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Abstract

Large reductions in embodied carbon can be achieved through the optimisation of concrete
structures. Such structures tend to vary in depth along their length, creating new challenges for
shear design. To address this challenge, nineteen tests on non-prismatic steel reinforced concrete
beams designed using three different approaches were undertaken at the University of Bath. The
results show that the assumptions of some design codes can result in unconservative shear design

for non-prismatic sections.
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Introduction

Non-prismatic concrete beams can provide steel and concrete savings when used to replace
equivalent strength prismatic elements. In a variable section reinforced concrete beam a portion of
the shear force may theoretically be carried by a suitably inclined top or bottom flange, yet such
beams have been found to fail prematurely, suggesting codified methods are unable to account for
the varying section shapes found in optimised structures. Given that optimised structures tend to be
non-prismatic, understanding these failures and providing appropriate guidance for their design is
hugely important.

1 Tapered beams
1.1 Shear behaviour

The derivation of shear stresses through equilibrium considerations of a homogenous uncracked
and isotropic beam is relatively straightforward, but the behaviour of a reinforced concrete section
is more complex. In a reinforced section, cracks will form when the principal tensile strain exceeds
the tensile capacity of concrete and these diagonal cracks typically propagate from the tension face
of the member towards the neutral axis.

There are conventionally considered to be six contributing factors by which a reinforced concrete
beam can carry shear, Figure 1. When present, shear reinforcement carries stress over cracks as they
open under loading and confines the section. Although aggregate interlock is estimated to carry
significant shear force in the uncracked section [1], as cracks open the capacity to transfer stresses
via aggregate interlock is minimal [2]. Dowel action by longitudinal reinforcement is contentious,
with Kotsovos [2] showing it to be extremely limited in the prismatic section.

The behaviour of prismatic and tapered concrete sections in shear is compared in Figure 1. In
sections that taper towards their supports, the interaction of the diagonal cracks with the path of the
compression force at the supports is assumed to be critical.

Inclined compression or tension forces can theoretically affect the shear resistance of the section.

It is suggested [3-7] that for sections whose depth increases in the direction of increasing moment
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an effective shear force for design be given by Eq. (1), which is valid for members with shear

reinforcement:;

Vi =V, -V

ced

_Vm (1)

Where Vg, is the reduced design shear force; Vg, is the shear force on the cross section; V., is
the vertical component of force in the inclined compression chord and V7, is the vertical component
of the inclined tension chord. Mg, is the moment on the cross section.

Provided suitable limits on stress in the web compression strut are not exceeded, the sum of V.,
and Vs (Eq.(1)) could theoretically be made equal to the applied shear force, negating requirements
for transverse steel. For a beam with yielding tension reinforcement of constant area (4;) and
without normal force this could be achieved by placing the bar at an effective depth that is
proportional to the bending moment at each point along the beam (Eq.(2)). Such an approach would

make the vertical component of force in the bar (V) theoretically equal to the applied shear force,

Eq.(3).
M., .
Zi — Edi (2)
As »fyk
aMm ., .
VEd,i = ﬁ = de,i (3)

Where z; is the lever arm between tension and compression forces at position i; Mg,; is the
applied moment at position i; 4, is the constant area of longitudinal reinforcement and fy is its
characteristic yield strength; Vg, is the applied shear force at position 7; dx is an increment of
length and V;; is the vertical component of force in the bar at position i.

However, utilising a longitudinal bar to provide vertical force capacity close to the supports in a
simply supported beam requires the bar to be fully anchored at its ends and yielded along its entire
length. Furthermore, for a structure subject to an envelope of loads the longitudinal reinforcement
position will be determined by the maximum moment on each section. It is feasible that the
maximum moment and shear forces on a section will not originate from the same load case. In such

a situation, a bar placed for moment capacity will then be incorrectly inclined to provide the desired

3
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vertical force, and thus additional transverse reinforcement will be required.
1.2 Design methods
1.2.1  Truss model

ACI 318 [8] and BS EN 1992-1-1 [4] allow the shear capacity of a tapered section with
transverse reinforcement to include the effects of inclined tension and compression forces, Eq. (1).
Both codes are based on the truss analogy, the premise of which [9, 10] is that cracked concrete in
the web resists shear by a diagonal uniaxial compressive stress in a concrete strut, pushing the
flanges apart and causing tension in the stirrups that are then responsible for holding the section
together. With a compression strut angle of 45° the model consistently underestimates shear
strength. To correct this ACI 318 [8] adds a ‘concrete contribution’, while BS EN 1992-1-1 [4]
assumes that once cracked the concrete provides no contribution to shear capacity and instead
allows a flatter strut angle (down to 22°, subject to stress limits in the diagonal concrete strut) to be
chosen, with both approaches replicating experimental observations.

The additional tensile force, AF, arising from the normal stress components of the inclined web
compression struts of the truss model [4, 8] must be included when calculating the force in the
inclined chords to prevent over-estimation of the contribution of an inclined chord to shear capacity.

1.2.2  Compressive force path method

The compressive force path (CFP) method premises that the behaviour of a reinforced concrete
beam can be simplified into three elements - a concrete frame, a steel tie of flexural reinforcement
and a zone of concrete cantilevering teeth which form between successive cracks in the concrete
section [11], Figure 2. The uncracked compression zone is proposed to sustain both the compressive
flexural force and the entire shear force. Since concrete fails in tension, those regions of the path
where tensile stresses may develop will be critical [11].

Experimental data for beams subject to point loads tested by Kotsovos [12] suggests that shear
stirrups do not have to be provided throughout the shear span in order to allow full flexural capacity
to be reached. Since beams without continuous transverse tension reinforcement cannot conform to

the truss analogy, the implication is that “truss behaviour of a section is not a necessary condition
4
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for a beam to attain flexural capacity once shear capacity is exceeded” [12].

CFP-designed indeterminate frames were compared to ACI 318 [13] by Salek et al [14]. It was
found that the CFP-designed frames provided greater ductility through their positioning of
transverse reinforcement to carry tensile forces arising from changes in the direction of the
compressive force path. Jelic [15] also found that CFP-designed reinforced concrete beams could
provide greater ductility with less transverse reinforcement than an equivalent truss-analogy based
design.

Whilst the literature suggests that the CFP method provides an accurate representation of the
behaviour of reinforced concrete beams, the design method is based on empirical equations [16-18]
and non-prismatic elements were not included in their original derivation. There is therefore no
guarantee that the method is indeed suitable for non-prismatic beams.

1.2.3  Strut and tie model

The assumptions implicit in Eq.(2) and Eq.(3) (which were applied in the design of the ‘EC2’
beam series described later in this paper) require tension and compression forces to be arranged as
shown in Figure 3(a). Such a model relies on full anchorage of the reinforcement and exact
alignment of forces at the support. Such an alignment is impossible to prove and unlikely to occur
with additional moments generated if it is not achieved (Figure 3 (b)).

To overcome this problem, an alternative strut and tie model was developed, Figure 4, in which
the flexural tension reinforcement does not provide full shear capacity and is not required to yield in
all locations. The first tension tie is then required to carry the majority of the shear force. In the
model, the concrete strut capacity is limited to the concrete compressive strength and the ties are
limited by the capacity of the yielding steel at each position. In addition a maximum link spacing of
75% of the effective depth is applied along the beam length, following recommendations for strut
and tie modelling [4]. Areas required for anchorage and development of both longitudinal and
transverse reinforcement define the overall section geometry.

The proposed model does not require that all the steel is yielding. Instead, plastic behaviour
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(which is desired for a ductile response) is provided by ensuring that the steel yields in certain
positions only. In the proposed methodology, this yielding is to occur at the position of maximum
moment and beam depth, and away from the support location. It is proposed that this mechanism
will provide ductility to the beam response. At the failure load, it is likely that reinforcement at the
support will still be in its elastic range.

1.3 Test data

Limited experimental data is available to describe the behaviour of tapered steel reinforced
concrete beams in shear. Debaiky and El-Neima [5] compared prismatic and tapered beams in a
series of 33 tests. Crack number and location were found to depend on the inclination of the beam
haunch. Compared to a prismatic section, the total number of cracks was found to increase for
negatively haunched beams and to decrease for positively haunched beams (Figure 5). For positive
haunches, the position of the major shear crack moved closer to the support, as would be expected
based on an assumption that cracking occurs at the weakest section.

T-beam specimens tested later by EI-Neima [19] showed similar results, with both positive and
negative haunch sections showing lower shear capacities than prismatic sections. Further tests [5,
19] showed reductions in shear capacity for haunched beams, suggesting variable section beams
could negatively affect the shear capacity of the section.

Haunched beams carrying hogging in continuous beams could benefit from shear capacity
provided by the inclined compression zone. Macleod and Houmsi [6] and later Rombach and
Nghiep [7] found that the additive method described by Eq. (1) could result in unconservative
capacity predictions for sections with inclined compression zones (without shear reinforcement). It
was recommended [7] that only 50% of the value of V..; should be included (if it is a favourable
effect), Eq.(4):

V., =V,-05V, @)

The limited available experimental data suggests that additive methods for the shear capacity of

tapered beams can lead to unconservative results. This highlights the fact that the underlying
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behaviour is not yet fully understood. This behaviour, of crucial importance for non-prismatic
beams, is assessed in this paper through a series of beam tests.
2 Design

To determine the most appropriate method for the design of tapered beams in shear, 19 tests on

11 beam specimens were undertaken to consider:
1. Design using the variable angle truss model ('EC2");
2. Design using the compressive force path method ('CFP'); and
3. Design using a proposed strut and tie model ('STM").

2.1 Methodology

Tapered beams with shear spans of 150, 300, 500 and 1000mm were designed using the EC2 and
CFP methods; only a 500mm shear span was considered in the STM approach due to time
limitations. All beams had a total span during testing of 2000mm. Beams with shear spans of
<500mm were cast with two tapered ends and tested twice, as shown in Figure 6. The beams are
named according to shear span and design methodology, with EC2 and CFP beams predicted failure
modes being denoted by V (predicted shear failure) or M (predicted flexural failure).

All beams had a constant breadth of 110mm and were reinforced on their tension face with two
10mm diameter high yield U-bars to provide full anchorage at the support zone. Where links are
used, these are 3mm diameter high yield plain bars as closed links. The links are anchored around
two 3mm plain bars used as top steel (which provides a negligible contribution to flexural capacity).
The concrete design strength was 40MPa. Cover to the longitudinal tensile reinforcement was
20mm. A summary of the beam nomenclature and design loads is provided in Table 1. The
relationship between the test load, P, and the design shear force, Vgg4, has been arranged such that

for Beams 2 — 4 a comparable shear force is imposed on the tapered end.
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Table 1: Summary of test loads and maximum shear force

Test Designs Test load, P Shear span, a, Design shear force at the
tapered end, Vi,

1* EC2 / CFP 32 1000 16kN

2 EC2/CFP/STM 36 500 27kN

3 EC2/CFP 31.8 300 27kN

4 EC2 / CFP 29.2 150 27kN

*Beam 1 was symmetrical, with point load applied at midspan of the 2000mm long beam

2.2 Beam design
2.2.1 EC2model

The EC2 beams series were designed according to the method described by Eq.(2) and Eq.(3) and
uses the vertical component of force in the yielding longitudinal steel as an effective shear link.
Iteration is carried out to find the geometry that satisfies equilibrium and provides the full flexural
and shear requirements at each point along the beam. Anchorage of the bar is provided by the use of
U-bars. A check was also made to ensure that the steel was able to yield under the applied loads.
Such an approach, which implies that flexural and shear failures are equally likely, was denoted V"~
(predicted shear failure).

Taking the same geometry as the ‘7 series beams, EC2 beams with predicted flexural failures
(denoted ‘M) disregarded the potential shear contribution of inclined longitudinal steel and used
only yielding transverse reinforcement designed according to BS EN 1992-1-1 [4] (Eq.(6.8)) to
provide shear capacity. The strut inclination was typically 21.8° and Vzgm Was not a governing
criteria. A concrete compressive strength of 40MPa, and steel yield strength of 500MPa, where used
in the design and all partial safety factors were set to 1.0. The four beam elements, designed to the
loads and shear spans given in Table 1 are shown in Figure 7.

2.2.2  Compressive force path (CFP)

The CFP method was applied by considering the two potential failure modes for the section:

ductile flexure or brittle flexure-shear. An empirical equation for the moment corresponding to

shear failure (M,,) is used for design and given by Eq.(5) [16, 17, 20].

M,
M”=0.875a‘,xd[0.342b1 +03—1 /ij4 Lt
. ' db a\'_l' pll\fj\'
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v, =—=2 (6)

Where the subscript x denotes a given cross-section at a distance x mm from the support; M., is
the moment corresponding to shear failure (Nmm); M is the flexural capacity (Nmm); a,, is the
ratio My, / Vo (mm); M, and V,, are the applied bending moment (Nmm) and shear force (N) on
the section; z is the lever arm (mm); d is the effective depth (mm); p,, is the ratio of the area of
tension steel to the web area of concrete to effective depth; f« is the characteristic strength of the
tension steel (N/mm?); b,, is the web width (mm); and V. is the shear force at failure.

The design method was originally applied to prismatic beams. For variable section members, the
beam is divided into sections, and at each section the required effective depth for flexural capacity
according to the plane sections theory is determined. Each section is then assessed against Eq.(5) to
determine a value of M., for the section, with a corresponding shear capacity given by Eq.(6). The
effective depth at each point along the length of the beam is iterated until either Vy or V., exceeds
the design shear at each point.

A graph of the applied moment-shear envelope (V,, M,), the moment and shear forces
corresponding to flexural failure (Mj, V) and the moment and shear forces corresponding to shear
failure (M., V) are then plotted (shown in Figure 8 for a beam subject to multiple point loads).

From this two types of failure mode can be designed for. The first, shear failure (denoted V"),
requires only that the shear capacity at each point on the beam be equal to the applied load
envelope. In the support zones V., therefore governs the failure mode.

The second mode is to ensure flexural failure in the entire beam (denoted ‘M’). This is achieved
by adding shear capacity to all positions on the beam at which V. < V; until flexural failure is
predicted to occur before shear failure. In the end zones, considerable transverse reinforcement was

required to achieve this, Eq.(7).

T )

Where V7 is the shear force corresponding to flexural failure; V., is given by Eq.(6) and f;; is the
9
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characteristic steel yield strength.

Following the proposed method four beams were designed with one end predicted to fail in shear
(‘V’) and one end in flexure (‘M’). The resulting beam layouts are shown in Figure 9. The curved
end of the beam arises as a result of the design method and was constructed using bespoke
formwork.

2.2.3 Strut and tie model (STM)

The strut and tie model is shown in Figure 4 and is differentiated from the EC2 model as it does
not require the steel to be yielding everywhere within the tapered zone (the steel should be yielding
at the position of maximum moment to provide plastic behaviour). Design is initiated by calculating
the required depth at the position of maximum moment that will ensure the predefined area of
internal flexural steel reinforcement steel has yielded in this location. The actual, rather than
characteristic, yield strength of the steel should be used. This provides the overall geometry of the
beam, with the force in each section limited by concrete crushing and steel yielding (each element is
not required to be at maximum stress). Tension paths are required to form a straight line between
nodes. At each node, equilibrium considerations provide the forces in each tie and thus the area of
transverse reinforcement required.

The model geometry is iterated to provide a reinforcement layout with the required shear and
flexural capacities, resulting in the beam shown in Figure 10. At the support, the forces must still
line up quite precisely, so one end of the beam was cast around a steel angle anchored into the
concrete by a 10mm diameter reinforcing bar. This is the only difference between the two ends of
the tapered STM beams (denoted ‘1’ without the end angle and ‘2’ with the end angle).

3 Testing

A steel mould was used to create each beam profile (Figure 7, Figure 9 and Figure 10).
Longitudinal and transverse reinforcement was cut and bent to shape in the laboratory using
prepared templates for each beam. The beams were cast in sets of four, demoulded after 3 days and

cured in laboratory conditions prior to testing.

10
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The test set up for each beam is shown in Figure 11. This setup has been carefully chosen to
allow each specimen to be tested twice. The first test has only a minor effect on the prismatic zone,
and no effect on the tapered zone, of the second test. Steel strains in the flexural reinforcement were
monitored at three positions in the tapered section with strain gauges. High definition video and still
images were recorded for post-processing using digital image correlation to determine strains on the
concrete surface.

3.1 Materials

All specimens were cast from the same concrete mix design (Table 2). Average cube strengths at
28 days are given in Table 3. High yield deformed bar was used as longitudinal reinforcement
(characteristic yield strength, f,x = S00MPa, average yield strength according to tests f, = 562MPa),
undeformed high yield bar was used as transverse reinforcement. The aggregate (see Table 2) was

provided in accordance with the requirements of BS EN 12620 [21].

Table 2: Concrete mix design per m’

Cement (CEM IIbv) 4-8mm aggregate 0-5Smm aggregate Water
450kg 1055kg 705kg 190kg

Table 3: Recorded 28 day concrete cube compressive strength

Age Average compressive strength (MPa) Standard deviation (MPa)
28 days 479 3.8

3.2 Test results

A summary of all the tests is provided in Table 4. Crack patterns at failure for all beams are
provided in Figure 12. Load-displacement plots (normalised for design maximum load) are shown
in Figure 13, Figure 14 and Figure 15. Beam 4 CFP_V results are omitted due to test problems.
The transverse reinforcement ratio (pw = Asw / s / by) within the shear span for each beam is given.

Table 4: Test failure modes and ultimate capacity

pw (%) PIV Design Maximum load | Failure mode | [B]/
collected | maximum load, | achieved in test [A]
(Yes/No) | P (kN) [A] (kN) [B]
1_EC2_V 0.00 N 32.0 19.0 Shear 0.59
2_EC2_V 0.00 Y 36.0 28.2 Shear 0.78
2_EC2_M 0.28 Y 36.0 32.1 Shear 0.89
3_EC2_V 0.00 N 31.8 17.1 Shear 0.54
3_EC2_M 0.47 Y 31.8 18.8 Shear 0.59
4 _EC2_V 0.00 N 29.2 26.1 Shear 0.89
4 EC2_M 0.69 N 29.2 9.6 Anchorage 0.33

11
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pw (%) PIV Design Maximum load | Failure mode | [B]/

collected | maximum load, | achieved in test [A]

(Yes/No) | P (kN) [A] (kN) [B]

| (Figure 13) EC2 Average [B]/[A]: | 0.66
1_CFP_V 0.06 N 32.0 29.6 Shear 0.93
2_CFP_V 0.18 Y 36.0 46.9 Flexure 1.30
2_CFP_M 041 Y 36.0 48.6 Flexure 1.35
3_CFP_V 0.26 Y 31.8 43.8 Shear 1.38
3_CFP_M 0.56 Y 31.8 31.5 - 0.99
4_CFP_M 0.77 Y 29.2 28.7 - 0.98
| Figure 14) CFP Average [B]/[A]: | 1.16
2_STM_1 (i) 0.31 Y 36.0 41.8 Shear/Flexure | 1.16
2_STM_2 (i) 0.31 Y 36.0 41.5 Shear/Flexure | 1.15
2_STM_1 (ii) 0.31 Y 36.0 38.7 Flexure 1.08
2_STM_2 (ii) 0.31 Y 36.0 379 Flexure 1.05
2_STM_1 (iii)) | 0.31 Y 36.0 374 Flexure 1.04
2_STM_2 (iii)) | 0.31 Y 36.0 40.6 Flexure 1.13
| (Figure 15) STM Average [B] / [A]: | 1.10

3.3 Discussion

The results of nineteen beam tests undertaken on eleven specimens are presented in Figure 13.
On average, beams designed using the ‘CFP’ method exceeded their design load by 16%, those
designed using the ‘STM’ method by 10% and the ‘EC2’ beams were found to be unconservative,
falling short of the design load by 34% on average.

The results suggest that the EC2 design method can lead to unconservative designs for tapered
beams in shear. Both the CFP and STM models provide consistent, conservative, results. Within the
STM test series, tests with and without external steel plates anchored into the section with a
horizontal bar showed no difference in global behaviour.

The tests suggest that simplified optimisation methods may not necessarily be appropriate for
elements of complex geometry and some existing design guidance may be inappropriate for the
shear design of tapered beams.

4 Digital Image Correlation

Digital image correlation (DIC) was used to monitor strain distributions in the concrete. DIC
employs a static camera to take photos of a unique and random pattern, painted on the side of each
beam, which is then processed to determine displacement and strain distributions. The freeware

software MatchID [22] was used to carry out the analysis.
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4.1 Results

DIC data was collected for each test as described in Table 4. Figure 13 shows that the design
methods give contrasting behaviour under loading. The CFP beams displayed ductility in
combinations of flexure and flexure-shear failure. By contrast, all the EC2 beams failed in a less
desirable brittle manner. The STM model provides ductility through a design method that does not
rely on assumptions of steel yielding or on empirical equations for shear behaviour.

In the EC2 test series, elements with transverse reinforcement (denoted ‘M’) were found to
behave almost identically to those without transverse reinforcement (denoted V), Table 4. It was
proposed in the design model for ‘V’ type beams that the inclined steel reinforcement would both
carry the entire shear force and act as flexural reinforcement. This was not achieved, as the beams
failed to reach their design loads, but more importantly there was no significant difference in failure
load between the ‘V’ and ‘M’ type beams. This suggests that the transverse reinforcement, which is
generally placed in concrete sections to increase their shear capacity, did not achieve this.

By contrast, the effective placement of transverse reinforcement forms a central design criterion
for the CFP method, with vertical steel provided only where it is needed in positions where tension
forces are developed [11].

4.2  Analysis

Differences between the design methods are highlighted in Figure 16, where principal strains €,
and &, for Beam 2 EC2, Beam 2 CFP_M and Beam 2 STM 2(i) are presented at their respective
peak loads. Also shown in Figure 16 is an overlay of reinforcement locations and crack patterns at
failure. The plots illustrate how the distribution of strains differs by design method. In the EC2
beam, which failed at an applied load 14kN less than that for the CFP beam, a strain concentration
in the support zone can been seen, while much lower strains in the ‘body’ of the tapered beam are
evident.

By contrast, strains in the CFP beam are at their greatest concentration beneath the load point, at

the position of maximum moment. Moving from this position to the support location, three bands of

13
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inclined zones of higher strain can then be seen in the €, plot, with the magnitude of the maximum
strain at the support being lower than that in the EC2 Beam. These zones can be imagined to
demarcate the concrete ‘teeth’ described by the CFP model. This is further reflected by the much
deeper cracking that was able to occur before failure in the CFP beam.

In the EC2 beam, cracks at the support dominate the failure mode. A line drawn over the top of
the maximum crack depth for the 2 EC2 M and 2 CFP_M beams shows how the EC2 design is
governed by the end zone, suggesting a shear critical design method. In the CFP designed beam, the
neutral axis (denoted by the tip of the cracks) is almost horizontal in the tapered section of the
beam, suggesting a greater utilisation at its peak load.

Figure 17 compares principal strains for the three design methods at the failure load of the EC2
beam (32kN), further demonstrating the changes described above. Beams 3 EC2 and 3 CFP were
found to display the same general behaviour as those of the 2 EC2 and 2 CFP. In Beam 3 EC2 M,
a peak of principal strain €, was seen at the supports just prior to failure (which occurred at just over
half of the design load). This contrasts to the behaviour of Beam 3 CFP, Figure 18, and provides
additional weight to the analysis and comparisons between the EC2 and CFP models described
above.

It is thus shown that by controlling the compression path the CFP method is better able to
facilitate a conservative design prediction whose failure mode is also predicted. DIC analysis
presented in this section has shown how the behaviour of the EC2 and CFP beams differ, and whilst
data was not collected for all the EC2 beams, their failure modes recorded during testing are
consistent with the behaviour seen in Beam 2_EC2 and described above.

The crack and strain distributions seen in the STM beam series demonstrate the advantages of the
design method. By moving strain concentrations away from the support, where their influence in
the EC2 beam has been seen to cause premature shear failures, the STM beams fail in a ductile
manner as shown in Figure 13.

The STM beams have a deeper support section than those designed using the EC2 model. This

14
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results from anchorage and development length requirements for transverse reinforcement, coupled
with the model stipulation for straight lines between tension nodes. The minimum STM depth was
almost identical to that for the CFP method. In the STM design model, all the forces in the beam
during loading are predicted. During testing, strains in the longitudinal tension steel were recorded.
It is thus possible to compare the predicted and actual load distribution in the beam, as shown in
Figure 19 at the design load (36kN).

The presence of a high vertical strains a small distance from the support in the STM beam was
correlated to the design layout using the DIC data. The contribution of the first vertical link in the
STM design is critical as the force in this link is approximately equal to the full reaction. It is
further shown in Figure 19 that the forces predicted in the model correlate well to the recorded steel
strains.

The STM model provides advantages to the beam design by moving areas of high tension away
from the support zone. Whilst the STM and CFP beams both failed in a ductile manner, it may be
surmised from these plots that the STM beam was closer to a brittle failure than the CFP beam. This
suggests that CFP the method is an appropriate and conservative design approach.

5 Discussion

A comparison between the overall profiles of the end zone of the three beam types is provided by
Figure 7, Figure 9 and Figure 10. Whilst the shallow support zone of the EC2 beam might be
expected to yield the lowest capacities, it is the manner in which the STM and CFP models are able
to adjust and control the behaviour of the beams that is most relevant about these results. This is
demonstrated by comparing reinforcement ratios for the test specimens (Table 4). For example,
Beam 2 CFP_V has less transverse reinforcement than Beam 2 EC2 M (0.18% versus 0.28%), but
achieves a higher failure load (46.9kN versus 32.1kN). The failure loads of Beam 2 CFP_V and
Beam 2 _STM 1 are similar (46.9kN versus 41.8kN), but the beams have quite different transverse
reinforcement ratios (0.18% versus 0.31%). It is only by pushing the EC2 model to its feasible limit

that the deficiencies in such an approach are revealed.
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5.1 Crack progressions

The progression of cracking is summarised for all Beam 2 variants in Figure 20. The EC2 beams
were found to crack initially at the end zone (regions of high strain seen in the DIC results) before
limited crack progression towards the point of load application. In the STM model, cracking begins
in the centre of the tapered zone before spreading towards the support and the point of load
application. In the CFP model, cracking begins beneath the load point and spreads towards the
support before failure.

These patterns of crack progression are seen in all the beams tested and highlight the shear
critical nature of the EC2 design. By cracking first in the end zone, it is clear that shear is the
dominant condition at the ultimate load, and thus a brittle failure is created.

The EC2 model is, in itself, a strut and tie model that assumes the steel yields so that plastic
behaviour is possible and stresses may be redistributed. This approach forms the basis of the BS EN
1992-1-1 [4]. The STM model, in which the steel is not assumed to be yielding in all positions, is
therefore based on lower bound plasticity theory but is applied to a situation where the behaviour is
not plastic. The success of the STM model is found in providing a conservative design method for
tapered beams that do not fail in shear. Ductile behaviour is ensured by controlling the yielding
position such that it occurs away from the support (in the beams tested in this paper it occurs
primarily beneath the loading point). This provides the element with the ductile behaviour that is
desired in the design process, something that may not be guaranteed by the EC2 method.

In this way, the STM and EC2 models are opposite in their approach. Whereas the STM model
becomes a self-fulfilling prophecy in which the section can be designed to be ductile and so it is
ductile, the EC2 model can become a vicious circle in which the ductile failure that is desired
cannot be achieved because the steel is not able to yield prior to failure of the critical section. This
fundamental result demonstrates the power of the STM method over the EC2 approach described in

this paper.
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6 Conclusions

This paper has shown that the STM and CFP methods provide reliable design processes that
result in an advantageous internal strain distribution, while the EC2 method does not marry with the
experimental data. The importance of the compression path in shear behaviour is demonstrated by
the CFP and STM design methods. In both, the change in direction of the compression path gives
rise to the critical link position.

The test results (Figure 13) show that the EC2 model is shear critical and unconservative, while
the STM is less shear dominant than the EC2 model, and the CFP model provides perhaps the ideal
behaviour (limited cracking and lower strains in the end zone, leading to predictable and ductile
failures).

Results from both the CFP and STM beam design methods, supported by DIC data, suggest that
they are better able to model the behaviour of tapered beams in shear. In light of the results
presented for the EC2 beam series, it is recommended that tapered beams do not rely entirely on the
contribution of their flexural steel to provide shear capacity. This means that the value of the
vertical component of the steel force (V) should not comprise the full value of the shear resistance
of the section until further guidance can be determined. The DIC analysis shows that the tension
zones seen in the support zone of EC2 beams is moved in both the STM and CFP beams to a
distribution across the taper that satisfies the design model.

Only simply-supported beams have been considered in this paper, and many more challenges and
opportunities will arise through the use of non-prismatic beams in frame elements, or in cast in-situ
construction where the support conditions allow moments to be carried. This introduces additional
challenges for the optimisation of concrete structures.

7 Notation

Ay, Area of transverse reinforcement (mm?)

a,, M,/ V,. (mm) in the CFP method

b, Web width (mm)

dx An increment of length

S Characteristic yield strength of steel reinforcement

M, Applied bending moment (Nmm) on a section in the CFP method

M., Is the moment corresponding to shear failure (Nmm) in the CFP method
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My, The applied moment at position i

M, The flexural capacity (Nmm) in the CFP method

S Transverse reinforcement spacing (mm)

Ve The reduced design shear force, Eq.(1)

Ve Applied shear force (N) on a section in the CFP method

V.. Shear force at failure in the CFP method

Via The applied shear force at position i

V; Shear force corresponding to flexural failure in the CFP method

Vi Vertical component of force in the bar

Vi The vertical component of force in the bar at position i

X (subscript) denotes a given cross-section at a distance x mm from the support in the CFP method
Z; The lever arm between tension and compression forces at position i

ol Ratio of the area of tension steel to the web area of concrete to the effective depth in the CFP method
Pu Ay, /s /b, (reported in %)
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