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Numerical Construction of Gravitational Solutions in
Asymptotically Anti-de Sitter Spacetimes

Julija Markevičiūtė

Asymptotically anti-de Sitter (AdS) spacetimes display intriguing phenomena
which have recently sparked increasing interest in the research of gravitational
solutions in these spaces. Considerable motivation stems from gauge/gravity duality,
which is a conjecture relating classical gravity with a negative cosmological constant
to strongly coupled quantum field theories. In this dissertation, we present novel
stationary, asymptotically AdS black hole and soliton solutions, which we construct
numerically. We employ numerical techniques which have been successfully used to
tackle the complexities of the Einstein equations, and allow us to study the fully
non-linear systems in unparalleled detail.

We present a numerical study of rotating and charged hairy black hole solutions
in five-dimensional AdS, which originate from a consistent truncation of N = 8
supergravity, and can be uplifted to the type IIB supergravity with AdS5×S5

asymptotics. The hairy black holes have one scalar field charged under a U(1)
gauge field, and branch from the near-extremal black holes due to the superradiant
instability. We give numerical evidence that the hairy solutions exist arbitrarily
close to the BPS bound for all charges, which is saturated in the zero and infinite
temperature limits. We compute the phase diagram, and analyse the thermo-
dynamics across different ensembles. Finally, we conjecture the existence of a
one-parameter hairy solution extension of the known supersymetric black hole in
this theory. Our work demonstrates the importance and complexity of black hole
solutions with scalar condensate in supergravity. It also opens new possibilities to
resolve a long-standing problem in Maldacena’s original AdS/CFT correspondence,
namely the understanding of the Bekenstein-Hawking entropy of supersymmetric
black holes in terms of microstate counting.

The study of gravitational solutions in AdS also provides valuable insights
into classical phenomena in general relativity. In particular, superradiance has
been important in the context of the weak cosmic censorship hypothesis. In order
to study this relationship, we constructed novel four-dimensional asymptotically
global AdS solutions by turning on a dipolar differential rotation at the conformal
boundary. At fixed energy and boundary profile, we find two different geometries:
a horizonless AdS soliton, and a deformed black hole. Both solutions develop
an ergoregion attached to the boundary, and are superradiantly unstable. We
discuss the intricate phase diagram which exhibits up to six-fold degeneracy, and
the implications of our results for weak cosmic censorship and the corresponding
dual field theory at strong coupling.
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Chapter 1

Introduction

1.1 Overview

General relativity is a remarkably rich theory. Black holes are deeply fascinating
objects that contain spacetime singularities, and which are crucial for the study of
strong field gravity wherein new phenomena arise. In four-dimensional flat space, the
most general vacuum stationary solution is the Kerr black hole [1]. However, the
presence of a negative cosmological constant allows for a considerably more exotic
solution landscape.

The primary motivation for studying stationary black holes in these spaces stems
from the anti-de Sitter/conformal field theory (AdS/CFT) correspondence, also known
as the gauge/gravity duality [2]. Due to its far reaching implications, it has attracted
a great deal of interest from a wide variety of researchers. The correspondence relates
two seemingly distinct theories, namely gravity in asymptotically AdS spacetimes
and certain quantum field theories. In particular, by studying stationary black hole
solutions in classical supergravity, we can understand thermal states in the dual strongly
coupled field theory at high energies, where direct calculations are largely inaccessible.

The AdS/CFT correspondence often requires both non-trivial, symmetry-breaking
boundary conditions, and higher dimensions. Black hole uniqueness theorems do not
necessarily hold in higher dimensions, and even asymptotically flat vacuum black holes
can have non-spherical horizon topology. For instance, asymptotically flat solutions were
constructed which have ring topology in d = 5 [3], and also the remarkable black saturn
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solution was found [4, 5]. Higher dimensional relativity was pioneered by Kaluza [6]
and Klein [7], and emerged from attempts to unify gravity and electromagnetism. It
marked a significant step in the quest to unify the fundamental forces of nature, which
remains the overarching goal of theoretical physics. In modern times, it is anticipated
that string theory will play a major role in the full theory of quantum gravity, as it
naturally contains gravity, as well as provides an explanation of the microscopic origin
of the entropy of certain black holes. String theory comes endowed with a number
of extra dimensions in order to ensure consistency, which makes studying black hole
solutions highly non-trivial, even in the low-energy limit, supergravity.

Due to the complexity, the construction of stationary solutions in asymptotically
AdS spaces beyond the perturbative regime often requires the use of numerical methods.
In this thesis we present various applications of contemporary numerical methods to
construct novel stationary geometries in four and five dimensional asymptotically AdS
spacetimes. In this chapter we briefly outline black hole instability in AdS, which aids
the understanding of the non-uniqueness of the solution space. Next, we give a brief
overview of the AdS/CFT correspondence, and the way in which it emerges from the
dual description of the coincident D3-brane system in string theory. We also outline
the dictionary between the gravitational theory and the corresponding field theory
observables.

The remainder of this thesis is organised as follows. The second chapter 2 is
dedicated to the numerical methods used to solve the Einstein equation in terms of
the boundary value formulation. In chapters 3, 4 and 5 we investigate gravitational
systems which, via the gauge/gravity duality, are used to study strongly coupled field
theories. Chapters 3 and 4 are dedicated to analysing stationary hairy black holes in a
consistent truncation of type IIB supergravity with AdS5×S5 asymptotics, which is
dual to strongly coupled N = 4 super Yang-Mills. Chapter 5 presents a study of a
four-dimensional system with a rotating conformal boundary, and models CFTs on
rotating backgrounds. This thesis concludes with a discussion and future prospects in
chapter 6.
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1.2 The gauge/gravity duality

The gauge/gravity duality maps a class of d-dimensional string theories with asymptot-
ically anti de-Sitter boundary conditions, to certain conformal quantum field theories
formulated in fewer dimensions. First proposed by Maldacena in the late ’90s [2], it
was further developed by [8, 9], and has since proven to be one of the most prominent
achievements of contemporary theoretical physics1. While it remains a conjecture,
since its discovery the duality has been supported by immense amount of evidence and
a variety of non-trivial, robust tests. Much of its usefulness stems from the fact that
is a strong-weak duality, meaning that when one of the sides of the correspondence
is in principle solvable, the other is in a regime which is generically inaccessible with
current analytic techniques. In particular, in the low energy limit in which the string
theory in AdS is approximated by classical supergravity, the duality allows us to study
strongly coupled field theories, and therefore explore novel, enticing phenomena.

In its original form, it is a conjecture of an equivalence between four-dimensional
N = 4 Super-Yang-Mills (SYM) with gauge group SU(N) and coupling constant gYM

and ten-dimensional type IIB string theory with AdS5×S5 asymptotics, string coupling
gs and string length ℓs =

√
α′ [2]. The radius of curvature of both AdS5 and S5 is L.

Furthermore, the field theory lives on the conformal boundary of AdS5, which in global
coordinates is the Einstein static Universe Rt×S3. The two free parameters on the
field theory side g2

YM and N are identified with the free parameters gs and L/
√
α′ on

the string theory side via

g2
YM = 4πgs and λ = L4/α′2 , (1.1)

where the ’t Hooft coupling is defined as λ = g2
YMN . The strongest form of the duality

is valid for any value of N and ’t Hooft coupling, in which the gravitational side is a
quantum string theory. A weaker form of the correspondence is in the ’t Hooft limit
[11], where N → +∞, and λ is arbitrary but fixed, in which the dual theory contains
classical strings. The conformal field theory is strongly coupled in the large ’t Hooft
limit when N ≫ λ ≫ 1, and corresponds to the low energy limit of the string theory,
which is described by classical type IIB supergravity. In this limit the string length ℓs

1Due to the prominence and far reaching impact of the theory, there exists a plethora of pedagogical
material on the AdS/CFT correspondence. In particular, the author enjoyed a recent review by
Hubeny [10].
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is small compared to radius of curvature, and any quantum corrections are suppressed.
There are many nontrivial tests of the correspondence in this limit, some of which have
been reviewed in [12].

The AdS/CFT correspondence can be motivated by considering D3-branes2 from
the open and the closed string perspective. In the weakest form of the correspondence,
comparing these two complementary low energy descriptions leads us to identifying
the gauge and the gravity theories. Consider a stack of N parallel D3-branes in
10-dimensional type IIB string theory in the limit where they become coincident.
The vibrating open strings satisfy Dirichlet boundary conditions on D3-branes, and
describe excitations of the branes, while closed strings propagate in the bulk. At
sufficiently weak string coupling gsN ≪ 1 and fixed N , the gravitational backreaction
of the D3-branes is negligible. Taking the low energy limit ℓs → 0, only the massless
string states are excited. The open string sector decouples, and gives modes localized
on the branes which are governed by the four-dimensional N = 4 super Yang-Mills
Lagrangian. The other set of massless modes is the closed bulk excitations described
by 10-dimensional supergravity.

At strong coupling gsN ≫ 1, the branes backreact on the spacetime, and result in
the extremal, asymptotically R9,1 black 3-brane geometry

ds2 = f(r)−1/2ηµνdxµdxν + f(x)1/2
(
dr2 + r2dΩ2

5

)
, f(r) = 1 + 4πgsNℓ4

s

r4 , (1.2)

where xµ are the coordinates of the D3-brane worldvolume, and dΩ2
5 is the metric on

the unit S5. Identifying L = (4πgsN)1/4ℓs, the near horizon limit r ≪ L gives

ds2 = L2

r2 dr2 + r2

L2ηµνdx
µdxν + L2dΩ2

5 , (1.3)

which has an enhanced symmetry and simplifies to a direct product AdS5×S5. Note
that this solution has infinite proper distance along spacelike geodesics, and therefore
the horizon is connected to the asymptotic region through an infinite throat. In the
low energy limit, the near-horizon closed string sector is described by supergravity in
AdS5×S5, and there is also a decoupled bulk string sector described by 10-dimensional
supergravity. These two different descriptions leads us to identify the decoupled systems,
and in particular, the strongly coupled N = 4 super Yang-Mills in 3 + 1 dimensions

2Recall that D-branes are solitonic solutions in the string theory, and can be regarded as Dirichlet
boundary conditions of open strings. A flat Dp-brane is a Rp,1 submanifold.
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corresponds to the near horizon region of the black brane with AdS5×S5 geometry.
These two low energy descriptions of the D3-brane system are valid in different regimes
for the coupling constants, however, the fact that the gauge theory is well defined at
any coupling lends support to the strongest form of the duality, which was conjectured
by Maldacena.

An immediate test for these ideas can be performed by matching the global sym-
metries of the two theories. AdS5 has isometry group SO(4, 2), and S5 has isometry
group SO(6), so the full bosonic symmetry is SO(4, 2) × SO(6). On the field the-
ory side, the maximal bosonic subgroup of the four-dimensional conformal group is
SU(2, 2) ≃ SO(4, 2), which regards the Poincaré and special conformal transformations,
and the global R-symmetry that rotates the six scalar fields and the four fermions is
SU(4) ≃ SO(6), hence the bosonic subgroup of N = 4 SYM is SO(4, 2) × SO(6)R.
Both sides have 32 supersymmetries, which are Killing spinors on the gravity side, and
a superconformal algebra on the CFT side.

The radial bulk direction r = L2/z is associated with the energy scale in the gauge
theory. In particular, the conformal boundary of AdS z = 0 is naturally identified with
the UV/the short distance/high energy gauge theory, leading to a holographic notion
of the correspondence. In this sense, it is commonly said that the field theory lives on
the boundary of AdS.

Black holes provide a fundamental probe for quantum gravity. These solutions of
classical general relativity are accompanied by curvature singularities, in the vicinity
of which the gravity description is commonly thought to break down, and new exotic
physics should appear. Further, black hole horizon area and surface gravity are related
to thermodynamic quantities such as the classical Bekenstein-Hawking entropy and the
black hole temperature. Hawking [13] showed semi-classically that temperature can be
understood in terms of quantum particle creation. Thermodynamic entropy should be
equal to the statistical entropy, as it gives an account of the number of microscopic
degrees of freedom of a system, which should be a universal constraint. It emerges
that black hole entropy can be understood in terms of microstates, which are quantum
mechanical objects.

The first statistical black hole entropy counting in string theory was accomplished
by Strominger and Vafa [14], for a class of asymptotically flat five-dimensional su-
persymmetric Reissner-Nordström black holes, which can be obtained as a consistent
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Kaluza-Klein reduction of the higher dimensional supergravity. The work by Strominger
and Vafa launched an active enterprise of reproducing the microscopic entropy of a
variety of black hole solutions. However, an analogous calculation for asymptotically
AdS black holes has been done only recently, even though AdS/CFT provides a natural
framework to analyse the microscopic description of black holes by studying well-defined
quantum field theories. However, even in the low energy limit, when the string theory
side reduces to a classical supergravity calculation, the duality is hard to study, since
the field theory side is strongly coupled. Generally, to obtain the entropy of the
semi-classical black holes in the strong coupling regime, we rely on supersymmetry
which allows us to perform weak coupling string calculations. The supersymmetric
AdS black holes are dual to CFT states which are in Bogomolnyi–Prasad–Sommerfield
(BPS) representations and hence weak coupling calculations do not receive quantum
corrections.

The entropy counting was successfully performed for the AdS3 BTZ black holes
in [15], and very recently for supersymmetric AdS4 black holes dual to certain phases
of topologically twisted deformation of ABJM theory [16, 17] (for a recent review see
e.g. [18]). Achieving this calculation for Maldacena’s original correspondence, i.e. for a
class of five-dimensional rotating AdS black holes in terms of states of the dual N = 4
SYM, remains a major open problem, due to the immense complexity of the dual CFT.
We will discuss this problem in more detail in chapter 4, and attempt to shed some
light from the gravitational point of view.

1.3 The dictionary

The framework of [8, 9] was developed alongside a dictionary identifying the observables
in CFT with quantities in AdS, enabling us to perform concrete holographic calculations.
The gauge/gravity duality equates the string partition function to the generating
functional of the field theory correlators

Z[Φ] =
∫
φ
DΦ exp iS[Φ] = WCFT[φ], (1.4)

where Φ denotes all fields and φ is a field parametrizing the boundary condition of
Φ at infinity. Boundary conditions for the bulk fields serve as sources that couple to
dual operators. In the large N limit, one can compute correlation functions of the
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CFT operators by differentiating the supergravity on-shell action with respect to the
sources.

The on-shell classical supergravity action exhibits infinite volume divergences due
to the cosmological constant. These IR (long distance) divergences in supergravity are
related to UV divergences of the correlation functions in the dual CFT [19]. In order to
make this prescription well-defined, a suitable renormalization must be performed. On
the gravitational side, this is achieved by the procedure of holographic normalization
[20–22] (for an extensive review see [23] and references therein). For instance, given a
classical action S[φ,Aµ, gµν ] with the corresponding renormalized on-shell action Sren,
the bulk fields φ,Aµν , gµν couple to the respective renormalised one-point functions

⟨O(x)⟩ = − 1√
detg(0)

δSren

δφ(0)(x) ,

⟨Jµ(x)⟩ = 1√
detg(0)

δSren

δAµ(0)(x) ,

⟨Tµν(x)⟩ = 2√
detg(0)

δSren

δgµν(0)(x) .

(1.5)

Here Jµ is the boundary symmetry current, Tµν is the boundary stress-energy tensor,
O(x) is the dual operator to the scalar field, and the functional differentiation is with
respect to the corresponding source on the boundary. These renormalised one-point
functions are related to certain coefficients in the asymptotic expansion of the bulk
fields, and in practice can be read off once the gravity solution is constructed.

Any asymptotically AdS spacetime in d dimensions can be expressed in Fefferman-
Graham (FG) coordinates [24, 25] about the conformal boundary z = 0 as

ds2 = L2

z2

(
dz2 + gµν(x, z)dxµdxν

)
, (1.6)

where gµν admits an expansion in terms of the coordinate z

gµν(x, z) = g(0)
µν (x) + ...+ z(d−1)g(d−1)

µν (x) + O(zd). (1.7)

Here L is the AdS radius and is related to the cosmological constant via Λ = −(d−
1)(d − 2)/2L2, and xµ are the boundary coordinates. The free coefficient of the
expansion is g(0)

µν (x), which represents the boundary metric that typically is fixed by the
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required boundary conditions. The coefficient g(d−1)
µν (x) is related to the stress-energy

tensor and is fixed by the regularity in the bulk. The exponents in the expansion
will depend on the exact contents of the gravitational theory. The Fefferman-Graham
expansion makes a direct link with the dual field theory, which lives on the boundary
z = 0 with the d− 1-dimensional metric gµν |z=0.

Once the desired form of the metric is obtained, the expectation value of the
holographic stress-energy tensor can be extracted as

⟨Tµν(x)⟩ = (d− 1)Ld−2

16πGN

g(d−1)
µν (x), (1.8)

where d is even, and GN = g2
s l
d−3
s is Newton’s constant. In odd dimensions an extra

additive logarithmic term is present in the FG expansion (1.7), zd−1 log z2g̃(d−1)
µν , and

the dual CFT stress tensor (1.8) has an additional, d dependent, contribution due
to the conformal anomalies of the boundary CFT. The prescription of holographic
normalization provides a method to compute finite conserved asymptotic charges of
the gravitational theory, such as energy and angular momentum, via the holographic
stress tensor (1.8).

Let us consider a toy example in a form of a minimally coupled scalar field φ(x, z)
with mass mφ in AdSd+1, for which Poincaré coordinates can be recovered by taking
gµν(x, z) = ηµν . The conformal dimension of the dual operator Oφ is given by the
relation m2

φL
2 = ∆(∆ − d). The bulk action for the scalar reads

S[φ] = −1
2

∫
dz ddx

√
−detg

(
gµν∂µφ ∂νφ+m2

φφ
2
)
, (1.9)

and the equation of motion is the Klein-Gordon equation

(�g −m2
φ)φ = 0. (1.10)

It is straightforward to check that this equation admits two independent solutions
scaling near the boundary z = 0 as z∆± , so that asymptotically

φ(z, x) = A+(x)z∆+ + A−(x)z∆− + ..., with ∆± = d

2 ±
√
d2

4 +m2
φL

2. (1.11)
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The stability of AdS requires ∆± to be real, which demands that the scalar field satisfies
the Breitenlöhner-Freedman (BF) bound [26]

m2
φL

2 ≥ −d2

4 , (1.12)

which means that m2
φ < 0 is allowed, and the field can be tachyonic. Another

important bound is the unitarity bound on scaling dimensions of operators in the CFT,
m2

u = m2
BF + 1/L2. Scalars with masses m2

φ ≥ m2
u have the normalisable mode A+, and

the non-normalisable mode A−. Typically the non-normalisable mode A− sources the
boundary operator with conformal dimension ∆−, and its one-point function (vev) ⟨Oφ⟩
is given by the coefficient A+ of the normalisable mode. Scalars with m2

BF < m2
φ < m2

u

have two normalisable modes. In this case there are various boundary conditions
possible which determine the physics of the dual field theory, and whether the field
theory is deformed by relevant, irrelevant or marginal operators (for a summary see
e.g. [27]).

In particular, for m2
φ = m2

BF, the asymptotic expansion is

φ(z, x) = z∆BF
(
A+(x) + A−(x) log z

)
+ ... , (1.13)

where the logarithmic term represents a non-normalizable mode that renders AdS
unstable [28], and we impose A− = 0.

More broadly, at large N and strong coupling, AdS black holes are high-energy
thermal states in the dual field theory. In particular, they are typically the dominant
saddle points in the high temperature regime of the canonical ensemble. By studying
the black hole solution space in the supergravity limit we can learn about the thermal
states of the strongly coupled dual CFT at energies of order N2 [29]. For instance, the
Hawking-Page transition [30] between thermal AdS and large black holes corresponds
to the confinement-deconfinement transition on a spehere of the dual CFT [31].
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1.4 Hairy black holes in AdS

Black hole instability can be instigated by the existence of a marginal, or zero, mode3

of linear scalar or gravitational perturbations. This often indicates that a new branch
of stationary solutions is present, which can significantly enrich the phase diagram. In
this section we discuss a few examples of such instabilities, which are relevant to the
construction of solutions presented in this thesis.

The canonical example which demonstrates the link between black hole non-
uniqueness, instabilities and the appearance of zero frequency modes is the Gregory-
Laflamme instability, which affects black strings and black branes in higher dimen-
sions [32]. These objects are unstable to gravitational perturbations along their
extended directions, and the solutions branching from the offset of the instability are
non-uniform black strings and localized black holes. The nonlinear evolution of five-
dimensional black string has been simulated numerically in [33], where the formation
of a fractal structure of the horizon was observed. It was shown that the string breaks
in finite asymptotic time, thereby leading to the violation of cosmic censorship due
to the topological change of the horizon. This instability affects sufficiently small
Schwarzschild black holes in global AdS5×S5 [34–36], which were recently constructed
in [37].

Another crucial instability which yields new stationary solutions is superradiance,
the study of which was pioneered by [38–45] in the asymptotically flat context (for an
extensive review see [46]). The first quantitative study involving rotating black holes
in AdS featured in [47–50]. The rotating black holes in AdS with sufficient angular
velocity, ΩH , can have ergoregions, which act as reservoirs for negative energy for
scattering waves with azimuthal quantum number m and frequency4 0 < ω < mΩH . If
a rotating black hole with an ergoregion is surrounded by a confining potential resulting
from AdS, or by a mass term [43, 51] in asymptotically flat spacetimes, such a process
will be recurrent, eventually leading to an instability. The superradiant instability is
connected to the appearance of asymptotically AdS hairy black hole branches with
neutral scalar hair [48], or gravitational hair [52]. However, these solutions have
ΩHL > 1, where L is the radius of AdS, and are themselves superradiantly unstable
to higher azimuthal modes [53]. The endpoint of this instability seems to be outside

3The imaginary part of the mode frequency ω determines the stability under the perturbation.
Modes with Im(ω) = 0 are marginal, and zero frequency modes in addition have Re(ω) = 0.

4For simplicity, here we consider black holes which are not charged.
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the reach of current numerical methods in AdS, however, in [48, 52, 54] it has been
argued that the instability is likely to lead to a pointwise violation of the weak cosmic
censorship conjecture in AdS.

There are at least two instabilities affecting the Reissner-Nordström type solutions
in AdS-Maxwell-Scalar theories whereby the charged black hole acquires scalar field
hair. On the one hand, instability of RNAdS black holes can be driven by charged
superradiance. The sufficiently charged scalar field scattering off the charged black
hole becomes amplified ad infinitum due to the reflective nature of the conformal
boundary of AdS, leading to the instability [55–58, 53]. The condition for the scat-
tering now is ω < µe, where the scalar field has frequency ω and charge e, and the
black hole has chemical potential µ. Unlike the rotating case, the endpoint of the
superradiant instability is understood better, and it has recently been shown that the
four-dimensional RNAdS indeed evolves towards the hairy solution [59]. Charged black
holes with charged scalar hair were constructed in [60–64].

On the other hand, the near extremal black holes are unstable against the tachyonic
condensation of a scalar field, if the effective mass of the scalar field due to the coupling
of the scalar to the Maxwell field violates the effective near horizon Breitenlöhner-
Freedman (BF) bound [26]. The BF bound governs the perturbative stability of scalar
fields in the AdSd spacetime, and is given by m2

BF = −(d− 1)2/4L2
d, where Ld is the

radius of curvature of the spacetime. In fact neither the scalar field nor the black hole
need be charged [65–67], but the charge exacerbates the instability. This process was
shown to occur dynamically by [68] with the endpoint being the hairy black holes of
[66, 69]. For example, consider a four-dimensional extremal Reissner-Nordström black
hole with AdS asymptotics and a horizon with planar topology. The near-horizon
geometry in this case is AdS2 × R2, and it turns out that the BF bound for the
AdS2 factor is greater than that of the asymptotic AdS4. Therefore, the instability
is present even for neutral scalar fields if their mass violates the two-dimensional BF
bound. This instability has found various applications to superconductivity based on
the gauge/gravity correspondence.

Concepts from the gauge/gravity duality have been used to model various phase
transitions in condensed matter systems, such as superfluids or superconductors [65,
69, 66]. In this area, a bottom-up approach is usually taken, where a manageable
gravitational theory is used to gain insight into the behaviour of strongly coupled field
theories. A minimal holographic superconductor model is the four-dimensional planar
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RNAdS black hole with a minimally coupled charged scalar field, also known as the
Abelian-Higgs model. At low temperatures T < Tc, the charged black hole is unstable
to the formation of scalar hair due to the effective mass of the scalar violating the
near-horizon BF bound. The hairy phase describes the superconducting phase with
order parameter ⟨Oφ⟩, and the normal phase for T > Tc is the stable RNAdS solution.
The AdS/CMT correspondence is a thriving area of research, for which there is plenty
of excellent review material available, e.g. see [70–73].



Chapter 2

Numerical Construction of
Stationary Solutions in AdS

2.1 The Einstein equation

The theory of general relativity is described by a set of coupled non-linear second order
partial differential equations for the metric tensor gµν , together with gauge and matter
fields, on a d-dimensional Lorentzian spacetime manifold M. In the fully non-linear,
strong-field regime, analytic methods for solving the equations are scarce and have
considerable limitations, which necessitates the use of numerical techniques to make
meaningful progress. In the last couple of decades, the field of numerical relativity has
enjoyed a tremendous amount of success. Some of the most notable results include the
simulation of gravitational collapse [74] and simulation of black hole binary inspiral (for
a review see e.g. [75]), which has recently been observed in a breakthrough detection
of gravitational waves at LIGO [76, 77].

Notwithstanding the dynamical nature at the heart of general relativity, stationary
solutions play a key role in understanding the full breadth of the theory. Finding
stationary solutions aids the understanding of the global structure of the phase space,
which provides insights into the properties of the stable solutions. In addition, obtaining
suitable initial conditions can be a non-trivial problem in itself, once spherical symmetry
is broken. Lastly, even if a steady-state can be reached through the dynamical evolution,
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it would require considerable resources and would be complicated to implement in
practice.

The Einstein equation does not have a definite character due to the underlying
diffeomorphism invariance. It was shown in [78] that in the harmonic gauge, in which
the coordinates satisfy the wave equation, the Einstein equation is strongly hyperbolic.
This implies that the initial value problem is locally well-posed, allowing for dynamical
time evolution.

Finding stationary solutions amounts to formulating a well-posed boundary value
problem, for which the elliptic description of the equations is preferred. The Einstein
equation can be modified to have the elliptic signature via the DeTurck method first
introduced by Headrick, Kitchen and Wiseman [79] (for reviews see [80, 27]). This
is an elegant and versatile algorithm which can be implemented for a wide class of
metrics, and recently has been extensively employed in numerical construction of
various asymptotically AdS solutions. Ellipticity was shown for static vacuum metrics
in [79], and was generalised to include stationarity with the Lorentzian signature in
[81]. In this chapter we will briefly outline the DeTurck method and the numerical
techniques that have been used throughout this thesis.

2.2 The Einstein-DeTurck equation

2.2.1 Ellipticity

Consider the d-dimensional Einstein equation with a cosmological constant Λ,

Rµν = 2Λ
d− 2gµν , (2.1)

where gµν is the metric tensor and Rµν is the Ricci tensor. The following discussion
can be generalised to include matter fields and gauge fields, for instance see [27]. There
are d(d+ 1)/2 equations for the same number of the metric components, owing to the
fact that Rµν and gµν are symmetric. The Ricci tensor obeys the contracted Bianchi
identity

∇µ

(
Rµν − 1

2 g
µνR

)
= 0, (2.2)
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where ∇ is the Levi-Civita connection associated to the metric gµν , and R is the trace
of the Ricci tensor. This represents additional d constraints, i.e. there are only d(d−
1)/2 independent equations, implying that the Einstein equation is underdetermined.
Therefore, we need to place d conditions on the coordinates to fix the gauge degrees of
freedom in order to make the PDE system well posed.

Suppose that gµν is a static Lorentzian metric which is analytically continued to
the Euclidean signature. Under small metric perturbations gµν → gµν + hµν , the Ricci
tensor locally transforms as

δRµν = ∆Lhµν + ∆ v(µ ν), (2.3)

where

∆Lhµν = −1
2∇2hµν −R hρ σ

µ ν ρσ +R hρ(µ ν)ρ, vµ = ∇ hνν µ − 1
2∂µh. (2.4)

Let us consider the operator ∆Rhµν = δRµν . The principal part of ∆R, determining the
character of the partial differential equations, is governed by the second order metric
derivatives and reads

Phµν = 1
2g

ρσ
(
−∂ρ∂σhµν + 2∂ρ∂ h(µ ν)σ − ∂µ∂νhρσ

)
. (2.5)

For the Einstein equation to be elliptic with respect to some background, we wish for
any perturbation of the form hµν = Hµνe

ikσxσ , where Hµν is constant and kµ ∈ Rd
>0, to

give Phµν ̸= 0 for all x in M. Interpreted physically, this requirement can be regarded
as forbidding wave-like propagation of short wavelength perturbations.

The perturbation can be decomposed in the form hµν = h̃µν + ∂(µwν), with ∂µh̃µν −
1
2∂ν h̃ = 0. Then it follows that Phµν = Ph̃µν , which demonstrates that the operator P
removes infinitesimal diffeomorphisms generated by the vector field wµ. The remaining
part is manifestly elliptic

Ph̃µν = −1
2∂

ρ∂ρh̃µν , (2.6)

i.e. the pure gauge fluctuations are spoiling the ellipticity. Let us consider the 1-form

ξµ = gρν
(
∂ρgνµ − 1

2∂µgρν
)
, (2.7)
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which locally varies as δξµ = ∂µh
µ
ν − 1

2∂νh = 0. Demanding ∂µh
µ
ν − 1

2∂νh = 0, i.e.
δξµ = 0, is equivalent to imposing the harmonic gauge. The gauge fixing condition for
the chart xµ, when the coordinates are regarded as scalar functions, can be written in
a more familiar form as

ξµ = gρνΓµρν = −∇2xµ = 0. (2.8)

The condition ξµ = 0 eliminates the pure gauge degrees of freedom, as it imposes d
constraints on the coordinates. However, the harmonic gauge is local and we would
like to obtain a covariant formulation.

Suppose we pick an appropriate reference metric g̃µν on M of our choice such that
it possesses the same causal structure of our desired solution g, and covariantly define

ξµ = gρν(∇̃ρgνµ − 1
2∇̃µgνρ), ξµ = gνρ

(
Γµνρ − Γ̃µνρ

)
. (2.9)

Here Γ̃µρν is the associated Levi-Civita connection for g̃µν , and ∇̃µ is the covariant
derivative with respect to g̃µν . ξµ is the DeTurck vector, and is globally defined through
the difference between two connections, which is a tensor.

The gauge fixing condition ξµ = 0, termed the generalised harmonic gauge [79, 80],
is a differential equation for the metric. We will be solving the condition simultaneously
with the Einstein equation (2.1), by combining the two to form the Einstein-DeTurck
equation (also known as Harmonic Einstein equation)

RH
µν = Rµν − ∇ ξ(µ ν) = 2Λ

d− 2gµν , (2.10)

where we defined the modified Ricci tensor RH
µν = Rµν − ∇ ξ(µ ν) . Under local linear

metric perturbations the Ricci tensor transforms as

δRH
µν = ∆hµν = ∆Lhµν − 1

2Lξhµν + ∇ u(µ ν), uµ = (Γµνρ − Γ̃µνρ)hνρ, (2.11)

where Lξ is the Lie derivative with respect to the field ξ. From here we find that the
principal part of the equation is

Phµν = −1
2g

ρσ∂ρ∂σhµν . (2.12)
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The perturbation hµν = Hµνe
ikσxσ gives Phµν = Hµνk

2 ̸= 0 for non-zero Hµν and kµ.
Hence the Einstein-DeTurk equation is strictly elliptic for Euclidean signature, and
strongly hyperbolic for Lorentzian signature.

2.2.2 Stationarity

For static metrics the Einstein-DeTurck equation is invariant under the analytic time
continuation, and hence remains elliptic for Lorentzian metrics. We wish to generalize
the ellipticity argument to non-extremal, asymptotically AdS vacuum black holes, for
which the Killing vector field ∂t is not always globally timelike. In particular, we focus
on rotating black holes with an ergoregion, which have a timelike (outside ergoregion)
Killing vector T , the norm of which is vanishing on the horizon or at the ergosurface.
For simplicity, we will assume a single Killing horizon.

The metric class ansatz is motivated by the rigidity theorem for stationary black
holes, including those in higher dimensions [82, 83], which ensures the axisymmetry
once certain conditions are met. Let (M, g) be a stationary (analytic) asymptotically
AdS (or flat) vacuum black hole spacetime. Suppose that T µ is a stationary killing
vector field, which is not necessarily globally timelike. Then for a sufficiently well
behaved horizon of such a black hole, there exists a Killing field Kµ which is normal
to the horizon and commutes with T µ. In addition, there exists a non-empty set
of mutually commuting Killing fields Rµ commuting with T µ. The fields generate
asymptotic spatial rotations with period 2π. It follows that Kµ is the Killing horizon
generator and can be written as a linear combination Kµ = T µ +∑

i ΩiR
µ
(i), where Ωi

are constant angular velocities at each rotation plane.

The Lorentzian metric ansatz which is adapted to the isometries {T,R(i)}, and is
manifestly stationary can be written as

ds2 = GAB(x)(dyA + CA
i (x)dxi)(dyB + CB

j (x)dxj) + hij(x)dxidxj, (2.13)

where T = ∂t, Ri = ∂yi , coordinates yA = {t, yi} are associated with the rotational1

(or translational) isometries. The indices A,B indicate the Killing directions, and i, j

are the indices on M, and GAB is Lorentzian outside the horizon. We note that all
1For rotational isometries the corresponding orbit is normalised to have period 2π, therefore we

identify yi ∼ yi + 2π.
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hitherto known stationary solutions have vanishing CA
i = 0, and obey the additional

discrete symmetry t → −t, yi → −yi.

The Lorentzian spacetime can be regarded as fibration of the orbits of the mutually
commuting set {T µ, Rµ

(i)} over a base manifold M. We will assume that the orbit space
(M, h) is a smooth Riemannian manifold, having boundaries at the Killing horizon and
axes of the rotational symmetries. This implies that there always exist a combination
of {T,R(i)} that is timelike outside the horizon.

Consider the Einstein-DeTurck equation for the metric. We note here that we
choose the reference metric g̃ to share the isometries {T,R(i)} with g, to make sure
that the harmonic operator RH

µν has the same symmetries as the original metric. This
ensures that our numerical method preserves the class of stationary metrics (2.13).
The second order derivative terms are

RH
AB = −1

2h
kl∂k∂lGAB + ... ,

RH
Ai = −1

2h
kl∂k∂l(GABC

B
i ) + ... ,

RH
ij = −1

2h
kl∂k∂l(hij +GABC

A
i C

B
j ) + ... ,

(2.14)

and the character is governed by the Riemannian metric hij, therefore implying
ellipticity.

We also note that the Deturck method has been successfully used to numerically
construct certain classes of geometries for which ellipticity has not been shown or
does not hold, such as solutions with helical Killing vector fields, for instance, black
resonators [52] and geons [84], and flowing geometries, which do not possess a Killing
horizon [85, 86].

In order to obtain a well-posed boundary problem, we also need suitable boundary
conditions. A physical set of boundary conditions at the conformal boundary of AdS
ensures the desired asymptotic behaviour, which determines the properties of the dual
CFT. In the Lorentzian signature, the black hole horizon is regarded as a boundary,
at which the boundary conditions are prescribed by the requirement of the horizon
regularity. The DeTurck method also fixes the surface gravity associated with the
horizon generator, which can be useful for the analysis of the canonical ensemble.
For the stationary solutions, axes of symmetries of the rotational isometries are also
regarded as boundaries, where suitable regularity conditions must be imposed. A more
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detailed treatment of the boundary conditions for the metric (2.13) can be found, e.g.
in [27].

2.2.3 Ricci solitons

Solutions of the Einstein-DeTurck equation that do not solve the Einstein equation,
i.e. have ξµ ̸= 0, are called Ricci solitons. It has been shown in [80] that they do not
exist for static metrics with a number of physically motivated boundary conditions.
The argument was extended to stationary spacetimes possessing a (t, φ) → −(t, φ)
reflection symmetry [87], including metrics which are asymptotically AdS.

Ellipticity guarantees that solutions are locally unique, thus the Ricci solitons can
be distinguished from the solutions with ξµ = 0 in almost all moduli space. We can
thus monitor the norm of ξµ to provide a global measure of our numerical integration
scheme. Practically we check a posteriori that max ξµξµ = 0 is satisfied to required
precision, and also demonstrate expected convergence properties in accord with the
numerical method used. In particular, this is important once the matter fields are
included.

2.3 The Newton-Raphson method

We will solve the resulting PDE system using relaxation methods, which iteratively
adjust the initial seed vector according to the linearised operator, until a solution to
the equations is obtain within desired error tolerance. Suppose we wish to solve a
system of n non-linear second order PDE’s

Fi[u] = 0, i = 1, ..n . (2.15)

Here u is a vector of n unknown functions which appear in a metric ansatz, and depend
on some number of coordinates x. Taylor expansion about a point u(k) to first order is

Fi[u] = Fi[u(k)] + δFi
δuj

[u(k)]δuj + O(δu2), (2.16)
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where δuj = uj − u
(k)
j , and therefore a better approximation to the true solution is

given by

ũi = u
(k)
i −

(
δF

δu
[u(k)]

)−1

i,j

Fj[u(k)]. (2.17)

This descibes the iterative procedure, whereby starting with a suitable seed vector u(0)

we obtain a successively better approximation to the true solution. We note that this
is to be solved subject to appropriate linearised boundary conditions.

One advantage of Newton’s method is the rate of convergence, which is typically
quadratic in the number of iterations. However, the initial seed has to lie in the basin of
attraction, which often requires some luck. The attraction region depends on a number
of factors, such as the choice of the reference metric and the position in the parameter
space. For the kinds of metrics considered in this thesis, namely hairy black holes and
deformed geometries, there fortunately exist parameters continuously connected to
a known geometry. In order to ensure that the method converges to a new solution
branch, we can impose suitable boundary conditions which enforce desired qualities of
the solution. We then are able to explore the moduli space deep into the non-linear
regime by varying the governing parameters. However, generally it can be difficult for
the method to converge onto a new branch if the background solution is too attractive,
or if the boundary conditions are rather particular. In some cases it is possible to find
eigenfunctions associated with zero modes, which then can provide a good initial seed.

Another challenge for Newton’s method is the turning points in solution space. If
there exists a maximum value of a parameter describing a family of solutions which is
not due to singular behaviour, a jump between basins of attraction is required in order
to obtain the second branch. Sometimes a better parameter can be found instead,
which uniquely characterises the family, however, generically it is necessary to perturb
the solution in the vicinity of the curving point towards the new region.

2.4 Numerical approach

We start our discussion by considering the one-dimensional problem, i.e. a differential
equation depending on one coordinate x, although these methods are straightforward
to generalise to both higher dimensions and more unknown functions. The domain is
discretised by introducing a number of collocation points at positions xi, where the



2.4 Numerical approach 21

functions take values fi = f(xi). The derivatives f (m)
i = f(xi) are approximated as a

matrix product f (m)
i = D

(m)
ij fj, where the computation of the matrices D(m)

ij depends
on the method of choice.

We will use pseudospectral collocation, which has been successfully implemented in
the construction of the stationary AdS solutions, and remains the method of choice for
many numerical schemes in numerical relativity. There is a trove of excellent literature
on the spectral methods with many pedagogical examples [88–91], and in this section
we will provide a broad overview of the topic.

Spectral methods are global numerical methods (as opposed to e.g. the finite
difference method), where the derivatives are computed by using the interpolation
function on all grid points. Any non-periodic equidistant grid is well known to
exhibit Runge’s phenomenon, which introduces numerical instabilities. This is a major
concern, especially as we are interested in the near-boundary data due to the AdS/CFT
correspondence.

A particularly useful grid is given by the Chebyshev-Gauss-Lobatto nodes

xi = 1
2(x0 + xn) + 1

2(x0 − xn) cos iπ
n
, i = 0, 1, ...n, (2.18)

where x ∈ [x0, xn]. This can be seen as a stereographic projection of equally spaced
points on the upper half circle onto the line interval. This grid is clustered near the
edges, and is distributed in a way which minimises Runge’s phenomenon.

The functions are evaluated on the nodes (2.18), and fit by the interpolating
polynomial of degree n, which interpolates over the entire grid. We will use the
Lagrange interpolant, which is given by the linear combination

pn(x) =
n∑
i=0

qiℓi(x) , (2.19)

with
ℓi(x) =

n∏
j=0, j ̸=i

(
x− xj
xi − xj

)
. (2.20)

The derivatives at the nodes are then given by

p′
n(xi) =

n∑
j=0

qjℓ
′
j(xi) = (Dn)ijqj . (2.21)



22 Numerical Construction of Stationary Solutions in AdS

From here we can see that the Chebyshev differentiation operator is (Dn)ij = ℓ′
j(xi),

which is an (n+ 1) × (n+ 1) matrix.

These methods typically yield dense differentiation matrices. However, the payoff
is significant, as for analytic functions the pseudospectral collocation on such a grid
provides exponential convergence with increasing grid size. For larger grids, obtaining
the final functional Jacobian δF/δu matrix in Newton’s method (2.17) can be compu-
tationally intensive. The numerical cost associated with inverting said linear operator
is also considerable. In this thesis we used the Mathematica package, and we found
that its LinearSolve routine was sufficient for our purposes.

Sometimes, at a fixed resolution, Newton’s method will converge to spurious
solutions. It is important to perform convergence tests, especially in the regions of
parameter space where the functions exhibit large gradients. We have tested that
all our solutions presented in this thesis display expected convergence properties, by
running the tests on a selected representative sample of solutions.

The combination of these methods has been successfully utilised to tackle highly
complex systems of differential equations in general relativity (e.g. see [27] and
references therein). Due to its user-friendly implementation, high numerical accuracy
and versatility, it is suitable for a wide range of problems.



Chapter 3

Hairy Black Holes in AdS5× S5

The work presented in this chapter was published as [92], in collaboration with Jorge
E. Santos. The numerical results were generated by the author with their own code.

3.1 Introduction

In this chapter we focus on N = 4 SYM with gauge group SU(N) on the Einstein
static universe Rt × S3. This is the conformal field theory for which the AdS/CFT
correspondence was first formulated in [2], and for which our holographic dictionary
is best understood [8, 9, 12]. In [2], the strong coupling limit of N = 4 SYM at
large t’Hooft coupling and at infinite gauge group rank N was conjectured to be IIB
supergravity on AdS5 × S5. Classical black hole solutions of IIB supergravity with
AdS5 × S5 asymptotics are dual to the states on the CFT at energies of order N2, and
are important in understanding the thermodynamic saddle points of the CFT.

In order to make this problem numerically tractable, we will consider consistent
truncations of the ten-dimensional supergravity theory. Studying the full IIB on
AdS5 ×S5 presents a number of challenges, for instance, small Schwarzschild-AdS black
holes have been shown to be unstable to a localisation on the S5 if their radius in AdS
units is sufficiently small [34–36, 93]. The bumpy black holes in AdS5 ×S5 that branch
from the onset of this instability were only recently constructed in [37].
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The five-dimensional gauged N = 8 SO(6) supergravity arises as a consistent
truncation of type IIB SUGRA on S5, where the isometry group of S5 corresponds to
global R-symmetry of the dual field theory [94–100]. The bosonic sector has 42 scalars,
which are organised in SO(6) irreducible representations with masses m2

φL
2 = −4,−3, 0.

A further truncation is given by [101], where the 20 scalars are in the multiplet that
transforms in the 20′ sector of the SO(6). To simplify this even more, we will work
in the consistent truncation provided by Bhattacharyya et al [62], where the three
diagonal U(1) charges in the maximal U3 subgroup of SO(6) are set equal. The
consistent truncation retains one non-minimally coupled scalar field charged under a
U(1) gauge field, and when the scalar field vanishes, the action reduces to that of the
bosonic action for D = 5 minimal gauged supergravity.

A bottom-up approach was analysed in [61], where the authors considered the
massless Abelian Higgs model in AdS5. The small (compared to the radius of AdS),
near extremal charged black holes were found to be unstable against forming scalar
field condensate, and the endpoint hairy black holes were constructed perturbatively.
The instability in this case was driven by the charged superradiance in AdS, and it
was found to affect the small charged black holes with scalar field charges e satisfying
eµ ≥ ∆0, where the energy of the lowest scalar mode is given by ∆0 = 4 for m2

φ = 0
(the radius of curvature of AdS5 is set to be L = 1). If we work in units where the
chemical potential µ of a small RNAdS black hole is bounded above by µ ≤ 1, we find
that the marginal scalar field charge for the instability is ec = 4.

In [60] these solutions were constructed numerically and the hairy black hole phase
diagram was found to depend qualitatively on the massless scalar field charge e, the
magnitude of which influences the two kinds of instabilities. The tachyonic instability
was found to set in for lower charges than the superradiance. For charges e > ec where
the two regimes coexist, the hairy black holes were found at all charges. They reduce
to the smooth, ground state soliton branch in the T → ∞ limit for Q < Qmax(e),
and for Q > Qmax(e) reduce to some extremal, possibly singular, configurations. For
e > ec, the smooth soliton exists for all charges Q, while e ≤ ec solitons approach the
“Chandrasekhar” bound in a spiraling fashion1, where they become singular. However,
they are never limiting solutions for the hairy black holes. At e = ec, Qmax(e) = 0 and

1The soliton solution space exhibits interesting structure and there also exist other branches of
solutions [63].
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Fig. 3.1 The proposed microcanonical phase diagram by Bhattacharyya et al (taken
from [62], not drawn to scale). The lower solid line is the BPS bound on which the
supersymmetric soliton resides. The straight red segment represents smooth branch
and the wiggly black part represents singular soliton. Hairy black holes were proposed
to exist between the curve indicating the onset of the superradiant instability (solid
blue) and the BPS bound. The dotted black curve is the extremal RNAdS black holes.
The grey solid line shows a possible phase transition between two different types of
hairy black holes, with different zero size limits.

the lowest mass limit is the T = 0 extremal limit, which does not coincide with the
soliton.

In this chapter we consider the model which was first studied in [62]. As mentioned
at the start of the introduction, the five-dimensional model can be embedded in the
type IIB string theory. It contains one complex scalar field φ with charge e = 2, charged
under a U(1) gauge field, and has mass saturating the five-dimensional Breitenlöhner-
Freedman (BF) bound [26], m2

φ = −4. The bound ensures the perturbative stability
of AdS. In the AdS/CFT dictionary the operator which is dual to the complex scalar
field has conformal dimension m2

φ = ∆(∆ − 4) = −4, and hence ∆ = 2. Because
e = ∆ (and µ = 1), this particular truncation is a marginal case for the superradiant
instability of the small near extremal charged black holes.

In [62] small hairy black holes were constructed in a matched asymptotic expansion,
along with smooth supersymmetric soliton solutions, which lie on the BPS bound
M = 3|Q|. The smooth soliton is continuously connected to the vacuum AdS5, in the
sense that in the small charge limit it reduces to the global AdS perturbed by the
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ground state excitation of the scalar field. These solitonic solutions were found to be
the T = 0 limit of the small hairy black holes. Bhattacharyya et al. also constructed
the singular solitonic solution using the BPS equations [102–105, 62], which extends to
arbitrarily large charges. These two families were found to join at the unique singular
soliton Qc in a spiralling fashion. We will see later, that these three soliton families
play an important role in understanding the hairy black hole solution space.

The authors of [62] also conjectured the hairy black hole behaviour in the nonlinear
regime, which is briefly summarised in Fig. 3.1. In this chapter we construct numerical
solutions of [62], and unravel the full phase diagram. We find that, as conjectured,
the hairy black holes get arbitrarily close to saturating the BPS bound for all charges.
However, they do so in an unexpected and intricately elegant manner, so that the
smooth soliton is the T → 0 hairy black hole limit, while the singular soliton is the
T → ∞ limit.

This chapter is organised as follows. In section 3.2 we introduce the action and
give the equations of motion. We provide numerical details in section 3.4, and review
the BPS solitons in 3.3. Section 3.5 presents the phase space for the static hairy black
holes, including the planar horizon limit, and analyses the thermodynamics across
different ensembles. Section 3.6 compares our numerical results to the perturbative
expansion of [62], where we show that our findings are consistent with those of [62] for
sufficiently small asymptotic charges. Section 3.7 concludes the paper with discussion,
and a prelude to the Chapter 4, which generalises these hairy solutions to include
rotation.
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3.2 Setup

3.2.1 The action and equations of motion

The consistent truncation is described by the five-dimensional Einstein-Maxwell AdS
gravity coupled to a charged complex scalar field with action given as

S = 1
16πG5

∫
d5x

√
g

{
R[g] + 12 − 3

4FµνF
µν−

3
8

(Dµφ)(Dµφ)† − ∇µ(φφ†) ∇µ(φφ†)
4(4 + φφ†) − 4φφ†

− 1
16πG5

∫
F ∧ F ∧ A, (3.1)

where Fµν = 2∂[µAν], Dµφ = ∇µφ− i eAµφ, e = 2, the radius of AdS5 is set to unity,
and G5 = π/(2N2) is the five-dimensional Newton’s constant. We note that at this
stage we have already used AdS/CFT, in the sense that G5 is given in terms of the
rank of the gauge group of N = 4 SYM. The tachyonic scalar field φ has the charge
e = 2 and m2

φ = −4.

The equations of motion derived from (3.1) are

Gµν − 6gµν = 3
2T

em
µν + 3

8T
mat
µν (3.2a)

∇ρF
ρ
µ = 1

4εµλνρσ F
λνF ρσ − i

4
[
φ(Dµφ)† − φ†Dµφ

]
(3.2b)

DµD
µφ+ φ

(∇µ(φφ†))(∇µ(φφ†))
4(4 + φφ†)2 − ∇µ∇µ(φφ†)

2(4 + φφ†) + 4
 = 0, (3.2c)

and the energy-momentum tensor is given by

T em
µν = Fµ

λFνλ − 1
4gµν F

2, (3.3a)

Tmat
µν = 1

2
[
Dµφ (Dνφ)† +Dνφ (Dµφ)†

]
− 1

2gµν(Dλφ)(Dλφ)† + 2gµν φφ†

− 1
4(4 + φφ†)

[
(∇µ(φφ†))(∇ν(φφ†)) − 1

2gµν(∇λ(φφ†))(∇λ(φφ†))
]
.

(3.3b)
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We look for static, spherically symmetric and asymptotically global AdS5 solutions and
for now we will not specify our gauge choice2:

ds2 = −f(r)dt2 + g(r)dr2 + Σ(r)2dΩ2
3, Aµdxµ = A(r)dt, φ = φ† = φ(r). (3.4)

Since our solutions are only electrically charged, the Chern-Simons term plays no role.
The Einstein equation, the Maxwell equation and and the scalar equation (3.2c) yield
a system of four equations [62]:

f ′ − f

2ΣΣ′

[
4g + gΣ2

(
8 + φ2

)
− 4Σ′2 + Σ2φ′2

4 + φ2

]
− Σ

2Σ′

(
A2φ2g − A′2

)
= 0,

g′ + g2
(

4
ΣΣ′ + 8Σ

Σ′ + Σφ2

Σ′

)
+ g

(
f ′

f
+ ΣA′2

fΣ′ + 4Σ′

Σ + 2Σ′′

Σ′

)
= 0,

A′′ + 1
2

(
6Σ′

Σ − f ′

f
− g′

g

)
A′ − g φ2A = 0,

φ′′ + 1
2

(
6Σ′

Σ + f ′

f
− g′

g

)
φ′ − φ

4 + φ2 φ
′2 + g

f

(
A2 + f

) (
4 + φ2

)
φ = 0.

(3.5)

The ′ denotes the derivative with respect to r.

At this point we pick a gauge where Σ(r) = r, so that r measures the radius of
the round S3 in AdS5. In this gauge, we require that our solutions are asymptotically
AdS5, i.e. at large r they must satisfy the following expansion [106–108, 20]

f(r) = r2 + 1 + O(r−2), g(r) = 1
1 + r2 + O(r−6),

A(r) = µ+ O(r−2), φ(r) = ε

r2 + V
log r
r2 + O(r−4) ,

(3.6)

where µ is the chemical potential and the constants V and ε will shortly be identified.
Using the AdS/CFT correspondence [8, 9], V is regarded as the source for the operator
dual to φ and ε is its expectation value, i.e. ε = ⟨Oφ⟩. This choice implicitly assumes
standard quantisation. The operator dual to φ has conformal scaling dimension ∆ = 2.
We will be interested in solutions representing states of the conformal field theory that
are not sourced, so we will set V = 0. These normalizable conditions give rise to a four
parameter set of asymptotically AdS5 solutions to (3.5) [62]. Further imposing suitable
regularity and normalisability conditions results in two parameter space of solutions

2Note that we have fixed the U(1) gauge freedom by taking φ to be real.
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which may be taken to be the mass (M) and charge (Q) of the black hole, with ε and
µ being determined as a function of M and Q.

All known solutions are found in the radial gauge where Σ(r) = r. There are a
handful of solutions to the equations of motion derived from (3.1) that are known to
be analytic, the most general being the Kerr-Reissner-Nordström black hole [109–119].

If we switch off the scalar field we recover the familiar Reissner-Nordström two
parameter set of solutions to (3.5)

f(r) = µ2R4

r4 − (R2 + µ2 + 1)R2

r2 + r2 + 1,

g(r) = 1
f(r) , A(r) = µ

(
1 − R2

r2

)
, φ(r) = 0.

(3.7)

We record the thermodynamic formulae for later use (henceforth all the thermodynamic
quantities will be scaled by N2)

M = 3
4R

2
(
1 +R2 + µ2

)
, Q = 1

2µR
2, S = πR3,

T = 1
2πR

(
1 + 2R2 − µ2

)
.

(3.8)

Note that R is the outer horizon if the condition µ2 ≤ (1 + 2R2) is satisfied. This
inequality is saturated at extremality, where T = 0. The resulting extremal black hole
is regular, and has a degenerate bifurcating Killing horizon.

The frequency of the lowest normal mode of φ is ∆ = 2. In [61] it was shown
that small Reissner-Nordström AdS (RNAdS) black holes suffer from superradiant
instability whenever eµ > ∆, where µ is a chemical potential of the black hole. For
RNAdS black holes µ ≤ (1 + 2R2), where R is the Schwarzschild radius of the black
hole3, therefore, small black holes satisfy µ ≤ 1 (saturating at extremality). Hence
small charged black holes are always stable when e < ec = ∆ and in our setup small
near extremal black holes lie at the edge of the instability. These small near extremal
charged black holes are unstable to the superradiant tachyon condensation and evolve
towards a small black hole with the charged scalar hair.

3Defined so that the entropy for the RNAdS BH is S = πR3.
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3.3 The BPS solitons

In this section we briefly outline the numerical study of the spherically symmetric
smooth and singular solitons given in [62]. We shall see later that these can be regarded
as the BPS limit of the hairy black hole configurations. Soliton solutions are easier to
determine, since they are known to be supersymmetric. Instead of solving the equations
of motion (3.5) directly one resorts to searching for nontrivial solutions of the Killing
spinor equations, which are first order in space. After some nontrivial manipulations,
one can cast any spherically symmetric supersymmetric solution of the action (3.1)
into the following form

f(r) = 1 + ρ2h3

h2 , g(r) = 4ρ2h2

(2ρh+ ρ2ḣ)2(1 + ρ2h3)

A(r) = 1
h(r) , φ(r) = 2


h+ ρḣ

2

2

− 1


1/2

(3.9)

where the ˙ denotes the derivative with respect to the variable ρ, given by r2 = ρ2h,
and h has to satisfy the following second order differential equation

ρ
(
1 + ρ2h3

)
ḧ+

(
3 + 7ρ2h3 + ρ3h2ḣ

)
ḣ− 4ρ

(
1 − h2

)
h2 = 0. (3.10)

This equation has a number of remarkable properties. Perhaps the most striking
being that at large ρ it demands h(ρ)|ρ→∞ = 1. This condition automatically ensures
normalisability of the physical fields f , g, A and φ. At the origin, r = 0 or equivalently
ρ = 0, there are a number of possibilities. Assuming that solutions to (3.10) behave as

lim
ρ→0

h = hα
ρα

, (3.11)

gives the following possible exponents α = 0, 1, 2/3, 2. Solutions with α = 0 are regular,
and the remaining are singular. For each of these exponents we can find solitonic
solutions, but the dimension of their moduli space strongly depends on α. For α = 0, 1
there is a one parameter family of solutions, for α = 2/3 there is a unique solution and
for α = 2 the solution spans a two dimensional moduli space. In addition, in [62] it
was shown that the smooth soliton solutions with α = 0 exist for small values of the
charge Q and that the singular solitonic solution with α = 1 exists for large values of
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Fig. 3.2 Left: Charge of the solitonic solutions Q versus the vacuum expectation value
of the dual operator ⟨Oφ⟩. The black solid line from above is the singular soliton and
the red line from below is the smooth solution. The dotted gridlines show coordinates
of the special solution with α = 2/3. Right: The α = 2 soliton solutions. The wedges
are for constant h2 which decreases from 1. These solution curves appear to extend to
|Q| → +∞. We also did not find any limiting value for ⟨Oφ⟩.

Q. The two families merge precisely at a special point which is given by the singular
soliton with α = 2/3.

We reproduce the results of [62]. The line of smooth solitons terminates at the
singular solution with the “critical” value Qc ≃ 0.2613 as the central density h0 → ∞;
the family of singular solitons with α = 1 branches out of this point at h1 → 0,
extending to higher charges. The critical charge Qc can also be obtained by solving
for the solution with α = 2/3 and h2/3 = 1, thus confirming the picture of [62]. In
addition, Bhattacharyya et al. analysed the asymptotic behaviour around the limiting
solution analytically and proposed that these two soliton branches exhibit damped
(possibly periodic) oscillations around Qc in the space parametrized by Q and ⟨Oφ⟩,
resulting in an infinite discrete non-uniqueness of the soliton solutions as Q → Qc (see
Fig. 3.2). Note that there exists a maximum charge Qmax ≃ 0.2643 for the α = 0
family and a minimum charge Qmin ≃ 0.2605 for the α = 1 singular soliton. The
limiting expectation value for the operator dual to the scalar field is ⟨Oφ⟩ >c∼ 1.8710,
and corresponds to the α = 2/3 singular solution.
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We also compute the singular α = 2 case which provides a two parameter class of
solutions parametrized by h2 and ρ3∂ρh

∣∣∣
ρ→∞

4. The latter can be regarded as setting
the charge Q, therefore, for any h2, solutions exist with any value of the charge. It
appears that these solutions are not connected to the other solutions studied in this
chapter (see Fig. 3.2).

3.4 Numerical construction of hairy black holes

We make a compact coordinate change r = y+√
1 − y2 so that y = 1 corresponds to

r = ∞ and y = 0 to r = y+. The first metric ansatz that we use is

ds2
1 = 1

1 − y2

[
−y2∆(y)q1dt2 + y2

+q2dy2

(1 − y2) ∆(y) + y2
+q3dΩ2

3

]
(3.12)

together with

A(r) = y2q4(y) , φ(r) =
(
1 − y2

)
q5(y)

and ∆(y) = 1 + 2y2
+ − µ̃2 −

(
1 + y2

+ − 2µ̃2
)
y2 − µ̃2y4 . (3.13)

Our reference metric g̃ used in the DeTurck method is obtained from (3.12) by setting
q1 = q2 = q3 = 1. This is simply the metric of a RNAdS when µ̃ = µ (3.7). The
parameter µ̃ is left to be specified freely as it just sets the reference metric and is in
general different from the chemical potential of the physical metric.

As we want to explore the solution space we start somewhere on the merger line,
i.e. on a solution with some parameter coordinates (µ, y+) for which φ is arbitrarily
small. If we want to probe low temperatures a natural choice is µ = 1 (as black holes
with y+ < 1/2 are small and have µ ∼ 1). The physical chemical potential of the black
hole is then given by the gauge field on the boundary, µ = A(r)|r→∞ = q4(1) (see the
expansion (3.6)).

At the conformal boundary, located at y = 1, we demand that q1(1) = q2(1) = q3(1) = 1,
q5(1) = ϵ and a Robin condition

[
y2

+q
′
5 − 2q2

4q5
]
y=1

= 0 for the gauge field which ensures

4In this case we use the same numerical method as for the hairy black holes, instead of solving
(3.10) directly. We will detail the numerical method shortly.
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that Newton’s method converges to the hairy solution if we specify nonzero ϵ. Note
that ϵ is related to ε via ϵ = y2

+ε.

Regularity at the horizon demands q1(0) = q2(0) and pure Neumann for the
remaining functions, i.e. q′

i(0) = 0. In many regions of the parameter space, ϵ will
not uniquely parametrise a solution, however the strength of the scalar field at the
horizon, q5(0) ≡ ϵ0, will. Depending on which region of parameter space we want to
probe, we might decide to parametrise our solution with ϵ or ϵ0. Thus we are left with
two parameters after we fix µ̃, namely (y+, ϵ) or (y+, ϵ0).

However, the RNAdS-like ansatz (3.12) does not have good convergence properties
almost everywhere in moduli space. We found that the following ansatz has better
convergence properties (at least a few order of magnitudes better!) if we simply set
∆(y) = y2

+ in (3.12), yielding:

ds2
2 = 1

1 − y2

[
−y2y2

+q1dt2 + q2dy2

(1 − y2) + y2
+q3dΩ2

3

]
. (3.14)

The trade off is that now the functions at high central field density ϵ0 are more peaked
at high temperatures, therefore we use the ansatz (3.12) to extend our solution curves
in the high ϵ0, high T regime. The boundary conditions remain the same except for
the gauge field, which in the new ansatz obeys to the following boundary condition[
y2

+(q5 + q′
5) + q5 − 2q2

4q5
]
y=1

= 0. This boundary condition can be obtained by solving
the Einstein-DeTurck equations near the boundary.

It is not always easy to find a reference metric for the DeTurck method, but here
we have the luxury of having two good reference metrics. The results obtained with
the two different reference metrics match at least to 0.1% numerical accuracy in all the
physical quantities such as energy (for the quantitative comparison of the two ansatz
see Fig. 3.16).

We present thermodynamic formulae for the line element (3.14) since this was the
ansatz we used the most. The electric charge is obtained by computing the flux of the
electromagnetic field tensor at infinity

Q = 1
4A

′(r)|r→∞ = y2
+
4

(
2q4 + dq4

dy

)∣∣∣∣∣∣
y=1

. (3.15)
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We compute the Hawking temperature of the black hole by requiring smoothness
of the Euclidean spacetime and it is simply given by

T = y+

2π . (3.16)

The entropy of a BH is proportional to its horizon area and is given by

S = πy3
+ q3(0)3/2 . (3.17)

To compute the mass of the black hole we use the Ashtekar-Das formalism [120]

M = y2
+
8

[
1 + 3y2

+ + y4
+

(
2 − q2

5 − q′′
1

)]
y=1

. (3.18)

We further checked that this matched the holographic renormalization technique of
[108, 121, 20] up to the energy of the ground state of the global AdS5. Our mass is
computed with respect to pure AdS5.

We verified that these quantities obey the first law of black hole thermodynamics
dM = TdS + 3µdQ at least to 0.01%.

3.5 Static Hairy Black Holes

3.5.1 Phase diagram

In this subsection we present a comprehensive picture of the phase diagram of the
hairy black holes in the microcanonical ensemble and analyse its rich structure.

The black holes with a non-zero scalar condensate first start to exist where the
RNAdS black holes become superradiantly unstable. The RNAdS black holes are
uniquely specified by the two parameters (R, µ) and given the horizon radius we look
for the value of the chemical potential µ at which zero-mode of the scalar field first
appears. We generate this one parameter family of solutions separately by linearising
the scalar equation (3.2c) in the compact variable y around the RNAdS black hole.
Let δq5 be an infinitesimal perturbation of q5 defined in (3.13). Following [67, 60] we
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Fig. 3.3 Left: Phase diagram for the hairy black holes. The merger curve (solid
black) indicates the onset of the superradiant instability. The line of extremal RNAdS
solutions is shown as a dashed gray line. The BPS bound is given by MBPS(Q) = 3Q
(dashed black). The gray dotted gridlines indicate the position of the special soliton
with α = 2/3.
Right: For clarity, we plot the mass difference ∆M = M − Mext, where Mext is the
mass of an extremal RNAdS black hole with the same charge Q.
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Fig. 3.4 Left: Zooming in around Q = Qc, and observing the transition between
T < T2 and T > T2. The color legend is the same as in Fig. 3.3.
Right: An even closer look for Q near Qc = 0.261. The hairy black hole isotherms
terminate at charges above the special singular soliton.
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Fig. 3.5 Left: The hairy black hole charge Q versus ⟨Oφ⟩ for constant central scalar
field density ϵ0 curves. Red line is the smooth soliton and the green line is the singular
soliton. Right: Mass difference versus charge Q. The constant parameter ϵ0 curves
extend down to T = 0.055. The inset is a zoomed in plot around Q = Qc for some
value of ϵ0.

numerically solve the resulting generalised eigenvalue problem

L(y)δq5(y) = µ2Λ(y)δq5(y) (3.19)

with boundary conditions δq′
5(0) = 0 and 2µ2δq5(1) −R2δq′

5(1) = 0 which follow from
imposing regularity at the horizon and solving (3.2c) near the asymptotic infinity. The
L(y) and Λ(y) are both second order differential operators independent of µ. The
chemical potential of the corresponding marginally stable RNAdS black hole appears
as the generalised eigenvalue. The line of solutions representing the onset of the
condensation is also obtained by solving the full non-linear equations of motion (4.4)
setting q5(0) = ϵ0 to be small. These two methods to generate the merger line are
found to be in very good agreement.

Our numerical results are presented in Fig. 3.3. We find that the hairy black holes
exist between the instability curve all the way down to the BPS bound and we verified
it for a wide range of charges. Numerically we did not find any upper bound on the
charge up to Q ∼ 100 and from the structure of the phase diagram it would be natural
to infer that the hairy black hole solutions exist between the merger line and the BPS
bound for every charge. At the lower bound the hairy black holes join the solitonic
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Fig. 3.6 Left: Charge versus the vacuum expectation value of the operator dual to
the scalar field for constant temperature hairy black hole solutions. The black and red
data points are singular and smooth solitons respectively. Dotted gridlines show the
point where these two merge. Right: The charge of the hairy solutions as we approach
the singular soliton with α = 1, exhibits damped oscillations. This data was collected
with n = 1000 grid points.

solution in the phase diagram, in particular, in the limit T → 0, hairy black holes
approach the smooth soliton, just as predicted in [62].

In more detail, in Fig. 3.5 we plot the charge Q as a function of ⟨Oφ⟩ for constant
values of ϵ0. In order to parametrise each of these constant ϵ0 curves we dial the
temperature T . As we lower the temperature, we see that hairy solutions join smoothly
to the smooth soliton curve. Furthermore, the higher value of ϵ0 we choose, the closer
the hairy solutions get to Q = Qc. In particular, as ϵ0 → +∞ we see that the hairy
black hole solution inherits the spiralling behaviour of the smooth solitonic branch (see
right panel of Fig. 3.5 where we can see two arms of the spiral). Note that exactly for
ϵ = ⟨Oφ⟩ = 1.8710 we expect even the hairy black hole to have infinite non-uniqueness
as we approach T → 0 from above.

The behaviour of the isothermal curves changes as a function of the temperature.
In particular, if we fix a temperature in the interval T1 < T < T2 while increasing
ϵ0, with T1 = 0.139+0.002

−0.002 and T2 = 0.23+0.01
0 , we find two solutions for the same value

of the charge Q (corresponding to two different values of ϵ0). This can be seen for
instance on the left panel of Fig. 3.4. We shall shortly see that this feature will give an
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Fig. 3.7 Left: Curvature invariants at the origin for a range of temperatures for
constant ϵ0. The Kretchmann scalar remains finite. For lower values of ϵ0 it takes
longer for the hairy black holes to approach the BPS bound, hence for larger values of
the parameter the curves flatten out quicker.
Right: Kretchmann invariant K2 for the range of temperatures scaled by the K2 of
the corresponding RNAdS black hole in the grand-canonical ensemble. As ϵ0 increases
the invariant increases without a bound.

intricate phase diagram in the canonical ensemble, where the temperature and charge
are held fixed.

One can finally ask what is the fate of the isothermal curves as we increase ϵ0.
According to what we described above, these cannot be connected to the smooth
soliton (except for the special isothermal with T = 0). Indeed, we find numerical
evidence that they connect to the singular soliton with α = 1, see for instance the right
panel of Fig. 3.4 where we see constant temperature curves joining the BPS bound at
M⋆ = 3Q⋆ > Qc, with the limiting Q⋆ increasing further away from Qc as we increase
the temperature. This behaviour can also be seen on the left panel of Fig. 3.6. Finally,
we note that as the hairy black hole isothermals approach the singular soliton, we find
evidence for spiralling behaviour, which is depicted on the right panel of Fig. 3.6.

In order to support the claim that T → 0 hairy black holes do not tend to some
configuration possessing irregular geometry we compute the Kretschmann invariant
K2 = RabcdR

abcd following [60]. Because for RNAdS K2 ∼ 1/R4 when T → 0, we
normalise the K2 by that of the corresponding RNAdS black hole with the same
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Fig. 3.8 Gauge invariant quantities φgxx and φgrr for the hairy planar solutions, versus
the compact coordinate y. According to the exact solution, both these curves should
approach the same constant value when T̃ → +∞.

chemical potential and temperature. In Fig. 3.7 (left) we show that the normalised
curvature invariant remains bounded as we approach the smooth soliton.

On the other hand, keeping the temperature fixed and increasing ϵ0 the normalised
Kretschmann invariant appears to blow up (see Fig. 3.7, right) as we approach the
BPS bound. For solutions with T > T2 we found the metric ansatz (3.12) to be more
numerically stable.

As we increase ϵ0, the hairy black hole isotherms are approaching the BPS bound,
as the chemical potential µ → 1 and the entropy S → 0. This together with the fact
that the Kretschmann invariant blows up as ϵ0 → +∞, even when normalized by the
Reissner-Nortström solution, suggests that the isothermals will merge with the α = 1
soliton, for any value of T .

3.5.2 The planar limit

In this subsection we consider the planar horizon limit of our global AdS5 solutions.
The resulting black brane solutions were first studied in great detail in [122]. Our
numerical approach is similar to the one we used for the spherical black holes, so
here we just quote the final results. In the large charge limit the singular soliton
branch admits an exact analytical solution from which the planar limit solution can be
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Fig. 3.9 Left: The difference between the Gibbs free energies of hairy and RNAdS
solutions with the same chemical potential and temperature. Right: Difference of the
Helmoltz free energies of the Reissner-Nortström and the hairy solution with the same
temperature and charge.

recovered [62]

ds2 = −r2dt2 + r2dr2

b2 + r4 + r2dx2, φ(r) = 2b
r2 , A(r) = 0. (3.20)

Note that the choice of the constant b amounts to a coordinate transformation, therefore,
this is a single asymptotically Poincarè patch solution. The planar solution exhibits
explicit scaling invariance, since the field theory is suppose to live on Minkowski
spacetime. Thus, in order to have a well defined planar limit, we always look at
conformal invariant ratios, which should have a smooth limit as the black holes become
infinitely large. For instance, to measure temperature we introduce T̃ ≡ √

ε0T . The
planar hairy solutions are thus a one parameter family of solutions, with the singular
soliton solution (3.20) being a point. We choose to parametrise the hairy branes by T̃ .

We have constructed planar hairy black holes, i.e. hairy black branes, and checked
that our spherical hairy black holes do approach the hairy branes in the limit S → +∞,
i.e. hairy black holes become infinitely large. Furthermore, the singular soliton solution
(3.20) is the zero M/T 4 and Q/T 3 limit of the hairy black branes, which is reached as
we take T̃ to be large (Fig. 3.13). In order to test this, we have plotted the following
gauge invariant quantities gttφ and gxxφ and checked that they approach the same value
at large T̃ , see Fig. 3.8. This is what is predicted by the exact soliton solution (3.20).
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3.5.3 Thermodynamics

3.5.3.1 Grand-canonical ensemble

In this section we analyse phase diagrams arising in different thermodynamic ensembles.
In the grand-canonical ensemble the system is in equilibrium with a thermodynamic
reservoir with a temperature T and chemical potential µ, but is allowed to exchange
energy and electric charge. The preferred phase of such a system minimises the Gibbs
free energy G = M − TS − 3µQ. The results are presented in the left panel of Fig. 3.9
as a difference between hairy black holes and RNAdS potentials (absolute quantities for
a few regions in moduli space are shown Fig. 3.11). We find that in the grand-canonical
ensemble RNAdS black holes have lower Gibbs free energy than the hairy black holes
with the same chemical potential µ and temperature T . Note that our hairy solutions
all have G < 0, so G > GRN and that the RNAdS black holes and the hairy black
holes phases are identical at the merger points. For RNAdS, G = 1

4R
2(1 − R2 − µ2)

and as shown in the Fig. 3.11) the Gibbs free energy for the hairy black holes is
always negative and approaching zero as we increase ϵ0. Note that it would only be
exactly zero if µ could reach 1, but that can only happen at infinite ϵ0. Finally, so
far we have only considered the transition between the hairy black holes and RNAdS
black holes. However, we note that the RNAdS black holes can themselves become
subdominant with respect to AdS [123]. As all our energies are measured with respect
to pure AdS, so that the energy of AdS simply corresponds to M = 0 and therefore
zero thermodynamic potentials, black holes with negative free energy are thermally
favoured over pure AdS. The small RNAdS branch has µ ≤ 1 and thus these black
holes never compete with the hairy solutions.

We have also studied local thermodynamic stability of the hairy black holes in the
grand-canonical ensemble. We find that the specific heat at constant chemical potential
is always positive, but the isothermal capacitance, defined as:

CT =
(
∂Q

∂µ

)
T

,

exhibits an interesting behaviour. For T > T2 it is always positive and for T < T1 we
find CT < 0. In the interval T1 < T < T2, each isothermal has two solutions at fixed
electric charge. The most energetic of these solutions has CT > 0, whereas the least
energetic has CT < 0.
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Fig. 3.10 Left: Canonical ensemble: RNAdS black holes exist below the extremality
curve (the curve separating orange (top left) and light-orange (middle) regions) and
the hairy black holes exist above the merger curve (purple data points) and for µ > 1.
RNAdS dominate over pure AdS only in the yellow region (bottom right). The hairy
black holes have a higher free energy than thermal AdS and thus are not the preferred
phase in the ensemble. Right: Grand-canonical ensemble: when both solutions coexist
(again above the merger curve), the hairy black holes have a higher free energy than
the corresponding RNAdS with the same µ and T . The yellow region (middle) shows
the parameter space in which the RNAdS dominates over thermal AdS. The orange
region (top left) is the extremal RNAdS and light-orange region (bottom left) is the
sector in which pure AdS is preferred over the RNAdS black holes.

3.5.3.2 Canonical ensemble

In the canonical ensemble we restrict exchanges with the reservoir such that δQ = 0,
but δM ̸= 0, while keeping the temperature constant. The dominant phase minimises
the Helmholtz free energy F = M − TS. The results are presented in the right
panel of Fig. 3.9. We see an interesting interplay between the RNAdS and the hairy
solutions which shows a phase transition in the constant temperature family of hairy
solutions, occurring at T1 and ending at T2. The higher ϵ0 branch has lower F than
the corresponding RNAdS black hole, see Fig. 3.11. For T > T2 RNAdS has lower free
energy than the hairy black hole. Note however that in the region where the hairy
solutions dominate over the RNAdS black hole, F is positive indicating that thermal
AdS is the dominant phase in this region of moduli space. We have also studied the
local thermodynamic stability of the hairy solutions in the region where they dominate
over the corresponding RNAdS black holes. Local thermodynamic stability in the
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Fig. 3.11 Top row: Entropy versus mass for the hairy solutions for three different
temperatures. Red diamonds correspond to the RNAdS black hole with the same
charge.
Middle row: Canonical free energy versus charge for the hairy solutions for three
different temperatures. Red solid line is the corresponding RNAdS solution. For
T < T1, (left panel) the hairy solutions dominate over the RNAdS black hole. For
T1 < T < T2, the three solutions coexist: two hairy black holes and RNAdS. One
of the hairy solutions dominates over the RNAdS, while the other is subdominant
(middle panel). For T > T2, the RNAdS black hole is always dominant in the canonical
ensemble.
Bottom row: Gibbs free energy versus chemical potential for the hairy global black
holes. Red solid line is the corresponding RNAdS solution.
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Fig. 3.12 The entropy difference S−SRN of the hairy black holes and the corresponding
RNAdS with the same values of Q and M , as a function of the scaled mass M/Mmerger
plotted for a range of temperatures. Here Mmerger is the mass at the onset of the
superradiant instability, where by definition S − SRN = 0.

canonical ensemble is controlled by the sign of the specific heat at constant charge,
which turns out to be positive for this range of T and Q. We summarise our results
for these two ensembles in Fig. 3.10.

3.5.3.3 Microcanonical ensemble

Finally the system in which δQ = 0 and δM = 0 is described by the microcanonical
ensemble. The preferred phase in this case maximises the entropy. We find that hairy
black holes are only dominant in this ensemble, see Fig. 3.12 (and Fig. 3.11). Also in
this ensemble T2 plays an important role. In Fig. 3.12 we plot S − SRN as a function
of M/Mmerger. Here, SRN corresponds to the entropy of a RNAdS black hole with the
same values of Q and M as the hairy solution we are considering, and Mmerger to the
mass of the RNAdS solution at the onset of the superradiant instability with the same
T . We see that S −SRN has maximum slope at M/Mmerger = 1, becoming the smallest
at T = T2, and increasing again for T > T2. This is a simple consequence of the first
law of thermodynamics.
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Fig. 3.13 Scaled thermodynamic potentials for the planar hairy black holes. The red
line in each figure is the RNAdS solution in the corresponding ensemble (microcanonical
in top left, canonical in top right, grand-canonical in bottom left). The hairy black
branes are only dominant in the microcanonical ensemble.
Bottom right: Planar hairy black hole masss against charge, in terms of the scale
invariant quantities. Red line shows the RNAdS black holes, and black data points are
the hairy counterparts.

3.5.3.4 Planar limit

The planar limit of our results match the results of [122], which we reproduced using
our own code. For completeness in Fig. 3.13 we present a complete analysis of the
several ensembles in the planar limit. In particular, we find that the hairy black
branes are only dominant in the microcanonical ensemble, but never in the canonical
or grand-canonical ensembles.
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Fig. 3.14 Comparison of the data to the small charge perturbative expansion for the
four main thermodynamic quantities. The black disks are the numerical data for the
hairy black holes (with ε = 0.1) and the red solid line shows the prediction of [62]. As
expected, we observe larger deviations in the temperature and chemical potential.

3.6 Comparison with perturbative results

In this section we compare our numerical results with the perturbative expansion
of the hairy black hole solutions of [62], which are only valid at small asymptotic
charges. In [62] the mass and charge are given to sixth order in O(ε6, R6, ε2R4, ε4R2),
however, the chemical potential is only given to O(R4, ε2R2, ε4) and the temperature
to O(R3, ε2R3, ε4R). In Fig. (3.14) we present a detailed comparison between our
numerical solutions, represented by the black disks, and the expansion of [62] represented
by the red solid line. Since the chemical potential and temperature are only determined
up to a lower order than the energy, we expect a worse agreement with the numerical
data. This is indeed what we observe in Fig. (3.14). Nevertheless, the observed
agreement between the numerical data and the analytic expansion of [62] is reassuring.
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3.7 Summary and discussion

In this chapter we have analysed hairy black hole solutions in global AdS5 spacetime
using numerical methods. The action that yields these new black hole solutions arises
from a consistent truncation of IIB string theory on AdS5 × S5. We provided strong
numerical evidence that the black hole solutions with the scalar condensate exist
between the onset of the superradiant instability and the BPS limit for all values of
the hairy black hole charge.

We obtain the smooth horizonless soliton with α = 0 in the limit T → 0, while
the singular soliton with α = 1 is reached for any isothermal with T ≠ 0 in the limit
where ϵ0 (scalar field evaluated at the horizon) becomes infinitely large. The fact that
these new solutions extend all the way to the BPS limit makes them interesting from
the field theory perspective. In fact, from the field theory it is natural that solutions
with mass and charge arbitrarily close to the BPS bound should exist, and yet the
RNAdS black hole does not saturate such a bound. It is thus reassuring that we did
find solutions that saturate the BPS bound; that they turn out to be hairy solutions
could have not been anticipated.

We identify the temperature range T1 < T < T2 for which (∂M/∂Q)|T diverges
and is marked by complex thermodynamic properties. Globally, we find that the hairy
solutions, when they exist, are the preferred phase in the microcanonical ensemble,
however, they are subdominant in the canonical and grand-canonical ensembles. In
the canonical ensemble, the hairy black holes dominate over RNAdS black holes at
low temperatures and become subdominant at high temperatures, however, the hairy
solutions are never preferred over pure AdS. Finally, in the grand-canonical ensemble,
the RNAdS black holes always dominate over the hairy solutions. These results are
recovered in the planar limit.

This setup can also be used to analyse other consistent truncations, for instance,
consistent truncations of the holographic dual on AdS4 × S7. In this case the existence
of hairy supersymmetric solutions is known (e.g. [124]) and it would be interesting
to explore how non extremal configurations approach these supersymmetric hairy
solutions.

A natural extension of this work is the inclusion of rotation in our setup. For
this system it is known that there exist a one parameter family of supersymmetric
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asymptotically AdS5 black holes [117] with zero scalar field. In the following chapter
we will explore the hairy, rotating and charged black hole solution space in great detail,
and construct the three-dimensional phase diagram numerically.
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3.A Numerical validity

We check a posteriori that the solutions presented in this chapter satisfy ξµ = 0 at least
to O(10−10) precision, i.e. that our Einstein-DeTurck solutions are also Einstein (see
Fig. 3.15). We find that low temperature hairy black holes have the highest ξ norm.
The pseudospectral methods guarantee exponential convergence with an increasing
grid size and we check that all our physical quantities and the norm of the DeTurck
vector have this property (Fig. 3.17, 3.18).
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Fig. 3.15 The infinity norm of the DeTurck vector across a range temperatures with
the number of gridpoints n = 600. Lower temperature hairy global solutions have the
highest norm.
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Fig. 3.16 Comparison of the two ansatz. M1 is the (3.12) ansatz, M2 is the (3.14)
ansatz. Left: n = 400 data. Right: n = 600 data. The highest temperature solutions
agree the best and the agreement gets worse as we lower the temperature.
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Fig. 3.17 Convergence for the hairy global solutions for different values of the central
scalar field density ϵ0 for one particular temperature. Convergence for the first ansatz
is at least few orders of magnitude worse. Left: The norm of the DeTurck vector versus
the grid size. Right: Hairy black hole mass error versus the grid size. As the mass
involves second derivatives other thermodynamical quantities have at least two order
of magnitude better convergence. For ϵ0 > 20 convergence falls rapidly.
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Fig. 3.18 Convergence for the hairy planar solutions for different values of the central
scalar field density ϵ0. As expected it is much better than for the hairy solutions.



Chapter 4

Rotating Hairy Black Holes in
AdS5×S5

The majority of the work presented in this chapter was published as [125] by the
author alone. A part of the results was published as [126] in collaboration with Jorge
E. Santos, and the near BPS analysis should be regarded as a collaborative effort. The
numerical results were generated by the author alone with their own code. Some of
the results of [126] were also obtained by Jorge E. Santos with their own code for
verification.

4.1 Introduction

Perhaps one of the main achievements of string theory is understanding the Bekenstein-
Hawking entropy of supersymmetric black holes in terms of microstate counting,
both in flat and asymptotically AdS spaces [14–17]. However, this has not yet been
accomplished in Maldacena’s original correspondence, even though much has been
understood about the dual CFT. An immediate obstacle for the stringy microstate
counting is the discrepancy between the number of parameters on each side of the
duality [127, 128]. One possible resolution to this inconsistency is that a more general
family of supersymmetric black holes might exist [129]. Supersymmetric solutions in
this theory necessarily rotate, thus prompting the interest in rotating hairy black holes.
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In this chapter we will study the stationary solutions of the action considered
in the chapter 3. When the scalar field vanishes, the action reduces to that of the
bosonic action for D = 5 minimal gauged supergravity, for which rotating, charged
black hole solutions are known in analytic form [130, 111, 115, 113, 112, 114, 119].
They admit a regular supersymmetric black hole limit, the Gutowski and Reall black
hole [117, 116, 118], which can be uplifted to type IIB string theory on AdS5×S5

[131, 132].

From the ten-dimensional perspective, the supersymmetric black holes with three
R-charges and independent angular momenta preserve two supercharges, i.e. are dual
to 1/16 BPS states. We will consider the truncation in which these black holes have
self dual spin and three equal magnitude charges, and thus are described by one free
parameter [117]; the BPS relation is given by M = J1 +J2 +∑iQi = 2J+3Q. However,
the general 1/16 BPS state in the dual field theory within our symmetry class depends
on two fugacities.

In this work we present a limit in which hairy rotating black holes with finite
entropy S > 0 exist arbitrarily close to the BPS bound, and have arbitrarily low
temperatures. These solutions have no divergence in the scalar field, as well as possess
finite curvature invariants, even in the near extremal regime. The near extremal
hairy black holes display parallely propagated tidal force singularities. It is worth
emphasising that all the hairy black holes, including the ones just above the BPS
bound are smooth solutions, and the tidal forces diverge only at extremality. Such
singularities can be regarded “good” in the sense of [133, 134]. In addition, we further
argue that the divergences exhibited in the extremal limit of these solutions can be
consistently studied within the supergravity approximation as the Jacobi fields remain
bounded. Such solutions are termed Tipler-weak, and admit a consistent propagation
of infalling classical objects.

We argue that the limiting T = 0 solutions constitute a one parameter generalization
of the supersymmetric Gutowski-Reall black hole, and therefore play an important
role in resolving the long-standing problem of black hole microstate counting in type
IIB supergravity. In particular, we propose that the missing parameter is the horizon
scalar hair. We focus on exploring the moduli space near the BPS bound, and provide
numerical evidence supporting the existence of a novel class of hairy rotating black
holes which are supersymmetric. We construct the phase diagram for the rotating
hairy black holes, which is governed by three parameters {Q,M, J}.
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Primarily we are interested in solutions with global AdS5 asymptotics, i.e. the black
hole solutions that are dual to the states of the CFT residing on Rt × S3. However,
we will also study the large horizon radius limit, in which the black holes are (locally)
described by solutions with planar horizon topology. Here we find that our ansatz
allows for a spontaneously generated current in the dual field theory.

We summarize the phase diagram of chapter 3 in section 4.2. The authors of [62] have
proposed a number of intriguing possibilities for the hairy rotating black hole solution
space in this truncation, and theorized the existence of regular hairy supersymmetric
black holes based on a non-interacting thermodynamic model. We find numerical
evidence supporting this idea and conjecture a two parameter family of supersymmetric
hairy rotating black holes, characterised by the angular momentum J and the horizon
scalar field εH . We suggest that these solutions continuously connect to the smooth
solitons, and a small amount of angular momentum supports a small spinning black
hole immersed in a sea of static scalar field.

This chapter is organised as follows. In section 4.2 we briefly recall the results of
chapter 3, and present the phase diagram for the rotating, charged hairy black holes.
We comment on the possible behaviour of the solutions in the regimes which were
inaccessible to our numerical scheme. In section 4.3 we detail the setup and ansatz
for the solutions, and give the equations of motion explicitly. Next, in section 4.4, we
describe the numerical approach and the construction of the solutions, followed by the
numerical results in section 4.5. We obtain the onset of the superradiance via linear
analysis, and we show that it agrees with the full non-linear results. We discuss the
parameter space and provide different ways of tracing out the phase diagram, and we
thoroughly study the near extremal behaviour of the hairy solutions. In section 4.7
we analyse the thermodynamics, and section 4.8 is devoted to the planar limit of our
solutions. We obtain a two parameter family of “rotating” hairy branes which are not
Lorentz boosted, and analyse their properties. We close with discussion and prospects
for future work in section 4.10.

4.2 Summary of the phase diagram

We briefly summarize the results of the static case presented the previous chapter in
Fig. 4.1 (left). The Reisner–Nordström black holes (RNAdS) are bounded below by
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the T = 0 extremality curve (dashed black), and the hairy black holes exist between
the merger line which indicates the appearance of a marginal mode (solid orange)
and the BPS bound given by M = 3Q (dashed red). There are three families of
solitonic solutions which are relevant to the hairy black hole phase diagram1. The
smooth solitons, shown by the purple wavy line, are perturbatively connected to the
pure AdS, and as we increase the central scalar field density to infinity this branch
terminates at the unique singular solution with Qc ≃ 0.2613. We will see that this
solutions is quite special even in the J > 0 phase space. Here, the smooth and the
singular soliton branches merge; the singular soliton family has no upper bound on the
charge and admits a scaling limit. The smooth BPS solitons can be regarded as the
zero temperature limit of the hairy black hole families with a constant horizon scalar
εH [62, 92], and the singular solitons represent the εH → ∞, T → ∞ limit of the hairy
black holes. In the planar limit, we have a one parameter class of hairy black branes
that connect to the large charge limit of the singular soliton branch as εH → ∞.

In this chapter we are extending the results of 3, by considering rotating solutions,
which include a one parameter family of supersymmetric Gutowski-Reall black holes.
Charged, rotating solutions in this theory have analytic expressions, and were first
presented by Cvetič, Lü and Pope (CLP) [130]. The hairy black holes extend the
non-rotating solution space up to the BPS bound, and on the BPS bound smoothly
connect to the soliton solutions. Once rotation is included, the picture is surprisingly
similar, and the hairy black holes interpolate the solution space between the extremal
plane and the BPS bound for all charges2. We find rotating hairy black holes arbitrarily
close to the supersymmetric limit, and, for charges sufficiently close to the Gutowski-
Reall black hole, the hairy solutions maintain finite entropy and are free from scalar
curvature singularities.

The results of this chapter are summarised in Fig. 4.1 (right), where we present
the microcanonical phase diagram of the hairy solutions at a fixed angular momentum
J . The hairy black holes exist between the solid orange line which marks the onset of
the superradiant instability, and the red dashed curve showing the BPS bound, which
is given by M = 3Q+ 2J . The extremality for the charged rotating black holes is
given by the dashed black curve. The solid grey line shows the charged rotating black

1There is at least one more known family of solitons which does not connect to black hole solutions.
2We find that only black holes with horizon angular velocity ΩH < 1 are unstable to forming scalar

hair, and all hairy black holes in this truncation have ΩH ≤ 1.
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holes with ΩH = 1, and the black holes below this line have ΩH > 1 3. The black disk
shows the supersymmetric Gutowski-Reall black hole, and the purple wavy line shows
the conjectured supersymmetric rotating hairy black holes, which exist up to some
maximal charge Qmax(J), where the entropy S → 0. At that point a special solution
might exist at which all isotherms intersect. For larger charges the BPS solutions are
singular, and can be regarded as a T → ∞ (εH → ∞) limit of the regular hairy black
hole solutions. As we are constrained by the scope of our numerical methods, we can
only conjecture the possible limiting behaviour of these solutions. In the following
chapters, we will aim to give a convincing numerical evidence which supports this
picture. For a further discussion on the extent of the evidence we refer the reader to
the concluding section 4.10.

Finally, the large charge rotating hairy solutions admit a scaling limit. While
the planar CLP black holes can be obtained from the RNAdS holes via a simple
boost, we argue that the hairy rotating branes cannot be boosts of the non-rotating
counterparts due to a non-vanishing magnetic field on the horizon. The two parameter
family of solutions has interesting properties, and displays a phase transition in the
canonical ensemble. Such black holes exhibit retrograde condensation, as found in
the non-rotating case, and in the large temperature limit they approach the singular
soliton of [62].

4.3 Setup

4.3.1 The field equations for the stationary ansatz

We are interested in stationary, asymptotically anti-de Sitter black holes, with spherical
horizon topology. The most general such solution can have two independent angular
momenta, but we will consider a doubly spinning solution for which the magnitude of
angular momenta along the two rotation directions is the same. Keeping the gauge
arbitrary, we can write down the following general cohomogeneity-one ansatz [47],

ds2 = −f(r) dt2 + g(r) dr2 + Σ(r)2

h(r)
(

dψ + 1
2 cos θdφ− Ω(r) dt

)2

+ 1
4dΩ2

2

 .
(4.1)

3All CLP black holes above this line have ΩH < 1.



56 Rotating Hairy Black Holes in AdS5×S5

Fig. 4.1 Left: Microcanonical phase diagram of charged, non-rotating hairy black
holes [62, 92]. The Reissner-Nordström black holes exist above their extremal limit
(black dashed line), and the hairy black holes exist below the bold orange line, which
shows the onset of the superradiant instability. These solutions extend down to the
BPS bound, where they reduce to the smooth soliton (the purple wavy line) in the
limit T → 0, while keeping the value of the scalar field at the horizon εH fixed. Right:
Microcanonical phase diagram of charged, rotating hairy black holes at a constant
angular momentum J . The hairy black holes exist between the merger line (orange)
and the BPS bound (dashed red), in the region shaded in light red. The black disk is
the supersymmetric Gutowski-Reall black hole [117], which lies at the intersection of
the extremal and the BPS planes. The purple wavy line shows a line of the conjectured
supersymmetric hairy black holes, which terminates at a finite charge Qmax(J), where
the black holes become singular.

When considering the AdS limit of the ansatz, we can see that the metric on the
round three sphere is written as a Hopf fibration over the unit CP1 space, with
the corresponding Kähler potential4 A = Aadxa = 1

2 cos θdφ. It is given by dΩ2
3 =

(dψ + A)2 + dΩ̃2
2, with the standard Fubini-Study metric dΩ̃2

2 = 1
4

(
dθ2 + sin2 θ dφ2

)
.

The fiber is parametrised by the coordinate ψ with a period 2π 5, where θ, φ are
the standard polar coordinates on S2. The level surfaces of the ansatz are given by
homogeneously squashed 3-spheres.

4In the sense that the Kähler form for CP1 is given by J = 1
2 dA.

5The Hopf fibration requires that the coordinate parametrising the S1 fiber has ψ → ψ + π when
φ → φ+ 2π. The two orthogonal planes of rotation are at θ = 0 and θ = π.



4.3 Setup 57

The gauge field ansatz which respects the symmetries of (4.1) is given by

A = At(r)dt+ Aψ(r)(dψ + A), (4.2)

and we also take φ = φ† = φ(r), as the phase of the scalar field is removed by a U(1)
gauge transformation. The ansatz (4.1) has a residual gauge freedom

ψ → ψ + αt, Ω → Ω + α, (4.3)

where α is a constant. The gauge in which the frame is static at asymptotic infinity
simplifies the thermodynamic analysis [135, 136, 110], thus we will make use of (4.3)
to set the angular velocity Ω(r) → 0 as r → ∞.

The Einstein, Maxwell and scalar equations comprise a system of seven non-linear
differential equations, two of first order and five of second order. Using the ansatz (4.1)
the equations can be compactly written as

f ′′ + f ′
(

Ξ − h′

h
− f ′

f
− 5Σ′

Σ

)
− f

(
Π − 3φ′2

φ2 + 4

)
− 5

(
A′ + ΩA′

ψ

)2
− 2hΣ2Ω′2 = 0,

g′ + 2g
(

Ξ − f ′

2f − h′

2h − 2Σ′

Σ

)
= 0,

h′′ + h′
(

Ξ + Σ′

Σ − h′

h

)
+ h2

(
Σ2Ω′2

f
− 8g

Σ2

)
+ 4gh

Σ4

(
2Σ2 − 3A2

ψ

)
+ 3

Σ2

(
A2
ψgφ

2 + A′2
ψ

)
= 0,

Ω′′ + Ω′
(

Ξ − f ′

f
+ h′

h
+ 3Σ′

Σ

)
− 3Ω
hΣ2

(
A2
ψgφ

2 + A′2
ψ

)
− 3
hΣ2

(
A′A′

ψ + AAψgφ
2
)

= 0,

A′′ − 1
2A

′
(
g′

g
− h′

h
+ f ′

f
− 6Σ′

Σ −X

)
− Agφ2

+ A′
ψ

4Aψ
√
fgh

hΣ3 − Ω
(
f ′

f
− h′

h
− 2Σ′

Σ − 1
2X

)
+ Ω′

+ 4AψghΩ
Σ2 = 0,

A′′
ψ − 1

2A
′
ψ

(
−f ′

f
+ g′

g
+ h′

h
− 2Σ′

Σ +X

)
− Aψg

(
4h
Σ2 + φ2

)
− 1

2ΩA
′X = 0,

φ′′ + 1
2φ

′
(
f ′

f
− g′

g
+ h′

h
+ 6Σ′

Σ

)
+ gφ

(
φ2 + 4

) (A+ AψΩ)2

f
−

A2
ψ

hΣ2 + 1
− φφ′2

φ2 + 4 = 0,

(4.4)
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with an additional constraint equation. Here

Ξ =
A′2
ψ

2hΣΣ′ − Σ
2fΣ′

(
A′ + ΩA′

ψ

)2
− Σ′′

Σ′ + g

2Σ3Σ′

[
Σ2
(

−4h+ Σ2
(
φ2 + 8

)
+ 8

)
− 8A2

ψ

]
,

Π = 1
hΣ2

[
3A2

ψgφ
2 − 2A′2

ψ + 4Σ′
(
Σh′ + 3hΣ′

)]
− 2g

Σ4

[
Σ2
(

−2h+ Σ2
(
φ2 + 8

)
+ 8

)
− 8A2

ψ

]
,

X = 2Ω
Σf

[
hΣ3Ω′ − 4Aψ

√
fgh

]
,

(4.5)

and the ′ denotes the differentiation with respect to the coordinate r. It is possible
to obtain a first order differential equation for f(r) and subsequently eliminate it
altogether, but the equations get increasingly complicated.

Known solutions to (4.4) have been obtained in the gauge where Σ(r) = r, and we
will use this radial gauge throughout unless otherwise stated. In the radial gauge we
are looking for solutions asymptoting to AdS5 [106–108, 20], i.e. obeying

f(r) = r2 + 1 + Cf
r2 + O(r−4), g(r) = 1

r2 − 1
r4 + O(r−6), h(r) = 1 + Ch

r4 + O(r−6),

Ω(r) = 2J
r4 + O(r−5), At(r) = µ∞ + 2Q

r2 + O(r−6), Aψ(r) = O(r−2),

φ(r) = Cφ
r2 + O(r−4) .

(4.6)

Here µ∞ is the electrostatic potential at the boundary, Q is the black hole charge, J is the
black hole angular momentum, and the black hole mass is given by M = 1

4

(
Ch − 3Cf

)
,

where the constants Ch and Cf are to be extracted from the large r behaviour of the
functions. We note that here, and throughout the chapter, the conserved charges of the
system are rescaled by N2. Further discussion on the thermodynamics will be given in
subsection 4.4.2. The constant Cφ is the expectation value of the operator dual to the
scalar field, Cφ = ⟨Oφ⟩; here we assume the standard quantisation and the operator is
not sourced.

The black hole horizon r+ is defined as the largest root where f(r+) = 0, and
all other functions are regular. We also identify ΩH = Ω(r+) as the horizon angular
velocity.
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Fig. 4.2 Left: Phase diagram for the regular CLP black hole solutions, showing
possible Q, M and J values. The grey plane shows the BPS limit M = 2J + 3Q, the
blue plane is the extremal limit with T = 0. The red line shows Real-Gutowski holes,
which are extremal BPS solutions, and lie on the intersection of the extremal and
BPS planes. The orange plane shows the ΩH = 1 limit for regular black holes with
T > 0. Such black holes exist above the extremal plane, and regular solutions with
ΩH > 1 exist only between the orange and blue planes. For J = 0, we recover RNAdS
solutions, and for Q = 0 we recover MPAdS holes. Right: Allowed parameter space for
regular CLP black holes. It is bounded by the extremal surface, which also guarantees
a non-negative entropy. The grey region on top shows the moduli space with ΩH ≥ 1.
The Gutowski-Reall black holes are the curve on the front left face, where the gray
region meets the orange region.

4.3.2 Charged, equally-rotating black holes

General five-dimensional, charged and equally rotating black hole solutions with a
cosmological constant were first presented by Cvetič, Lü and Pope (CLP) [130], in
the bosonic sector of minimal gauged supergravity, which is the φ = 0 limit of our
action. The black holes are governed by three parameters {q, j,m}, which are related
to the conserved charges {Q, J,M} [137]. In terms of our ansatz (4.1), the solutions in
a static frame at infinity are given as

f(r) = F (r)/h(r), g(r) = 1/F (r), h(r) = j2
(
m

r4 − q2

r6

)
+ 1, Σ(r) = r,

Ω(r) = j

h(r)

(
m− q

r4 − q2

r6

)
, A(r) = q/r2, Aψ(r) = −jq/r2,

(4.7)
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where

F (r) = 1
r4

q2
(

1 − j2

L2

)
+ j2m

− 1
r2

m(
1 − j2

L2

)
− 2q

+ r2

L2 + 1, (4.8)

and we keep the AdS radius L for clarity, in this subsection only. The thermodynamic
quantities temperature T , entropy S, chemical potential µ, electric charge Q, horizon
angular velocity ΩH , angular momentum J and mass M are given by

T = F ′(r+)
4π
√
h(r+)

=
r6

+ − j2
(
2L2m+mr2

+ − 2q2
)

+ L2
(
r2

+(m− 2q) − 2q2
)

2πL2r2
+

√
j2
(
mr2

+ − q2
)

+ r6
+

,

S = π

√
j2
(
mr2

+ − q2
)

+ r6
+, µ = q

r2
+ − j2

(
1 + r2

+/L
2
)

j2q + r4
+

,

Q = 1
2q, ΩH = j

q + r2
+(1 + r2

+/L
2)

j2q + r4
+

,

J = 1
2j(m− q), M = 1

4

m(
3 + j2

L2

)
− 6q

 , (4.9)

where the parameter m can be written as

m =

(
q + r2

+

)2
− j2q2/l2 + r6

+/L
2

r2
+ − j2

(
1 + r2

+/L2
) , (4.10)

and parameter r+ is determined by requiring that F (r+) = 0. The sypersymmetric
limit is given by [138]

M = 2J + 3Q. (4.11)

All extremal CLP’s have ΩH ≤ 1 (and µ ≥ 1), where it is equal to one only on the
supersymmetric bound.

The solution space of the regular CLP black holes with thermodynamics described
by (4.9) is shown in Fig. 4.2 (left), together with the allowed parameter range in Fig. 4.2
(right). We note that the presence of the Chern-Simons term breaks charge reversal
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invariance Q → −Q, and in this chapter we will only consider Q > 0, and hence µ > 0
solutions.

The non-rotating solutions are the Reissner-Nordström black holes (RNAdS) and can
be recovered by taking j = 0, m = R2

(
R2 + (µ+ 1)2

)
and q = µR2. For completeness

we note down the solution in terms of (4.1)

f(r) = 1 + r2

L2 − (R2/L2 + µ2 + 1)R2

r2 + µ2R4

r4 , Σ(r) = r,

g(r) = 1
f(r) , A(r) = µ

(
1 − R2

r2

)
, Aψ(r) = 0, Ω(r) = 0, φ(r) = 0.

(4.12)

The thermodynamic quantities are given as

M = 3
4R

2
(
1 +R2/L2 + µ2

)
, Q = 1

2µR
2, S = πR3,

T = 1
2πR

(
1 + 2R2/L2 − µ2

)
,

(4.13)

and the black holes are extremal if µ =
√

1 + 2R2/L2. Another well known solution is
the zero charge limit of (4.7), the five-dimensional equally-rotating Myers-Perry-AdS
(MPAdS) black hole [139, 135].

The supersymmetric limit [116] is a one parameter family, and can be obtained by
setting

q =
(

1 + r2
+

2L2

)
r2

+, j =
(

1 + r2
+

2L2

)−1
r2

+
2 , m = 4

(
1 + r2

+
2L2

)2

r2
+. (4.14)

These solutions are both extremal and supersymmetric; they have µ = 1 and ΩH = 1.

4.4 Hairy Black holes

4.4.1 Numerical setup

In this subsection we will briefly outline the numerical ansatz we used to construct the
rotating hairy black hole solutions. We will work in both the radial and the DeTurck
gauges, the former offers better convergence, and the latter allows us to fix the black
hole temperature T . The solution space is governed by three parameters: the charge Q,
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the mass M and the dual angular momentum J . In practice we vary some combination
of free parameters which are related to the black hole horizon, scalar field and rotation.

First we compactify the radial coordinate r = y+√
1 − y2 , so that y = 1 coincides

with r = ∞, and y = 0 with r = r+ = y+. The metric ansatz (4.1) is

ds2 = 1
1 − y2

[
−(y+y)2q1(y) dt2 + q2(y) dy2

1 − y2

+y2
+

q3(y)
[
dψ + 1

2x dφ− Ω(y) dt
]2

+ 1
4q4(y)

[
(1 − x2) dφ2 + dx2

1 − x2

]
 ,
(4.15)

where x = cos θ and φ are the usual polar angles on the S2.

The gauge fields (4.2) and the scalar field take the form

At(r) = y2q6(y) − q5(y)q7(y) , Aψ(r) = q7(y) , φ(r) = (1 − y2)q8(y). (4.16)

To change into the frame which is non-rotating at the boundary y = 1, we factorize
Ω(y) = (1 − y2)2q5(y), and at y = 0 we identify q5(0) = ΩH , where ΩH is the angular
velocity at the black hole horizon. We can choose to impose the boundary condition
on q5(y) either at the horizon or at the conformal boundary, and both of these choices
will give a complementary view of the solution space.

A good reference metric g̃ for the DeTurck method can be obtained from (4.15) if
we set q̃1 = q̃2 = q̃3 = q̃4 = 1, and q̃5 = q5. Overall this ansatz is incredibly simple, and
is allowed by the fact that the hairy black holes can reach arbitrarily low temperatures.

Requiring the correct asymptotics (4.6), in the radial gauge, we find that at the
boundary y = 1 we should specify

q1 = q2 = q3 = q4 = 1, (4.17)

2y2
+q

′
5 − q5q

′2
7 + 4q5

(
y2

+ + 1
)

+
(
q′

6 + 2q6
)
q′

7 = 0, (4.18)

y2
+q

′
8 − 2q2

6q8 = 0, (4.19)

q7 = 0. (4.20)
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In the DeTurck gauge replace (4.18) by 2y2
+q

′
5 + 2q6q

′
7 + q′

6q
′
7 − q5q

′2
7 = 0, and (4.19) by

y2
+q

′
8 + q8

(
y2

+ + 1 − 2q2
6

)
= 0. There is some freedom in specifying these conditions,

depending on which variables we want to keep fixed as we explore the parameter space.
For instance, we can impose the fall-off of the scalar field, however, this condition
may not guarantee the unique parametrization of solutions [92]. We will find that it
is convenient to fix the angular momentum, which is equivalent to setting the Ω(y)
fall-off at infinity, replacing the condition (4.18) with q5 = Ωinf .

At the horizon y = 0, regularity imposes

q′
1 = 0, (4.21)

q′
2 = q′

3 = q′
4 = q′

6 = q′
7 = q′

8 = 0, (4.22)

q5 = ΩH , (4.23)

q8 = εH . (4.24)

Here we choose to specify the scalar field value at the horizon and label it εH , and
angular velocity at the horizon ΩH . If instead we specify the angular momentum,
we would change (4.23) to the Neumann condition q′

5 = 0. For the DeTurck gauge,
replace (4.21) by q1 − q2(1 − q2

5) = 0. We can also specify the expectation value of the
dual operator, by fixing q8 = ⟨Oφ⟩/y2

+ at infinity.

We did not find any rotating smooth soliton solutions6. For completeness, we give
the numerical ansatz for the smooth non-rotating soliton, as these solutions play an
important role in the phase space of hairy rotating black holes. With the compactified
radial coordinate r = y√

1 − y2 it can be written as

ds2 = 1
1 − y2

−q1(y) dt2 + q2(y) dy2

1 − y2 + q3(y)y2
{

dx2

1 − x2 + (1 − x2) dθ2 + x2dψ2
} ,

A(y) = q4(y),

φ(y) = (1 − y2)q5(y).
(4.25)

6One can globally rotate the solution (4.25) using the gauge freedom (4.3). However, such solutions
don’t seem to play any important role in the phase space.
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The boundary conditions at y = 1 are given by q1 = 1, q2 = 1, q3 = 1, (q2
4 −1)q5 −q′

5 = 0
and at y = 0 q′

1 = 0, q2 = q3, q3 = 1, q′
4 = 0, q′

5 = 0, q5 = εH .

4.4.2 Thermodynamic quantities

The global charges of the system, M , J , Q and the chemical potential µ∞ can be found
from the fall-off of the metric (4.6). The asymptotic Killing vectors ∂t and ∂ψ will have
associated conserved quantities, which in AdS spacetimes can be computed using the
Ashtekar-Das method [120]. The mass and the angular momentum in the radial gauge
are given by

M = 1
32y

2
+

[
18 + y2

+

(
18 − 3q′′

1 + q′′
3

)]
y=1

, (4.26)

J = 1
2y

4
+q5|y=1, (4.27)

where all functions are evaluated at the y = 1 boundary, and the background AdS5 has
zero mass. The electric U(1) charge is given by the electromagnetic flux integral at
infinity

Q = 1
16πG5

∫
S3

∞

(⋆F − F ∧ A) = 1
4y

2
+

(
−q′

6 − 2q6 + q5q
′
7

)
|y=1, (4.28)

where we note that the Chern-Simons term vanishes due to no magnetic field at the
boundary. The chemical potential, which is a thermodynamic conjugate quantity to
the electric charge, is given by

µ = ξνAν |H − ξνAν |∞ = −q6|y=1, (4.29)

where ξν∂ν = ∂t + ΩH∂ψ is the null generator of the horizon. The conjugate potential
to the angular momentum is given by

Ω = ΩH − Ω∞ = q5|y=0, (4.30)

as we work in the frame which is non-rotating at infinity with Ω∞ = 0. The Hawking
temperature is found in the usual way by requiring the periodicity of the Euclidean
time

T = y+

2π

√
q1

q2

∣∣∣∣∣∣
y=0

, (4.31)
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Fig. 4.3 Thermodynamic quantities against the temperature T , for black holes with
fixed angular momentum J = 0.05 and horizon scalar field εH = 10−4 (black data
points). The dashed gridlines show the values for the supersymmetric black hole with
the same J .

and the Bekenstein-Hawking entropy of the black hole is given by

S = πy3
+

√
q3 q4 |y=0, (4.32)

which is proportional to the area of its event horizon.

The thermodynamic quantities satisfy the first law

dM = TdS + 3µdQ+ 2ΩdJ, (4.33)

and we verified that numerical rotating hairy solutions obey the first law to at least
0.1% accuracy in the DeTurck gauge, and to better than 0.001% in the radial gauge.
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4.5 Phase diagram of hairy black holes

4.5.1 Linear instability and the onset plane

In order to directly compute the onset plane of the superradiant instability7, we linearise
the scalar equation about the CLP black hole background (4.7). We obtain a second
order equation for the infinitesimal perturbation δq8 of q8 defined in (4.16), which has
three parameters y+, j, q. The lowest order parameter is q, and the linearized equation
can be solved as an 8th order eigenvalue equation in q. Alternatively, we can fix two
parameters and regard the third parameter as an extra variable in the Newton’s method.
We follow this approach, the details of which can be found in [67, 60, 140, 141], and
numerically solve the resulting equation

L(y; y+)δq8(y) = 0, (4.34)

where L(y; y+) is a second order differential operator, which is a non–linear function
of y+ once we fix j and q. This way we can choose y+ to be a parameter which
is determined once we fix the overall charge of the black hole Q, and approach the
T → 0 limit when j is increased from zero. The boundary conditions can be found by
demanding regularity at the horizon and expanding the scalar field equation off the
asymptotic infinity. The boundary conditions are

δq′
8(0) = 0, −2(y2

+ − j2(1 + y2
+))2q2 δq8(1) + y+(y4

+ + j2q) δq′
8(1) = 0. (4.35)

The linear results at constant charge Q = 0.1315 are presented in Fig. (4.4). We find
that for all charges that are feasible to track numerically, the family of black holes at
the onset of the instability approaches the supersymmetric black hole, and exists just
above the extremality plane of the CLP solutions.

The plane representing the onset of the scalar field instability can also be generated
by solving the non-linear equations (4.4) by fixing the horizon scalar q8(0) = εH to be
very small, and both methods were found to be in a very good agreement where the

7At large charges the tachyonic instability is the dominant one, however, in this section we are
mostly focusing on relatively small black holes.
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Fig. 4.4 Left: The line of solutions showing the onset of the superradiance for the
CLP black holes at constant charge Q = 0.1315 (black points). These solutions extend
arbitrarily close to the supersymmetric black holes (red square), with the temperature
asymptotically approaching T = 0. The grey dashed line shows the extremality, and
the red bold line shows the BPS bound M = 3Q+ 2J . Right: The difference M −Mext
against the charge Q, for black holes with fixed J = 0.05 and εH = 10−4 (black data
points), where Mext is mass of the extremal CLP black hole with the same Q. Red
solid line is the BPS bound, and the red star shows the Gutowski-Reall solution.

comparison is possible8. In the radial gauge, we were able to achieve temperatures lower
than T ≃ 10−4. The results are presented in Fig. 4.4 (right), where we plot the mass
difference M −Mext for fixed J = 0.05, where Mext is the mass of the corresponding
extremal black hole in the microcanonical ensemble. As in the linear case, we find
hairy black holes arbitrarily close to the Gutowski-Reall black hole. The non-linear
equations are much harder to solve near the extremality than the linearised equation.
In Fig. 4.3, we also show various thermodynamic quantities along the family of a
constant J and εH , as T → 0. As expected, the quantities approach those of the
corresponding supersymmetric black hole with the fixed J , in particular ΩH → 1 and
µ → 1.
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Fig. 4.5 Left: The mass difference M −Mext against the charge Q for fixed angular
momentum J = 0.05 and different values of the horizon scalar εH (coloured disks; the
lower curves have higher εH), where Mext is the mass of the corresponding extremal
CLP black hole with the same J and Q. The black disk shows the supersymmetric
black hole, the black solid line shows the BPS bound (the lowest curve), the orange
solid line (the top curve) shows the onset of the instability. Right: The charge Q
against the expectation value of the operator dual to the scalar field, for families of
hairy black holes with constant J = 0.05 and various values of the horizon scalar εH .

4.5.2 Constant J planes

In order to explore the hairy solution space, we need to decide how to fix the free
constants at the boundaries. To ensure that our solutions are rotating, we can fix the
value of q5(y) at the horizon, or at infinity, and both of these choices will give us a
different way of understanding the hairy solution space. The latter is equivalent to
setting the total angular momentum J (4.27). We found in the previous subsection
that the hairy black holes at a constant J slice with very small horizon hair εH (just
on the merger line), approach the supersymmetric black hole on the BPS bound as we
lower y+, and hence the temperature T . In such limit T → 0, and numerically we can
achieve temperatures as low as 10−4 (Fig. 4.3).

As we increase εH and decrease y+, the constant J and εH hairy black hole families
approach the BPS bound and T → 0, for all εH , with larger horizon scalar curves

8A direct comparison is somewhat difficult, as we are fixing different conserved charges in each
case. In the full non-linear setup it is possible to fix the overall charge Q, but this requires the other
two free parameters to be y+ and εH , which causes J to vary slightly.
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Fig. 4.6 Log-linear plot of the entropy (left) and the horizon angular velocity (right,
the legend is the same as for S) of the hairy solutions with fixed angular momentum
J = 0.05 against the temperature, for several values of the horizon scalar εH . The
horizontal dashed gridline shows the values for the supersymmetric black hole with the
same J .

advancing towards the BPS bound at larger charges (Fig. 4.5). We were able to
reach extremely low temperatures, and the coldest hairy black hole solutions satisfy
the supersymmetric bound M = 3Q + 2J to better than O(10−6) accuracy. In this
near-extremal regime the functions acquire large gradients and our numerical method
yields slow convergence. We will discuss the approach to the BPS bound in more detail
in the next subsection.

As we increase εH , the numerics becomes increasingly difficult, and for larger
horizon scalar fields we do not yet see the mass and the charge settle (Fig. 4.7). Finally,
varying J gives a very similar picture. As expected, the larger values of J increase the
numerical error.

4.5.2.1 The extremal limit and the entropy

In this subsection we are considering black hole families with fixed angular momentum
J and horizon scalar εH , and varying the parameter y+. Perhaps the most intriguing
property of the T → 0 limit is the fact that these hairy black holes retain finite
entropy (Fig. 4.6, left) while approaching arbitrarily close the the BPS bound, i.e.
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Fig. 4.7 Log-linear plot of the mass (left) and the charge (right) of the hairy solutions
with angular momentum J = 0.05 versus T , for several values of εH . The horizontal
dashed gridline shows the values for the supersymmetric black hole with the same J .
The legend is the same as in Fig. 4.6.

ΩH → 1 (Fig. 4.6, right), µ → 1, T → 0 and |M − (3Q + 2J)| → 0. We generated
several solutions at fixed J , and monitored the black hole entropy for fixed εH as the
temperature decreased down to T = 5 × 10−3. We could have decreased T further (at
the expense of using a denser numerical grid), but we see no reason to do so, since
the entropy has only changed at the 0.1% level when changing the temperature from
10−2 to 10−3. The results of our numerical experiment can be found in Fig. 4.8, where
we plot the extrapolated zero temperature entropy at several fixed values of J , as a
function of εH . We find that the entropy behaves like a power law S ∝ (εH)α at large
εH with an exponent 1/2 < α < 1. The limiting solution has Ω → 1 and µ → 1 as well
as satisfying M = 2J + 3Q to better than 0.2% accuracy. We conjecture that all finite
εH , ΩH = 1, J ̸= 0 hairy black holes have non-zero entropy.

Let us investigate the extremal limit further. The temperature for these solutions

is given by T = y+

2π

√
q1(0)
q2(0), where the functions q1, q2 appear in the ansatz (4.15). As

we lower the parameter y+, which tends to some non-zero value, the function q2 tends
to a constant at the horizon y = 0, and q1(0) → 0 (Fig. 4.9, (left)), and thus T → 0.
This seems to be true for all fixed εH and J .
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Fig. 4.8 Extrapolated zero temperature entropy of the hairy black holes with constant
J = 0.02 (orange disks), J = 0.05 (red squares) and J = 0.08 (black diamonds) against
the central scalar field εH . The variation in the entropy as we lower the temperature
further gives error less than 0.1%.

From the field equations we find the second derivative to be

q′′
1(0) = q3(0)

y2
+q7(0)2

(
q2(0)q3(0) − 4y2

+

)
(2q5(0)q7(0) − q6(0))2 + O(T 1/2), (4.36)

which will vanish provided that the condition 2q5(0)q7(0) − q6(0) = 0 is satisfied
(Fig. 4.9, (middle)), which does not appear to be the case for small εH (Fig. 4.9,
(right)). However, when plotting this relation for a range of εH , a pattern emerges
which suggests that this relation could hold for all εH . In fact for εH = 1, already
q′′

1(0) ≃ 0.0025 at T = 1.2 × 10−4. If the condition is satisfied, then from the field
equations it is straightforward to check that q1 derivatives at least up to fifth derivative
scale at least as O(T ), regardless of the fixed constants. As εH is increasing, the scaling
for q1(0) tends to T 2. If the condition (4.36) holds, then as q5(0) → 1 we would also
have q′′

5(0) = 4.

We also cannot eliminate the case that relation (4.36) doesn’t hold, in which case
q1(y) ∼ y2; for instance, the Gutowski-Reall black hole has q1 ≃ y2, but also q2 ≃ y2.
We were unable to find a horizon expansion for the extremal hairy solutions with a
finite horizon scalar field, and it seems that in order to satisfy the equations of motion
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Fig. 4.9 The value of q1 at the horizon y = 0 against the temperature, for a black
hole family with J = 0.05 and εH = 1. Middle: The value of q′′

1 against T , for several
values of εH . Right: the value of 2q5q7 − q6 at the horizon against the temperature, for
several values of the horizon scalar field.

some non-analytic piece must be included. In addition, the near-horizon geometry
of the extremal limit of our hairy solutions does not appear to be of AdS2 × R2, but
could be of Lifshitz [142], or hyperscaling violating type [143]. For instance, global
hyperscaling violating black holes were recently constructed in the Einstein-Maxwell-
Dilaton theory [144], which retain finite entropy in the extremal limit and have exotic
horizon topology.

The attractor mechanism in ungauged supergravity [145–151] states that the scalar
fields at the extremal horizon are usually fixed by the black hole charges, and the
Bekenstein-Hawking entropy can be expressed in terms of those charges only. However,
the attractor mechanism for BPS rotating black holes in five-dimensional gauged
supergravity has not been completely understood, although recently some interesting
progress has been made [152, 153]. The entropy of the one parameter Gutowski-Reall
black hole in terms of its charges can be written as [154]

S2 = 12π2Q(J)2 − 4π2J. (4.37)

We find that this relation is not satisfied by the hairy black hole solutions away from
the Gutowski-Reall solution. There may be another relation for the extremal hairy
black hole entropy in terms of its charges, however, since the extremal horizon does
not appear to be smooth, we do not expect the attractor mechanism to apply.
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Fig. 4.10 Left: The log-log plot of the Kretschmann curvature scalar K = RabcdR
abcd

against the temperature, for fixed angular momentum J = 0.05 and horizon scalar
field εH = 1. Right: Kretschmann curvature invariant at the horizon y = 0 for the
hairy black hole with constant horizon values εH and ΩH , scaled by the K value of a
corresponding CLP black hole in the grand-canonical ensemble, i.e. with the same µ,
T and ΩH . The ratio remains finite as we approach the BPS bound, and the black
hole family shrinks to a smooth solitonic solution.

4.5.2.2 Isotherms

For J = 0, zero temperature limit corresponds to the line of the smooth solitons, which
terminates at the special soliton Qc ≃ 0.2613 in a spiraling fashion. This is where the
T = 0 and T = ∞ limits of the hairy black holes intersect, and all other isotherms are
drawn to the vicinity of Qc (Fig. 4.11). Therefore if such a point exists for J > 0, which
we will label Qmax(J), it should be indicated by the behaviour of the isotherms. We
conjecture that such a point is the εH → ∞ and S → 0 limit of the extremal rotating
hairy solutions, and the T → ∞ limit corresponding to some singular configurations
would branch off the special Qmax(J) solution for large charges. This conjecture is
supported by the observed continuity from the J = 0 case.

In Fig. 4.11 we present hairy black hole isotherms for a variety of angular momenta9.
The system at fixed small angular momentum J = 0.001 is a small deformation of the
non-rotating case. The large εH isotherms extend past the Qc and curiously exhibit a
“swallowtail” phase transitions in the canonical ensemble (to be discussed in Section 4.7).

9These results were obtained in the DeTurck gauge, therefore we could only access a limited range
of temperature and horizon scalar field values. In these figures, εH ≃ 40.
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Fig. 4.11 Rotating hairy black holes at fixed temperature, for different fixed angular
momenta J = 0, 0.001, 0.01, 0.05, while varying the horizon scalar field εH . We plot
the mass difference M − Mext against the charge Q, where Mext is the mass of the
corresponding extremal CLP black hole. The solid black line is the scalar instability
curve, dashed black line (or red line in the insets) is the BPS bound, black star is
the Gutowski-Reall black hole. The vertical dotted line shows the special soliton
Qmax(J = 0) = Qc. Insets zoom around interesting isotherm behaviour.

Just near the BPS bound the isotherms turn towards the Qc = Qmax(0) solution, and
advance up along the BPS bound as εH → ∞. This gives us an upper bound on
Qmax(J), which for small J is close to the Qc. Unfortunately, the most interesting
isotherms have very low temperatures, which we cannot access with the DeTurck
method.
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Such behaviour is even more apparent for larger values of J . For angular momentum
J = 0.05, the isotherm turning point is further from the BPS bound, and the isotherm
shape is becoming more pronounced. The canonical phase transition is occurring at
larger charges and temperatures, and over a broader range. It could also be the case
that, if J is large enough that the charge of the corresponding Gutowski-Reall black
hole QGR(J) is larger than Qc, Qmax(J) would coincide with QGR(J).

We would also like to entertain the idea that Qmax(J) = QGR(J) for all J . This
would require the isotherms to have a rather dramatic behaviour near the BPS bound,
especially for low angular momenta where we see continuity from the non-rotating
case. The isotherms would “loop” the supersymmetric black hole, and the T = 0 limit
does not exist, or in fact consists of a single point with εH = 0. The whole of the BPS
plane would be populated by the T = ∞ singular solutions, which could in principle be
identified by solving the BPS equations directly. We stress, however, that this would
only be possible if some large extra scale is involved due to the extremal horizon, and
this scenario would be out of reach for our numerical scheme.

4.5.3 Constant Q planes

We cannot rule out the possibility that the constant horizon scalar charge limit is
not the most suitable choice to reveal the correct approach to the BPS bound. In
the non-rotating case we found that this limit worked incredibly well, and at T = 0
provided a mechanism to pack an infinite amount of these hairy black hole families
onto a small strip of the microcanonical phase space [92]. We can impose (4.28) as
a boundary condition, yielding a system of three free parameters {y+, Q, q5(1)}, i.e.
effectively at the same time we can control {T,Q, J}. Starting with a hairy seed, we
can fix the total angular momentum J and charge Q, and lower the parameter y+. If
the charge is sufficiently low, the temperature is monotonic in y+ (Fig. 4.11), however,
for larger charge a more complicated picture emerges. At fixed J , there is a charge
range at which there are at least three hairy black holes with the same temperature10

(Fig. 4.11, Fig. 4.18).

We present constant J = 0.01 results in Fig. 4.12, for three different charges Q. The
supersymmetric black hole has QGR = 0.0588. The large charge (Q = 0.659) behaviour
is similar to the large charge behaviour of the non-rotating case. As we lower y+, we

10At least for relatively small values of J .
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Fig. 4.12 Constant angular momentum J and charge Q solutions, with the parameter
y+ being varied. We present the horizon scalar field εH (left), the entropy (middle),
and the expectation value of the dual operator ⟨Oφ⟩ (right), for three different charges
Q = 0.0748 (bottom row), Q = 0.279 (middle row), Q = 0.649 (top row).

find that the temperature increases, and the hairy black holes approach the BPS bound.
The entropy tends to zero, horizon scalar field diverges and the ⟨Oφ⟩ is tending to
some constant value. We also managed to reach as close as M −MBPS < 0.001 to the
BPS bound, with µ and ΩH tending to one. This suggests that we are approaching the
supersymmetric bound, where there is a singular solution, which can be interpreted as
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the T = ∞ limit of the hairy black holes. We also observe retrograde condensation,
that is the hairy black hole exists for T > Tc, which carries over to the planar limit
(see section 4.8).

Of course we are most interested in lower charges. For intermediate charges
Q ∼ Qc ≃ 0.26 we know that there exist at least three black holes with the same
temperature. Indeed this is what we find for J = 0.01, Q = 0.279. When we decrease
y+, the temperature increases initially, then decreases, and finally starts to increase
again, sending εH → ∞ and S → 0. We also see interesting trend in ⟨Oφ⟩, perhaps
suggesting a loop, as we expect that either T → ∞, or T → 0. For these black holes,
the closest approach is M −MBPS < 0.0006.

Finally, at low charges, if our conjectures hold, we expect to see εH increasing and
tending to a constant value, and S decreasing to a constant non-zero value, while ⟨Oφ⟩
settles to a non-zero constant. Indeed this is what we observe in Fig. 4.12 (bottom row).
As the low temperature isotherms are very dense near the BPS bound, we do expect
to see a sharp growth in εH . While we do not observe the values blowing up, we were
able to fit both divergent and convergent logarithmic functions to the low temperature
data, of the form a + b Tα log T . Numerical convergence at low temperatures gets
increasingly worse (see Fig. 4.24), and it is difficult to extract good quality data for
the temperature range where the change in ⟨Oφ⟩ is very small (T < 10−3). This is
where we would expect the hairy solutions to enter the scaling regime. In addition, at
small charges we do not see any sign of T increasing with the parameter y+.

4.5.4 Constant ΩH planes

In Subsection 4.5.2 we fix the value of q5(y) at infinity, y = 1. Alternatively, we
can fix the value at the horizon q5(0) = ΩH , where we will find that 0 ≤ ΩH < 1.
We again track fixed horizon scalar εH curves, and lower the temperature. For the
non-rotating solutions we found that plotting the black hole charge Q against the vev
of the boundary operator dual to the scalar field ⟨Oφ⟩ = y2

+q8(1) allowed us to better
understand the approach of the hairy solutions to the BPS bound (Fig. 4.14 black
curves) [92]. They curve towards the smooth soliton curve (in grey), where in the
T → 0 limit they smoothly reduce to the regular soliton solution. The soliton solution
has a maximum charge, however there is a regular limiting solution for every such
black hole family, allowed by the spiraling behaviour of the smooth soliton branch.



78 Rotating Hairy Black Holes in AdS5×S5

0.0 0.1 0.2 0.3 0.4 0.5
0.00

0.05

0.10

0.15

0.20

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.1 0.2 0.3 0.4 0.5
1.00

1.05

1.10

1.15

9.6
8.0
6.4
4.8
3.2
1.6
0.0

0.00 0.02 0.04 0.06 0.08 0.10
0.00

0.02

0.04

0.06

0.08

0.10

0.00 0.02 0.04 0.06 0.08 0.10
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.00 0.02 0.04 0.06 0.08 0.10
1.00

1.02

1.04

1.06

1.08

7.2
4.8
3.2
1.6
0.0

Fig. 4.13 Thermodynamic quantities for the hairy black hole families with fixed
horizon velocity ΩH = 0.4 (top row) and ΩH = 0.9 (bottom row), and a constant
horizon scalar εH . As the temperature T → 0, angular momentum J → 0 (left),
entropy S → 0 (middle), and chemical potential µ → 1 (right). For large horizon
velocity, there exists a maximum temperature for the hairy black holes.

If we turn on the horizon angular velocity (in the non-rotating frame at the infinity),
we find a surprisingly similar picture. In Fig. 4.14 we present numerical results for
ΩH = 0.4 and ΩH = 0.9, and also plot ΩH = 0 for reference. We find that the constant
horizon angular velocity and horizon scalar field hairy black hole families in the zero
temperature limit approach the same smooth soliton, i.e. µ → 1, S → 0 and J → 0,
and close to it, appear to have analogous spiral-like behaviour. As S → 0, the curvature
becomes very large, and we see the Kretschmann invariant K = RµνρσR

µνρσ blowing
up as T → 0. However, if we compare it with the corresponding CLP black hole in the
grand-canonical ensemble, we obtain a finite limit (see Fig. 4.10, right). This seems
to hold for any εH and ΩH , and again is similar to the non-rotating case [92]. In fact,
by considering gauge invariant quantities, we find that the limiting solutions are the
same non-rotating J = 0 smooth solitons. These solution curves are shown in the
microcanonical diagram in Fig 4.15.
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Fig. 4.14 Black hole charge Q against the vacuum expectation value ⟨Oφ⟩ of the
operator dual to the scalar field φ, at fixed horizon scalar charge εH , and fixed horizon
angular velocity ΩH = 0.4 (left), and ΩH = 0.9 (right), in the non-rotating frame at
infinity. In black are the corresponding values for the non-rotating solutions ΩH = 0,
J = 0. The smooth BPS soliton family is shown in gray.

In Fig. 4.13 we present some of the thermodynamic quantities (angular momentum
J , entropy S and chemical potential µ) for such hairy black hole curves. As we increase
ΩH , the hairy black holes exist only up to some maximum temperature Tmax(εH ,ΩH).
This reflects the fact that the limit ΩH → 1 is the extremal limit for hairy black holes.
It would be very interesting to know this structure changes as ΩH → 1, however it is
difficult to resolve large ΩH , low T solutions.

4.6 Tidal forces

The ultra-cold hairy black hole solutions are free of curvature singularities, and in the
coordinate frame (4.15) the components of the Riemann tensor Rabcd and its derivatives
are finite everywhere, in particular at the horizon, which results in the curvature
invariants derived from the Riemann tensor being finite as well. We have explicitly
checked that curvature invariants RabR

ab, RabcdR
abcd (presented in Fig. 4.10 (left)),

CabcdC
abcd where Cabcd is the Weyl tensor, TabT ab, FabF ab and |Φ|2 are everywhere finite

as T → 0.

Static, charged, near extremal black holes can exhibit diverging tidal forces as
measured by a freely infalling observer, while having all curvature scalars finite at the



80 Rotating Hairy Black Holes in AdS5×S5

Fig. 4.15 A 3D solution space of the hairy black holes. The CLP black holes exist
above the dark gray plane, and intersect the BPS limit M = 3Q+ 2J (the white plane
below) at the Gutowski-Reall family (red bold line). The orange plane is the CLP
solutions with ΩH = 1, below which the solutions have ΩH > 1. The solid bold lines in
rainbow are the hairy solutions with fixed horizon velocity ΩH = 0.4, and fixed horizon
scalar value εH . The first line in blue is the merger line for the constant ΩH = 0.4, and
exists just above the extremal plane. The dotted black gridlines on the front right face
show the special soliton with Qc ≃ 0.26.

horizon [155]. In order to test whether the near extremal hairy solutions possess the
tidal force singularity, we need to analyse the geodesic motion in these backgrounds. We
start by considering the metric ansatz, and look for radial, timelike ingoing geodesics
parametrised by the proper time τ and with the tangent vector Ẋa = dXa/dλ. The
Killing vector fields ∂t, ∂ψ and ∂φ give us three conserved quantities

E = −gtaẊa, Lψ = gψaẊ
a, Lφ = gφaẊ

a, (4.38)

and we consider radial static geodesics on the S2 with θ̇ = 0 and φ̇ = 0, and zero
angular momentum in the ψ direction. Using the normalization condition ẊaẊa = −1
we obtain

Ẋa =

 E

f(r) ,−

√
E2 − f(r)√
f(r)g(r)

, E
Ω(r)
f(r) , 0, 0

 , (4.39)

where the coordinates are ordered as {t, r, ψ, x, φ}. Here we use the angular coordinate
x = cos θ for numerical convenience.
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In order to compute the curvature measured by a freely falling observer along the
radial timelike ingoing geodesic, we change into a parallely propagated orthonormal
frame (PPON). In the PPON, we require (ẽ0)a = Ẋa. We choose

(ẽ0)a = −E ∂at−

√√√√E2 g(r)
f(r) − g(r) ∂ar ,

(ẽ1)a =
√
E2 − f(r) ∂at− E

√√√√ g(r)
f(r) ∂ar ,

(ẽ2)a = 1
2

√
1 − x2r ∂aφ ,

(ẽ3)a = 1
2

√
1

1 − x2 r ∂ax ,

(ẽ4)a = −
√
h(r)rΩ(r) ∂at+

√
h(r)r ∂aψ + 1

2x
√
h(r)r ∂aφ ,

(4.40)

which satisfies the orthonormality condition

gab(ẽα)a(ẽβ)b = ηαβ . (4.41)

The components of the Riemann tensor in the PPON frame are related to the compo-
nents in the coordinate frame by

Rαβγδ = Rabcd(ẽα)a(ẽβ)b(ẽγ)c(ẽγ)d . (4.42)

As we lower the temperature, these components, for instance Rt
ψtψ, are rapidly increas-

ing at the horizon, while the horizon radius remains non-zero. This suggests that in
the extremal limit there is a parallely propagated curvature singularity.

We have also studied the tidal forces as felt by an observer infalling into the black
hole. We compute the measure TabẊaẊb, where Ẋa is the tangent vector of a timelike
ingoing geodesic parametrised by the proper time τ , and Tab is the stress energy tensor
associated with our action. We find that the tidal forces diverge when we approach
T = 0, as it can be observed in Fig. 4.16 (left). Furthermore, the Riemann tensor
components measured in a freely falling frame diverge as we approach the extremality,
confirming that there is a parallely propagated (pp) curvature singularity. We will,
however, argue that such divergence can be consistently studied within the supergravity
approximation.
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Fig. 4.16 Left: The measure of tidal forces, as felt by a unit energy particle infalling
along a radial geodesic, TabẊaẊb at the hairy black hole horizon against the temperature.
The quantity shown is for a black hole family with fixed j = 0.05 and εH = 1, and the
plot is in a log-log scale. Right: The log-log plot of the Tipler integral, for hairy black
hole family with constant angular momentum j = 0.05 and horizon scalar εH = 1. The
integral was computed using the Rt

ψtψ component found in a PPON frame. Different
components have similar qualitative behaviour.

Such singularities in supergravity theories are not rare, and there have been many
examples where the extremal solutions exhibit pp singularities [156–159, 155, 160–165].
The hairy black holes constructed in this paper are smooth and non-extremal, and the
tidal forces diverge only in the T = 0 limit, thus the limiting solutions can be regarded
as physical [133, 134].

We will further investigate these singularities by considering propagation of infalling
objects. The notion of strong curvature singularities was first introduced by [166],
which were defined by the ability to crush any objects passing through the singularity to
zero volume. This idea was made more precise by [167, 168], where the weak curvature
singularities were defined such that an extended object falling into the singularity
retains a non-zero volume. The physical dimension of the object is defined by linearly
independent spacelike (vorticity-free) Jacobi fields along the timelike geodesic which
extends to the singularity. The weak curvature singularity is defined in a similar way.
In such singularities, even though the tidal forces diverge, it is still possible to have
the overall effect on the volume deformation to be bounded.



4.7 Thermodynamics 83

The necessary and sufficient conditions for the singularity to be weak were given
by Clarke and Krolak [168], and Tipler [167]. If the singularity resides at an affine
parameter τ⋆ and the particle is at rest at τ = 0, then for a timelike geodesic meeting
the singularity at τ⋆, the integral of the components of the Riemman tensor in a
parallely propagated orthonormal frame

Ti =
∫ τ⋆

τ0

∫ τ ′

τ0

∣∣∣Ri
0j0(τ ′′)

∣∣∣ dτ ′′dτ ′ (4.43)

will not diverge, for any τ0 ∈ [0, τ⋆). The finiteness of Ti guarantees that the volume
defined by the Jacobi fields remains non-zero when crossing the singularity, and thus
the curvature singularity is weak.

In addition to the volume being non-zero as the object crosses the singularity,
one might require the norm of the Jacobi fields themselves to remain finite [169–171],
so that there is no divergent distortion in any of the directions. The convergence
of (4.43) implies that the Jacobi fields themselves are bounded [170]. We find that the
Tipler integral (4.43) remains finite, as can be seen in Fig. 4.16 (right). For different
values of J and εH the curves quantitatively change, but otherwise behave in the
same qualitative manner. We anticipate that finiteness of the Jacobi fields should be
sufficient to control the classical and quantum propagation of strings, however, this
remains to be explored in more detail.

There are situations where Ti diverge and yet, stringy perturbation theory seems to
be under good control [172]. It is also worth mentioning that our limiting solutions have
bounded L2 curvature norm, and thus can be continued as solutions of the Einstein
equation past the black hole horizon [173]11. We believe that the limiting solutions
found here behave very much like the extremal black holes of [48].

4.7 Thermodynamics

In this section we analyse the rich and complicated thermodynamic behaviour of
the rotating hairy black hole solutions in the microcanonical, canonical and grand-
canonical ensembles [175, 176, 115, 177, 178]. We find that the thermodynamics is
very similar to the non-rotating case [92]. Curiously, in all three ensembles studied,

11Consequently, they are also weak solutions in the sense of Christodoulou [174].
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Fig. 4.17 Left: The entropy difference ∆S = S − SCLP against the mass M , for black
holes with fixed J = 0.05 and εH = 0.2 (black data points), where SCLP is the entropy
of the CLP black hole with the same charge Q and angular momentum J . Right: The
difference in Gibbs free energy ∆G = G − GCLP, where GCLP is the free energy for
the corresponding CLP solution with the same temperature T , and thermodynamic
angular velocity ΩH . We find that for all hairy solutions have G < 0, hence at fixed
chemical potential µ, ∆G > 0 indicates that the phase without hair dominates the
ensemble.

a different phase is the dominant one. In this section we assume that the thermo-
dynamics is dominated by one of the three classes of solutions considered in this chapter.

Microcanonical ensemble: We find that for all horizon scalar values εH and all J
the entropy difference between the hairy black hole and the CLP counterpart at fixed
charge, mass and angular momentum {Q,M, J}, is positive (see Fig. 4.17, left), i.e.
∆S = S − SCLP > 0. Hence, the hairy black holes dominate the microcanonical ensem-
ble.

Canonical ensemble: In the canonical ensemble the associated thermodynamic po-
tential is the Helmholtz free energy F = M − TS, and we fix the temperature, charge
and angular momentum {T,Q, J}. In the non-rotating case [92] we observed com-
plicated phase transitions between the hairy and non-hairy phases in the canonical
ensemble, where for large temperatures the hairy black holes have larger free energy
compared to the RNAdS black hole, i.e. F > FRN. The opposite behaviour is seen for
low T , where F < FRN. However, as F > 0 for all the black hole solutions, we expect
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Fig. 4.18 Difference in the Helmholtz free energy ∆F = F − FCLP, where FCLP is the
free energy for the corresponding CLP black hole with the same angular momentum J ,
temperature T and charge Q. Here εH ≤ 15, and the dashed vertical gridline for J = 0
correspond to the critical charge Qc ≃ 0.26. In general the isotherms demonstrate a
complicated behaviour, exhibiting cusp and swallowtail type phase transitions. For all
hairy black holes F > 0 with respect to the thermal AdS.

this ensemble to display the Hawking-Page [30] transition to some AdS geometry with
the same total charge.

For J > 0 we observe a similar picture. The results for several values of J are
presented in Fig. 4.18. For J = 0 the isotherms, when the horizon scalar εH → ∞,
cluster around the special soliton Qc ≃ 0.26, and we observe a complicated relation
to the corresponding RNAdS black hole phases. When J > 0, the approach to the
extremal limit at fixed Q is non-monotonic in T for a broader range of charges and the
isotherms display a new feature near the BPS bound, namely the “swalowtail” type
phase transition [131]. The analysis of ∆F = F − FCLP where FCLP is the free energy
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of the corresponding CLP black holes reveals a complicated picture. For any J > 0
there is a temperature range where at fixed Q and J there are at least three hairy
black holes with the same temperature (e.g. J = 0.0745, T = 0.239 (Fig. 4.18, bottom
left orange triangles), J = 0.12, T = 0.239 (Fig. 4.18, bottom right yellow hexagons)).
The transition temperature increases with the angular momentum J .

Ultimately all the black hole solutions have F > 0 with respect to the background
geometry, thus we expect that these black holes might not be the dominant phase in
the ensemble. This analysis also gives us some insight into the complicated behaviour
of the isotherms at fixed J > 0. The phase transition could suggest the location of the
maximal charge Qmax(J), where in analogy with the J = 0 case we expect all isotherms
to spiral around some special solution separating the T = 0 and T = ∞ limits.

Local thermodynamic stability is ensured by the entropy S(M,Q, J) being concave
as a function of the extensive variables Xi, i.e. the Hessian matrix

[
∂2S/∂Xi∂Xj

]
ij

being negative definite [179]. In the canonical ensemble the charge and the angular
momenta do not vary, thus the sufficient condition for the stability is that the heat
capacity CJ,Q = T (∂S/∂T )J,Q is positive. This is what we find for hairy black holes
with sufficiently low charges (Fig. 4.12), however, for general Q the behaviour of CJ,Q
is complicated. When the charge is sufficiently large, we find CJ,Q < 0, implying that
the large Q hairy black holes are locally thermodynamically unstable.

Grand-canonical ensemble: The preferred phase in this ensemble minimises the Gibbs
potential given by G = E − TS − 3µQ− 2ΩHJ , where we keep the intensive variables
{T,ΩH , µ} fixed. We find that for the hairy black holes G < 0, and the preferred phase
is always the non-hairy black hole. The hairy phase always has µ > 1, and the CLP
black holes have two branches exhibiting the Hawking-Page transition to the pure
AdS [30, 176].

4.8 Rotating black branes

4.8.1 Ansatz

Even though the focus of this chapter is the global solutions, it is also interesting to
look at the planar horizon limit due to applications of various hairy black branes to the
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Fig. 4.19 Left: Condensate against the temperature, for families of rotating hairy
black branes with different values of ΩH . The critical temperature Tc, at which the
hairy solutions first appear, decreases with ΩH . Right: Expectation value of the dual
operator as a function of temperature for a phenomenological Abelian-Higgs model, as
a scale invariant quantity, for various values of the horizon velocity ΩH .

study of holographic superconductors (e.g. [69, 66, 180, 73], and references therein). A
priori, one could suspect that our “rotating” branes are boosted solutions of the static
counterparts which were analysed in [122, 92]. However, we will find that rotating
hairy branes obtained as the scaling limit of (4.1) cannot be boosts of the non-rotating
hairy branes. In the gauge where At = 0 on the horizon, a Lorentz boost will keep
both At = 0 and Aψ = 0 on the horizon. However, we find that Aψ does not vanish
on the horizon, regardless of the residual transformations (4.52), and that the current
in the dual description is non-zero. Similar solutions with a non-trivial source were
studied in [181] and in a consistent type IIB truncation [182].

The planar limit of the ansatz (4.16) with a flat R3 horizon can be obtained via
the following scaling

t → α t, y+ → y+

α
, ψ → αx1, φ → αx2, x → αx3 (4.44)

and taking the limit α → 0. We can set y+ = 1, leaving us a two-parameter family of
branes. This limit can also be obtained by boosting, for instance, a planar Schwarzschild-
AdS5 along the x1 direction, and promoting angular velocity to be a function of the
radial coordinate. This analysis gives us the following ansatz for the hairy rotating
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black branes with a planar horizon

ds2 = 1
1 − y2

−y2q1(y) dt2 + q2(y) dy2

1 − y2 +
{
q3(y)

[
dx1 − Ω̃(y) dt

]2
+ 1

4q4(y)
[
dx2

2 + dx2
3

]} ,
(4.45)

where Ω̃(y) = (1 − y2)2q5(y), and the gauge and scalar fields are given by

Ãt(y) = y2q6(y) − q5(y)q7(y) , Ãx1(y) = q7(y) , φ̃(y) = (1 − y2)q8(y). (4.46)

The boundary conditions at the horizon y = 0 are given by q′
i = 0 for all i ̸= 5, and

q5 = ΩH . At infinity we have qi = 1 for i = 1, 2, 3, 4 and

− q′
5 − 1

2q
′
7

(
−q5q

′
7 + q′

6 + 2q6
)

= 0, q′
8 − 2q2

6q8 = 0, q7 = 0. (4.47)

We will work in the radial gauge where q4 = 1, and will find that q3 > 1, therefore
breaking the isotropy of the homogeneous brane. The rotational symmetry in x2 − x3

plane is preserved, and there is also a translational invariance along the direction in
which the momentum is carried. The expectation value of the current in the dual field
theory is proportional to Ãx1(1), which is non-vanishing, and is not sourced.

The CLP solution (4.7) admits the scaling limit

t → α t, r → r

α
, ψ → αx1, φ → αx2, x → αx3, q → q

α3 , r+ → r+

α
, j → j,

(4.48)
which yields a two-parameter family of planar black holes describing the normal phase.
They are related to the planar RNAdS holes by the boost

t = 1√
1 − j2 t̃+ j√

1 − j2 x̃1 ,

x1 = j√
1 − j2 t̃+ 1√

1 − j2 x̃1.
(4.49)

Their thermodynamic quantities are given as

M̂ = (3 + j2)((1 − j2)q2 + r6
+)

4r2
+(1 − j2) , T =

√
1 − j2(2r6

+ − (1 − j2)q2)
2πr5

+
, ΩH = j, (4.50)

Ĵ = j
(1 − j2)q2 + r6

+
2r2

+(1 − j2) , µ = q
1 − j2

r2
+

, Q̂ = q

2 , (4.51)
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Fig. 4.20 Left: Rotating hairy brane entropy density as a function of the mass density
in the microcanonical ensemble, for different values of ΩH (data points in rainbow).
Solid black line shows the onset of the instability, and solid rainbow lines are the
corresponding solutions without hair. The black data points show two hairy black hole
families, one of constant εH = 3.5, and one of constant ΩH = 0.72. Middle: Hairy
black brane free energy density as a function of temperature in canonical ensemble, for
different values of ΩH (see the inset legend). The solid lines show the corresponding
solutions without hair. Right: The free energy density in the grand-canonical ensemble,
against the temperature.

which satisfy the first law (4.33).

4.8.2 Solution space and thermodynamics

To generate the two parameter family of hairy branes, we will vary the black hole
horizon velocity ΩH = q5(0), and the horizon scalar field εH . The non-rotating solutions
exhibit the retrograde condensation, i.e. exist for T > Tc, which remains unchanged
if we turn on the linear momentum (Fig. 4.19, left). Such phenomena is commonly
observed in branes with supergravity potentials, and is usually associated with a
subdominant phase [183, 122, 184–187].

In [92] it was shown that in the large temperature12 limit the hairy branes connect
to the singular soliton branch through the planar limit of the singular, large charge
soliton solution

ds2 = −r2dt2 + r2dr2

1 + r4 + r2dx2, φ(r) = 2
r2 , A(r) = 0. (4.52)

12Equivalently, the large horizon scalar field limit.
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We find that the rotating solutions in the large temperature limit also approach the
same solution13. Another interesting feature of the solution space is that the maximal
value of ΩH depends on the scalar field εH ; the merger curve extends to ΩH ≃ 0.699,
while for instance hairy branes with fixed εH = 3.5 can reach up to ωH ≃ 0.720. These
results are illustrated in Fig. 4.20 (left).

Rotating hairy branes are the large charge limit of the global hairy black holes,
which dominate only the microcanonical ensemble. In the moduli space where the CLP
and hairy branes coexist, the hairy solutions have the higher entropy density at the
fixed charge density Q̂ and therefore dominate the microcanonical ensemble (Fig. 4.20,
left).

The canonical ensemble exhibits first order phase transition between the hairy and
non-hairy phases, when we vary ΩH (Fig 4.20, middle). For any ΩH > 0, there exists
a temperature range for which the hairy phase is dominant for some Tc(ΩH) ≤ T ≤
Tmax(ΩH). For sufficiently large ΩH , the hairy phase is always dominant (Fig. 4.20,
middle). These results are somewhat surprising, as the large charge Q and fixed J

black holes in global AdS have larger free energy F than the hairy solutions. However,
we observe that with the increasing J the transition temperature increases (Fig. 4.18),
therefore it is plausible that such a phase transition is also seen in the planar limit.
However, these branches have negative specific heat and are locally thermodynamically
unstable.

Finally, the hairy branes never dominate the grand-canonical ensemble (Fig. 4.20,
right) just as in the global case.

4.8.3 The Abelian-Higgs model

The retrograde condensation typically indicates that a condensed phase has larger free
energy and therefore represents an unstable branch. The thermodynamic behaviour is
largely governed by the truncation. The scalar potentials from supergravity truncations
are complicated and can induce rich dynamics. In this subsection we contrast our
supergravity model to the minimally coupled charged scalar field (also see [122]); in
what follows, the Chern-Simons term will not be important.

13This can be confirmed, for instance, by computing the scalars gtt, gψψ in the DeTurck gauge,
which fixes the conformal class.
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A holographic dual to the d = 5 planar Abelian-Higgs model with minimally coupled
charged scalar field V (|φ|) = m2

φφφ
† was studied by [188, 189]. As before, we take the

mass saturating the five-dimensional BF bound m2
φ = −4 with e = 2, and consider the

stationary ansatz (4.45). We find that the condensate ⟨Oφ⟩ exists for T < Tc (Fig. 4.19,
right), and saturates at low T . Furthermore, the hairy branes dominate over the normal
phase in all three thermodynamic ensembles. Once we turn on the “rotation”, the
superconducting behaviour is preserved and the transition temperature Tc decreases
with increasing ΩH , which was also observed in holographic rotating superfluids [190]
and holographic superfluids with supercurrents [181]. We also find a critical value of
ΩH above which there are no hairy solutions, i.e. there exists a critical magnetic field
which destroys the superconductivity.

The ansatz (4.45) provides a simple way to realise a spontaneously generated current
in the holographic dual description, and merits further investigation. While we do
not find the stable condensed phase in this particular truncation, such phases have
been found in different consistent truncations of the five-dimensional N = 8 gauged
supergravity (e.g. [122, 185]). It would be interesting to study the spontaneous currents
in these models.

4.9 The non-interacting thermodynamic model

One might wonder whether we can access the near extremal regime of the small rotating
hairy black holes perturbatively. The small hairy non-rotating black holes were studied
in [62], where a matched asymptotic expansion was carried out14. The hairy solutions
were also modeled as a non interacting mix of the small RNAdS black hole and the
supersymmetric (µ = 1, M = 3Q) soliton, and the leading order thermodynamics of
the matched expansion were reproduced. Such approach has also been succesfully
employed in a similar context by [61, 60, 64, 191, 192].

The authors of [62] also modeled small hairy rotating black holes as a non interacting
mix of the CLP black hole with µ = 1 (but not necessarily ΩH = 1, which is only
equal at the supersymmetry) and the supersymmetric soliton, i.e. the system is in
thermodynamic equilibrium. In J = 0 plane, hairy black holes with fixed horizon

14In [92] we found a good agreement with fully non-linear numerical results, for small asymptotic
charges.
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Fig. 4.21 First line: The comparison with the approximation of [62] for the same
charge, mass, and angular momentum J = 0.001. Black disks are numerical results, and
orange triangles are the predicted curves. We expect the model to be valid for small Q,
small J , and near extremality. For small horizon scalar εH , the hairy black holes are
just above the extremality and coexist with CLP solutions. As T → 0, they approach
the Gutowski-Reall solution. For small charge the participating soliton contributes
Qs/Q ≃ 0.5% of the total charge. Here the lowest T = 0.00633, and S = 0.0228. The
error of the approximation to S close to the BPS bound is less than 1%.
Second line: The constant εH = 0.4 curve crosses the extremality line. The red rhombi
are the corresponding CLPs where they coexist in micro-canonical ensemble. For small
charge, Qs/Q ≃ 20%. Here lowest T = 0.00597, and S = 0.0224. The error of the
approximation to S close to the BPS bound is 2 − 4%.

scalar charge reduce to the smooth soliton as T → 0. We find that the hairy rotating
black holes exist arbitrarily close to the BPS bound, therefore it would be reasonable
to expect that for small J some mix of the soliton and the CLP black hole could
approximate the hairy solutions, if we are sufficiently close to the Gutowski-Reall
solution, i.e. both to the extremal, and BPS limits.

We briefly describe the results of [62]. We assume that15

Q = Qb +Qs, jQ2 = jbQ
2
b , M = Mb +Ms, (4.53)

where angular momentum is given by J = jQ2, charge Q is small, and parameter j is
arbitrary. For CLP black holes jb ≤ 3, saturating at extremality. Requiring Qs > 0
implies jb > j, so j < 3. Leading order entropy, temperature and rotational charge are

15Here b is the black hole index, and s is the soliton index.
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Fig. 4.22 First line: The comparison with the approximation of [62] for the same
charge, mass, and angular momentum J = 0.05. Black disks are numerical results, and
orange triangles are the predicted curves. For small charge, Qs/Q ≃ 0.5%. Here the
lowest T = 0.00127, and S = 0.405. The error in S close to the BPS bound is 2 − 4%.
Note that in particular as T → 0, ΩH → 1.
Second line: Red rhombi show the coexisting CLP black holes. For small charge,
Qs/Q ≃ 0.6%. Here lowest T = 0.00164, and S = 0.401. The error in S close to the
BPS bound is 5%.

given by

S = 2
√

2π
(

1
6∆ + 1

6
√

∆2 − 4J2

)3/4

,

T =
√

2
π

(
1
6∆ + 1

6
√

∆2 − 4J2

)1/4 (
1 − 4J2

(
∆ +

√
∆2 − 4J2

)−2
)
,

ΩH = 1
3j ,

∆ = M − 3Q.

(4.54)

We present a comparison with the numerical results in Fig. 4.21 and Fig. 4.22. For
small J , Q and the horizon scalar field εH we find a good agreement, as the hairy black
holes approach the supersymmetric black hole along the merger line (Fig. 4.21, first
line). If we increase the εH , constant εH curves will cross the extremality plane for
the CLP black holes (Fig. 4.21, second line), and no longer coexist with the non-hairy
solutions. We still find a relatively good agreement in T and S, however there is a clear
difference in the behaviour of ΩH . As we have seen in [92], intensive thermodynamic
variables typically require higher order terms.
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The hairy solutions exist for

3Q+ 2J ≤ M ≤ 3Q+ 1
3(j2 + 9)Q2 − 2

81j
2(j2 + 9)Q3 + O(Q4), (4.55)

where at the upper range there is no contribution from the soliton, and the CLP black
hole is recovered. Note, that in this regime the merger and extremality lines are very
close to each other. In the limit j → 3, the upper and lower limits coincide, and we
obtain the Gutowski-Reall solution at the intersection of the extremal and BPS planes.

At the lower range the hairy black holes approach the BPS bound where T = 0.
We also have that jb = 3 [62], and the black hole is supersymmetric; the mix on the
BPS can be seen as a weakly interacting black hole and a scalar cloud configuration,
both of which are itself supersymmetric. We assume that j < 3, and thus ΩH < 1.
Numerical results indicate that ΩH → 1, which might be a non-linear effect. In [62]
it was conjectured that these hairy black holes comprise a two parameter family of
supersymmetric hairy black holes. On the BPS bound, the prediction for the entropy
only matches when we are close to the Gutowski-Reall solution, and for a fixed J is
given by S = 2

√
2πJ3/4/33/4. We find that for a fixed J , away from Gutowski-Reall

black hole, the entropy is always decreasing.

4.10 Discussion and future directions

In this chapter we have analysed rotating, charged, hairy black holes in five-dimensional
AdS, in both global and planar spacetimes. These black holes can be embedded in
the N = 8 SO(6) gauged supergravity model with the three diagonal U(1) charges set
equal. We have analysed the three dimensional solution space by considering various
limits, and we have shown that these black holes extend the CLP solutions to the BPS
bound for all charges. These new hairy states above the supersymmetry contribute to
the state space of N = 4 SYM at energies O(N2) at large N , and demonstrate the
existence of new phases at all charges. We have also examined the non-trivial approach
to the BPS bound in detail. Facilitated by the radial gauge we were able to reach
extremely low temperatures, however, we were not able to fully unravel the nature of
the extremal hairy solutions.
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We conjectured the existence of a one parameter extension of the supersymmetric
Gutowski-Reall black hole. The constant horizon scalar εH hairy black hole families
retain a finite entropy in the zero temperature limit, as well as possess regular curvature
scalars. We also provide further evidence to support this conjecture, namely the
indication of the zero temperature limit by the isotherms, and regularity of the fixed
low charge limit.

It is important to note, however, that the extremal limit is challenging to resolve
numerically, and the slow, possibly logarithmic, approach renders some of our results
inconclusive. It is not clear to what extent the rotating hairy black holes continuously
connect to the J = 0 case. It would be very interesting if a small amount of rotation
allows a nucleation of a small rotating black hole at the centre of the scalar field cloud.
Numerical results support the idea of some continuity, albeit that we cannot rule out a
completely different mechanism governing the near BPS regime. Numerically we found
it difficult to locate the maximal charge for the T = 0 family Qmax(J), and we do
not know if it is connected to Qc = Qmax(0). We also cannot eliminate the possibility
of the extremal hairy solutions all having S = 0 and εH = ∞. However, this would
require dramatic near extremal behaviour, and such a picture is hard to reconcile with
our numerical results. Lastly, we have not analysed large J hairy black holes in detail
as these solutions also have large charge, and it is conceivable that some such solutions
could become singular.

Numerics at low temperatures become increasingly challenging, and we can only
infer the expected qualities of the limiting solution. It would be preferable to study
the extremal limit analytically, by directly using the supersymmetry. However, our
numerical results indicate non-analytic behaviour which would complicate the near
horizon expansion of the BPS solutions, and the near horizon geometry does not appear
to be of the usual AdS2×S2 type. This could explain how the no-hair theorem of [193]
is evaded for such extremal hairy black holes. We can also look for singular (large
charge) BPS solutions with J > 0 directly, and find the lowest allowed charge. Work
in these directions is in progress.

Perhaps it is possible to choose a better ansatz and to simplify the equations enough
that some analytic treatment is possible. We found that the Abelian-Higgs scalar
potential V (φ) = −4φφ† displays some similarities, and in particular a similar zero
temperature, finite entropy limit appears to exist. Varying the Chern-Simons coupling
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slightly, or setting it to zero also appears to maintain the aforementioned limit16. The
phase space is reminiscent of the e = ec case in [60]. Evidence of five-dimensional finite
entropy rotating, hairy extremal black holes has been also seen in rotating black holes
with a complex doublet scalar field [48], and black holes in Einstein-Maxwell-Scalar
theory [194]. It might be worthwhile to study the limiting solutions in these models
further. Finally, we have not analysed Q < 0 solutions in detail, however they exhibit
distinctly different behaviour. The fixed εH , J solutions when lowering the temperature
tend to some singular S = 0 configurations and have ΩH < 1, and furthermore due to
the highly singular behaviour it is not clear if T = 0 limit exists.

An immediate way to extend this work is to consider non-equally rotating black
holes, as the general supersymmetric black hole has two angular momenta [116, 113].
It would be intriguing if the onset of the superradiance still coincides with the BPS
bound. A more complicated task is to analyse black holes with independent diagonal
SO(6) charges, including when some of the charges vanish. This would necessarily
involve consistent truncations with more scalar fields, such as in [122].

The scalar field φ considered in this chapter is dual to the lightest chiral SYM
operator with dimension ∆ = 2 = e, and the small black holes lie at the edge of
the superradiant instability. We expect these hairy phases to be thermodynamically
relevant at small charges. It is not known whether the hairy black holes found in
this chapter are indeed the thermodynamically dominant saddle points above the
supersymmetry from the full ten-dimensional point of view. It is very difficult to tackle
this problem in full generality, especially in the non-linear, near-BPS regime. On the
other hand, the hairy black holes constructed in this chapter can be oxidized to ten
dimensions, which could reveal further insights into the approach to the BPS bound.
For instance, singular solutions from the five-dimensional perspective can have regular
higher dimensional embedding.

We expect that different scalars are relevant across the moduli space (e.g. see
[195, 122], and references therein), depending on which instability dominates. We
find that large charge hairy black holes have negative specific heat and are locally
thermodynamically unstable. The large charge hairy SUSY black holes are singular,
and it would be intriguing if there exist scalars which produce finite entropy hairy
rotating BPS black holes for Q > Qmax(J).

16Only for the supergravity coupling the marginal mode extends to the BPS bound, and the lowest
mass rotaing hairy black holes never saturate it.
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The planar limit solutions display retrograde condensation, i.e. exist for T > Tc.
In [122] it was found that in the ensemble with three equal charges a scalar with a
larger mass and larger charge condenses for T < Tc, and has lower free energy. It
would be very interesting to construct large charge global hairy holes in this truncation,
which was first studied by [196]. The scalar has ∆ = 3 = e, therefore we also expect
rich phase diagram at lower charges. Within the N = 8 supergravity truncation we
anticipate the operators with low dimensions and higher charge to condense first17

(e.g. see [196]), and thus we consider operators dual to light modes of the N = 8
supergravity; however, there is clearly some competition between different influencing
factors.

Finally, it would be instructive to construct rotating, charged, hairy global black
hole phase space in consistent truncations of AdS4×S7 and AdS7×S4. In particular,
equally rotating black holes in odd dimensions preserve cohomogeneity-one, thus the
problem is readily tractable. It would be fascinating if in these theories new families of
hairy supersymmetric black holes exist, which account for missing BPS states in the
stringy entropy calculations.

17This might not be generic for non-minimally coupled scalars.
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4.A.1 Numerical convergence

Most of our numerical calculations were performed in the radial gauge, which is allowed
by the fact that our problem is reduced to be of co-homogeneity one. The solutions
in this gauge exhibit exponential convergence (Fig. 4.23, right), and it is well suited
to study low temperature regime of the hairy solutions. In order to obtain constant
temperature solutions in various thermodynamic ensembles we will also use the DeTurck
method. The gauge condition ξµ = 0 is tracked numerically, and solutions presented in
this chapter obey max ξµξµ = 0 at least to O(10−10) precision.

We find that the radial gauge provides exponential convergence with increasing grid
size n, but in the DeTurck gauge the convergence worsens to a power law (Fig. 4.23).
Nonetheless, the DeTurck gauge allows us to set the black hole temperature T , and we
will utilise this to study the canonical ensemble in sections 4.5.2.2 and 4.7. In Fig. 4.24,
we present convergence test for the black hole energy, plotting the fractional error

∆mn =
∣∣1 −mn+1/mn

∣∣ (4.56)

against the grid size n. The convergence worsens significantly at very low temperatures
(Fig. 4.24 left), large horizon scalar fields εH (Fig. 4.24 right) and large angular
momenta, due to steep gradients in the functions.
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against the grid size n. Left: Hairy black hole solution in DeTurck gauge. The scale is
log-log, and the convergence is a power law. Right: Convergence in radial gauge, for
the same hairy black hole. The scale now is log-linear, exhibiting an exponential decay.
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Fig. 4.24 Left: Convergence of the energy for a few coldest J = 0.05, εH = 1 hairy
black holes considered in the paper, with T = 0.00052 (black rhombi), T = 0.00031
(blue squares) and T = 0.00016 (gray triangles). Here we plot the fractional error ∆
against the grid size n. Right: Low temperature (T = 10−2 ± 10−3) hairy black hole
energy convergence for a few different horizon scalar values εH . Black rhombi are for
εH = 1, blue squares for εH = 8.5, and gray triangles for εH = 14.5. Here we show the
fractional error against the grid size in a log scale.





Chapter 5

Stirring a Black Hole

The work presented in this chapter was published as [141] in collaboration with Jorge
E. Santos. The numerical results were generated by the author alone with their own
code, except for the contents of section 5.6. The latter was performed by Jorge E.
Santos, along with the construction of hairy solutions which is not presented here.
Some of the results were verified by Jorge E. Santos with their own code.

5.1 Introduction

The theory of quantum field theory (QFT) in fixed curved spacetimes is notoriously
difficult to study, due to both conceptual and technical limitations. One of the most
notable quantum phenomena in this context is that of particle creation from the
vacuum, which allows black holes to emit Hawking radiation [197, 198, 13, 199]. A
full theoretical understanding of the phenomenon together with the associated black
hole information paradox remains an open question. In addition, the understanding of
QFTs in curved classical gravity backgrounds can provide us with valuable insights
into the full theory of quantum gravity.

A standard numerical approach to study nonperturbative aspects of QFTs is lattice
simulations, whereby a continuous spacetime is approximated by a discrete lattice
of points. However, a successfully implemented lattice formulation for a QFT on a
generic curved spacetime is currently not known. This is particularly relevant in the
strong coupling region, where many perturbative techniques are not feasible. Through
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Fig. 5.1 Illustration of the novel AdS4 geometries. Left: Solitonic solutions with a
differentially rotating boundary. Right: Black hole solutions. The rotational pull force
is maximal at θ = π/4, deforming the black hole horizon into an hourglass shape.

the gauge/gravity duality we are able to probe the physics of the strongly coupled
theories, and in contemporary physics it remains a valuable tool to study the underlying
thermodynamics in this otherwise inaccessible regime. Many condensed matter systems
are strongly coupled, for which we expect interesting new phenomena to emerge.

The gauge/gravity duality maps a class of gravitational theories with AdS boundary
conditions to certain conformal quantum field theories in fewer dimensions. On the
gravity side, the superradiant instability is expected to influence the phase diagram
for CFTs in compact spacetimes. While this is certainly true in the context of the
microcanonical ensemble, in the grand-canonical ensemble the region of moduli space
unstable to superradiance is cloaked by a first order Hawking-Page phase transition [123].
This implies that, for a fixed temperature and angular velocity at which the Kerr-AdS
black hole exhibits the instability, the preferred phase is simply thermal AdS.

In this chapter we consider conformal field theories on nontrivial metrics that are
equipped with a dipolar differential rotation. By employing the gauge/gravity duality,
we study asymptotically AdS spacetimes for which the boundary takes the following
form

ds2
∂ = −dt2 + dθ2 + sin2 θ(dφ+ ε cos θ dt)2 ,

where the parameter ε controls the rotation. For each boundary profile metric, we
find two classes of solutions: a solitonic horizonless spacetime and a deformed black
hole, which are schematically pictured in Fig. 5.1. The solitonic solutions have no
horizon, and correspond to deformations of global AdS4, while black hole solutions
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can be seen as continuous deformations of Schwarzschild-AdS4 black holes. We will
find that both phases develop hair due to superradiance if the boundary rotation is
sufficiently large. In addition, we shall see that the phase diagram of solutions is rather
intricate, including certain regions of moduli space with up to six-fold degeneracy.

Aided by the simplicity of our gravitational setup we were able to reconstruct the
critical value of the amplitude for which the system develops hair from pure CFT
data. This will allow us to identify which CFT observables might be sensitive to this
phenomenon and to the hypothetical violation of weak cosmic censorship in the bulk.

This paper is organised as follows. Section 5.3 details the construction of soliton and
black hole solutions. In section 5.4 we present results, and carry out thermodynamical
analysis. Section 5.5 presents stability analysis in which we consider a massless scalar
field. Section 5.6 discusses the CFT interpretation of our results and attempts to
identify the field theory variables that best describe it. In section 5.7, we study possible
multi horizon equilibrium configurations for spinning test particles. Section 5.8 briefly
analyses the holographic dual of theories living on a fixed rotating background geometry
containing no ergoregions. We conclude in section 5.9 with discussion.

5.2 Setup

We start with the four-dimensional Einstein-Hilbert action supplemented by the
Gibbons-Hawking-York boundary term [200, 201]:

S = 1
16πGN

∫
M

d4x
√

−g
(
R[g] + 6

L2

)
+ 1

8πGN

∫
∂M

d3x
√

−γ K, (5.1)

where ∂M is the boundary of AdS4, γµν is the induced metric on the boundary, K is
the trace of the extrinsic curvature of the boundary, L is the length scale of AdS4 and
R[g] the Ricci scalar. The equations of motion derived from (5.1) read

Rµν + 3
L2 gµν = 0,
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and we are looking for asymptotically AdS4 solutions, with a rotating conformal
boundary given by

ds2
∂ = −dt2 + dθ2 + sin2 θ

[
dφ+ Ω(θ)dt

]2 , (5.2)

with a dipolar differential rotation profile Ω(θ) = ε cos θ. We will be interested in
finding solutions where ∂t and ∂φ extend as Killing fields into the bulk. Close to the
poles and on the equator, ∂t is always timelike for any value of ε. However, its norm

∥∂t∥2 = −1 + ε2

4 sin2 2θ (5.3)

is maximal at θ = π/4, and ∂t becomes spacelike for certain regions of θ if ε > 2.
We shall see that both black holes and solitons develop hair due to superradiance if
ε > 2. One might wonder whether this could have been anticipate using the results
of Green, Hollands, Ishibashi and Wald [53]. However, the theorems presented in [53]
were deduced under the assumption that the boundary metric was metrically that of
the Einstein static universe, which is not the case in our setup. Our results suggest
that a generalisation of the results in [53] should exist even for nontrivial boundary
metrics such as ours.

5.3 Numerical Construction

5.3.1 Soliton

In order to find solitonic solutions we consider the following numerical ansatz

ds2 = L2

(1 − y2)2

−Q1 dt2 + 4Q2 dy2

2 − y2 + y2(2 − y2)
 4Q3

2 − x2

(
dx+ x

y

√
2 − x2 Q4 dy

)2

+ (1 − x2)2Q5
(
dφ+ yx

√
2 − x2 Q6 dt

)2
 , (5.4)

with Qi, i ∈ {1, . . . , 6}, being functions of (x, y). If Q1 = Q2 = Q3 = Q5 = 1 and
Q4 = Q6 = 0, the line element (5.4) reduces to that of pure AdS4 in global coordinates,
with y being related to the usual radial coordinate in AdS4 via r = Ly

√
2 − y2/(1−y2),

and x parametrising the standard polar angle on S2 with the identification sin θ = 1−x2.
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The powers of y and 1 − x2 appearing in the ansatz ensure that the metric is regular
at the origin y = 0 and axis of rotation x = ±1 for smooth functions Qi.

The reference metric g̃ used in the DeTurck method is chosen by setting Q6 = ε,
and Q1 = Q2 = Q3 = Q5 = Q4 + 1 = 1, everywhere in the bulk. The parameter ε
controls the rotation on the boundary and in turn the stirring of the bulk.

As we are considering a dipolar problem we have reflection symmetry x → −x and
thus both coordinates take values in the square domain [0, 1] × [0, 1]. Because the
functions Qi are constructed to be even around x = 0 (the equator) and y = 0 (the
origin), we can use a square half–half Chebyshev grid clustering around the x = 1 and
y = 1 boundaries and thus effectively interpolate the functions with half the number
of points. This is especially advantageous as spectral convergence is exponential with
grid size. In addition, it fixes smoothness of the geometry at the reflection boundary.

This leaves us with two boundaries, one at the conformal boundary located at y = 1,
and one at x = 1. The latter is a physical boundary, whereas the former is a fictitious
boundary where regularity must be imposed. Expanding the equations of motion near
x = 1 as a power series in (1 − x) gives Q3(1, y) = Q5(1, y) and Q4(1, y) = 0, as well as
∂xQ1 = ∂xQ2 = ∂xQ3 = ∂xQ4 = ∂xQ5 = 0.

At the conformal boundary, we demand the metric (5.4) approaches global AdS4

with a rotating conformal boundary metric, that is to say, we require

Q1(x, 1) = Q2(x, 1) = Q3(x, 1) = Q5(x, 1) = Q4(x, 1) + 1 = 1 , and Q6(x, 1) = ε .

(5.5)
Comparing the conformal boundary metric obtained from our boundary conditions
(5.5) and (5.2), gives Ω(θ) = ε cos θ, in standard polar coordinates on S2.

5.3.2 Black Holes

For the black hole solutions we use the ansatz

ds2 = L2

(1 − y2)2

−y2∆̃(y)Q1dt2+4 y2
+Q2 dy2

∆̃(y)
+y2

+

 4Q3

2 − x2

(
dx+ x

√
2 − x2 y Q4 dy

)2

+ (1 − x2)2Q5
(
dφ+ y2x

√
2 − x2 Q6 dt

)2
, (5.6a)
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where

∆(y) = (1 − y2)2 + y2
+(3 − 3y2 + y4) , and ∆̃(y) = ∆(y)δ + y2

+(1 − δ) , (5.6b)

with Qi, i ∈ {1, . . . , 6}, being functions of (x, y). If Q1 = Q2 = Q3 = Q5 = δ = 1
and Q4 = Q6 = 0, the line element (5.4) reduces to that of Schwarzschild-AdS4 black
hole in global coordinates, with y being related to the usual radial coordinate via
r = Ly+/(1 − y2), and x parametrising the standard polar angle on S2 with the
identification sin θ = 1 − x2.

The reference metric is chosen to have Q6 = ε and, similarly to the soliton case,
we work on a unit square grid. Regularity at x = 1 demands ∂xQi(x, y) = 0 (i ≠ 4),
Q4(x, y) = 0, and Q3(x, y) = Q5(x, y). At the conformal boundary, we set Qi(x, 1) = 1
for i = 1, 2, 3, 5, Q4(x, 1) = 0 and Q6(x, 1) = ε.

In the ansatz (5.6a) we have three parameters: ε, which sets the amplitude of the
boundary rotation, and (y+, δ), which set the black hole temperature. The Hawking
temperature is computed in the usual way by requiring smoothness of the Euclidean
spacetime and is given by

T =
(1 − δ)y2

+ + δ
(
3y2

+ + 1
)

4πy+
. (5.7)

For δ = 1, the temperature has a minimum at y+ = 1/
√

3, coinciding with the minimal
temperature of a Schwarzschild-AdS4, occurring at T Schw

min ≡
√

3/(2π). In general we
will have two branches of solutions with the same temperature which we will refer to
as large and small black holes. However, when ε ≠ 0, our new deformed black holes
can have a minimum temperature below that of the Schwarzschild-AdS4 black hole. In
order to bypass this, we introduced a parameter δ which allows us to get arbitrarily
close to zero temperature1. Computations with T > T Schw

min were performed using the
ansatz where δ = 1, and the results with δ ̸= 1 enjoy similarly sufficient convergence
properties as those with δ = 1 (see Appendix 5.A).

1This ansatz allows us to reach zero temperature, for instance, see [92], where it was used to
construct hairy AdS5 black holes, which in the T → 0 limit approach a smooth BPS soliton.
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Fig. 5.2 The log-linear plot of the maximum of the Kretschmann scalar across the
whole spacetime against the rotation parameter for the soliton solutions. The dashed
gridline marks εc, and the dotted line shows the maxK = 24/L4 for pure AdS4.

5.4 Numerical Results

For simplicity of presentation, in all of our plots we will set L = 1.

5.4.1 Soliton

One of the most interesting results of our manuscript is that we find no soliton solutions
for ε > εc ≃ 2.565. In fact, we find no stationary axisymmetric solutions for ε > εc.
Furthermore, there is a range ε ∈ (2, εc) in which two solitons2 exist for each value of
ε, demonstrating non-uniqueness within the soliton family.

We have monitored the behaviour of the maximum of the Kretschmann scalar as a
function of ε. Since we have no matter fields, besides a negative cosmological constant,
the Kretschmann curvature invariant K = RabcdR

abcd is related to the norm of the
Weyl tensor in a simple manner

L4 WabcdW
abcd = L4 K − 24 ,

that is to say, the local tidal forces scale like K1/2.
2We cannot exclude the possibility that more than two solutions might exist at some values of ε as

we approach ε = 2.
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Fig. 5.3 Hyperbolic embedding of the cross section of the black hole horizons, for
several values of the parameter ε and a fixed temperature T = 1/π. As we increase
ε, the arms of the horizon cross section get stretched further apart. This picture is
qualitatively the same for T ≥ 1/π.

The Kretschmann scalar K is maximal in the equatorial plane x = 0 (see Fig. 22),
and slowly deforms from the pure AdS4 value of 24/L4 as we increase ε → εc, forming
two large extrema. The minima grows only slightly slower than the maxima, and the
latter is plotted against ε in Fig 5.2. For ε > 2, we can see that two soliton solutions
exist for a fixed value of ε. We call the upper branch the large branch, and the lower
branch the small branch. The large branch of solitons smoothly extends the growth of
K, which increases without bound, indicating formation of a curvature singularity. For
more discussion on the Kretschmann scalar see Appendix 5.B.

5.4.2 Black Holes

5.4.2.1 The horizon geometry

In order to obtain a better understanding of how the black hole horizon behaves
under the increase of the boundary rotation amplitude we analyze horizon embedding
diagrams. As with Schwarzschild-AdS4 black holes, for a given temperature (5.7)
there exist two solutions which we will call small and large black holes. In the case
of the small black hole branch, we could successfully embed horizons into Eucliden
space E3 for all ε - they are small and round spheres, slightly squashed through the
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Fig. 5.4 Hyperbolic embedding of the cross section of the black hole solution horizons,
for several values of the parameter ε and a fixed low temperature T = 0.2506. In this
regime, there is a four-fold black hole non-uniqueness. Left: Embeddings for the upper,
thermodynamically dominant branch of solutions with ε ∈ (1.520, 2.059), and the
largest entropy branch (two outer curves in red, ε = 2.055, 2.05). The black circle is the
T = 1/π, ε = 0 black hole. Right: Embeddings for the two small black hole branches.
The higher entropy branch has ε ∈ (1.520, 2.557), and the two inner circles in dark
blue represent the lowest branch (ε = 2.55, 2.53). The embeddings are qualitatively
similar for the low T regime.

poles. However, for the large branch, the scalar Gaussian curvature of the horizon
spatial sections becomes too negative and the procedure is only successful for very
small ε. Instead, we embed spatial cross sections of the horizon into hyperbolic H3

space [202] in global coordinates

ds2
H3 = dR2

1 +R2/ℓ̃2
+R2

[
dX2

1 −X2 + (1 −X2) dφ2
]
, (5.8)

where ℓ̃ is the radius of the hyperbolic space. For sufficiently small values of ℓ̃ the
embedding always exists. The induced metric on the intersection of the horizon with a
partial Cauchy surface of constant t of the black hole line element (5.6a) is given by

ds2
H = L2

[
4y2

+Q3(x, 0)
2 − x2 dx2 + y2

+(1 − x2)2Q5(x, 0) dφ2
]
. (5.9)
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The embedding is given by a parametric curve {R(x), X(x)}. The pull back of (5.8) to
this curve induces a two-dimensional line element with the following form

ds2
pb =

 R′(x)2

1 + R(x)2

ℓ̃2

+ R(x)2X ′(x)2

1 −X(x)2

 dx2 +R(x)2(1 −X(x)2) dφ2 . (5.10)

Equating this line element with (5.9) gives the following first order differential equation
for the polar coordinate

0 = 4H(x)P (x)(X(x)2−1)2
[
P (x) − ℓ̃2(X(x)2 − 1)

]
+4ℓ̃2P (x)X(x)(X(x)2−1)P ′(x)X ′(x)

− (X(x)2 − 1)2ℓ̃2P ′(x)2 − 4P (x)2(ℓ̃2 + P (x))X ′(x)2 (5.11)

with H(x) = (2 − x2)−1(4y2
+Q3(x, 0)) and P (x) = y2

+(1 − x2)2Q5(x, 0). The numerical
results for several values of ε are presented in Fig. 5.3 where we set ℓ̃ = 0.73. Here
we are fixing the black hole temperature to be T = 1/π, and the results for other
temperatures are qualitatively similar (Fig. 5.4).

For ε < 1, the large black holes are round and the deformation is small. As we
approach ε → 2−, the black hole horizon gets significantly distorted and develops
remarkable extended features. These cross-section “spikes" peak at x =

√
1 −

√
2/2,

i.e. θ = π/4, where the gravitational pull is the strongest3. The horizons are squashed
through the poles, and extended sideways, with the circumference slowly increasing.
The black hole diameter through the poles tends to some non-zero value4, and for very
large rotation parameter the thickness of the cross section arms is surprisingly uniform
throughout its length, and as a function of ε. As we increase the temperature, the
horizon deforms faster. We conjecture that for sufficiently high temperatures, these
static, axially symmetric solutions exist for any ε < 2, endlessly stretching the black
hole horizon towards the AdS4 boundary. This is difficult to check numerically, but
our results indicate that there is no upper bound to how extended these black holes
can become as we approach ε → 2−.

Colder black holes turn out to be less elastic, and more extended through the
equator. In Fig. 5.4 we plot embeddings for a low temperature T = 0.2506, where for a

3As measured by the conformal boundary metric.
4This feature is not very apparent in the embedding diagrams.
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Fig. 5.5 Log-linear plot of the curvature scalar maximum against ε, for a large black
hole with T = 1/π. The dashed gridline marks the critical value of ε, and the dotted
gridline shows Kmax = 72 for a Schwarzschild-AdS4 black hole. The inset is a log-log
plot for high values of the rotation amplitude.

fixed ε we find two or four black holes. Even though this phase is inelastic, as ε → 2+,
we expect the stretched solutions to enter a scaling regime as with the hot solutions.

5.4.2.2 Curvature invariants

As we tune the boundary rotation parameter, thus “stirring" the bulk, the black hole
becomes ever more stretched and we expect the curvature on the horizon to increase
correspondingly.

In Fig. 5.5, we show the maximum of the Kretschmann scalar as a function of ε
for large black holes. For the black holes, the Kretschmann scalar is maximal on the
horizon, located at y = 0, and as ε → 2−, it peaks closer to θ = π/4. For Schwarzschild-
AdS4, L4 K|H = 12/y4

+ + 24/y2
+ + 36, and thus for T = 1/π the maximal value is 72/L4.

As the boundary amplitude approaches ε = 2−, the Kretschmann scalar grows without
bound (see Fig. 5.5) and we expect the maximum of the Kretschmann scalar to enter
a scaling regime. This quantity is difficult to extract accurately, however we find some
numerical evidence that it behaves as a power law as ε → 2−.

For completeness, we present plots of the Kretschmann scalar of the thermodynam-
ically dominant solutions in Appendix 5.B, Fig. 22.
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Fig. 5.6 Left: Entropy against the rotation parameter ε for the large branch of black
holes with T = 1/π. The inset zooms around the limit, demonstrating the asymptotic
behavior. Red dashed gridlines mark the ε = 2 limit. Middle: Logarithmic derivative
of S for the large black hole with T = 1/π. As ε → 2, the entropy of the large black
hole blows up as an inverse power law. Right: Entropy of the small branch of black
holes with the same temperature. Red dashed gridlines show where ε = 2 and S = 0.

5.4.2.3 Entropy

The entropy associated with the black hole horizon is given by

S = A

4GN

= 2π y2
+ L

2

GN

∫ 1

0
dx 1 − x2

√
2 − x2

√
Q3(x, 0)Q5(x, 0) . (5.12)

In Fig. 5.6, we present our results for the small and large branches of black hole
solutions with a temperature T = 1/π. For the large black holes, we find that the
entropy is always an increasing function of ε, and as ε → 2−, it grows without bound.
When ε is sufficiently close to 2, the entropy enters a scaling regime as we saw with the
Kretschmann scalar, and S ∝ (2−ε)−α (see the middle panel of Fig. 5.6). Numerically5

we find that α is consistent with being 1/2 within a 1% error.

For the small branch (see right panel of Fig. 5.6), and fixed temperature, the entropy
is a decreasing function of ε. In this case we can reach values ε > 2, although we still
find a maximum value of ε beyond which we cannot find axially symmetric black hole
solutions. We call this maximum value εmax(T ). As the temperature decreases, εmax(T )
approaches εc from below, which is a turning point for the small branch of solutions,
below which we obtain a second set of unstable solutions with lower entropy. In this

5Numerically, this is difficult to explore for temperatures much larger, and smaller than T = 1/π.
The hot, large black holes reach the limit ε = 2 slowly, and the cold black holes are more difficult to
resolve. However, we would expect that near the critical boundary value parameter ε = 2, the scalar
invariants, such as entropy and curvature blow up according to some scaling laws.



5.4 Numerical Results 113

0.0 0.5 1.0 1.5 2.0 2.5
0.0

0.5

1.0

1.5

1.6 1.8 2.0 2.2 2.4 2.6
0

2

4

6

8

10

12

0.3183

0.2757

0.2506

0.2257

0.2067

0.1838

0.1277

Fig. 5.7 Left: Entropy against the boundary parameter for low temperature black
holes with T < T Schw

min ≃ 0.2757. The orange disks show black holes with T ≃ T Schw
min .

The brown squares show the (hot) small black holes with T = 1/π for reference. As
we lower the temperature, the large black holes begin to exist for ε > 2. Right: The
asymptotic behavior of isothermal entropy curves. Both solution branches approach
ε = 2, with the large branch having a steeply increasing S, and the small branch having
S → 0. The red gridlines show ε = 2 and ε = εc.

region of the solution space numerical errors are increasingly large, and we were unable
to extend the solutions by further decreasing ε. We conjecture that S → 0 in the limit
ε → 2+, and the singularity might be approached in a non-trivial way6.

This picture looks qualitatively the same for black holes with T > T Schw
min (recall

than T Schw
min ≃ 0.2757), with large solutions expanding and small solutions shrinking

down when we increase T . However, we can find black hole solutions with a minimal
temperature Tmin(ε) < T Schw

min . This implies that for fixed T < T Schw
min , there are no black

hole solutions for ε < εmin. As we cross the T Schw
min , the two black hole branches at fixed

temperature join up (see orange disks in Fig. 5.7), and as we lower the temperature
further, the “left” turning point occurs for higher values of ε. The subsequent evolution
of the phase space is somewhat intricate. It turns out, that for all fixed T < T Schw

min ,
there exist large black holes with ε > 2. There, we find yet another turning point,
which bends back towards ε = 2. For temperatures T . 0.2257, the “left” turning
point crosses ε = 2, and black holes exist only for ε > 2. Soon after, once we reach

6In the literature, there have been examples where black hole solutions approaching a singular
point in a phase space exhibit a non-trivial non-uniqueness, for instance in a spiralling manner (see
e.g. [48, 92]).
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T ≃ 0.207, the two upper turning points converge and disappear, leaving only the
lower turning point, which appears to exist for all finite temperatures.

This analysis reveals interesting non-uniqueness of the black hole solutions. For
temperatures T > T Schw

min , we have two black hole solutions: for ε < 2, there is a large
and a small black hole, and for ε > 2 there are two small black holes, if we assume
that we are approaching ε → 2+ as S → 0. For T < T Schw

min , we have two solutions for
εmin(T ) < ε < 2, four solutions for ε > 2 until T ≃ 0.2067, when these extra phases
merge, and then we again have two branches. All these solutions exist up to some
value of εmax(T ) < εc.

The low temperature regime is hard to access numerically, so we can only conjecture
the very low temperature behaviour. The only remaining turning point is decreasing
slowly with the temperature, separating the two branches of solutions the lower of
which has vanishing horizon area as ε → 2+. These solutions look qualitatively very
similar to the soliton solutions, and could be thought of as a small black hole placed in
a soliton background. The upper branch has increasing entropy, which blows up as
ε → 2+.

In the following subsections we present physical quantities and carry out an extensive
thermodynamic analysis of both black holes and horizonless AdS4 solutions, further
supporting our conjectures.

5.4.3 Stress-Energy tensor

The bare on-shell gravity action in AdS4 is divergent and in order to obtain the bound-
ary stress tensor we need to regularise the action using holographic renormalization
techniques [203, 108, 121]. The counterterms that we must add to the bulk action (5.1)
are

Sct = − 1
4πGNL

∫
∂M

d3x
√

−γ
(

1 − L2

4 R[γ]
)
, (5.13)

and the expectation value of the stress-energy tensor of the dual field theory can be
found to be

⟨T̃ ⟩µν = 1
8πG

(
Θµν − Θγµν + LGµν [γ] − 2

L
γµν

)
, (5.14)

from the on-shell action.
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Fig. 5.8 The stress-energy tensor component ⟨T tt⟩ (left), component ⟨T tφ⟩ (middle),
and component ⟨T θθ⟩ (right) for solitonic solutions as a function of θ, the angle on the S2.
Colours represent different values of the parameter ε, with larger values corresponding
to larger amplitudes.

As an exercise, following [20], we also compute the holographic stress tensor by
recasting the metric (5.6a) into Fefferman-Graham coordinates. Firstly, we solve the
equations of motion about the conformal boundary y = 1, order by order, by expanding
the metric functions as shown below

Qi(x, y) =
3∑

n=0
(1 − y)nqi,n(x) + log (1 − y)(1 − y)4τi,4(x) + O

(
(1 − y2)3

)
. (5.15)

Next we perform an asymptotic coordinate change near the AdS4 boundary to the
Fefferman-Graham form7

ds2 = 1
z2

[
dz2 + ds2

∂ + z2ds2
1 + z3ds2

2 + O(z4)
]
. (5.16)

To achieve this, we take

y = 1 +
4∑

n=1
zn Yn(θ) + O(z4),

x =
√

1 − sin θ +
4∑

n=1
znXn(θ) + O(z4), (5.17)

7Here and further in this subsection we set GNL2 = 1.
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and determine {Yn(θ), Xn(θ)} order by order in z so that our line elements can be cast
in the form (5.18) with conformal boundary metric

ds2
∂ = −dt2 + dθ2 + sin2 θ [dφ+ dt cos θ ε]2 . (5.18)

The holographic stress-energy tensor is then given by

⟨Tij⟩ = 3
16πg(2)ij, (5.19)

where g(2)ij is the metric associated with ds2
2. As expected, this stress-energy tensor is

traceless and transverse with respect to (5.18). The energy density is simply given by
ρ(θ) = −⟨T tt⟩, whilst the angular momentum density is simply j(θ) = ⟨T tφ⟩.

5.4.3.1 Soliton

The independent boundary stress-energy tensor components for the soliton solution
are given by

⟨T tt⟩ = 1
768π

[
18q1(θ) + ε sin2 θ

{
−65ε+ sin2 θ

(
3ε3 sin2 2θ + 46ε+ 18q6(θ)

)
− 18q6(θ)

}]
,

(5.20)

⟨T tφ⟩ = 1
128π sin2 θ cos θ

[
2ε3 sin4 θ + 3ε− 3q6(θ)

]
, (5.21)

⟨T θθ⟩ = 1
768π

[
ε2 sin2 θ(16 cos 2θ − 27) + 18q3(θ)

]
. (5.22)

Numerical results are presented in Fig. 5.8 where we plot these components against
θ for several values of the boundary rotation amplitude ε. The stress-energy tensor
component ⟨T tt⟩ is positive at the equator where it is also maximal; it becomes negative
at a value which depends on ε, and is negative at the poles. As the rotation amplitude
increases towards εc, ⟨T tt⟩ develops a large negative minima in the upper quarter of
the sphere. ⟨T tφ⟩, on the other hand, is negative for small values of ε, and is vanishing
on both the poles and the equator. As ε → εc, ⟨T tφ⟩ develops a broad, large maxima
close to the equator, and for the second soliton branch, it becomes entirely positive.
The component ⟨T θθ⟩, measuring the pressure along θ, is positive and peaked at the
equator for small values of ε. As the amplitude is increased, the pressure becomes very
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Fig. 5.9 Independent stress-energy tensor components of the dual to the large black
holes against θ, for several values of the parameter ε. Colouring codes black hole
temperature with darker colours representing temperatures closer to Tmin(ε).

negative at the equator, increases towards the poles and develops a maxima close to
θ = π/4.
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5.4.3.2 Black Holes

The independent holographic stress-energy tensor components for the black hole
metric (5.6a) are given by

⟨T tt⟩ = y+

49152π

[
3y2

+

(
635δ3 − 1533δ2 − 887δ + 384q1(θ) − 263

)
− 192

(
29δ2 − 14δ + 17

)
+16ε sin2 θ

{
sin2 θ

(
−12ε3 cos 4θ + 72q6(θ)y2

+ + ε
(
−1113δ + 12ε2 − 288y2

+ + 2285
))

−72q6(θ)y2
+ + 32ε

(
27δ + 9y2

+ − 65
)} ]

,

(5.23)

⟨T tφ⟩ = y+

128π sin2 θ cos θ
[
4ε3 sin4 θ − 3q6(θ)y2

+ + 12ε
(
3δ + y2

+ − 5
)]
, (5.24)

⟨T θθ⟩ = y+

49152π

[
192

(
7δ2 + 26δ − 17

)
+ 3y2

+

(
−109δ3 + 315δ2 + 721δ + 384q3(θ) + 97

)
−

16(33δ + 139)ε2 sin4 θ − 1024ε2 sin2 θ
]
.

(5.25)

Numerical results for several values of the black hole temperature and boundary rotation
amplitude are presented in Fig. 5.9 (and for low temperatures see Appendix 5.B, Fig. 24).
For small ε and large T , ⟨T tt⟩ is entirely negative. It is maximal at the equator and
minimal at a value which depends on both ε and T , where it also attains its largest
absolute value. If we fix T and increase ε, the energy density at the equator decreases,
and becomes slightly negative. As expected, for a fixed boundary amplitude, the energy
density is an increasing function of temperature.

The component ⟨T tφ⟩ is negative for small ε and temperatures close to Tmin(ε), and
vanishes at the poles and at the equator, similarly to the soliton case. Generally, ⟨T tφ⟩ is
a complicated function of T and ε. For a fixed value of ε, it is an increasing function of
temperature, and for large enough temperatures it becomes large and entirely positive.
In particular, when ε → 2, the density develops a large positive maxima peaked at
θ = π/4.

The anisotropic pressures capture some qualitative behaviour of the system. The
normal stress component along θ is positive for all ε and T , and for a fixed rotation
amplitude is an increasing function of temperature. Furthermore, for a fixed tempera-
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Fig. 5.10 Left: Soliton solution boundary energy against rotation parameter. The
dashed vertical gridline marks the critical amplitude ε = 2, and the bold orange line is
the perturbative result. Right: Log-linear plot of the energy for the black hole solutions
against ε, for several values of T .

ture, it is an increasing function of ε. In the large temperature, large ε regime, ⟨T θθ⟩
develops a broad positive maxima, peaked in the vicinity of θ = π/4. The normal stress
component in the direction of φ (not pictured) can be negative around the equator, and
in the large ε, T regime, it is positive with a sharp dip to negative values at θ = π/4.

5.4.4 Thermodynamics

5.4.4.1 Energy

We obtain conserved charges in the usual way by integrating the angular momentum
and energy densities [203]. We note that by construction, ε = 0 solutions take the
Schwarzschild-AdS4 values, T = (1 + 3y2

+)/(4πy+), S = πy2
+, M = y+(1 + y2

+)/2 and
G = y+(1 − y2

+)/4, discussed below.

The total angular momentum is identically zero, because the upper spacetime
hemisphere is rotating in the opposite direction to the lower hemisphere. We present
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Fig. 5.11 Left: Black hole entropy against temperature for several values of the
boundary rotation parameter ε, for ε < 2. The upper branches correspond to the large
solutions and the lower branches to the small solutions. Right: Black hole energy as a
function of temperature. Colouring codes the value of the boundary amplitude. The
bold black curve is the Schwarzschild-AdS4 solution with ε = 0.

the energy8 for black holes as a function of ε and T on the right panels of Fig. 5.10
and Fig. 5.11, respectively. For a fixed ε and varying T , the large black holes increase
their energy, and the small black holes decrease it, asymptotically approaching E →
0. Further, for a fixed T and increasing ε, the large black hole energy increases
monotonically, as does the small black hole energy for ε < 2, which is the opposite
behaviour to that of the entropy (see left panel of Fig. 5.11).

For values 2 < ε < εmax(T ), where max(T ) was identified in the discussion of Fig. 5.6
and Fig. 5.7, the solution space has extra phases associated with cold temperatures.
As we lower the temperature, the black hole energy approaches ε = 2 from above, but
unlike entropy, it appears to blow up for both small and large solution branches. As
we lower T further, black holes eventually exist only for ε > 2, and the two branches
appear to have similar values of energy.

The holographic energy for the soliton is presented on the left panel of Fig. 5.10.
With increasing boundary parameter ε, the energy is increasing until it peaks at
ε ≃ 2.29 with maximum energy Emax ≃ 0.527 for the small branch. The large branch
has larger energy, which increases steeply when ε → 2+. We constructed these solutions

8We note that strictly speaking the quantity that we are computing is not an energy, since ∂t is
changing as we change ϵ. A better defined quantity would be ∆E ≡ Eblack hole −Esoliton, which could
have been regarded as the energy above the vacuum for each value of ε.
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Fig. 5.12 Left: Gibbs free energy for the black holes against temperature for a fixed
boundary rotation parameter ε = 1 (red data points). The orange gridline shows
the value for the corresponding AdS4 soliton with the same ε. The grey solid curve
traces the values of Schwarzschild-AdS4, and the grey-dashed gridline shows GAdS = 0.
Middle: Similar plot for ε = 1.5, with the horizontal gridline marking the intersection
temperature THP(ε). To the right of this line the large black holes will be the dominant
solutions, whilst solitons dominate to the left. Right: As we approach the critical value
of ε, the phase transition temperature decreases.

numerically up to ε = 2.3, however numerical errors in this region of the parameter
space become increasingly large.

5.4.4.2 Grand-canonical ensemble

Because we can fix the boundary chemical potential and temperature T , the appropriate
thermodynamic ensemble for analysing our solutions is the grand-canonical ensemble.
In this ensemble the preferred phase minimises the Gibbs free energy

G = E − TS . (5.26)

Note that in this system the energy, E, absorbs the chemical potential term, and in
particular for solitons we have G = E. This is further supported by the first law of
thermodynamics for these solutions, derived following [204–206], and given by

dE = T dS + 4π
∫ π/2

0
dΩ(θ)j(θ) sin θ dθ, (5.27)

where Ω(θ) = ε cos θ is the boundary angular velocity density, and j(θ) is the angular
momentum density. In order to check the first law we constructed soliton solutions
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Fig. 5.13 Gibbs free energy against the boundary parameter for low temepreature
black holes. It exhibits a swallowtail phase transition between the inelastic black hole
phase and the soliton (brown stars).

perturbatively to second order, the procedure for which is detailed in Appendix 5.C.
We use the second order expansion to calculate the boundary free energy to be
E = 8ε2/(15π), which matches our numerical solutions to small ε amplitude (see left
panel of Fig. 5.10) and satisfies the first law (5.27) to first order in ε. Numerically,
the first law is satisfied to at least to 0.1% for the small soliton branch, to 2% for the
large branch, and to 0.1% for the black holes (with 2% for the second set of the small
black holes), while varying ε. For black holes9 it is also satisfied to 0.1%, while varying
temperature and keeping the boundary profile fixed.

We next discuss our results in terms of free energy. In Fig. 5.12, we present G
for the black hole solutions as a function of the temperature for some values of the
rotation amplitude. For a fixed ε, the corresponding soliton energy (see Fig. 5.10) is
constant, which is pictured as a line. The intersection of the two marks the generalised
Hawking-Page transition [123]10, and the transition temperature THP(ε) is a decreasing
function of ε. For temperatures higher than the transition value, the large black hole
phase is the dominant one, whilst for T < THP(ε) the soliton is the preferred phase.

For T < T Schw
HP = 1/π, we observe curious phase transitions in G, characterised by

a “swallowtail” behaviour in the Gibbs free energy [131, 207] (Fig. 5.13). This occurs
because large black holes start to exist past ε = 2, where there is a turning point
in the parameter space resulting in a four-fold non-uniqueness, and thus there exists
a moduli space for which we have four possible black hole phases (and two soliton

9Large black holes, and small black holes up to the turning point in the parameter space.
10The Hawking-Page transition occurs for ε = 0 and T = 1/π (see the left panel of Fig. 5.12).
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Fig. 5.14 Phase diagram for the rotationally polarised solutions. For ε < 2, black holes
exist above Tmin(ε) (black data points) and are the dominant phase above the THP(ε)
curve (red area) which marks the corresponding Hawking-Page transition. Below the
transition line (red data points), the dominant phase is the soliton. For ε > 2, there is
a cold inelastic black hole phase (red wedge). The elsewhere subdominant black holes
exist up to some maximum εmax(T ), but are hidden by the soliton phase.

phases). We find that for 0.24 < T < 1/π, there is a temperature dependent interval
εHP(T ) < ε < ε⋆(T ) with ε⋆(T ) > 2, where the cold, inelastic black holes dominate
the ensemble. Finally, we note that the small black hole branch is never favoured
thermodynamically, as it always has higher free energy than both the large black hole
and the soliton. The corresponding phase diagram is illustrated in Fig. 5.14. We also
present G as a function of ε for a fixed temperature in Appendix 5.B (see the left panel
of Fig. 23).

5.5 Stability

5.5.1 Quasinormal modes

To investigate the stability, we consider a wave equation for a neutral, minimally
coupled scalar field

�Φ = 0 . (5.28)
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Since both solitons and black holes have two commuting Killing fields, ∂t and ∂φ, we
can decompose the perturbations as follows

Φ = Φ̂ω,m(x, y)e−i ω t+imφ .

The resulting equation for Φ̂ω,m is linear and can be regarded as a Sturm-Liouville
problem for the eigenpair {Φ̂ω,m, ω}, once suitable boundary conditions are imposed.
The set of all ω are called the quasinormal mode (QNM) frequencies. For each value of
m, there is an infinite number of QNM frequencies labelled by two integers. These are
in one to one correspondence with the number of nodes along the x and y directions.
If ε = 0, we can use the background spherical symmetry to decompose the angular
part in terms of spherical harmonics. These are labeled by ℓ and m, with ℓ − |m|
counting the number of nodes along the polar angular direction. We will be interested
in following the modes with ℓ = |m| as a function of ε, that is to say, modes with no
nodes along the polar direction. Furthermore, we will also be focusing on the modes
which have no nodes along the radial direction, i.e. with zero overtone. We focus on
these modes since they have the largest |Im(ω)| for fixed m.

We follow the method of [50, 49, 27] and solve the resulting eigenvalue equation
system using a Newton-Raphson method, on a fixed numerical solution background
with a corresponding numerical grid.

The QNM spectrum with ε = 0 is well–known: the Schwarzschild AdS4 black hole
QNM frequencies are given in [208], and the scalar normal mode frequencies of AdS4

are given by integers Lω = 3 + ℓ. As we vary the boundary rotation parameter, the
imaginary part of the black hole frequency ω becomes positive, indicating the presence
of an instability.

The boundary conditions imposed at y = 0 will depend strongly on the background
solution we wish to perturb.

5.5.1.1 Soliton

We first investigate scalar perturbations (5.28) on soliton backgrounds, and consider
the following decomposition

Φ(t, x, y, φ) = e−iωteimφy|m|(1 − y2)3(1 − x2)|m|ψ(x, y), (5.29)
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Fig. 5.15 Left: Normal mode frequencies ω with ℓ = m vs the boundary rotation
parameter ε for the soliton metric. At ε = 0 these reduce to the usual AdS4 frequencies
Lω = 3 + ℓ. Dashed gridlines show where ε = 2 (vertical) and Reω = 0 (horizontal).
Right: Rotation amplitude ε×, where ω becomes negative, against m. The inset shows
the logarithmic derivative of ε×. We expect that in the limit m → ∞, ε× → 2.

where the factorisation ensures regularity at the origin for a smooth function ψ(x, y).
The boundary conditions at y = 1 and x = 1 are obtained by solving the equation (5.28)
at the corresponding boundaries and are given by

|m|ψ(x, y) + ∂yψ(x, y) = 0 at y = 1 , (5.30a)

and
∂xψ(x, y) = 0 at x = 1 . (5.30b)

We also require ∂xψ(x, y) = 0 at x = −1 and ∂yψ(x, y) = 0 at y = 0.

On the left panel of Fig. 5.15, we plot the normal mode frequencies ω with ℓ = m,
against ε. The ω first becomes negative when m = 13, and with each subsequent mode,
ω becomes negative at a lower value of ε. We denote the value at which ω changes
sign by ε×, and we find that ε× − 2 ∼ 1/m at large m11 (see right panel of Fig. 5.15).

In order to better resolve where ω becomes negative for a given m, we can also set
ω = 0 and look for zero–modes directly, and the results for this approach are presented
in Fig. 5.15, right. We find that this method gives us the same values of ε× as the ones

11Higher modes are more difficult to obtain numerically, and thus are less reliable, however, we find
that the scalar eigenfunctions for these solutions have good convergence properties. For instance, we
observe the variation with the grid size in a mode with m = 40, ε = 2.5 to be less than 10−7.
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Fig. 5.16 Left: Real part of quasinormal mode frequency with ℓ = m against the
boundary rotation parameter ε, for small black holes with T = 1/π. At ε = 0, these
reduce to the Schwarzschild-AdS4 values. The bold dashed gridline shows the critical
ε = 2 value. Right: Rotation amplitude where the zero–mode is for a given m, against
m. The inset shows the logarithmic derivative of ε×. We expect that in the limit
m → ∞, ε× → 2.

inferred from computing ω directly. For each pair of values of {m, ε×}, we expect a
given hairy family with nontrivial Φ to condensate. Whether this new family of hairy
solutions will extend to large or small values of ε, is likely to depend on the model. We
have constructed soliton solutions with complex scalar hair within cohomogeneity two,
and will present these solutions elsewhere. These were built by minimally coupling
a massless complex scalar field to gravity, and are similar in spirit to the black holes
with a single Killing field of [48] and to the holographic Q-lattices of [209].

5.5.1.2 Black hole

Next, we consider the black hole solutions. A Frobenius analysis at the integration
boundaries motivates the following separation ansatz

Φ(t, x, y, φ) = e−iωteimφy
−i 2ωy+

1+3y2
+ (1 − y2)3(1 − x2)|m|ψ(x, y) , (5.31)

where we have implicitly imposed regularity in ingoing Eddington-Finkelstein coordi-
nates [208].
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The boundary conditions for ψ(x, y) at y = 1 and x = 1 are then found by solving
(5.28) and demanding that ψ(x, y) has a regular Taylor expansion at y = 1 and x = 1.
This in turn gives:

− 2i y+ωψ(x, y) + (1 + 3y2
+)∂yψ(x, y) = 0 at y = 1 , (5.32a)

and
∂xψ(x, y) = 0 at x = 1 . (5.32b)

As with the soliton, we require ∂xψ(x, y) = 0 at x = −1 and ∂yψ(x, y) = 0 at y = 0.

Numerical results are presented in Fig. 5.16. On the left panel, we plot the real
part of the QNM frequencies with ℓ = m against ε, for a fixed T = 1/π small black
hole branch. We find that the behaviour of Reω is very similar to that of the soliton,
and the first unstable mode appears at m = 13. The imaginary part, Imω, becomes
positive exactly where Reω crosses the zero axis, indicating a zero–mode. If we set
ω = 0 and look for these directly, we again find a 1/m fall–off (see right panel of
Fig. 5.16) at large m. The growth rate of the instability is less than Γ ∼ 10−20, so it
sets in incredibly slowly12. We expect that these solutions will become unstable in
modes with high m as we increase the boundary rotation past ε = 2 and, if we assume
the 1/m decay, the instability should manifest itself slowly with increasing ε. Finally,
for hot, large black holes we do not see any sign of instability, as these solutions never
cross ε = 2.

The ergoregion induces hairy solutions in both phases, and this opens up new
possibilities for the phase diagram, some of which we will discuss in the following sections.
This section was devoted entirely to the stability analysis of scalar perturbations, and
the issue of the stability of our backgrounds with respect to gravitational perturbations
is an open problem. However, if we assume that the physics involved in this instability
is any similar to the usual superradiance instability, we expect the gravitational
perturbations to be unstable and to have larger instability growth rates.

12We believe that the rate will increase for low temperatures, but these backgrounds require very
high resolutions.



128 Stirring a Black Hole

5.6 Field Theory

We can obtain insight to the dual field theory by considering a conformally coupled
scalar field satisfying the Klein-Gordon equation on Rt × S2. The idea is to determine
the eigenfunctions on this background, and use those to determine the spectrum of a
conformally coupled scalar on the rotating background (5.2). This calculation closely
follows the one presented in [210] for the free charged scalar field on the two-sphere
with the dipolar potential.

If ε = 0, the Klein-Gordon equation for a conformally coupled scalar in 1 + 2 reads
(where we set the radius of the S2 to unity):

− ∂2

∂t2
ϕ+ ∇2

S2ϕ = 1
4ϕ . (5.33)

The Hamiltonian eigenstates are given by spherical harmonics |ℓ,m⟩, with wave-
functions13

⟨θ, φ|ℓ,m⟩ = Yℓm(θ, φ) . (5.34)

In this basis, the Hamiltonian Ĥ = i∂/∂t has the following spectrum

Ĥ|ℓ,m⟩ =
(
ℓ+ 1

2

)
|ℓ,m⟩ . (5.35)

After turning on the rotation, the Hamiltonian is deformed into

H =
√

1
4 − ∇S2 + ε2

16 sin4 θ + i ε cos θ ∂

∂φ
. (5.36)

Since H commutes with ∂/∂φ, it will remain diagonal in the azimuthal quantum
number m. However, it is no longer diagonal in ℓ, and its elements have to be

13Note that Spherical harmonics are normalised such that
∫ 2π

0 dφ
∫ π

0 dθ sin θ |Yℓm(θ, φ)|2 = 1, for
all ℓ and |m| ≤ 1.
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Fig. 5.17 Left: Lowest lying mode eigenvalue of the boundary hamiltonian as a
function of the boundary rotation parameter ε. At ε = 0 these reduce to ℓ + 1/2.
Right: ε above which λm,0 becomes negative, plotted as a function of m. The solid line
represents our analytic approximation (5.38) valid at large m.

computed numerically:

⟨ℓ′m′|H|ℓm⟩ = δm,m′


∫ 2π

0
dϕ

∫ π

0
dθ sin θ Ȳℓ′m

√√√√ℓ(ℓ+ 1
2

)
+ ε2

16 sin4 θ Yℓm

−mε

δℓ,ℓ′−1

√√√√(ℓ+ 1 +m)(ℓ+ 1 −m)
(2ℓ+ 1)(2ℓ+ 3) + (ℓ ↔ ℓ′)


. (5.37)

For each value of m, we can truncate the values of ℓ and ℓ′ up to some maximum
value ℓmax and determine the eigenvalues numerically. One can show that if we are only
interested in a few low lying modes, the convergence is exponential in ℓmax. The results
are illustrated in Fig. 5.17 where we plot the lowest lying eigenvalue of ⟨ℓ′m|H|ℓm⟩,
which we denote by λm,0, for several values of m = 2, 6, 10, 14. The similarity between
the left panel of Fig. 5.15 and the left panel of Fig. 5.17 is striking.

One can go further and compute the critical value of ε above which λm,0 becomes
negative, and compare it with the right panel of Fig. 5.15. We call this special value
ε ε×, in accordance to section 5.5. In the large m limit, the Hamiltonian can be
diagonalised using a WKB approximation, and can be used to determine ε×. We have
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performed this calculation to order m−12, and it turns out that

ε× = 2+
√

2
m

− 3
32m2 + 1

32
√

2m3
− 85

2048m4 − 5427
32768

√
2m5

− 132879
524288m6 − 8720967

8388608
√

2m7

− 322048277
134217728m8 − 109314890677

8589934592
√

2m9
− 5202962510427

137438953472m10 − 550282627773161
2199023255552

√
2m11

− 32005862571264331
35184372088832m12 + O(m−13) . (5.38)

The validity of this approximation is tested on the right panel of Fig. 5.17, where we
can see that for m ≥ 10, the error is below 0.1% and for m ≥ 22 it is below 0.02%.

5.7 Equilibrium of spinning test particles

The spacetimes we consider are stationary, however, the black hole solution has zero
angular velocity on the horizon, and vanishing total angular momentum. If we place a
small Kerr hole on the axis of symmetry, there will be a general relativistic “spin–spin"
force acting on the spinning black hole, which for stationary fields can be thought of as
analogous to the electromagnetic “dipole–dipole" force with opposite sign [211–213]. In
this section, we will investigate whether it is possible to have a spinning test particle
hovering above the central black hole, balanced by the pull towards the black hole and
the “spin–spin" interaction with the boundary.

Equilibria of spinning test particles can be studied using the Mathisson-Papapetrou
(MP) equations [214–220] (for a review see [221]), which are derived by taking a
multipole expansion about a suitably defined reference worldline. Truncated at dipole
order, they are given by

Dpµ

Ds
= −1

2R
µ
νρσv

νSρσ,

DSµν

Ds
= pµvν − pνvν ,

(5.39)

where pµ is the four-momentum of the particle, which in general is not co-linear with
the kinematic four-velocity vµ. They are related by pµ = muµ − uνṠ

µν , where Sµν

is the anti-symmetric spin matrix and m is a mass parameter14. We also require a
supplementary spin condition to fix the center of mass, which we choose to be the

14Here the dot is differentiation with respect to the proper time.
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Tulczyjew-Dixon condition15 pνS
µν = 0. On the rotation axis, it is equivalent to the

Mathisson-Pirani condition.

We will be concerned with the static case, thus setting Ṡµν = 0 and ṗµ = 0. This
implies m = M and pµ = Muµ, where M is the rest mass of the particle −M2 = pµp

µ.
Together with the spin magnitude, defined as S2 = SµνS

µν/2, these are constant
throughout the motion. These conditions, in conjunction with the MP equations (5.39),
are sufficient to determine the static ratio S/M as a function of the radial coordinate.
Equivalently, we can instead consider a conserved quantity which includes the spin
potential energy

E = −pρξρ + 1
2ξρ;σS

ρσ, (5.40)

where ξ = ∂t is the time Killing vector field, and E > 0 is the energy at infinity of
a spinning particle. The first term is conserved for a non-spinning particle, and is
positive when the Killing vector is future directed and timelike. Using the normalization
−M2 = pµp

µ, we can find an effective potential for radial on-axis motion of a spinning
particle. In order to find equilibrium points, we look for local minima of the potential
ṙ2 + V (r) = 0, which constrains both the energy E, and the ratio S/M .

We calculate these quantities for the black hole metric (5.6a) and the soliton
metric (5.4). Because our coordinates are not well-defined on the symmetry axis θ = 0,
we first perform a local coordinate change

1 − x2 = x2
1 + x2

2, tanφ = x2/x1, (5.41)

and the symmetry axis is now given by x1 = 0 and x2 = 0. The supplementary
condition implies that the only non-vanishing component of the spin matrix is Sx1x2 ,
making the on-axis calculation considerably easier. The effective potential is then
found to be

V (r) = (grrgtt)−1

gtt +
(
E

M
+ S

M
yαQ6(1, y)

)2
 , (5.42)

where α = 1 for the soliton, and α = 2 for the black hole. The spin potential energy
term depends on the metric ansatz, and in the expression (5.42) it is evaluated explicitly.

15This condition states that momentum is perpendicular to the covariant four-spin vector s = ⋆(S∧p).
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Fig. 5.18 Left: Spin to mass ratio for a spinning test particle in the soliton back-
ground with boundary parameter ε = 0.1, 0.4, 1, 2, 2.5 (corresponding colours vary from
dark to light). Dashed black lines show analytic perturbative approximations (53)
(pictured for ε ≤ 2) which, for small ε, are in a very good agreement with numer-
ical solutions. Right: Spin to mass ratio for large black holes with T = 1/π, for
ε = 0.1, 0.5, 1, 1.5, 1.93, 1.99 (corresponding colours vary from dark to light).

The total energy of a spinning particle is

E

M
=

√
−gtt − S

M
yαQ6(1, y), (5.43)

and the spin to mass ratio of a static spinning test particle on the symmetry axis is

S

M
= −∂ygtt(1, y)

2yα−1
√

−gtt(1, y)(2α−1Q6(1, y) + y∂yQ6(1, y))
. (5.44)

Numerical results for both solutions are presented in Fig. 5.18. For the test body
approximation, the Møller radius describing the minimum size of a rotating body is
R ≥ S/M [222], and it should be possible to make it arbitrarily small [211]. For the
black holes, we do not find such a limiting process. For the soliton, this quantity
vanishes as y → 0, thus it is possible to place a spinning particle at this point, whose
backreaction would lead to the formation of a small Kerr-AdS4 black hole.
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Fig. 5.19 Left: Minima of static potential, −gtt, for the soliton against the boundary
parameter. For ε < 2, there is a global minima at y = 0. For ε > 2, the minima is
only local, owing to the fact that there is an ergoregion attached to the boundary.
For the second branch, the local minima is on the x = 0 axis, and for ε & 2.43, the
minima is no longer local. Right: Contour plot for −gtt for the second branch soliton,
at ε = 2.39. Black lines mark the contours, with the orange area around θ = π/4 (black
dashed gridline) showing the ergoregion, and the fainter orange being the positive
areas, where the function increases rapidly. Overplotted in blue are the zero contours
of the Kretchmann scalar, K, whilst the shaded areas are the two minima with a steep
maxima between them.

5.7.1 Equilibrium of non-spinning test particles

For static spacetimes the equilibrium positions are independent of spin, and can be
achieved by balancing electromagnetic and gravitational forces, or coincide with the
static radius due to a repulsive cosmological constant Λ > 0. For Kerr black holes [223],
it is well known that no equilibrium positions exist [211]. Generally, conditions for
equilibrium on the rotation axis are independent of the spin of the test particle.
From (5.44), we can see that the requirement S/M → 0 implies that the equilibrium
conditions coincide with the minima of the static potential −gtt.

The evolution of −gtt with the boundary parameter is non-trivial, and is related to
the changes in the Kretchmann scalar K. For the soliton with ε < 2, there is a global
minima at y = 0 (see the left panel of Fig. 5.19, and c.f. [224], Fig. 6). When ε ≥ 2,
−gtt becomes very negative near the boundary due to the ergoregion, and the central
minima is then local. For the second branch, the minima moves up the equator towards
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the boundary, and as ε → 2, the minima is found closer to where K has the largest
gradient. The ergosurface becomes visibly deformed towards the x = 0 boundary, and
the local minima eventually connects to the ergoregion at ε & 2.43 (see the right panel
of Fig. 5.19).

For the large hot black hole solutions, the minima of −gtt is on the horizon, tending
to θ = π/4 as ε → 2. The corresponding small branch has a turning point at ε > 2,
where the entropy S → 0 (see the right panel of Fig. 5.6). The small black holes, for
all temperatures, are similar to soliton solutions. When the black hole entropy is small,
−gtt looks very similar to the soliton (see the right panel of Fig. 5.19), but with the
local minimum along the horizon.

Finally, we comment on the stability of the test particles. For the stable soliton
branch (ε > 2), the (spinning) particles can be put at the global minimum of the static
potential, however, such solutions are not thermodynamically favoured. Let us place
a small (rotating) black hole at the origin, approximated by a small Kerr black hole.
If we parametrise the thermodynamic quantities by the outer horizon radius r+, and
temperature T , the entropy is given by

S = 2πr2
+

4πr+T + 1 . (5.45)

In the grand-canonical ensemble, at finite temperature T and fixed chemical potential
µ, we find that the change in the free energy is δG = ME + O(r2

+), and thus adding
(spinning) particles is not advantageous16. In order to achieve a preferred phase, we
would like to have Vmin < 0, however, we find that the energy E/M is positive17. This
is in agreement with the fact that the small black hole phase is always hidden by the
soliton phase.

Once we cross ε = 2, any particle will eventually fall into the ergoregion near the
boundary. Similarly, this should happen for the small black holes which exist past the
critical value ε = 2.

It is interesting to contrast these results with a polarised black hole in global AdS4

[210, 225]. In these papers, solutions with a dipolar chemical potential on the boundary
are considered. For the black holes, they find static charged particle orbits, which

16In the probe limit r+ → 0.
17The ratio is also independent of the spin sign, which agrees with the sign of S.
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Fig. 5.20 Entropy vs the boundary rotation parameter, when the metric is adjusted
so that there is no ergoregion on the boundary. We observe two branches of black hole
solutions which join up at some maximum value of ε.

could allow for multi-black hole solutions. In our scenario, we find that the purely
gravitational on–axis “spin–spin” interaction is not sufficient to support stationary
solutions with more than one black hole.

5.8 No Ergoregions

The instabilities that we observe in the rotationally polarised AdS4 system are primarily
due to the induced ergoregion. It is interesting to ask, whether we still see instabilities
if we isolate the boundary interaction term in the metric, in such a way that it does not
cause the ergoregion to form. We consider the adjustment to the line elements (5.4) and
(5.6a), such that gtt is always negative near the boundary, by choosing the reference
metric in the DeTurck method to have Q1(x, y) = 1 + ε2x2(1 − x2)2(2 − x2)y2. In this
case, at any given fixed temperature T > T Schw

min =
√

3/(2π), we also find a maximum
rotation amplitude past which we do not find stationary black hole solutions (see right
panel of Fig. 5.20). As the system heats up, this value of ε appears to increase without
a bound. We also find a soliton solution, which appears to exist for any value of the
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rotation amplitude18. We have been able to reach ε = 32, and believe that the solution
exists for any value of ε.

5.9 Conclusions

We have applied the gauge/gravity duality to investigate the behaviour of a strongly
coupled field theory on a fixed rotating spacetime. Since our bulk field theory depends
only on the metric, it lies in the universal sector of the AdS/CFT correspondence,
and therefore we can expect our results to be relevant for a much wider class of
theories which have a supergravity bulk dual description. In this chapter we focused
on spacetimes for which the boundary is of the following form

ds2
∂ = −dt2 + dθ2 + sin2 θ(dφ+ ε cos θ dt)2 ,

and studied the behaviour of several one point functions, such as the expectation
value of the stress energy tensor, for several values of ε. We have considered both the
vacuum state and the thermal state for each value of ε. The holographic dual of the
latter contains a black hole solution in the interior of the bulk spacetime, setting the
temperature of the field theory [9].

We have seen that both the thermal and the vacuum states are non-unique; for
a fixed angular boundary profile and fixed energy, more than one solution exists in
the bulk. For boundary profiles containing ergoregions, we have observed a rather
interesting behaviour. Specifically, singular black hole solutions exist, extending from
the bulk all the way to the boundary, whenever the boundary profile has an evanescent
ergosurface, i.e. when ∂/∂t becomes null along the equator at the boundary, but is
everywhere else timelike. Furthermore, we have given ample numerical evidence that
above the particular value of ε = εc ≃ 2.565, no axially symmetric stationary bulk
solution exists. This value is always larger than the critical value needed to generate
hair. Finally, we provided a first principle derivation of the superradiant bound, i.e.
we determined the minimum value of ε that causes our system to develop hair, purely
from CFT data.

18The Kretschmann scalar exhibits a complicated structure, and for large ε has a slowly increasing
central maximum, and two opposite sign extrema on the x = 0, approaching the boundary.
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The most interesting question raised by our work remains to be explored. The
system constructed in this chapter can be dynamically evolved in time, starting in the
vacuum of the theory, i.e. pure global AdS4, and promoting ε to be a function of time.
We provided numerical evidence that there are no axially symmetric and stationary
solutions above the critical value εc, and thus the fate of the bulk solutions for values
ε > εc is unclear. We also found that both the solitonic and the black hole phases can
develop hair for ε > 2.

We conjecture possible behaviour of the nonlinear evolution of our system, which
can be divided into two cases, depending on whether a bulk horizon forms. In the
the case with no horizon, the superradiant instability controls the dynamics, and the
subsequent evolution proceeds as described in [48, 52, 54]. If the superradiance does
not manifest quickly, we might observe the curvature growth in the bulk, e.g. as a
power law in time, until the superradiant instability sets in and controls the dynamics.
This scenario is very similar to the one presented in [226, 227]. If a bulk horizon forms,
one scenario is that it becomes hot and expands all the way to the boundary, reaching
the boundary in a finite amount of time. We anticipate that for this possibility, our
class of boundary metrics does not admit a conventional formulation of positivity of
energy. The endpoint of rotational superradiance is currently not known, however,
there is a considerable amount of evidence that it leads to some form of violation of
weak cosmic censorship.

There are several possible extensions of our work. We can study similar setups
in supergravity truncations, which can be embedded into a full top-down model of
AdS/CFT, such as ABJM [228]. Further, while some of what we describe might
follow through to the higher-dimensional case, there are some important differences.
For instance, for d > 4, the Gregory-Laflamme instability might also play a role,
and manifest itself before the solutions become superradiantly unstable. However,
such an instability is also likely to lead to a violation of the weak cosmic censorship
conjecture [33, 229, 230]. In this sense, we expect the relevant physics to be easier
to dissect in d = 4. It would be interesting to understand whether the behaviour we
observe depends on the choice of the boundary rotation profile Ω(θ). Certainly the
shape of the bulk black hole would be different, however we anticipate that the once ∂t
becomes spacelike, there exists a critical amount of rotation past which no stationary
solutions exist due to the ever present ergoregion.
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Finally, soon after the work presented in this chapter was published, a similar setup
was presented in [231]. In this paper the authors considered the Poincaré patch of
AdS4 with a planar version of our boundary, and performed dynamical time evolution.
They saw a scenario in which unbounded curvature growth is visible to an observer at
infinity, and suggested that this case leads to a violation of the weak cosmic censorship
conjecture. We look forward to further developments in this direction.

5.A Numerical validity

We chose our ansätze in such a way that all unknown functions are even about two of
the grid edges, therefore, we can halve the Chebyshev grid while effectively interpolating
over the full grid. This in turn allows us to use a smaller grid size to achieve a desired
numerical accuracy.

Our spacetimes possess a (t, φ) → −(t, φ) reflection symmetry, for which the Ricci
solitons with ξ ̸= 0 have been ruled out [87]. We can thus monitor the norm of ξ to
provide a global measure of our numerical integration scheme (see Appendix 5.A). We
verified that our solutions satisfy ξµ = 0 to sufficient precision. In order to compute the
stress energy tensor, adequate precision is required as we need to obtain third derivatives
about the conformal boundary. We found that double precision was adequate thus
significantly speeding up our computation. Nevertheless, we checked that the results
converge as expected when the precision is increased.

We monitor convergence of our numerical method by computing the infinity norm
of the DeTurck vector ∥ξ∥∞, as well as relative errors of physical quantities of interest
defined by ∆NG =

∣∣1 −GN+1/GN

∣∣, where GN denotes the quantity computed with N
grid points on each integration domain. This provides a good check of the numerics,
as well as a measure of the error. We present convergence results for free energy in
Fig. 21 which, in this work, is the physical quantity which exhibits the largest error.
As ε increases, the grid size has to be increased accordingly to maintain satisfactory
error and typically a 60 × 60 to 100 × 100 grid was used. For the dominant soliton
branch, ∥ξ∥2

∞ is never above 10−10 and errors in quantities never above 0.01%. For
the large branch, ∥ξ∥2

∞ < 10−7, and the errors are below 1%. For the large black
holes, we keep ∥ξ∥2

∞ < 10−9 and ∆NG < 0.01%, and for the small branch, 10−7 and
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Fig. 21 Top left: Log–linear plot of the DeTurck norm squared for the dominating
soliton branch, at ε = 2.5. Straight line indicates exponential convergence. Top right:
Log–linear plot of the relative error in the free energy G vs the grid size n, for the
same data set as top left. Bottom left: Log–linear plot of the DeTurck norm squared vs
grid size for a large black hole with T = 1/π and ε = 1.9875. Bottom right: Log–linear
plot of ∆NG against n, for a cold (T = 0.2506), small black hole, upper small branch
(ε = 2.5).

1% respectively. Generally, we found that errors increase with both increasing and
decreasing the temperature.

For analytic functions, we expect the pseudospectral methods to offer exponential
convergence with an increasing grid size. However, we cannot attain these rates of
convergence if the error drops below the machine precision. The error settles to an
exponential decay until it starts to pivot around the machine error, and this interval
is shown in Fig. 21. In order to improve convergence it is then necessary to increase
numerical precision.
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Fig. 22 Left: Kretschmann scalar K for the dominant soliton branch, ε = 2.564. Right:
K for a large black hole with ε = 1.9.

5.B Additional figures

In Fig. 22, we present the Kretschmann scalar K for a fixed value of the boundary
parameter ε ≃ εc, where εc is the maximal value up to which stationary solutions exist.
The evolution of K with the boundary deformation is non-trivial. In the left panel, we
plot K for the small soliton branch. For ε < 1.9, the scalar has a positive minima at
y = 0, and for ε > 1.9, it starts to display interesting features: the scalar is maximal
at the equator x = 0, displaying two large extrema close to each other, the magnitude
of which are growing rapidly with the increase of the boundary rotation amplitude.
At the boundary y = 1, it reduces to the value of KAdS = 24, as expected for the
asymptotically AdS4 spacetimes. We also observe a local slowly increasing maxima at
y = 0, when ε is large. The large, unstable, soliton branch shows a similar behavior,
with magnitudes of the both extrema growing further and the distance between them
decreasing, and the extrema are slowly moving towards the origin, as ε → 2. There
are also now two minima on each side of the maximum.

In the right panel we present the curvature scalar for the large black hole with
ε = 1.9 and T = 1/π. It is maximal on the black hole horizon y = 1, and is peaking at
θ → π/4 as ε → 2. On either side of the maximum there are two minima one of which
is global. As we approach the critical amplitude, the peak, and the minima, become
narrower. For ε sufficiently large, the K is small and positive on the poles and the
equator.
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Fig. 23 Left: Gibbs free energy against the boundary profile for black holes with a
fixed temperature T = 1/π (black disks), and soliton (brown squares). The dashed
gridline marks the ε → 2 limit. Right: Maximum of the Kretschmann invariant against
ε for the small black hole with a fixed temperature. As maxK increases, the K looks
very similar to that of the soliton.

5.C Perturbative expansion

In this section we present the perturbative expansion of the solitonic solution to order
ε2, where ε is the boundary rotation parameter defined in section 5.2. The following
procedure can be easily generalized to yield higher orders of the expansion, however
the solutions become increasingly complicated. We will work in null quasi-spherical
gauge [232] in which the solution reads

ds2 = −
(

1 + r2

L2

)
Q1(r, θ) dt2 +

(
1 + r2

L2

)−1

Q2(r, θ) dr2

+ r2Q3(r, θ)
[
dθ2 + sin θ2 (dφ+ Ω(r, θ) dt

)2] (46)

where {θ, φ} are the standard polar coordinates of unit two-sphere, and L is the AdS4

length. The gauge requires that the functions Qi (i = 1, 2, 3) and Ω depend only on r

and θ, and we will also use the fact that if Qi = Qi(r) (and Ω = 0), we can additionally
fix Q3 = 1. As the induced stress-energy tensor is of order ε2 in the angular velocity,
consider an expansion in ε given by

Qi(r, θ) =
+∞∑
i=0

ε2iq
(2i)
i (r, θ), Ω(r, θ) =

+∞∑
i=0

ε2i+1Ω(2i+1)(r, θ) (47)

where we are expanding around a pure AdS4 background given by q(0)
i = 1. At linear

order we obtain a second order partial differential equation for Ω(1) which can be solved
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Fig. 24 Boundary energy-stress tensor components for a fixed low temperature
(T = 0.2506), where there are four possible black hole phases: lowest entropy black hole
branch (brown squares), small black hole branch (yellow diamonds), thermodynamically
dominant middle branch (faint blue triangles) and largest entropy large black holes
(blue upside-down triangles).

using separation of variables subject to regularity at the origin. The solution is given
by

Ω(1)(r, θ) = 2
3
√
π

+∞∑
l=0

c
(1)
l

Γ
(
l+3

2

)
Γ
(
l+5

2

)
Γ
(
l + 5

2

) P ′
l+1(cos θ)

(
r

L

)l
2F1

(
l

2 ,
l + 3

2 ; l + 5
2; − r2

L2

)
,

(48)

where l is the harmonic number, c(1)
l are real numbers depending on the boundary

profile, Pl is Legendre polynomial of degree l and 2F1 is ordinary hypergeometric
function. At the boundary the perturbation reduces to

lim
r→+∞

Ω(1)(r, θ) =
+∞∑
l=0

c
(1)
l P ′

l+1(cos θ), (49)

and at first order the first harmonic l = 1 gives us the dipolar boundary rotation profile
Ω(r, θ) = ε cos θ. The final expression is

Ω(1)(r, θ) = 2L4

πr4 cos θ
 r
L

(
r2

L2 + 3
)

+
(
r2

L2 − 3
)(

r2

L2 + 1
)

arctan
(
r

L

) . (50)
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The first order angular velocity perturbation effectively sources the stress energy tensor
at ε2. We decompose the second order perturbations as [233]

q
(2)
i (r, θ) = γi(r) + αi(r)P2(cos θ) + βi(r)P4(cos θ), (51)

where the remaining gauge freedom is used to set γ3(r) = 0. We solve the equations
requiring that the functions are regular at the origin r = 0 and, that up to a diffeomor-
phism, they asymptotically satisfy AdS4 boundary conditions. Below we provide the
full perturbative functions:

γ1(r) = 2L2

15π2r6(L2 + r2)

(
24L6r2 + 20L4r4 − 9(π2 − 4)L2r6 − 8

(
6L7r + 7L5r3 − 6L3r5

−9Lr7
)

arctan
(
r

L

)
+ 4

(
6L8 + 9L6r2 + L4r4 + 7L2r6 + 9r8

)
arctan

(
r

L

)2
− 9π2r8

)
,

γ2(r) = − 8L4

15π2r6(L2 + r2)

(
(3L2 − r2)(L2 + r2) arctan

(
r

L

)
− Lr(3L2 + r2)

)
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×
(

(3L2 + r2) arctan
(
r

L

)
− 3Lr

)
,

α1(r) = L2

84π2r6(L2 + r2)

(
96L6r2 + L4(−752 + 63π2)r4 + 7L2(−16 + 15π2)r6

+ arctan
(
r

L

) (
−192L7r + 7L5(176 − 9π2)r3 + 2L3(368 − 63π2)r5 + L(80 − 63π2)r7

+ 32(L2 + r2)
(
3L6 − 18L4r2 + L2r4 + 6r6

)
arctan

(
r

L

)),
α2(r) = L3

84π2r6(L2 + r2)

(
3936L5r2 + (4208 − 63π2)L3r4 + arctan

(
r

L

) (
−7872L6r+

(63π2 − 10832)L4r3 + 2(63π2 − 944)L2r5 + 32L(L2 + r2)
(
123L4 + 84L2r2 − 23r4

)
× arctan

(
r

L

)
+ (304 + 63π2)r7

)
+ (304 − 105π2)Lr6

,
α3(r) = L2
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r
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(52)
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Using this second order expansion we compute thermodynamic quantities, and test
the first law (see subsec. 5.4.4). We also find equilibrium conditions for spinning test
particles on the rotation axis θ = 0. For the metric (46), the spin to mass ratio (see
sec. 5.7) is given by

S

M
= πr6

16εL2
√
r2 + 1

[
(3L2 + r2) tan−1 (r/L)− 3Lr

] + O(ε), (53)

and vanishes when r → 0. The comparison with the full non-linear numerical results
are presented in Fig. 5.18.





Chapter 6

Summary and Future Outlook

In this dissertation, we applied current numerical techniques to construct novel ge-
ometries in asymptotically anti-de Sitter spacetimes, motivated by the gauge/gravity
duality. In chapter 1 we reviewed main concepts of the duality, and introduced the
underlying dictionary which relates gravitational solutions of the Einstein equation
to the conformal field theories. We also discussed aspects of black hole instabilities
in AdS. Chapter 2 was devoted to the numerical approach used throughout our work,
which considers the elliptic Einstein-DeTurck equations. This technique enforces the
generalized harmonic gauge, and the equations are solved with the aid of the spectral
collocation methods on a Chebyshev grid.

In chapters 3 and 4 we presented a numerical study of five-dimensional stationary
hairy black holes which can be embedded in type IIB string theory, and are dual to
thermal states of strongly coupled N = 4 Yang Mills theory living on the Einstein static
universe. We found that the hairy black holes populate the solution space between
the extremal and the supersymmetric bounds, demonstrating that the field theory has
O(N2) entropy above supersymmetry. We provided evidence for the existence of a new
class of supersymmetric black holes with finite horizon scalar hair. These solutions are
free from curvature singularities, and, remarkably, retain non-zero entropy. We propose
that the missing parameter in the string theory black hole microstate counting is the
horizon scalar hair. Our work opens new possibilities for resolving this long-standing
entropy puzzle, and unlocks a number of avenues for further research on hairy solutions
in supergravity. We have not managed to construct the limiting hairy supersymmetric
solutions, and instead we approach these solutions from finite temperature. It would
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be very interesting to find a numerical or analytical procedure that would be able
to capture these elusive solutions directly, for instance by solving the corresponding
BPS equation. It might prove challenging, as we find some evidence of non-analytic
behaviour at extremality, which would complicate the near horizon expansion. In the
non-perturbative regime, we expect different scalars to be dominant across the moduli
space, and it would be intriguing to perform a systematic survey of phase diagrams
in different truncations. Finally, a similar analysis can be performed in consistent
truncations of 11-dimensional supergravity.

In chapter 5 we studied spatially deformed geometries in four-dimensional global AdS
with a dipolar differentially rotating boundary. Through the AdS/CFT correspondence
these solutions allow us to investigate thermodynamics of the dual strongly coupled
field theory on the rotating background. In this chapter we relied on a bottom-up
approach, and it would be interesting to further consider our model from the top-down
point of view in order to study ABJM field theory at strong coupling. We found black
hole and soliton solutions which exist up to some maximum values of the rotation
parameter, and constructed the resulting phase diagram. Once a certain value of the
parameter is exceeded, both phases develop an ergoregion attached to the boundary,
and are superradiantly unstable. This should be contrasted with the Kerr-AdS black
hole, for which, in the grand-canonical ensemble, the unstable phase is subdominant to
pure AdS. Our solutions provide a distinctive arena in which to study the phenomenon
of superradiance. In particular, it would be very interesting to perform time evolution
of this system in the parameter region where no axisymmetric solutions were found.

Recent advances in numerical relativity have opened new possibilities, allowing
us to probe old, and capture new, unanticipated physical phenomena, previously
inaccessible to analytical methods. Computing full black hole phase diagrams can
be a very informative, albeit a challenging task: in order to scan the full parameter
space, we had to generate hundreds of thousands of solutions. However, often the most
mysterious regions of the parameter space are the most difficult to reach numerically,
and yet, these regimes are highly non-linear and thus largely analytically intractable.
We anticipate that numerical methods in general relativity will remain an exciting and
active area of research, which promise many exciting discoveries in years to come.
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