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BOUNDED HEIGHT IN FAMILIES OF DYNAMICAL SYSTEMS

L. DE MARCO, D. GHIOCA, H. KRIEGER, K. D. NGUYEN, T. J. TUCKER, AND H. YE

ABSTRACT. Let a,b € Q be such that exactly one of a and b is an algebraic integer,
and let f;(z) := 22+ be a family of polynomials parametrized by ¢ € Q. We prove
that the set of all t € Q for which there exist positive integers m and n such that
fi"(a) = f{*(b) has bounded height. This is a special case of a more general result
supporting a new bounded height conjecture in dynamics. Our results fit into the
general setting of the principle of unlikely intersections in arithmetic dynamics.

1. INTRODUCTION

A subset of P1(Q) is said to have bounded height if the Weil height is bounded on
this set. To quickly illustrate the types of results and topics treated in this paper, we
state the following theorem about the family of quadratic polynomials {22+t : t € Q},
the most intensively family in complex and arithmetic dynamics:

Theorem 1.1. Let fi(2) = g;(z) = 2>+t and a,b € Q such that ezactly one of a and
b is an algebraic integer. Then the set

Si={teT: f"(a) = gi(b) for some m,n € N}
has bounded height.

For the conclusion of Theorem 1.1 to hold, some conditions on a and b are necessary:
if a*> = b2, then fI'(a) = gP(b) for every t and every n > 1, hence S = Q. However,
we expect that the condition a? = b% is the only obstruction to S having bounded
height.

The main goal of this paper is to formulate a web of bounded height results and
questions, in the context of dynamical systems on P!, inspired by the results of
Bombieri, Masser, and Zannier [BMZ99, BMZ07] and more recent work such as in
[AMZ]. Related results showing bounded height for dynamical systems have ap-
peared in [Nguls, GN16]. These questions, in turn, belong broadly to the principle
of “unlikely intersections”, as described in [Zanl2]. In the dynamical context, see
for example [BD11, GKNY17], which specifically address unlikely intersections in the
family of Theorem 1.1.

Let C be a smooth projective curve over Q. We fix a logarithmic Weil height h¢ on

C(Q) associated to a divisor of degree one. A subset of C'(Q) is said to have bounded
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height if the function A is bounded on this set; this is independent of the choice of
he [HS00, Proposition B.3.5]. We are interested in the following:

Question 1.2. Let C be a projective curve defined over Q and F = Q(C). Fizr > 2,
and f1(2), ..., [r(z) € F(2) of degrees dy, . ..,d, > 2. Given pointscy,...,c, € PL(F),
let f7'(c;) denote their iterates under f; in P*(F). Let V be a hypersurface in (PY)",
defined over F. When can we conclude that the set

{teC(Q) : there exist ny,...,n, >0 such that the specialization

(1 (cr), oo fim(er))e lies in Vi(Q) }
has bounded height?

Ezample 1.3. The case when each f; is a power map z + 2% is treated by [AMZ,
Theorem 1.2]. Indeed, let ¢; € F* be multiplicatively independent modulo constants;
this means that for every (ki,..., k) € Z"\ {0}, we have ¢f* ... cf» ¢ Q. Let V be
any hypersurface in (P!)”. Amoroso, Masser, and Zannier proved that the set

{teQ: (... &), € V(Q) for some ki, ..., k. € Z}

has bounded height unless the ¢; satisfy a special geometric structure; namely, there
exists a tuple (ki,..., k) € Z"\ {0} so that (¢}',...,c), € V; for every t € Q.

Applying their result to powers of the form k; = +d;" gives boundedness of height
for the set of Question 1.2 for the dynamical systems f;(z) = z%.

Example 1.4. Suppose that E is a non-isotrivial elliptic curve over F and ¢, ¢o are
endomorphisms of £ of degrees > 1. Let fi(z), fao(2) € F(z) be the associated Lattes
maps on P'; that is, f; is the quotient of ¢; via the projection 7w : E — P! that
identifies a point on E with its additive inverse. Fix points P, P, € FE(F) that
are linearly independent on E, and let V be the diagonal in P! x P!. We then let

¢; = (P;) for i = 1,2. The set in Question 1.2 consists of points ¢ € C'(Q) for which
the specializations FP;; satisfy a relation

14 (Pre) = £055(Pay)

on E; for some ny,ny > 0. This set has bounded height, as a consequence of Silver-
man’s specialization theorem [Sil83]. Indeed, the specializations P, satisfy a linear
relation on E; if and only if det((P, P;:)) = 0, where (-,-) is the canonical height
pairing; we then apply [Sil94, IIT Corollary 11.3.1].

In this paper, we focus on Question 1.2 when r = 2 and V is the diagonal of
P! x Pt. We first exclude the cases where the maps are associated to an underlying
group structure; this will take us out of the contexts that are traditionally addressed
in the literature, such as those of Examples 1.3 and 1.4, but it also allows us to
describe more easily the conditions that should guarantee bounded height.

We will say that a function f(z) € F(z) of degree d > 2 is special if it is conjugate
by a Mébius transformation in F(2) to 2%, £T;(z) or a Lattes map. The Chebyshev
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polynomial Ty is the unique polynomial in Q[z] satisfying Ty(z + 1/2) = 2% + 1/2¢,
S0 it is a quotient of the power map z?. A rational function f(z) € F(2) of degree
d > 2 is a Lattes map if there exist an elliptic curve E over F together with finite
morphisms 7 : E — PL and ¢ : E — E such that To¢ = fom.

Conjecture 1.5. Fir f(z),g9(z) € F(z) with degrees at least 2 and a,b € P*(F).
Assume that at least one of f and g is not special. Set

S:={teC(Q): f"(a(t)) =g (b(t)) for some m,n > 0}.
Then at least one of the following statements must hold:
(1) Either (f,a) or (g,b) is isotrivial.
(2) There exist m,n > 0 such that f™(a) = g™(b).
(3) S has bounded height.

A pair (f,c), with f(2) € F(z) and ¢ € P(F), is said to be isotrivial if there
exists a fractional linear transformation p € F(z) such that go foput € Q(z)
and u(c) € PY(Q). Condition (2) is clearly an obstruction to S having bounded
height. Condition (1) can also lead to unbounded height. To see this, assume that
f(2) € Q(2) and a € PY(Q) is such that a is not preperiodic for f. Then the sequence
{f™(a)}m>o has unbounded height in P!(Q), by the Northcott property of the Weil
height. Fixing n, the solutions to the equations

f"(a) = g; (b(t))

as m goes to infinity will also have unbounded height.

Remark 1.6. One possible application of Conjecture 1.5 is to the theory of iterated
monodromy groups. Given a field L and a rational function ¢(z) € L(z) of degree
at least 2, one obtains Galois extensions L, of L by considering the splitting field
of p"(z) — u over L(u) where u is a transcendental; equivalently, each field L,, may
be viewed as the Galois closure of the extension of function fields induced by the
map ¢" : P — P} (see [Jon13] and [Odo85] for surveys). Passing to the inverse
limit of the Galois groups Gal(L,,/L) as n goes to infinity one obtains a group G,
and a natural map from G, to Aut(7y), where T} is the infinite rooted d-ary tree
corresponding to inverse images of u under iterates of ¢. Pink [Pin13] has shown that
if ¢ is quadratic over a field of characteristic 0, then the map from G, to Aut(73) is
surjective unless ¢ is post-critically finite or there is an n such that ¢"(a) = ¢"(b)
for a, b the critical points of ¢. Hence Conjecture 1.5, with f = g a rational function
of degree 2 and a,b the critical points of f, implies that if the map from G to
Aut(Ty) is surjective, then for all + € C'(Q) outside of a set of bounded height, the
map from Gy, to Aut(73) is also surjective. More generally, combining the methods
of [JKMT16] with Conjecture 1.5, one might hope that within any non-special one-
parameter family f of rational functions over Q with degree d > 2, the image of the
Gy, in Aut(Ty) is the same for all ¢ outside a set of bounded height.
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Our next result allows us to produce many examples that satisfy Conjecture 1.5.
Let h s and Eg denote the canonical height functions on P'(F) associated to dynamical
systems f and g (see [CS93]). Write d; = deg(f) and dy = deg(g); we say that d;
and dy are multiplicative dependent if they have a common power. Define

M = {(m,n) e N?: di"hs(a) = d}hy(b)}

and
Su={t€C(@Q): f"(a(t)) = g{'(b(t)) for some (m,n) € M}.
Obviously, if M is empty then Sy, is empty. We have the following:

Theorem 1.7. Let C, F, f(z), g(z), a, b, S, M, and Sy be as above, and assume
that dy = deg(f) > 2 and dy = deg(g) > 2 are multiplicatively dependent. (We allow
the possibility that both f and g are special.) If the set Sy has bounded height, then
one of the following holds:

(1) FEither (f,a) or (g,b) is isotrivial.

(2) There exist m,n > 0 such that f™(a) = g™(b).

(3) S has bounded height.

In particular, if M is empty, then Conjecture 1.5 holds for the pairs (f,a) and (g,b).

Ezxample 1.8. C = P, F = Q(t), f(2) = 2* +t, g(z) = 28 +t, a =t + 2017, and
b = 13+ 2018. Then (f,a) and (g,b) are not isotrivial. For every m,n > 0, f™(a)
is a polynomial of degree 4™ and ¢"(b) is a polynomial of degree 3 x 8". Therefore

hy(b)

f™(a) # g™(b) for every m,n > 0. Moreover M = () since =

= 3 is not a power
hy(a)

of 2. By Theorem 1.7, the set S has bounded height.

Counter-example 1.9. Assume d; and dy are multiplicatively independent. Consider
C =P, F=Q(®1), f(2) = 2%, g(2) = 2%, a =t, b= 2t. It is not hard to show that
(f,a) and (g,b) are not isotrivial, and we have f™(a) # ¢™(b) for every m,n > 0.
Moreover, we have Ef(a) = Eg(b) = 1 and so, M is empty (since d; and ds are

multiplicatively independent). The set S consists of elements of the form 27/(41" ~dz)

. d
for m,n € N. From our assumption on d; and ds, the numbers d—ln —lasm,n € Ncan

2
be arbitrarily close to 1. Hence |d3 /(d]* —d3)| can be arbitrarily large, and .S does not
have bounded height. This is a case ruled out by the hypothesis of [AMZ] in Example
1.3 above. This also illustrates the exclusion of special maps from Conjecture 1.5.

The proof of Theorem 1.7 is given in Section 3. A key ingredient in the proof
is a well-known result by Call-Silverman [CS93]. It seems much harder to prove
Conjecture 1.5 when M # () as in Theorem 1.1 (or the more general Theorem 7.1).

A natural approach to proving Theorems 1.1 and 7.1 (or other cases of Conjecture
1.5) as well as the main result of Amoroso-Masser-Zannier consists of two steps:
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(i) Let K be a number field such that a,b € K. For each t € S, we construct a
polynomial P(z) € K|[z], depending on f, ¢, a,b, that vanishes at ¢ and whose
degree is easy to compute. We then obtain an upper bound on the height of
the polynomial P.

(ii) The second step is to prove that ¢ has a large degree over K, comparable to
the degree of P. This means that a certain factor of P with large degree is
irreducible over K.

While the first step is somewhat tedious, it only involves relatively straightforward
height inequalities. However the second step is a notoriously hard problem in dio-
phantine geometry. Amoroso, Masser, and Zannier get around the second step by
the construction of certain auxiliary polynomials using Siegel’s lemma, the use of
Wronskians for certain zero estimates, and various careful height estimates. In our
setting, we directly carry out the second step in this paper. For certain examples,
we can use basic tools (Eisenstein’s criterion) to deduce irreducibility. But for more
interesting examples, such as the setting of Theorem 1.1, we use the construction of
p-adic Bottcher coordinates for families of polynomials. This helps us relate t € S to
a root of unity which automatically yields a very strong lower bound on the degree
of t. Our treatment of p-adic Bottcher coordinates extends earlier work of Ingram
[Ing13] in two important aspects. First, it treats families of polynomials, hence is
more flexible for applications to dynamics over parameter spaces. Second, it allows
the possibility that p divides the degree of the polynomials in families.

The organization of this paper is as follows. In the next section, we provide back-
ground on heights over number fields, function fields, and heights of polynomials
following [BG06, HS00]. This includes a well-known specialization theorem of Call-
Silverman [CS93] that plays an important role in the proof of Theorem 1.7, which we
give in Section 3. In Section 4 we provide upper bounds for heights of polynomials of
the form f"(a) € Q[t] where f(z) € Q[t][z]. Such upper bounds motivate a general
approach to Theorem 1.1 mentioned above and we give immediate examples based
on Eisenstein’s criterion in Section 5. In Section 6, we introduce non-archimedean
Bottcher coordinates for families of polynomials, and we apply these in Section 7 to
prove Theorem 7.1 which implies Theorem 1.1.

Acknowledgments. We thank the American Institute of Mathematics for its hospitality
and support during a SQuaRE meeting in May 2016 which led to the present work.
We are grateful also to Francesco Amoroso, David Masser and Umberto Zannier for
their comments on a previous version of our paper.

2. HEIGHTS

In this section we give background on heights.
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2.1. Heights over number fields. Let K be a number field and let Mg be the
set of places of K. For each p € Mk, let p € Mgy denote the restriction of p to
Q, let K, be the completion of K with respect to p, and let n, = [K, : Q,]. We
define | - |, to be the absolute value on K, extending the standard absolute value

|- |, on Q, (see [HS00, pp. 171]). Let || - ||, = |- |," so that the product formula

H |z]|, = 1 holds for every z € K*. Let r € N, for P = [z : ... : z,] € P"(K)

peMg

define Hy(P) = max |zi|l,. For P € P"(Q), pick a number field L such that
peMy T

P € P"(L), then define H(P) = Hp(P)Y=%. This is independent of the choice of L.
Define h(P) = log(H(P)). Finally, we have the height functions H and h on Q by
embedding Q — P'(Q). Let ¢(z) € Q(z) with degree d > 2, define Eqb on P'(Q) by
the formula:

Rb(x) = lim M

n—00 dm

The following will be used repeatedly:

Lemma 2.1.
(a) There is a constant ¢y depending only on ¢ such that | hy(x) — h(x)| < cq for every

x GAIP’l (Q). R
(b) hy(o(x)) = dhy(x) for every x € PHQ).
Proof. See [Sil07, Chapter 3]. O

2.2. Heights of polynomials over Q. Let K be a number field. Let P be a nonzero
polynomial in K[X,...,X,]| written as

pand [Pl = mas [l

----- tm i
Lyeees in

[oens, 1Pl and hpor i (P) = log(Hpa(FP)) As before, for every P € Q[X1,..., X\
{0}, choose a number field L such that P € L[X;,...,X,] then define H,,(P) =
Hyor 1, (P)YIEU and hy(P) = log(Hpe(P)) which is the height of the point whose
projective coordinates are the coefficients of P. Write My = My U M? where M},
(respectively M7?) is the set of finite (respectively infinite) places. We have the fol-
lowing:

Lemma 2.2. Let K be a number field.
(i) Let P,Q € K[X1,..., X, \ {0} and p € M}, we have |PQ|, = |P|,|Q|,-
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(i) Letv e M2, let Py,..., P, € K[Xy,...,X,] and set P =[[.", P,. We have:
2_dH ‘Pz|v S ‘P|v S 2dH |PZ‘U
i=1 i—1

where d = deg(P) is the total degree of P.
(iii) With the notation as in part (ii), we have:

—dlog2+ > hpo(P) < hpo(P) < dlog2+ Y hya(P,).

i=1 i=1

Proof. Part (i) is Gauss’s lemma [BG06, Lemma 1.6.3] while part (ii) is Gelfond’s
lemma [BGO06, Lemma 1.6.11]. Part (iii) follows from (i), (ii), the definition of A,
and the identity ZveM? n, = [K : Q. O

Corollary 2.3. Let d,d € N. Let P(X) € Q[X] be a polynomial of degree d and let
a € Q be such that at least d' Galois conjugates of o are roots of P(t). We have:

dlog 2 + hpo(P)
h(a) < 7 i :

Proof. We may assume that P is monic and write P(t) = [J°_,(t — ;). We apply

Lemma 2.2 for P;(t) =t — «; and note that there are at least d’ Galois conjugates of
a among s, . . ., 0y. 0

2.3. Heights over function fields. As in Section 1, let C' be a smooth projective
curve over Q, let F = Q(C), and fix a Weil height h on C(Q) associated to a divisor
of degree one. As in Subsection 2.1, we can define Mz (with the extra condition that
absolute values are trivial on the field of constants Q), n, := 1 for every p € My, and
the height functions Hr and hr on P"(F). For ¢(z) € F(z) with degree d > 2, we
can also define Rb on P*(F) and Lemma 2.1 (with the extra condition that ¢; depends
on F and ¢) remains valid.

We say that f(z) € F(z) has good reduction over an open subset U C C if f
induces a morphism f : U x P! — P! over Q, given by (¢, z) — f,(2). In particular, if
f has degree d, then the specialization will be a well-defined rational map f;, : P! — P!
of degree d.

The following are crucial ingredients in the next section:

Proposition 2.4. Let f(z) € F(z) with degree d > 2. Let C" be a dense open Zariski
subvariety of C' such that f has good reduction over C'. Let a € P(F). We have:

(a) There exist positive constants ¢, and ¢y depending only on C' and f such that
By (@) = h(@)| < erhe(t) + ez
for every t € C'(Q) and x € P*(Q).
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(b) Regard a as a morphism from C' to P! and let deg(a) denote the degree of this
morphism. Assume that he is a height function corresponding to the divisor

—dogl(a) a*Op1(1). There is a constant c3 depending only on C' and a such that

|h(a(t)) — deg(a)hc(t)| < ¢z for every t € C(Q).
© i
o hy(a(t)
l A Tip(a).
ho(t)soo  ho(t) r(@)
(d) Assume that a is not f-preperiodic. We have ﬂf(a) =0 if and only if (f,a) is
i1sotrivial.

Proof. For part (a), write f(z) = Pz) where P(z), Q(z) € F[z] with ged(P(2),Q(2)) =

Q(2)

1. Removing finitely many points from C” if necessary, we may assume that

ged(P(2), Qe(2)) = 1

gt((i)) for every t € C'(Q). Following [HS11], we can define the
t
height of f;, denoted fz( ft), to be the height of the point whose projective coordinates
are coefficients of P;(z) and (Q:(z). Then [HS11, Proposition 6] gives that there are
positive constants ¢; and ¢5 depending only on d such that | ﬁft (z)—h(z)| < esh(fy)+cs
for every z € P}(Q) and t € C'(Q). Since the coefficients of P,(z) and Q.(z) are
obtained by evaluating at ¢ the functions from Q(C) which are the coefficients of
P(2) and Q(z), we get that h(f,) < cghe(t) + ¢ for some ¢g and ¢; that depend only
on C' and f. This finishes the proof.

Part (b) follows from [HS00, Theorem B.3.2]. Part (c) is a well-known result of Call-
Silverman [CS93, Theorem 4.1]. Part (d) follows from a result of Baker [Bak09]. O

so that f(z) =

3. THE PROOF OF THEOREM 1.7

Throughout this section, let C, F, and a,b € P'(F) be as in Conjecture 1.5. Fix
a height he on C(Q) as before. Let f(2),g(z) € F(z) with d; = deg(f) > 2 and
dy = deg(g) > 2. In this section, we allow the possibility that both f and g are

special. Let S be the set defined in Conjecture 1.5. We start with an easy case:

Proposition 3.1. Assume that a is preperiodic for f. Then one of the following
holds:
(i) Either (f,a) or (g,b) is isotrivial.
(ii) There exist m,n € Ny such that f™(a) = g™(b).
(iii) S has bounded height.

Proof. We assume that conditions (i)-(iii) do not hold and we will derive a contradic-

tion. The problem is easy when b is g-preperiodic. Indeed S is the set of t € C(Q)
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satisfying finitely many equations; hence either S is finite or one of those equations
holds for every t.

Now assume that b is not g-preperiodic. Since we assumed that condition (i) does
not hold, then Propositon 2.4 (for the pair (g, b)) yields that Eg(b) > 0.

Let (t;)jen be in S such that he(t;) — oo as j — oo. Since a is f-preperiodic,
after restricting to a subsequence of (;);ey if necessary, we have the following. There
exist M € N and a sequence (n;);ey C N such that for « = f(a) and for every j,
we have

(3.2) alty) = gi (b(t;)).

Furthermore, since we assumed that condition (ii) does not hold, then we may assume
(perhaps at the expense of replacing {t,} by a subsequence) that n; — co as j — oo.
To avoid triple indices, let E(j) denote the canonical height on P!(Q) associated to
the rational function g,,. Applying E(j) to equation (3.2) and dividing by hc(t;), we
have

3.3 L =dy J
(33) he(t;) * he(ty)
for every j. By Proposition 2.4:
- hgylalt) -
3.4 lim —2=—2= = h (a) < cc.
( ) QLIEO hC’(tj) g(Oé) o0
On the other hand, using the fact that n; — oo as j — oo and also that
hiy(b(t) =~
lim 20 0) h,(b) > 0,
= hol(ty)
we get
YN
(3.5) lim dyM — 0
j=oe = hel(ty)
Equations (3.3), (3.4) and (3.5) yield a contradiction. O

For the rest of this subsection, we further assume that dy and dy are multiplicatively
dependent. Define

M = {(m,n) e N?: dPhy(a) = dj hy(b)}.

Also, we let C' be a Zariski dense open subset of C' such that both f and g have good

reduction at the points of C’(Q). We let
Sy ={t € C"(Q) : there exist (m,n) € M such that f"(a(t)) = g/ (b(t))}

as in Theorem 1.7.



10 L. DE MARCO, D. GHIOCA, H. KRIEGER, K. D. NGUYEN, T. J. TUCKER, AND H. YE

Proof of Theorem 1.7. We assume that both (f,a) and (g,b) are not isotrivial. We
also assume that Sy, has bounded height and we need to prove that either S has
bounded height or there exist m,n € N such that f™(a) = ¢™(b). If either a is f-
preperiodic or b is g-preperiodic then Proposition 3.1 finishes our proof. So, from
now on, assume that neither a nor b is preperiodic. By Proposition 2.4 (d), we have
hy(a) > 0 and hy(b) > 0.

By Proposition 2.4 (a), there exist positive constants cg and ¢y depending only on
C, f, and g such that

(3.6) maxc{| hy, () — h(z)], | Dy, (x) = h(2)|} < esho(t) + e

for every t € C'(Q) and every z € P}(Q).
Let 0 > 2 be an integer such that both d; and dy are powers of §. Since the set
{6° 1 s € Z} is discrete in R.q, there is a positive lower bound ¢;o for the sets

{|(a) — 6°hy(b)| : s €Z}\ {0} and

{Ihy(b) —6°hy(a)| = s € Z}\ {0}
Choose € € (0, ¢10/3). By Proposition 2.4 (c), there exist ¢;; depending only on C,

f, and g such that for every ¢t € C'(Q) with hc(t) > ¢q1, we have:
h,, (b(t)) -~
AUCIIE } o

he(t)
Let t € S\ Sp and assume for the moment that ho(t) > ¢17. There exist m,n €
No with di"hg(a) # dyhg(b) and f"(a(t)) = g;(b(t)). This gives h(f"(a(t))) =
h(gl(b(t))) which together with (3.6) yield:

(3.8) | By, (£ (a(t))) — by, (g7 (0(1)))] < 2eshe(t) + 2c.

~

hy(a(t) -
];LCW —hy(a)

Y

(3.7) max {

By properties of canonical heights, we have:
(3.9) A" Dy, (a(t)) — d3 g, (b(2))] < 2eshe(t) +2co.

We consider the case d}* < dj. Inequality (3.9) yields:

dy  he(t) ho(t)

(3.10)

dp () By (B(0)| 20 2 2 20
~dy  dyhe(t) T dy o dyen

dm
Using d—ln < 1 and inequality (3.7), we have:
2

Bt By - 2e <
2

dP iy (at) Ty, (b(2))
dy  he(t) he(t)

(3.11)
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The left-hand side of (3.11) is at least ¢19 — 2¢ which is greater than e due to the

2 2
choice of ¢19 and €. Together with (3.10) and (3.11), we have: € < % + ncg which
2 2C11
1 2
implies dy < — ( 2¢cs + 29,
€ C11

The case di* > dj is treated by completely similar arguments. We have proved the

following: if ¢ € S\ Sy, satisfies he(t) > ¢q1 then

1 2
max{d}",dy} < - (208 + ﬁ) :
€

C11

Note that there are only finitely many such pairs (m,n). Hence such a ¢ satisfies one
of finitely many equations. We conclude that either there are finitely many such t’s
or one of those equations holds for every ¢. This finishes the proof. O

4. UPPER BOUNDS ON HEIGHTS OF POLYNOMIALS

In this section, we provide some of the technical ingredients on heights of polyno-
mials needed for the proofs of Theorem 1.1 and other cases of Conjecture 1.5.
Fix d > 2 and let
P(z) =204 a2 4. Fag1z+ag

be the generic monic polynomial of degree d in z. For each n € N, write
dn
P*(2) = ZAn,iZdn_Z
i=0

where A, ; € Z[ay, . ..,aq). Note that A, o =1 for every n. For each p € Mg, n € N,
and 0 < ¢ < d", our first goal is to give an upper bound on the total degree deg(A,, ;)
and the maximum |A,, ;|, of the p-adic values of the coefficients of A, ; € Z[a,, . .., aq)
(see Subsection 2.2). We have:

Proposition 4.1. For everyn € N and 0 <1i < d", we have deg(A,.;) < i.

Proof. The proposition holds when n = 1, we now proceed by induction. We have:

d’!L

P"(2) = (P”(Z))d—i-z aj(P”(z))d_j = (Z An,izdn_Z) —i—Z a; (Z Amizdn_i) )

d7l d
Let 0 < k < d™*'. The coefficient of 2% =% in (Z An,izdn‘i> is

1=0

(4.2) > A Ang,

(15-+50q)
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where Y is taken over the tuples (i1, ...,iq) in {0,...,d"}¢ such that (d" —i;)+...+
(d" —iq) = d"™ — k, or equivalently i; + ...+ iq = k. By the induction hypothesis,
the total degree of each term in (4.2) is

deg(An,il s An,zk) S 7;1 + ...+ id = k.
dan d—_]
For 1 < j < d, the coefficient of 24" ~* in a; (Z An,izdn_i> »

(43) Z ajAn,Z-l e An,id,j

(1150 s8q—5)

where > is taken over the tuples (iy,...,i4;) in {0,...,d"}* such that (d" —i;) +
A (dM—ig_;) = d"T =k, or equivalently i1 +. . .+i4_; = d"(d—j)—d" T +k = k—d"j.
By the induction hypothesis, the total degree of each term in (4.3) is

deg(arAni, - Aniy ;) S1+in+... +igj=1+k—d"j <k

since 7 > 1 and d" > 2. Overall, the coefficient of P Y polynomial in the a;’s
whose total degree is at most k. This finishes the proof. O

For the non-archimedean places p € M&, we have the following estimates:
Proposition 4.4. Forn € N and 1 <1 < d", we have:
|A,,i], < min{1, |d|;‘_i}.

Proof. We proceed by induction on n. The case n = 1 is immediate. Let k& €
{1,...,d"™}, since Api1x € Zlay, ..., aq) we have |A, 14|, < 1. Tt remains to show
|Antiklp < [d2F7F When & > n + 1, this holds trivially since [d|?*'~* > 1. From
now on, we assume k < n + 1, hence k < d" (since d > 2).

As in the proof of Proposition 4.1, we have:

d dn d—1
P (z <zd + Z A i "') +a <zd" +) An,izd”") T
=1

Since k < d", the coefficient of z#""' =% must come solely from

<Zdn n iAmzdni)d _ Z (d) ™ (d—0) <i Amzd”i)Z'
i—1

(=1

d7l Z
For each ¢ € {1,...,d}, the coefficient of z#""' ~* in ( ) d"(d—0) (Z Ani d"—l')
is

(4.5) () D AuirAn

(7’17 RO )
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where > is taken over the tuples (i1, ...,4,) in {1,...,d"}* such that d"(d—¢)+ (d" —
i1) + ...+ (d" — i) = d"™' — k, or equivalently i; + ...+ 4, = k. For such a tuple
(41, ..,17), by Lemma 2.2 and the induction hypothesis, we have

d d nl—iq—.—ip d
19 [t <[] e |0

The right-hand side of (4.6) is equal to |[d|?*'~* when ¢ = 1 and is at most [d[}*! ™"
when ¢ > 2. This finishes the proof. U

<
j2

",
p

Remark 4.7. The upper bound \dm_i in Proposition 4.4 is crucial for the construction
of p-adic Bottcher coordinates when p | d.

For the archimedean place of Mg, we have the following:

Proposition 4.8. Write Mg = {v}, recall the notation {1 ,(P) in Subsection 2.2.
For everyn € N and 0 < i < d", we have:
Al < fr0(Ayy) < 2 (dz ) <a

Proof. A priori, it seems that expanding P"*1(z) and using Lemma 2.2 as in the proof
of Proposition 4.4 would not be enough to prove the proposition; the reason comes
from the large factor 27 in Lemma 2.2 (b) (which corresponds to the extra factor 24"
in our inductive step). However we can use the following simple trick.

The inequality |A, |, < ¢1.,(An;) is obvious from the definitions in Subsection 2.2.
It remains to prove the other inequality. Notice that all the polynomials A, ; €
Zlay, ..., aq) have non-negative coefficients. Consider the polynomial:

P(z)=(z242)%—2=2"+ a2+ .. +ay
where a; € N for 1 < j < d. We have:

dn
(c+2)" —2=P"(z) =27 + 3 A, 2"
=1

On the one hand flm- = A, i(a1,...,aq) > {1,(Ay;) since a; > 1 for every j. On
the other hand, we have 4, ; = 2 (d:) if 1 <i<d"and A, 4 = 24" — 2. In any case,
we have A, ; < 2' (dl.n) < 47" This finishes the proof. O

We have the following application:

Corollary 4.9. Let K be a number field. Let f(z) = 2%+ ay(t)2¥ 1 + ... + aq(t) €
K[t][z] and let a(t) € K[t]; in particular, f™(a) € K[t] for every n € N.
(a) There exists a finite set of places S C My and positive constants c1o and c3
depending only on K, f, and a such that the following hold.
(i) S contains M;?.
(i) For every p € Mg\ S and every m € Ny, we have |f™(a)|, < 1.
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(iii) For every p € S and m > 0, we have | f™(a)|, < cf5 .
(iv) For every m > 0 such that f™(a) # 0, we have hyoo(f™(a)) < c13d™.

(b) Let D > 2, g(z) = 2P + B1(0)zP~ + ...+ Bp(t) € K[t][z], and b(t) € K[t].
There exists a positive constant c14 depending only on K, f, a, g, and b such
that for every m,n > 0 satisfying f™(a) # ¢g"(b), we have

hpa (" (@) = g"(b)) < cramax{d™, D"}.

Proof. Let S be a finite subset of Mk containing M7 such that for every p € Mg\ S,
the coefficients of a(t) and the «;(t)’s are p-adic integers. We have:

o
fiz) =2+ Z Api(on(t), ... aq(t)) 2",
therefore
o
f(a) = a(t)™ +> " Amilaa(t), ... cq(t))a(t)™

Lemma 2.2 and Proposition 4.4 shows that | f™(a)|, < 1 for every p € My \ S. Hence
S satisfies (i) and (ii) of part (a).
Let c15 be a positive constant such that:

max{|a|p, |041|p> ceey |ad|p} < 15

for every p € S. Let § = max{deg(a),deg(ay),...,deg(ay)}. If p € S is non-
archimedean, Lemma 2.2 and Propositions 4.1 and 4.4 give:

[f™ (@)l < cfs

for every m > 0. If p € S is archimedean, Lemma 2.2, Proposition 4.1, and Proposi-
tion 4.8 give:

[/ (a)lp < (d" +1)27 A7 ¢y

for every m > 0. This shows the existence of ¢y satisfying (iii) in part (a).
From the definition of A, and the formula Z ny, = [K : Q] for every p € My,
pEMi plp
we deduce (iv) from (i), (ii), and (iii).

For part (b), we apply part (a) to the pair (g,b). By extending S and increasing
c12, we may assume that (ii) and (iii) hold for the data (g,b,S,c12). The desired
upper bound on h,,(f™(a) —g¢"(b)) is obtained from the corresponding upper bounds
for | f™(a) — g"(b)], for p € M. O
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5. EXAMPLES USING EISENSTEIN’S CRITERION

In this section, we prove some special cases of Conjecture 1.5. We begin with
a brief discussion of our strategy for proving Theorem 1.1, and then we prove two
propositions where the irreducibility step in the proof can be carried out by applying
Eisenstein’s criterion.

5.1. The proof strategy for Theorem 1.1. Consider f(z) = g(z) = 22+t € Q[t][z]
and a,b € Q. Assume that a* # b?>. We have hf( )=h 4(b) = 3, hence both (f,a)
and (g,b) are not isotrivial. Also, becuase a® # b?, we have fm(a) # g"(b) for every
m,n > 0. Indeed, as a polynomial in ¢, we have that f"(a) and ¢"(b) have both degree
271 (for n > 1); so, if f™(a) = ¢g"(b), then it must be that m = n. On the other
hand, the coefficient of t2" '~ in f"(a) (respectively in ¢"(b)) is 2" 'a? (respectively
2712); so, f™(a) # ¢g"(b) for any m,n € N. By Theorem 1.7, in order to prove that
the set

S={teQ: f"(a)=g/'b) for some m,n € N}
has bounded height, it suffices to show that the set

Su={teQ: f"(a)=gb) for some n € N}

has bounded height.

Let K be a number field such that a,b € K. By Corollary 2.3 and Corollary 4.9,
it suffices to show that there exists a positive constant c¢;4 depending only on K, f,
a, and b such that the following holds. For every t, € S, if N denotes the smallest
positive integer such that f¥(a)(ty) = ¢™ (b)(t), then [K(tg) K] > c162". Note that
deg(fN(a)—g" (b)) = 2¥ —1. Observing that fN=1(a)—g"~1(b) divides f™(a)—g" (b)

f¥(a ) g™ (b)
fAa) - N '(0)

for all N, we aim to prove that the polynomial € K|[t] is “almost

irreducible” over K.
5.2. A variant of Theorem 1.1.

Proposition 5.1. Let p be a prime and let d > 1 be a power of p. Let f(z) = g(z) =
2+t € Qt][z]. Let a,b € QNQ, one of which is a p-adic unit while the other one
is in pZy,. Then the set:

{t €Q: there exist m,n € N such that f"(a;) = g{'(bs)}
has bounded height.

Proof. Exactly as discussed in §5.1 for d = 2, we have that a? # b implies f™(a) #
g"(b) for every m,n > 0. Therefore, we must only show that there exists a positive
constant cy7 such that for every N > 2, every root ¢, of the polynomial

fN(a) — g™ (b) _ N=1(,) — ¢ N-1 o)
fN_l(a)_gN_l(b)—#Hd:l(f (a) = ¢SY (1)) € Q]
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satisfies [Q(tg) : Q] > cy7d".

We will show that for every d-th root of unity ¢ # 1, the polynomial f¥=!(a) —
CINTH(D) € Q,[¢][t] is irreducible over the cyclotomic field Q,(¢). For every ¢ € Z,,
as easy induction on N yields that

) =t e o™+ Ryil(t)

where Ry_1.(t) € ptZ,[t] with deg, (Ry_1,.) < dV72.

We have that A = 1 — ( is a uniformizer of Z,[(] (note that d is a power of p).
When N > 2, we have:

dN=2-1
Pt) = f""Ma) = N0 = (1=t T+ DD et e =
i=0

where a; € Z,[(] with A | a; for every i. The polynomial P(t) is irreducible over Z,[(]
since ¢t “P(1/t) is Eisenstein (note that our hypothesis on a and b guarantees that
a®™ ™t — b is a p-adic unit). Hence [Q,(to) : Q,(¢)] = d¥~2 and this finishes the
proof. O

5.3. A second example with quadratic polynomials. In our next example,
g(2) = 2% is special while f # ¢ is a quadratic polynomial.

Proposition 5.2. Let f(z) =322 +5, g(2) = 2%, a=b=1t € Q[t]. The set
S={to€Q: f™(ty) = g"(to) for some m,n € N}
has bounded height.

Proof. First we notice that the canonical heights Ef(a) and ﬁg(b) are both equal to 1.
So, by Theorem 1.7, it suffices to prove that the set

Sv={to€Q: f"(ty) = g"(ty) for some n € N}

has bounded height. Now, for every n € N, the leading coefficient of P,(t) := f"(a) —
g"(b) € QIt] is 32"t — 1 which is not divisible by 5, while the constant term is
congruent to 5 modulo 25, and the coefficients of the remaining terms are divisible
by 5. By Eisenstein’s criterion, P, is irreducible over Q. By Corollary 2.3 and
Corollary 4.9, this proves that Sy has bounded height thanks to Corollary 4.9 (exactly
as in the discussion of §5.1). By Theorem 1.7 we conclude that S has bounded height
as well. U

6. NON-ARCHIMEDEAN BOTTCHER COORDINATES

In this section, we introduce p-adic Bottcher coordinates near infinity for a poly-
nomial. We use this analysis in our proof of Theorem 1.1 and its generalization in
Section 7. Compare the usual definition over the complex numbers in, e.g., [Mil06,
Chapter 9]. See also [Ing13] in the non-archimedean setting.
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Fix d > 2, let P(2) = 22+ a12¢t + ... + ag_12 + aq, and write

& T,
P (z) = Z Ap 2t 7= (1 + Z Z:L.’Z)
i=0 i=1

as in Section 4. Let P = Qlay,...,aq) be the ring of polynomials in the a;’s with
rational coefficients and let R = P((1/z)) be the ring of Laurent series in 1/z with
coefficients in P. Define v on R \ {0} by letting v(F') be the lowest power of 1/z
that appears in F' (for example v(z + %) = —1). The subring Ry of R containing
all power series F' such that v(F) > 0 is precisely P[[1/z]]. We have that R, is a
complete topological ring in which a basis of neighborhoods of 0 is:

1 1 1
—7—\),03—27_\),03—37_\),03...
z z Z

1
If o« € =Ry and m € N, the series:
z

is a well-defined element in Ry and its m-th power is 1 + «. For n € N, we define the

n n 1/dn dn
P(2)\ " A 1 An,i
Fn:z< Zdn) =z 1+; - =z |1+ z; ol
o Bn’]
::2+Z; o
j:

where B,, ; € P for every j > 0. We now compare F,,; with F,,. We have:

series:

(6.1)

PP (2) = (P"(2)4 4+ a (P () + ... + ag1 P™(2) + aq
(o (B2 en (e (5
)

o (PPN ar (PPN ae (P aq
=~ dn + dn dn + ~2dn dn oot LAt
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1/dn+1

n d
where E, € Ry with v(E,) = d". Put a = <<P (Z)) +En> and B =

P dan

P Ve
( (Z)) , we have v(a— () = 0 for every d""!-th root of unity ¢ # 1. Therefore

zd"
" d 1/dn+t " 1/d"
((Pzd(f)) " E) R (Pzd(f)) =vio—pB) = vl = 5"

=v(E,) =d"
1
Therefore F},11 — F,, € ——"Ro. Hence the sequence {F,}, converges in R to a
z
series:
B(z)=z+)» —
zJ
j=0

1
where B; € P for every j > 0. Since F,, 4 — F,, € WRO, we have:
z

For every monic polynomial Q(z) € Pz] \ P (i.e. deg(Q) > 1), we have that
1/Q(z) belongs to Ry and v(1/Q(z)) = deg(Q). Therefore, for every series F(z) =

Z ci/7" € R, the element F o Q(2) = F(Q(2)) = Z ci/Q(z)" is a well-defined

element of R. From (6.1), we have:

Fo(P(2)) = Foya(2)".
Together with the definition of B, we have:
(6.3) B(P(z)) = B(z)".

For each w € M(%, let C,, denote the completion of Q, and we use the same notation
| - | to denote its extension on C,,. Our goal is to provide a domain D C C4H such
that the series B is convergent at every (z,aq,...,aq) € D.

We need the following;:

[, (1 —im)

Lemma 6.4. Let k,m € N and let p be a prime not dividing m. Then o

s a p-adic integer.

Proof. One can obtain this result by simply counting the exponent of the prime p in
both the numerator and the denominator of the above fraction, but one can also use
the following clever observation suggested by David Masser. The binomial coefficient
By (z) given by

z-(r—=1)--(x—k+1)

v il
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sends 7Z into itself and so, since Z is dense in Z,, then it also sends Z, into itself.
Since p { m, then L € Z, and so, By,(1/m) € Z,; in particular, m"By(1/m) is a p-adic
integer, as desured U

Theorem 6.5. Let w € M&.

o Ifwe M(% corresponds to a prime which does not divide d, let
D:={(z,a1,...,aq) € CL™": max{1,|ai|uw, ..., |adw} < |z|uw}-

o Ifwe M& corresponds to a prime p | d, let

max{1,|a|w,- -, |0d|w _
D::{(z,al,...,ad)eC?fl: {L] 1||d| 2] }pl/(p 1)<|z|w}.

Then the following hold:

(a) For every (z,a4,...,aq) € D, the series
(ay,...,a
- z HISL
is convergent. This defines a function B : D — C,,. Moreover, if z, a1, . . ., aq
belong to a finite extension k of Q,, then B(z,aq,...,aq) € K.

(b) For every (z,ay,...,aq) € D:
Bz 4+ a1z + .. 4 agar,...,a0) = B(z, a1, ..., a9)%
(¢) If B(z,a4,...,a9) = B(¢,a1,...,aq) then z = 2.

Proof. Part (b) follows from (6.3). We will prove parts (a) and (c) for the case w1 d
first.

Let j € Ny and choose n :=n(j) := [logy(j +2)]| so that j < d"—1and B; = B, ;
by (6.2). By (6.1), B, is the coefficient of 1/z7! in

dn n 2
1 A\ 11 /1 A
z(z )*a%(%”) (Z )

For each k € N with k£ < j + 1, let ¢, ;1 be the coefficient of 1/277! in

dn k
11 1 A
(k) <Z ) |

i=1

We have:
11 1
(6.6) cn,j,kzﬁﬁ.(——kﬂ) Z Ani o A

where Y is taken over the tuples (i1, ..., i) in {1,..., d"} such that i;+. . .41 = j+1.
Let (z,a1,...,aq) € D. Write M = max{1, |a|w, .- -, |@d|w}-
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If we M(% with w t d, from Proposition 4.1, Proposition 4.4, and Lemma 6.4, we
have:

j+1
(6.7) Bujlo = > caju| < M
k=1 w
B,.; M’
(6.8) and hence |—2| < M (—) :
2 w ‘Z|w

Therefore for every (z,aq,...,aq) € D, the series

Z+Z al,.‘.., )

is convergent. The last assertion in part (a) follows from the completeness of k. For
part (c), we have:

(6.9) 0=B(z,a4,...,a9) —B(Z,a1,...,a (z—~7 +Z o, ad) (2 _Z).

z Z/Z

Assume z # 2/ and we arrive at a contradiction as follows. Without loss of generality,
assume |2’|, > |z],. Let i € N, we have:

|Zli . Zi|w

(6.10) < |t

2" = 2|w

_ M i+1 _ M 2
w N ‘Z|w o ‘Z|w

M\ ,
<{— ) |lz=2w<|z—70
y z

Equation (6.7) yields that
Bi(ay,...,aq)

iz

(6.11) ‘

Equation (6.10) and (6.11) give:

i Bi(ay, ..., aq)(2" — 2%

Zi Z/i

i=1 2]

contradicting (6.9). This finishes the proof for the case w € Mé.
Ifwe Mé corresponds to a prime p | d, then we first note that the exponent of p
in k! is

k
|k/p]| + Lk/p2J +...< F
From Proposition 4.1 and Proposition 4.4, we have:
1By jlw € max e nle < max |d|"F|d|nbIph/ 0=l pptt
(6 12) ’ 1<k<j+1 ’ 1<k<j+1

— (Mpl/(p 1)/|d|w)j+1,

B ;
i

Mpl/ =D\ 7
(6.13) and hence pi)

‘d|w|z‘w

< (Mp# D /|d],) (

w
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We finish the proof using similar arguments as in the case w t d in which equations
(6.12) and (6.13) play the role of equations (6.7) and (6.8). O

7. BOUNDED HEIGHT IN FAMILIES

In this section we complete the proof of Theorem 1.1. In fact, we prove the more
general result of Theorem 7.1, relying on the results of Section 6. Throughout this
section, let F = Q(t).

Theorem 7.1. Let d > 2, let f(z) = g(2) = 2%+ A1 ()21 + ... + Aq(t) € Q[t][2],
and let a,b € Q. Assume the following:
(A) d is a prime power.
(B) There is a prime p and an embedding Q — C,, satisfying the following condi-
tions:
(i) Let Z, denote the set of elements of Q, that are integral over Z,. For
every i, A;(t) € Zy[t] (in other words, |A;], < 1) and deg(A;) < i.
(ii) a € Z, while b & Z,.
(iii) For some m € N, the polynomial f™(a) € Z,[t] is non-constant and its
leading coefficient is a unit.

Then the pairs (f,a) and (g,b) satisfy the conclusion of Conjecture 1.5.

Proof. Define the set S as in Conjecture 1.5. It suffices to assume that:

(C) the pairs (f,a) and (f,b) are not isotrivial, and

(D) for every m,n € Ny, f"(a) # f"(b)
and prove that S has bounded height. Define M and Sy as in Theorem 1.7, it suffices
to prove that Sy, has bounded height. We may assume that M # (); otherwise there is
nothing to prove. Let my € N be minimal such that the polynomial ™ (a) € Q,[t] is
non-constant (see condition B (iii)); let §; > 0 denote its degree. From condition (iii)

and the form of f, we have that deg(f™(a)) = d™ "™°; and the leading coefficient of
~ J

f™(a) is a unit for every m > my. Therefore hy(a) = d—nlbo > 0. Since M # (), we have

ﬁf(b) > 0. Hence there is minimal ny € N such that the polynomial f™(b) € Q,[f] is

non-constant; let do > 0 denote its degree. Then a similar analysis as above yields that

he(b) = d‘%. By the minimality of mgy and ng, along with the form of the polynomial

f (see also condition B (i)), we have:

e 1 < 61,00 < d. And since M # (), we have that 6;/9, is a power of d. This
gives 0y =y =: 0 € {1,...,d — 1}.

o [ a)eQCQ,and |f™ (a)], < 1.

o [ (b) € Q € Q, and |f™~1(b)], > 1 (note that ||, > 1 while each A; €
Zplt]).
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Therefore, after replacing (a,b) by (f™~!(a), f*~1(b)), from now on, we assume that
mgo = ng = 1. We need to prove that the set

Sy =1{teQ: f(a) = g/"(b) for some n >0}

has bounded height.

Let K be a number field such that a,b € K and the polynomials A; belong to Kt].
As in the discussion of §5.1, applying Corollaries 2.3 and 4.9, it suffices to prove the
following claim.

Claim: There exists a positive constant c;9 depending on K, p, f, a, and b such
that the following holds. For every t5 € S, let N € N be minimal such that
fi¥(a) = f(b); then we have [K (tg) : K] > cigd".

We prove this claim as follows. Fix a positive integer c¢;g such that |b|gd01871_d >
pY/®=Y/|d|,. Fix ty € Sy and let N be as in the claim; we may assume N > cig.
First, we observe that |tg], > |b],. Otherwise, we would have

N—1 N
i (a)], < max{1, [to],}* " < [o[2,

while [fN(b)], = [b|Z", contradiction.
Now since |to|, > |b], > 1 and f"(a) € Z,[t] is a polynomial of degree §d"~! whose
leading coefficient is a unit, we have:

(7.2) 2 ()], = [tol2 " for every n € N.

On the other hand, let n; > 0 be minimal such that |f"(b)|, > [to|,; note that n,
exists since | 2 (b)], = | [N (a)|, = |1€0|1‘3,de1 > |to|,- From condition (i), we have:

(7.3) O]y = 1fi (B)]; ™ for every n > ny.
From (7.2), (7.3), and f(a) = f(b), we have:
(7.4) ftoly™ ™ = 115 ()]

If ny = 0, equation (7.4) would give:

|b|p = |ft%(b)|p = |to|f/d < |t0|p>

contradicting the earlier observation that |¢o|, > |b|,. Hence n; > 1. We show next
that ny = 1. Indeed, if n; > 2 then by using |/ ~'(b)|, < |to|, due to the minimality
of n; and by induction, we get that

n—nq+1 n—1
@)l <ltoly ™ < Jtol;

for every n > ny — 1. In particular, when n = N, we have:

aN-1

[fio (@)l = |fig D)y < Itol;

contradicting (7.2). Therefore ny = 1.
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Let

LA () |ps .- |Aa(t
D = {(Z,t) c (CI% : max{ >| 1( )|l;7‘7 a| d( )|P}p1/(p—1) < |Z‘p} ]
p

From part (i) of condition (B), we have |A;(to)], < [to|?. From the fact that n, =
1 coupled with equations (7.2), (7.3), (7.4), along with the choice of ¢;5, and the
inequality |to|, > |b],, we have:

C c 1
fa=(a)lp = [tlp™™ > [tolgp"/®~1/|dl,
and
C c 1
[F22(0)]p = [t > |tolop™ =" /dl,.

Therefore (fi'*(a),to) and (f5*(b),to) belong to D’. Let B be the function in Theo-
rem 6.5 and define B'(z,t) = B(z, Ay (t), ..., Aq(t)) which is well-defined on D’ thanks
to the definition of D’ and Theorem 6.5 (regardless of whether p | d or not). From
fi¥(a) = f(b) and the functional equation of B in Theorem 6.5, we have:

BI(f5 (), to)™ " = B (0) 1)
B(f5(a). to)

B'(fg(b)
other hand, if the order of ¢ divides ™V~

Bfe(a), i)™ = Bi(fge(0), 1)

In other words, we have ( := is a dV~¢5-th root of unity. On the

to)
I then we have:

which gives
B/(ft]:_l(a)a tO) = B/(ft]:_l(b)a tO)

thanks to the functional equation satisfied by B. By Theorem 6.5, we have ft]: “a) =
=1(b) contradicting the minimality of N.

Write k = K,(to) where K, C Q, is the completion of K under | - [,. We have
proved that the field s contains a d”¥~¢5-th root of unity ¢ and the order of ¢ does not
divide d¥—8~!_ This is the only place where we use the technical assumption that d
is a prime power; we conclude that the order of ¢ is a strict multiple of d¥=5~! and

hence, see [Neu99, pp. 158-159], we have:
[Kp(C) : K] = cood™ ="
for some constant cyy that depends only on K, and d. Let c19 = cood™“'®, we have:
K (to) : K] = 52 ) = [,(C) : K,) > crod”

and this proves the claim. Then Corollary 4.9 (along with Corollary 2.3) allows us to
conclude the proof of Theorem 7.1. U

We have the following immediate corollary, which is itself a generalization of The-
orem 1.1.
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Corollary 7.5. Let d be a prime power and let f(z) = 24 +t € Q[t][z]. Let a,b € Q
exactly one of which is an algebraic integer. Then the set

S={tocQ: f"(a) = f](b) for some m,n € N}
has bounded height.

Proof. We can easily check that (f,a) and (f,b) are not isotrivial. Without loss of
generality, assume that a is an algebraic integer while b is not. There is a prime
number p such that, under a suitable embedding Q — @p, b is not integral over
Z,. We have that f™(a) € Z,[t] while f"(b) ¢ Z,[t], hence f™(a) # f"(b) for every
m,n € N. We apply Theorem 7.1 and get the bounded height result. U

It is an interesting problem to remove the technical condition that d is a prime power
in Theorem 7.1. This condition is only used at the end of the proof of Theorem 7.1
in order to show that the order of ¢ is comparable to d'.

REFERENCES
[AMZ)] F. Amoroso, D. Masser, and U. Zannier, Bounded height in pencils of finitely generated
subgroups, preprint, arXiv:1509.04963v3.
[Bak09] M. Baker, A finiteness theorem for canonical heights attached to rational maps over

function fields, J. reine angew. Math 626 (2009), 205-233.

[BD11] M. Baker and L. DeMarco, Preperiodic points and unlikely intersections, Duke Math. J.
159 (2011), 1-29.

[BGOG] E. Bombieri and W. Gubler, Heights in Diophantine Geometry, New Mathematical
Monograph, Cambridge Univ. Press, Cambridge 3 (2006),

[BMZ99] E. Bombieri, D. Masser and U. Zannier, Intersecting a curve with algebraic subgroups of
multiplicative groups, Int. Math. Res. Not. 1999 (1999), 1119-1140.

[BMZ07] E. Bombieri, D. Masser and U. Zannier, Anomalous subvarieties—structure theorems and
applications, Int. Math. Res. Not. 2007 (2007), 1-33.

[CS93] G. S. Call and J. H. Silverman, Canonical heights on varieties with morphisms, Compos.
Math. 89 (1993), 163-205.

[GKNY17] D. Ghioca, H. Krieger, K. D. Nguyen and H. Ye, The dynamical André-Oort conjecture:
Unicritical polynomials, Duke Math. J. 166 (2017), no. 1, 1-25.

[GN16] D. Ghioca and K. D. Nguyen, Dynamical anomalous subvarieties: structure and bounded
height theorems, Adv. Math. 288 (2016), 1433-1462.

[HS00] M. Hindry and J. H. Silverman, Diophantine Geometry: An Introduction, Graduate
Texts in Mathematics, vol. 201, Springer-Verlag, New York, 2000.

[HS11] L.-C. Hsia and J. H. Silverman, A quantitative estimate for quasiintegral points in orbits,
Pacific J. Math. 249 (2011), 321-342.
[Ing13] P. Ingram, Arboreal Galois representations and uniformization of polynomial dynamics,

Bull. Lond. Math. Soc. 45 (2013), 301-308.

[JKMT16] J. Juul, K. Madhu, P. Kurlberg, and T. J. Tucker, Wreath products and proportions of
periodic points, Int. Math. Res. Not. IMRN 2016, no. 13, 3944-3969.

[Jon13] R. Jones, Galois representations from pre-image trees: an arboreal survey, Pub. Math.
Besangon (2013) 107-136.



BOUNDED HEIGHT IN FAMILIES OF DYNAMICAL SYSTEMS 25

[Mil06] J. Milnor, Dynamics in One Complex Variable, Third Edition, Annals of Mathematics
Studies, vol. 160, Princeton University Press, Princeton, NJ, 2006.

[Neu99] J. Neukirch, Algebraic Number Theory, Grundlehren Math. Wiss. vol. 322, Springer-
Verlag Berlin, 1999. Translated from the German by N. Schappacher.

[Ngul5] K. Nguyen, Some arithmetic dynamics of diagonally split polynomial maps, Int. Math.
Res. Not. 2015 (2015), 1159-1199.

[Odo85] R. W. K Odoni, The Galois theory of iterates and composites of polynomials, Proc.
London Math. Soc. (3) 51 (1985), 385-414.

[Pin13] R. Pink, Profinite iterated monodromy groups arising from quadratic morphisms with
infinite postcritical orbits, preprint, 2013, 26 pages, arXiv:1309.5804.

[Sil83] J. H. Silverman. Heights and the specialization map for families of abelian varieties. J.
Reine Angew. Math. 342(1983), 197-211.

[Sil94] J. H. Silverman, Advanced topics in the arithmetic of elliptic curves, Graduate Texts in
Mathematics 151, Springer-Verlag, New York, 1994, 525 pp.

[Sil07] J. H. Silverman, The arithmetic of dynamical systems, Graduate Texts in Mathematics
241, Springer, New York, 2007, 511 pp.

[Zan12] U. Zannier, Some problems of unlikely intersections in arithmetic and geometry, Annals

of Mathematics Studies, vol. 181, Princeton University Press, Princeton, NJ, 2012, With
appendixes by David Masser.

LAURA DEMARCO, DEPARTMENT OF MATHEMATICS, NORTHWESTERN UNIVERSITY, 2033 SHERI-
DAN RoAD, EvANsTON, IL 60208, USA
E-mail address: demarco@northwestern.edu

DRAGOS GHIOCA, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRITISH COLUMBIA, VAN-
COUVER, BC V6T 1Z2, CANADA
E-mail address: dghioca@math.ubc.ca

HoLrLy KRIEGER, DEPARTMENT OF PURE MATHEMATICS AND MATHEMATICAL STATISTICS,
UNIVERSITY OF CAMBRIDGE, CAMBRIDGE CB3 OWB, UK
E-mail address: hkrieger@dpmms.cam.ac.uk

KuoA DANG NGUYEN, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRITISH COLUMBIA,
VANCOUVER, BC V6T 1Z2, CANADA
E-mail address: dknguyen@math.ubc.ca

THOMAS TUCKER, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ROCHESTER, ROCHESTER,
NY 14627, USA
E-mail address: thomas.tucker@rochester.edu

HeEx1 YE, DEPARTMENT OF MATHEMATICS, ZHEJIANG UNIVERSITY, HANGzZHOU, 310027,
CHINA
E-mail address: yehexi@gmail.com



	1. Introduction
	2. Heights
	2.1. Heights over number fields
	2.2. Heights of polynomials over Q
	2.3. Heights over function fields

	3. The proof of Theorem 1.7
	4. Upper bounds on heights of polynomials
	5. Examples using Eisenstein's criterion
	5.1. The proof strategy for Theorem 1.1
	5.2. A variant of Theorem 1.1
	5.3. A second example with quadratic polynomials

	6. Non-archimedean Böttcher coordinates
	7. Bounded height in families
	References

