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Abstract

Non-abelian X-ray tomography seeks to recover a matrix potential & : M — C™*™
in a domain M from measurements of its so-called scattering data C¢ at M. For
dim M > 3 (and under appropriate convexity and regularity conditions), injectivity
of the forward map ® + Cg was established in (Paternain et al. in Am J Math
141(6):1707-1750, 2019). The present article extends this result by proving a Holder-
type stability estimate. As an application, a statistical consistency result for dim M = 2
(Monard et al. in Commun Pure Appl Math, 2019) is generalised to higher dimensions.
The injectivity proof in (Paternain et al. in Am J Math 141(6):1707-1750, 2019) relies
on a novel method by Uhlmann and Vasy (Invent Math 205(1):83-120, 2016), which
first establishes injectivity in a shallow layer below d M and then globalises this by
a layer stripping argument. The main technical contribution of this paper is a more
quantitative version of these arguments, in particular, proving uniform bounds on layer
depth and stability constants.

Keywords Inverse problems - Microlocal analysis - Non-abelian X-ray tomography -
Analysis of PDE’s

Mathematics Subject Classification 53C65 - 35A27 - 65R32

1 Introduction

Let (M, g) be a compact d-dimensional Riemannian manifold with strictly convex
boundary (d > 2)and ® : M — C"™*™ (m > 1) a continuous matrix potential.
Suppose y : [0, T] — M is a unit-speed geodesic with endpoints on d M and consider
the linear matrix differential equation
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Ut) + (@)U =0, U(r) = id. (1.1)

This has a unique continuous solution U : [0, 7] — Gl(m,C) = {A € C™"
det A # 0}, and we write Co(y) = U(0) € Gl(m, C) for its value at the boundary.
The matrix C¢(y) is called scattering data or non-abelian X-ray transform of ®
(along y). For m = 1, we have log Co(y) = for @ (y(¢))dt, which is the standard
X-ray transform; for m > 2, this relation breaks as Gl(m, C) ceases to be abelian.

We are concerned with an inverse problem for the non-abelian X-ray transform
with access to partial data: Can one recover @ in an open set O C M from measuring
Co(y) for geodesics y that do not leave O? Ford > 3 and O C M satisfying the so-
called foliation condition (see Definition 1.1 below), it is known that locally, smooth
potentials are determined uniquely by their scattering data. Precisely, [20] establishes
injectivity of the map

C®(0,C""™) 3 ®— (Co(y):y €Tp), (1.2)

where I'p is the set of unit-speed geodesics y : [0, 7] — M with y([0,t]) C O
and both endpoints on d M, so-called O-local geodesics. In this article, injectivity is
refined to a Holder-type stability estimate; this estimate is our main result, precisely
formulated in Theorem 1.3 below.

Non-abelian X -ray tomography provides the mathematical basis for the novel imag-
ing technology of polarimetric neutron tomography [10,21], which seeks to determine
a magnetic field within a medium by probing it with neutron beams and measuring
the spin change that results from traversing the magnetic field. In this setting, ® takes
values in s0(3) = {4 € R¥3 : AT = —A} and encodes the magnetic field and
Co(y) € SO(3) describes the resulting rotation of the spin vector for a neutron trav-
elling along y . For a survey on further applications of non-abelian X-ray tomography,
we refer to [15].

Even in the simplest example, when M is a Euclidean ball (thus geodesics are
straight lines) and we have access to full data (O = M), the inverse problem described
above is very challenging. It is non-linear, and for m > 2, no explicit inversion formula
is known or expected to exist.

At the same time, real-life applications demand a computational approach to ‘solve’
the inverse problem, typically in the presence of statistical noise on the measurements.
An attractive and widely used such approach is Stuart’s framework of Bayesian inverse
problems [4], in which & is estimated from draws of a ‘posterior probability measure’,
which can be computed from a finite number of observations C¢ (1), - .., Co(¥n)-
From a theoretical point of view, this shifts the focus to a rigorous study of the perfor-
mance of Bayesian algorithms. For the non-abelian X -ray transform, this was initiated
in [14], where the authors prove a statistical consistency result in dimension d = 2.
This roughly asserts that potentials @ can be recovered from Cg by a Bayesian algo-
rithm with arbitrary accuracy, as the number of measurements n — oo. One of the
key ingredients in the statistical analysis of non-linear inverse problems is a quantita-
tive stability estimate with good control on the involved constants. This principle has
emerged in a series of recent papers, including [14] for the two-dimension non-abelian
X-ray transform, as well as [1] and [9], which analyse the Calderén-problem and an
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inverse problem for the Schrodinger equation, respectively. In our case, establishing
consistency in L2-norm requires a stability estimate of the form

[®— W2 < C(@,W¥)-d(Co, Cy), (1.3)

where C(®, ) > 0 is bounded over large classes of potentials ®, W and d(-, -) is
an appropriate (semi-)metric. In [14], the authors prove such an estimate in the two-
dimensional case for d(-, -) given by the distance in an H'-Sobolev space. Using an
interpolation argument, they derive further stability estimates with d(-, -) = || - —- ||Z2
and p € (0, 1). Our main theorem contains a version of this Holder-type stability
estimate for d > 3 and implies essentially the same consistency result as in two
dimensions, however, with the caveat of requiring priors of higher regularity and
obtaining a slower rate of convergence.

In a Euclidean setting, the two-dimensional results from [14] are relevant also
in higher dimensions, as one can reduce to d = 2 by recovering & slice by slice;
nevertheless, there are several reasons to study the case d > 3 intrinsically. Besides
the applicability to a wider class of geometries, partial data results become available,
which for d = 2 are less well understood and not available in general [2]. This is of
direct relevance to real-life applications, where one might have access only to localised
measurement data. Further, the methods for proving injectivity are very different in
d = 2 versus d > 3 and the quest for new stability estimates requires refining the
methods to make them more quantitative, which might in turn prove useful in other
problems. This is especially true in d > 3, where injectivity is proved by means of a
novel and extremely versatile technique, as explained in the next paragraph.

The working horse behind many partial dataresults ind > 3, for non-abelian X -ray
tomography as well as boundary rigidity and some other geometric inverse problems,
is a ground-breaking technique of Uhlmann and Vasy [27]. Their method automatically
provides a local stability estimate for the linearised problem; however, there are two
less welcome features: the necessity of smooth data and the need to globalise. Let us
elaborate on these points to explain the main technical contributions of this article.
With microlocal analysis at the core of the method, smoothness of the underlying data
(in our case, the potential @) is not easily relaxed to lower regularity; in particular,
the constants in the local stability estimate a priori depend continuously on ® only in
the C*°-topology. However, statistical consistency demands better control and one of
our main contributions is to show uniformity on arbitrarily large C*-balls (for k > 0
sufficiently large).

By ‘globalisation’, we mean the extension of injectivity from small neighbourhoods
of boundary points to larger domains, or all of M, via a layer-stripping argument. As the
initial domain of injectivity depends on the potentials ®, the layer-stripping argument
becomes more delicate and another contribution of this paper is to carefully combine
the arguments from [20] and [24] to globalise stability estimates for the non-abelian
X-ray transform.
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1.1 Notation and Background

We denote with SM = {(x,v) € TM : |v| = 1} the unit-sphere bundle of M and
write w : SM — M for the projection onto the base variable. SM is itself a manifold
with boundary and, writing v for the inward-pointing unit-normal to dM, we can
decompose dSM into

0+SM = {(x,v) € SM : x € oM, £(v(x), v) > 0}.

Let X be the geodesic vector field on SM and ¢, the geodesic flow. We then write
Yx.v(t) = m(@;(x, v)) for the geodesic adapted to (x, v) € SM and t(x, v) € [0, o0]
for the first time that yy , exits M. If T (x, v) < ooforall (x, v) € SM, then M is called
non-trapping. Further, we say that 0 M is strictly convex if its second fundamental form
is positive definite everywhere.

If M is non-trapping and has strictly convex boundary, then 94 SM naturally para-
metrises all geodesics with endpoints on d M and the non-abelian X -ray transform can
be recast as map

C(M,C"™"™) - C(0+SM,Gl(m,C)), @ +> Cop. (1.4)

Precisely, we set Co = Ugly, sm, where Uy : SM — Gl(m, C) denotes the unique
continuous solution (differentiable along the geodesic flow) of

(X +®)Up =00nSM and Ugp =idon d_SM. (1.5)

For O C M open, we write My C 9+ SM for the open set of all (x, v) for which
yeo(@) € O for 0 <t < t(x,v). The set M parametrises the collection I'p of
O-local geodesics. The following condition, introduced in this form in [20], ensures
that O is scanned by sufficiently many geodesics emerging from M and allows to
prove an injectivity result as stated below.

Definition 1.1 An open subset O C M satisfies the foliation condition, if there is a
smooth, strictly convex function p : O — R which is exhausting in the sense that
Osc={x € 0 :p(x)>c} C M iscompact for all ¢ > inf p.

Theorem 1.2 (Paternain et al. [20]) Let d > 3, assume that dM is strictly convex and
O satisfies the foliation condition. Then for smooth potentials ®, ¥ : M — C"™*",
we have that

Cop=CyonMp — d=VonO. (1.6)

In fact, the authors of [20] consider a more general situation, where scattering
data are defined with respect to attenuations A(x,v) = ®(x) + A,(v) that may
depend on the direction v up to first order. That is, ® is a matrix potential as above and
AeQ! (0, C"™*™) is a matrix-valued one form. In that case a similar result holds true,
but one only has injectivity up to the gauge A — u~'du+u~"'Au (u : O — Gl(m, C)
smooth).
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For the full-data problem (O = M), the foliation condition reduces to the existence
of a strictly convex function on M and is set into relation with other geometric proper-
ties of M in Section 2 of [20]: For example, if M (with d M strictly convex) supports a
strictly convex function, it is automatically non-trapping and contractible. Conversely,
if M has non-negative sectional curvatures (or non-positive sectional curvatures, and
it is simply connected), then it admits a strictly convex function.

Let us conclude with a brief overview of the history of the problem. Assuming a
flat background geometry and access to full data, the problem was first studied by
Vertgeim [29], with further pioneering work by Novikov [16] and Eskin [5], who
established injectivity in dimension d > 3 and d = 2, respectively (up to gauge in the
general problem mentioned above).

In the geometric setting and for d = 2, the full-data problem is typically studied on
compact surfaces (M, g) that are simple in the sense that d M is strictly convex and M
is assumed to be non-trapping and free of conjugate points. There, injectivity of the
map

C®(M,g) —» C®0+SM,G),® — Co (1.7)

(where G C Gl(m, C) is a matrix Lie group with Lie-algebra g) was first proved
for G = U(m) (the unitary group) in [19]. In the case, G = Gl(m, C) injectivity
was established under a negative curvature assumption in [17] and, very recently, for
general simple surfaces [18]. Partial data results on the other hand (even for m = 1)
are less well understood in d = 2 [2], and there is no analogue for (1.2) for smooth
(non-analytic) potentials.

1.2 Main Result

Our main analytical result is the following stability estimate for the non-abelian X-
ray transform on a compact manifold (M, g), assumed to be non-trapping and have a
strictly convex boundary.

Theorem 1.3 Suppose d > 3 and K C O C M are such that K is compact and O
is open and satisfies the foliation condition. Then for smooth potentials ®, ¥ : M —
C™ " we have

n(®, )
L2(Mp)’ (1.8)

[®— W2k < C(@,¥) - [|Co—Cull
where C > 0 and . € (0, 1) obey an estimate of the form
C(@, W)V (@ 9) " < oIl crar V1l ckary) (1.9)

for some non-decreasing function w : [0, 0o) — [0, 00) and an integer k > 0.

Here, the Lebesgue spaces L*(K) and L?(M ) (with codomain C"*™ suppressed
from the notation) are defined with respect to the natural Riemannian volume forms on
the ambient manifolds M and 8, SM. The space C¥(M) consists of functions which
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are k-times continuously differentiable up to 9 M and a choice of continuous norm
I - ek (ary (defined with respect to some atlas) is assumed to be fixed throughout the
discussion. Further, the notation a Vv b is used for the maximum of two quantities
a,b > 0.

Finally, we mention that in the formulation of Theorem 1.3 as well as below,
we assume smoothness of the involved potentials &, ¥ only for convenience. In
all cases, one can derive results for potentials of finite regularity C¥ (for k > 0
determined by (1.9) or a similar bound) by means of an approximation argument: If
® e Ck(M, C"™*™) is approximated by a sequence of smooth potentials (®,, : n > 0)
in C*-norm, then Cg¢, — Cgo in H*(3,.SM) by Corollary 2.5 below. As the Ck-
norms are bounded along the sequence, a bound as in (1.9) prevents the constants
from blowing up, such that the stability estimate persists in the limit.

In view of the local stability estimates for the linearised problem in [20, Theorem
1.3] and the situation in d = 2 [14, Corollary 1.4], one might expect a stronger
result, with the right-hand side of (1.8) being replaced by a Lipschitz-type bound
< C(®,¥) - [ICo — Cyllp(Mm,) in terms of a suitable function space F, say of
Sobolev regularity H' or even H'/2. However, our result is both in line with the
available estimates for the related conformal boundary rigidity problem, and it is
sufficient to prove statistical consistency. Let us elaborate on these points:

The conformal boundary rigidity problem (determining a Riemannian metric g on
M within a fixed conformal class from its boundary distance function) shares many
features with the problem at hand: It is a gauge-free non-linear problem, which in
dimension d > 3 is solved with Uhlmann—Vasy’s method, also requiring a layer-
stripping argument to propagate injectivity into the interior of M. It s, thus, natural to
compare the available stability estimates [24, Theorem 1.4] and indeed, equation (3),
there is of a similar form as (1.8) here. Both here and there, the passage to the weaker
Holder-type estimate is an artefact of the globalisation procedure, which employs
interpolation at every step of the layer-stripping argument.

To understand the statistical consequences of Theorem 1.3, we draw the comparison
with the stability estimates in [14]. Their result concerns the full-data problem on a
simple surface (M, g) and states that

[P — Wiy = C(@, W) - 1Co — Cullgia, sm (1.10)

for all smooth potentials &, W : M — u(m) and some C (P, ¥) > 0 whichisbounded,
as long as the C'-norms of ® and W are bounded. This stability estimate is derived by
means of a Pestov-type energy estimate which does not extend to higher dimensions
and necessitates the restriction to u(m)-valued potentials (although, using the tech-
niques from a recent injectivity result [18], one might be able to extend it to general
matrix potentials). By means of the forward estimates in [ 14] and an interpolation argu-
ment (as described in the proof of Theorem 5.16 there), estimate (1.10) can be brought
into the following Holder-type form, again valid for smooth &, W : M — u(m)

(k=1)/k

I1® = Wil 20y < Cu(@. W) - [Co = Cullagy -

k>2 (1.11)
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where C (@, W) = ¢ xexp (c2.x (1Pl crary V 1Pl crary)) for constants 1k, c2.x >
0 only depending on (M, g) and m. This resembles the estimates given in Theorem 1.3
and indeed, in Sect. 6, we show that the statistical analysis of [14] carries over to the
full-data case (O = M) in d > 3: In a Bayesian framework, and under a suitable
choice of priors I, on C(M, R™*™), the following consistency result holds true:

Theorem 1.4 (Consistency) Let &y € C®(M,R™ ™) and suppose we observe
(X;, Viyand Y; = Coy(X;, Vi) + € (i =1, ..., n), where the directions (X;, V;) €
04+ SM are drawn uniformly at random and €; € R™*™ is independent Gaussian noise.
Then, as the sample size n — oo, the potential ®q can be recovered as L*-limit (in
probability) of the posterior means Er,, [®|(X;, V;, Y;)!_ 1 € C(M,R™™).

As the statistical analysis is conceptually independent of the remaining paper, a more
detailed discussion of the underlying priors and a comparison with [14] is postponed
to Sect. 6. The theorem above is restated in Theorem 6.2 and the remarks thereafter.

Continuing our discussion of Theorem 1.3, we remark that estimate (1.9) is a way of
saying that for smooth potentials ® and W lying inside of a fixed ball {|| - [|ck(pr) < A}
(A > 0), one may choose the constants C and p uniformly. This is a stronger result
than the uniformity in [24, Theorem 1.4] (conformal boundary rigidity), which only
holds over sufficiently small balls. However, similar to the just cited result, the required
regularity k for which (1.9) is true, is unknown. This is in stark contrast with the two-
dimensional situation in (1.11), where one can freely choose k > 2. To the knowledge
of the author, the available techniques to reduce the required regularity to some smaller
k" < k (cf. [6, Theorem 2b], where k' = 2), only yield uniformity for generic elements
of C¥', which is not sufficient for the statistical application mentioned above.

1.3 Key Ideas and Structure

Analysis of the non-abelian X -ray transform starts with a pseudo-linearisation identity
that we will now describe. Given a potential ® € C*° (M, C"*™) we call any (smooth)
solution R : SM — Gl(m, C) to (X + ®)R = 0 on SM an integrating factor for
®. Smooth integrating factors always exist in our setting (M compact, non-trapping

& with strictly convex boundary) and can be used to express the non-abelian X-ray
transform in terms of the linear, weighted X-ray transform

T(x,v)
Iw f(x,v) = / Wi (p(x,v))dt, (x,v) €0LSM, (1.12)
0

defined for W : SM — C"™ and f : M — C™. Precisely, we have

Lemma 1.5 Let &, ¥ € C®(M, C"™ ™) and suppose that Ry and Ry are smooth
integrating factors for ® and WV, respectively. Then we have

Co — Cy =Ro Iy, ,(® — W) &Ry ond SM, (1.13)
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where a(x,v) = @r(x,v)(x, V) is the scattering relation of (M, g) and the weight
Wo,w : SM — End(C™*™) is defined pointwise by Wo wA = R;AR\y for A €

(Cme

Note that the weighted X-ray transform in (1.13) is to be understood ‘one level
higher’, identifying C”*” = C™ and End(C™*™) = C™ *™ for m’ = m>.

Proof Let Fg be a first integral for R;l lo_sm thatis Fgp : SM — Gl(m, C) solves
XFp =0on SM and Fp = R;l on d_SM. Then Up = Ro Fo satisfies (1.5) and
Co = Usly, sm. Using the corresponding notation for W, we have

Up — Uy = Ro - (FoFy' — Ry'Ry) - Fuy, (1.14)

which, when restricted to 9+ SM, yields (1.13). To see this, note that G = Fg F\;l —

R;qu, satisfies XG = —Weo w(® — W) on SM and G = 0 on d_SM. The fun-
damental theorem of calculus now implies that G|, sy = Iy (® — ¥) and since

further Fyly, sy = a*REl, the proof is complete. O

We can now summarise the content of the subsequent sections and lay out the
general strategy to prove the main results of this article.

In Sect. 2, we prove a forward estimate for the map & +— Rg, which allows to
translate stability estimates for the weighted X-ray transform into one for the non-
abelian one. Further consequences are forward estimates for ® — C¢, which are of
interest in statistical applications. The techniques in this section are similar to the ones
in [14], suitably adjusted to deal with dimension d > 3 and integrating factors taking
values in the non-compact group Gl(m, C).

Section 3 prepares the further analysis by proving a quantitative version of the
microlocal technique (local inversion of scattering operators near elliptic points),
introduced in the context of X-ray transforms by Uhlmann and Vasy [27]. We give a
self-contained proof, emphasising quantitative bounds on the involved constants.

In Sect. 4, we start the stability analysis by considering the weighted X-ray trans-
form f +— Iy f.By[20, Theorem 1.3],if W : SM — Gl(m, C) is a smooth invertible
weight, then every convex boundary point p € d M has a neighbourhood O such that
for K C O compact, we have

12y Sk € - MHw Fll g (1.15)

Here, both C > 0 and the maximal size of O (say, measured by the largest radius
h > 0 for which the ball B(p, h) C O) depend on W, and we will be concerned with
understanding their behaviour as W varies. Standard techniques imply that C(W)
and 2 (W) depend continuously on W in the C*° topology, but this is not sufficient
for our purposes. Using the quantitative analysis from Sect. 3, we can upgrade this
to uniformity as long as |W|lcxspy V w1 | Loo(smy (for some k >>> 1) remains
bounded.

In Sect. 5, we use the local stability result from the previous section to successively
derive further stability estimates. First, using a layer-stripping argument similar to
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the one in [20], we extend stability to arbitrary sets satisfying the foliation condition.
Next, we use the pseudo-linearisation formula to translate this into a stability estimate
for the non-abelian X-ray transform and finish the proof of our main theorem.

Finally, in Sect. 6, we illustrate the strength of Theorem 1.3 by proving a statis-
tical consistency result similar to the one in [14]. This section is mostly expository,
as the extension to higher dimensions and general R™*"-valued potentials is fairly
straightforward.

2 Forward Estimates

In this section, (M, g) is a compact, non-trapping Riemannian manifold with strictly
convex boundary d M and dimension d > 2. Further, as it requires no additional effort,
we work in a slightly more general setting and replace matrix potentials ® : M —
C™*™ by attenuations A : SM — C™*™,

Recall that an integrating factor for A is a solution to the transport equation (X +
A)R = 0 on SM. The main result of this section then reads as follows:

Theorem 2.1 Forevery A € C°(SM, C™*™), there exists an integrating factor R 4 €
C*®(SM, Gl(m, C)) with

IR N ekesmy < crrexplearllAllzecsan) - (1 + [Allcrsan)*. k=0

Sor constants cy i, c2.x > 0 only depending on M and m. If A takes values in u(m),
the exponential factors can be dropped.

In order to define R 4, we use a standard trick to avoid differentiability issues at the
glancing region S9M: We embed M into the interior of a slightly larger manifold M
and extend .4 smoothly to an attenuation A; : SM; — C"™*™ with compact support
in SMI". Then

(X+A)H)U =00onSM; and U =idond_SM;

has a unique solution U 4, : SM; — Gl(m, C), which is constant = id near S9M,
and, thus, smooth on all of SMj. Setting R4 = U 4, |sy gives the desired integrating
factor and the forward estimate above is a consequence of the following result, applied
to the larger manifold M.

Proposition 2.2 Let A € CK(SM,C"™ ™) (k > 0) and suppose Uy € CK(SM,
Gl(m, C)) solves (X + A)U =0o0on SM and U = id on 9_SM.

(i) Writing Too = supgy, T, we have [[U gl sm) < m'/2 exp(Too | All Lo (s1))-
(ii) If supp A C K for a compact set K C SM™, then

U Allckspry < ce@FDTelANesm (1 41| Al ot (a0
for a constant c = c(k,m, K, M) > 0.
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(iii) The assertions remain true if U 4 is replaced by its inverse U;ll. Further, if A
takes values in u(m), the exponential factors can be dropped.

Proof of Theorem 2.1 Following the construction outlined above, Proposition 2.2
yields an estimate of R 4 in terms of the norms ||.A; || ck(sm;) and it remains to replace
this by || All ¢ (5. Formally, this can be achieved by using Seeley’s extension oper-
ator E : C®°(SM,C"™ ™) — C®(SMy, C™*™) (Lemma 7.2). One can arrange (by
multiplying with a fixed cut-off) that supp EA C K for all A € C*(SM, C™*™)
and a fixed K C SM }“t. Then, as E is continuous between the respective Ck-spaces,
setting A; = EA allows to estimate || A1 llckspr,) S 1Ml ck sy as desired. O

2.1 Proof of Proposition 2.2

We start by constructing suitable commuting frames, adapting [14, Lemma 5.1] to
arbitrary dimensions d > 2.

Lemma 2.3 Suppose ¥ C 0L SM\SOM is open and { Py, ..., Pyg—2} is a commuting
frame of TX. Then these vector fields can be extended smoothly to the open set
Wy = {g:(x,v) : (x,v) € £,0 <t < 1(x,v)} C SM to yield a commuting frame
{X,P1,..., Py} of TWy.

Remark 1 The lemma can be strengthened to allow ¥ C 9+ SM with XNSOM # (. In
that case, the extended vector fields are continuous on Wy and smooth on Wy \SoM.
(One can show that the map ® below is a homeomorphism on ¥ x R and an immersion
in £\SOM x R. Since we do not use the stronger result, we omit the details.)

Proof Let (N, g) be a no return extension of M (cf. Lemma 7.1) and denote the
geodesic flow on N also by ¢;. We claim that the map

®: T xR — SN, (x,v,1) = ¢(x,v)

is a diffeomorphism onto its image. Injectivity follows immediately from the no-return
property: If ®(x,v,t) = ®(y, w, s), then yx , enters M both at times 0 and ¢ — s,
which is impossible unless (x, v,t) = (y, w, s). It remains to prove that ® is an
immersion, so let us compute its derivative at (x, v, ) € ¥ x R: For a tangent vector
EDad € Ty, )X @ T;R, we have

(5§ ® ady) = dei(x, v)(§) +aX (@ (x,v)) € Ty (x,0)SN.

If ®.(& @ ad;) = 0, then the previous display implies £ + aX (x, v) = 0 and as X is
transversal to X, we must have a = 0 and & = 0. Hence, ® is an immersion and the
claim follows from invariance of domain.

Now extend the vector fields P, ..., Pog—» to t-independent smooth vector fields
f’l, R f’zd_z on X x R. Then {o;, f’l, el 152d_2} is a commuting frame on ¥ x R
which pushes forward along ® to a commuting frame {X, Pq, ..., P2g—2} on (X x
R) C SN. Restricting to Wy = & (X x R) N SM finishes the proof. O
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Proof of Proposition 2.2 Let us first remark why (iii) holds true. The inverse U;l sat-
isfies the equation X U;tl — U;‘IA = 0 and forward estimates can be derived with the
same arguments as for U 4. Further, if A is u(m) valued, then U4 € U (;m), which is
compact. In particular ||U 4]/ .o (sp) can be bounded by an absolute constant, and no
exponentials arise below.

To prove part (i), fix (x, v) € SM and note that U(¢) = U 4(¢; (x, v)) solves

U+ A(gi(x,v)U =0for0 <7 < t(x,v) and U(z(x,v)) = id.

Letv(r) = |U(t)|2F (with | - | the Frobenius norm), then v(¢) = Z(U(t), U)r =
2{—A(g; (x, VU@, U®))r < 2] A (x,v)|F - |U()|%, where we used the
Cauchy—Schwarz inequality and the sub-multiplicativity of the Frobenius norm. Thus,
by Gronwall’s inequality (with reversed time), we have

T(x,v)
v(t) < v(t(x, v))exp (/ 2| A(gps (x, U))|Fds> , 0<t=<1(x,v).
t

Choose t+ = 0, such that the left-hand side becomes |U 4(x, v)|%. Note that
v(t(x,v)) = |id|%,- = m and crudely bound the integral in the exponential by
275 I All oo (M- This concludes the proof of (i).

In order to show (ii), we use the following inequality, which (in the unitary version)
appears as part of Lemma 5.2 in [14]: If A, F : SM — C"™*™ are continuous and
G € C(SM, C™ ™) is the unique solution to (X + A)G = —F on SM and G = 0
on 0_SM, then

GllLoo(smy < mToo eXpRtoollAllLoe(sm)) - 1 F |l Lo (sm)- 2.1

We repeat its proof: One readily checks that
T(x,v)
G(x,v) = —U(x, v) / UL Flg(x,v)dt, (x,v) € SM
0

and thus, |Gllzo(sm) < ToollUallLoocsan U " | Lo (san | F |l Lo sy The norms of
Ujl can be bounded with (i) and thus, (2.1) follows.

To proceed, take £ C 94 SM\SIM a small open subset (such that it admits a
commuting frame). Let Py, ..., P»4—> be the vector fields on Wy, as provided by
Lemma 2.3 and write P% = P{"' ... P;7*>? for a multi-index « € Z*¥~2. We claim
that

def i
WUalls S sup X7 PUUAlLowy) Skox e@FDmel Al )k,

SM
J+lal=k (SM)

2.2)
for all k € Z>¢. Since finitely many such sets Xy, ..., X, suffice to ensure K C
U; W, we have |Uallckesiy < Yo Spep 1Ualles, Si €Dl Ao (1 4

I All ¢k (sar))* and (i) follows.
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We prove (2.2) by induction over k € Zx¢. The case k = 0 follows from part (i), so let
k > 1 and assume the result is true for k — 1. Consider G = X’/ P*U 4 for an integer
j = 0 and multi-index « such that j + |o| = k. We have

(X +AG =[A X' P*IlUgonSM and G =0ond_SM,
where [, -] denotes the commutator and the zero boundary values follow from .4 having
compact support and thus U 4 being constant near d—SM. By (2.1) we conclude that
1X7 POUAllLoewy) S XMl LA, X PYU 4]l L () and since [A, X/ P¥]

is a differential operator on SM of order k — 1 and with continuous coefficients
Sk ”A”Ck(SM)’ we have

I1X7 PYU all oo ws) Sk =Ml | Allcksary - 10All-1,5- (23)

Inequality (2.2) follows from the induction hypothesis, and we are done. O

2.2 Consequences and Further Forward Estimates

We first recall that the standard linear X-ray transform
T(x,v)
Z:C®(SM) — C®(0,.5M), IF(x,v):f F (@ (x, v))dt,
0

is continuous as map H*(SM) — H*(3, SM) for all k > 0 [22, Theorem 4.2.1].!
Independently of Theorem 2.1, this yields the following:

Corollary 2.4 Let f € C®°(M,C™) and W € C*(SM, C"™*™)., Then
1w fll ko, smy Sk IWlleresay - 1 Tk csary & = 0. (2.4

Proof As Iy f = Z(Wf), this follows immediately from the H k -continuity of Z (in
its straightforward extension to vector-valued functions) and the fact that pull-back by
7 : SM — M yields a bounded linear map 7* : H*(M) — H*(SM). o

Further, using Lemma 1.5 (pseudo-linearisation) and Theorem 2.1, we obtain the
following forward estimates for the non-abelian X-ray transform:

Corollary 2.5 Let &, W € CK(M, C"*™), then
I1Co — Cull gk, sy < k(P W) - D = Wl gegpry, k=0,
where

cr(®, W) = c1 g exp(ea il Plroony + 1Wlzooan) - (1 + 1@l ek + 11 ek an) ™

1 Alternatively one could start with a forward estimate for Z with respect to different function spaces and
obtain corresponding results for weighted and non-abelian X -ray transforms.
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for constants ci i, c2 i only depending on (M, g) and m. Further, if ®, ¥V take values
in w(m), the exponential factors can be dropped.

Proof We use the pseudo-linearisationidentity Co —Cy = Ro- Iy, , (P—W) -oz”‘R\;1
from Lemma 1.5 for the integrating factors provided by Theorem 2.1. The inte-
grating factor Ry, acting via multiplication on H¥(d,SM), has operator norm
< IRollck s, smy < IR@llck (s~ A similar bound holds for a*R\Zl, as « is a diffeo-
morphism and thus, by Corollary 2.4, we obtain

-1
ICo — C\I!||Hk(8+SM) gk ||R<I>||ck(M)||W<I>,\IJ||ck(SM)||(D - ‘II”Hk(M)”R\p ||ck(5M)~

As [Wo,wllcksmy = IR Il ck(san) I Rw ll ck(sary» the proof is finished by applying the
estimates from Theorem 2.1. O

3 Local Inversion of Scattering Operators

This section prepares the local stability estimate from Sect. 4 by proving a quantitative
version of the microlocal argument that underlies Uhlmann and Vasy’s method from
[27].

Their argument relies on the following phenomenon: in the context of Melrose’s
scattering calculus, ellipticity of an operator near a boundary point yields local injectiv-
ity. More precisely, if X is a manifold with boundary and A : C2°(X™) — C%°(Xn)
is a (classical) scattering pseudodifferential operator (yydo), then the leading order
behaviour at 0 X is captured by its scattering principal symbol, which is a smooth
function oy : *T;y X — C, defined on the total space of the scattering cotangent
bundle over 9 X. Ellipticity at p € X then means that

inf , 0 3.1
{elPT;X lose(p, &)| > 3.1

and implies the existence of a neighbourhood O C X of p for which
ker AN {u € L*>(X) : supp(u) C O} = 0. (3.2)

Together with the Fredholm property between appropriate function spaces, this can
be upgraded to a stability estimate for functions supported in O. The purpose of this
section is to show that the size of O as well as constants in a stability estimate can be
controlled in terms of a lower bound on the scattering principal symbol and an upper
bound on a fixed semi-norm of A.

To formulate the theorem, let X be a compact manifold with boundary, fix a bound-
ary defining function p : X — [0, co) and write B(0X,h) = {x € X : p(x) < h}.
Then in terms of the locally convex spaces

° \Ils"é’e(X ) = Fréchet space of classical scattering {rdo’s of order (m, £)
e Hg'(X) = Hilbert space of Sobolev-functions of regularity (s, r),

discussed in Sect. 3.1 below, our result reads as follows:
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Theorem 3.1 (Local inversion of scattering operators) Let V. C 39X be open and
K C X compact with K N 30X C V. Suppose A € \v;';’Z(X) satisfies

A(A) = inf{low(A)(z, O)| 2 € V 1 € XTFX) > 0. (3.3)

(i) There are h, C > 0 such that all functions u € L*(X) with support contained in
K N B(0X, h) obey the estimate

lull2x) = CllAull om—asit202 - (3.4
(i1) As A varies, the constants h(A) and C(A) satisfy
C(A) VA" < oAl v A (3.5)

for a non-decreasing function  : [0, 00) — [0, 00) (of polynomial growth) and
a continuous \Ifgg’z—semi—norm -l

The proof of Theorem 3.1 can be sketched as follows: After localising to an k-
neighbourhood of V N K (where A is elliptic), one constructs a parametrix A™ for
which the residuals R4 = id — AT A have Lz-operator norms of order O(h), such
that for 7 < 1, a local inverse of A can be obtained by a Neumann series. In order
to derive a quantitative bound as in (ii) one then needs to find how certain operator
norms of A™ and R4 depend on A.

From the usual construction of parametrises, it is clear that the maps A +— A™

and A — Ry4 will be continuous in the appropriate Fréchet topologies, but as the
maps are non-linear, a bound as in (3.5) is not immediate. However, using finite-order
parametrises, one can make microlocal constructions more economic, such that all
quantities depend only on A(A) and fixed semi-norm of A (corresponding to a fixed
number of derivatives of its full symbol).
This reasoning seems to be part of the microlocal analysis folklore; yet the author is not
aware of any reference for it, let alone in the setting of scattering pseudodifferential
operators on manifolds. The novelty and usefulness of Uhlmann—Vasy’s argument,
thus, warrants a careful analysis.

Finally, we remark that making the semi-norm || - || from (3.5) more explicit is
possible but requires to further open up the microlocal analysis machinery at the cost
of obscuring the main argument. At the same time, the added benefit is minimal, for
in later applications, A will be constructed in terms of a certain weight function W
and the map W +— A is both costly (in the sense that many derivatives of W need to
be bounded in order to obtain control of ||A]|) and difficult to analyse quantitatively.

3.1 The Scattering Calculus
We summarise some aspects of Melrose’s scattering calculus [13] with the purpose of

fixing notation and gathering the most relevant results at one place. See also [13,28]
[27, §2] and [25, §3.2].
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First some general notation. Denote with R the radial compactification of RY,
obtained by glueing R¢ and [0, 00) x $¢~! along the identificationx — (Jx|~!, |x|~!x).
More generally, given a vector bundle E — X, one can radially compactify the fibres
to obtain a bundle E — X [13, §1]. Further, we let C(X) =k kaoo(X) denote the
space of functions which vanish to infinite order at d X (similarly defined over X x X)
and note that the natural inclusion R¢ ¢ R induces an isomorphism S (RY) = C(RY).

We can now recall the definition of w;ﬁ*‘f (X), the space of classical scattering
pseudodifferential operators on X.

Definition 3.2 A linear operator A : C°(X) — C°(X) is in W2“(X), if the follow-
ing two conditions are satisfied:

(i) The Schwartz kernel of A is smooth away from the diagonal of X x X and
vanishes to infinite order at the boundary.
(i) Inlocal coordinates (x, y) = (x, y1, ..., ya—1) with x|3x = 0, we have
/ !/

i in- 22 dx’d
aue.y) = [F aypuc Y)dedn S (36)

for all u € C°°(X) with compact support within the chart domain, where a :
(0, 00), X Rf,_l x Re x ]R‘,f_l — (C is smooth and satisfies

(& m) Malx, y, £, ) € CO([0,00), x RS X RE ). (B7)

Note that we use the order convention from [27], that is, w;ﬁf (X) increases as m and
£ increase. The definition above differs from the (equivalent) one given in [27] in that
it describes A in terms of the local model [0, 0c0), X Rg’,_l for X rather than in terms

of R?. The formulation here is for example used in [25, Proof of Prop. 4.2] and has the
advantage that (£, n) provide natural coordinates for the scattering cotangent bundle
introduced below.

For the sake of completeness, we mention here that (3.7) could be replaced by the
condition

(o) %0l ate, y. &) Skap x HE "L k), peZly (338)

to obtain the larger class \lls'ﬁél (X) of (not necessarily classical) scattering yrdo’s. The
advantage of using classical operators is that their principal symbols can be realised as
functions, rather than as elements in a quotient space. In particular, there is a natural
way to measure their magnitude (in the sense of size of semi-norms), which is crucial
for the quantitative aspect of Theorem 3.1.

Finally, we remark that \IJS"é’((X ) has a natural Fréchet space structure in which
a sequence of operators A, converges to 0, iff the (weighted) symbols a, in (3.7)
converge to 0 in the C*°-topology. In this topology, w;’é"f (X) C \Ifg'é/’zl (X) isaclosed
subspace whenever m < m’ and £ < £'%,

2 The equivalent statement is false in Lp;’g*f (X), classicality is needed.
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Let us briefly discuss some key aspects of the scattering calculus: The leading order

behaviour of an operator A € \Ilsmc’lZ (X) at 9X can be described in coordinates, where
A takes form (3.6), by

ose(A) (v, £, ) = x“((E, M) ™a(x, v, & 1)lx=0, (3.9)

which makes sense in view of the stated regularity in (3.7). In order to understand o
invariantly, one defines the so-called scattering cotangent bundle® *T*X — X with
fibres having the following coordinate-description:

dx dy
SC ok — md
Tpx—{sx_2+’7'?|p}:R(§,ﬂ)' (3.10)

Let T*X — X be the ball bundle obtained by radially compactifying the fibres
of °T*X. Then under the identification indicated in (3.10), definition (3.9) yields a
smooth map oy (A) : 5¢ TB*XX — (, defined on the total space of the pull-back of
SCT*X to dX. We call 0. (A) the scattering principal symbol of the operator A. The
principal symbol map A +— o (A) fits into a split exact sequence of Fréchet spaces:

0 — WXy e X)) 25 COCT X) — 0 G.11)

By this, we mean that it is a split exact sequence of vector spaces, with all involved maps
being continuous; in particular, there is a continuous right inverse r : C*° (¢ Ta*x X) -
W4 (X) to 0.

The scattering principal symbol is also called ‘principal symbol at finite points’ and
can be complemented by o, the ‘principal symbol at fibre infinity’. While the joint
symbol (0, 0sc) is needed, e.g. for regularity questions, for our purposes, it suffices
to keep track of the boundary behaviour.

Exactness of (3.11) is stated in [ 13, Prop. 20] (where the scattering principal symbol
is called ‘normal operator’ and denoted Ny.), while a continuous linear right split (also
called quantisation map) is discussed below equation (5.30) in the same notes. Finally,
we remark here that our definition of oy differs from the one in [27], where the authors
do not incorporate the pre-factor ((&, n)) ™" in (3.9), which implies that ellipticity is
witnessed by a lower bound |og.| = ((&, n))™ rather than |og| = 1 as in (3.1).

Next, we note that the product of two scattering ¥ do’s is again a scattering ¥ do.
In fact, multiplication of operators yields a bilinear continuous map

WX x W (X)) — W (xy (3.12)

SC
and the principal symbol behaves multiplicatively, that is

0sc(AB) = 05 (A) - 05c(B). (3.13)

3 Formally, one checks that the one forms d—’zc, d%, e d}‘j(i_' (for local coordinates (x, y) as in (3.6))

span a locally free sheaf & over C°°(X). The vector bundle S°T*X — X is then defined fibre-wise by
SCT*X = £(X)/1,E(X), where [, C C°°(X) is the ideal of functions vanishing at p, and the smooth
r p r gat p

structure is chosen such that the natural map & (X) — C%°(X, S°T*X) is an isomorphism.
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The continuity claim can be verified by keeping track of semi-norms, when proving
that scattering operators are closed under multiplication and is a direct consequence
of [28, Prop.3.5]; for (3.13) see also [13, Eqgs.(5.1) and (5.14)].

Finally, a natural scale of Hilbert spaces that scattering operators act on, is provided
by Hy"(X). On R (the radial compactification of R?), these spaces can be defined
in terms of the standard Sobolev space on R as

H*" (RY) = (z) " H*(RY). (3.14)

In general, Hy:" (X) is defined by locally identifying X with open subsets of R¢. For
s > 0, they are related to the standard Sobolev spaces H*(X) as follows:

_dtl

=7
~ i, (3.15)

H*(X) C Hy' (X) forr
HY' (X) C HS(X) forr

An operator A € WY (X) then is continuous as map A : HS' (X) — HE ™ ~¢(X)
and indeed the inclusion

WE(X) — B(HS (X), HS ™ 4X)) (3.16)
into the space of bounded linear operators is continuous. The statements above are

proved in [27, Section 2] and [28, Section 3.8], modulo continuity of (3.16), which
follows from the open mapping theorem.

3.2 Proof of Theorem 3.1

As outlined above, we want to construct a local, finite-order parametrix for the scatter-
ing operator A. On the level of principal symbols, this corresponds to composition with
the map z — 1/z, suitably cut-off near zero. We, thus, start with a lemma that provides
norm bounds for this composition map. To this end let ¢ : C — [0, 1] be a smooth
function, vanishing near zero and constant = 1 for |z| > 1. Write ¢;(z) = ¢(z/t) for
t > 0 and define

inv, : C¥(M) — C®(M), u (x > M) (3.17)
u(x)

on an arbitrary compact manifold M (with or without boundary), which will later be
taken equal to the total space of *T;y X. Then

Lemma 3.3 The map inv; : C°(M) — C°(M) is continuous with respect to the
C®°-topology; further, for every k € Zs, there exists C = C(k) > 0 with

linv, @)l ckary < € A+ DM (14 Jullcegn)s u e C¥M), 1> 0.
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Proof We prove more generally that composition with x € Cp°(C) (thatis, x : C — C
is smooth and all derivatives are bounded) is continuous as map C*°(M) — C*(M),
and we have

k
llx o ”||ck(M) Sk ”X”Cﬁj(({:) : (1 + ||M||ck(M)) (3.18)

such that the result follows from setting x (z) = ¢;(z)/z. For simplicity, we only con-
sider the case that u is real valued and x € C;°(RR, R) (the complex case only requires
notational changes) and assume that M has empty boundary, noting that the general
case can then be obtained by means of Seeley’s extension theorem (Lemma 7.2).

Choose local coordinates x!, ..., x4 and note that 3%(x o u) (for « € Z¢ with
|| = k) may be written as finite linear combination of terms of the form:

m m
Pppu <X<m> o u) 1% m<k piezdywith Y 6] =k (3.19
i=1 i=1
Let K C M be a compact set inside the chart that supports xp, ..., x4. Then
1P prell oy Smop XNk ey - Nl py, forallu e C¥(M) — (3.20)
and
| Pon,gttn — P ptllLoo(ky — O  when u, — u in C*(M). (3.21)

Since C*(M) can be normed by the sum of |3 - || L>(K)» Where « runs through multi-
indices in Z‘io with |¢| < k and K through compacts inside of chart domains, the

previous two displays establish the desired result. O

Next, we construct a local, finite-order parametrix for an operator A € lIJS'"C’Z(X )
which is elliptic in an open set U C *T; X. By this, we mean that

AA) = irl}f losc(A)] > 0, (3.22)

which encompasses the definition in Theorem 3.1, where we have U = {(z,¢) : z €
V, ¢ e 5T} X} for some open set V C dX. Then

Lemma 3.4 There exists alocal parametrix A" € W™ -t (X) and a residual operator
Ra € \IJSC’O(X) with the following properties.

(i) We have ATA =id — R4 and supposc(RA) NU =0

(i1) Given continuous semi-norms || - || and || - || on \I’S_Cm’_e (X) and \IJSC’O(X) respec-
tively, there exists a continuous semi-norm || - || on lllgﬁ’z (X) and an integer k > 0
such that, as A varies, we have

k
1AMV IRAN S (14 2A7T) - 1+ A1 (3.23)
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Proof Letr : C°(*¢ Ta*xX ) — \IJS_C'"’_Z(X ) be a continuous right split for the short
exact symbol sequence in (3.11) and define

AT =7 (inv; (4 (05c(A))) € W™ H(X). (3.24)
Then,as U C {(z,¢) € SCTB*XX :0(A)(z,¢) = A(A)}, we have
05 (A1) = inv; (4) (05 (A)) = 05 (A)! on U. (3.25)

In particular, defining R4 = id — AT A, we see from the multiplicativity of principal
symbols that o5 (R4) = 0 on U, such that (i) holds true.

Next, given a continuous semi-norm || - || on \IJS_C’"’_(Z (X), as r is a continuous linear
map between Fréchet spaces, there exists an integer k > 0 with

IATI S linvacay@se (A kg S (4 AAT ol es x)

with implicit constants uniformin A € WL X) with A(A) > 0 and where the second
inequality follows from the preceding lemma. Finally, oy itself is a continuous linear
map and thus ”USC(A)”C"(SCT;X X) < ||A]l’ for an appropriate semi-norm || - ||"”. This
completes the bounds on A™.

In order to bound ||R4]|’" (for a given semi-norm || - || on wi0(X)), we use that
multiplication of scattering operators gives a continuous bilinear map, such that

IRAI" S L+ LA™ - AT (3.26)

for an appropriate choice of semi-norms on the right-hand side. Combining this with
the bounds on A™, the proof is complete. O

We are now in a position to prove a slightly more general version of Theorem (3.1),
which does not require ellipticity in all fibre directions. For this recall that has fixed,
a boundary definition function p : X — [0, 00).

Proposition 3.5 (Microlocal version of Theorem 3.1) LetT" C U C SCY_"B*XX subsets
such that T is compact and U is open.

(i) Let A € W™C(X) with .(A) > 0, as defined in (3.22). Then there exist constants
h, C > 0 as well as a continuous semi-norm || - ||o on \IJSC’O(X) with the following
property: If Q = q1 Q> € lIJSC’O(X) is the product of a function q; € C*(X) and
an operator Q; € ‘-IJSC’O(X) such that

lpgili=x)llQ2llo <h and suppos(Q2) C T, (3.27)

then for all u € L*(X) we have

lullz2x) < ClIQllo - 1Aull yom-a142072 ) + 201Gd = Qull z2(x). (3.28)
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(i1) As A varies in the open set of operators with A(A) > 0, the constants h(A) and
C(A) obey an estimate of the form:

C(AVhA < (1 +)\(A)’1)k S(1+ | A* (3.29)

a continuous semi-norm || - || on \Ilg'é’g(X) and an integer k > 0.
Let us first demonstrate how Theorem 3.1 follows from this result:

Proof of Theorem 3.1 We apply Proposition 3.5 with U = 7~ (V) and ' = 71 (K"),
where K’ C V is a compact set that contains K N3 X in its interior and 7 : * Ta*XX —
9X is the natural projection; we denote with 4’ and C’ the constants from (i). Let
0 = q1¢> € ¥O9(X) be the product of two functions g1, g» € C*°(X) with

lpax,ny <q1 <lpex2n and lgx <g2 <1y, (3.30)

where h remains to be chosen and V' is a neighbourhood of K with V' N dX C K.
Now let 2 > 0 be such that

logillzec gzl < 2hlgall = A, (3.31)

then (3.27) is satisfied and we obtain (3.28). Since {« : supp(u) C K N B X, h)} C
ker(id — Q), this concludes the proof. O

Proof of Proposition 3.5 Let AT and R4 be as in Lemma 3.4. We first estimate the

operator norm of Q Ry, acting on LZ(X) = HSOC’_(dH)/Z(X). To this end, we write

OR4 = (pq1) - (p~'02R,) and treat the two factors separately. To estimate the
second factor, consider the bilinear continuous map

_ xp~1
WL x w0 (X)) — Wi ) s wl0(X) C BILA(X).,  (3.32)

where the involved spaces and maps are defined as follows: For L C SCTB*XX com-
pact we write \IJSC’?L(X ) for the closed subspace of operators P € \IISC’O(X) with
supposc(P) C L; we let A = T, X\U, such that Ry € \IJ;)C”OA (X). Then the first
map in (3.32) is multiplication, which takes values in \1125‘1 (X)as ANT =@. Now
p Y 02RA € B(L*(X)) is the image of (Q»2, R4) under the map (3.32), and hence,
its operator norm is bounded by || Q2|0 - || R4llo for a continuous semi-norm || - ||o on

WO-0(X). Further, multiplication by pg; has operator norm < | pq ||z (x). Overall,
we get

I19RAllL2x)—120x) = llPgiliLe=x) - 1Q2llo - [Rallo- (3.33)

Put h = h(A) = ||RA||51/2, then if Q obeys (3.27), the operator norm of QR4
is bounded by 1/2, which means that id — QR is invertible in B(L?(X)). Write
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N = (id — QR4)~! € B(L*(X)) for the inverse, then
u=NQATAu+ NGd — Q)u forallu € L*(X). (3.34)

Now [INlp2(x)—r2(x) < 2 and thus, assuming without loss of generality that || - [|o
dominates the L?(X )-operator norm, we obtain (3.28) with C(A) being twice the

0. —d+l g dtl
H. ? (X)) — Hg ' 2 (X) operator norm of A™. Finally, the bound in (ii)
follows from the one in Lemma 3.4 and we are done. O

3.3 Vector-valued Case

Theorem 3.1 works equally well for operators that act between sections of vector
bundles. In this section, we discuss the necessary changes in the case of trivial bundles
(which is all we need in the sequel).

Let us write A € W™¢(X;CK) for k x k-matrices of operators in (X)),
understood to act between vector-valued functions in the obvious way. The scattering
principal symbol is then a matrix-valued map o (A) : 5¢ TB*XX — Ck*k and, using
the notation |M| = (M*M)'/? € CF** for matrices M € CK*¥, ellipticity of A is
witnessed by an inequality of the form:

loe(A)] > A & VteCr:(ow(A), 1) > Alt] (3.35)

Using this notation, Theorem 3.1 holds true for u € L>(X, CX) and is proved in the
same way as the scalar case.
4 Local Stability of the Weighted X-ray Transform

This section is devoted to the proof of the following theorem, which is a more quan-
titative version of Theorem 1.3 in [20].

Theorem 4.1 Let (M, g) be a compact Riemannian manifold of dimension d > 3 and

suppose p € OM is a point of strict convexity. Then there exists a smooth function
X : M — R, strictly convex near p and satisfying

X<0=x(p) and |dx|; <1,

such that for all smooth, invertible matrix weights W : SM — Gl(m, C) the following
holds true:

(1) There exist C,h > 0 with the following property: For 0 < ¢ < h let B =
B(p,c/2) and O = {X > —c}, then

I £llz2c8) < CllIw fllgi o,y for f € LAH(M). (4.1)
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(i) As W varies, the maps W +— C(W) and W +— h(W) obey
W)™V CW) < oWl cksary V ITW ™ | oscsmy) (4.2)

for some non-decreasing w : [0, 00) — [0, 00) and an integer k > 1.
(iii) Under small perturbations of M and p, in a sense made precise below, one can
choose w and k to be constant.

Let us remark on a few aspects of the theorem: The bound |dx|, < 1 can always be
achieved by scaling x and is included as it ensures that the set O = {x > —c} (¢ > 0)
contains the geodesic ball B(p, ¢/2).

In order to make the perturbation result from part (iii) precise, assume that M =
{v < 0} for a smooth function ¢ : M — R that is strictly convex in a neighbourhood
U of p. Thenfort > 0 small, also the boundary of the manifolds M; = {§ < —t} C M
is strictly convex in U and the Theorem applies to the weighted X-ray transform of
M; (defined via integrals over the shorter geodesics with endpoints on dM;). Then
(iii) means that estimate (4.2) can be made uniform for ¢ > 0 sufficiently small and
q € 0M; N U close to p.

Remark 2 The compactness condition is non-essential and has only been included to
simplify bound (4.2). For non-compact M and h(W) replaced by h(W) v h* for a
fixed upper bound #* > 0, the relevant sets from part (i) lie within a compact subset
L C M and (4.2) remains true after replacing the right-hand side by w (|| W|| ck(sm) \Y

(w1 Lo (sm);))- Here the semi-norm || - ||C£(SM) is defined in local coordinates by

taking the supremum over L of derivatives up to order k. In particular, if M can be
embedded into a compact manifold M’, then || - ”Cf(SM) S lleksmy-

Proof of Theorem 4.1 The proof essentially consists of a careful inspection of the
Uhlmann—Vasy method, which is composed of the following steps:

(1) In a neighbourhood of p, the normal operator Iy, Iy is modified to a ‘localised
normal operator’ A%, defined over an auxiliary manifold X with p € O = MNX.

(2) The operator A)V(V is shown to lie in the class \IJS_CI’O(X ) (Definition 3.2), elliptic
near the ‘artificial boundary’ 0 X. By Theorem 3.1, it is, thus, locally invertible in
a neighbourhood of 9X.

(3) A posteriori, the auxiliary manifold X is chosen such that the domain of injectivity
includes O = M N X. Stability estimates for A)v(v can then be translated into ones
for Iy .

Using Theorem 3.1(i), the constants in the resulting stability estimate are then uni-
form under some control on o (Af,) and || Af, || (for a semi-norm || - || on v 0(x)).
As A)v<v depends homogeneously and (in the C*°-topology) continuously on W, this
easily translates to uniformity in terms of W and eventually yields (ii).

We will now discuss the three steps above in more detail. However, as the method
has been used in several previous articles (e.g. [20,24,25,27]), the exposition below
will be brief and focus on the application of our quantitative result from the previous
section.
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Step (1) We embed M into a closed manifold (N, g) of the same dimension and
extend the weight smoothly to W : SN — C™*™. As p € dM is a point of strict
convexity, it admits a neighbourhood U C N and coordinates (X, y) : U =S RxRI-!
for which

{x >0}NM = {p} and X is strictly convex near p 4.3)

(cf. [20, Section 3] for a construction). The following constructions are carried out with
respect to a small parameter 0 < ¢ < ¢o (and cg chosen later), noting dependencies
when necessary. Change coordinates to (x, y) = (X 4 ¢, y), such that {x > 0} is the
intersection of U with a compact manifold X C N with strictly concave boundary
near p. Consider the parametrisation

Ay + wdy

R, x R xR de_2—>SU, LV, A, = ,
Ry b ) o e+ g

(4.4)

with vectors parallel to 9, missing in the image (they are negligible, as eventually we
are interested in geodesics that are ‘nearly tangent’ to d X) . Pulling back the geodesic
flow via (4.4) yields integral curves

1 2 _
Verio® = (1, 00,73, ,0) € R x RI @.5)

and one may consider the following ‘localised normal operators’, acting on smooth
functions f : [0, 00), X Rf‘l — C™ with suitable decay at x = 0:

AL f(x,y) =x"2e7/F f / W*(x, ¥, Ay @) (W) (Ve y,0.0(0), y'x,y,x,wa))(4 6
) '
X el/yX--"-A-w(t)X(x, vy, w, A/x) dtddw.

This corresponds to equation (4.1) in [20]. Let us discuss the ingredients of (4.6)
in detail: Without loss of generality, we may assume that the interior of the box
B = [0, 2c], x [—1, 1]‘)1,’1 contains the portion of M within U N X. Further, the

‘localising function’ y is assumed to satisfy*
supp x C B x 8472 x [—Cy, Co] 4.7

for some Cy > 0 and will later be chosen such that A)‘SV is elliptic in an appropriate
sense. The domain of integration in (4.6) is [—do, do]; x Ry X SZ’Z, where 59 > 0
is chosen small enough to satisfy the following criteria: First, we ask that the curves
(4.5), starting from B, do not leave the coordinate chart for |t| < §p. Second, and after
decreasing cy if necessary, we ask that

0oz (2 2 p(em 2 (x,y) € B, [t], [A] <8, (4.8)
X s X, , s < s .
Vryao 2 Ci 2C, Y 0

4 Note that in [20], the authors write x = x (A /x), suppressing the dependency on (x, y, ).
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for some C; > 0. (See equation (3.2) in [27], where this inequality is derived for Cy
essentially being a lower bound of the Hessian of X near p).

Step (2) Note that A%, may be viewed as operator C2° (X, C™) — C*®(X™, C™)
with Schwartz kernel compactly contained in (U N X)?. The crux is now that A)‘EV fits
into Melrose’ scattering calculus in the sense that A)v(v € \IJSZI’O(X ) and, upon a
judicious choice of localiser x, is elliptic near dX N M. In particular, Theorem 3.1
(local inversion of scattering operators) can be used.

In order to give a precise statement, we recall that the constructions above depend
on a parameter ¢ > 0, and there is a whole family of operators A{fv(c), defined over
sub-manifolds X, C N (with X, NU = {x 4+ ¢ > 0}). We may assume that there is a
flow . on N, defined for small ¢ > 0, for which X, = v¥.(Xo).

Theorem 4.2 Upon choosing cqy, Ao > 0 sufficiently small, we have

(1) Forall smooth localisers x with (4.7), the operator A)V(V (c) € \IJSEI’O(XC). Further,
allowing x to depend continuously on c, the map

[0, co) x CP(SN, C™ ™) — W 10(Xg), (c, W) > yrAf(c)  (4.9)

is continuous with respect to the natural Fréchet topologies. Moreover, for any
continuous semi-norm || - || of Wc ’O(Xo) there is an integer k > 0 such that

[NAVXAGIES IIWIIZCk(SN) forall0 < ¢ < cp. (4.10)

(i1) There exists a localiser yx, smooth, satisfying (4.7) and depending continuously
on ¢, such that for all (c, W) in (4.9) we have

low (AT ()@ O = Mol W 2 gy, 2 €0Xe N M, ¢ € *THX,.
(4.11)

Sketch of Proof The proof is essentially carried out in Sect. 4 of [20]. We sketch the
main aspects, highlighting dependencies on the weight.

Either by first computing the Schwartz kernel [20, Lemma 4.1.] or directly (akin to
[25]), one verifies that A)v(v has an oscillatory integral expression of the form (3.6) and
the pseudodifferential-property as well as the continuous dependency can be checked
directly. We note here that continuous dependence on c is already implicitly used in
[14] and continuous dependence on W is akin to continuous dependence on the metric
as stated in e.g. [25, Prop.4.2].

Further, (4.10) can be derived from (4.9) and the homogeneity of A)v(‘i (¢) in W. This
can be seen easiest in a general functional analytic setting, where we are given two
Fréchet spaces E and F and a continuous map

¢ :[0,00) x E— F, withe(c,t) = tz(p(c, ) (t,c>0). (4.12)

Then the collection of sets {(f,w) : 0 <t <€ : ||w|’ < 1}, wheree > Oand | - |
runs through continuous semi-norms of E, constitute a basis for the neighbourhoods
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of (0,0) € [0, 00) x E. Given a continuous semi-norm || - || on F, the set {(c, w) :
lle(c, w)|| < 1} is an open neighbourhood of (0, 0) and thus we can find ¢y > 0 and
| - || with
{lc,w):0<c<co,lwl <1} C{lc, w): g, w)l < 1}. (4.13)
Now take 0 < ¢ < ¢p and w € E, then (¢, w/(2||w||")) lies in the left set and thus
lpte, w)ll = 4(lwll)? - lglc, w/llwl)N)I < 4(lwll')?, (4.14)
as desired.

To prove (ii), we first fix ¢. Then the symbol in said oscillatory integral expression,
restricted to x = 0, takes the form:

a0, v, £, ) = / / f SEGTH0..0.0 +in 0l —ii-a(0.7,0,0)/

x W*W (0, y,0, 0)x (0, y, A, w)dididw,

(4.15)

where a(x,y. A, 0) = (d/d)?y!), (©) > 0 (say, for (x,y) € B) and the
integral domain is R;\ x Ry x Sc‘f)_z. For the particular choice y (x, y,i,w) =
exp(—):2 /Qa(x,y, A, ®))) (multiplied with a cut-off in (x, y) to ensure that it is
supported in B), the integral in the last display can further be evaluated to obtain a
non-zero multiple of

&~ /Sd?Z(W*W)(O, ¥, 0, w)e~ 1@/ E)1F/20.y.0.0) 4, (4.16)

which corresponds to the second display below equation (4.10) in [20]. Following the
reasoning of [20, proof of Prop.4.3] below said expression yields

(& m)a©,y. &) =220 W2 sn) (4.17)

for a constant A only depending on the local geometry near p. Here, it was used that
W*W (0, y, 0, ®) is bounded from below by the square of the smallest singular value
of W, which is in turn lower bounded by ||W~! ||202¢(SN).

The localiser x above has full support in X and, thus, fails to satisfy (4.7). In the
proof of [20, Prop. 4.3] x is, thus, approximated by localisers with compact ):-support,
thus, obeying (4.7) for some Cop > 0. From (4.15), it follows that the approximation is
uniform in W, at least under an a priori bound ||W|| > (sy) < 1. This proves part (ii)
for all W with || W] L (sny) < 1, and the general case follows from a scaling argument,
noting that both sides of (4.11) are homogeneous in W of degree 2.

Finally, we comment on the c-dependency: note that «(x, y, A, w) (and, thus, yx)
implicitly depends on ¢ through the choice of x = X + ¢. However, the dependence
is clearly continuous, and « can be bounded in terms of the geometry near p. In
particular, the bound (4.11) is uniform in c. O
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By Theorem 4.2, for an invertible weight W, the operator A)‘SV (c) is locally elliptic
for suitably chosen x and sufficiently small ¢ > 0. In particular, Theorem 3.1 can be
applied and, for constants C, & > 0 (depending on W and c), we obtain

1 llz2ex) < C”A)V(V(C)f||[—IS1C'_<d+I)/2(XL,)’ if supp f C M N B@Xc, h).
4.18)

Due to (4.10) and (4.11), the uniformity statement of Theorem 3.1(ii) gives
CW,o)VRW, ™" <o(lWllcksny Vv IW L isny), (4.19)

valid for sufficiently small ¢ > 0 and all smooth weights W : SN — Gl(m, C). Here,
 : [0, 00) — [0, c0) is a non-decreasing function and k > 1.

Step (3) From now on, we argue with a fixed weight W : SN — Gl(m, C) and
keep track of how the arising constants depend on

A= Wlcksn VIW ™ Lssn > 0. (4.20)

Fix0 < ¢ < h,then O, = M N X liesin M N B(dX., h) and consequently (dropping
the c-subscripts from now on)

120y Sa 1A% Fllg—winry.  f € LAM), 4.21)

where it is understood that f is extended by zero outside of M. In order to translate
this into a stability estimate for Iy, we factor the operator A)v(v as

AL f =x"2e VAL Tw Y ), f e LA(M) (4.22)

where the operators lelv and Iy are defined as follows: We may assume that U (viewed
as a manifold with boundary) is simple and denote with 7y : SU — [0, 00) its exit
time. Note that we can write x (x, y, A/x, w)dAdw = wu(z, v)dv on SU for a smooth
function p : SU — R with compact support. Then

LYy C@,50) > CWU), Liyu() = / W* (. o) (2, v)p(z. v)d,
S.N
(4.23)

where u® extends u constant along the geodesic flow. Further, Iy is the weighted
X-ray transform, defined with respect to the manifold U and (4.22) is evident, as f|y
is supported in M N U, and thus, no additional mass is collected by integrating along
complete geodesics in U.

Define M C 8+SU to consist of initial conditions (z, v) for which z € X, the
geodesic y; ,(¢) enters B for some 0 < f < ty7(z, v) but does not hit 9 X N M. After
decreasing 4 if necessary, we can assume that

{oir(z,v): 0 <t <ty(z,vV)}Nsuppu =0 for(z,v) € 8+SU\M. (4.24)
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Indeed, assume that h < Cy/ Cg A 80/ (2Co), where 8¢, Co, C1 are the constants from
(4.7) and (4.8). Then if the integral curve starting at (z, v) € 04+ SU enters the support
of u at, say (x,y, A, w, we must have 0 < x < 2¢ < 2h and |A/x| < Cp, which
implies that |A| < 8 and x —A%/(2Cy) > x(1 —xC%/(2C1)) > x(1 —th/Cl) > 0.
In particular the right-hand side of (4.8) is non-negative, and the curve cannot intersect
MNoX.

To proceed, take K C O compact (such as the geodesic ball B(p, ¢/2), when X is
scaled to satisfy |VX| < 1). We then have for all f € L2(M)

12 Sk le™ Fllzoy Sa ™ T e VLl fw Fllpn.  (425)
where the first estimate follows from the fact that e'/* and all its derivatives are
bounded on K and the second estimate follows from equation (4.21) and inclusion
HE (X) c xtHEY ¢ xCHY(X) for £ = —(d + 1)/2.

Note that the function on the right-hand side in (4.25) is compactly supported in U
(due to the support condition on 1) and that x ~(@~1/2e~1/* and all of its derivatives
extend by zero to a bounded function on U. Thus,

12y Sk.a LY Tw fllgi ), forall f e L*(M) (4.26)

and it remains to bound the operator norm of L"fv and relate ], w to the transform Iy
we are actually interested in.

Lemma4.3 For all k > 0, the operator L’V‘V - HY(M) — H*(U) is bounded with
operator norm < Wl cxesry-

Proof of Lemma 4.3 We prove the lemma in a slightly more general setting, when
M C .. SU is any open subset with closure not intersecting S9U and p : SU — R
is a smooth function with compact support satisfying (4.24).

The lemma then follows from factorising L’V‘V as

H ) 5 HE G, 5T L mrsuy 2 ghesuy I BRU)  @27)

with the following factors: E is an extension operator (cf. Lemma 7.2), which may be
chosen to map to compactly supported functions, as M is assumed to have compact
closure in 3, SU™ = 3, SU\SU. Due to condition (4.24), the precise choice of
E is irrelevant. Next, the map #, defined below (4.23), is continuous, as under the
isomorphism

{(z,v,1) €0, SU™ xR0 <t < ty(z, v)} 2 SU, (z,v,1) — ¢z, v)
(4.28)

it corresponds to pull back by the projection pr; : 84 SUM™ x R — 9, SU™. Multipli-
cation by uW* is clearly bounded with operator norm <, [|W/|| ck(s0)- Finally, 7 is
the push forward along the base projection, which is well known (and easily checked
in coordinates) to be H*-continuous. O
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Lemma 4.4 1Ty f |yt 7y Sk 11w £l ikt (K = 0) for all f € LA(M),

Proof of Lemma 4.4 Define B : Mo — M by B(z,v) = ¢_gz,-v) (2, v), then
B*(Iw f) = Iwf on Mg. Now pull-back B* : H¥(B(Mp)) — H¥(Mo)
(k > 0) is an isomorphism, as ,§ extends across the closure of Mo to a diffeo-
morphism onto its image. Thus, ”IW”Hk(M) < 11w f 1l 5k g Moy S Hw fll k)
where the first inequality follows from the fact that f is supported in M, and thus,
supp Iw f C B(Mo). |

We can now finish the proof of Theorem 4.1. Using (4.26) together with the previous
two lemmas yields || f || .2 g SkA IMw f | g1, forall f e L%(M) and, taking K
to be the geodesic ball B = B(p, ¢/2) and making the W-dependency explicit again,

1 £ 2 < CODIw flgi gy, f € LAM), (4.29)

where C"(W) < o' (|Wllcksny V ||W_1||ZOIO(SN)) for o’ : [0, 00) — [0, 00) non-
decreasing. One can further replace the norms on SN by their counterparts on SM, as
||1Wf||H1(M0) only depends on W|gys. Thus, (i) and (ii) are proved.

Finally, part (iii) is clear from the above: When p is slightly perturbed to some
p' € dM, the ball B(p’, ¢/2) remains within O and K may be chosen accordingly.
Small perturbations of M correspond to an affine change of variables in x and are,
thus, inconsequential. This concludes the proof. O
5 Proof of the Stability Estimate

Let (M, g) be compact, non-trapping and with strictly convex boundary oM. We
complete the proof of Theorem 1.3.

5.1 Layer-stripping Argument
We first derive a (global) stability estimate for the linearised problem.

Theorem 5.1 Let d > 3 and suppose that K C O C M, such that K is compact
and O is open and satisfies the foliation condition. Then for f € C®°(M,C™) and
W e C*®(SM, Gl(m, C)), we have

12y < COV) - U fllgalagy - 1w F 150 5.1
where C > 0 and n € (0, 1) obey an estimate
CW) v uW) ™" < oW ek sy v IW ™ Tz suy) (5.2)
for some non-decreasing w : [0, 00) — [0, 00) and an integer k > 2.
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Let us outline the strategy of proof for Theorem 5.1. Using the strictly convex
exhaustion function on O, we can stratify K into finitely many layers, where the num-
ber of layers depends on the weight W. As each layer has a strictly convex boundary,
one can use the local stability result in Theorem 4.1 and propagate the stability esti-
mate into the interior of O layer by layer via an induction argument. More concretely,
Theorem 4.1 allows to bound the norm of f within a certain layer in terms of the
weighted X -ray transform, defined with respect to geodesics confined to that layer. As
we are actually interested in the transform along complete geodesics in M, an error
occurs. By virtue of our forward estimates, this error can be bounded in terms of the
magnitude of f in the previous layers, which is controlled by the induction hypothesis.

Remark 3 The Holder exponent y in the theorem is of order 27V, where N is the
number of layers needed to stratify K. This in turn is of order N = O(h~!), where h
is the ‘depth’ from Theorem 4.1. The integer k that appears in the theorem is essentially
the same as in the local stability estimates (Theorem 4.1), in particular a hypothetical
universal bound k < ¢4 in Theorem 4.1 would remain true in Theorem 5.1.

Remark 4 For a fixed weight W, the result can be improved to allow control on the
Holder exponent o at the cost of needing bounds on higher derivatives of f. Pre-
cisely, for any 1 € (0, 1), we have | fll2x) < @(lf lcequ) I Iw £1I2 5y, for
w : (0,00) — (0, 0o) non-decreasing (and dependent on the fixed weight W) and
£ > 1 sufficiently large. To see this, one needs to amend Lemma 5.2 below by using
different interpolation spaces.

We first discuss some notation and auxiliary results that are used in the proof of
Theorem 5.1. In the following, we fix a strictly convex function p : O — R with
compact super-level sets O>, = {x € O : p(x) > ¢} for ¢ > infp p. Then

M. ={x e M™: p(x) < c} (5.3)

is a (possibly non-compact) manifold with strictly convex boundary and geodesics in
M. with endpoints on the level set {p = ¢} can be parametrised by the set

M ={(x,v) € Smint . p(x)=c,dp() <0, yr(t(x,v)) € O}. 5.4

We denote with 7§, f : M, — C™ the weighted X-ray transform on M., defined via
integrals along the portion of geodesics within M,. The following Lemma compares
this with the full X-ray transform on M and provides the key estimate that drives the
layer-stripping argument.

Lemma 5.2 (Error-bound) Let f € C®(M,C™) and W € C*®(SM,C™™ ™), then
forall0 < u < 1, we have

120\
c £2 < (0=¢) ) 2—p "
13y f 1 g,y Sue CW) [1 + <—||1Wf||L2(M0) WA W2 oy MW F N2 a0

(5.5)
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where C(W) > 0 is bounded when |W || c2(spr) is bounded.

Proof Each geodesic in M, with endpoints on the level set p = ¢ can be extended
to a complete O-local geodesic in M and we denote the corresponding map between
initial conditions by

Be: Me—> Mo CILSM, (x,0) > @_r(x,—n)(x, V). (5.6)
The weighted X-ray transform on M, can then be written as follows:

Ly £ (x, v) = Tw (Iy, ) (Be(x, v)), (5.7

where 1y, is the indicator function of M.. As f extends smoothly to the closure of
M., pull-back by B! defines a bounded map H*(B(M;.)) — H*(M.,) and for all
s € R, we have

I f s (v Sews 1w Qg s (M)

(5.8)
< Hw fllasiMme) + Hw Qoo Ol s (M) -

The last term accounts for the error that is made by integrating along complete geodesic
in M rather than the portion within M,.. We can bound this error by a forward estimate
(Cor.2.4), as long as the truncated function 1¢._ f is of regularity H*. This restricts
the choice of s to |s| < 1/2, for which we obtain

1y fllEs (Mo Ses 1w fllasimoy + IWllersan | f Il H5 020 (5.9

In order to estimate the H'-norm of / wf» we employ the interpolation inequality

[ = < llz2ll - Il g2 on M, and estimate the H 2_term via the forward estimate’

1y fll 2o,y S TWlezsan 1 f 1 a2(0)- (5.10)

Combining the estimates in the preceding displays (for s = 0) and bounding the

first factor in |[ 1w fll 2 M) = ”IWf”LZ(MO)”IWf”ZZ(MO) via another forward
estimate we get

1 s ay Ses (LF1 00 IW I sy - Ww £, + W et san 1 20 )

X Wiy - 1 a2y

) } } (5.11)
< A+ IWlersyn)® - (1H 1712 o /W s p)

X I|f||H2(M)||IWf||L2(M0)’

as desired. O

5 This follows from Corollary 2.4, applied to a suitable compact extension of M.
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The next result is a technical Lemma that provides a convenient stratification of
K into layers. The parameter & > 0 below will later be the ‘intial penetration depth’
from Theorem 4.1.

Lemma 5.3 Suppose K C O and |Vp| > 1o0n K.

(1) Forevery h > 0, there exists a radius O < r(h) < h (non-decreasing in h) such
that for p € K N oM, with dist(p, dM) > h/2 we have

Bip.rtnM.c ) (0, 7(x, ). (5.12)
(x,v)eB(M.)

(i1) For all h > O, there are finitely many numbers

supp =co>cp >-->CN > CN+I :i111<fp (N = O(hfl))
K

as well as points p;j € K (i =0,...,N,j = 1,...,J;) with the following
properties: We have pyj € OM, pij € {p =¢;}(i=1,...,N)and

Jo Ji
xeK:c>p)=cim)C|JBpoj U Bpij.r)  (5.13)
j=1 j=1
fori =0,..., N (where the second union is redundant for i = 0).

Proof Let us denote the set on the right-hand side of Lemma 5.12 by V.. It is straight-
forward to see that 9 M. C V. and that V, is open. In particular, V, contains an open
ball around each point of d M.. As the set of points on d M, with dist(-, dM) > h/2is
compact, the radius of the balls can be chosen uniformly (depending on /), which is
equivalent to the statement of Lemma 5.3(i).

For part (ii) we let N(h) = 2[(supg p —infx p)/r(h)] and put¢; = ci—1 —r/2
fori = 1,..., N, where ¢cp = supg p. The boundary points poi, ..., poj, are
then chosen such that the h-balls around them cover the compact set dM N K.
Now let x € K be such that ¢; < p(x) < c¢j41 for some i = 0,...,N.
If i = 0 or dist(x,dM) < h/2, then x € B(pg,j,h) for some j =
1,...,Jo. If i > 1 and dist(x,dM) > h/2 we claim that d(x, p) < r for

Fig. 1 The layers from
Lemma 5.3
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some p € 0M.. Due to the compactness of dM. N {dist(-,0M) > h/2},
finitely many such points p;1, ..., p;j, € dM,, suffice to establish (5.13), so it remains
to verify the claim.

Indeed, if welet? > c, (¢) be the unit-length curve with ¢, (0) = x anddp (¢, (¢)) =
[Vp(cx(t))], then p increases along ¢, and by [20, Lem, 2.5] the curve stays in O until
ithits the boundary of M.Let £ > 0 be the first time for which p = ¢, (£) € IMUIM,,.
Then

4
d(x,p) =t = / dp(éx(0))dt = p(p) —p(x¥) <ci —ciy1 =r/2  (5.14)
0

and we must have p € dM,, and x € B(p, r), as desired. O

The next Lemma is of importance for the full-data problem (O = M) and allows
to perturb convex foliations in a way that shifts the point of degeneracy.

Lemma 5.4 Suppose p : M — R is smooth and strictly convex. Then there exists
another p : M — R, smooth and strictly convex, such that p and p achieve their
global minima at different points.

Proof Suppose p achieves its minimum at the point x* € M and let V be a smooth
vector field on M which is tangent to M and non-vanishing at x*. Denote the flow
of V by (¥ : t > 0), then /'p € C*(M,R) is strictly convex for ¢ sufficiently
small and achieves its (unique) minimum at x; = ¥_;(x™*). Since V(x,) # 0, we
have x; # x* for t > 0 sufficiently small, and thus, o = ,"p and p achieve their
minimum at different points. O

Proof of Proposition 5.1 Let p : O — R be a strictly convex exhausting function and
denote p, = inf o p. We first reduce to the situation that

[Vo(x)|>1 and p(x) > ps forx € K. (5.15)

Indeed, after scaling p if necessary, (5.15) can only fail, when O = M [20, Lemma
2.5], and in this case, we argue as follows: Take p as in Lemma 5.4, then we may
choose € > Osuchthat M = {p > p.+€}U{p > infy; p+€} = KUK .Then K and
K satisfy (5.15) for p and f, respectively, and the corresponding stability estimates
(5.1) can be combined to bound ||If||L2(M).

In the remaining proof, we argue with fixed f € C*®(M,C") and W €
C°(SM, Gl(m, C)) and keep track of the dependency of our constructions on

A= 1Wlckspy VIW llzoecsm (5.16)

for an integer k > 2 to be specified. Let us first summarise the consequences of
Theorem 4.1: Each p € K is a strictly convex boundary point of either M itself or
of the manifold M., defined in (5.3). We can, thus, apply Theorem 4.1, either with
respect to the local X-ray transform Iy on M or the one on M., which we denote by
Iy,. Thus, for all f e L%(M, C™) we have

I l2Bp.y = Clw fllgt (M), P € KN OM (5.17)
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1A 2Bp.mom) < Clly fllgiam,), P € K NOMAB@OM, h/2) (5.18)

where C,h > 0 depend on W and r = r(h) is as in Lemma 5.3(i). By part (iii) of
the theorem, the choice of regularity & that appears in (4.2) can be made uniform over
the compactum K, and will be fixed from now on (assuming k > 2 without loss of
generality). We then have C v h~! <4 1.

We proceed by stratifying K into layers {x € O : ¢; > p(x) > ciy1} (i =
0,...,N)forcy,...,cn1 asin Lemma 5.3(ii) with N < A~! <4 1. We will prove
inductively that

£ 1200y Sa I lgzin W F T oy i=1 s N+1 (5.19)

which implies (5.1). Fori = 0, this is a straightforward consequence of (5.17). Indeed,
for every p € dM, we can use the interpolation inequality || - ”i]' < |-zl - | g2 on
M and a forward estimate (Thm. 2.4) to obtain

1/2 1/2 .
12y Sa 11 W Fl gy G =1oeeeido,  (520)

where the points po1, ..., poy, are as in Lemma 5.3(ii). As the corresponding A-balls
cover O, , this implies (5.19) fori = 1.

Next assume the estimate has been established for some 1 < i < N and consider
the points p;1, ..., p;j, from the lemma. Then (5.18) and Lemma 5.2, combined with
the induction hypothesis which allows to bound the bracketed term in (5.5), yield

1—2—G+D) 2—Gi+1)
”f”Lz(B(pij,r)ﬂMcl.) S.;A ”f”cZ(M) ”IWf”LZ(MO) (521)

A similar bound can be achieved on the balls B(po;, &) (decreasing the Holder expo-
nent as in the proof of Lemma 5.2) and together with the induction hypothesis we
conclude (5.19) for i + 1. This finishes the proof. O

5.2 Proof of Theorem 1.3

We conclude the main stability theorem by combining the linear estimates from the
previous section with pseudo-linearisation formula and the bounds on integrating
factors from Theorem 2.1.

Proof of Theorem 1.3 Let ®, W € C*°(M, C"™*"™) and recall from Lemma 1.5, that
Co — Cy = Rolyy, (P — \I’)Ol*REI, where Wo wA = R;IAR\I; and we may
choose smooth integrating factors Rg and Ry as in Theorem 2.1.

Now for K C O C M as in the theorem, we can apply Theorem 5.1 to obtain

1—p(W) wWo w)
19— W2 < COVaw) - 19 = WIGAY - ICo — Calliiri®) (5.22)
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with CWe.w) V u(We.w) ™! bounded above by

o (W wllcrsary V IIWq:,lq, lLoo(sar)) (5.23)

for a non-decreasing function w : [0, co) — [0, co). It remains to bound the norms in
the previous display in terms of |||k (y) V [[W ]l ck(ar)- Note that ||qu>’1\y l ek sary <
||R<Ij§1 ek oy ||R$1 | cx (a3 hence, the proof is finished by using the bounds from
Theorem 2.1. O

6 Statistical Application

In this section, we demonstrate the scope of our stability estimate (Theorem 1.3) by
showing how it can be used to establish a statistical consistency result. We will focus
on the full-data problem (O = M) and discuss the two-dimensional results from [14]
alongside with the case d > 3. Let us, therefore, assume that (M, g) is a compact
Riemannian manifold with strictly convex boundary and that we are in either of the
following cases:

(A) d =2 and M is simple
(B) d > 3 and M admits a strictly convex function

In both cases, we assume for simplicity® that (as a smooth manifold) M is the closed
unit ball in R¢. We further assume that the potentials & take values in either so(m) =
{A e R™m . AT = — A} or gl,,(R) = R™> and write g to denote either choice.

The plan for this section is as follows: We first record all necessary estimates at one
place, then give a brief overview of the Bayesian approach of inverse problems and
recall the main statistical theorem from [14], including a sketch of its proof. Finally, in
the last subsection, we explain how the proof can be amended to obtain a consistency
result in case (B).

In order to keep the overlap with [14] at a minimum, the discussion below is brief
and heavily relies on [14]. For more background on the statistical framework, we refer
to the books [7] and [8].

6.1 Available Estimates

In both cases, the available forward and stability estimates take the following form:

I1Co — Cwllr2py < 1 (@, W) - | P = Wllp20pp 6.1)
ICollLomy < c2(P) (6.2)
IP = Wil 2n) < C@ W) - 1Co = Cullyg; 4, 6.3)

6 Ford = 2andd = 3 no generality is lost, as any manifold satisfying (A) or (B) is automatically
diffeomorphic to a Euclidean ball. In higher dimensions, this might fail, but the author is not aware of any
counterexamples.
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Here, ¢1(®, V), c2(P), C(P,¥) > 0 and u(d, ¥) € (0, 1) may depend on the
potentials. The validity of the estimates and the uniformity properties of the constants
can be summarised as follows:

e The forward estimates (6.1) and (6.2) are the same in case (A) and (B) and hold
true for smooth potentials ®, W : M — g. If g = so(m), then c; and ¢, are
constant, due to the compactness of SO (m). If g = gl,,(R), then ¢ (P, ¥) and
¢2(®) are uniform on L*°-balls.

e In case (A) and for g = so(m), we can choose any integer k > 2. Then (6.3) holds
true for smooth ®, W : M — so(m) with u(®, ¥) = (k — 1)/k and C (P, ¥)
uniform on C¥-balls.

e In case (B) and for g = gl,, (R), there exists an integer & > 1 such that (6.3)
holds true for &, ¥ : M — gl,, (R) with both C(®, V) and p (P, ¥) uniform on
CK-balls.

Here we say that a quantity is ‘uniform on F-balls’ (for F = L®°(M,g) or F =
C*(M, g)) if its supremum (resp. infimum) over {®, ¥ : M — gsmooth : || P f Vv
|W|lr < A} is finite (resp. > 0) forall A > 0.

The forward estimates are proved in Corollary 2.5 for a general non-trapping man-
ifold (with strictly convex boundary). The stability estimate for case (B) is the content
of our main theorem (Thm. 1.3), and the version for case (A) is discussed below the
main theorem.

Remark 5 An important difference between case (A) and (B) lies in the role of ‘regu-
larity parameter’ k and Holder exponent i, which — in the statistical analysis below —
determine the choice of prior and the rate of contraction, respectively. In case (A), one
can effectively choose the Holder exponent arbitrarily close to 1 (by sending k — 00),
while in case (B), our method of proof yields an unknown k and there is no control
over the Holder exponent. See also Remark 8.

6.2 Statistical Background

The statistical question we are concerned with arises in following experimental setup:
Suppose for & € C(M, g) we observe the data (X;, V;, Yi)l'.':], where

Yi=Co(X;,Vi)+e, i=1,...,n, (6.4)

with directions (X;, V;) (i = 1,...,n) drawn independently and uniformly’ from
04+ SM and independent additive noise given by

€ =(¢;:1<j<dimg) e RIM =g fore;~N(0,1)iid. (6.5)

We write Py, = L(D,|®) for the law of D,, = (X;, Vi, Y; : 1 < i < n), arising
from (6.4) with potential ®. The statistical experiment just described is then encoded

7 Uniform here means that the law of (X, i, Y;) is the standard Riemannian volume form on d4SM, nor-
malised to have mass 1.
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in the collection of probability measures (Pg : ® € C(M, g)) on the sample space
9" = (04+SM x g)".

The Bayesian approach to estimate ® from a sample D" = ((X;, V;, Y;) : 1 <i <
n) € 2" is to choose a prior I, on C(M, g) and compute the posterior probability
under the sample D" of a (Borel-measurable) set B C C(M, g) according to the
formula:

ne S5 P (DHITI(AD)
M,(d € B|D") = o OATE%) (6.6)

where pg,(D") is the likelihood of D" being generated from ®. Precisely, py, =
PH®---@pl (n-times), where log pl (x, v, y) = —%|Cq>(x, v)—yl%— d‘—rgg log(27)
(for (x, v, y) € 2") and | - | is the Frobenius norm.

Given the posterior one can estimate @, for example, by the posterior mean which in
our setting exists as Bochner integral in C (M, g). From a frequentist perspective, one
then asks how well @ is estimated, when the data are generated from (6.4) with a ‘true’
potential ®¢ and a first such quality assessment is given by the posterior consistency
results below.

6.3 Posterior Consistency in Case (A)

In order to state the posterior consistency result of [14], we first review the construction
of priors (in arbitrary dimension d > 2), focusing on their key example based on
Matérn-Whittle processes.

For a given choice of regularity parameter o > d/2, define a base prior I1 = [1(x)
on C(M, R) as law of a centred Gaussian process (f(x) : x € M) with covariance
Ef(x)f(y) = [pa€ @5 (£)72d&, where it is understood that M C R?. This
so-called Matérn-Whittle process of regularity « is a standard prior choice in non-
parametric Bayesian statistics (Example 11.8 in [7]) and satisfies

RKHS(IT) = H*(M, R), Q(C"(M, R) =1forkeZN[0,0 —d/2) (6.7)
where RKHS(-) stands for the ‘reproducing kernel Hilbert-space’. The prior I1; on

C(M, g) is then obtained by drawing each component (in an identification g = R4m )
independently from I1. For n > 2 the prior I1,, is defined by scaling Iy, precisely

M, =L (nTizd <I>) . ford ~ Iy, (6.8)

where L£(-) denotes the law of a random variable.
Then in case (A) (M is a simple surface), the following result holds true:

Theorem 6.1 (Thm.3.2 in [14]) Suppose we are in case (A) above, g = so(m) and
a > 3. Then for every ®y € C*°(M, so(m)), there is a y > 0 such that

I, (@ : | @ — Dol 24y =1V |D") =0 asn — o0 (6.9)
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in Pq’éo-probability. Here 1, (| D) are the posteriors, defined in (6.6), with respect to
the scaled Matérn-Whittle priors in (6.8) of regularity «.

Remark 6 (Generalisations) The theorem remains true for a larger class of base priors
(specified in [14, Condition 3.1]). Further, the regularity of ®( can be relaxed and, by
varying «, one has control over the rate of contraction y (Remark 3.3 in [14]).

Remark 7 The scaling rate v = d/(4a + 2d) in(6.8) is chosen such that, writing
t, =2t/(2+1t) fort > 0, we have

(4v/(1 — 4v)), = d/a, (6.10)

which arises as exponent in a classical L2-entropy bound for the unit ball B*
H'(M, g) = RKHS(IT;) (cf.Lemma 7.5).

Sketch of proof Let 8, = n~%/(e+d (= pv=1/2) Using (6.10) and a theorem of Li-
Linde [12, Thm. 1.2], one computes the small ball probability

—10g T, (1Dl 231y < 80) S 18- (6.11)

The event in the last probability can be changed to [|® — ®o|| ;2 () < 8n by a standard
argument (Anderson’s Lemma, cf. [8, Cor.2.6.18]) and expressed in terms of the
likelihoods py,, pgo by using the forward estimates. A general contraction theorem (
[14, Thm. 5.13]) then implies that, for some sufficiently large m’ > 0, we have

Pn
M, (P < h(ply, plh,) < m'8,1D") —% 1, asn — oo. (6.12)

Here h(py, p’éo) denotes the Hellinger distance, which is ~ ||Co — Caqll 12(5, sM)>
as the scattering data are SO (m) valued ( [14, Lem. 5.14]).

By (6.7), it follows for 0 < k < a —d /2 that the events F'(A) = Pk < A}
(A > 0) have II,-mass approaching 1 as n — oo (Fernique’s theorem, cf. [8,
Thm. 2.1.20]), which suggests that one can intersect the event in (6.12) with F'(A)
without destroying the limit. To make this precise one shows, using Borell’s isoperimet-
ric inequality [3] that the slightly smaller events F,(A) = {®1 + P2 @ [[ @120y <
8n» | @2l geary < A} N F'(A) obey

—1log I, (Fn(A)F) = @(A)ns? and log N (Fu(A), h,8,) Sand> (6.13)

with w(A) unbounded and non-decreasing in A [14, Lemma5.17] and where log A/
is the metric entropy, defined above Lemma 7.5. Then, for A > 0 sufficiently large,
[14, Theorem 5.13] indeed implies that

P
Ma(® : 1Co — Cagll 2o, 53y < Adns 1@l cepy < AIDp) —> 1, (6.14)
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asn — oo [14, Thm.5.19]. If « > 3, we may choose k € Z N [2,a¢ — d/2) and
apply stability estimate (6.3) with Holder exponent (k — 1)/k. Thus on the event in
the previous display we have

1D — Dol 2y < (A'8,) D/ (6.15)

for some A’ > 0 which incorporates the constant from the stability estimate. Choosing
a slightly slower rate 0 < n < (k — 1) /k, the constant A" can be absorbed in the limit
n — oo and thus

I, (@ : [ — Dol 24y < 87 Dl ek(ay < A'1Da) — 1 (6.16)

in Pgo-probability. Dropping the constraint || ®||ck (5 < A’ yields (6.9) and finishes
the proof. O

6.4 Posterior Consistency in Case (B)

The proof above can be adapted to case (B) (M of dimension d > 3, supporting a
strictly convex function) and g = gl,, (R) to obtain the following result:

Theorem 6.2 Suppose we are in case (B) above and g = gl(m). Then there existo > 0
and y > 0, such that for all ®g € C*°(M, g) we have

(@ : [|® — Doll 24y =17 IDy) = 0 asn — 00 6.17)

in Pgo -probability. Here, T1,,(-| Dy,) is again the posterior defined in (6.6) with respect
to the scaled Matérn-Whittle priors in (6.8) of regularity . O

Under the hypotheses of the theorem and essentially with the same arguments as
in [14], one can use the theorem above to derive a consistency result for the posterior
mean. This is defined as ®,(D,) = En,[®|D,] and exists as Bochner integral in
C(M, g). Using the precise exponential convergence rate in (6.17) (above withhold
for simplicity), one then shows that

Po, (190 (Dy) — Poll2ar) >n"7) — 0, asn — oo, (6.18)

which gives precisely Theorem 1.4 as stated in the introduction.

Remark 8 In comparison with Theorem 6.1, the theorem has two shortcomings: First,
the rate of contraction, while being polynomial, is unknown. Second, and more impor-
tantly, the required regularity of the prior (the choice of «) is unknown as well, and thus,
the theorem does not provide a precise guideline for the choice of prior in applications.

Possibly the latter issue can be alleviated by choosing a prior with C*°-smooth
sample paths, such as a squared exponential prior. However, as our ignorance of o
rather seems to be an artefact of the proof of the underlying stability estimate than an
intrinsic feature of the inverse problem, it is questionable whether such a prior choice
is advisable.
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Sketch of proof of Theorem 6.2 Let us first discuss the case g = so(m). Then, as we
have identical forward estimates as in case (A) and the general contraction theory is
independent of the dimension, the proof of Theorem 6.1 extends verbatim to case (B)
up to equation (6.14). That is, for A > 0 large enough (and 0 < k < o — d/2) we
have, asn — oo

Py
M, (@ : [Co — Cagll 25, 5y < A [ Pllckary < AIDy) —> 1. (6.19)

To proceed, one chooses & > 0 so large that o« — d /2 exceeds the regularity parameter
k from Theorem 1.3. Then stability estimate (6.3) implies that on the event in (6.19),
we have

[® — @ollL2ar) < (A'80)", (6.20)

where A’ incorporates the constant from the stability estimate and (in the notation of
(6.3)) n = inf (P, ®p) > 0, where the infimum is taken over {® : || D[ ¢y < A}
The proof is then finished as in case (A).

For g = gl,,(R), (6.19) remains true, but one has to take some care in its derivation,
as the scattering data now assume values in the non-compact group Gl(m, C) and
the forward estimates are only uniform on L°°-balls. We will explain the necessary
changes in the following:

As for the small ball probabilities, (6.11) has to be replaced by

—log Iy (| @1l 2(41) < 8. [Pl < A) Sa ndy, (6.21)
which follows from (6.11) and the Gaussian correlation inequality [11]
ILUPN 2y = 0ns [Pl = A) = T ([Pl L2(ar) < ST (1Pl L) < A),

noting that — log I, (|| ®| L (pm) < A) = o(1) as n — oo due to Fernique’s theorem.
Mutatis mutandis, the same arguments as in case (A) imply (6.12).

Next, the comparison between Hellinger- and L?-distance in the general case (and
with essentially the same proof) takes the form:

(1P L) " 1Co — Cagll 1200, 1) S h(Plys Ploy) S 1Cw — Cavllz2a, 1)
(6.22)

for a non-decreasing function w : [0, c0) — [0, 00) coming from (6.2). As we use
the lower bound only on the event F'(A) = {||d>||Ck(M) < A}, this adjustment is
unproblematic, as @ can be controlled.

Finally, we note that the proof of (6.13) is completely independent of the forward
estimates and only uses the upper bound in (6.22). In particular, [14, Thm.5.13] can
again be used to conclude (6.19), as desired. O
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7 Appendix
7.1 Extensions

Let M be a compact manifold with boundary. By an ‘extension’ of M, we mean a a
larger manifold N (of the same dimension) with interior containing M as embedded
sub-manifold. For example by glueing two copies of M along the common boundary,
one can always extend M to a closed manifold.

If N is an extension of M, then smooth functions and tensors on M can themselves
be extended to N, and one can ask them obey certain geometric or functional analytic
properties. We record here two useful constructions:

Lemma 7.1 (No-return extension) Suppose (M, g) is a compact Riemannian manifold
with strictly convex boundary. Then there exists a complete extension (N, g) with the
property that geodesics that leave M never re-enter and do not get trapped in N\ M.
Precisely, if (x,v) € 0_SM and K C N is compact, then yy ,(t) € N\M for all
t > 0and yy »(t) € N\K fort > 1 sufficiently large.

Proof Asasmooth manifold, N is obtained by glueing M and the cylinder [0, co) x d M
along dM. The metric on M can then be extended smoothly to all of N such that on
[0, 00)s x dM it takes the form g = ds? + fzs, where (ﬁ s) 1s a family of Riemannian
metrics on d M, depending smoothly on s > 0.

We now construct (hy), agreeing with ﬁs for s near zero, such that g = ds? + hy
satisfies the desired properties. First note that 283ﬁ5|520 is positive definite, as it
coincides with the second fundamental form of d M. Thus, by continuity, there is an
€ > 0 such that Bsfzs is positive definite for all 0 < s < 2e¢. Let &; : [0, c0) — [0, 1]
(i =1, 2) be smooth and monotonic with &; +&; = 1 and 1p¢) < & < 1j0,2¢) and set
hs = & (s)hs + s& (s)k, where k is a Riemannian metric on d M that will be chosen
later. We want to arrange that

hy >0 and I =20,k >0 foralls >0, (7.1)
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where I is the second fundamental form of {s} x dM C (N, g) and ‘>’ is to be
understood in the sense of positive definiteness of symmetric bilinear forms on 79 M.
First note that, since &> (s) = 0 fors < €, we have iy > & (s)fzs + €& (s)k > 0 for all
s > 0. Next,

dshy = E)(s) (sk — h) + [sl(s)asﬁs n sz(s)k] , (12)

and we can argue as follows: As (hy /s € < s < 2¢)is a compact family of
Riemannian metrics, it can be majorised by some k in the sense that sk — ﬁs > 0 on
[e, 2€]. Hence, since % is non-negative with support contained in [¢, 2¢], the first term
in (7.2) is non-negative. The second term is easily seen to be positive, and thus, (7.1)
follows.

Let us verify that (N, g) is indeed complete and has the no-return/non-trapping
property. Take p : N — R a smooth function, non-positive on M and agreeing with
projection onto the first factor on [0, 00) x dM C N. Then p is proper and |dp|,
is bounded, which implies that (N, g) must be complete. Further, the Hessian of p
on [0, 00) x dM is given by the second fundamental form in (7.1), and thus, p is
strictly convex. Then for (x,v) € 0_SM, the function g(t) = p(yx.»(t)) (¢t > 0)
satisfies ¢ (0) = 0, ¢’(0) > 0 and further, as long as g(t) > 0, we must have ¢ (r) =
Iyly @), y(@)] = ¢ > 0. This shows that g(z) > 0 for all + > 0 and that g is
unbounded. This immediately implies the no-return property (y(t) € {p > 0} for
t > 0) and shows that y is not trapped. O

Lemma 7.2 (Seeley, 1963) Suppose M is a compact manifold with boundary and N
is an extension. Then there exists a linear operator E : C*°(M) — C®°(N) which is
continuous and has closed range in the all of the following functional settings:

E:H*(M)— H*(N) (s € R), E:CKM)— CK(N) (k € Z=o U {o0}) (7.3)

7.2 Sobolev spaces

Let M be a compact manifold (with or without boundary) of dimension d > 1 and
O C M an open set. We collect here some well-known results (interpolation inequal-
ity, metric entropy bound) concerning the Sobolev spaces H*(O) (s € R), briefly
discussing their proofs in the manifold case, which is avoided in many available ref-
erences.

To avoid any notational ambiguity, we first discuss our definition of H*(0), assum-
ing the notion of H*(N) for a closed manifold N to be known (cf. [26, Ch.4.3]). For M
acompact manifold with boundary, we thenlet H* (M) = {u = Ul : U € H*(N)},
where N is any closed extension of M. Similarly, elements in H*(O) are defined as
restrictions (to O™™) of functions in H*(M).

Lemma 7.3 Suppose that OM = (). Then there are smooth functions ¢ : M — R,
(k = 1,2,...) such that for all s € R, an equivalent norm on the Sobolev space
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H* (M) is given by

a2 ="k, o) P u e H (M), (7.4)
k>1

Proof Let g be a Riemannian metric on M, then the differential operator 1 + A, has
positive principal symbol and its spectrum consists of eigenvalues 0 < X% < )L% <
- — o00. Letgr (k =1,2,...) be the corresponding eigenfunctions (normalised to
x|l L2m) = 1), then the Lemma follows from standard spectral theory.

Let us nevertheless sketch the main ideas leading to the result: For u € 2'(M) one
writes ity = {(u, @) for its Fourier-coefficients, and formally defines

PuS Y idingr, s €R. (7.5)
k>1

A priori it is not clear that the operator P is well defined, but the theory of complex
powers of elliptic operators (cf. Theorem 10.1, Theorem 10.2, Proposition 10.3 and
Theorem 11.2 in [23]) yields that P¢ is a classical, elliptic ¥ do of order s with

PY =(1+ A, forjeZsy, PP =P fors,teR (7.6)

and the series in (7.5) converges in 2'(M). In particular, |u|; = [|P'ul;2 =
(21@1 )L,%X |[¢k|2)1/ 2 defines a compatible norm on H*(M), and the result follows
from the the asymptotic equivalence A,% ~ k?/? (Proposition 13.1 in [23]). O

Lemma 7.4 (Interpolation inequality) Suppose so < s1 and let s9 = (1 — 0)sg + 051
(6 € [0, 1]). Then for allu € H** (O) we have

laell 2120 0y < Cllulligsg o0 111151 0 (7.7)

for a constant C > 0 only depending on O, sy, s1.

Proof Extend M to a closed manifold N, such that O € M C N. Extend u to a
function U € H* (N) and consider the following inequality (for the norms || - ||s on
H*(N) defined in the previous Lemma):

N o\ 10 RN
I, = Z (kZSo/d|Uk|2) (kzsl/dwk'z)

k>1
1-6 %
2s0/d 17, |2 2s1/d 17, (2 2(1-0 260
= DI S YNGR = oI,
k=1 k=1

Here, U, r = (U, ¢r) and we have used the Holder inequality for the exponents 1/(1—6)

and 1/6. This implies that [lull g 0y < 1U1 " [U|% for all extensions U and the
Lemma follows by choosing U = Eu as in Lemma 7.2. O
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Next, recall the notation N (X, d, €) for the smallest number of e-balls needed to
cover a (totally bounded) metric space (X, d). Then,

Lemma 7.5 (Metric entropy bound) Let B® C H*(M) (s > 0) be the unit ball. Then,
as € — 0, we have log N(BS, || - | 231y, €) = O(e5/9).

Proof Using the representation as sequence space from Lemma 7.3, the lemma is easily
proved in the case d M = ¢ by the same arguments as in [8, Theorem 4.3.36]. The case
oM # ¢ follows immediately by extending M to a closed manifold N and realising
H?*(M) as closed subspace of H*(N) via an extension operator E as in Lemma 7.2.
O
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