p )]
(3.40)

Thus we have for each b > 0

t—o00

2
_ \/ij </ e(al+a2Q)uEb[eXp(_ue'yuRoo)]du) (/ e(a3+a4Q)UEb[eXp<—lu,e'Y”Loo)]dU)
T R R

It is shown in [DKRV17] that bE, [exp(—pe?” Lo)] has a non-trivial limit as b — oo

and, exchanging limits, the authors conclude that

1imt3/2/EQGCE[GXP(—,U,G'YCZt)|Zb,t]P(Avb7t)dC
R

lim \/?E lexp(—pe?Ly)] (3.41)

t—o00

lim bE;, [exp(—pe”” L))
b—oo

On the other hand, one can recover the BES,(3)-process by conditioning a Brownian motion

with negative drift to stay below b forever and letting the drift tend to 0. More precisely,

if 7,5, =1inf{s > 0, Bs + (o — Q)s > b}, then we have P(7,, = o0) % 2(Q — a)b. Now
a—Q~

adding the drift o — @) in the definition of L., gives the correlation function %C’W(a, ag, 0yy).

In the end (see [Bav19] for details), we have the alternative characterisation of the limit
(3.41)

_ cnton—OVo v 1. Ca,a3, o 1
bll)rglob/Re( st Qv lexp(—pe™ Loy )| dv = —Zi%%zgd = —18107((%70&044)
(3.42)

A similar statement holds for the L., term, so we have

1
lim limt3/2/eQ”CE[exp(—,ueVCZt)l~ = ——=03C,(q,a2,Q)01C,(Q, a3, ay)
R

b—s oot —00 Ab't]dc - 821

From [DKRV17], the family of functions Elexp(—ue?*Z;)1 5, | converges uniformly with

St
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respect to t as b — oo, enabling us to exchange limits in b an in ¢. Hence

limt3/2/RercE[exp( pe’Zy)|de = lim 11mt3/2/R€QUCE[QXP(_N€WCZt>1Kb,t]dc

t—o00 b—oot—00

8\/_ (0517012,62)8107(62,053,&4)

Recall equation (3.38) to find

<Va1(0)Va2() s (1)Vay(00))

(@_ oo 1._
2Cr A=A — pm2% (log —) 72050, (a, g, Q)10 (Q, iz, )

zHO 4/ 27 | ‘z‘

]

3.3.2 Critical case

We conclude the proof of Theorem 3.1.1 by proving the asymptotic formula (3.13), i.e. we

assume a1 + o = Q.

Proof of (3.13). The analysis of Section 3.3.1 fails only because the limit identified in
(3.40) becomes trivial in this case because the triplet (aq, s, Q) violates the first Seiberg
bound. Geometrically, the random variable R; does not have enough mass as ¢ — oo in
order to produce another surface.

However, the analysis is still valid up to equation (3.36) and the expression of Z; is the
same with this new set of parameters. Consider the same decomposition Z; = L; + C; + R,
and write & := C} + R; with the same n > 0.

As before, we condition the radial part no to exceed a given value. For b > 0, we define

the event

Apy = { sup By < b}

0<s<t

It is well-known that

P(Ay,) = @ / et de = g0V

Notice that g(x) d 1 and g(z) ~ \/g:c The process (Bs)s>o conditioned on Ay, has
the law of a BES,(3)-process. Repeating the argument of the previous subsection, we find
that & — 0 in probability as ¢ — oo when conditioned on Ay;.

As for the radial part, we have the following estimate for s < t'/>=7 and § € S

1

_ —t/2
1 — (=0 — O(e™)

|H(s+1i0,t + i¢)| = log
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Let P, be the law of the field when the radial part (Bs)s>o is conditioned not to exceed

b. Applying exactly the same framework as before, we have for all kK > 0
lim VIE [Z;7*] = lim VIE [L; "]
t—o0

t—o0
: (3.43)
_ \ﬁ lim bE, [L;*]

T b—o0

So it follows from the result of [Bav19] that

4 1
lim [ e 9°°E |exp | — e”c/ e“’Zi—laiG(Z"")dMV)} dc = ——=0,C,(Q, a3, «
o0 R [ p( /’L (E 2\/% 1 ’Y(Q 3 4)
(3.44)

which concludes the proof. O]

3.3.3 Proof of Theorem 3.1.2

As mentioned in Section 3.1.3, Theorem 3.1.2 follows easily from Theorem 3.1.1 by taking
o to be arbitrary. We will use the notations in Section 3.3.1 and 3.3.2, outlining the
differences with the Liouville case and leaving the details to the reader.

Let (a1, g, a3, ) be such that the Seiberg bound is satisfied. If a; + ay — Q < k7,
the previous analysis applies immediately modulo the obvious substitution % < Kk in the
relevant places. If oy + as — @ > k7, however, we only apply Cameron-Martin to partially
offset the positive drift in [0, ¢] by k7, as motivated in Section 3.2.4. This leads to

2

B[] = e @ | (creneenz) ) (g

where W, is defined in (3.35) and Z, is defined suitably. Notice that (3.45) is identical to
(3.36) when ay + ay — @) = k7, the analysis of which is similar to that of Section 3.3.2

except that here we consider the event

Ay, = { sup (B;_s — By) < b}
0<s<t

so that L; becomes irrelevant in the limit while R; survives as t — oo instead. The

case a1 + ap — Q) > Ky is straightforward because 6_7(3t+(°‘1+a2_Q_m)”Z is an integral

involving the exponentiation of a two-sided Brownian motion with negative drifts in both

directions, and we can even obtain (3.20) by dominated convergence directly.

]
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3.4 Proof of Theorem 3.1.3

The rest of this paper is devoted to the proof of Theorem 3.1.3 which gives probabilistic
representations for the limits (3.42) and (3.43) for which we do not have exact formulae
outside the Liouville case. We will not discuss (3.20) which is basically explained in the

last section.

3.4.1 Infinite series representation of F] (a1, as, a3, ay)

In order to obtain Theorem 3.1.3 we need the following intermediate result.

Lemma 3.4.1. Fiz h > 0. When ag + as — Q € [0, k7], the constant EY (a1, s, as, ay)

in (3.15) has the following representations.

o [fa;+as—Q =0, we have

2 — —x
EZ(Oély Qg, (3, 044) = \/;Z nhe ""'E |:(F013,a4<nh7 ﬁnh)) 1{min5>0 Brh<h} (346)
n=1

where (BY)s>0 is a BES,(3)-process.
o Ifag+as—Q € (0,ky),
E’Y Oél, g, (3, Oé4> (347)

nhe~ (ky—(a1+a2—Q))nh
Z :
(1 + gz — Q)?

where (B} ,)s>0 and (8] ,)s=0 are independent BES,(3)- and BESy(3)-processes respec-

1{mln >0 B”h <h}U{ming>o BR <h}

(Fag,a4(nha ﬁL, ) + F(gég o (T7 BR,-))

] (3.5)

tiwely with T ~ Gamma(2, oy + g — @), and F' is an independent copy of F.

o Ifag+as—Q =Ky,
E) (a1, as, a3, 0y \/7 Z nhe” "R | ( [ vz (M1 B™) ™ Lmin, o prnny | (3:49)

where (BY)s>0 is a BES,(3)-process.

Proof. For the sake of brevity we only sketch the proof for the case h = 1 here and leave
the details to the reader. The key idea is the partitioning of

Ay = { sup B, gn} = { sup B, € [(k—l),kz]} = {Orélslgt/{: B, €0, 1]}

0<s<t fop LOSs<t ke
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When a1 + as — Q = 0, our claim essentially follows from Proposition 3.1 and Lemma
3.2 in [DKRV17], where a dominated convergence argument (see the paragraph after
Lemma 3.2 and Section 5.0.3 in that article) implies that the renormalised constant is

given by

N . —5 2 - —K
thlirilo <\/¥E [Lt 1{min0§5§t nstgl}‘Amt] ]P)<An,t)> - \/;ZnEn [Loo 1{min520 nstgl}}

n=1

which is equivalent to (3.46). The proof of (3.49) is similar.
To apply the same dominated convergence approach to (3.47), we need a control
analogous to [DKRV17, equation (3.18)] when oy + as — Q € (0, k7). Indeed the same

argument there suggests that
1E [e(amrQ)B’f(Lt + B) " Hsupye v, Bclin-1)nly | < CeT (77t

for some constant C' > 0 independent of ¢ and n, and therefore EY(aq, s, s, ay) again

has an infinite series representation of the form

[e.9]

tli)].’g(.) <t3/2E |:e(a1+a2_Q)Bt (Lt + Rt)_ﬁl{supogsgt Bse[n_17n}}i|> . (350)

Let us highlight several observations.

e For every n € N, the event {supy.,.; Bs € [n — 1,n]} may be replaced by

{sup Bsgn}ﬂ({ min n— B, < 1}U{ min n— By — (Bi—s — B;) < 1})
0<s<t 0<s<tl/2-n 0<s<tl/2-n

N 7 -
-

Vv
:Amt ::An,t

up to a cost of o(1) for neglecting the unlikely event {Supse[tl/%”_tl/%n] By >n— 1}.

e Similar to the proof of Theorem 3.1.1, if we condition on the event A, ; and B, = z,
then

(n - Bs)ogsgtl/%m (n — By — (BH - Bt))ogsgtl/%n

converge in distribution to independent BES,,(3)- and BES,,_,(3)-processes (5} ;)s>0 and
(BR.s")s>0 respectively. Consequently L; and R; converge in distribution to €7 Fy, o, (n, 87 )

o nl - :
and eI}, , (n —x, B ") respectively.
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We now compute

E [1An,trﬂn,t } (BS)se(foo,tl/Q—”]U[tftl/Q—’?,oo)]

=1 . .
{mlnogsgtl/Q_77 nstgl}U{mlnogsgtl/Q_n nthf(Bt_szt)gl}

x P (An,t | (BS)se(—oo,t1/2*"]u[t7t1/27",oo))

where

P (An,t } (BS)se(foo,tl/Q*”]U[tftl/Q*’?,oo)) = 1{sup0<s<t1/2_n Bsén}l{sup0<s<t1/2—n Bi—s—Bt<n—Bi}

t1/2-n<g<¢—t1/2—n

x P ( sup BS S n Bt1/2ﬂ7, Bt—tl/QTf)

and

IP( sup B, <n

t1/2-n<s<t—1/2-n

B, Bi_ji/2 ") =1- eit—Qtlﬁ(niBtl/2in)(niBti(Bt*t1/2in7Bt))
0y By 12

is asymptotically 2(n — By/2—n)(n — By — (B,_y1/2-n — By)) when t is large. In particular

P (Apy|Br = z) ~ %n(n —z)+o(t™), t — oc.

Substituting this into the summand in (3.50), we obtain

t—o0

lim #3/2 / E {emﬁ"‘?Q)x(LtJrRt)”lAn,t

An,t7 Bt = .’1;| I[D(An,t|Bt = x)IED(Bt < dﬂ:)

—0o0

e(oq—l—ozg—Q)n n
-t [ Bl R

26(0‘14’&27@)" n

- E
V2T —co

22
An,t) Bt == x:| ]P)<An,t‘Bt = gj)e_?dx

n,t

e~ (a1+a2—Q)(n—z) 1{min520 B <1} Ufmin.so A7 <1)

(€7 Fagas(n, B7.) + € FL, o (n— x, By )"

] n(n — z)dx

where the last line follows by dominated convergence, and is equal to

\/gne(m(awazQ))n /oo E
™ 0

so we are done.

]-{minszo 5278§1}u{min320 53331}

—(a1+az—Q)z
ze dx
( a37a4(n7 BZ,) 0/13,0(4(':67/8%%,-))‘%]

]

Remark 11. The careful reader may notice that the proof above when a; + as — Q) €
(0, k) differs slightly from that in Section 3.3.1 where one considers the event A,, =
SUPg< <y B, < n} instead of A,; = {supg<,; Bs < n}. The current approach, which
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addresses the partitioning of probability space instead of factorisation in the first place,
may have the drawback that (3.47) does not give a product of two negative moments
immediately but it allows for an easier side-by-side comparison with the analysis in
[DKRV17].

3.4.2 Proof of Theorem 3.1.3

The infinite series representation in Lemma 3.4.1 is reminiscent of Riemann sums. We

now explain how to obtain the simplified expressions in Theorem 3.1.3.

Proof of (3.17) and (3.19). We begin with o + s — @ = 0. Fix some N > 0, and without
loss of generality choose a sequence of h — 07 such that h always divides both N=! and
N. Then by Lemma 3.4.1 we have

N/h
2 —KYN n -k
El (a1, g, as,ay) = \/; Z nhe """E [(Fasm(nh,ﬂ, h)) Limingoo goi<ny| +Cn

n=1/Nh+1

(3.51)

for some constant Cy > 0 which depends on N and the other parameters but not on h,
with the property that limy_,. Cv = 0.
Recall (3.16) for the definition of the random functional F'. By Theorem 3.2.3, we can

rewrite the sum in (3.51) as

N/h 1

n dmM”
Z nhe—fvynh/ E |:(e—’ynh/ y (Q?)
0 wp>1 |z (@stad) | — ] |res

n=1/Nh+1

—K
_ 0 _ —s—1i6 o~
+/ o YA BILoar_ iy oy FORAB g o Ty —aaCe ))dM7(s,9) du
RSZOXSé

N/h .
I:n}ilfu) Z e—l-vynh/ h E |:(e_,ynh/ dM7($)
n=1/Nh+1 (n—1)h aj>1 [T s tad) | — ] res

—K
+ / 67’7((nh+Bs)1{S§T—x}+(nh7x+’387T_m)1{SZT—J)}7a3G(17675719))d]/\4'\’y(87 0) du
RSZO XS;

N

— (1 —|—0(1))/ eUE [(Fa&m(x,ﬁ_x))_”} da

1/N

where the o(1) error is with respect to h — 07 and comes from the fact that
e = (14 0(1))e™", e~ V(nh=z) — (14 0(1))

uniformly in A~ > 0 and n € N for all € [(n — 1)h,nh]|. The desired formula (3.17) is
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recovered by sending h — 0 and N — oco. The proof of (3.19) is similar. O

The case where ay + s — Q € (0, k) is slightly more involved and the following

elementary formula will be useful.

Lemma 3.4.2. Fiz k,v, A > 0 such that A < ky. Let X,Y be independent non-negative
random variables and T an independent Exp(X\) random variable. Provided that all the

moments below exist, we have

- A A A (A PN
E[(X+e77Y)7| = 2B (—,/@——)]E[X D[y (3.52)
Y Y Y
where B(x,y) = % is the beta function.

The proof of Lemma 3.4.2 follows from the same change-of-variable argument in (3.40)
and is skipped here. For a sanity check one may quickly verify that both the LHS and
RHS of (3.52) converge to E[X "] as A\/y — 0.

Proof of (3.18). Our starting point is (3.47) from Lemma 3.4.1. It is clear that

1{rnins>o Brh <h}
(Fasau (nh, B2 + Fo, 0 (T, B.))"

1{mins>0 ,Bthgh}ﬂ{rmns>0 ,BR <h} ]

(Fa3,a4 (nh7 BL, ) + Fé\lz o <T’ BR,))’i

E

Limingso g3 <h}ufmingso 67 , <h}
(FO(S,OM (nh7 /BE, ) + F(;Q aq (7-7 /8]{”))5

Lming=o 6 ,<h}

+E -
(FCY37CY4 (nh7 52, ) + F(;cz [e%} (Tv B}g’)) ]

where the last term is O(h?) and may be safely ignored. Arguing as before, we see that

nhe—(Fr—(a1+az—Q))nh
\/72 (g + az — Q)2
B 2/
(g Fay — Q)2(ky — (o + ag — Q))E {<

1{mins>0 ﬂ"h <h}

(Fa3,a4(nh7 BZ, ) + Fc/m a1(T’ 517%—7)),1

Foson 7 B+ Py (To0)) | 4 000)
(3.53)

where 7 ~ Exp(ky — (o + a2 — Q)) and T ~ Gamma(2, a; + as — Q). Recall that if U is

an independent Uniform[0, 1] random variable, then (71,73) := (TU,T(1 — U)) is a pair

of independent Exp(a; + ap — Q) random variables. Combining this fact with Theorem
3.2.3, we obtain

Flyod(T,BL) = e, (T2, BF)

Q2,1
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and we can rewrite the expectation in (3.53) as

]E |:(Fa37a4 (T7 g}:,) + 6_’77’1FO[£2’Q1 (757 ~}72—2,>) :| .

Similarly, if we let 71, 75 be independent Exp(ky — (a1 + az — @)), then

9 0o nhe_(nfy—(a1+a2—Q))nh 1{min5>0 BT <h}
%Z (1 + a2 — Q)? . (Fagos(nh, BP0 + F o (T, BE))"
n=1 Qagz,0q ) L,~ 2,0 9 R7.
2/m

Tt - Q- (= QP {(6%’7%@4(727 B2) + Py (T2, BR)) } +o(1).

(3.54)

The claim then follows by sending h — 07 and applying Lemma 3.4.2 to (3.53) and
(3.54). O

3.5 Fusion in boundary Liouville Conformal Field The-

ory

3.5.1 Boundary Liouville Conformal Field Theory

Boundary LCFT is LCFT on proper simply connected domains D C C. We start by a
brief review of the theory and refer to [HRV 18] for details. Like LCFT on the sphere, the
theory is conformally invariant, so by the Riemann uniformisation theorem, it is enough
to study it on the upper-half plane H := {Imz > 0} (the unit disc D is also a common
choice) equipped with some background metric g. In this context, the Liouville action

with boundary term is given by”

1 7
SL(X, g) := yym /H (IVX]? + drpe¥g(z)) &z + uaAe2Xg(x)1/2dx (3.55)

where 5 > 0 is the boundary cosmological constant. One recognises the Dirichlet energy in
the first term of the action, giving rise to a GFF which we take to have Neumann boundary
conditions. The GFF is weighted by its bulk GMC mass M"(H) and its boundary GMC
mass My (R), where the boundary GMC is formally

dM(x) = e%X(z)’éE[X(:”)Q]g(x)l/de

and is obtained via a regularisation of the field using semi-circle averages.

As in the sphere case, the observables are the vertex operators V,(z) for insertions

5As in the sphere case, we omit the Ricci and geodesic curvature terms.
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z € H. The main difference is that one can consider insertions on the boundary, which we
formally write
Bs(z) = 3 X(@)

for z € R and § in a range to be determined. The correlation functions ([T, Vi, (2:) Hj‘il Bg,(x;))

exist iff the Seiberg bounds are satisfied, which in this context are given by

Q M B
o =;§+;2Q—1>0
(3.56)
Vi, a; < Q
Vj, ﬁ]<Q

If these are satisfied, the correlation function has the following form® [HRV18]:

N M
<H Vai(2i) | ] B, (ﬂﬁj)> = 2¢C() / V7B [eXp (—ue”c / MAMY — pge2* /
i=1 j=1 R H

eZHdMg)] de

R
(3.57)
where H and C(z,x) are the functions defined by
N M
H= ZaiG(zi, )+ Z %G(xj, )
= = (3.58)

C(z,x) = Z Gz, 20) + Z aiTﬁjG(zi, ;) + Z BBy G(xj, x7)

— — — 4
i<i 1,J <y’

with G being Green’s function with Neumann boundary conditions on (H, g). Notice that
the usual change of variable u = €7 does not give a nicer expression in this case since the
. . . . . . ol
exponential term in the expectation is quadratic in ez®.
Correlation functions are conformally covariant, and if ¢ : H — H is a Mobius

transformation, then (recall that A, = $(Q — 5))

<H Vo) [ ] Bﬂj(w(l‘j))> = [T Gre L't <H Vo) 11 Baj<xj>>

Mobius transforms of H have three real parameters, so when the location of the
insertions have less than (or exactly) three real parameters, the correlation functions are

determined by conformal invariance, and we have the following structure constants

5We chose the prefactor 2 so that the asymptotic behaviour of the bulk 1-point function with p = 0
coincides with that of [FZZ00, Equation (2.24)].
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1. Bulk-boundary two-point function

R(a, )

|Z _ 2|2AD‘7AB|Z _ x|2A5

(Va(2)Bp()) =

(3.59)

As a special case of this equation for § = 0, we have the bulk one-point function

Ule)
Va = 3.60
Vale)) = = s (3.60)
2. Boundary three-point function
_ (B, Ba, B3)
(Bg, (71)Bg, (72) Bs,(23)) = 21 — xzyAﬁlJrAﬁQ—A% |z — x3’A52+A,33—A51 |75 — $1|Aﬁ3+AﬂI—Aﬁ2
(3.61)

Remark 12. There is also a definition for a boundary two-point function, which we omit
here since we will not be needing it for the purpose of this paper. Let us just mention
that this object is to the reflection coefficient of [KRV20] what the boundary three-point
function is to the DOZZ formula.

The above structure constants are to be understood as meromorphic functions of the
parameters and they arise naturally in the bootstrap formalism. Physicists have conjectured
exact formulae for the values of these structure constants [FZ700, PT02], and there are
works in progress by Gwynne and Remy establishing the validity of (3.60) and Remy and
Zhu addressing (3.61).

3.5.2 Main results

The cases we treat are the fusion on two boundary-insertions, the absorption of a bulk-

insertion on the boundary and the fusion of two bulk-insertions.

Theorem 3.5.1 (Boundary four-point). Let (51, B2, 53, B4) satisfying the Seiberg bounds
and suppose that B3 + By > Q. Then the following asymptotic holds:

1. Supercritical case

If B1 + B2 > Q, then

1 |g;|%2*A61*A/32
<Bﬁl(0)352(x>353<1)354(00)> x:O 4ﬁ 3/2 1 aSC(ﬁhﬂQaQ)alc(Q?BS?Bll)

||

log
(3.62)

2. Critical case
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If B1+ B2 = Q, then

1 |z|2hP

x x)) ~ ———-7—01¢(Q, B3, B4 .
(Ba0Ba (BB 5, =~ 7w i@ o) (369

3. Subcritical case

If B1+ B2 < Q, then

(B, (0)Bs, (1) Bay (1) By, (00)) ~ [a[352¢(y + o, By, Bu)  (3.64)

The next theorem is about the fusion in the bulk two-point function.

Theorem 3.5.2 (Bulk two-point: Fusion). Let (o, o, B) satisfying the Seiberg bounds.
Then the following asymptotics hold:

1. If 3 =0, then

9—oias |Z|2(QT2—AQ1 AYYY)

<Va1(i)va2(i+z)> ~T

03C! , Qo 3.65
o TG e (6

2. If B >0, then

(a) Supercritical case

If ay + ag > Q, then

2 2
2A5—%—0¢10¢2 |Z|2(%_Aa1 —Aa2)

Viy (1) Vs (i2) B (0)) ~
(Vo (Ve (142) Bo (0)) gy = == g T

||

(3.66)

(b) Critical case
If o1 + as = Q, then

e P B
<Vo¢1(7')va2(7' + Z) 5(0» Z:O - \/% 10g1/2 i|

|z

O R(Q, B) (3.67)

(c¢) Subcritical case

If a1 + as < Q, then

(Vi (i)Vay (i + 2) B3 (0)) ~ 2%~ 50270 piq) Ly 8)  (3.68)

z—0

Another interesting limit of the bulk two-point function is sending one insertion to the

boundary.
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Theorem 3.5.3 (Bulk two-point: Absorption). Let (ay, ) satisfying the Seiberg bounds,
and suppose oy > % Then the following asymptotic holds:

1. Supercritical case
If ag > %, then
22(%2—Aa1 —Aay) |Z|(a2_%)2

3/2 1 D R(an, Q)2 R(a2, Q) (3.69)

2|

(Vo (Ve (2)) ~, /7 log

2. Critical case

If ag = %, then
<Va1 <Z>Va2<z)> ~ _—iaQR(Oéla Q) (370)

3. Subcritical case

If as < %, then
R(Oél, 20[2)

Vea (Vs 2)) ~, o ans (3.71)

We now turn to the bulk-boundary three-point function (V,,(2)Bg, (0)Bg,(c0)). There
is not much to say about the merging of the bulk insertion with a boundary insertion since
for all r > 0 and 6 € (0,7), the correlation function (V,,(re)Bg, (0)Bs,(c0)) is deduced
from (V,(e")Bgs,(0)Bg,(o0)) by scaling. The non-trivial parameter we can vary is 0, and
the limit # — 0 corresponds to the absorption of an bulk insertion on a boundary point
which is not an insertion. Thus we will study the correlation function (V,,(2)Bg, (1) Bs,(c0))
in the limit 2 — 0. Notice that by Mobius invariance, this is the same as studying the

function (V,(i)Bgs, (0)Bgs,(z)) in the limit  — 0, i.e. merging the two boundary insertions.

Theorem 3.5.4 (Bulk-boundary three-point). Let («, By, 52) satisfying the Seiberg bounds,
and assume that 5y + By > % Then the following asymptotic holds

1. Supercritical case
If a > %, then
(a—

3/2 1 82R(Q7Q)810(Q751762) (372)

||

(Val2) B (DB (%)) 5, 177 1og

2. Critical case
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(@)

If o = %, then

27

1
(Va(2)Bg, (1) Bg, (00)) o _malc(QaﬁlaSQ) (3.73)

3. Subcritical case

If a < %, then

zZ—r

(Val2)V5, ()V, (00)) ~ (2, B, B2) (3.74)
Remark 13. More generally, the fusion rules in the supercritical case are the following:

1. Fusion of boundary-boundary (f;, 52)-insertions produces a boundary three-point

function 03¢(B1, 52, Q).
2. Absorption of a bulk a-insertion produces a bulk-boundary function dyR(c, Q).
3. Fusion of bulk-bulk (ay, as)-insertions produces a DOZZ formula 0;C., (a1, aa, Q).

This rule, as well as the rate functions of the above theorems, can be used to compute the
asymptotic behaviour of all correlation functions upon fusion of insertions, and express

the limit with a lower order correlation function.

As such, we haven’t said anything about the fusion of bulk-boundary insertions. This
is because it can be seen as a two-step procedure of first absorbing the bulk insertion
into the boundary and then merging the boundary insertions. Hence the operation does
not produce a structure constant. As an example, consider the correlation function
(Va(2)Bgs, (0)Bg,(1)Bg,(00)) in the limit z — 0, for (a, f1, B2, B5) satistying the Seiberg
bounds, and suppose that both 83 + 5, > @ and 2a + 5; > @, so that we are in the

supercritical case. Then the asymptotic is given by

O .

=0 dy/m log?? L 0F

(Va(2)Bg, (0) Bg, (1) By, (20))

(Va (1) Bs, (0) Bg(00)) 15=01c(Q; B2, B3)
(3.75)

Remark 14. Even though the correlation functions can no longer be expressed in terms
of negative moments of GMC (unless pug = 0), it is still possible to give probabilistic
representations of the renormalised constants in the aforementioned theorems by performing

the same partitioning-of-probability-space procedure on

E {exp (—,ueW/ e Hd M — ,uaezc/ engMg)}
H R

as we did in Section 3.4. We omit the details here.
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We now turn to proving Theorems 3.5.1, 3.5.2, 3.5.3 and 3.5.4. We only deal with
Theorems 3.5.1 and 3.5.2 since the other cases are similar.
Subcritical cases follow from dominated convergence so we won’t treat them. The rest

of the proofs are very similar to that of Theorem 3.1.1 so we will be brief.

Proof of Theorem 3.5.1. The setting is the upper-half plane H equipped with the metric
g(2) = 4)z|3*. We use the same procedure as for the sphere and apply the conformal
change of coordinate v : z ++ e7*/2 from the infinite strip S := R x (0,27) to H. Then
Green’s function on the strip is given by the even part of Green’s function on the cylinder,
ie. if X is a GFF on Ry x (0,27)y, we have (recall (3.26))

6 s 0 s 0 s 0
E[X (s, 0)X (s, 0] = G(2, 2. 2 2 522 7
s 8 s 0 s 8 s 0
ss’ H___J_ H_7_7_7__
= (sl A Do+ HCL 2.2 0 302 0
s—s 6§ —0 s —s 6 +0
(l |/\|8|> SS'>0+G(00 9 ) 9 )+G(0707 ) )

2
(3.76)
Hence the field decomposes into the independent sum X = B+Y where (Bs)4er is standard
two-sided Brownian motion and Y is a log-correlated field whose covariance kernel is given
by the sum of G functions on the right-hand side of the previous equation. It is also clear
from the definition that the law of Y is translation invariant. The pullback measure of
g on the strip is gy(s,6) = e sl so we can take the GMC measure of Y with respect to
Lebesgue measure on § and take the drifted process By — %]3| for the radial part of the
GFF.

First we have to explain how to make sense of boundary (derivative) @Q-insertions.
A boundary insertion with momentum S at oo (on the strip) amounts in adding a
positive drift g to the radial process (on the positive real line), so the total drift vanishes
when 8 = Q. For t > 0, define H, := H\ (e7¥/?D) (resp. R, := R\ (—e /2 e7%/2))
and (Bg(0)Bg,(1)Bg,(00)); the correlation function where we integrate the bulk (resp.
boundary) GMC measure of (3.57) on H; (resp. R;) instead of H (resp. R). Viewed in the
strip, this is the same as taking S; := (—o0,t) x (0,27) and (—o0,t) x {0,271} as domains
of integration for the bulk and boundary measures.

For fixed b > 0, we have

2
P(susz§b> ~ —b

0<s<t t—oo \ 7l

(3.77)
P (supb. + 55~ Qs <b) |~ (@

>0
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so by previous arguments we have

lim \/§<BQ<0>352<1>Bﬁg<oo>>t = Jlim = (B5(0)Bay (1)Bay (00)) = ~0rc(Q. o )
The critical case (3.63) follows easily from this equality.

Now we turn to the supercritical case. We write ¢ := 2log ﬁ The radial process has a
positive drift %(,81 + B2 — Q) in (0,t), which we kill by Cameron-Martin’s theorem (recall
(3.36), yielding the Radon-Nikodym derivative ez(f1+82-@Bi=5(B1+52-Q)% ' Thjs accounts
for the polynomial rate in |z|.

Similarly as in Figure 3.3, we condition on value of the process at time ¢ and introduce
B, = /16 with § ~ M(0,1) independent of everything. Thus the process in [0, is the
sum of a random drift \% and an independent Brownian bridge in [0,¢] (see Figure 3.4).
Conditioning the Brownian bridge in (0,t¢) to stay below b, we get a contribution of
\/gt*?’/2 = m. Taking t — oo then b — oo, the limiting integral on the left
is a strip with a (,-insertions at —oo, a fs-insertion at 0 and a (derivative) @-insertion
at +oo (see Figure 3.4), hence the limit is —£8:¢(Q, 85, B1) (recall the prefactor 2 in the
definition of (3.57)). Similarly the limiting integral on the left is —%810(61, P2, @), yielding
the result.

10 - 8 381 - Q)
9 — P4

Figure 3.4: The radial process on the strip in [0,¢] is the sum of a Brownian bridge (red) and
a random independent drift (blue).

]

Proof of Theorem 3.5.2. In this proof, we use the flat disc (ID,dz) as set-up, which is

mapped to the semi-infinite cylinder C; = R, x S! equipped with the metric g(s, ) = ¢=2*

?. So the GFF decomposes as the sum of a

under the conformal transformation z — e~
drifted Brownian motion (Bs — @s)s>0 and an independent lateral noise Y from which we
take the GMC measure with respect to Lebesgue measure.

We treat the case f > 0 and a; + as > @), the others being similar. Let ¢ := log ﬁ
With the presence of the insertions, the radial part has a positive drift a; + as — @
in (0,¢) and negative drift oy — @ in (¢,00). Killing the drift in (0,¢) with Cameron-

Martin’s theorem gives the exponent in |z|. Conditioning on the value of B, = /16
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and conditioning the Brownian bridge not to exceed some b > 0 gives a prefactor of
\/gt*?’/ 2. Taking t — oo then b — 0o, we find that the integral on the right is an infinite
cylinder with insertions (ay, s, Q) at (+00,0, —00), so its value is —iﬁgCﬁ,(al,ag,Q)
(the lateral noise is close to the one used before in this region and can be dealt with
using Kahane’s convexity inequality). On the other hand, the integral on the left is a
semi-infinite cylinder with a ()-insertion at oo and a [-insertion on the boundary, so its
value is —1-2(V, (i) B5(0))|a=q- O

19a

3.5.3 Links with random planar maps

The above results can be interpreted with respect to the KPZ conjecture on random planar
maps with the topology of the disc. For concreteness, let 7, ., be the set of triangulations of
the disc with n internal vertices and m+2 boundary vertices, with two marked vertices (one
internal and one on the boundary). Then it is known [AS02] that there exists p¢, p§ > 0
such that

C C —
#HTnm =< € nelomm /2y =5/2

We suppose that for a triangulation (t,z,x), we have conformal mapped t to H (in the
manner of section 3.1.4) and that z is mapped to ¢ and x is mapped to 0. For each
such triangulation and a > 0, we can construct measures v*® (resp. z/g’“) giving mass a?
(resp. a) to each triangle (resp. each boundary edge). Now we let p := (1 + a*)u¢ and

po = (1 + a)ug, and sample the triangulations at random with the probability measure

P, (t,2,%) = e Hltlg=hot®)
where Z, is the normalising constant and /(t) is the boundary length of t. Additionally
we choose the internal marked vertex uniformly in the internal vertices of t and similarly
for the boundary marked vertex.

It is conjectured [HRV 18] that the pair of random measures (v%%, z/g’a) converges in
distribution to a pair of random measures on (D, 9D), and the limit (v, vy) should be given
by (some form of) LQFT on the disc. In particular, it should be the case that for all
measurable sets A C H, B C R,

- [VEI?I)} B //xfﬁ,uc,ug(z)dQZ
- {ZZEE))} - /BA\/g,#c,#g (2)dz

~—

<

(3.78)
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where we define for all v € (0,2) and p, g > 0,

Frs(2) = S Vo2V (0)B, (0))
: (3.79)

Ay iopio (T) 1= Z_a (B,(z)V,(i) B,(0))

where Z, Zy are normalising constants whose values are discussed in Appendix 3.A.
Similarly to the discussion of section 3.1.4, the result of Theorems 3.5.4 and 3.5.2
gives precise estimates on the expected density of vertices in different settings: internal or
boundary vertices around the marked point on the boundary, internal vertices around the
internal marked point, and internal vertices around the boundary.
Finally, we mention that one can formulate other conjectures involving different values
of v (e.g. by weighting the measure P, by some statistical mechanics model), p and g

(e.g. by considering other types of maps).

3.A The normalising constant in (3.21) and (3.79)

We present the computation of the normalising constant for f, , (in a more general setting).
The idea is that integrating over the location of a v-insertion is the same as differentiating
with respect to the cosmological constant. We present the main steps and leave the details
to the reader.

Let N >3 and zq,...,2y € C pairwise disjoint and (aq, ..., a) satisfying the Seiberg

: : : N
bounds. For notational convenience, we write G(z) := > .., ;G (%, x) and as usual

N i
o= % -
Using Cameron-Martin’s theorem to go from the second to third line we find

1 - Z .aiajG(zi,zj) N
56 1<i<j /(C\<V7(Z)HVO”(ZZ>>dZ

i=1

— / 719(2) / Q3R [exp (—ueVCMV (ev(gan(z,-))))} ded?
C R

—E {/R eQrere M (29) exp (—pe M7 (€79)) dc] (3.80)

— > 0j0;G(z4,25

1 - 9 /1
= —ge @<Hvai(zi)>

so that in the end

[E <Vw(z) HVai(Zi)> d*z = —% <H Va(zz)> = @ <H Vai(zi)> (3.81)
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where we simply used that <Hfil Vi, (2i)) is equal to ;[% times some quantity independent
of . In particular this yields (3.21) for N = 3 and (o, oo, a3) = (7,7, 7).

Similarly, in the disc case, we find that for (o, ..., an, b1, ..., Bar) satisfying the Seiberg
bounds, we have

[ (# T T ) 2= (T )

=1

/R<B H e ﬁ > o <HVa %) B, (2 >

=1 :

and

In general, this does not simplify as nicely as (3.81) but if e.g. = 0, then we have for
instance

, 3y —2Q
LB @V, 0B, (0 = T2 R, )
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Chapter 4
Liouville-Cauchy process

In this chapter, we define the boundary version of Liouville Brownian motion (y-LBM)
as a time change of the Cauchy process according to Liouville length. Similarly to
[GRV16, RV15], we study the qualitative properties of this reparameterisation through an
explicit construction of the positive continuous additive functional. The resulting Markov
process is called the “Liouville-Cauchy process” (7-LCP) and is well-defined in both the
subcritical and critical regimes (y € (0,2]). It is fair to say that the methods used in this
chapter are not new, and we are still pondering about its publication.

Among other things, the v-LCP gives a natural notion of local time of v-LBM on
the boundary of the domain. In particular we can use conformal welding to define the
“quantum local time” of v-LBM on an independent SLE,_.2, together with the natural

Markov process on the curve that is invariant for the quantum length.

4.1 Introduction

4.1.1 Overview

4.1.1.1 Background

Liouville quantum gravity was introduced by Polyakov in the context of string theory
[Pol81] as a theory of Riemannian surfaces (3, ) endowed with the random metric

=0, (4.1)

where o is a classical solution to Liouville’s equation (i.e. a Riemannian metric with
constant curvature and geodesic boundary), X is the Gaussian free field (GFF) on (X, o)
and v € (0, 2] is the parameter of the theory. Such an expression does not makes sence
literally due to the lack of regularity of the GFF, but the work of Kahane on Gaussian

multiplicative chaos (GMC) [Kah85] allows to make sense of (4.1) as a random volume form.
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Indeed, Kahane’s theory gives a way of constructing random measures by exponentiating
logarithmically correlated Gaussian fields, such as the two-dimensional GFF. This was
independently rediscovered by Duplantier & Sheffield [DS11b] in the special case of the
GFF, where the volume form goes by the name of Liouville measure!. The value v = 2,
which was the one consider by Polyakov in his original paper, is known as “critical” and
will be the main focus of this work.

In the case of a bordered surface, the GFF has a trace on the boundary, which is
also logarithmically correlated. Exponentiating it endows the boundary with a random
length measure. As a conformal field theory, Liouville theory comes with a way of “gluing”
surfaces along boundary components in a way that preserves the random structure. First,
one isometrically identifies the glued boundary components according to Liouville length.
Second, one solves the associated conformal welding problem, and the welding interface is
a (form of) Schramm-Loewner evolution (SLE). Although this result is not known in such
a generality, the case of simply connected domains is by now well-understood [DMS14],
building on the pioneering work of Sheffield [Shel6]. The critical case of Sheffield’s
“quantum zipper” theorem was treated by Holden & Powell [HP18].

The boundary version of Liouville theory also exhibits striking integrability properties.
For instance, the techniques developed by David, Kupiainen, Rhodes & Vargas [DKRV 16,
KRV19, KRV20] on the Riemann sphere allowed Remy and Zhu to compute the distribution
of the total mass of GMC on the circle [Rem20] and on the interval [RZ20a]. On the other
hand, while the DOZZ formula computes some moments of GMC observables, it is not
sufficient to characterise the distribution of GMC on the Riemann sphere and there is no
analogue of the Fyodorov-Bouchaud formula in two dimensions at the moment. Recently
[GRSS520], a formula involving some observables of GMC on the circle was proposed for
the one-point toric conformal blocks of Liouville CFT, one of the building blocks of the
theory. This gives more evidence that boundary GMC plays a fundamental role in the
gluing morphism of LCF'T, and makes boundary Liouville theory an important subject of
study in its own right. At the centre stage is the Sobolev space H'/2(9%), the trace space
of H'(X), the latter being the space on which the GFF and Brownian motion are based.
Similarly, H'/2(9%) is the defining space of the trace of the GFF and the Cauchy process.

Garban, Rhodes & Vargas [GRV16] and independently Berestycki [Berl5] defined
“Liouville Brownian motion” (LBM) as the natural diffusion on the random geometry given
by (4.1). In short, this consists in time-changing the standard Brownian motion according
to the Liouville measure, resulting in a process that leaves the Liouville measure invariant.
Further properties of LBM were studied in [GRV14], and [RV15] extended the construction
to the critical case. The relevance of this process lies in the fact that it comes with analytic

objects such as a heat kernel and a resolvent, the existence of which is not given a priori

'We will use the words “GMC” and “Liouville measure” in an interchangeable way.
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on the irregular geometry of (4.1). Many properties of these objects like the short-time
asymptotics of the Liouville heat kernel are connected to the metric features of Liouville
quantum gravity, in particular its fractal dimension [DZ719, DG20]. Although we will not
be concerned by this here, we mention that making sense of (4.1) as a random metric and
not only a volume form has been achieved only recently [DDDF19, DFGT19, GM19].
The present work addresses the boundary version of LBM in the full range v € (0, 2]:
this is a Cauchy process on the boundary, time-changed by the Liouville boundary
length, which we call the Liouville-Cauchy process (LCP). The appearance of the Cauchy
process is explained by Spitzer’s embedding theorem [Spi58], stating that it is obtained
by reparameterising the trace of Brownian motion on the boundary by its local time. It
is also the Markov process associated to the Dirichlet space HY?(0X), giving another
interpretation of the Cauchy process as the trace of Brownian motion on the boundary.
Our construction of this process is similar in spirit to [GRV16, RV15]: it relies on an
explicit construction of the positive continuous additive functional (PCAF) of the Liouville
measure through a renormalisation procedure (see Theorem 4.1.1). This allows us to get
some qualitative information about the time-changed process that are not given a priori
by the Revuz correspondence. The resulting process is a strong Markov process and we
can derive further properties of its heat kernel and resolvent family (see Section 4.3.4). In
analogy with Spitzer’s representation, the LCP will allow us to define the local time of

LBM on 0%, and we will recover LCP as the trace of LBM reparameterised by local time.

4.1.2 Liouville-Cauchy process and Liouville Brownian motion
4.1.2.1 Cauchy process and Spitzer’s embedding

An archetypal example of Dirichlet form is the Dirichlet energy &y on L?(ID,dz), given by

gV(fa g) = <Vf7 Vg>L2(]D>7dz)

whose domain is the Sobolev space H'(ID,dz). This form is regular and the associated
Markov process is Brownian motion in D reflected on 0D = S' [FOT11, Example 4.4.2],
which we denote by B = (B;);>. It is well-known that H'(D,dz) satisfies a Poincaré
inequality in the form of (4.39).

The trace space of H'(D,dz) is the Sobolev space H'Y?(S!',df) c L?*(S',df) of
(Schwartz) distributions with half-derivative in L*(S',df). It is also the domain of the
Dirichlet form

E(u,v) := Ev(Pu, Pv), (4.2)

where P : H'Y2(S',df) — H'(D,dz) denotes the harmonic extension. We have the
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characterisation (see e.g. [NS95, Section 2])
H'*(S,df) = {u € L*(S",df), E(u) < o}, (4.3)

and it is a Hilbert space when endowed with the (squared) norm ||-||7 (s1.a9)T€ (). Moreover,
a Poincaré inequality also holds in H/2(S',df) in the form of (4.39). In particular, the
homogeneous space H'/2(S',df) := H'/?(S',d#)/R is a Hilbert space when endowed with
the (squared) norm &£(+).

The Markov process associated to (£, H'/2(S',d#)) is the symmetric Cauchy process
on S' [FOT11, Example 6.2.2]. It can also be obtained as a time-change of B by the
PCAF of Lebesgue measure df on 0D. This measure does not charge any polar set of
D, so it is Revuz in H'(ID,dz), and the PCAF is the local time of B on S', denoted L.
The Cauchy process is obtained by reparameterising the trace of B on the boundary by
its local time. Namely, letting 7, := inf{t > 0, L, > s}, the process (B;,)s>0 is a Cauchy
process. This representation theorem was first obtained by Spitzer [Spi58].

Of course, in this case the Revuz measure does not have full topological support in I,
so that L is not strictly increasing, which in turn implies that the paths of the process are
not continuous. In particular, the Dirichlet form (4.2) is not local. On the other hand, the

quasi-support of df is the whole unit circle and does coincide with its topological support.

4.1.2.2 Gaussian multiplicative chaos

Let v € (0,2] and X be the Gaussian free field (GFF) in D with free boundary conditions
on S'. We will use a regularisation (X.)o<.<; known as the white-noise regularisation and
described in Section 4.2.3. The Gaussian multiplicative chaos (y-GMC) measure j1, of X

(with respect to dz) is the almost surely weak limit of the family of measures
2
dptyo(2) = e 7 XB)dz, (4.4)

For the value v = 2, the above renormalisation yields zero as a limiting object, but it

is possible to change the renormalisation in order to obtain a non-trivial measure ps

[DRSV14a]:
1
dpge(2) == (2 log - Xg(z)> e2e2Xe(3)dy, (4.5)

Again, the convergence po . — 2 as ¢ — 0 is almost sure with respect to the topology of

weak convergence of measures. The renormalisation procedure (4.5) is called the derivative

—diy
4y |y=2
The GFF has a trace on S' denoted by W, which is equal in distribution to the

isonormal Gaussian process based on H'/2(S',df). This field also has a white-noise

renormalisation, since formally ps =

regularisation (W )o<.<1, and one can define boundary length measures v, as the almost
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surely weak limit of the family of measures

dy%e(ew) = 5%€%W€(eig)d9; v € (0,2);

dvy . (e) = <1og§ - %Wg(ew)> ee=) g,
Given v € (0,2], the measures p., v, are a.s. finite and we will always assume that
v,(S') = 1. Since the underlying GFF was only defined up to an additive constant, this
can be understood as a way to fix the constant.

Let ) : D — D be a conformal transformation. We can define a GMC measure u$
using the renormalisation procedure (4.4) (or (4.5) if v = 2), where X is now the GFF
in (D,dz), i.e. the isonormal Gaussian process based on H'(D,dz). Then we have the
following conformal covariance property, also known as the conformal change of coordinate
formula [Shel6]: with @ := % + 3, we have

s =1, (4.6)

4.1.2.3 Liouville Brownian motion

It is known that for all v € (0, 2], almost surely, p, does not charge any polar sets (of
Brownian motion). This is relatively straightforward for v < 2 but showing it for v = 2
constitutes a substantial part of [RV15] (see Section 4.2). Thus, the Revuz correspondence
ensures the existence of a PCAF. However, this is a purely abstract statement and does
not say anything about the qualitative properties of the time change, e.g. does the
time-changed Brownian motion have infinite lifetime? continuous sample paths? Does it
get “stuck”?

To address these questions, one needs to show that the PCAF is almost surely a
self-homeomorphism of R, for all starting points. In [GRV16, RV15], this is done in a
constructive way by defining the PCAF through a renormalisation procedure. Namely,

one considers the regularised functionals
t 42
o7 ::/ ez e Xe(Be) g, v € (0,2);
0
! 1
@f’2 = / (2 log — — XE(BS)> g2e?X=(Bs) .
0 €

Then it is shown that for almost every realisation of X and quasi-all starting points z,
the mapping ¢t — ®;7 converges a.s. under P, as ¢ — 0. The convergence is uniform
on compacts of R, and the limiting mapping ¢ — ®] is a self-homeomorphism of R,.
Moreover, ®7 coincides with the PCAF of 11, in the sense of PCAF equivalence.

The functional &7 is understood as the quadratic variation of the formal martingale
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2

e2X(B)dB,, and one can reparameterise this process by quadratic variation. Namely, set

77 = (®7)"!(s) and define Liouville Brownian motion (v-LBM) by BY := B.».

The 2-LBM is said critical since it is based on the critical measure us. The fact that &7
is a homeomorphism for all starting points implies that the time-change is non-degenerate:
sample paths of the v-LBM are continuous with infinite lifetime and never get “stuck”. In
particular, ®, has full support, i.e. p, has full quasi-support, and one defines the Dirichlet

space of v-LBM in the manner described in (4.40).

4.1.2.4 Liouville-Cauchy process

We will establish analogous statements in the case of the Cauchy process time-changed by
the boundary Liouville measure v,. Similarly, these measures a.s. do not charge polar sets
of HY/2(S',d#), so they admit a PCAF. In order to study this PCAF, we introduce the

regularised functionals
t 72 ol
R [ eHeOas e (0.2)
0

2 ::/ (log Wa(CS)) eeV=(C) (s,
0

e 2
Here, (C});>0 denotes the symmetric Cauchy process on S! and we let P, be the law of the

Cauchy process started from z € S'. The next theorem is the main technical result of this

paper and its proof is carried out in Section 4.3.

Theorem 4.1.1 (Convergence of the PCAF). Fiz v € (0, 2].

For almost every realisation of W and quasi-every v € S*, P,-almost surely, the family
(t — Fy7)eso converges as € — 0, uniformly on compacts of Ry, and the limiting function
t — F;' is a self-homeomorphism of Ry.. Moreover, F7 coincides with the PCAF of v, up
to PCAF equivalence.

We will treat the critical and subcritical cases separately. The critical case will be
proved in Sections 4.3.1 and 4.3.2, while the subcritical case is carried out in Section 4.3.3.
The latter is much simpler to deal with, and it will turn out that the PCAF is in the strict
sense in this case.

We discuss a few basic consequences, which will be elaborated upon in Section 4.3.4.
Theorem 4.1.1 implies that we can invert the PCAF 77 = (F?)~!(s) and reparameterise
(Ct)t>0 accordingly:

Cl:=0Cp.

From [FOT11, Chapter 6], this defines a strong Markov process on S'. It comes with a

semi-group (py])¢>o and other analytic objects which will be studied in Section 4.3.4. In
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particular, it will be shown (Theorem 4.3.15) that the heat kernel is absolutely continuous

with respect to the Liouville measure for all v € (0, 2].

Definition 4.1.1 (Liouville-Cauchy process). We call (CY)s>o the Liouville-Cauchy process
(7-LCP) and refer to the 2-LCP as the critical LCP. Its Dirichlet space is realised in the
manner of (4.40):

{Hl/z(Sl,VV) = {ueL*S"v,), Jue HY(SY,df) s.t. u=u vy-a.e. (48)

E(u,v) = E(u,0).

Consider the reflecting Brownian motion (B;);>o in D and the notations of Section
4.1.2.1. We have seen that the Cauchy process is obtained by reparameterising the trace
of (By)i>0 on S* by its local time (L;);>o. Now, the measure ., (viewed as a measure on
D) has topological support D, and is Revuz with full quasi-support in H'(DD,dz). Thus,
it provides a non-degenerate time change of reflecting Brownian motion. Similarly, the
measure v, has topological support dD, and is also Revuz with full quasi-support by
Theorem 4.1.1. Using v, as Revuz measure provides a definition of the local time of
reflecting v-LBM on 0D.

Definition 4.1.2. The reflecting v-LBM in D is the Markov process associated to the
Dirichlet space (€2, H'(D, 1)) on L?(D, p1,), where

HY (D, ) == {f € L*(D, ), 3f € H'(D,d2) s.t. f=f py-ae}

and EL(f,g) = Ev(fv, g). The local time of v-LBM on 0D is the PCAF of Revuz measure

vy, denoted (L} )i>o-

We also get the Liouville analogue of Spitzer’s embedding: let (B]);>¢ be the reflecting
7-LBM in D with local time (L7);>o on S*. Letting 77 := inf{¢ > 0, L] > s}, the process
(BZ’Y)SZO is a ’Y—LCP

Remark 15. In [GRV16, GRV14, RV15], only the absorbing LBM is considered. The
Dirichlet space of the Euclidean absorbing Brownian motion in D is (£y, H} (D, dz)), where
Ey is considered on L*(D,dz) and H}(D,dz2) is the completion of C*(D) with respect to
Ev. The Dirichlet space of absorbing LBM is then defined similarly using (4.40).

4.1.3 Schramm-Loewner evolutions
4.1.3.1 Conformal welding

Let n : S' — C be a Jordan curve with zero area, bounding complementary domains
0eDFcCand D-=C \ D*. Let 1 : D* — D* be uniformising maps fixing 0, where
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DT is the standard unit disc and D~ is a copy of D" with the opposite orientation. By
Carathéodory’s theorem, 14 extends to a homeomorphism D* — D¥ still denoted v,
and h := ¢! o1p,|st is called the welding homeomorphism of 1. Conversely, given a
homeomorphism A : 9D — 0D~, we say that the conformal welding problem associated
to h has a solution if there exists a triple (1,1, ,¥_) satisfying the above conditions. See
Figure 4.1 for an illustration. Conceptually, what this procedure is achieving is to endow
the topological sphere S := D+ LID~/ ~}, with a structure of Riemann sphere, where ~, is
the equivalence relation identifying 2z € 9DT with h(z) € 9D~. If the solution curve exists
and is unique (up to Mobius transformations), then the complex structure is canonically
defined.

h=y"t ot |sps : ODT — 0D~

Figure 4.1: Ilustration of the conformal welding of two discs into a Riemann sphere using
the boundary homeomorphism A : 9D+ — dD~. The whole procedure endows the topological
sphere § = Dt UD~/ ~j, with a complex structure. The blue and red neighbourhoods of D™
and D~ define a neighbourhood of S and the condition 4 |sp+ = ¥—|gp- © h ensures that this
neighbourhood is mapped to a neighbourhood of C. In the case of SLE, h is given by isometrically
identifying 0D with D~ according to the GMC length measures v, and v_. The pushforward
Pyt is a GMC measure on the sphere, independent of the welding curve 7.

It is well-known that not every h is the welding homeomorphism of a Jordan curve,

and if it is the solution may not be unique. See [Bis07] for a comprehensive account. A

128



sufficient condition for uniqueness is that  be H'-removable [Jon95]: recall that a compact
set K C Cis H'-removable if every ¢ € H'(C\ K,dz) N CY(C) belongs to H'(C,dz).
Indeed, it is known that H'-removability implies conformal removability [Jon95], i.e. every
homeomorphism of C which is conformal off K is a Mobius transformation.

Let 04 := (¢4 ).df be the harmonic measure on 7 viewed from 0. Since € is conformally

invariant, it makes sense to tautologically define the Dirichlet spaces

HY2(D* o.) := HY/*(S',d0) o 7"
{ ( o) ( )oty (4.9)

Ex(u,v) :=E(uorhy,vothy).

This gives two different notions of the Cauchy process on n = 9D* as the v,-images
of the Cauchy process on S*. Of fundamental importance in this work is to understand in
what sense these processes are “compatible”. For instance, it is known that precomposition
by h preserves H'/2(S',d#) if and only if h is quasi-symmetric, which is also equivalent
to n being a quasi-circle [NS95]. It follows in this case that oy (resp. o_) is Revuz in
HY2(0D~,0_) (resp. H'Y?(0D*,0,)) with full quasi-support, so that the two Cauchy
processes can be expressed as time changes of each other in view of Appendix 4.A.

However, even in this case, the 1;-images of the Cauchy process can have mutually
singular clocks (since o, and o_ are typically singular), and neither of them can claim to
be the “natural” Cauchy process on 7. Indeed, one would like to define the Cauchy process
with respect to a notion of arclength on 7 arising from the ambient geometry in which 7 is
embedded (namely, the Riemann sphere with its canonical complex structure). Such an
arclength fails to be canonically defined if 7 is not regular enough. This is analogous to
the fact that the conformal image of Brownian motion is only a Brownian motion up to
time change, and in particular, the clock can become quite different from the Euclidean
one when the Brownian motion gets close to the boundary.

Still, in many cases, there are natural measures supported on 7 that play a role similar
to arclength. As will be seen below, this is realised in the case of SLE, by the “natural
parameterisation” [L.S11] and the “quantum length” [Shel6]. The former is nothing but
the (1 4 §)-dimensional Minkowski content [LLR15], while the latter is a multiplicative

chaos with respect to the former [Benlg].

4.1.3.2 Schramm-Loewner evolutions

SLEs were introduced by Schramm [Sch00] as the candidate scaling limits of interfaces
of clusters of statistical mechanics models at criticality. This picture of SLE is linked to
their interpretation as flow lines of the Gaussian free field [MS16a]. Here, we are mainly
interested in the other interpretation of SLE as the interface between conformally welded

random surfaces. This was first exhibited by Sheffield in his seminal paper [Shel6], and
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considerably extended in [DMS14]. See also Berestycki’s review [Berl6] for a detailed
account of the quantum zipper theorem and [HP 18] for the critical case. We recall below
the main features of this theory.

Fix v € (0,2] and let X, X_ be independent GFFs in D" and D™, where DT =D
is the unit disc and D~ is a copy of D with opposite orientation. We gather these two
fields in a single object X = X 1p+ + X _1p-, understood as a GFF on the disjoint union
D*UD™. Let uy, pu_, vy, v be the bulk and boundary v-GMC measures constructed with
Xy, X_. Similarly, 14 and p_ are gathered in a single measure p, on D* LUD~. As before,
the normalising constant of the GFFs are chosen such that v (0D%) = v_(0D~) = 1.
Let h : 9Dt — 9D~ be the homeomorphism of the unit circle fixing 1 that isometrically
identifies D" with 9D~ according to Liouville length, i.e. v, = h*v_.

It is known that h is the welding homeomorphism of an SLE, _.2-type curve [Shel6,
HP18]. Moreover, (¢4 ).y = (¢_).v— as measures supported on 7. This measure is called
the quantum length of the curve and is denoted ¢,. Last but not least (recall () = % + 1),
the field (X — Qlog|y'|) o9~ is absolutely continuous with respect to the GFF on C
(with its structure of Riemann sphere), and it is independent of 1. By the conformal
change of coordinate formula (4.6), this means that 1./, is absolutely continuous with
respect to v-GMC on the Riemann sphere. In particular, it is Revuz in Hl(@, dz) with
full quasi-support, and its PCAF defines a Markov process which is absolutely continuous
with respect to v-LBM. This last feature is rather striking: it means that the ¢, -image
of 4-LBM in D coincides in law with 4-LBM in C up until its hitting time of n=0D".
This is in sharp contrast with the fact that the ¥, -image of Euclidean Brownian motion in

D+ becomes singular with respect to Euclidean Brownian motion in C upon approaching

n.

4.1.3.3 LCP on SLE

In this section, we use the previous results on LCP and conformal welding to define a
natural Markov process on the SLE curve, interpreted as the trace of LBM on SLE. The
generator of this process is a pseudo-differential operator, the Neumann jump operator,
depending both on the curve and the quantum length.

Let v € (0,2] and n an SLE,_.2 curve as described above by the welding of independent
7v-GMC measures v, and v_ on S! = 9D*. The curve 7 splits C into two simply connected
domains D, D~, and we let 14 : D¥ — D* be uniformising maps. The LCPs in
(OD*, ) come with a Dirichlet space (€], H'/2(0D*, v.)). Using the conformal maps .,
we define the Dirichlet spaces H'/2(0D%,¢) by pushing forward H'/2(0D*,v.), i.e. with
the Dirichlet form u — &) (u o 11). The space HY/2(0D*, ()N HY/2(0D~,¢) is a Hilbert
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space with (squared) norm
we [l fa + EL(woty) + EX(uo ).

Every u € HY/2(OD*,¢) N HY/2(dD~, ¢) has a unique harmonic extension to C, which
belongs to H'(D*) N H'(D~). Consider the subspace HY2(n,f) c HY*(0D* () N
H'Y2(dD~,¢) of functions such that this harmonic extension belongs to H*(C). In fact,
for v < 2, we have HY2(n, () = H'Y?(0D* ¢) N H'/?(0D~, /) almost surely, due to the
Sobolev removability of SLE, for x < 4. In general, H'/?(n,{) is a closed subspace of
HY2(0D*,¢) N HY2(OD~,¢), and the Dirichlet form restricts to this space. It has the

expression

E1(u) = £l (wopy) + € (wov),  ue HY(n,0).

To this Dirichlet form is associated an operator NN/, such that
EM(u) = (u, NJu)r2(n.0)-

which we call the Neumann jump operator across n (with respect to the measure ¢). It is

the generator of a Markov process on 1, the Liouville-Cauchy process on SLE.

4.1.4 Outline

The remainder of this article is devoted to the proof of Theorem 4.1.1 and related results
on the heat kernel of the LCP. The proof of convergence essentially boils down to the
construction of a multiplicative chaos with respect to the occupation measure of the
Cauchy process. Since the critical case is the hardest, we will only prove convergence for
this case and state the corresponding results for the subcritical case.

In Section 4.2, we gather some preliminary results on the Cauchy process, log-correlated
fields and (critical) Gaussian multiplicative chaos. In the study of critical multiplicative
chaos, there is a competition between the “maximum” of the field and the energetic
properties of the reference measure. The former is controlled by a result of Madaule
(Lemma 4.2.3), while the latter is the content of Lemma 4.2.1.

With these in hand, Section 4.3.1 shows the convergence of the critical PCAF started
from a given fixed point, and that this PCAF is a self-homeomorphism of R, . While the
resulting object is closely related to the one of [RV15], our proof strategy differs from
time to time and we have found it beneficial to present a self-contained proof. The main
difference lies in our definition of good events, which simplifies some computations (see
Remark 19).

From here, one can a.s. define the PCAF for a countable dense collection of starting

points, and a coupling argument (analogous to [GRV16, RV15]) yields the notion of
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continuity that is needed to extend the PCAF to quasi-all starting points (Section 4.3.2).
The short Section 4.3.3 adapts these results to the subcritical PCAF, with the only
difference that it is a PCAF in the strict sense in this case. Lastly, Section 4.3.4 exploits
the properties of the PCAF and the results of [FOT11] to define and establish some
properties of the LCP. This part is standard and similar to [GRV16, GRV 14, RV15].

4.2 Preliminaries

We start by collecting a few preliminary results on Cauchy processes, log-correlated fields
and Gaussian multiplicative chaos. Thanks to conformal invariance, the choice of domain is
not important and we will work with either the unit disc or the upper-half plane depending

on which representation is simpler.

4.2.1 The space H'/*(R,dx)

In this short subsection, we explain why the space H'/2(R,dz) is relevant in the context
of boundary Liouville theory and state a few of its properties, mirroring the analytic
structure of H'(H, dz). It is not essential for the rest of the article and can be skipped on

a first read.
The Sobolev space H'(H,dz) is the domain of the Dirichlet form & on L?(H,dz)
defined by

eelf0) = 5- [ VF- Vo

Green’s function for the Laplacian with Neumann boundary conditions on R = 0H has a

kernel given by

1 1 1 1

(—A) (21, 22) = o

The associated heat kernel is the usual Gaussian heat kernel

pi(z1, 22) = 2% (edln=l 4 emdiln-al), (4.10)
T

which is the fundamental solution to the heat equation

1
8tpt(2) = §Apt(2), Po = 5z1-

The trace space of H'(H, dz) is the Sobolev space H'/?(R, dx), which is the domain of
the Dirichlet form

1
E(u,v) = Ey(Pu, Pv) = %(u, Dv) 12k da) (4.11)
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where D = —d, 0 P : HY3(R,dr) — H~Y2(R,dz) is the Dirichlet-to-Neumann (DtN)
operator. In words, the DtN operator associates to a boundary function the normal
derivative of its harmonic extension. The last equality in (4.11) is interpreted as the
pairing of a distribution with its test function and is a simple application of Green’s
formula. By conformal invariance of the Dirichlet energy £v and of the harmonic extension,
the Dirichlet form & is also conformally invariant. This justifies the fact that we can
choose H as a reference domain without loss of generality.

Green’s function for D is obtained by restricting Green’s function for the Laplacian on
the real line:

Dz, 20) = DMz — 29) = llog ;
T oy — @

Indeed, take u € C°(R) and set ¢(z) := = [, log V—iﬂu(t)dt. Then ¢ is harmonic in H and
—0,0(z) =L [o ﬁu(zﬁ)dt. In other words, the normal derivative of Green’s function for
the Laplacian is the Poisson kernel, so that —d,¢ is harmonic in H with boundary value
given by u. Thus, D¢ = u.

Finally, the heat kernel for D is the Poisson kernel

1 t

T1,T2) = Pel®1 —X2) = — ‘
Pt(l 2) pt(l 2) 7T(l‘1—$2)2+t2

This is easily seen by noting that for fixed ¢ > 0, the harmonic extension of the function
z — pi(z) is (Ppi)(x + iy) = pery(z). Thus, Opi(z) = 9,Ppi(x)|y=o, i.e. Oipe(x) =
—Dp;(x). Note the explicit formula, for all z € R and 0 < s < ¢

t 2 2
1 t*+x
W()du = —log | —— | .
/sp() o g(32+x2)
Green’s function is recovered as usual by integrating the heat kernel with respect to time

(we introduce a cut-off due to some non-compactness introduced by the zero eigenvalue):

1,1 ! 1
D Yz) = ~log — = / pe(2)dt — — log(1 + 2?).
T |z 0 27

4.2.2 The Cauchy process on the real line

Recall from Section 4.1.2.1 that the Cauchy process on the circle has two interpretations.
On the one hand, it is the Markov process based on the Dirichlet space. On the other
hand, it is the trace of reflecting Brownian motion in ID reparameterised by its local time
on OD. It is a pure jump, l-stable Lévy process (Cy)i>o with cadlag sample paths. For a

given time t > 0, the left limit will be denoted C;-. From now on, we will map the process
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to the real line, where the transition rates are given by the Poisson kernel

1t

Ple) = C e

Lemma 4.2.1 (Energy of the occupation measure). Let \; be the occupation measure of

the Cauchy process up to time t > 0. Almost surely, for all p > 2, we have

/ dA\()dA\ (y)

Jo—yllog" (1 + =)

Proof. By scaling, it suffices to treat the case t = 1. Using the expression of the Cauchy

distribution (Poisson kernel), we have for all s < 1:

2 [ 1 S
= — i~ sda
mJo xlogl(l+1)s*+x

1
E
[KHb§ﬂ+mﬁ

Let us split this integral in three terms. First, using 575 < % and an explicit integration,

we have

1/4

s 1 S 1 /° dx c1
1\ o2 2d$ s P S p—1 "
o wlogl(l+4 1)s*+ux sJo xlog’(1+1) ™ slog" (1+ )

1/4

Second, using 27— < Vs for x > s'/4) we have

/1 1 S 4y < \/_/1 dx s
T s | ———— =:c/s.
sa wlogl(l+ 1) s2 +a2 " = o zlogP(1+1) ?

Third, using SQJFL:CQ <3 for x > s, we have

& 1 S & 1
dr < s - —:(gs.
/1 xlogP(1 + %) s24x2 /1 3 logP(1 + %) s

Thus, using the fact that the Cauchy process is 1-stable,

E

2 [z —y|log"(1 + 557)

lz—yl
1 1
-]
0o Jo

1 pl
C1 1
< + colu —v|2 + c3lu — vl | dudv < 0.

lu—v|

1
|Gy — Collog (1 + 52ey)

] dudv

134



Let P, be the law of the Cauchy process started from x € R. Following the standard
terminology, we say that 7, is a successful coupling between P, and P, if there exists a
Tz y-a.s. finite time 7 such that the marginal paths of 7., coincide after time 7. In this
case, 7 is called the coupling time. We note that the existence of such a coupling follows
from general results [SW11]), but we propose an explicit one below, based on Spitzer’s

embedding.

Lemma 4.2.2 (Coupling of Cauchy processes). Let z,y € R with x < y. There exists a

coupling 7, between P, and P, such:
(1) Ty y-almost surely, the sample paths C* and CY have the same jump times.

(ii) The coupling time T is stochastically dominated by inf{t > 0, éf > 5;’}, where C*

and C¥ are independent Cauchy processes started from x and y respectively.
(iii) For each e >0, my (T > ¢) = 0 as |z —y| — 0.

Proof. Consider three real Brownian motions B%, BY, B® started from z,, 0 respectively
and coupled as follows. The Brownian motions B* ans BY evolve independently before
time T' = inf{t > 0, Bf = B} and they are successfully coupled at time T' (i.e. Bf = B}
for all ¢ > T'). Moreover, B is independent of B and BY. The processes B* := B* +i| B’|
and BY := BY + 1| B°| are marginally reflected Brownian motions in the upper-half plane,
so we can use them to define Cauchy processes C* and CY by Spitzer’s embedding. Items
(i) and (ii) are then clear by construction. Item (iii) follows by scaling, using the fact that
the Cauchy process is a one-stable Lévy process.

]

4.2.3 The trace of the Gaussian free field

The Gaussian free field (GFF) with free boundary conditions in the upper-half plane H
is the Gaussian field X whose covariance kernel is the resolvent of the Laplacian with

Neumann boundary conditions on OH = R:

E[X ()X (2)] = 27(—A)" (21, ) — log —

+ log
|21 — 22

—, Zl,ZQEH.
|21 — Zo

Otherwise stated, X is the isonormal Gaussian process based on the Sobolev space
H(H,dz). The GFF has a trace on R, denoted W, and its covariance kernel is given by
the restriction of 27r(—A~1) on R. That is, the covariance kernel of W is the Green function

of the DtN operator, and W is also the isonormal Gaussian process on H'/?(R,dz):

E[W ()W (y)] = 27D (2, y) = 2log ﬁ, z,y € R. (4.12)
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Since W is logarithmically correlated on the diagonal, it is not defined pointwise
but rather lives H*(S',df) for all s > 0. We will consider the so-called white-noise
reqularisation of W. Let & be a space-time white-noise on R, x R, and for all € € (0,1),
define the field

1
We(zx) := \/2%// ps/2(x — y)d&(y, s). (4.13)
R Je
Then, one checks that for all 0 < e, < 1,

1+ (z —y)?
(eV )2+ (z—y)?¥

E[W(2)Ws(y)] = log

so that in the limit ¢ — 0, E[Wy(2)Wy(y)] = log(1 + @) We remark that this is not
exactly the covariance kernel (4.12), but this is not important since one can use e.g. the
result of [JSW19] to compare the two. From now on, we will write W for the field with
covariance kernel E[W (z)W (y)] = log(1 + ﬁ) We will not be considering the bulk
field X in the sequel, but we mention that a white-noise regularisation of this field can

also be given using the heat kernel pj! from (4.10).

Remark 16. We put the prefactor /27 in (4.13) in order to obtain the covariance kernel
(4.12) (with the prefactor 2). This choice is made in order to have the range v € (0, 2] and

keep explicit the connection with the boundary version of Liouville theory.

We will assume that W is defined on some probability space (Qw, Fw, Py ) fixed once
and for all. The white-noise regularisation provides a natural filtration Fj, := o(Ws, e <
6 < 1) for which (W.)1>c~0 is a martingale. Note that Ey [W.(2)?] = 2log ? for all z € R
and € € (0,1), so that (\%We—s(%))szo has the law of a standard Brownian motion, and
we will write By(z) = \%We—s(x). Given z,y € R, the pair (Bs(x), Bs(y))s>0 exhibits the
following branching structure: for s < sy := log Irr_iy\’ the Brownian motions are strongly
correlated and roughly the same, whereas they are weakly correlated for s > sq and evolve
roughly independently. More precisely, we have the correlation structure

1 252

E[(By(x) — By (2))(Buly) — Bu(y))] = 7 / " pule — y)du = log

5 (4.14)

s2 4 st

which is uniformly bounded in both s and s.

Remark 17. There are other commonly used regularisations of (4.12), such as semi-circle
averages or convolution approximations. In this paper, we will exclusively work with the
white-noise regularisation since it yields almost sure convergence of the multiplicative chaos
measures thanks to the martingale structure (other setups typically yield convergence in

probability).

We will need the following result on the maximum of log-correlated fields, which follows
from [Mad15, Theorem 1.1].

136



Lemma 4.2.3 (Maximum of log-correlated fields). For all bounded open intervals I C R

and a € [0, g), Py -almost surely:

sup sup We-s(z) — 25 + alog(l + s) < oc.
s>0 el

4.2.4 Critical Gaussian multiplicative chaos

Let us introduce some notation and terminology. A gauge function is a non-decreasing
function f : [0,1) — R, satisfying f(0) = 0. Given such a function, the f-Hausdorff

measure of a Borel set £ C R is
Hi(E) = hm inf Zf L),

where the infimum runs over all coverings (I;); of E C R by open intervals of length less
than 0. If f(t) =t for some a € (0, 1], we will abuse notation by writing H, = Hs. The

Hausdorff dimension of E is
dim £ = inf{a > 0, Ho(F) = 0} = sup{a > 0, Ho(E) = o0}.

Let Z := [0,1]. For each n € N, let D,, := {[k27",(k + 1)27"), 0 < k < 2"} be the
collection of dyadic intervals of length 27". Given a gauge function f, the f-energy of a

measure A on Z is

dA(z)dA(y)
= flz—yl)

We also write I, = Iy if f(t) =t* and call it the a-energy of A. Frostman’s lemma states

If()\) =

that dim £ > « if and only if there exists a Borel probability measure A giving full mass
to E and with finite o/-energy for all o/ < «. Similarly, a subset £ C S! is not polar
(in H'/2(S',d#)) if and only if it bears a Borel probability measure with finite log-energy
[Bis07, Section 2|, where the log-energy is defined with respect to the gauge function
F(t) =log™ (14 1),

Let v be the critical GMC measure on S, normalised to be a probability measure. We
view v as a measure on Z in the standard way. Given a gauge function f, we let EJ be
the union of those I C D,, such that v(I) > f(|/]) and

Ef = limsup E.
n—oo
The critical measure v has a rather wild behaviour. In [BKN'15], it is shown that a.s. for
the gauge function g, (t) := exp(— log® %), we have v(FE9%) =1 for all o > % Moreover,
dim E% = 0 for all « € (0, 1), so v gives full mass to a set of Hausdorff dimension zero.

[BKNT15] also gives a bound on the modulus of continuity of v, implying that it does not
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have any atoms. Here and in the sequel, we define the gauge function f, for all £ > 0:

£,(t) == log™" <1 + %) . (4.15)

Then, if k < 3, almost surely, there exists ¢ > 0 such that v(I) < cfy(|I|) for all intervals
I C Z. Moreover, the bound k < % is the best possible.

We conclude with some important potential theoretic properties of v. It is known that

dv(@)dvly) _
/p fz—y)

In particular, v is Revuz and can be associated a PCAF by the Revuz correspondence.

a.s. v has finite log-energy:

On the other hand, almost surely

dv(y)
e /I‘flux )

In other words, the mapping = +— fI il |x y‘ belongs to L'(Z,v) but not to L>(Z,v). In
particular, it is not clear that the PCAF of v is in the strict sense. The next lemma

identifies a polar set that will be used as an exceptional set for the PCAF in Section 4.3.2.
Lemma 4.2.4 (Exceptional set). Almost surely, for all k < %, E® is polar.

Proof. Define a homeomorphism of Z by h(z) := v[0,z]. Let A be a Borel probability
measure giving full mass to Ef. Then the pushforward measure h,\ gives full mass to
h(E*), since the modulus of continuity of 4 is bounded from below by f}, on Ef we have

by a change of variables:

I () = /Z log (1 to i y|) d\(z)d\(y) = /Z log (1 + m> dh\(@)dhA(y)

> c/p log (1 + M) dh.A(z)dh.A(y)

[ @A)
_C/IZ S = ().

That is, the log-energy of A is bounded from below by the %—energy of h.A. On the other
hand, it is shown in [Bav20, Lemma 3.1] that dim h(E™) <1 — 5 for all k > 5. Thus, by

Frostman’s lemma, any such A has infinite log-energy as soon as 1 Ls1-Lje k< % O

2k’

4.3 Convergence of the regularised PCAF

In this section, we construct the 4-LCP of Definition 4.1.1 for all v € (0,2]. In fact, the

critical case v = 2 contains all the difficulty and the subcritical case follows immediately,
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so we will only prove the critical case and state the corresponding results for v < 2 in
Section 4.3.3.

In Section 4.3.1, we address the construction of the critical LCP starting from 0, and
extend the definition to all x € R simultaneously in Section 4.3.2. In particular, this will
show that the critical boundary GMC measure on R has full quasi-support. Mathematically,
we need to construct the critical GMC with respect the occupation measure of the Cauchy
process. Although there is a systematic way of defining GMC with respect to “non
standard” measures in the subcritical regime [Ber17], the critical regime requires more

care and the energetic properties of the measure (here, Lemma 4.2.1) play a key part.

4.3.1 The critical PCAF from a fixed starting point

Recall the field W from Section 4.2.3 and its white-noise approximation (W )p<.<1 defined
on (Qw, (Fi)e>0, Pw). Throughout this subsection, C' = (C});>o denotes a Cauchy
process on R started from 0, defined on a filtered probability space (Q¢, (F&)i>0, Pc) and
independent of W. We will write P := Py ® P¢ for the product measure, i.e. the law of
the independent pair (W, C'). We also let A\; be the occupation measure of (Cs)o<s<t. We

define the random functionals?
t
Fy = / eee(Cds,
0

. ' (4.16)
Ff = / (2 log - WE(C’S)> geV=(C:) (s,
0

Remark 18. The dotted notation Ff indicates that we are using the derivative martingale
normalisation, in contrast with the “non-derivative” functional F} which will be shown to
converge to 0. We will also use the dot as a subscript to denote the time variable, e.g. F*©

denotes the whole function ¢ — FF.

4.3.1.1 Derivative renormalisation

The goal of this section is to show that P-almost surely, the family of functions (¢ — FF)
converges as ¢ — 0 and study the qualitative properties of the limiting function. This is

the content of the next theorem.

Theorem 4.3.1 (Derivative renormalisation). P-almost surely, the family (F¢).so con-

verges as € — 0, uniformly on compacts of R, to a self-homeomorphism of R, , denoted

F.

2For cosmetic reasons, the definition of F** differs from (4.7) by a factor 2.
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For each > 0 and a € [0, %), let us introduce the auxiliary functionals
Fobe ::/ £79(C)ds

FoP® = /fﬁ“

where we have set

feﬁa(ﬁ) = 56W€(£)]l{rf’“>log%}

cB3,a 1 Wgas
onta) = (2ot = Wea) +.5) 2L
790 = inf {s > 0, W+ (x) — 25 + alog(1 + s) > 3} .

B gatisfies the

In order to prove Theorem 4.3.1, we will start by showing that Ff
conclusions of the theorem for each fixed S. This will be broken down into several steps.
First, Propositions 4.3.5 and 4.3.6 take care of the L?-boundedness and convergence of
Ff’ﬁ “. Second, we investigate the properties of the limiting function t — Ff “ which
follow from the properties of the critical chaos. Continuity is shown in Proposition 4.3.9,
strict monotonicity in Proposition 4.3.10, and the limit Ftﬁ " — oo in Proposition 4.3.11.
Finally, standard arguments based on Lemma 4.2.3 will allow us to get Theorem 4.3.1 by
taking (8 sufficiently large.

We start by recording the following useful property, which is a simple variation of

[DRSV14a, Proposition 13].

Lemma 4.3.2. Let (By)s>o be a standard Brownian motion and for each B,a,a > 0,
define
— inf{s >0, B — V2(Bs — as) — alog(1 + s) < 0}.

The process M, = = V2Ba- (B — V2B, + 23)]1{ Bas gy s a non-negative supermartingale. It
vz

1s a martingale if a = 0.

Proof. Here we denote by P the law of standard Brownian motion. Let sy > 0 and put
Foo = 0(Bs, s < 59). For s > 59, we write 7% = inf{s > 0, 8 — v/2(Byy1s — (50 + 8)) —
alog(1l + so+ s) < 0}. Finally, let B, := B, ., — Bs,, which has the law of a standard

S0
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Brownian motion. Then we have by Girsanov’s theorem and optional stopping:

E° [MS‘FSO] = 6\/iBSO—SO]l{7'\5/’5‘1>50}E0 _6\/535730_(8_80) (B - \/§Bs + 25> ]l{?\ﬁ/g>s—so} ‘Fsoi|
< eﬁBso—so]l{T%>SO}E0 _ (5 — \/§BSO + 250 — \/§BS_SO> ]1{?03’%3—30} ]-“SO}
= eﬂBSO_S°1{T§g>SO}E° _(6 — V2B, + 25 — \/§B(S_SO)AT§,O) ]-“SO}
= M,,.

Thus, M is a supermartingale. The only inequality in the previous equation is an equality

if a =0, so M is a martingale in this case. O

Writing Ff7* = Ja fPe(z)d)\(x) and noting that (ff;f(x))szg law (Mjy)s>o for all
z € R (with M, as in the previous lemma), it follows that (F%%).5 is Pg-almost surely a

non-negative supermartingale. An immediate corollary is the following.

Proposition 4.3.3. For all t,5 > 0 and a € [0,2), the family (FEP%) oo converges

P-almost surely as € — 0 to a random variable denoted Ftﬁ’a.
To show that the limit is non-trivial, we will prove that (F7°*).-q is L2-bounded for
all > 0,a € (0, %), and eventually that it converges in L?. First, we take a small detour

and show that the “non-derivative” renormalisation converges almost surely to zero.
Lemma 4.3.4. For allt,3 >0 and a € [0, 2), P-almost surely, FoP% 50 as e — 0.

Proof. Recall that (We-s(z))s>0 o (V/2By)s0, where (By)sso is a standard Brownian
motion, whose law we denote by PY. It is easy to adapt the proof of Lemma 4.3.2 to
see that (FF7%(x)).0 is Pe-almost surely a non-negative supermartingale, hence that it
converges P-almost surely as ¢ — 0. It remains to show that this limit is 0.

Note that {77 >t} C {72° > t}, so that by Girsanov’s theorem

p
E [ b B [£80(2)] — PO B,< -] ~
w [fg (l‘)] < Ew [fs (I)} (0<§Ello)gi < ﬂ) e—0

_B
@/Wlog%

Thus, by definition of the occupation measure, we have

~1/2
By [F7] = [ Bw [f2(@)] an(e) < (bgé) = 0.

e—0 =0

This completes the proof. n
We go back to 57 and show convergence in L2.

Proposition 4.3.5. Forallt, 3 > 0 and a € (0, 2), Pc-almost surely, the family (E5P) 50
is bounded in L*(Qw, Fw, Pw).
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Proof. By definition of the occupation measure A;, we have

By {(Ffvﬁ’aﬂ ~E

Let us now change variables: we write s := log+ and relabel fe(z) = fPe(x).
Recall that Bs(z) = \%Weﬂ(:z) is a Brownian motion for all x € R. For the rest of

this proof, we let PY be the law of a standard Brownian motion (B;)s>o and P* be

( /R ffva(x)dAt(x)Y] = /R Ew [ff’“(x) ff,a(y)] Do) ().

the measure under which (Bjs)s>o is a Brownian motion with drift —a. We also write
= inf{s > 0, V2B, +alog(1+s) > B} and denote (B?),>¢ a 3d-Bessel process started
from % under P°. Tt is a standard fact that the Brownian motion (B, )o<u<s conditioned
on the event {770 > s} is distributed like (\% — B?)o<u<s.

Suppose first that s < sy := log ﬁ Using Cauchy-Schwarz and the fact that
fhe(x) ' f2(y), we have Ey [ff“(x)ff“(y)] < Ew [ff“(())z] Let us define the

P’-martingale
 du
Zs —_— 4.17
(G [ 1 ate) i

which is the Radon-Nikodym derivative of the law of (B, + 5 log(1 +u))o<u<s With respect

to (Bu)o<u<s- By Girsanov’s theorem (twice), we have:

By [ff@(of] = >EV? [(6 V2B, emBSﬂ{Tm}}
[(5 \/_B> e sn{TﬂaN}} (4.18)

2
= e°E° [Zs (ﬁ — V2B, + alog(1 + s)) e‘/iBS’“IOg(HS)]l{Tg,oN}

Note that we are already seeing a gain of a factor (1 + s)~* compared to conditioning on
the event {770 > s}. Let us expand the square in the expectation and treat the three term
separately. A simple computation shows that E°[Z7] = eéq(q’l), so by Holder’s inequality
applied with 1 < p, ¢ < oo satisfying % + % =1, we have

a B 1/
[ 28 = V2B L 0sy] < e VR (VOB D] TR (700 5 )7

Now, the density function of B? (with respect to Lebesgue on R, ) is given explicitly for
all s, > 0 by [GJY03, Appendix A.2]

2 x 182 2 2 IQ
B8 — Z e 3 (T %) giph -
o= kS (5 2
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so that
RO (Bf)Qpe\/ﬁp(%*Bg)] N 33/2\/2/ L2420 V2 5=) 40 (4.19)
§—00 v 0

To justify dominated convergence, we have used the fact that the integrand decays uniformly

exponentially fast as x — oo, thanks to the term e~ Ve independent of s.

We can treat the other terms in (4.18) similarly, and we obtain the same decay each
B

time up to a logarithmic factor in s. Using the elementary estimate P%(779 > s) ~ = as
s — 00, our final bound for (4.18) is
Ew [/790°] £ s log?(1 4 s)s s
’ o 5)s s 2,
W S ~Y (1 —|—8)a g
Taking p arbitrarily close to 1, we obtain for all k£ < 2 + a:
Ew [ f2@)f2°()] S 57" (4:20)

Suppose now that s > so. Consider the modified processes By(z), Bs(y) such that they

coincide with Bg(z), Bs(y) up to time s = sq, and then the processes Bs(z) — Bs,(z) and

B,(y) — Eso (y) are independent Brownian motions. We denote with a tilde all quantities

obtained using B in place of B. By the martingale property, we have Eyy [ o) ft “y)] =
Ew[fg)“(x)ffoa(y)] From (4.14), we can couple the law of the pair (B(z), B(y)) with

the lax of the pair (B(z), B(y)) such that almost surely |B,(z) — B(z)| < s/2 and
|Bi(y) — By(y)| < 572 as s — oo. Thus,

B [£240)12°)] & B | 7201700 | = [far@)f2ew)]

as s — 00. Hence, there is a constant ¢ > 0 such that for all x,y € R, e = e > 0 and
k<2+a:

B [122@)24(0)] < o~y g (14 2 ). (1.21)

By Lemma 4.2.1, we get:

: 2 dX;(x)dA
sup Ey {(Fta,ﬁ,a> } < c/ t(maC +(y) <0
e>0 r2 |7 —y[log"(1+ ;)

]

Remark 19. The estimate (4.19) is analogous to the function H from the proof of [RV15,
Proposition 3.8]. Note that they do not add the contribution of the hitting time in the
final estimate and they work with a = 0, explaining the difference by a factor sz ¢ In

particular, our estimate falls directly into the scope of Lemma 4.2.1.
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Building on the L2-bound, we can show that F=°* converges in L2 as & — 0.

Proposition 4.3.6 (L? convergence). For all t,3 > 0 and a € (0, %), Pc-almost surely,
the family (FF") .o is Cauchy in L2(Qw, Fw,Pw).

Proof. We fix a realisation of the Cauchy process and statements are Po-almost sure. We

will use the notations of the proof of Proposition 4.3.5. Given €,§ > 0, we have

| (£ = 5500 = [ B [(#2900) - f2@) (2400 - 7770) ] anoanty

(4.22)
Let x,y € R be distinct such that sy := log ﬁ > 0. Recall that the Brownian motions
(By(2))s>0 and (Bs(y))s=0 are asymptotically independent, and that Ey,[f#¢(z)] converges

-y

to a finite limit as ¢ — 0. Thus, by conditioning on ]-"IL‘:E, and using (4.14) (similarly

to the end of the proof of Proposition 4.3.5), we see that both hH(l)]EW [f50(2) f2(y)]
e—

and ltismoEW [ fPe(x) f7*(y)| exist, are finite and are equal. It follows that, away from
£,0—

the diagonal, the integrand in (4.22) converges pointwise to 0 as €, — 0. Since the
diagonal has \; ® \;-measure zero Po-almost surely, it suffices to show that this integrand
is uniformly bounded by a \; ® \;-integrable function in order to apply the dominated
convergence theorem. This is the content of Proposition 4.3.5, so we are done.

O

4.3.1.2 Seneta-Heyde renormalisation

In this section, we show that F' can be obtained through the so-called Seneta-Heyde
renormalisation, which consists in multiplying FF by (a multiple of) the deterministic
prefactor 4/log % This result is important since it allows the use of Kahane’s convexity
inequality, a useful tool in proving uniqueness statements and moment estimates. See
[DRSV14b, Lemma 16 & Introduction] for a statement and a discussion on the relevance

of this inequality.

Theorem 4.3.7 (Seneta-Heyde renormalisation). Po-almost surely, the family (4 /log %F, esso

converges in Py -probability to \/%;F as € — 0, uniformly on compacts of R.

The proof of Theorem 4.3.7 is postponed to the end of Section 4.3.1.3. First, we

establish the analogous result for Fha.

Proposition 4.3.8. For all B,t > 0 and a € (1,%), Pc-almost surely, the family
log %Ff’ﬂ’a — \%Ff’ﬁ’a converges to 0 in L*(Qw, Fw,Pw) as e — 0.

Proof. We use the notations of the proof of Proposition 4.3.5 and make the change

of variable s = logé as before. We start with the one-point function. Recall that
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f89(x) is a martingale, so that Ew[f°(x)] = Ew[f?°(x)] = 5. On the other hand,

Ew [f20(x)] = PO(r%0 > ) ~ % as s — o0o. For the case a > 0, let (B%%)g<,u<s be

Brownian motion conditioned on {7%¢ > s}. Clearly, E°[B%¢ — B?Y] = o(y/s) as s — oo.
Thus,

B [VAS2#(0) = = f200)| = VB (B (754 > 5) = 2 (750 > )
8,0 1 50
B VI () - =00

b (R B) (B (0> ) < B (7 > ) o)

1
= (PO (Tﬁ’“ > s) —Pp° (Tﬁ’o > s)) Vs — —E° [Bf’o} +0o(1)
NZs
— 0.
S§—00
(4.23)
Let us move on to the two-point function. By definition of the occupation measure, we
have:
1. 2
Ew <\/5Fts’ﬁ’a - ﬁFtS’ﬁ’a> ]

= [ B (Vs - =) (Ve - 2z | antaan)
(4.24)

Let z,y € R distinct and s := log ﬁ By conditioning on .Fl‘;_yl and using (4.14) and
the one-point estimate (4.23), we get that the integrand in (4.24) converges pointwise to 0
away from the diagonal as s — o0o. Since the diagonal has A\; ® A\;-measure zero Po-almost
surely, it suffices to show that the integrand is uniformly bounded by a A; ® A;-integrable
function in order to apply the dominated convergence theorem. This is essentially a

variation of Proposition 4.3.5. Using the same notations, we have for s < sy and all p > 1

Ew [V5f2 ()5 10 ()] < sBw [(£7°0))°] £ B {eﬁp%_s‘?)wﬁ” (0 > )"

(14 s)
S P
g(lie ] X §7% X § .
S(l

(4.25)
As in the proof of Proposition 4.3.5, we get Ew [f2%(z) f2(y)] S Ew[f2(z) f24(y)] as
s — oo. Finally, the cross term in the expansion of the integrand in (4.24) can be treated

in the same way, with (4.25) giving the worst contribution. Thus, there is a constant ¢ > 0
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such that for all s > 0 and all k£ € (2,14 a):

C

w |(Vare - =i (Ve - =) < T

By Lemma 4.2.1, the right-hand-side belongs to L'(R? \; ® \;) with Pc-probability one.

Thus, pointwise convergence and dominated convergence allow us to conclude that (4.24)

converges to 0 as s — o0.
O]

4.3.1.3 The PCAF is a homeomorphism

For all 5, > 0 and a € (0, %), the function ¢ — Ff’ﬂ “ is a self-homeomorphism of R, so
its differential dF=%% is a measure on R, . From Proposition 4.3.6, it is standard to deduce
that dF=# converges P-almost surely to a measure dF?® on R,, with respect to the
topology of weak convergence. The goal of this section is to investigate the properties of this
measure, in order to show eventually that F#¢ is a self-homeomorphism of R, . Similarly,
Proposition 4.3.6 implies that for each ¢ > 0 the measure dz/gt (z) = fPo(z)d\(x)
converges P-almost surely weakly as ¢ — 0 to a measure v, on R giving full mass to the

trace of the Cauchy process up to time ¢.

Proposition 4.3.9 (Continuity). For allt >0, p < %, Pc-almost surely,

t t 1 . .
Ey { / / log” (1 + —) dEPedFse
0 Jo |Cu - Cv|

In particular, F?* does not have any discontinuities with P-probability one.

< 00.

Proof. Reproducing the proof of Proposition 4.3.5, for all & € (2+ p, %) there is a constant
¢ > 0 such that

EW |:/ / log ( 1 )de,adFvﬁ,a} < C/ d/\t(i)d/\t(y) :
|Cu = G k2 [z —y|log" P(1+ ;)

|z—y|

which is finite Pg-a.s. by Lemma 4.2.1. This implies that P-almost surely, the measure
Vf “ has no atoms for all ¢ > 0. Now, the points of discontinuity of ¢ — F?¢ correspond to

the atoms of %, so we deduce that F* is continuous. [

Proposition 4.3.10 (Monotonicity). P-almost surely, the function t — Ff s strictly

INCTeasing.

Proof. Let I C R, be a fixed non-empty open interval. We claim that, with Ps-probability
one, the event { [, dE* > 0} belongs to the tail o-algebra T := N.~F7,, which is trivial
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by Kolmogorov’s 0/1-law. This implies that this event has probability 0 or 1. On the
other hand, Pc-a.s., we have Ey[ [, dF/"] = |I| > 0 hence P([,dF** > 0) = 1. Taking a
countable collection of intervals generating the Borel og-algebra of R, enables to conclude.

Now, to prove the claim, let 0 < § < ¢ and write
. a ‘8. 1 ,
AP = fPe(Cy)dt = (2 log 5 Ws(Cy) + 5) ]I{Tgt<5}56W6(C )dt

1 -
— - — (Ct)
<2 log 5 Wg(Ct)> ]l{Tgt<6}(5e st dt

0 Ws(Co-We(C) gp.

+ e (2log =+ WL(Ch) = WolCh) + ) Ly gy

{6, <0}
By Lemma 4.3.4, the first measure in the last line converges P—a.s. weakly to 0 as 6 — 0.
On the other hand, up to the prefactor ce"=(¢)_ the second term is simply the derivative
martingale starting the renormalisation at scale €, so it converges P-a.s. weakly as 6 — 0
to a o(We., 0 < & < e)-measurable random variable. Taking ¢ — 0 shows that the event
{[, dEP* > 0} is T-measurable. O

Proposition 4.3.11 (Infinite lifetime). P-almost surely, tlim EP* = 0.
—00

Proof. The idea is that the Cauchy process will explore all the state space and each new
explored region will contribute roughly independently. More precisely, for all n € Z, we

introduce the stopping times

Tn = 1nf{t Z 0, Ot S [1/g(n)}
Sn = mf{t Z Tna Ct ¢ 11/4(71)}

With Pe-probability one, all these stopping times are finite and S,, — 7,, > 0. By the
strong Markov property of the Cauchy process and the translation invariance of both
C and W, the random variables Z,, := an" de are stochastically bounded from below
by F2¢, where 7 := inf{t > 0, C; € I,/3(0)}. However, they are not independent due
to the possible long range correlations of W. From Proposition 4.3.5, we know that
Ew[ff“(x)ff“(y)] Sl —y| ™ for all a < 1, so by the strong Markov property of C, there

is a constant ¢ > 0 such that for all n # m,
E[Z,Z] < ¢ln —m|™“.
Thus, Var(d>",_  Z;) Sn* @ for all @ > 1. Chebyshev’s inequality then yields

'

zn: Z — E[Z]

k=—n

> % z”: E[Zk]) <cn %

k=—n
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Taking for instance the sequence n; = 27 and applying the Borel-Cantelli lemma, we see
that P-almost surely, Y ,_  Z 2 n as n — oo. Since all the Z,, are positive, we conclude
that [ EP> S 7, = oo with P-probability one. O

nez =n

Remark 20. The above proof makes use of the unboundedness of R. In the compact case

of the unit circle, one can easily adapt the ergodic argument of [GRV16, Section 2.9].

4.3.1.4 Concluding the proofs

We have seen that P-almost surely, £ is a self-homeomorphism of R, for all 8 > 0
and a € (0, g) From here, we can conclude the proofs of Theorems 4.3.1 and 4.3.7 in a

standard way.

Proof of Theorems 4.5.1 and 4.3.7. We already know that the family of measures (dFF’B’“)DO
converges P-almost surely weakly to dF%¢ as ¢ — 0. Combining with the fact that the func-
tions F=%¢ and their limit F** are continuous, we get that the convergence F&f¢ — Ffe
is uniform on compacts of R.

The only thing left to do is to compare F¥ with F©7*. We have

[F—FPe = /R (2 logé — We(z) + ﬁ) Eewf(x)(l—]l{Tzﬂ,a>logi})dw—ﬁAaeWE(I)H{TE,a>IOg;}dx.
(4.26)
By Lemma 4.3.4, the second term converges P-almost surely to 0 for all 8 > 0. In fact,
Lemma 4.3.4 implies that the family (F5#%).o converges P-almost surely uniformly to 0
on compacts of R,.
On the other hand, the first term in (4.26) vanishes P-almost surely for sufficiently
large (random) § by virtue of Lemma 4.2.3. Thus, F© converges P-almost surely uniformly
on compacts of R, as € — 0, and the properties of FAa imply that the limiting function
F is a self-homeomorphism of R,
Finally, let us treat the Seneta-Heyde renormalisation. For all ¢,5 > 0 and a € (1, %),

we have

1 € 1 e 1 5 ef,a 1 €,8,a 1 e, B,a 1 e, B,a nG
\/loggﬂ_ﬁFt:\/logg(Fz&_Ftﬁ )+\/10ggFtﬂ _ﬁFtB +ﬁ(Ftﬁ — F;)

In view of Proposition 4.3.8, it suffices to prove that

[, 1
lim sup lim sup {/log — (F} — Ff’ﬁ’a) —0
e ) (4.27)

lim sup limsup Ff — 274 = 0

B—00 e—0

in P-probability. Denote by K; C R the support of \;, which is bounded Pgs-almost surely.

148



Let
1 1
S := supsup W.(z) — 2log — + aloglog(1 + —),
£ £

e>0xe Ky

which is finite P-almost surely by Lemma 4.2.3. We have Fy > Ff’ﬁ “ P-almost surely and
Ff = Fo™" on the event {S < 8}. Thus, for all § > 0, we have

1
> 5) —p (N/log ~(F = FP) 26

Since the latter converges to 0 as  — oo, the first line of (4.27) follows. Going back to

1
P ( log =|Ff — F;P*
€

S>B>]P’(S>ﬁ)§P(S>ﬁ).

(4.26), the second line follows by the same argument. O]

Remark 21. The analysis of this section shows that it is possible to construct a critical

GMC with respect to any measure of finite f-energy with f(t) = tlog?(1 + 1) and

¢
p > % This threshold is not sharp: once we have conditioned on the value of 72,
we can further condition on the almost sure behaviour of the Bessel process, so the
polylogarithmic term in (4.21) can be improved to stretched exponential. This is done e.g.
in [DRSV14a, Pow20, Jeg20], where in the latter paper it is referred to as the “second
layer of good events”. In our situation, a single layer is sufficient provided we condition on

75 rather than 750

4.3.2 The critical PCAF on R

In this section, we extend our definition of the critical LCP to a Markov process defined
for all starting points x € R. To do so, we will extend F, to all possible starting points
and eventually show that the resulting family of mappings coincides with the PCAF of the
critical boundary GMC measure on R. We consider the same field W on (Qw, Fi, Py) as
in Section 4.2.3, but now the Cauchy process is the Markov process defined on the filtered
probability space (Q¢, (F&)i0, (Pr)zer) with P, being the law of the Cauchy process
started from z € R.

The results of Section 4.3.1 show that for each = € R, Py, ® P,-almost surely, F¢ —
as € — 0 with respect to the topology of uniform convergence on compacts, and the
limiting function ¢ — F} is a self-homeomorphism of R, . Obviously, this implies that
Py -almost surely, the above convergence holds simultaneously for all dyadic points ¢ with
Pc-probability one. The goal of this section is two-fold. First, Theorem 4.3.12 shows
that Py-almost surely, the convergence holds simultaneously for quasi-every = € R with
P,-probability one. Second, we will identify this functional with the Py-a.s. PCAF of the
critical GMC measure.

Recall that the regularised measures dv.(z) = (2logt — W.(z))ee"=®dz converge

Py-a.s. as € — 0 to the critical GMC measure v. At the level of the regularisation, we
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have Py-a.s. for all x € R

E, [Ft] - /Ot E, [(2 logé - WE(CS)> gerCs)} ds = /Ot/Rps(x —y)dv(y)ds.  (4.28)

where p,(z) = %ﬁ is the Poisson kernel as before. Taking ¢ — 0, Theorem 4.3.1 implies
that for each fixed z € R, F* has a limit F! under P,, and with Py -a.s. we have

E. [1] = /0 t /R pe(x — y)dv(y)ds = % [ 1og (1 + (%_yf) dv(y).  (4.29)

From now on, we fix some kq € (1, %) and define Ny := E'. By Lemma 4.2.4, Ny is

Py-a.s. polar for the Cauchy process.
Proposition 4.3.12 (Convergence for q.e. starting points). The following holds Py, -
almost surely, for all x € R, with P,-probability one.

The family (F€).so converges uniformly on compacts of (0,00) to a function E. such
that for all s > 0, F.|[S,OO) is continuous, increasing and tends to oo ast — o0o. If x € R\ Ny,

the convergence F€ — E is uniform on compacts of R, and F(m) is a self-homeomorphism

of R,.

Proof. The proof has two parts. First, we use Lemma 4.2.2 to extend the definition of F to
all starting points. Second, we show that F'is a homeomorphism of R, for all z € R\ Np.
In this proof, we fix some almost sure realisation of the field and work Py-almost surely.
Sample paths of P, will be denoted by C*.

Let x € R and let us define a coupling P, of the measures Py, (P¢)cea such that for
each ¢ € A, the marginal distribution of (C®, C¢) is the measure 7, from Lemma 4.2.2.
Namely, to sample from I?P/’x, take independent Brownian motions B, B, (B®)¢ca started
from 0, z, (¢)cea respectively. Then, let C?, (C¢)cca be the Cauchy processes obtained
from the reflecting Brownian motions B® + | B°|, (B¢ + | B°|)¢cea by Spitzer’s embedding.
Finally, couple each pair (C®, C¢)¢ea as in Lemma 4.2.2, so that the final sample (C%, C¢)
is distributed according to m, . We let 7 be the coupling time of C with C¢. Note that
all the resulting Cauchy processes share the same points of discontinuity, and eventually
they all follow the same trajectory as C*.

For each ¢ € A, we can consider the PCAF started at ¢ using the path C¢, which
we denote by F.(¢). We denote the regularised functionals similarly by F¢(¢) and F=(z).
Since the marginal distribution of C¢ is PP, Ft(C ) has the law of F, under P, and the
results of Section 4.3.1 imply that the mapping ¢ — Ft(g ) is a self-homeomorphism of R
simultaneously for all ( € A with ﬁx—probability one. Moreover, we have the convergence
F¢(¢) — F.(¢) uniformly on compacts of R as € — 0.

Let ¢, € A be a sequence converging to z as n — oo. By item (iii) of Lemma 4.2.2, up
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to extracting a subsequence, we can assume that IF’x(TCn — 0 as n — oo0) = 1. On this event
and by definition of the coupling, it holds that F*(z) converges uniformly in Py -probability
on compacts of (0,00) to a limiting function F(z). Moreover, F,(x) — oo as t — oo and for
all s > 0, F(2)|[s,00) s continuous and increasing. Furthermore, F!(2)|js is measurable
with respect to the o-algebra generated by C*, hence F(m) is also C'*-measurable. Thus,
F(z) does not depend on the approximating sequence and the convergence F=(z) — F.(z)
holds P,-almost surely. What is left to show is that the convergence holds not only on
compacts of (0,00) but on compacts of R, provided that = & Nj.

Let 2 € R\ Ny and let us prove that F,(z) — 0 as t — 0. For each t > 0, we have from

(4.28): 2
E, [Ft} - % /R log (1 + (x'%y) ) dv.(y). (4.30)

Note that the Poisson kernel introduces a logarithmic singularity at . However, for x € N,
we know that this singularity is integrable. More precisely, recentring the singularity at 0,

we have uniformly in ¢,

+1/2 t2 t1/2 ¢ 1 1—ko
log ( 1+ —) dv. §J/ log —dv.(y) < (lo —) :
/ . g< e (y) e BT (y) &7

Away from the singularity, we have

2 2
/ log (1 + t—Q) dv.(y) < / " due(y) < tn[-1,1] = O(1),
t1/2<|y[<1

Y t1/2<yl<1 Y

2
[ (1L )anmse [ o
ly[>1 Y ly>1 Y

Thus, uniformly in e, we have

and

t—0

) 1 1—ko
E, [Ft} < (lg7) (4.31)

which tends to 0 as ¢ — 0 since kg > 1. Thus, by Markov’s inequality, F} — 0 as t — 0
almost surely under P,. Since F¢ is continuous and increasing for each e and the limit
is continuous, we deduce by Dini’s theorem that under P,, the convergence F¢ — F is
uniform on compacts of R,.

[]

We have at our disposal a random homeomorphism F' : R, — R, defined Py-a.s. for
quasi-every = € R with P,-probability one. Notice that at this stage we haven’t defined
F on a common set of [P,-probability one for all x € R\ Ny. However, we will recall the
argument of [RV15, Theorem 4.18] allowing to identify F' with the PCAF of v.
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With Py -probability one, we have the “pointwise Revuz correspondence” (4.29) holding
for all x € R\ Ny. This implies that the Revuz correspondence holds Py -a.s. in the form

(4.42): namely, for all Borel functions f, h, we have

/R E, { /0 t f(os)dFs] h(z)dz = /0 t /R f(z)psh(z)dv(z)ds, (4.32)

with psh(x) = [; ps(z —y)h(y)dy. On the other hand, we know that v is Py-a.s. a Revuz
measure in H/2(S', df), so it admits a (unique) PCAF A, with a defining set A C Q¢ and
an exceptional set N7 C R. Moreover, since A satisfies the Revuz correspondence (4.32),
we have P, (A; = Ft) =1forallt>0and x € R\ N, where N := Ny U N; is polar. Thus,
we can modify I away from a set of vanishing P,-probability so that it is defined for all
w € A and (4.32) still holds for F'. Finally, it is clear that this modification of F satisfies
the additivity property (4.41), so that F is now a true PCAF, coinciding with A up to
PCAF equivalence. Conversely, any such extension of F to a PCAF will satisfy the Revuz

correspondence with Revuz measure v, so that A is the unique such extension.

Corollary 4.3.13. Py -almost surely, the random functional F extends to a PCAF of

Revuz measure v. This extension is unique and still denoted E .

4.3.3 The subcritical PCAF

In this section, we fix some v € (0,2) and state the results on the v-LCP. The underlying
field W and Cauchy process C' are the same as before. We denote the boundary v-GMC
measure on R by v,. This measure is Py-a.s. a Revuz measure, so it admits a PCAF.

Define the random functional

The subcritical measure v, is much simpler to deal with than the critical one. Indeed,
the local dimension at each point is strictly positive, so that the decay of the size of balls

is polynomial. In particular, Py -almost surely,

dv(y) _
| iy < 439

TSN

so that the exceptional set of the PCAF of v, is empty in view of [FOT11, Theorem 5.1.6].
We gather these observations in the following theorem, which is the subcritical analogue
of Theorem 4.3.12 and Corollary 4.3.13.

Theorem 4.3.14 (Subcritical PCAF). Py -almost surely, for all x € R, with P,-probability

one, the family of mappings (t — F"%).~o converges uniformly on compacts of Ry to a
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random homeomorphism of R,. Moreover, the limiting functional F7 uniquely extends to

a PCAF of Revuz measure v.,. It is a PCAF in the strict sense and it has full support.

4.3.4 LCP: definition, Dirichlet form and heat kernel
4.3.4.1 Dirichlet form and heat kernel

Let v € (0,2] and v, be the v~-GMC measure on R. We know that the functionals F7 from
Theorem 4.3.14 and F? := F from Corollary 4.3.13 are PCAFs of Revuz measure v, and
these PCAFs have full support. Moreover, for all x away from the exceptional set, ¢ — F}
is a homeomorphism of R, a.s. under P, so it has an inverse 7' = (F?)~!(¢). This allows
us to define the v-LCP and its Dirichlet space [FOT11, Theorem 6.2.1].

Definition 4.3.1. Fix vy € (0, 2]. Let (C});> be a Cauchy process defined on (Q¢, (F&)i>0, (Pr)est)
and v, be the Liouville measure with its PCAF 7. The Liouville-Cauchy process (y-LCP)

is the strong Markov process with state space (S, ,v,) defined by C; := Cr.
Its Dirichlet space (£7, HY/2(R, v,)) of the 7-LCP is given by

oSN v) ={ue L*(R,v,), Jue H/(S",d0) st. u=u vy-ae},

and £ (u,v) = £(u,?) independently of the choice of representatives u, v € HY/?(R,d#).

The strong Markov property of C? follows from [FOT11, Chapter 6]. The transition

functions
P! f(x) = E. [f(C))]

form a strongly continuous semi-group on L?(S',v.,). We can also consider the resolvent
family RY, for all & > 0 [FOT11, Equation (6.2.6)]:

R f(z) =K, [ /0 Y f(C])dt] —E, [ /0 " gmar FCHAET | . (4.34)

Theorem 4.3.15. Py -almost surely, for all t > 0 and x € S’/l,v, the measure E +—
p/1g(z) =: p/(z, E) is absolutely continuous with respect to v.. Thus, there exists a
family of jointly measurable, symmetric functions (p](+,))i=0 such that for all bounded

Borel functions f,

01 () = [ pPle ) ) 1)

Proof. We only treat the case v = 2 and drop the dependence in v in the notation.
According to [FOT11, Theorem 4.2.4], it suffices to prove absolute continuity of the
resolvent family E — R (x, E) for all z € S, and a > 0. Thus, let E be a Borel set such
that v(E) = 0 and let us show that R (z, E) = 0.
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For all Borel functions f and § > 0, we write

6 .
Rg,af(:l;) =E, {/0 eo‘Ft]lE(C’t)dF’t] ,

so that, by the Markov property,

R o)~ . | [ 5 g coan] +8. | [T eh o]

=R}, /() + B [ *FRYA(Cy)]

(4.35)

Let us apply this to f = 1. By definition of S, = S\ Ny (recall in particular (4.31)), we

have uniformly in x € §,,

. 1\ ko
Rj.(z,E) <E, [Fa] S (1082 5) :
6—0

From [FOT11, Lemma 4.1.1], R (z, E) = 0 for v-a.e. # € S'. Since v(S*\ S,) = 0 and
the topological support of v is S, this implies that R} (-, E') vanishes on a dense subset of
S!. Hence, the function z — E,[e~**R(Cj, E)] vanishes on a dense set. Now, let F), be
a decreasing sequence of coverings of Ny such that Cap(F;,) — 0 as n — co. Reproducing
the proof of [GRV 14, Theorem 2.4], it is easy to deduce from the coupling argument of
Proposition 4.3.12 that the function z — E,[e~***R) (Cj, E)] is continuous on S\ F, for
all n and all 6 > 0. Hence, this function is quasi-continuous for all § > 0, so it vanishes on
S,. Taking & — 0 shows that R} (z, E) = 0 for all z € S,,. O

Theorem 4.3.15 also implies the existence of measurable, symmetric kernels R) (-, -)

such that for all Borel functions f,

R)f(0) = [ Ry f () (o)
R
Finally, we state two interesting consequences of Theorem 4.3.15 in terms of the path
properties of the ~-LCP.

Corollary 4.3.16. Py -almost surely, C7 spends Lebesgue-almost all the time in a set of

full v,,-measure.

Corollary 4.3.17. Py -almost surely, for all x € 5'/1,7 and t > 0, Py-almost surely, C;

belongs to a set of full v.-measure.

Finally, in the subcritical regime, we can show the stronger property that C7 is strong
Feller, i.e. that R maps the space of bounded Borel functions into the space of continuous

functions.
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Theorem 4.3.18. Assume v < 2. Py -almost surely, C" is strong Feller.

Proof. Let f be a bounded Borel function. Going back to (4.35), we only need to show
that Py -almost surely, R}}a f converges uniformly to 0 on S! as § — 0. We have, for all
r St

r—Y

Flac oY
Ry f(0) < Il Bl 7] = W [ nog (14 i)
™ st
and the result is then a straightforward consequence of (4.33). ]

4.3.4.2 LCP on bordered Riemann surfaces

Let (3, 0) be a Riemann surface, o being a Riemannian metric with constant curvature
and geodesic boundary. Let v, be the volume form in ¥ and ¢ be the arclength on 0.
Write 0¥ = L;0;% and let ¢; := {|y,x. Reflecting Brownian motion in (¥, ¢) is the Markov
process associated to the Dirichlet space H* (3, v,) on L?(3, v,) as before. The trace space
is H'/2(0%,¢), and the Cauchy process arises similarly by taking ¢ as Revuz measure in
H'(3,v,). We obtain the trace of reflecting Brownian motion on 93 reparameterised by
local time. Note that the process jumps between boundary components according to the
excursions of the underlying Brownian motion between boundary components. We could
also choose ¢; as Revuz measure (for some fixed ): the process would stay in 9;% and be
absolutely continuous with respect to the standard Cauchy process on the circle.

Let X be the GFF on (X, 0) and p., v, be the associated chaos measures in ¥ and on
0% respectively (v € (0,2] fixed). As before, 41, and v, are Revuz with full quasi-support,
so we have a non-degenerate time-change of Brownian motion and of the Cauchy process,
associated to the Dirichlet spaces H (%, u1,) and HY2(9%,v,). Moreover, the local time
of 7-LBM is the PCAF of v, in H'(X, u,), and the v-LCP can be obtained by taking the
trace of 7-LBM on 9% and reparameterising by its local time.

4.A Dirichlet forms and Markov processes

In this appendix we collect some technical results on Dirichlet forms. Dirichlet forms are
Markovian symmetric forms and are tightly connected to Markov processes, due to the

Markovian nature of the semi-group they generate.

4.A.1 Closures of symmetric forms

Following [FOT11, Chapter 1], a symmetric form £ on a Hilbert space (H, (-, )y) is a

non-negative, symmetric, bilinear form with dense domain D C H. £ is closed if D is a
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Hilbert space with respect to the inner-product
& (u,v) = (u,v)g + E(u,v).

It is closable if for all £-Cauchy sequence (u,) € D such that u, — 0in H as n — oo, it
holds that E(u,) — 0. An eztension of £ is a symmetric form & with domain D D D such
that € coincides with & on D. A symmetric form £ possesses a closed extension if and
only if it is closable.

Let £ be a symmetric form and D the Hilbert space completion of D with respect to

&1. The inclusion D < H extends to a continuous linear map
t:D— H. (4.36)

Moreover, ¢ is injective if and only if £ is closable. In any case, one can define a closed

symmetric form (£, D’) by

A~

D' = (D)
E'(u) = inf lim &(u,),

n—0o0

(4.37)

where the infimum is taken over all £-Cauchy sequences u,, € D such that w,, — u in H
[F'ST91, Theorem 6.1].

4.A.2 Dirichlet forms

From now on, we will only consider the case H = L?(X,m) where X is a compact subset
of C and m is a positive, finite Radon measure. A symmetric form (€,D) on L?(X,m)
Markovian if for all u € D, it holds that u, := (uV0)A1l € D and E(u,) < E(u). The form
is a pre-Dirichlet form if it is Markovian and it is a Dirichlet form if it is furthermore closed.
Given a pre-Dirichlet form, the closed form obtained by applying (4.37) is Markovian, i.e.
it is a Dirichlet form [FST91, Theorem 6.1]. A Dirichlet form is regular if C°(X) N D is
dense both in D for the & -topology and in C°(X) for the uniform topology. Any subalgebra
of C°(X) N D satisfying these properties is called a core of (€, D).
Let (€,D) be a Dirichlet form on L*(X,m). The capacity of a Borel set F C X is

Cap(F) :=inf & (u), (4.38)

where the infimum is taken over all functions v € D such that 0 < u < landu =1

m-almost everywhere. A set of zero capacity is polar® and a property is said to hold

3We will always assume or prove the absolute continuity condition of [FOT11, Theorem 4.1.2] so that
the different notions of exceptional sets (polar, exceptional, of zero capacity) coincide.
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quasi-everywhere if it holds away from a polar set. We say that (£, D) satisfies a Poincaré-

Wirtinger inequality if there exists ¢ > 0 such that
[l =l oy < eV E(u) (4.39)

for all u € D, where u := ﬁ ) + udm. In this case, the O-order capacity coincides
with the 1-order capacity, i.e. we can replace & with & in (4.38). Moreover, the space
D := D/R becomes a Hilbert space when endowed with the norm \/m and it follows
that D @ R = D coincides with its extended Dirichlet space (see [FOT11, Chapter 1,
Section 5| for the definition of extended Dirichlet spaces).

Let M = M(X) be the set of positive, finite Radon measures on X, and My, C M
be the subset of those measures charging no polar set: elements of M are called Revuz
measures and they define the same polar sets as m. Given p € M, we let S, be its
topological support and §H be its quasi-support in the sense of [FOT11, Equations 4.6.3-
4]. We will not be using the formal definition of the quasi-support, but instead use its
probabilistic characterisation given in (4.43) below. It is known that p(S,, \ §#) = 0 for
all Revuz measures [FST91], but it may happen that Cap(S, \ S,) > 0 [FOT11, Example

5.1.2]: thus, we introduce the subset
Moo = {,u e My, Cap(S,\ S,) = 0} .

The main result of [FST91] may be summarised as follows. Let (£,D) be a regular
Dirichlet form on L?*(X,m) with core C and suppose furthermore that (4.39) holds. Let
p € Mo with S, = X. Then the pre-Dirichlet form (&,C) is closable on L*(X, u) if and
only if u € Myy. Moreover, in this case, the authors give an explicit description of its
closure (&,,D,) on L*(X, i), see also [FOT11, Theorem 6.2.1]:

{Du = {u € L*(X,pu), WeDst. u=u u—a.e.} (4.40)

Eu(u,v) = E(u,v), u,v € D,,.
The value &,(u, v) is independent of the choice of representatives u, v € D, so the definition

makes sense. The main advantage is that (4.40) gives a concrete description of the
abstractedly defined form (&', D’) from (4.37).

4.A.3 Markov processes and the Revuz correspondence

To the Dirichlet form (D, £) on L*(X, m) is associated a Markov process defined on a filtered
probability space (€2, (F;)i>0, (Pz)zex) with sample paths (Z;):>o. The space is endowed
with shifts of the trajectory 6, : (Zs)s>0 — (Ziys)s>0 for all t > 0. A positive continuous
additive functional (PCAF) is an (F;)-adapted, [0, oo]-valued function A = A;(w) satisfying
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Apis(w) = Ag(w) + Ag(Gw) (4.41)

forallt,s >0,z € X\ N and w € A. Here, N C X is a polar set called the exceptional
set of A and A C F,, is a set of P -probability one for all z € X \ N, called the defining
set of A. See [FOT11, Chapter 5] for more details on this definition. A PCAF is said in
the strict sense if N can be taken empty. A PCAF provides a time change of Z by setting
Zy = Z., where 7, := inf{s > 0, A, >t} is the right-continuous inverse of A.

The Revuz correspondence uniquely associates a PCAF A to each Revuz measure
€ Mg [FOT11, Theorem 5.1.4]. More precisely, under this correspondence, we have for
all Borel functions f, g:

[=]] tf(Zs)dAs] wan@) = [ [ ropa@as @

where (p;);>0 denotes the semi-group of the process.

The quasi-support of u has an important characterisation in terms of its PCAF":
S,={reX\N,P,(R=0)=1}, (4.43)

where R :=inf{t > 0, A; > 0} is the first time of increase of A [FOT11, Theorem 5.1.5].
We will also refer to gﬂ as the support of the PCAF, and we will say that A has full
support if Cap(S), \ gu) =0, i.e. if p € Myy. Thus, in order to check the condition that
i€ My, it suffices to show that the PCAF increases instantaneously almost surely under
P, for quasi-every x € X. This probabilistic reformulation is quite useful since statements

involving the fine topology are usually difficult.
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Chapter 5
log-regularity of SLE,

This chapter is adapted from [Bav20)].
We prove that the welding homeomorphism of SLE, is almost surely log-regular, which

is the most natural property that a non-Holder homeomorphism can have.

5.1 Introduction

5.1.1 Jordan curves
5.1.1.1 Conformal welding

Let n : S — C be a Jordan curve, bounding two complementary Jordan domains
O+, ¢ C. Without loss of generality, we assume that 0 € QF and co € Q. Let
Py DT — QF (resp. - : D™ — Q) be a Riemann uniformising map fixing 0 (resp. 00),
where D7 is the unit disc and D™ := ((Af\ﬂ_)+. By Carathédory’s conformal mapping theorem,
Yy, 1_ extend continuously to homeomorphisms ¢4 : D* — QF and h:= ¢ "' o1p |s1 is a
homeomorphism of the circle called the conformal welding homeomorphism of n. It is well-
known that the mapping n — h is neither injective nor onto: namely, there exist distinct
curves (viewed up to Mobius transformations) with the same welding homeomorphism,
and not every homeomorphism is the conformal welding of a Jordan curve. At the time of
writing, no geometric characterisation of conformal welding homeomorphisms is available
in the literature, see [Bis07] for a comprehensive review.

For the curve to be unique, it is sufficient that it is conformally removable (note that the
converse is unknown [Youl8]). Recall that a compact set K C C is conformally removable
if every homeomorphism of C which is conformal off K is a Mdbius transformation. From
the point of view of complex geometry, this means that the conformal maps ¢, ,1_ endow
the topological sphere DT LU~/ ~}, with a well-defined complex structure, where ~, is
the equivalence relation identifying x € S! = DT with h(z) € S' = OD~. Another notion

of removability, introduced by Jones [Jon95], is the removability for (continuous) Sobolev
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functions, or H'-removability. The set K is H'-removable if any f € H*(C\n,dz)NC°(C)
belongs to H'(C, dz), that is H'(C\ n,dz) N C°(C) = H'(C,dz) NC°(C). Jones proved
that H'-removability implies conformal removability, but the converse is still an open

question.

5.1.1.2 log-regularity

The Hilbert space H/?(S',df) c L*(S',d#) is the space of traces of H!(ID,dz) on S! = 9.
It is endowed with the norm w HwHiQ(Slyde) + ||w||2, where the second term denotes the
Dirichlet energy of the harmonic extension of w to ID. Negligible sets for H'/2(S', df) are
called polar, and they are those sets with zero logarithmic capacity. Recall from [Bis07,
Section 3] that a Borel set E C S' has positive logarithmic capacity if and only if there
is a Borel probability measure v on S! giving full mass to £ and with finite logarithmic

energy:

2
/ log dv(z)dv(y) < oo. (5.1)
Stxst |z =y

Following [Bis07], we say that h is log-regular if h(E) and h~'(FE) have zero Lebesgue
measure for all polar sets £ C S!. In other words, h is log-regular if the pullback measure
@ := h*df does not charge any polar sets of S* (and similarly for the pushforward measure),
i.e. pis a Revuz measure. From the theory of Dirichlet forms (see e.g. [FOT11, Theorem
6.2.1]), we can define a Dirichlet form (£, D) on L*(S!, ) with domain

D:={we L*S"pu), o e HY?(S",df) st. & =w p-ael,

and the form & is given unambiguously by &(w,w) = ||&|5. In other words, the injection
HY2(S',d) N CO(ST) — L*(S', i) extends continuously and injectively to H'Y?(S', df),
and similarly for H'/2(S',df) o h into L?(S!, dd).

There are two natural measures supported on 7: the harmonic measures viewed from
0 and oo respectively, which we denote by o, and o_. We say that o, (resp. o_) is
the harmonic measure from the inside (resp. outside) of 1. By conformal invariance,
o4 is simply the pushforward under ¢; of the uniform measure on S'. Hence, we can
understand the log-regularity of h as the statement that traces of H'(Q2",dz) form a
closed subspace of L%(n,0_), and vice-versa. So we can initiate a comparison of these
spaces of traces in either L?*(n,0y) or L?(n,o_). For instance, one can introduce the
operator A : H'Y?(S',d#)? — L*(S',df), (wy,w_) — w; — w_ o h. This operator encodes
the “jump” across 7 of a function in H'(C \ n,dz) whose traces on each side of 7 are given
by wy o @/erl and w_ o 9~'. In particular, one can expect the kernel of A to contain some

information about removability.
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5.1.2 Schramm-Loewner Evolution

SLE was introduced by Schramm [Sch00] as the conjectured (and now sometimes proved)
scaling limit of interfaces of clusters of statistical mechanics models at criticality. These
are random fractal curves joining boundary points of simply connected planar domains,
characterised by their conformal invariance and domain Markov properties. To each k > 0
corresponds a probability measure SLE,, whose sample path properties depend heavily
on the value of k. The case k = 0 is deterministic and corresponds to the (hyperbolic)
geodesic flow, while k > 0 describes random fluctuations around it. A phase transition
occurs at k = 4: the curve is simple for x € [0,4] but self- and boundary-intersecting for
Kk € (4,8) [RS05, Section 6]. Moreover, the Hausdorff dimension of the SLE, trace a.s.
equals min(1 + §,2) [RS05, Bef0s].

A few years after Schramm’s groundbreaking paper, it was understood that SLE,
for k < 4 was the Jordan curve arising from the conformal welding of random surfaces
according to their boundary length measure [Shel6], the latter being an instance of the
“Liouville measure” [DS11b]. Although the construction of [DS11b] was independent, the
Liouville measure is a special case of the “multiplicative chaos” measures pioneered by
Kahane in the 80’s [Kah85]. In [Shel6], Sheffield uses an a priori coupling between SLE
and the GFF and shows furthermore that the “quantum lengths” measured from each
side of the curve coincide, and correspond to the Liouville measure. This is the “quantum
zipper” theorem, which also states that slicing a random surface with an independent SLE
produces two independent random surfaces. Berestycki’s review [Berl16] provides a gentle
introduction to these topics and an abundance of complementary details. Subsequently,
the quantum zipper was systematically used and generalised in the “mating of trees”
approach to Liouville quantum gravity [DMS14]. The critical Liouville measure (k = 4)
was not constructed when Sheffield’s paper was released, but since then Holden & Powell
used recent techniques to extend the result to the critical case [HP18].

Another approach to the conformal welding of random surfaces is that of Astala,
Kupiainen, Jones & Smirnov [AJKS11]. They use standard complex analysis techniques
to show the existence of the welding, but unfortunately the model they consider is not the
one that produces SLE. We mention that Aru, Powell, Rohde & Viklund and the author
have ongoing (and independent) works aiming at a construction of SLE via conformal
welding of multiplicative chaos without using the coupling with the GFF. We stress that
this is not an easy problem since it falls outside the scope of standard results from the
theory of conformal welding.

Since SLE arises as the interface between conformally welded random surfaces, it is
crucial to know that it is conformally removable, as this implies that the complex structure
induced on the welded surface is well-defined. It has been known since its introduction

that SLE, is conformally (and H'-) removable for k < 4 as the boundary of a Holder
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domain [RS05, Theorem 5.2]. However, the case k = 4 is special as it corresponds to the
critical point of the multiplicative chaos measures. At the moment, the only positive result
is the one of [MMQ19, Theorem 1.1 & Section 2|, saying that the only welding satisfying
certain geometric conditions is SLE4. On the other hand, it is known that SLE, is not
the boundary of a Holder domain [GMS18, Section 1.3]. To our knowledge, it is unknown
whether it satisfies the weaker condition on the modulus of continuity contained in [JS00,
Corollary 4]. Motivated by the question of the removability of SLE, and the considerations
of the previous subsection, it is natural to ask whether the welding homeomorphism is

log-regular, which we answer affirmatively.
Theorem 5.1.1. Almost surely, the welding homeomorphism of SLE, is log-reqular.

This will be proved in Section 5.3, while Section 5.2 gives the necessary background.

5.2 Background

5.2.1 (Gaussian Multiplicative Chaos

Let X be a centred Gaussian field in the unit interval with covariance
_ z,y € (0,1). (5.2)

Such a process is a priori ill-defined because of the logarithmic divergence on the diagonal,
but it can be realised as (the restriction to (0,1) of) the trace on R of the Gaussian
Free Field (GFF) in H with free boundary conditions. With this procedure, we get a
distribution in (0, 1) which almost surely belongs to H~*(0, 1) for all s > 0.

Gaussian Multiplicative Chaos with parameter v € (0,2) is the random measure j., on

7 := [0, 1] obtained as the weak limit in probability as ¢ — 0 of the family of measures
i, () = e3Xe@-FEXE@) gy

where (X.).>¢ is a suitable regularisation of X at scale € [Ber17]. This measure is defined
only up to multiplicative constant (since the GFF is only defined up to additive constant),
but we can fix the constant by requiring it to be a probability measure (this also fixes the
constant of the GFF). The point v = 2 is critical and the renormalisation procedure above

converges to 0 as € — 0, but there are several (equivalent) renormalisations that give a

1 1
dps () :=4/log g@Xﬁ(z)TE[XE(x”dx. (5.3)
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Here, the (deterministic) diverging factor \/@ compensates for the decay to zero men-
tioned above. The topology of convergence is the same as in the subcritical case. This
renormalisation was considered in [DRSV14b] (the so-called “Seneta-Heyde” renormal-
isation), but the critical measure can also be obtained by the “derivative martingale”
approach [DRSV14a] or as a suitable limit of subcritical measures [APS19]. It is a fact of
importance that the limiting measure is universal in the sense that it essentially does not
depend on the choice of renormalisation or regularisation of the field [JS17, Pow18]. For
concreteness, we will assume the regularisation (X ).~o of [BKNT15]:

log ! ife<|z—y| <1
SE@X) =] 1Y (5.4

1 _
log——l—l—M if | —y| <e.
£ £

Because of the exact logarithmic form of the covariance (5.2), the measures f, (for
v € [0, 2]) satisfy an exact scale invariance property [BKN" 15, Appendix A.1]. In particular,

for any interval I C Z, the restriction |7 of p, to I satisfies:
law ) 7 gx,_élE[X?] I 55
pylr = e I (5.5)

where X ~ N(0,2log ﬁ) and p is an independent measure with law 1! (-) 4 pe (1)1 ).

For the reader’s convenience, we recall some basic properties of these measures, high-
lighting the pathologies arising at the critical point. The behaviour of u., gets wilder as
increases: almost surely, it gives full mass to a set of Hausdorff dimension 1 — 77‘2, consisting
of those points where X is exceptionally large. In the critical case, uy gives full mass to
a set of Hausdorff dimension 0, corresponding to the “maximum” of X. This set is still
large enough for ps to be non-atomic, see also [BKNT 15, Theorem 2| for bounds on the
modulus of continuity of us.

As a result, the distribution of s, (Z) has a heavy tail near oo, so that positive moments
E[p,(Z)P] are finite if and only if p < %. In particular, ps(Z) does not have a finite
expected value, see also [BKNT 15, Theorem 1] for precise tail asymptotics. On the other
hand, the tail of ., (Z) at 07 is nice, and E[u,(Z)?] < oo for all p < 0 and v € [0, 2].

Let p, 17 be independent GMCs on Z with parameter v € [0,2]. Since a.s. ul is
non-atomic and p3(Z) < oo, we can define homeomorphisms hy of Z by hl(z) := p1[0, z].
We also set h := h=' o hy. For v < 2, he and hi' are a.s. Holder continuous [AJKSI11,
Theorem 3.7], thus so are h and h~! and in particular they preserve polar sets. Hence h
is log-regular in the subcritical case. This property is far from clear in the critical case
since hy and h_ are a.s. not Holder continuous. The main result of this section, which is

proved in Section 5.3, is the following theorem.
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Theorem 5.2.1. For v =2, h is almost surely log-reqular.

5.2.2 Applications to SLE; and related models

Consider two independent critical GMC measures on R obtained by exponentiating the
trace of the GFF in H. Denote by h : R — R the associated welding homeomorphism.
Since countable unions of sets of zero Lebesgue measure have zero Lebesgue measure, we
see that h is a.s. log-regular by taking large intervals and applying Theorem 5.2.1.

The construction of SLE using conformal welding is closely related to the above setup
and is based on Sheffield’s so-called “(v, a)-quantum wedges” [Shel6, Section 1.6], see also
[Ber16, Section 5.5] and [HP 18, Section 2.2] for the critical case. A quantum wedge is
essentially a suitably normalised GFF in H with free boundary conditions and an extra
logarithmic singularity at the origin (parametrised by «). One considers two independent
(7,7)-quantum wedges and there respective boundary Liouville measure p}, 7 on R, and
constructs the homeomorphism h : R, — R_ characterised by 2 [0, 2] = p” [h(x), 0] for
allz € Ry. For k = ~% € (0,4), [Shel6] proves that solving the conformal welding problem
for this model produces an SLE,_.> on top of an independent (v, — %)—quantum wedge.
[HP18, Theorem 1.2] extends this result to k = y* = 4. The extra log-singularity at the
origin amounts in conditioning the origin to be a typical point of the Liouville measure, so
it does not change any capacity properties of the homeomorphism. Thus, Theorem 5.2.1
implies that the welding homeomorphism of SLE, is log-regular, from which Theorem
5.1.1 follows.

Finally, by Mobius invariance, we get similar statements in the disc model. Namely, let
s, pi— be critical GMC measures on S' ~ R/Z (normalised to be probability measures),
obtained by exponentiating the trace on S! of two independent free boundary GFFs in .
Let h: S! — S! be the associated welding homeomorphism, i.e. j.[0,0] = p_[0, h(6)] for
all 0 € R/Z. Theorem 5.2.1 implies that h is almost surely log-regular.

5.2.3 Preliminaries

Recall the setup: p; and p— are independent critical GMC measures on Z as defined in
Section 5.2.1, hy(z) = ‘; i[?g} and h = h=! o h,. By symmetry, to show the log-regularity
of h, it suffices to prove that |h(E)| = 0 for all polar sets E C Z.

It is known that p; is a.s. a Revuz measure [RV15, Section 4] but this is not sufficient
to establish that |h(E)| = 0 for all E polar. Indeed, it could happen (and it actually does)

that there exists some polar set E such that h,(E) has positive Hausdorff dimension, and

then nothing could provide a priori h(E) = h_*(hy(E)) from having positive Lebesgue
measure. To prove Theorem 5.2.1, we will have to analyse better the properties of h™!

and the sets where p is exceptionally large.
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For each n € N, we let
D, = {27 (k+1)27"), k=0,..,2" -1}

be the set of all dyadic intervals of length 27", and for x € Z, I,,(z) € D, is the dyadic
interval containing x. A gauge function is a non-decreasing function f : [0,1) — R such

that f(0) = 0. Given such a function, we introduce the set
E[ = {1 € Dufp(l) = (1)}

and E’ := limsup E/. For a > 0, we denote by H, the a-Hausdorff measure, i.e.

n—o0
Ho(E) = (lsli%mfz | I;|“,

where for a given § > 0 the infimum runs over all coverings of E by countable collections
of open intervals (/;) with Lebesgue measure |I;| < d. We denote by dim E' the Hausdorff
dimension of a set E C Z, i.e. dimE = sup{a > 0s.t. Ho(F) = oo} = inf{a >
0 s.t. Ho(E) =0}.

In [BKNT15], the authors show that p, gives full mass to a set of Hausdorff dimension
zero, i.e. they find a gauge function f such that H,(E') = 0 for all « > 0 (i.e. dim E/ = 0)
and Hi(hy(Z \ E)) = 0 (Theorem 4 & Corollary 24). On the other hand, they give a
bound on the modulus of continuity of A, (Theorem 2), i.e. they find f such that £/ = &.
Such f’s are given by f(u) = C(log 1)7* for k € (0, 3) and some (random) C' > 0. To
prove Theorem 5.2.1, we need to investigate in more detail the multifractal properties of

h~! and the behaviour of h, on E’* for k > %, where here and in the sequel,

fr(u) = (log %) h :

5.3 Proof of Theorem 5.2.1

5.3.1 Upper-bound on dim h (E/*)

The next lemma is a refinement of [BKN*14, Theorem 19 (3)] and its proof follows

approximately the same lines.

Lemma 5.3.1. Fiz k> . Almost surely, dim hy (Ef+) <1 — 5.

Proof. Let a € (1 —4;,1). Fix 1 <8< = and 0 < ¢ < Z(ak — (k — 3)/3). This choice

T 2k 1— o
of parameters is well-defined and ensures thgt 0 :=ak— (k- %)B — ae > 0. Also, denote

165



GJx :=liminf (Z \ EJ*). This is the set of points x € Z such that |h, (I,(z))| < fu(x) for

n—o0

all sufficiently large n. We first aim at showing that H,(hy (E/* N G/+—<)) < co. We have

S e (DI Ugeqm<ine i<y < 07" Y " L qiy<ihe (D<he}
IeD, 1D,
—a(b— ho (D]
< polk—9) (’ as 5.6
2 Uam (56)
-0 Z 1/2|h | 5‘
I1eD,

We need to get a hold on the tail of this last random variable. This is already known for
cascades [BKNT14, Lemma 18] and the proof in the case of GMC is a variation of the
proof of [BKNT15, Theorem 2] so we will be brief. In the sequel, X denotes the field (5.2)
on (0,1) and pt = p4 the associated critical GMC measure. Let X; be the regularised field
(5.4) and Yy := X5y — X1. Let Dy, C D, be the collection of even intervals, i.e. intervals
of the form [2j27™, (25 + 1)27™). We have [BKN" 15, Equation (28)]

aw _1 2
(1)) reps 2 <|1| / i QEmfudw) |
1 1eDg

where pu7 is independent of Y|;; and the restrictions (us—n|r)repe form a collection of
independent measures. To ease notations, we relabel Yo-» by Y,, and po-n by py,.

Fix ¢ € (0,37!) and denote S, := Znepi(\/ﬁu(l))ﬂ. It will suffice to get a uniform
bound on E[S?]. This will be very similar to step 2 of the proof of [BIKN™ 15, Theorem 2.

First, we rewrite

E[SY] = @ /OOO A (1—E[e ")) % (5.7)

Conditionally on Y;,, the random variables (x(/))7epe are independent. Moreover, the
analysis of [BIKKN"15] shows that

(5.8)

where Z; := f ¥ 2Bz and C is a random variable encapsulating the error. To control
this error, [BKNT15] conditions on the event that it is not too large and bounds the
probability of the complement. We refer the reader to step 3 of their proof for details and
assume for now on that C is bounded. Using the formula 1 — E[e *X] = fooo Ae MP(X >
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x)dx, valid for all non-negative random variables X, (5.8) yields for each I € D¢:

1-E [exp <—>\ (ﬁu(l))ﬂﬂ Yn} - /OO Ae NP ((Vap(D)? > t| ;) di

0

< C\/nZ; / e MeVBar = CAVE\/nZ;.
0

where C = (1 - %)C . Thus, by the independence of the measures (p,|r)rep: and the
inequality e™** < 1 — z (valid for x € [0, %]), we get for sufficiently small A > 0

1-E[e*] =1-E | [] E [exp (-A(Vnu(1))%)] Y,

<1-E | [[ @ -Cc\/vnz)
| 1€Ds, (5.9)

<1-E |exp (-2 ) CA/*\/nZ;

IeDe

. 1
<1-E [exp (—zcxl/ﬂ\/ﬁ / eYn—%E{Yfldxﬂ
0

The last term is the Laplace transform of the Seneta-Heyde renormalised measure (5.3), so
we can expect to get a uniform bound in n. Indeed, from step 4 of the proof of [BKNT15,
Theorem 2], given € € (0,1 — Sq), the last line of (5.9) is bounded by Cg)\% for some
C. > 0 independent of n. Thus, for small A > 0 we obtain 1 — E [G*AS”} < Cg)\%.
Hence, the integrand in the RHS of (5.7) is O(/\lﬁ;a_q_l) as A — 07, which is integrable
since £ < 1 — fB¢q. This proves that E[S?] is uniformly bounded as n — oo. By Markov’s

inequality and the fact that the law of GMC is the same on even and odd intervals, we get:

P (Z (\/ﬁ,u(]»ﬁ > ng) < 2P (QSn > n%) < 21+qE[Sz]n—9q/2’

I1€Dn

so the Borel-Cantelli lemma implies that there exists an integer ¢ > % such that almost

surely for all n sufficiently large:

S (nPu)’ <ot (5.10)

By definition, for each N € N, the set h(U,>nFE/*) provides a covering of h, (E'x).
Moreover, given j* <n < (j + 1)¢ and x € Z such that |h, (L,(x))] > fr(27"), we have

e (L (@)] = b (Ta@)] = fi27) = ful2 0 ~ fu27).
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Hence, the set U,e> NE;{’“ provides a covering of E/* for all N € N and ¢ < 1 (we will use
¢ =1 in the sequel for notational simplicity). Intersecting with G/*< and using equations
(5.6), (5.10) as well as @ > 1, we get

Mo (he (B N Gl=2)) <> Z e (DL ity < (< fee (1)

> 0 ) <o
neN\{0} Iep, ,

This shows that dim h (E* N G*<) < o almost surely.

Note that the above argument can also be applied to show that dim h, (B NG¥-<) < o
for all k' < k (with the value of £ and ¢ independent of £’). Hence, we get dim h (E/*) < «
as a finite union of sets of the form A (E/—=NGP#-G+1=), j integer, all of which of dimension

less than or equal to a. This concludes the proof since o can be taken arbitrarily close to

1
1— L O

5.3.2 Properties of h~!

We turn to the properties of h='. We start with an elementary bound on its Holder

regularity.
Lemma 5.3.2. Almost surely, for all a < i, h=' is a-Hélder continuous.

In particular, for all E C I, dim E < % implies |h_"(E)| = 0.

Proof. For every a,,p > 0 and intervals I C Z, we have by Markov’s inequality and the

exact scale invariance property (5.5):
P (u-(1) < [11*) =P (u- (D)7 2 [1|7°%) < E [u-(1)?] [1]*" < Cl1| @27,

Hence, for a >4 and p = 1, we get P(u_(I) < |I|*) < C|I|*~% = C|I|**(@=4. Specialising
to dyadic intervals, the Borel-Cantelli lemma implies that |h_(I)| > C|I|* for every arc

I C T and some a.s. finite constant C' > 0, i.e. h=! is a.s. o~ '-Holder continuous. O

Now we investigate the multifractal properties of h=! in more detail. Lemma 5.3.3
below shows that h~! transforms a set of Hausdorff dimension % into a set of full Lebesgue

measure. Intuitively, this can be deduced from the multifractal analysis of h_ as follows.

Let .
E(; =<qxel: liminf10g|h_ (n(2)) =9
nooo log|1,(7)]

and Ej the analogous set defined for h_ instead of h='. Then we expect to have h:1<E5) =
Ei/s and dim E(; = 0 dim F, 5. To our knowledge, the multifractal analysis of the critical

measure has never been written down explicitly, but we can expect dim Es = 6 — % (hence
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dim By = 1 — &) based on known facts from the subcritical case [RV14, Section 4]. For
our purposes, it will be sufficient to give an upper-bound on these dimensions. Notice that
these values also explain the Holder exponent of h~! found in Lemma 5.3.2: Es = @ for
§ > 4, and the local Holder exponent of h~' should be bounded by % on h_(Es).

We look for a set which h~! maps to a set of full Lebesgue measure, i.e. we look for &
such that § = dim Ejs. That is, 0 = 62 — § + le =(0— %)2, ie. 6= % Precisely, we have:

Lemma 5.3.3. Almost surely, dim El/z < % and |h:1(Z\E1/2)| =0.

Proof. We denote E’5Z = Uy>sEs, and their obvious generalisations E(;S, Egz, E;
For the first claim, note that for all € > 0 and n € N, the fact that |h='(Z)| = 1 implies
#{I € D,,, |h="(I)| > |I|'/*>*¢} < |[I|71/27¢. Thus, for all « > 1 + ¢, we have

HalE5) <Y Y ML aysyprasey < DM < oo,

neN IEDn neN

This implies dim E’l 2 < dim E1§/2 < % + ¢, from which the claim follows since € > 0 was
arbitrary.

For the second claim, we start with the following observation. Suppose I € D, is such
that [h="(I)] < |I|°. Then there exists I € D\snj—1 such that |h_(I)| > 1] > (3|1
Similarly, if |h="(I)| > |I]°, there exists I € Drsn+1 such that [h_(I)] < 1] < (4]1))"/.
Note that h_(I) does not cover I, but we can simply add the two dyadic intervals in
D,, directly to the right and to the left of h_(I). This just has the effect of multiplying
everything by a global constant.

Now we get an upper-bound on dim Es. Fix ¢ € (0,2) and set n:=1 — % € (0,1). Let

).
a> 06— % and € € (0,2 —0). For all n € N, we have using exact scale invariance (5.5):

s (7]

= 1|7 TR [ (1))
< C«|[|a—(6+a)n—1 x |I|2n—n2

E Y U< mjzinsrey | <E

1€Dy,,

< C’[‘a75n7(5762/4)‘

Summing over n € N and taking € > 0 arbitrarily small, we see that E[H,(E5)] < oo for
all > 0 — %, hence dim Fs < § — %. Moreover, we can write E(SS as a countable union of
sets of zero a-Hausdorff measure, hence dim E5S <4§— %. A similar argument shows that
dim B <6 — % for all § € (2,4).

Going back to h:l(E1/2>, let e > 0,0 € (3,3+¢) and @ € (5 — 452, 1). Using our

previous observation, we have

169



Ha (hil ( ,+€)> - Z Z [~ L1 (<ifioy

neN7ep,

<Oy Y UPLg gy

neN IEDL&nJ 1

<CY Y MLy

neN IeD,
Here, C' > 0 is a generic constant that may change from one line to the other. By the above,
this last quantity is a.s. finite for our choice of «, implying Hq(hZ (Ef/2 ..)) = 0 almost

surely. A similar computation shows that H;(hZ (El—/2 _)) = 0. Taking a sequence &,, — 0,

we get |h"N (T \ E; /2)] = 0 as a countable union of sets of zero Lebesgue measure. O

5.3.3 Conclusion of the proof

The next and final lemma gives an upper-bound on the size of h(E%*) N El /2-
Lemma 5.3.4. Fiz k > 1. Almost surely, dim(h,(E*) N El/z) <3 -

Proof. Let a,n > 0 and fix €, > 0 as in the proof of Lemma 5.3.1 and recall that for all
n € N we have M, := #{I € D,, |h="(I)| > |I|"/**"} < |I|7*/?>7". Thus, for all I € D,
we have P(|h=1(I)| > |[1|V/*7) = 75 E[M,] < |I|*/277. Using this estimate and the fact
that h, is independent of h_, we can condition on h, to get:

h ]

= > 1D Lgqun<ins i< qrP (1B (e (D)) = [he (D[] hy)

1€Dy,

<O h (D gyt (D1 <fee (D)
I1eD,,

E | > (DI L gqmeine isso -0y Lnis i, oz
1€D,,

Suppose a > dim (h(E%*)) — 3 + 7. From the proof of Lemma 5.3.1, there a.s. exists

an integer ¢ such that

ot
DO (D2 Mg (< (1< fee () < OO (5.11)
neNIED, ,

Moreover, we can cover hy (E/+) N EI/Q with the union over n € N of those I € D,,¢ such
that |hy (I)| € [fo_c(|1]), fe(I1])) and |A(I)| > |hy(I)[*/?*7. We deduce that, almost surely,
E[H, (h+(Ef’“)ﬂEI/2)|h+] is bounded above by (5.11), hence a.s. dim (h+(Ef’€)ﬂE~71/2) < a.
Taking 7 arbitrarily close to 0 enables to take a arbitrarily close to dim (hy(E/*)) — %, so
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that by Lemma 5.3.1:

1

= 1
dim (hy (E7*) N Eyp) < dimhy (Bf) — = < 5~ %

1
2
[l

We now have all the necessary ingredients to conclude the proof of Theorem 5.2.1.
Fix k > 4. By definition, the local Holder regularity of h=! on El/z is %, so if F' C El/g,
we have dim h~!(F) < 2dim F. Hence, Lemma 5.3.4 implies

~ . 1
dim (A= (hs (E7*) N Eypp)) < 2dim(hy (B*) N Eyp) <1 - 7 < 1.

Moreover, by Lemma 5.3.3:
WY (hy (B) N (T \ Eyp2))| < |hZHT \ Evpe)| = 0.

This proves |h(E'*)| = 0 almost surely, so we need only focus on Z \ E/.

Let F C Z\ E/* and v be a Borel probability measure giving full mass to h, (F). The
pullback measure h% v gives full mass to F and since we are on Z \ E'*, for all k' € (4, k)
there is C' > 0 such that

/log w—iyldhiy(x)dhiv(y) < C’/ |z — y|_1/k/dy(x)dy(y).

1

That is, we can bound the log-energy of hiv by the ;-energy of v. By Frostman’s

1
K

finite log-energy and F is not polar by (5.1). Thus, for every polar set ' C T\ E'+, we
have dim %4 (F) < &, which further implies dim 2(F) < 2 < 1 by Lemma 5.3.2 and our

assumption on k. Hence |h(F')| = 0 a.s. for all ' C Z polar. O

lemma, if dimhy (F) > there exists v as above with finite %—energy, hence h v has

Remark 22. One can expect roughly n*~2 intervals of length 27" in EJ*, so it is natural
to expect that the threshold when E/* becomes polar is k = % From the analysis of this
section, we have dim h(E/3/2) < % and it shouldn’t be too hard to show that this bound is
sharp. Hence we get an upper-bound of % for the Hausdorff dimension of the image of a

polar set.

Remark 23. Tt follows easily from our analysis that the criterion of [JS00, Corollary 4] is
not satisfied by SLE,. Indeed, [GMS18, Theorem 1.1] implies that the uniformising map
¢_ is bi-Hélder on a set A such that dim(A¢) < 1. Thus, AN h(E') # & for some k > 0,
since dim h(E/*) — 1 as k — oo. Now on E/* N h~1(A), the modulus of continuity of 1,

is polylogarithmic, while the Jones-Smirnov criterion is stretched exponential.
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Appendix A

Thin points of log-correlated fields

This appendix presents an unpublished result concerning certain exceptional points of
log-correlated fields.

We introduce a class of exceptional points of logarithmically correlated Gaussian fields,
which we call the “thin points”. These points are natural from the point of view of
imaginary multiplicative chaos in a similar way that thick points are natural from the
point of view of (real) multiplicative chaos. Thin points have the defining property that
their regularised process is a Brownian motion conditioned to eventually remain bounded.

The almost sure Hausdorff dimension of the thin points is computed.

A.1 Introduction

A.1.1 Overview

Logarithmically correlated fields are a class of stochastic processes on R? that have become
omnipresent in modern probability theory, and appear in such fields as random matrix
theory, stochastic models for the Riemann (-function, turbulence or finance. A particularly
important example in two dimensions is the Gaussian free field, which exhibits conformal
invariance and is known to be the scaling limit of many statistical mechanics models at
criticality.

Log-correlated fields have a covariance kernel of the form

E[X (2)X (y)] = log +0(1),

[z =yl
which justifies the terminology. Here, O(1) is a continuous, uniformly bounded function in
x and y. Due to the logarithmic divergence, log-correlated fields are not defined pointwise
put are defined as random generalised functions. In this note, we will be concerned with

centred Gaussian fields called %-scale invariant, as defined in Section A.1.2.
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An interesting feature of log-correlated fields is their extreme value statistics. Namely,
considering a regularisation of the field (X).~o such that E[X2(z)] = log 1 + O(1), one
may ask when X, (z) is unusually large. Note that for a fixed x € R%, one would typically
expects X.(z) to be of order \/@. For a given 7 > 0, “y-thick points” are defined to
be the points such that X (x) ~ ylog% as € — 0, and are thus rare points. A trivial

Gaussian estimate gives P(X.(z) > vlog 1) =< gé, so that one can expect the Hausdorff
dimension of ~-thick points to be equal to (d — 72—2)+

In a somewhat orthogonal direction, this note is interested in an other exceptional
behaviour of the field: namely, we will define the “B-thin points” to be the points z € R?
such that the regularised process (X.(z)).~0 eventually remains in a bounded interval of
length % for 3 > 0 (see Section A.1.3). Here, the basic estimate is that P(3 > log 1) = 6%,
where 75 denotes the exit time of the interval (=7, 7) by a standard Brownian motion.
Again, this suggests that the Hausdorff dimension of the -thin points is (d — %ﬁ This
is stated as Theorem A.1.1 below and will be proved in Section 2.3. As will explained
in Section A.2, thin points are naturally related to imaginary multiplicative chaos, in an

analogous way that thick points are related to real multiplicative chaos.

A.1.2 Setup

We consider kernels K : R? — R of the type

K(x) = /100 k(ux)d%

u

where k € CO(R?) satisfies k(0) = 1, compactly supported in B(0, R) for some R > 0. We

also assume that |k(z) — k(0)| < c|z|* uniformly for some A > 0. For each ¢ > 0, we define

the cut-off kernel y
k
K.(x) = / ﬂdu.
1

u

Under the assumptions on K, it is possible to define a family of centred Gaussian fields

(X:)es0 on a common probability space (2, F,P) such that for all €,
E[Xa(x)Xa(y)] = Ka(x - y)

Moreover, for each 0 < ¢ < 9§, the fields X. — X5 and X; are independent. We will
write F. for the o-algebra generated by the values of X.. We refer to [LRV15] for details
on the construction of this family. The process (X.(%)),era >0 has a jointly continuous
modification, and we will always assume that we work with this version.

Notice that for all z € R?, the process t — X -:(z) is a standard Brownian motion.

We will denote By(x) := X.+(x) this process. Moreover, for all z,y € R? and all
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t>ty:=log ﬁ, we have

BI(Bx) — Bu(a) (Bl — B = [ HUE=0g

U
R/|z—yl u
etlz—yl
= / Mdu =0.
R U

Therefore, the Brownian motions B;(x) and By(y) are independent after time t3. Up to

considering the function k(-/R) instead of k, we can and will assume R = 1.

A.1.3 Thin points

Throughout the whole text, we will denote by dim 7' the Hausdorff dimension of a set
T C R%

Definition A.1.1. For all 8 > 0, the B-thin points of X are the set

Ts = {I € R, limsup By(x) — liminf B,(z) = z} :
t—00 t—o0 B
Obviously, since limsup,_,., Bi(z) for all z € R%, we have P(z € T3) = 0 for all 8 > 0.
However, a standard estimate shows that
P ( sup |Bs(z)| < z) = ezt
0<s<t B
This suggests that dim 73 = d — %2, which is confirmed by the following theorem, which is

our main result. The proof is postponed to Section A.3.

Theorem A.1.1. Almost surely, for all B > 0, we have dim Tz = (d — 6—2)+.
Moreover, #7T 5= 00 and Tg = & for all § > V2d.

A.2 Link with multiplicative chaos

Due to the logarithmic correlation, the field X only exists as a random distribution
and not a function. Therefore, its exponential is not a prior: well-defined. Making
sense of exponentials of logarithmically correlated random fields is the realm of Gaussian
multiplicative chaos, which was pioneered by Kahane [[Kah85]. In Kahane’s original
theory, one starts with a parameter v > 0 and constructs a random measure p., via
the regularisation procedure dyu. .(x) = eVXf’gE[Xg}dx. It is known that this family of
measures converges almost surely weakly as ¢ — 0 to a non-trivial measure p.,, provided

v < V2d. Formally, we write
2
dup, = X~ TEX% g
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The above renormalisation is known to converge to 0 for v > v/2d. The special case
v = v/2d is known as critical and it is possible to modify slightly the renormalisation
procedure in order to obtain a non-trivial limiting measure [DRSV14a]. The case v > v/2d
is known as supercritical and requires a different approach.

Gaussian multiplicative chaos (GMC) is now an important object of modern probability
theory and appears in several contexts such as turbulence, quantum field theory, random
matrix theory, stochastic models for the Riemann (-functions or finance. We refer to
[Berl17] for a nice introduction to the topic and [RV14] for a review of its applications.

In recent years, there has been growing interest in the imaginary version of GMC,
namely when one takes v = i3 for some real . The main result in this direction [LRV15]
is that the renormalised functions Fj . = eiﬁXﬁ%E[Xg I converge almost surely to a random
distribution Fj as € — 0, provided 8 < Vd (notice the difference with the real threshold
v < \/ﬁ) Here, we stress that the limiting object is not a complex measure but a complex
distribution: that is, Fj lives in the dual of C¥(R?) for some k > 1, but does not live in
the dual of C°(R?%). For # > v/d, the above renormalisation fails to converge. Several
alternative renormalisations exist [LRV15] but the limiting distribution is a complex
white-noise, so that all the information about the original field is “lost”.

Real GMC encodes interesting aspects of the underlying field. Indeed, the measure
ft is known to give full mass to a set of exceptional points of the field called the ~-thick

points, defined by
T = {:c € R, limM = fy} .
e—=0 ¢
Notice that for all z € R? we have obviously lim B,(x)/t = 0, so that points in 77 are
located where the field is exceptionally large. In fact, it is known that dim 7, = d — 72—2 To
get an intuition of why this should be the case, consider the event A} (x) := {|B;(z) —~t| >

t3/4}. Then Girsanov’s theorem, we have (with & = e™)

,‘/2
E [#t(1iay)] =E [ / ﬂ{A?(z)}duv,E(ﬂﬁ)} = / E {e”Bt(x)_”ﬂ{Azw)} da
[0,1] [0,1]¢

= /[01]d P (A)(z)) dz = o(1)

This heuristic computation shows that 1, tends to concentrate on 7. The natural
question is whether similar sets of exceptional points are natural with respect to the
imaginary multiplicative chaos Fj. The first thing to realise is that it does not make sense
to speak of where [z “puts the mass” since it is not a complex measure. Moreover, it is
easy to see that the support of Fj; in the sense of distributions is the whole space.

In the real case, the appearance of thick points is due to the interpretation of €7 ’ﬁE[X ’]

as a Radon-Nykodym derivative adding a ~-drift to the Brownian motion. In the complex
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) 2

case, let us consider the martingale ezﬁBﬁ%t, where B; is a standard Brownian motion.
2

Its real part is cos(ﬁBt)e%t. Of course, this is not a positive martingale, so it is not a

Radon-Nykodym derivative. However, setting

T
=inf<t >0, |B| > —
T3 111{_ . | Bl 25},

the stopped martingale

2
cos(ﬂBt/\TB)e%“\”3

is now a positive martingale. Weighted by this martingale, the law of Brownian motion

run up to time ¢ > 0 is the stochastic process driven by the SDE
dXt = ﬁ tan(ﬂXt)dt + dBt,

which is the SDE of Brownian motion conditioned to stay in the interval (=3, 7) [Pin85].

s
29
.

One can easily read the properties of sample paths: since ftan(fz) ~ ( )71 as

28
r — % from below, the process § — X; looks like a 3-dimensional Bessel process upon

approaching 0, and similarly for the process 7 + X;.

A.3 Dimension of thin points

In this section, we compute the Hausdorff dimension of 73.

A.3.1 Preliminary estimates

Here we gather some estimates on exit times of Brownian motion from a bounded interval.
In this section we denote by P, the law of a standard Brownian motion (By);>¢ started
from z € R, and we write P := Py. We also denote by M; (resp. m;) the running maximum

(resp. minimum) of By, and 74 := inf{t > 0, [B| > 55}

Lemma A.3.1. There exists C > 0 such that for all t > 0,

2

o[}

2
24

C~le tS]P(Tg>t)§]P)(Mt—mt<%) < (Ce™ 2

Proof. Obviously, P(75 > ¢) < P(M, —m; < ). We can evaluate P(75 > t) by Lévy’s
triple law [SP12]: for all a € (0, 3), we have

T @ 7(”2717”)2 7(”*2“*2"7“)2 dx
P<mt>G_E’Mt<a)_/a Z(e e r >\/2_7rt (A1)

_z
B nEZ
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By Poisson’s summation formula, we can rewrite this as

P (mt >a— 17 M, < a) = / Z mBa: . e_gmga) do
ﬁ ~B nel
/ Z e ~92isin (nfa) dx

ﬁ neZ

~ %e i sin (fa) /a sin (B(a — x)) dz

t—oo T

Bl

In particular, we have
2
Cle 5t <P(rg>t)=P <Mt < T my > —i> < (Ce 2"

for some C > 0.

Conditionally on {M; —m; < 5}, the law of (M, m) has a density on (0, 3) x (=3,0),
and we have P(M, < g5, m; > —55[M, —m, < %) = p for some p € (0,1) independent of ¢.
Thus,

A.3.2 Upper-bound

In this section we prove the upper-bound on dim 7.

(@-%

Proposition A.3.2. For all 8 > 0, almost surely, dim Tz < 5 )+

Moreover, Tg = @ for all B > V2d.

We will require a Kolmogorov criterion to estimate the regularity of the joint process
(Xe(2))zerd 0. The version given below is not optimal but sufficient for our purposes.

Recall that A > 0 is such that the kernel function satisfies |k(z) — k(0)| < c|z|*.

Lemma A.3.3. Let N € (0,\). Almost surely, there ezists a finite M > 0 such that for
all z,y €10,1]¢ and € € (0,1), we have

X.(e) — Xo(y)| < M (ﬂ)

3
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Proof. By the assumptions on the function k, we have for all z,y € R? and € > 0.

E[(X.(0) - X)) =2 i asc (= ‘)

|z—y| u

By the Kolmogorov criterion, we obtain that for all A’ € (0, \), there exists an a.s.
finite M > 0 such that for all dyadics (z,y,¢) € [0,1]% x [0,1]% x (0, 1), we have

)\/
Xt - Xl < 01 (F2A) (A2)
Since the process (X.(7)),era >0 is jointly continuous, (A.2) extends to all (z,y,e) €
[0,1]% x [0,1] x (0, 1). O

Proof. Given n € N, let D, := e "Z¢N[0,1]¢ and D := UpenD,. In all the proof,
(n, 8, N) € (0,3) x (0,8) x (0,\) are fixed (but arbitrary) parameters. We also fix an
almost surely finite M > 0 as in Lemma A.3.3.

Let C,, C D,, be the set of points such that

sup Bs(x)— inf  Bg(x) < z

I
nn<s<(1—n)n msss(1-n)n B

and
B, := Uzec, B(z,e™"),

where B(z,r) C R? denotes the ball centred at x of radius r.
Now we show that U,enB,, almost surely covers 75. Let x € T3. We may fix np € N
such that
s

sup Bi(x )— mf Bi(z) < —. (A.3)

210 > 3
For all n € N, fix x,, € D,, be such that |z — z,,| < e ™. By Lemma A.3.3, we have for all
t < (L=mn)n,
|Bt(x) - Bt($n>| <M (6t|[L’ — l‘n|))\, < Me—™n

Thus, for all n > ng so large that 2Me """ < T we have using (A.3)

B ,3 !
sup  Bi(z,) — inf By (x,,
m<t<(l-n)n t( ) nm<t<(1-n)n t< )

< sup Byz)— inf  By(x)+2Me™M™

nn<t<(1 n)n 77”<t§(1—77)n

—|— 2Me ™ S
5 ca

Therefore, z,, € B,, for all sufficiently large n, so that U,enB,, covers Tz as claimed.

To conclude, we bound the a-Hausdorft content H,, of 73 using this covering. First,
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we have for all o > 0,

Ho(Ts) < Z Z diam(B(z,, e Z#C e "

neN zeCy, neN

On the other hand, we have by Lemma A.3.1

2
Z ]l{mecn}] =#D,P(0€C,) < e(d*(172n)%)n.

mEDn

Assume that 3 < v/2d. For all a > d — (1 — 27])— we have

= ZE[#Cn]e_”O‘ < 00,

neN

In particular H,(73) < oo almost surely and dim 73 < d — (1 — 277) . The result follows
since 7 (resp. /) can be taken arbitrarily close to 0 (resp. [3).

Assume now that 8 > v/2d and choose 7, #’ in such a way that d — (1 — 277)52—/2 < 0.
By Markov’s inequality, we have P(C, # @) < E[#C,] decays exponentially fast, so
the Borel-Cantellli lemma implies that a.s. C, = @ for all sufficiently large n. Thus,
Ts = . O

A.3.3 Lower-bound

In this section, we prove the lower-bound. The proof relies on Frostman’s lemma, which

we now recall. The a-energy of a Borel measure v on R? is the quantity

L) = /M

|z —yl|*

By Frostman’s lemma, to show that dim 73 > d — -, it suffices to show that there ex1sts
a Borel measure v on R? such that v(R?\ 73) =0 and I,(v) < oo forall a <d— 2

Proposition A.3.4. For all § € (0,v2d), we have dim Tg > d — %2

Throughout this section, we will use the following events, defined for all 0 <ty <t
and z € R%:

B} (z):= { sup |B,(z)] < 25}

to<s<t

i) i= { s [Bu(o)] < 5}

0<s<t

Notice that Ey(z) = E; (x) N Ey +(x). When the context is clear, we will write Ey(z) =
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E’ ().

To show this proposition, we will require the following two-point estimate.

Lemma A.3.5. We have for all x,y € [0, 1],
P (E,(2)Euy)) < | — y|~ TP (EB(2)) P (Ey(y))

Proof. Let ty = logﬁ and recall that the two processes (Bi(x) — By (x))i>r, and
(Bi(y) — Bty (y))t>t, are independent Brownian motions. Thus, conditioning on Fj,_,, we

have by the Markov property of Brownian motion and Lemma A.3.5,

P (E(z) N Ey(y)

E [P (Ei(z) N E(y)|Fla—y|)]
P (Ey () N Ey(y)) E [P (Eye(2) O Byt ()| Flo—y))]
<

Bty (2))P (B () P (Ety 1 (y))
)P

_ P(E(2))P(Ei(y))
P(Ei, (y)

)
=< o — y|~ T P(E,(2))P(Ey(y)).

Proof. We introduce the following subset of 73, called the B-perfect points

Pp = {ZE € [0,1)%, sup|By(a)| < 25}

t>0

Our goal is to show that almost surely dim Pz > d — %2

For each t > 0, let us define the measure

g, ()

}
P(E(x)) "

dy(z) ==

Notice that

E [11(]0,1]))] = /[ol]d dr = 1.

Let us evaluate the a-energy of 1. By Lemma A.3.5, we have

[/ / Leyw e dxdy

0,14 J[0,1)4 |17—y|°‘]P> (Ei(2))P(Ei(y))
(z) NV Ei(y)

/01 /] BB

< C’/ / |z —y|~ O‘+7)dxdy.
[0,1]¢ J10,1]¢
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for some constant C' > 0 independent of ¢. This last integral is finite provided oo < d — 5,
so that E[I,(v;)] is uniformly bounded in this case.

From here, a standard argument [HMP10] shows that with positive probability there
exists a subsequence v;, converging weakly to a measure v such that v([0,1]¢) € (0, 00)
and I,(v) < oo. On this event, we obviously have v([0,1]? \ Ps) = 0, so that dim 75 >
dim Pg > d — %2 On the other hand, it is also a standard argument that the dimension
of T is an almost sure quantity, so that P(dim 7 > d — %2) =1. ]

Proposition A.3.6. Almost surely, T 5 is uncountable.

Proof. Consider the modified events

i) = {180 <
o) = { 1B.(0)| <

where we choose the function 8, = (2d — 2-)/2. Then we have P(£,(x)) < Ct3e~®. On

the other hand, similarly to the previous proof, we have the two-point estimate

. . xr — —d . .
P ()N ) < c—2 Y B (B@) P (B).
log (1 + m)
Now we define the same measure as before, dy;, = ]P)Iég’;)da:, and we compute its

logarithmic energy:

E[Fiog ()] = [/om/[m]d log(1 |x_ )y )]

o
< C’/ / ] < 00.
[0 1]d [0 1]d ].Og 1+ |z y|>

This allows us to define almost surely a measure with finite logarithmic energy giving full

mass to 7T sy, implying in particular that it is uncountable (in fact we have shown that

T /2q has positive logarithmic capacity). O
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