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Summary

This dissertation presents a new “time domain model” to design and invent advanced laser
diodes for optical fibre communications. It is securely based on quantum theory. This
new model describes the optical fields in the time domain, allowing it to simulate large
signal responses for Fabry-Perot and Distributed Feedback (DFB) lasers, in addition to
calculating the laser linewidth and the Relative Intensity Noise (RIN). The quantum basis
for this time domain model justifies the noise treatment of some other recent semiclassical
laser models. However, it indicates that these models are incapable of simulating lasers
with sub-Poissonian photon statistics (squeezing). The time domain model is implemented
with new algorithm, which uses a transfer matrix method to simulate DFB lasers with
much greater accuracy than previously.

New applications for two numerical methods are then introduced, providing tools to
study the spectra of lasers simulated by the time domain model. Firstly, the Wigner
distribution is shown to be the time-frequency representation, for modulated optical laser
signals, which has the highest resolution. Secondly, the maximum entropy method of
spectral estimation is shown to reduce noise and windowing effects, thus allowing small
features in the spectra of simulated lasers to be displayed, without being obscured as with
Fourier transform-based methods.

Comparisons of the time domain model are carried out. The first detailed comparison
of simulated multimode DFB lasers, under large signal modulation, is performed: the time
domain model and the Power Matrix Model show excellent agreement, increasing confi-
dence in the validity of both these models. A comparison of the time domain model, with
simulation results from the European COST laser workshop, further increases confidence
in the accuracy of the algorithm. Finally, the first detailed simulation of self-pulsating
DFB lasers is carried out. Its agreement with reported experimental results shows the
potential and power of the present model.

The time domain model is then extended, using a novel formalism, to allow the simu-
lation of intensity squeezed light: simulations for different laser structures are carried out.
A new analytic formula for the RIN in Fabry-Perot lasers is derived. Predictions of the
model are that low facet reflectivities and DFB structures make squeezing difficult, but
that lasers with a Distributed Bragg reflector are promising.

Finally, a new concept of spectrometer, which uses computer interpretation of two-
pinhole diffraction patterns, is demonstrated experimentally. It uses the maximum entropy
method to resolve the spectrum of a two moded DFB laser, and is potentially a cheaper
and more robust alternative to commercial spectrometers which use diffraction gratings.
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Preface

Communications systems using optical fibres have already taken over as the main
way to transfer information rapidly, with rates of Gigabits per second, and over
long distances, with more than 100km between repeaters. The potential capacity of
optical fibre communications is sufficient to satisfy increasing needs in the future,
but the current systems must be improved to keep up with the growing demands
for information transfer.

Semiconductor laser diodes are key components of optical fibre communication
systems. They are the sources for the pulses of light which travel along the fibres to
convey information, and are also used in the optical switches which redirect the sig-
nals. To provide the best performance, the structures of these lasers are increasingly
complex. This has made it too expensive to design new lasers by directly fabricating
and testing them. Simulation tools must be therefore be used to understand their
operation, to help with their design, and in particular to calculate the quantum
noise which often limits the performance of communication systems.

A number of models have been developed to simulate various aspects of laser
diodes. Chapter 1 looks at some different approaches to modelling them, and con-
cludes that laser models with an in-depth quantum mechanical treatment of noise,
apply mostly to simple lasers with uniform structures, whereas potentially useful
models for lasers with complex structures have not been based securely on quantum
theory. There is therefore scope for a model capable of simulating complicated laser
diodes, which at the same time provides a detailed quantum mechanical treatment
of noise.

Chapters 2 and 3 describe the theory and implementation respectively, of a new
time-domain model for laser diodes. Based on quantum mechanical theory, the
model takes into account longitudinal variations of the photon and carrier densities,
and changes in refractive index. This model can simulate large signal dynamics of
semiconductor lasers with many modes, and at the same time calculate noise prop-
erties in agreement with accepted theories, for both Fabry-Perot and Distributed
Feedback (DFB) laser structures. The quantum formalism presented justifies the
noise treatment of some current semiclassical models, but indicates that these semi-
classical models are incapable of simulating lasers with sub-shot noise intensity fluc-
tuations.

In Chapter 4, new applications are suggested for two numerical tools. The first

application concerns the Wigner distribution, which provides in quantum mechanics,



a simultaneous description of the position and momentum of a particle, and which
has received much attention in signal processing as a representation of signals in
both time and frequency. A new use of the Wigner distribution is suggested here: it
provides the highest resolution time-dependent spectrum for modulated, simulated
laser diodes. The second new application concerns the maximum entropy method
of spectral estimation, which is ideally suited to displaying the spectra of lasers
simulated using the time domain model: this method eliminates the windowing
effect, and reduces the noise, which have obscured the spectra calculated until now
using discrete Fourier transform methods.

In Chapter 5, the first detailed comparison of two different large signal models
for multimoded DFB lasers, is carried out. The Time Domain Model, presented
in Chapters 2 and 3, directly calculates the evolution of the optical fields in time,
and it is compared with the Power Matrix Method, which describes the fields in
the frequency domain. The programming and simulations using the Power Matrix
Method were carried out by C. F. Tsang. The excellent agreement between these two
very different programmes increases confidence in the simulations of both models.

In Chapter 6, two further comparisons are carried out. The static and noise
calculations of the time-domain model are compared against the results of the COST
European laser modelling exercise, further increasing confidence in the accuracy of
the time domain algorithm. Next, the first detailed simulations of self-pulsating
Distributed Feedback (DFB) lasers are carried out with the time domain model, and
they are compared with some published experimental results. A mechanism for this
type of self-pulsation is suggested. The good qualitative agreement obtained here
underlines the potential usefulness of the model in researching complex behaviour
of DF'B lasers.

Chapter 7 suggests a new, if speculative, formalism which enables the time do-
main model to simulate light output with sub-Poissonian photon statistics (ampli-
tude squeezed light), and therefore to simulate accurately relative intensity noise.
Different laser structures are examined to find the one with the lowest intensity
noise, and analytic expressions for intensity noise in Fabry-Perot lasers are derived.
The predictions of the model are that intensity squeezing can be impossible to obtain
in symmetric Fabry-Perot lasers with low facet reflectivities, or in symmetric Dis-
tributed Feedback lasers, but that lasers with Distributed Bragg Reflectors appear
a promising source of squeezed light.

The experimental demonstration of a new type of spectrometer is presented in

Chapter 8. It uses computer interpretation of optical interference patterns with the
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maximum entropy method, and it can estimate the spectrum of a two moded DFB
laser with a 2nm mode separation at a wavelength of 1.55um. The resulting instru-

ment is potentially a cheaper and more robust alternative to the monochromators

commonly used in optoelectronics laboratories.
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Chapter 1

Laser diodes for communication

systems

Optical fibres have now taken over as the main medium for long distance communica-
tions: several submarine optical fibre cables are in place below the Atlantic, Pacific
and Indian oceans, and land based fibre links span the continents. The national
telecommunications backbones of most industrialized countries use optical fibres to
transmit information faster, and at a lower cost than would be possible using any
other competing technology.

The demand for communication systems with greater capacities is strong, due
to the increasing traffic generated by inter-computer links and Fax transmission.
Newer services like video conferencing, tele-working and remote shopping are not
yet widespread, but, coupled with new leisure services, their use is likely to increase,
adding to the demand on the telecommunications networks.

The optical fibre cables already in place can potentially satisfy this demand for
greater capacities. The bandwidth of communication systems is ultimately limited
by the frequency of the carrier. Now the range of frequencies which can be transmit-
ted with low losses down optical fibres, and amplified by the current Erbium-doped
fibre amplifiers, is about a thousand times the frequency of the microwaves used
by telecommunication satellites. However, in order to use this potential bandwidth,
technological improvements are necessary: firstly, the sources which send light down
the fibres need to be improved, and secondly, all-optical switching systems, which
do not rely on slower electronics, have to be constructed. Laser diodes are key
components of these sources and switching systems, and they need to be improved.

The laser diodes used in communication systems have increasingly complex struc-

tures, and intricate aspects of their behaviour are being exploited to improve their
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performance. To understand the behaviour of these laser diodes and to facilitate
their design, computer models are very useful. As computing power becomes cheaper
and more abundant, these computer models can be more sophisticated and power-

ful: this dissertation presents new powerful simulation tools for laser diodes, based

. on quantum mechanical physical theories.

1.1 The need for modelling tools

Reliable laser diodes with high performances are needed, and the structures of the
lasers have gradually become more and more complicated.

Material improvements have been instrumental in determining progress: the
use of quantum wells to confine the carrier, later followed by strained quantum
wells, has permitted large improvements in some of the relevant material parameters,
such as the differential gain and the linewidth enhancement factor. These material
improvements have resulted in lower threshold currents, higher efficiencies, and have
promised higher modulation bandwidths for laser diodes.

Improved designs for the laser structure have also been important: the initial
Fabry-Perot lasers, which suffered from multimode operation, have now largely given
way for distributed feedback (DFB) lasers for the long haul communications. The
first DFB lasers, which had uniform gratings, lased in two degenerate modes, pro-
vided the carrier density is uniform and incontrolable facet reflections are reduced
by anti-reflective coatings. To ensure single mode operation, new laser structures
were designed: first, the A\/4 phase shifted DFB, which lases in one mode only up to
high powers, and then structures with multiple phase-shifts which provide a more
controllable single mode operation at higher powers.

Structures with Fabry-Perot and grating sections, and multiple section struc-
tures driven by separate current sources may also find applications were they are
superior to single contact, more simple devices. Present commercial research is also
considering laser devices with integrated external modulators.

The effort towards developing improved optical sources for optical communica-
tions is thus considering complex structures, as well as improved materials. The aim
of these complex structures is to improve the parameters of the laser sources which
are relevant to the applications concerned. The laser structures have a profound
influence on the characteristics of the laser, giving rise for example to linewidth re-
broadening in DFB lasers as the optical power is increased. The complexity of these

structures makes predicting their characteristics almost impossible to a designer

10
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without extensive experience, and mere guesswork to even the most experienced
engineer, without detailed computer models.

Furthermore, powerful, fast and accurate computer models, rather than just tools
used to evaluate operation characteristics for preconceived designs, can be used as
very low cost “experiments”, which can be performed to give the design engineer a
feel for the operation of the laser sources. As well as an aid to optimizing precise
design parameters, the simulation program can become a computer aided invention
tool, which may stimulate the designer to have new ideas, and which then lets the

designer try out these ideas.

1.2 Specifications for laser models

Computer models of laser diodes are potentially very useful, or even indispensable to

the design engineer. They should be fast, so that ideas may be checked quickly. They

should be easy to use, so that the energy of the designer is expended on productive
tasks rather than learning how to operate the tools, or typing obscure commands
which demand concentration and time, and cause frustration. They should present |
the essential results in a form which can be understood easily. Above all else, they |
' should be powerful, realistic and correct. |
i -~ A powerful program enables a wide range of designs to be simulated, and most
| of the relevant laser characteristics to be calculated.
: To be realistic, a computer program must take into account the major factors
which influence the operation of a laser. This is essential if the program is to be
‘ used as a design tool to find the best parameters before fabrication. The sensitivity
‘ of the design to the inevitable external influences to which a real laser is exposed to
: can then be evaluated.
The most important aspect of a computer model is that it should be correct.
The only way to verify this is ultimately to check all of the predictions of the
model against carefully designed experiments. This cannot be done, due to the
considerations of cost, time, and possibly unavailable technology. Checking of the
predictions against a limited set of experimental results is nevertheless indispensable.
Agreement with other computer models is not a gage of correctness. If different
models based on a similar set of assumptions predict identical results, however, the
: agreement minimizes the likelihood of implementation errors as well as the use of
inaccurate algorithms.

Aside from a comparison between predicted and experimental results, a careful

11
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inspection of the assumptions made in formulating the model is necessary. It is
important to base the model on accepted physical theories, which have been tested
individually against experiment. The assumptions behind the model are generally
of two kinds: the first is the agreement with fundamental physical theories, which
are consistent with one another. The second kind is the use of numerical parameters
derived from experiment, which due to the complexity of the phenomena involved
cannot be derived by calculation from a set of fundamental physical laws. In both
cases, the assumptions made must be based on accepted physical laws, whether

obtained from experimental measurements or derived from a set of fundamental

concepts.

1.3 Laser models

A wide range of models, with varying degrees of complexity and performance, have

been used to simulate laser diodes and to explain their behaviour.

1.3.1 The laser rate equations

The most well known of these are the laser rate equations developed by Statz and
deMars [1], which relate the number of photons P inside the laser cavity and the

number of excited carriers N responsible for the optical gain:

d
EP:g(N—Ng)P—P/Tp-}-ﬂN/TN, (1.1)
d
ENzI/q—N/TN—g(N—NO)P. (1.2)
: Here Ny is the transparency carrier number, ¢ is the gain constant, 7p is the
photon lifetime for the cavity mode, I is the drive current, ¢ is the charge of the
electron, 7y is the lifetime of the excited electrons, and A is the spontaneous emission 1

coupling factor. These equations have been used extensively for the analysis of

transients in laser diodes. With the addition of various terms such as nonlinear gain
(by making g — ¢g/(1 + €P) to model carrier diffusion effects and gain compression
due to spectral hole burning [2]), an extra equation for the phase of the optical mode
[3], another carrier density term to account for carrier transport effects [4], the rate

equations can explain a considerable range of the behaviour of laser diodes.

i
|
r
1
1




—

1.3.2 Quantum approaches to simulating laser noise

The laser rate equations above do not give us any information concerning the statis-
tical properties of the emitted light. Quantum noise, being the main source of noise
in laser diodes, is important: not only does it determine the laser linewidth and
intensity fluctuations, but it also affects the transient behaviour also, by causing
timing jitter for example. Inclusion of noise in the laser rate equations was per-
formed by Shimoda et al [5,6] by only allowing the carrier and photon numbers N
and P to take on integer values, and thus obtained information concerning photon
number distributions. After this pioneering work, three main theoretical approaches

to laser noise were developed:

‘ e The density matrix approach of Scully and Lamb [7].
e The quantum Langevin approach [7].

]

|

l o The Fokker-Planck or Langevin approach using distribution functions [8-10].
r

Though not specifically developed for semiconductor lasers, these approaches are

: sufficiently general to have been adapted and used for laser diodes. Figure 1 summa-

f rizes these approaches. All three consider quantized optical fields, in order to discuss

all éspects of the light statistics. They start from ‘first principles’ by considering a

’ Hamiltonian which describes the interaction of the optical field with the atoms or

‘ carriers. Optical fields and carrier populations are described by quantum mechani-

i cal operators. Quantum expectation values of these operators describe the statistics

, of the emitted light, and equations of motion for these operators are obtained from

the Hamiltonian. Reservoir theory [7,10,11] deals with the losses and damping in a

: statistical fashion: reservoirs are systems with many degrees of freedom, and appear

l to be the most successful way to include losses in quantum theory [12]. All three
approaches agree for high photon numbers, as is the case in lasers.

The Fokker-Planck (or classical Langevin approach) and the quantum Langevin

I‘ approach have been the most popular with laser diodes, as they are more suited to

I computation. In the Fokker-Planck models, the quantum operators, or the density

| operator which describes the quantum state, are expressed in terms of distributions

of classical variables. The distribution changes in time following a Fokker-Plank

; equation, but the equivalent classical Langevin formulation can be used to obtain

l the distribution function by stochastic simulations which are more easily solved

using a computer.

13
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In the quantum Langevin approach, equations of motion for the operators de-
scribing the field and carriers are obtained which include operator “noise” sources
with prescribed expectation values. In certain cases, these equations of motion for
operators can be transformed into stochastic equations of motion for classical quan-
tities like the photon and carrier numbers, by taking expectation values [7,13].

From the Distribution function or the quantum Langevin approaches, equations
of motion with stochastic noise sources are obtained for classical numbers describing
the carriers and optical field. Because of their simplicity, they have been used
extensively to analyse the noise properties of laser diodes [13-15].

These models, derived from the quantum theory of lasers with high Q-factors,
rely on parameters like the photon lifetime for the cavity, which are not known for the
more complex DFB structures, and indeed vary with the carrier concentration. The
structure of the cavity is not explicitly taken into account, and correction factors
must be used to calculate noise properties accurately [16,17]. This limits their

usefulness for simulating realistic laser diodes.

1.3.3 Travelling wave models for complex laser structures

. With the increasing importance of laser diode sources with complicatéd DFB or
DBR sources, it has become necessary to take into account explicitly at least the
longitudinal structure of the laser. A number of models were therefore developed,
which consider the propagation of the optical fields along the laser cavity [18-23].
Concerning the noise properties, these models were for the most part based on the

semiclassical Langevin sources obtained from the distribution function approach.

r One result of this evolution is that the concepts used by some current sophisti-
: cated laser models are removed from those originally used in the quantum mechanical
l theories from which their treatment of noise is derived. It is therefore difficult to
? determine exactly how far these newer models agree with the quantum theory they
: derive from. Some work is required to point out the extent of the validity of these
newer models. These could then be extended to simulate characteristics of light not
previously considered, such as amplitude squeezed light which cannot be described
semiclassically.

To remedy this situation, where the old quantum laser models cannot simulate
realistic laser diodes, and where the treatment of noise in the newer semiclassical

models is uncertain, a new laser model is presented in this dissertation. It provides a

quantum mechanical treatment of noise, thus agreeing with the older models, while

taking into account the laser structure and the presence of more than one laser

14
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Figure 1-1: Quantum approaches to modelling noise in lasers
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mode. In addition, the time domain algorithm used to implement the model allows

simulations of laser diodes under large signal modulation.
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Chapter 2

Quantum basis of the laser model

This chapter presents the theory for a new quantum mechanical travelling wave,
time domain model for DFB and Fabry-Perot laser diodes.

This is the route followed in this chapter:
1.) The propagating optical fields are quantized.

2.) Simple models for quantum amplification and attenuation are introduced, to

be used in the laser model.

3.) The operators describing the carriers and the field are replaced by classical
variables (Glauber function for the field), and the noise sources required by

this replacement are given.

The implementation of this theory into a time-domain model for Fabry-Perot
lasers and lasers with Bragg gratings will be presented in chapter 3.

The resulting large signal model will take into account longitudinal spatial hole
burning, multimoded behaviour, and will provide a quantum treatment of linewidth

and intensity noise.

2.1 Introduction

Noise is important in determining the performance of optical communication and
sensor systems: for example, intensity noise limits the signal-to-noise ratio for ana-
logue transmission, and narrow laser linewidths are required by coherent communi-
cation systems. Since the main source of noise in laser diodes is quantum noise, a
better understanding of it can only come from quantum theory. This motivates the

development of the quantum laser model presented in this chapter.
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The quantum theory of the laser has been explored in detail in the 1960’s and
1970’s [7,9,10,24], and general noise properties of laser light have been pointed
out. This early work, however, was relevant mainly to lasers with high Q-factor
resonators, and in some cases only applicable to class A lasers (e.g. Art gas lasers
where the field decay rate is much slower than either the population or the dipole
moment decay rates).

For laser diodes, this early quantum theory requires a number of correction
factors (e.g. linewidth enhancement factor [25], excess spontaneous emission factors
[16,17,26-30]) to simulate the experimentally observed results.

However, with the increasingly complex laser diodes for communications, which
use Bragg gratings and can be made of different sections performing different tasks,
the early quantum theory can no longer be directly applied. Recent semiclassical
models for laser diodes have therefore been developed which take better into account
the laser diode structure, [21,23,31,32], and which are of great use in researching
and developing new lasers for optical fibre communications. These semiclassical
models have distanced themselves from the quantum theory which governs the lasing
processes. As a result, in some models (e.g. [21,31]) the emphasis is more on
calculating the more “classical” properties of the light, such as power and frequency
variations during modulation, or the shape of the optical spectrum as determined by
the cavity structure; the noise properties of the fields are not taken into account in
depth. Others of these models like CLADISS [23] feature a thorough noise analysis,
shown by the work in this dissertation to be essentially correct, but are limited
to D.C. or small signal simulations. In addition they cannot simulate noise for
non-classical states of the fields, like amplitude squeezed light [33], because of their
semiclassical background.

Therefore, a model which can simulate the large signal behaviour of lasers with
complex structures, together with a quantum treatment of field noise would consti-
tute a powerful and desirable tool: the model presented in this chapter can do this.
Because of the field representation used, it cannot simulate intensity squeezed light,

but is the grounding for the extension in chapter 7, which can.

2.2 Representation of the optical Field

A typical laser diode used for optical communications is shown schematically in
Figure (2-1).

The active region layer (dashed) is composed of material with a narrower bandgap
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Figure 2-1: Structure of a Ridge waveguide InP DFB laser diode.

than the surrounding p and n doped layers. This heterojunction confines the elec-
trons and the holes within the active layer, and thus achieves higher carrier concen-
trations leading to higher optical gain.

The active region with a narrower bandgap also has a higher refractive index
than the surrounding layers. Above the active region, the refractive index is higher
inside the ridge: a dielectric waveguide is formed which confines the optical energy
close to the confinement region for the carriers. |

A Bragg grating is etched into the waveguide layer and couples the forward and
reverse longitudinally propagating optical fields. This provides the optical feedback
necessary for lasing. Because this feedback is frequency dependent, the grating can

also ensure single longitudinal mode selection.

2.2.1 Transverse modes

Index guided laser structures are currently preferred over gain guided structures as
they provide better control of the optical field. The waveguide is generally designed
so that only the fundamental mode for each polarization is supported, by making

the transverse waveguide dimensions sufficiently small. Because the confinement
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factor, the facet reflectivities [34], and the optical gain in quantum well material
differ according to polarization, only one polarization is generally excited. The full
three-dimensional optical field can then be described completely by a scalar function
of the longitudinal coordinate z only. This section describes the variables used to
represent the optical field.

To obtain a good picture of the fields inside the laser, consider first the waveguide
neglecting material gain, scattering losses, and refractive index changes due to car-
riers. Assuming a harmonic time variation with frequency w = ck, and a harmonic
longitudinal spatial variation E(z,y, 2) = exp(i82)E(z,y), the electric field satisfies

the time-independent wave equation:
VZE + (ek* — B*)E = 0, (2.1)

together with the usual boundary conditions at the material interfaces and at infinity
[35]. The propagation constant A and the mode profile E(z,y) can often be deter-
mined roughly and simply, as a function of k£ using the effective index approximation
([36], chap. 2).

Once the transverse mode profiles have been calculated for a lossless waveguide,
the effect of gain in the active region is included as a perturbation [36]. The resulting
gain for the waveguide mode is the gain in the active region, multiplied by the
confinement factor I' which describes the overlap of the optical field and the carrier
density confined by the heterojunction or a quantum well structure, as depicted in
Fig. (2-2).

Considering one polarization only along the unit vector ¢, the electric fields can

be written:

E(z,y,2,t) = éS(m,y)/{F'(w) exp(ifz —iwt) + R'(w) exp(—iﬁz—iwt)}dw, (2.2)

where F'(w) and R'(w) are for propagation in the the +z and —z directions.
The dispersion curve relating 8 to w depends on the waveguide structure, and also
on the material dispersion. Because of the short dimensions of laser diodes, group
velocity dispersion can be neglected, and around the operating frequency wyp, the
propagation constant 8 can be determined by the group and the phase velocities v,

and vy, as depicted in Figure (2-3), by:

B = wo /v, + (w—wo)/v;,,g, (2.3)
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Figure 2-2: Overlap of the photon density and the carriers in the active region which
determines the waveguide gain through the confinement factor I'.
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The transverse mode profile S(z, y) is normalised to make the forward and reverse

wave magnitudes |F'(w)|? and |R'(w)|? equal to the spectral energy density of the

optical fields.

2.2.2 Forward and reverse wave operators

In a semiconductor laser, effectively scalar, one dimensional forward and reverse
propagating optical fields are subject to gain, loss, and material and waveguide
dispersion; effects which should be taken into account. It is easier, for computation,
to separate these effects rather than use a general quantum theory where they are
all included together [37].

The model therefore considers a material, which instead of being treated as a
continuum, has gain, loss and reflections which are all concentrated at a number
of discrete points along laser cavity. Sections of material lie between these points
where the optical propagation is lossless and has a constant group velocity. These
sections are referred to as free sections. It is easier to quantize the propagating fields

in these free sections.
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In order to quantize the fields, however, dispersion must still be dealt with. This
is because in a medium with dispersion, the material polarization depends on the
electric field values at previous times. The dynamic field equations are then non-local
in time, and this non-locality prevents quantization [38] when only the field degrees
of freedom are considered. As discussed in the previous section, a constant group
velocity is assumed for the waveguide. This assumption together with a change of
variables, yields equations of motion which are local in time and can be quantized.
The expressions obtained for the quantized electric and magnetic fields agree with
other work on quantum fields with dispersion [38,39].

Within the free sections, the quantized optical fields thus obtained are char-
acterized by forward and reverse wave operators. Fourier transformation into the
frequency domain then leads to new destruction/creation field operators, whose
commutation rules are sculpted by the cavity structure, and which enable us to use
frequency domain techniques to analyze optical systems.

Next, straightforward quantum models for the processes of reflection and ampli-
fication of the travelling waves which occur between adjacent “free” sections, will

be presented. By linking the fields in neighbouring sections, these processes allow

for spatial variations in all the significant laser properties along the length of the
laser. But first, in this section, the propagating optical fields are quantized. This
is the first step in defiving the field description used by the model. The usual
(canonical) method of quantization is used here: once the classical equations of mo-
tion are derived, it involves first describing the dynamic properties of the system \
by a Hamiltonian. The Hamiltonian formalism is the “gateway” between classical
and quantum descriptions of a system, and the classical dynamic variables of the
Hamiltonian formalism can be converted directly into the new quantum operators.

As discussed in the previous section, the fields inside the laser are '
E(z,y,z2,t) = éS(z,y) /(F’(w) exp(18z — twt) + R'(w) exp(—ifz — iwt))dw, (2.4)
Including the phase factors exp(4if3z) with F’ and R’ to redefine ‘ |

E(z,y,2,t) = €S(z,3) /exp(——z'wt)(F'(w,z) + R'(w, z)) dw. (2.5)

F" and R’ now obey the equations of motion

w oF’
i =
] ) 0z

1
» ;
i
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w OR'

vp(w)R'(w,z) = e (2.7)

The phase velocity v,(w) = ¢/n(w) changes with w to keep the group velocity v, =
¢/ny constant, within a bandwidth centered on the frequency wo. The phase velocity

at the frequency wy is defined to be n,, so that
Wo
n(w) = ng + (np — ng);‘- (2.8)
Through the unitary transformation:

F(w,z) = F'(w,z)exp(iAkz), (2.9)
R(w,z) = R'(w,z)exp(—iAkz). (2.10)

where Ak = w,(n, — ny)/c, using the constant group velocity property Eq.(2.8),

“dispersion-less” equations of motion (see Appendix A) are found:

oF OF OR OR

and o =%, (2.11)

ot oz

Define new “slowly varying” field operators E(z,t) and B(z,t), in analogy with the
electric and magnetic fields E(z,t) and B(z,t), by

v/ 2€g

Bat) = - \}2T<F(z,t)—_R(z,t)). (2.13)

The equations of motion for these variables are similar to those in a medium without

Bl = — (F(z,t)+R(z,t)>, (2.12)

dispersion:
oE 1 0B
o = bz (2.14)
0B oE
W — ——E- (2.15)

These field equations are quantized in the usual way [40]: first, a “vector” potential

A(z) is defined by:
0A 0A

This ensures that Eq.(2.15) is always satisfied, while Eq.(2.14) becomes the wave
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equation:

A 1 %A
5 =, (2.17)

Following Abram et al [41], we use the field Lagrangian density ' |

The conjugate momentum to A(z) is found to be

: oL 0A(z)
= = —_—— E . 2'1
H(Z) a(aA/at) &g at € (z) ( 9)
The unitary transformations (2.9,2.10) ensure (Appendix A) that the Hamiltonian

density remains the correct energy density for the medium:

1 1 [9A\?
H(z) = 2—6-H(z)2+2ﬂ (5)
g 0

= 5 (B + B/ m) . (2:20)

Quantization is achieved by transforming the field variables A(z) and II(z) into

operators and imposing the equal time commutation rule
[A(z,1),II(2',t)] = 1hé(z — 2'). (2.21)

From this, the commutator for the £ and B fields is obtained:

B0, Bt = A O I = Tobe =) (222

The forward and reverse wave operators are, from Eqs.(2.12,2.13), given by

F(z,t) = \/%7(E(z, t) + v, B(z, t)), (2.23)

€g

Riz,t) = 2 (E(z,t) — vgB(z,t)). (2.24)

The slightly unusual commutation rules for these operators are found to be:

[F(2,0), P, 0] = 22([E(z,), B, )]+ [B(x,1), E(<, 1)])
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: @232 ( a‘z,a( ) %5(;/ - z'))

= ihvgaé(z'—z). (2.25)

Similarly,
[B(z,1), B(e',2)] = —ihvg%ﬂz'—z) (2.26)
[F(z,t),R(z',t)] = 0. (2.27)

Using the field Hamiltonian density Eq.(2.150), the following equations of motion

for the forward and reverse operators are derived

OF (1)
(1) _ Lipeo,H0)
] / 42 [F(z,t), F(<,£)2)/2
O0F(z,t)
= —o 2, (2.28)

where the integral has to cover only the points around z = 2/, and similarly

OR(z,t)  OR(z,1)
a6 9 oz

(2.29)

These equations signify that F'(z,t) and R(z,t) propagate without distortion at the

velocity v,.

2.2.3 Time and frequency operators

The forward and reverse wave operators F/(z,t) and R(z,t), valid only for free sec-

tions, are characterized by their equal time commutators Eqs.(2.25,2.26) provided
that

# < %< 2, (2.30)

where z; and z; are the end points of a free section. The forward and reverse wave

operators propagate, from Eqs.(2.28, 2.29), according to

R(z,t) = R(z + v4t,0) and F(z,t) = F(z — v,t,0). (2.31)
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Through a change of variables, we may then derive the equal space, different time

commutators
[P0, Flat)] = —oga(t -1) (2.32)
[R(z,0), R(z, )] = —%%6( 0. (2.33)

The spatial restriction (2.30) implies that these equal space, different time commu-
tators will be valid only for |t —#'| £ (23 — 21)/v,. When the time difference between
t and t' is greater than (z; — 21)/v,, reflections may prevent commutation.

The equal space, different time commutators are used to obtain the commutation

rules for the frequency .domain operators defined below:

agls) = _i\/;g /_:oth(z,t)exp[iw(t—z/vg)], (2.34)
alfy = zm /_:oth(z,t)exp[—iw(t—z/vg)], (2.35)
sl = —z‘\/;:)_}f; /_ :odtR(z,t)exp[iw(t+z/vg)], (2.36)
atlw) = z\/;g /_:odtR(z,t)exp[—z'w(t—i-z/vg)], (2.37)

where w > 0.

The coefficients above are chosen to give commutation rules for the operators
a(w) and af(w) which correspond to those commonly used [39]. Indeed, for waves
which propagate freely over an infinite distance — so that Eqs.(2.32,2.33) are valid
for all times — these are seen to be

400 +o00
[a;(w),a}(w’)] = dt / dt' [F(z,t), F(z,t")] exp(iwt — iw't")

27rh\/ /
—ih T

+o00
B 27Th\/ ww' dt / dt atl {6(t — % )} eXp(zwt w't ))

= Mu—ud), (2.38)

and [a,(w),al(w’)] = 8(w — w'). The inverse relationships for the Fourier transform

operators are

e h ; :
F(z,t) = /(; dw i / 27:; (a;(w)e"“’(t_z/%) - a}(w)e’w(t_z/”9)> y (2.39)
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and

Z t / do 4 hw ( —iw(t+z/vg) _ al(w)eiw(t+z/v9)) ) (240)
V 2mv,

Using the transformation Eqs.(2.139,2.140), together with Eqs.(2.135,2.136) in the
appendix, “equivalent” electric and magnetic fields E(z,t) and B(z,t) for 1-D prop-

agation can be expressed as

E(z,t)

Herm. conj.,

B(z,1)

Herm. conj..

et hw . .
diyia | ——— —iw(t—z/vp(w)) y —iw(t+z/vp(w))
/0 w iy | . (af(w)e + a,(w)e +

(2.41)
hwn ) —tw(t—z/vp(w)) —tw(t+z/vp(w))
/ dw @ e, (af(w)e P — ap(w)e +
(2.42)

These expressions are similar to the expressions used by Blow et al [39], and also

agree with the expressions derived by Hiittner et al [38] who use a canonical quan-

tization where the dielectric matter is explicitly included.

The energy flux in the material is given by the Poynting vector (Eq.(2.146) in

Appendix A):

S(2,1) =

+

Vg

2

—E(z 1)B(z,1) (2.43)
3 - p(w (F’(w 2)F'(W, %) — R (w, 2)R(W, 2)
F'(w,z)R (W', 2) — F'(v', 2) R (w, z)) exp (1(w + w')t). (2.44)

We define in a similar way the transformed energy flux S(z,1):

S(z,t)

—1—E(z t)B(z,t)

/ / ( w, 2)F(w', 2) — R(w,z)R(w”z)>

exp (i(w + w')t)

%9_ (F(z,t)2 - R(z,t)2). (2.45)
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These two fluxes are equal up to second order in w — w,.

The travelling wave operators F'(z) and R(z) can be written as the sum of positive
frequency, destruction operators F'*(z) and R*(z) and their Hermitian conjugates,

the negative frequency creation operators F'~(z) and R™(z), where

+oo
/ dw{i huo af(w)e-iw(t—zfvsv)}, (2.46)
0

FHz1)

2T,

+oo .
Brizt) = / dw{z hwar(w)e_“"(”z/“g)}, (2.47)
0

27,

and similarly for F'~(z,t) and R™(z,t). The positive and negative frequency op-
erators can express the normally ordered field operators which are convenient for
describing most experiments [42]. In particular, the normally ordered power fluxes

St and S~ in the 4z and —z directions are written as

St(z,t) = v, F (2,1)F(2,1), (2.48)
S7(z,t) = wv,R (z,t)R*(z,1). (2.49)

A harmonic oscillator of frequency w, described by the destruction and creation
operators a and af, still possesses, in the ground state, a zero point energy hw/2,
which results from the commutation relation aa' — afa = 1. The symmetrically
ordered energy operator, H = hw(aa! + a'a)/2, includes this ground state energy,
which cannot be extracted from the system. The photon number operator, n = a'a is
normally ordered, with destruction operators to the right of creation operators, and
consequently does not include the ground state energy. In the same way, every mode
of the electromagnetic field possesses a ground state energy, which is included in the
symmetrically ordered flux operators v, F'(z,t)?/2 and v, R(2,t)?/2 in Eq.(2.45),
but is not included by the normally ordered fluxes (2.48,2.49). These normally
ordered flux operators are useful because they do not include the contribution from
the vacuum fluctuations, which is proportional to the field bandwidth, but which

cannot be extracted from the field.

2.2.4 Reflections

A real laser has facets from which the optical fields are either partially or totally
reflected. Partial reflection is modelled by a two-port formalism [43]. A forward wave

Fy(z,t) and a reverse wave Ry(z,t) are incident upon the partially transmitting,
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Figure 2-4: Partial reflection of the travelling-wave fields at an interface.

lossless facet at z = 0 (see Fig. 2-4). The commutators for the emerging partially

reflected waves F3(z,t) and R;(z,t) must be preserved. We achieve this by writing:

Fyz,t) = tFi(zt)+r Ra(—21), (2.50)
Rl(z,t) = —TFI(—'Z,t)+tR2(Z,t). (251)

The transmission and reflection coefficients r and ¢, are real numbers in order to
preserve the Hermitian nature of the field operators, and they satisfy the relation-
ship:

et ft= 1. (2.52)

Equation (2.52) is equivalent to power conservation, but the coefficients in Eqs.(2.51)
also satisfy the usual relations implied by time reversal [43]. Because these coeffi-
cients are real numbers, and not operators, this two-port model describes reflection
and transmission which is uniform over all (relevant) frequencies.
The incident and reflected waves now no longer commute with each other at all
times: .
[Ri(2,t), Fa(z,t)] =r g%&(t -t -}i—j ). (2.53)

Using Eqs.(2.50,2.51) we see that the commutators for the outgoing waves Fy(z,t)
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Figure 2-5: Field commutator inside a Fabry-Perot cavity.

and R;(z,t) are respectively the commutators for forward and reverse waves, Eqgs.(2.25,
2.26). These outgoing forward and reverse waves also commute with each other at

all points in space:

[FQ(Z,t),Rl(Z',t)] =1 (254)

2.2.5 Field commutator inside a resonant cavity

Because the incident and reflected fields no longer commute with each other at
all times, the field commutation relations inside a Fabry-Perot cavity are changed.
Consider a FP cavity with two reflecting mirrors at z = —L/2 and z = +L/2, with,
for simplicity, the same reflection and transmission coefficients r and t = /1 — 2.
The forward and reverse fields F'(z,t) and R(z,t) inside the cavity can be written
in terms of each other at earlier times, and of the incoming external fields Fy(z, 1)
and Ry(z,t) (Fig. 2-5).

The expressions are (at z=0):

F(0,t) = rR(0,t—T)+tF(0,1), (2.55)
R(0,¢) = rF(0,t—T)+tRo(0,¢). (2.56)

where T' = L/v, is half the cavity round trip time. In the frequency domain, these

equations become

aj(w) = re“Ta,(w)+tasp(w), (2.57)

31

:



}

a(w) = re“Tas(w)+t ao(w). - (2.58)

Solving for as(w) we get

_ tajo(w) +rt e“T a,0(w)

i) 1 — r2exp(i2wT) (2:59)
The commutator can then be calculated:
tooy . (A=r)(w—uw)
lay(w), as(w)] = 1+ r*—2r2 cos(2wT)’ 2i60)

The commutator thus acquires the FP modal structure. In the limit when the
reflectivity r tends to unity, the commutator exists only at the Fabry-Perot modes,
and the usual discrete cavity mode formalism is recovered. The outgoing fields,
however, display the normal, free field, commutation rules (2.25,2.26).

Open resonant structures are usually analyzed in terms of energy eigenstates,
which are obtained by quantizing the classical field modes of the cavity [44,45].
Our approach, where the field is quantized before the boundary conditions of the
structure are imposed, is an alternative to this analysis. The structure imposed
by the cavity on the commutators for the boson field operators may be used in
calculating the modified spontaneous emission rates when an atom is placed inside

a resonant 1-D cavity [46], for example.

2.2.6 Amplification

Following Loudon and Jeffers et al [47,48], the amplification of travelling waves
is modelled using an “amplifying beamsplitter”. This is derived from a general
model for phase insensitive amplification originally based on the inverted harmonic
oscillator, as presented by Glauber [49].

In this model’s simplest form, an optical mode is described by the harmonic

oscillator operators a and a' which satisfy the usual commutation rule
[a,a!] = 1. (2.61)

Amplification is modelled by writing the amplified a operator as

d = ga++/|g]t - 101, (2.62)
a' = gat+ /g2 -18. (2.63)
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Here |g| > 1 is the amplitude gain of the process, with g a c-number, and b and bt are

the inverted harmonic oscillator operators, which also satisfy the boson commutation
rule

[b,b] = 1. (2.64)
The inverted harmonic oscillator is in a thermal state, so that

1

exp(—hw/kT) — 1"
(2.65)

The negative temperature 7' describes the inversion of the amplifying medium. The

<b>=<bl>=0 and & B s i =

commutation rule for the amplified operators a’ and a!’ is seen to be preserved
[a',a"] = lg[*[a, a'] = (Igf* — 1)[b, ] = 1. (2.66)
The energy of the amplified state is
<al'd >=|g|* < ata > +(|g]* — 1)(@ + 1). (2.67)

The last term in equation (2.67) is the mean amplified spontaneous emission energy.

This model is modified slightly so as to apply it to the bandwidth-limited am-
plification of travelling waves. In Figure 2-6, the forward wave Fj(z,t) is incident
to an “amplifying beamsplitter” placed at z = z,. The transmission ¢ and reflec-
tion coefficient r of the amplifying beamsplitter no longer satisfy the usual power
conservation relation t*¢t + r*r = 1. Instead, to provide gain, the transmission ¢t = ¢
becomes larger than 1, and the relation becomes t*t — r*r = 1. A “noise” forward
travelling wave B(z,t) is incident into the other arm of the beamsplitter, and is

combined to the transmitted wave g Fy(z,t). The output wave Fy(z,1):
Fy(2,t) = g Fi(z,t) + /|g*g — 1| B(2,1). (2.68)
The noise field B(z,t) possesses the reverse wave commutation rule:
! ‘ a . !
[B(z,1), B(,t)] = —zhvgﬁé(z —2'). (2.69)
2

If the power gain g*g is made smaller than 1, attenuation rather than gain is mod-

elled: the noise field must then assume forward wave commutation rules. The
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Figure 2-6: ‘Amplifying beamsplitter’ for a forward wave, adding amplification noise

B(z,1).
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commutator of the amplified forward wave Fy(z,t) is seen to be preserved:

[Fa(z,1), Fo(2,t)] = g"g[Fi(z,t), Fa(2,1)] + (9”9 — 1)[B(2,1), B(#',1)]
= ihvg%ﬂz - 2'). (2.70)

The forward wave noise field B(z,t) is synthesized from positive and negative fre-

quency operators b(w) and bf(w) as:

hw

2Ty

Bz, 1) = / dwt {b(w)e ™ t==/v) _ pl(w)et=#/va)} | (2.71)
0

Their commutation rule is
[b(w), b1 (w")] = —6(w — '), (2.72)

when the power gain g*g > 1. The operators b(w) and b(w) thus behave like the
boson operators a(w) and af(w), apart from the negative sign in their commutator
(2.72): b(w) therefore becomes the creation operator, while bf(w’) is the destruction
operator. '

Bandwidth limited gain is obtained by making the gain g frequency dependent, so
that terms involving ¢ in Eq.(2.68) should be replaced by convolutions representing
a filtering process. Convolution becomes multiplication in the frequency domain

leading to:

ap(w) = g(w) as1(w) + V1Ig(w)*g(w) — 1[b(w). (2.73)

The commutator Eq.(2.72) then becomes, in the case of frequency dependent gain:

[b(), BW)] = 8(w—u'), if [g)?] > 1

= —b6(w-u),if lgw)’| <1, (2.74)

so that the output wave commutator is preserved. For a gain |g(w)?| > 1, if the
noise field is to have a ground state, the minimum eigenvalue of the number operator
b(w)bf(w) must be zero, and using the commutation rule Eq.(2.74), the expectation

value of the normally ordered operator bf(w)b(w') is:
< b (w)b(w') >= é(w — w). (2.75)
This noise power is the quantum limit for amplification, and is achievable only when
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the medium is totally inverted. This is not the case in a real laser medium, where !
stimulated emission and absorption rates E(w) and A(w) compete to provide a net |

gain. The noise field B(z,t) is then in a thermal state, with :

E(w)

o) — AWl = el )

< b (w)b(w') >=
This noise power spectral density Eq.(2.76) is valid for both gain and loss. Using !
it together with Eqs.(2.71) and (2.73), the total spontaneous power added to the

amplified wave is found to be |

Vg /:0 ;l—: hw (g*(w)g(w) — 1) Ngp(w). (2.77)

This “spontaneous emission” noise power is determined by the amplifier gain and
the inversion of the amplifying medium, through the requirement of the preservation
of commutation rules. It agrees with the power derived by Henry [27] for laser
amplifiers, and which has been used by some workers to analyze lasers [22]. When
this amplifier model is used to analyze laser structures, the quantum mechanical
treatment already takes into account the “longitudinal excess spontaneous emission

factor”, so linewidths of arbitrary laser structures are straight-forwardly obtained.

2.2.7 Computing averages of quantum operators

To compute the averages of the quantum mechanical field operators, the Glauber

function is used. The Glauber function is a classical distribution function which

represents a quantum mechanical state of a harmonic oscillator. All the quan-
tum mechanical averages of the oscillator’s operators can be calculated from this |
distribution: these averages are the classical expectation values of the variables
corresponding to the operators. ‘1

Consider a harmonic oscillator, of resonant frequency w. The position = and the ‘

momentum p for the oscillator, obey Heisenberg’s uncertainty principle: |
<Az >< Ap >>h. - (2.78)

The position and momentum cannot therefore be classical variables. In order to
enforce Eq.(2.78), = and p are operators which do not commute: it becomes im-
possible to set up a state of the harmonic oscillator for which the uncertainty in

momentum and position is less than in Eq.(2.78). ”Destruction” and ”creation”
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operators a and a' can be defined as linear combinations of p and z. They contain

the same information as p and z, they also do not commute with one another, and
their averages are in general complex: they are similar to the classical phasor de-
scription of the Harmonic oscillator. A quantum mechanical state can be described
completely by specifying the averages of all combinations and powers of a complete
set of operators, like (z,p), or (a,at) (for example, by knowing all the expectation
values < a(a®)™ >, m,n = 0,1,2...). The Glauber function describes the state
of the oscillator by a real distribution P(a). The expectation values for a and a'
are then simply the classical averages for a@ and a*. Two examples are shown in
Fig. (2-7). The Glauber function corresponding to a coherent (”classical”) state is
a 6-function, and is like our view of a classical harmonic oscillator state, with  and
p well defined. In contrast, the Glauber function for a thermal state has a Gaussian
distribution, with zero mean: the mean values of = and p are zero, but < z? > and
< p2 > are non Zzero.

For a single boson system described by the destruction and creation operators a
and a', the quantum mechanical expectation value of an operator M(a,a') at time

t is computed by evaluating its trace with the density matrix p(t) of the system:
< M(a,a’) >=tr [p(t)M(a,da')] . (2.79)

The coherent states
la >= e*@'=2"|0 >

are the eigenstates of the destruction operator a: ala >= ala >. While the coherent
states are not mutually orthogonal, they form a complete set. The completeness

relation for the coherent states is [10]:

d2
/Ta|a ><a|=1, (2.80)

where the integration is over the whole complex plane. The density operator of the

system is expanded as a power series of a and a' in antinormal order:

p(t) = chm (t)a"al™. (2.81)
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A: Coherent state B: Thermal state

15
0.94

Real(alpha) Imag(alpha) 2 -2 Real(alpha)

Figure 2-7: Glauber function for:
A) A coherent state (the distribution is a delta-function, §(a — ag)6(a* — af)).
B) A thermal state (the distribution is Gaussian with zero mean).
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Using the completeness relation (2.80) gives
= o<
dz
*7M
f — 2 cam(B)ea e >< of
n,m

= /d2a P(a, " t)|a >< «of, (2.82)

p(t)

where

P(a,a,t) chm(t)a" e (2.83)

is the Glauber function for the oscillator. Provided the operator M(a,a') is ex-

panded as the normally ordered power series:
N =" Mjalia*. (2.84)
ik

Eqs.(2.79) and (2.82) express the quantum mechanical average < M (a,al) > as
< M(a,at) > = tr(Z/—P a, o, t) Mra*|a >< ala“)
= tr<Z/—P a, o ) Mipa® of|la >< a])

= /ﬂP(a a*, t)M(a, a”), (2.85)

T

where the function M(e, a*) is

M(a,a*) = Z Mjra*ioF.  (2.86)
ik

Thus, by expanding the density operator in terms of the coherent states |a >,
a quantum mechanical average of a normally ordered operator is expressible as a
classical average of a function M(a, a*) over a quasi-probability function P(c, a*,1).
The Glauber function P(a,a*,t) replaces the density operator p(¢). Under the
influence of coupling to external systems, and indeed following the free motion of the
boson system itself, the Glauber function P(a,a*,t) evolves in time. The equation

of motion for P(a,a*,t) is generally a Fokker-Plank equation [10], with drift and
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diffusion coefficients which govern the way in which the quasi-probability function is
altered in time. We may then use the Langevin formulation equivalent to the Fokker-
Plank process, where a(t) and a*(t) follow stochastic, noise driven equations of
motion. The quantum average, expressed as an integral in Eq.(2.85), then becomes
the stochastic ensemble average < M(a(t),a*(t)) >, which is more suitable for
computation purposes.

We use the Glauber function, in preference to the Wigner, or Q-functions [10],
because we are primarily interested in averages of normally ordered operators, such
as the optical power, which does not include the contribution of the vacuum fluctu-
ations. The use of the Wigner or the Q-functions, (Which give averages of symmetri-
cally and antinormally ordered operators respectively) would require the subtraction
of the vacuum fluctuation energy, proportional to the modelled bandwidth.

In our model, as the fields pass from one “free” section to another, through
amplifiers and reflectors, their properties are altered. The z-axis is split into n “free”
sections, and within each free section, the boson frequency operators of the field are
used in the same way to define a Glauber P-function for the forward and reverse
travelling waves. First, continuum coherent states are defined [39], for forward and

reverse waves, within the k-th “free” section:

[{ask(w)} >= exp{/dw (afk(w)a}k(w) ~ afk(w)*afk(w))} 0>,  (2.87)
and
{eark(w)} >= exp{/dw (a,k(w)alk(w) — ark(w)*a,k(w))} |0 >, (2.88)

where afr(w) and a,x(w) are arbitrary functions defined for w > 0. The Glauber P
function, already used for fields with an infinite number of discrete modes [50], is

extended to continuum fields by expressing the density operator as

P = /P({afl(w)}a{arl(w)}v'w{afn(w)}a{arn(w)}) X

Hen(@)} > Ham(@)} > ... {agm(w)} > {am(w)} > x
<Aam(@)} <{apm@)}... <{an(W)} < {an(@)} x

I d{esn(w)}d{am(w)}. (2.89)
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The integrations are now over all possible functions asx(w) and a,x(w). Averages of
normally ordered field operators, such as the forward wave momentum Eq.(2.48) in

the spatial section k,
§t(z,1) = ;/ dw/ dw' Wa}(w')af(w)ei(t_z"/"9)(“_‘”'), (2.90)
T Jo o

can then be expressed as the classical average:
<8 (zk,t) > = /P({aﬂ(w)}, {on (W)} {agm(w)}, {am(W)}> X

St (Tan() )Hd{afk }d{cnr(@)}, (2.91)
where the function S(tk’t) ({afk(w)}) is

h * ® * i(t—z/vg)(w—w'
St ({afk(w)}) ~ o /0 dw/o dw' Vil ag(w')*app(w)e =) =) (2.92)
This classical average Eq.(2.91) is replaced, in the Langevin formulation of the prob-

lem, by the stochastic ensemble average

<S*at)> = <8ty ({an@)}) >
= _h_ dw/ dw' Vo' < opp(w') opp(w) > ei(t=2/vg)(w-w')
0 0

2
(2.93)

The single mode variables «(t) and o*(t) mentioned above followed stochastic equa-
tion of motion describing their time evolution. In contrast, the functions ax(w) and
a,(w), which describe the field for all times in the different spatial sections k, are
now related to each other by stochastic relations as one progresses from one section
to the next, backwards and forwards, for example through an amplifier.

The frequency domain functions a sx(w) are not convenient for computation and

one requires the forward and reverse complex fields, which from Eqs.(2.4§,2.47), now

F(zk,t) / dwz”

become

w) exp(—tw(t — zx/vy)), (2.94)
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w) exp(—tw(t + 2z /vy)). | (2.95)

Rt = [ dmf

The quantum average < S*(z,t) > is then the stochastic ensemble average
< S+(zk,t) >=1v, < F (2, ) F* (25, t) > . (2.96)

Within each free section, the complex fields propagate in time at the velocity v,,
and are partially reflected at facets, or are amplified and added to noise as they
traverse amplifiers.

In the Glauber representation, the complex wave which represents a travelling
field in its vacuum state is identically zero. Thus, provided the thermal contributions
of the external field to the laser are neglected, no noise need be introduced at the
reflecting facets. In contrast, use of the Wigner or Q-functions would require suitable
modelling of the influx of the external vacuum fields into the laser by Gaussian noise

sources.

2.3 Field and electron population fluctuations

We derive here the equations of motion, and the correlations for the noise sources,
of the fields and electron populations in the laser. We first look at a single-mode
laser model which uses the Glauber function to represent the optical mode, and we
examine the correlations between the various noise sources used. We then extend
this stochastic model of amplification in order to apply it to gain for travelling waves.

We take a simplified model of a semiconductor, with N, degenerate states in
the conduction band, and N, degenerate states in the valence band. There are n,
electrons in the conduction band, together with n, electrons in the valence band.

Charge neutrality requires
ne+ Na= N, — ny, (297)

where N, is the number of (ionized) acceptor atoms. N, — n, is the number of
holes in the valence band. The rate of spontaneous and stimulated emission is

proportional to
gF nc(Nu - nu), (298)

while the rate of stimulated absorption is proportional to gI'n, (N, —n.). This makes
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the net gain proportional to

Tic Ty

gI‘NCNU(N A

), (2.99)

where g is the material gain constant and I is the optical confinement factor. Using
the charge neutrality expression (2.97) the net gain Eq.(2.99) can be rewritten as
b(n. — ny), where the gain constant b is b = g(N. + N,), and the transparency
carrier density ny; is ny = N;(N, — N4)/(N: + N,). Intraband scattering occurs on
a femtosecond time-scale, and the models developed by Lax [24], Louisell [10] and
Haken [9], using distribution functions, for homogeneously broadened laser media

are applicable.

2.3.1 Derivation of the laser noise sources using distribu-

tion functions

Lax [24], Louisell [10] and Haken [9], in their laser model, use distribution functions
to replace the laser operators a, at for the field, No, Ny, M and M for the atomic
population inversion and dipole moments, with the classical variables «, a*, Ny, N,
M and M*. The complete derivation of the equations of motion for these classical
variables is somewhat long and involved. As their results are used, a brief outline
of their derivation is given here.

The system they consider consists of an optical mode of a resonant cavity, and
a number of “atoms” which have an excited and an absorbing level which couple to
the optical mode (see Fig. 2-8). To this system are added two “reservoirs” which
provide, respectively, loss for the optical field, and disturbance for the atoms (causing
recombination, and dephasing of the atomic dipole moments).

The evolution of the system is determined by the standard Hamiltonian [51]:
H = hwa'a + hwo(Ny — Ny) + hé(atM + aM) + Ho + Hy, (2.100)

where § is the dipole strength, Hp is the contribution of the reservoir for optical
loss to the Hamiltonian, and H, is the contribution of the reservoir which causes
atomic recombination and dephasing of the dipole moments. These reservoir terms
contain a large number of operators describing the quantum state of the reservoir,
corresponding for example either to the modes of the external electromagnetic field,
or to the modes of thermal vibrations which disorder the atomic dipole moments. It

is the large number of degrees of freedom possessed by the reservoirs which enable
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‘Upper atomic level: N,
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Lower atomic level: N,
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for atoms Reservoir
(phonons...) (escaping power)

Figure 2-8: System considered by Lax et al to derive the laser noise sources.

the irreversible processes like damping to be simulated.

The Schrodinger equation, or the Heisenberg equations of motion could be used
with the Hamiltonian to determine the evolution of the quantum state describing the
laser, but the immense number of degrees of freedom, together with the complexity
of operator algebra, prevent this in practice. Furthermore, the degrees of freedom
corresponding to the reservoirs are of no interest to us. To eliminate these degrees
of freedom, some statistical assumptions are made concerning the reservoir.
Because of these statistical assumptions, the wavefunction of the system cannot
be used, as it can only describe a system in a known “pure” quantum state: it em-
bodies the fundamental uncertainty between momentum and position, for example,
but cannot also describe statistical uncertainties due to our incomplete knowledge.
The density operator for the system must be used instead, as it embodies both sta-
tistical and quantum uncertainties. Reservoir theory considers the density operator,
describing the total system (reservoir plus atoms and field), in terms of a reduced
density operator for the field and atoms, plus another part, which describes the state
of the reservoir. The part of the density operator describing the reservoirs can be
eliminated with appropriate statistical assumptions, and an equation of motion for

the reduced density operator p(t), which describes only the field and atom operators,
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is obtained. This Master equation is an operator equation of the form:

P(t) - %[P, HI] T (%?)Field T (%) Atoms, (2101)

where the square brackets denote the commutator [a, b] = ab — ba, H; contains the
first three terms of the Hamiltonian Eq.(2.100), and the other two terms describe
the effects of the reservoirs such as loss, and contain the system operators a,a etc...,
as well as the density operator p(t). Some of the operators can only be represented
by matrices of infinite dimensions, and so, this Master equation cannot be solved
directly either analytically, or numerically.

The method of distribution functions replaces the density matrix by a classical
distribution of variables «, a*, Ny,etc... This distribution P(a, a*, N, N2, M, M*,t)

is the Fourier transform of the characteristic function:

X(mn* v, va, gy p*,t) = < p(t) exp(in*al) exp(ip* M)
x exp(ivyNy) exp(iva Ny) exp(ipM) exp(ina) >,
(2.102)

where the “< .. >” denotes expectation value. The rate of change dy/dt is obtained
by replacing p(t) by p(t) using Eq.(2.101). The resulting equation of motion for the
distribution function P(t) is a Fokker-Plank equation containing terms like

e — o Mexp( 0 |1 (2.103)

oMy
where « is the damping rate for the field. The exponential terms are simplified by
using a power series expansion. The Fokker-Planck equation can then be replaced

by the equivalent set Langevin equations [24], one of which is:
&= —%a(t) + uM + Go(t), (2.104)

where G,(t) is a white noise source, which causes « to diffuse in the same way as

derivatives like 02 P/(8ada*), in Eq.(2.103), cause the distribution to spread in a.
Assuming a homogeneously broadened medium, so that the atomic dipole mo-

ment is disturbed on a time scale much shorter than the rates of change for the

field and carrier number, the dipole moment can be eliminated, and the following
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Langevin equations of motion are obtained:

a(t) = %(/\f2 —Na— %az + Fa(t), (2.105)
Na(t) = D —g(Na—M)a"a— NJm + Fia(t), (2.106)
Ni(t) = Ny/ra1 — g(Nz — My)a*a — Ni/7y + Fra(t), (2.107)

(2.108)

where 71, 75 and 79; are carrier lifetimes for the populations Ny, N, and non-radiative
recombinations from N, to N;.

The noise correlations are:

< F,)Fit) > = gNb(t—1t'), (2.109)
< Fna(t)Fno(t') > = (D’ + No/72 + g(N; — Nl)a*a)6(t - t’)_, (2.110)
< Fy()Frna(t) > = gNaad(t —t). (2.111)

2.3.2 Rate equations for semiconductor

Using the results of Louisell, Lax and Haken, we derive the following equations of

motion for the laser variables:

g N, ((ne/No) — (mo[NL)) =7

§ = ; o+ Foft), (2.112)
L NcNu((nc/Nc; — (m/ V) - L o)
e = D—ngfre— gl Nch((nc/Nc) —~ (n,,/Nu)) ara+ Fy (t) - (aFa*(t) +

a*Fa(t)), (2.114)
P (2.115)

Here g is a lumped gain constant, v is the field damping rate equal to the inverse of
the photon lifetime, D is the drive term due to the supply current, while 7. is the
conduction band electron lifetime (for simplicity, quadratic and cubic recombination
rates are neglected here).

The noise sources F, and F,_ are uncorrelated, Gaussian, white noise sources,

with the following correlation functions:
< Fo(t)Fe(t') > = gL ne(N, —n,) 8(t—1t'), (2.116)
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< Fy(t)Fa(t') > = 0, - (2.117)

< Fo (O)Fn(t) > = {D’-I—nc/Tc— g Nl ((ne/Ne) = (na/ V) ) o

— g ne(Ny —nu)}(?(t—t'). (2.118)

In Eq.(2.118) above, D’ is the magnitude of the drive current fluctuations, and de-

pends on the current injection conditions. In this work the drive current is injected

from a high impedance current source, and the value of D’ will be specified below.

The field noise, according to Eq.(2.116), is in the Glauber representation, propor- |

tional to the rate of spontaneous emission, Eq.(2.98). The total electron noise is {
|

from Eq.(2.114):
Fa(t) = F,.(t) - (a(t)Fa.(t) n a*(t)Fa(t)). (2.119)

Due to correlations between «(t) and Fy(t), the second term above has a negative
D.C. component, equal to —gn.(N, —n,), which represents the average spontaneous
emission rate. Subtracting this D.C. component gives a zero mean noise F,, (t), whose

correlation function is seen to be

< FI(t)F.(t") >= {D'.—I—nc/Tc-l—gF no(Ny—ny){|e?|+1}+gT nU(Nc—nc)|a2|}5(t—t').

(2.120)
The terms in this equation (2.120) are recognized as the usual shot noise contribu-
tions due to drive, recombination, stimulated & spontaneous emission and stimu-
lated absorption. If we set v = 0 in Eqgs.(2.112, 2.113), so as not to include facet

losses, we see that

dit(aa*) = gI' NeNy(ne/Ne — o [Ny + a(t) Fos () + o7 () Falt), (2.121)

The carrier rate equation can then be written

ne=D —n.[1.+ F, (t) — dit(aa*) - (2.122)

where the only noise source is F, (t). In the Glauber representation, correlations
between the carrier and field noise sources can thus be accounted for by subtracting
the rate of change of field energy aa*, from a carrier rate equation with only drive

and recombination terms.
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This single mode model is extended to model amplification of travelling waves:

the laser is divided into a number of longitudinal sections, and in each section we

use two “amplifying beamsplitters”, discussed in section 2.2.6, to provide gain to
the forward and the reverse travelling fields as they propagate along the cavity. The
carrier concentration is-assumed to be uniform within one section, and it determines
the gain for the two “amplifying beamsplitters”.

The operator equation Eq.(2.73) describes amplification of a travelling wave. The
noise field B(z,t), with frequency domain operators b(w) and bf(w), is in a thermal

state. Equation (2.76) gives the expectation value < bf(w)b(w’) >:
< bl(w)b(w') >= ngp(w)é(w — ). (2.123)

The Glauber function P(a,a*) for a single mode thermal state with < ata >= 7 is
a Gaussian distribution with < a >=< a* >= 0 and < aa* >= n. Accordingly, the
noise field operators b(w) and bf(w) are represented by the set of complex numbers
B(w) and f*(w) which are Gaussian distributed with

< B(w)B* (W) >= ngp(w)b(w — w'). (2.124)

The positive frequency noise operator B¥(z,t) will therefore be replaced, in the

Glauber representation, by the Gaussian distributed complex noise field

t) dw 1/ )eiw(t=2/vq), 2.125
(= / ! 27rvg ( )

The Glauber representation equivalent of Eq.(2.73) is, in the frequency domain:

ap(w) = g(w) an() + VIgw)g(w) — 1|Bw). (2.126)

In the time domain, Eq.(2.126) becomes
Fa(z,t) :/ dr ¢'(1)Fi(z,t — 1) + B'(z,1), (2.127)
0

where ¢'(7) is the impulse response of a causal filter which implements the fre-

quency response g(w), and B’(z,t) is the total noise added to the amplified wave
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(the reflection of the beamsplitter being now included):

B'(z,t)=/ dw 1 s
0 2

s

L: Vig)yg(w) = 1fw)e ==/ (2.128)

This equation (2.127) is the travelling wave equivalent to the single mode equa-
tion (2.112) integrated over time At = AL/v,, where it is assumed that during the
time short At, the gain stays constant. The injected noise B’(z,t) thus corresponds
to the single mode “spontaneous emission” noise Fy(t) in equation (2.112).

The carrier population is also subject to fluctuations during the amplification
process. In a given section where the carrier concentration is n., the material
stimulated emission is proportional to £ = g¢T' n.(N, — n,), while the stimulated
absorption is proportional to A = ¢I' n,(N, — n.), where charge neutrality requires

ne + Na = N, — n,. This gives the material a net gain constant
E — A = gT'(n.N, — nyN;) = b(n. — ny),

and the amplitude gain for a travelling wave, at centre gain frequency w,, along a

section length AL is set equal to
g(w,) = exp (br(nc _ nt)AL/2). (2.129)

The rate R(t) at which photons are emitted by the material, equals the photon flux

of the outgoing amplified waves, minus the photon flux of the incident waves:
R(t) = vg{lfz(zo,t)2| + [Ra(20,1)*| = |F1(20,1)°| = IRl(zo,t)zl}/ﬁwo- (2.130)

If this rate R(t) is subtracted in the carrier rate equation for the laser section, as for
the single mode case in equation (2.122), no other carrier noise sources correlated
with the wave noise fields are needed.

Looking again to the single mode model of Eqs.(2.112—2.115), we see that the

carrier rate equation must be
fe = D —ng/7. + Fa,(t) — R(2). (2.131)

The carrier noise F, (t), which corresponds to F, (t) in the single mode model, is

uncorrelated with the optical field noise B(z,t). Its spectrum can be determined
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by requiring that the total carrier noise, including contributions hidden in the term

R(t), be the usual shot noise expression, as given by Eq. (2.120). We obtain a noise

source with the correct spectrum at low frequencies by taking
< Fp () B, (1) »= {D' + Tene — R(t)}&(t —t). (2.132)

Again, the factor D', in Eq.(2.132) above depends on the current injection condi-
tions. For a long time, the drive fluctuations were assumed to be Poissonian [10, 24],
and so D' = D was used. As pointed out by Yamamoto et al [33], the assumption
of Poissonian current fluctuations is often misleading. Further work [33,52] shows
that the drive circuit helps to determine these fluctuations. One result which is used
here, is to assume that the internal resistance Rg is much higher than the differ-
ential resistance R of the laser diode. The injection current fluctuations are then
caused by the thermal noise of the drive impedance, and it is appropriate to take
D' = 2kpT/Rs instead of the shot-noise value D' = D.
With an appropriate drive circuit, sub-shot noise drive fluctuations may be ob-
tained as demonstrated by Yamamoto et al [33,52] generating squeezed-states from !
laser diodes. Here this requires D < D’ leading to a non-physical negative noise |
correlation in Eq.(2.132). It is then found that the Glauber distributions become
singular, so that squeezed light cannot be simulated in our model. Simulations of
squeezed light would require Wigner or Q-functions, which in turn would require
altering the amplification noise and adding noise sources at the laser facets, or else

the use of the positive-P function, which is the subject of chapter 7.

2.4 Conclusion: theory for the quantum laser

model

The theoretical basis of a large signal travelling wave model for laser diodes has been
presented.

The quantum mechanical treatment of the laser determines the noise sources
in a consistent way, so that the fluctuations of the fields are simulated accurately,
including effects like the excess spontaneous emission factor. Both intensity and
phase noise are calculated correctly by using the Glauber distribution to simulate
the quantized optical fields.

As indicated by the quantum theory, the model presented in this chapter cannot
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simulate intensity squeezed light. This will be left for the extension of the model

presented in chapter 7.

2.5 Appendix A: Treatment of the optical field
dispersion

The dispersive field equations are transformed here into dispersion-less equations

of motion which can be quantized. We start with the 1-D Maxwell equations

(2.133,2.134):

we(w)E(w,z) = —,uioa@_]:’ (2.133)
wB(w,2) = —aa—lj. (2.134)
Defining
Fllw,2) = i% (E(w, z) + vy(w) B(w, z)) ; (2.135)
R'(w,2) = 2;21():;) (E(w,z) — vp(w)B(w, z)) ¥ (2.136)

these Maxwell equations also describe the propagation in a laser waveguide, assum-
ing single transverse mode operation, as discussed in section 2.2.1.

The choice of the normalization constants above will be justified later. Using
Eqs.(2.133,2.134) and the refractive index defined in Eq.(2.8), we get the following

equations of motion for the forward and reverse waves:

W my—ng\ __oF

(vg + W, —— ) Fllw,2) = 5 (2.137)
W np =g\ o _ OR

(vg + 1w, . ) R(w,z) = 5 (2.138)

We now define new forward and reverse field variables through:

F(w,2) = F'(w,z)exp(iAkz), (2.139)
R(w,z) = R'(w,z)exp(—iAkz), (2.140)

where we make the wave-vector Ak equal to w,(n, —ny)/c. The equations of motion
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for the “translated” variables are now:

wF(w,z) = —vg%g, (2.141)
wR(w,z) = vg%g, (2.142)

which are equivalent to Eq.(2.11) in the time domain.
We will need to have an expression for the field energy associated with the
travelling waves to quantize the fields, so first we determine the energy flux in terms

of the new variables. The energy flux is given by the Poynting vector S(z,1):

S(2,1) = ~E(z,)B(z,t).  (2.143)

(o]

Using Eqgs.(2.135,2.136), we get

2€41,

E(w,2) = Up(w) (F'(w, z) + R (w, z)) , (2.144)

1

2ev 05

B(w, 2)

® (F'(w, z) — R'(w, z)) , (2.145)

from which:

S(z,t) = i 27r/ T 2egvg %(F'(w,Z)F’(w’)Z)—R/(w,Z)R’(w/,Z)

+ F'(w,2)R(W,2) — F'(u',2) R (w, z)) exp (i(w + w')t). (2.146)

Integrating the Poynting vector over all time, we get:

/_: S(z,t)dt = w, /00 ;lj: ([F'(w 2)|? — |R/(w,z)|2>

_ / " (F’(z,t)2 - R’(z,t)2>. (2.147)

This suggests that the forward and reverse wave momenta can be written respectively

as

vg/ dt F'(z,t)* and —vg/ dt R'(z,1)%. (2.148)

[ee]

In a medium with dispersion, the ratio of energy flux to the total energy density is
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whF(w,z) = —vg%—f—, (2.141)
wR(w,z) = vg%, (2.142)

which are equivalent to Eq.(2.11) in the time domain.
We will need to have an expression for the field energy associated with the
travelling waves to quantize the fields, so first we determine the energy flux in terms

of the new variables. The energy flux is given by the Poynting vector S(z,1):

S(2,1) = —E(z,)B(z,t). (2.143)

(o]

Using Eqs.(2.135,2.136), we get

Bw,z) = /2% )<F( w, )+R’(w,z)), (2.144)

2€,0,

Blw.2) = m(F'(w,z)—R'(w,z)>, (2.145)

from which:

st = o [ / M(F’(w,z)F’(w',z)—R’(w,z)R’(w',z)

o 2egvg vp(w'’)

+ F'(w,2)R (W, 2) — F'(, 2) R (w, z)) exp (1(w + w')t). (2.146)

Integrating the Poynting vector over all time, we get:

/—00 S(z,t)dt = v, /_00 ;iw (|F’(w 2)|? — |R (w, z)|2)

= v, / ” dt (F'(z,t)2 - R’(z,t)2> : (2.147)

This suggests that the forward and reverse wave momenta can be written respectively

as

Vg / dt F'(z,t)* and — v, / dt R'(z,t)%. (2.148)

In a medium with dispersion, the ratio of energy flux to the total energy density is
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the group velocity v, [53], so that the field energy will be:

H(t) = / dz (F’(z, t)? + R/(z, t)2> , (2.149)
or, in terms of the translated fields F(z,t) and R(z,t) (the exponential phase factors
in Eq.(2.139,2.140) cancel out):

H(t) = / dz <F(z,t)2 + R(z,t)z). (2.150)
The normalization factors in Eqgs.(2.135,2.136) were chosen so as to give this simple
expression for the energy density. In terms of the italicized fields of Eqs.(2.12,2.13),
the energy in Eq.(2.150) can be written:

H(t) = /_w dz %(egE(z,t)2 + —1—B(z,t)2). (2.151)

o0 Ko
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Chapter 3

Time-domain implementation of
the model

This chapter presents the implementation of the laser theory described in the pre-

vious chapter. The progression followed is:

1.) This laser theory is implemented numerically as a time domain model, for

Fabry-Perot lasers.
2.) The model is extended to DFB lasers.

The resulting large signal model takes into account longitudinal spatial hole
burning, multimoded behaviour, and gives a quantum treatment of linewidth and

intensity noise.

3.1 Fabry-Perot lasers

In the previous chapter, a theoretical framework in which complex travelling waves
F(z,t) and R(z,t), experience gain as they flow past a number of gain centres
in their trip around the laser cavity has been described. This section considers the
implementation of this theory using a time domain algorithm, for Fabry-Perot lasers.

The electron populations of each gain centre change according to the rate equa-
tions Eq.(2.131) derived above. For computation, these travelling waves F(z,t) and
R(z,t) are sampled at a fixed interval Az along the cavity. The interval Az is re-
lated to the simulation time step At through the group velocity v, : Az = v,At, so
that the sampled wave values F,, and R, at z = nAz are moved at the next time

step to Fr41 and R,_1, at points z = (n + 1)Az and z = (n — 1)Az respectively.
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Figure 3-1: Travelling wave laser model showing four gain centres and six field
sampling points along the length of the cavity.

Following Lowery [21], Sub-Nyquist field sampling is used to save computing
time. In a laser, we are only interested in the field within a bandwidth B around
the nominal laser frequency fy. Outside this bandwidth, the gain and spontaneous
emission spectra ensure that the field power is comparatively very small. We focus
on this bandwidth by artificially shifting the spectral response of the laser down,
from the nominal laser frequency, fo, to zero frequency f = 0. Provided that we
then keep the sampling time At small enough, so that the Nyquist bandwidth 1/At
covers the bandwidth B, we will obtain a faithful picture of the real laser spectrum.
To achieve this shift in frequency, both the Fabry-Perot cavity response, and the
semiconductor material response must be shifted down to zero frequency.

The frequency response of an empty Fabry-Perot cavity is a periodic function,
the period being the mode separation, so that no changes to the cavity structure
have to be made. The modelled semiconductor material’s gain curve is translated
down from fy to zero frequency. Because complex fields are used, twice as many
Fabry-Perot modes (spacing 1/2NAt) lie inside the modelled bandwidth 1/At as
the number of sampling points N along the cavity.

Figure 3-1 shows a schematic view of the model: the gain centres are separated
from each other by a small number of sampling points, so that typically 50 sam-
pling points and 10 gain centres are used along the cavity. This generally gives a
sufficiently accurate longitudinal carrier density profile. The separation between the

gain centres is AL.
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3.1.1 Modelling the gain curve

The frequency dependent gain is modelled using a digital filter. There is trade-oft
between an accurate modelling of the gain peak, requiring complex digital filtering,
and a short computation time achieved using a very simple filter. One such simple

gain filter is the first order Infinite Impulse Response (IIR) filter implemented by

Yn = g(1 — [7])2n + 1Y (3.1)

where z,, and y, are the sampled inputs and outputs respectively, g is the peak gain,
and « is a complex parameter, |y| < 1, the amplitude of which controls the width
of the gain curve, and whose phase controls the peak frequency of the filter. The
power gain and the associated phase change of the filter transfer function G(w) is
shown as a function of frequency in Fig. (3-2), for ¥ = 0.7 and ¢ = 1. The phase
change is a consequence of the causality of the filter, whose output only depends
on inputs at previous times. The relationship between the power and the phase is
consistent with the Krammers-Kronig relation linking the real and imaginary parts
of the refractive index. It can be expressed as: the real and imaginary parts of G(w)

form a Hilbert transform pair:

© Re{G(w)}

w—uw'

Sm{G(w)} = H(%{G@)}): W (32

The effect of the this phase change is to introduce dispersion in the model. This
results in a variation in the separation of the Fabry-Perot modes across the modelled
bandwidth. This effect is generally small (less than 1%) for typical modelled gain
curve widths.

The parameters for the digital filters can be determined from numerical fitting
of an experimentally measured or a calculated gain curve. Figure (3-3) shows a
calculated gain curve for GaAs material, and the dashed lines represent the modelled
bandwidth.

The gain curve shown is for a temperature of 300K, with a carrier density of
2.5%10'®cm 3, assuming momentum-conserving electron-hole recombinations, using
the method described in [54]. The numerical fit of the time-domain model filter to
this gain curve is shown in Fig. (3-4). The digital filter used had a transfer function
of the form AB

— Bz
Tfz)= "D, (3.3)

For Fabry-Perot lasers, a good fit around the peak of the gain curve is required to
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Figure 3-2: Power gain and phase change for the first order IIR digital filter in
Eq. (3.1), with g =1 and v = 0.7.
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Figure 3-4: Calculated gain for one section for GaAs material (solid line), and best
fit to a digital filter with one pole and one zero, over the modelled bandwidth. A
300um long laser with 60 modelling sections is assumed, and the carrier density is
2.5x108cm 3.

simulate a realistic spectrum. As seen in Fig. (3-4), this can generally be obtained
because the shape of the gain curve away from the peak has little effect on the
spectrum, so that the accuracy in these regions can be sacrificed. Higher order
filters can be used if greater accuracy in the gain curve is of importance.

In a semiconductor material, changes in the carrier density cause changes in
the refractive index, as well as changes in the gain. If the gain filter faithfully
reproduced the semiconductor gain spectrum, then causality would ensure, through
the Krammers-Kronig relationships, that the correct refractive index changes would
also be modelled. However, the gain spectrum of a semiconductor material is too
complex to reproduce faithfully with a simple digital filter. Considering the simple
filter in Eq.(3.1), where the gain is determined by the parameter g, we see that
the phase shift in fact does not change with changing gain: ¢ is simply a scaling
parameter with no frequency dependence. The refractive index variations, which
are important in determining the performance of laser diodes, must therefore be

determined differently. Following Lowery [55], a carrier-density dependent phase
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change is introduced in the model. ,
Rather than using the transmission-line stub technique used by Lowery [55], the
complex field representation used here enables the refractive index changes to be
included by multiplying the complex wave amplitudes by a phase shift exp(i¢) after
each gain filter. The phase shift ¢ is calculated from the carrier density n. and
Henry’s linewidth enhancement factor ay [25]. The alpha factor is the change of

the real part of the refractive index, over the change of its imaginary part:

Re(dn/dn.)
_ <) 4
o Sm(dn/dn.) 54
The complex amplitude gain is therefore
VG exp(id) = exp(bI'(n. — ni)AL/2 + id) = exp(inkAL) (3.5)

where k is the wave vector. The real and imaginary parts of the refractive index
are, from Eq.(3.5),

Sm(n) = —b[(n, — n;)&E/2k and Re(n) = ¢/kAL (3.6)

This gives the differential changes as

gm(j” ) = —bTAL/2k and (3.7)
e
d d
Re( d:c) = aHerm(d:c) = —aubT'AL/2k (3.8)
The phase shift is finally
¢ = —agbTALn,/2 (3.9)

The spontaneous emission noise B'(z,t) as given by Eq.(2.128) is obtained by passing
complex Gaussian white noise with independent real and imaginary parts through

a filter with a power spectral response

9n(w) = hwngp(w) {lg(w)*| - 1} (3.10)

We approximate this by filtering Gaussian white noise with a Lorentzian digital
filter.

The carrier rate equation (2.131), integrated over the timestep At gives the
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Laser Parameters

Cavity length L 300 pm
Active region width w 5.0 pm
Active region thickness d 0.1 pm
Gain-slopex confinement fac. ' 1.5%107'¢  cm?
Inversion parameter at n;h Nsp 2.9

Transparency carrier density —n;  1.5%10® cm™
Gain-refractive index coupling oy 5.0

Free space wavelength A 850 nm
Phase refractive index n, 3.5
Group refractive index ng 4.0
Gain curve FWHM AF 3.5 THz
Facet power reflectivity R 03
Carrier lifetime ™ 4.0 ns

Table 3.1: Parameters for the modelled Fabry-Perot laser.

change in carrier density:
Ang(t) = (D _Tun. — R(t)) At + Ga(t) (3.11)

G, (t) is the noise obtained by integrating F, (t) over the timestep At, and is Gaus-

sian with mean square
< Gu () o= {D + lene — R(t)}At (3.12)

3.1.2 Modelling results for Fabry-Perot laser

Some modelling results are presented here to illustrate the capabilities of the time
domain model. A Fabry-Perot index-guided laser diode is modelled, and unless
specified otherwise, the parameters used are given in Table 3.1.

Ten gain sections were used along the cavity to show electron density variations
and spatial hole burning. The travelling waves are sampled at 50 points along the
cavity, making the modelled bandwidth equal to 100 Fabry-Perot mode spacings.

The laser threshold predicted by the model is 10.5 mA.

Consider first the dynamic laser operation: the output power of the laser during
a step change in drive current from 10 to 20 mA is shown in Fig. (3-5). The
considerable ringing which is shown exists because the gain compression has been

left out for simplicity.
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Figure 3-6: Optical spectrum for a gain switched pulse, showing three Fabry-Perot
modes broadened by chirp.

The dynamic optical power spectrum is obtained by taking a Fast Fourier Trans-
form spectrum of the complex field amplitude, and the spectral resolution is then
limited by the sampling time. Figure (3-6) shows the spectrum of the first pulse
of the transient of Fig. (3-5). Three Fabry-Perot modes are seen to be significantly
excited, which are considerably broadened due to the frequency chirp caused by the
large changes in carrier density. Steady state laser operation is examined by running
the simulation until the initial transients have died away: Figure (3-7) shows the
steady state electron density for a drive I; = 20 mA, together with forward and
reverse optical fluxes inside the cavity. Spatial hole burning occurs near the facets
where the optical power density is largest. An important parameter, the CW optical
spectrum is evaluated by starting the FFT of the output, once the initial transients
have died away. Arbitrary resolution of the spectrum can be achieved by sampling
during a sufficient time, and simulation noise must be reduced by averaging together
the spectra obtained from different runs. If only every n data points are recorded to
save computer memory, care must be taken to avoid aliasing. The spectrum is fitted

to a Lorentzian curve to determine the linewidth. For a linewidth around 20 MHz,
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a spectrum with a resolution of around 5 MHz is needed: a simulated time of 0.2
ps is required which takes 10 minutes on a HP-740 Workstation (with 10 sections
along the cavity). '

Accepted theories predict a Lorentzian shape for the spectrum of the modes of a
Fabry-Perot laser. Below threshold, the full width at half maximum (FWHM) of a
given Fabry-Perot mode of centre frequency w is given by the corrected Schawlow-

Townes formula [17]

Af

_ hw(1—R)*/R (&

. L)2 e (3.13)

where P is the total optical power output (both facets) for the mode in question.
The partial inversion of the medium is taken into account through the factor n,,(w)
evaluated at the mode frequency. This formula includes the “longitudinal excess

spontaneous emission factor”

K = ﬁl‘—Rmf (m%) (3.14)

This factor increases the linewidth by about 12% for cleaved facets, over the Schawlow-
Townes linewidth, and becomes large when facets are anti-reflection coated. This
factor can be derived by assuming distributed noise sources with delta—function spa-
tial and temporal correlations. A Green’s function analysis in the frequency domain
is used by Henry to evaluate the spectrum [27]. Expansion of the optical field in
terms of non—power-orthogonal cavity modes has also been used to evaluate this
factor [16,17,28,30,56]. Ujihara [26] calculates this factor by integrating the noise
following a travelling wave as it propagates through laser the cavity. By contrast,
in our model, the noise power is given by the requirement of preservation of the
travelling wave commutators during the amplification process.

Note that the one-dimensional theory presented in chapter 2 cannot predict the
transverse “Petermann” excess spontaneous emission factor [16], which is a three-
dimensional effect. Our linewidths, as the model stands, are therefore only accurate
for strongly index-guided lasers. The quantum theory for propagating fields in gain
guided waveguides developed by Deutsch et al [57] should be used if gain or loss
guided lasers are modelled.

Above threshold, gain saturation quells amplitude fluctuations, and effects a
twofold reduction in the linewidth, while gain-refractive index coupling enhances
the linewidth [25] by the factor 1 4+ % . The lineshape predicted also displays side
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Figure 3-8: Simulated linewidth-facet power product against drive current (solid
line), showing the transition around threshold (I, = 10.6 mA).
Dotted line: theoretical limit below threshold, including longitudinal excess spontaneous

emission factor.
Dashed line: theoretical limit above threshold (enhanced by (1 + a%)/2).

modes due to electron-photon resonance, and the FWHM of the central laser mode

is given by the new modified Schawlow-Townes formula:

_ hw(1—R)*/R (vg

2 (50) ()1 + o) (3.15)

Af i7

The formula Eq.(3.15) still includes the “excess spontaneous emission factor”.

The spectra predicted by our model agree well with these theoretical formulas.
Figure (3-8) shows the power x linewidth product for the main Fabry-Perot mode
of the laser, plotted against drive current. The gain-refractive index coupling factor
ap was here set to 5.0, and the simulation data agree well with the theoretical
expressions, including the jump at threshold. Figure (3-9) shows the influence of the
gain-refractive index coupling factor ay on the linewidth at a fixed drive of 15 mA.
The predicted quadratic dependence of the linewidth Af on ay is demonstrated.

Our quantum mechanical treatment of the noise associated with the amplification
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Figure 3-10: Facet power picosecond fluctuations due to beating between the Fabry-
Perot modes, for C.W. operation with a side-mode suppression ratio of 25dB. The
period is 8ps, corresponding to a longitudinal mode spacing of 125 GHz.

process, given in section 2.5, includes the longitudinal excess spontaneous emission
factor. The line-widths predicted will be correct for any facet reflectivities, and for
any cavity structure. This can be seen from consideration of a laser below threshold:
the gain is then constant, and a spectrum can be derived analytically, in a similar
fashion as in section 2.4, which agrees with the corrected line-width formulas.

The optical field simulated by the time-domain model includes the contributions
of all the excited laser modes. The field must be filtered in the frequency domain
in order to separate the different modes. The different modes beat with each other,
leading to large fluctuations on a picosecond timescale, as shown in Fig. (3-10) for
CW operation. The periodicity of these fluctuations, 8 ps, corresponds to the cavity
round trip time. Sizeable fluctuations occur even when the side modes are strongly
suppressed. These fluctuations are not generally given by most laser models, and
may have to be considered when using high speed modulation of the optical fields
to transmit information.

The beating between modes becomes much more important in dynamic oper-
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Figure 3-11: Detail of facet power fluctuations on a picosecond time-scale for the
first pulse in Fig. (3-5).

ation, when the spectrum is rarely single moded. Figure (3-11) shows a detailed
picture of the simulated facet power for the first gain switched pulse of Figure (3-
5). Strong fluctuations within the pulse envelope are visible, indicating that side
modes are strongly excited. Since the relative phases between different modes are
random, averaging the facet powers over a number of simulation runs, smooths out
the temporal structure of the pulse, and we are left only with the envelope of the
gain switched pulse as in Figure (3-5). This structure of gain switched pulses, with
a periodicity of the cavity round trip time, can be observed experimentally using

autocorrelation techniques [58, 59].

3.2 Extension to DFB lasers

Single frequency lasers are essential for long distance, high bit-rate optical com-
munications. In most dynamic single mode laser diodes, the frequency selection is
due to a Bragg grating written into the waveguide. The periodic variation of the

refractive index or the modal gain along the cavity causes a distributed reflection of
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the forward and reverse propagating waves, providing the optical feedback, which in
Fabry-Perot lasers, is due to the facet reflections. Increasingly complex structures
are used to provide stable single mode operation with low chirp, by introducing
phase shifts into the gratings (A\/4 and 2xA/8 structures), chirped gratings, or us-
ing second order or gain coupled gratings. The photon and carrier densities along
the laser interact with each other to affect considerably the laser operation, pos-
sibly causing mode jumps or instabilities. Modelling tools are therefore useful for
understanding and developing DFB lasers diodes.

The numerical implementation of the laser model just presented for Fabry-Perot
lasers, is extended here to lasers with Bragg gratings. Unlike the Fabry-Perot case,
where the travelling wave equations of motion can be integrated directly, the time
dependent coupled wave equations for the Bragg sections can only be solved approx-

imately when no assumptions are made about the evolution of the fields.

3.2.1 The Coupled Wave Equations

The starting point is the time dependent coupled wave equations, derived from the

slowly varying amplitude approximation [36, 60]:

19 0 . .
(v_ga 4 E)F = —(i6—g+ as)F + ikprR + Gr(z,t) (3.16)
190 9 R = —(i6—g+ a,)R + ikppF + Gg(z,1) (3.17)
"y 3t 92 = 7} g (0 T tKFR R\%, .

Where:

e F(z,t) and R(z,t) are the complex forward and reverse waves, given in section

(2:2.7)
o 6 expresses changes in the refractive index due to changes in the carrier density,
e g is the gain due to the electrons in the conduction band,
® o, is the waveguide scattering and absorption loss,

e kpr and kpgr are the coupling coefficients for reverse-to-forward wave and
forward-to-reverse wave respectively. For index gratings, krr = k}g, for gain

gratings, Krr = —Kpp.
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e Gr(z,t) and Gg(z,t) are spontaneous noise sources identical to those for a

Fabry-Perot laser.

The coupled wave equations (3.16,3.17) can be grouped into three terms (ignoring

the noise terms which do not affect the mean motion):

e On the right hand side, the wave equation part: if the left hand sides were
zero, these equations would describe distortionless propagation for forward

and reverse waves.

. e First terms on the left hand side: a propagation part. These describe gain,
losses and variations in refractive index. Including these terms, but without
the coupling terms, the equations describe propagation in a Fabry-Perot laser,

| for example.
| e Last, the coupling terms. These describe the effect of the reflections caused

1 by the grating.

3.2.2 Distortionless propagation in the time domain model

i »
| In the time domain model, the fields are sampled in space and time, at intervals Az
"‘ and At = Az/vg:

F(nAz,kAt) — Fuk (3.18)
R(nAz, kAt) — R,k (3.19)
(3.20)

The laser cavity of length L is thus divided into a number NSEC = L/Az of

: sections.
T The right hand sides of Eqgs. (3.16,3.17) can be directly integrated along the
| paths of propagation for the waves (dt = v,dz for forward waves, dt = —v,dz for

reverse waves). The fields at time step k£ + 1 are related to the fields at the previous

time step k by:

at 10 9
/0 dr (U—ga 3 %)F((n —1)Az + v,7, kAt + 7') =

| !

F(nAz, (k+ l)At) —F((n ~1)Az, kAt)} =0 (3.21)

Vg
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and

at 19 9
/0 dr (v_ga = R((n + 1)Az — vy1, kAt 4 T) =

_1_|:R(Az,(k+1)At)—R((n+l)Az,kAt)] =0 (3.22)

Vg

Which gives

Fn,k+1 = Lfn-1k (323)
Rokt1 = Rotak (3.24)

The forward and reverse fields thus jump along by one spatial step at every time

step, without interfering with each other.

3.2.3 Propagation with gain, losses and refractive index

changes

If now the propagation part of Eqs.(3.16,3.17) is taken into account, the fields are

subject to gain, loss and phase changes. In the first order, for small enough sam-
pling intervals (i.e. Az|i6 — g + as| < 1), the left hand sides of Egs. (3.16,3.17)

approximate to

1

LY RN (3.25)
Vg

1

U_(Rn,k.]_] — Rt k) (3.26)

g

while the left hand sides approximate to

| —At(i6 — g + as)Fo-1k - (3.27)
l —At(i6 — g + as) Ruy1,k (3.28)

Thus, the fields at time step k& + 1 are related to the fields at time step k by:

Fn,k+1 = Fn—l,k = AZ('L(S —4g + as)Fn_l,k (329)
Rn,k+1 = Rn+l,k = AZ(Z(S —4g + as)Rn+l,k (330)
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This describes propagation in a Fabry-Perot laser, for example. When the gain or
Josses or refractive index changes are such that the condition Az|i6 — g+ as| < 11is
no longer satisfied, the first order approximation is poor. An exact solution can be
obtained by integrating along the paths of the forward and reverse waves as above,

leading to:

B = exp(—Az(i6 —g+ as)) Fiax (3.31)
Riim = exp(—Az(i5 —-g+ a,,)) Roi1k (3.32)

3.2.4 Propagation with coupling of the forward and re-

verse waves

If the coupling terms are now included in the wave equations, the first order approx-

imation gives, in the same way as for the Fabry-Perot case above:

Fn,k+1 = Fn—l,k — Az(z& —g+ as)Fn—l,k + iAzRRFRn,k (3.33)
Rory1 = Ruprp—Az(36 — g+ as)Ruy1x + tAzkpRF ok (3.34)

This is the first order approximation, used by Lowery, for instance, in his time
domain model.

This first order approximation will be accurate provided both

Az|i6— g+ as| <1 and (3.35)
Az|kpr|, Az|kgrr| < 1 (3.36)

If these conditions are not satisfied, the first order approximation will be poor, and
number of sections in the simulation should be increased. It is no longer possible to
integrate exactly the coupled wave equations as in the Fabry-Perot case, since both
equations are no longer independent, and the paths of integration for the forward
and reverse waves are different.

Table 3.2 shows the effect on the accuracy in output power of different numbers of
sections. The modelling parameters are taken from the COST exercise no.2, and are
for a 1mm long, A\/4 DFB with xL = 1. The drive current is fixed at 100 mA. The
error compared with the value (P = 5.209 mW) obtained with the CLADISS and
TFL programmes is seen to decrease slowly with the number of sections. Dynamic

behaviour also is significantly affected by the number of sections, as shown in Figure
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Calculated Power (mW) and % error

Number of sections | First Order Method | Transfer Matrix Method
10 4.96mW 4.8% | 5.178mW 0.5%
20 5.09mW 2.3% | 5.198mW 0.2%
40 5.14mW 1.8% | 5.207TmW 0.1%

Table 3.2: Accuracy of first order and transfer matrix models.

(3-12). The figure shows the facet power response of a 400xm long uniform DFB
with kL=3.2, to a current step from 70 to 90 mA. The other device parameters are
as in Table (6.2.2). Due to spatial hole burning the laser operates in the (+1) mode.
Except for the two bottom curves, the power response is calculated using the first
order approximation with different numbers of sections: from top to bottom, 20, 30,
40, 50, 60, 80, 100 and 150 sections. The response is seen to converge only slowly

with increasing numbers of sections.

3.2.5 Improvement of the model accuracy: Transfer Ma-
trix Method
Fortunately, by making certain assumptions, it is possible to increase considerably

the accuracy of the model. The assumption made is that the fields in a given section,

during a given time step, vary in time as:

vl—aF(gj’t) = BF(z,1) (3.37)
1 OR(z,1)
g‘ ot - ﬂR(z)t) (338)

The meaning of this assumption is that the variations of the fields over the duration
of a single time step is smooth: the laser is single moded, or else if multimoded, the
period of the beat signal between the modes is significantly longer than the time
step. This condition is nearly always satisfied, since the beat period between two
adjacent laser modes is of the order of the number of sections modelled multiplied
by the modelled time step. The complex parameter 3 has a similar role, to the
p-factor and the mode frequency combined, in the Power Matrix Method.

Using this assumption, the coupled mode equations (3.16,3.17) can be written
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Figure 3-12: Power response of uniform DFB with kL = 3.2, to a current step from
70 to 90 mA, calculated using different time domain models. From top to bottom:
first order approximation using 20, 30, 40, 50, 60, 80, 100 and 150 sections, and then
transfer matrix method, using 10 and 30 sections (dots).
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(ignoring the noise terms) as

0
&F(Z,t)

—%R(z, t) = —(6—g+as+P)R(zt) +1ikrrF(2,1) (3.40)

—(t6—g+as+ ,B)F(z, t) + tkrrR(z,1) (3.39)

Since the time derivatives have vanished, the coupled mode equations can now be
integrated between z = nAz and z = (n + 1)Az, for constant ¢. Performing the

integration, the fields at time step k + 1 are now given in terms of the fields at time

step k by:
Frpien1 _ exp(BAz)
Rijsa 7 cosh(yAz) + (16 — g + a5 + B) sinh(yAz)
y 'y . ikgr sinh(yAz) By (3.41)
ikpR sinh(yAz) v Roy1k
where the propagation constant is
7" = (i6 — g + a; + B)’ + krrKFR (3.42)

The number # may vary from section to section, from time step to time step,
and may even be different for the forward and reverse waves. It may be estimated

in several different ways:

e Simply setting f# = 0. This will be accurate when the fields do not vary
significantly over one time step (i.e. |In(Fy 41/ Fni)l, | In(Rpjs1/Bui)| < 1)
which means that the mode frequency is close to the middle of the stop band.

e Estimate the value for time step k to k + 1 using the actual changes for the

previous time step:

B=W(F,x/Fnk-1)/Az or f=In(R,r/Rpr-1)/Az (3.43)

e Calculate the value self-consistently, for every section separately; Using a start-

ing guess for 3, compute F, 1 41 and Ry k41 from F, ; and R, . Then take

B = In(Fry1pt1/Fot1k)/ Az (3.44)
Obtain new estimates for Fj 41441 and R, 41 using this £, and so on until
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successive changes are smaller than a set limit.

The last way is the most accurate, and the first way the least accurate. For static
modelling, the last two ways should be equivalent. In practice, when considering
static and dynamic modelling of the output power, all three methods are almost in-
distinguishable, and estimating a single instantaneous frequency f constant through-
out the laser from the previous time step is a good compromise between excessive
computing time and accuracy.

Table 3.2 shows the accuracy of the modelled output power, when using Eq.(3.41).
Very few sections can be used to obtain a satisfactory accuracy. Figure (3-12) shows
the dynamic responses to a 70 to 90 mA current step, as obtained with this method
for 10 and 30 modelled sections: improvement in the dynamic performance is also
clearly obtained. Figure (3-13) shows the differences in the reflection and transmis-
sion coefficients, estimated using the first order approximation and exactly, using
the transfer matrix method, against the frequency deviation from the Bragg fre-
quency. This is a typical case for a 300um long DFB with kL = 4, using 20 sections
in the model. Around the Bragg frequency, the reflections given by both methods
are very similar, but the transmissions show a noticeable difference. The first order
approximation overestimates the transmission, which leads to the poor performance
shown in Fig. (3-12).

It is also possible for § in Eqs.(3.37) and (3.38) to be different for the forward
and reverse waves. This approach is theoretically more appealing and justifiable, but
the improvements in the simulation accuracy were too small to justify the increase

in computation time.

3.2.6 Summary

Bragg gratings can be simulated in the time domain model in different ways. The
two ways presented here should give the same results, provided enough sections are

used. The main advantages and disadvantages are as follows:

e The first order approximation method, Eqgs. (3.33,3.34) involves less compu-
tation, and is easier to implement. It is however less accurate, especially in

the dynamic regime, and for large coupling coefficients.

e The “transfer matrix method”, Eq.(3.41), involves more calculation for every
time step. For an equal number of sections, it is about 40% slower. However

it is more accurate, so that less sections need to be modelled, which can speed
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Figure 3-13: Reflection and transmission for one DFB section, calculated using the
transfer matrix method (solid), and the first order approximation. A 300um long
DFB laser with kL = 4 is modelled. 20 sections are used, and the gain is 40cm™! in
this section.
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up simulations greatly. One advantage is that the results obtained will be less

dependent on the modelling details.

The modelling of the noise sources and carrier rate equations is the same as that

presented earlier for the Fabry-Perot laser.

3.3 Noise and small signal analysis

The large signal model can be used to determine small signal and noise charac-
teristics. By suppressing the noise sources, the model becomes deterministic: the
dominant laser mode takes over, and the side modes disappear as they are below
threshold and no longer driven by spontaneous noise. The response of the laser to
different perturbations can then be monitored to obtain information about small
signal responses or noise characteristics.

To determine small signal responses like the FM and AM modulation charac-
teristics, an impulse in drive current is applied on top of the normal drive current.
The subsequent phase and amplitude transients can then be Fourier transformed to
recover the FM and AM modulation characteristics.

For the noise analysis, impulses in the various types of noises are applied to
the model, one at a time, in the different sections along the laser. The subsequent
transients are analysed. Taking into account the lack of correlation between the
individual noise sources, and assuming linearity, the overall mean fluctuations in
phase and amplitude can be determined by summing the individual responses. This
type of noise analysis is faster than just running the model with the noise sources,
and averaging the fluctuations over a very long time. In addition it also gives
the contributions of the different noise sources to quantities like the linewidth and
intensity noise.

The accurate dynamic response obtained with the Transfer Matrix Method makes

a precise small signal and noise analysis possible.

3.4 Conclusion: Time domain algorithm

The implementation and capabilities of a large signal travelling wave model for laser
diodes have been presented. The laser model is capable of calculating multimoded
C.W., small signal and large signal modulation characteristics, including effects of

longitudinal hole burning.
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The quantum theory is implemented using the time-domain algorithm pioneered
for laser diodes by Arthur Lowery in his Transmission Line Laser Model [21]. The

time domain algorithm used here is an improved version:

a) Allowing the optical fields to be represented by complex variables instead of
real ones brings the implementation conceptually closer to the semiclassical or
quantum theories, upon which the model can be based. Practically, the use of
complex field variables doubles the simulated optical bandwidth, and makes
the phase shifts required to model refractive index changes or gain coupled

gratings easier to implement.

b) A transfer matrix method is presented which greatly improves the dynamic

}‘ and static accuracy when modelling DFB lasers. This enables fewer modelling

sections to be used along the laser, and can save considerable computing time,

as this increases as the square of the number of sections.

|

| These improvements allow the model to be used interactively, on a personal com-
\

| puter (486-PC). Written in C programming language, and interfacing with the Mat-
r lab mathematical processing environment, the laser modelling package operates un-

der Microsoft Windows.
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Chapter 4

Wigner distribution and

maximum entropy method

Dispersion in optical fibres limits the bandwidth of communications, and the optical
spectrum is an important parameter for modulated laser diodes. The time domain
model presented in the last two chapters represents the optical output as a series of
complex fields sampled in time: the simulated spectral information is not directly
available, but must be extracted from the calculated time-series. Up till now, time
domain models [21] have relied exclusively on the Discrete Fourier Transform to
extract the frequency information. In this chapter, the application of two numerical
methods to the study of the spectrum of laser diodes is examined for the first time.

First, the Wigner distribution is shown to display the dynamic power-spectrum
of a laser with a combined time-frequency resolution greater than that obtained by
linear spectrometers. It is suggested that it could be used as a tool for examining
the spectral shifts of modulated or pulsing laser diodes.

The maximum entropy method of spectral estimation is then shown to reduce the
noise and minimize the windowing effect, compared to methods based on Discrete
Fourier Transforms, when estimating the power spectrum from the time-domain
model data.

4.1 Wigner Distribution and Spectral Dynamics

of Lasers

The Wigner distribution is a simultaneous representation of a signal in both time and

frequency domains. This section discusses the Wigner distribution as an instrument
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independent method of displaying the time-frequency response of a laser transmitter.
This is important in long haul communication systems using semiconductor lasers,
which exhibit chirp. If the type of spectrometer for measuring the spectrum as a
function of time is known, so that the instrument’s impulse response is known, then
the Wigner distribution can be recovered. This distribution is then identical to
that obtained using a different instrument with a different resolution. Examples of
the time resolved spectra, obtained using two different instruments, are shown for
a gain switched laser. They are compared to the Wigner distribution obtained by

deconvolution.

4.1.1 Introduction

Chirping in semiconductor laser diodes under large signal modulation, is one of
the major limiting factors for improving the bandwidth of long-haul optical fibre
communications. For this reason, a considerable amount of research into the spectral
dynamics of laser diodes is being carried out: Experimentally, measurements of the
time dependent optical spectrum of modulated lasers have been carried out, which
provide us with information about how the optical spectrum varies with time [61].
However, the time dependent optical spectra measured in this way depend upon the
characteristics of the spectral analysers that are used.

Use of large signal, time domain models of laser diodes, like the ones presented in
this dissertation, is helpful for device simulation and design. To access the spectral
information in their sampled optical fields, Discrete Fourier Transforms can be used.
But again, for modulated lasers, the time dependent spectrum depends on the way
that it is calculated.

Since the time-dependent spectrum of an optical signal depends on the charac-
teristics of the system used to measure it, it cannot be a fundamental description of
the optical signal itself. But, provided one knew the characteristics of the measuring
system, would it not be possible to recover, from the time dependent spectrum, a
description of the optical signal which did not depend on the measurement system?
Indeed, a possible candidate for this description is the Wigner distribution.

The Wigner distribution, first introduced in quantum mechanics [62], has re-
ceived much attention in signal processing, as a simultaneous representation of a

signal in time and frequency [63,64]. The Wigner distribution for a continuous
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signal s(t) can be defined as:
Wi(t, f) = /00 dr s(t + 7/2)s*(t — 7/2) exp(—i27 f7). | (4.1)

—00

Properties of the Wigner distribution have already been discussed at length else-
where [63-67]. We recall only some properties which make the Wigner distribution

an attractive time-dependent spectrum:

1) The Wigner distribution is a real function of time and frequency (although it

takes negative values for all except Gaussian signals).
2) Its integral over all times is the time-averaged spectrum of the signal.
3) Its integral over all frequencies is the power at a time ¢.

4) If the signal is translated by a certain amount in time or in frequency, so is its

Wigner distribution.

5) If a signal is limited in time or bandwidth, its Wigner distribution also vanishes

outside those limits.

6) The modulus square of the inner product of two signals s(t) and u(t) is the inte-
grated product of their respective Wigner distributions Wi (¢, f) and W,(t, f):

| /_ :dm(f)u*(r)vz /_ : dt /_ : df Wy(t, [YWa(t, f). (4.2)

The convolution of two Wigner distributions will therefore be positive every-

where.

8) The instantaneous frequency of the signal, equal to the rate of change of phase,

is the first moment in f of the Wigner Distribution:

L W, f)df
T WD

f(t) (4.3)

4.1.2 Relation between the experimental time-resolved spec-

trum and the Wigner distribution

As shown by Brenner et al [68], the connection between the Wigner distribution,

which can assume negative values, and the squared output of a filtering device
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used to measure the physical spectrum of a signal, is a simple one: if g;(¢) is the
impulse response of the filtering device (such as a grating), then the experimental

time-resolved spectrum P(t, f) of a signal s(t) is:
PN = [ arst-nign)it = ["at [ awenwen,. G

where

W,(t, f) = /_ i g5(t — 7/2)gs(t + 7/2) exp(—i27 f), (4.5)

is the Wigner distribution of the time-inverted impulse response of the measuring de-
vice. The time-dependent spectrum is thus the convolution over time and frequency
of the signal Wigner distribution with the spectrometer’s Wigner distribution.

For the modulated optical field of a laser, the time-resolved spectrum, (as might
be measured using a grating and a “2-D” streak camera, for example), is but the
smeared Wigner distribution of the field. The smearing depends on the characteris-
tics of the spectrometer: there is an unavoidable trade-off between blurring in time
and frequency. The Wigner distribution of the spectrometer’s impulse response de-
termines this blurring. The Wigner Distribution, or its 2-D Fourier Transform, the
Ambiguity function [69], can be used to design a spectrometer with some specified
joint resolution in time and frequency.

Alternatively, if the impulse response of the spectrometer is known, the signal’s
Wigner distribution can be recovered from its time-resolved spectrum, through a
2-dimensional deconvolution: this enables a great improvement in the joint time-
frequency resolution of a signal.

To avoid having to perform a deconvolution, the direct measurement of the
Wigner distribution of an optical signal would be convenient. Although methods
have been proposed to measure the Wigner distribution of signals written on slides,
by optical means [70, 71], its direct measurement seems more difficult for the optical
fields of laser diodes. An alternative is to use the complex Ambiguity function,
which is the 2-dimensional Fourier transform of the Wigner distribution. Direct
measurement of the Ambiguity function of a laser signal is possible [72], by measuring
the correlation of the optical signal, after shifts in time and frequency. The amplitude
and phase of the autocorrelation can be obtained using a multiport, providing the
value of the ambiguity function at one point in the ¢ and f plane. Provided the
signal is repeatable, the whole ambiguity function can then be mapped out, and a

2-dimensional Fourier transform then yields the signal’s Wigner distribution.
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4.1.3 Chirp representation for time-domain modelling

Time domain models describe the simulated optical fields of laser diodes as a time-
series of real [21] or complex sampled field amplitudes. For a signal s, sampled at

time intervals At, the Wigner distribution at time nAt is now given by

W(nAt, f) = i Sy _mnSntm exp(—tdmm fAL). (4.6)

m=-—0co

In practice, the limits in the summation are finite, and the resulting “Pseudo-Wigner
distribution” can be calculated using the efficient Fast Fourier Transform algorithm.

In this discrete-time case, aliasing must be avoided: this is because the Wigner
distribution is periodic in frequency f, with a period which is only half of the Nyquist
Bandwidth 1/At. For a real signal, aliasing can be avoided by first making the
signal analytic, using a Hilbert transform to eliminate negative frequencies [73]. For
a complex signal, interpolation can be used to obtain another time series, sampled
at twice the original rate, but occupying the same bandwidth [74].

Used in conjunction with time-domain models of semiconductor laser diodes, the
Wigner distribution enables the chirped optical signals to be displayed simultane-
ously in the time and frequency domains, as a contour map for example, enabling
changes in spectrum to be related to the conditions in the device at the times of
the changes. Two alternatives to using the Wigner distribution to follow spectral

dynamics could be:

(1) To measure the instantaneous frequency: For single mode signals, the rate of
change of phase is the instantaneous frequency. This is, however, no longer
meaningful when more than one laser modes are excited. Moreover, the Fourier
broadening must be added to the change in instantaneous frequency, to provide

a measure of the spectral width of short pulses.

(2) To evaluate the spectrum for short segments of the signal, using a sliding
window. The use of a sliding window FFT [75] to determine the time-varying
spectrum of the signal has the disadvantage that the spectrum obtained is
dependent on the size and shape of the window used. This method, in fact, is
equivalent to the experimental measurement of the optical spectrum, using a
diffraction grating: the measured time-dependent spectrum is just equal to a
smeared Wigner distribution. As discussed above, this leads to an unavoidable
trade-off between blurring in the frequency or time resolution. This blurring

is of particular importance for very high speed modulation of laser diodes:

85




Frequency (GHz)

: : :
0 50 100 150 200 250
time (ps)

Figure 4-1: Time resolved spectrum as measured using a grating, whose impulse
response is a 20ps long step. The inset shows the Wigner distribution corresponding
to the grating’s impulse response.

higher bit rates can only be obtained by working close to the Fourier limit for
the optical pulses: the smearing caused by the experimental measurement or
the sliding window FFTs, then extends over an area comparable to the area of
the signal’s Wigner distribution itself. The loss of resolution is then of great

importance.

4.1.4 Examples of the use of the Wigner distribution

A time domain model is used to simulate a 300xm long A/4 shifted DFB laser diode,
with kL = 3 and ay = 4. A gain switched pulse corresponding to a step in drive
current from 20 mA to 80 mA is simulated. The time-resolved spectra for this pulse
are calculated for two different spectral analysers. Figure (4-1) uses an ideal diffrac-
tion grating whose impulse response is a step of 10ps duration. Figure (4-2) uses an
ideal Fabry-Perot interferometer whose impulse response is a decaying exponential

with a 100ps time constant. The insets in Figs. (4-1) and (4-2) show the Wigner
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whose impulse response is a decaying exponential with a 100ps time constant. The

{ Figure 4-2: Time resolved spectrum as measured using a Fabry-Perot interferometer,
1
‘ . . . . . . .

,, inset shows the Wigner distribution for the interferometer’s impulse response.
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Figure 4-3: Wigner distribution for the same gain switched pulse as in Figures (1)
& (2). The dashed line shows the instantaneous frequency during the pulse.

distributions of the respective spectral analysers. In contrast, Fig. (4-3) shows the
Wigner distribution of the gain switched pulse, as obtained from a deconvolution of
either of the time-resolved spectra. The dashed line is the instantaneous frequency
calculated from the Wigner distribution. The small island above the main feature of
the Wigner distribution is similar to the side-lobes which are present in the Fourier
Transforms of objects with sharp features.

Great improvements in the time and frequency resolution of the measurements
are obtained, and the S;sha,ped red-shift of the frequency, due to carrier depletion

in the device, is clearly seen.

4.1.5 Related time-dependent spectra

The Wigner distribution belongs to Cohen’s class [76] of time-frequency distribu-
tions with correct “marginals” : these distributions, when integrated along the time

or frequency axis, give the time-averaged spectrum or the instantaneous power re-
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spectively, without any additional broadening. Other functions in Cohen’s class can
be defined so they are always positive, unlike the Wigner function, with the result
that they can be interpreted as a power density in time and frequency.

The Wigner function also suffers from “cross components”: the Wigner function
of two Gaussian pulses, separated in time, frequency or both, features a series of
spikes halfway between the two pulses. These rapidly varying cross components can
confuse the interpretation of the Wigner function of a signal. The cross-components
can be reduced by suitable smoothing, at the expense of loss of combined resolu-
tion in time and frequency: different choices of smoothing functions result in other
members of Cohen’s class.

The Page distribution [77] is another of Cohen’s class of time-frequency distri-
butions, which includes aspects of causality: the Page distribution, at time 7, only
depends on the values of the signal at times preceding 7. The Page function has
indeed been used to describe the time-dependent spectrum of ultra-short laser pulses
[78,79], by deconvolution similar to the one described earlier.

Thus, alternatives to the Wigner function exist to represent chirped optical sig-
nals in optical communication systems. In cases were cross-components confuse our
interpretation of the Wigner function, these can be significantly reduced by appro-
priate smoothing; for example, by using an optimization procedure to design the

smoothing function without sacrificing too much time-frequency resolution [80].

4.2 Maximum Entropy Spectrum for the time

domain model

The Maximum Entropy Method for estimating the power spectral density is applied
to the optical fields of laser diodes simulated using a time domain model. The ad-
vantages of this technique over the conventional Discrete Fourier Transform method
are discussed.

It is found that the absence of windowing effects enable the shape of the spectrum
to be seen clearly, and large side mode suppression ratios to be determined more
accurately. The method also suppresses the noise which in the Fourier transform
methods can obscure the spectral features unless time consuming averaging is carried

out.
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4.2.1 Introduction

The Maximum Entropy Method of spectral estimation, closely related to the au-
toregressive (AR), or All Poles method, was pioneered by Burg [81]. Used originally
in geophysics, it has found applications in a wide variety of fields. A variety of
methods using the maximum entropy principle or autoregression have been devel-
oped, and are reviewed by Kay and Marple [82]. Named the Yule-Walker method,
the Burg method, the least-squares or forward-backward method, they vary in their
performance (e.g. spectral resolution, immunity to noise). The Yule-Walker method
was presented first [81], and has an inferior spectral resolution compared to more
modern methods, like the forward-backward least-squares method, but is used here
because it is simpler, easy to adapt to complex data and is sufficient for the present
purpose.

We recall briefly here the basic principles of the technique, which has been de-
scribed in detail elsewhere (e.g. in [82]).

The principle is to find the most random (whitest) spectrum of a set of data
for which the signal autocorrelations at a number of lags are known [82,83]. For a
time-series x, for which the signal autocorrelations R,;(m) are known, or can be

estimated, at a number of equally spaced lags:

1 N-1

Replin) =< 23 2p4m >= i ; Ertm s (4.7)

the Maximum Entropy power spectral density takes the form:

o?

() = 14+ 37 am ez))(p(z'27rant)|2’ [%8)

where At is the sampling interval, p is the model order (number of poles), and
{ap1,...,ap} and o} are the predictor parameters and the prediction error power
respectively.

These parameters can be obtained efficiently using the Levinson-Durbin recursion

[84]. Starting with a model order p = 1 and initial parameters:

ann = _Rx:c(l)/Rw:c(O), (49)
012 = (1_|a11|2)R:m(0), (410)

the model order is increased gradually, with the new parameters for order p estimated
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in terms of those for order p — 1 by

p—1

App = — Rm(P) 5 Z ap—l,lRa::c(p - l) /0’3_1, (411)
=1

Gpi = Gp-1,i + Gppllp_q ;- (4.12)

4.2.2 Estimation of the optical spectrum of laser diodes

Time domain models are useful for research and design of semiconductor laser diodes
used in optical fibre communications. These models describe the laser’s optical
output as a time series of complex fields, sampled at a time interval At (which is
related to the spatial sampling interval Az of the fields within the laser through the
group velocity, Az = v,At).

Techniques such as the Fast Fourier Transform must be used to access the spec-
tral information contained in the time-domain data, just as a diffraction grating or
a Fabry-Perot interferometer must be used to assess the spectrum of a real laser
diode. Using the Discrete Fourier Transform to estimate the power spectrum from
the time domain model data, suffers from noise and the windowing effect.

The noise is due to the stochastic nature of the fields: because the Fourier
Transform of a Gaussian random process is also a Gaussian random process, the
power spectral density for any frequency bin will have a Rayleigh distribution. This
noise can obscure the spectral features. It is reduced by repeated averaging, but
this is time consuming.

The windowing effect causes the slow fall-off from the main laser mode to obscure
the stop-band, and can mask side modes with low powers. This effect can never
be eliminated, but can be reduced substantially by pre-windowing the data before
Fourier transforming.

The maximum entropy method can reduce both these effects. Since only a few
tens of poles are used to describe the spectrum, there are not enough degrees of
freedom to model noise, and the envelope of the spectrum is smooth. The windowing
effect is minimized because the maximum entropy method, unlike Discrete Fourier
Transform based methods, does not assume that the signal autocorrelation vanishes
beyond the window length. It is evident that the Maximum Entropy Spectrum shows
much more clearly the spectral features, which are obscured, in the FFT case, by
noise. The noise reduction away from the peaks is a well known feature of Maximum
Entropy spectral estimates, and is mainly due to the restriction of the number of

parameters imposed by the model order: the technique tries to “fit” p modes to the
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Figure 4-4: CW optical spectrum estimated from the time-domain model data: from
top to bottom, using a Discrete Fourier Transform with Hanning window, using the
DFT with a rectangular window, and using the Maximum Entropy method (Yule-
Walker). The spectra are shifted with respect to one another for clarity.’
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Figure 4-5: Prediction error power against the number of poles. The correct model
order was generally found to be the number of poles at which the curve first levels
out (here around 25).

spectrum, leaving no degrees of freedom to represent spurious noise.

4.2.3 Model Order Selection

Selection of the correct model order p is a problem encountered using the Maximum
Entropy Method. With a number of poles p which is too low, the spectrum will be
very smooth and will show few features, whereas when p is too high, the spectra
may be contaminated by spurious peaks. Various criteria have been advanced for
predicting the correct model order [82, 85], but most of these criteria seem to predict
too high a model order for simulated laser fields. Fig. (4-5) shows a plot of the
prediction error power 03 against the model order p. It is seen that az initially
decreases before levelling out at p =~ 25: this was found empirically to produce a

good estimate of the correct model order.

93




4.2.4 Limitations

The Maximum Entropy Method is not well suited to estimating dynamic spectra
(e.g. chirp of gain switched pulses). This is because the optical fields may actually
be zero outside the sampling window, whereas the Maximum Entropy Method ef-
fectively attempts to extrapolate field autocorrelations beyond the duration of the
sampling window. When applied to laser fields with a large number of modes (e.g.
Fabry-Perot lasers with around 60 simulated modes), the model order required may
be large (= 200). The computation time may then be excessive compared to the
FFT method, and the number of data samples, which is needed to compute good

autocorrelation estimates, may also increase.

4.3 Conclusion: Wigner function and Maximum
Entropy Method

The relevance of two numerical methods to laser dynamics and time domain mod-
elling has been demonstrated.

The Wigner distribution is a useful representation of a signal in time and fre-
quency. It is particularly relevant to the analysis' of modulated laser signals for
optical communications, where dispersion is one of the main obstacles to wider in-
formation bandwidths.

The Maximum Entropy Method, or autoregression, is an alternative to using
methods based on Discrete Fourier Transforms (DFT) to estimate the power spectra
of sampled data, like that generated by the time domain model. It is well suited to
calculating the C.W. spectra of laser diodes simulated by the time domain model,
since it reduces the windowing effect associated with DFTs, which can obscure the
spectral features close to the lasing modes. In addition, it effectively performs a

smoothing which removes the noise which can confuse the spectrum.
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Chapter 5

Comparing with the Power
Matrix Method

If modelling results are to be at all relied on, it is vital to check the modelling tools
as thoroughly as possible. This section provides a quantitative comparison between
the time domain model, presented in Chapters 2 and 3, and another large signal
laser model recently developed at Cambridge University Engineering Department:
the Power Matrix Method (PMM).

This comparison serves two purposes:

1.) To rule out both programming errors and wrong assumptions which lead to

different predictions.

2.) To highlight differences in approaches, and to determine which approaches are

best suited to particular problems.

Although agreement between different models is by no means a proof of their cor-
rectness, it does however enhance and qualify our confidence in their predictions,
especially when their implementation differ substantially.

The programming of the Power Matrix Method model and the simulations using
this model presented in this section were done by C.F. Tsang.

The comparisons in this chapter concern the static, small signal, and large signal
multimoded operation of uniform DFB lasers. Simulations of longitudinal instabili-

ties are also compared.
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5.1 Description of the Power Matrix Method

The PMM model [31] is a mixed frequency time model driven by the amplification
of spontaneous emission. Like the time domain model, it includes modelling of
spontaneous emission, and treatment of the longitudinal variation in gain, photon
density and refractive index.

As in the time domain model, the evolution of the optical fields inside the laser

is described by the coupled wave equations in the slowly-varying approximation:

19 0 _ .
(v_g§+_3_z)F = —(t6+iAw/vyg— g+ o)F + ikprR + Gr(z,t), (5.1)
L0 _0)Rp = _(i5+iAwfo,—g+0a)E + iserF + Gr(s1). (52)
v, Ot 0z B e e SN

The gain g is a function of the local carrier density, Aw = w —wy is the deviation
of the laser mode under consideration from the Bragg frequency wg, and 26 models
the change in refractive index caused by changes in carrier density.

The laser cavity is divided into a number of sections, typically around 10, and
within each section the carrier density is considered uniform. The facet reflectivities

impose the following boundary conditions upon the fields:

F(0,t) = mR(0,t), (5.3)
R(L,Y) = rF(L1). (5.4)

Steady state values for the optical fields can be calculated by setting the time
derivatives to zero in Egs. (5.1,5.2). Assuming a constant value for the gain g (thus
implying that the carrier densities in the different sections of the laser do not vary

with time), the coupled wave equations can be written:

0 | F(z,w) | _ | —(66+iAw/v; — g+ o) ik
0z | R(z,w) ] a [ K (26 + tAw/vg — g + ) (5:5)
F Gr
% B - [ n } ; (5.6)

where G and G are the frequency components of the spontaneous noise sources
for the forward and reverse waves.

By finding the eigenvalues of the matrix above, its exponential can be calculated,
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and the coupled wave equations can be integrated over the section j. The fields at
z = zj can be expressed in terms of the fields at z = z;_y = z; — [ through the

transfer matrix bf T);:

(5.7)

where bf T); is:

j =

cosh(yl) — (6 + 1Aw/v, — g + ;) sinh(y{) /v, txsinh(yl)/y (5.8)
—iksinh(yl)/y, cosh(yl) + (16 + iAw/vy — g + a,)sinh(yl)/y |

with the propagation constant:
2 _ . . 12 2
v? = [46 +i(w — wo) /vy — g + as]” + K.
The noise terms are included at the end of each section:

Fja(w) } s [ Gfi1(w) ] |

Ria(w) | 1| Gria(w) (29)

J

Together with the boundary conditions Egs.(5.3,5.4), the transfer matrices above,
determine the optical field in terms of the spontaneous noise sources. The lack of
correlation between the spontaneous sources is exploited to calculate the optical
power. Assuming a Lorentzian lineshape for the mode, this optical power can be
evaluated rapidly.

A given carrier density profile therefore determines completely the photon dis-
tribution of the mode in this static case. In the dynamic case, the time derivatives
in Eqgs.(5.1,5.2) are no longer zero. Because the instantaneous mode frequency wy
appears on the right hand sides of Eqgs.(5.1,5.2), the logarithmic rates of change
(1/F)0F/dt and (1/R)0OR/0t do not include changes of phase, but only changes in
the magnitude of the fields, and so they are real. By setting within each section of

the laser,

1 OF 1 OR

o F Ot = oot = fbs (5.10)
where g varies from section to section, the partial time derivatives in Eqs.(5.1,5.2)
can be replaced by pF' and pR, and the same analysis as for the static case can
be carried out, provided the gain g is replaced by ¢ — . In this dynamic case, a

given carrier density profile thus determines the photon distribution profile which is
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consistent with the rates of growth p in the different sections. ,
The rates of growth p are determined by iteration: starting with a given photon

density distribution P,_a;, at time ¢ — At, and g from the last time step, a new

photon density distribution P; at the next time step is calculated. The new yu factor

is estimated as
P, — P

= v AL(Py + Picst)

This procedure is iterated until z changes less than a set amount.

(5.11)

The carrier density changes in the different sections are calculated using the

usual rate equation, where the photon density is summed over all the modes.

5.2 Simulation Results

Two devices were compared, both uniform grating, perfectly anti-reflection coated
300um long devices. The device parameters, shown in Table (5.1), are identical for
both devices with the exception of the coupling. The kL product chosen was 1.5
and 3 which will be labelled device A and B respectively. The coupling is so chosen
to show mode competition between the two degenerate modes outside the stopband.
A comparison was made on static, small signal and large signal properties of these
devices. The solid lines in all of the figures represent the values obtained by the

power matrix method, and the dashed by the time domain model.

5.2.1 Static Characteristics

To generate the light current curve, both models obtained static solutions by allowing
the transient response to settle for each current injection. This may be seen for device
A in Fig.(5-1). The two models show excellent agreement along the whole range
of current injection. However a noticeable difference is observed at higher output
powers, which can explained by the number of sections the cavity was divided into
in the two models. In the power matrix method only 10 sections were used to
save computational time as this increases very rapidly with an increasing number of
sections. The computation time for the time domain model increases less rapidly,
and is proportional to the square of the number of sections. Twenty sections where
used with the time domain model, as its algorithm is less accurate than the power

matrix method for small section numbers.
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| Parameter (Uniform DFB) | Bulk |
Facet reflectivities R1,R2 0
Grating period [nm)] 244.5
Normalised coupling strength &L 1.5, 3
Bragg order m 1
Stripe width w [pm] 1.5
Active layer thickness [pm)] 0.2
Laser length L [pm] 300
Confinement factor T 0.3
Effective index without injection n.g 3.2
Effective group index n, 3.6
Internal absorption a;[cm™!] 50
Differential gain a [10~6cm?] 2.5
Transparency carrier density No[em ™3] | 108
Non-linear gain coefficient €[cm?] 6.0x10~17
Material enhancement factor oy 4
Inversion factor n, 2
Carrier lifetime 7 [ns] 10
Bimolecular coefficient B [107%¢m3/s] | 1
Auger Coeflicient C [10~2cm®/s] 7.5
Spontaneous emission coefficient ;) 5.107°

Table 5.1: Device Parameters of two Uniform DFBs
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Figure 5-1: Light current characteristic for device A: kL = 1.5. The solid line is
from the PMM model and dashed from TDM.

5.2.2 CW Optical Spectrum

The optical spectrum in the PMM can be calculated through the amplification of
the spontaneous emission in the cavity. The optical power spectrum in the TDM is
estimated from the sampled field values, obtained by running the laser at constant
power for a period of time. A windowed Fourier transform (FFT) is a straightforward
way to estimate the power spectrum, but the resulting spectra suffers from noise,
and from the windowing effect due to the finite sampling time. The maximum
entropy method described in the previous chapter is therefore used.

In this comparison, 60 poles were used to calculate the spectrum. As shown
in Fig.(5-2), the maximum entropy method shows good agreement with the PMM
method.

5.2.3 Small Signal AM and FM Responses

Although the two models described here are primarily large signal models, small
signal responses can easily be obtained using familiar control theory, as described
in Chapter 3 for the time domain model. The power matrix method small signal

response is obtained in the same way.
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Figure 5-2: CW optical spectrum of device B at 50 mA injection. The solid line is
from the PMM model and dashed from TDM.
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Figure 5-3: IM amplitude response of device A at 67.5 mA; data points o’ are from
TDM

The AM and FM responses are shown in Figs.(5-3, 5-4, 5-5, 5-6): the results from
both models are virtually indistinguishable, and to aid visualisation, some of the
time domain model points are represented by ’o’. The response at high frequencies,
especially its phase, is very dependent on the sampling times and impulse duration
At, accounting for the slight deviation in that region. The small signal responses
given by both models are expected to diverge at high frequencies of the order of
the mode separation, not shown on the graph. The time domain model shows
resonances in the responses at frequencies corresponding to the mode separations,
typically around 100 GHz, which are due to the excitation of other longitudinal

modes by the applied impulse in current.

5.2.4 Transient Responses

Switch-on transients are shown in Figs.(5-7) and (5-9) where both devices are
switched from around threshold to a much higher injection current (A: 35-60 mA
B: 23-50 mA). (The numerical data from the time domain model has been filtered
using the Fast Fourier Transform to separate the longitudinal modes, otherwise a

beating between the two modes would be observed). The transient for device A
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Figure 5-4: IM phase response of device A at 67.5 mA; data points 'o’ are from .
TDM \
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Figure 5-5: FM amplitude response of device A at 67.5 mA; data points ’o’ are from
TDM
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Figure 5-6: FM phase response of device A at 67.5 mA; data points ’o’ are from
TDM
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Figure 5-7: Transient response of device A switched from 35 mA to 60 mA. Trace
(a) is the total emitted power, (b) is power from the longer wavelength mode and
(c) from the shorter wavelength mode. The solid line is from the PMM model and
dashed from TDM.
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Figure 5-8: CW optical spectrum of device A at 60 mA injection. The solid line is
from the PMM model and dashed from TDM.

shows mode competition: both modes come up initially, but the shorter wavelength
mode c is suppressed after one nanosecond (refer to Figure 5-8 for the labeling of the
respective modes). This shows dynamically that devices similar to A will inherently
exhibit multi-mode behaviour at high modulation rates, whereas in B the shorter
wavelength mode is dominant. ,

Laser B is initially biased slightly above threshold where the side mode is sup-
pressed. When it is switched from this current level to 50 mA, the carrier density
overshoots and the longer wavelength mode lases and peaks at 0.1ns. This is then
quickly suppressed by the main lasing mode through spatial hole-burning.

The overall power shown by trace a in Fig.(5-7) shows good agreement but the
distribution of power in the modes show slight deviation. The discrepancy can be
attributed to the simulation of longitudinal spatial hole burning. With an increased
number of sections, better modelling of the longitudinal inhomogeneities can be
obtained.

The discrepancy for the transient of device B in Fig.(5-9) is also probably due

in part to the different numbers of sections used in both models. Another possible
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Figure 5-9: Transient response of device B switched from 23 mA to 50 mA. The
solid line is from the PMM model and dashed from TDM.
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Figure 5-10: Frequency chirp in device B due to switching from 23 mA to 50 mA.
The solid line is from the PMM model and dashed from TDM.

cause for the discrepancies are the different treatments of spontaneous emission:
the power matrix method only considers the optical power in the modes which are
followed, and the optical power away from these modes, due to spontaneous emission,
is not taken into account. The time domain model considers spontaneous emission
over the entire material spontaneous spectrum. In this comparison, however, the
modelled spontaneous spectrum was white, over a modelled bandwidth of about
40nm. At low optical powers, this difference can affect the side mode suppression
ratios, resulting in differences in mode competition.

The frequency chirp of the shorter (dominant) wavelength mode for the current
step in device B is shown in Fig.(5-10). Again good agreement is shown although a
slightly larger change in frequency is predicted by the TDM model towards steady
state. This is expected since the initial optical power differs slightly in the two mod-
els as explained above. This shows that although the modes of a uniform DFB are
degenerate, it is possible to obtain single-moded operation using a uniform DFB. A
simple explanation of this effect of spatial hole-burning has been given by White-
away et al [32]. Figure (5-11) shows the SMSR. in a number of different xL product
devices at 1 mW and 5 mW power output. The positive and negative values of

SMSR indicate which mode is dominant. As the power is increased, spatial hole

108




“ r ! ) ! !

SMSR [dB]

i . i i
1.2 1.4 1.6 1.8 2 22
Normalised coupling constant KL

-40 L
1

Figure 5-11: SMSR for uniform DFBs with varying L products at 1 mW and 5

mW output power. Solid lines given by the PMM model and dashed lines are from
TDM.
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burning effects are stronger and the SMSR increases. A cross-over point is observed
around kL = 1.64, when both modes are of almost equal intensity. This point is ex-
tremely sensitive to many contributing factors such as the number of sections used,
the amount of spontaneous emission, facet reflections and other defects. Increasing
the power increases this sensitivity, and only a small deviation from the cross-over
point is required to give single moded steady state operation. However as shown in

the kL = 1.5 device, these devices are likely to exhibit multi-mode oscillations.

5.2.5 Instability

Device B exhibits longitudinal instability, recently analysed by Schatz [86]. This
effect is characterised by an unstable symmetrical longitudinal mode decaying to an
asymmetrical stable state due to spatial hole burning effects [87,88]. Both models
predict instability using different techniques. Instability is automatically treated
in the time domain method, since the complex fields propagate along the cavity
in time. Any deviation from the unstable symmetrical longitudinal mode caused
by random noise or other fluctuations would shift the laser to a different state. In
the case of the power matrix method, the unsteady state is allowed to converge.
However a small noise source can be simulated by including small perturbations in
electron density along the cavity and allowing the laser to settle.

The small perturbations can cause an unstable mode to decay into an asym-
metrical stable mode (two exist due to geometric symmetry); in the case of a stable
mode the cavity profile will correct itself to its original state. The photon and carrier
distributions at the instability region are shown in Figs. (5-12) and (5-13) respec-
tively. The distribution of power is asymmetrical and again shows good agreement
between the two models on asymmetrical inhomogeneities.

The facet power is shown for different injection currents in Fig. (5-14). The onset
of instability is predicted at 60 mA by both models, and the modelled difference in
power from both facets is also in good agreement. A kink in the total facet power
vs. current is also visible around 70 mA injection, caused by the onset of a side

mode.

5.3 Discussion: Comparison with PMM

Good agreement between the PMM and TDM has been demonstrated in static,

small and large signal regimes.
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Figure 5-12: Photon density profile of device B at 67 mA showing instability. The
solid line is from the PMM model and dashed from TDM.

3.2 T ; ; T

n
©

Carrier density [cm*-3]
[\
(2]

N
»

22

4 6
Longitudinal section number |

Figure 5-13: Carrier density profile of device B at 67 mA showing instability. The
solid line is from the PMM model and dashed from TDM.
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Figure 5-14: Light current characteristic for device B showing regions of splitting in
output power. The solid line is from the PMM model and dashed from TDM.
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The TDM differs from the PMM in its use of stochastic noise sources. The‘

TDM simulations must be averaged to obtain the mean dynamic response of the
laser. In contrast the PMM gives this mean response directly. Suppression of the
noise sources in the TDM can be used to calculate a deterministic response, above
threshold, for single moded devices where spontaneous power has negligible effect on
spectral and dynamic characteristics. Multi-mode operation and modulation close
to threshold however, are not accurately modelled without the noise sources.

The validity of the models is demonstrated in uniform DFBs with <L products
of 1.5 and 3. In the latter case instability is demonstrated in both models resulting
in stable asymmetric longitudinal modes. Both models agree in single and double-
moded behaviour. The agreement in dynamic simulations show that both models
can be used as powerful tools for designing and optimizing devices, although there
are particular advantages in each model dependent on the application.

The comparison with the Power Matrix Method has shown good agreement for
laser spectra, small signal responses, instabilities, transients and mode competi-
tion. Based on different premises, the agreement of these two large signal models
minimizes greatly the likelihood of any programming errors, as well as increasing
confidence in the validity of the large signal response simulations. The power matrix
method uses the concept of laser modes. Modes are no longer defined when con-
sidering travelling wave amplifiers and modulators, and the power matrix method
could not, in its preseht state simulate these devices correctly; these devices are
simulated without any difficulties by the time domain model, where optical modes
only appear when the optical fields are examined in the frequency domain. The
good agreement in this comparison therefore shows that optical modes are useful

concepts in modelling many aspects of lasers diodes.
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Chapter 6

Comparison with other models

and experiment

This chapter presents further comparisons of the time domain model presented in
Chapters 2 and 3 with other modelling and experimental results.

Two comparisons are presented in this chapter:

1.) The first is a comparison with the results reported by the European COST 240
workshop on laser modelling, calculated using a variety of models developed
by the leading laser modelling groups in Europe. This comparison concerns

static, small signal and noise characteristics.

2.) The second compares experimental results concerning self-pulsating DFB laser

diodes, reported by the Heinrich Hertz Institute, with simulations using the
time domain model.

The first comparison shows that the time domain model calculates accurately
the static properties of DFB laser diodes, and that the laser linewidth calculations
agree with some other current sophisticated models in showing rebroadening due to
spatial hole burning.

The second comparison shows that some complex behaviour in DFB laser diodes

can be studied usefully using the time domain model.

6.1 Comparing with results of COST 240

The results presented here concern the first part of the second COST exercise: a

Imm long A/4 shifted DFB laser emitting around 1.66um is considered. The laser
parameters are given in Table 6.1.
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| Parameter (\/4 shifted DFB) | Bulk ||
Facet reflectivities R1,R2 0
Grating period [nm] 244.5
Coupling strength £L [cm™!] 10
Bragg order m 1
Stripe width w [pm] 1.5
Active layer thickness [pm)] 0.2
Laser length L [pm] 1000
Confinement factor I' 0.3
Effective index without injection n.p 3.4
Effective group index n, 3.6
Internal absorption a,[cm™!] 50
Differential gain a [107¢cm?] 2.5
Transparency carrier density No[cm ™3] | 1018
Non-linear gain coefficient €[cm?] 0.0
Material enhancement factor ag 4.51
Inversion factor n,, 2
Carrier lifetime 7 [ns] 10
Bimolecular coefficient B [1071%m3/s] | 1
Auger Coefficient C [10~2¢m?®/s] 7.5

Table 6.1: Device Parameters for the COST DFB
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Figure 6-1: Facet power against current for the time domain model (x) and for
University of Gent (solid).

Figure(6-1) shows the facet power versus the drive current for both the time
domain model results and those of University of Gent. Twenty sections were used in
the time-domain model, and the curve was calculated by stepping the current to the
different levels and waiting for the transient to settle. On a 486-PC this takes about
five minutes for the 10 points. The difference between the models never exceeds 1%,
and is well within the spread of results from the other groups.

Figure (6-2) shows the laser linewidth versus the drive current for the device, with
the results from the University of Gent, from TFL, and from KTH. The curves for
the time domain model, University of Gent and TFL shows a rebroadening occurring
around 160 mA, due to an increasing instability of the longitudinal mode. A mode
jump is indeed observed using the time domain model around 220 mA: after a
relatively long period of time of about 20ns, during which the laser seems to operate
in a stable fashion, the carrier density quickly becomes asymmetric and a large
transient follows as the laser switches to the (-1) mode (see Fig.(6-3)). The optical
power and carrier density distribution are different for the (0) mode before the jump
and the final, stable (-1) mode; These are shown in Fig.(6-4). The linewidth of the
time domain model agrees very well at low and moderate powers with University
of Gent and TFL, and rebroadening is observed. The last point (I=240 mA) for
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Figure 6-2: Linewidth against current for the time domain model and other models. 1

40 —

w
(&)}

[4°]
o

N
[4)]

L(W-wmwm

N
(=]

Facet power (mW)

iy
[$)]

-t
o

5 B Il Il 2 A a
4 5 6 7 8 9 10 11 12
Time (ns)

Figure 6-3: Facet power versus time, showing a large transient due to the mode
jump.
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Figure 6-4: Carrier and photon density distributions before and after the mode
jump.

the time domain model shows a low linewidth (=~ 5MHz): this is the linewidth of
the new stable mode. The time domain model actually predicts the instability at
a lower power than the other two models. Thirty sections were used in the time
domain model, and the numbers of sections used by the other models is not known:
this may explain the discrepancy, as the modelling results are very sensitive to any
differences in parameters in the region of instability.

The linewidth calculated by KTH is representative of the results of the other
models in the COST exercise, and does not show any rebroadening. This is probably
because the variations in the mode profile with increasing power are not taken into
account in these models.

The low frequency modulation characteristics calculated by a few models are
shown in Fig.(6-5). Again at low powers there is good agreement between the time-
domain model and the other models. At higher powers the results from different
models seem to diverge. Again, this may be due to the number of sections used in
the different models.
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Figure 6-5: FM modulation response at low frequencies against current for the time
domain model (solid) and other models in COST-240.

6.2 Simulation of self-pulsating DFB lasers

In this section the time domain model is used to simulate the phenomenon of self-
pulsation in DFB lasers, as recently observed by Mohrle et al [89]. Mohrle et al
reported self-pulsation with a repetition rate of several GHz in two section DFB
lasers under certain conditions of non-uniform pumping. Self-pulsating DFB lasers
were subsequently used by the same research group for all-optical clock-recovery for
transmission systems [90].

Self-pulsation was chosen for this comparison in order to test the capabilities
of the time domain model to simulate behaviour in DFB lasers unforeseen when
the model was developed. Furthermore, the simulation of self-pulsation requires a
dynamic model which takes into account longitudinal effects, and therefore tests

modelling capabilities more specific to the time domain model, and not shared by a

wide variety of models.
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DFB lasers

Jinno and Matsumoto [91] and Mohrle et al [89] first reported the generation of
optical pulses at Gigahertz repetition rates in multisection DFB lasers driven by a
D.C. current injection.

This phenomenon differs from self-pulsation in multi-section Fabry-Perot lasers
[92,93], where differences in carrier lifetimes in different sections of the laser are at
the origin of the pulsations [94]. Lasers with carrier lifetimes varying along the cavity
can be fabricated by uneven doping of the semiconductor or by ion bombardment
of sections of the laser. The presence of defects can also reduce the carrier lifetime
and cause self-pulsation. However, Mohrle et al have shown that the self-pulsation
was unaffected by exchanging the current injection levels in a DFB laser with two
even sections, and therefore that defects were very unlikely to be the cause of the
phenomenon. The cause seems to be due to the shifting of the optical stopbands
of the DFB gratings relative to each other in both sections of the laser, when the
refractive index changes due to varying carrier densities. As shown by Bandelow et

al [95] this leads to substantial nonlinear effects which can cause self-pulsation.

6.2.2 Experimental and simulation results

The devices used by Mohrle et al are drawn in Fig.(6-6).

The DFB lasers used had a high coupling coefficient x = 1500m‘1,‘ and were
400pum long. Devices with different relative lengths of the two sections were used.
The laser facets were uncoated. The parameters used in the model are shown in
Table 6.2, and are typical of the ridge waveguide structures considered.

The DFB facets in the experiment were uncoated, and the phases of these facet
reflections were unknown. A number of simulations were therefore performed for
combinations of facet phase reflectivities varying from 0 to 27 by increments of
7 /4. The facet reflectivities were found to have a considerable effect of the lasing
spectrum and the pulsation characteristics. For many combinations of facet reflec-
tivities, single mode operation was simulated over a wide range of injection currents,
indicating that DFB effects are pronounced: this was observed by Mohrle et al, who
measured the optical spectrum shown in Fig.(6-7), when the DFB was not pulsating,.
A typical simulated optical spectrum for facet reflectivities (7 /4, 7/2) is shown for
comparison in Fig.(6-8).

When the two sections of the device were pumped with certain currents, Mohrle
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Figure 6-6: Structure of the ridge-waveguide two-section DFB lasers used by Mohrle

et al, after [89].
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Figure 6-7: Optical spectrum of a DFB laser (non-pulsating regime) showing a
large side mode suppression ratio (greater than 35 dB), indicating pronounced DFB
effects. After [89].
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Figure 6-8: Simulated optical spectrum under similar injection conditions as in

Fig.(6-7).

| Parameter (Uniform DFB) | Bulk |
Facet reflectivities R1,R2 0.3
Coupling coefficient & [cm™!] 150
Bragg order m 1
Stripe width w [pm)] 1.5
Active layer thickness [um] 0.2
Laser length L [pm] 400
Confinement factor I' 0.3
Effective index without injection n.g 3.2
Effective group index n, 4.0
Internal absorption a,[cm™!] 50
Differential gain a [10™¢cm?] 2.5
Transparency carrier density No[cm ™3] | 1.8*¥10'®
Non-linear gain coefficient €[cm?] 1.0x10717
Material enhancement factor ag 4
Inversion factor ng, 2
Carrier lifetime 7 [ns] 10
Bimolecular coefficient B [1071%m?/s] | 1
Auger Coefficient C [7.572¢m®/s] 7.5

Table 6.2: Device Parameters for the self-pulsating DFBs.
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Figure 6-9: Observed pulsating facet power for currents 131.8 mA and 63.4 mA in
the 330um and the 70um DFB sections respectively, after [89].

et al observed self-pulsations in the optical output from one laser facet, reproduced in
Fig.(6-9). The currents producing self-pulsations were close to the currents leading
to stable single mode operation.

Self-pulsation was simulated in a DFB laser with section lengths 70pm and
330um. The facet phases were varied, and the regions for self-pulsation varied sub-
stantially with the reflection phases. For the facet phases (0,7), self-pulsation was
simulated at a similar injection level of (140 mA, 50 mA) in the 330xm and 70pm
sections respectively. The power observed from the end of the 70xm section is shown
in Fig.(6-10). The raw facet power data was in this case smoothed by a Gaussian
filter of a width of 50ps, corresponding roughly to the response time of a typical fast
photodiode. The facet power would otherwise display rapidly varying detail due to
beating between the different laser modes. The shape of the pulses is similar, with
a rise time shorter than the fall time. The frequency of the self-pulsation is similar
to the experimental result, 3.2 GHz compared to 2.73 GHz observed by Mohrle et
al. The optical power observed from the other facet was different, with a smaller
extinction ratio.

The RF-spectrum measured by the experimentalists during self-pulsation is re-
produced in Fig.(6-11). The first peak gives the frequency of the self-pulsation,
and the other peaks are due to higher harmonics of the pulse shape. A simulated
RF-spectrum evaluated from a 30 ns run of data is shown in Fig.(6-12).

Again, the shapes of the simulated and observed RF spectra are similar, due to
the similar pulse shapes.

Moéhrle et al also observed the optical spectrum of a self-pulsating DFB, which
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Figure 6-10: Simulated facet power for currents 140 mA and 50 mA in the 330pm
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Figure 6-11: RF spectrum of self pulsating laser, after [89].

125




RF relative PSD (dB)

0 2 4 6 8 10
Frequency (GHz)

Figure 6-12: Simulated RF spectrum of self pulsating laser, same conditions as for
Fig.(6-10).

showed two excited longitudinal modes, both broadened by chirping. No further
published details concerning the self-pulsating optical spectrum were available, but
the simulated self-pulsating DFB also displayed an optical spectrum with two excited
modes, broadened by chirp. The optical spectrum for the self-pulsation under the
same conditions as for Fig.(6-10) is shown in Fig.(6-13).

The regions of self-pulsation were then explored by Mohrle et al, this time in a
symmetric device with two 200pxm long sections. The observed injection currents for
self-pulsation are shown in Fig.(6-14). The graph shows that the conditions for self-
pulsation are symmetric with respect to an exchange of the drive currents in both
sections, and that the islands for self-pulsation occupy small areas. The symmetry
of the graph makes the possibility of self-pulsation being caused by defects unlikely,
and reinforces the belief that self-pulsation in DFB lasers is distinct from that in
Fabry-Perot lasers.

The regions for self-pulsation of a simulated DFB with two equal sections were
examined for a number of different facet phase combinations. The facet phases were
found to affect the self-pulsation significantly. Except for symmetric facet phases,
the regions for self-pulsation were not at all symmetric with respect to interchanging

the drive currents. An example is shown in Fig.(6-15), for the specific case of facet
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Figure 6-13: Simulated optical spectrum of self pulsating laser, same conditions as
for Fig.(6-10).

phases (7/4 in section 1,m/2 in section 2). The regions for self-pulsation shown in
this plot are those where the contrast ratio of the pulses is greater than 5.
Self-pulsation was also simulated in the same device with perfect anti-reflection
coated facets. The device is then truly symmetric, and the regions for self-pulsation
are shown in Fig.(6-16). These regions are not completely symmetric because the
contrast ratio of the pulses from the same laser facet was used throughout to de-

termine self-pulsation. The regions for self-pulsation in this case were considerably

extended.

6.2.3 Mechanism for self-pulsation

The mechanism for self-pulsation in an anti-reflection coated symmetric device was
examined. When the injection currents are equal, the laser operates in the +1 DFB
mode, at the upper frequency edge of the DFB stop-band. This is due to spatial-hole
burning, which in a high sL uniform DFB results in a lower Bragg frequency within
the centre of the device: the +1 mode at the high frequency edge of the stopband
is then better confined by the curving stopband than the -1 mode at the other edge
of the stop band. When the power is increased, the hole burning in a DFB with
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Figure 6-14: Current conditions for self-pulsation in a symmetric device. After [89].
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kL > 3 even causes the +2 or +3 modes of the DFB to start lasing as well, and

longitudinal instability of the type predicted by Schatz [86] can also occur, possibly
resulting in multimode operation.

As shown in Fig.(6-17), injecting a larger current I; in the right half of the laser
than the current I in the left half causes the stop band frequency to increase on
the right of the laser. The photon density for the lasing (+1) mode then shifts
to the left of the laser, accentuating the carrier density difference between the two
sections. The optical power from the right facet falls at this point. When the
difference between the two sections has become large enough, the (-1) mode starts
lasing, and the optical power shifts to the right hand side of the laser, producing a
pulse. The carrier density on the right hand side of the laser is then depleted by
this pulse, and the process can be repeated. Figures (6-18) and (6-19) show the
optical power from the facet of the highly pumped section and the corresponding
frequency of the dominant mode. A mode switch is seen to occur at the beginning
and the end of every pulse, and the low frequency mode displays a considerable
chirp. The frequency of the dominant optical mode was obtained by smoothing the

instantaneous frequency over a time longer than the beat period of the modes.

6.2.4 Self-pulsation: conclusion

Self-pulsation in DFB lasers has been modelled and the simulated results show
qualitative agreement with the experimental results, except concerning the regions
for self-pulsation in a symmetric device. The parameters of the modelled devices
are typical for the structures and materials considered, but are only estimates, and
better agreement could be achieved by adjusting the coefficients.

The causes for the disagreement between the experiment and the simulations for
the regions of self-pulsation of the “symmetric device” are not known. One reason
could be that the cleaved facet phases in the experimental device happened, by

chance, to make the device very symmetric.

6.3 Comparisons: conclusion

Two different comparison were presented:
The European COST-240 modelling exercise provided an opportunity for a num-
ber of research groups to check their modelling tools by a detailed comparison of

simulation results. Only D.C. and noise and small signal results were compared as
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Figure 6-18: Optical power in the self-pulsating regime.
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132




large signal models are less common. The agreement between the time domain model
results and those of some other models are very good, often within one percent. The
linewidth simulations, showing linewidth rebroadening due to mode instability, agree
well with those of the University of Gent and TFL, although the methods used differ
substantially. The closeness of the agreement indicates that the numerical methods
used by the time domain model are accurate.

Experimental measurements of self-pulsating DFB lasers were compared with
simulations using the time domain model. Comparing experimental and modelling
results of laser diodes is an intricate task: the models rely on a large number of
device parameters which ideally would have to be measured precisely. A detailed
knowledge of the device fabrication is also needed, but is not always available. The
experiments have to be designed so as to minimize the dependence of the results on
the measurement techniques, or at least to make sure that these dependencies are
well understood. If some device parameters are not known with sufficient precision,
then in some cases they can be adjusted to provide a close fit between experiment
and simulation; this is usually a valid procedure when the number of unknown
parameters is small so that they can be uniquely determined. When large numbers
of parameters are unknown, an accurate quantitative comparison is of less benefit:
by choosing parameters carefully, experiment and simulation can be often be made
to agree, sometimes using very different sets of parameters.

Due to considerations of time, precise quantitative comparisons with experiment
have not been carried out over the course of this Ph.D., and remain a subject for
future work. A more qualitative comparison has been given instead, concerning self-
pulsation in DFB lasers. This comparison has shown that some complicated aspects
of DFB laser behaviour can be simulated by the time domain model. The speed of
the model’s algorithm, together with the increasing availability of cheap processing
power, suggests that the time domain model can be used to study complex behaviour
in laser diodes. In conjunction with experiments, this powerful numerical modelling
could be used to advance our understanding of the phenomena to the point were

analytic models providing a deeper insight could more easily be derived.
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Chapter 7

Intensity noise and squeezing in

laser diodes

Experimental work has demonstrated that sub-Poissonian photon statistics from
laser diodes are possible [33]. The time-domain model presented in Chapter 2 was
incapable of simulating such ”squeezed light”: the representation of the fields it used
did not allow the simulation of light with sub-Poissonian statistics.

This is because when a stream of photons is incident upon a partially trans-
mitting mirror, each photon is randomly and independently either transmitted or
reflected. If a constant optical flux I(t) represents a stream of regularly spaced
photons incident upon the mirror, the transmitted flux I(t) will not be constant,
but will display random fluctuations, to account for the random reflections of the
incident photons. A noise source must therefore be associated with the mirror. It
is also found that noise sources must be associated with any radiation losses in the
laser. The model in Chapter 2 did not include these noise sources associated with
losses.

Instead, the model in Chapter 2 represented a Poisson stream of photons (pho-
tons incident upon the mirror, at times independent from one another) by a constant
optical flux I(¢). The effect of a random reflection or transmission by a mirror, upon
an incident Poisson stream of photons is to produce a transmitted stream of photons
with Poisson statistics as well. So if the incident (Poisson) stream is represented by
a constant flux I(t), then the transmitted (Poisson) stream can also be represented
by a constant flux I;(), and no noise sources are necessary at the laser facets. The
consequence of this, is that photodetection shot noise needs to be included at the
detectors to recover the Poisson statistics represented by the constant flux I(¢).

The necessity of adding this photodetection shot noise at the detector means
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that photon streams with sub-Poissonian statistics cannot be represented by a real
flux I(t). This chapter puts forward a new speculative theory whereby, in order to
simulate squeezed light, fluctuations in the photon flux have two components. One
component, associated with real fluctuations of I(t), describes additional intensity
noise, on top of the shot noise at the detector. The other component, associated with
imaginary fluctuations of I(t), has a negative average fluctuation power < §1(t)? >,
and can therefore cancel the photodetection noise and simulate sub-Poissonian pho-
ton statistics.

This formalism for the optical fields, which allows complex fluctuations in the
power, is known as the positive P distribution, and has been used to calculate
photon statistics in other problems of quantum optics. Its new application to lasers,
presented in this chapter, also requires complex fluctuations in the carrier density.
Only the ensemble averages of these optical power and carrier densities are measured
in reality, and these ensemble averages are found to be real, so that the theory does
not predict complex values for measured quantities.

In this chapter, the new theory is described, and simulated intensity noise charac-
teristics are presented for a variety of laser diode structures. The simulations reveal
that the best possible reduction in intensity noise depends on the laser geometry:
for some laser structures, like Fabry-Perot lasers with low facet reflectivities, it is
indeed impossible to generate squeezed light. Simulations of intensity noise under

large signal modulation are also presented.

7.1 Introduction

Relatively low intensity fluctuations enable semiconductor laser diodes to be used
as good sources for optical-fiber communications and sensors. However, the relative
intensity noise (RIN) power of the best laser diode source is not far below the
maximum levels permitted by high quality analogue TV transmission [96] so that
there is still a need for improved understa<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>