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CHARACTERIZATION OF CUTOFF FOR REVERSIBLE MARKOV CHAINS*

By RIDDHIPRATIM BASU, JONATHAN HERMON AND YUVAL PERES
Stanford University, University of California, Berkeley and Microsoft Research, Redmond

A sequence of Markov chains is said to exhibit (total variation)
cutoff if the convergence to stationarity in total variation distance
is abrupt. We consider reversible lazy chains. We prove a necessary
and sufficient condition for the occurrence of the cutoff phenomena
in terms of concentration of hitting time of “worst” (in some sense)
sets of stationary measure at least «, for some a € (0,1).

We also give general bounds on the total variation distance of
a reversible chain at time ¢ in terms of the probability that some
“worst” set of stationary measure at least a was not hit by time ¢.
As an application of our techniques we show that a sequence of lazy
Markov chains on finite trees exhibits a cutoff iff the product of their
spectral gaps and their (lazy) mixing-times tends to oo.

1. Introduction. We obtain a tight bound on the mixing-time tmix(e) (up to an absolute
constant independent of €) for lazy reversible Markov chains in terms of hitting times of large sets
(Proposition 1.8, (1.6)). This refines previous results in the same spirit ([25] and [22], see related
work), which gave a less precise characterization of the mixing-time in terms of hitting-times (and
were restricted to hitting times of sets whose stationary measure is at most 1/2).

Loosely speaking, the (total variation) cutoff phenomenon occurs when over a negligible period
of time, known as the cutoff window, the (worst-case) total variation distance (of a certain finite
Markov chain from its stationary distribution) drops abruptly from a value close to 1 to near 0. In
other words, one should run the n-th chain until the cutoff point for it to even slightly mix in total
variation, whereas running it any further is essentially redundant.

Though many families of chains are believed to exhibit cutoff, proving the occurrence of this phe-
nomenon is often an extremely challenging task. Although drawing much attention, the progress
made in the investigation of the cutoff phenomenon was done mostly through understanding ex-
amples and the field suffers from a lack of general theory. The cutoff phenomenon was given its
name by Aldous and Diaconis in their seminal paper [2] from 1986 in which they suggested the
following open problem (re-iterated in [10]), which they refer to as “the most interesting problem”:
“Find abstract conditions which ensure that the cutoff phenomenon occurs”. Our bound on the
mixing-time is sufficiently sharp to imply a characterization of cutoff for reversible Markov chains
in terms of concentration of hitting times.

We use our general characterization of cutoff to give a sharp spectral condition for cutoff in lazy
weighted nearest-neighbor random walks on trees (Theorem 1).

Generically, we shall denote the state space of a Markov chain by €2 and its stationary distribution
by 7 (or Q, and m,, respectively, for the n-th chain in a sequence of chains). Let (X;);2, be
an irreducible Markov chain on a finite state space {2 with transition matrix P and stationary
distribution . We denote such a chain by (€2, P, ). We say that the chain is finite, whenever  is

*An extended abstract of this paper appeared in the conference proceedings of ACM-SIAM Symposium on Discrete
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finite. We say the chain is reversible if w(x)P(z,y) = 7(y)P(y, z), for any x,y € €.

We call a chain lazy if P(x,z) > 1/2, for all z. In this paper, all discrete-time chains would be
assumed to be lazy, unless otherwise is specified. To avoid periodicity and near-periodicity issues
one often considers the lazy version of the chain, defined by replacing P with P, := (P + I)/2.
Another way to avoid periodicity issues is to consider the continuous-time version of the chain,
(X£%)¢>0, which is a continuous-time Markov chain whose heat kernel is defined by Hy(z,y) :=
Sio St PR y).

We denote by Pi, (P,) the distribution of X; (resp. (X¢)1>0), given that the initial distribution is
p1- We denote by HY, (H,,) the distribution of X{* (resp. (X{*);>0), given that the initial distribution
is p. When p = 0,, the Dirac measure on some x € 2 (i.e. the chain starts at = with probability
1), we simply write Pt (P,) and H, (H,). For any x,y € Q and t € N we write P (y) := P,(X; =
y) = Pi(z,y).

We denote the set of probability distributions on a (finite) set B by Z?(B). For any p,v €
Z(B), their total-variation distance is defined to be ||u — v||rv = 33, |u(z) — v(z)| =
> B: p(z)>v(z) H(x) — v(z). The worst-case total variation distance at time ¢ is defined as

d(t) := mgécdx(t), where for any x € Q, d,(t) := ||P.(X; € -) — 7|1V

The e-mixing-time is defined as
tmix(€) :=inf {t : d(t) < €}.
Similarly, let det(t) := max,ecq |[HL — 7||7v and let ¢S4 (€) :=inf {t : det(t) < €}.

When e = 1/4 we omit it from the above notation. Next, consider a sequence of such chains,
((, Po,m,) : n € N), each with its corresponding worst-distance from stationarity d(™(t), its
mixing-time tgfi)x, etc.. We say that the sequence exhibits a cutoff if the following sharp transition
in its convergence to stationarity occurs:

(n)

"
lim (n)ml&:l, for any 0 < e < 1.
e tmix(l - 6)

We say that the sequence has a cutoff window wy,, if w, = o(tf:i)x) and for any € € (0,1) there
exists ¢, > 0 such that for all n
()~ tix

(1.1) ¢

mix

(1 —€) < cewy.

Recall that if (Q, P, ) is a finite reversible irreducible lazy chain, then P is self-adjoint w.r.t. the
inner product induced by 7 (see Definition 2.1) and hence has || real eigenvalues. Throughout we
shall denote them by 1 = A1 > A > ... > )‘IQ\ > 0 (where Ay < 1 since the chain is irreducible and
Alg| > 0 by laziness). Define the relazation-time of P as t,q := (1 — A2)~L. The following general
relation holds for lazy chains (see [19] Theorems 12.3 and 12.4)

(1.2) (tra = )10 (5. ) < tie(€) < tralog (o).

emin, 7(x)
We say that a family of chains satisfies the product condition if (1 — )\gn))t

equivalently, ti:l) = o(tl(;?)()). The following well-known fact follows easily from the first inequality

n (1.2) (c.f. [19], Proposition 18.4).

(n)

mix — 00 asn — 00 (or
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FACT 1.1. Fora sequence of irreducible aperiodic reversible Markov chains with relaxation times
") }, if the sequence exhibits a cutoff, then ¢t = (t( ") ).

{trel } and mizing-times {tmlx ol = Ot

In 2004, the third author [23] conjectured that, in many natural classes of chains, the product
condition is also sufficient for cutoff. In general, the product condition does not always imply cutoff.
Aldous and Pak (private communication via P. Diaconis) have constructed relevant examples (see
[19], Chapter 18). This left open the question of characterizing the classes of chains for which the
product condition is indeed sufficient.

We now state our main theorem, which generalizes previous results concerning birth and death
chains [12]. The relevant setup is weighted nearest neighbor random walks on finite trees. See
Section 5 for a formal definition.

THEOREM 1. Let (V, P,m) be a lazy reversible Markov chain on a tree T = (V, E) with |V| > 3.
Then

(1.3) trmix (€) — tmix(1 — €) < 351/ € MHrertmix, for any 0 < e < 1/4.

In particular, if the product condition holds for a sequence of lazy reversible Markov chains (Vy,, Py, y,)
on finite trees T, = (Vu, Ey), then the sequence exhibits a cutoff with a cutoff window w, =
(n),(n)
t. /'t

rel “mix "’

In [11], Diaconis and Saloff-Coste showed that a sequence of birth and death (BD) chains exhibits
separation cutoff if and only if t( 1) = o(t( n) ). In [12], Ding et al. extended this also to the notion

mix

of total-variation cutoff and showed that the cutoff window is always at most tEZl) I(m)x and that
in some cases this is tight (see Theorem 1 and Section 2.3 ibid). Since BD chains are a particular
case of chains on trees, the bound on w,, in Theorem 1 is also tight.

We note that the bound we get on the rate of convergence ((1.3)) is better than the estimate
n [12] (even for BD chains), which is tmyix(€) — tmix(1 — €) < ce '/Frelfmix (Theorem 2.2). In fact,

in Section 5.1 we show that under the product condition, d(¢) decays in a sub-Gaussian manner

within the cutoff window. More precisely, we show that tf;ll)x( ) — tI(mX ) < C\/tre1 t$x| log €.
This is somewhat similar to Theorem 6.1 in [11], which determines the ° shape of the cutoff and

describes a necessary and sufficient spectral condition for the shape to be the density function of
the standard normal distribution.

Concentration of hitting times was a key ingredient both in [11] and [12] (as it shall be here).
Their proofs relied on several properties which are specific to BD chains. Our proof of Theorem 1
can be adapted to the following setup. Denote [n] := {1,2,...,n}.

DEFINITION 1.2.  Forn € N and 6,7 > 0, we call a finite lazy reversible Markov chain, ([n], P, ),
a (0,7)-semi birth and death (SBD) chain if

(i) For all i,j € [n] such that |i — j| > r, we have P(i,j) = 0.
(ii) For all i,j € [n] such that |i — j| = 1, we have that P(i,j) > 0.

This is a natural generalization of the class of birth and death chains. Conditions (i)-(ii) tie the
geometry of the chain to that of the path [n]. We have the following theorem.

THEOREM 2. Let ([ng], Pk, 7) be a sequence of (8,r)-semi birth and death chains, for some

d,r > 0, satisfying the product condition. Then it exhibits a cutoff with a cutoff window wy =
(k) 4(k)
to ot

mix “rel *
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We now introduce a new notion of mixing, which shall play a key role in this work.

DEFINITION 1.3. Let (Q, P,7) be an irreducible chain. For any x € Q, a,e € (0,1) and t > 0,
define pr(a,t) := maxscq: r(a)y>a Pz[Ta > t], where Tq := inf{t : X; € A} is the hitting time of
the set A. Set p(a,t) := max, p,(«a,t). We define

hite o (€) := min{t : py(a,t) < €} and hity(e) :== min{t : p(a,t) < €}.

Similarly, we define p§(a,t) = maxcq. r(ay>a He[T§ > t] (where TS = inf{t : X{* € A}) and
set hitS(e) := min{t : p(a, t) < € for all z € Q}.

DEFINITION 1.4. Let (Qy,, Py, m,) be a sequence of irreducible chains and let o € (0,1). We say
that the sequence exhibits a hit,-cutoff, if for any € € (0,1/4)

hit () (€) — hit{" (1 - €) = o (hit{")(1/4))
We are now ready to state our main abstract theorem.

THEOREM 3. Let (Q,, Py, m,) be a sequence of lazy reversible irreducible finite chains. The
following are equivalent:

1) The sequence exhibits a cutoff.
2) The sequence exhibits a hit,-cutoff for some o € (0,1/2].

3) The sequence exhibits a hitq-cutoff for some a € (1/2,1) and tg:l) = o(tg;”i)x).

REMARK 1.5. In Example 7.2 we show that there exists a sequence of lazy reversible irreducible
finite Markov chains, (Q, Py, my), such that the product condition fails, yet for all 1/2 < a < 1
there is hity-cutoff. Thus the assertion of Theorem 3 is sharp.

REMARK 1.6.  The proof of Theorem 3 can be extended to the continuous-time case (the neces-
sary adaptations are sketched in § 4). In particular, it follows that a sequence of finite lazy reversible
chains exhibits cutoff iff the sequence of the continuous-time versions of these chains exhibits cutoff.
This was previously proven in [8] without the assumption of reversibility.

REMARK 1.7.  Using somewhat similar techniques as in this work it was shown in [17] that
under reversibility the sequence of associated continuous-time chains exhibits a cutoff around time
L, iff the same holds for the sequence of associated averaged (“averaged at two consecutive time
steps”) chains, defined by replacing P* by Ay := (P¥ + P*1)/2. This result and its connections
with the results and techniques of this paper are discussed in more details in the related work section.

At first glance hit,(€) may seem like a rather weak notion of mixing compared to tpix(€), espe-
cially when « is close to 1 (say, &« = 1 — €). The following proposition gives a quantitative version
of Theorem 3 (for simplicity we fix @« = 1/2 in (1.4) and (1.5)).

PROPOSITION 1.8.  For any reversible irreducible finite lazy chain and any € € (0, i],

(1.4) hity /5(3€/2) — [2tre1] log €] < tmix(€) < hity jo(€/2) + [trel| log (€/4) || and

1
(15) hltl/Q(l — 6/2) — ’—Qtre” log GH S tmix(l — 6) S hltl/Q(l — 26) + 1€>1/18 ’72tre] log 8-‘ .
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Moreover,

(16)  maxhity_4(5¢/4), (frel — 1)]10g(26)[} < fmix(e) < hity_j4(3¢/4) + Pt;l llog (¢/4) ﬂ .

ct

Finally, if everywhere in (1.4)-(1.6) tmix and hit are replaced by t<  and hit®*, respectively, then

(1.4)-(1.6) still hold (and all ceiling signs can be omitted).

REMARK 1.9. Define t3bsolute .= max{(1 — A\g)~1, (1 — (N}, Our only use of the laziness
assumption is to argue that t. = tfgsomte. In particular, Proposition 1.8 holds also without the
laziness assumption if one replaces tye by tfgsomte. Similarly, without the laziness assumption the
assertion of Theorem 3 should be transformed as follows. A sequence of finite irreducible aperiodic
reversible Markov chains exhibits cutoff iff (t2hsomute)(n) = o(tl(lg)x) and there exists some 0 < o < 1
such that the sequence exhibits hit,-cutoff.

Note that for any finite irreducible reversible chain, (2, P, ), it suffices to consider a d6-lazy

version of the chain, Ps := (1 — §)P + I, for some 6 > I_LQ{M’O}, to ensure that te = t2hsolute

(which by the previous paragraph, guarantees that all near-periodicity issues are completely avoided).

Loosely speaking, we show that the mixing of a lazy reversible Markov chain can be partitioned
into two stages as follows. The first is the time it takes the chain to escape from some small set with
sufficiently large probability. In the second stage, the chain mixes at a rate which is governed by
its relaxation-time. This estimate is sharp is some cases (i.e. there are examples in which the above
description is accurate and the rate of convergence in the “second stage” is also lower bounded by
the relaxation time).

It follows from Proposition 3.3 that the ratio of the LHS and the RHS of (1.6) is bounded by an
absolute constant independent of €. Moreover, (1.6) bounds ¢yix(€) in terms of hitting distribution
of sets of 7 measure tending to 1 as € tends to 0. In (3.2) we give a version of (1.6) for sets of
arbitrary m measure.

Either of the two terms appearing in the sum in RHS of (1.6) may dominate the other. For lazy
simple random walk on two n-cliques connected by a single edge, the terms in (1.6) involving hit;_. 4
are negligible. For a sequence of chains satisfying the product condition, all terms in Proposition
1.8 involving t,, are negligible. Hence the assertion of Theorem 3, for a« = 1/2, follows easily
from (1.4) and (1.5), together with the fact that hitg%(l/él) = @(tl(ri)x) In Proposition 3.6, under
the assumption that the product condition holds, we prove this fact and show that in fact, if the
sequence exhibits hit,-cutoff for some a € (0,1), then it exhibits hitg-cutoff for all 3 € (0,1).

1.1. Related work. The idea that expected hitting times of sets which are “worst in expectation”
(in the sense of (1.7) below) could be related to the mixing time is quite old and goes back to Aldous’
1982 paper [4]. A similar result was obtained later by Lovédsz and Winkler ([20] Proposition 4.8).

This aforementioned connection was substantially refined recently by Peres and Sousi ([25] The-
orem 1.1) and independently by Oliveira ([22] Theorem 2). In [25] Peres and Sousi considered
the mixing times of the associated lazy and “averaged” chains (recall from Remark 1.7 that the
distribution at time t of the latter is obtained by replacing P! by A; := (P! + P*1)/2) de-
noted, respectively, by ty, := inf {¢ : max, ||Pf(z,-) — 7(-)|[[rv < 1/4} and taye := tayve(1/4), where
tave(€) :=1Inf {t + 1 : dave(t) < €}, and daye(t) := max, || A¢(z, ) — 7(-)||Tv. They proved that under
reversibility ¢1, and ¢,y are equivalent to each other (i.e. that for some universal constants,0 < ¢ < C,
¢ < tr/tave < C for all reversible chains) and also to various other mixing parameters, including
tstop 1= MAXzcQ,T stopping time: Xy ~7 La[1]. Their approach relied on the theory of random times to
stationarity combined with a certain complicated “de-randomization” argument which shows that



6 R. BASU, J. HERMON AND Y.PERES

(under reversibility) tave < Ctstop. As a (somewhat indirect) consequence, they deduced that for
any 0 < a < 1/2 (this was extended to o = 1/2 in [15]), there exist some constants c,, ¢, > 0 such
that for any lazy reversible irreducible finite chain

(1.7)  ditn(a) < tmix < catn(a), where ty(a) == glé’g(tH,w(a) and ty , (o) = Acﬂr:nn&t},g)za E.[T4].

This work was greatly motivated by the aforementioned results. It is natural to ask whether
(1.7) could be further refined so that the cutoff phenomenon could be characterized in terms of
concentration of the hitting times of a sequence of sets A, C €2, which attain the maximum in
the definition of t%" )(1 /2) (starting from the worst initial states). Corollary 1.5 in [16] asserts that
this is indeed the case in the transitive setup. More generally, Theorem 2 in [16] asserts that this
is indeed the case for any fixed sequence of initial states z,, € €, if one replaces tgl )(1 /2) and
d™ (t) by tg%n(lﬂ) and dg,;z) (t) (i.e. when the hitting times and the mixing times are defined only
w.r.t. these starting states). Alas, Proposition 1.6 in [16] asserts that in general cutoff could not be
characterized in this manner.

In [18], Lancia et al. established a sufficient condition for cutoff which does not rely on re-
versibility. However, their condition includes the strong assumption that for some A, C €, with
Tn(Ap) > ¢ > 0, starting from any x € A, the n-th chain mixes in o(tgli)x) steps.

Very recently, Chen and Saloff-Coste [9] obtained a detailed criterion for cutoff (both in total
variation and separation distance) for the class of birth and death chains using concentration of
hitting times. They also obtained formulae for the cutoff time as well as the cutoff window in terms
of the moments of certain hitting times.

The most important tool we shall utilize is Starr’s L? maximal inequality (Theorem 2.3), which
as we demonstrate in § 2, can become extremely powerful when combined with simple spectral
techniques (e.g. the L?-contraction Lemma). Its central role in our approach is explained in the
following section. Relating it to the study of mixing-times of reversible Markov chains is one of the
main contributions of this work. It is the belief of the authors that this technique can be applied to
other theoretical problems concerning Markov chains. Maximal inequalities were the main tool used
in two other recent works [17, 21] which resolved long lasting open problems related to mixing times
of reversible chains. In [21] Starr’s LP maximal inequality was used to prove (under reversibility)
the inequality Y-, cq sup; P*(x,y) < 2e(1V |log w(x)]). We note that for their application they had
to take p =~ 1 + 7(x).

In [17], the second and third authors substantially refined the aforementioned equivalence of t,
and t,ye, established by Peres and Sousi, by showing that daye(t + [Mt]) < max, ||H., — «|rv +
C/(1Vilog M)/M and max, |[HEFMVE_ 7|0y < dave(t) +eM? for all ¢, M > 0 (for some absolute
constants C,c¢ > 0). The main tool used in [17] is a certain L? maximal inequality involving the
discrete derivative of the transition matrix. These quantitative relations resolve a conjecture of
Aldous and Fill [3, Open Problem 4.17]. Moreover, it is shown in [17] that these inequalities not
only imply the equivalence of cutoffs for the sequences of associated (resp.) continuous-time and
averaged chains, but also allows one to express the (optimal) cutoff window of one in terms of that
of the other.

1.2. An overview of our techniques.

DEFINITION 1.10. Let (2, P,m) be a finite reversible irreducible lazy chain. Let A C Q, s > 0
and m > 0. Denote p(A) := /Vary14 = /7(A)(1 — 7(A)). Set o, := e/l p(A). We define

(1.8) Gs(A,m) := {y : |P];(A) —7(A)| < mos for all k > s}.
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We call the set G5(A, m) the good set for A from time s within m standard-deviations.

As a simple corollary of Starr’s L? maximal inequality and the L2-contraction lemma we show
in Corollary 2.4 that for any non-empty A C Q and any m,s > 0 that 7(Gs(A,m)) > 1 — 8/m?.
To demonstrate the main idea of our approach we now prove the following inequalities.

(1.9) tmix(2€) < hiti_¢(e) + F;el log (623)-‘ .

(1.10) hit (1 —2€) > tmix(1 —€) — Fr;l log <:2>-‘ :

We first prove (1.9). Let A C Q be non-empty. Let = € Q. Let s,t,m > 0 to be defined shortly.
Denote G := Gs(A, m). We want this set to be of size at least 1 — e. By Corollary 2.4 we know that
7(G) > 1—-8/m?2. Thus we pick m = /8/e. The precision in (1.8) is moy < \/8/e(v/Vary1 e */trel) <
\/ﬂe_s/trel. As we want to have e precision, we pick s := [% log 6% .

We seek to bound |[PLF(A) — w(A)]. If [PLT$(A) — w(A)| < 2¢, then the chain is “2e-mixed
w.r.t. A”. This is where we use the set G. We now demonstrate that for any ¢ > 0, hitting G by
time ¢ serves as a “certificate” that the chain is e-mixed w.r.t. A at time t 4+ s. Indeed, from the
Markov property and the definition of G,

|P.[Xi1s € A| T < t] — m(A)| < max sup |P;’(A) —n(A)| <e.
9€G s>

In particular,
(1.11) [PLFS(A) — w(A)| < PolTa > t] + |Po[Xiys € A | Tg < t] — m(A)| < Pu[Te > t] + e

We seek to have the bound P,[T¢ > t] < e. Recall that by our choice of m we have that 7(G) > 1—e.
Thus if we pick t := hit;_.(¢), we guarantee that, regardless of the identity of A and z, we indeed
have that P,[T > t] < e. Since x and A were arbitrary, plugging this into (1.11) yields (1.9). We
now prove (1.10).

We now set 7 := tpix(1—€)—1. Then there exist some z € Q and A C Q such that 7(A)—PL(A) >
1 — e. In particular, m(A) > 1 — €. Consider again G2 := Gs,(A,m). Since again we seek the
size of Gy to be at least 1 — ¢, we again choose m = /8/e. The precision in (1.8) is mog, <
V8/e(\/Var, 1 ge~52/bet) < (/8]e(\/T — m(A)es2/tre1) < /8e=52/kel, We again seek e precision.
Hence we pick sg := PfTﬁ‘l log (E%)—‘ Asin (1.11) (with 7 — s2 in the role of ¢ and s in the role of s)
we have that

PyTg, >r—s2] >m(A) —PL(A) —e>1—2e.

Hence it must be the case that hit;_(1 —2¢) > r — s9 = tyix(l —€) — 1 — PrTel log (6%)1
2. Maximal inequality and applications. In this section we present the machinery that
will be utilized in the proof of the main results. Here and in Section 3 we only treat the discrete-

time chain. The necessary adaptations for the continuous-time case are explained in Section 4. We
start with a few basic definitions and facts.

DEFINITION 2.1. Let (Q, P,w) be a finite reversible chain. For any f € R?, let E.[f] :=
Seea (@) f(x) and Vary f :=E.[(f — Exf)?]. The inner-product ()= and LP norm are
(f,9)x = Ex[fg] and || ], := (Ex[|fP)?, 1 < p < o0,

We identify the matriz Pt with the operator P' : LP(R®, 1) — LP(R®, 1) defined by P'f(x) =
S yea P, y) f(y) = Eo[f(X1)]. By reversibility P* : L? — L* is a self-adjoint operator.
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The spectral decomposition in discrete time takes the following form. If fi, ..., fq| is an orthonor-

mal basis of L?(R®, 7) such that Pf; :== \;f; for all 4, then Ptg = E.Pg + Eﬁ‘z (g, [i)x AL f;, for all
g € R and t > 0. The following lemma is standard. It is proved using the spectral decomposition
in a straightforward manner.

LEMMA 2.2 (L?-contraction Lemma). Let (2, P,m) be a finite lazy reversible irreducible Markov
chain. Let f € R®. Then

(2.1) Var, P'f < e_2t/tf91Var7rf, for any t > 0.

We now state a particular case of Starr’s maximal inequality ([27] Theorem 1). It is similar to
Stein’s maximal inequality ([28]), but gives the best possible constant. For the sake of completeness
we also prove Theorem 2.3 at the end of this section.

THEOREM 2.3 (Maximal inequality). Let (2, P, ) be a reversible irreducible Markov chain. Let
1 < p<oo andp* :=p/(p—1) be its conjugate exponent. Then for any f € LP(R?, ),

(2.2) 151l < ¥l f1lps

where f* € R is the corresponding maximal function at even times, defined as

fi(z) = sup |P*(f)(2)|= sup [Eqlf(Xan)]l.

0<k<oo 0<k<oo

The following corollary follows by combining Lemma 2.2 with Theorem 2.3.

COROLLARY 2.4. Let (2, P,m) be a finite reversible irreducible lazy chain. As in Definition 1.10,
define p(A) == /7(A)(1 — 7(A)), o1 := p(A)e e and

Gi(A,m) := {y : \PZ(A) —7(A)| < moy for all k > t} .
Then
(2.3) T(Ge(A,m)) > 1—8m™2, forall AC Q,t>0 and m > 0.

PROOF. For any t > 0, let fi(z) :== P'(14 — 7(A))(z) = PL(A) — 7(A). Then in the notation of
Theorem 2.3,
fi (x) = sup [P fy(2)| = sup [PZH(A) — m(A)],

k>0 k>0

and similarly
(Pfe)*(x) = sup [P (A) — m(4)].
k>0

Hence Gy D {z € Q: ff(x), (Pfy)*(z) < mo}. Whence
(2.4) 1 —7n(Gy) <m{z: ff(x) >mo} +7{x: (Pfi)" (x) > mo.}.

Note that since 7P! = 7 we have that E;(f;) = Ex(fo) = Ex(14 — 7(A)) = 0. Now (2.1) implies
that

(2.5) IPfill3 < |1 fe3 = VarP' fo < e/ Var, fo = e/ p*(A) = o7
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Hence by Markov inequality and (2.2) we have
(2.6) m{z: ff(zr) >mo} == {:c (fH(z)? > mQJE} < 4m™2,

and similarly, m {z : (Pf;)*(z) > mo} < 4m~2.
The corollary now follows by substituting the last two bounds in (2.4). O

2.1. Proof of Theorem 2.3. As promised, we end this section with the proof of Theorem 2.3.

PROOF OF THEOREM 2.3. Let p € (1,00) and f € LP(R®, 7). Let ¢ := ]% be the conjugate
exponent of p. We argue that it suffices to prove the theorem only for f > 0, since for general f, if
we denote f := |fl, then |f*| < h*. Consequently, ||/l < ], < gllAll, = gl

Let (X,,)n>0 have the distribution of the chain (2, P,7) with Xo ~ 7. Let n > 0. Let 0 < f €
LP(Q, 7). By the tower property of conditional expectation (e.g. [13], Theorem 5.1.6.),

(2.7) P?" f(Xo) := E[f(X2n) | Xo] = E[E[f(X2n) | Xu] | Xo] = E[Ry | Xo],

where R, := E[f(X2,) | X,]. Since Xy ~ 7, by reversibility, (X,,, X 11, ..., Xo,) and (X, Xp—1, ..., Xo)
have the same law. Hence

(2'8) Ry, = E[f(X%) ‘ Xn] = E[f(XO) ‘ Xn] = E[f(XO) ’ Xny Xnt1, - -]7

where the third equality in (2.8) follows by the Markov property. Fix N > 0. By (2.8) (R,)N_, is
a reverse martingale, i.e. (Ry_,)_, is a martingale. By Doob’s LP maximal inequality (e.g. [13,
Theorem 5.4.3.])

2. < = X0)||p-
(2.9) Il jmax Fnllp < gll Rollp = all /(Xo)p
Denote hN = MaXo<n< N P2nf By (27),

(2.10) v(Xo) = max B[R | Xo] < B {Oglang Ry | XO} .

By conditional Jensen inequality [|E[Y | Xol||, < ||Y]l, (e.g. [13, Theorem 5.1.4.]). So by taking L”
norms in (2.10), together with (2.9) we get that

(211) ol < Il masx Rully < allf (X0)lly

The proof is concluded using the monotone convergence theorem. O

3. Inequalities relating tmix(€) and hity(d). Our aim in this section is to obtain inequal-
ities relating tmix(€) and hit, () for suitable values of «, € and § using Corollary 2.4.

The following corollary uses the same reasoning as in the proof of (1.9)-(1.10) with a slightly
more careful analysis.

COROLLARY 3.1. Let (2, P,m) be a lazy reversible irreducible finite chain. Let x € Q, 0, €
(0,1), s >0 and A C Q. Denote t := hit;_o ,(6). Then

(3-1) PL(4) 2 (1-6) [m(4) = e/ [sa'm(a)(1 = w(4)] 7).
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Consequently, for any 0 < € < 1 we have that

(3.2) hiti_a((a+€) A1) < tmix(€) and tumix((e +6) A1) < hity_a(e) +

e, 4 (201 —¢)?
2 log < el ’

where a A b := min{a, b} and log™ x := max{logz,0}. In particular, for any 0 < € < 1/2,

(3.3) hity_4(5¢/4) < tanie(€) < hity_/a(3¢/4) + F’gl log (4/6)] ,

1
(3'4) tmix(e) < hit1/2(6/2) + Hrel 10g (4/6)—| and tmix(l - 6/2) < hitl/2(1 - 6) + 1e>1/9 ’72trel IOg 8—‘ .
PROOF. We first prove (3.1). Fix some z € Q. Consider the set
k —s/t -1 1/2
G = Gy(A) =y : [PE(A) — w(A)] < e/t (807 m(A)(1 — m(4))) " forall k> s .

Then by Corollary 2.4 we have that
m(G) > 1—a.

By the Markov property and conditioning on 7 and on X7, we get that

Po[Xops € A| T < 8] = m(4) — e/t [sa~'n(A)(1 — ()] .

Since m(G) > 1 — a we have that P,[T; <t] > 1 —¢ for t := hity_q4(5). Thus
t+ —s/t 1 1/2
PLY(4) 2 Pyl < PN € 4] To 1] > (1-9) [1(4) — e/ [satn(a)1 - n(4)] 7).

which concludes the proof of (3.1). We now prove (3.2). The first inequality in (3.2) follows directly
from the definition of the total variation distance. To see this, let A C € be an arbitrary set with
m(A) > 1 — a. Let t1 := tpix(€). Then for any x € 2,

P.[T4 < t1] > Py[Xy, € A] > w(A) — |P2 —7ljprv > 1 —a —e.

In particular, we get directly from Definition 1.3 that hit1_o(a + €) < t1 = tmix(€). We now prove
the second inequality in (3.2).

Set t := hit1_(€) and s := Etrel log™ (%)-‘ Let x € Q be such that d(t 4+ s) = d(t + s)
and set A := {y € Q: 7(y) > PL™¥(y)}. Observe that by the choice of ¢, s,z and A together with
(3.1) we have that

d(t + 5) = m(A4) — PL(A) < en(A) + (1 — e~/ [8a~ m(A)(1 - m(4)] V2

< em(A) +24/8/e/m(A)(1 — w(A))] < €L + (24/5/)*/4] = € + 6,

where in the last inequality we have used the easy fact that for any ¢ > 0 and any x € [0, 1] we have
that z + ey/z(1 — x) < 1+ ¢?/4. Indeed, since = € [0,1] it suffices to show that x + ¢\/(1 — ) <
1+ c%/4. Write /T — z = y and ¢/2 = a. By subtracting = from both sides, the previous inequality
is equivalent to 2ay < y? + a®. This concludes the proof of (3.2).

For the second inequality of (3.3), apply (3.2) with (a,€,d) being (e/4, 3¢/4,€/4). Similarly, to
get (3.4) apply (3.2) with (a,€,0) being (1/2,¢/2,€¢/2) or (1/2,1 — €,€/2), respectively. O

(3.5)
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REMARK 3.2.  Corollary 3.1 holds also in continuous-time case (where everywhere in (3.1)-
(3.4) tmix and hit are replaced by t<%,  and hit®®, respectively, and all ceiling signs are omitted). The
necessary adaptations are explained in Section /.

Let o € (0,1). Observe that for any A C Q with 7(A) > «, any = € Q and any t,s > 0, by the
Markov property we have that P,[Ty > ¢ + s] < Po[T4 > t](max, P.[Ta > s]) < p(a,t)p(a, s).
Maximizing over x and A yields that p(«a, t+s) < p(a,t)p(a, s), from which the following proposition
follows.

PROPOSITION 3.3.  For any a,€,0 € (0,1) we have that

(3.6) hite (€8) < hitg(€) + hita(8).

In the next corollary, we establish inequalities between hit (d) and hitg(d") for appropriate values
of o, 3,6 and ¢'.

COROLLARY 3.4. For any reversible irreducible finite chain and 0 < e < 6 < 1,
1 _
(3.7) hitz(d) < hite(0) < hitg(d —€) + [a_ltrel log <(1_ﬁa)€>—‘ , forany0<a<pg<1.

The general idea behind Corollary 3.4 is as follows. Loosely speaking, we show that any set
A C Q has a “blow-up” set H(A) (of large m-measure), such that starting from any « € H(A), the
set A is hit “quickly” (in time proportional to t./7(A)) with large probability.

In order to establish the existence of such a blow-up, it turns out that it suffices to consider the
hitting time of A starting from the initial distribution 7, which is well-understood.

LEMMA 3.5. Let (Q, P,m) be a finite irreducible reversible Markov chain. Let A C € be non-
empty. Let « >0 and w > 0. Let B(A,w,a) := {y : Py {TA > [%—IA“;H > a}. Then

m(A4)

rel

t
) < m(A°) exp (— tZ(A)> , for any t > 0.
rel

(3.8) P,[T4 > ] < 7(A%) (1 _
In particular,
(3.9) 7 (B(A,w,a)) < 1(A%e a™! and 7(A)Ex[Ta] < tyam(A°).

The proof of Lemma 3.5 is deferred to the end of this section.
Proof of Corollary 3.4. Denote s = so 8, = [a‘ltrel log ((fjﬁa)eﬂ. Let A C Q be an arbitrary
set such that m(A) > «a. Consider the set

Hi=H(A a,B,¢) ={ycQ:Py[Tqg <s] >1—¢}.

Then by (3.9)
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By the definition of H; together with the Markov property and the fact that =w(H;) > 3, for any
t>0and x € Q,

+8] > Py[Ty, <t,Ta<t+s] > (1-)Py[Th, <1

<t
(3.10) = (1= (1= pa(B,1) = 1 — e — maxp, (8,1).

Taking ¢ := hitg(0 — €) and minimizing the LHS of (3.10) over A and x gives the second inequality
in (3.7). The first inequality in (3.7) is trivial because a < (. O

3.1. Proofs of Proposition 1.8 and Theorem 3. Now we are ready to prove our main abstract
results.

PROOF OF PROPOSITION 1.8. First note that (1.6) follows from (3.3) and the first inequality in
(1.2). Moreover, in light of (3.4) we only need to prove the first inequalities in (1.4) and (1.5). Fix

some 0 < € < 1/4 and ¢t > 0. Take any set A with 7(A) > 3 and x € Q. Denote s¢ := [2t,q|logel].

Consider a coupling (P, (Yg, Zx)k>0) of the chain (Y)r>0 with initial distribution Yy ~ P! with the
stationary chain (Zj)g>0 so that P[(Yy)r>0 # (Zk)k>0] = de(t) (cf. the proofs of Proposition 4.7
and of Theorem 5.2 in [19] for the existence of such a coupling). By the Markov property

PyTa>t+s] <Py Xp¢ Aforallt <k <t+s]=PY; ¢ Aforall k£ <s]
< P[(Yk)kzo #* (Zk)kzo] + ]P)[Zk ¢ A for all k < SE] =d,(t) + PW[TA > 86}.

Hence by (3.8)

1
Po[Ta > t+ 5] < du(t) + e */? < d(t) + %

Putting t = tmix(€) and t = tyix(1 — €) successively in the above equation and maximizing over
z € Q and A such that m(A4) > 3 gives

hlt1/2(3€/2) S tmix(6> + Se and hlt1/2<1 — 6/2) S tmix(l — 6) + Se,
which completes the proof. ]

Before completing the proof of Theorem 3, we prove that under the product condition if a
sequence of reversible chains exhibits hit,-cutoff for some o € (0, 1), then it exhibits hit,-cutoff for
all o € (0,1).

PROPOSITION 3.6. Let (2, Py, my,) be a sequence of lazy finite irreducible reversible chains for
which the product condition holds. Then (1) and (2) below are equivalent:

(1) There exists o € (0,1) for which the sequence exhibits a hit,-cutoff.
(2) The sequence exhibits a hity-cutoff for any a € (0,1).

Moreover,

(3.11) hit(") (1/4) = (¢,

), for any o € (0,1).
Furthermore, if (2) holds then

(3.12) Tim_hit)(1/4)/hit{")(1/4) = 1, for any a € (0,1).
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PrOOF. We start by proving (3.11). Assume that the product condition holds. Fix some a €
(0,1). Note that we have

R1s" o

hieg?(1/40) < 40~ it (1 5 ) < da 1) () < 4072+ Mogy(1/@) i

The first inequality above follows from (3.6) and the fact that (1 — 3a/4)% ' ~1 < 4¢=3 < 1/4. The
second one follows from (3.2)(first inequality). The final inequality above is a consequence of the
sub-multiplicativity property: for any k,t > 0, d(kt) < (2d(t))* (e.g. [19], (4.24) and Lemma 4.12).

Conversely, by (3.6) (second inequality) and the second inequality in (3.2) with (a,€,d) here
being (1 — «,1/8,1/8) (first inequality)

(n) (n) - (n)
t Lol 100 hity(1/8) . (n)
“mix _ | “rel bl I I e T el n .
5 { 4 10g<1_a>—‘ < 5 < hity"(1/4)

This concludes the proof of (3.11). We now prove the equivalence between (1) and (2) under the
product condition. It suffices to show that (1) = (2), as the reversed implication is trivial. Fix
0 < a < B < 1. It suffices to show that hit,-cutoff occurs iff hitg-cutoff occurs.

Fix € € (0,1/8). Denote s, = sp(a, §,¢€) 1= [ti:l)a_l log ((f:g)eﬂ' By the second inequality in
Corollary 3.4

(3.13) hit? (1 — €) < hit|” (1 — 2€) + s, and hit? (2€) < hit|" (¢) + s,.

By the first inequality in Corollary 3.4

(3.14)  hit§”(2¢) < hit{?(2¢) < hit{?(e) and hit}” (1 — €) < it (1 — 2¢) < hit{) (1 — 2e).
Hence

515 nit” (2€) — hit” (1 — 2¢) < hit
' hit™ (2¢) — hit(™ (1 — 2€) < hit

M) (e) — hit{™ (1 — €) + s,

(

B (e) —nith) (1 — €) + sn.

Note that by the assumption that the product condition holds, we have that s, = o(tfgi)x). Assume
that the sequence exhibits hit,-cutoff. Then by (3.11) the RHS of the first line of (3.15) is o(tf:fi)x).

Again by (3.11), this implies that the RHS of the first line of (3.15) is o(hitgl)(l/ll)) and so the
sequence exhibits hitg-cutoff. Applying the same reasoning, using the second line of (3.15), shows
that if the sequence exhibits hit g-cutoff, then it also exhibits hit,-cutoff.

We now prove (3.12). Let @ € (0,1). Denote o := min{a,1/2} and § := max{a,1/2}. Let
Sn = sp(a, B, €) be as before. By the second inequality in Corollary 3.4

(3.16) Bit?) (1/4 + €) — s, < hit ) (1/4) < hit{™(1/4).

By assumption (2) together with the product condition and (3.11), the LHS of (3.16) is at least
(1 — 0(1))hit™ (1/4), which by (3.16), implies (3.12). O

The following proposition shows that for all & < 1/2 the occurrence of hit,-cutoff implies that
the product condition holds. In particular, this implies the equivalence of 2) and 3) in Theorem 3.

PROPOSITION 3.7. Let (Q,, Pp,m,) be a sequence of lazy finite irreducible reversible chains.
Assume that the product condition fails. Then for any a < 1/2 the sequence does not exhibit hit,-
cutoff.
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Before providing the proof of Proposition 3.7, we complete the proof of Theorem 3.

ProOF OF THEOREM 3. By Fact 1.1 and Proposition 3.7 it suffices to consider the case in which
the product condition holds. By Propositions 3.6 it suffices to consider the case v = 1/2 (that is,
it suffices to show that under the product condition the sequence exhibits cutoff iff it exhibits
hit; jo-cutoff). This follows at once from (1.4), (1.5) and (3.12). O

PROOF OF PROPOSITION 3.7. Fix some 0 < o < 1/2. We first argue that for all n, k > 1

(3.17) nit{ ([1 — a/2]F) < k[|log,(a/2)[t5)

mix”
By the submultiplicativity property (3.6), it suffices to verify (3.17) only for £ = 1. As in the proof
of Proposition 3.6, by the submultiplicativity property d(mt) < (2d(t))™, together with (3.2), we
have that hit(™ (1 — o/2) < £™) (a/2) < [|1og,(er/2)]])t%..
Conversely, by the laziness assumption, we have that for all n,

(3.18) hit(™ (e/2) > |logy €|, for all 0 < e < 1.
To see this, consider the case that Xén) = Yn, for some y,, € Q,, such that m,(y,) < 1/2 <1 — ¢q,
and that the first ||log, €|] steps of the chain are lazy (i.e. y, = an) == X||logye]])-

By (3.17) in conjunction with (3.18) we may assume that lim,_, tﬁ:l)x = 00, as otherwise there

cannot be hit,-cutoff. By passing to a subsequence, we may assume further that there exists some
C > 0 such that ¢ < Ct!")

. . n
i rol - In particular, lim,, .ot/ =

generality that (Agn))tf:& > e~ for all n, where )\gn) is the second largest eigenvalue of P,.

For notational convenience we now suppress the dependence on n from our notation. Let fo € R%
be a non-zero vector satisfying that Pfo = Asfs. By considering — fs if necessary, we may assume
that A := {x € Q: fo <0} satisfies m(A) > 1/2. Let € Q be such that fo(x) = max,cq fo(y) =: L.
Note that L > 0 since Ex[f2] = 0.

Consider Nj, := )\2_kf2(Xk) and My := Nygar,, where Xg = z. Observe that (Ny)r>0 is a
martingale and hence so is (M} )r>0 (w.r.t. the natural filtration induced by the chain). As M;, <0
on {T4 <k} and My, < )\Q_kL on {T4 > k}, we get that for all k£ > 0, M, < )\2_kL1TA>k, and so

oo and we may assume without loss of

(3.19) L = E,[Mo] = E,[My] < B[N\ L7, o1] = A\gFLP,[Ta > k).
Thus P,[T4 > k] > M5, for all k. Consequently, for all a > 0,
(3.20) P.[Ta > atmix] > A§mix > e79C,

Thus
hito(e/2) > hity jo(€/2) > C ™ tmix|loge|, for any 0 < e < 1.

This, in conjunction with (3.17), implies that hi};:?l(i) > C[l(‘);zgé(jﬂ)]’ for all 0 < € < /2. Conse-

quently, there is no hit,-cutoff. ]

3.2. Proof of Lemma 3.5. Now we prove Lemma 3.5. As mentioned before, the hitting time of
a set A starting from stationary initial distribution is well-understood (see [14]; for the continuous-
time analog see [3], Chapter 3 Sections 5 and 6.5 or [5]). Assuming that the chain is lazy, it follows
from the theory of complete monotonicity together with some linear-algebra that this distribution
is dominated by a distribution which gives mass 7m(A) to 0, and conditionally on being positive,
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is distributed as the Geometric distribution with parameter 7(A)/t. Since the existing literature
lacks simple treatment of this fact (especially for the discrete-time case) we now prove it for the sake
of completeness. We shall prove this fact without assuming laziness. Although without assuming
laziness the distribution of T4 under P, need not be completely monotone, the proof is essentially
identical as in the lazy case.

For any non-empty A C €2, we write w4 for the distribution of 7 conditioned on A. That is,
wa() = "Q&%A. For any matrix P and f € R® we denote Ep(f) := (I — P)f, f)r-

LEMMA 3.8. Let (Q, P,m) be a reversible irreducible finite chain. Let A C Q be non-empty.
Denote its complement by B and write k = |B|. Consider the sub-stochastic matriz Pg, which is
the restriction of P to B. That is Pg(z,y) := P(x,y) for x,y € B. Assume that Pp is irreducible,
that is, for any z,y € B, exists some t > 0 such that Ph(x,y) > 0. Then

(i) Pg has k real eigenvalues 1 — w(A) [ty =71 > 72> -+ > Y > —71.

(i) There exist some non-negative ai,...,ay satisfying Zle a; = 1 such that for any t > 0,
k
(3.21) Prp(Ta >t =) a.
i=1

(iii)

AN A
(3.22) Pry[Ta > 1] < (1 it )> < exp (—”;( )> , for all t > 0.
rel rel
ProOOF. We first note that (3.22) follows immediately from (3.21) and (i). Indeed, by (i), |vi| <
t
v <1— % for all 4, and so (3.21) implies that P,,[Ta > t] <4t < (1 — %i)) for all £t > 0.

We now prove (i). Consider the following inner-product on RE, (f, g, = Y cp m5(2) f(2)g(z).
Since P is reversible, Pp is self-adjoint w.r.t. this inner-product. Hence indeed Pp has k real
eigenvalues 71 > 7o > --- > v, and there is a basis of RE, ¢1,..., g, of orthonormal vectors
w.r.t. the aforementioned inner-product, such that Ppg; = v;g; (i € [k]). By the Perron-Frobenius
Theorem ~; > 0 and v > —7g.

By the Courant-Fischer variational characterization of eigenvalues we have

&
(3.23) 1—v = inf{ <gpg) :g>0,g=0o0n A, g non—constant}.
9 K

Also observe that for all g > 0 such that ¢ = 0 on A we have by the Cauchy-Schwarz inequality
that Erj, g2 > (Erp g)° (Where for f € R® we denote E,,, f := >, m5(b)f(b)) which rearranges to

Var,g = (9 —Ez9,9 — Exg)r > 7(A)(9, 9)x-

Thus by (3.23) 1 — v > 7(A)inf{€Ep(g)/Varrg : g > 0,9 = 0 on A, g non-constant}, which in
comparison with the variational characterization of t,q (e.g. [19, Remark 13.13])

1/t = inf{Ep(g)/Varrg : g non-constant},

yields that 1 —~y; > 7(A)/tre1. This concludes the proof of part (i). We now prove part (ii).
By summing over all paths of length ¢ which are contained in B we get that

(3.24) Pro[Ta >t = Z n5(z) P (z,y).
z,yeB
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By the spectral representation (cf. [19, Lemma 12.2] and Section 4 of Chapter 3 in [3]) for any
z,y € B and t € N we have that Ph(z,y) = Y5, 75(y)gi(x)gi(y)7. So by (3.24)

k

k
Pry[Ta>tl= Y wp(x) Y wpY)gi(x)gi(y)vf = ani,
i=1

z,yeB =1
where a; := (Y,cp 7B(2)gi(2))?. Plugging ¢ = 0 shows that indeed Y-¥ ; a; = 1, as desired. O

Using the same argument for the continuous-time setup, it follows that

k k

He [T >8] = Y 7(@) Y 7(y)gi(x)gi(y)e 10 =3 aze (1710t < e brer,
x,y€B i=1 i=1

We now present an alternative argument, which does not require reversibility (which allows one to
extend Corollary 3.4 and Lemma 3.5 to the non-reversible continuous-time setup).

REMARK 3.9. When P is non-reversible, one can consider its additive symmetrization S =
(P+ P*)/2 (which is reversible), where P*(x,y) := 7(y)P(y,x)/7(x) is the time-reversal of P (and
the dual operator). Define ty = 1/(1 — X2(5)), where A2(S) is the second largest eigenvalue of S.
Let A C Q be an irreducible set. Denote its complement by B. We argue that with this notation, it
is still the case that Hy, [TS > t] < e 1A/ ket

As above, consider the sub-stochastic matrices Pg, P}, Hy and Sg, which are the restrictions
of P, P*, Hy and S (resp.) to B. For any f,g € RP we denote Brp,[f] := S,epmn(7)f(2),
(f,9)rp = Englfg] and || fIIp, := ExpllfP]. Let hy(x) := Hplp(z) = Hp [T > t]. Then

Hop [T > 1] = Erg[he] = [[hellB1 < [Pl B2-

Let f € RE. For any linear operator @ : RE — RB denote Eq(f) == ((I — Q)f, f)ny. Since
Epp(f) = Epy(f) it is also the case that Epy(f) = Esp(f). An elementary calculation shows that

d
— s [ = 260, (Hbf) = 265, (Hb ).
Moreover, if f is non-negative and non-zero, then as in (3.23) we have that

Esy(Hpf) = m(A) | Hp fl 5 2/trer-

Hence

d
T IHB 5 < =2m(A) | Hp f |52/t
Substituting f = 1p yields that Hy,[TS > t] < ||he|| B2 < exp[—tm(A)/trel], as desired.

Proof of Lemma 3.5. We first note that (3.9) follows easily from (3.8). For the first inequality in
(3.9) set t =t(A,w) := [trqw/7(A)] and B := B(A,w, ) = {y : Py [T4 > t] > a}. Then by (3.8)

am(B) < m(B)Pr,[Ta > t] < Pr[Ta > t] < w(A°)exp (—tn(A)/tre) < T(A%)e™ .

For the first inequality in (3.9) recall that Ex[Ta] = > ;o0 P=[Ta > t] and apply (3.8).
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We now prove (3.8). Denote the connected components of A°:=Q\ A by {C1,...,Cy}. Denote
the complement of C; by Cf. By (3.22) we have that

k k
[Ta>1t]=> 7(C; o, [Ta >t = Zw(ci)Pm [Toe > 1] <
i=1 i=1
(TN & m AN tr(A)
;W(CZ) <1 a trel ) = ;W(CZ) (1 a trel > B W(A )exp (_ trel ) - b

4. Continuous-time. In this section we explain the necessary adaptations in the proof of
Proposition 1.8 for the continuous-time case. We also explain the necessary adaptations in the
proof of the continuous time analogue of Theorem 3. More details can be found at [16]. We fix some
finite, irreducible, reversible chain (€2, P, 7). For notational convenience, exclusively for this section,
we shall denote the transition-matrix of (X }jL) k>0, the non-lazy version of the discrete-time chain,
by P, and that of the lazy version of the chain by Pr, := (P +1)/2.

We denote the eigenvalues of P by 1 = A{* > A\§' > ... > )‘\QI —1 and that of Py by 1 =\ >

M>ao> )‘ILQ\ —1 (where 1+ \§* = 2AL). We denote ¢, := (1-X$") "t and tL, := (1-A5)~L. We
identify H; with the operator H; : L2(R®, w) — L*(R%, 1), defined by H;f(z) = E.[f(X:')]. The
spectral decomposition in continuous-time takes the following form. If fi,..., fiq is an orthonormal

basis such that Pf; := A\'f; for all i, then Hyg = E.Hyg + ZZ 2(9, fi)me~ X f for all g € R
and t > 0. Thus the L?-contraction Lemma takes the following form in continuous-time (see e.g. [19,
Lemma 20.5]):

(4.1) Var H;f < e‘2t/tfglVa1t',rf7 for any f € R, for any ¢ > 0.

Starr’s inequality holds also in continuous-time ([27, Proposition 3]) and takes the following form.
Let f € R Define the continuous-time mazimal function as f} (r) := sup;>q | Hy f(x)]. Then

(4.2) [f&ll2 < 2[1Fll2-

We note that our proof of Theorem 2. 3 can easily be adapted to the continuous-time setup.
For any A C Q and s € Ry, set p(A) := /7(A)(1 — n(A)) and o< := p(A)e~/%e1. Define

G (A,m) = {y : |Hi(1a)(y) = 7(A)] < mo* forall ¢ > s},

Then similarly to Corollary 2.4, combining (4.1) and (4.2) (in continuous-time there is no need to
treat odd and even times separately) yields

(4.3) (G (A,m)) >1—4/m? forall AC Q, s >0and m > 0.

The proof of Corollary 3.1 carries over to the continuous-time case (where everywhere in (3.1)-(3.4),
tmix and hit are replaced by t<. and hit®, respectively, and all ceiling signs are omitted), using
(4.3) rather than (2.3) as in the discrete-time case.

Finally, the proof of Proposition 1.8 in the continuous-time case is concluded by noting that the
coupling argument from the discrete-time case carries over to the continuous-time case, with (3.8)
replaced by the inequality H[T§' > t] < w(A°) exp(—tm(A)/t)) (see Remark 3.9).
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We now explain the required adaptations for proving the continuous time analog of Theorem 3.
By the last inequality, as in Lemma 3.5, Bey (A4, w,a) := {y : H, [T > wts, /m(A)] > o} satisfies

(4.4) 7 (Bet (A, w, ) < m(A%e “a™!, for all w > 0 and 0 < o < 1.

Using (4.4) rather than (3.9), Corollary 3.4 can be extended to the continuous-time case. Namely,
for any reversible irreducible finite chain and any 0 < e < § < 1,

1—a > f 0<a<p<l1
—— ], for any a< .
(1—DB)e
Using (4.5) and the continuous-time analog of Proposition 1.8 and of (3.6) one can obtain a
continuous-time analog of Proposition 3.6 by imitating the discrete time proof.

Finally, in order to obtain a the continuous-time analog of Proposition 3.7 replace the discrete
time martingale A5 ¥ f2(X}) by the continuous-time martingale e =22t f5(X).

(4.5) hit§ (6) < hit& (6) < hitd (6 — €) + o 't5 log (

5. Trees. We start with a few definitions. Let T := (V, E) be a finite tree. Throughout the
section we fix some lazy Markov chain, (V, P,7), on a finite tree T':= (V, E'). That is, a chain with
stationary distribution 7 and state space V' such that P(x,y) > 0 iff {z,y} € E or y = x (in which
case, P(xz,x) > 1/2). Then P is reversible by Kolmogorov’s cycle condition.

Following [25], we call a vertex v € V' a central-vertex if each connected component of 7'\ {v}
has stationary probability at most 1/2. A central-vertex always exists (and there may be at most
two central-vertices). Throughout, we fix a central-vertex o and call it the root of the tree. We
denote a (weighted) tree with root o by (7, 0).

Loosely speaking, the analysis below shows that a chain on a tree satisfies the product condition
iff it has a “global bias” towards o. A non-intuitive result is that one can construct such unweighed
trees [24].

The root induces a partial order < on V', as follows. For every u € V, we denote the shortest
path between u and o by ¢(u) = (up = u,uy,...,ur = o). We call f, := u; the parent of u and
denote p, := P(u, f,). We say that v’ < u if v/ € ¢(u). Denote W,, := {v : u € £(v)}. Recall that
for any ) # A C V, we write 74 for the distribution of 7 conditioned on A, 74(-) := %

A key observation is that starting from the central vertex o, the chain mixes rapidly (this follows
implicitly from the following analysis). Let T, denote the hitting time of the central vertex. We
define the mixing parameter 7(e) for € € (0,1) by

To(€) := min{t : P,[T, > t] < e Vx € Q}.

We show that up to terms of the order of the relaxation-time (which are negligible under the
product condition) 7,(-) approximates hit; /»(-) and then using Proposition 3, the question of cutoff
is reduced to showing concentration for the hitting time of the central vertex. Below we make this
precise.

LEMMA 5.1.  Denote s5 := [4tye1|log(49/9)|]. Then
(5.1) To(€) < hityja(€) < To(€ — §) + 55, for every 0 <0 < e < 1.

PROOF. First observe that by the definition of central vertex, for any x € V, & # o there exists a
set A with m(A) > % such that the chain starting at  cannot hit A without first hitting o. Indeed,
we can take A to be the union of {0} and all components of T'\ {0} not containing x. The first
inequality in (5.1) follows trivially from this.
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To establish the other inequality, fix A C V with w(A4) > %, re€Vandsome 0 <d <e< 1. It
follows using Markov property and the definition of 7,(e — ) that

PZ[TA > To(e—0) + 85] < Pw[To > To(e — (5)] +PO[TA > 85] <e—0+ PO[TA > 85].

Hence it suffices to show that P,[T4 > s5] < 6. If o € A then P,[T4 > ss] = 0, so without loss of
generality assume o ¢ A. It is easy to see that we can partition 7"\ {o} = 77 UT5 such that both T}
and T» are unions of components of T\ {o} and n(71),7(T5) < 2/3. For i = 1,2, let 4, := ANT;
and without loss of generality let us assume m(A4;) > 7. Let B = ThU{o}. Clearly the chain started
at any x € B must hit o before hitting A;. Hence

(5.2) Po[Ta > s5] < Po[Ta, > s5] < PrylTa, > s5] < 7(B) 1P [Ta, > s5]

Using (A1) > %, m(B) > 1 it follows from (3.8) that m(B) 'Px[T4, > s5] < 6 O

In light of Lemma 5.1 and Proposition 1.8, in order to show that in the setup of Theorem 1
(under the product condition) cutoff occurs it suffices to show that To(: )(e) - Téfj )(1 —€) = o(tgfi)x),
for any e € (0,1/4]. We actually show more than that. Instead of identifying the “worst” starting
position z and proving that 7T, is concentrated under P, we shall show that for any z,y € V,, such
that y < = and E,[T,] = @(tﬁ)x
order tizl)tﬁ)x.
4t Ex [T

Let (vo = x, v1,...,vx = y) be the path from z to y (y < ). Define 7, := T, —T,,_,. Then by the
tree structure, under P, we have that T, = Zle 7; and that 74, ..., 7 are independent. This reduces
the task of bounding Var,[T,] from above, to the task of estimating Var,,[T,,,,] = Var,, [T}, ] from

Vi+1
above for each 1.

), T is concentrated under P, around E, [T} ], with deviations of

This shall follow from Chebyshev inequality, once we establish that Var,[T,] <

LEMMA 5.2.  For any verter u # o we have that

(W)

(5.3) ty =By [T},] = T

and 1y = Ey[T7,] = 2t,Eny, [T7,] — tu < dtutra.

The assertion of Lemma 5.2 follows as a particular case of Proposition 5.6 at the end of this
section.

COROLLARY 5.3. Letx,y € V be such thaty = x and ¢ > 0. Denote 0,4 = \/4E.[Ty]tre1. Then
(54) Var, [Ty] < Ug,ya
1 1
(5'5) PI[Ty > Ew[Ty] + CUfcyy] < m and Px[Ty < Ez[Ty] - CUx,y] < m

In particular, if (Vy, Py, ™) is a sequence of lazy Markov chains on trees (T),,0,) which satisfies

the product condition, and y,yn € Vi satisfy that y, < x, and Eg [Tyn]/tizl) — 00, then for any
€ > 0 we have that
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ProOOF. We first note that (5.5) follows from (5.4) by the one-sided Chebyshev inequality. Also,
(5.6) follows immediately from (5.5). We now prove (5.4). Let (v = x,v1,...,v5 = y) be the
path from x to y. Define 7; := T3, — T3, ,. Then by the tree structure, under P,, we have that
T, = Zl 1 7 and that 71, ..., 7; are independent. Whence, by (5.3) we get that

k

k k
Var, [T, = Y Var,,_,[T,,] < Z v [To] < Aty Y By [T,] =02,
=1 =1 =1

This completes the proof. O

LEMMA 5.4. If (V,P,m) is a lazy chain on a (weighted) tree (T, 0) then
(5.7) E,[T,] < 4tmix, for all z € V.

PrOOF. Fix some z € V. Let C; be the component of T\ {0} containing x. Denote B := V' \ Cj.
Consider 75 := inf{k € N : X}, . € B}. Clearly, T, < Tptmix. Since m(B) > 1/2, by the Markov
property and the definition of the total variation distance, the distribution of 7p is stochastically
dominated by the Geometric distribution with parameter 1/2—1/4 = 1/4. Hence E,[T,] = E;[TB] <

tmixEz [TB] < 4tmix. O
COROLLARY 5.5. In the setup of Lemma 5.2, for any x € V denote t, := E,[T,]. Fiz e € (0, 1],
Denote
pi= I;lea‘iitx, and ke == \/4e 1ptoa, then
(5.8) P < dtmix, To(1 — €) > p — ke and 7,(€) < p + Ke.

PROOF. By (5.7) p < 4tmix. Denote o := /4Apt, and ¢, := e 1 —1. Take x € V \ {o}. By
(5.4) 02, := Var,[T,] < o*. The assertion of the corollary now follows from (5.5) by noting that
Ce0 < Ke. ]

p
]

Now we are ready to prove Theorem 1.

PROOF OF THEOREM 1. Fix € € (0, 1]. It follows from (1.4) and (1.5) that
(5.9) tmix(€) — tmix(1 — €) < hity5(€/2) — hity (1 — €/2) + trai(3[log €| + log 4) + 2.
Using Lemma 5.1 with (e, ) there replaced by (€/2,€/4) it follows that
(5.10) hity5(¢/2) — hity /o (1 — ¢/2) < 7o(e/4) — 7o(1 — ¢/2) + 5.
where s/, is as in Lemma 5.1. Tt follows from (5.9), (5.10) and (5.8) that
(5.11) tmix(€) — tmix(1 = €) < Kepg + Ky + Ll (7] log €] + 4log9 — 3log 4) + 3.

It follows from (5.8) that ki 4 + kejo < 14v/€ rertmix. For any irreducible Markov chain on n > 1
states we have that Ao > —ﬁ ([3],Chapter 3 Proposition 3.18). As any lazy chain is a lazy version
of some chain, it follows that for a lazy chain with at least 3 states we have that Ay > (1+(—3))/2
and so tye > 4/3. Thus by (1.2) tre] < 6(trel — 1) log2 < 6tpix. Using the fact that |loge| < e%/é for
every 0 < € < 1 (h(z) = 2y/x/e—log x attains its minimum in [1, 00) at e? and h(e?) = 0), it follows
that Tt loge| < 14*[ e rertmix < 13v€ teitmix. As V6(4log9 — 3log4) < 12, Ve 1> 2 and
4/Eraltmix > 4/4/3 2 3; we also have that t,e(4log9 —3log4) + 3 < 8v/€ 't e1tmix- Plugging these
estimates in (5.11) completes the proof of the theorem. O
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As promised earlier, the following proposition implies the assertion of Lemma 5.2. For any set
A C Q, we define ac € P(A°) as Yac(y) == P, [X1 =y | X1 € A°]. For A C , we denote

Ti :=inf{t>1: X, € A} and ®(4) := ZGEA”’E;(CAz(a)P(a’b) =P,,[X1 ¢ A]. Note that

(5.12) T(A)(A) = Y m@Pab) = Y w(b)P(b,a) = m(A°)D(A%).

acApeAc a€AbeAc

This is true even without reversibility, since the second term (resp. third term) is the asymptotic
frequency of transitions from A to A° (resp. from A€ to A).

PROPOSITION 5.6. Let (2, P,m) be a finite irreducible reversible Markov chain. Let A & € be
non-empty. Denote the complement of A by B. Then

(5.13) PrplTa =t]/®(B) =Py,[Ta > t], foranyt > 1.
Consequently,

1 2K [TA}trel
(5.14) Eyp(Tal = 3(B) and By, [T5] = By, [Ta] (2B, [Ta] — 1) < %T-

Proor. We first note that the inequality Ey,[Ta](2Ex,[T4] — 1) < 2By, [Taltre/7(A) follows
from the second inequality in (3.8) (this is the only part of the proposition which relies upon
reversibility).

Summing (5.13) over ¢ yields the first equation in (5.14). Multiplying both sides of (5.13) by
2t — 1 and summing over ¢ yields the second equation in (5.14). We now prove (5.13). Let ¢ > 1.
As{Ta=t}={Xo¢ A,....X; 1 ¢ A X, € A}, {T{=t+1}={X1 ¢ A,.... X1t & A, X¢41 € A}
we have by stationarity that P[T4 =t] = P.[Tf =t + 1]. Thus

T(B)Pry[Ta =t =Pr[Ta=t|=P[Tf =t+1] =P [X1¢ A,...,X; ¢ A, Xy41 € A
=P X1 ¢A. ... X; ¢ A -PX1¢A,... X ¢ A X1 ¢ A

=P X1 ¢A . . . X, ¢ A -P[Xo¢A,. . . X ¢A=Pr[XocAX ¢A,. . X ¢A]
=71(A)P(APy,[Xo ¢ A,..., X1 ¢ Al = 1(A)D(A)Py, [Ta > 1],

which by (5.12) implies (5.13). O

5.1. Refining the bound for trees. The purpose of this section is to improve the concentration
estimate (5.5). As a motivating example, consider a lazy nearest neighbor random walk on a path of
length n with some fixed bias to the right. For concreteness, say, Q,, := {1,2,...,n}, P,(i,i) = 1/2,

Po(i,i—1)=1/8 and P,(i,i+1) =3/8 forall 1 < i < n. Then 1) —4n(1+0( )) and £ = ©(1).

mix

In this case, there exists some constant ¢; > 0 such that for any A > 0 we have that P HT —4n| >
M/n] < 2e=12 | Observe that ¢ ) ©(y/n). Hence there exists some constant co such that

Ian rel —

Py {\T —4n| > )\\/tfgl)x (1)] < 2¢=¢2\ | Using Proposition 1.8, it is not hard to show that this

implies that tr(gl)x( ) < tr(gl)x + 03\/t$X trol ]10g e| and that tg?l)x(l €) > tf:l)x \/tgflx trol \log e|. Tt

is also not hard to verify that in this case (and also in many other examples of birth and death
chains) this is sharp.

In Lemma 5.8 we show that for any lazy Markov chain on a tree T' = (V, E,0) and any x € V', we
have that Py[|T, — Eq[T,]| = AvV/Eg[To]tra] < 267>, Besides being of independent interest, using
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Proposition 1.8, one can deduce from Lemma 5.8 that under the product condition,

(n) (n) (1 _
(515) tmlx( () tmix(]‘ 6)

le rel

The details of the derivation of (5.15) from Lemma 5.8 are left to the reader.

=0O(1), for any 0 < e < 1/4.
|loge|

PROPOSITION 5.7.  Let (2, P, ) be a finite irreducible reversible lazy Markov chain. Let 0 < e <
1. Let A G Q2 be such that m(A) > 1 — €. Denote the complement of A by B. Denote p :=1 —
and a :=Ey,[T4]. Let 1 < z <max(1/p,2) be such that q :==p(z —1)/(1 —p) < 1/2. Then

trel

2a(z — 1)?

(5.16) Eypy[2747% < exp 1=

] and By, [2°7T4] < exp l

PROOF. Let q := @ and 0 <~ < p. Then by our assumption that pz < 1, we have that

Y (=) = (1= )/(1=92) < (L= p)/(1—p) = 1+ T2 <142
k>1

(alternatively, this follows by noting that (for a fixed z) z* is a monotone increasing function and
that the Geometric distribution with parameter (1 —p) stochastically dominates the Geometric dis-
tribution with parameter (1—+)). By Lemma 3.8 (parts (i)-(ii)) and laziness, there exist 3¢_; a; = 1
and 0 < ~; < p such that

sz 1P7rBTA—k: Za121—% ) (7iz) k1<Zall+2q—1+2q

k>1 =1 k>1
Hence by (5.13)—(5.14) (third equality) we have that
EwB[ ZZkP¢B A_k]_1+ Z_l sz 1P¢B[A>k]
(5.17) k>1 k>1
=14+(z—1)a Z KPP [T =k <14 (2= 1)a (14 2q) < expla(z — 1)(1 + 2q)].
k>1

As for any 1 < x < 2 we have that 0 < logz — (x — 1) + (z — 1)?/2, we also have that

(5.18) 27 < exp[—a(z — 1) + a(z — 1)%/2].
Thus Ey, [27479] < exp [a(z — 1)2 (1/2 + 2p/(1 — p))] < exp [2‘1((1”3_;))2} as desired. We now turn to
the task of bounding Ey, [z~ T4]. Let y := (7]7) In the above notation, much as before, we have

_ 1
ST P [Tu =k > > (1 -p)(p/2) =A-p)/A-p/2) =121~y
k>1 k>1 +y
(5.19)
EwB [Z_TA] = Z Z_kpiﬁB [TA = k] =1- (1 - Z_l) Z Z_(k_l)PllﬂB [TA > k]
E>1 k>1

=1—(1-2" Zz k=Dp [Ta=k <1—(1-2"Ya(l-y) <exp [—a(l—z_l)(l—y)}.
k>1
We also have that 2% < e**=1). Note that a(z — 1) —a(1 —27!) = a(z — 1)?/z. Hence Ey,[2%~T4]

<
exp [a(z — D2(1+p/(1— p))] < exp [ag::?§2]' -
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LeEMMA 5.8. Let (V,P,m) be a lazy Markov chain on a tree (T,0). Let x,y € V be such that
y < x. Denote ty, = E.[Ty] and b = by y := /Ty ytrel. Then

(5.20) PyTy —tyy > cb]V Pyltyy — Ty > cb] < e3¢/ for any 0 < ¢ < 2\/tey/trel-
PRrROOF. Let (v9 = z,v1,...,v; = y) be the path from x to y. Define 7, := T,, — T, ,. Then

by the tree structure under P,, we have that T, = Zk 1 7i and that 7q,..., 7, are independent.

Denote p := 1 — 5;—. Denote a; := E;[r;]. Fix some 0 < ¢ < 24/tyy/trel. Set 2z = zep = 1+ g

Note that 2p(z. — 1) <5< 2t1 =1—p (i.e. ¢ <1/2) and 2z, < max(1/p,2). Then by (5.16)

PolTy — tay > cb] = Polalv™iow > 20 <y [2lvten]ar® = 20 H Ey|
(521) < expl(—(ze — 1)+ (s — 1)2/2)cb] [ exp | 222 =2
i=1 L=p
c? 3 4trarts y02 c? 3 2 3¢2
— o ) < _ _ < —oC /64
P [ s " 12sb 6z | P\ TE T 16| =€
The inequality P[t,,, — Ty > cb] < e=3¢*/64 ig proved in an analogous manner. O

6. Weighted random walks on the interval with bounded jumps. In this section we
prove Theorem 2 and establish that product condition is sufficient for cutoff for a sequence of
(6,7)-SBD chains. Although we think of ¢ as being bounded away from 0, and of r as a constant
integer, it will be clear that our analysis remains valid as long as § does not tend to 0, nor does r
to infinity, too rapidly in terms of some functions of t;e]/tmix-

Throughout the section, we use C7,C5,... to describe positive constants which depend only
on § and r. Consider a (J,7)-SBD chain on ([n], P,7). We call a state i € [n] a central-vertex if
7([i —1]) V7 ([n]\ [{]) < 1/2. As opposed to the setting of Section 5, the sets [i — 1] and [n]\ [{] need
not be connected components of [n] \ {i} w.r.t. the chain, in the sense that it might be possible
for the chain to get from [i — 1] to [n] \ [i] without first hitting ¢ (skipping over 7). We pick a
central-vertex o and call it the root.

Divide [n] into m := [n/r]| consecutive disjoint intervals, Ii,..., I, each of size r, apart from
perhaps I,,,. We call each such interval a block. Denote by I5 the unique block such that the root o
belongs to it. Since we are assuming the product condition (and thus tf:fl)x — 00), in the setup of

Theorem 2 we can assume that n > r and hence I5 # [n] (it is not hard to show that tf:l)x can be
bounded from above in terms of n and J, and thus we must have n — o0). Observe the following.
Consider some v ¢ I5 and u € I; such that |u—v| = 1. Then by the definition of a (¢, r)-SBD chain,
we have for all v’ € I5, m(v) > 6" (v'). Hence m(l5) < ;5. For the rest of this section let us fix
a=a(dr):=1- WTW).

Recall that in Section 5 we exploited the tree structure to reduce the problem of showing cutoff
to showing the concentration of the hitting time of the central vertex by showing that starting from
the central vertex the chain hits any large set (with large probability) quickly. We argue similarly in
this case with the central vertex replaced by the central block. First we need the following lemma.

LEMMA 6.1. In the above setup, let I :=={v,v+1,...,v+7r—1} C[n]. Let p € P(I). Then

(6.1) E,[Ta] < I’?I}élX]E y[Ta) <677 melnE z|La), for any A C [n]\I.
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Consequently, for any i € I and A C [v—1] (resp. A C [n]\ [v+r — 1]) we have that
(62) E’L [TA] S 67TIE7T[R]\[U,1] [TAL (TeSp. E’L [TA] S 577‘E7‘r[v+,ﬂ,1} [TA])

PrOOF. We first note that (6.2) follows from (6.1). Indeed, by condition (i) of the definition of
a (6,r)-SBD chain, if A C [v —1] (resp. A C [n] \ [v 4+ r — 1]), then under Pr_ _, (resp. under
W[v+r—1])7 Tr < T4. Thus (6.2) follows from (6.1) by averaging over Xz,. We now prove (6.1).
Fix some A such that A C [n]\ I. Fix some distinct ,y € I. Let By be the event that T), < T4.
One way in which B; can occur is that the chain would move from z to y in |y — x| steps such that
| X — Xk—1| =1 for all 1 <k < |y — z|. Denote the last event by Bs. Then

Ex[Ta] 2 Eq[Talp,] = Pa[Bo]Ey[Ta] = 6"Ey[T4).

Minimizing over x yields that for any y € I we have that E,[T4] < 67" mingecs E;[T4], from which
(6.1) follows easily. ]

The next proposition reduces the question of proving cutoff for a sequence of (d,7)-SBD chains
under the product condition to that of showing an appropriate concentration for the hitting time of
the central block. The argument is analogous to the one in Section 5 and hence we only provide a
sketch to avoid repetitions. As in Section 5, for € € (0,1) let 7¢(€) := min{t : P,[T1, > t] <€, Va €
[n]}. As always, we write Té«k)(') to indicate that this parameter is taken w.r.t. the k-th chain in a
sequence of (§,7)-SBD chains.

PROPOSITION 6.2.  Let ([ng], Pg, m) be a sequence of (0,1)-SBD chains. Suppose that there exist
constants C, for e € (0, %) and a some sequence (wy)3, of numbers such that for all k

(6.3) Ték)(é) — Té«k)(l —€) < Cawy, for all 0 < e < 1/8.

Then there exist some constants CL,C! such that for all k and all € € (0,1/8)

(6.4) hit{)(3¢/2) — hit{, (1 — 3¢/2) < Cawy + CltL) and
(6.5) o (26) = tigh (1= 26) < Cewy, + OVt

PROOF. Observe that (6.5) follows from (6.4) using Proposition 1.8 and Corollary 3.4. To deduce
(6.4) from (6.3), we argue as in Lemma 5.1 using Lemma 6.3 below, which shows that starting from
any vertex in Iz the chain hits any set of m-measure at least « in time proportional to ¢, with
large probability. We omit the details. O

LEMMA 6.3. Letv € I. Let D C [n] be such that (D) > 2. Then E,[Tp] < C(a)§ "tya for
some constant C(c). In particular, by Markov inequality hite . (€) < € 1C(a)d "ty

PrOOF. Let I5 = {vi,v1 +1,...,v2}. Set A] = [v; — 1] and Ap = [n] \ [v2]. For i = 1,2, let
D; = DN A;. Using the definition of a, without loss of generality let 7(D;) > 15¢ 5. Set A= AU .
By (6.2) and the fact that m(A) > 1

E, [TD] <E, [TDl] < (5_TE7FA [TDJ <207 "E, [TDl]'

The proof is completed using Lemma 3.5. 0
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Observe that, arguing as in Corollary 5.5, it follows using Cheybeshev inequality that (6.3) holds
for some constants C, if we take w,, = MAaX;c|y) \/ Var,[T7,]. Theorem 2 therefore follows at once
from Proposition 6.2 provided we establish Var,[T7,] < CiE; [T}, ]t for all z ¢ I5 (since as in (5.8)
(first inequality) E,[T7,] = O(tmix), alternatively, this follows by (1.7)). This is what we shall do.

Observe that the root induces a partial order on the blocks. We say that I; < I if I; is a block
between I}, and I;. For j € [m], I; # I5, we define the parent block of I; in the obvious manner
and denote its index by f;. We define

T(j) := Ty, and 75 :=T(f;) — T(j).

Consider some arbitrary z € [n] and j € [m]\ {0} such that « € I;. Denote k := |j — 6|, jo = j and
Ji+1 = fj forall 0 < i < k. Observe that starting from = we have that Ty, = Z]Z:_Ol Tj,- As mentioned
above, we will bound Var, [Zf;& 7j,]. As opposed to the situation in Section 5, the terms in the sum
are no longer independent. We now show that the correlation between them decays exponentially
(Lemma 6.5) and that for all £ we have that Var,[7;,] < CatieE;[7;,] (Lemma 6.6). The desired
variance estimate, Var,[>5= 7j,] < C1E.[T},]tre1, follows by combining these two lemmata. We
omit the details.

LEMMA 6.4. In the above setup, let v € [m]\{0}. Let (vg = v, v1,...,vs) be indices of consecutive
blocks. Let py1,ua € P(1,). Let k € [s]. Denote by V,E,J) (j = 1,2) the hitting distribution of I,
starting from initial distribution p; (i.e. V,E;j)(z) = Py, [Xrw,) = 2]). Then HV,(;) — V]EQ)HTV <
(1 —6m)k.

ProOF. It suffices to prove the case k = 1 as the general case follows by induction using the
Markov property. The case k = 1 follows from coupling the chain with the two different starting
distributions in a way that with probability at least 6" there exists some z, € I, such that both
chains hit z, before hitting Iy, (not necessarily at the same time) and from that moment on (which
may occur at different times for the two chains) they follow the same trajectory. The fact that the
hitting time of 2, (and thus also of Iy, ) might be different for the two chains makes no difference
(as regardless of the hitting time of Iy, w.r.t. the two chains, this coupling is also a coupling of

(l/il) , V§2)), having the desired property). We now describe this coupling more precisely.

Let py, p2 € P(1,). Let (Xt(l))tzo and (Xt@))tzo be independent Markov chains where (Xt(i))tzo
is distributed as the chain (£, P,7) with initial distribution p; (i = 1,2) as follows. Pick vy ~ g
and vy ~ ug respectively. Run the chain Xt(l) started from v;. Let R := min{t : Xt(l) = XéQ)} and
L; := min{t : Xt(i) € Iy, }. Let S denote the event: R < Li. On S, define Yt(l) by setting Yt(l) = Xt(l)
for t < R and Yélﬁt = Xt(2) for any t > 0, and on 5S¢, define Y;(l) = Xt(l) for all ¢. Denote the joint
law of ()/;(1), Xt(z)) by P, 4, and of (Xt(l), n(l),X£2)) by Py, ui s - Clearly Py, ., is a coupling with
the correct marginals and P, 4,[S] > 0". Let Ly be as above and Ly := min{t : Yt(l) € Iy, }.
Note that on 5, Xg) = Yi(i). Hence for any D C I, ,

(D) = (D) = Py, V) € D] = Py, ,,[X12) € D)

1 2 ,
<PuwlVy) €D XD ¢ DI <1—Pp, 0[S <1-0".
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LEMMA 6.5. In the setup of Lemma 6.4, let 0 <1i < j <s. Let p € P(1,). Write 1, := T,, and
Tj = Tu;. Then

B, [r] < ErlBulr)(1+ (1 - P~ 7157).

ProorF. Let p;y1 and p; be the hitting distributions of I,,,, and of L, respectively, of the
chain with initial distribution p. By the Markov property, the hitting distribution of I,; for the
chain started with initial distribution either p or p;41 is simply ;. Again by the Markov property
Eulri] = Epipa 73] = By, [7] and

(6.6) E,[rimj] < Eu[n] max E,[7;].
yelv;
Let y* € I,,., be the state achieving the maximum in the RHS above. By Lemma 6.4 we can couple

successfully the hitting distribution of I,; (and thus also 7;) of the chain started from y* with that
of the chain starting from initial distribution p; 41 with probability at least 1 — (1 —6")7~*~1. If the
coupling fails, then by (6.1) we can upper bound the conditional expectation of 7; by §~"E,[7;].
Hence

Ey-[1j] < Ey, ] + (1 = 6)/ 716" Epl7;] = Eyufrj] (1 +(1- 5T)j_i_15_r>-
The assertion of the lemma follows by plugging this estimate in (6.6). O

LEMMA 6.6. Let j € [m]\ {o}. Let v € P([n]). Then there exists some C1,Ca > 0 (depending

on & and r) such that E,[77] < Cit,a®(I;)"" < CotyallEy[75].

PROOF. Let p := v,. By condition (i) in the definition of a (§,7)-SBD chain, u € 2(I}).
By (5.14), Eu[77] < Cstra®(I;)™" < CytreiE,[7)] for constants C3, Cy depending on 6 and r.
The proof is concluded using the same reasoning as in the proof of (6.1) to argue that the first and
second moments of 7; w.r.t. different initial distributions can change by at most some multiplicative

constant. O
7. Examples.

7.1. Aldous’ example. We now present a small variation of Aldous’ example of a sequence of
chains which satisfies the product condition but does not exhibit cutoff. The reason we present
this example is that it demonstrates that Theorem 2 may fail if condition (ii) in the definition
of a (0,7)-semi birth and death chain is not satisfied. Loosely speaking, the main point in the
construction is that the set of stationary measure at least 1,/2 which is hardest to hit (by time ¢ for
all t) can be taken to be a certain singleton, {2n + 1}, and that there is a state, —10n, satisfying
lim,, oo SUp; [P_10n[Tons1 > t] — p™(1/2,t)| = 0 such that Th,,; is not concentrated under P_1g,,.
In particular, there is no hit; jp-cutoff. Because this example is classic and was analyzed in details
in [6, 7], we shall only give a sketch of the proof of the above claims.

EXAMPLE 7.1.  Consider the chain (Qy,, Py, m,), where £y, := {—10n, —10n+2, ..., —2,0}U[2n+
1]. Think of Qy, as two paths (we call them branches) of length n joined together at the ends and a
path of length 5n joined to them at O (see Figure 1). Set Py(z,x) = 1/2 if © is even, P,(z,x) = 3/4
if  is odd and x < 2n+1 and P,(2n+ 1,2n + 1) = 9/10.

Conditionally on making a non-lazy step the walk moves with a fixed bias towards 2n + 1 (apart
from at the states —10n,0,2n + 1):

1
Py (26, min{2i+2,2n+1}) = 2P,(24,2i ~2) = 2P, (20— 1,2i +1) = 4P,(2i — 1, max{2i —3,0}) = 5.
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Fic 1. We consider a Markov Chain on the above graph with the following transition probabilities: Py (x,x) = 1/2 for x
even and P, (z,z) = 3/4 for z < 2n+1 and odd. P,(0,2) = P,(0,1) = 1, P,(0,-2) = 35, P.(—10n, —10n+2) = 1/2,

107
Po(2n+1,2n) = Po(2n+1,2n — 1) = 5 and hence P,(2n + 1,2n + 1) = -%. All other transition probabilities are
given by: P,(2i, min{2i + 2,2n + 1})

3, Pu(20,2i —2) = Po(2i — 1,2i + 1) = ¢, Pu(2i — 1, max{2i — 3,0}) = &.

Finally, we set P,(—10n,—10n + 2) = 1/2, P,(0,2) = P,(0,1) = 2P,(0,-2) = & and P,(2n +

1,2n) = Py(2n+1,2n — 1) = . It is easy to check that this chain is indeed reversible.
By Cheeger inequality (e.g. [19], Theorem 15.14), ¢ = O(1), as the bottleneck-ratio is bounded

from below. In particular, the product condition holdslielAs mn(2n + 1) > 1/2, there is hity jo-cutoff
(and hence by Proposition 3.6 there is hit,-cutoff for all a € (0,1)) iff starting from —10n, the
hitting-time of 2n + 1 is concentrated. We now explain why this is not the case. In particular, by
Theorem 3, there is no cutoff.

LetY denote the last step away from 0 before Ty, 1. Observe that if Y = 2 (respectively, Y = 1),
then the chain had to reach 2n + 1 through the path (2,4,...,2n) ((1,3,...,2n — 1), respectively).
Denote, Z; == Topt1ly—i, t = 1,2. Then on' Y =1, Ton11 = Z;, and its conditional distribution is
concentrated around 42n for i = 1 and around 36n for i = 2, with deviations of order \/n . Since
both Y =1 and Y = 2 have probability bounded away from 0, it follows that d,,(37n) and d,,(41n)
are both bounded away from 0 and 1 (see Figure 2). In particular, the product condition holds but
there is no cutoff.

7.2. Sharpness of Theorem 3. Now we give an example to show that in Proposition 3.7 (and
hence in Theorem 3) the value % cannot be replaced by any larger value.

EXAMPLE 7.2. Let (2, Py, m,) be the nearest-neighbor weighted random walk from Figure 3.
Then tig) = @(t(n) ), yet for every 1/2 < o < 1, the sequence exhibits hit,,-cutoff.

mix
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36m 492n

F1G 2. Decay in total variation distance for Aldous’ example: it does not have cutoff

PROOF. Let ®,, := minycq,.0<m,(4)<1/2 Pn(A) be the Cheeger constant of the n-th chain, where

c'n Pﬂ 7b . . . .
D, (A) = Z“EA’be‘;‘rnzTA)(a) (@ ). Then by taking A to be either A; or As, by Cheeger inequality
(e.g. [19], Theorem 13.14), we have that tl(rzl) > ﬁ > cn? > CQtEgi)X (it is easy to show that by

(1.7) and the fact that 7, (A;) = 1/2 — o(1) for ¢ = 1,2 we have that t](ﬂz)x < Cn?). By (1.2), indeed
¢ @(t(n) ) and it follows from Fact 1.1 that there is no cutoff.

rel — mix

Fix some 1/2 < o < 1. Let B C Q,, be such that m,(B) > a. Denote the set of vertices belonging
to the path, but not to A; by D. Then 7,(D) = O(n=2) = o(1). Consequently, 7,(4; N B) >
a—1/2 —o(1), for i = 1,2. Using this observation, it is easy to verify that for all x € A; U Az we

have that
(7.1) hitq o (€) < cqlog(l/e), for any 0 < e <1,

for some constant ¢, independent of n.

Let y be the endpoint of the path which does not lie in A;. Let z be the other endpoint of the
path. The hitting time of z under P, is concentrated around time 6log n. Then by (7.1), together
with the Markov property (using the same reasoning as in the proof of Lemma 5.1) for all sufficiently
large n we have that for any 0 < e <1/4

72) hit(l") (2€) < (6 + o(1)) logn + hit (") (e) = (6 + o(1)) log n,
' hit™ (1 — €) > (6 — o(1)) log n.

Similarly to the proof of Lemma 5.1, for any B C €, and any z € D, we have that P,[Tpp >
t] > P,[Tp > t], for all t. Since m,(D) = o(1), this implies that for all sufficiently large n, for any
1/2 < a < 1, there exists some 1/2 < o/ < a (/ depends on « but not on n), such that for any

x € D we have that hitg";(e) > hitgf)x(e), for all 0 < e < 1. This, together with (7.1) and the fact
that the leftmost terms in both lines of (7.2) are up to negligible terms independent of « and e,

implies that the sequence of chains exhibits hit,-cutoff for all 1/2 < a < 1. O

REMARK 7.3. One can modify the sequence from Example 7.2 into a sequence of lazy simple
nearest-neighbor random walks on a graph. Construct the n-th graph in the sequence as follows. Start
with a binary tree T of depth n. Denote its root by y, the set of its leaves by A; and D := T\ A;.
Turn Ay into a cliqgue by connecting every two leaves of T by an edge. Take another disjoint complete
graph of size |A1| = 2" and denote its vertices by As. Finally, connect Ay and A by a single edge.
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Fic 3. We consider a lazy weighted nearest-neighbor random walk on the above graph consisting of two disjoint cliques
A1 and As of size n connected by a single edge and a path of length k, = [logn] connected to A1. The edge weights
of all edges incident to vertices in A1 U Az is 1, while those belonging to the path are indicated in the figure. Inside
the path, the walk has a fized bias towards the clique.

Since the number of edges which are incident to D is at most 22, while the total number of edges

of the graph is greater than 22", we have that m,(D) = o(1). The analysis above can be extended
to this example with minor adaptations (although a rigorous analysis of this example is somewhat
more tedious).
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