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Overview

The main goal of this thesis is to study two different self-interacting systems. The first of
these is a model for frozen percolation, which we call percolation with constant freezing,
and the second is a 1-dimensional Brownian motion conditioned to have its local time

bounded by 1. A summary for each of the chapters is given below.

Chapter 1 starts by giving an introduction to percolation and reviews some of the existing
tools and results. We then move on to looking at frozen percolation as a model of self-
organised criticality, and conclude by discussing various methods used for constructing

infinite volume limits for interacting systems.

The introductory material continues in Chapter 2. Here we begin by giving a brief over-
view of self-interacting 1-dimensional stochastic processes. The chapter then moves on
to give an explanation of entropic repulsion, before presenting the Ray—Knight Theorems

and the Donsker—Varadhan Theorem. These are the two key tools used in Chapter 4.

In Chapter 3 we introduce and study a model of percolation with constant freezing (PCF')
where edges open at constant rate 1, and clusters freeze at rate a independently of their
size. The main result is that the infinite volume process can be constructed on any
amenable vertex transitive graph. This is in sharp contrast to models of percolation with
freezing previously introduced, where the limit is known not to exist. Our interest is in the
study of the percolative properties of the final configuration as a function of a. We also
obtain more precise results in the case of trees. Surprisingly the algebraic exponent for
the cluster size depends on the degree, suggesting that there is no lower critical dimension
for the model. Moreover, even for a < «., it is shown that finite clusters have algebraic
tail decay, which is a signature of self organised criticality. Partial results are obtained

on Z%, and many open questions are discussed.



Chapter 4 is devoted to an investigation of the ballistic behaviour of a Brownian motion
(Wi)i>0 conditioned to have bounded local time. In particular we condition on the event
E = {L,(t) < 1lforall zand t}. Since £ is an event with probability 0 it has to be
realised as a limit of events with positive probability. The main result is to show that
if we condition on the events £ = {L,(T) < 1 for all z € R} then W(-|&}) converges
weakly to a measure QQ* as 7" — oo. Furthermore W; has a Q®-almost sure limiting
speed 7* as t — oco. By comparing v* with v* — the limiting speed obtained in a paper
of Benjamini and Berestycki where a different decomposition of £ is used — we see that
the speed of W, is sensitive to the particular way in which £ is decomposed. However,
in both cases we have P(L,(00) > 1 — ¢) < &7, suggesting that there is a sense to which

Brownian entropic repulsion is universal.
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Chapter 1

Frozen percolation

This chapter starts by giving an introduction to percolation, with a review of some of
the existing tools and results. We then move on to looking at frozen percolation as a
model of self-organised criticality, and conclude by discussing some of the various methods
which can be used for constructing infinite volume limits of interacting systems. The
ideas present in the proof of the uniqueness of the infinite percolation cluster, and the
construction of an infinite volume measure for the random cluster model play a key role

in Chapter 3. Therefore our treatment gives a particular emphasis to these.
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1.1 Percolation

Statistical physics gives rise to many interesting random models which the probabilist
can study in order to gain insight into various physical phenomena. From a mathematical
point of view the simplest of these models is perhaps bond percolation. This was first
analysed by Broadbent and Hammersley in 1957 as a way of investigating the passage of
fluid through porous media, [BH57|, and has since developed into a rich and beautiful

mathematical theory.

1.1.1 Phase transition

For our purposes it will be helpful to view the bond percolation model as a cadlag process
which evolves in time. Formally we let G = (V,&) be a (possibly infinite) graph, and
attach a uniform [0, 1] random variable U, to each edge e € £. At time p = 0 each edge
e € & is closed, and remains so until p = U, at which point the edge e becomes open.

Thus e is open at time p if and only if U, < p.

If we use P, to denote the probability measure of a configuration at time p then, because
of the natural coupling in the model, it is clear that if p’ > p then a configuration with
law P, will contain more open edges than a configuration with law IP,. From this we get

the notion of stochastic ordering which we formally define in the following way.

Given an edge configuration w € {0, 1}¢ define w® by w®(e) = 1 and w(e’) = we(e’) for all
¢ # e. We now say that a measurable event A C {0,1}¢ is increasing if w € A implies
w® € Aforall e € £. By looking at these increasing events we can now say that a measure
P is stochastically dominated by the measure @ (and write P < Q) if P(A) < Q(A) for
all increasing A C {0,1}¢.

Now observe that the events w <> v (there is an open path from v to w) and v <> co (v
is contained in an infinite open cluster) are both increasing. Therefore if we let G = Z,
and define 0(p) = 04(p) = P,(0 <> oo) then we see that 6 : [0,1] — [0,1] must be
monotonically increasing as a function of p. By analysing the behaviour of (p) we see

that bond percolation on Z? exhibits a phase transition.

Theorem 1.1.1 (Broadbent and Hammersley, 1957). For each d > 2 there exists a critical
probability 0 < p. = p.(d) < 1 such that 04(p) = 0 for all p < p., and O4(p) > 0 for all

D > Pe-
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In 1960 Harris showed that on Z? we have 6 (%) = 0, [Har60]; then in 1980 Kesten also
showed that 6(p) > 0 for all p > 3, [Kes80]. Therefore when d = 2 we have p, = %
However, in higher dimension or on many other lattices an explicit value for the critical
value p,. is not known. In many cases understanding the behaviour of 6(p) near p., and
thus the nature of the phase transition, also remains an open problem. For d > 19 the
lace expansion of Hara and Slade, [HS90], tells us that 6(p) ~ ¢(p — p.) as p \ p.; and
for d = 2 it is conjectured that 6(p) = (p — pc)’%“(l). However, in dimension 3 even the

equality 0(p.) = 0 still remains to be proved.

1.1.2 Tools for percolation

The FKG inequality Suppose we condition on a percolation configuration having an
open path between v and w. Intuitively one might expect that this would make it more
likely for two other vertices « and y to be connected by an open path (since a path between
x and y could use part of the path between v and w for free). This is indeed the case,
and for a general increasing event A we have the following due to Fortuin, Kasteleyn and
Ginibre, [FKGT1].

Theorem 1.1.2 (FKG inequality). Suppose A and B are increasing events with P,(A) >
0, then

P,(ANB) > P,(A) x P,(B). (1.1.1)

From this we deduce that P, <y P,(-| A) whenever A is increasing.

As well as being a useful tool for studying the percolation measure P, it turns out that

the FKG inequality also holds for any measure p which satisfies the FKG lattice condition,
plw Vo) X plwAw) > plw) x pw) (1.1.2)

for all w,w’ € {0,1}¢. Therefore, since it is possible to check whether (1.1.2) holds by
looking at what happens when w and w’ differ by at most two edges, (1.1.1) provides a

powerful tool for the study of many other lattice models.

Remark 1.1.3. It is known that (1.1.2) is a strictly stronger than (1.1.1), and we believe
that the percolation with constant freezing model is an example of a system where (1.1.1)

holds even though (1.1.2) does not. See Example 3.1.5 of Chapter 3 for further details.
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Figure 1.1.1: The dual to an n by n 4+ 1 box is an n + 1 by n box. Observe that for
any configuration there will either be a left—right crossing in the primal graph or a top—
bottom crossing in the dual. In this case there is a primal crossing (in blue) blocking a
dual crossing (in red).

The RSW Theorem Another powerful tool for studying percolation comes from the
self-duality of Z2. This duality means that for all n we have that

P (there exists a left—right crossing of a n by n + 1 box)

1
2

1
= ]P% (there exists a top—bottom dual crossing of a n by n + 1 box) = 3

By revealing the states of edges in a clever order, and using the FKG inequality, Russo,
[Rus78], and Seymour and Welsh, [SWT78], were able to independently extend this to

crossings of a n by kn box and show the following.

Theorem 1.1.4 (Russo, Seymour and Welsh, 1978). For each k > 0 there exists a
constant c¢(k) > 0 such that

m <1 = o), (1.1.3)

kn,

clk) <P

for all n € N.
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Ergodicity The event {there exists an infinite cluster} is tail measurable — meaning
that the occurrence of the event does not depend on the configuration of any finite set of
edges. Therefore, because P, is a product measure, Kolmogorov’s 0-1 law tells us that
P,({there exists an infinite cluster}) € {0,1}. However, since any two infinite clusters
can be connected (or disconnected) via a finite bridge, then in order to ask how many

infinite clusters there are we must look towards the property of ergodicity.

Definition 1.1.5 (Ergodicity). Let G be a graph which is invariant under some transla-
tion T : G — G, and let p be a lattice measure on G. We say that p is ergodic with
respect to T if for every measurable event F with T-!'(E) = E then either u(E) = 0 or

u(E) =1.

P, is a product measure and thus when G is a translation invariant graph, Birkohoft’s
Ergodic Theorem tells us that P, is ergodic. The ergodic property proves to be a powerful
tool which applies for many other lattice measures. However, even in a situation where p

may not necessarily be ergodic we still have the following.

Theorem 1.1.6 (Ergodic Decomposition Theorem). For any translation invariant meas-

ure space §) there exists a measurable map from € to the space of ergodic measures on §2,

m: Q — &(Q), such that

W) = [ mo(E) (o) (1.1.4)

for all translation invariant measures p and all measurable E.

This theorem allows us to decompose translation invariant measures into ergodic parts,
and is the result of some clever convex analysis. For details see [Kal02, Proposition 10.26]
or [Var63].

1.1.3 The geometry of percolation

Number of infinite clusters Suppose we are given a supercritical percolation con-
figuration w. Since we know that P,(0 <> oco) > 0, then by ergodicity we know that
with probability 1 there must be an infinite cluster. But how many infinite clusters are
there? In 1981 Newman and Schulman used a finite energy property (defined below) to
show that the number of infinite clusters in a percolation configuration on a translation

invariant graph must be either 0, 1 or oo, [NS81].
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Definition 1.1.7 (Finite energy). A lattice measure pu is said to have the finite energy
property if there exists a ¢ > 0 such that for each e € £ and all configurations w on &\ {e}

we have

¢ < pleopen|w) <1-—c. (1.1.5)

But can we do better? In 1989 Burton and Keane were able to use the amenability of Z¢

(defined below) to show that any infinite cluster of Z¢ is necessarily unique.

Definition 1.1.8 (Amenability). Given a graph G = (V, &), let d : V xV — Z>( denote
the graph distance. Define A, (v) = {w € V : d(v,w) < n} and set A, (v) = {w € V :
d(v,w) =n}. We say that G is amenable if

[0AL (V)]

limsup — =0 (1.1.6)
n—00 |An(v)|

for all v € V.

By a quick calculation we can check that for G = Z¢ we have |A,(v)] ~ Cyn¢ and

|A,(v)| ~ cgn?~t. Therefore by comparing with (1.1.6) we see that Z? is amenable.

Theorem 1.1.9 (Burton and Keane, 1989). Suppose G is a translation invariant amen-
able graph and p is an ergodic measure with the finite energy property, then the number

of infinite clusters is either 0 p-almost surely or 1 p-almost surely.

The theorem above uses many of the tools that were required for proving Proposition
3.2.13 — a key element in the construction of the PCF process — see Chapter 3. We

therefore include a proof in order to motivate this later work.

Proof of Theorem 1.1.9. We start by using the argument of Newman and Schulman to

show that the number of infinite clusters is in {0, 1,00} p-almost surely.

First observe that for each & € {0,1,2,...} U {oco} the event E; = {w has k infinite
clusters} is translation invariant. Therefore since p is ergodic, for each k € {0,1,2,...} U
{o0} we have u(Ex) € {0,1}. Suppose for contradiction that p(Ej;) = 1 for some k €
{2,3,...}. Since k > 2, we can take m sufficiently large to ensure that p(Ey N {A,, =
A, (0) intersects at least 2 infinite clusters}) > 3 Now fix such an m and observe that if

@ is a configuration on Z4\ A,, then by finite energy we have

p(all edges of A,, are open |@) > c#Am, (1.1.7)
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Figure 1.1.2: This diagram shows A,, containing five trifurcation points in two infinite
clusters. In [BK89] an induction argument is used to show that any infinite cluster
containing ¢ trifurcation points must intersect the boundary of A,, in at least ¢t + 2 places.

where #A,, denotes the number of edges in A,,, and ¢ is the constant from Definition
1.1.7. To get our contradiction we now observe that if w is a configuration with k infinite
clusters where at least two intersect A,,, then by modifying w so that all the edges of A,
are open we get a configuration w’ with strictly fewer than k infinite clusters — at least

two of the infinite clusters will have been joined together. Therefore from (1.1.7) we get
e L ua
p(w has fewer than k infinite clusters) > 3¢ ™ >0,

implying that pu(E)) must be strictly less than 1, a contradiction. Hence we can conclude

that the number of infinite clusters must be in {0, 1, 00} p-almost surely.

We now use the argument of Burton and Keane to show that an amenable graph can
not have infinitely many infinite open clusters. The first step is to define the notion of
a trifurcation point. Given a configuration w we say that the vertex v is a trifurction
point of w if v is contained in an infinite open cluster ', and removing v along with its
incident edges would partition C into three disjoint infinite components. Now suppose
A is any sub-graph of G. A lemma of [BK89] tells us that OA must contain at least as
many vertices as there are trifurcation points inside A. See Figure 1.1.2. Therefore it is

not possible for an amenable graph to have a positive density of trifurcation points.
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To complete the proof we suppose for contradiction that w contains infinitely many
open clusters p-almost surely, and let m be such that p(A,, intersects at least 3 in-
finite clusters) > 3 We can now fix such a configuration on Z?\ A,, and use the finite
energy property to modify the edges of A,, so that there are three disjoint open paths
from 0 to different infinite clusters on the boundary. This ensures that 0 is a trifurcation

point. Therefore, from the finite energy property, it follows that
: . : : L 4a
C' = p(0 is a trifurcation point) > S > 0.
From the Ergodic Theorem we must then have that
: 1 . : :
i | A, contains at least 3 C'|A,| trifurcation points | — 1

1
as n —> oo. Thus we get a contradiction since |0A,,| < 5 C'|A,,| whenever n is sufficiently

large, and so we must have k € {0, 1} p-almost surely as claimed. 0

Size of infinite clusters Another question we can ask about a percolation configuration
is “how big is a typical cluster?”” By answering this we find another way in which the

percolation model exhibits a phase transition.

Theorem 1.1.10. Consider bond percolation on Z* for d > 2 and use Cy to denote
the cluster containing the origin. Suppose 0 < p < p., then there exists a constant

0 < ((p) < oo such that

Py (|Col = k) = exp[—(¢(p) + o(1) k] (1.L18)

When we have p. < p < 1 then there are constants 0 < n(p) < ~v(p) < oo such that

exp [=n(p) k7| S Py(ICol = k) S exp [—1(p) KT (1.1.9)

and at criticality we get

X(pc) :Zk]Ppc(CO| :k) = 00, (1'1'10)

k=1

suggesting that P, (|Co| = k) decays like a negative power of k.

This theorem is built from the results of many different authors, who are too numerous

to mention here. However, for a good reference to these and other results in percolation
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theory please see [Gri99).

The scaling limit To conclude our discussion of the geometry of percolation we recall
a paper of Smirnov, [Smi01], in which it is shown that there exists a unique conformally
invariant continuum scaling limit to critical site percolation on the triangular lattice.
Using this Smirnov shows that the law of the exploration process must converge to SLFEjg
as the mesh size tends to zero, [Smi0l, Theorem 3]. Here SLE, denotes the Stochastic
Loewner Evolution with parameter x. This was introduced by Schramm in [Sch00]. From
this scaling limit it is possible to deduce various facts about the geometry of the critical

percolation process. For example

o P, (|Co| =n) =n a0,

c

o P, (0 4% v) = [lof 72,

7
Since a SLEg curve has Hausdorff dimension 7 then this must also be the Hausdorff
dimension of the (limiting) percolation exploration process. Likewise, because we also
4
know that SLFEg has a boundary with Hausdorff dimension 3 then so too does the outer

boundary of a percolation cluster. See [Smi01, Corollary 6] for further details.

This scaling limit (and the related geometric properties) are conjectured to hold for critical
percolation on a wide range of 2 dimensional lattices. However, Smirnov’s proof requires
three-fold rotational symmetry to show a conformal invariance property for the model,

and so as yet the universality of the scaling limits remain unproven.
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1.2 Frozen percolation and self organised criticality

Scale invariance For n € N define B,, = [—n,n|*NZ?* and let Ay, ,, = Ba,\ B,_1. From
the RSW Theorem we know that there exists a constant ¢(4) > 0 such that P 1 (there is
an open crossing of a 4n by n box) > ¢(4) for all n € N. Therefore by using the FKG

inequality we get

[P1 (there is an open path around 0 contained in A, ,,)

1
2

Il
g,

NI

v
=

N

AQn,n AQn,n

W " > c(4)* > 0,

4n,

N[

for all n. From this it is clear that in any box B,, there is a positive probability that we
have a cluster whose diameter is of order n, and therefore we see that critical percolation

has a kind of spacial scale invariance property.

Another indicator of scale invariance comes from looking at the radius of Cy — the cluster
containing the origin. In the case of site percolation on the triangular lattice a result of
Smirnov and Werner, [SWO01], tells us that at criticality

P, (the radius of Cy is at least r) = r~ a5 o), (1.2.1)

1
2
This is proved by comparing the critical percolation process to SLEg, and so is believed to
also hold for critical (site or bond) percolation on any 2 dimensional translation invariant

lattice. However, as Theorem 1.1.10 shows, when p # p,. this behaviour no long occurs.

The power law decay demonstrated by (1.2.1) is present in many physical and social
contexts. For example the size of forest fires, the luminosity of stars and the prevalence of
rainfall; as well as the connections in a social network and the size of settlements (villages,

towns, cities, etc.) all have distributions that decay like k7.

Self-organised criticality For the percolation model we know that this behaviour

is only present for one special value of p, p = p.. Therefore we ask if there are any
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interacting systems where scale invariance is present without the need for any fine tuning of
parameters. This question was first asked by Bak, Tang and Wiesenfeld in 1987, [BTW87].
By introducing the sand-pile model, they showed that is it possible to find dynamical
systems where the critical point is an attractor. This behaviour was coined self-organised

criticality.

1.2.1 The forest fire model

In 1992 Drossel and Schwable suggested that the forest fire model might also display
self organised criticality, [DS92]. The dynamics of this model are similar to those of
percolation — in that there are a collection of adjoining sites which open at a constant
rate independently of each other. But there is also the added dynamic of ignition, and so
each site is hit by lightning at a rate A\. A lightning strike at v causes the simultaneous
destruction — i.e. closing — of all sites which are in the same cluster as v. These burnt

sites will then open again at rate 1, forming new clusters as they do so.

In [Stal2] Stahl shows that for each fixed A and each d > 2 there is a stationary measure
for the forest fire model on Z¢. However, in the mean-field case we know from a paper
of Rath and Téth, [RT09], that for each fixed A > 0 the lightning will regularly hit
even small clusters, and thus the system will stay in a sub-critical state. An interesting
question therefore is “what happens as A — 07” In this situation the dynamics are
such that finite clusters will not be hit and so will never burn, but infinite clusters burn

instantaneously.

A recent paper by Kiss, Manolescu and Sidoravicius, [KMS13], showed that no matter how
thin an infinite cluster of Z? is at the point it is burnt, there is a fixed lower bound on the
amount of time it will take the system to recover. A consequence of this is that, as we take
the limit A — 0, the forest fire model becomes degenerate. However, Ahlberg, Duminil-
Copin, Kozma and Sidoravicius have shown in [ADKS13] that when the dimension is
sufficiently high then this behaviour no longer occurs, and so it is possible that there is a

non-degenerate limiting measure as A — 0.
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1.2.2 Aldous’s frozen percolation on the binary tree

A dynamic which is similar to ignition, and of particular interest to us, is the dynamic of
freezing. When we say a cluster is frozen we mean that all the edges on the boundary are

prevented from opening, and thus the shape of the cluster stays fixed forever.

In 1999 Aldous showed that it is possible to construct a bond percolation model on the
binary tree where a cluster freezes as soon as it becomes infinite, [A1d99]. Of particular

interest is the end state of the system where we have

7
i P (v is in a finite but non-singleton cluster) = ol and

P, (v is in an infinite cluster) = 3 This means that there is a positive density of

o P (vis a singleton) =

both finite and infinite clusters.

e If we condition on an edge e being in a finite cluster, C,, then C, has the same law as
a critical percolation cluster — which in turn has the same law as a critical Galton—
Watson tree. Therefore the size distribution of the finite clusters has a power law

tail,

Poo(|Ce| = k| C. finite) ~ ck™ 2.

e The law of an infinite cluster is independent of the time at which it formed (and

froze).

These properties combine to suggest that frozen percolation is a good model of self-

organised criticality.

1.2.3 Frozen percolation on the lattice

In his paper Aldous asks if it is possible to construct this frozen percolation model on
the lattice Z¢. This was soon answered by a personal communication of Benjamini and
Schramm, [BS99], details are given in [BTO01, Section 3]. They showed that on Z? no

frozen percolation process can exist for the following reason.

Non-existence of frozen percolation on 7Z* On Z* we know that 6 (1) = 0, and
therefore at p = p. = % there are no infinite clusters in either the primal or dual graphs.

This means that there must be an infinite sequence of disjoint open clusters encircling 0,
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C1,Cy,C5, ... say. Now let p; > % denote the time at which C; would join to C;,; in the

percolation model, and observe that p; —> % as i —» oo P-almost surely.

Suppose for contradiction that the frozen percolation model does exist. Since the radii of
the C; must tend to infinity, then any frozen infinite cluster must contain a C; for some 1.
Now let 7 be the smallest number larger than i such that py < p; for all £ > j. At time
Pi1 there must be an infinite cluster containing C} for all £ > 7, but not C;. Because

this must freeze before connecting to C; we get our contradiction.

N-parameter frozen percolation Since the infinite parameter frozen percolation
model is known not to exist on Z2, various authors including van den Berg, Kiss, Lima
and Nolin, [BALN12], [BKN12] and [Kis13], have considered a percolation process where
clusters freeze as soon as their diameter becomes larger than some N. Of particular in-
terest is what happens as N — oo, and if the non-existence of the co-parameter model

is reflected in the asymptotic behaviour.

In [BALN12] it is shown that if C™) is the cluster at the origin in the final state of the

N-parameter model, then for each 0 < a < b < 1 we have
lim inf P (C™) has diameter € (aN,bN)) > 0.
—00

From this we can deduce that limsup P™)(C'™) frozen) < 1. In fact it has since been

N—o0
shown in [Kis13] that

lim P™)(C®™) frozen) = 0.

N—o0
Therefore, although it is also shown that there is a limiting process, we see that this is in

some sense trivial.

However, on the tree things are as we would expect. In [BKN12] it is shown that if we
consider frozen percolation on the binary tree where clusters freeze as soon as their volume
is larger than N, then if v is a distinguished vertex and C), is the cluster containing v we

have

lim P™(C, = C) =P (C, = C),

N—o0

for each finite C'. Therefore the process converges — in some sense — to Aldous’s frozen

percolation model as N — oc.
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1.3 Constructing models on the lattice

The method used by Aldous to construct frozen percolation on the binary tree relies on
the freezing times of adjacent edges satisfying a certain distributional recurrence relation.
Whilst very elegant, this construction is specific to regular trees, and so if we wish to show
the existence of similar systems in different settings, then an alternative methodology is

required. We now give a review of two possible approaches.

1.3.1 Finite range interacting particle systems

Definition 1.3.1 (Finite range interacting particle systems). An interacting particle sys-
tem is a Markov process consisting of countably many sites (e.g. edges and/or vertices)
with pure jump processes that interact by modifying each other’s (finite) transition rates.
An interacting particle system is said to have finite range if there is a universal R such

that the jump rate at one site only depends on the states of at most R other sites.

It is known that a finite range interacting particle system can be constructed by using
the infinitesimal rates to write down a semi-group generator, and then by using the
Hille-Yosida Theorem to construct the corresponding semi-group. Using general Markov
process theory it is then possible to define a unique process from the semi-group. For

details see [Pen08] or [Lig85].

The N-parameter frozen percolation models studied in [BALN12], [BKN12] and [Kis13]
have the property that clusters freeze as soon as they reach diameter N, and therefore
their existence is assured by this general framework. However, since the event v <> oo
depends on infinitely many edges, then clearly any model in which infinite clusters freeze
is not a finite range interacting system. Therefore if one wishes to show that the infinite
volume limit of such a system exists then other methods are required. We shall now
introduce the random cluster model in order to give an example of how monotonicity can

be used to construct an infinite volume limit.

1.3.2 The infinite volume measure of the random cluster model

Definition 1.3.2 (Random cluster model). Let ¢ > 0, 0 < p < 1 and suppose that
G = (V,€) is a finite graph. We now choose a subset of edges F' C £ according to the
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following probability mass function

Yapq(F) = pFI(1 — p)EVFlgh®), (1.3.1)

ZG,IMJ

and define pg ;4 to be the random cluster measure on G. Here k(F") denotes the number

of connected components of the graph (V, F') and Zg ,, is a normalising constant.

Observe that in the case where ¢ = 1 then this becomes

papi(F) =p"l(1—p)aF, (1.3.2)

and thus each of the edges are present with probability p independently of each other.
Hence we have recovered the percolation model. What is more, if ¢ = 2 then pg 2
gives us a representation of the Ising model of ferromagnetism, and for general ¢ € IN
there is a connection to the g-state Potts model. Therefore the random cluster model, as
introduced by Fortuin and Kasteleyn [FK72], gives us a general framework for studying
the percolation, Ising and Potts models. For a good general overview of the frozen cluster

model please see [Gri06].

Suppose that G C Z¢ and use OG to denote the collection of vertices in G which have a
neighbour in Z4\ G. Let £ be a configuration on the edges of Z¢\ G and observe that if
two connected of components of (V, F) both meet JG then it is possible for them to be
connected by a path in £&. Let k%(F) be equal to the number of connected components
in (V, F) once these extra connections have been taken into account. Le. k(F) is equal
to the number of connected components of F'U ¢ which intersect G. We can now define
ngGJ)’q — the random cluster measure on G with boundary conditions £ — by using (1.3.1),

replacing k(F) by k*(F) and rescaling Zg ,, accordingly.

Observe that by adding edges to Z%\ G we can only decrease the number of clusters which
intersect G. Therefore if £ and ¢ are two configurations on the edges of Z¢\ G with £ <
then kS(F) > k°(F) for each set of edges F' C €. If ¢ > 1 then (1.3.1) gives greater mass
to configurations with more clusters, and so from the previous observation it is possible

to show that in fact gpé g St goéqu for all £ < C.

Boundary conditions There are now two extremal cases for £, the case £ = 1 where
all edges in Z?\ G are open — which gives us wired boundary conditions, and the case

€ = 0 where all edges in Z¢\ G are closed — which gives us free boundary conditions.
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Therefore for any configuration £ we have

0 1
¥YG.pq Sst ('DgGr,p,q Sst PG p.q (133)

Now suppose that we have another finite sub-graph G C H C Z?. By conditioning on
the edges of H \ G we see that when we restrict the measures gp‘f{’qu and gph’m to G we

must get

0 0 1 1
YGp.q Sst @H,p,q‘c Sst YHpalg Sst YGpq (1'3‘4>

Therefore if we let A; C Ay C ... be any exhaustion of Z¢ with each A, finite, and Eg
be the event that a finite set S of edges are all open, then the limits

lim SOOAn,p,q(ES) = SOOZd,p,q(ES) and lim SOOAn,p,q(ES) - gOOZd,p,q(ES)

n—00 n—00

both exist. The collection of events {Es : S C Z%, S finite} are convergence determining,
and so by applying Kolmogorov’s Extension Theorem we get limiting measures go%dpq
and gp%dpq. A quick check also reveals that these limiting measures are independent of

the choice of exhaustion A; C Ay C ... .

Of course ©2, and L, need not necessarily be equal, but it is known from a theorem
7%,p,q 7% p,q

of Grimmett, [Gri95], that for each ¢ > 1 there is a countable, and possibly empty, subset

D, C [0,1] such that ¢9,  and @, are equal for each p € [0, 1]\ D,.

It turns out that a similar monotonicity condition (for a particular set of boundary con-
ditions) holds for the PCF process of Chapter 3. Therefore showing that a particular
sequence of measures is monotone, and using those to define an infinite volume limit, is

one of the key ingredients in our proof of Theorem 3.1.1.
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Chapter 2

Interacting walks in one dimension

This chapter starts by giving a brief overview to self-interacting 1-dimensional stochastic
processes such as the “true” self avoiding random walk and Domb-Joyce polymer model.
We then give an explanation of entropic repulsion, before presenting the Ray—Knight
Theorems and the Donsker—Varadhan Theorem. These are the two key tools used in
Chapter 4.
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2.1 Non-Markovian random walks

The PCF process we shall encounter in Chapter 3 is non-Markovian in a spatial sense — to
know what happens to the edges inside a box A we will need to know more than just the
state of the edges on the boundary dA. In fact to properly understand the configuration

inside A we will need to know at what time each of the clusters on the boundary froze.

In this introductory chapter and Chapter 4 we look at look at 1-dimensional processes
which are non-Markovian in a temporal sense. That is to say the future of the process
depends not only on the present state, but also on the past. To begin we shall consider

random walks in the discrete setting.

2.1.1 Self-interacting walks on Z

Let (X,,)n>0 be a simple random walk on Z. At a time N the amount of time X has spent

at a site ¢ € Z is given by

N
Li(N) = Lix,—. (2.1.1)
n=0

We call L;(N) the local time of X at level i and time N. One way to construct a walk
which interacts with its past is to modify (X,,),>0 so that its transition probabilities at

time n depend on (L;(n));cz-

The “true” self-avoiding random walk The “true” self-avoiding random walk was
introduced by Amit, Parisi and Peliti in 1983, [APP83] . It gives a non-trivial model for
a random walk with memory which behaves qualitatively differently to the usual diffusive

behaviour of the simple random walk.

The process can be characterised by its transition probabilities

exp{—fBLi+1(n)}
exp{—BLi-1(n)} + exp{—pFLi1(n)}’

P(Xp1=i+1|X,=1F,)=

where 5 > 0 is a parameter for the model. It is believed that for each positive 8 this
process has a non-trivial limit when scaled by n-s. However, as yet no rigorous results
for this particular model are known. In [T6t95] T6th considers a slightly different set-up

— where the transition probabilities are determined by the number of visits to adjacent
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edges rather than adjacent sites. In this setting it is shown (amongst other things) that

2 .. . . .
n~3 X, converges to a non-trivial distribution as n — oo.

Domb—-Joyce polymer model The Domb-Joyce polymer model was first introduced
in [DJ72] as a model which interpolates between the self avoiding walk and the simple
random walk. Like the self avoiding walk it is not strictly a process, but is instead defined

by a sequence of measures on nearest neighbour paths of length N.

[ (w) = Lﬁexp (—5 Z ]l{wiwj}> 2N, (2.1.2)
Iy

0<i<j<N

Here Zf[ is a normalising constant and 5 > 0 is a parameter for the model. Note that
£ = 0 would correspond to the simple random walk, and that ,u]ﬂv converges to the SAW

as  — oo.

In [K6n93| Konig showed that the one dimensional Domb-Joyce model exhibits ballistic
behaviour (with a speed depending on (). Konig strengthened this in 1996 to show that

the end point also satisfies a central limit theorem, [K6n96].

In the discrete setting it is difficult to make exact computations of the speed (and variance)
of the process. Indeed, showing that the speed monotonically increases with § remains an
open problem. However, similar results have been established in the continuum — where

different methods are used and so explicit calculation becomes easier.

2.1.2 Continuous processes with self interaction

It is also possible to define a notion of local time for a continuous semi-martingale (W;):>o

by

.1
Lz(t) :lg%Q—g/o ]l{\Ws—xKE} ds.

This limit exists almost surely for all continuous semi-martingales, every x € IR and all
t > 0. Roughly speaking L, () tells us how long (W;);>¢ has spent at a given point «
before time t — see Figure 2.1.1 for the local time of a Brownian motion. We refer the

reader to [RY99, Chapter VI] for an overview of the local time process.

Using this definition it is possible to construct one-dimensional continuum analogues to
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o(T) and t

3 T2

L.(T)2),

x and W,

Figure 2.1.1: A Brownian motion (W};)o<i<r (blue) together with its local time profiles
L.(T/2) (darker green) and L,(T) (lighter green).

the self-interacting processes of Section 2.1.1. It is worth noting however, that in higher
dimension a typical diffusion never revisits a point, and so the notion of local time no
longer makes sense. Therefore, whilst both the “true” self-avoiding walk and Domb—Joyce

models can be defined in higher dimension, their continuum counterparts can not.

Edwards’ polymer model The Edwards polymer model can be thought of as a con-

tinuous version of the Domb—Joyce model, and is again defined by a sequence of measures

on paths

% = exp (—5/]RLQ:(T)2d:L‘) : (2.1.3)

Here W denotes Wiener measure. In 1984 Westwater established a weak law of large
numbers for the model, [Wes84]. In fact it is shown that for every § > 0 there exists a
0*(p) > 0 such that

lim 8 ( 2Ty (s)

<5|WT>0) =1 (2.1.4)

for every ¢ > 0. As an immediate consequence we see that the self-repulsive nature of
Edwards’ polymer model causes the process to have a type of ballistic behaviour (no

matter how small the repulsive force may be).
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It is interesting to note that Westwater proved this result by using the Ray—Knight The-
orems to find the law of the local times at 7', and then finding the end point by using tools
from the theory of large deviations. This is essentially the approach we take in Chapter
4 in order to find the ballistic speed of a Brownian motion conditioned to have L,(t) <1

for all z and ¢t.

In 1997 van der Hofstad, den Hollander and Konig showed that Edwards’ model also
satisfies a strong law of large numbers, [HHK97].

T—o0

5 <WT —0°(B)T
"\ (BT

Here N denotes the measure of the normal distribution with mean 0 and variance 1.

<C|Wp> O> = N((—00,C]) forall C €R. (2.1.5)

What is more, there are constants b* > 0 and ¢* > 0 such that
0*(8) =b*B3  and o (B) = c".

Here b* and ¢* can both be calculated from the eigenvalues of a particular Strum-Liouville
operator. Therefore there is again a similarity with the results of Chapter 4 — where
the limiting speed of our conditioned process can be calculated by finding the principal

eigenvalues of a particular class of differential operators.

Brownian motion with self intersection In [NRWS87]| Norris, Rogers and Williams

asked if it is possible to construct a process in 3 dimensions which satisfies

&:m+f(fﬂ&—&m0®.

A case they considered particularly interesting is when f(z) is the electrostatic potential
x

l]|>
solution, nor what its properties might be. Thus, as a first step, they chose to work with

the following SDE.

However, it is not clear that this stochastic differential equation even has a unique

Xy =W, — /Otg(XS, Lx.(s))ds. (2.1.6)

They show that an analogue to the Ray—Knight Theorems holds for (L,(c0)).cr, allowing

one to prove in many cases of interest that tlim 2! exists almost surely. In the special
—00

t X
case where X; = W, — / Lx.(s)ds, it is also shown that lim =& = — % almost surely.
0

t—o00
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2.1.3 Brownian motion with limited local time

The processes discussed thus far have been constructed by changing the measure of a
Brownian motion (or simple ransom walk) by a function of the local time. It turns out
that similar phenomena also occur when we condition on the local time of a Brownian

motion satisfying certain conditions.

Local times bounded by 1 In [BB10] Benjamini and Berestycki consider the beha-
viour of a Brownian motion conditioned to have its local time bounded by 1. This means
that the process can spend at most 1 unit of time in any unit interval — and so must
exhibit self avoiding properties, and escape to infinity with a speed of at least 1. Be-
cause the local times of a Brownian motion fluctuate wildly an effect of entropic repulsion
comes into play. Therefore the speed of the process ends up being strictly greater than
1. The convergence and precise speed of the limiting process depend upon the way in
which we condition on the event {L,(t) <1 for all z € R and ¢t > 0}. However, in several
cases it is possible to show that the limiting process does indeed exist, and make explicit

calculations of its velocity. For further details see Section 4.1.

[BB10] also includes a convergence result for a simple symmetric random walk conditioned
to visit each site in Z at most N times (for N > 2). However, this is proved using different
methods to the continuum case, and so whilst it can be shown that the speed of the process

is strictly greater than N !, the exact speed remains unknown.

Local time at 0 bounded by a function f(¢) In a related work of Benjamini and
Berestycki, [BB11], a Brownian motion (W;)s>o is conditioned to have its local time at 0
bounded by some positive function f(t). Lo(t) < f(t) for all ¢ > 0 say. They show that if

I(f) = /OO ft(f)dt < o0 (2.1.7)
1 >

then (W;)s>0 is transient almost surely. Note that {Ly(t) < f(¢) for all ¢ > 0} is an event

with probability 0 which is realised by conditioning on {Lo(t) < f(t) for all 0 < ¢ < T'}

and taking the limit as 7" — oo. Benjamini and Berestycki also conjecture that this

result is sharp — meaning that if Z(f) = oo then (Ws)s>0 is almost surely recurrent.

Recent work of Kolb and Savov makes significant progress towards this goal. In [KS13]

f(t)

they show that if f(¢) is monotonically increasing and v — 0 monotonically then

(Ws)s>0 is almost surely recurrent if and only if Z(f) = occ.
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2.2 Entropic repulsion

The idea behind entropic repulsion is that in certain situations the easiest way for a
process to satisfy a particular condition is to satisfy a seemingly stronger one. Perhaps
the simplest example of this happening occurs when we consider 1-dimensional Brownian

motion conditioned to stay positive.

Suppose (W;)i>o is a Brownian motion with Wiener measure W and Wy = = > 0. If we
condition on the event £ = {W; > 0 for all 0 < ¢ < T} then as T — oo the measures
W(- | E}) converge weakly to Q, the measure of a process with generator

1 d? 1d

Lf(x) = 5—f(x)+

T (2). (2.2.1)

xdr
See [Pin85b, Example 3] for a nice proof of this. We can recognise (2.2.1) as being
the generator for the radial process of 3-dimensional Brownian motion. Therefore, since
Brownian motion is transient in dimension 3 and above, it must follow that (W,);>¢ is
transient QQ*-almost surely. This means that although we only conditioned on %gg W, >0,

what we have ended up with is litrn inf W, = co. A seemingly stronger condition.
—00

2.2.1 Brownian motion conditioned to stay in a bounded set

Another example — which is more relevant to Chapter 4 — comes from considering a d-
dimensional Brownian motion conditioned to stay in a connected bounded set 0 € U C R
Let EY = {W, € U for all 0 < ¢t < T}. From [Pin85b] we know that W(- | EY) converges

weakly to QU the measure of a process with generator

Lix) = %Af(x) L0 G ri. (2.2.2)

Here g is the unique eigenfunction corresponding to the first eigenvalue of the Laplacian
with zero boundary conditions on U. What is more, QU has a stationary distribution

with a density given by (g (where  is normalised so that |||z = 1).

Since @? is smooth, positive and decaying to zero on the boundary of U then we see
that the Brownian motion has a preference for spending time in the middle of U, rather
than near the edges. Of course the proportion of time spent in the middle of U is very

dependent upon the geometry of U. However, by looking at how likely it is for W; to be
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close to the boundary of U we find a sense in which the entropic repulsion of W; from the

boundary of U is universal.

Proposition 2.2.1. Suppose 0 € U C R? is connected bounded set, and let d(x,U°) =
inf{||z — y|| : y € R*\ U}, then

lim QY(d(W,,U°) < ) ~ Cye? (2.2.3)

t—o00

as € — 0.

Remark 2.2.2. This proposition motivates Theorem 4.1.3 in Chapter 4.

This proposition could be proved by analysing ¢, — the principle eigenfunction of the
Laplacian on U. However, such an analytic proof would give us very little insight into
why Brownian motion should behave in this way. Therefore we shall now assume that
0U is smooth and give a simple probabilistic explanation of why the entropic repulsion

of (W;)i>0 from the boundary has this exponent.

Sketch proof. By using the Fundamental Theorem of Calculus it suffices to show that if
we are given a fixed ¢ > 0 then QU (d(W;, U) < ¢) is differentiable as a function of € and
that

lim 1(QU(d(Wt, U°) € le,e+n)) = i(QU(d(VVt, U) <€) ~ cye? (2.2.4)
n—01) de

as e — 0. To do this we fix e > 0, let n < € and suppose W; € U with d(W;,U°) € [e,e+

n). Since OU is smooth then, provided ¢ is sufficiently small, U can be approximated by a

half-space near W; and so d(W, U®) can be approximated by a 1-dimensional Brownian

motion. Because we are conditioning on d(Ws, U) > 0 for all s, we therefore ask what is

the probability that a 1-dimensional Brownian motion (Wj)s>¢ stays positive near t given

that W, € (g, + 7). We now obtain

. W(d(W,,U°) € [e,e+n)and W, € UVs € [0,T1)
U C —
Q7 (d(W,,U%) € [e,e + 1)) = lim W(W, € U for all s € [0,7])

~c; W (Wt € [e,e +n) and inf W, > O)

s€ft—1,t+1]

zclV\N(Wte[e,e—l—n))xYW( inf Ws>oth—g)_

selt—1,t+1] -

Now observe that YW(VT/} € [e,e + 1)) ~ con. Here the constant ¢y does not depend
on 0 < ¢ <« 1. Notice also that because we have fixed Wt = ¢, then (WS)ngtH and
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(Ws)i—1<s<+ are independent. Therefore if we let X ~ N(0, 1), we can calculate

2
w( inf Ws>0|Wt:5):\W< inf W5>01Wt:g)

s€[t—1,t+1] B s€(t,t+1]

=(1-2P(X >¢))? ~ c3e?

as ¢ — 0. Thus it follows that QU(d(W,;,U°) < ¢) is differentiable near 0, and its

derivative is asymptotically equal to cye?. O

2.2.2 Hard walls in the Gaussian free field

The phenomenon of entropic repulsion is also present in other contexts.

In [BDGO1] and [BDZ95] the authors consider the Gaussian free field with a hard wall at
0, and show that if the field is conditioned to be positive on some open set D C (Z/NZ)?
then the value of the field is typically of order log N on D. Indeed, suppose D C (0, 1)?
is a smooth domain at a positive distance from the boundary of (0,1)? and that ¢ is
a discrete Gaussian free field on Vy = (Z/NZ)*. 1If we let Dy = Z* N ND and set
QF, = {¢. >0, for all z € Dy}, then in [BDGO1, Theorem 4] it is proved that for each

e>0
8
qﬁw—\/jlogN
T

In [BDGO1] it is also shown that (in the unconditioned case) the expected maximum
of the discrete Gaussian free field on Vi is V87— 1log N + o(log N). Thus the intuitive
reason for (2.2.5) is that it is very unlikely for the maximum of the oscillations on Dy
to be significantly less than v/87—1log N, and hence the easiest way for the free field to
satisfy QJD“N is by globally shifting the free field on Dy by v&r~1log N + o(log N).

i > L.l =0. 2.
Nh_I)Il@ﬁSglggP( _5logN|QDN> 0 (2.2.5)
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2.3 The Ray—Knight Theorems

The results of Chapter 4 rely on the Ray-Knight Theorems and the Donsker—Varadhan

Theorem. Section 2.3 and Section 2.4 are designed to give an overview of these.

2.3.1 Local times via the square Bessel process

Recall that if (W;):>o is a R-valued Brownian motion with Wiener measure W, then

W-almost surely the jointly continuous version of the local time process is given by

1

t
L.(t) = ll_l)l(l) 2—5/0 Lqw, )< ds, (2.3.1)

for all z € R and all ¢ > 0. Roughly speaking the local time tells us how long a Brownian
motion has spent at a given point . We refer the reader to [RY99, Chapter VI| for an

overview of the local time process of Brownian motion.
Recall also that for every d > 0 there is a unique strong solution of
dY, = 2v/Y,dB, + ddz (2.3.2)

which we call the square Bessel process of dimension d. In the case where Yy = ¢, we
shall write that (Y,),>0 is a BESQ?(c) process. If we suppose further that (Y, )o<s<a
is conditioned on the event Y, = b, then (Y;)o<s<a becomes a square Bessel bridge of
dimension d and length a. Here we write that (Y, )o<z<. is a BESQ%(c, b) bridge. Note that
although the event Y, = b has zero probability, we can make sense of such a restriction
by conditioning on the event |Y, — b| < e and letting &€ — 0. One can then show
that the conditioned measures converge weakly to the law of the square Bessel bridge.
See [RY99, Chapter XI, §3] for details.

In this thesis we are interested in the cases where d = 2 or d = 0 since the local times of
a Brownian motion can be related to BESQ? and BESQ® processes via the Ray-Knight
Theorems. These apply to a Brownian motion stopped at certain stopping times. For
a € R and b > 0 we define

¢ =78 =inf{t: Wy =a} and 77 =inf{t: L,(t) > b}, (2.3.3)

and then the Ray—Knight Theorems tell us the following:
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Theorem 2.3.1 (First Ray-Knight Theorem). Let (W,);>0 be a Brownian motion, fix
a >0 and define Y, = Lo_(7§) for 0 < x < a. The process (Yz)o<z<a 1S then equal in
law to a BESQ?(0) process.

Theorem 2.3.2 (Second Ray-Knight Theorem). Let (W;)i>o be a Brownian motion, fix
b >0 and define Y, = L,(7)) for x > 0 and Y, = L_,(79) for x > 0. The processes
(Y.M)as0 and (Y, )a>0 are then equal in law to two independent BESQC(b) processes.

T x

For a reference to the Ray—Knight Theorems see [RY99, Chapter XI, §2]. Theorem 1.2
of [RY99, Chapter XI, §1] tells us that a BESQ% (b;) process plus a BESQ%(b,) process is
equal in law to a BESQ%*492(b; + by) process. Therefore it is possible to combine Theorem
2.3.1 and Theorem 2.3.2 to describe (L, (7))zer for all a € R and each b > 0. However, in
Chapter 4 we will want to be able to describe (L.(T)).er at a fixed (rather than random)
T > 0. To simplify notation we assume Wz > 0 and then define

T 0 T
St :/ Lgw, <0} ds:/ Ly(T)dz and Sy :/ 1{W5>WT}d5:/ L,(T) da.
0 0

o Wr

Using (Y, ).>0 to denote a square Bessel process, we let

e g(a,c,-) be the density of Y, with respect to the law of a BESQ?(c) process.
e f(c,-) be the density of fooo Y, dx with respect to the law of a BESQ"(c) process.

e g(a,c,b,-) be the density of foa Y, dz with respect to the law of a BESQ?(c, b) bridge.

In [Leu98] we are told that the density f has a relatively simple expression

f(C, S) = mexp (—g) y (234)

whereas the expressions for ¢ and ¢ turn out to be more complicated. From a result of

Leuridan, [Leu98, Theorem 1], we now have the following:

Theorem 2.3.3 (Leuridan, 1998). Let T > 0 be fized and suppose (W;)i>o is a Brownian
motion conditioned on the event {Wy > 0}. The joint distribution of Wy and (L, (T))zer

15 characterised by the following properties.
o The 5-tuple (Wr, Ly, (T), Lo(T), S7,S;) admits a probability density on [0, 00)?,

(a,b,¢,57,5%) —> 2q(a,¢,b) f(e,s7) f (b, s*)gla, e,b,T — s~ — 5*).
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e Conditionally on (Wy, Ly, (T), Lo(T), S7, SF) = (a,c,b,57,sT)
— (L—o(T))a>0, (Lata(T))zs0 and (L(T))o<z<a are independent.

— (L_2(T))2>0 and (Lays(T))s>0 are equal in law to BESQ®(c) and BESQ(b)

processes conditioned on the events fooo Y,dr = s~ and fooo Y,dr = s™T.

— (Lo(T))o<u<a is equal in law to a BESQ?(c,b) bridge conditioned on the event
that foaY;dx =T -5 —sT.

Of course theevents { [ Y, dz=s"}, {[[TY,fdz =s"}and { [ Y, dz =T — s~ — s}
all have probability 0. However, as with the construction of the Brownian bridge, the
conditioned processes can all be realised as a weak limit. In [Leu98, Theorem 1] we are
given explicit generators for these conditioned processes.
e The joint processes (L,x(T),f__; L,(T) dy) and <La+x(T),f°° L,(T) dy)
>0 T

atxz Y >0

are both Markovian with infinitesimal generator

0? 22\ 0 0
221 ) = - 2.35
“ 82% + ( ZQ) 821 “ 822 ( )
e The joint process (L,(T), [ L,(T)dy, x)o <p<q 18 Markovian with infinitesimal gen-
erator
02 01q O1g 0 0 0
221 —5 244 % b 2 b — —n—+=—. (236
21 82% + ( + 4z ( s (Zlv )+ o (217 722)>) 82’1 <1 82’2 + 823 ( )

In [Leu98] the generators (2.3.5) and (2.3.6) are both be deduced from Doob’s h-transform.
See [RWO0O0D] for a detailed explanation of the h-transform. In 1999 Pitman also proved a

similar result to Theorem 2.3.3 via a branching process approximation. See [Pit99].
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2.4 Large deviations

The theory of large deviations deals with the convergence of probability measures when
we condition on certain kinds of extreme events. For example if (W};);>¢ is a Brownian
motion then one might ask what happens when we condition on event {WW; > t} and let

t — 00.

The central message of large deviations is that “any large deviation is achieved in the least
unlikely of all the unlikely ways”. In our example the least unlikely way for a Brownian
motion to reach t by time ¢ is for it to travel with a constant drift. Thus it turns out that

W(-|W; > t) converges weakly to the law of a Brownian process with drift 1.

For a good introduction to the theory of large deviations please see [Hol08§].

2.4.1 The invariant density of a diffusion process

Suppose M is a complete metric space and (X;):>o is a diffusion process on M with

infinitesimal generator £, and starting point Xy = y. For each A € B(M) let

1 T
L((X), T, 4) = /0 L, ey dt. (2.4.1)

Then for a given (X¢)¢>o and T, L((X}), T, A) gives the proportion of time that (X;)o<i<r

spends in A, and L((X;),T,-) defines a probability measure on M. We call L((X;),T,-)

the occupation measure of (X;) at time T. Now for each probability measure u C P(R)
define

, L(u)

I(p) =— f —=d 2.4.2

W) =— nf T (24.2)

where D is the domain of £. A theorem of Donsker and Varadhan, [DV75a, Theorem 1],

now gives us the following.

Theorem 2.4.1 (Donsker—Varadhan). Let P(R) be the space of all probability measures
on R equipped with the weak topology, and suppose P, is the measure for a process gen-
erated by L and started aty. For all C C P(R) closed and all O C P(R) open, if we also
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assume that y € support(u) for each p € O, then we have

1
limsup — log P, (L((Y3),T,-) € C) < — inf I(p) (2.4.3)
T—o00 T nel
1
o1 ‘ > _
hTIrLngf T log P, (L((Y;),T,-) € O) > /irelg I(w). (2.4.4)

In other words the occupation measure of the process generated by L satisfies a large

deviations principle with rate function I.

Remark 2.4.2. By following the proof of the Donsker—Varadhan Theorem in [DV75a,
Section 2| we see that (2.4.3) and (2.4.4) also hold in the case where y is a random variable
on R. In this situation we substitute P, (L((Y;),T,-) € -) with EV{P,(L((Y2),T,") € -)},
and replace the condition that {y € support(u) for each p € O} with the condition that
{Support(y) C support(u) for each p € O}.

In general the formula for I(u) given by (2.4.2) is rather impenetrable. However, in
[DV75a, Theorem 5| it is shown that when M is the real line equipped with the usual

metric, and L is self-adjoint with respect to Lebesgue measure, then

2 d
H\/ —Lg|| , where g = EF exists and is in the domain of v—L
I(p) = 2 V da .

00, otherwise

(2.4.5)

In Chapter 4 we will only be interested in the case when L is a second order differential

operator of the form

 COr ECRL R (2.46)

DN | —

Lf(x) =

where a is continuous and b is continuously differentiable. In this setting we can use

(2.4.5) to express (2.4.2) as an integral.

d
First suppose that the drift function b can be written as b(z) = a(m)d—Q(x), for a
x
continuously differentiable function Q(z). In this case £ can be realised as a self-adjoint

operator with respect to a measure fiey, defined by dfey = €?@dx. Therefore, provided

d d
P exists and g= K

,urev /'I’I‘QV

belongs to the domain of /—L, we get

g
2 sHrev dl'

I(p) = H\/—_ﬁgH2 = %/a(:ﬁ) (i (a:))2e2Q(x) dz. (2.4.7)

See [Pin07] for more details. It is clear from (2.4.5) that if £ is self-adjoint then [ :
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P(R) — [0, 00] is lower semi-continuous. Note however that I is not continuous since
any measure p with ¢ in the domain of v/—£ can be approximated arbitrary closely by
measures without a Radon-Nikodym derivative. We also remark that I is in fact lower
semi-continuous for all infinitesimal generators £. This follows from [Pin85a] where Pinsky
shows that (2.4.2) can be replaced by

, L(u) : L(u)
I = — f — = — f ——=du. 2.4.
<'u) ueg}u>0A4 U d/L u€C21£{),u>OA4 U d/L ( 8)

2.4.2 A simple proof of the Donsker—Varadhan Theorem

The proof of the Donsker—Varadhan Theorem in the general case is somewhat complicated,
and so below we present a version of the theorem for an irreducible reversible finite Markov

chain. The proof is an adaptation of an idea of Berestycki, [Ber13].

Theorem 2.4.3 (Donsker—Varadhan for a finite Markov chain). Suppose (X3)i>o is an
wrreducible reversible continuous time Markov chain on the finite state space S. Denote

its transition matriz by P, its invariant distribution by w, and its measure by P. Now let
¢: S —10,1] be a function with Zqﬁ(m) =1 and ¢(x) >0 for all x € S, then

zesS

lim lim %log]P ((1 —e)p(x) <

e—0T—o0

<(1+4+e)p(x)Vx e S) = — H —Vpy

2
2,

Here g is defined by g(x) =

and Vpg(x) = Zp(x, y)(g(y) — g(x)) is the discrete

Laplacian. Thus

|v=57s

==Y 7(2)g(g9)Vrylx) = m(x)g(x) > plz,y)(g(x) - g(y)) (24.9)

2
27
T z€S z€eS yes

is the Dirichlet energy of g. Compare with (2.4.5).

Sketch of proof. The first step is to find another irreducible reversible Markov chain
(Y:)i>0 on the state space S such that ¢ is the invariant measure for Y. We shall write Q

for the transition matrix of Y and @) for the associated measure.

Define g : S — R by g(x) = %, and let @ be such that ¢(z,y) = %p(x,y) for
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each z,y € S. We then have

o(z)q(z,y) = m(z)p(z,y) = T(y)p(y, v) = ¢(y)q(y, ).

Thus if (Y;)i>0 is @ Markov chain with transition matrix @, then Y has ¢ as its invariant

distribution. We now claim that @ is approximately equal to the conditional law of X

given
Ly(T)
Dr.=4q(1—¢)p(z) < T <(14+¢e)p(x) forallz e S .
Assume w € S0 is a trajectory visiting sites zg, 21, . . ., &, for times 7y, 71, . . . , Tn, Where

T+ 71+ ...+ 7, =T. Then for w € Dy, we can compute

*p(xo)To % p(-TO, -T]_) *p(II)Tl N p(l‘n—l, xn) *P(xn)Tn
ﬁ(w) = e p(zo) plm)e p(Tn_1) plan)e
dQ Q(ZE07 1171) Q<xn—17 xn)
q(zg)e—1@o)mo x I Lg(x)e—a@)n x o x 2T T (g e a(@n)n
( 0) Q(Jfo) ( 1) Q(«Tn—l) ( )

p(z0,71) .. P(Tp—1, T)p(T5) €XP (— Zp(xi)n)
q(zo, 1) ... q(Tp_1,xn)q(x,) €xXp (— Z q(aci)n>

=0

_ 9(@o) p(zn) exp (Z(q@) _p(g;))Lw(T)>

gl alza) P\ 2

where p(x) = Zp(x,y) and ¢(x) = Zq(w,y) are the respective transition rates of X

yeS yes
and Y at the point z € S. Now

() = ) — () — ey (9@ —9(@) _ 1 .
q(x) — p(x) yZE;Q( y) = p(,y) yze;p( ,y)( e ) o) V@)
Thus since w € Dy, we get
b g(wo) plza) L oute
o) = S e (3 vt >Lx<t>>
_glen) () R
- St e (0@ TS vt >>
= 9(xo) p(wn) exp | (14 O(s))TZw(a:)g(x)Vpg(x)) .

9(wn) q(zn) ves
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To complete the proof we note that the Ergodic Theorem for Markov chains tells us that
for each fixed ¢ > 0 we have Q(Dr.) — 1 as T' — oo. Therefore

dP
P(Dr,.) =E 1 —
(Dre) Q( DT,edQ)

=(1- O<1))g(x0) p(n) exp ( (1+0(e Z z)Vpg( ))

9(xn) q(xn) =

9(x0) p(n)

and so because
g(:L‘n) Q(xn>

is bounded away from both 0 and oo we get

lim lim Tlog]P (D) = —Vp

e—=0T—o0

as claimed. 0
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Chapter 3

Percolation with constant freezing

In this chapter we introduce and study a model of percolation with constant freezing
(PCF) where edges open at constant rate 1, and clusters freeze at rate o independently
of their size. The main result is that the infinite volume process can be constructed on any
amenable vertex transitive graph. This is in sharp contrast to models of percolation with
freezing previously introduced, where the limit is known not to exist. Our interest is in the
study of the percolative properties of the final configuration as a function of a. We also
obtain more precise results in the case of trees. Surprisingly the algebraic exponent for
the cluster size depends on the degree, suggesting that there is no lower critical dimension
for the model. Moreover, even for a < «., it is shown that finite clusters have algebraic
tail decay, which is a signature of self organised criticality. Partial results are obtained

on Z¢, and many open questions are discussed.

This chapter is based on work appearing in [Mot14b].
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3.1 Introduction

Let o > 0, and let G = (V, &) be a finite graph for now. We consider a modification
of the percolation process defined as follows. Each edge e € £ opens independently at
rate 1, and each open cluster freezes independently at a constant rate « (regardless of
its size). Once a cluster has frozen all its neighbouring edges will remain closed forever.
We are interested in the final configuration of the edges of G, and its dependence on
a. This is the percolation with constant freezing (PCF) model, and was introduced by
Ben—Naim and Krapivski in the mean field case — where several interesting features were
shown (through not entirely rigorous methods) [BNKO05b]. In this chapter we prove that
an infinite volume process can be defined on the finite dimensional lattice Z¢ — or more
generally on any amenable vertex transitive graph G. The existence of this process on

any countable tree T is also shown.

3.1.1 Existence of an infinite volume limit

It is straightforward to construct the PCF model on any finite graph G = (V, &) — see
Definition 3.2.1. By running the process until all the clusters are frozen, we induce the
PCF measure jigq on {0,1}¥. Our aim is to construct a PCF measure when G is an

amenable vertex transitive graph.

The infinite volume version of PCF can be understood in terms of local limits. Given G,
we let Gy € Gy C ... be a fixed exhaustion of G with each G,, finite. Then for any
finite A C G, there exists an N such that A C G,, for all n > N. It is shown that the
restriction of PCF on G, to A tends in law to a unique limiting process as n — oo.
This limiting process is then equal in law to the infinite volume version of PCF restricted
to A.

Theorem 3.1.1. For every amenable vertex transitive graph G = (V,E), and every fized
rate of freezing a > 0, there exists an infinite volume PCF process on G in the sense of
local limits. This induces the PCF measure ugo on {0,1}¢. Furthermore, the measure

HG o 45 translation invariant.

This result is in sharp contrast to Aldous’s Frozen percolation model [Ald99], in which
clusters freeze as soon as they become infinite. Although Aldous showed that this model

can be rigorously defined on a binary tree — where it exhibits interesting behaviour — we
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have seen in Section 1.2.3 that it can not be constructed on a general graph. Note that in
Aldous’s model edges open independently at times distributed uniformly on [0, 1]. This
gives it a slightly different time parametrisation to the one used in PCF. However, by

using the map t — 1 — e~ we see that both parametrisations are equivalent.

The construction of an infinite volume PCF process goes via a secondary process which
we call warm PCF. Here the definition of the process is adapted so that clusters on the
boundary of G,, € G do not freeze. By modifying the process in this way we obtain a
form of monotonicity which in turn leads to the infinite volume limit. We note that the
technique of using a warm boundary can also be adapted to the construction of similar
models. In particular the monotonicity properties can be used to construct an infinite
volume version of the Drossel-Schwabl forest fire model, [DS92]. Indeed, the construction

of a stationary measure for the forest fire model in [Stal2] uses similar ideas.

3.1.2 Properties of PCF

On a lattice Having seen that PCF can be constructed on any amenable vertex trans-
itive graph it is natural to ask what the process looks like. Clearly the rate of freezing

controls the behaviour of the model, and so we make the following conjecture.

Conjecture 3.1.2. For every dimension d > 2 there is a critical value o, such that
when we run rate  PCF on 7% then if a > a. all clusters are almost surely finite (the
sub-critical regime), and if @ < «. the final distribution contains infinite clusters (the

super-critical regime).

The following proposition is a first step in this direction.

Proposition 3.1.3. Suppose we run PCF on the d dimensional lattice Z¢, then provided

a > 0 is sufficiently large (depending on d) all clusters will remain finite almost surely.

Figures 3.1.1, 3.1.2 and 3.1.3 show the largest clusters from simulations of PCF on a square
grid for @ = 0.60, 0.55 and 0.50. These illustrate the transition from the sub-critical to
super-critical regimes. Figure 3.1.4 then shows simulations of super-critical PCF on a
cubic lattice. Here the freezing times of the largest clusters are such that we get 2 or 3
spanning clusters in the final configuration. Since the model is not too sensitive to the
freezing times of the largest clusters, these images suggest that there is positive probability

of 2 of more infinite clusters forming when we run super-critical PCF in dimension 3 or
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Figure 3.1.1: Sub-critical PCF

The largest two clusters generated in a simulation of sub-critical PCF on a 4096 by 4096
square grid. Here we have o = 0.60 which our simulations suggest is sufficiently quick to
prevent the formation of a spanning cluster.
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Figure 3.1.2: Near-critical PCF

Our simulations — presented in Section 3.5 — suggest that on Z? we have a, ~ 0.55. Here
are the two largest clusters generated in a simulation of PCF on a 4096 by 4096 square
grid at this near critical value.
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Figure 3.1.3: Super-critical PCF

The largest two clusters generated in a simulation of super-critical PCF on a 4096 by
4096 square grid. Here we have a = 0.50, which appears to be too small to prevent the
formation of a spanning cluster. In contrast to the percolation model, simulations also
suggest that the size of the finite components (and thus the size of the holes) have a power
law distribution.
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Figure 3.1.4: 3 dimensional PCF

The two images show realisations of PCF on a 256 by 256 by 256 cubic lattice with av = 1.
Since this is now a 3 dimensional model we have a < «. and thus we are in the super-
critical regime. The first image has the largest warm cluster freezing at t = 0.38 — this
is shown in blue. The green cluster is then a secondary macroscopic cluster which has
formed subsequently and wrapped around the first. The second image is the result of the
largest warm infinite cluster freezing at t = 0.365 (blue) and the new largest warm cluster
freezing at t = 0.4 (green). The subsequent red cluster then leaves us with 3 intertwined
macroscopic clusters.
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higher. For further discussion on criticality and the number of infinite clusters the reader

is directed to the open problems in Section 3.1.4.

For videos that show how the PCF process evolves in time the interested reader is also

directed towards the following Youtube play-list, [Mot12]:

https://www.youtube.com/playlist?1ist=PLIpM_w0Xrr6XBh9n5bOuR1E-bv_UVktSD

On a tree It turns out that PCF on a tree can be related to bond percolation on the
tree via a suitable time rescaling. From this the behaviour of the model on a tree can be
well understood, and in particular the distribution of component sizes can be calculated

explicitly.

Theorem 3.1.4. Consider PCF on the rooted binary tree To. There is a critical rate of
freezing a. = 1 such that for a < a. infinite clusters form almost surely, but for a > a,
all clusters are almost surely finite. Moreover writing Py(«) for the probability that the

root cluster has size k when it freezes then

o ifa<l Py(a) ~ Cy k™2 for some constant C,,
o ifa=1 P(1) ~ Ck™4 for some constant C,

o ifa>1 then Py(«) decays exponentially in k at a rate dependent on «.

More generally on a rooted d-ary tree we have . = d — 1 and at @ = «a. we have
Py(ae) ~ Cy k_(z_flfi). For each d we know that critical percolation on the d-ary tree has
P,.(the root cluster has size k) =< k=2, and that for critical percolation on Z¢ we also
have IP,_(the cluster at the origin has size k) =< k=3 whenever d is larger than the upper
critical dimension (believed to be 6). Therefore the dependence of the PCF model on the
degree of the graph is rather surprising; and suggests that in contrast to other models

there is no upper critical dimension for PCF on Z¢.

On a complete graph Heuristically we can understand PCF on the complete graph K,,
(as n — o0) by comparing with PCF on the n-ary tree and rescaling time so that edges
open at rate —. Our proof then carries over to the mean field case providing a method for
rigorously cogﬁrming the results of Ben—Naim and Krapivsky, [BNKO05a] and [BNKO05b].

See Remark 3.4.3 for more details.


https://www.youtube.com/playlist?list=PLIpM_wOXrr6XBh9n5b0uRlE-bv_UVktSD
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3.1.3 Variants of the model

The PCF process presented here is based upon bond percolation. It is equally possible
to consider a model of site percolation with constant freezing. In such a model we would
open each v € V independently at rate 1, and freeze each open cluster independently
at rate . Once a cluster had frozen all adjacent vertices would remain closed forever.
Theorem 3.1.1 and Theorem 3.1.4 also hold in this case by following essentially the same

proofs.

3.1.4 Open problems

The PCF process leaves us with a wealth of open problems. Some of these are presented

here in the hope of persuading the reader of the richness of the model.

Monotonicity Intuitively one would expect that increasing the rate of freezing would
lead to clusters freezing more quickly and thus being smaller when they do so. This

intuition might lead us to hypothesise that for 0 < a < 8 we have

Ha,p Sst LG,a- (3.1.1)

Stochastic ordering is a relatively strong condition and so it could be the case that
stochastic ordering does not hold, but that a weaker monotonicity condition does. How-

ever, we do not know of any finite graphs on which (3.1.1) fails.

Such a monotonicity condition is of particular interest because it would imply the existence

of a critical value «a.

A related question is whether or not an FKG inequality holds for the model. Whilst the
following example reveals that that the so-called FKG lattice condition does not hold
even in the case that G is a line segment with 4 vertices; we have been unable to find
a finite graph on which the FKG inequality itself does not hold. It is worthwhile noting
that a BK type inequality does not hold for this model on even the most simple graphs;
therefore any attempts to adapt the lace expansion to this model would require more

powerful tools.

Example 3.1.5. Let G = o ° ° e . By considering the possible orders in

which edges can open or clusters freeze we can calculate the probability of each of the 8
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possible PCF' configurations.

6
fiGo(®——oe——e '):(1+2a)(2+3a)(3+4a)
S8
,uG,a(O—°_’ .):MG,Oé<. .—._.): (1+2a)(2+3a)(3+4a)
6
Hoale——0 o) = G 0+ 30)(3  4a)
- B 3a + 1202
fiGo(®— ° °)=(gal(® ° '_°)_(1+2a)(2+3a)(3+404)
a+ 12a2
Hoale o= e )= G 57 30)( ¢ da)
hea(a . . o) = 10a? + 2403

(14 2a)(2+ 3a)(3 +4a)’

Here a line denotes an open edge and a space denotes a closed one. Now let wy =

{e——e . o} andwy, ={e o e—e}. Then

60 + 1440*
1+ 2a)2(2 + 3a)?(3 + 4a)?
902 + 720 + 1440
14 2a)%(2 + 3a)?(3 + 4ar)?’

LG a(wr V ws) fia.a(wr Aws) = (

< piao(wr) paa(wz) = (

for all « > 0. Thus the FKG lattice condition does not hold for ng. for any a > 0.

However, a quick check shows that for any pair of increasing events A and B we have

NG,oc(A) X pig.a(B) < :uG,oa(A N B),

and so (for this choice of G at least) the FKG inequality itself does hold.

Existence of infinite clusters on 7Z? Proposition 3.1.3 tells us that when « is suf-
ficiently large then PCF on Z¢ does not produce infinite clusters. However, simulations
(and Figure 3.1.3) suggest that when « is small then an infinite cluster will form. The

following intuition suggests why this should indeed be the case:

Since an edge is joined to at most 2 clusters the probability it is open at time ¢ is at least

aelt) =
Paelt) 14 2«
some time ¢, where ¢ is sufficiently large for p, .(t) > p.. Here p,. is the critical value for

(1 — e~ (+299%) " Now let a > 0 be small, and suppose we run PCF until

bond percolation on Z¢. Thus if the edges were independent then Z? would contain some
infinite cluster. Now observe that at this time at most at of the vertices in the graph
will be frozen and so — provided « is sufficiently small — the number of vertices which

have been removed from the infinite percolation cluster (by freezing) are not sufficient to
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partition the cluster into finite pieces. Therefore an infinite cluster will remain.

Difficulties in extending this intuition to a proof arise from the fact that the freezing
of vertices is not independent, and large clusters can freeze potentially creating barriers
which stop warm clusters from growing. Moreover we should not expect to have good
control on the size of these frozen clusters since simulations show that their size has a
polynomial tail. The problem therefore is to find an alternative method for showing that

an infinite PCF cluster must exist.

Uniqueness of infinite clusters for d > 2 During the construction of an infinite
volume PCF process it is shown — in Proposition 3.2.13 — that any warm infinite cluster
is necessarily unique. Ben—Naim and Krapivsky showed that this is also true in the mean
field case, but that it is also possible for an infinite cluster to freeze and allow subsequent
infinite clusters to form. The geometry of the plane makes it very unlikely that could
happen with PCF on Z? - since any infinite cluster is likely to partition the space into
finite pieces. But there is no such problem in higher dimension, and both simulations
(see Figure 3.1.4) and the following heuristic argument suggest that in dimension d > 3
it is possible for subsequent infinite clusters to form after previous infinite clusters have

frozen.

Let d > 3 and consider rate o PCF on Z?. Observe that if we could set a = 0 then the
PCF process would become a percolation process where edges open independently at rate
1. A result of Campanino and Russo tells us that p.(d) < % for d > 3, [CR85]. From
this we see that without freezing there would be some critical time ¢. < log2 at which an
infinite cluster will first appear. Therefore if we have 0 < o« < 1 it seems reasonable to
suppose that the time ¢, . at which an infinite cluster appears in the rate oo PCF process
is close to t.. Since o > 0 there is then a positive probability that this infinite cluster
will freeze shortly after forming. Thus provided « is sufficiently small there is a positive
probability that an infinite cluster will form and freeze before ¢ = log 2. At this time the
probability that a given edge will be closed and warm is close to %, so since these edge
events will be almost independent there must be an infinite connected set of closed and
warm edges in which a new infinite cluster can form. Thus at some later time T" we will

have two infinite clusters (one warm and one frozen).

This leads to the following conjecture.

Conjecture 3.1.6. Let d > 3, then provided o > 0 is sufficiently small there is a positive
probability that the final distribution of the rate o PCF process on 7% will contain 2 or

more infinite clusters.
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One can show that there can only ever be a finite number of infinite clusters in the final
distribution. However, this conjecture still leads us to ask how many infinite clusters is
it possible to have, and whether or not the maximum number of clusters is controlled
by a. Observe that the possibility of having arbitrarily many clusters would imply the
possibility of having clusters of arbitrarily low density. Therefore asking questions about
the maximum number of infinite clusters is similar to asking if the percolation function
0(p) is continuous for higher dimensional lattices. The work of Hara and Slade, [HS90],
tells us how 6(p) behaves when the dimension d is sufficiently large, but when we have

3 < d < 19 the continuity of #(p) remains an open problem.

Influence of boundary conditions In this chapter we use warm boundary conditions
to construct an infinite volume limit of the model with free boundary conditions. We ask
therefore what influence the boundary conditions have on the model, and in particular
if a infinite volume version of the model where clusters freeze as soon as they touch the

boundary exists.

Existence of the model on a general graph This chapter shows that PCF can be
constructed on any countable tree or amenable vertex transitive graph. We ask therefore

if the process can be defined on a more general class of graphs, or indeed on any graph.
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3.2 Constructing PCF

The construction of PCF relies upon various auxiliary processes and measures. In order

to make the notation as comprehensible as possible a table of notation is included below.

Process Symbol Measure | Mapping

PCF process (M) tepo,00] | 1= PG | ¥ =g : T — Q x [0, 00]
warm PCF process | ((")icjo,o] | ¥V = Vo | ¢ = ¢ : 1T — Q x [0, 00]
liminf of PCF (N eco,o0] | V= figa | ¥ =g : T — Q x [0, 00]

We now start our construction with a formal definition for the percolation with constant

freezing process.

Definition 3.2.1 (PCF on a finite graph).

Let @ > 0. Given a finite subgraph H = (Vg, &) of G = (V,€), we consider PCF as
a Markov process on H where an edge can be either open (state 1) or closed (state 0),
and a vertex can be either warm (state w) or frozen (state f). Thus our state space
is Qg = {w, f}V& x {0,1}f%. Initially each edge is closed, and each vertex is warm.

Therefore n° = (w, ..., w;0,...,0).

Given a configuration n and vertices v, w € Vg, we write v <1 w if there is a path of
open edges in 1 connecting v to w. A cluster is then defined to be a maximal set of
connected vertices, and in particular the cluster containing the vertex v € Vg is given by

Cy(n) ={w €V :w + v}. Now for each edge e € Ey define ¢ by

1 r=ce
n(z) = (3.2.1)
{ n(x) x#e,
for each edge and vertex x € V U E; and for each cluster C' C V define 7. by
f rxelC
ne(z) = { (3.2.2)
n(x) = ¢ C.

The generator G : Qg X Qg — R for the PCF process is now defined by

G(n,n°) =1 for all n and e = vyvy such that n(vy) = n(vy) = w
o for all clusters C' of n (3.2.3)
G(n,0) =0 otherwise.

Definition 3.2.2 (PCF measure). The PCF process described in Definition 3.2.1 induces
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a measure figo = (Mo @ t € [0,00)) on Qp x [0,00). Here pgy, is the measure on
Qn = {w, f}V¥ x {0,1}%% induced by the possible configurations of the PCF process at

time ¢.

Since the PCF process on H can make only finitely many jumps, it will reach some final
distribution in finite time. Therefore as ¢ — oo the measures gy, will converge to g,
— the measure of the final distribution. By including ugy , we extend pg o to the compact

space Qg x [0,00], and call ppra = (U, 1 t € [0,00]) the PCF measure of H C G.

In order for us to compare the PCF process on other subgraphs it will be convenient
for us to extend the process (n')iej0,00] to the whole of G by working on the state space
Q = {w, f}¥V x{0,1}¢ and letting n'(v) = f for all t and each v € V\ Vi and n'(e) = 0 for
all t and each e € £\ Eg. The measure p, is then extended to €2 x [0, 00| in the obvious
way. Intuitively one might find it helpful to think of this as PCF with free boundary

conditions.

Observe that if we choose an enumeration for the vertices of G, V = {vy,vs,...}, then
we can identify each cluster by asking which is the vertex of lowest index (or highest
priority) that it contains. By doing so we can control the freezing of clusters by attaching
independent rate o exponential clocks X, to each vertex v € Vyg. The exponential clocks
are only needed by the vertices of highest priority; however, we attach them to each
v € Vg to enable us to construct a coupling between different models later on. We can
also control the opening of edges with exponential rate 1 clocks X, attached to each edge

e € &g. This leads to the following algorithm for simulating PCF on a finite graph.

3.2.1 An Algorithm for PCF

Algorithm 3.2.3 (PCF on a finite subgraph). Let o > 0, and enumerate the vertices
of V = {v,v9,...}. Then given a finite subgraph H = (Vg,&x) C G we get Vg =
{viy,...,vi, }. Now label the vertices of H by °(v;,) = ix for 1 < k < n. These labels

will evolve in time and satisfy
(o) = inf{j vy € Co, (1)} = inf{j : v; < v} € {in, .., in). (3.2.4)

for each i € {iy,...,4,}. Thus ¢*(v;) can be used to denote which cluster the vertex v; is

in at time ¢.
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Let { X, }veyyy be independent Exp(«r) random variables and let { X, }cesy be independent
Exp(1) random variables. Our cadlag PCF process is now described by its evolution. At
time t = 0 set n° = {w}Y x {0}¢, and for each x € VUE at time t = X,

(a) if t = X,, then set C' = {vp € V: ' (vg) =i} and let n* = (0 )c.

(b) if t = X, with e = v;u; € &, then if n* (v;) = 7" (v;) = w set n* = (n* ).

To ensure that (3.2.4) continues to hold we then set ¢*(vy) = min{¢" (v;),¢" (v;)}
for all vy, with €% (vg) € {¢" (v;),¢" (v))}.

Algorithm 3.2.3 can be thought of as a map taking a realisation of the exponential clocks

to a PCF process,

Y 2 [0,00)YF x [0, 00)5H — Qg x [0, 00] (3.2.5)

(Sv)vGVH X (Se>e€5H — (nt)te[o,oo]~

This mapping makes it clear that a PCF event A C Qg is measurable with respect to
Fu = 0({ Xy }vevy; {Xc}eesy ). Note that here an explicit choice of enumeration of the
vertices is required. However, since the X, are independent (and thus interchangeable)
it is clear that this choice is arbitrary and does not affect the law of the process itself.
Therefore we see that this algorithm gives a process satisfying (3.2.3), and so as H is

finite this must be the unique process that satisfies Definition 3.2.1.

3.2.2 The warm PCF process

Given an amenable vertex transitive graph G we begin the construction of the PCF process
on G by first constructing an auxiliary process which obeys a suitable monotonicity
condition. We consider a finite subgraph H C G for now and define warm PCF as

follows.

Definition 3.2.4 (Warm PCF on a finite subgraph). Suppose H = (Vg, &n) is a finite
subgraph of G = (V,€&), we say that v € Vg is a boundary vertex if it meets an edge
e = vw in Eg which is not in &g. We denote the set of boundary vertices by 0H. Now
given a configuration ¢ € Qg = {w, f}V¥ x {0,1}¥% we say that C is a boundary cluster
of ¢ if C is a cluster of ¢ with C' N OH # (). We say that a cluster C' C Vg of ¢ which is

not a boundary cluster is an wnterior cluster.
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We now set our initial configuration to (* = {w}Y# x {0}¢¥, and define the generator G

for the warm PCF process on H to be

G((,¢)=1 for all ¢ and e = vyvy such that ((v1) = ((ve) = w
o for all interior clusters C' of ¢ (3.2.6)
G(¢,0)=0 otherwise.

Therefore boundary clusters will remain warm forever. Intuitively one might like to think

of this as PCF with warm wired boundary conditions.

It will be useful for us to be able to compare warm PCF on two subgraphs H; and
H,. To make sense of this we extend warm PCF on H to a process on G by working
with the state space Q = {w, f}¥ x {0,1}¢ and setting our initial configuration to ¢* =
{w}Y x {0} x {1} Since G only acts on a finite number of edges and vertices we

see that (3.2.6) gives a well defined process.

Warm PCF differs from PCF in that the transition ( — (. only occurs for interior
clusters in (3.2.6), while in PCF this transition can take place with all clusters (see (3.2.3)).
This means that the warm PCF process stochastically dominates the PCF process — a

notion we shall make rigorous in Lemma 3.2.8.

Definition 3.2.5 (Warm PCF measure). In the same way as described in Definition 3.2.2
the warm PCF process induces a measure vy, = (Vg 1 t € [0,00]) on Q x [0, 00]. This
is the warm PCF measure of H C G.

We also remark that Algorithm 3.2.3 can be adapted to warm PCF by replacing (a) with
(a*) ift = X,, then set C = {uvx € V : L(vy) = i} and provided CNOH = 0 let (' = (¢*)e.

We shall denote this modified algorithm as Algorithm 3.2.3%*.

Again this algorithm can be thought of as giving a function ¢y taking a realisation of
{ X} oevy and {X.}eegy to a warm PCF process (¢*)ico,o0)- This then tells us that a warm
PCF event A C Q) is also measurable with respect to F = o ({X, }vey; {Xe}ees)-

Definition 3.2.6 (Coupling). Given a countable graph G = (V,£) and a collection of
finite subgraphs {H,};c; we can use Algorithm 3.2.3 and Algorithm 3.2.3* to couple the
PCF and warm PCF processes on each of the H;. To do this we fix an enumeration

of the vertices of G, and assign an Exp(«) random variable X, to each v € V and
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an Exp(1l) random variable X, to each e € £. We shall use z € G as shorthand for
x € YUE, and denote the probability space for the random variables { X, }.eq by (I, Ag.a)-
Now for each i € I Algorithm 3.2.3 and Algorithm 3.2.3* give us coupled mappings
Vi (I Aga) — (2 x [0,00], pmp, o) and ¢; @ (I Aga) — (2 x [0,00], v\, ) from
{X,}zec to a PCF process on H; and a warm PCF process on H;.

The key reason for introducing the warm PCF process is that it obeys a monotonicity
condition. Given two configurations 7, € Q we say n < ( if and only if {(e) = 1 for all
e € & with n(e) = 1 and ((v) = w for all v € V with n(v) = w. That is, ( has more open
edges and warmer vertices than 7. From this partial ordering of 2 we define A C Q to
be an increasing event if and only if n € A and n < ¢ implies ( € A. Whence we get a
stochastic ordering by saying that if ;4 and v are two measures on €) then pu < v if and

only if u(A) < v(A) for all measurable increasing events A.

To extend this notion of stochastic ordering to processes on G we consider trajectories
(1) tefo,00) and (C")iejo,o0); and say that (n*) < (¢*) if and only if n* < ¢* for all ¢ € [0, o).
An event A C Q x [0,00] is then an increasing process event if and only if (n*) € A
and (n') < (¢') implies (¢*) € A. Therefore given two process P and @ with respective
measures (= (1")ieo,00] a0d v = (V)iejo,00), We say that @ stochastically dominates P if

and only if u(A) < v(A) for all measurable increasing process events A, and write p <g v.

Lemma 3.2.7 (Monotonicity for warm PCF). Suppose Hy = (V1,&1) and Hy = (M5, &)
are finite subgraphs of G with Hy C H,, then the rate o warm PCF process on H;

stochastically dominates the rate o warm PCF process on Hs.

Proof. Here we work with the processes extended to G = (V, ), and use the notion of
coupling from Definition 3.2.6. Let {X,},cy and {X.}ces be as in Definition 3.2.6 and
let (¢})ejo,00] and (C5)iei0,00] be the trajectories associated with warm PCF on H; and H,
respectively. It now suffices to show that the coupling gives ¢! > ¢! for all ¢ € [0, o0].

For the purposes of our proof we shall show further that if C' is a warm interior cluster of

(¢} then it is also a warm interior cluster of (. Since H; C H, this is clear at ¢ = 0, and
because & C & we also have (¥ = {w}Y x {0} x {1}\&1 > {w}Y x {0} x {1}8\&2 = ().

Now because ((}) and ({4) can only change at discrete times t = X, where x € V, U &,
it suffices for us to show for each t € {X, : x € Vo, U &} that if our hypothesis holds and
we have (' > ¢} at time ¢~ then the hypothesis also holds at time ¢. There are several

cases.
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(a)

If t = X, and v is the vertex of highest priority in a warm interior cluster C' of ¢!~
then C must also be a warm interior cluster of ¢! with v again being the vertex of
highest priority. So we have ¢} = ({ ) > (¢ ) = &, and C' is no longer a warm

interior cluster of ¢ or ¢l.

If v is a vertex of highest priority in a warm interior cluster C' of ¢! but not in ¢!
then we get ¢t =& > (& > (¢ ) = ¢§. Moreover, C' remains warm in ¢} but not
in ¢

If v is not the vertex of highest priority in some warm interior cluster of either ¢!

or ¢} then ¢! and ¢} remain unchanged.

If t = X, with e = v;v;, then if ¢ (v;) = ¢& (v;) = w we must also have ¢! (v;) =
¢l (vj) = w, since ¢ > ¢ and so any vertex which is warm in ¢} must also be
warm in ¢} . Therefore if e is open in ¢! then it must also be open in (}, and so we

see that ¢! > (L.

If C,, = C,, then there is no change in the clusters, so we assume C,, and C,, are
disjoint. If C,, and C,,; are warm interior clusters of (; then they are also warm
interior clusters of ¢, and so C,, UC,, is a warm interior cluster of both ¢; and (y. If
one of Cy, or C,, is not a warm interior clusters of ({ , then it must be a must be a
boundary cluster of ({ and so C,, and C,, will be (contained in) boundary clusters

of ¢!, and so our condition on the clusters is satisfied.

If ¢ (vi) = ¢ (vj) =wbut & (v;) = for ¢y (v;) = f then we have ¢f = (¢f ) >
¢t > ¢ = ¢ Moreover, one of C,, or C,, must have been a boundary cluster of
¢t and so C,, and C,, will be (contained in) boundary clusters of (f, and so again

the condition on the clusters is satisfied.

If ¢l (v;) = for¢t (v;) = fthen ¢t (v;) = for ¢l (vj) = fandso ¢} and ¢} remain
unchanged, and the condition remains satisfied. O

Note that no such monotonicity condition need exist when we compare PCF on finite

subgraphs H; € Hy. However, we do obtain monotonicity when we compare the warm
PCF process to the PCF process on a finite subgraph H C G.

Lemma 3.2.8 (Stochastic domination of PCF by warm PCF). Suppose H C G is a

finite subgraph, then the rate o warm PCF process on H stochastically dominates the rate

a PCF process on H. Furthermore, if we fix a realisation of {X,}rea as (Sz)zec € 11
and let (n")icpo,o0) = Vu((S2)zec) and (C")icp,o0) = ¢ ((S2)zec) be coupled PCF and warm

PCF processes, then at all t € [0, 00] any interior cluster C' of ' is also a cluster of C'.
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Proof. This is proved in the same way as Lemma 3.2.7 by using the coupling of Definition
3.2.6. The details are omitted. O

Given o > 0 we can now construct the unique infinite volume warm PCF process on an
amenable vertex transitive graph G. Let G; C Gy C ... be any exhaustion of G with
each G, finite, and for each n consider the measure v, induced by warm PCF on G,,. By

monotonicity we have that vy, 15, ... converges to some measure v.

To check the limit v does not depend on the exhaustion suppose H; C H, C ... is another
exhaustion of G with each H,, finite, and let v be the induced warm PCF measure for
each n. Again the v} must converge to some measure v*. Now since {G,, : n € N} and
{H,, : n € N} are both exhaustions of G there exists subsequences (i)r>1 and (Jg)k>1
such that G;, C Hy, C G, € Hj, C ..., and from this we see that v;, >y v} >y
>st Vj, Zst - - and deduce that this sequence converges. Since this sequence contains

I/Z‘2

a subsequence of both (v,) and (v}) we must have that v = v*. Therefore we define this

n

unique limiting v = vg o to be the infinite volume warm PCF measure on G.

Because of the way v has been constructed by taking an exhaustion G; C G, C ... of G
it is clear that for any finite A C G the restriction of warm PCF on G,, to A will converge
to a unique limiting process as n — oo. This limiting process is the restriction of v to

A. Therefore v defines an infinite volume warm PCF measure in the sense of local limits.

Suppose { X, },ep and { X, }eee are independent exponential random variables at respective
rates a and 1, and denote the product space of these by II with measure A = Ag,. In
Definition 3.2.6 we introduced functions ¢,, : (I, \) — (2x[0, 0c|, v,,) given by Algorithm
3.2.3* for each finite G,,. We have now seen that the ¢, have an almost sure limit as

n — oo which we define to be ¢g = ¢ : (II, \) — (2 x [0, o0], ).

Lemma 3.2.9 (Translation invariance). Suppose that f : G — G is an isomorphism,
and that A is measurable with respect to the o-algebra of v, then v(A) = v(f(A)). Thus

if G is vertex transitive then v is translation invariant.

Proof. Consider a fixed exhaustion of G, G; C G, C ... say, and let vy,15,... be the
induced warm PCF measures. Now given any isomorphism f of G let vj,v5,... be the

measures induced by warm PCF on f(Gy), f(Gz),.... For any measurable event A we
have that v, (A) = v:(f(A)) for all n. Therefore we get

v(A) = lim v,(A) = lim v (f(A)) = v(f(A4)), (3.2.7)

n—oo n—oo
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as required. O

Observe that up to now we have only required for G to be countable — in order for the
exhaustion G; C Gy C ... to exist; and for G to be locally finite — in order for us to

make sense of boundary vertices. Thus we have proved the following.

Proposition 3.2.10. For every locally finite countable graph G and every fized rate of
freezing o > 0, there exists an infinite volume warm PCF process on G in the sense of
local limits. Moreover in the case that G is vertex transitive then v is also translation

mvariant.

3.2.3 Proof of Theorem 3.1.1

Whilst this auxiliary process is interesting in its own right, it differs from the infinite
volume PCF process of Theorem 3.1.1 in that an infinite cluster will never freeze. This is
because an infinite cluster must have been a boundary cluster of each G,,. Our strategy
therefore is to attach an exponential clock to each warm infinite cluster — making it freeze
at rate a. To do this we must first show that there are only finitely many warm infinite
clusters at any given time 7. This is where it is necessary to use the fact that G is
amenable. The content of Proposition 3.2.13 below is to show that any warm infinite
cluster is necessarily unique. Once we know this we can complete our construction by
freezing the unique warm infinite cluster (if it exists) at times 0 < T} < Ty < .... Here
the T; will be chosen to have independent rate o exponential increments. The way we

freeze the warm infinite cluster at time 7} is defined below.

Definition 3.2.11 (Freezing the infinite cluster at times 7 = {0 < T} < T < ...}). Let
0< Ty <Ty, < ...bea fixed sequence of times, and let G; C G4, C ... be an exhaustion of
G with each G,, finite. Now use the random variables { X, }.ce and { X, },ey to run coupled
warm PCF process on each G, — giving a trajectories (()iejo,00] — and let (¢*)eejo,o0] be

the limiting warm PCF process on G.

At time Ty set Cpoy = {v € V : v is contained in an infinite cluster of ("t and ("1 (v) =
w}, and for each n let C), o1 = Cao1NG,,. Note that if no infinite cluster exists at time T3
then C,.; = 0. We now change each warm PCF process to have (! = (Q?l )Cr.oo.1» Defore

continuing to use Algorithm 3.2.3* to evolve (! for ¢ > T7. Denote these new processes

by (Cfb,ﬂ )te[o,oo]-

. T e
Suppose m < n, then since G,,, € G,, we have C,, »o.1 € C), 001, and so because (' < ('
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we must also have (1 = (gff)cml < (C;Lf)cmm,l = (1. Moreover, since freezing C, o1
and C,, o1 does not change the warm interior clusters of ¢'* or ¢I' the proof of Lemma
3.2.7 tells us that (), 7, > ¢, 5, for all .

Because this monotonicity property still holds we can repeat the argument given above
to see that (¢} 7, )iefo,00] — (Cf; )iclo,00] @8 1 — 00. This in turn gives us a new measure

v, .

Now we repeat this modification at times 75, 75,... by setting Coo j11 = {v € V : v is
contained in an infinite cluster of C;?“T] and C;{“TJ (v) =w} and Oy oo j+1 = Coo j+1N Gy,
for each n. Doing so we obtain a sequence of new measures vr, 1,, v, 1,15, €tc. Since
vry,..r; and vy 7., are equal when restricted to ¢ € 0, Tiningjey)» if we make the further
assumption that 7; — oo as j — oo then these measures must converge to some final

measure vr.

Note that for each 7 = {0 < T3 < T, < ...} with T} — oo we can combine Algorithm
3.2.3* with the procedure above to obtain a function ¢7 : (I[,\) — (2 x [0, 00], v7)

taking a sequence (s;)zec € I to a process (CF)icpo,00) € 2 X [0, 00].

Remark 3.2.12. If G is vertex transitive then for fixed 7 = {0 < T} < T5,...} with
T; — oo the measure v7 is again translation invariant. This can be seen inductively since
the set C 1 is determined by the translation invariant measure v’*, and so by applying the
argument of Lemma 3.2.9 to G\ Cw 1 We see that vg, is translation invariant for ¢ > 7 (as
well as for 0 <t < T}). Now suppose we know that vry,..r; is translation invariant, then
because Co 41 is determined by V;f HT] it must be a statistically translation invariant

set, and so by applying Lemma 3.2.9 to G \ Cooq U ... U C j+1 We see that vp is

Tjp1
again a translation invariant measure.

Suppose multiple disjoint warm infinite clusters were present at 7}, then the process of
Definition 3.2.11 would lead to them all freezing at 7 and so their freezing would not be
independent. However, we shall now show that any warm infinite cluster is unique almost

surely, and thus the independence of freezing is maintained.

Proposition 3.2.13 (Uniqueness of the warm infinite clusters). Let a > 0, and suppose
G is an amenable vertex transitive graph. Consider the infinite volume warm PCF process
on G at rate o, then at any time T > 0 we have that v* —almost every ¢ € Q) contains at

most one infinite cluster.

Moreover, if we modify the process so that any warm infinite cluster freezes at fixed times
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0 <Ty < ... <Ty, as in Definition 3.2.11, then at any time T > Ty we have that

T . . . .
v, .., ~almost every warm infinite cluster is unique.

Remark 3.2.14. Theorem 1.1.9 due to Burton and Keane, [BK89, Theorem 2], says that
for any measure p on §2 which has the so-called finite energy property a configuration
¢ has at most one infinite cluster p—almost surely. Whilst it is possible to show that
v! meets the hypotheses of [BK89, Theorem 2|, the modified measures v7, .1, do not
(changing the state of one vertex from warm to frozen could have infinite effect). The
proof of this proposition deals with this problem by using only events for which a finite

energy condition does hold.

Proof of Proposition 3.2.13. Observe that the first claim is a special case of the second
with k = 0, so weset k > 0 and let T = {0 =Ty, < T} < ... < T} be fixed. The
claim is trivial if T = T}, so we also fix T" > T}. Given a configuration ¢ define N({) €
{0,1,2,...}U{oo} to be the number of warm infinite clusters of . If v* was ergodic then
we would know that N is equal to some constant N vF-almost surely. Our plan of attack

would then be to show that

1. If N € {2,3,...} then vE(A;) > 0, where A; is an event whose positive probability

would contradict N = N vF—almost surely.

2. If N = 0o then vF(Az) > 0, where A, is another event whose positive probability

would again lead to a contradiction.

We would then be able to conclude that N(¢) € {0,1} vF—almost surely.

However, since we do not know that v+ is ergodic, we have to rely on the Ergodic Decom-
position Theorem, recall Theorem 1.1.6. This says that a translation invariant measure
(such as vF) can be decomposed into ergodic measures. More precisely, for any translation
invariant measure space {2 there exists a measurable map from €2 to the space of ergodic

measures on 2, m : 2 — &(2), such that

ua) = [ _ ma(4)dua), (3.28)

for all translation invariant measures p and all measurable A. The following lemma allows
us to relate the changes in energy of m, and v* from the modification of a finite set of

edges and vertices.

Lemma 3.2.15. Suppose A C G is a finite set of edges and vertices, and A € Q is an
event depending only on A. Write Fg\a for the o-algebra generated by the edges and
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vertices of G\ A. Then for v¥—almost all m, in the ergodic decomposition of v+ and each

A € Fa we have that

my(A| Fa\a) = vi-(A| Fa\a) mg—almost everywhere.

Proof. The result follows from a careful adaptation of the proof of [GKN92, Lemma 1]. [

Remark 3.2.16. One might be tempted to try and overcome the lack of ergodicity by
working with the product space (II, ) rather than (2, v7). However, whilst the event
{there are k warm infinite clusters at time T} is clearly tail measurable with respect to
2, we do not know that its pre-image ¢}1({there are k warm infinite clusters at time 7'})
is tail measurable with respect to II. Therefore whilst we shall use (II, \) later on for
making explicit calculations — such as in (3.2.14) — it is necessary for us begin the proof

by working with (€, v7).

Step 1 For contradiction suppose that vX(N(¢) € {2,3,...}) > 0, then there must be
some k € {2,3,...} with v-(N(¢) = k) > 0. For each v € V let d(0,v) be the length of
the shortest path from 0 to v, and set A, = {v € V : d(0,v) < r}. We now define

A, ={C: N(¢) = k and ( contains at least 2 warm infinite clusters intersecting A, }.

Now vi(A,) — vA(N(C) = k) > 0 as r — o0, therefore we can fix R € N with

vE(Ag) > 0. For a given configuration ¢ let

AR(() ={v eV :visin Ag or in a finite cluster of ¢ intersecting Ar}
Ar(() = A U{e €& e meets AL(()}.

Observe that vE(Agr N {Agr(¢) € A,}) — vE(AR) as p — oo, and therefore vE(Ax N
{Ar(¢) € A,}) > 0 for some p € N. Moreover, because A, is finite there must be some
subset A C A, with vE(Ap N {Ag(¢) = A}) > 0. These sets are shown in Figure 3.2.1.
We now fix such a A and write Aga = Ar N {ARg(¢) = A}

Because v7-(Ap a) > 0 there must be a positively measurable set of z € Q2 such that m, is
in the ergodic decomposition of 1/? with m,(Aga) > 0. We fix such an m,, and note that
since m, is ergodic and translation invariant it must have N({) = k, m,—almost surely.
To get our contradiction we shall let A; be the event that N({) < k; we claim that

ma(Ay) > 0. (3.2.9)
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Proof of Claim. To estimate m,(A;) we define two more events:

Bra = {C € Q: there is some ¢ € Aga with ((2) = ((x) for all z € G\ A}, (3.2.10)
Ora = {C € 2 : all vertices in A are warm, all edges with two ends in A are open

and all edges with only one end in A are closed}. (3.2.11)
Note that Bpa € Fg\a and Ora € Fa.

Suppose ¢ € Br A NORgA, then we can find ( € Ag o with {(z) = ((z) for all x € G\ A.
Now ( has k warm infinite clusters, at least two of which meet Ag. Therefore since all
the edges of Ay are open and warm, ¢ will have at least two of the infinite clusters of ¢
joined together. Moreover, since ¢ and ¢ are equal outside A no new infinite clusters are

created. Thus N(¢) < k, and so Bra NOra C A;. Because Bra € Fg\a We can apply
Lemma 3.2.15 to see that

Mg (A1) > my(Bra N Ora) = E(my(1p 1o|Fa\a))
E(1p mx(]lo|./?c;\A))
= E(Lpv7(1o|Fa\a))- (3.2.12)

where B = B a and O = Opga. Since m,(Bgra) > 0 we can prove the claim by showing

that v (Op, Al¢e\a) > 0 for each feasible configuration (g\a of the edges and vertices of
G\ A.

Let {g\a be fixed. We now switch to working with the product space (II, A). Using the
function defined in Definition 3.2.11, ¢7 : (I, A\) — (2 x [0, 0c], v¥), we have

vi(Oral¢aa) = M7 (Ora)l67 (Cava)),

where ¢! (Ca\a) = {(S2)zeq : O7((82)eec)T (%) = Ca\a(z) for all z € G\ A}. From this
we define Ug,, , to be the set of (f,)sec for which there exists (s;)sec € 7 (Ca\a) With
t, = s, for all z € G\ A, and note that Utgia 2 ¢7_—1(Cg\A). Without loss of generality we
may assume that the vertices of A have highest priority in the algorithm used to construct
¢7. Now define

UCOG\A = Ucg\a N{(82) 18, > T for all v e A} (3.2.13)
N{(sz) : se > T for all e with one end in A}
N{(sz) : se < T for all e with two ends in A}.
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Figure 3.2.1: The diagram shows a box Ap intersecting three infinite clusters. A (in red)
is formed with the addition of the finite clusters (and their boundary edges) which meet
Ag. Note that p has been chosen so that A C A, with positive probability.

Also shown the three paths Py, P», P3 from vy, v9, v3 to O. In the second part of the proof
we ensure that P = P, U P, U P53 is open so that the origin becomes a trifurcation point.

Note that each of the events on the right hand side are independent of U, ,. We now

include two lemmas which allow us to analyse ¢7((sz)zec) for (si)eca € Ucg,a-

Lemma 3.2.17. Set T' > 0 and let E C € and V C V. Suppose that (S;)zeq € I is such
that setting ¢((sz)zec) = ¢ gives (T(e) = 0 for all e € E and (T (v) = w for allv € V.
If (82)zec satisfies §, = s, for allz € G\ (EUV), and 5, > T for allx € EUV, then
writing ¢((3:)zcc) = € gives (T = (T (and indeed (* = ¢* for all t € [0,T)).

Moreover, if T is fized then the result still holds when ¢ is replaced by ¢r.

Proof. Since ¢ (respectively ¢r) is a limit of the ¢, (respectively ¢, ) it suffices to
consider the algorithm for warm PCF on one of the G,,. Suppose e € &, with s, < T
then since ¢ (e) = 0 the transition at time s, is (¢ — (% = (*<. Similarly if v € V,
with s, < T then since ¢¥(v) = w the transition at time s, is also (5 — (% = (%
Therefore since 5 does not change at s, we have that f Se = (% implies Q: S = (**, and so

the lemma is proved by induction. 0

Lemma 3.2.18. Set T > 0, let V C V, and suppose our enumeration of V is such that
if v, e Vand vy € V\V theni < j —i.e. V has higher priority than V \ V. Now given
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(8z)zeq € I let (54)seq satisfy s, = S, for allz € G\V and 5, > T for all x € V. If we
write ¢((5z)sec) = C and ¢((52)zec) = C then for all t € [0,T] we have

(a) ¢t >,

(b) for each e € € with ('(e) = 0 and C'(e) = 1 there exists an open path in C' from e
to V.

Moreover, if T = {0 < Ty < Ty < ...} is fized then the result still holds if we replace ¢ by
o

Proof. We consider our exhaustion G; C G, C ... of G. Since ¢ is a limit of the ¢,
to show the result it suffices to show that the result holds for each ¢,. Now consider
the algorithm for warm PCF on G,,. If a cluster C intersects V' then its freezing time is
controlled by a vertex v € V, therefore since s, > 7" for all v € V' we can treat each v € V

as a boundary vertex up until time 7. (a) then follows by using the coupling argument
of Lemma 3.2.7 with H; = G,, \ V and Hy = G,,.

Suppose an edge e € £ has ¢'(e) = 0 and ('(e) = 1 for some ¢ € [0, T], then since ¢*(e) = 0
we must have e € G,,, and as ft(e) = 1 we must have s, = 5. < t. Now there can only
be finitely many such edges (as Gy, is finite), {ey, ..., ex} say, and so to prove (b) we can

consider what must happen at each of the times s., in order.

At a time t = min{s,,,..., ., } the edges of ¢* and ftf are equal and thus so are the
clusters, but then ¢ has the transition (" — ' = (' )¢ whilst ¢ is unchanged. Thus
one of the end points of e must have ¢*(v) = f and ¢'(v) = w. The only way this can
happen is if the freezing of v is controlled by a vertex in V' and so there must be a path
from e to V. At subsequent times ¢ € {s.,,..., S., } we must also have some vertex v with
¢'(v) = f and ¢*(v) = w. This can only happen if either the freezing of v is controlled
by some vertex in V or if the freezing of v was controlled by different vertices in ¢ and (.
The first case implies that there is an open path from e to V', and the second case implies
that C, must differ in ¢ and ¢. For C, to differ, v must be joined to some edge € with
¢'(e') = 0 and C'(¢') = 1. Therefore ¢’ € {ey, ..., e,} with s, < s, and so we can apply

induction to see that there is an open path from e to V' (through ¢€).

The result for ¢+ follows by the same argument. ([l

Suppose (t;)zec € Ugoc;\,\ and find (s;)zeq € gb}l(Cg\A) with t, = s, for all x € G\ A.
Write ¢ = ¢7((s2)sec) and ¢ = ¢7((ty)sec), and define E = {e € A : e has exactly

one end in A} and V' = {v € OAg : v is in a warm infinite cluster of {(g\a}. Suppose
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(Te)zeg has 7, = t, forallz € FUV and 7, = s, for all z € G\ E UV, then by applying
Lemma 3.2.17 we see that ¢7((7:)zec) = (. Now since the edges on the boundary of A
are closed in ¢7((7;)zeq) we can use Lemma 3.2.18 with (7,).cq and (¢;)zeq to deduce

that C(z) = ¢(z) for all z € G\ A. A simple check reveals that (T € Oga, therefore

UCO(;\A C ¢}1(OR,A) N Ucqa- We can now estimate V7T—(OR,A|CG\A),

v (Oralla\a) = AM07 (Ora) |97 (Caa))
> MU, A Uccra)

= (e7oT)AWI 5 (e7T)IANENET o (1 — e T)IEl > . (3.2.14)

Thus we indeed have m, (A1) > 0, and so (3.2.9) is proved. O

Step 2 We now move on to showing that N(¢{) # oo ngfalmost surely. To do this we
recall the notion of trifurcation points. Given a configuration ( we say a vertex v € V
is a trifurcation point if v is contained in some infinite component C' and removing v
(and its adjoining edges) from C' leaves three disjoint infinite clusters Cy, Cy and C3 with
C1UCyUC3U{v} = C. By following the argument of Burton and Keane [BK89] we see
that any translation invariant measure g on an amenable vertex transitive graph G can

not have x(0 is a trifurcation point) > 0.

The argument of [BK89] (which is repeated in Theorem 1.1.9) is based on the observation
that if there are n trifurcation points in A, then OA, = A, \ A,_; must intersect infinite
clusters in at least n + 2 places. This is illustrated in Figure 1.1.2. Since p is translation
invariant then for a given a measurable function f the Ergodic Theorem tells us that

p-almost surely we have that

1
A

> HTm) — E(f(n) as r— oo.

’UGAT‘

Here T, : G — G denotes the translation taking v to 0. Therefore by setting f
to be the indicator of the event {0 is a trifurcation point} we see that since E(f) =

1(0 is a trifurcation point) > 0, then there must exist ¢ > 0 such that
p(A, contains at least c¢|A,| trifurcation points) — 1 as r — oo. (3.2.15)

Because G is amenable then |[0A,|/|A,| — 0 as r — oo. This means that [0A,| < c|A,|
for sufficiently large r, and so (3.2.15) is impossible. Therefore we let Ay be the event that

0 is a trifurcation point, and get a contradiction by showing that it occurs with positive
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probability.

Claim 3.2.19. If v7(N(¢) = o0) > 0 then vy(Asy) > 0.

Proof. We prove the claim in a similar way to before: Find a finite A where a suitable
configuration on G \ A occurs with positive probability, and modify the edges of A with
only a finite cost. However, unlike before no ergodicity assumption is required. We start
by defining A in a similar way to A,, but this time insisting that A, meets at least three

warm infinite clusters.
A>X ={(¢: N(¢) = oo and ( contains at least 3 warm infinite clusters intersecting A, }.

Since v7(N(() = 00) > 0 then there exists some R € N with vr(A%) > 0. As before we
can now find a finite A D Ap for which A%, = A% N {Ag(() = A} has v (A%,) > 0.
Given three distinct vertices vy, v9, v3 € 0A R we define a further event

o

Ry s = AR A N{C 1 v1, 2,03 are in disjoint warm infinite clusters of (}. (3.2.16)

There are only finitely many distinct 3-sets {v1, v, v3}, and so with positive probability
there exists v1, vz, v3 € OAg With v (AR A 4, 1y0s) > 0. Fixsuch a 3-set and let Pr, P, P3 C
AR be disjoint paths from vy, vs,v3 to 0, with P = P, U P, U P3. See Figure 3.2.1. We

now define analogues to Br o and Oga.

BRAw vsws = {C € Q : there is some ¢ € Ag A, v, With ((z) = ¢(z) for  (3.2.17)
all z € G\ A},
ARA v vaws = {C € Q: all vertices in A are warm, all edges e € A\ P are  (3.2.18)

closed and all edges e € P are open}.

Note that since A%, C BRrAw v We have vr(BrA v wmws) > 0. Moreover,

v2,V3

BRA v, 0s0s depends only on the edges and vertices of G \ A and Ag A v, .00, depends

only on the edges and vertices of A.

Suppose ¢ € BR A vy w203 VAR Ay 00,05, then we can find ¢ in A%y, o, . With C(x) =((x)
for all z € G\ A. Now since ( contains three disjoint infinite clusters C7, Cs, C3 meeting
v1, U9, V3, and because vy, v9, v3 are joined to 0 by open paths in 5 , then f must contain
an infinite cluster C' with a trifurcation point at 0. This means As O BRrA v g0 N

ARyA7U1,v2,v3’ and so

V’T(AQ) Z VT(AR,A,Ul,vg,vg|BR,A,U1,U2,1)3) X VT(BR,A,m,UQ,vg)'
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Therefore to prove the claim it suffices to show that v7(Ag A v, vs/Cc\a) > 0 for each
feasible configuration (g\a. To do this we again switch to working with the product space

(I, A). Using our measure preserving function ¢ : (IL, A) — (Q x [0, 0o, v+) we have

V$’<AR,A,U1,UQ,U3 ’CG\A) = A((ﬁ’;‘l (AR,A,vl,vg,vg) ‘¢’;’1 (CG\A))

Define Ug, , to be the set of (tz)zec for which there exists (s;)zeq € ¢}1(C) with t, = s,
for all z € G\ A, and let

UCAG\A = Ucg\a N{(82) 18y > T for all v € A} N {(s;) : se < T for all e in P}
N{(sz):se >T foralle € A\ P}.

Using Lemma 3.2.17 and Lemma 3.2.18 we can check that UCAG\A C A7 (AR A w1 aws) N

Ucg\a» and so we can estimate V7 (AR A v 00,05 [Ca\a) as follows.

VT (AR A m0s]Ca\a) = AOT (AR A1 0005) |07 (Cara))
> A(U?G\AWgG\A)

= (e7oT)AWl 5 (e T)IPl 5 (1 — e T)IANENPT 5 . (3.2.19)

Thus we can conclude that vr(Ag) > 0. O

As both v7(N(¢) € {2,3,...}) > 0 and v7(IN(¢) = o0) > 0 lead to a contradiction, we
must have N({) € {0, 1} vr—almost surely. O

In Definition 3.2.11 we freeze each of the infinite clusters present some time 7;. However,
since we have shown that a warm infinite cluster is necessarily unique, then freezing all
warm infinite clusters at T; will result in at most one infinite cluster freezing. Therefore
we let Xoo 1, Xoo2, ... be a sequence of independent Exp(«) random variables, set T; =
22:1 Xeoj fori=1,2,... denote T = {T1,T5,...}, and then define p = v7.

It is easy to see that the process corresponding to u satisfies the transition rates (3.2.3)
of Definition 3.2.1. Indeed each warm edge e will be contained in G,, for n sufficiently
large, and so will open at rate 1. Likewise each warm cluster C' is either finite and thus
an interior cluster of some G, meaning it freezes at rate « or it is infinite meaning its
freezing is controlled by some X, ; — again at rate o. We shall now conclude the proof
of Theorem 3.1.1 by showing that the measure p corresponds to PCF on G in the sense

of local limits.
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Theorem 3.2.20. Fiz o > 0 and let G be an amenable vertex transitive graph. Then if
A C G, C Gy C.. (each G, finite) is an exhaustion of G with PCF measures iy, fia, . . .
then pin|a — pla as n — oo. Thus p, — p in the sense of local limits. Here .|z

denotes the restriction of a measure to the subgraph A and p = vy is as defined above.

Proof. Since € is a product of discrete spaces and thus compact the obvious approach is to
use Prokhorov’s Theorem to extract a convergent subsequence (p,, )k>1, let p* = kh_)Iglo oy,
and compare p*|a to p|a. However, since p* depends on the subsequence (ng)i>1 the
is no a priori reason why this limit should be unique. We get around this problem by
constructing a third measure i with g <y p* for all (ng)r>;. By showing that in fact

it = p* we can then complete the proof by using features of both p* and i to compare

(¥ |a with pa.

Given (s;)zeq € II and a finite subgraph H C G, Algorithm 3.2.3 gives us a function
Y taking (s;)zec to a PCF process on H, (nfy)ico,c] say. We now define Y, to be the
infimum of ¥y taken over all finite H with G,, C H C G. Therefore

~ 1 if niy(e) =1 for all finite H D G,,
Va, ((82)zea) (€) = { (©) : (3.2.20)

0 otherwise

w if niy(v) = w for all finite H D G,

3.2.21
f otherwise ( )

Ve, ((s2)rea) (v) = {

If we write Yq, ((s2)rec) = (il )iclo.0o) then it is clear that i, < n& for all . Moreover
if G,, € G, then since {H : G,, C H finite} O {H : G,, C H finite} we see that
Mg, < g, for all t. Because of this monotonicity (7g )icjo,0c) Must converge to some
process (77')ic(o,00) s n — 00. Therefore if we define fig, o to be the measure associated
with (7 ) and fi to be the measure associated with (1), then we see that the measures

[G, o converge to fi.

It is easy to see from the construction that the limit i does not depend on G; C G, C .. .|

and that £ is translation invariant. This is because for each e € £ we have that

i'(e) =0 < for all n there exists a finite H O G,, such that ni;(e)

0
& for all n there exists a finite H O H,, such that n(e) =0

)

where H; C H, C ... is any other exhaustion of G with H,, finite for all n. Likewise 7' (v)
does not depend on the exhaustion for each v € V. To see that translation invariance

also holds let H,, = f(G,,) where f is any isomorphism of G and follow the argument of
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(3.2.7). Since [ is translation invariant the proof of Proposition 3.2.13 applies to fi and so
we see that for all ¢ any warm infinite cluster of 7' is unique almost surely. Therefore by
keeping (s;)zec € II fixed we can use (77')tejo] to define a coupled sequence of random

freezing times 0 < T} < Ty < ... as follows.

Definition 3.2.21 (Coupled freezing times). Let (s,).ec € II be fixed and suppose
(7")tefo,00] is as defined above. For each time ¢ let £(¢) = inf{k : vy is in a warm infinite

cluster of 7'} with the convention that £(¢) is infinite if no warm infinite cluster exists at

t. Now suppose X1, X0 2, ... are independent Exp(«) random variables and define
| = ! (Xoon) . (3.2.22)
inf{t : s,,,, =t} otherwise

Observe that if £(X; o) < oo then Vg(x,,.) Must have joined the infinite cluster at time
t < Xio Moreover because vyx, ) must have been warm at ¢ then Svppy >t (and
Suyy — t ~ Exp(a)). Therefore {t : s,,, =t} # () and so the memoryless property tells
us that T ~ Exp(«).

T5,Ts, ... are now defined inductively. Suppose we have defined 71, ..., T}, then define

Ti 4+ Xo s if 0T + Xooir1) =
j+1:{ ’ o it ¢T; a+1) =00 , (3.2.23)

inf{t : s,,,, =t} otherwise

and note that we again have 7, — T; ~ Exp(«) from the memoryless property.

Now consider the warm PCF process (¢")icjo,q] = ¢((S2)zec), and let 7 = inf{t : ¢’
contains an infinite cluster}. If T3 = s, for some v, then 7} > 7 and v is in an infinite
cluster of . Lemma 3.2.8 tells us that 77 < ¢ and so v must also be in an infinite cluster
of of ¢ (which can not freeze). Therefore conditioning on (') gives no further information

about s,. Thus the law of T} given (n") is

P(Ty € .|(n") = P(T1 € . |(0'); Xooq < T) X P(Xoo1 < 7|(0"))
+P(Ty € .|(n"); Xooq > 7) x P(Xoo1 > 7|(0"))

= ]P(Xoo,l €. |Xoo,1 < T) X ]P<Xoo,1 < T) (3224)
+P(sy € .5y >7) X P(Xoo1 > 7)
= P(XOO,I €. )7

and so T} is independent of (7).
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Claim 3.2.22. Fort € [0,T}) we have 7" = (".

Proof. Consider the corresponding processes on G,. Lemma 3.2.7 and Lemma 3.2.8
combine to tell us that if C' is an interior cluster of ¢! then C' is also an interior cluster
of (§; for all finite H O G,,, and so C' must also be a cluster of 7. Since G, — G we
must therefore have that if C' is a finite cluster of (* then C is also a finite cluster of 7.
Conversely if C' is an interior cluster of 7/, then C' is also an interior cluster of n!, and (’.

Therefore any finite cluster of 7' is also a finite cluster of ¢*.

Now suppose some edge e € £ has 7j'(e) # ('(e), then e must be in an infinite cluster of
¢" with ¢*(e) = 1 and 7f(e) = 0. Since (*(e) = 1 we must have s, < t, therefore there is
some time s < s, such that if e = v;v; then either v; or v; has frozen in 7° but not in ¢*.
Suppose it is v;, then because we know that the finite clusters of 7° and (® are equal we
must then have v; in an infinite cluster of 77°. However, this is impossible since no infinite

cluster freezes in either model before time Ty. Thus 7' = ¢* for all ¢t € [0,T7). O

We now consider (G}l)te[o,oo} = o1, ((S2)zec). We know that C;ﬂlf = ph

Ty

, and so because
any infinite cluster of 7 freezes at 77 then we also have C;‘Cll =1 By following the
argument above and considering only the edges and vertices in G\ {frozen infinite cluster}
we can extend this to 7 = ¢}, for all t € [0,75). Moreover since Ty = T} + X5 0r Th = s,
for some v in a warm infinite cluster of (7,, we can repeat the argument of (3.2.24) to see

that T; is independent of (¢f,).

By iterating we have that (7, o =7 for all ¢ € [0, T}1). Furthermore 7} is independent
of (¢f,..z,) for all j > k. Therefore if we set 7 = {0 < 71 < Ty < ...} with the T}
defined by Definition 3.2.21 then 7" = ¢4 for all ¢t. Because 7 has independent Exp(«)

increments and is independent of 7', then the law of (% must be p, and so i = p*.

It now only remains to compare p|a and p*|ao. We do this by showing that for the coupled
processes (n},) and (¢%) we have n}|a = (4|a for all ¢ and all n sufficiently large. If this

is true then it also follows that p,|a — p|a as required.

Suppose some edge or vertex € A is in a finite cluster of (7°, then z is in some interior
cluster of ¢2° for n sufficiently large and so by Lemma 3.2.8 we know that 7! (z) = (5-(z)
for all ¢t and all n sufficiently large. Now suppose instead that x € A is in an infinite
cluster of 7> = (%°, and that this infinite cluster froze at time Tj. Let v = vy7,) then
at time T}, — there must have been some warm path from z to v in 7%+, and so for n

sufficiently large this path must also be present in ﬁg’“ and ng’; > ﬁg’; . Since ng’: < C;‘ZF’%—
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we know that 7,, does not have z joined to a vertex of higher priority than v, and thus x
will freeze in 7, at time Tj. Since the state of an edge e is determined only by s. and the
freezing times of the adjacent vertices we must again have n,(z) = (%-(x) for all ¢ and all
n sufficiently large. Therefore, since A is finite, when n is sufficiently large we must have
nh(z) = ¢&(x) for all t € [0,00] and = € A. This completes the proofs of Theorem 3.2.20
and Theorem 3.1.1. O

3.2.4 PCF on a infinite tree

We have shown that there is an infinite volume PCF process on every amenable vertex
transitive graph G. The theorem below now tells us that an infinite volume PCF process
also exist on any countably infinite tree T. Whether or not the PCF process can be

defined on any graph remains open — see Section 3.1.4.

Theorem 3.2.23. For every countable tree T = (V, &), and every fized rate of freezing

a > 0, there exists an infinite volume PCFE process on T. This induces the PCF measure
pr.a on {0, 1}€.

Proof. Given a (countably) infinite tree, T = (V, ), we can assign some vertex vy € V to
be the root. It is then possible to label the remaining vertices V\{vo} = {v1, vo, ...} in such
a way that for each v; the unique path from vy, vov;, ... v;,v; say, has i1 < ... <, < J.
Suppose we have such a labelling and let vy € Gy C Gy C ... be an exhaustion of T with

each G,, connected and finite.

By now assigning independent Exp(«) random variables X, to each v € V and inde-
pendent Exp(1) random variables X, to each e € £, we can use the coupling of Defini-
tion 3.2.6 to construct coupled processes on each of the G, — (nfl)te[opo] with measures
fina = (Hh o t € [0,00]) say. Now given n, the opening of any edge e = v;v; € Gy, is
determined only by X, and the states of v; and v;. Moreover, the state of a vertex v € G,
is determined by the X, — where v’ is the vertex of highest priority in the cluster contain-
ing v. Note that our choice of enumeration means we must have v’ € {vp, v;,,...,v;,v}
and so we need only know that states of the edges vyv;,, v, vi,, ..., v;,v. Since all of these
edges and vertices must be in G,, then if we consider PCF on G,, 2 G,, for some m > n,

then transitions of each of the edges and vertices of G,, remain unchanged. Therefore

we see that nf, |, = 7t for all ¢, and S0 fim |G, = Hna, Implying that u, . converges as

n — o0o. The limit, yi7 4, is the infinite volume rate oo PCF measure on T. U
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3.3 Proof of Proposition 3.1.3

On the cubic lattice Z? = (V, €) we say a vertex v € V is x-open in the PCF model if at
least one of its incident edges is open, otherwise we say that v is x-closed. Observe that if
a PCF configuration 7 contains an infinite cluster of open edges then it must also contain

an infinite x-open cluster of vertices.

Now consider the site percolation model on Z? (where vertices are open with probability
p and closed with probability 1 — p independently of each other). It is well know that
there exists a critical value 0 < p** < 1 such that if p < pS* then all open clusters are
almost surely finite — see e.g. [Gri99] for details. Therefore to prove Proposition 3.1.3 it
suffices to show that when o > 0 is sufficiently large the PCF measure of x-open vertices
is stochastically dominated by some site percolation measure P, with p < p&i*. This will

be a consequence of the lemma below.

Lemma 3.3.1. Set d > 2, and consider rate « PCF on Z¢. Let v € V, and A be any

event which is measurable with respect to the x-configuration of V' \ {v}, then
(v is % -open] A) < f(0),
where f(a) — 0 as a — 0.

Proof. We use a coupling argument. To each vertex v € V we associate an independent
Exp(a) random variable X, and 2d independent I'(3,1) random variables (V1 ...V} 24).
Now at each edge e = vjvy € & choose unique Y, ; and Y, ; from v; and v, and set
X =Y, ; +Y,,;. Note that since X, is the sum of two independent F(%, 1) random
variables we have X, ~ Exp(1). We can now use these random variables to drive PCF on
7% (as in Algorithm 3.2.3).

Now a vertex v is *-open in the PCF model only if an adjoining edge opens before v

freezes. For this we require
X, > min{X, : e is adjacent to v} > min{Y,;...Y, 24}
Therefore we are done by setting

fala) =P(X, >min{Y,1...Y,2i}) — 0 as o — oo. O
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Now if we set a* = sup{a : fi(o) > p.(d)} then for @ > a* the measure of x-open
vertices is stochastically dominated by P, with p < p. and so all the clusters in the PCF
configuration 7 on Z< are finite almost surely.

site

site > (), and Z< having maximum degree

Observe that this proof only relies on Z¢ having p
2d < oo. Therefore this proof allows Proposition 3.1.3 to be extended to any amenable

vertex transitive graph L¢ where the degree of every vertex is bounded by some A < oco.

Remark 3.3.2. For d = 2 we have pS*™ ~ (.59 and so a back of the envelope calculation
gives a* ~ 20. This upper bound for «. far exceeds the estimate of a. ~ 0.55 found in
Section 3.5.
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3.4 The results on a tree

This section begins with a restatement of Theorem 3.1.4 in greater generality.

Theorem 3.4.1. Let a > 0 be fized and consider a rate o« PCF process on the rooted
d-ary tree Ty — with measure pr, . Let Ay be the event that the root cluster has size k
(k vertices) in the final distribution. Then

o if a <d—1 we have pr,o(Ar) ~ Cya k™2, for some fized constant Cy,.

o [fa=d—1 we have pr,.(Ax) ~ Cq k_(Q_ﬁ), for some fixed constant Cy.

o I[fa>d—1 then ur,.(Ax) decays exponentially in k.

Before embarking upon the proof of Theorem 3.4.1 we remark that this result is also valid
for unrooted d-ary trees. Moreover, with only minor modifications to the proof, one can

show that the result can be extended to any tree T where the limit
d= lim {/|0A4|
n—oo

exists. Here |0OA,| gives the number of vertices at distance n from the root. In this case

the d plays the same role as in Theorem 3.4.1.

3.4.1 Time rescaling

As mentioned in Section 3.1, our understanding of PCF on the tree comes through viewing

it as time rescaled percolation. The following proposition makes sense of this.

Proposition 3.4.2. Suppose we have a rate @ PCF process on a tree T. Let W,(t) be
the event that n(v) = w — i.e. that the vertex v is still warm at time t. Suppose C is any

finite connected component containing v, then if we condition on W,(t) the probabilities
of {Cu(ne) € C} and {Cy(n:) = C} are given by

pro({Co(m) € CHW,L(1) = p!), (3.4.1)
and ity ,({C, () = CHW,(8)) = plI(1 — p)°°. (3.4.2)

Where
po oo (3.4.3)

1+«
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Proof. Label the edges of C, ey, ez, ..., €| in such a way that the labels of any path away
from v are increasing. Then (using ‘¢ = vw warm’ to mean both v and w are warm) we

get

pra ({Co(me) € CHW(t)) = pip o (€1 open at t|v warm)

X fup o (€2 Open at t|v, e; warm)

X eee X ,ufr’a (e|c| open at t|v,ey,...,ec1-1 Warm) ,
and
pra ({Colme) = CH W) = pip o (Colne) € C)
X iy o, (boundary edges closed | C,(n;) warm) .
Our choice of labelling means that if v is warm at ¢ and e;,...,e;_; are open then the

end of e; closest to v must also be warm at time ¢. Thus

t
pir. (€5 open at t|v,e1,...,e;_; warm) = pig ,

. ( e; opens before ¢ and before >

its other end freezes

t
:/ e e *ds
0

1— e—(1+a)t

Since we are working on a tree each of the boundary edges is independent and so we get

pirp o (boundary closed | Cy () warm) = iy, (boundary edge closed | Cy () warm)1?°!
where
1 — ef(].‘i*Oé)t o+ ef(l+a)t
. (bound dge closed | C,, =1- = . (345
pi o, (boundary edge closed | C,(1;) warm) T+ a T+ a ( )
The result then follows. 0

To understand the sense in which Proposition 3.4.2 gives a time rescaling, observe that if
a = 0 then we have a bond percolation process where edges open independently at rate
1. Let P, denote the measure of this process. In this case the probability that a given

edge is open at time 7 is P, (e open at 7) = 1 — e~ 7. Comparing this with (3.4.3) we see
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that
pp o ({Co(ne) € CHWL(1) = P-({Cy(1) € C}),
and  pip o ({Cu(ne) = CHW,(t)) = P-({Cu(7) = C}),
where
7= —log <O‘+%(:a)t> . (3.4.6)

Note that the distribution of infinite components is entirely determined by the events
Cy(n:) C C for finite C. Therefore the time rescaling of Proposition 3.4.2 applies equally
to finite and infinite clusters. Because there is always a positive probability that a given
cluster C,(n;) is warm, we deduce from the proposition that running PCF on T to time ¢
yields infinite clusters if and only if the bond percolation on T yields infinite clusters at

time 7 (where 7 is given by (3.4.6)).

Remark 3.4.3. In [BNKO5a] and [BNKO5b], Ben-Naim and Krapivsky work on the
complete graph K,,, opening edges at a rate — and allowing vertices to freeze at rate a.
n
By using a Smoluchowski equation they obtain a result which is similar to Proposition
3.4.2 for the n — oo limit. Indeed, in this setting it is shown that — conditionally on
a cluster being warm — a cluster’s size at time t is equal in distribution to that of a
percolation cluster at time
1 —e ot
T=—.
o
In fact it is possible for us to deduce this result from Proposition 3.4.2. We start with the
fact that for large n small clusters are cycle free with high probability, and therefore for
0 <t < 1 they grow in the same way as cluster on an n-ary tree. See [Dur07, Chapter 2]

for details. Now because we are opening edges on K,, at rate —, we need to rescale time
n

t
to — and the rate of freezing to na. Putting this in equation (3.4.3) we get
n

1— e—(l-i—na)% 1— e o
T=Nnp=n — as n — Q.
1+ na o

Therefore we see that for finite clusters, mean field PCF can be thought of as the limiting

case of PCF on a n-ary tree as n —» oc.



Percolation with constant freezing 73

3.4.2 The critical phenomenon

Consider an infinite tree T with a distinguished vertex v, suppose also that T satisfies
the exponential volume growth property

d = liminf {/|I"(v)| > 1, (3.4.7)

n—o0

where |[I'™(v)]| is the number of vertices at distance n from v. Then if we run percolation
(without freezing) on T until time 7, there is a strictly positive probability that C,(7) is
infinite (P, ({|C,(7)| = oco}) > 0) if and only if

1
P(eopenat 1) =1—e " > 7

This follows from considering C,,(7) as having grown from a branching process. For details
see e.g. Section 2.1 of [Dur07]. By combining this with the time rescaling of Section 3.4.1

we can prove the following.

Proposition 3.4.4. Consider rate « PCF running on an infinite tree T with distinguished
vertex v. Suppose T has growth rate d = liminf {/|I'™(v)| > 1. Then the critical rate of
n—o0

freezing for the existence of infinite clusters is a. = d — 1. That is

=0 fora>a.

. (3.4.8)
>0 fora< ae

pr.o({|Co(00)] = o0}) {

Moreover, in the case a < «., the critical time for the emergence of infinite clusters is

= e () (3.49)

T 1ta 1+ o

Proof. From Proposition 3.4.2 we know that if we condition on W,(¢), then the dis-
tribution of the structure of C,(t) is equal to that of percolation cluster where edges
are open with probability p = H% (1 —e 1) Let Py({|C,| = o0}) be the prob-
ability that the cluster containing v is infinite in the percolation model. Then given
a<a.=d—1forall t >t. we have p > é, implying P,({|C,| = oo}) > 0. Therefore,

since g, (Wy(t)) = e > 0 for all ¢, we get

0 < piip o (W (1)) x Pp({|Cy] = 00}) < pp o ({|Cu(mi)| = 00}) < pira({ICu] = 00}).
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1
However, if t < t., then p < p and thus pfg ,({|Co(n:)] = 0o}) < Pp({|C] = oo}) = 0.

Hence the time . is critical.

Conversely suppose a > a,. If (), is infinite in the final distribution, then there must be

some finite time ¢ at which C,(7;) is infinite. But

pro({ICu(m)| = 0o}) < Po({|Cy] = oo}) = 0, (3.4.10)

for all ¢, and so pro({|Cy| = 00}) = 0. O

From now on we shall restrict our focus to d-ary trees T4. Observe that a d-ary tree has
IT"(v)| = (d+ 1)d™ !, and a rooted d-ary tree has [I"™(v)| = (d + 1)d"!. Thus they both

have exponential growth at rate d.

Corollary 3.4.5. Suppose we run rate o« PCF on the (possibly rooted) d-ary tree Ty.
Then

o if a < d—1, then at time t > t. =

d
log< ), T, will contain infinite

1+« 1+ o

components almost surely.

e if a>d—1, then Ty will have no infinite component with probability 1.

3.4.3 The final distribution — proof of Theorem 3.4.1

Heuristically, the reason that we have clusters of algebraic size in the super-critical regime

is because our system must pass though a critical time

1 d
te = log < ) , (3.4.11)

1+« 1+«

at which large clusters exist, but have not yet merged to become infinite. Some of these
large clusters can then freeze at or near this critical time leaving us with large finite clusters
in the final distribution. However, the process is only sufficiently close to this critical
time for a short period, meaning that there are fewer large clusters. Consequentially the
exponent of the cluster sizes is larger than the value of 2 we see for clusters in critical

bond percolation.

In the case of critical PCF the system spends a much more significant amount of time

approaching criticality, but the clusters never become infinite. Therefore there are more
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large clusters to freeze, thus explaining why we have a lower exponent than in the super-
critical case. To see why the exponent should depend on the dimension we look at the

time rescaling of equation (3.4.6), and the rate at which it reaches its maximum value

1 1— e—(l—i—oz)t e—(1+a)t

T 1+a l+a  l1+a

Tmax — T

Noting that d = 1 + a, we see that the degree has a dramatic difference on the rate at
which the system approach criticality, and therefore it is not surprising that the algebraic

exponent depends on the dimension.

We can now prove Theorem 3.4.1 by calculating the probabilities pr, o(Ag) explicitly. To
do this we integrate the probability ug ,({Cy(n,) = C}|W,(t)) with respect to ae™*'dt.

Here ae™dt is the probability measure of the freezing time of v. Thus we get

pra({Cu(o0) = C}) = / " e ({Cu(m) = O} | W (1)) aedt

= / P91 — )% aetdt,
0

where p = (1 + e*(Ha)t). By rewriting this as an integral in terms of p, and then

1+ o
making the substitution p = (1 4+ «)p we get

pir,a({Cy(00) = C}) = a/OMp'C(l — )P (1 = (1 + )p) ™= dp (3.4.12)

1 5\ 5\ e L dp
= 1- 1—p) i+e . (3413
a/o <1+a) < 1—|—a) (1=p) I1+a ( )

Finally, we recall Euler’s hypergeometric transform

L ga= (1 — s)e7o! 2 (a)n(b), 2" a,b
[ e S

(3.4.14)

C

Here (a), denote the (rising) Pochhammer symbol, (a), = a-(a+1)-(a+2)-...-(a+n—1),
and o F denotes the hypergeometic function. Using this (3.4.13) becomes

o} 1
1+ a1+l

ICl+1,-]0C] 1

!CH?I—& "1+«

pir.a({Co(00) = C}) = : (3.4.15)

Observe also that the probability pro({Cy(c0) € C}) can also be calculated using the
same formulae by setting |0C| = 0. Whilst it is nice to have a closed form for pr o({C, =

C'}) — equation (3.4.15) — the hypergeometric function o F; can often prove impenetrable,
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and so for practical purposes we shall use (3.4.12).

To give explicit results on the rooted d-ary tree T; we shall need the following two lemmas.
We have chosen to focus on the rooted tree in order to simplify calculations (especially
Lemma 3.4.7). However, the corresponding results for the unrooted case prove to be very

similar, and the main result of this section, Theorem 3.4.1, holds for both cases.

Lemma 3.4.6. Consider the rooted d-ary tree. Suppose C C Ty is a connected component
of size k —i.e. with k vertices. Then |C| =k —1 and |0C| = (d — 1)k + 1, and thus

1

p1r4,0({Cy(00) = C}) = a/OM P L= p) R (1 — (14 a)p) Tedp. (3.4.16)

Lemma 3.4.7. The number of trees on k vertices which are rooted sub-graphs of the d-ary

1/ dk
Ni= - :
F k:(k:—l)

The proofs of these lemmas are mainly combinatorial. For details see e.g. [Kla70].

tree Ty is given by

Proof. We can now give a formal proof of Theorem 3.4.1. Throughout this proof we shall
use Cy 4, Cq and C, to represent constants whose values can change from line to line. It is

possible to calculate their values explicitly, but not enlightening to do so. Using Stirling’s

1/ dk a4 "1
d—— ~ —_— -
N{ = k<k_1) Cd((d—l)d—1> T (3.4.17)

Therefore by combining equations (3.4.16) and (3.4.17) we get

formula one can show

ol

1/ dk T, ~ 1
piry0(Ar) = —<k )a/ PN = p) IR (1 — (14 a)p) T dp
0

k -1
~ Od’ak%/om N (2)go(z) do (3.4.18)
dd — d
where {2) = =l =0 gale) =

Observe now that f(z) is positive on [0, 1], and attains a unique maximal value of 1 at

x = <. We also note that g, is integrable on [0, 1] (for @ > 0) and is continuous everywhere

1
except r = oo We can now consider the different cases.
o
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a>d—1: Bounding f(z) by its supremum we have
1
L [re k-1
:qu,oz(Ak) 5 Cd,a_g sup f (I)ga(ﬂf) da
k2 J0 sefo.]

k—1
1

1 iy
= Cia—g sup f(z) ’ go(z) dz, (3.4.19)
R \welo. k] 0

which decays exponentially in k since sup{f(z) : 0 <z < =} < 1.

a < d—1: Because the singularity of g,(x) occurs at x = HLQ and not at the maximum
of f*=1(z) then it is relatively easy to verify that

[/01 (@) de+ O (%)1 .

This integral can now be evaluated explicitly in terms of the Beta function as

1
HT .0 (Ak) ~ Cd,ak_g

2

de ol 1
d_l) B(k,(d— 1)k —d+2) ~ Cdk_l' (3.4.20)

[ 1= (e

From which the result follows.
In this case the singularity of g, coincides with the maximum of f, and so

a=d—1:
its contribution becomes significant. By expanding f about x = é we get

f0)=1- 5t -+ 0 (- 3)") = Fo 0 (- 1)) a2

Therefore
! /j fk‘l(:c)—<(1 —9 4t 0 (%)]

ki 1—dx)5

1 1 !  dy 1
=Cy|— 1+(9<—))/ 1—yk_1y_2d—+(’)(—)} 3.4.22

(1o (F)) [a-ww i Leo(p)] @z
Where the second line follows from setting y = 1 — f(x) and approximating (1 — z)? by
(1 — é) — its value at x = é. The integral can then be calculated explicitly as
!  dy 11 1
Ly ly 3 L B (ks — o) ~ Gt
/0( vy NG ( 2 2d> T3

prga(Ag) ~ Cy

M

and so the result follows.
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3.5 Simulations of PCF on Z2

Using Algorithm 3.2.3 we can write a fairly efficient program to simulate PCF on a finite
graph. In this section we use Monte Carlo simulations of PCF on an n by m square grid
in order to give us insight into PCF on Z2 We begin by using simulations to estimate

the critical value a.

3.5.1 Estimating «.

It is known (e.g. see [Gri99]) that for bond percolation on an n by n + 1 square grid, the
probability that there exists a left-right crossing, C'p g, satisfies

1

_ 1
= forp=p=1}
P,(CLr) mo forp<pC:%
—1 forp>pc=%

n—oo

Therefore, the existence of a left—right crossing of a n by n + 1 grid would seem to be
a reasonable indicator for the existence of an infinite component for PCF on Z2. Figure
3.5.1 shows a Monte Carlo simulation of how the probability of a left-right crossing varies
with « for various values of n. We focus on values of o between 0.45 and 0.65 since this

is where the transition between sub-critical and super-critical PCF occurs.

Observe that for each n, we get yio(Crr) = 5 when o = 0.55, and therefore o, ~ 0.55
would seem to be a reasonable estimate for the critical rate of freezing on Z2. Moreover,
we see that as n increases the transition becomes sharper — i.e. changes in « have a

greater effect on the existence of a left-right crossing, as we would expect.

3.5.2 The cluster size distribution

It is known (for a reference see e.g. [Gri99]) that in sub-critical bond percolation on Z¢
the distribution of the size of the clusters decays exponentially, and in super-critical bond

percolation on Z¢ the size of the finite clusters decays sub-exponentially. This means to
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—n=128
—n =256
0.9 —n=512
—n=1024

Figure 3.5.1: Monte Carlo simulations for the probability of a left-right crossing of a n by
n + 1 square grid when n = 128, 256, 512 and 1024. For each n at least 2500 simulations
have been used for each data point.

say that for 0 < p < p. or p. < p < 1 there exits a A(p) > 0 such that

e APk if p < pe

P,{|Col = k}) < - .
W({ICo] = k) {ewd; I

Thus it is only at criticality, p = p., that large finite clusters are likely to exist. In this

case it is believed that
P, ({|Col = k}) < k),

for some constant (d) which depends only on the dimension. It is thought that in 2
dimensions the exponent is v(2) = 2 ~ 1.055, and that v(d) attains a mean field value
of 3 for dimension d > 6 (see [Gril0]).

A similar result is true for bond percolation on a d-ary tree where

< e M0k for p £ p,

P, ({|Col = k}){

= k3 for p = p. '

However, as we discovered in Section 3.4, running PCF on a d-ary tree results in somewhat
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different behaviour, and we have a power law distribution for the cluster size in both the

critical and super-critical regimes. Indeed Theorem 3.4.1 tells us that

< e MYk for o > a
prga({|Col = k}) ¢ = - (221) for o= Qe

= k2 for o < a,
also demonstrating that the exponents in the critical and super-critical regimes differ.

This happens because in a super-critical regime the process must pass through some
critical time t. (depending on o < «.) at which an infinite cluster will first appear.
Since it is possible for large clusters to freeze at this time rather than merge into an
infinite cluster we are left with large clusters in our final distribution. We account for
the larger exponent in the super-critical case from the fact that the process only briefly
passes through criticality, whereas for a = .. the length of time the process spends near
criticality is much more significant, and so more large finite clusters will freeze. Super-
critical PCF on Z? must also pass through a critical time, and therefore it seems reasonable

to expect that PCF on Z¢ will behave in a similar way.

In the case of Z?, the shape of the super-critical cluster of Figure 3.1.3 (with its large
voids) goes some way to showing that super-critical PCF contains large finite clusters,
and so we investigate this further using Monte Carlo simulations on a finite square grid.

Figure 3.5.2 presents our results as a log—log histogram.

The curves for @« = 1.00 and a = 0.70 correspond to sub-critical PCF, o = 0.55 cor-
responds to near critical PCF, and the values a = 0.40 and o = 0.20 correspond to
super-critical PCF. Thus we see strong numerical evidence that the cluster size distribu-

tion of PCF on Z? behaves in a similar way to that of PCF on a d-ary tree:

e The plots for a = 1.00 and o = 0.70 both curve downwards corresponding to
exponential decay in the size of the components. Moreover this rate of decay is

faster when the rate of freezing is faster as we would expect.

e The log-log plot for the near-critical a = 0.55 appears to give a straight line, sug-
gesting that the component size has a power law distribution. Also note that the
gradient is slightly less than —1 and thus the exponent for . ({|Co| = k}) is slightly

larger than 1 — as is also the case in bond percolation.

e The plots for a = 0.20 and a = 0.40 also follow straight lines, demonstrating that

the cluster size in the super-critical case also obeys a power law distribution. We
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Figure 3.5.2: Histogram plot with log—log axis of the cluster size distribution when running
PCF on a 1024 by 1024 square grid at rates a = 0.20, 0.40, 0.55, 0.70 and 1.00. Note that
the data has been compiled from 1000 simulations for each value of «, and the widths of
the bars are set so that each represents at least 100 clusters.

notice further that the lines for o = 0.20 and a = 0.40 appear to have almost the
same gradient as each other, but are both slightly steeper than in the near-critical
regime. This suggests that we again have a larger exponent for pu,({|Co| = k}) in

the super-critical regime than at criticality.

We now recall that the decay exponent of PCF on a d-ary tree at criticality is 2 — 2_1d’
since this depends on the dimension and is never constant for finite d it therefore seems
reasonable to assume that critical PCF on Z¢ will never reach a mean-field value. However,
in the super-critical regime we still have a fixed exponent (of 2) on a tree, and therefore
we would expect that in sufficiently large dimension super-critical PCF on Z¢ will also
exhibit mean field behaviour. Our observations therefore lead us to make the following

conjecture.

Conjecture 3.5.1. Suppose we run PCF on Z% and let Cy be the cluster containing the

origin in the final distribution, then its size obeys

< e Maedk - for o > o
pzao({|Col = k}) § =<k fora=a, .

= k() for a < a,
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Where v(d) never attains a mean field value but satisfies y(d) < §(d) < 2 for all d, and 6
is such that §(d) = 2 for d sufficiently large.
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Chapter 4

A universal exponent for Brownian

entropic repulsion

In this chapter we investigate the extent to which the phenomenon of Brownian entropic
repulsion is universal. Consider a Brownian motion conditioned on the event £ — that its
local time is bounded everywhere by 1. This event has probability zero and so must be
approximated by events of positive probability. We prove that several natural quantities,
in particular the speed of the process, are highly sensitive to the approximation procedure,
and hence are not universal. However, we also propose an exponent x — which measures
the strength of the entropic repulsion by evaluating the probability that a particular
point comes close to violating the condition £. We show that x = 3 for several natural
approximations of £, and conjecture that x = 3 is universal in a sense that we make

precise.

This chapter is based on work appearing in [Mot14a).
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4.1 Introduction

Suppose (W;):>o is a Brownian motion conditioned to have bounded local time, L,(t) <1
for all x € R and all ¢ > 0 say. Under this conditioning W; has a self avoiding nature, and
so intuitively one would expect W, to escape to infinity with positive speed. Moreover,
we would expect this speed to be at least equal to 1 since that is precisely what it means
to spend less than 1 unit of local time at a given level. Because it is relatively expensive
for a Brownian motion to have positive velocity we might expect the limiting speed to
be 1. However, since the local time of a Brownian motion can fluctuate wildly, the effect
of entropic repulsion comes into play, and so the easiest way for the process to meet the
global constraint L,(t) < 1 is for it to have an average local time which is significantly

less than 1. This means that the speed of the process must be strictly greater than 1.

In [BB10, Theorem 2| Benjamini and Berestycki make this argument precise in the fol-

lowing way. Set 7, = inf{t : W, > a}, and let

E={L,(t)<1lforalze Randallt <7,} ={L,(7) <1lforallze R}, (4.1.1)

a
then the conditioned Wiener measures W(-| &) converge weakly to a measure Q* as
a — 00. Moreover, (Q*-almost surely we have

lim 2 — o — % = 4.586... (4.1.2)

where jj is the first zero of the Bessel function of the first kind, Jy(z).

It is clear that [, &F = {L.(t) <1 for all = and t}. However, the event £ = {L,(t) <1
for all x € R and ¢t > 0} can be realised as a limit of events with positive W-probability in

a>0

many other ways. Indeed, one could argue that it is more natural to fix 7" and condition

on the events
ot = {L,(t)<1forallz € Rand allt < T} = {L,(T) <1forallz € R}. (4.1.3)
By doing this we also get (Vo &p = {L.(t) < 1 for all x and t} = £.

Conditionally on & we have W, = a > 0, and so W, — 400, Q*-almost surely.

However, when we condition on g} there is no preferred direction for W;. For simplicity
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we now restrict our attention to the case Wr > 0, and therefore we replace g} by
7 ={L.(T) <1forall z € R and Wy > 0}. (4.1.4)

Having done this we can now prove the following.

Theorem 4.1.1. The conditioned Wiener measures W (- | E}) converge weakly to a meas-

ure Q® as T — 00. Moreover, QQ®-almost surely we have
lim — = ~°, (4.1.5)

where 1 < v* < *.

Remark 4.1.2. By using symmetry we can reconstruct W(-| £%) from W(- | ;). There-

fore from Theorem 4.1.1 we can also deduce that the limit Q* = 7lim W(- | E) exists and
—00

W, N
that tlim Tt € {—*,7*} Q*-almost surely.
—00

Theorem 4.1.1 shows us that the limiting speed of the process is sensitive to the particular
way that we condition on €. Therefore it is clear that for a general set of events {&! },~o0,
with £ = (), £, no limiting process need exist. However, in Section 4.5 we shall suggest a
general framework where — provided v is not too small — it is possible to use stopping times
&N =¢£

to construct a sequence of events of positive probability, {£} }4~0, such that (),

and where the weak limit

Q" = lim W(-|&)) (4.1.6)

a— 00

exists. In each of theses cases we conjecture that tlim Tt = v in Q"-probability.
—00

A calculation of the speed v = tlgglo ? might perhaps seem like the most natural way
of measuring the entropic repulsion phenomenon. However, we see from Theorem 4.1.1
that the value of v is highly sensitive to the approximation of £ by events of positive
probability. Therefore, in order to find a more universal way of quantifying Brownian
entropic repulsion, we shall also consider how likely it is for L,(o0) = 711_{20 L.(T) — the

local time at level = — to be close to 1. We can then prove the following.

Theorem 4.1.3. There exists constants C* and C® such that

lim Q*(Ly(00) >1—¢) ~C** and lim Q*(L,(c0) >1—¢) ~ C%3 (4.1.7)

T—r00 T—r00

as e — 0.
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Similar behaviour is also present in the general framework of Section 4.5, and therefore

we conjecture that this is a universal property of Brownian entropic repulsion.

4.1.1 Measuring the entropic repulsion of the Gaussian free field

In [BDGO1] and [BDZ95] the authors consider the Gaussian free field, ¢, with a hard
wall at 0. It is shown that if the field is conditioned to be positive on some open set
D C (Z/NZ)%, then the value of the field on D is typically of order log N. This behaviour
occurs because of the effect of entropic repulsion. In fact the easiest way for the field to
satisfy the condition ¢, > 0 for all x € D is for the field to experience a global shift of a

size equal to the size of the largest fluctuations.

Since this paper shows that it is possible to measure the strength of Brownian entropic
repulsion by looking at how likely it is for L,(co) to be close to 1, we also ask if there is
anything similar that can be said for the Gaussian free field. In particular we pose the

following question.

Question 1. Can we find scaling functions f(/N) and g(/N) such that

—— P (¢, <eg(N)|¢p,>0forall z € D 4.1.8
V) (&y (V)] ) (4.1.8)
converges to a non-trivial function of € as N — o00? If so, then how does this function

behave as ¢ — 07

There is also a natural comparison between our work and the Brownian excursion. There-

fore we also ask the following.

Question 2. Let (B;)cp,1] be a standard Brownian excursion with law B, and suppose
that 0 < < 1 is fixed. What can we say about B(B, < ¢)7 In particular is there a
constant C, (depending on z) such that B(B, < €) ~ C,&® as ¢ —» 07 If so then how

does C, depend on x?

4.1.2 Outline of the chapter

Section 4.2 is devoted to preliminary lemmas. In particular we find integral forms for the
Donsker—Varadhan rate functions of BESQ? and BESQ® processes, and then use these to
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find unique minimising measures of the local time process. From these calculations it is

then possible to identify the limiting speed ~°.

Having done this preliminary work, the proofs of Theorem 4.1.1 and Theorem 4.1.3 are
then contained in Section 4.3 and Section 4.4 respectively. It is worth noting that, once
the limiting measure @@ has been constructed, the proof of Theorem 4.1.3 is relatively
simple. On the other hand, computing the limiting speed in Theorem 4.1.1 proves to be

a much more arduous task.

The chapter closes with a discussion of how our results could be extended to a more

general setting, see Section 4.5.
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4.2 Calculating the rate function for the occupation

measure of a square Bessel process

Recall that Theorem 2.3.3 tells us that the local time of a Brownian motion can be
described in terms of conditioned BESQ? and BESQ" processes. If (Y,),>o is such a

process then its occupation measure at time 7' is defined by

1 T
L((Y;),T, ) = f/o H{Yze'} dx

The Donsker—Varadhan Theorem, Theorem 2.4.1, gives us a powerful tool for estimating
the large deviations of the occupation measure in terms of a rate function I, see (2.4.2).
From now on we shall use Iy and I to denote the Donsker—Varadhan rate functions for
the occupation measures of BESQ? and BESQ? processes. We shall also use the abuse of
notation E(x) = [@du(x) to denote the expectation of the identity with respect to the

measure p. This section is then devoted to the proofs of the following three lemmas.

Lemma 4.2.1. There is a unique probability measure p* with support(p*) C [0, 1] which
minimises Io(p) over all measures p with support(u) C [0,1]. Furthermore, u* is such
that B(p*) = (7)™ = £(1 — 2j5°) < 1 and I(p*) = 353 > 0. Here jo denotes the first
zero of the Bessel function Jy.

Lemma 4.2.2. There is a unique probability measure p° with support(u®) C (0, 1] which
minimises E(u) " Io(n) over all measures p with support(u) C (0,1]. Furthermore, by
d [¢]
explicit calculation we can show that u° is defined by di = E—sin(mc)2 where 7 =
x x

1
1
/ —sin(mz)? dx; and that E(u°) ' Iy(p°) = 272,
0

Lemma 4.2.3. There is a unique probability measure p® with support(u®) C [0, 1] which
minimises E(u) ' Iy(n) over all measures p with support(u) C [0,1]. Furthermore, u®
satisfies E(u®) 1 (u®) < 272 and E(u*) < E(u®) < 1. Here p* is as defined by Lemma
/2.1

At this point we set v* = E(u®)™!, v* = E(p*) ! and T'* = E(u®) 'L (p*). We also make
the following definition.

Definition 4.2.4. Define J : [0, 1] — [0,00) U {co} by

J(a) = inf {I5(u) : support(p) C [0,1] and E(u) = a}. (4.2.1)
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The proofs of the three lemmas are mainly calculation, and therefore can be omitted in a

first reading of the chapter.

4.2.1 The rate function of BESQ? and BES(Q" processes

In order to prove Lemma 4.2.1, Lemma 4.2.2 and Lemma 4.2.3 we shall first use (2.4.5)
and (2.4.7) to find integral forms of I, and I. Since the square Bessel process of dimension

d satisfies (2.3.2) then its infinitesimal generator is given by

Laf(x) = %% <4x %) Fla)+ (d— 2)% (). (4.2.2)

When d = 2 then Ly is self-adjoint with respect to Lebesgue measure. Therefore we can

use (2.4.5) to write down the Donsker—Varadhan rate function I as

2 /
H\/ —Eg‘ K where j—/; exists and g = 3—/; € D, ' (4.2.3)

00, otherwise

I(p) =

Here D, denotes the domain of Ls. Since g € Dy implies that g(x) — 0 as x — 00, we
can integrate by parts to get

V=

‘z = (9, —Lag), = —% /Ooog(x)% (455%) g(z) de

_ /0 T o (%g(a;))z dz. (4.2.4)

However, when d = 0 then L is no longer self-adjoint and so we have to perform a change

of measure and use equation (2.4.7) in order to calculate the rate function. We have the

d
drift term b(x) = —2 and so solving b(z) = a(x)d—Q(x) gives
T

T2 1
Q(x) :/ v dy = —élogx—l—c.

1
Now set diyey = e2Q@)dgy = e =dz for x > 0. Note that it does not matter that we have

x
an unknown constant of integration since this cancels later. Suppose u is a probability
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/d
measure supported on (0, co) for which g = d_,u exists, we then have
x

du d,u dx dx B e
\/ durev \/ dx durev =9(®) Aftrev (#) = gl@)e™ V.

Therefore from (2.4.7) we get

H\/__thqum C—/O Az (d(;h(a:))gdx = /0002 (%\/59(93))2 de.

Hence if we write Dy for the domain of Ly then for each p supported on (0, 00) we have

© /d 2 du du
2 — dz, if == exists and g = /-~ € D
Io(p) = /0 (dxﬁg(m)> O gy G andy dr €70 . (4.25)

0, otherwise

Remark 4.2.5. Y, = 0 is an absorbing state for a BESQ? process and therefore we shall

only be interested in occupation measures supported on (0, 00).

4.2.2 Proof of Lemma 4.2.1

Since (4.2.4) gives us an explicit form for I5(), then it is clear that minimising I5(p) over

{1 : support(u) C [0, 1]} is equivalent to finding a g € C1([0,1]) with ||g|l> = 1 and

/1 21 (ddx (x))2dx = inf {/1 21 (ddxh(x))2dx :h € CY([0,1]) and ||h], = 1} .

(4.2.6)

Such a problem can be solved using the Euler-Lagrange equation. The interested reader
is directed to [Boa06, Chapter 9] for an overview of the calculus of variations. In this

case the additional constraint that ||g||2 = 1 can be included by adding the Lagrangian

A </01g(x)2dx - 1) | (4.2.7)

multiplier
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Thus we have

—— —[=—1] =0, (4.2.8)

where Flz, g(z), ¢ (x), \] = 22 ¢'(2)* + \(g(x)* — 1), and so we get

2

Qx@g(x) + 2%9(20) — Ag(z) = 0. (4.2.9)

The solutions of this are precisely the eigenfunctions of £, (with eigenvalue \). We also
have the additional constraints that g(z) > 0 for = € [0, 1], because g(x) is the positive
square root of the Radon—Nikodym derivative of u, and that g(1) = 0, because g(z) must
be continuous on [0, 00). Therefore there is a unique solution

Jo(Jov/x)

—_— for0 <z <1
g(x) = J1(jo) dE=TE (4.2.10)

0 otherwise

Here 7, (x) are the Bessel functions of the first kind, and jj is the first zero of Jy(x). Thus

()% we get the unique minimiser of I over {u : support(u) C

by defining p* by
[0,1]}.

dx:g

By calculation we can now check that

E(u) - /Ola:d,u(a;) _ /le (M)2 do = (1 - 2557 = 71

J1(jo) 3
and
to(d %(mﬁ))? 1,
L(p) = 20 | ————=| doz = -
2(”’ ) /0 x <dl‘ \71(]0) X 2]07
as claimed. O

Remark 4.2.6. By using Lemma 4.2.1 and the Donsker—Varadhan Theorem it is now

possible to show the following.

Let (Yz)s>0 be a BESQ?(y) process for some 0 < y < 1, and let Y be the law of
(Yz)2>0 conditioned on the event {Y, <1 for all z < T}. If we use Eyz(X) to denote the
expectation under this measure of a random variable X > 0. Then

1
lim lim Eyr(Y;) = —. (4.2.11)
Y /y*

t—o0 T—o0
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Therefore this method provides an alternative way of proving [BB10, Lemma 9] — a central

component in the proof of ballistic behaviour in Benjamini and Berestycki’s paper.

4.2.3 Proof of Lemma 4.2.2

d
We may assume that g(z) = —'u(a:) exists and is piecewise differentiable on (0, 1] and

dx
that 1irr(1)g(x) =0 and g(1) = 0. If not then Iy() = oo. From (4.2.5) we then have
z—

]O(M):/OIQ(%\/Eg(x))2dx and E(u):/olxg(x)zdx.

Letting h(x) = /xg(x) this becomes
1 1
Io(n) = 2/ W(zde and B(u) = / h(z)? dz.
0 0
We now claim that if f : [0,1] — R is a C! function such that f(0) = f(1) = 0 then
1 1
7r2/ |f(z)]?dx §/ |f'(2)|? da, (4.2.12)
0 0

with equality if and only if f(z) = ¢sin (7z) for some ¢ # 0. To prove this we note that

because f is periodic and C! then it can be written as a Fourier series,

flx) = i a,sin(nrz) and f'(z) = i nwa, sin(nrz).
n=1 n=1

Parseval’s identity now tells us that

1 1 1 1 0
[ lr@Par =33 a and [ re)Pde= e > e,
0 n=1 0 n=1

from which (4.2.12) is clear. Furthermore we can only have equality when a; # 0 and

a, =0 for all n > 1, implying that f(x) = ¢sin (7z) for some ¢ # 0.

The lemma now follows since g(0) is finite implying that h(0) = 0. Therefore

Io(p) = 2/0 R (z)?dx > 27‘(‘2/0 h(z)? dr = 2m%E(p),

d 1 "d
with equality if and only if d—u = ¢®—sin(mx)?. Here the requirement that / d_u de =1
x x o do
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A x
Remark 4.2.7. The inequality given by (4.2.12) is a special case of the Poincaré inequal-

1 t -
tells us that ¢* = — = </ — sin(mz)? dx) : O
0

ity, and is sometimes known as Wirtinger’s inequality.

4.2.4 Proof of Lemma 4.2.3

Lemma 4.2.3 is proved by studying the properties of the function J. See Definition 4.2.4.
Lemma 4.2.8. J has the following properties.
1. J(a) < oo if and only if a € (0,1).

2. For each o € [0,1] there is a unique p, with support(us) C [0,1], E(te) = a and
() = J(a).

3. J is strictly convex on [0, 1].

4. J is continuously differentiable on (0,1).

5. J has a unique minimum at o = ()71, with J ((v*)71) > 0.
6. J(a) — o0 as a —> 1.

7. The function vJ (v™') has a unique minimum at v = ~°, with 1 < v* < v*. What

is more this minimum satisfies v*J ((v*)~!) =T'* < 272,
Proof. We shall prove these claims sequentially.
1. The only probability measures supported on [0, 1] with expectation 0 or 1 are the
point masses dp and d;. Neither of these have a Radon—Nikodym derivative so we

have J(0) = I5(dy) = oo and J(1) = I2(0;) = oo. To show J(a) < oo for each
a € (0,1) if suffices to find a measure p, with support(us) C [0, 1], E(ua) = o and

IQ(,ua) < 0.

For a fixed o let @ = min{a, 1 — a} and define g, : R — [0, 00) to be the piecewise
3

linear function with g,(z) = 0 for * < o — & and * > a + @, and g,(a) = 2%
&

dyia :
Ha _ g2. This measure

From this we can define the probability measure p, by

satisfies our conditions since support(u,) = [a — &, a + a] C [0, 1], E(u,) = o and

2
' (d ? 1 /3
B = [ 20 (frauo)) dr<2 (/o) <o
0
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as required.

. The claim is trivial for « = 0 or @ = 1, so fix a € (0,1) and find a sequence of

measures {fi, j};>1 With support(u,,;) C [0,1], E(ta,;) = « for each j, and such
that Io(pa,;) — J() as j — oo. Because [0, 1] is compact we can take a weakly
convergent subsequence fi, ;. — [q say. Since I is lower semi-continuous we must
have I(pq) < J(a). Therefore because we must also have support(u,) C [0, 1] and
E(ia) = a, then in fact Ir(u) = J(a). Thus it follows that for each o € [0, 1] the

infimum of I5(u) over the set
{4 € P(R) : support{u} C [0, 1) and E(g) = a}

is attained. Now to show uniqueness we start with the claim that for any two
probability measures p; and pp which are supported on [0, 1], and for any A, A e
(0,1) with A + X = 1 we have

LA+ Miz) < o) + Mo (pa), (4.2.13)

with equality if and only if u; = ps.

To proves this we first assume that p; and ps have respective Radon—Nikodym
derivatives m; and ms, otherwise the right hand side is infinite, and then use the

form of I, given by (4.2.4) to calculate explicitly.

2

LAy + M) = /01 2 (% \/)\ml(x) + XmQ(x)) da

dz, (4.2.14)

g (@) + B () ) 2
a /0 2 amy () 4+ Amy(z)

and
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By subtracting (4.2.14) from (4.2.15) we get

st [

4.2.16)

which is greater than or equal to 0 with equality if and only if ma(x)m/(z) —
my(z)mh(z) = 0 for all z € [0,1]. This would imply that ms is a constant multiple

of m; and thus p; = poe. Therefore the claim follows.

Having shown this, now suppose that u; and po are two measures with FE(u,) =
E(u) = o and Lu) = L(ps) = J(a). Then because ju1 + sue also has
E (141 + 3p2) = o, we then know that

J(a) < I (500 + 3p2) < 51(m) + 5L(pe) = J(a).

Hence we must have equality throughout, implying that p; = ps.

3. Let 0 < oy < ag < 1. Then we need to show that J(Aa; + 5\a2) < M (aq)+ S\J(sz)
for each A\, A € (0,1) with A+ X\ = 1. To do this we first find py and py with
() = J(on), I(ps) = J(az), E(py) = a1 and E(us) = ay. Now E(Auy 4 Mio) =
Aoy 4 Aag, and so from (4.2.13) we know that

J()\O[l + /N\Q{Q) < ]2()\#1 + 5\[12) < )\IQ(,LLl) + 5\]2(#2) = )\J(al) + )\J(O[Q)

The second inequality is strict since py and ps have different means and therefore
are not equal. As this holds for each A\, X\ € (0,1) with A+ XA = 1 and for each
0 < a; < as <1 the claim is proved.

4. Because J is convex and finite for each a € (0,1), then it must also be continuous
n (0,1). Moreover, convexity implies that J has left and right derivatives 0_.J and
0+J. In order to prove that J is differentiable it suffices to show that these are
always equal. We shall do this by showing that at each point a € (0, 1) there exists

a neighbourhood N, on which we can construct a differentiable function f,, with
fala) = J(a) and f,(8) > J(B) for all 8 € N,. Having done this we must then
have 0_J(«) > f!(a) and 04 J(«) < f! (). However, because J is convex we also
have 0_J(«a) < 01 J(«), and so 0_J(«) = 04+ J () = fl (). Whence we see that .J

is differentiable at o with J'(«) = f! (). Since the convexity of J also implies that

J'(«) is monotonically increasing then it must also be the case that J' is continuous.

Given a fixed o € (0,1) we now find the unique probability measure p, supported
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on [0, 1] with E(u,) = o and such that Ir(us) = J(«). Because I5(u,) < 0o then we
know (i, has a Radon-Nikodym derivative, % = mq(z) say. For each £ € (—1,1)
we also define a bijection ¢ : [0,1] — [0,1] by ¢¢(x) = !¢, Using these we can
then define a collection of measures {fta.¢}ec(—1,1) DY fae(A) = ,ua(gpgl(A)) for each
measurable set A C [0,1]. Note that each ¢ has a Radon-Nikodym derivative
) = el @)

Now observe that E(u.¢) is a continuously differentiable function of ¢, and that

given by

LY )—/liwi&d (:g)—/1 L oot log L g (2)
dé— Hoc{ : dg IuOé 0 (1+£)2 T MO& .

d
Since d_§E<'ua’£> > 0, then there is some neighbourhood N, of o on which a
=0
continuously differentiable inverse to { —— E(pae¢) exists. We call this inverse

ia : No — (—1,1), and define f, : Ny — R U {oo} by fo(B) = L(tta.8))-
Now observe that f,(a) = Ix(tao) = J(a), and because E(ja,,s)) = £ then
fa(B) = Ix(pa,in3)) = J(B). Moreover, for § € N, we have

2

d - q B 14 d ma(%al(g)(x))
ﬁfa(ﬁ)—ﬁb(ﬂa,ia(ﬁ))—/o @2x dr W e

Thus f, is differentiable on N, and so we can conclude that .J is differentiable at «.
Since o was arbitrary it then follows that J is continuously differentiable on (0, 1)

as claimed.

. Because of the way that J is defined then this is an immediate consequence of

Lemma 4.2.1.

. Fix ¢ > 0 and suppose we have a probability measure p with support(u) C [0, 1]

and E(u) > 1 — &2 Since E(p) < (1 —¢e)u([0,1 —€]) + p((1 — €,1]) we must have
p([l —e,1]) > 1 —e. We can now use this fact to give a lower bound for Io(u).

For each § > 0 define u. s : [0,1] — (0, 00) by

14+6 for0<z<1-—c¢
Ue s\ T) = . ™ !
s1n<2—(1—at)>+5 forl—e<ax<1
€

and now recall that the infinitesimal generator for a BESQ? process is given by

d? d
Lof(r) = Ql"@f(l") + 2@]%’7)-
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Now observe that if we set u.(x) = (1$in% ue 5(x) then
%

Lou.(x) 0 for0<z<1-—¢

< 2
u(r) — | —2(1—¢) <21€) forl—e<az<1

Therefore because each u. 5 is in the domain of £, and each w, s is strictly positive
on [0, 1] we can use (2.4.2) to get that
1 [,g(u) 1 £2(u5 5)
L(p) = — inf / ——dp > lim— [ ——
0

u€,D,u>0 U 0—0 0 Ug 5

1 2(1 ™\ 4 21— ey (XY
> — ) (— >2(1— —) .
_/ (=29 (52) dula) =20 -2 (5)

Because this holds for each p with support(x) C [0,1] and E(u) > 1 — &? we must

2 (1 _ )2
haveJ(l—SQ)z%(l 2

as o — 1.

dp

5—— for each € > 0. It therefore follows that J(a) — oo
€

7. Suppose that a~'J(a) has minima at distinct points 0 < a; < ay < 1, and set

& = 3(oq + as). Now because J is strictly convex we have

1 o\ 2 a1+ Qo 1
5J<a)—a1—|—a2J< B > < al+a2(J(OK1)+J(O&2))
o 1 (6] o i
= ot o (J(()q) + o J(Clq)) = o J(Ozl),

contradicting the fact that «; is a minimum. Therefore the map v — vJ (v™1)
must attain a unique minimum at some point 1 < v* < oo. Furthermore, since
claim 6 tells us that J(a) — oo as @ 1 then we know that vJ (v™!) — oo as
v\, 1 implying that v* > 1.

To check that v* < ~* we now use the fact that J is continuously differentiable

(claim 4) and so

d d 1
@UJ (v =J @)+ vaJ (v ) =J(") - ;J' (v1).
. d T o
Because J is convex then we know that d—J (v™') is increasing in v. Therefore,
v
as v* is the minimum of J, it follows that d—vJ (v™1) is increasing for v > ~*.
v
Evaluating at v* gives
d —1 *\—1 1 ! *\—1 *\—1
@UJ(U ) =J((v) )—;J((v) )=J((v)") >o.
v="y*
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Here J' ((7*)~!) = 0 because (v*)~! is the unique minimum of .J. Thus the derivative
of vJ (v™1) is strictly positive for v > ~*, and so its minimum must occur at a point
<

Finally, to bound ~°J ((v*)~!) we recall the explicit values for v* and J ((y*)™')

from Lemma 4.2.1. From these we get

3 1
.J o—1< *J *—1: _~2<22.
VI < T ()7 Tgj 790 <7
1
Here jy denotes the first zero of the Bessel function J, and 1223 Jo ~ 13.26.
— <4Jo

O

To prove Lemma 4.2.3 we now observe that if we put u® = u, with o = (*)~! then for

each p supported on [0, 1] we have

B(p) ' Ia(p) > B(u) " J(E(w) > 7 ((7°) ") = E(u®) () =T,

with equality if and only if u = p°. U
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Figure 4.2.1: Plots of J (v™!) and vJ (v™!) against v. Although we can not find a closed
form for J(a), by using the by solving the Euler-Lagrange equations it is possible to plot
J(a) by numerical methods. Observe that J (v™') has a unique minimum at v* &~ 4.586
and that the unique minimum of v.J (v™!) is attained at v* ~ 3.513 < v*. Note also that
the smallest root of v.J (v™!) = 272 &~ 19.74 is at 4° ~ 1.983. This value represents the
minimal velocity for which we believe Conjecture 4.5.2 holds.

In Section 4.5 we describe vJ (v™!) as being the exponential cost of a Brownian motion
spending a unit of time with ballistic rate v and maintaining L,(t) < 1. Because (4.5.2)
shows that the unit time cost for a Brownian motion to have ballistic rate v is %112, then
this must be a lower bound for v.J (v™1).
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4.3 Proof of Theorem 4.1.1

The proof of Theorem 4.1.1 divides into two halves. In the first we find estimates for
W(W; | &) — from which we can deduce that the limiting process is ballistic. The second
half then deals with the weak convergence of W(-| &%) as T — oc.

4.3.1 Ballistic behaviour

Lemma 4.2.3 tells us that there is a unique measure p® which minimises E(u) ™' I5(u)
over all probability measures supported on [0,1]. We know that E(u®)~! = ~* where
1 < ~* < ~* and so our aim is to use this fact to show that for each ¢ > 0 there is a
T, > 0 such that for all T, <t < T we have

(e

> ]8}) < e. (4.3.1)

Provided the limit QQ°* = Tlim W(- | &r) exists — which we will show in Section 4.3.2 — we
—00

can then deduce that
lim — =~* (4.3.2)
in Q*-probability. Since the left hand side of (4.3.1) can be written as

w ( L. W(ER N {[W, —1°t] > et})

> |5;) - W& , (4.3.3)

then our goal is to show that the ratio between W(E3 N {|W; — 7°t| > et}) and W(ED)
is small when ¢ and T" are large. For this we rely on the Ray-Knight Theorems and the

calculations of Section 4.2. Recall that in Section 2.3 we defined S, = fOT Liw, <oy ds
and S = fOT 1{w,>wy} ds. Theorem 2.3.3 tells us that the local time profile (L, (T))zer
can be described by two BESQ® processes, with integrals S;. and S}, joined to a BESQ?
bridge with integral T'— S — S}. More specifically, when we condition on {Wr > 0}
then the 5-tuple (Wr, Ly, (T), Lo(T), Sy, S7) admits a density on [0,00)°, and when we
condition on (Wy, Ly, (T), Lo(T), S7, SF) = (a,b,c,s™,sT) we have

o (Y, )u>0=L_,(T) is a BESQ"(c) process conditioned to have integral equal to s™.

xT

o (Y.)o<z<w, = L.(T) is a BESQ?(c,b) bridge conditioned to have integral equal to

T—s —sT.
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o (Y.")u>0 = Latro(T) is a BESQP () process conditioned to have integral equal to s*.

Now observe that £ = {L,(T) < 1 for all x € R} is exactly the event that Y, YV
and YT are all bounded above by 1. Therefore, if we use Y? to denote the law of a
BESQ(c) process and Y7, to denote the law of a BESQ?(c, b) bridge, then the first step
to controlling (4.3.3) is to understand how the probabilities

Qo(c,s) =Y. (Y, <lforallz > 0] [°Y,dz = s) (4.3.4)
and  Qs(a,c,b,s) =Y, , (Yo <lforall0<z<alfY,dz=s) (4.3.5)

depend on ¢,b € [0,1) and a,s > 0. Before estimating these it will be useful for us to

construct an auxiliary process which is parametrised by the integral of (Y,).>0.

Definition 4.3.1 (Auxiliary process). Suppose we are given a BESQ?(c) process (Y;) >0
with integral S = [°Y,dz € [0,00) U {oo}. For each 0 < ¢t < S we set p(t) =
inf {u: ['Y,dz =t}, then p : [0,5) — [0,00) is a strictly increasing differentiable
function. Using p we define the coupled auxiliary process (Z;)i>0 by Zi = Y,uns), and

denote its law by Z.
Lemma 4.3.2. (Z;)i>o is a Markov process whose infinitesimal generator, La, is given by

Lal() = 2Lar) =25y + a2y (136)

Here L4 denotes the generator of the BESQ?(c) process (Yy)u>0. Recall (4.2.2).

Proof. We can only have S < oo if d = 0. In this situation we have Z;, = Y, = 0
for all ¢t > S, and so from now on we will assume that 0 < ¢t < S. Because p is an

increasing function of ¢, then (Z;);>¢ must inherit the Markov property from (Y,).>o. To
p(t)

show (4.3.6) we observe that / Y, dz = t, and differentiate both sides with respect to

t to get ‘

1
dp ] dp

Yoo z(0)=1 = — ()= Z

Since p(0) = 0 we can approximate p(t) near 0 by p(t) ~ tp'(0). Therefore making the
substitution s =t p/(0) gives

Lqf (z) = lim x{f(Zt)} /() = lim B/ >} — /@)

B o) - F@) o) tim B0 ST (LR PSR

t—0 t 5—0
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If 1, is the Donsker—Varadhan rate function of the occupation measure of (Y, ),>0, then we
can deduce I, the rate function of the occupation measure of (Z;);>o, as follows: Assume
that a probability measure p has 0 < [" 27 'du(z) < oo (else Iy(n) = oo). Because
the work of Donsker and Varadhan, [DV75a], tells us that I;(x) is finite if and only if

i has a continuous Radon—Nikodym derivative d_,u in the domain of £y, then we may
x

d
assume that d_,u exists. Now for each such p we can construct a tilted measure ¥ (u), with

x
Radon—Nikodym derivative given by

dip(p) (2) = 1 ldp
dz J e dp(x) o do

(2). (4.3.7)

One can then check that

is in the domain of £; and that

dy(u)
dz

o 1
E((n) = [ odb()(e) = s

0 fg x_l du(l’)
By recalling the definition of the Donsker—Varadhan rate function given by (2.4.8), we
can now find I,(y) is terms of 9)(s).

Li(p) = — inf /000 lMd—”(z) dz

u€C?(0,00),u>0 r u(zr) dx

—— i T La(u(x) 1 Ao ]
B uec2(0,ofo),u>o/0 uw(z) E(W(p) dz (v)dz = 7~ Ta(¥(1)). (4.3.8)

Using the auxiliary process gives a useful tool for adapting the Donsker—Varadhan The-

orem to the occupation measure of a square Bessel process stopped at the random time
p(s).

Lemma 4.3.3. Suppose that (V)0 is a BESQ%(c) process with law Y¢. We then have

1
lim sup ~ log YE(L((Y,), p(s),-) € C) < — inf ()~ Lu(1) (4.3.9)
s—oc0 S ned
1
lipinf log YA(L((Y,), p(s), ) € 0) > — inf B i) (4:3.10)
—00 H

for each closed set C C P(R), and each open set O C P(R) such that ¢ € support(u) for
each p € O.

Remark 4.3.4. It was noted in Remark 2.4.2 that the Donsker—Varadhan Theorem con-
tinues to hold when the start-point, Yj, is a real valued random variable. Since Lemma
4.3.3 is a consequence of Theorem 2.4.1, then (4.3.9) and (4.3.10) will also hold when ¢ is
random. In this case we substitute Y¢(L((Y;), p(s), ) € -) with E¢{Y2(L((Y,),p(s),-) €
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)}, and replace the condition that {c € support(u) for each p € O} with the condition
that {support(c) C support(u) for each p € O}.

Proof of Lemma 4.3.3. Fix s > 0, then given (Y, )o<a<p(s) let (Z¢)o<i<s be the auxiliary
process to Y. Suppose p = L((Y3), p(s),-) is the occupation measure of (Y)o<z<p(s), and
use p(p) = L((Z;),s,-) to denote the occupation measure of (Z;)p<i<s. Since Y and Z

are both continuous Markov processes then p and ¢(u) have Radon—Nikodym derivatives

dp(t
p(t) = —— we can check that

almost surely. Furthermore, by using ——=
dt Yy

dp(p) 1 dw, o1 dp
dz (z) = [ dp(x) dx( ) (). (4.3.11)

Observe that (4.3.11) gives a continuous inverse to (4.3.7), and thus u — @(p) is a
bicontinuous bijection with inverse ¢(u) — ¥ (@(1)) = p. As ¢ is continuous then ¢(C)
is also a closed set, and so we can use the Donsker—Varadhan Theorem and the natural

coupling between Y and Z to get

lim sup E log Y¢(L((Yz), p(s),-) € C) = limsup é log Z¢(L((Z,), s, ) € ¢(C))

s—oo S 5—+00

<= b T(p) == inf B(() La((n) = = inf Be) ™ a(p).

pep(C) pep(C)

Similarly when O is open then so too is ¢(O) and therefore

lim inf = log Y¢(L((Yz), p(s), ) € O) = liminf E log Z¢(L((Z,), s, ) € ¢(0))

s—oo S s—o0 S

> = inf i(p) == inf E@(u) " La(b(n) = = inf B~ a(p): O

peP(0) pe€P(0)

Because it is clear that Y, <1 for all z if and only if Z;, =Y, < 1 for all £, then we can
use the auxiliary process to generalise (4.3.5) to the case where the bridge length a is not
fixed. From (4.3.7) we know that

AL(Ya) )1 1 dL(Z,s.")
dzx oz [2VdL(Z,s,x) dx

Therefore from the condition that [;'Y, dz = s we get

“ a dL(Z,s,x)
Y, dz = AL(Y,a,z) = - 4312
/0 v a/x (¥, a,) fm_l dL(Z, s, x) / dz ¥ ( )

1
:>s/x_1dL(Z,s,x):/ —dt = a.
0 Zt
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This allows us to rewrite (4.3.5) in terms of the auxiliary process (Z;)o<i<s as
Q2(a,c,b,s) =72, (Zy < 1forall 0 <t <s|[5 Z 'dt=a).

Here 7%, denotes Z2(-|Zs, = b) = lim Z2(-||Z, — bl <¢). Qs(a,c,b,s) can now be
T £—00
generalised by letting A C [0, 00) be a measurable set and defining

Q2(A, ¢, b, s) = Scb (Zy<lforall0<t<sand [ Z 'dt € A). (4.3.13)
Qa(c,b,5) = Q1([0,00), ¢, b, 5) = 22y (Zy <1forall0 <t <s). (4.3.14)

Hence if we suppose that (Y;)o<z<ien 18 & BESQ%, (¢, b) bridge of undetermined length,
which is conditioned to have folen Y, dz = s, then the probability that its length len is in
A and that Y, < 1 for all 0 < z < len is given by Q4(A, ¢, b, s). Here it is assumed that
c¢,be[0,1), s >0and A C [0,00) are all fixed.

Remark 4.3.5. As we know that & = {L_,(T') <1 for all x > 0} N {L.(T) <1 for all
0<xz<Wrin {LWT+x(T) < 1 for all > 0}, then when we condition on Ly(T") = c,
Lw,(T)=0b,5 = [ L_o(T)dz = s and ST = [* Ly, 1.(T) dz = s* we get

W(ESN | e, b,s7,s%) = Qole,s7) X Qale,b,T — s~ — s7) x Qo(b, s7). (4.3.15)
W(&7) can now be found by integrating (4.3.15) with respect to the joint law of Lo(T),
Ly, (T), S~ and S*.

Lemma 4.3.6. Qy(c, s) is decreasing as a function of both ¢ € (0,1) and s > 0. Further-

more, for each fized ¢ € (0,1) we have

1
lim ~log Qy(c,s) = —27%. (4.3.16)

S—00 S
Lemma 4.3.7. If we assume that ¢ and b are random variables supported on [0,1), that

Ve C [1,00) s closed, and use sVg to denote {a: s~ 'a € Vi }, then

lim sup — log Qg(ch,c b,s) < — inf UJ( ) (4.3.17)

S— 00 S UGVC

where J is given by Definition 4.2.4. Conversely, if Vo C [1,00) is an open set then

lim 1nf—10g Q2(sVo, ¢, b,s) > — inf vJ (v7). (4.3.18)

s§—00 veVp

Proof of Lemma 4.3.6. Since (Y,),>o is a BESQ"(c) process conditioned on fooo Y,dr =s

then the auxiliary process (Z;)o<i<s has starting point Z, = ¢ and first hits 0 at ¢t = s.
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We have already noted that Y, < 1 for all x > 0 if and only if Z; < 1 for all 0 <t < s.
Therefore by coupling two BESQ? processes Y and Y with respective starting points
0 < ¢<¢é<1insuch a way that their auxiliary process Z and Z satisfy Z, < Z, for all
0 <t <s, it is easy to deduce that

Qolc,s) =Y. (Y, < 1| [V, dz =s) > Y? <1~/x <1 |f0°ol~/x dz = S) = Qo(¢, ).

Thus Qo(c, s) is decreasing as a function of ¢ € (0,1). The monotonicity of Qy(c,s) as a

function of s follows via a similar coupling argument.

Now define Ec = {p : support(u) C (0,1]} and Ep = {u : support(u) € (0,1)}, and
note that Ec C P((0,00)) is weakly closed and Eo C P((0,00)) is weakly open. If we fix
c € (0,1) and let s > 1, then we can use equation (2.3.4) to get the bounds

<Y ([ Yedz €ls,s—1]) and Y ([, Yedz €[s,s+1]) <

VA
to\co| o

for all fixed ¢ € (0,1) and all s > 1. Therefore because Qo(c, s) is decreasing as a function

of s we have

Qolc,s) <Y (Yy <lforallz >0 Y,dz € [s—1,s])
B Y? (Yx <1 for all z > 0 and fOOOdexG [s—l,s])
YO ([ Yedz €[s—1,5])
< \/S_Wesgc’l\Yg (Ym <1 for all z > 0 and fOOOYIdx > 5 — 1)
= VBmesic ' YO(L((Ya), p(s — 1),-) € Eg),

and similarly

Qo(c,s) > Y. (Y, <1forallz>0] [ Y,dx € [s,s+1])
VULV pls), ) € Fo).

3
2

>s

As we know that lim s'log sicl = 0, then we can now get an upper and lower bound
S5—00
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for lim — log Qo(c, s) by using Lemma 4.3.3.

5§—00

1 1
lim sup — log Qo(c, s) < limsup — logYC(L((Yx), p(s—1),) € E¢)

$—00 s§—00
1
< — inf ——] = —27?
iy MlerlE'c E(ILL) 0(”) m 9
1
lim mf - log Qo(c, s) > liminf — loch(L((Ym),p(s), ‘) € Eo)
S—00 5—00

1
> — inf ——Iy(pu) = —27°.
) o) ™

1
—Io(p) = inf ——TIy(p) = 27 comes from Lemma 4.2.2. [

Here the equality inf
A nero B(u)

pebo () "

Proof of Lemma 4.3.7. Let Ey, = {u : support(x) C [0,1] and [ 27! du(z) € Ve } and
note that if L((Z:),s, ) € Ey, then we must have Z; < 1 for all 0 < ¢ < s. Further-
more, because we also have that [ Z; ' dt = s [ 27" dL((Z;), s,z) then we sce that the
probability being estimated in (4.3.17) is exactly 72, (L((Z:), s,-) € Ev,). Since Ey,, is
closed with respect to the weak topology, then our aim is to estimate this probability by
using the Donsker—Varadhan Theorem. However, in order to do this we must first check
that Z7 ., (L((Z),s,") € Ey.) = lli% 72 (L((Z;),s,") € By, ||Z, — b| < ¢) is comparable
with Z2 (L((Z;), s,-) € Ev,.).

By following the methods of Pinsky, [Pin85b], we know that when we condition on the
occupation measure of a diffusion being contained within a collection of measures of
uniformly bounded support (such as when we condition on {L((Z;), s,-) € Ey,}s>1) then
the distribution of the end point, Z,, will converge to an absolutely continuous random

variable as s — co. Therefore there must exists a K7 < oo (depending on Vi) such that
Z:(|1Zs — bl < | L((Z),s,") € By,) <eK; (4.3.19)

for all s > 1 and all b € [0, 1]. By inspecting the infinitesimal generator of Z, as given by
(4.3.6), we see that (Z)s>o is equal in law to a (rescaled) Bessel process. Therefore there

must be constants 0 < ky < K3 < 0o such that

M\w

ko < T2 — bl <€) < Ky, (4.3.20)

6(b +€)?
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for alle >0, b€ [0,1) and s > 1. Hence we can deduce that

3

Kis
lim ZXL((Z),5.7) € By, |12~ bl <€) < 15 22 " 72(L((Z),s,") € Ey.).  (4.3.21)

K
Since lim —log — 158

k12 = 0, then by applying the Donsker—Varadhan Theorem we get
S—00 S

1 ~ 1
lim sup — log Q2(sVe, ¢, b, 8) < limsup — log Z2 (L((Z;), s, ) € Ey,)
s

s—oo S §—00
< — inf Liy)=— inf B 1.
uel%'vc 2() ,UEI%VC (¢(N)) 2(¢(N))
=— inf E(u) ‘I .
penf (1)~ I2(p)

Where 9 and ¢ are given by (4.3.7) and (4.3.11). It is easy to verify that ¢(Ey,) = {p :
support(u) C [0,1] and E(u)™! € Vi }, and so

— inf  E(p) 'L(p) = — inf vinf{ly(x) : support(y) C [0,1] and E(u) ™' = v}

nep(Bv,) veVe

:—mva( )

veVe

proving (4.3.17).

Now set By, = {u : support(u) C [0,1) and E(u) ™' € Vo } and note that if L((Z,),s,-) €
Ey, then (Z;);>0 must satisfy Z, <1 forall 0 <t < sand s7' [] Z7'dt € Vp. In order
to show (4.3.18) we also note that for each b € [0,1) we can find a k3 (depending on b
and Vp) such that

eks <Z2(|Zs —b| <e|L((Z),s,-) € Ey,) (4.3.22)

for all s > 1 and all ¢ sufficiently small. By combining this with (4.3.20) we get
3

ks
lim Z2(L((Z),s,") € By, ||Zs — bl <€) > Fb_Q “72(L((Z),5,") € Ey,).  (4.3.23)

Therefore, as Ey, is open with respect to the weak topology, (4.3.18) follows by applying
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the Donsker—Varadhan Theorem.

1 ~ 1
liminf - log Q2(sVp, ¢, b, 5) > liminf = log Z2 (L((Z;), s, ) € Ey,)

s—o0 S s—oo S
> — inf I =— inf B(y(p) 'L
uelnvo 2(,&) ,uGl v (w( )) 2('¢( ))
=— inf BE(u) = — inf vJ .
M@;(EVO) ( ) 2(/11) UIGVO v (U )

At this point we can now show that for each ¢ > 0 there exists a T, such that for all
T > T, we have

W(E N{|Wr —~°T| > eT})
W(Er)

(4.3.24)

This is precisely (4.3.3) in the case where ¢t = T". To do this we need an upper bound for
W(ELN{|Wr —~°*T| > £T}) and a lower bound for W(&2), and hence it suffices to prove

the following two claims.
Claim 4.3.8. We have
lim inf — logW(&7) > —T°,
T—oo T
where I'* = ~+*J ((7')_1) is the minimal value of vJ (v™'). See page 88.
Claim 4.3.9. For each € > 0 there exists k > 0 such that

1
lim sup = log W(EF N{|Wr —7°T| > eT}) < —T* — k.

T—o0

Remark 4.3.10. By combining Claim 4.3.8 and Claim 4.3.9 we get

° A >
1imsupllog W(ET N {|WT i T| = 6T}) S —k,

Tooo T W(Er)

and so (4.3.24) follows immediately.

Proof of Claim 4.3.8. Suppose we use fr(-,-) to denote the joint probability distribution
of Lo(T') and Ly, (T"). Observe that if we fix T = 1 then, because fi(-,-) is continuous and
strictly positive on [0, 00)2, by compactness there must exist 0 < k; < K; < oo such that
k1 < fi(e,b) < Ky for all ¢,b € [0, 1]. We also note that the scaling property of Brownian
motion implies that fr(c,b) = T 'f; (cT_%,bT_%> for all T > 0 and ¢,b € [0,00).
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Therefore it must follow that

ky

T S fT(C7 b) S

K
— 4.3.25
y (43.25)

for all ¢,b € [0,1] and all T > 1. We can now observe that

W(ér) = W(ET | Lo(T) = ¢, Lw, () = b) fr(c, b) dedb

k1

2 IT o f g WER LolT) = L = 6) (4.3.26)

From now on let ¢ and b be the values of c,b € [i, %] which minimise (4.3.26), and
use gr,;(+,) to denote the joint probability density of S~ = JoS L—o(T)dz and St =
J5° Lwy+o(T) da with respect to W(- | Lo(T) = ¢, Ly, (T) = b). Brownian scaling also
tells us that g, . 75,7(57,57) = T72g..3(s T, stT7), therefore, since decreasing ¢
and b would only make it more likely for S~ and ST to be small, there must be some

ko > 0 such that

k _ ) .
T—Z'Z <W(S™ <1land S* <1|Ly(T) = ¢ Ly, (t) = b). (4.3.27)

By combining this with (4.3.26), and recalling that (4.3.4) and (4.3.14) give the probab-
ilities of (L_»(T"))2>0, (Lwyt2(T))z>0 and (L (T))o<z<w, being bounded above by 1, we
get

kT

- 4_]{:2 Oglggl 0tC, 5 OSI;[}“SI o\, S OSIEST 2(6,0,85).

Since Lemma 4.3.6 tells us that Qo(c, s) is decreasing as a function of both ¢ and s then

we must have inf Qu(¢,s7), inf QO(ZA), sT) > Qo (%, 1) > (. Therefore when we take
0<s—<1 0<st<1

the logarithm the only term to contribute is . <in£T Q2 (¢, b, s). We can now complete the
S8

proof by using Lemma 4.3.7.

o] . ] X a7 . - .
llTrrilolnglogW(ST)ZhTrrilolnglogQg(c,b,T)Z— inf vJ (v7') =-T". O

v€[0,00)

Proof of Claim 4.3.9. Suppose we have conditioned on the event {W; > 0}, and use
(Lz(T))zer to denote the local time profile of (W;)i>o at time 7. Recall that S =
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fOWT L,(T)dx, then in order to estimate W(Ey N {|Wy — 4°T| > £T'}) it will be use-
ful for us to let n = n(e) > 0 be a positive constant — which we shall determine later —
and consider the cases S > T'(1 —n) and S < T'(1 — n) separately. By the Law of Total
Probability we have

W(EFN{[Wr =2*"T| = eT}) =W (& N{|[Wr —7*T| 2 T} N {S > T (1 —n)})
+W(EN{Wr =T 2 eTIN{S <T (1 -n)}),

and therefore we need to show that both of these terms are sufficiently small.

If we condition on Lo(T) = ¢, Ly, (T) = b and [)'" L,(T)dz = s then (Z)io, the
auxiliary process to (Ly(T))o<s<wy, has Zy = ¢, Z, = b and [; Z; ' dt = Wy. Therefore
if T(1—n) <s<Tand |Wr —~%| > T then

1 S

—/ Z7hdt — o

s Jo

1 S
=|= [ Z'dt—~"
‘/1’1/0v t ’7
provided s is sufficiently close to T', i.e. provided 7 is sufficiently small. Assume that n
is small enough for (4.3.28) to hold and set Vo = {v € [0,00) : [v —~*| > 3c}. Since the

event £7 implies that Z; <1 for all 0 < ¢ < s, then we can use Lemma 4.3.7 to estimate
W (& N{Wr =7*T| > TN {S>T(1-n)}).

Wr

T

>e = >

(4.3.28)

DO | ™

lim sup % log W (21 {[Wy — 4*T| > eT} N {S > T (1 - n)})

T—o0

1 ~
< lim sup = log sup  Qa2(sVo,c,b,8) | < —(1—n) inf vJ (vil) .
T—00 T(1-n)<s<T veVo
b,c€[0,1)
From Lemma 4.2.8 we also know that v.J (v™!) attains a unique minimum value of I'® at

v = ~v*. Therefore, by continuity, there must exist some 1 > 0 and some k; > 0 such that

—(1—mn) vlenvfo o] (v < =T — k.
Hence we have controlled the first term. We now fix such a value of n and move on to
considering the case where 0 < S < T (1 — 7). Recall that we defined S~ = fi)oo L.(T)dz
and ST = [7 L,(T)dx, and that when we condition on Lo(T) = ¢, Ly, (T) = b, S~ = s~
and ST = st then (L_.(T))s>0 and (Lyw,1(T))z>0 are equal in law to BESQ°(c) and
BESQ(b) processes conditioned to have integrals equal to s~ and s* respectively. The

probabilities that these processes are bounded above by 1 are given by Qy(c,s™) and
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Qo(b, s1). Thus since we know that S~ + S + ST =T we get
W(EL N {Wr —*T| > €T} 1 (S < T(1 - n)}) < W(EN {S < T(1 — )

< sup sup Qo(c,s7) x sup Qo(b,s7) x sup Qa([0,00),¢,b,5) | .
0<s<T'(1-7m) \ c€[0,1) bel0,1) ¢,b€l0,1)
s 4s+st=T

From Lemma 4.3.6 and Lemma 4.3.7 we know that

1 ~ 1
limsup ~ log sup @»([0,00),¢,b,5) < —I'* and limsup - log sup Qo(c,s) — 27°.
s—oo S ¢,bel0,1) s—oo S c€l0,1)

Therefore, because I'* < 272, we get

limsup%logW(S} N{S<T(1-n)}) < sup —BI'*—(1-73)27% =T~k

T—so00 0<p<1-

for some ks > 0. The claim is now proved by setting k = min{ky, ko }. O

Having shown that (4.3.24) holds for all 7" > T, we can now show (4.3.3) by noting that

W& N {[W: — 7t > et})
W(&r)
_ W(EHE N {W, —°t] > et}) W(E N {[W; — 7°t] > et})
N W(er &) W(er) ’

and then checking that both W(ES. | EFN{W; —~°t| > et}) and W(EY | E) are comparable
with W(&E2_,). This is the content of the following two lemmas.

Lemma 4.3.11. Let t > 0 and suppose A is any event which is measurable with respect
to F;. We must then have W(E3| A) < W(ES_,) for all T > t.

Lemma 4.3.12. There exists n > 0 such that
nW(&_,) < W(Er &) (4.3.29)

forall0 <t <T.
Remark 4.3.13. Having proved these two lemmas we then have that

WE N {IWs =t > et}) _ TW(E N{[W) —7°t] > et})
W(ES) T w(ee) '

(4.3.30)

Because we can conclude from Claim 4.3.9 and Claim 4.3.8 that the ratio on the right

hand side becomes arbitrarily small as t — oo, then it follows that we can always find
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a T, such that for all T, <t < T we have

W(?—W'

Zalc‘?%) <e,

proving (4.3.1). Therefore, once we have proved Lemma 4.3.11 and Lemma 4.3.12, we

will have shown that the limiting process is ballistic with speed ~°. U

Proof of Lemma 4.3.11. If (Wy)s>o is a Brownian motion and ¢t > 0 is fixed, then we
know that (Wsyr — Wy)s>0 is also a Brownian motion which is independent of (Wj)o<s<i-
Therefore (Lw,+2(T) — Lw,+2(t))zer is independent of (L, (t)).er and is equal in law to
(Lo(T —t))zer. Now if we are given (Wy)o<s<t for some (Wy)s>o in A then the event
(Ws)s>0 € EF is precisely the event that Ly, i2(T) — Lw,ya2(t) < 1 — Ly, 4.(t) for all
x € R. Because 1 — Ly, 4.(t) <1 for all z € R then we get the upper bound

W(EL| A) < W(Lipyin(T) — Lippsa(t) < 1 for all z € R) = W(ER,). O

The proof of Lemma 4.3.12 is somewhat more tricky and uses the following.

Lemma 4.3.14. Given a Brownian motion (W;)>o and a fited T > 0 we let S= =
IS L—o(T) dx denote the amount of time that (Wy)o<i<r spends below 0. Suppose we
condition (Wy)i>o on EY, then S~ has an exponential tail whose exponent does not depend
on T'. In other words there are universal constants & > 0 and = < oo such that for each
T >0 and all a > 0 we have

W(S™ = [FL_o(T)dx > a|&p) < Ee (4.3.31)

0

Proof. Recall that Qs(c, b, s) gives us the probability that the auxiliary process (Z;);o,
conditioned to have Zy = ¢ and Z, = b, satisfies Z; < 1 for all 0 < ¢ < s. Lemma 4.3.7
allows us to understand how Q2<C7 b, s) behaves as s — oo, but we would also like to

understand how Qs (c, b, s + As) relates to Qs(c, b, s). Consider the measure
VS AS,cb = Zg(ZS € - | Zy<lforall 0 <t<s+ As and Z5+As = b)

By standard coupling arguments one can show that the measure v = lli)m1V1717C7b stochastic-
c,b—

ally dominates vgags.p for all ¢,b € [0,1) and each s, As > 1. It is also simple to use

coupling arguments to show that Qs (c, b, s) is a decreasing function of ¢, b and s. There-

fore by using the fact that (Z5)s>0 is a Markov process and applying Chebyshev’s sum
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inequality we get

1
Q2(c, b, s + As) :/ Qa(c,y, As)Qa(y, b, 8) Avg as.ep(y)
0
1
> / Os(e. 4, A5)Oaly, b, 5) du(y)
/Qgcy,As )dr(y /QQ y,b,s)dv(y)

> Iy Os(e b, ) x / Oalc,y, As) du(y),

for some k; which is independent of ¢, b and s. Since Lemma 4.3.7 tells us how Qg(c, y, As)

behaves (for large As), therefore we can deduce that

1 A
liminf — inf log Qulc, b5 + As) >— inf oJ(v!)=-T" (4.3.32)

As—oo A s>1 A = ; L
- 5 ¢,bel0,1) QQ(Q b, 3) €[0,00)

Now suppose we condition on Ly(T) = ¢, Ly, (T) = b and (Lw,12(T))zs0 = (Y, )a>0

T

for some ¢,b € [0,1] and some (Y,");>o with Y7 < 1 for all 2 > 0 and [~ VM dz = s*,
0 < st <T. Use prs+.p to denote the measure of W(S* = fo L(T)dx € - |Wr >
0,Lo(T) = ¢, Ly, (T) = band ST = [* Ly, 1(T)dz = s), then by arguing in the same
way as we did for (4.3.27) we can find a ks > 0 such that

prstep([0,1]) > = (4.3.33)

for all ¢,b € [0,1) and all 0 < s < T. We then have

T—st
WES |e.b Y+ = / Qos,¢) Oa(T — 5* — 5,¢,b) dpizar os(s)
0

ko
> T. H[%)fl Qo(s,c) Qa(T — 5™, ¢,b),

and

T-S+
W(E} M {S_ > a} | c,b, Y+) = / Q0(37 C) Q2(T — st — S, C, b) dMT,s+,c,b(S)

< sup Qo(s,c) QQ(T — st —a,cb).

s>a

1
Lemma 4.3.6 tells us that limsup ~ log sup Qo(s,c) < —27%, and so by combining this
s—oo S c€[0,1)
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with (4.3.32) we deduce that there is some = < oo such that

W(EN{S™ >a}|e, b YT) < T sup,., Qo(s,¢) QQET — st —a,cb) (4.3.34)
W(ES|c,b,YT) ~ kpinfyep Qo(s, ) Q2(T — st,c,b) e

exp{—(27° = 1)a} _ _,

exp{—(T* + 1)a} *

<

(1]

for all ¢,b € [0,1), Y, T > 1 and all @ > 0. Here £ = 272 —T'* — 2 > 0. (4.3.31) now
follows by integrating over ¢, b and Y. 0

Proof of Lemma 4.3.12. Let my = inf{W, : 0 < s < t}, My = sup{W; : 0 < s < ¢}, and

define the events

E ={m>—-1,L,(t) <3 forall z € [-1,1] and L,(¢) <1 for all z € R}
ET ={M, — W, <1,L,(t) < iforall z — W, € [-1,1] and L,(t) < 1 for all z € R}.

Observe that if (W,)o<s<t € ET and (Wyy s — W) >0 € E77, then (Wy)ss0 € E. Therefore

since (Wy)o<s<t and (Wiys — Wy)s>0 are independent we get

w(er) | WEHWE)

W(EHE) = > S ,
EIE) =Ten 2 T wie
and so if we can find a £ > 0 such that
W(E)=W(ET) > kW(E) (4.3.35)

for all ¢ > 0, then we would have shown (4.3.29) with n = k2.

From Lemma 4.3.14 we know that when we condition on £} then S~ and (by symmetry)
ST must both be (uniformly) small. Therefore, since S = T — s~ — s*, there must be

some universal constant K5 such that

W(S = fOWT L,(T)dx <T — K1 | &}, Lo(T) = ¢, Ly, (T) = b) >

N | —

for all 7> 1 and ¢,b € [0,1). From (4.3.32) we also know that there must be some

universal K5 such that

sup Q2(Cv b7 5) < K2 @2(07 b7 T)

T—K;<s<T

forall 7> 1 and ¢,b € [0,1). Now write fr(-,-) for the join density of Ly(7T") and Ly (T),
and recall that Qy(c,b,s) represent the probability of {L,(T) < 1 for all 0 < z < Wy}
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conditionally on Ly(7T") = ¢, Lw,.(T) = b and fOWT L,(T)dx = s. We must then have

1 1
W(E) < 2K, /0 /0 Q2(c,b,T) fr(c,b)dedb

< 32K, / ! / ZQz(c, b, T) fr(c,b)dedb. (4.3.36)
0 0

Here the second inequality follows because both Qy(c, b, T) and fr(c,b) are decreasing as

functions of ¢ and b.

On the other hand, since one can check that the proof of Lemma 4.3.14 also holds when
we condition on &7 rather than &7, we see that there must also be a universal constant

K3 such that

W(S™ < Ky and St < K3 | €2, Lo(T) = ¢, Ly, (T) = b) >

DN | —

forall T > 1, ¢,b € [O, i) Therefore if we are given ¢, b € [0, %) we can lower bound

W(gi.: | L()(T) =, LWT (T> = b) by

W(ES | Lo(T) = ¢ Ly, (T) = b) > =~ W(ES | Lo(T) = ¢, Ly, (T) = b and S~, §* < K3)

[a—y
l\DIH

> inf Y(Y,<i|[Yedz=s)x inf Y)(Y,<1|[~ Y, dzs) x Qa(e,b,T).

2 0<s<Kj3 0<s<Kj3

We can now find constants k4, ks > 0 such that

i Oy~ <1 > > =g) >
cel[rolf)0<lsrgK3Y (Y; < 3 for allx_O\fO Y, dz 3)_k4

and inf inf YJ(Y, <lforallz>0] [ Y,dz=s) > ks,
cc[0,1) 0<<Ks

Therefore by integrating and comparing with (4.3.36) we get

) > / / W(ES | Lo(T) = ¢, Ly (T) = b) (e, b) de db

kyks
64 K5

k4k5/ / Q2(¢,b,T) fr(e, b) dedb > W(ED).

kaks \
Hence we have proved (4.3.29) with n = <6$K5 ) . O
2
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4.3.2 The weak convergence of W(-|&3)

To prove that W(- | £7.) has a unique weak limit as T — oo we shall follow the techniques
developed by Benjamini and Berestycki in [BB10]. By doing so we shall in fact prove that
the measures W(- | £}) form a Cauchy sequence with respect to the total variation distance
on sets restricted to Fg (for each fixed R > 0). It turns out that this is a stronger condition
than that of weak convergence, and so we start by presenting a lemma which shows that
controlling the total variation distance (for each fixed R > 0) does indeed imply weak
convergence in the Skorokhod topology. It will then suffice to prove that W(-|&}) is a

Cauchy sequence in this sense.

Given R > 0 and probability measures P and @ on (2, Fr) we define the total variation

metric, dg, by

dr(P, Q) = sup [P(A) — Q(A)].

AEFR
We now have the following lemma from [BB10, Lemma 6.

Lemma 4.3.15. Let {Pr}rs¢ be a sequence of probability measures on F which satisfy

the following two conditions.

Condition 1 For every R > 0 the restrictions of Pr to Fr form a Cauchy sequence for
the distance dgr. ILe. for every e > 0 there exists Tr. such that for all T, T" > Ty,
we have dg(Pr,Pr) < e.

Condition 2 For each fized R > 0

lim lim Pr < sup |[Wy| > k) =0. (4.3.37)
k—o0 T—o0 0<t<R

Then there exists a unique probability measure P such that Pr — P weakly in the
Skorokhod topology as T' — oo.

To prove that W(-|&}) converges to a unique weak limit it now suffices to show that
{W(-|&3)}r=o satisfies Condition 1 and Condition 2. The second condition is required
to show that W; does not escape to infinity in finite time — and thus the limit of W(-| &)
is non-trivial. Since we already have the tools to show that W(- | £}.) satisfies Condition

2 then this is where we shall start.
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Proof that W(-|&}) satisfies Condition 2 Suppose that R > 0 is fixed, then for
each € > 0 we need to find an M such that

W ( sup |Wy| > M | 5}) <e (4.3.38)

0<t<R

whenever T > R. From Lemma 4.3.11 and Lemma 4.3.12 we see that there is a universal

constant 77 > 0 such that if A is Fr-measurable then
1
W(A|EF) < EW(A |ER) (4.3.39)

for all T > R. sup |W,| has a Gaussian tail and so we can find an M such that
0<t<R

W ( sup |Wy| > M) <enW(ER).

0<t<R
Hence
1 1W (sup |[W;| > M)
W sup Wy >MIE) < —-W/| sup |[Wi > M|E| < = <e
(0<£R| | 2 M T) T (0<t£R| 2 M| R) o W(ER)
forall T > R. O

Proof that W(- | &) satisfies Condition 1 Fix R > 0 and € > 0. Our aim is to find

a constant T such that
[W(A|EF) —W(A|E)| <e, (4.3.40)
for every A € Frand all T, 7" > Tg..

As a first step we shall decompose the event A into the disjoint union of well behaved and
badly behaved parts, A = (AN Bg.)U (A\ Bg,.). Provided we can show the probability
of Br. € Fg is small, W(Bg.| &) < %5 for all T > R say, then we can use the identity

W& |ANESD)

W(AEY) =W(A|E) AR (4.3.41)
T | eT
to show (4.3.40). In particular if we have
|- W AN ) <1 (4.3.42)

W(er | €r) 27

for all A € Fr with AN Bg. =0 and all T,7" > Tk, then the result is proved.
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Claim 4.3.16. Recall that we defined mp = inf{W, : 0 < ¢t < R} and Mg = sup{W; :
0 <t < R}. Suppose we set lax(R) = sup{L,(R) : x € R}, then for each ¢ > 0 we can
find M >0 and k < 1 (depending on R but not on T') for which the bad event

BR,E = {mR S —M} U {MR 2 M} U {gmax(R) 2 /{I} (4343)

has probability W(Bg,. | £) < 3¢ for all T > R.

Proof of Claim. From (4.3.38) we know that when M is sufficiently large we have
1
W({mn < ~MYU (M > MY [5) =W sup W] 2 01 €1 ) < ;2
0<t<R

for all T' > R. Having fixed such a value of M we now observe that when we condition
on &y, then then ¢y, (R) is a random variable supported on [0,1). From Lemma 4.3.11
and Lemma 4.3.12 of Section 4.3.1 we have

WCET [ER N {lmax(1R) > y})

W(gmax(R) >y | 5%) = W(émax(R) >y | 5}%) W(g:; | 5}.%)

<

1 [ ]

5 W nax(R) 2y | €R);

where 77 > 0 is independent of 7" > R. Therefore there must exist & € [0,1) such that
W(lmax(R) > k&) < e for all T > R. Summing these probabilities completes the
proof. 0

By removing the behaviour of the bad event Br . we can ensure that the Brownian motion
does not become trapped to the left of Mg, and therefore at large times the effect of the
event A becomes negligible. We now aim to couple two processes (W;)i>o and (Wt)tzo
with respective laws W(- | ANET) and W(- | £2) in such a way that their local times agree
on a large region to the right of Mgz. More explicitly, suppose we are given two processes
(Wi)is0 and (W;)y0 with laws W(- | ANES) and W(- | £2). Let their respective local time
profiles be (L;(t))zer.t>0 and (Ex(t))xe]R,tZOa then we seek a pair of levels X, X € R such
that

X >Mp=sup{W,:0<t<R}, X>0, Lx(T)=Lg(T)

and / ) L.(T)dz = / ) L.(T)dz. (4.3.44)

—00 —00

Our coupling will then replace (1W;);>o with a new process (W;);=o whose local time
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(ﬁx(t))mERtZO is equal in law to (f/m(t))xethg and is such that

A L.(T) for all 2 < X (4.3.45)

L(T) = -
| Ly 5., (T) forall x>

Definition 4.3.17 (Coupling). Fix A € Fr with AN Br. =0, and let T' > R. Suppose
(Wi)i0 is a process with law W(-| AN &) and (W;);»0 is an independent process with
law W(-| £2). Define the random variables X, X and Ay by

X =inf{z> Mg:32> 0 with L,(T) = Lz(T) and [*__ L,(T)da = [*_ L,(T)dxz}
X = inf {z>0: ffoo L(T)dz = fj(oo L,(T)dx}
{ Wr— X if Wy > X and Wy > X
Ap = .

—00 otherwise
We now define a new process (W;);>¢ by considering two cases.

1. If X Z WT or X Z WT then set (Wt>t20 = (Wt)tzo.

2. Otherwise we have X < Wy and X < Wp. It is known from Itd’s theory of
excursions that a Brownian motion started at 0 can be decomposed into a sequence
of positive and negative excursions from 0, and that the excursions are indexed by
the local time at level 0. For a reference to excursion theory see [RY99, Chapter XII].
Therefore, because the local times at level 0 of (W, — X )o<i<r and (Wy— X )o<i<r are
equal at time 7', then we can form (Wt —X Jo<t<r by taking the negative excursions
of (Wt — X)ogth and combining with the positive excursions of (W; — X)o<;<r. By
doing this we ensure that L,(T) = L,(T) for all z < X and L,(T) = Ly 5.,(T)
for all z > X, and so (4.3.45) is satisfied.

Write Jr 4 for the joint law of (W})o<i<r and (Wt)OStST- It is clear from our construction

that the first marginal satisfies
I ((La(T))sen € ) = W((La(T))ser € -| AN ED). (4.3.46)

Our construction also gives

I (Lg_o(T))az0 € ) = W((Lg_(T))az0 € | £}).
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Therefore we now fix (Lg__(T))z>0 = (Ya)a>0 and consider

IPN(Lgo(T))az0 € | (Lg_o(T))az0 = (Ya)az0)
= W((Lx+x(T))meR € |ANEL, (Lx—o(T))a>0 = (%)x20)~

From Theorem 2.3.3, and the fact that a square Bessel process is Markovian, we see
that when we condition on W > X then the distribution of (Lx.(T)).>0 depends only
on Lx(T) and f_Xoo L,(T)dxz. We also observe that because A is Fr measurable and
Mpg < X then, as far as the distribution of (Lx,(T)).er is concerned, conditioning on
{ANEN, (Lx—2(T))z>0 = (Ya)a>0} is equivalent to conditioning on {&3, (Lx—o(T"))z>0 =
(Yz)z>o0}- Hence if we know that (Ly_,(T)).>0 has Lx(T) = y and f_XOO L,(T)dz =r
then
B (L a(M)ez0 € | (L _o(T))az0 = (Ye)ezo)
Lxio(T))ser € -|ANEL, Lx(T) :y fX L(T)dz =)

((
(Lgya(T)aen € |3, Ly(T) =y, [X Lo(T) dz =)
(s (M)oer € - 1€ (Lo (T))z0 = (Ya)azo)-

[
2 g x5

Since this holds for all choices of (Y;).,>0 then by interating we can conclude that
I, (Lo (T €)= W((Lo(T))uer € - | E}) (4.3.47
T,A ( 1‘( ))IE]R ( x zeR ‘ T) > 0. )

as desired.

Having constructed this coupling our next step is to show that Ar is large with high Jp 4-
probability. This would mean that there is a large region of space on which the local time
profiles of (W;)o<i<r and (W;)o<i<1 agree. Later we shall use this property to show that
the ratio between W(ES | (Wy)o<i<r) and W(ES, | (Wi)o<i<r) becomes arbitrarily close to
lasT,T" — .

Claim 4.3.18. Given A € Fr with AN Bre =0, let {Ira}r>r be the sequence of joint
laws defined by Definition 4.3.17. We then have that

Jra(Ap>3T) — 1 as T — oo, (4.3.48)

What is more, this convergence is uniform over all events A € Fr with AN Br. = 0.
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Proof of Claim. Given (Wy)iso € ANES and (W,)i=o € £ we define
Mp 0 T
Y pr = max {f_oo L(T)dz, [ L(T) dx} :

Now let 6 > 0. Our first task is to show that we can always find a K; (depending on R,
but not on 7" or A such that

1
JT7A<ER,T > Kl) < §5 (4349)
Let M be as given by Claim 4.3.16, and define r = f:g L,(T)dx. Because AN Br, =)
then we must have Mp < M. Therefore as L,(T) < 1 for all z € R it must follow
that f_]\gf L.(T)dz < 2M + r. Now suppose we condition on (W;)o<i<r = (V;)o<i<r and

(Lo(T)) —pr<a<nr = (Ya) —mr<z<nr- If we assume that sup |V;| < M then we can see from
0<t<R

Theorem 2.3.3 that the law of (Ly(T"))zer\[—m,m] depends only on the values of Y_, Yi,
and fﬁd Y, dz (and not on (V;)p<t<g). Therefore, if we also condition on (L, 44(T))z>0 =
(Y, )azo with [;°V,Fdz = s*, then we can follow the argument of Lemma 4.3.14 and

replace (4.3.34) by

WH{r>atn&LVYYT)
W(E |V, YY)
< W({r >a}N{L,(T) <1forallz e R\ [-M,M]}|V,Y,YT)
- W(ER VYY)
T Sup,~, Qo(c, s) “ Qo(T — 2M — sT — a, ¢, b)

< —sup sup - =
2 s>a cef0,1) Nfsefo,1] Qo(C; 8) epefo,n) Q2(T — st,¢,b)

Since our assumption on the event A implies that sup |W;| < M we can now integrate
0<t<R
over A and deduce that there exists a universal constant = < Ky < oo such that

WH{r >a}nN&ENA) < Kye " W(ED),

for all A € Fgr with ANBg. =0, all T > R and all @ > 0. Here & > 0 is as given
by Lemma 4.3.14. On the other hand, our assumption that A N Br. = () means that
L.(R) <k <1 for all z € R. Therefore if we let 75,,1 be the first hitting time of M + 1

(and assume k > 1), then the intersection of the events

AN{Ly(apr41) — Le(R) <1 —kVae e R} N{L,(T) — Ly(Tpys1) <1V > M + 1,
Lo(T) = Ly(tps1) < 5YVM <z <M +1and Ly(T) — Ly(Tar41) = 0 otherwise}

is contained within &}.. The probability of {L,(mp41) — Lz(R) < 1 —k for all z € R}
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is minimised when Wpg is minimal. Therefore, since our conditions on A imply that

Wgr > —M, we find that there must be a positive quantity (M, k) > 0 such that

W(Ly(tars1) — Le(R) <1—k forall z € R| A)
> W(Ly(rop41) < 1—kforallz e R|A) > ((M, k) > 0.

Note that since M and k depend only on R and e then so too does (M, k). The probability
of the third event is equal to W(E7- ), where &7

T— T]\[+

4.3.12. As we know that W(&E3—_ ) > W(E) > nW(EF) then we get

T—7p41

is defined in the proof of Lemma

W({r>a}n&)|A < Kye S W(ED)

WA= ANE) == wema S tanmawen S

fa
ng 3

for some K3 < oo which depends only on R and . From this we conclude that there must

exist a K, < oo such that
1
A <f_1\§f L,(T)dz > K4> <=

For all A € Fr with AN Br. =0 and all 7" > R. Lemma 4.3.14 also tells us that we can
find a K5 such that

T 1
Trs (fi)oo L,(T)dx > K5> <=
for all A and T'> R. Thus we can conclude that (4.3.49) holds for K; = max{K}, K5}.

Using symmetry we can see that ST = fv(;/oT L.(T)dx is equal in law to S~ = fi)oo L.(T)dz.
Therefore it is a simple corollary of Lemma 4.3.14 to find a Kg < oo such that

1 ~ 1
IW(ST > Ke) < g0 and TIPS > Kg) < 5!
for all A and T'> R. By combining this with 4.3.49) we see that

Jr.a (ZRT < 17 and min { ST Lo(T) da, [T (T da:} T> 5 (4.3.50)

OJIl\D

for all A and all T > max{R,6K,,6Ks}.

Recall that in Definition 4.3.1 we constructed (Z;):>o as an axillary process to (L. (7"))z>0
and that (Z;):>o satisfies Zy = L) (T), where p(t) is such that fp(t L,(T)dz = t. Let
(Z;)s0 be the axillary process to (Ly(T))z=0, S~ = f L.(T)dzand S~ = f_oo L,(T)dz.
Suppose we can find a t > Ypp such that Z; - = Z _5-. Ifweput X = p(t—957)
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and X = j(t — S™) then we can check that X > Mz, X > 0, Lx(T) = L(T) and
f_XOO L, (T)dz = f_XOO L,(T)dz. Thus X and X satisfy (4.3.44).

If we assume that Ypr < %T and min{f_woz L.(T)dx, f_WOZ L. (T) dx} > %T, then

(Zi—s-)sp r<t<ip and (thS*)ER r<t<s7 are both Markov processes which are conditioned
to stay in [0, 1], and with infinitesimal generator given by (4.3.6). For a fixed Xz <t <

Z, & ., for some s € [0,1]). This probability will depend

on Z,_g- and thg_, but must be positive for all (Z;_g-, thg_) € [0,1]2. Therefore, by

%T— 1 consider Jr 4(Z;_s-1s =

compactness, we find a k; > 0 such that
Jra(Zeys = Z,., for some s € [0,1]) > ky

for all possible ¢, Z,_g- and thg,. If K is large enough then (1 — k7)57 < %(5. Therefore

we can use that that Z and Z are Markovian to deduce that
~ 1
Jr.a (there exists Ypr <t < %T such that Z,_¢- = Zt_5,> >1— 3 0, (4.3.51)

for all T > 6K;. If we assume that the events given by (4.3.50) and (4.3.51) both hold
then we must have Wy > X and f;VT L(T)dz > 3T. Since L,(T) <1 for all z € R we
must then also have Ap = Wy — X > %T and so

Jra(Ar >4T) >1-6

for all A € Fr with ANBg. = 0 and all T > max{R,6K;,6Kg, 6K}. As d was arbitrary
then (4.3.48) is now proved. O

We now have the tools we need to estimate (4.3.42). Given 7' < T", define mrp =
inf{W, — Wy : T <t <T'}, and observe that we can partition the event £, as £}, =
(& N{mrr > —=Ar}) U (E N{mrr < —Ar}). Therefore (4.3.42) becomes

‘1_ WEn [AnED| _ |, _ I3 (E3)
W(E [€7) I (E3)
_ | CIPAEN N {mrr > —Ar}) + R4 (E N {mrp < —Ar})

Jg)A(g;w N{mrr > —-Ar})+ J%Q(E}, N{mrr < —Ar}) .

(4.3.52)

We now claim that J](TIA(S;, N{mrr > —Ar}) and J%Q(E}, N{mr > —Ar}) are equal.
Indeed, suppose we are given Ag > 0 and (Wy)o<i<r € ANES (or (Wy)o<i<rER). The
probability of the event £ N {mgy 7 > —Ar} is then exactly equal to the probability
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that an independent Brownian motion (W;)o<i<7r—7 has L,(T" — T) < 1 — Ly,.(T) (or
L, (T'-T)<1- th+x(T)) for all # > —Ag and L,(T" — T) = 0 otherwise. Because of
the way that J; 4 was constructed in Definition 4.3.17 we know that the distribution of
(Lwyta(T))z>—ap with respect to J(TI’)A is equal to the distribution of (lA}WTH(T))xZ_AT
with respect to J]E,?Ll. Thus the equality of J](T{l‘(g%, N{mrr < Ar}) and J%Q(é}, N
{mr < Ar}) must hold. From equation (4.3.52) we now get

- W(& [Ané&r)
W(&r [€7)

N J%)A(g;v N {mTT Z —AT}) !]]5334(57.1/ N {TTLT,T/ Z —AT})

< ‘J%)A(mT’T/ < —AT | gq.w) — Jg?’)A(mT,T/ < —AT | gq.w) .

1

IO En N {mrr < =Ar}) IR (En N {mrp < —AT}>|

By using Lemma 4.3.14 it can be shown that the tail of mp can be uniformly bounded
over all R < T < T’. Since Claim 4.3.18 tells us that As becomes arbitrarily large as
T — oo we deduce that J%)A(mTT < —Ar| &) and J%A(mTT < —Ar | &7/) must con-
verge to 0 as 7" — oo. Therefore we can find a Tx . such that J%)A(mT,T/ < =Ar|&) <
e and J%)A(mT,T/ < —Ar|&y) < e forall A € Fpand all T, < T < T’, and so
(4.3.42) is satisfied. O

Since both Condition 1 and Condition 2 are satisfied then Lemma 4.3.15 tells us that

W(- | E2) must converge weakly as T'— oo, and so Theorem 4.1.1 is proved. O
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4.4 Proof of Theorem 4.1.3

In Benjamini and Berestycki’s paper, [BB10], it is shown that when we condition on &}
then (L,(7,))z>0 converges to a process (L,(00)).>0 with stationary distribution u* as
a — 00. As a first step to proving Theorem 4.1.3 we shall now show that (L,(00)).>0
also has a stationary distribution, p°, with respect to Q* = 713120 W(-|&7). Having done

this we then complete the proof using calculations of Radon—Nikodym derivatives.

4.4.1 The stationary distribution of (L,(c0)).>0

As a consequence of Lemma 4.2.3 we know that there is a unique measure u® € Eo =
{n € P(R) : support(p) C [0,1]} which minimises E(u)"'I,(u) over all 4 € E¢. By
using the Donsker—Varadhan Theorem we shall now show that p® gives the stationary
distribution of (L,(00))z>0 = 71L1rrgo(L$(T))$20 with respect to Q°.

Lemma 4.4.1. Let pu® be as defined above, suppose (Y;).>o is a BESQ?(y) process for
some ¢ € [0,1), and recall that we defined p(s) = inf{u : [['Vydz > s}. If we now
condition on the event {Y, < 1 for all 0 < x < p(s)} then L((Yz),p(s),-) converges in
Y .-probability to u® as s — oco.

Proof. Let U C P(R) be any open set (with respect to the weak topology) containing °.

It now suffices to prove that

1
liminf —log Y.(L((Yz), p(c),) € UN E¢)

s—o0 S
1
— lim sup ; log Y.(L((Yz), p(s),:) € U N E¢) > 0. (4.4.1)
S§—00

This would imply that the ratio between Y(L((Y.),p(s),:) € U|Y, < 1 for all z €
[0, p(s)]) and Y (L((Yz),p(s), ) € U°|Y, < 1 for all x € [0, p(s)]) tends to infinity as
s — 00. Since this holds for arbitrary U 3 p® then L((Y3), p(s),-) must converge to
in QQ*-probability.

Define Ep = {u € P(R) : support(u) C [0,1)} € E¢. Since both Ep and U N Ep are

open and so we can apply Lemma 4.3.3 and Lemma 4.2.3 to get

1
liminf —log Y.(L((Yz), p(s),-) € U N E¢)

s—00 8§
o1 Lo D) bt
> — . > e
> llgn 10£1f ; log Y (L((Yy), p(s),-) e UN Ep) > ueg})fmU ™ ) (4.4.2)
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Likewise Ec N U° is closed and so from Lemma 4.3.3 and Lemma 4.2.3 we have

, 1 , I I(p®
llnisup B log Y (L((Yy), p(s),) e UNEg) < — uejgclfwc ]EQEZ; < —ééz.i (4.4.3)

Here there is a strict inequality because the minimiser of E(u) *Iy(n) over u € Eg is
unique. By combining (4.4.2) and (4.4.3) we can deduce (4.4.1) and so the lemma is
proved. O

Now use (Z;):>o to denote the auxiliary process to (Y).>o. From the results of [Pin85b]
we know that if we condition on Z; < 1 for all 0 < ¢t < s then as s — 00 (Z;)i>0 will
converge to some stationary process. Consequentially if we condition on Y, < 1 for all
0 <z < p(s) then (Y,).>o must also converge to some stationary process as § — 00.
Furthermore, because we know that the occupation measure of (Y,),>o converges to u°,

then p® must also be the limiting stationary distribution of (Y;).>o.

In our proof of ballisticity (Section 4.3.1) we showed that if (L, (7))zer is the local time
of a Brownian motion, (W;);>¢, conditioned on &} then (L, (7T'))o<z<wy is equal in law to
(Y2)o<z<wy. Since Wr — 00 as T — oo it must follow that, with respect to the law

Q*, (Ly(00)).>0 has an invariant distribution p°.

4.4.2 The tails of y* and u*

Theorem 4.1.3 now follows fairly easily by showing that there exists constants C* and C*

with
(1 =g, 1)) ~C*® and pu*((1—¢,1]) ~ C®e?, (4.4.4)

as € — 0. This is the content of the lemma below.

Lemma 4.4.2. Let o € (0, 1), and suppose ji,, is the unique probability measure supported
on [0,1] which has E(p,) = o and Ir(pe) = J(), then there exists Cy such that

o (1 —€,1]) ~ Cue?, (4.4.5)
as € — 0.

Proof. We prove this by analysing the Radon-Nikodym derivative of pu,. The measure
Lo is defined to be the minimiser of I5(u) over {u : support(u) C [0,1] and E(p) = a}.
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Therefore we can use the integral form for I5 given by (4.2.4), and observe that minimising
I(p) over {p : support(u) C [0,1] and E(u) = a} is equivalent to finding a g, € C*([0, 1])
with [|galla = 1, [VZga(2) |2 = o and

/01 2 (%ga@))de _ inf {/01 2 <%g(m))2dx gl = 1 and [[Vag(z)]ls = a} |

(4.4.6)

As in the proof of Lemma 4.2.1 we can do this using the Euler-Lagrange equation. To
include the twin constraints ||glls = 1 and [[\/zg(z)||2 = a we must also include the

Lagrangian multipliers

A (/Olg(x)de _ 1) and v (/leg(x)de - a) | (4.4.7)

Therefore we get F|z, g(x), ¢'(x), \, ] = 2z ¢'(x)?*—2X\(g(z)*—1) —2v(zg(z)*—a). Putting

this into the Euler-Lagrange equation

oF _d (0F) _,
dg dx \dg )

now gives

2
x%g(w) + %g(m) — (A +vz)g(x) =0, (4.4.8)
for z € [0,1]. The particular A and v will depend on «. However, even without knowing
these we can now deduce that g, is twice differentiable on (0, 1) — since it satisfies (4.4.8),
and that ¢/ (1) # 0. This second claim follows because the Radon-Nikodym derivative of
p must be continuous on [0, 00) (else I5(u) = oo) and therefore ¢,(1) = 0. By inspecting
(4.4.8) we see that if we also had ¢/ (1) = 0, then g, would be the trivial solution,

ga(x) = 0. Since this can not be the case we must therefore have g/, # 0.

By taking the Taylor expansion of g,(x) at = 1 we now have

wolt === [ Pedo= [ (@) do= [ (e +0 () o (1449)
— %g;(l)zes + 0O (') ~ C,é°,

as required. U
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Because we know that u* = - with o = (v*)7! and u® = jee with o® = (*)~!, then
this completes the proof of Theorem 4.1.3. O

Remark 4.4.3. For this proof it was not necessary to try and solve (4.4.8) explicitly.
However, doing so provides a good way of calculating the function J numerically. See
Definition 4.2.4 and Figure 4.2.1. Solving (4.4.8) would also enable us to compute C* and
Ce.
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4.5 A general framework

We conclude this chapter by considering a more general framework in which a Brownian
motion (W;)i>o can be conditioned to have its local time bounded by 1. In this section
we give three conjectures about the existence and behaviour of these limiting processes,

and give non-rigorous explanations of why we believe these conjectures to be true.

Consider (W, t);>0 as a process on R x [0,00), and let U C R x [0,00) be an open set
containing (0,0). For each a € (0,00) we write aU = {(x,t) : (a"'z,a”t) € U}, and
define 7V by 7V = inf{t > 0 : (W;,t) ¢ aU}. From this we then obtain a collection of

events

EV ={L.(7Y) <1 for all z € R}. (4.5.1)

Observe that since U is open then (J,.,aU = R x [0,00), and thus (., & = {L.(¢) < 1
for all x and t} = £. Note also that for U = {(x,t) € R x [0,00) : < 1} this definition
gives EY = &* where £* is given by (4.1.1), and when U = {(z,t) € R x [0,00) : t <
1 and z > 0} then Y = £°, where £* is given by (4.1.3). We believe that, subject to
certain conditions on the set U, the measures W(- | EY) will weakly converge as a — oc.
Furthermore the behaviour of the limiting process with measure QY = lim W(- |£Y), can
be deduced from the set U. A

4.5.1 Understanding W(-|£Y) via the theory of large deviations

One of the main principles of the theory of large deviations is that when we condition on
a process satisfying a sequence of increasingly (exponentially) unlikely events, then — in
the limit — the path taken by the process is the one which is least unlikely. Suppose an
event © has W(O) = e™?, then we say the cost of (W;);>¢ satisfying © is ¥. Now consider
aset U C R x [0,00). Using the language of cost we can then say that if we condition
on EY then — in the limit — the path taken by a=!(W;);>, will be the one which is least

eTPENnSIve.
It is well known that

1
lim —logW(Wr >vT) = —— (4.5.2)
T—oo T
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and so it is clearly costly for a Brownian motion to be ballistic with a high speed. However,
in order to satisfy L,(7V) <1 for all z € R, a Brownian motion must travel at a speed of
at least 1. Furthermore, the faster a Brownian motion travels, the easier it is for (W;);>o
to satisfy the condition on its local time. Therefore we end up with a trade-off between

the cost of travelling quickly and the cost of satisfying L,(7Y) < 1.

When a Brownian motion is ballistic then we can estimate its speed though a point x by
calculating TILIEOIE(LI(T))_I. Since L,(T) can be described in terms of a BESQ? process,
then the cost of a Brownian motion travelling a unit distance at speed v, whilst ensuring
its local time is bounded by 1, is given by J(v™!). Recall Definition 4.2.4.

In the case where U = aU* = {(z,t) : © < a}, (W;);>0 simply has to travel a units
of distance whilst maintaining a bounded local time. Therefore (W;)i>o will travel at a
speed for which the cost J(v™!) is minimal. Lemma 4.2.8 tells us that J(v™!) is minimised
when v = ~*, and thus we can use the theory of large deviations to confirm the result of
Benjamini and Berestycki, [BB10]. However, in the case where U = aU® = {(z,t) : t < a}
then the limiting process has a speed which is least expensive per unit time. Because a
particle travelling at speed v will cover v units of distance in each unit of time, then we
can deduce that the unit time cost of a satisfying L,(t) < 1is vJ(v™!). Lemma 4.2.8 also
tells us that vJ(v™') has a unique minimum at v* < v*, and so we see why the limiting
measures Q* and QQ* should be different.

Now for a general set U there may be many possible paths P for a=!(W;, t);>0 to take as
it leaves U, and for each of these there will be a cost for a™ (W}, t) to stay close to P and
maintain L,(7Y) < 1. However, if we know that there is is unique least expensive path,
then conditionally on £V the limiting route taken by a=t(W;,t);>¢ will converge to this

least expensive path as a — oo.

4.5.2 The cost of a1 (W;,t);>o following a path

Assume that a path P can be parametrised on an interval [0,7] by (f(t),t) for some
piecewise differentiable increasing function f. The cost of a=! (W, t);>0 staying close to

P will then be asymptotically equal to a x cost(P), where

cost(P) /0 ' ( f,tt)> dr. (4.5.3)
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Figure 4.5.1: The first graph shows the process (W, t);>o taking the path P as it leaves
a set U. This need not necessarily be the shortest, but will be the path with lowest cost.
What is more, if the least expensive path P is unique then it must be a straight line.
Obviously the gradient of the line will depend on the set U, and this is why different
conditionings can lead to Brownian motion with bounded local time having different
ballistic rates.

The second graph shows the most likely paths taken by (W;,t):>o as it leaves aU® (green
path) and 4aU* (blue path). Since (W4, t) is able to leave 4aU* sooner by travelling at a
quicker speed we see that W(- | E¥) and W(- | £?) will converge to processes with different
ballistic rates.

The third graph shows that for a given v we can set U, to be R X [0,00) minus a wedge
with its point at (v, 1). Provided v is sufficiently large this will give a unique less expensive
path for (W3, t);>0. However, if v is too small then it ends up being easier for W; to go
back on itself than to go forwards at a slow speed. Therefore there can be no unique least
expensive path, and so the measures W(- | £Y*) need not converge.
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Note that because J is convex then cost(P) can only be minimised when P is a straight

line.

In the case where P is a path whose first parameter is not strictly increasing (or decreasing)
then (W;);>0 must revisit regions where it has already been. From Lemma 4.3.6 we can
deduce that

1

lim supflogYW (Wr € [-1,1] and L,(T) <1 for all x € R) < —277, (4.5.4)
T—o0

and from this we get a lower bound on the cost of a™!(W;,t);>0 following a path which

comes back on itself. Using (4.5.4) as lower bound it is possible to show that for certain

U there is a unique path P from (0,0) to OU which minimises cost(P). We now make the

following conjecture.

Conjecture 4.5.1. Suppose (0,0) € U C R x [0,00) is an open set, and assume that
there is a unique path P from (0,0) to OU with cost(P) < cost(P) for all other paths P
from (0,0) to OU. Then

e P can be parametrised by (vt,t) for some constant v.
o W(-|EY) converges to a weak limit, QV, as a — oo.

%%
o QY is such that Tt — v in QY-probability.

Following on from Conjecture 4.5.1 we now ask for which values of v can we find a set U,
such that QY» exists and has ballistic rate v. For simplicity we shall restrict our attention

to the case where v > 0.

Clearly it is not possible for us to have v < 1 as this would imply that L,(7T) > 1 for
some z and t. What is more, Lemma 4.2.8 tells us that J (v™!) — oo as v \( 1 and so
we see that it is very expensive for (W;):>o to maintain L,(t) < 1 whilst travelling slowly.
Consequentially, if we want (W;):>o to be near vT" at time 7" and satisfy L,(7") < 1 for all
z € R, then when v is small the least expensive way for this to happen is if (W;);>o goes

off at some speed greater than v and then changes direction in order to come back to vT.

From (4.5.4) we can see that the asymptotic cost of (W;);>¢ returning to the interval
[0,vT] after AT units of time is at least 22AT. In fact without too much difficulty one

can show that this lower bound is sharp.

We also know that the cost of (W;)o<i<r spending (1 — X\)7T units of time in the inter-
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val [0,vT] whilst maintaining L,(T) < 1 is asymptotically equal to vT'J ((1 — X)v™1).
Therefore we see that staying close to (vt,t)o<;<7 proves to be the least expensive way
for (W, t);>0 to end up near (v7,T) if and only if

v (v < A2m 4 (1= Mo (1= A)v™) (4.5.5)

for all 0 < A < 1. Although we do not include details, it can be shown by studying the
properties of J that there is a critical value 1 < v° < ~*, equal to the minimal root of
vJ (v™1) = 272, such that (4.5.5) is satisfied for all v > ~° and for no v < 7°. See Figure
4.2.1 and Figure 4.5.1.

Conjecture 4.5.2. There exists 1 < ~° < v* such that for each v > ~° there is an open
set U, for which QU» = lim W(-|EY) ewists and is such that
a—r o0

lim ? =v in QY -probability. (4.5.6)

What is more, for each v < ~° there is no open set U, for which (4.5.6) holds.

4.5.3 The universal exponent

Suppose the measure Q' = alggo W(-|EY") has tlgglo ? = v in QY-probability, for some
v > 7°. Provided we knew that (L,(70")).>0 converged to a stationary process as a —
00, then because the occupation measure of (L, (00)),>0 must converge to a measure which
minimises I(u) over all € {u € P(R) : support(u) C [0,1] and E(u) = v~'}, we would
be able to deduce that the stationary measure of (L,(00)),>¢ with respect to QU is fi,-1.

Lemma 4.4.2 then tells us that there is a constant C, > 0 for which we have
fo-1((1 =&, 1]) ~ Cye?, (4.5.7)

and so we can make the following conjecture.

Conjecture 4.5.3. For each v > 4° and each measure QU = lim W(-|EY) there ewists
a— 00

a constant C, > 0 with

lim QY(Ly(00) > 1 —¢) ~ Cpe®. (4.5.8)

T—00
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