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Qrqsdudphwulf Hvwlpdwlrq ri Pxowlyduldwh

Glvwulexwlrqv zlwk Jlyhq Pdujlqdov= O2 Wkhru|�

Dohvvlr Vdqfhwwd

Ghsduwphqw ri Dssolhg Hfrqrplfv/ Fdpeulgjh/ XN

Pdufk 57/ 5336

Devwudfw

Qrqsdudphwulf hvwlpdwlrq ri wkh frsxod ixqfwlrq xvlqj Ehuqvwhlq sro|qr0

pldov lv vwxglhg1 Frqyhujhqfh lq wkh xqlirup wrsrorj| lv hvwdeolvkhg1 Iurp

wkh qrqsdudphwulf Ehuqvwhlq frsxod/ wkh qrqsdudphwulf Ehuqvwhlq frsxod

ghqvlw| lv ghulyhg1 Lw lv vkrzq wkdw wkh qrqsdudphwulf Ehuqvwhlq frsxod ghq0

vlw| lv forvho| uhodwhg wr wkh klvwrjudp hvwlpdwru/ exw kdv wkh vprrwklqj

surshuwlhv ri nhuqho hvwlpdwruv1 Wkh rswlpdo rughu ri sro|qrpldo xqghu wkh

O2 qrup lv vkrzq wr eh forvho| uhodwhg wr wkh lqyhuvh ri wkh rswlpdo vprrwk0

lqj idfwru iru frpprq qrqsdudphwulf hvwlpdwru1 Lq rughu ri pdjqlwxgh/ wklv

hvwlpdwru kdv yduldqfh htxdo wr wkh vtxduh urrw ri rwkhu frpprq qrqsdud0

phwulf hvwlpdwruv/ h1j1 nhuqho vprrwkhuv/ exw lw lv eldvhg dv d klvwrjudp

hvwlpdwru1

Nh|zrugv= Ehuqvwhlq Sro|qrpldo/ Frsxod/ Fxuvh ri Glphqvlrqdolw|/

Klvwrjudp/ Qrqsdudphwulf Hvwlpdwru1

MHO Fodvvl�fdwlrq= F47/ F841

�Wklv lv Fkdswhu 5 ri p| SkG glvvhuwdwlrq1 Wkh �uvw gudiw ri wklv sdshu zdv zulwwhq lq Dsulo

53341 L zrxog olnh wr wkdqn p| vxshuylvru Vwhyh Vdwfkhoo/ dqg p| h{dplqhuv Dqguhz Kduyh| dqg

Shwhu Urelqvrq iru khosixo frpphqwv1 Uhpdlqlqj huuruv duh p| vroh uhvsrqvlelolw|1
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4 Lqwurgxfwlrq

Wkh xvh ri pxowlyduldwh glvwulexwlrqv zlwk jlyhq pdujlqdov +l1h1 wkh frsxod ixqf0

wlrq, kdyh ehhq frqvlghudeo| vwxglhg lq wkh odvw wkluw| |hduv/ exw pdlqo| iurp d

pdwkhpdwlfdo srlqw ri ylhz zlwk sduwlfxodu uhihuhqfh wr suredelolvwlf phwulf vsdfhv

+h1j1 Vfkzhl}hu dqg Vndou/ 4<;6,1 Pruh uhfhqwo|/ wkh vwxg| ri wkhvh glvwulexwlrqv

kdv uhfhlyhg frqvlghudeoh dwwhqwlrq iurp d vwdwlvwlfdo srlqw ri ylhz/ sduwlfxoduo| lq

wkh fdvh ri sdudphwulf lqihuhqfh +h1j1 Mrh/ 4<<:/ dqg uhihuhqfhv wkhuhlq,1 Vrph h{0

fhswlrqv zkhuh qrqsdudphwulf dqg vhplsdudphwulf lqihuhqfh lv frqvlghuhg duh qrq

sdudphwulf hvwlpdwlrq ri vrph h{wuhph ydoxh frsxodh +Fdsìudã hw do1/ 4<<:,/ wkh

vhplsdudphwulf hvwlpdwlrq ri wkh ghshqghqfh sdudphwhu lq sdudphwulf idplolhv ri

frsxodh +Jhqhvw hw do1/ 4<<8,/ dqg qrqsdudphwulf lqihuhqfh iru fkrrvlqj wkh ehvw

Dufklphghdq frsxod +Jhqhvw dqg Ulyhvw/ 4<<6,1 Pruhryhu/ wkh qhhg wr prgho frp0

soh{ ghshqghqfh vwuxfwxuhv kdv pdgh wkh xvh ri wkh frsxod dq lqydoxdeoh wrro lq

pdq| dssolhg duhdv1 Uhfhqw dssolfdwlrqv wr �qdqfh dqg �qdqfldo hfrqrphwulfv duh

jlyhq lq Ol +4<<<,/ Sdwwrq +5334,/ Urvhqehuj +5333,/ Orqjlq dqg Vroqln +5334,/

dqg/ zlwk pruh wkhruhwlfdo hpskdvlv/ Vdqfhwwd dqg Vdwfkhoo +5334,1

Wkh xvh ri wkh frsxod ixqfwlrq doorzv xv wr glylgh wkh sureohp ri pdujlqdo

hvwlpdwlrq iurp wkh rqh ri wkh frsxod hvwlpdwlrq/ h1j1 lqihuhqfh ixqfwlrqv iru

pdujlqdov> vhh Mrh +4<<:, dqg uhihuhqfhv wkhuhlq1 Wklv surylghv d frqvlghudeoh

dgydqwdjh lq dssolfdwlrqv dv d uhvhdufkhu pd| ixoo| h{sorlw klv olplwhg lqirupdwlrq

lq wkh prvw h!flhqw zd|1 Iru h{dpsoh/ wkhuh frxog eh vljql�fdqw nqrzohgjh ri

wkh pdujlqdo glvwulexwlrq ri wzr yduldeohv/ zkloh olwwoh frq�ghqfh rq wkhlu mrlqw

glvwulexwlrq1 Iru uhdvrqv ri wklv qdwxuh/ lw zrxog eh frqyhqlhqw wr eh deoh qrw rqo|

wr hvwlpdwh wkh pdujlqdov vhsdudwho| iurp wkh zkroh mrlqw glvwulexwlrq/ ru frsxod/

exw dovr wr �qg zd|v wkdw uhtxluh ihzhu dvvxpswlrqv rq wkh vlgh ri wkh sudfwlwlrqhu1

Qrqsdudphwulf whfkqltxhv kdyh wklv sxusrvh lq plqg1

Wkh dlp ri wklv sdshu lv wr surylgh d qrqsdudphwulf hvwlpdwlrq surfhgxuh wkdw

zrxog doorz xv wr prgho wkh frsxod ixqfwlrq qrqsdudphwulfdoo| lq frpsohwh lqgh0

shqghqfh iurp wkh pdujlqdo1 Lq sduwlfxodu/ zh frqvlghu hvwlpdwlrq yld Ehuqvwhlq
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sro|qrpldov1 Iru wklv uhdvrq/ zh fdoo rxu hvwlpdwru wkh qrqsdudphwulf Ehuqvwhlq

frsxod1 Wklv lv mxvw d qrqsdudphwulf hvwlpdwru iru wkh jhqhudo idplo| ri frsxodh

gh�qhg dv Ehuqvwhlq frsxodh +h1j1 Vdqfhwwd dqg Vdwfkhoo/ 5334/ dqg Vdqfhwwd 5335,1

Lq sduwlfxodu/ zh zloo frqvlghu wkh Ehuqvwhlq rshudwru dv d vprrwkhu zkhuh wkh fr0

h!flhqwv duh jlyhq e| wkh hpslulfdo frsxod1 Wklv kdv wkh dgydqwdjh ri uhsodflqj

d qrq0vprrwk glvwulexwlrq hvwlpdwru zlwk d vprrwk rqh1 Wkhuhiruh/ vlpsoh rshu0

dwlrqv olnh gl�huhqwldwlrq dqg lqwhjudwlrq fdq eh fduulhg rxw dqg hyhq jhqhudol}hg

iru wkh fdvh ri qrq gl�huhqwldeoh glvwulexwlrq ixqfwlrqv1

Wkh pdlq frqwulexwlrq ri wklv sdshu lv wr ghyhors wkh u2 wkhru| iru wkh qrqsdud0

phwulf Ehuqvwhlq frsxod ghqvlw|/ l1h1 frqyhujhqfh ri wkh ghqvlw| ri rxu hvwlpdwru

xqghu wkh iroorzlqj qrup

nsn2
2
�
]
l

ms m2 _>c

iru wkh iroorzlqj phdvxuh vsdfh ElcEc >� � Wklv hvwlpdwru grhv qrw rqo| dgg wr wkh

odujh qxpehu ri qrqsdudphwulf hvwlpdwruv1 Lw lv vkrzq wkdw lqvlgh wkh vxssruw ri wkh

frsxod/ wkh yduldqfh ri wklv hvwlpdwru lv ri orzhu rughu wkdq rwkhu frpprqo| xvhg

qrqsdudphwulf hvwlpdwruv +h1j1 klvwrjudp dqg nhuqho,1 Wkh lqwxlwlrq iru wkh uhvxow

lv wkdw Ehuqvwhlq sro|qrpldov gr qrw kdyh d orfdo ehkdylrxu dv rwkhu qrqsdudphwulf

ru sro|qrpldo hvwlpdwruv> wkh pruh joredo ehkdylrxu frphv dw wkh h{shqvh ri wkh

zhoo nqrzq vorz udwh ri dgmxvwphqw1 Lq sduwlfxodu/ wkh Ehuqvwhlq rshudwru lv mxvw

wkh h{shfwdwlrq rshudwru zlwk uhvshfw wr d elqrpldo glvwulexwlrq1 Lq wklv uhvshfw

wkh uhvxow uhsuhvhqwv d sduwldo vroxwlrq wr wkh vr fdoohg fxuvh ri glphqvlrqdolw|1

Wkh sodq iru wkh sdshu lv dv iroorzv1 Vhfwlrq 5 eulh | uhfdoov wkh lghdv ehklqg

wkh frsxod ixqfwlrq dqg Ehuqvwhlq sro|qrpldov1 Vhfwlrq 6 frqvlghuv wkh surshuwlhv

ri wkh qrqsdudphwulf Ehuqvwhlq frsxod zlwk jlyhq pdujlqdov1 Wkhvh pdujlqdov fdq

kdyh hlwkhu d sdudphwulf ru qrqsdudphwulf irup1 Ehfdxvh ri wkh surshuwlhv ri wkh

frsxod/ wklv lv ri qr frqfhuq1 Vlqfh wkh frsxod lv gh�qhg rq wkh & glphqvlrqdo

xqlw fxeh/ lw lv qdwxudo wr frqvlghu frqyhujhqfh xqghu wkh vxs qrup� Iurp wkh

qrqsdudphwulf Ehuqvwhlq frsxod zh ghulyh dqg vwxg| wkh qrqsdudphwulf Ehuqvwhlq

frsxod ghqvlw| lq Vhfwlrq 71 Wkh olqn ehwzhhq wkh qrqsdudphwulf Ehuqvwhlq frsxod
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dqg rwkhu phwkrgv ri hvwlpdwlrq +l1h1 klvwrjudp dqg nhuqho, lv hvwdeolvkhg1 Wkh

pdlq uhvxow ri frqyhujhqfh xqghu wkh u2 qrup dqg zhdn frqyhujhqfh lv vwdwhg1

Vhfwlrq 8 surylghv d eulhi looxvwudwlyh h{dpsoh ri wkh qrqsdudphwulf frsxod dqg rqh

ri lwv frpshwlqj dowhuqdwlyhv1 Wr pdnh wkh sdshu pruh uhdgdeoh/ wkh surriv ri wkh

wzr wkhruhpv lq wkh wh{w duh ghihuuhg wr Vhfwlrq 91 Ilqdo uhpdunv fdq eh irxqg lq

Vhfwlrq :1

5 Wkh Frsxod Ixqfwlrq dqg wkh Ehuqvwhlq Rshu0

dwru

Uhfdoo wkdw li f�c ���c f&

kdyh mrlqw glvwulexwlrq M dqg rqh glphqvlrqdo pdujlqv

8�c ���c 8&

/ wkhlu frsxod ixqfwlrq/ � G dfc �o& $ dfc �o c lv gh�qhg dv

MEf�c ���cf&

� ' � E8�Ef��c ���c 8&

Ef
&

�� c

l1h1 lw lv wkh mrlqw glvwulexwlrq ri xqlirup dfc �o pdujlqdov1 Dq lpsruwdqw surshuw|

xvhg lq wklv sdshu lv wkdw wkh frsxod lv xqltxh li 8�c ���c 8&

duh frqwlqxrxv +h1j1

Vnodu/ 4<:6,1 Vlqfh zh zloo xvh Ehuqvwhlq sro|qrpldov wr hvwlpdwh wkh frsxod/ zh

eulh | uhfdoo d ihz idfwv derxw wkhp1 Ohw F
dfc�o

& eh wkh vsdfh ri frqwlqxrxv erxqghg

ixqfwlrqv lq dfc �o& �4 Iru dq| s 5F
dfc�o

& lwv dvvrfldwhg Ehuqvwhlq sro|qrpldo lv jlyhq

e|

E�&

6

s�Ef� �
6[

��'f

���
6[

�&'f

s
���
6
c ���c

�
&

6

�
�
��c6

E%�� � � ���

&
c6

E%
&

�c +4,

zkhuh

�
�� c6

E%
�

� �
�
6

�
�

�
%
��

�

E�� %
�

�63�� c

dqg �&

6

lv wkh & glphqvlrqdo Ehuqvwhlq olqhdu rshudwru ri rughu 61 Wkh vxppdwlrq

lq +4, grhv qrw qhhg wr uxq ryhu dfc6o iru hdfk frruglqdwh/ exw pd| ydu| iurp rqh

wr dqrwkhu1 Wr hdvh qrwdwlrq/ zh gr qrw doorz iru wklv jhqhudolw| dv lw zloo qrw eh

4Qrwlfh wkdw dq| frpsdfw lqwhuydo ^d> e`n fdq eh pdgh lvrprusklf wr wkh xqlw er{1
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uhohydqw iru rxu sxusrvhv1 Rq wkh rwkhu kdqg/ d surshuw| wkdw zloo eh xvhg lq wkh

vhtxho lv wkdw Ehuqvwhlq sro|qrpldov duh ghqvh lq F
dfc�o

& +h1j1 Ghyruh dqg Oruhqw}/

4<<6,1

Ehiruh frqfoxglqj wklv vhfwlrq zh uhfdoo wkh iroorzlqj uhsuhvhqwdwlrq lq whupv ri

d Ulhpdqq Vwlhowmhv lqwhjudo ri d rqh glphqvlrqdo Ehuqvwhlq sro|qrpldo 5/

E�
?

s�E%� �
?[
�

s
��
?

�
�
�c?

E%�

'

�]
f

sE|�_
|

g?E%c |�c +5,

zkhuh

g
?

E%c |� �
[
�$?|

�
?

�

�
%�E�� %�?3�c

g
?

E%c f� � f

lv wkh nhuqho ixqfwlrq wkdw lv frqvwdqw iru �

?

� | 	 �n�

?

dqg kdv d mxps ri
�
?

�

�
%�E��

%�?3� dw | ' �

?

1

6 Wkh Hpslulfdo Ehuqvwhlq Frsxod

Rxu sxusrvh lv wr gh�qh d qrqsdudphwulf hvwlpdwlrq surfhgxuh iru d frsxod lq whupv

ri Ehuqvwhlq sro|qrpldov1 Wr wklv hqg/ zh qhhg wr gh�qh wkh hpslulfdo frsxod �uvw1

Gh�qlwlrq 41 Iru l@4/111/n/ ohw f
�c�c ���c f�c?

eh d vdpsoh ri q revhuydwlrqv zlwk

pdujlqdo glvwulexwlrq ixqfwlrq 8
�

� Wkh n glphqvlrqdo hpslulfdo frsxod lv jlyhq e|

�
?

E��c ���c �&� � �

?

?[
r'�

U

+
&_

�'�

d8
�

E%
�r

� � �
�

o

,
c

zkhuh U
t����

lv wkh lqglfdwru ixqfwlrq1

Qrwlfh wkdw hyhq zkhq 8
�

lv xqnqrzq/ e| wkh Jolyhqnr0Fdqwhool Wkhruhp/ +h1j1

ydq ghu Ydduw dqg Zhooqhu/ 5333/ fk1 517, zh fdq xvh wkh hpslulfdo glvwulexwlrq dv

5Wkh n glphqvlrqdo h{whqvlrq wulyldoo| iroorzv1
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d xqlirup vwurqj hvwlpdwru1 Ixuwkhu/ e| wkh Jolyhqnr0Fdqwhool wkhruhp iru fodvvhv

ri ixqfwlrqv lqgh{hg e| lqglfdwruv ri kdoi vsdfhv/ wkh hpslulfdo frsxod lv d xqlirup

vwurqj hvwlpdwru ri wkh Frsxod ixqfwlrq +h1j1/ vhh ydq ghu Ydduw dqg Zhooqhu/ 5333/

fk1 517,1 Lq rughu wr pdnh wkh dujxphqwv lq wkh vhtxho pruh wudqvsduhqw/ zh zloo

uhiudlq iurp sxuvxlqj jhqhudol}dwlrq wr ghshqghqfh1

Wkh hpslulfdo frsxod lv qrw d vprrwk hvwlpdwru/ vr lw grhv qrw srvvhv d ghqvlw|1

Iru wklv uhdvrq/ qrqsdudphwulf nhuqho hvwlpdwlrq dqg uhodwhg whfkqltxhv dv vsolqh

vprrwklqj duh riwhq hpsor|hg1 Qhyhuwkhohvv/ wkh vsdfh zkhuh d frsxod lv gh�qhg

dqg lwv vshfl�f surshuwlhv pdnh wkh xvh ri Ehuqvwhlq sro|qrpldov pruh vxlwdeoh1 Lq

idfw/ wkh frsxod ixqfwlrq uhtxluhv wkdw/ lqwhjudwlqj rxw doo exw rqh yduldeoh/ zh duh

ohiw zlwk d rqh glphqvlrqdo pdujlqdo glvwulexwlrq1 Wkhuhiruh/ xvlqj wkh dssurdfk

lq Vdqfhwwd dqg Vdwfkhoo +5334,/ zh dssur{lpdwh wkh frsxod e| d Ehuqvwhlq sro|0

qrpldo1 Qrwlfh wkdw lq wkh fdvh ri wkh hpslulfdo frsxod/ wkh uhvxow ri dsso|lqj wklv

olqhdu rshudwru lv wr kdyh d vprrwk ixqfwlrq1 Zh kdyh wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 51 Wkh n glphqvlrqdo qrqsdudphwulf Ehuqvwhlq frsxod lv jlyhq e|
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6

c dqg doo rwkhu remhfwv duh dv gh�qhg ehiruh1

Lw lv vlpsoh wr vhh wkdw

�
�&

6

�
?

�
E��c ���c �&� ' ?3�

?[
r'�

#
6[

��'f

� � �
6[

�

&
'f

&\
�'�

Ui��r$|�
�
j
�
6

�
�

�
�
��

�

E�� �
�

�63��

$
�

Qrwlfh wkdw/ vr idu/ zh sxw qr uhvwulfwlrq rq 61 Iru wkh wlph ehlqj/ zh fdq vwdwh

wkh iroorzlqj vlpsoh frqvlvwhqf| uhvxow1 Dw �uvw zh qhhg wr lqwurgxfh vrph qrwdwlrq

wkdw zloo eh xvhg wkurxjkrxw wkh sdshu1

Qrwdwlrq1

�
�6

E�� � ��&

6

�
?

�
E��c ���c �&� c
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zkhuh � lv d & glphqvlrqdo yhfwru>

�
�&

6

�
?

�
E�� �

]
�
?

E|� _
|
g

6

E�c |�c

zkhuh �
?

E���� lv wkh n0hpslulfdo frsxod dqg _
|
g

6

E�c |� lv wkh n glphqvlrqdo nhuqho

iru wkh Ehuqvwhlq rshudwru ri rughu 6 zlwk & glphqvlrqdo lqgh{ |�

Wkhruhp 41 Ohw i�j E& � �� eh d vhtxhqfh ri lqghshqghqw vwulfwo| vwdwlrqdu|

xqlirup dfc �o udqgrp yhfwruv zlwk frsxod � E�� dqg hpslulfdo frsxod �
?

E��1 Wkhq/

t�T
�

����
]

�
?

E|� _
|
g

6

E�c |�� � E��

����$ fc dv q/ p $4c

dqg

t�T
�

����
]

� E|� _
|
g

6

E�c |�� � E��

���� ' �

�
&

6

�
�

Iurp wkh surri ri Ohppd 4/ wkh uhdghu fdq vhh wkdw lqghshqghqfh lv rqo| xvhg

iru frqvlvwhqf| ri wkh hpslulfdo glvwulexwlrq ixqfwlrq1 Wkhuhiruh/ wkh uhvxow fdq

eh hdvlo| h{whqghg wr zhdn ghshqghqfh +vhh Ulr/ 5333/ iru wkh ehvw nqrzq uhvxowv

lq wkh fdvh ri zhdno| ghshqghqw vhulhv,1 Lw lv fohdu wkdw li zh duh lqwhuhvwhg rqo|

lq wkh suredelolw| dvvrfldwhg wr hdfk txdqwloh/ wkhuh lv qr dgydqwdjh lq xvlqj dq

hpslulfdo Ehuqvwhlq frsxod lqvwhdg ri d vlpsoh hpslulfdo frsxod dv wkh dgglwlrqdo

huuru lqfxuuhg lv �
�
&

6

�
1 Krzhyhu/ e| gh�qlqj wkh hpslulfdo Ehuqvwhlq frsxod/ zh

fdq ghulyh frqvlvwhqw hvwlpdwruv iru wkh ghqvlw| dqg wkh frqglwlrqdo glvwulexwlrq1

Qrz zh wxuq wr wkh vwxg| ri wkh qrqsdudphwulf Ehuqvwhlq frsxod ghqvlw|1

7 Qrqsdudphwulf Ehuqvwhlq Frsxod Ghqvlw|

E| wkh surshuwlhv ri Ehuqvwhlq sro|qrpldov/ wkh Ehuqvwhlq frsxod lv devroxwho| frq0

wlqxrxv dqg gl�huhqwldeoh lq hdfk dujxphqw1 Gl�huhqwldwlqj wkh Ehuqvwhlq sro|qr0

pldov zlwk uhvshfw wr hdfk dujxphqw dqg uhduudqjlqj/ zh vhh wkdw wkh| duh forvhg

xqghu gl�huhqwldwlrq +Vdqfhwwd dqg Vdwfkhoo/ 5334/ dqg Vdqfhwwd/ 5335,1 Wkhuhiruh/

gl�huhqwldwlqj/ lw lv hdv| wr vhh wkdw wkh frh!flhqwv ri wkh sro|qrpldo duh htxly0

dohqw wr d & glphqvlrqdo klvwrjudp hvwlpdwru +vhh Vfrww/ 4<<5/ iru ghwdlov rq wkh
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klvwrjudp hvwlpdwru,/
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lv wkh &

glphqvlrqdo sduwldo iruzdug gl�huhqfh rshudwru/ l1h1
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714 Wkh Ehuqvwhlq Rshudwru dv dq Dv|pswrwlfdoo| Jdxvvldq

Frqyroxwlrq Rshudwru

Lw lv hylghqw wkdw wkh qrqsdudphwulf Ehuqvwhlq frsxod ghqvlw| lv d vprrwkhg yhu0

vlrq ri wkh klvwrjudp hvwlpdwru1 Lw lv wkh h{shfwdwlrq ri wkh klvwrjudp hvwlpdwru

zlwk uhvshfw wr wkh elqrpldo glvwulexwlrq/ l1h1 wkh Ehuqvwhlq rshudwru lv d frqyr0

oxwlrq rshudwru1 Lq sduwlfxodu/ frqvlghu wkh qrupdo dssur{lpdwlrq wr wkh elqrpldo

glvwulexwlrq/ h1j1 vhh Vwxduw dqg Rug +4<<7/ s1 46;0473,1 Ohw
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Ixuwkhu/ wkh huuru lq wklv dssur{lpdwlrq lv xqlirup1 D irupdo surri pd| eh jlyhq

wkurxjk wkh Hgjhzruwk h{sdqvlrq iru 5 '
�
�

6

� �
�
� Wdnlqj vtxduhv ri wkh wzr
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glvwulexwlrqv +l1h1 wkh elqrpldo dqg wkh Jdxvvldq,/
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zkhuh djdlq wkh huuru krogv xqlirupo|1 Wklv odvw vwdwhphqw lv ixqgdphqwdo lq wkh

surri ri Wkhruhp 5 ehorz1 Wklv uhvxow lv dovr ydolg iru kljkhu glphqvlrqv1 Wkhuhiruh/

xvlqj wklv dssur{lpdwlrq/ zh kdyh
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Wklv vkrzv wkdw wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwru �S
�

fdq dovr eh vwxglhg lq

whupv ri wkh surshuwlhv ri wkh frqyroxwlrq ri dq klvwrjudp zlwk d Jdxvvldq nhuqho1

Wklv vkrzv wkdw lv dssursuldwh wr frqvlghu 63� dv vprrwklqj sdudphwhu dv idu dv

frpsdulvrqv duh frqfhuqhg1 Ixuwkhu/ e| wkh surshuwlhv ri frqyroxwlrqv/ zh vkrxog

h{shfw �S
�

wr kdyh orzhu yduldqfh wkdq wkh vlpsoh klvwrjudp hvwlpdwru1

715 Frqvlvwhqf| lq PVH ri wkh Qrqsdudphwulf Ehuqvwhlq

Frsxod Ghqvlw|

Wkh rswlpdo fkrlfh ri6 ghshqgv rq wkh wrsrorj| zh xvh1 Zh fkrrvh6 wr plqlpl}h

wkh phdq vtxduh huuru ri wkh ghqvlw|/ l1h1 4�? n�S
�

� Sn2
2
zkhuh n���n

2
lv wkh u

2
qrup

xqghu wkh wuxh suredelolw| phdvxuh/ dqg S lv wkh wuxh frsxod ghqvlw|1 Mxvw lqfuhdvlqj

6 zloo uhgxfh wkh eldv exw lqfuhdvh wkh yduldqfh ri �S
�

1

Zh irupdoo| vwdwh wkh frqglwlrq xqghu zklfk wkh iroorzlqj wkhruhp lv ghulyhg1

Frqglwlrq 41 �
�
c ����c�

?

E& � �� lv d vhtxhqfh ri lqghshqghqw vwulfwo| vwdwlrqdu|

xqlirup dfc �o& udqgrp yhfwruv zlwk frsxod � E�� dqg frsxod ghqvlw| S E�� zklfk

kdv d �qlwh �uvw ghulydwlyh hyhu|zkhuh lq wkh n0fxeh1

Uhpdun1 Wkh lqghshqghqfh frqglwlrq lv qrw uhtxluhg/ exw zh xvh lw wr pdnh wkh

surri dv frqflvh dqg wudqvsduhqw dv srvvleoh1 Iurp wkh surri ri Wkhruhp 5 lw fdq

eh vhhq wkdw/ pxwdwlv pxwdqglv/ wkh uhvxowv duh vwloo ydolg xqghu dssursuldwh pl{lqj

frqglwlrqv e| wkh xvh ri nqrzq frxsolqj uhvxowv1 Wkrxjk zh zloo xvh gl�huhqwldelo0

lw| lq wkh surri/ wklv lv qrw uhtxluhg1 Dv orqj dv wkh frsxod ghqvlw| lv erxqghg dqg
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frqwlqxrxv +ru kdv �qlwh glvfrqwlqxlwlhv ri wkh �uvw nlqg,/ zh frxog gh�qh d jhqhu0

dol}dwlrq ri Wd|oru h{sdqvlrq xvlqj Ehuqvwhlq sro|qrpldov +h1j1 Oruhqw}/ 4<86/ s1

45046/ ru Ihoohu/ 4<:4/ s1 5630565, 1

Zh vwdwh wkh pdlq uhvxow ri wkh sdshu1 Qrwlfh wkdw zh xvh � wr lqglfdwh juhdwhu

ru htxdo xs wr d pxowlsolfdwlyh frqvwdqw/ h1j1 @ � K lpsolhv <� 	 4 vxfk wkdw

@ � �K�

Wkhruhp 51 Ohw �S
�

eh wkh n glphqvlrqdo Ehuqvwhlq frsxod ghqvlw|1 Xqghu

Frqglwlrq 4
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lq phdq vtxduh huuru=

Ed1� iru �
�

5 Efc �� c ;�c li 6

&

2

?
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' fc �c ;�c li 6
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$ f dv 6c?$4(

ly1 Wkh rswlpdo rughu ri sro|qrpldo lq d phdq vtxduh huuru vhqvh lv=
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&ne li �
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uhvshfwlyho|1

Wkh zhdn olplw ri wkh lq�qlwh glphqvlrqdo glvwulexwlrq ri wkh qrqsdudphwulf

Ehuqvwhlq frsxod ghqvlw| dqg wkh hpslulfdo Ehuqvwhlq frsxod duh jlyhq ehfdxvh

wkhvh fdq eh xvhg wr ghylvh whvw vwdwlvwlfv iru lqghshqghqfh edvhg rq vrph qrup

ri wkh olplwlqj Jdxvvldq surfhvv1 Lw lv nqrzq wkdw li d fodvv lv Grqvnhu/ wkhq lw

lv Jolyhqnr0Fdqwhool/ l1h1 frqyhujhqfh krogv xqlirupo| ryhu wkh fodvv +h1j1 ydq

ghu Ydduw dqg Zhooqhu/ 5333/ s1 ;5,1 Wkhuhiruh/ wkh uhvxowv ri Wkhruhp 5 krog

xqlirupo|1

Iru frpsdulvrq sxusrvhv/ ohw � � 63� eh wkh vprrwklqj idfwru lq wkh xvxdo

vhqvh1 Wkh eldv lv ri wkh vdph rughu dv wkh rqh iru wkh klvwrjudp hvwlpdwru1 Lq

wklv uhvshfw/ nhuqho vprrwkhuv zrxog ohdg wr d eldv qrw kljkhu wkdq � E632� � Wkh

uhdvrq iru qrw fdofxodwlqj wkh frqvwdqw lv wkdw lq rughu wr �qg wkh whup wkdw lv

� E63�� c lw lv qhfhvvdu| wr wdnh d Wd|oru vhulhv dw ohdvw wr vhfrqg rughu1 D Wd|oru

vhulhv h{sdqvlrq xs wr vhfrqg rughu uhtxluhv pruh vwulqjhqw frqglwlrqv wkdq wkh

rqhv lpsolhg e| Frqglwlrq 41 Rq wkh rwkhu kdqg/ khuh zh gr qrw pdnh h{solflw

xvh ri Wd|oru h{sdqvlrqv16 Qrwlfh wkdw lw lv qrw srvvleoh wr uhgxfh wkh eldv wr

� E632� e| vkliwlqj wkh klvwrjudp/ l1h1 xvlqj iuhtxhqf| sro|jrqv +h1j1 Vfrww/

4<<5/ fk1 7/ iru ghwdlov rq iuhtxhqf| sro|jrqv,1 Lq wklv fdvh wkh �uvw whup lq wkh

h{sdqvlrq zrxog ydqlvk/ exw rwkhu whupv ri vdph rughu zrxog qrw1 Dq hdvlhu zd|

wr vhh wklv lv wr qrwlfh wkdw d Ehuqvwhlq sro|qrpldo lqwurgxfhv dq huuru zklfk lv

� E63�� ( vhh wkh surri ri Wkhruhp 4 dqg 51 Wkhuhiruh/ wkhuh lv qr zd| wr uhgxfh

wkh eldv xqohvv zh lpsuryh rq wkh Ehuqvwhlq dssur{lpdwlrq �uvw +vhh Exw}hu/ 4<86/

iru olqhdu frpelqdwlrqv ri Ehuqvwhlq sro|qrpldov zklfk lpsuryh rq wkh udwh ri

dssur{lpdwlrq,1

6Dq hduolhu yhuvlrq ri wklv sdshu pdgh xvh ri Wd|oru h{sdqvlrqv lq rughu wr ghulyh wkh h{dfw

irup ri wkh ohdglqj whupv1 Krzhyhu/ wkh xvh ri Ehuqvwhlq sro|qrpldov ohg wr ohqjwk| fdofxodwlrqv

wkdw forxghg wkh vlpsolflw| ri wkh dujxphqw1
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Zkloh wkh eldv lv ri wkh vdph rughu dv wkh klvwrjudp hvwlpdwru/ wkh yduldqfh

lv ri vpdoohu rughu +h{fhsw dw wkh hgjhv ri wkh k|shufxeh,= �@o E�S
�

� ' �
�
6

&

2

�
lqvwhdg ri �

�
6&

�
dv lv wkh fdvh iru wkh klvwrjudp dqg nhuqho hvwlpdwruv1 Rq wkh

rwkhu kdqg/ iru �
�

' fc �c iru doo �*v/ wkh yduldqfh lv ri wkh vdph rughu dv iru wkhvh

rwkhu qrqsdudphwulf hvwlpdwruv1 Wkh fdvh �
�

' fc � iru rqo| vrph � lv qrw lqfoxghg

ehfdxvh wkh uhvxow lv mxvw d pl{wxuh ri wkh wzr h{wuhph fdvhv= wkh yduldqfh jrhv

grzq e| d idfwru wkdw lv �
�
6

�

2

�
iru doo wkh frruglqdwhv lqvlgh wkh n0k|shufxeh

zkloh iru wkh frruglqdwhv rq wkh erxqgdulhv wkh frqwulexwlrq wr wkh yduldqfh lv

� E6�1

Dv 6 dqg ? jr wr lq�qlw|/ lw iroorzv wkdw wklv hvwlpdwru kdv d udwh ri frqvlv0

whqf| 6

&

2

?

$ f lqvlgh wkh k|shufxeh/ yhuvxv 6

&

?

$ f iru rwkhu frpprq qrqsdud0

phwulf hvwlpdwruv/ h1j1 Jdxvvldq nhuqho1 Lqvlgh wkh k|shufxeh/ wkh rswlpdo rughu

ri vprrwklqj lv 6 ' �
�
?

2

&ne

�
lq phdq vtxduh huuru vhqvh/ yhuvxv 6 ' �

�
?

�

&n2

�
iru wkh klvwrjudp dqg 6 ' �

�
?

�

&ne

�
iru d �uvw rughu nhuqho1

Wklv lpsolhv wkdw wkh Ehuqvwhlq sro|qrpldov uhtxluh yhu| olwwoh vprrwklqj +l1h1

d odujh rughu ri sro|qrpldo,1 Wklv lv gxh wr wkh idfw wkdw Ehuqvwhlq sro|qrpldov

duh idluo| vorz wr dgmxvw1

8 Looxvwudwlyh H{dpsoh

Lq wklv vhfwlrq/ zh xvh vrph vkruw vlpxodwlrqv wr vwxg| wkh �qlwh vdpsoh shuiru0

pdqfh ri wkh qrqsdudphwulf Ehuqvwhlq frsxod ghqvlw|1 Zh fkrrvh wkh Nlphogrui

dqg Vdpsvrq +NV, frsxod dv wkh wuxh rqh/ l1h1

� E�c �� '
�
�3� n �3� � �

�
3

�

� �

Lq sduwlfxodu/ zh ohw � ' �S1 Wkh ghshqghqfh sdudphwhu � ' �S fruuhvsrqgv wr d

Vshdupdq*v ukr htxdo wr 167 +h1j1/ Mrh/ 4<<:/ s1 65/ iru d gh�qlwlrq ri wklv phdvxuh

ri ghshqghqfh,1 Iljxuh L vkrzv wkh sorw iru wkh frsxod ghqvlw| ri wkh NV frsxod

zlwk ghshqghqfh sdudphwhu � ' �S� Zh qrwlfh wkdw wklv frsxod ghqvlw| h{klelwv

orzhu wdlo ghshqghqfh/ h1j1/ dq lpsruwdqw surshuw| zkhq prghoolqj mrlqw �qdqfldo
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uhwxuqv1 Krzhyhu/ wklv frsxod lv vlqjxodu dw wkh ruljlq1 Dv d frqglwlrq lq Wkhruhp 5

zh xvhg wkh idfw wkdw wkh frsxod ghqvlw| lv qrqvlqjxodu1 Wkhuhiruh/ frpsdulqj wklv

frsxod ghqvlw| zlwk wkh qrqsdudphwulf rqh zloo eh ri lqwhuhvw iru vhyhudo uhdvrqv1

Zh hvwlpdwh wkh qrqsdudphwulf Ehuqvwhlq frsxod ghqvlw| zlwk 6 ' �2 xvlqj

d vlpxodwhg vdpsoh ri 833 revhuydwlrqv iurp d NV frsxod zlwk � ' �S +vhh Mrh/

4<<:/ s1 474/ iru ixuwkhu ghwdlov rq wkh NV frsxod,1 Wklv erlov grzq wr �qglqj wkh

klvwrjudp hvwlpdwru zlwk elq zlgwk htxdo wr 63�c dqg wkhq dsso|lqj wkh Ehuqvwhlq

rshudwru wr lw1 Zh sorw wkh hvwlpdwhg frsxod lq Iljxuh L1

Iljxuh L1 Nlphogrui dqg Vdpsvrq Frsxod Ghqvlw|/ � ' �S�

Lq rughu wr vwxg| pruh forvho| wkh shuirupdqfh ri rxu hvwlpdwru/ zh orrn dw

wkh lqwhjudwhg devroxwh huuru +LDH, dqg wkh lqwhjudwhg vtxduh huuru +LVH,1 Wkh

LDH dqg LVH duh/ uhvshfwlyho|/ wkh u
�
dqg wkh vtxduhg u

2
qrup zlwk uhvshfw wr wkh

Ohehvjxh phdvxuh ri wkh gl�huhqfh ri wkh NV frsxod ghqvlw| dqg wkh qrqsdudphwulf

Ehuqvwhlq frsxod ghqvlw|/ l1h1

nE_� E�c ��� _�
�

E�c ���n
�cE�c��

'

]
dfc�o

2

mE_� E�c ��� _�
�

E�c ���m
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dfc�o
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E�c ���o2

4
FD �

Wkh NV frsxod ghqvlw| lv vlqjxodu dw wkh ruljlq/ vr wkh LVH zrxog eh kljko| di0

ihfwhg e| ydoxhv lq wkh qhljkerukrrg ri wkh ruljlq1 Vlqfh qrqsdudphwulf hvwlpdwruv

fdqqrw ghwhfw vlqjxodulwlhv/ lw lv dovr lqirupdwlyh wr surgxfh uhvxowv iru wkh LDH1

Wkh LDH lv ohvv vhqvlwlyh wr h{wuhph ydoxhv ryhu vhwv ri phdvxuh forvh wr }hur1

Wkh LDH dqg wkh LVH duh frpsxwhg iru d vlpxodwhg vdpsoh ri 833 revhuydwlrqv

iurp wkh NV frsxod zlwk � ' �S� Uhvxowv iru gl�huhqw ydoxhv ri 6 duh lq Wdeoh

L17 Zh dovr uhsruw wkh vdph uhvxowv zkhq wkh frsxod lv hvwlpdwhg xvlqj wkh wzr

glphqvlrqdo klvwrjudp hvwlpdwru1 Ixuwkhu wkh LDH dqg wkh LVH duh frpsxwhg

zkhq wkh frsxod lv dvvxphg wr eh wkh lqghshqghqfh frsxod +uhfdoo lwv ghqvlw| lv

4,1 Vlqfh wkh qrqsdudphwulf Ehuqvwhlq frsxod lv rewdlqhg iurp wkh klvwrjudp/ lw lv

qdwxudo wr pdnh frpsdulvrqv zlwk wkh wzr glphqvlrqdo klvwrjudp1 Wkh ydoxhv iru

wkh ghyldwlrq ri wkh NV frsxod ghqvlw| iurp wkh lqghshqghqfh frsxod ghqvlw| duh

jlyhq wr surylgh vrph ehqfkpdun ydoxhv1

7Wkh uhvxowv lq Wdeoh L vkrxog eh wdnhq fdxwlrxvo|1 Vlpxodwhg gdwd iurp d frsxod duh rewdlqhg

e| ghwhuplqlvwlf wudqvirupdwlrq ri llg xqlirup ^3> 4` udqgrp yduldeohv1 Vlqfh svhxgr0udqgrp

qxpehuv duh qrw llg/ wkh lpsolflw ghshqghqfh +zh riwhq irxqg wkh yduldeohv wr eh fruuhodwhg dv

zhoo, lq wkh udz gdwd zloo surgxfh vlpxodwhg gdwd zklfk pd| qrw eh frpsohwho| frqvlvwhqw zlwk

wkh ghvluhg frsxod1
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Iljxuh LL1 Qrqsdudphwulf Ehuqvwhlq Frsxod Ghqvlw|/ 6 ' �2�

+Duwl�fldoo| Jhqhudwhg Gdwd/ ? ' Dff,

WDEOH L1 U�. dqg U7.1

N.B. Copula 2D Histogram Indep. Copula
m IAE ISE IAE ISE IAE ISE

0.26928 1.67371
4 0.15350 1.5664 0.21968 1.5853
5 0.14176 1.5568 0.21749 1.5847
6 0.13721 1.5509 0.24718 1.5969
7 0.12755 1.5361 0.28075 1.6074
8 0.11682 1.5251 0.31472 1.6358
9 0.12404 1.5188 0.34334 1.6597

10 0.11955 1.5092 0.37963 1.6882
11 0.11238 1.5058 0.38339 1.7053
12 0.11507 1.5094 0.39403 1.7189
13 0.11662 1.5033 0.38975 1.7263
14 0.11155 1.4929 0.49072 1.8358
15 0.11437 1.4956 0.53152 1.9026
16 0.11979 1.4921 0.56853 1.9418
17 0.12597 1.5076 0.57352 2.03248
18 0.12677 1.5039 0.65579 2.12442

Wkh pdlq uhvxow ri Wdeoh L lv wkdw dsso|lqj wkh Ehuqvwhlq rshudwru wr wkh 5 glphq0

vlrqdo klvwrjudp doorzv xv wr ghfuhdvh wkh vl}h ri wkh phvk/ dqg frqvhtxhqwo| wkh
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eldv nhhslqj wkh xqfhuwdlqw| +l1h1 wkh yduldqfh, orz1 Wklv djuhhv zlwk wkh dv|ps0

wrwlf uhvxowv lq Wkhruhp 51 Ixuwkhu/ wkh uhvxowv gr qrw vhhp wr eh sduwlfxoduo|

vhqvlwlyh wr 6 dv rssrvhg wr wkh klvwrjudp1

9 Surriv

Surri ri Wkhruhp 41 E| wkh wuldqjoh lqhtxdolw|/
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zkhuh wkh htxdolw| iroorzv e| wkh surshuwlhv ri olqhdu rshudwruv1 E| wkh Jolyhqnr0

Fdqwhool Wkhruhp/ E�
?

E��� � E��� frqyhujhv wr }hur dv ?$4c lw iroorzv wkdw
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E| Ohppd 4 lq Vdqfhwwd +5335/ fk1 4,/ iru dq| " : fc < 6 vxfk wkdw
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Vlqfh " fdq eh pdgh duelwudulo| vpdoo e| vxlwdeoh fkrlfh ri 6/ wkh vhfrqg whup fdq
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