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uncertainties. The toolbox captures the evolving nature of the key design performance indicators
(KPI) and provide both KPI-free and KPI-based metrics. The KPI-free metrics, which are based on
entropy and Fisher information but independent of design KPIs, is shown to give good indication
of the most influential data for KPI-based metrics. This suggests a consistent identification of high
value data throughout the design process.

1. Introduction

Research relating to Digital Twins (DTs) has mostly focused on manufacturing, operation and maintenance, where the corre-
sponding physical entities exist. However, at the design stage, the virtual part of a DT predates its physical part. As a result, the DT at
the design stage is simulation based and mirrors the expected functions and events of the physical entity.

Although computational models are commonly used in the design process to simulate expected design performance, DTs offer an
enhanced approach as they are based on a fusion of models and data. Data at the design stage can be historical, being based on existing
knowledge and experience, or bespoke, being based on targeted measurements, such as environmental data or material properties.
Data can be from multiple sources and can have different level of relevance, and for the successful and efficient application of a DT in
design, there is a need to identify data with a high value of information that can be used to support decision-makings at different stage
of the design process.

With an emphasis on data integration, an overview of the application of a DT in the design process under uncertainty is given in
Fig. 1. At each step of the design process, the quantities of interest (Qols) are estimated from the DT. Decision makers then extract
useful information form Qols using design metrics and decide either to accept the design, to improve it, or to obtain more data to better
inform the decision making process. One of the key steps in this process is to identify high value information, denoted as b”, and that is
the focus of this paper.

In this paper, we propose new design sensitivity metrics that identify the most influential parameters from the DT to support
decision-makings. The essence of the design metrics, as highlighted in the shaded hexagons in Fig. 1, is to couple the design process
(vertical axis) and the decision process (horizontal axis). This has prompted the development of a metric toolbox for DTs in the design
process that focuses on data: Toolbox for Engineering Design Sensitivity (TEDS). The unique features of TEDS are (a) it identifies
important uncertain data that design should focus on; (b) it is non-intrusive and thus allow the integration of black-box DTs; (c) it is
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Fig. 1. Overview of digital twins in the design process to support decision making in the presence of uncertainties.

developed for the design process and thus allow more tailored design decisions. The toolbox mainly includes two design metrics,
namely probability of acceptance” and design entropy, and their sensitivities (more discussion of TEDS are given in Section 2 below).
The relationship of the present approach to the previous literature is discussed in what follows.

The acceptability of a design is a widely used metric to evaluate a design against requirements. However, design requirements can
evolve during the design process. The implications of changing requirements are mainly twofold. First, designers are uncertain about
the specific level of design acceptance. To capture this uncertainty, a probabilistic acceptability model is proposed in [1,2] to provide
designers with an intuitive way to evaluate design performance, where a single quantitative output representing the probability that
the design’s performance will be acceptable is computed. This metric, the probability of acceptance, thus evaluates a design directly
against uncertain requirements and is included in TEDS.

Another implication for the evolving requirements is that, the acceptability function changes as the understanding of the problem
evolves and this is especially common at the early stages of design. In this case, it becomes more important to measure the internal
structure of the design, such as the complexity of the design, without comparing to specific requirements. In [3], design complexity is
defined as a function of the design’s information content, as captured by intelligent computer aided design systems. The information
content can be interpreted as the least number of bits to represent the design. By assuming equal probability for the variables (op-
erators and operands), the information content metric is shown to be equivalent to entropy. In [4], the entropy of the design solutions
related to the functional requirements, which are assumed to be continuous random variables, is used to measure the complexity for
the overall design solution. In [5], the design complexity is measured using an exponential information entropy. This metric is based on
the information content in the estimated quantities of interest and is intended to be used mainly in simulation based design activities.
The exponential entropy can be related to the length of the support of the joint probability density function of the random design
quantity of interest. Entropy thus measures the design complexity and its information content. This makes entropy most suitable for
design under uncertainties and it is included in TEDS as a design metric. Note that different from the applications described above,
entropy can also be applied to the probability of acceptance and measure the complexity of the design related to the design re-
quirements [6].

Neither of the design metrics discussed above, probability of acceptance or entropy, can guide design decisions directly. In order to
identify high value information or the most influential parameters, it is desirable to conduct a sensitivity analysis where a change of the
design metric is quantified subject to a change in the data or the design parameters. The sensitivity of the probability of failure is often a
key element in reliability based optimization where the gradients of the objective function are required [7,8]. The gradients can be
obtained by using a polynomial chaos method where a functional relationship between the uncertain response and the input variables
is represented as a polynomial expansion [9]. However, the application of the polynomial chaos method can be difficult because the
failure region is often unknown. In [10], an indicator function is introduced to transform the failure region to the full random space and
a smooth approximation is adopted to compute the gradients. An extended polynomial chaos formalism has been applied for

2 2 probability of acceptance, probability of success and probability of failure are used interchangeably in this paper and they all measure the
probability of satisfying (or not) certain design requirement.
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evaluating the sensitivities of output distribution functions to input distribution parameters in [11], where the application to reliability
sensitivity requires the characterization of the failure probabilities as random variables themselves. When the Monte Carlo methods
are used, the numerical efforts involved in the calculation of the failure probability and its sensitivities can be prohibitive [12]. One of
the approaches to compute sensitivity using the Monte Carlo method is the Likelihood Ratio (LR) method [13], where sensitivities of
the response function are computed with respect to the distribution parameters of the random variables. Although a well-known
method in stochastic optimizations [13], there has not been many applications of the LR method in engineering. Some examples of
applying the LR method in reliability sensitivity analysis can be found in [14-17,37]. In this paper, we will be using the LR method for
non-intrusive computations of the probability gradients, so that the toolbox TEDS can be applied efficiently to black-box digital twins.

The sensitivity of entropy can be evaluated using the Kullback-Leibler (K-L) divergence (aka relative entropy). Drawing ideas from
sensitivity analysis based on variance decomposition, an entropy power based decomposition method is proposed in [18] for design
sensitivity analysis. The sensitivity index takes account of both design complexity that is quantified by entropy power (proportional to
the square of exponential entropy), and non-Gaussianity that is quantified using the K-L divergence. In [19,20], a sensitivity analysis
using K-L divergence is proposed, by measuring the divergence between two PDFs (probability density functions) corresponding to
before and after uncertainty reduction of the random variable of interest. This utilizes the concept of omission sensitivity, where a
random variable is made deterministic to eliminate its uncertainty. Depending on the design objective, the proposed K-L divergence
can be applied to either the full range of PDF (integration of K-L entropy over the entire distribution) or partial range of the PDF (partial
integration). As explained below, the K-L divergence will be used in a different way in the present work.

In this paper, a design process tailored toolbox TEDS is developed, which includes both the probability of failure and the entropy as
design metrics. The K-L divergence is used in TEDS to measure the sensitivity of the entropy to the data. Different from [19,20],
however, we propose a new design metric using the Fisher Information. The Fisher information is first introduced by Fisher [21] and is
widely used for parameter estimation and statistical inference. Estimated parameter values will show variability and the Fisher In-
formation is a lower bound on the variance of any unbiased estimate (the Cramber-Rao lower bound). The Fisher information is used in
a different way in the present work. The distribution parameters b of the design variables X,z are assumed to be known from data as
shown Fig. 1. The Fisher Information is used to measure the sensitivity of the uncertain quantities of interest, yq,;, with respect to the
input distribution parameters b. To consider the interdependency of uncertain parameters, the Fisher Information Matrix (FIM) is
formed. The eigenvalues and eigenvectors of the FIM are found to indicate the principal components and the principal directions of the
entropic sensitivities. The principal directions thus provide us with the most sensitive parameters b* and correspondingly indicate the
data of most importance to the design.

Note that it is assumed in this paper that xyzn has a probability distribution that can be characterised by the distribution pa-
rameters b. This includes deterministic variables which can be approximated using a delta distribution function. A lack of knowledge
and information about the design variables is then reflected in the uncertainty in the values of the parameters b. It is thus out of scope
of the present sensitivity framework to consider imprecise probabilities, which might be applicable when there is only very scarce data
available such that a probability distribution cannot be identified without significant assumptions. Recent sensitivity studies in terms
of imprecise probability are described in [22] within the paradigm of probability bounds and in [23] by proposing a probabilistic
Sobol’ sensitivity indices.

In what follows, TEDS is introduced in Section 2, with a qualitative overview of the relationship between the proposed design
metrics and the design process. The mathematical framework of the design metrics and their sensitivities is presented in detail in
Section 3. A case study for dynamic design of an offshore structure is conducted in Section 4 to illustrate the application of TEDS, where
two design scenarios are considered and compared. In Section 5, the relationship between the two types of metrics and their impact on
design decision-makings are discussed. Concluding remarks are given in Section 6.

Design KPI

KPI-free H,AH | concept
Metrics design

Black Box
Digital Twin
\

KPI: Key performance indicator

, KPI-based Pr, AP¢ Detailed
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Fig. 2. TEDS (Toolbox for Engineering Design Sensitivity) provides design process tailored metrics.
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2. TEDS - toolbox for engineering design sensitivity

In this section, we give a qualitative overview of how the proposed design metrics are tailored to the design process and the
corresponding quantitative details are given in Section 3 below.

The design process is commonly divided into multiple phases, ranging from problem definition to design verification. Although the
detailed design steps vary from case to case, the essence of the design process is to have a converging solution. Note that the design
solution in the presence of uncertainties will have probabilistic design requirements. As the design requirements are evolving during
the design process, we have divided the design process into two stages, the early conceptual design stage and the detailed design stage.
At detailed stages of the design process, we normally have a specified design target or key performance indicator (KPI). The need is to
find the probability that the design will meet the target, P;, and also the sensitivity of this probability to input data so that design
decisions can be made accordingly. In this case, the design metrics are denoted as KPI-based and are most suitable for detailed design
stages, as indicated in Fig. 2. Note that the requirement (KPI) needs to be specific but can be uncertain. For example, one of the KPI used
in the case study in Section 4 is the design life of the structure due to fatigue failure. The design criteria is specific, i.e., a fatigue failure
not a failure due to excessive displacement, but the expected life duration can be itself uncertain. On the other hand, at early design
stages, a specific design requirement is not normally available. This could be due to either too much uncertainty to fix the re-
quirements, or a preference to waive specific requirements so that a much wider design space can be explored. As there are no specific
design KPIs, the design metrics that are most suitable at the conceptual design stage are called KPI-free metrics, as indicated in Fig. 2.
The KPI-free metrics are the design entropy H and its sensitivity to perturbations of design parameters, which are independent of
specific design targets (KPIs).

One of the key elements needed to implement TEDS is the partial derivative of a probability measure (more details in Section 3.4).
In a standard setting, especially for black box models, the function has to be evaluated twice and to compute the derivative using the
finite difference method. This is time consuming for complicated simulations using the Monte Carlo method. In TEDS, the Likelihood
Ratio (LR) method [13], also known as score function method [14], is applied. In the LR method, the partial derivative of a probability
measure with respect to (w.r.t) continuous parameters can be obtained efficiently in a single simulation run. As it is a sampling based
method, TEDS is non-intrusive and can be applied to black-box digital twin as indicated in Fig. 2.

3. Methodology

In this section, the theory underpinning the sensitivity toolbox TEDS is presented. An overview of the mathematical framework is
shown in Fig. 3. It is assumed that the input uncertainties can be described by parametric distribution models, where x is a vector of
random variables and b is a vector of corresponding distribution parameters (e.g. mean or standard deviation). y is the design quantity
of interest output from a numerical model h, where h can be a black box model.

In accordance with Fig. 2, two sensitivity metrics are estimated using TEDS. The first one is KPI-free design entropy, denoted as H in
Fig. 3. The sensitivity of design entropy is linked to the eigenvalues of the Fisher Information Matrix (FIM) (denoted as F in Fig. 3),
which will be introduced in detail in Section 3.1. The other metric is the KPI-based failure probability P; and the sensitivity is
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Fig. 3. Overview of the mathematical framework of TEDS, where the impact of Ab on both KPI-free metric H and KPI-based metric P; are evaluated.
The eigenvectors of the matrix F form the Eigen basis for projections of sensitivity vectors.
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quantified using the partial derivative of P; with respect to the distribution parameters b. Details of these two metrics are given in
Section 3.1 and 3.2 respectively. In Section 3.3, the relationship between the two metrics is explored via projections of the sensitivity
vectors and numerical implementation steps are given in Section 3.4.

3.1. KPI-free design metric

3.1.1. Design entropy
Entropy can be used to quantify the information contained in an uncertain variable. In the KPI-free case, the expected information
contained in the designed quantity of interest, p(y|b), is measured using entropy:

H=- / p(yb)np(y[b)dy a

where H is called design entropy in our context. Note that b is not a distribution parameter of p(y), where the dependence on b is
propagated through the function y = h(x). To look at the sensitivity, we can then define the perturbation of the design entropy as a
relative entropy quantified using K-L divergence:

At = KLl (b + 40)] = [ plyibym | FYP oy @

where p(y|b +Ab) is the perturbed PDF. For ease of notation, the p(y|b) will be simplified as p(y) or p wherever the context is clear.

3.1.2. Quadratic form for the perturbation of design entropy
Eq. (2) presents a metric to compute the impact of parameter perturbations, but it does not explicitly identify the most influential
set of parameters. This is not an easy task because the impact of the parameters on the design entropy are not independent. In this
paper, we represent the perturbation of design entropy as a quadratic form using the positive semidefinite symmetric Fisher Infor-
mation Matrix (FIM). The eigenvectors of the FIM can then be used to identify orthogonal set of parameters for our sensitivity analysis.
First, we can take the Taylor expansion of the following term at the current design point b:

In[p(b + Ab) ] = Inp(b) + Ab"{VInp(b) } + % AbT{V’Inp(b) } Ab + O(AD?) 3)

where p(b +Ab) is the simplified notation for p(y|b +Ab) and the terms in the curly brackets are the gradient vector and Hessian matrix
respectively. The perturbation of the design entropy can then be represented by a quadratic form using the FIM:

1
AH =~ / plnpdy — / plnpdy — Ab" / pVinpdy — 5AbT / pVZnpdyAb
T 1 LNR loo 1 T

= Ab" [ p=Vinpdy —-Ab" [ p|-V°p ——=Vp Vp|dyAb
P 2 p p
X X (€]
= —AbT/—V TVpdyAb
2 p VP VP
— L AbTFab
2

where Eq. (3) is substituted back in Eq. (2) and third and higher order terms are ignored. Note it has been assumed that the differential
and integral operators are commutative, i.e. the order of the two operations can be exchanged under regularity conditions of
continuous and bounded functions [13], and it has been noted that the PDF has unit area (c.f. Eq. (6)).

3.1.3. Interpretation of FIM
The matrix F in (4) is the Fisher Information Matrix (FIM). The jkth entry of the Fisher Information Matrix (FIM) can be expressed as:

_ [dp(y) dp(y) 1 . [fﬂnp(Y) 61np(Y)} )

F, —
J* 0b, db, K

~ ) ob; b ply)

where the mean value of the partial derivative term, dlnp(y)/ob;, is zero:

dlnp op 1 2
Fy|—| = | — — = =
Y { abj} b, ppdy b, / pdy =0 (6)

Thus, from Eq. (5), it can be seen that the jk™ entry of the Fisher Information Matrix (FIM) is the covariance between the partial
derivative of the log probability distribution, with respect to (w.r.t) the parameters b; and by respectively:

-~ dlnp(y) dlnp(y)
Fu— con[ P80, i) 2
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Therefore, the FIM is the covariance matrix.

F = cor| R0 P coupiy). piv)] = Ex BB ®

where for simplicity, f is used to denote the distribution sensitivity vector:

aln np(y N T
B(y) = p(y) OID;Z(N ). 0][}5(’)') )
0b, 2 N

Using the quadratic representation in Eq. (4) and noting that the FIM is a covariance matrix, it can be seen that the KPI-free
sensitivity measures the variance of the perturbation of the log distribution for the quantities of interest:

AH = %AbTFAb = %var[AbTﬁ(y)} = %var[Alnp(y) ] (10)

As a covariance matrix, the eigenvalues and eigenvectors of FIM then indicate the principal components and the principal di-
rections of the variances. The principal directions thus give us the KPI-free b" that represents high value data the design should focus
on.

Note that the partial derivative vector in Eq. (9), where the jth entry is §; = dlnp(y)/db;, provides the relative effect on the per-
turbations for an infinitesimal change of b;. However, these raw partial derivatives are not directly comparable when the parameters, b;
and by, are of different units. In addition, the FIM tends to be ill-conditioned without scaling because the magnitude of the parameters
could be of many orders difference. Therefore, in the numerical case studies presented in Section 4, the sensitivity vector in Eq. (9) is
normalised, §; = b;olnp(y)/dbj, so that it becomes dimensionless. This is equivalent to a normalised perturbation, where Ab; = Ab;/b; in
(4). In cases where the Gaussian distribution is used for the design variables, the standard deviation can be used instead as the
normalization constant [24] which implies the allowable design range of the mean value is limited to local region and it is quantified
by the standard deviation.

3.2. KPI-based design metric

3.2.1. Probability of failure

Given a set of specific KPIs or targets, designs can be evaluated against those requirements. When uncertainties are present, a single
quantitative metric representing the probability that the design will be acceptable, the probability of acceptance, should be estimated.
The probability of non-acceptance is referred to as the probability of failure and denoted as Py in this paper. This notation is compatible
with reliability-based design, although ‘failure’ here indicate failure to satisfy the design requirements. An unconditional probability of
failure can be expressed as.

Pilh.2) = [ H(g(y) - 2)p(xib)ix an

The quantities of interest y is a function of x (y = h(x) as shown in Fig. 3). H(-) is the Heaviside step function and z represents the
threshold the design is evaluated against. Note that the unconditional failure probability is a function of the parameters b.

3.2.2. Sensitivity of the failure probability

The purpose of the sensitivity analysis is to identify the most important uncertain parameters or factors in the design. The designer
can then make informed decisions to prioritize the resources for further analyses or measurements. With this objective, we look at the
perturbed effect on the (unconditional) failure probability using the first order Taylor expansion from the nominal values of b.

an
Pi(b + Ab) = Pi(b) + AP; ~ P;(b) +5p Ab (12)

The partial derivative vector, dP;/db, then provides the relative effect on the perturbations of the failure probability for an
infinitesimal change of b. As mentioned in Section 3.1.3, these raw partial derivatives are not directly comparable when the pa-
rameters are of different units. One approach to overcome this issue is to normalise the raw derivative as:

olnP;
1 =b; b, 13)
where the normalised derivative r is often called proportional sensitivity or elasticity [25] and it measures the percentage change on Py
resulting from a fraction change of b. Therefore, r can be used to compare the relative sensitivities of parameters of different physical
units because it is dimensionless. In addition, it is straightforward to show that r is invariant under rescaling of the variables in the
equation [26]. More discussions about sensitivity normalisation and the extension to consider the sensitivity of multiple (correlated)
failure modes can be found in [37].
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3.3. Sensitivity projections

After introducing both the KPI-free and KPI-based design metrics, the relationship between the two metrics is explored in this
section via projections of the sensitivity vectors.

As a real symmetric matrix, the eigenvectors of the FIM form an orthogonal basis. The ith eigenvalue and eigenvector of the Fisher
Information Matrix (FIM) can be found as.

Fq;, = Aq; a4
Multiplying both sides of the above equation by the transpose of the eigenvector then gives:

q/Fq; = 4 1s)

where the eigenvectors are assumed to be normalised q]q; = 1. From Section 3.1.2 it can then be noted that:

4 =q]Fq, = qf {/ﬁ(y)BT(Y)p(Y)dy]q,- =k [(qfﬁ)z} (16)

Therefore, the eigenvalue 4; represents the variance of the projection of the sensitivity vector $ (cf Eq. (9)) onto the corresponding
eigenvector q;. Note that Eq. (9) represents variance because the mean value of the projection is zero. Therefore, the eigenvectors with
the largest eigenvalues indicate the most sensitive directions and this in turn points out the most important parameters with a high
value of information for the design.

By changing of basis, the perturbation vector of Ab can be written as a linear combination of the FIM eigenvectors Q:

Ab = Qa = Za,qi a7

As a result of this transformation, the perturbation of design entropy is:

_ 1 T _ 1 TNT _ 1 T _ 1 2
AH = Ab'FAb = a'Q'FQu = S Accsza[/%,- (18)

which re-emphasizes the fact that the FIM eigenvalues represent the sensitivity of the design entropy. Similarly, the perturbation of
the failure probability can be re-written as:

OP; Noop; ul
APy =—ZAb=)"a—q,= Y as 1
"= b i a; 0bq‘ ,- a;s; 19

where the projection of the P; sensitivity vector onto the i FIM eigenvector is denoted as s;. In comparison with Eq. (18), it can be seen
that s; plays a similar role to the FIM eigenvalues and can be considered to characterise the spectrum of the P; sensitivity.

As the FIM eigenvectors with largest eigenvalues indicate the most sensitive directions in terms of the underlying distribution
p(y|b), it is likely that the projection of the P; sensitivity onto those eigenvectors also dominate the spectrum of AP;.

3.4. Numerical implementation

To implement TEDS numerically, the main elements required are p(y) and dp(y)/ob; for KPI-free metrics and P; and dP;/ob; for KPI-
based metrics. The largest computational effort is the determination of the partial derivatives. In a standard setting, especially for black
box models, the function has to be evaluated twice to approximate the derivative using the finite difference method. This is time
consuming for complicated simulations using the Monte Carlo method. In this paper, we use the Likelihood Ratio (LR) method to
overcome this issue. The steps of the numerical implementation to get the partial derivatives using the LR method is summarised in
Algorithm 1 below. The Likelihood Ratio (aka score function) method obtains a gradient estimation of a performance measure w.r.t
continuous parameters in a single simulation run [13]. The function y = h(x) is a transformation from the random variables x to the
random variables y, and the joint probability density function (PDF) at the output can be written as [27,28]:

p(s1b) = [ T[ob — o) Ixlblax

~ %Zl:ﬁ[ﬂ — hy(xi) ]

(20)

where §( - ) is the Dirac delta function and the 2nd row indicates the Monte Carlo (MC) approximation of the integral, where x; is a MC
realisation of the random variable x and N MC simulations are considered. It is noted that although the theories introduced in the
previous sections apply to dependent inputs, it is assumed for simplicity in the numerical implementation below that the components

of x are independent, that is: p(x[b) = []p; (xj}bjl ,bja, -++) where p; is the PDF considered for the random variable x;. Applying the LR

method to the density function above, the partial derivative w.r.t the distribution parameter b; can be computed as:
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/H5[y i 0ln];§7x|b) (x[b)dx

alnp( i|b)
,ZH& T

where the technique used in importance sampling has been adopted here by multiply the ratio of the PDF p(x|b) to itself, i.e. ratio of
one. The main advantage of expressing the sensitivities as above is that both the density function and its sensitivities can be
approximated using Monte Carlo simulation, which means that almost all the computational effort of the calculation is done in
obtaining h(x) and g(y) for each set of samples. Once the results are obtained for the desired number of samples, in this paper, a
histogram representation, i.e. the § functions are replaced by bins of finite width, is constructed to estimate Eq. (20) and (21)
numerically.

For many commonly used distributions, analytical closed-form expressions can be obtained for the additional terms involving the
partial derivatives w.r.t a distribution parameter. For example, for Gaussian distribution:

2D

dnp(xlu,0) x—p  dnp(xlu,0)  (x—p)* — o 22)
ou T oo dc B %

and the LR expressions for a list of commonly used distributions can be found in [15].
For the KPI-free metric, Eqs (20) and (21) can be used to estimate the Fisher Information Matrix (FIM) using Eq. (5) For KPI-based
metric, applying the LR method to the failure probability in Eq. (5), the sensitivity can be obtained as:

- / Hg(y) - )—61“‘;;"“’) (x/b)ax
(23)

él x;|b
L ZH np(x;[b)
ob;
The function g( - ) is often just an identity function in design practice, where the failure is evaluated against the design quantity of
interest y directly. Nevertheless, the function g( - ) can be any nonlinear function in general. In the case study presented in Section 4,
the function g( - ) computes the fatigue capacity of the structure subject to a random loading in a given time period.

Algorithm 1

-

. Define probability density function (PDF) for the input uncertain variables p(x|b)
. Derive the partial derivatives expression dlnp(x|b) /db; for each distribution parameter b;. This is often available in closed-form analytically, e.g. see Eq. (22) for
Gaussian distribution
. fori < 1toN;
. draw one set of sample x; from p(x|b) and substitute x; into dlnp(x|b)/db;
. switch case
case p(y|b) (KPI-free metric)
evaluate the black box function y; = h(x;)
case P; (KPI-based metric)
9. evaluate the black box function y; = h(x;) and compare g(y;) against a given threshold, e.g. H(g(y;) —z) = 1 in Egs. (11) and (23) if g(y;) > 2
10. end switch
11. end for
12. switch case
13. casep(ylb)

N

PNoO U AW

14. store the MC results for N samples into a multi-dimensional array y

15. divide the range [min(y), max(y) ] into equal intervals and form the grid ¥
16. compare y and y and count how many of y fall into each bin of ¥

17. estimate p(y|b) and dp(y|b)/db; using Eqgs. (20) and (21)

18. case Py

19.  estimate P;(b) and dP;(b)/db; using Egs. (11) and (23)
20. end switch

Note that in this study, only the standard Monte Carlo (MC) method is used. This can become prohibitive when a large number of
samples are evaluated. Advanced simulation methods, such as importance sampling and subset simulation, are available to mitigate
this shortcoming and a relevant survey is available in [29]. The application of MC methods in the framework of high performance
computing environments is considered in [30].

4. Case study
To illustrate the potential application of TEDS, the methodology described in Section 3 is applied to the sensitivity analysis of an

offshore marine riser, as shown in Fig. 4. The dynamic model of the marine riser used here is based on [31,32] and it is considered as a
black-box digital twin on which the toolbox TEDS is applied as indicated in Fig. 2.
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Fig. 4. Highlight of the uncertainties that need to be taken into account by marine riser designers. A marine riser is a conduit that transfers subsea
oil to a surface platform.

This illustrative case study has a few representative features. First, the uncertainties related to the marine riser design, as high-
lighted in Fig. 4, can be divided into reducible and irreducible uncertainties. For example, the random wave heights is stochastic by
nature and thus is irreducible, while the uncertain material properties is in general reducible via a better production process. Different
type of uncertainties would require different design decisions, as indicated in Fig. 1, when the digital twin is used in the design process.
In addition, there are both Xesign and Xenyironment iNput variables, as indicated in Fig. 1. The random wave loading spectrum comes from
environmental data and it is considered part of the digital twin. Although there can be a large number of uncertain parameters to be
designed for marine riser analysis [33], we focus on a limited subset xyen in this example and they are listed in Table 1. Last but not
least, as an illustrative example it is also of great practical significance. Uncertainty and sensitivity analysis are key elements. In the
design code of offshore structures [34].

The distribution parameters of random variables used in this example are listed in Table 1. Without loss of generality, Gaussian
distributions are assumed for all the random variables, with the mean taken from their nominal values [31] and the standard deviation
based on assumed coefficient of variation (CoV). The rest of the system parameters are assumed deterministic: riser length (500 m),
inner diameter (0.374 m), outer diameter (0.406 m). The motion of the floating platform is described using a deterministic transfer
function with respect to (w.r.t) wave amplitude and more details are given in [31]. A random sea state, based on the wave scatter
diagram for North Atlantic [35], was selected with wave height of 5.5 m and zero upcrossing period of 10.5 s for the JONSWAP
spectrum.

Two different design scenarios will be considered in this illustrative case study, as listed in Table 2. Scenario A has one design
Quantity of Interest (Qol) and one Key Performance Indicator (KPI), while Scenario B considers the same KPI but with three different
Qols. Note that the structural response of the riser is stochastic since a random wave loading is considered. For illustration purposes, we
take the root mean square (r.m.s) values of the stochastic response as our random Qol in this case study. The r.m.s response is itself a
random variable as a function of input random variables x and it varies spatially along the riser. A frequency domain approach is used
in this study [31] and the r.m.s response of the riser can be estimated from the response spectrum Sy,:

y(x) = /ZS),.},((A)7 x)dw (24)

Table 1
Mean and standard deviation values for the random variables.

Random Variables Mean Standard deviation Coefficient of Variation
Morison’s added mass coefficient Cq [] 1.5 0.3 0.20
Morison’s drag coefficient Cq [-] 1.1 0.22 0.20
Marine riser steel density p [kg/m~3] 7840 392 0.05
Marine riser Young’s modulus E [GPa] 200 10 0.05
Riser internal oil density po [kg/m~3] 920 92 0.10
Marine riser top tension To [kN] 4905 490.5 0.10
Material S-N curve coefficients a [GPa] 199 19.9 0.10
5[] 3 0.3 0.10
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Table 2
Two design scenarios for the case study.
Scenario A Scenario B
Concept Design Qol - (x1) Qol - (x3)
Detailed Design KPI - (x1) KPI - (x1)

Qol: Quantity of Interest; KPI: Key Performance Indicator

where the r.m.s value is from each sample of the random variable x listed in Table 1.

As shown in Table 2, there is only one Qol in Scenario A and it is the maximum r.m.s stress response along the structure. The three
different Qols considered in Scenario B are maximum r.m.s stress, maximum r.m.s displacement and maximum r.m.s rotation (slope)
along the marine riser. The design KPI is the same for both Scenario A and B, where a design requirement of a fatigue life of at least 80
years is specified. The fatigue analysis assumes a narrow band Gaussian process for the stress response of the riser and the detailed
procedure follows guidance on riser fatigue assessment using an S-N curve, as given in [33].

These two simple scenarios represent common design situations. In scenario A, the design objectives are clear and the design Qol
and KPI are closely linked and this represents a relatively mature structural design. On the other hand, we have relative large un-
certainties about the design requirements in scenario B and as a result, it is often necessary to consider various Qols at the early design
stage to minimize risks. Therefore, in scenario B, three different Qols are assessed and only one of them turns out to have a direct
relation to the KPI.

4.1. Scenario A

In scenario A, the QoI (y in Fig. 3) is the maximum r.m.s stress along the structure (r.m.s value given by Eq. (24) for a stochastic
wave loading). Following the KPI-free route in Fig. 3, the Fisher Information Matrix (FIM) is estimated. The eigenvalues and eigen-
vectors of the FIM are shown in Fig. 5 and Fig. 6. There is a distinct feature in Fig. 5 that the 1st eigenvalue (the maximum one)
dominates. The eigenvectors shown in Fig. 6, which represent KPI-free sensitivities to the mean and standard deviation (Std Dev) of the
variables listed in Table 1, are grouped with the corresponding random variables indicated.

The KPI-based probability of failure, where a fatigue life of 80 years is set as the design KPI, and its sensitivity vector are shown in
Fig. 7. It can be seen from Fig. 7 that fatigue failure is extremely sensitive to the S-N curve coefficient §. This is an expected result as the
total damage received by the structure depends on a factor raised to the 5 power. Factors closely related to bending stress, like Young
modulus E and top tension Ty, are also found to be significant for fatigue failure sensitivities. A validation analysis for the sensitivity of
fatigue failure probability presented here can be found in [37].

The projection of the P; sensitivity vector onto the FIM eigenvectors, denoted as s; in Eq. (19), is also shown in Fig. 7. It can be seen
from Fig. 7 that the projection is dominated by the 1st FIM eigenvector.

4.2. Scenario B
The results for Scenario B are presented in the same format as Scenario A, where the FIM eigenvalues and eigenvectors are shown in

Fig. 8 and Fig. 9, and Fig. 10 shows the P; sensitivity vector and its projection onto the FIM eigenvectors. For multiple Qols, the joint
PDF is used to estimate the FIM. Although the first few eigenvalues of the FIM (the first six in this case) are still much higher than the
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2 4 6 8 10 12 14 16
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Fig. 5. Eigenvalues of the Fisher Information Matrix (FIM) — Scenario A.
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Fig. 6. First four eigenvectors of the FIM (the rest twelve eigenvectors have negligible corresponding eigenvalues and therefore not shown) —
Scenario A.
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Fig. 7. Scenario A: (a) sensitivity vector of the failure probability (top figure); (b) projection of the sensitivity vector onto the eigenvectors of FIM.

rest, there is no clear dominance like that in Scenario A.

The Py failure sensitivity shown in Fig. 10 is the same as that in Fig. 7 as the same KPI is assumed for both scenarios. However, the
projection onto the FIM eigenvectors is not dominated by the 1st eigenvector as in Scenario A. In Scenario B, the projections focused on
the first six eigenvectors, with the exception of the 4th one, and projections onto the 1st and 3rd eigenvectors are much higher than the
rest. This is evident from Fig. 9 that the 1st and 3rd eigenvectors of the FIM are dominated by E and T, respectively and they are
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Fig. 8. Eigenvalues of the Fisher Information Matrix (FIM) — Scenario B.
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Fig. 9. First six eigenvectors of the FIM — Scenario B.

important parameters for the fatigue failure. On the other hand, since the FIM is estimated from the joint PDF of three different Qols,
the 4th eigenvector is dominated by p,, that has negligible influence on fatigue failure.

5. Discussions
5.1. Relationship between KPI-free and KPI-based metrics

On one hand, the KPI-free and KPI-based metrics are different metrics that are tailored to different stages of the design process. The
KPI-free metric measures the average information contained in the joint PDF of the yq,; using the design entropy. As the design re-
quirements are often evolving during the design process, the KPI-free metric is most suitable for the early design stage where specific
design targets are not fixed. On the other hand, the KPI-based metric measures the probability that a certain design would be accepted
(or rejected). To evaluate this probability of acceptance (or failure), a specific design requirement needs to be decided. Therefore, the
KPI-based metric is most suitable for the detailed design stage where the specific design targets are fixed. Note that the requirement

12
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Fig. 10. Scenario B: (a) sensitivity vector of the failure probability (top figure); (b) projection of the sensitivity vector onto the eigenvectors of FIM.

(KPI) needs to be specific but can be uncertain. For example, the KPI used in the case study is design life of the structure due to fatigue
failure. The design criteria is specific, i.e., a fatigue failure not a failure due to excessive displacement, but the expected life duration
can be itself uncertain. It should be noted in passing that although a fixed threshold is used in the case study, when the design threshold
is uncertain but can be specified by a PDF p(z), then it is possible to use the expected failure probability for KPI-based metric, where
E[P{] = [ Pi(b,2)p(z)dz can be used in Eq. (11) and (13) instead.

On the other hand, there is close relationship between the KPI-free and KPI-based metrics. As mentioned in Section 3.4, as the FIM
eigenvectors with largest eigenvalues indicate the most sensitive directions in terms of the underlying PDF, it is likely that the pro-
jection of the sensitivity onto those eigenvectors is dominated by the largest eigenvalues. This means that the KPI-based sensitivity
likely to identify a similar set of influential parameters as the KPI-free metric. This is the case of Scenario A where the yq,; is the stress
response and the design KPI of fatigue failure is also a function of the stress. And it was evident from Scenario A that the KPI-based
sensitivity vector is pointing in the similar direction as the 1st FIM eigenvector, despite that the S-N parameters are unique to the
fatigue KPI and not included in the analysis of the FIM for the KPI-free metric. Similar conclusion can be drawn from Scenario B where
two of the three Qols have no direct relationship with the design KPIL.

The implications of the close relationship between the KPI-free and KPI-based metrics to the design strategy are mainly twofold.
First, if the KPI-free metric is used in the early design stage to identify the most influential parameters b”, it is mostly likely that the
same set of b" are still the parameters the design should focus on at later design stages. Second, design at the early stage could make use
of this relationship and intentionally utilise TEDS for design improvement. This would allow the design to explore a wide range of
different Qols and leave the introduction of specific KPIs until later stages of the design process where design uncertainties have been
largely reduced.

5.2. Design metrics for decision making

Compared to traditional computational simulations, the application of digital twins for design decision making has more emphasis
on efficient processing of the uncertain data. Therefore, the design metrics proposed in TEDS are intended to support decision-making
to focus on the data components of the digital twin. Depending on the category of the most influential parameters identified from
TEDS, either b .ivie OF Pirreducivie> tailored design decisions can be made. When the uncertainties associated with b" are irreducible, e.g.,
the random wave loading spectrum, the structure under design has the undesirable characteristics that they are sensitive to the un-
certainties that are difficult to reduce. Thus, design efforts should focus on changing the design itself, correspondingly the model, in
this situation. If the uncertainties associate with b are reducible, e.g., reduction of material variability with an improved production
line, it might be better to collect more data and re-evaluate the design before further decisions at next design iteration. Note that in this
paper no distinction is made between aleatory and epistemic uncertainties. Although it is often used as a synonym for aleatory un-
certainty in the literature, irreducible uncertainty in this paper includes both aleatory uncertainty and those that are epistemic but too
expensive to reduce. For example, the uncertainties of hydrodynamic coefficients C, and C4 used in the case study (cf Table 1) are due
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to a lack of complete understanding of the underlying physics. These uncertainties are reducible in principle but likely to be considered
too expensive because a large array of flow and structure related parameters need to be identified [36]. This view links sensitivity
analysis closely to the Value of Information (Vol) in decision making. If the decision is to collect more data to reduce uncertainties, the
cost of data collection and the Vol need to be estimated. It is assumed implicitly in Fig. 1 that reducible uncertainty has a bigger Vol
than the associated cost. With an emphasis on decision support with high value information from DTs, one of the future possibility is to
explore utility based design metrics. For example, given a multi-attribute utility function u(y), the objective is maximizing the gain in
utility, over the possible set of Ab, subject to the cost of the decisions:

max AU — Cost(Ab) = %Ab — Cost(Ab) (25)

where U is the expected utility function U(b) = [u(y(x) )p(x|b)dx and its partial derivative can be calculated efficiently using the
Likelihood Ratio method described in Section 3.4. Note that the entropy change in Eq. (2) can be seen as a special case of the utility
function described here, where the K-L divergence is used to quantify the information gain.

6. Conclusions

A design framework that incorporates a Digital Twin (DT) in the design process in the presence of uncertainty is proposed, with a
focus on the identification of high value information and the most influential parameters to support decision-making. As a design
process is often characterised with evolving design requirements (KPIs), TEDS (Toolbox for Engineering Design Sensitivity) has been
developed to provide both KPI-free and KPI-based metrics. The unique features of TEDS are (a) it identifies important uncertain data
that design should focus on; (b) it is non-intrusive and thus allow the integration of black-box DTs; (c) it is developed for the design
process and thus allow more tailored decisions. The advantage of using the KPI-free metrics at the early design stage, which are based
on entropy and fisher information but independent of design KPIs, is that a similar set of most influential parameters b” is expected to
be identified by the KPI-based metrics at later design stages. This is because the KPI-free sensitivity is quantified in terms of the un-
derlying distribution of the design quantities of interest (Qols), and the design KPIs are likely to be based on the Qols or a subset of the
Qols. This close relationship between the KPI-free and KPI-based metrics are demonstrated in the case study of the dynamic design of
an offshore structure. Therefore, it is expected that TEDS would provide a consistent identification of high value information
throughout the design process and greatly reduce the risks associated with uncertain data when digital twins are integrated in the
design process.
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