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Abstract 6 

Large reductions in embodied carbon can be achieved through the optimisation of concrete 7 

structures. Such structures tend to vary in depth along their length, creating new challenges for 8 

shear design. To address this challenge, nineteen tests on non-prismatic steel reinforced concrete 9 

beams designed using three different approaches were undertaken at the University of Bath. The 10 

results show that the assumptions of some design codes can result in unconservative shear design 11 

for non-prismatic sections.  12 
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Introduction 16 

Non-prismatic concrete beams can provide steel and concrete savings when used to replace 17 

equivalent strength prismatic elements. In a variable section reinforced concrete beam a portion of 18 

the shear force may theoretically be carried by a suitably inclined top or bottom flange, yet such 19 

beams have been found to fail prematurely, suggesting codified methods are unable to account for 20 

the varying section shapes found in optimised structures. Given that optimised structures tend to be 21 

non-prismatic, understanding these failures and providing appropriate guidance for their design is 22 

hugely important. 23 

1 Tapered beams 24 

1.1 Shear behaviour 25 

The derivation of shear stresses through equilibrium considerations of a homogenous uncracked 26 

and isotropic beam is relatively straightforward, but the behaviour of a reinforced concrete section 27 

is more complex. In a reinforced section, cracks will form when the principal tensile strain exceeds 28 

the tensile capacity of concrete and these diagonal cracks typically propagate from the tension face 29 

of the member towards the neutral axis. 30 

There are conventionally considered to be six contributing factors by which a reinforced concrete 31 

beam can carry shear, Figure 1. When present, shear reinforcement carries stress over cracks as they 32 

open under loading and confines the section. Although aggregate interlock is estimated to carry 33 

significant shear force in the uncracked section [1], as cracks open the capacity to transfer stresses 34 

via aggregate interlock is minimal [2]. Dowel action by longitudinal reinforcement is contentious, 35 

with Kotsovos [2] showing it to be extremely limited in the prismatic section. 36 

The behaviour of prismatic and tapered concrete sections in shear is compared in Figure 1. In 37 

sections that taper towards their supports, the interaction of the diagonal cracks with the path of the 38 

compression force at the supports is assumed to be critical. 39 

Inclined compression or tension forces can theoretically affect the shear resistance of the section. 40 

It is suggested [3-7] that for sections whose depth increases in the direction of increasing moment 41 
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an effective shear force for design be given by Eq. (1), which is valid for members with shear 42 

reinforcement: 43 

 (1) 44 

Where V’Ed is the reduced design shear force; VEd is the shear force on the cross section; Vccd is 45 

the vertical component of force in the inclined compression chord and Vtd is the vertical component 46 

of the inclined tension chord. MEd  is the moment on the cross section. 47 

Provided suitable limits on stress in the web compression strut are not exceeded, the sum of Vccd 48 

and Vtd (Eq.(1)) could theoretically be made equal to the applied shear force, negating requirements 49 

for transverse steel. For a beam with yielding tension reinforcement of constant area (As) and 50 

without normal force this could be achieved by placing the bar at an effective depth that is 51 

proportional to the bending moment at each point along the beam (Eq.(2)). Such an approach would 52 

make the vertical component of force in the bar (Vtd) theoretically equal to the applied shear force, 53 

Eq.(3). 54 

 (2) 55 

  (3) 56 

Where zi is the lever arm between tension and compression forces at position i; MEd,i is the 57 

applied moment at position i; As is the constant area of longitudinal reinforcement and fyk is its 58 

characteristic yield strength; VEd,i is the applied shear force at position i; dx is an increment of 59 

length and Vtd,i is the vertical component of force in the bar at position i. 60 

However, utilising a longitudinal bar to provide vertical force capacity close to the supports in a 61 

simply supported beam requires the bar to be fully anchored at its ends and yielded along its entire 62 

length. Furthermore, for a structure subject to an envelope of loads the longitudinal reinforcement 63 

position will be determined by the maximum moment on each section. It is feasible that the 64 

maximum moment and shear forces on a section will not originate from the same load case. In such 65 

a situation, a bar placed for moment capacity will then be incorrectly inclined to provide the desired 66 

zi =
MEd ,i

As fyk

VEd ,i =
dMEd ,i

dx
=Vtd ,i



  

4 

vertical force, and thus additional transverse reinforcement will be required. 67 

1.2 Design methods 68 

1.2.1 Truss model 69 

ACI 318 [8] and BS EN 1992-1-1 [4] allow the shear capacity of a tapered section with 70 

transverse reinforcement to include the effects of inclined tension and compression forces, Eq. (1). 71 

Both codes are based on the truss analogy, the premise of which [9, 10] is that cracked concrete in 72 

the web resists shear by a diagonal uniaxial compressive stress in a concrete strut, pushing the 73 

flanges apart and causing tension in the stirrups that are then responsible for holding the section 74 

together. With a compression strut angle of 45º, the model consistently underestimates shear 75 

strength. To correct this ACI 318 [8] adds a ‘concrete contribution’, while BS EN 1992-1-1 [4] 76 

assumes that once cracked the concrete provides no contribution to shear capacity and instead 77 

allows a flatter strut angle (down to 22º, subject to stress limits in the diagonal concrete strut) to be 78 

chosen, with both approaches replicating experimental observations. 79 

The additional tensile force, ∆F, arising from the normal stress components of the inclined web 80 

compression struts of the truss model [4, 8] must be included when calculating the force in the 81 

inclined chords to prevent over-estimation of the contribution of an inclined chord to shear capacity. 82 

1.2.2 Compressive force path method 83 

The compressive force path (CFP) method premises that the behaviour of a reinforced concrete 84 

beam can be simplified into three elements - a concrete frame, a steel tie of flexural reinforcement 85 

and a zone of concrete cantilevering teeth which form between successive cracks in the concrete 86 

section [11], Figure 2. The uncracked compression zone is proposed to sustain both the compressive 87 

flexural force and the entire shear force. Since concrete fails in tension, those regions of the path 88 

where tensile stresses may develop will be critical [11]. 89 

Experimental data for beams subject to point loads tested by Kotsovos [12] suggests that shear 90 

stirrups do not have to be provided throughout the shear span in order to allow full flexural capacity 91 

to be reached. Since beams without continuous transverse tension reinforcement cannot conform to 92 

the truss analogy, the implication is that “truss behaviour of a section is not a necessary condition 93 
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for a beam to attain flexural capacity once shear capacity is exceeded” [12]. 94 

CFP-designed indeterminate frames were compared to ACI 318 [13] by Salek et al [14]. It was 95 

found that the CFP-designed frames provided greater ductility through their positioning of 96 

transverse reinforcement to carry tensile forces arising from changes in the direction of the 97 

compressive force path. Jelic [15] also found that CFP-designed reinforced concrete beams could 98 

provide greater ductility with less transverse reinforcement than an equivalent truss-analogy based 99 

design. 100 

Whilst the literature suggests that the CFP method provides an accurate representation of the 101 

behaviour of reinforced concrete beams, the design method is based on empirical equations [16-18] 102 

and non-prismatic elements were not included in their original derivation. There is therefore no 103 

guarantee that the method is indeed suitable for non-prismatic beams. 104 

1.2.3 Strut and tie model 105 

The assumptions implicit in Eq.(2) and Eq.(3) (which were applied in the design of the ‘EC2’ 106 

beam series described later in this paper) require tension and compression forces to be arranged as 107 

shown in Figure 3(a). Such a model relies on full anchorage of the reinforcement and exact 108 

alignment of forces at the support. Such an alignment is impossible to prove and unlikely to occur 109 

with additional moments generated if it is not achieved (Figure 3 (b)). 110 

To overcome this problem, an alternative strut and tie model was developed, Figure 4, in which 111 

the flexural tension reinforcement does not provide full shear capacity and is not required to yield in 112 

all locations. The first tension tie is then required to carry the majority of the shear force. In the 113 

model, the concrete strut capacity is limited to the concrete compressive strength and the ties are 114 

limited by the capacity of the yielding steel at each position. In addition a maximum link spacing of 115 

75% of the effective depth is applied along the beam length, following recommendations for strut 116 

and tie modelling [4]. Areas required for anchorage and development of both longitudinal and 117 

transverse reinforcement define the overall section geometry. 118 

The proposed model does not require that all the steel is yielding. Instead, plastic behaviour 119 
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(which is desired for a ductile response) is provided by ensuring that the steel yields in certain 120 

positions only. In the proposed methodology, this yielding is to occur at the position of maximum 121 

moment and beam depth, and away from the support location. It is proposed that this mechanism 122 

will provide ductility to the beam response. At the failure load, it is likely that reinforcement at the 123 

support will still be in its elastic range. 124 

1.3 Test data 125 

Limited experimental data is available to describe the behaviour of tapered steel reinforced 126 

concrete beams in shear. Debaiky and El-Neima [5] compared prismatic and tapered beams in a 127 

series of 33 tests. Crack number and location were found to depend on the inclination of the beam 128 

haunch. Compared to a prismatic section, the total number of cracks was found to increase for 129 

negatively haunched beams and to decrease for positively haunched beams (Figure 5). For positive 130 

haunches, the position of the major shear crack moved closer to the support, as would be expected 131 

based on an assumption that cracking occurs at the weakest section.  132 

T-beam specimens tested later by El-Neima [19] showed similar results, with both positive and 133 

negative haunch sections showing lower shear capacities than prismatic sections. Further tests [5, 134 

19] showed reductions in shear capacity for haunched beams, suggesting variable section beams 135 

could negatively affect the shear capacity of the section. 136 

Haunched beams carrying hogging in continuous beams could benefit from shear capacity 137 

provided by the inclined compression zone. Macleod and Houmsi [6] and later Rombach and 138 

Nghiep [7] found that the additive method described by Eq. (1) could result in unconservative 139 

capacity predictions for sections with inclined compression zones (without shear reinforcement). It 140 

was recommended [7] that only 50% of the value of Vccd should be included (if it is a favourable 141 

effect), Eq.(4): 142 

  (4) 143 

The limited available experimental data suggests that additive methods for the shear capacity of 144 

tapered beams can lead to unconservative results. This highlights the fact that the underlying 145 
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behaviour is not yet fully understood. This behaviour, of crucial importance for non-prismatic 146 

beams, is assessed in this paper through a series of beam tests. 147 

2 Design 148 

To determine the most appropriate method for the design of tapered beams in shear, 19 tests on 149 

11 beam specimens were undertaken to consider: 150 

1. Design using the variable angle truss model ('EC2'); 151 

2. Design using the compressive force path method ('CFP'); and 152 

3. Design using a proposed strut and tie model ('STM'). 153 

2.1 Methodology 154 

Tapered beams with shear spans of 150, 300, 500 and 1000mm were designed using the EC2 and 155 

CFP methods; only a 500mm shear span was considered in the STM approach due to time 156 

limitations. All beams had a total span during testing of 2000mm. Beams with shear spans of 157 

≤500mm were cast with two tapered ends and tested twice, as shown in Figure 6. The beams are 158 

named according to shear span and design methodology, with EC2 and CFP beams predicted failure 159 

modes being denoted by V (predicted shear failure) or M (predicted flexural failure). 160 

All beams had a constant breadth of 110mm and were reinforced on their tension face with two 161 

10mm diameter high yield U-bars to provide full anchorage at the support zone. Where links are 162 

used, these are 3mm diameter high yield plain bars as closed links. The links are anchored around 163 

two 3mm plain bars used as top steel (which provides a negligible contribution to flexural capacity). 164 

The concrete design strength was 40MPa. Cover to the longitudinal tensile reinforcement was 165 

20mm. A summary of the beam nomenclature and design loads is provided in Table 1. The 166 

relationship between the test load, P, and the design shear force, VEd, has been arranged such that 167 

for Beams 2 – 4 a comparable shear force is imposed on the tapered end. 168 

 169 

 170 

 171 



  

8 

Table 1: Summary of test loads and maximum shear force 172 

Test Designs Test load, P Shear span, av Design shear force at the 
tapered end, VEd 

1* EC2 / CFP 32 1000 16kN 
2 EC2 / CFP / STM 36 500 27kN 
3 EC2 / CFP 31.8 300 27kN 
4 EC2 / CFP 29.2 150 27kN 
*Beam 1 was symmetrical, with point load applied at midspan of the 2000mm long beam 

 173 
2.2 Beam design 174 

2.2.1 EC2 model  175 

The EC2 beams series were designed according to the method described by Eq.(2) and Eq.(3) and 176 

uses the vertical component of force in the yielding longitudinal steel as an effective shear link. 177 

Iteration is carried out to find the geometry that satisfies equilibrium and provides the full flexural 178 

and shear requirements at each point along the beam. Anchorage of the bar is provided by the use of 179 

U-bars. A check was also made to ensure that the steel was able to yield under the applied loads. 180 

Such an approach, which implies that flexural and shear failures are equally likely, was denoted ‘V’ 181 

(predicted shear failure). 182 

Taking the same geometry as the ‘V’ series beams, EC2 beams with predicted flexural failures 183 

(denoted ‘M’) disregarded the potential shear contribution of inclined longitudinal steel and used 184 

only yielding transverse reinforcement designed according to BS EN 1992-1-1 [4] (Eq.(6.8)) to 185 

provide shear capacity. The strut inclination was typically 21.8º, and VRd,max was not a governing 186 

criteria. A concrete compressive strength of 40MPa, and steel yield strength of 500MPa, where used 187 

in the design and all partial safety factors were set to 1.0. The four beam elements, designed to the 188 

loads and shear spans given in Table 1 are shown in Figure 7. 189 

2.2.2 Compressive force path (CFP) 190 

The CFP method was applied by considering the two potential failure modes for the section: 191 

ductile flexure or brittle flexure-shear. An empirical equation for the moment corresponding to 192 

shear failure (Mcx) is used for design and given by Eq.(5) [16, 17, 20]. 193 

  (5) 194 
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  (6) 195 

Where the subscript x denotes a given cross-section at a distance x mm from the support; Mcx is 196 

the moment corresponding to shear failure (Nmm); Mf is the flexural capacity (Nmm); avx is the 197 

ratio Max / Vax (mm); Max and Vax are the applied bending moment (Nmm) and shear force (N) on 198 

the section; z is the lever arm (mm); d is the effective depth (mm); ρw is the ratio of the area of 199 

tension steel to the web area of concrete to effective depth; fyk is the characteristic strength of the 200 

tension steel (N/mm2); bw is the web width (mm); and Vcx is the shear force at failure. 201 

The design method was originally applied to prismatic beams. For variable section members, the 202 

beam is divided into sections, and at each section the required effective depth for flexural capacity 203 

according to the plane sections theory is determined. Each section is then assessed against Eq.(5) to 204 

determine a value of Mcx for the section, with a corresponding shear capacity given by Eq.(6). The 205 

effective depth at each point along the length of the beam is iterated until either Vf or Vcx exceeds 206 

the design shear at each point. 207 

A graph of the applied moment-shear envelope (Va, Ma), the moment and shear forces 208 

corresponding to flexural failure (Mf, Vf) and the moment and shear forces corresponding to shear 209 

failure (Mcx, Vcx) are then plotted (shown in Figure 8 for a beam subject to multiple point loads). 210 

From this two types of failure mode can be designed for. The first, shear failure (denoted ‘V’), 211 

requires only that the shear capacity at each point on the beam be equal to the applied load 212 

envelope. In the support zones Vcx therefore governs the failure mode. 213 

The second mode is to ensure flexural failure in the entire beam (denoted ‘M’). This is achieved 214 

by adding shear capacity to all positions on the beam at which Vcx ≤ Vf until flexural failure is 215 

predicted to occur before shear failure. In the end zones, considerable transverse reinforcement was 216 

required to achieve this, Eq.(7). 217 

  (7) 218 

Where Vf is the shear force corresponding to flexural failure; Vcx is given by Eq.(6) and fyk is the 219 

Vcx =
Mcx

avx
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characteristic steel yield strength. 220 

Following the proposed method four beams were designed with one end predicted to fail in shear 221 

(‘V’) and one end in flexure (‘M’). The resulting beam layouts are shown in Figure 9. The curved 222 

end of the beam arises as a result of the design method and was constructed using bespoke 223 

formwork. 224 

2.2.3 Strut and tie model (STM) 225 

The strut and tie model is shown in Figure 4 and is differentiated from the EC2 model as it does 226 

not require the steel to be yielding everywhere within the tapered zone (the steel should be yielding 227 

at the position of maximum moment to provide plastic behaviour). Design is initiated by calculating 228 

the required depth at the position of maximum moment that will ensure the predefined area of 229 

internal flexural steel reinforcement steel has yielded in this location. The actual, rather than 230 

characteristic, yield strength of the steel should be used. This provides the overall geometry of the 231 

beam, with the force in each section limited by concrete crushing and steel yielding (each element is 232 

not required to be at maximum stress). Tension paths are required to form a straight line between 233 

nodes. At each node, equilibrium considerations provide the forces in each tie and thus the area of 234 

transverse reinforcement required. 235 

The model geometry is iterated to provide a reinforcement layout with the required shear and 236 

flexural capacities, resulting in the beam shown in Figure 10. At the support, the forces must still 237 

line up quite precisely, so one end of the beam was cast around a steel angle anchored into the 238 

concrete by a 10mm diameter reinforcing bar. This is the only difference between the two ends of 239 

the tapered STM beams (denoted ‘1’ without the end angle and ‘2’ with the end angle). 240 

3 Testing 241 

A steel mould was used to create each beam profile (Figure 7, Figure 9 and Figure 10). 242 

Longitudinal and transverse reinforcement was cut and bent to shape in the laboratory using 243 

prepared templates for each beam. The beams were cast in sets of four, demoulded after 3 days and 244 

cured in laboratory conditions prior to testing.  245 
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The test set up for each beam is shown in Figure 11. This setup has been carefully chosen to 246 

allow each specimen to be tested twice. The first test has only a minor effect on the prismatic zone, 247 

and no effect on the tapered zone, of the second test. Steel strains in the flexural reinforcement were 248 

monitored at three positions in the tapered section with strain gauges. High definition video and still 249 

images were recorded for post-processing using digital image correlation to determine strains on the 250 

concrete surface.  251 

3.1 Materials 252 

All specimens were cast from the same concrete mix design (Table 2). Average cube strengths at 253 

28 days are given in Table 3. High yield deformed bar was used as longitudinal reinforcement 254 

(characteristic yield strength, fyk = 500MPa, average yield strength according to tests fy = 562MPa), 255 

undeformed high yield bar was used as transverse reinforcement. The aggregate (see Table 2) was 256 

provided in accordance with the requirements of BS EN 12620 [21]. 257 

Table 2: Concrete mix design per m3 258 

Cement (CEM IIbv) 4-8mm aggregate 0-5mm aggregate Water 
450kg 1055kg 705kg 190kg 

 259 
Table 3: Recorded 28 day concrete cube compressive strength 260 

Age Average compressive strength (MPa) Standard deviation (MPa) 
28 days 47.9 3.8 

 261 
3.2 Test results 262 

A summary of all the tests is provided in Table 4. Crack patterns at failure for all beams are 263 

provided in Figure 12. Load-displacement plots (normalised for design maximum load) are shown 264 

in Figure 13, Figure 14 and Figure 15. Beam 4_CFP_V results are omitted due to test problems. 265 

The transverse reinforcement ratio (ρw = Asw / s / bw) within the shear span for each beam is given. 266 

Table 4: Test failure modes and ultimate capacity 267 

 ρw (%) PIV 
collected 
(Yes/No) 

Design 
maximum load, 
P (kN) [A] 

Maximum load 
achieved in test 
(kN) [B] 

Failure mode [B] / 
[A]  

1_EC2_V 0.00 N 32.0 19.0 Shear 0.59 
2_EC2_V 0.00 Y 36.0 28.2 Shear 0.78 
2_EC2_M 0.28 Y 36.0 32.1 Shear 0.89 
3_EC2_V 0.00 N 31.8 17.1 Shear 0.54 
3_EC2_M 0.47 Y 31.8 18.8 Shear 0.59 
4_EC2_V 0.00 N 29.2 26.1 Shear 0.89 
4_EC2_M 0.69 N 29.2 9.6 Anchorage 0.33 
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 ρw (%) PIV 
collected 
(Yes/No) 

Design 
maximum load, 
P (kN) [A] 

Maximum load 
achieved in test 
(kN) [B] 

Failure mode [B] / 
[A]  

 (Figure 13) EC2 Average [B] / [A]: 0.66 
1_CFP_V 0.06 N 32.0 29.6 Shear 0.93 
2_CFP_V 0.18 Y 36.0 46.9 Flexure 1.30 
2_CFP_M 0.41 Y 36.0 48.6 Flexure 1.35 
3_CFP_V 0.26 Y 31.8 43.8 Shear 1.38 
3_CFP_M 0.56 Y 31.8 31.5 - 0.99 
4_CFP_M 0.77 Y 29.2 28.7 - 0.98 

 (Figure 14) CFP Average [B] / [A]: 1.16 
2_STM_1 (i) 0.31 Y 36.0 41.8 Shear/Flexure 1.16 
2_STM_2 (i) 0.31 Y 36.0 41.5 Shear/Flexure 1.15 
2_STM_1 (ii) 0.31 Y 36.0 38.7 Flexure 1.08 
2_STM_2 (ii) 0.31 Y 36.0 37.9 Flexure 1.05 
2_STM_1 (iii) 0.31 Y 36.0 37.4 Flexure 1.04 
2_STM_2 (iii) 0.31 Y 36.0 40.6 Flexure 1.13 

 (Figure 15) STM Average [B] / [A]: 1.10 
 268 

3.3 Discussion 269 

The results of nineteen beam tests undertaken on eleven specimens are presented in Figure 13. 270 

On average, beams designed using the ‘CFP’ method exceeded their design load by 16%, those 271 

designed using the ‘STM’ method by 10% and the ‘EC2’ beams were found to be unconservative, 272 

falling short of the design load by 34% on average. 273 

The results suggest that the EC2 design method can lead to unconservative designs for tapered 274 

beams in shear. Both the CFP and STM models provide consistent, conservative, results. Within the 275 

STM test series, tests with and without external steel plates anchored into the section with a 276 

horizontal bar showed no difference in global behaviour. 277 

The tests suggest that simplified optimisation methods may not necessarily be appropriate for 278 

elements of complex geometry and some existing design guidance may be inappropriate for the 279 

shear design of tapered beams. 280 

4 Digital Image Correlation 281 

Digital image correlation (DIC) was used to monitor strain distributions in the concrete. DIC 282 

employs a static camera to take photos of a unique and random pattern, painted on the side of each 283 

beam, which is then processed to determine displacement and strain distributions. The freeware 284 

software MatchID [22] was used to carry out the analysis. 285 
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4.1 Results 286 

DIC data was collected for each test as described in Table 4. Figure 13 shows that the design 287 

methods give contrasting behaviour under loading. The CFP beams displayed ductility in 288 

combinations of flexure and flexure-shear failure. By contrast, all the EC2 beams failed in a less 289 

desirable brittle manner. The STM model provides ductility through a design method that does not 290 

rely on assumptions of steel yielding or on empirical equations for shear behaviour. 291 

In the EC2 test series, elements with transverse reinforcement (denoted ‘M’) were found to 292 

behave almost identically to those without transverse reinforcement (denoted ‘V’), Table 4. It was 293 

proposed in the design model for ‘V’ type beams that the inclined steel reinforcement would both 294 

carry the entire shear force and act as flexural reinforcement. This was not achieved, as the beams 295 

failed to reach their design loads, but more importantly there was no significant difference in failure 296 

load between the ‘V’ and ‘M’ type beams. This suggests that the transverse reinforcement, which is 297 

generally placed in concrete sections to increase their shear capacity, did not achieve this. 298 

By contrast, the effective placement of transverse reinforcement forms a central design criterion 299 

for the CFP method, with vertical steel provided only where it is needed in positions where tension 300 

forces are developed [11].  301 

4.2 Analysis 302 

Differences between the design methods are highlighted in Figure 16, where principal strains ε1 303 

and ε2 for Beam 2_EC2, Beam 2_CFP_M and Beam 2_STM_2(i) are presented at their respective 304 

peak loads. Also shown in Figure 16 is an overlay of reinforcement locations and crack patterns at 305 

failure. The plots illustrate how the distribution of strains differs by design method. In the EC2 306 

beam, which failed at an applied load 14kN less than that for the CFP beam, a strain concentration 307 

in the support zone can been seen, while much lower strains in the ‘body’ of the tapered beam are 308 

evident. 309 

By contrast, strains in the CFP beam are at their greatest concentration beneath the load point, at 310 

the position of maximum moment. Moving from this position to the support location, three bands of 311 
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inclined zones of higher strain can then be seen in the ε2 plot, with the magnitude of the maximum 312 

strain at the support being lower than that in the EC2 Beam. These zones can be imagined to 313 

demarcate the concrete ‘teeth’ described by the CFP model. This is further reflected by the much 314 

deeper cracking that was able to occur before failure in the CFP beam. 315 

In the EC2 beam, cracks at the support dominate the failure mode. A line drawn over the top of 316 

the maximum crack depth for the 2_EC2_M and 2_CFP_M beams shows how the EC2 design is 317 

governed by the end zone, suggesting a shear critical design method. In the CFP designed beam, the 318 

neutral axis (denoted by the tip of the cracks) is almost horizontal in the tapered section of the 319 

beam, suggesting a greater utilisation at its peak load. 320 

Figure 17 compares principal strains for the three design methods at the failure load of the EC2 321 

beam (32kN), further demonstrating the changes described above. Beams 3_EC2 and 3_CFP were 322 

found to display the same general behaviour as those of the 2_EC2 and 2_CFP. In Beam 3_EC2_M, 323 

a peak of principal strain ε2 was seen at the supports just prior to failure (which occurred at just over 324 

half of the design load). This contrasts to the behaviour of Beam 3_CFP, Figure 18, and provides 325 

additional weight to the analysis and comparisons between the EC2 and CFP models described 326 

above. 327 

It is thus shown that by controlling the compression path the CFP method is better able to 328 

facilitate a conservative design prediction whose failure mode is also predicted. DIC analysis 329 

presented in this section has shown how the behaviour of the EC2 and CFP beams differ, and whilst 330 

data was not collected for all the EC2 beams, their failure modes recorded during testing are 331 

consistent with the behaviour seen in Beam 2_EC2 and described above. 332 

The crack and strain distributions seen in the STM beam series demonstrate the advantages of the 333 

design method. By moving strain concentrations away from the support, where their influence in 334 

the EC2 beam has been seen to cause premature shear failures, the STM beams fail in a ductile 335 

manner as shown in Figure 13. 336 

The STM beams have a deeper support section than those designed using the EC2 model. This 337 
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results from anchorage and development length requirements for transverse reinforcement, coupled 338 

with the model stipulation for straight lines between tension nodes. The minimum STM depth was 339 

almost identical to that for the CFP method. In the STM design model, all the forces in the beam 340 

during loading are predicted. During testing, strains in the longitudinal tension steel were recorded. 341 

It is thus possible to compare the predicted and actual load distribution in the beam, as shown in 342 

Figure 19 at the design load (36kN). 343 

The presence of a high vertical strains a small distance from the support in the STM beam was 344 

correlated to the design layout using the DIC data. The contribution of the first vertical link in the 345 

STM design is critical as the force in this link is approximately equal to the full reaction. It is 346 

further shown in Figure 19 that the forces predicted in the model correlate well to the recorded steel 347 

strains. 348 

The STM model provides advantages to the beam design by moving areas of high tension away 349 

from the support zone. Whilst the STM and CFP beams both failed in a ductile manner, it may be 350 

surmised from these plots that the STM beam was closer to a brittle failure than the CFP beam. This 351 

suggests that CFP the method is an appropriate and conservative design approach. 352 

5 Discussion 353 

A comparison between the overall profiles of the end zone of the three beam types is provided by 354 

Figure 7, Figure 9 and Figure 10. Whilst the shallow support zone of the EC2 beam might be 355 

expected to yield the lowest capacities, it is the manner in which the STM and CFP models are able 356 

to adjust and control the behaviour of the beams that is most relevant about these results. This is 357 

demonstrated by comparing reinforcement ratios for the test specimens (Table 4). For example, 358 

Beam 2_CFP_V has less transverse reinforcement than Beam 2_EC2_M (0.18% versus 0.28%), but 359 

achieves a higher failure load (46.9kN versus 32.1kN). The failure loads of Beam 2_CFP_V and 360 

Beam 2_STM_1 are similar (46.9kN versus 41.8kN), but the beams have quite different transverse 361 

reinforcement ratios (0.18% versus 0.31%). It is only by pushing the EC2 model to its feasible limit 362 

that the deficiencies in such an approach are revealed. 363 
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5.1 Crack progressions 364 

The progression of cracking is summarised for all Beam 2 variants in Figure 20. The EC2 beams 365 

were found to crack initially at the end zone (regions of high strain seen in the DIC results) before 366 

limited crack progression towards the point of load application. In the STM model, cracking begins 367 

in the centre of the tapered zone before spreading towards the support and the point of load 368 

application. In the CFP model, cracking begins beneath the load point and spreads towards the 369 

support before failure. 370 

These patterns of crack progression are seen in all the beams tested and highlight the shear 371 

critical nature of the EC2 design. By cracking first in the end zone, it is clear that shear is the 372 

dominant condition at the ultimate load, and thus a brittle failure is created. 373 

The EC2 model is, in itself, a strut and tie model that assumes the steel yields so that plastic 374 

behaviour is possible and stresses may be redistributed. This approach forms the basis of the BS EN 375 

1992-1-1 [4]. The STM model, in which the steel is not assumed to be yielding in all positions, is 376 

therefore based on lower bound plasticity theory but is applied to a situation where the behaviour is 377 

not plastic. The success of the STM model is found in providing a conservative design method for 378 

tapered beams that do not fail in shear. Ductile behaviour is ensured by controlling the yielding 379 

position such that it occurs away from the support (in the beams tested in this paper it occurs 380 

primarily beneath the loading point). This provides the element with the ductile behaviour that is 381 

desired in the design process, something that may not be guaranteed by the EC2 method. 382 

In this way, the STM and EC2 models are opposite in their approach. Whereas the STM model 383 

becomes a self-fulfilling prophecy in which the section can be designed to be ductile and so it is 384 

ductile, the EC2 model can become a vicious circle in which the ductile failure that is desired 385 

cannot be achieved because the steel is not able to yield prior to failure of the critical section. This 386 

fundamental result demonstrates the power of the STM method over the EC2 approach described in 387 

this paper. 388 
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6 Conclusions 389 

This paper has shown that the STM and CFP methods provide reliable design processes that 390 

result in an advantageous internal strain distribution, while the EC2 method does not marry with the 391 

experimental data. The importance of the compression path in shear behaviour is demonstrated by 392 

the CFP and STM design methods. In both, the change in direction of the compression path gives 393 

rise to the critical link position. 394 

The test results (Figure 13) show that the EC2 model is shear critical and unconservative, while 395 

the STM is less shear dominant than the EC2 model, and the CFP model provides perhaps the ideal 396 

behaviour (limited cracking and lower strains in the end zone, leading to predictable and ductile 397 

failures). 398 

Results from both the CFP and STM beam design methods, supported by DIC data, suggest that 399 

they are better able to model the behaviour of tapered beams in shear. In light of the results 400 

presented for the EC2 beam series, it is recommended that tapered beams do not rely entirely on the 401 

contribution of their flexural steel to provide shear capacity. This means that the value of the 402 

vertical component of the steel force (Vtd) should not comprise the full value of the shear resistance 403 

of the section until further guidance can be determined. The DIC analysis shows that the tension 404 

zones seen in the support zone of EC2 beams is moved in both the STM and CFP beams to a 405 

distribution across the taper that satisfies the design model. 406 

Only simply-supported beams have been considered in this paper, and many more challenges and 407 

opportunities will arise through the use of non-prismatic beams in frame elements, or in cast in-situ 408 

construction where the support conditions allow moments to be carried. This introduces additional 409 

challenges for the optimisation of concrete structures. 410 

7 Notation 411 

Asw Area of transverse reinforcement (mm2) 
avx Max / Vax (mm) in the CFP method 
bw Web width (mm) 
dx An increment of length 
fyk Characteristic yield strength of steel reinforcement 
Max Applied bending moment (Nmm) on a section in the CFP method 
Mcx Is the moment corresponding to shear failure (Nmm) in the CFP method 
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MEd,i The applied moment at position i 
Mf The flexural capacity (Nmm) in the CFP method 
s Transverse reinforcement spacing (mm) 
V’Ed The reduced design shear force, Eq.(1) 
Vax Applied shear force (N) on a section in the CFP method 
Vcx Shear force at failure in the CFP method 
VEd,i The applied shear force at position i 
Vf Shear force corresponding to flexural failure in the CFP method 
Vtd Vertical component of force in the bar 
Vtd,i The vertical component of force in the bar at position i 
x (subscript) denotes a given cross-section at a distance x mm from the support in the CFP method 
zi The lever arm between tension and compression forces at position i 
ρw Ratio of the area of tension steel to the web area of concrete to the effective depth in the CFP method 
ρw Asw / s / bw (reported in %) 

 412 
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Figure captions 452 

 453 
Figure 1: Contributing factors to shear resistance in tapered and prismatic sections. 454 

 455 
Figure 2: The CFP method [11] 456 

 457 
Figure 3: Equivalent strut and tie model assumed for EC2 model (a); potential for moment generation at the supports 458 
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 460 

 461 

Figure 4: Generic strut and tie model for a tapered section. 462 

 463 
Figure 5: Positive and negative haunch definition 464 

 465 
Figure 6: Test loading arrangements 466 
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 467 
Figure 7: EC2 designed beams 1 to 4. 468 

 469 
Figure 8: Failure modes and interaction diagram for example beam subject to symmetric loading. 470 
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 471 
Figure 9: CFP designed beams 1 to 4. 472 

 473 
Figure 10: STM design beam 2  474 
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 475 
Figure 11: Test layout and monitoring. 476 

 477 
Figure 12: Summary of crack patterns at failure for all beams tested. 478 
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 479 
Figure 13: Normalised load-displacement results for EC2 beam series 480 

 481 

Figure 14: Normalised load-displacement results for CFP beam series 482 
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 483 

Figure 15: Normalised load-displacement results for STM beam series 484 

 485 
Figure 16: Strain plot comparison between EC2, STM and CFP beams at their respective peak loads. 486 
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 487 
Figure 17: Strain plot comparison between EC2, CFP and STM beams at the failure load of Beam 2_EC2_M 488 

 489 
Figure 18: Comparison of principal strains in Beams 3_EC2_M and 3_CFP_M at their respective failure loads. 490 

 491 
Figure 19: Forces derived from strain gauge readings compared to STM design model. 492 
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 493 
Figure 20: Crack propagation comparisons for Series 2 Beams. 494 
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