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Appendices

A The construction of the auxiliary parameter set 9,

According to Liang et al. (2016), in order to have a good auxiliary parameter set ®; so
that the set of p(0|Y, ¢), ¢ € @y, reasonably reflects the truth p(0|Y, ), where ¢ ~ p(p|Z),
two conditions should be satisfied.

e Full representation: Let Cp, be the convex hull constructed from @, then we require
qu) p(¢|Z)dp =~ 1. This ensures that the selected ®y has fully represented the
0

original domain of ¢.

*E-mail address: yang.liu@mrc-bsu.cam.ac.uk (Yang Liu)
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e Reasonable overlap: For neighbouring gpg) and wéj )| we require p(0]Y, gpg)) and p(0|Y, gpéj ))
should have a reasonable overlap. Hence, the probability of accepting new proposal
of p € P is reasonably large given a fixed # for the auxiliary chain. This ensures

that the auxiliary chain can mix well.

The grid @, is chosen by following the Max-Min procedure (Liang et al., 2016) and
the purpose is to use this discrete set as a representation of the domain of p(¢|Z). After
we have decided the number of auxiliary parameters (that is m), the auxiliary parameter
set @, is formed by selecting ¢ from a larger set @) = {oM) ... M)} (an arbitrary
but substantially larger M > m) which are drawn from the marginal posterior p(p|Z) by
any standard MCMC algorithm. Before starting the iterative process, we standardize all
gpg),z' =1, , M (i.e, Pnew = (© — ©min)/(Pmaz — Pmin)). We then add values to the grid
using the following iterative process, initialised by randomly selecting a goél) as the first step.
Then suppose at the k' step we have (ID(()k) = {go(()l), e ,gp(()k)}. For each ¢ € ®M) that has
not yet been selected, we calculate the minimum distance to the set <I>(()k) according to some
pre-defined distance measure (e.g., Euclidean distance). This is the ‘Min’ process. We then

find the ¢ that has not been selected but has the maximum distance to the set @ék). This

is the ‘Max’ process. We then add this particular ¢ into (ID(()k) to form @ékﬂ) = (I>(()k) U{p}.

Here we use a toy example to illustrate the procedure of selecting m. To make clear
visualization of ¢ straightforward, we use the example derived from Section 4.1 in the main
text but reduce the dimension of ¢ to 2.

We first draw a large number (M) of samples of ¢ from its marginal posterior p(¢|Z)
by a standard MCMC method and pool all samples together as a benchmark sample set.
This step is feasible because p(p|Z) is a standard posterior distribution so there is no
double intractability. If M is large enough, it is appropriate to regard the convex hull of
the benchmark sample set as a good approximation of the true domain of p(¢|Z).

Next, we select several candidates values of m. In this illustration, we simply select
m from {10, 20, 50,100, 500}. Given a selected value of m, we use the Max-Min procedure
(Liang et al., 2016) to construct the (IDém), and calculate its corresponding convex hull

C4m numerically using the R package geometry. See the attached Figure 1. It can be seen
0

that the shape of the convex hull approximates the benchmark convex hull increasingly
accurately as m increases.
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Let Cyan be the benchmark convex hull, and define the coverage ratio Ry, by:
0

Je. iy PlP1Z)de
R, = : ’ (1>
f%gw p(¢lZ)de

where R, can be numerically approximated using Monte Carlo. The m can be selected
by choosing the smallest m that gives a high coverage ratio R, (e.g., R, > 0.95). In
this example, since the the coverage ratio is > 0.98 we choose m = 50 to satisfy the first
condition (Full representation).

We then check whether this value of m also satisfies the second condition (Reasonable
overlap). This involves checking that the m different p(6|Y, @éi)), where cpg) € @ém), overlap
sufficiently. To do this, for each gp(()i), we draw samples of # using a standard MCMC method
and compare the empirical distribution of 6 ~ p(0]Y, <p(()i)) with the empirical distribution
of 6 ~ p(0]Y, gpéﬂ)) and p(0Y, gpéﬂ)), where go(()ﬂ) and go(()iz) are the closest and second closest
values in (IJ(()m) to gog) in terms of Euclidean distance. This can be visually shown as a
grouped box-plot in Figure 2. It is clear that the majority part (inter-quartile area) of

the empirical distribution of 6 given each go((f) € <I>(()m)

neighbouring gpéﬂ) and go(()ﬂ). Hence, it is appropriate to argue that m = 50 satisfies the
second condition (Reasonable overlap).

In general, m grows with the dimension of . However, the exact relationship between
them depends on the context of the real problem. Also, a large m is not a necessary
condition for proposed theorems to be theoretically valid. This is because m is involved
in the construction of the proposal distribution for the importance sampling procedure
that forms the numerator and denominator of Pf(6|Y,¢) and we could use any proposal
distribution only if it has a correct domain, although a proposal distribution based on a
smaller m could leads to a slow convergence of the auxiliary chain. In the special case when
the marginal cut distribution p(6]Y, ¢) is not sensitive to the change of ¢, a small m might
be good enough. A larger m will bring fewer benefits when two conditions hold in practice.
This differs significantly from the fact that we always require n to go to infinity. Hence,
increasing m has a diminishing marginal utility after two conditions hold. Notwithstanding,
when the dimension of ¢ increases, it will be more difficult to check whether two conditions
hold because the numerical calculation of the convex hull will become extremely time-
consuming and also checking for overlap visually will be infeasible. A more practical way
could be simply checking whether the auxiliary chain can converge well given a reasonable
time period by running some preliminary trials as suggested in Liang et al. (2016).

overlaps inter-quartile area given its
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Figure 2: Boxplot of the empirical distribution of 6 given ¢ (i.e., p(d]Y, ¢)). For an arbitrary
fixed index i, the red boxplot refers to (pg). The green boxplot refers to gpgl) (the closest
(2 (the second closest neighbour).

neighbour). The blue boxplot refers to ¢
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B Construction of P*(0|Y, ¢)

Given a particular ¢, measure P;(0|Y, ) is actually a weighted average of Lgep;. It is
used to approximate [, p(Y']6,¢")p(0)d0/p(Y|¢"), where numerator and denominator are
separately approximated by dynamic importance sampling. The only difference is the
domain of integration (i.e., B versus ©). Here, we only show the numerator. We have

p(Y10, ¢")p(0)

K(¢)
where K (¢') is a intractable normalizing constant of the target distribution. Hence, we
cannot sample 0 from p(Y'|0,¢")p(0)/K(¢"). We have shown in the main text that, when

iteration number 5 is large enough, we actually sample (é, @) from an iteration-specific
proposal distribution

/p(Y\H, " )p(0)dd < Eg (1{pepy) , where 6 ~
B

m 15 oyl
- p(Y10, ¢y )p(0) ; .
pJ(Q,gp) X Z w(zo ]1{95:@81')}7 0 e 97 (RS <I>0-
i=1 -1

Hence, we have

9 ~/
Eo (Lieesy) = Ej ;5 (1{565}%>

A A m ~ (%)
p(Y]0,¢")p(0) i1 - o
=E;.< 1.4 — 1, o , where (0,0) ~ p;(0,0).
9,30{ {0eB} K(¢') Z (Y|9,908Z)) (9) (o =p} (0.9) i(0,0)

i=1 P

The above expectation can be approximated by a step j single sample Monte Carlo esti-
mator

; Y|9, d o -
i= s

Note that, K (go) will be canceled out in the denominator and numerator of measure (5)
so we can omit it. Now we have a total of n samples {(0;, $;)}7_,, we then add all single
sample Monte Carlo estimators and calculate the average

z er 7()0> n b 0. &
S L Ly where (0,7~ 1,0.9)
J i= P

Similarly, 1/n will be canceled out.



C Density Function Approximation by Simple Func-
tion

Here, we show how a density function f can be approximated by a simple function that
is constant on a hypercube. We show that the degree of approximation can be easily con-
trolled, and is dependent on the gradient of f. The use of a simple function to approximate
a density function has been discussed previously (Fu and Wang, 2002; Malefaki and Iliopou-
los, 2009), but here we use a different partition of the support of the function, determined
by rounding to a user-specified number of decimal places.

For a compact set ¥ C R? with dimension d, define a map R, : ¥ — WU that rounds
every element of 1) € U to k decimal places, where k € Z, as R, (1) = [10%¢ + 0.5] /10".
Since VU is compact, R, (V) is a finite set and we let R, denote its cardinality. We partition
U in terms of (partial) hypercubes ¥, whose centres ¢, € R,(¥) are the rounded elements
of U,

U, =UN{y: [ =, <5107, r=1,., Ry, (2)

and the boundary set U,,,

T, =wn (U{w = el =5 % 10—“—1}> . 3)

r=1

It is clear that (J™, ¥, = ¥. Hence {¥,\W,}f and ¥, form a partition of .

Using this partition, we are able to construct a simple function density that approx-
imates a density function. Let C be the set of all continuous and integrable probability
density functions f : ¥ — R, and let S be the set of all simple functions f : ¥ — R. Define
amap S, : C — S for any f € C as

Ry

. fWNdY Lyew,y, Vi € V.

The sets ¥,., r = 1, ..., R, are the level sets of the simple function approximation, and
the value S.(f)(¥), ¥ € W\W¥,, is the (normalized) probability of a random variable with
density f taking a value in ¥,, r = 1,..., R.. Note that, when W, is a full hypercube,
w(¥,) = 1079 and if the set W is known, then p(W,.) is obtainable for partial hypercubes.
Figure 3 illustrates how this simple function approximates the truncated standard normal
density function fiom @ [—4,4] — R, when k = 0 and k = 1. Note that this is the optimal
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Figure 3: Simple function approximation of a truncated normal distribution. When x = 0
the sets Uy = [—4, —3.5], Uy = [-3.5,-2.5],..., Ug = [2.5,3.5], Uy = [3.5, 4] are the intervals
partitioning [—4,4] and ¥y = {—3.5, —2.5,...,2.5,3.5}.

simple function for the approximation in terms of Kullback-Leibler divergence (Malefaki
and Iliopoulos, 2009).
Since p(V,) = 0, it is clear that

L So(f) W)y = / F)dy = 1.

Hence, S.(f) is a well-defined density function. We have the following theorem.

Theorem 1. Given any continuous density function f,
S.(f) 25 f,  as k — oo.

Proof. Let Q be the set of all rational numbers in R and hence Q¢ is the set of all irrational
numbers in R. Let & = QN ¥ and it is easy to see that (&) = u(V) since u(Q) = 0.
We first show that, Vk < oo and Vi € &, we have ¢ ¢ U,..

Given a Kk < 00, every element of set R, (V) is a d-dimensional rational vector. We also
have that 5 x 107*~! is a rational number. Therefore, at least one element of d-dimensional
vector 9 is a rational number if 1 € (U {¢ : ||v — ¢,]|, = 5 x 107571}, Now Vo € &,



because ¢ is a d-dimensional irrational vector, ¢ ¢ Ufz“l{w Dl =]l =5 x 1071}
and hence ¢ ¢ W,. B

Now given a fixed k < 00, Vi) € &, since ¢ ¢ W, ¢ is always in the inner set of one
of W, r =1,..., R.. Re-write this ¥, as \Ifl(f). Since the set \Iff;) is compact and function
f is continuous, we have fy min = minye\pf;) f(y) and fymax = MaX, (o f(y). By the first

mean value theorem, there is a ¢* € \I'q(;) with fymin < f(¥*) < fp.maz, such that

1 * 1 _ *
SN0 = / o T = 1) / =T

It is clear that, when x increases, u(\lfgf)) monotonically decreases since \IJE;H) C \Ifif)
(i.e. a much smaller hypercube is formed). This leads to the fact that (fymaz — fi.min)
monotonically decreases to 0. Hence, there is a N such that V& > N, ( fvmaz — fzp,mm) <e.
Then we have Vk > N,

|R2(f)(¢) - f(¢>| - |f(¢*) - f(¢)| < (fdi,ma:v - f¢,min) <e.

Hence,
S.(f) 2 f, as k — oo, [

When the density function f is also continuously differentiable, we can obtain the
following result about the rate of convergence.

Corollary 1. Given a density function f that is continuously differentiable, there exists a
set & C U with u(&) = u(¥) such that the local convergence holds:

Vd

[Se() (@) = JW) < (e, k) + [VF(W)l2) 150> VW €6,

where (¢, k) — 0 as k — 0.
In addition, the global convergence holds:

Vd

sup [S.(f)(¥) = f(¥)] < sup [V F(¥)ll; 75
pev

PeEE

Proof. Following the result of Theorem 1, for a given ¢ € &, we have

|Sﬁ(f) (W - f(¢)| < (fiﬁ,max - fl/},min)'

9



Since f has a continuous gradient on a compact set, then by the mean value theorem we
have:

(fi/),mam - fw,mln> = ‘<Vf(y)7 (wmax - wmzn)>|
where (-,-) means inner product, f(¢¥maz) = fomazs f(Vmin) = fomin, Y € \111(;). By the
Cauchy-Schwarz inequality, we have

]<Vf(y), <¢max - wmm)ﬂ S va<y>H2 X ||(wmaz - wmm)|l2

Now we prove the local convergence result. Since V f is continuous on the d-dimensional
compact set U, we can write

ey, k) = sup [[Vf(a) = V)l

a,bew )

Since u(\IJq(f)) — 0, it is easy to check that (¢, k) — 0 when k — oco. Moreover, we have

both ¥4 and ,,;, are in set \IJ(”), and we have

sup ||(a —b)||, = Vd10~2~.

abew

Then by the triangle inequality, we have

IV £y [Ginas = i)l < (19 £5) = V£ + [V F)]) 2

Vd

< (e(h, k) + !lVf(¢)|!2)1—m-

[S:(F) (W) = f()] < (e(y, k) + IIVf(@/))IIQ)l—\{)aH-

Now we prove the global convergence result. Since V f is continuous on compact set ¥,

then ||V f]], is bounded. We have

and hence

Vd

IV Il > | (Wma = Ymain) |, < sup V@)l 755
Ppew

Therefore, we have
Vd

[S<(H)W) = @) < sup [VF(¥)ll; 75
pew

10



Note that, this means that |S.(f)(¢) — f(¥)| is uniformly bounded. Hence, it implies

Vd

sup |S,(f)(¥) — f(¥)] < sup IVF@)llz {5x- -

s

Corollary 1 shows that the rate of convergence of Si(f) to f is geometric. It states that,
(a) for any ¢ € &, the rate of convergence is locally controlled by its gradient ||V f(¢)]],;
and (b) the rate of convergence is uniformly controlled by the upper bound of the gradient.
Hence, as is intuitively expected, convergence is faster if the target function f has a smaller
total variation on the set &

Remark 1. When the scale of each component of v € U is not same, a more complex
partition can be formed by choosing component-specific precision parameters K = (K1, ..., Kq)-
Denote o as the Hadamard product and 10%% := (10%%1 ..., 10¥%4) we redefine

Ro(W) = [10% 0 4b + 0.5] 0 107"
We build a (partial) d-orthotope around 1, € R (V)
U, =UN{:fp =] <5x107" 1 r=1,.., R,.

We do not discuss this more complex partition but all results in this paper that are based
on the basic partition in (2) and (3) can be easily extended to this more complex partition.

D Proofs of the Main Text

D.1 Proof of Lemma 1
We write the explicit form of p®(]Y, ¢):

PO ) = SN0 =3 s | 0 e



then we have:

sup [P 0]Y, @) — P (0]Y, 0)|

0€O\O,ped
o
= sup — Wn(@rlY,so)—/ p(0"1Y, w)dQ*) Lipeo,
0€O\O s, pe® ; (O,) ( O, 10eer)
Ry
< s S lweme - [ ey w)dG*‘ Lseo,)
0€0\Oy,0€® ] 1(©:) r

W,.(0,Y, @)—/ p(0*]Y, p)do*
®'r

1
= sup
pedii<r<R. 1L(Or) ‘

Thus, using Equation 10 from the main text, it is clear that

lim  sup  [p\?(6]Y, ) — p™ ()Y, ¢)| = 0.
N0 gcO\O, ,ped

Since 1(0,) = 0, we are done.

D.2 Proof of Theorem 1

The theorem naturally holds when n = 1, we consider the case when n > 2. Since the
dimension d and precision parameter s are known and fixed, we suppose that the param-
eter space O is equally partitioned and the total number of d-orthotopes is R, and each
orthotope is indexed as ©,, r = 1, ..., R,. Since we suppose that the auxiliary chain has
converged before we start collecting auxiliary variable é, by equation 6 in the main text, we
could write the probability of the original proposal distribution P taking a value in each
partition component ©, as the integral with respect to the target distribution p(0|Y, ¢):

WOO<@7”|Y> (,0) = / P(9|Y, So)d97 r= 1a '-'77Rm~

T

Now we define binary random variables I, r =1, ...,, R, as:

(4)

7 1 if orthotope r is never visited by auxiliary variables 91-, 1=1,..,n;
" 0 otherwise,

12



We then have the expected number of orthotope visited is

]E<|(:)§f)|>:IE<RH—iIT> R, 21— (O], o))"

By the method of the Lagrange multipliers, we write the Lagrange function as:

LW (01]Y,0), ... Weo (Or,|Y, ©), \) = Ry Z 1 —Wa(6,]Y,¢)"+A (ZW (0., p) — 1> :

r=1
Conduct first order partial derivatives, we have

oL
MW (0,Y, @)

Ry
aﬁ ZW (©,]Y,¢) —1=0.

= (1 =Wu(0,Y, o))" "+ A=0, r=1,.., R

These equations hold when W (6,|Y,¢) = 1/R,, r = 1,..., R.,. We now consider the
second order derivatives, we have

0*L —2
= — - ]_ 1 - o0 r Y7 " ] - ]'7 ) H;
L@V T T WO =
L B
OWoo (O, Y, 0)OWo (0,]Y, )

0, r#t.

Hence the Hessian matrix is negative definite, E (\C:),(f) ]) achieves its maxima when W, (0,|Y, ¢)

1/R., r =1,..., R,. If we additionally require this to be held for any precision parameter
K, the target distribution p(0]Y, ¢) has to be uniform distribution.

D.3 Proof of Lemma 2

Given a (0, ) € © x @, for any Borel set B = Bg X Be C O x @, define a signed measure
D, on © x ® as

) =T (B|(0,¢),G,) — UV (B|(6, 0))
/B/B a(@le)p™ ('Y, )¢ e) — alele)pS (0Y, ¢ )a (') dO'dy’

= [ ([ e - o) ar )t oo

13



Since p(p|Z) and q(¢'|p) are continuous on a compact set, then a(¢’|p) and q(¢'|p) are
bounded. Let C' = sup,icq pea @(¢'|¢)q(#'|@), we have

IDA(BI(6,9))
/B (/ o, PO =Y. ) d@’) o(¢|¢)al¢|p)de

[
Bas pred

< u(q’)C/ ) sup  p"(O7]Y, ") — pl(07]Y, %)
Bo\Ok 0*€O\O,p* €D

<pu(@)u©)C  sup  [pPR(0*]Y, ") — I (07]Y, o)
0*€O\0,.,p* €

cdy’

/ ) (p(n)(6/|y’ SO*) —pgf)(Ql\Y, 90*)) d@l
B@\en

dy’

The important fact here is that |D,(B|(6, ¢))| can be uniformly (with respect to 6, ¢ and
Borel set B) bounded by

sup  [p"(07|Y, 7)) — P (07]Y, o)
0*€0\Oe o €D

up to a constant.
Given Lemma 1, we have that the density pgf) converges almost surely to p*®) and this
convergence is uniformly on © \ O, x ®, and so we have

lim sup [ DaC10,9)) gy = 0.

n—=00 gc@,pcd

Now by the triangle inequality, we have
lim sup || T (100, 9), Gusr) = T (10, 0). Ga)
n—=30 hcO,ped

< lim sup |[Dpa ([0, 0)llpy + lim - sup [[Dn([(6, )|y -
=0 gcO,pcd N—00 )cO,ped

TV

It follows that:

=0.

tim sup | T, (16,9), Gur) = T (16,9).60)|

n—=00 )c@,ped

14



D.4 Proof of Lemma 3

Define a function g : & — R as

= min p{™ (0]Y
9(p) = minp (0]’ o).
Since the support of pgf) is ©, we have g(p) > 0, for all ¢ € ®. In addition, since each
element of #,,(y) is a continuous function on the compact set ® (see equation 5 and 9 in
the main text), then g(y) is also a continuous function on ®. Since & is compact, g(y)
reaches its minima

e = min g(¢).

Thus pgf)(9|Y, @) > ¢ for all # € © and ¢ € ®, and local positivity holds.
By the same reasoning, it is also true for the proposal distribution with density p*.

D.5 Necessary definitions

Definition 1. Given any function V : ¥ — [1,00) and any signed measure M on U,
define the V-norm as

||M||v = Sup

lg|<V

AmwMuwy

Definition 2. For simplicity, for any function f : ¥ — R and any measure M on ¥,
write

MﬁzLﬂwaw-

Definition 3. Given any two measures M(,y(dz) := M(dz|x), where x € X, and N (dz) :=
N(dz|y) which concentrates on X, for any Borel set B, we write

MN,)(B) rZ/B/XMu)(dZ)Nw)(dJJ)-

The definition can be extended to cases with more than two measures in a natural way.

15



D.6 Proof of Lemma 4

Given the filtration G,, the transition kernel UM and VU both admit an irreducible and
aperiodic Markov chain by assumption. Therefore, to prove that transition kernel TS) also
holds same property, it suffices to prove that for any s € N, (6p, p9) € © x @, and Borel
set B = Bo x Be C © x ® such that V{¥(B) > 0, we have T¥)(B) > 0. We prove this by
mathematical induction.

Consider first when s = 1. We write a(¢’|¢) = min(1, 8(¢'|¢)) where

0o P Z2)qele’)
Aele) = o Z)ale)

and O‘N((Gl’ ¢/)|(97 90)) = min (17 Bn((e,v QOI)|<07 90)))7 where

. W (@'Y, "p(e| Z)q(ele )P (B]Y, ©)
(0,00, 0)) =2 ,
Ol NG 2D) = v ool el o @Y )

and

B(¢'| )
Bu((8,)[(0, )

noting that both pgf) and p®) are bounded away from 0 and co. Now we denote

*: : 0/ / 0
r (B,W,)’r(g’g;e@xqj(( ,©'), (0,9)),

r((#', ¢, (0,¢)) =

and it is easy to see that r* > 0.
Now given any Borel set B = Bg X By C © x ® and initial value (6y, ¢p) € © x &, we
have

T (B|(60, o), Gn)
T (B\ {(0o, v0) }(60, o), Gn)

Z/Ba(wlwo)pff)(ﬂli ©)q(plpo)dbdye

> Bmin {17 7’((9, gp), (007 WO))} min {17 5n<(07 90)‘(‘907 @0))}p7(1ﬁ)<0|ya @)Q(¢|@O>d0dgp

> min {1,7°} /B (0, 2)|(Bo, 20)) PP (O]Y, ) 0l 0) A6

16



Since min {1,r*} > 0, we have
V3 (B(00, ¢0). Ga) > 0= T (BI(6o, ¢0), Gn) > 0.

Thus, the induction assumption holds when s = 1.
Now assume that the induction assumption holds up to step s = s*, i.e.
VEI)(B) > 0= TE)(B) > 0.

We need to show that it also holds at step s = s* + 1. For an initial value (g, ¢o), consider
a Borel set B such that V™ (B) > 0. We proceed by contradiction. Suppose that

TCH)(B) = / T\ (BI(0, %), Gn) T (d6, dip) = 0.
Oxd

This implies that the function T (B|-,G,) = 0 almost surely with respect to the measure
Tff*). Because the induction assumption holds at step s*, which means that any fo*)—
measurable set of positive measure is a subset of a Tﬁf*)—measurable set of positive measure,
we have that the function TV (B|-,G,) = 0 almost surely with respect to the measure V",
This further implies that the function VIV (B|-,G,) = 0 almost surely with respect to the
measure V). Tt is clear that this contradicts the fact that V& *Y(B) > 0. Hence, we are
done.

Given that g(¢'|¢) and p*) ('Y, ') satisfy the local positivity by Lemma 3, it is easy
to check that

9((0', )10, 9)) = P O'lY, ¢ )a(#]0)

also satisfies local positivity. Hence, by Theorem 2.2 of Roberts and Tweedie (1996), since
the target distribution is bounded away from 0 and co on a compact set and the proposal
distribution satisfies local positivity, the Partial Gibbs chain is irreducible and aperiodic,
and every nonempty compact set is small. Moreover, © x ® is a small set for the transition
kernel uV(-|(, ¢)), since it is compact. Hence, it is straightforward to verify that, for any
(0,¢) € © x ® and Borel set B C © x ®, there exists a § > 0 such that

U (B0, 9)) = 6u(B).

Since
0. (0, )] (0, 9)) = pX(O')Y, ¢ )a(&|p)
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also satisfies local positivity, following the proof of Theorem 2.2 in Roberts and Tweedie
(1996) ', one can show that, © x ® is also a small set for the transition kernel t{!). Let the
“geometric drift function” V (0, ¢) = 1, there exists A < 1 and b < oo such that

1= / V(G*a ¢*>T’f7,1) ((de*a dgp*)\(@, @)7 gn) < )\V(@, (10> + bﬂ{(@,ap)G@X@}
Oxd

then by Theorem 3.1 of Roberts and Tweedie (1996), for all (6y, ¢o) € © x @, there exists
a probability measure II,, on © x & and constant p < 1 and R < oo such that for all
s=1,2,... and all (6y, ) € O X D,

fro

y < R V(0o, po)p°
Since V = 1, we have uniformly geometric convergence:

lim sup ‘ ’ T — 11,

§—00 (60,p0)€EO XD

=0
v
In addition, for any (g, o) € © x P,

Y

05 |00 1.0, < 1 -,
\%4

by the squeeze theorem, we have:

lim  sup HT —1I, ()H = 0.

570 (0p,p0)EO X D TV

Remark 2. Following the fact that, for any (0, ) € © x ® and Borel set B C © X O, there
exists a 0 > 0 such that

UV (B(6,0)) = op(B).
following the proof of Lemma 2, we have:

1)(IS’I( v) = UD(B|(0,0) — T,V (BI(0, ), G) + T, (BI(6,0). Gn)
sup ‘U(l (BI(8, ) — T2 (B(6. ¢), G.)| + T (B(6, %), Gn)

9€@<p€<1>
<CuB) sup  [p"(O*Y, ") — p (071, )| + TV (B](0, ¢), G) -

0*€O\O,p*€d

IThe difference is that there is an additional term, the ratio of pgf) to p{*) in our case. Since they are

positive and bounded functions defined on © x @, this ratio has a positive minimum on © x ®. Hence, the
inequality in the original proof still holds.
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where C' is a constant. Therefore, for any (0,¢) € © x ® and Borel set B C © x &, we
have

T (B9, 9), Gn) > (6—0 sup [P0, %) — p{(07]Y, %) ) u(B).
0*€O\O,p* €D

Note that, by Lemma 1, for any outcome w in probability space €2, we have

sup  [p"(O7]Y, ") — pl(07]Y, %)
0*€O\O,p* P

— 0, when n — oc.

This is important. Since for any positive constant a < ¢, there exists a N such that for all

n > N, we have
T (B|(0, ), Gn) > (6 — a)u(B).

Hence, a common and same lower bound is well defined on this outcome w.

D.7 Proof of Lemma 5
For any initial value (6y, ¢o) and s > 1 and function f : © x ® — [—1, 1], write

TOf— PO f=Uf - P&+ TOf UL

We first concentrate on the second term Tns f—UYFf forany 1 < sy < s, denote U® =
and Tflo) = 1, we have, by a telescoping argument,

T f - Uy

< [T =T f| 4 [T f Ut p| 4 [UO ) — Ut ]
so—1

= T@f T f| 4 Y (UU@Tgfo—’f) f — gl plo—k-1) f> i ‘U@ oy f‘
k=0
so—1

= Tgf)f _ TSO)f + Z u® (T ( - U 1)) T(So =0l 4 )U(S f—ulo f‘

Note that, <TS) — U(l)) is the signed measure D,, defined in the proof of Lemma 2. By

the result of Lemma 2, we have

sup [ Du(-|(0, 2) 7y = 0,

0€0,pcd
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on the probability space (). Then by Egorov’s theorem, for any e > 0, there exists a set

By C Q with P(Ey) > 1 — § such that supgeg pea [|Dn(-|(0,¢)) |7, uniformly converges

to 0 on E;. Hence, for any € > 0, there exists a Nj(¢), such that for all n > Ny(e),
SuPgeo pea | Dn(-1(0,9))llpy < € on Ey. Then, since the remaining terms are bounded by

1, there exist a constant C' such that

so—1

Y u® (Tg) _ U<1>> o=k ¢
k=0

< CS(]G.

Now, following the same reasoning as Lemma 4 and Theorem 3.1 of Roberts and T'weedie
(1996), U uniformly converges to P") in the sense of V-norm (V = 1). Hence, for the
same ¢, there exists a Si(e) such that for any s > sy > Si(e),

Uy —utIr <e USR] <e

By Lemma 1, we have that p (H\Y ¢) converges to p(|Y, ¢) almost surely on prob-
ability space ). Then by Egorov s theorem, for same e, there exists a set Fy C () with
P(E;) > 1—§ such that ) (0]Y, ¢) uniformly converges to pi*) (6|Y, ) on E,. Hence on Es,
by the Remark of the proof of Lemma 4, for any Borel set 5 C © x ® and (0, ) € © x O,
there exists a Ny such that for all n > Ny,

J
T3 (B|(0,¢), Gn) > Su(B).
By Theorem 2.3 of Meyn and Tweedie (1994), we have all T (-|(8, ¢), G,), when n > No,
are uniformly ergodic in V-norm and have the same geometric convergence rate. Hence on
E,, there exists a Sy(€), such that for all s > so > Sa(€) and n > Ny,

Let N(e) = max(Ny(e), N2) and S(e) = max(Si(€), Sa(€)). On set Es, all convergences
which involve S;(€) and Sy(€) have geometric convergence rate. Thus, one can select a S(¢)
such that €S(e) — 0 when € — 0.

Let € = (CS(€) + 3)e and set £ = F1 N Ey with P(F) > 1 —e. It is clear that ¢ — 0
when ¢ — 0. We can conclude that, on set E, there exists N(e) and S(¢) such that for any
n > N(e) and s > S(e),

TC f— P f| <e.
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Note that, for any Borel set B C © x &, we can let function f be an indicator function
1izepy. Hence, for any initial value (6y, ¢o) € © x @, and any € > 0 and e > 0, there exists
constants S(¢) > 0 and N(g) > 0 such that

i ({P;f) : HTS) () — P%) (-)H < 5}) >1—e.

TV

for all s > S(e) and n > N(e).

D.8 Proof of Corollary 2

Given the result of global convergence in Corollary 1, and given a ¢, there is a subset
©* C O such that

Vd

sup |p(0Y, @) — p™(0]Y, ¢)| < sup [[Vop(61Y, 9)1l, 15

0cO*
where d is the dimension of #. Following the proof of Lemma 1, we know that the con-
struction of the set ©* is only related to the geometric shape of ©, and it is not related
to the function and thus not related to . Since p.,; is continuously differentiable, then
Vo.oPeut (0, ¢) is continuous. This further implies Vop(0|Y, ¢) is continuous with respect to
0 and ¢. Because ® is compact, we have

< Q0.

sup  [p(d]Y, ) — p™ (0]Y, ¢)| < sup_ [[Vop(61Y, o)l 752
e

0€O*,pcd 0€o

Now since p(©*) = p(0), we have the following bias term

f(0,0)P.u(df,dp) — £(8, )P (d8, ds@)‘

OxP OxP

/@* @f(Q,sO) (p(0]Y, @) — p™(8]Y, QO))p(cp|Z)d6dgo‘

S/@* q)f(&w) 1p(0]Y, ©) — p" (0], 0)| p(0| Z)dOd

< sup  [pd]Y, ) — p(0]Y, )| £, 0)p(0|Z)dbdg

0cO* pcd O*xd

< sup | Vapl6lY. so>||2§ ( / 1. go)p(wZ)dedso) .

0cO*,pcd
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For any € > 0, let

Nz
sup_[[Vop(01Y, #)ll; 75 (/ f(0, @)p(wlz)desO) ==
0cO* ped O*x P

let the solution of this equation be k*. We have the following bias term

£
27

Oxd Ox®

and this is always true in probability space 2. Now by Theorem 2, for the same ¢ and
k*, there exists a N(k* ) such that for any N > N(k* ¢), there is a set £ C  with
P(E) > 1 — e and on this set the error term satisfies

€
5

N
%Z J(Ons o) — 1o, ) cut (d@ dp)| <

Oxd

Hence, combining the error term and bias term, on the set £/ we have

N

Oxd

n=1
N

T3 T o) - / 10,0) P (a9, )| +

Oxd

<

/ 16, 0) Prus(d, dip) — / F(6. )P (A0, dp)| < e
Oxd Oxd

n=1

Hence, we are done.
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