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Abstract

We consider the geodesic X-ray transform acting on solenoidal tensor fields on a compact
simply connected manifold with strictly convex boundary and non-positive curvature. We
establish a stability estimate of the form L HTI/ 2, where the HTI/ 2—space is defined using
the natural parametrization of geodesics as initial boundary points and incoming directions
(fan-beam geometry); only tangential derivatives at the boundary are used. The proofis based

on the Pestov identity with boundary term localized in frequency.

1 Introduction

To motivate our results, let us begin with the simplest case of the Radon transform in R? in
parallel beam geometry (see [15] for more details).

Example 1f f € Cfo([Rz), the Radon transform of f is
o
Rf (s, v) :/ f(sv+tvh)dt, seR, veS!,
—00

where v is the rotation of v by 90° counterclockwise. The Fourier transform of Rf in the
s variable, denoted by (Rf) (-, v), satisfies the Fourier slice theorem

(Rf) (0,v) = 20) " f(ov), o eR, ves.

B Gabriel P. Paternain
g.p.paternain@dpmms.cam.ac.uk

Mikko Salo
mikko.j.salo@jyu.fi

Department of Pure Mathematics and Mathematical Statistics, University of Cambridge, Cambridge
CB3 0WB, UK

Department of Mathematics and Statistics, University of Jyviskyld, Jyvaskyla, Finland

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-020-02638-x&domain=pdf

1324 G. P. Paternain, M. Salo

Using the Plancherel theorem and polar coordinates, we obtain that

o
1By = 1 = [ [ 1Fowio dvdo

1 [ N )
=7/ / |f(ov)|“lo|dvdo
2 ) st

= i/mf [(Rf) (0, v)|*|o| dvdo.
47'[ —o00 JS!

In particular, this implies the stability estimate
1
I Fl2wey < W”Rf“HT”Z([RxSI) (L.1)
with the mixed Sobolev norm |1 172 g 1) = I1(1 + o) 4o, V)|l 2 Rxst)-

The main question we address in the present paper is the existence of a stability estimate
analogous to (1.1) but in a geometric setting, namely, when R? and the lines in the plane
are replaced by a Riemannian manifold and its geodesics. There are two features we wish
to preserve from (1.1): one is its L> — H'/? nature and the other is that the HTl/ 2 only
incorporates “half of the derivatives” of the target space (space of geodesics).

Let us first be more precise about the geometric setting. The geodesic X-ray transform
acts on functions defined on the unit sphere bundle of a compact oriented d-dimensional
Riemannian manifold (M, g) with smooth boundary 0M (d > 2). Let SM denote the unit
sphere bundle on M, i.e.

SM :={(x,v) e TM : |v|y = 1}.

We define the volume form on SM by d X271 (x, v) = dV9(x) AdS,(v), where dV is the
volume form on M and d S is the volume form on the fibre Sy M. The boundary of SM is
9SM = {(x,v) € SM : x € 9M}. On 3SM the natural volume form is d£2¢=2(x, v) =
dV4=1(x) A dS,(v), where dV9! is the volume form on dM. We distinguish two subsets
of dSM (incoming and outgoing directions)

0+SM :={(x,v) € dSM : £(v,v(x))g < 0},
where v(x) is the outward unit normal vector on d M at x. It is easy to see that
0+ SMNI_SM = S(OM).

Given (x, v) € SM, we denote by y, , the unique geodesic with y, ,(0) = x and y, ,(0) = v
and let 7 (x, v) be the first time when the geodesic yy , exits M.

We say that (M, g) is non-trapping if 7(x, v) < oo for all (x, v) € SM. In this case the
space of geodesics is naturally parametrized by 04 SM (fan-beam geometry).
Definition 1.1 The geodesic X-ray transform of a function F € C*°(SM) is the function

T(x,v)
IF(x,v) := / Fyxw@), yxo(@)dt, (x,v) € 04SM.
0

If the manifold (M, g) is non-trapping and has strictly convex boundary, then v €
C®°(0+SM) and as a consequence I : C*(SM) — C*°(d,+SM). Moreover, I extends
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as a bounded operator I : H*(SM) — H*(3.,SM) for all k > 0 [23, Theorem 4.2.1], where
the Sobolev spaces are defined using the L>-inner products arising from the volume forms
introduced above.

We shall consider / acting on special functions F € C*°(SM) induced by symmetric
tensor fields. We denote by C*° (8™ (T*M)) the space of smooth covariant symmetric tensor
fields of rank m on M with L? inner product:

(u, w) ::/ Wiy, WM ave,
M

where wilin = gitji ... glmimy; . There is a natural map
by : C(S™(T*M)) — C*(SM)

given by £, (f)(x, v) := fy(v, ..., v). We can now define the geodesic ray transform acting
on symmetric m-tensors simply by setting I, := I o {,,. Let d* = oV be the symmetric
inner differentiation, where V is the Levi—Civita connection associated with g, and o denotes
symmetrization. It is easy to check that if f = d*p for some p € C®(S™ 1 (T*M)) with
ploam = 0, then I, f = 0. The tensor tomography problem asks the following question:
are such tensors the only obstructions for 7, to be injective? If this is the case, then we
say I, is solenoidal injective or s-injective for short. This terminology is explained by the
following well known decomposition (cf. [23]). Given f € HR(S™(T*M)), k > 0, there
exist uniquely determined f; € H*(S™(T*M)) and p € H*1(§"=1(T*M)), such that

f=rf+dp, 8f=0plau=0,

where §° is the divergence. We call f; and d° p the solenoidal part and potential part of f
respectively.

There is one important instance in which the tensor tomography problem is solved for
tensors of any order m and in any dimension d. This is when we assume in addition that
the sectional curvature of M is non-positive. Moreover, in this case a stability estimate is
available as follows:

Theorem 1.2 ([21] and [23, Theorem 4.3.3]) Let (M, g) be a simply connected compact
manifold with strictly convex boundary and non-positive sectional curvature. Given m > (0
there is a constant C > 0 such that for any f € H'(S™(T*M))

1122 < A I W1, say + IS Dt 1 £12).

(We note that a manifold as in the theorem is necessarily non-trapping.) There are two
notorious differences between the stability estimate above and that in (1.1). Firstly, the stabil-
ity estimate in Theorem 1.2 has in the right hand side the term || f || 1 || 1, f || .2 whenm # 0.
Secondly, it is not sharp in the sense that it is L> — H'. In [3] Boman and Sharafutdinov
resolved these issues for strictly convex domains in Euclidean space and asked whether the
same was true for the more general setting of non-positively curved Riemannian manifolds.
This paper provides a positive answer to these questions. Moreover, the 1/2-Sobolev space
on the target space of I,, is naturally suggested by the geometry and the most relevant L>-
energy identity for the problem: the Pestov identity. The Pestov identity with boundary term
in the way that we shall use it here was derived for instance in [10, Lemma 8]. It contains a
boundary term given by

v
(Tu, Vu)r25m) (1.2)
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v
where u € C*°(dSM), V is the vertical gradient, and T is a tangential operator defined by

h
Tu:= (v(x), v)ﬁu —vXu,
h
where X is the geodesic vector field and V the full horizontal gradient (we refer to Sects. 2
and 3 for the precise definitions). The operator T acts on d.SM and it only involves horizontal
derivatives. This suggests that only horizontal derivatives of I,,, f on dSM should appear in
the stability estimate.
We can define the fangential (or horizontal) H' (3 SM)-norm by setting

2

h
. 2 02
”u”H}(BSM) o ||u||L2(35M) + ”V u”LZ(BSM)

h h
where Vi contains the tangential derivatives in Vi along M. For example, if M is a ball
in R? with Euclidean metric, then dSM = M x S9! and

gy = [ [, Gt 0P + 1V, P d 5@y dv

where V, is the gradient on dM. The space H}(8+SM) is defined by restriction, and
H}/ 2(3_,_ SM) is defined by complex interpolation between L2 (9 SM) and H}(8+ SM).

With this definition we may now state our main result:

Theorem 1.3 Let (M, g) be a simply connected compact manifold with strictly convex bound-
ary and non-positive sectional curvature. Given m > 0 there is a constant C > 0 such that
forany f € H'(S™(T*M))

sz < Clm Fll g2, saay-

The constant C can be estimated in terms of m and (M, g). In fact, for the related stability
result for the transport equation in Theorem 5.1, one can take C = 1.

Most of work in the proof of Theorem 1.3 lies in the upgrade from the H' (.- SM)-norm
in Theorem 1.2 to the H;/ 2(8+ SM)-norm. The upgrade is possible thanks to the localization
in frequency of the Pestov identity first noted in full generality in [17] (in two dimensions
this was proved in [19]). However, in [17] we did not consider the boundary term. It turns
out, quite remarkably, that the boundary term (1.2) also localizes in frequency. This allows
us to change the norm for I, f from H' to H;/ 2, thus producing the upgrade. We also
mention that for d = 2 the proof would simplify substantially because spherical harmonics
decompositions and the T operator are simpler; the two-dimensional proof will be given in
[20].

1.1 Related results and alternative approaches

There are many earlier results on stability estimates for 7,,, using different techniques. One
approach is to consider the normal operator 7, I,, where the adjoint /% is computed using
a natural Li-inner product on 4+ SM suggested by the Santalé formula. When M is free of
conjugate points, it turns out that 1% I,,, is an (elliptic) WDO of order —1 on a slightly larger
open manifold engulfing M. This approach has produced stability estimates for the normal
operator, cf. [26], and has proved to be of fundamental importance in the solution of several
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geometric inverse problems. One drawback is that one needs to work on the slightly extended
manifold, unless one is willing to incorporate modified transmission conditions to account for
boundary effects [14]. Another drawback is that the approach does not give estimates for the
constants due to a compactness argument. Still, quite recently, a sharp stability estimate has
been obtained in [1], by defining a suitable H 1/2_horm based on this extension or equivalently
on a different parametrization of the space of geodesics. Our approach in Theorem 1.3 deals
directly with the boundary and with the space of geodesics in “fan-beam” geometry as given
by 04+ SM. In this sense our theorem addresses the open problem stated at the end of the
introduction in [1]. Also our tangential derivatives are naturally suggested by the geometry
of the problem.

The microlocal approach can actually be pushed further, using scattering calculus and a
combination of a local theorem with a global strict convexity assumption as in [27,28]. This
is also very powerful, and allows even to consider situations with conjugate points as long
as d > 3. However, the stability estimates thus produced are L? > H!

One drawback of Theorem 1.3 is the curvature assumption. In [1] the estimates hold for
compact simple manifolds for m = 0, 1 and for m = 2 when I, is known to be injective,
e.g. when d = 2 [18,25]. Another possible improvement would be to replace the assumption
f € H' by f € L? and to prove the two-sided inequality

N fslliz = W f o, sy < Cllslzz.

For this, one would like to prove that I, is bounded from L? to HTI/Z. This is true if f
vanishes near 0 M since I, is a Fourier integral operator, but it is not clear how to prove this
with uniform bounds when the support of f extends up to d M.

Finally, we mention that quite recently, Monard [13] has studied very detailed mapping
properties of Iy for 2D discs of constant curvature at all Sobolev scales; for these cases, he
also obtains a stability estimate with a suitable H'/?-norm. Further references to stability
estimates for ,,, may be found in [1].

It is natural to speculate whether Theorem 1.3 extends to more general situations. For
example one could try to relax the assumption about strict convexity of the boundary as in
[7] or allow for some hyperbolic trapping as in [6]. One could also speculate on extensions
that include attenuations and sections of a suitable vector bundle. We do not pursue these
here.

2 Geometric preliminaries

In this section we collect some geometric preliminaries for subsequent use.

Unit sphere bundle We start by recalling some standard notions related to the geometry
of the unit sphere bundle. We follow the setup and notation of [19]; for other approaches and
background information see [5,8,11,16,23].

Let (M, g) be a d-dimensional compact Riemannian manifold with or without boundary,
having unit sphere bundle 7 : SM — M, and let X be the geodesic vector field. We equip
SM with the Sasaki metric. If V denotes the vertical subbundle given by V = Kerd, then
there is an orthogonal splitting with respect to the Sasaki metric:

TSM=RX®H®V. (2.1)
The subbundle H is called the horizontal subbundle. Elements in H(x, v) and V(x, v) are

canonically identified with elements in the codimension one subspace {v}+ C T M by the
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isomorphisms
Aty V(x,v) = U}, Key t Hx,v) = (v}

here Ky, is the connection map coming from Levi—Civita connection. We will use these
identifications freely below.

We shall denote by Z the set of smooth functions Z : SM — T M such that Z(x, v) €
TyM and (Z(x, v), v) = 0 forall (x, v) € SM. Alternatively we may describe the elements
of Z is a follows. Consider the pull-back bundle 7*T M over SM and let N denote the
subbundle of 7*T M whose fiber over (x, v) is given by Ny ) = {v}+. Then Z coincides
with the smooth sections of the bundle N. Note that N carries a natural scalar product and
thus an L2-inner product (using the Liouville measure on SM for integration).

Given a smooth function u € C*°(SM) we can consider its gradient Vu with respect to
the Sasaki metric. Using the splitting above we may write uniquely in the decomposition
2.1

h v
Vu = ((Xu)X, Vu, Vu).

The derivatives %u € Z and %u € Z are called horizontal and vertical derivatives respec-
tively. (This differs from the definitions in [11,23] since here all objects are defined on SM
as opposed to TM.)

The geodesic vector X acts on Z as follows:

XZ(x,v) := tho 2.2)

where D /dt is the covariant derivative with respect to Levi—Civita connection and ¢; is the
v
geodesic flow. With respect to the L>-product on N, the formal adjoints of V : C®°(SM) — Z
h v h

andV : C*°(SM) — Z are denoted by —div and —div respectively. Note that since X leaves
invariant the volume form of the Sasaki metric we have X* = —X for both actions of X on
C®(SM) and Z.

Let R(x, v) : {v}t — {v}* be the operator determined by the Riemann curvature tensor
by R(x,v)w = R(w, v)v, and letd = dim M.

Spherical harmonics decomposition There is a natural spherical harmonics decomposition

with respect to the vertical Laplacian A = —d‘ilv% (cf. [19, Section 3] and [8]):

L*(SM) = (D Hu(SM),

m=0

so that any f € L?(SM) has the orthogonal decomposition

f= Z Sm-
m=0

We write 2, = H,,(SM) N C*®°(SM). Then Au = m(m + d — 2)u for u € Q,, and we let
A i =m(m+d—2).

Decomposition of X The geodesic vector field has a special behaviour with respect to
the decomposition into fibrewise spherical harmonics: it maps €2, into 2,1 & Q2n+1 [8,
Proposition 3.2]. Hence on 2, we can write

X=X_+X,
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where X_ : @, — Q-1 and X1 : Q, — Q1. By [8, Proposition 3.7] the operator
X is overdetermined elliptic (i.e. it has injective principal symbol). We can explain the
decomposition X = X_ + X as follows. Fix x € M and consider local coordinates which
are geodesic at x (so 8)61. gki(x) =0forall j, k,1). Then Xu(x,v) = vl ;“, . We now use the
following basic fact about spherical harmonics: the product of a spherical harmonic of degree
m with a spherical harmonic of degree one decomposes as the sum of spherical harmonics

of degree m — 1 and m + 1.

3 Pestov identity with boundary term

We recall the following commutator formulas from [19]:

v h
[X,V]=-V,
[X.V] = RV. 3.1)

h v v h
divV —divV = (d — 1) X.
Taking adjoints gives the following commutator formulas on Z:

v h
[X, div] = —div,
(3.2)

h v
[X, div] = —divR.

Using these relations one can establish a Pestov identity with boundary term. Let
w(x, v) ;= (v, v(x)). We let ||| and (-, -) denote the L2-norm and L>2-inner product respec-
tively determined by the volume form d £2¢~! on SM; we let (-, )35 stand for the L2-inner
product on dSM determined by d £%¢~2.

Proposition 3.1 (Pestov identity with boundary term, cf. Lemma 8 in [10]) Let (M, g) be a
compact manifold with smooth boundary. If u € C*°(SM), then

\4 2 \4 > \4 \4 >
IVXull” = [IXVull® = (RVu, Vu) + (d — D[ Xull” + P(u, u),

where P is the quadratic form defined by
v
P, w) = (Tu, Vw)ysum,

h v
and Tu == uVu — XuV .

h

b h
We can express T using the full horizontal derivative Vu = Vu + (Xu)v as Tu =
h

_ v
uVu —vXu since Vi = v — po. It turns out that 7' can also be rewritten in such a way that
it acts on functions u € C*°(dSM). To see this, consider the operators

Vly .= Vu — (Vu, v, 0)) v, 0) (3.3)

and
X=X —(X,v,0) 10 =@w-—(v,v)v,0 = @0 (3.4)
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1330 G. P. Paternain, M. Salo

at the boundary. Note that (v, 0) is the horizontal lift of v. We also define the horizontal part
of VIl as

h h h
Vi :=drn(Vlu) = Vu — (Vu, v)v.

The following simple lemma is proved in [10, Lemma 14]:
Lemma 3.2 We have .
Tu=uVlu—vxlu. (3.5)
From this form we can clearly see that 7 : C*®°(dSM) — Zl|ssm-

Remark 3.3 In 2D, Tu = (Tu)iv, where T is the tangential horizontal vector field (iv, 0) and
i is the complex structure of the surface. The vector field T and the vertical vector field V
form a commuting frame for dSM.

We next rewrite the Pestov identity in terms of X and X _ as in [17]. To do this, we need
some notation: for a polynomially bounded sequence o = (a;);2,, of real numbers, we define
a corresponding “’inner product”

o0

W = Y o, w)2esp,  ww € CO(SM).
1=0

We also write ||u ||§ = Z?io o ||luz||?. (If each o is positive one gets an actual inner product
and norm, but it is notationally convenient to allow zero or negative «;.)
The Pestov identity can then be written in the following form. Define

1 2
o] = )»[ |:<1 + m) - 1:| + (d - 1), (36)

1 2
Br = A |:1—<l—l> :|—(d—l). 3.7

The next result extends [17, Proposition 4.4] to the case with boundary terms.

Proposition 3.4 (Pestov identity in terms of X+ with boundary term) Let (M, g) be a compact
manifold with smooth boundary. If u € C*°(SM), then

v v
IX—ull} — (RVu, Vu) + | Z@)|I* + P(u, u) = | X4ul.

v
where Z(u) is div-free.

Proof Recall from [19, Lemma 4.4] that

h v | 1 1
Vu=v|>" <7X+u1_1 - mx_um) + Z(u) (3.8)

=1

where Z(u) € Z satisfies dYV Z(u) = 0. Thus by (3.1)
XVu —%Z X+ (14— ) X | = zaw) (3.9)
= a +UI—1 I+ d_2 —Up1 . .
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This gives

_E A 1 ! X +(1+ ! X 1 ! X
= - = U — )| X_ujpy, |1 =~ U
[ / +Ul—1 I1d—_2 I+1 i +Ul—1

n (1 + L) X—uz+1> T IZw?

S (1= Y i+ (14— ) w2
= l / +Ul—1 I+d—2 —Uj+1

oo
1 1
—+ Zkz <1 - 7) (1 + m) [(Xqui—1, X—uper) + (X—uggr, Xqui—1)]

+1Z @)

On the other hand, one has

v
IVXul? = (d — DI Xul®

oo
—(d = DIX-url* + Y0 = (d = DY Xgtr—y + X—wrr, Xquy + Xupy1)
=1

(e ¢]
—(d = DX *+ Y = (d = D) [IXpura > + 1 X—urg1]|°]
=1

+ Z(kl —(d =) [(Xpui—1, X—upp) + X —wpgr, Xpui—p)].
=1

Somewhat miraculously, we observe that

1 1
k1<1—7>(1+l+d7_2>:)»1—(d—1).

This means that the two sums above involving [(X+u1_1, X_ujy1) + (X—upy, X+ul_1)]
terms are equal. The Pestov identity from Proposition 3.1 now yields

o o0
v v
Dl X1 * = (RVu, Vu) + 1 Z@)|1* + P, u) = Y Bill Xur |)?
=0 =1

where «;, B; are as in (3.6)—(3.7). The result follows. ]
Later on we shall need the following useful property.
Lemma 3.5 (Adjoint of T') The formal adjoint of T : C*°(dSM) — Z|ysm satisfies
v

v
divl = —T*V

v
and the operator divT is self-adjoint in L>(SM, dx??=2).
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v
Proof We use the Pestov identity with boundary term, to claim first that the operator divT is
self adjoint. Proposition 3.4 and the polarization identity imply that

P, w) = (Xqut, Xqw)p — (X—it, X_w)a + (RVu, Vo) — (Z(u), Z(w))

v
and since R is symmetric, it follows that P (u, w) = P(w, u). But P(u, w) = —(divTu, w)
v
and thus divT is self-adjoint. Hence
v v v
divT = (divT)* = —-T*V

as desired. O

4 Frequency localization

Recall from Sect. 2 that any u € C*°(SM) admits an L2—0rth0g0nal decomposition

00
M=Zu1, u; € 2,
=0

where €2; corresponds to the set of vertical spherical harmonics of degree /. Since X4 maps
€ to €41, it is immediate that the Pestov identity with boundary term (Proposition 3.4)
reduces to the following identity when applied to functions in €2; (i.e. frequency localized
Pestov identity).

Proposition 4.1 (Pestov identity on €2; with boundary term) Let (M, g) be a compact man-
ifold with smooth boundary, and let | > 0. One has

2 A 2 2
- | X—ull® = (RVu, Vu) + | Zw)||” + P(u, u) = Brw1l| Xull”, u € Q.
(We define a1 = 0.)

It was proved in [17] (and in [19, Appendix B] when dim (M) = 2) that the frequency
localized Pestov identity for all / is equivalent with the standard Pestov identity. The same is
true in the boundary case:

Lemma 4.2 The Pestov identity with boundary term on 2 is equivalent with the Pestov
identity with boundary term in the following sense: for any u € C*°(SM), one has

oo

2 A 2 2
D |-l Xowl? = (RVur, Vup) + 1 Z@n)|? + P, ur) = B [ X
=0

v v
= IX_ully = (RVu, Vu) + | Z@) 1> + P(u, u) — || Xull3.

The result will follow if we can show that the curvature, Z and P terms localise. Thus
Lemma 4.2 is a corollary of the next result.

Lemma4.3 If (M, g) is a compact Riemannian manifold, then

(RVu, V) = 0. (Z(u), Z(w)) =0, P(u,w)=0

whenever u € Q,,, w € 2 and m # . In particular

\%4
divT : 2, — Q.
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Proof The localization of the curvature term was proved [17, Lemma 5.4]. We shall prove
here that the Z-term localizes. That is enough to obtain also the conclusion for P since
Proposition 3.4 and the polarization identity imply that

P, w) = (Xqu, Xow)s — (X—tt, X_w)a + (RVu, V) — (Z(u), Z(w)).

Hence the statements for the curvature and Z-term imply that P(u, w) = 0 when m # [.

The last claim follows since P (u, w) = —(dYVTu, w).
The claim for Z(u) for d = 2 follows from [17, Remark 6.5] using the explicit repre-

sentation for Z(u). To prove the claim when d > 3, recall that Z(u) is the d\i,v—free part of
%u (the d\ifv-free part is uniquely defined since there are no nontrivial harmonic 1-forms on
Sy M when d > 3). Using the bracket relation % = %X — X% we can relate X% and Z(u).
Indeed this is done explicitly in equation (3.9), which shows that Z(u) is the d‘ilv-free part of
—-X %u If we consider a coordinate system around a point x such that d, ; gr1(x) = 0 for all

v
J, k,l and write Vu = (aku)axk as in [19, Appendix A], then at x
v . k i ok .V
XVu = v/ dy;(0"u)dy, = v’/ 9" (3y;u)dy, = v/ V(dy;u).

Hence if we think of each v/ as 1-form it is enough to analyze the vertical Fourier decom-

v
position of AVw, where A is a scalar 1-form and w = 9y;u € €2, This is precisely the
content of Lemma 4.4 below, and combining the statement of that lemma with (3.9) we see

v
that Z(u) = —B(u) where B is the operator in Lemma 4.4 for XV. Since B localizes in
frequency, the lemma is proved. O

It remains to prove the following frequency localization statement.

Lemma4.4 Letd = dimM > 3 and let A € Q1. For any u,, € Q,,, one has
v v
AVu,, = Va(uy) + B(uy)
v A%
where B(uy,) is the div-free part of AVu,,. The map B : C*°(SM) — Z satisfies
(B(um), B(w))) =0, m #1,
for any u,, € Q,, and w; € Q.
The proof uses the following lemma, which follows either by relating the Hodge and

connection Laplacians via a Weitzenbock identity [22, Theorem 50] or by a direct computation
in normal coordinates.

Lemma 4.5 Ifu and v are 1-forms on a Riemannian manifold (M, g) and if A = d§ + d is
the Hodge Laplacian, then
dim(M)
AwAv)=(Au)y Av—=2 > VeuAVev+uA(Av)+2Rw v, -, )
j=1
where {E1, ..., E,} is any local orthonormal frame, V is the Levi—Civita connection and R
is the Riemann curvature tensor.
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1334 G. P. Paternain, M. Salo

Proof of Lemma 4.4 This is a purely vertical statement and it is enough to argue for fixed
x € M. Moreover, since S, M is isometric to the standard sphere S, it is enough to prove
the following statement: if A € 2 andu € 2,,, where €2 is the space of spherical harmonics
of degree k on S9-1 then

Adu =d(a(u)) + 5(Bu)) “4.1)
where 8 maps €2, into the set of exact 2-forms on S¢~! and satisfies
ABW) = (A +d—=3)Bu)+h (4.2)

where 4 is a harmonic 2-form (hence 7 = 0 for d > 4). Here d, § and A = d§ + 8d are the
exterior derivative, codifferential and Hodge Laplacian on S¢~!, respectively. If (4.1) and
(4.2) have been proved, then we have

Am+d—

3
(6B (um), 8B (wr)) = (AB(um), B(wr)) = m(ﬂ(um% AB(wp))

_)»[+d—3 ﬂumsﬂwl-

Thus B(uy) = 8B (uy,) satisfies (B(uy), B(w;)) = 0 for m # [ as required.

The formula (4.1) follows directly from the Hodge decomposition on S§9-1 and B(u) is
an exact 2-form (recall that there are no harmonic 1-forms for d > 3). By taking the exterior
derivative of (4.1), we also see that

A(Bw)) =dA Adu.
Let u € ©2,,. We claim that
A(dA ANdu) = (A +d —3)dA Adu. 4.3)

If (4.3) holds, then A(A(B(u)) — (A +d — 3)B(u)) = 0, proving (4.2).
It remains to prove (4.3). By Lemma 4.5, for any local orthonormal frame {E; } of T (591
we have
d—1
A(dA Adu) = (AdA) Adu — 22 Ve, dA A VE;du+dA A (Adu)
j=1
+2R(dA%, du®, -, )
d—1
=Xn+d—-1)dAANdu— 22 Vg, dA N VEdu + 2R(dA®, dut, -, )
j=1
using that A € 1, u € Q,, and that A commutes with d. Now if v € S9landw e T, 89!
with lw| = 1, and if y (¢) is the geodesic on $9-1 with y(0) = w, one has

d? d?
VdAl . w) = SSA)]| =15

using that geodesics are great circles. Thus VEjdAlv(w) = —A(v)(E;, w), which gives that
Vi, dAl, = —A(U)E; and

@yl @)| _ =-A@)

d—1 d—1
> Ve dAAVEdu=—A®W) Y E*j’ A Vg, du = —A@v)d(du) = 0.
j=1 j=1
Also, on the sphere we have R(u”, vi, -, ) = —u A v. These facts imply (4.3). O
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5 Stability for the transport equation

In this section we will prove the main stability estimate for solutions of the transport equation
Xu = fin SM when f has finite degree. In the next section we will give the more standard
form where the solenoidal part of f is estimated in terms of 1, f .

Theorem 5.1 Let (M, g) be a compact Riemannian manifold with smooth boundary and

sectional curvature < 0, let u € C*°(SM), and write f := Xu. Suppose that f has finite
degree m. If m = 0, then

Il say = ||M||H}/2(QSM)
whereas if m > 1, then

If = X o+ - +um—)llL2ism) = Nl 11255y

5.1 Shifted Pestov identity with boundary terms
To prove Theorem 5.1 we first assume that m > 1, and discuss the case m = 0 later. We will

try to estimate f in terms of u|3s)s in suitable norms. The starting point is the identity from
Proposition 4.1 with [ > 1:

1t Xl — (RVur, Va) + | Z@n)lI? + P s, wr) = Bt X |
Since we are assuming non-positive sectional curvature, we have
~(RVur, Vu) + | Z@)? = 0
and thus
a1 X—u|® + PGy, ur) < Bt [ X

We divide this estimate by «;_; (always different from zero since / > 1), which corresponds
to shifting the estimate down by one half vertical derivatives since o;_1 ~ [. It follows that

1 Bi+1
X _wg))® + —— Pug, ) < == 1 X )%
o1 o) —

The constant Z—f; isexactly Dy (1) where D,y(I)isasin[19, Lemma5.1]. Note that Dy (/) < 1
for d > 4 and in the remaining cases it is sufficiently close to one for all practical purposes
(when reading the proof it may be helpful to think that D;(I) = 1).

Thus we have the following inequality:

1
X —ugl|* + o Pl = Da(D* | Xuy]|>. (5.1)

Forl > m we have X_u;+> + X4u; = 0 and using (5.1) we may write

1
IX—urll? + o Pl ) < Da(D*1X —ur42I*.
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Starting at / = m and iterating this inequality N times leads to

N— j—1 2
) Dy (m + 2k)
IX—un > < | T] Datm +25)* | 1X-ttmyanll* = Z I=0
=0 Om—1+42j

P(umt2j, Um+2j)

Write ygm,j = ]_[k -0 Dd(m + 2k)? and vd,m,0 = 1. In the notation of [19, Theorem 1.1]
one has yg m,; = ]_[k -0 Cd(m — 1+ 2k)?, and thus Y., j < cq where

2, d=2,
cg =14 1.28,d =3, (5.2)
1, d=>4.

Since | X_u;||*> — 0as ! — oo, we may take the limit as N — o0 to obtain

o0

Yd,
Xt ? < =" =L P(uygaf, umea))- (5.3)
i=0 Um—1+42j

The argument above gives a completely analogous inequality for || X _u,, ]|, and adding
these two inequalities leads to

o0
Xt l* + 1 X —tm 1 II* < = bk Ptk 1) (5.4)
k=0
where
Yd,m,j =2
.Y - .]7
bk = %I;izj k=2j+1
Umt2j =4J :

Define r := up 4+ u1 + - - - + up—1. Then the transport equation Xu = f also gives
Xr+X_um+X—umi1 = f (5.5)
and thus || f — X7||? = || X_u||® + || X_ttm1]|%. This yields
oo
If = Xrl? < = buk P(ttmiks tmik)- (5.6)
k=0
If we assume m = 0, then the equation Xu = f implies X_u; = f, and (5.3) gives
o o0
AP <= b12jPluiya) 112)) < — Y braP ik, 4. (5.7)
j=0 k=0

Thus to prove Theorem 5.1 for m > 0, it remains to bound the right hand side of (5.6) for
allm > 1.

5.2 The right hand side of (5.6): the space H1T/ 2 (6SM)

Let m > 1. Motivated by (5.6) and the fact that P is defined in terms of the (horizontal)
tangential operator T, we define a natural H'/?-space as follows. Define the H. } (0SM)-norm
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by setting
2 2 E 2
lallFyy o= el + 1Vl

The space H;/ 2(8 SM) is defined by complex interpolation between L> and H}. The norm

HT_I/2 is defined by duality, and then HT_I/2

H{l (see [2, Corollary 4.5.2]).

is also the interpolation space between L> and

Remark 5.2 Note that from (3.5) we have
>
1Tl g2 < IV 2 (5.8)

h h h h
since |Tul* = p?[VIu + | XTu)> < (2 + IV = P Ve = [Via?.

Now we use the key property of localization given by Lemma 4.3 to observe that

00 00 00
me,kp(um+k» Umtk) = P (Z Um+ks me,lum+l) .
k=0 =0

k=0
We define an operator B = B, : C®°(0SM) — C*®°(dSM) by setting

00
Bu = Z b iU
=0

Since m > 1, the constant by, ; is well defined also when / = 0. Now (5.6) becomes

v
| f — Xr|?> < —P(u, Bu) = —(Tu, VBu). (5.9)
Here is the main claim:

Lemma 5.3 Givenu € C*°(d0SM) we have

4 2
[(Tu, VBu)| < ||”||H1/2-
T

Proof We may write
v v
(Tu, VBu) = —(BdivTu, u).
By the definitions, it suffices to show that
v
IIBdIVTuIIHT—I/z < IIMIIHTl/z.

By interpolation, this follows from the next two inequalities

v
IBdivTull > < llullpy, (5.10)
v
IBAVT ] o1 < llull 2. (5.11)

To prove these estimates we first establish the property

v
IVBull2 < llull2. (5.12)
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Indeed using the definition of B,

00
IVBulZ: = (Bu, ABw) =3 Attt
=0
To prove (5.12) we will show that )»m+1b,2n,l <lform>1landl >0.Ifm=1and! =0,
then Mb%o = (’;—é = % < 1, so we may assume m, [ > 1. One has y; ,; < c4, which
gives )»m+[bm | = cf, m’"T’ 1 . Observe that simplifying (3.6) gives o = %w for
all/ > 1. We thus have, writingk =m +1 > 2,
Mo k(k+d -2k +d-3)?

af | Qk+d—4k+d—2)>
1 B+ Qd—6)k*+d—-3)%
T AR d - Dk () +d - 2)
1 K+ (2d — 6)k*> + (d* — 6d + 9)k

T4+ (2d — 6k + (2 — 6d + 8+ (GHDk + (d - (5

Thus if d = 2 ord > 6, one has (d 4)2 > 1 and hence Ak %.Ifd = 3,4, 5 we estimate

kl
M <1k3+(2d 6)k? + (d* —6d + 9k _ 1 1

| <
453+ (2d — 6)k2 + (d% — 6d+8)k—4[+(k+d—3)2—1]—3

O‘k1

using k > 2. Combining these estimates with (5.2), we have

A

2 2 Am+l

Amtiby, | < cg—— = 1.
am—1+l

v v
The estimate (5.12) follows. Since —V B is the adjoint of Bdiv, using (5.12) and (5.8) yields
v
IBdivTull > < ITull> < llull )

thus proving (5.10).

\4 v
Finally to prove (5.11), we note that Bdivl = divT B by Lemma 4.3. Using Lemma 3.5
we may write

v v
||BdiVTu||H;1 = sup (divT Bu,h)
A, 1—1

v
= sup —(T*VBu,h)
Il =1

v
= sup —(VBu,Th)
IIhHH}Zl

< sup |lullp2lIThll2
il gy =1

=< llull 2,

where in the penultimate line we used (5.12) and (5.8). ]
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Theorem 5.1 for m > 1 now follows from (5.9) and Lemma 5.3. When m = 0, it follows
from (5.7) and Lemma 5.3.

6 Stability for the solenoidal part

We now rewrite Theorem 5.1 in terms of the solenoidal part of the tensor inducing f and
extend the result to H! regularity. Recall that the map

[m/2]
m i C¥(S™(T* M) = B Q-
k=0

is an isomorphism and it gives a natural identification between functions in €2, and trace-
free symmetric m-tensors (for details on this see [5,8,19]). The identification actually holds
pointwise for every x € M. Moreover, the L2-norms on trace free symmetric m-tensors and
functions in €2, are the same up to a constant depending only on d and m (cf. [5, Lemma
2.4)).

Given a tensor f e HY(S™(T*M)), welet f = me (using £,, on H' spaces). Note if m
is even (resp. odd), then f has zero odd (resp. even) Fourier modes. If Xu = f, we let

[(m—1)/2]

q:= Z Um—2k—1-

k=0

Upon defining g := Ql_lq, the well-known relation X¢,,_; = £,,d* implies that (;1 (f —
Xq) = f — d*§. To simplify the notation we shall the drop the tildes, identify f with 7, g
with ¢ and use that the L2-norms are equivalent.

We first collect regularity properties of solutions of transport equations involving H '
tensor fields.

Lemma 6.1 Let (M, g) be a compact simple manifold. Given f € HY(S™(T*M)), there is
ul e HY(SM) satisfying

Xul = —finsSM, ully su=0, ullo,sm=If. 6.1)
Moreover, one has uf |y € H'(3SM) and If € Hd(8+SM).

Proof If f € C*°(S™(T*M)), define u/ on SM by

) 7(x,v)
u? (x, v) =/0 F@(x,v))dt

where ¢; is the geodesic flow on SM. One has ul e C®(SM \ S(OM)) N C(SM) since
the same is true for t, and (6 1) holds for u/. By [24, Corollary 1], the map f + uf

extends as a bounded map H! (S’" (T*M)) — HI(SM). (This boils down to the fact that
h

Vr and V!, where the operator V” is extended smoothly to SM, are uniformly bounded
on SM \ S(0M), see [23, Lemma 4.1.3] and [4, Lemma 5.1].) Moreover, by [23, Theorem
4.2.1] the map f +— If extends as a bounded map H'(S"(T*M)) — H'(8,.SM). Then
the properties (6.1) remain valid for f € H! (the boundary value of u/ is in H'/?(3SM)
by the trace theorem). Since /f vanishes on the boundary of 9, SM when f € C°, one has
If € H(; (04 SM) first for f € C™ and then for f € H' by density. Since u’ |35y = Eo(If)
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where Eq denotes extension by zero from 9, SM to dSM, we have u/ |35 € H' (0SM)
when f € H!. O

Next we give a version of Theorem 5.1 for H ! tensor fields. In its statement ¢ is determined
by u/ as described above.

Theorem 6.2 Let (M, g) be a simply connected compact manifold with strictly convex bound-
ary and sectional curvature < 0, and let f € HY'(S™(T*M)). Ifm =0, then

12y = Cllal a2 6, (62)

whereas if m > 1, then .
I = dqllzn < Clul Il 26, 6.3)

Here C only depends on d and m.

Proof Letm > 1 (the case m = 0 is analogous). Going back to (5.3) and using Lemma 5.3,
one has the inequality

X <t 12+ 1 Xttt 1 < Nl u e C(SM).

V2 @smy’

Since functions in H!(SM) have traces in H'/2(3SM), and hence also in HTl/z(BSM), the
above inequality holds for u € H'(SM) by density. Then it is enough to take u = u/, where
ul € H'(SM) by Lemma 6.1, and to note that by (5.5) and by equivalence of the L> norms

X st + I X st 1P = 11f = Xrll o gppy = e f = dGl 720,

[}

The estimate (6.2) for m = 0 is already in the form that we want, so we will focus on the
case m > 1. Using the potential and solenoidal decomposition, we may write f = f; +d*p
where 6° fy = 0 and p is an (m — 1)-tensor such that plyy = 0. Let w = p — ¢g. Then
integrating by parts

If —d*ql* = I fs + d°w]®
= I £slI* + 205, d*w) + [d*w]]?
= 1 £sI% + 2 fo, wan + Id°w]
> £l = 21G fis @aml- (6.4)

Next we observe that for any ¢ > 0
1
2|(£Uf:§‘a CI)BM| E 5”‘1”21/2(31‘4) + 8||L\Jf;‘||%1—l/2(aM)- (65)
We now claim:
Lemma 6.3 We have
||lufs||H*1/2(aM) < ||fs||L2(M)~

Proof This is a duality argument, but it is important that 8° f; = 0. Consider a bounded
extension map for symmetric (m — 1)-tensors, e : H 12(0M) — HY(M) (such a map
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can be constructed from a corresponding extension map for functions by working in local
coordinates and using a partition of unity). Now write

||‘vfs||Hfl/2(aM) = sup / (wfs, h)dS
W7l 172550y =1/ OM
= sup  (=(8" fy, e(h)) + (fs, d*e(h)))
W71l 172 g 4y =1
= sup  (fs,d'e(h))
W70l 1725017 =1
S sz
m}
Combining (6.3)—(6.5) with Lemma 6.3 and choosing ¢ small enough, it follows that
2
”fs ||L2(M) < ”uf” (BSM) + ||Q||H1/2(3M) (66)

The next two lemmas will be useful when estimating the last term on the right.
Lemma 6.4 Given m > 0, there is a constant C > 0 such that for any tensor q of order m

Proof Recall that we identify symmetric m-tensors with functions in @,[(";/02] Qu_ok via £y,
as explained at the beginning of this section. By interpolation, it is enough to show that

16 Rl2 S Wl 2 and 1€, kg1 < Ikl gy when € B Qpnak. The first inequality

follows from the equivalence of the L?-norms. For the second inequality, observe that locally

a symmetric m-tensor field can be written as ¢ = ¢;,.;,, dx"' ® --- ® dx'". The H!'-norm

of g in M consists of the L2-norm of ¢ plus the L? norm of the components g, ...;,, (x)
h

tangentially to M. Locally £,,q has the form g;,...;,, v vt .. vim . When we apply VI to £,,¢ all
the tangential derivatives in the direction of d M will appear. There will also be some vertical
derivatives (involving the Christoffel symbols), but since £,,¢ is a polynomial of degree m

in v, these terms can all be controlled by the L?-norm of Cnq. Thus |lgllg1 S ||£mq||H%
follows, and this may be rewritten as ||Zn_11h gt S A ||H}. O

Lemma 6.5 (The H%(a SM)norm localizes in frequency) One has

”“”H 1 (3SM) Z”“’" ”H 1 (3SM)

m=0

forallu € H}(BSM). In particular, ||Z;":0 u1||H}(3SM) < ||u||H%(35M) when m > 0.

Proof The proof is somewhat indirect and is based on the following observations.

(1) Let W be a vector field on M and let W = (W, 0) be its horizontal lift to SM. Then
AW = WA where A is the vertical Laplacian. This can be seen by taking a geodesic
coordinate neighbourhood around a point x, so that 9;gx;(x) = 0 for all j, k.[. In that
case if we write W = wi(x)axi, then (Wu)(x,v) = w"(x)(%‘i and thus W : Q,, —
Q,,. (Another way to prove this is to check that [6;, A] = 0, using the notation and
commutator formulas in [19, Appendix A].)
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(2) Thereis aneighbourhood U, of 9 M in M diffeomorphic to d M x [0, &) viadM x [0, €) >
(x,1) = exp,(—tv(x)) € U,. This allows us to naturally extend to U, the exterior unit
normal v to a vector field, still denoted by v.

(3) A smooth functionu € C®°(3SM) can be extended to a smooth function u” € C*°(SU,)
simply by making it constant on the orbits of the flow of v, the horizontal lift of v. By
item (1) we have

(wm)” = W")m (6.7)

(4) Let f; be the flow of v in SM, and let V, be the neighbourhood of dSM in SM dif-
feomorphic to dSM x [0, ¢) via (x, v, 1) — f_;(x,v). Since f_;(x,v) = (x(t), v(t))
where x(t) = exp, (—tv) is the normal geodesic and v(¢) is the parallel transport of v
along x (), one has V; = SU; (the map v — v(¢) is bijective from S, M onto Sy)M).

h h
Letu € C*®(dSM). The fact that v(u¥) = 0 implies that Vlu = (Vu¥)|ss5p and thus for
(x,v) € ISM we have
e h h
lim — | |Vu¥(x, v, 0)>dt = [Vu(x, v)>.
e—=>0¢€ Jo

Integrating over dSM and using that V, = SU, by (4), this gives

12 L.
lim ~ Vo g, = 1Vl s (6.8)

We now recall that it is possible to write for any w € C*°(SU,) (all norms in L2(SU,)),
cf. [12, proof of Lemma 5.1]:

h [ee]
IVwl® = 1 Z@)II* + I X-wil* + > AWd. DIX ywi—1|* + B, DIX w1 (6.9)
=1
where A(d, ) = 242 and B(d, 1) = 2+ 77— . By Lemma 4.3 one may write || Z (w)||* =
Z||Z(wm)||2, and thus using (6.9) for w = #* and w = (u"),, for each m we deduce

R X b 5
Vet 13250, = 2 IV @)l 7250,

m=0

Dividing this by ¢ and taking the limit as ¢ — 0, the identities (6.7) and (6.8) yield

2o X h 5
”v”u”LZ(a_gM) = Z”V”um“Lz(BSM)'
m=0

This implies the desired claim for u € C*°(dSM), and the result follows since C*°(dSM) is
densein HTl (0SM).(Thedensity claim can be proved by using a partition of unity, convolution
approximation in coordinate neighborhoods, and the Friedrichs lemma [9, Lemma 17.1.5].)

O

We now put the arguments above together to derive:

Theorem 6.6 Let (M, g) be a simply connected compact manifold with strictly convex bound-
ary and non-positive sectional curvature. Given m > 0 there is a constant C > 0 such that
forany f € H'(S™(T*M)), one has

I fsllzzquy < Cllul g1 00,
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Proof For m = 0 this is just (6.2), so we assume m > 1. Combining (6.6) and Lemma 6.4
we derive

S lul |12 + 1m_1g11%1)5-
I fsll S ||HT/ 1€ 1Q||H;/z

Recall that £,,_1g = Z,[((':"Ofl)/z] ”}};—2/(—1' Interpolating the bound ||Z,[((21071)/2]
um—2k—1llr2osmy < Null2@9sar) Toru € L?(dSM) with the bound in Lemma 6.5 gives
[(m—1)/2]
wn—zt| = lull e, e Hy?@SM),
k=0 H}/2
and the result follows by taking u = u. O

We can refine this further and prove Theorem 1.3 in the introduction. Define the space
H;/z(aJr SM) as the interpolation space between H} (04SM) and L2(a+ SM).

Proof of Theorem 1.3 Theorem 6.6 gives

I fsllz2ny = CHEOUN 411255, (6.10)

where Ej is extension by zero from 04+ SM to dSM. We define H}’O(BJFSM ) as the closure
of C°((d4SM)™) with respect to the H}-norm, and HTI/ 5 (04+SM) as the interpolation
space between L? and H}70(8+SM). Since Ey is bounded H}70(8+SM) — H}(BSM) and
L2804 SM) — L*(3SM), it is also bounded

Eo : Hy/o(3:SM) — H*(@SM). 6.11)

Now, if f € HY(§™(T*M)), then If isin Hol (04+SM) by Lemma 6.1 and hence also in the
larger space H}{§(3+SM). Combining (6.10) and (6.11) proves the result. O

Remark 6.7 Theorem 1.3 remains true for f € H'?(S™(T*M)) by density, since I is
bounded H'/2(S™(T*M)) — H'Y?(3,SM) by [23, Theorem 4.2.1] and interpolation. It

would be interesting if one could prove Theorem 1.3 for f € L>(S™(T*M)). However, in
general we do not know if 7 is bounded L2(S™(T*M)) — HTI/2 (04+SM). Also, our approach
with the Pestov identity as it stands is unable to produce stability estimates for higher order

Sobolev norms.
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