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ABSTRACT. In this paper, we provide rigorous justification of the hydrostatic
approximation and the derivation of primitive equations as the small aspec-
t ratio limit of the incompressible three-dimensional Navier-Stokes equations
in the anisotropic horizontal viscosity regime. Setting € > 0 to be the small
aspect ratio of the vertical to the horizontal scales of the domain, we investi-
gate the case when the horizontal and vertical viscosities in the incompressible
three-dimensional Navier-Stokes equations are of orders O(1) and O(e?®), re-
spectively, with a > 2, for which the limiting system is the primitive equations
with only horizontal viscosity as € tends to zero. In particular we show that for
“well prepared” initial data the solutions of the scaled incompressible three-
dimensional Navier-Stokes equations converge strongly, in any finite interval
of time, to the corresponding solutions of the anisotropic primitive equations
with only horizontal viscosities, as € tends to zero, and that the convergence

8
rate is of order O (af), where 8 = min{a — 2,2}. Note that this result is

different from the case o = 2 studied in [Li, J.; Titi, E.S.: The primitive
equations as the small aspect ratio limit of the Navier-Stokes equations: Rig-
orous justification of the hydrostatic approximation, J. Math. Pures Appl.,
124 (2019), 30-58], where the limiting system is the primitive equations with
full viscosities and the convergence is globally in time and its rate of order
O (¢).

1. INTRODUCTION

The hydrostatic approximation is a fundamental assumption in the geophysics
and a building block in the large scale oceanic and atmospheric dynamics, see
[37, 48, [49] 52| [54L [56]. It can be derived by either the scale analysis or taking the
small aspect ratio limit to the incompressible Navier-Stokes equations. Thought it
is proved to be accurate in the practical applications, the corresponding rigorous
mathematical justification has been only given in the case that the horizontal and
vertical viscosities have some particular orders of the aspect ratio, see Azérad-
Guillén [1] and Li-Titi [38] in the weak and strong setting, respectively. The aim
of the current paper is to investigate the more general case that the horizontal and
vertical viscosities are not necessary to be of the particular order. As shown in
the below that the limiting system considered in the current paper is anisotropic
primitive equations with only horizontal viscosities, while those in [II, B8] have full
viscosities.
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1.1. Incompressible Navier-Stokes equations in thin domains. Given a two
dimensional domain M = (0, Ly) x (0, Lz) with Ly, Ly > 0. Let Q- = M x (—¢,0)
be a three-dimensional box, where ¢ > 0 is small representing the aspect ratio.
Consider the anisotropic incompressible Navier-Stokes equations in €27

(L.1) Oru+ (u-V)u — pApgu — vd*u + Vp = 0,

' V.u=0,

where the vector field u = (v, w) representing the velocity, with v = (v1,v2), and
the scalar function p representing the pressure are the unknowns, p and v are the
horizontal and vertical viscous coefficients, respectively. Assume that = O(1) and
v = O(e®) for some positive «, as ¢ — 0. The initial-boundary value problem will

be studied in this paper and, thus, we complement system (|1.1)) with the following
boundary and initial conditions:

u and p are periodic in z and y,
(1'2) (azva w)|z:—5,0 = (07 O)a
u|t:0 = (Uo,wO).

Note that by extending v, w, and p, respectively, evenly, oddly, and evenly in z,
one can extend the initial-boundary value problem 7 defined in Q7 to the
corresponding problem defined in the extended domain Q. := M X (—¢,¢). The
extended initial-boundary value problem in Q. := M X (—¢,¢) is as follows

Oru+ (u-Vu — pAgu — vd*u + Vp = 0,
V-u=0,

(1.3) v, w and p are periodic in z, y and z,
v, w and p be even, odd and even in z,

ult—0 = (vo, wo).

On the one hand, for any solution (u,p) to 7, if extending v, w, and p,
respectively, evenly, oddly, and evenly in z, then the extension, denoted by (&, p),
is a solution to (1.3). In the setting of strong solutions, this can be verified by
noticing that extensions as above preserve the Sobolev regularities of v and w due
to the boundary conditions in , while in the setting of weak solutions, this is
based on the fact that regular testing functions satisfying the symmetry conditions
in fulfill the boundary conditions in and thus can be chosen as testing
functions for 7. On the other hand, if (u,p) is a solution to (1.3 in €.,
then the restriction of (u,p) on Q) is a solution to f. Therefore 1'
is equivalent to (1.3)). Due to this equivalence, one only needs to consider (L1.3).

We are interested in the small aspect ratio limit as € — 0 to the above system.
Since only the regime of the primitive equations will be considered in the current
paper, we assume that a > 2. In fact, in the case o € (0,2), one can show in a
similar way as in [2] that system converges to a limiting system with only
vertical dissipation, which is different from the primitive equations.

In order to investigate the small aspect ratio limit, we first carry out some scaling
transformation to system such that the resulting system is defined on a fixed
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domain independent of €. Similar to [38], we define the following new unknowns

ve(x,y, 2,t) = v(z,y,e2,t), we(z,y,2,t) = éw(x,y,sz,t),
pe(x,y, 2,t) = p(x,y,e2,1), ue = (ve,we), Y(z,y,2) € M x (—1,1).
Then, u. and p. satisfy the following scaled Navier-Stokes equations
Opve + (ue - V)ve — Agve — 60‘7233115 + Vygp: =0,
(1.4) V- u. =0,
e2(Opwe + ue - Vw, — Agw, — e 20%w,.) + 0.p. = 0,
in the fixed domain Q := M x (=1, 1), subject to

(1.5) ve, we and p. are periodic in z,y, 2,
(1.6) Ve, we and p. are even, odd and even in z, respectively,
(1.7) (Ve we)|t=0 = (vo, wp).

Since system ([1.4) preserves the above symmetry, one only needs to impose the
required condition on the initial velocity. Due to this, throughout this paper, we
always assume that

(1.8) vg and wqg are even and odd in z, respectively.

Throughout this paper, we set Vi and Ay to denote (9;,d,) and 92 + (’“)5 , respec-
tively. For any 1 < ¢ < oo and positive integer k, we denote by L?(2) and H*(Q),
respectively, the standard Lebesgue and Sobolev spaces, and we use the notation
Il - |lq and || - ||4,0s to denote the L9(€2) and L9(M) norms, respectively. Since we
consider the incompressible Navier-Stokes equations, we use L2(Q) to denote the
space consisting of all divergence-free functions in L?(£2). It should be emphasized
that all the functions considered in this paper are supposed to be periodic in the
spatial variables.

By the classic theory, see, e.g., [12] and [51], for any initial data ug € L2(f),
there is a global weak solution u to , subject to and . Note that if
the initial data ug satisfies the symmetry condition (L.8)), then one can construct,
in the same way as in [I2] and [51], such weak solutions that satisfy the additional
symmetry condition . In fact, in this case, the approximate solutions satisfy the
additional symmetry condition and, as a result, the weak solutions achieved
as the limits of the approximated solutions also satisfy . Therefore, for any
up € L2() satisfying the symmetry condition , there is global weak solution
u to system subject to 7. Here the weak solutions are defined as
follows.

Definition 1.1. Let ug = (v, wo) € L2(Q) satisfy the symmetry condition (@

w is called a Leray-Hopf weak solution to system (L.4)) subject to (L.5)—(1.7), if
(i) u € Cy([0,00); L2(2)) N LE ([0, 00); HY(Q)) is spatially periodic and satisfies

loc
the symmetry condition @, where Cy, means weakly continuity;

(ii) The following energy inequality holds:
t
lo@)3 + e lw(®)]3 + 2/0 <||VHU||§ +e272) 003 + €% Vw3

+ 2 0.wll3 ) ds < Juol3 + e2llwoll3,  for a.c.t € [0,00);
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(iii) For any spatially periodic function o = (g, p3) € C5(Q2x[0,00)) satisfying
V ¢ = 0 and the symmetry condition (@, where g = (1, 92), the following
integral identity holds:

/ / { — (v Owpr + E2wdyps) + (u - V)vpw + e?u - Vwps
o Ja

+Vuv:Vaeg +e*7200- 0,0 + 2Vgw - Vips + 20,w0., @3 | dQdt

= [ (10-0u(-.0) + unga(-,0))ao,
Q
where d$) = dxdydz.

1.2. Small aspect ratio limit and the primitive equations (PEs). By taking
the formal limit as & — 0, it is natural to expect that ((1.4)) converges in some suitable
sense to the following limiting systems

O+ (u-V)v—Av+Vgp =0,
(1.9) Vg v+ 0,w=0,
8zp:07

ifa=21in ,and

O+ (u-V)v—Ayv+Vgp =0,
(1.10) Vi -v+0,w=0,

9.p =0,

if @ > 2 in (L.4), where the vector field v = (v,w) and the scalar function p are
the velocity and pressure, respectively. Both and are the simplest form
of the primitive equations (PEs). Note that in the case a = 2 the limiting system
in has dissipation in all directions, while in the case o > 2 the corresponding
system in has dissipation only in the horizontal directions.

Recalling that we consider the periodic initial-boundary value problem to the
scaled incompressible Navier-Stokes equations , it is clear that one should im-
pose the same boundary conditions and symmetry conditions to the corresponding
limiting system . However, one only needs to impose the initial condition
on the horizontal velocity. In fact, by 7 wo is odd and periodic in z, one
has wg|,=+1 = 0. Then, wy can be uniquely determined by the incompressibility
condition as

(1.11) wo(z,y,2) = —/ Vi -vo(z,y,8)dE, V(x,y,z) €
-1

We call initial data (vg, wp) satisfying condition (1.11)) well prepared initial data.
Similarly, w can also be uniquely determined by the incompressibility condition
as

(112)  wlzy,zt) = / Vi - o(wsy, € 06, V(e,y,2) € Q.
-1

Due to these facts, throughout this paper, concerning the solutions to (I.10]), we
only specify the horizontal components v, and w is uniquely determined dby_T@

The primitive equations, no matter with full or partial dissipation, play funda-
mental roles in the geophysical fluid dynamics and, in particular, in the large scale
oceanic and atmospheric dynamics, one can see the books [25], [37] (48] [49] [52], [54], [56]




HYDROSTATIC APPROXIMATION AND PRIMITIVE EQUATIONS JUSTIFICATION 5

for the applications and backgrounds of the primitive equations. They are the core
in the weather prediction models. Due to the presence of strong turbulent mixing
in the horizontal direction in the large scale atmosphere, the eddy viscosity in the
horizontal direction is much stronger than that in the vertical direction. As a re-
sult, both physically and mathematically, it is necessary to investigate the primitive
equations with anisotropic viscosities and, in particular, the system that with only
horizontal eddy viscosities.

The first systematical studies of the the primitive equation was made by Lions—
Temam—Wang [41], 42] [43] in the 1990s, where they established the global existence
of weak solutions to the system that with full viscosities; however, the uniqueness
of weak solutions is still unclear, even for the two-dimensional case. By making full
use of the hydrostatic balance to exploit the two-dimensional structure of the key
part of the pressure and decomposing the velocity into barotropic and baroclinic
components, Cao—Titi [9] established the global well-posedness of strong solution
to the three dimensional primitive equations, see also Kobelkov [34] and Kukavica—
Ziane [35]. One can see [23] [30, B3], [36] [39] for the global well-posed results with
weaker initial data, and see [40] for the results taking the topography effects into
considerations. The global well-posedness results in [9, [34] B5] are established in
the L? type spaces, for the corresponding results in the LP type spaces based on
the maximal regularity technique, one can see the works by Hieber et al. [26] 27]
and Giga et al. [21] 22]. Recently, global well-posedness of strong solutions to the
coupled system of the primitive equations to the moisture system with either one
component or multi components of moisture, and the hydrostatic approximation
from compressible Navier-Stokes equations to compressible primitive equations were
also established, see [13] 24], 28, 29] and [I8, [47], respectively. For the results of
compressible primitive equations, one can see [44] [45] [46], 19, [32, [53].

All the results mentioned in the above paragraph are for the system that with
full dissipation. In the last few years, some developments concerning the global
well-posedness to the anisotropic primitive equations were also made, see Cao—Titi
[B] and Cao-Li-Titi [3, 4, [6, [7, [§], which in particular imply that the primitive
equations with only horizontal viscosities are globally well-posed as long as one
still has either horizontal or vertical diffusivities, see also [I5] and [30]. Notably,
different from the primitive equations with either full viscosity or only horizontal
viscosity, the inviscid primitive equations may develop finite time singularities, see
Cao et al. [II], Wong [55], Ghoul et al. [20] and Ibrahim et al. [31].

1.3. Main results: rigourous justification of hydrostatic approximation.
As already mentioned at the beginning of this introduction, the rigorous justifica-
tions of the limiting process in the case @ = 2, i.e., the convergence from with
a=2to has been established by Azérad-Guillén [I] in the weak setting and
by Li-Titi [38] in the strong setting, respectively, see also Furukawa et al. [16] and
[I7] for some generalizations in the LP-L? type spaces, and Pu-Zhou [50] for the
system with temperature. To our best knowledge, the corresponding justification
in the case a > 2, i.e., the convergence from with a > 2 to , is still
unknown, and we are going to address this problem in the current paper.

Now, we are ready to state our main results.

We first consider the case that vg € H*(2). In this case, noticing that ug can be
only regarded as an element in L?(Q) in general, one can only consider the weak
solutions to the anisotropic incompressible Navier-Stokes equations . For the
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primitive equations (L.10), the local well-posed result in [3] guarantees a unique
local in time strong solution and, moreover, it can be extended to be a global one,
if one has further that d,v9 € L™(Q) for some m > 2. As a result, we have the
following local and global strong convergence results:

Theorem 1.1. Suppose that a > 2. Let vg € HY(Q) be a periodic function satis-
fying Vg - fil vodz = 0 on M. Assume that vy satisfies the symmetric condition

and that wq is determined by . Denote by (ve,w:) and v an arbitrary
Leray-Hopf weak solution to (1.4) and the unique local strong solution to ,
respectively, subject to 1) and with the same initial data (vy,wp). Let t, be
the time of existence of v and set

(Vg,WmPE) = (Ua — U, We — W, Pe _p)-

Then, the following two items hold:
(i) It holds that

-
sup |\V5,5WE||§(t)+/ IVaVe,eVuaWe., e 7 0, Ve, 20, W.||2dt <CeP,
0

0<t<t*
for any € > 0 and o > 2, where § := min{2,« — 2}, and C is a positive constant
depending only on ||vo|| g1, t*, L1 and Ly. As a direct consequence, one has
(vey ewe) = (v,0), in L(0, %5 L* (),
(VHU67EaTizazv€7€va57€%azw€aw€) — (VHUa 0,070,11)), m LQ(Oa t*7 LZ(Q))7

and the convergence rate is of the order O(sg).

(i) Suppose in addition that Oy,vg € L™ () for some m > 2. Then, all the above
convergence and estimate still hold if replacing t. by any finite time T € (0,00). In
particular, it holds that

T
sup (VeI + WD) ® + [ (IVaVell + 21 9u Wl
0<t<T 0

+ e 2OV + 0.3 ) dt < K(T)e?,

where K is a nonnegative continuously increasing function on [0, 00) determined by
||’U0||H1, ||8zv0||m; Ll, LQ, and t*.

Next, we consider the case that vy € H?(Q). In this case, by , it is clear
that up = (vo,wo) € H' (). Then, by the local well-posedness theory of strong
solutions to the incompressible Navier-Stokes equations, see, e.g., [12] 5], for each
e > 0, there is a unique local strong solution (v.,w.) to (L.4), subject to (L.5])-
(1.7). For the primitive equations , the global well-posedness results in [3] 4]
guarantee the global existence of strong solutions to , subject to (L.5)—(L.7).
Then, we have the following strong convergence results.

Theorem 1.2. In addition to the conditions in Theorem [I.1], suppose that vy €
H?(Q). Denote by (ve,we) and v the unique local strong solution to (1.4) and the

unique global strong solution to (1.10)), respectively, subject to (1.5)—(1.7) and with
the same initial data (vo,wp). Set

(‘/67W6> = (Ue —V,We — ’l,U),

and let T be the maximal time of existence of (ve,we).
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Then, for any finite time T > 0 and a > 2, there is a small positive constant ep
depending only on ||vo|lg2, T, L1 and La, such that T > T, as long as € € (0,e7),
and that

T

sup ||z, eWe |3 () + / IV Ve, eV We, €57 0. Ve, €% 0.We |3 (£)dt <Ks(T)e”
0<t<T 0

where B = min{2, « — 2} and K3 is a nonnegative continuously increasing function
on [0,00) determined only by ||vo||gz, L1 and La. As a consequence, one has

(ve,ew.) — (v,0), in L=(0,T; H(Q)),
(Vive,£°F 0,02, eV gwe, £ % w2, w.) — (Vv,0,0,0,w), in L2(0,T; HY(Q)),
we — w, in L>(0,T; L*(Q)),

and the convergence rate is of the order O(E%).

Remark 1.1. Comparing with the results obtained in [38], where the strong conver-
gence and error estimates are globally in time or in other words uniformly in time
for the primitive equations that with full dissipation, the convergence and error es-
timates in the current paper depend on the time intervals in which the problems
are considered, as shown in Theorem and Theorem [I.3 This is caused by the
absence of the vertical viscosity in the primitive equations which is treated
carefully in the current paper, as both the strong convergence and error estimates
depend crucially on the a priori estimates for the relevant limiting system, i.e.,
the primitive equations, while these a priori estimates available for the primitive
equations depend on the time interval.

It is interesting to compare the results in the case a > 2 with those in the case
a = 2. On the one hand, in the case o > 2, as shown in Theorem [I.I]and Theorem
the convergence rate O(eg), B = min{2, o — 2}, becomes weaker and weaker
when « approaches 2. On the other hand, in the case a = 2, the results in [3§]
show that the corresponding convergence rate is O(¢). By comparing the results
[38] in the case o = 2 and our results, one may expect some better convergence
rate, say O(£"(®), such that k(a) > ko for some positive kg when a approaches
2. Unfortunately, this seems impossible, as the following subtracted system for
(V., W.) has the quantity e*~292v as a source term in the V. equations:

815‘/5 - AH‘/E - 50‘7283‘/5 + (UE * V)V;— + VHPE
+HU: - V) + (u- V)Ve = 272020,
vH Vs'i_azWe 207
2(OW. — AgW, —e*20°W. + U. - VW. + U, - Vw + u - VIW,)
+0,P. = —*(Oyw — Agw — > 20%w + u - Vw).
While in the case a = 2 as studied in [38], the corresponding subtracted system does
not have any source terms in V. equations. These indicate the essential differences
between the cases @ > 2 and o = 2, or in other words, the differences of the
convergence from the incompressible Navier-Stokes equations to the isotropic and
anisotropic primitive equations.
The rest of this paper is arranged as follows: in section 2, we collect some

preliminary results which will be used in the subsequent sections; in section 3, we
cite some results about the local and global well-posedness of strong solutions to
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the primitive equations with only horizontal viscosity and carry out some a priori
estimates; finally, we give the proofs of Theorem and Theorem in section 4
and section 5, respectively.

2. PRELIMINARIES

The following inequality will be used frequently in the a priori estimates. Since
it can be proved exactly in the same way as in [10] and [3], we omit the proof here.

Lemma 2.1. The following trilinear inequalities hold:

/M (/11 |¢(x,y,z)|d2> (/11 Iga(x,y,z)z/}(x,y,z)|dz> dzdy

< Cléllaliels (Ille + 1V aels) " 1613 (el + 1V alz)

/M (/_11 |¢(x,y7z)|dz> (/_11 Igo(x,y,z)w(x,y,zﬂdz) dxdy

< Cllvlaligl (el + 1 melz) 1613 (1ol + 1V uollz)”

here we still denote || - |lq = || - Lo, for any ¢, ¢ and 1, such that the quantities
on the right hand sides are finite.

and

The following anisotropic Morrey inequality allows to control the Hélder norm
by using different regularities in different directions.

Lemma 2.2. Let @ = M x(-1,1) and let 1 < p; < oo (i = 1,2,3) with >2°_, p;’* <
1. Then, we have

3 _
> 1_23':1]9]‘1

lelo,n) S C Y NIDiollp, \ = = _
; 1-2?:1%14—3@1

for any ¢ such that the quantities on the right hand sides are finite, where C' depends
on p; and Q. Here (D1, Da, D3) = (03,0,,0,) and

lelo, ) = sup |p(z)|+  sup M
i L
where
z =y = [z — | A+ |22 — o™ + s — s
Proof. See [14]. .

3. GLOBAL WELL-POSED OF PRIMITIVE EQUATIONS WITH ONLY HORIZONTAL
VISCOSITIES

The global well-posedness of strong solutions to the primitive equations with
only horizontal viscosities has been established in [3] and [4]. In this section, we
improve slightly the result in [3], see Proposition below.

The following H' local well-posedness result is proved in [3].
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Proposition 3.1. Given a periodic function vo € H () with Vg - f_ll vodz = 0
and satisfying the symmetric condition . Then,
(i) There is a unique local strong solution v to , subject to 7,
(#i) The local existence time t* = 62‘333, where Cy depends only on 0y and rg,
0o € (0,1] and ro are positive constants such that

1
sup / / 10,v0|? dadydz < 63.
zHeM J—1J Doy, (xH)

Here we denote by zf1 a point in R? and Doy, (z™) an open disk in R? of radius
2r¢ centered at xf.
(#ii) Moreover, the following estimate holds

.
swp ol + [ (IVal + o) de < C.
0

0<t<t*
where the positive constant C' depends only on t*, ||vo||gr, L1 and La.

Proof. This is a direction consequence of Theorem 1.1 and Proposition 3.21in [3]. O

Note that 9,v has higher integrability in [0, t*], in case it has higher integrability
at the initial time. In fact we have the following:

Proposition 3.2. Assume in addition to the conditions in Proposition that
0,v9 € L™(2) with m > 2. Then, it holds that

sup [|0,v[|m < C||02v0||m.s
0<t<t*

where C depends only on m, t*, ||vo|| g1, L1 and Lo.

Proof. Set v, = 0,v. Then, v, satisfies
4
O, +v, -Vygv+v-Vygv, — Vg -vv, — (/ Va -vdf) 0,0, — Agv, = 0.
-1

Multiplying the above by |v,|™ 2v,, m > 2, and integrating over €, it follows from
integrating by parts and the incompressibility condition that

1d 2
E%/ﬂ|vz|mdﬂ+/g|vz|m*2 (|VHUZ|2+(m—2)‘VH|UZ| >dQ

= —/ (’UZ Vvl |™ %, — Vg -vvz|vz|m_2vz)dQ
Q

§2/ IV 0|0 ™9
Q

1 1 1
g/ <2/ |VHUZ|dZ+/ VHv|dz> </ vz|mdz> dM =1,
M -1 -1 -1

where the fact that |Vyv| < %f_ll |Viv|dz + f_ll |Vgv,|dz has been used. It
follows from Lemma and the Young inequality that
1< C(IVav:lla + 1V avll) |[lo= % |, ([lo= % |, + [Varlos1]],)

1
< Z/Q\VHvzl2\vzlm‘2dQ+C(1+||VHvZ||§+||vHv\|§)||vz||m.
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As a result, it follows from Gronwall inequality that

sup [[us|™ < €€ UVavzlB+IVavlz+1)dt g goim
0<t<t*

which leads to the conclusion by Proposition [3.1] O

Now, we can extend the local strong solution to be a global one as stated in the
following proposition. Note that in comparison to the global well-posedness result
in [3], the required condition vy € L*>°(£2) in [3] is removed here.

Proposition 3.3. Under the assumption of Proposition[3.3, the unique local strong
solution v stated in Proposition[3-1] can be extended uniquely to be a global one such
that for any finite time T € (0, 00),

T
sup [l + [ (I9uolfy + 10018 ) < I(D),
0<t<T 0

where J : [0,00) = RT is a continuously increasing function determined only by
lvollzs 10-v0lm, m, t*, L1 and Ly. Here t* is given in Proposition[3.1]

Proof. Due to (iii) of Proposition it has

g
[ (193003 + 1V s0.018) e <

4%

2

Choose a time ¢’ € (£,*) such that

C
IVEoI5(E) + [ Vao:vll3(t) < 52

By the Sobolev imbedding inequality, this implies ||V zv|[¢(#) < &. Thanks to this
and applying Lemma with p; = po = 6 and ps = 2, one obtains

sup [v(z, )| < C2/IVaols(t) + [[0:v]l2(t)) < 9

z€Q t
and in particular v(t') € L*°(Q). With the aid of this and by (iii) of Proposition
and Proposition [3.2] one has v|;—y € L=(Q)NH(Q) and 0,v[i—p € L™ (). As
a result, by viewing ¢’ as the initial time, one can apply the result in [3] to extend
the local solution v uniquely to be a global one and the corresponding estimate as
stated in Proposition holds. The proof is complete.

O

Finally, for the H? initial data, the following global well-posedness and a priori
estimate are cited from [4].

Proposition 3.4. Given a periodic function vo € H?(Q) with YV - fil vodz = 0
and satisfying the symmetric condition (1.8). Then, there is a unique global strong
solution v to (L.10)), subject to (1.5)—(1.7)) and the following estimate holds

T
sup [Jolfys+ [ (I9olie + 10 )t < GO,
0<t<T 0

where G(T) is a continuously increasing function determined only by ||vo|lg2, L1
and L.
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4. PROOF OF THEOREM [I.1]

Since vy € H'(Q) and recalling (1.11)), the initial data ug = (vg,wp) can only
be regarded as an element of L2 (). Thus, one needs to consider the weak form of
the scaled Navier-Stokes equations (|1.4). By Proposition the unique solution

v to , subject to 7 has the regularities v € L>(0,t*; HY(Q)), Ov €
L2(0,t*; L?(Q)), and Vv € L?(0,t*; H*(2)). Thanks to these facts, by virtue of a
density argument, one can check that (v, w) can be chosen as testing function in the
weak form in (iii) of Definition 1.1. As a result, we have the following proposition.

Proposition 4.1. Given a periodic function vo € H(2) with Vg - f_ll vodz = 0
and satisfying the symmetric condition . Let (ve,we) an arbitrary Leray-Hopf
weak solution to and v the unique local strong solution to , subject to
7. Then, the following integral equality holds

2 to
— i”w(to)H% + {/ (ve “v+ EQwEw) dQ:| (to) — / / v:0pv dSddt
2 Q 0 Q

to
+ / / (VH’UE Vv 42200, - 0,0 + 2V gw, - Vgw + saazwgazw) dQdt
0o Ja

62 to z
=||vo||§+5||wo||§+s2/ /VHWE- (/ Gtvdf) dQdt
0 Q —1

to
— / / ((uE -V)vev + e2u, - w8w> dQdt,
0o Jo

for any to € [0,t*], where t* is the time of existence of v.

Proof. The proof is exactly the same as in Proposition 4.1 of [38] and, thus, it is
omitted here. (]

Remark 4.1. If we further assume that 0,v9 € L™ (), m > 2, then by Proposition
for any finite time T > 0, we can obtain the unique strong solution v in [0, T]
to , and the result in Proposition holds for any finite time, in other words,
one can replace t* by any positive time T € [0, 00).

Thanks to the Proposition and Remark 4.1, we are ready to establish the
proof of Theorem

Proof of Theorem[I.d]. (i) It suffices to prove

)
sup (VoI + WO+ [ (I9aVilB + 7.3
(41)  osise 0

+e°72]|0: Ve I3 +€a||3st||§)df < Clllvoll, Ly, Lo, t)e?,

where 8 = min{a — 2, 2}.
As v is the unique local strong solution of (1.10), then (1.10)) holds in L?(Q x

(0,tx)) and consequently one can multiply (1.10) by v., and integrating over £ x
(0,tp). By integrating by parts, it follows

to t()
(4.2) / / (atv ve+ Vv VHv5>det = - / / (- V)v - ve dQdt,
0 Q 0 Q
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for any tg € [0,t*]. Multiplying (1.10) by v and integrating over  x (0,tp), it
follows from integrating by parts that

1 fo 1
(43) Sl + [ IVwoldt = 5 Junl,
0

for any to € [0,t*]. The energy inequality in Definition 1.1 gives

1 2, 2 2

i(HUE(tO)HQ + & [lw=(to)I5)

to
(4'4) +/ (HVH%H% +5a72||azve||§+52||vae||§ +€a||6zws||§>dt
0

<5 (oI5 +&*[lwol3),

DN | =

for a.e. tg € [0,t*], in particular for ¢t = 0. Summing (4.3) and (4.4), and then
subtracting (4.2) as well as the integral equality in Proposition we obtain

(IV=(t0) 13 + (I We(to)[13)

| =

to
[ (1T VI + IV AW + 210, VeI + 0. W)

to
S - / / (EQVH’LU . VHWE —+ Ea_gazv . 82"/& + EaazwaZWE)det
0 Q

to z to
—52/ /VHW€~ (/ 8tvd§> det+/ /62UE~VWEw dQdt
0 Q —1 0 Q

to
+/ / ((u~V)v~v€ + (ue - V). ~v)det =1 + I + Is + 1,
0 Q

for a.e. ty € [0,¢*].
I, and I can be estimated directly by the Holder and Young inequalities as
to
I = _/ / <€2VH'UJ -VaW: + €a72az,u -0, Ve + EaazwazW€>det
o Jo
< 52HVH?U||L2(Q“))”vHWEHL?(Qm) + 50‘72”8—2””[/2(@50)Hazv‘5||L2(Qto)
+ 0wl L2 (@) 10:We ll L2(@uy )
1 a— o
< g(EQHVHWE”QLZ(QtO) + € 2”62‘/5”%2(@10) + € ||32W5||%2(Qt0))
+ C€ﬁ(|\va||2L2(Qt0) + ||82U||%2(Qt0) + Hasz%?(Qto))’
and

to z
I, = —&? / / VW, - ( / 8tvd§)dﬂdt
0 Q —1

2

3
<
- 8

IV Welizu,) + CE° 10w 2200, )

where Qy, = Q x (0,tp).
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By the incompressibility condition ([1.12)), one obtains

to
Iy = 52/ /u - VW.w dQdt
0 Q
to
252/ / (UEVHWEU}—U)E(VH‘/E)U}>det = 131+132.
0 Q

For I3; and Iso, by Lemma [2.1] and using the Young inequality, one deduces

t() z
< [ [ vlwawd ([ 19 olae ) doan
-1
1
<g/ / (/ (0| [V W dz) (/ |VHvdz>det
1

1 1 1
<Ce* / oell3 (ol + 1V arvel2) IV 6 Wella | 0ll3 | Aol dt
to
<Ce? / [loc I3 (1o 3 + 9 v 3) + IV roll3I Anvl3]at

g? 9
+ §||VHWE||L2(Q%)

Ins <a/ /wEWHVl(/ |vHvdf)det
<5/ / /|w8|\VHV|dz) (/ |VHv|dz>det

SC&/ leell3 1V e |13 1V Ve 21V arol3 1 Aol 3 e
0

and

to
§C€2/0 (e wel 31V srwell3 + 1V erv[|3l|Aol|3) dt

1
+ g”vHVEH%Z(Q,,O)

Therefore, combining the estimates of I3; and 32, one gets

o 1
I3 < 7||VHWEH%2(Qt ) + *”VH‘/&”%Q(Qt ) + CEQ,
8 0 8 0

13

where we have used the result of Proposition and the energy inequality for

(ve, we) in Definition 1.1.

Finally, for I, by the incompressibility condition and integrating by parts, it

follows

to
14—/ / (u-V)ve - v+(u5-V)v€~v)det

to
:/ /(UE'V)UE'UdetZ/ /(UE-V)VE-Udet
o Jo o Ja

t(J tO
:/ /(VE-VH)VE-dedt—i—/ /Wgazvs.v dQdt =: Iy + Lo
0 Q 0 Q
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Using |v| < f_ll |0.v]dz + & f_ll |v|dz, it follows from Lemmathat

to 1 1
I g/ / (/ |V5||VHV5|dz) (/ (|BZU|+|U|)dz> Mt
0 M —1 —1

to 1 1 1
<c / IV Vel VeI (VAR + 1V 5 Vel3)

x {Hazvllg(II@sz% +IVu0oll3) + [lvl3 (loll3 + IIVHUHE)}dt

— 16
+ ol3(0l3 + 9 mol3) + 1] at

1 fo
<5 IVaVella, +C [ IVEIB[lo-I3(10.0l3 + 1V nd.olf)

16
where Proposition [3.1] has been used. For Iy, it can be estimated in the same way
as follows

to
o :/ / (Vo VaVe v — WoVe - 00)ddt
0 Q

to 1 1
S/ / (/ IVHVsledZ> (/ (|5'zv|+1|v|)dz> dMdt
0o JMm \J-1 -1 2
to 1 1
+/ / (/ IVHV;Idz> (/ |V5||3zv|dz) dMdt
0 M —1 1

1 fo
< 1V aViliay +C [ VAR + Va0l

Therefore, we have

1 to
<fHVHVsH2L2(Q,,O) +C/O IVZI3(1 + [V g020][3)dt,

1 to
I < GIuVilEs o+ € [ VI3 + V.ol
0

Combining the above estimates of Iy, Is, I3, and I4, by Proposition 3.1} one
obtains

F(t) = IVe)lI3 + e[ We(t)113

t
[ (IVaVel + 10 a W + e 20Vl + =0 WL ) ds
0

t
<cef 4 C / VIR + IV 0.02)ds = F(b),
0

for a.e. t € [0,t*]. Therefore,
F'(t) = CL+ Vo) Vell3 < C(L+[IVrd.ol3) f(2)
< C(1+ Vool 3 ().
Then, by the Gronwall inequality and Proposition [3.1] we have
f(t) < F(t) < €€ IJ*(1+HVH82vH§)th(0) < CeP,

for a.e. ¢ € [0,t*], where C depends only on t*, ||vg|| g1, L1 and Ls. This proves
(4.1) and, thus, (i) holds.
(ii) Similar to (i), it suffices to show that



HYDROSTATIC APPROXIMATION AND PRIMITIVE EQUATIONS JUSTIFICATION 15

sup ([|Vel3 + €[We13) (t)
0<t<T

T
(45) +/ (IV V3 + 21V a Wl + 20 Ve I3 + = 0. |3 )t
0
< K(T)é?,

where K(T) > 0 is a continuously increasing function determined by ||vgl g1,
10-v0llm, L1, La, and t*. This can be proved exactly in the same way as (i),
as in this case the a priori estimates used for proving (i) are valid up to any finite
time T (]

5. PROOF OoF THEOREM [L.2]

Suppose vy € H?(Q) with V - filvodz = 0. Then, by (L.11)), it has ug =
(vo, wo) € HY(Q) and V-ug = 0. By the classical theory of Navier-Stokes equations
(see [12] and [51]), there is a unique local strong solution (v.,w.) to (L.4)), subject
to (L.5)-(L.7). Denote by T the maximal existence time of (v.,w.). Let v be the
global strong solution to established in Proposition

Here we still denote U, = (V;, W,), and V. = v. — v, W, = w. — w. Since both
v and (ve,w,) are strong solutions to and 7 respectively, one can check
that (Vz, We) satisfies

OVe — AV —e*20*V. + (U. - V)V + Vy P.

5.1

(51) + (U - Vv + (u-V)Ve = > 2020,
(5.2) Vi -Ve+0.W. =0,

53) (W, — AgW, — e 20*°W,. 4+ U. - VW, + U, - Vw +u - VIV,)

+0,P. = —*(0yw — Agw — e*20%w + u - Vw),
in L2(0,T7; L*(9)), where P. = p. — p.

Since vg € H?(Q), it is clear that (4.5) still holds when ¢ € [0,77). In other
words, the following holds:

sup ([[V2[13 + 2| Wel3) (s)
0<s<t

t
(54) b [ (IVaVel + VWl + 220,V + <2 0. WL ) as
0
S Kl(t)fﬁ,

for t € [0,TY), where Ky(t) : [0,00) — RT is a continuously increasing function
determined by ||vg||gz, L1 and Lo.

Besides the basic energy estimate stated in the above, we also have the first order
energy estimate of (Vz, W,) in the following proposition.
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Proposition 5.1. There exists a small constant o > 0 depending only on L1 and
Lo, such that the following inequality holds

sup (|[VVZ]3 + [ VWL]3)(s)
0<s<t

t
4 [ (IVVaVeIB + IV + e 2 V0V + e [VOLWLIE ) ds
0

< KQ(t)€B7
for any t € [0,T7), as long as
sup ([ VVe]3 +* VW) (s) < o®,
0<s<t

where Ko(t) : [0,00) — RT is a continuously increasing function determined by
||’U0||H2, Ll and L2.

Proof. Since (5.1)) holds in L2((0,T7) x Q) and —AV. € L2((0,T) x Q), one can
multiply (5.1) with —AV, integrating over 2, and by integration by parts, to get

1d
5 | TVIB + VYVl + 2200 ViIE + [ VP, AV.de
Q

:/ [(Ue )Wz + (U2 - Vo + (u- V)v;] AV, dQ — / 97292 . AV d.
Q Q

We estimate the terms on the right hand side of the above equality as follows. By
Lemma and using |f(z,y,2)| < %fil |fldz + fil |0.. f|dz, one deduces

/Q(UE-V)Vg~AVE 49
=/Q (Ve Vi)V AgVe + Wo0.V: - Ag Ve )
+/Q (Ve Vi)Ve 02V + W0,V - 0212 )
=/Q (Ve Va)Ve- AVe  Wed.Ve- AgVz)de

—/ (0.2 Vi)V - 0.V = Vi - Velo. V22 ) a)
Q

1 1
S/ </ (|3zVe|+|Vs|)dZ> (/ |VHVs||AHVs|dz> dM
M \J-1 1
1 1
[ ([ wavidas) ([ lo.viiauvila: ) s
M —1 1
1 1 f
+2/ (/ (IVH0.Ve| + IVHVEI)dz) </ |6ZVE|2dz> dM
M \J-1 2 1

<CIARVe 2l VaVel3 (IVaVells + 1AmVel3)
x [10-Vlg (10 V=l + 190 Va5 + IVl (VAN + IV arVel)]
+ C(IVaOVella + IV EVEll) [10:Vll2 (19 Vella + [V Ve]l2)
1 .
< IVVaVIE + C(IV Vel + [V VIBI A VEI) + CIV VLR
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+ C(10-Vella + 10 VeIV 02 Vel3 + Vells + IVE 31V a VEl3)

Integrating by parts, using |f(x,y,z)| < %fil |fldz + fil |0, f|dz and applying
Lemma one deduces by the Young inequality that

/(UE~V)1)~AV€ a9

Q

:/ (Ve Vi) Ve — @V - Vi) 0.Ve — (Ve - Vi) - 0.V- ) d
Q

+/ (Wgﬁzv ARV 4V Vedv-0.Ve — Wodv - 82VE>dQ
Q

<[ ([ s pernes) ([ wuiisavia:) a
+ [ (/ 0. P </1 (9l + Vudiol)iz) ans
+/M< (V2] + |an5|)dz> (/11 vHazvszsldz) M
+/M< |VHV|dz> (/_11 |azv|AHv€|dz) M
o [ ([ wavapereies) ([ pzoiaz) ans
+/M (/_1 IvHVs|dz> (/_11 |8§v||8z‘/;|dz) M

<CIARVALIVavl3 1 Amv]3
x [10:V213 (10:-VEN3 + IV 0 VeNF) + IVl (IVS + 19V ]3]
C(IVavll2 + [[VEO.v]2)
% (10 V2 (10:Vella + 19 m0-Vella) + IV l2(IVell2 + [V s Vell)
+ Cll ARV l2l0=013 (10015 + IV d-el DIV Vell3 1AmVel3
+cua%|| AN AT RA L RA L N L FORAL
<29V HVLIB + O+ ol ) (0 + Jolla)IVall

and
/(u~V)VE~AV5 49
Q
:/ ((w- V)VeBgVe = (G- VIV2 - 0.Ve — (u- V).V - 0.V )d
Q

= [ (0 Ta)Ve BVt wd.Ve - AV = 0w Vi)V - 0.V + Vi - 0/0.V. )
Q

g/M (/11 (jo] + |8zv)dz> (/11 |VHVE|AHV5|dz) M
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1 1
+/ (/ VHv|dz> (/ 8ZVE||AHV5|dz>dM
M -1 -1
1 1
w [ ([ edas) ([ 1vaviiovia: ) s
M -1 -1
1 1
+2/ </ (|vHv+|vHaZv|)dz) (/ |aZVE|2dz>dM
M —1 —1

<Cl|ABVEIVEVENS [AEVES
[HU”z (Iol3 + 19 mrol3) + 10:v113 (10-0ll3 + IIVHC'?ZUIIS)}
3

N[

+ Ol ARV rvll3 1A mvll3 10V 3 10V lF + 1V 20 VEl3)
+ Cl020lls | VuVlF [ AnVald
< 10V 13 (10 V2lF + 1V 20 Vel3)
+ C(|[Vavll2 + |[VEO:v|2)[|0-Ve2([|0:VE|l2 + [[VEO. VL ||2)
<1V HVLIR + CUTVI + IVIB) ol + Dol +1),

where the Poincaré inequality ||V f||2 < C||VF f]|2 has been used in several places.
The Cauchy inequality yields

/QEO‘_Qafv - AV, dQ
<e* 2|02l (| A Vell2 + |02Ve]12)
<1 (18 VI3 + 2102 ) + O (e + 22) o2
Combining all the above estimates and applying Proposition one deduces

€ 2 a—2 V. 2 PEA A QO
(5.5) 2dt||VVH2 (”VVHV\|2+6 IVo.V.I3) +/QVH V.d

<Ce*?G(t) + C(G*(t) + DIIVVEl3 + CIVVEBIVV V|3 + ClIVellga-

Recall that (5.3)) holds in L2((0,T%) x Q) and —AW, € L?((0,T) x £2). Multi-
plying (5.3) with —AW, and integrating over {2, one has
&2

2 dtww 2+ 2| VV W2 + e[ 0. VW3 + /a PLAW.dQ

—¢ /(UE-VWEAWE+UE~VwAWE+u-VWEAWE)dQ+5 /u-VwAWE a0
Q Q

e / (&quAWa — AgwAW, — 50“28§wAWE)dQ,
Q

Using |f(z,y,2)| < f (|6zf\ + %|f|)dz, applying Lemma and by the Young
inequality, one deduces

52/ U. - VW.AW. dQ
Q

== [ (Ve VaWoAulV. = Ve Vyd. WO, = 0.1, - Vi W.0.W.
Q
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1
YW 0. W AW, — §8ZWE\8ZW5|2>dQ

:52/ (V VWA W, — 2V, - VHangazWE)dQ
Q

—52/ 9, Ve - (VH/ VH-VEdz’> Vi - Ved
Q -1
+s2/ (/ VH-V;dz’> Vi - VeAgWedQ
Q -1
1 1
SCEQ/ (/ (V€|+|62VE|)dz) (/ |VW5|VVHW5|dz> dM
M -1 -1
1 1
+052/ (/ |v§,vs|dz> (/ |8ZVE||VHVEdz> dM
M —1 -1
1 1
+Ca2/ (/ |vHv;|dz> (/ |VHV5||AHWE|dz) dM
M —1 -1

<2V a VWl VWA (VWIS + Vi T3
[II8 Vell3 (10-Val3 + IV O VEII) + IVEIE (IVell3 + 19 aVel3)
+ CEVHVell2ll92Vel 3 (10-Vellz + [V 0. Vell2) 2 IV Ve 3 [ 95 Ve 3
+ 2|V Vel Vi Vell2|AEWe 2
<EITT W3 + I THVAIR + CIVVABUI VLI + [V s Vel)
+ CE|| VW3 (I VWel[3 + 2V V e We3) + CIVEISUIVEIE + 1V VelI3),
where the incompressibility condition ) and the Poincaré inequality have been

used. Similarly and using further |[W. \ = ‘f 0. We(z,y,2')dz'| < f |0, W.|dz'
as We|,——1 = 0, one deduces

/ (U. - V) AW, 9
2/ V Vaw)AgWe — (8:Vz - Vaw) 0. W, — (Ve - Vg 0,w) 0. W-.
Q

W0 wA W — |0 W 20w — Wga%azwg)dsz

52/ (V VH/ Vi - udz>AHW+<aV VH/ V- vdz)&W] dQ
Q

+52/{ Vu(Vy-v))d.W. +(/ Vi - de)vH vAHW]dQ
Q
+s2/
1
gcﬁ/ ( vdz) (/ |VE|AHWE|dz) M
—1
1
+Ca2/ (/ |vi,u|dz> </ |8ZVE||8zVVa|dz> M
M —1 —1

(|aW| Vi -0+ WV - 9.0)0, W)dQ

)
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1
+ce (IVal + |azv5)dz) ( / |v§ﬂ||azwg|dz> M
—1

L e
+ e /M </_11 |vHVE|dz> (/_1 VHv||AHWE|dz> M
LA/,

1
|8ZWE|2dz) </ (1Varo] + |VH8ZU|)dz) M

-1

1 1
+ 052/ </ |82Wa|d2’> </ VH62U|3ZWE|dz) dM
M 1 .

<CE|AgWell2IVell3 (IVEll3 + IV Vel I Amvll3 VA3

+ Ce?

+ C Aol |0 W3 (10 |3 + V07 13)
% [0V (N0-VEIIF + V0 Vel3) + VA3 (VAN + IV aVl)]

+ C || ApWell2IVavl|Z | Auvl| 3 IV e Vel 3 | Ar V|3
+ C2(|[VEO 0|2 + IV aoll2) |0-Well2(10-Well2 + IV 20 WE]|2)

g? 1
<EIVVAWLIS + S IVVaVLIE + CIVVLI (ol + 1)

+ C(IVEll3 + IV aWel3) (ol + lollFe [V ol + 1)
+ W3 ([vllze + vl Z: IV EvlEe + 1)

The other nonlinear terms can be estimated in the same way, by using Lemma [2.1
the Poincaré inequality and |f(x,y,2)| < %fil |fldz + fil |0, f|ldz as follows. In
fact, one deduces

52/ u - VW AW, dQ)
Q
:52/ <v . VHWEAst —U- VHanVsanVs - 82” ’ vHVVEaZ[/V6
Q
1
+ WO W AW, — 50wl W.[*)d2

:sQ/ (v NaW. AW + Vg - v|8ZW€\2>dQ
Q

—|—€2/ (@U . VH/ V- ngz’> 0, W, — (/ V- vdz’) OZWEAHWE] dQ
Q —1 —1

1 1
<Ce? (/ (|v|+|azv)dz> (/ VHWE|AHW5|dz)dM
1 1

M

1
JrCEZ/ (‘VHU| + |VH3z’U)dz> </ |5‘ZW5|2dz> dM
M 1

) 1
(/,
1 1
+052/ (/ viIv;|dz) </ |8zv||8zW5dz>dM
M —1 —1
1 1
+C€2/ </ VHv|dz> (/ |8ZWE||AHWE|dz>dM
M —1 —1

1 1
<Ce|ApWell2l|VaWel|3 |AnWe|3
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1020013 (10:013 + IV 50-0013) + loll3 (I0ll3 + 1V ol3)
+ C2(|Vu0:v2 + ||V v 2)]|0:We|l2(||0:We |2 + |V 20 We||2)
+ O AnVellallawvll3 (100013 + 1V d-ol3)
< 0. W13 (10: W12 + IV 0. W |13)
+ C|ARWe 2|V o3 1A moll3
X 0 W F (10 W3 + |V o We||3)
s%nvwwgnz + 519V VIR + O IVLIR (ol + 1),
and

52/ (u . Vw)AWE dQ)

Q

B (N
Q

wd,wAgW. — |0,w[20. W, — wafwazws)dQ

52/ (v-VH/ Va -vdz’) AW, + (azu-vH/ Va -udz’> 8ZW5} dQ
Q

-
+s2/9[ vV (Vi - v))aW +(/ Vi - vdz)VH vAHW]dQ

+€2/ |:|VH v’V - </ V- Udz>VH 8v8W]dQ
Q
<Ce? / ( v|dz> (/ |v||AHW€|dz> dM
-1
1
( vdz) (/ |8Z11||62W5|dz> M
-1
1
+ C’a ( (Jv] + |8zv|)dz) (/ |V?{v||8zW5|dz> dM
-1

+Ca

1
+ Ca |VHvdz> (/ |VHU|AHWE|dz> M
—1

+Cs

1
|VHV5| + |VH82V5|)dZ> (/ |VHU|2dz> dM
—1

1
+052/ (/ |VHvdz> </ |VH82v||8st|dz> dM
M -1 -1

<C|AgWell2llol3 (loll3 + IV el Amol3 [VaAmol3
+ O Anvllal| W13 (10 We 1 + IV 50 W.13)
x [o-0l13 (1001 + 1V ad-0l3) + [0l3 (Joll3 + 1V arvl})
+ C AW o Viroll2|A o]z
+ C(|[VuO:Vel2 + IVEVI) Va2 Af vl



22 J. LI, EDRISS S. TITI, AND G. YUAN

1 1 1 1 1
+ C|[V0:0l|2|10:-We |3 (10-Wel3 + Va0 W)V iol3 [Amvl3

2

€ 9, 1 9
< — —
<3IVVaWelz + 55 IVVEVEl;

+ C||VVe3 + CEIVW3 + Ce2|[vllzpa (vl 2 + IV a0l 2)-

By the Holder inequality, the incompressibility condition, and integrating by parts,
one can obtain

£2 / (&wAWE — AgwAW,. — s‘“_QafwAWE)dQ
Q
=2 / WA W.dQ — &2 / 0,0, W, W.d) — 2 / AgwAgW.dQ
Q Q Q
—1—52/ AHazwazWEdQ—E“/afwAHWSdQ—i—ga/ 6§w6zW€dQ
Q Q Q

2
3
<l AuWells + C*(10wlin + IV avlfz) + Ce(|0.Welf3.

Now, collecting the above estimates yield
1d 11

1a 4 2 /o 2, _a 2
S I VWl + 12 (2 IV Vi We3 + 210,V +/982P5AW5 ds

<CIVV-ARUIV VLI + 9V Vel3) + S VV Vi
(5.6) 4+ C?|| VW52 |VWL + 2V VaW.|3)
+ CIVEIBUIVENZ + IV VEl3) + CUIVVE3 + 2IVWel3) (lv]| 72 + 1)
+ C(E[Well3 + IVElID) (IollEe + vl I Vvl e + 1)
+ Ce2||vl| = ([[v]l g2 + IV a2) + CE2([|0w]| 7 + IV a0 Fe2)-
Combining , and by Proposition one gets
S (IVW + 19V)
+ 2 (SIVIHIWI + e 0.9W | + [V a Vel + 2 V0.V 3)
<CL(IVVEl3 + VW) IV VS + IVV e V|3 + %[ VWel5 + 2V e We|3)
+ C(2 VW3 + IVVEI3 (G (1) + 1) + CIVEIZIVENS + IV VElI3)
+ C(IVEll5 + 2 Wel(G (1) + GOV ol = + 1)
+C2G3 (1)(G2 () + Vvl a2) + Ce*2G(t) + Ce2(|0wl 3 + [V avl3),
from which, by the assumption supgc,<; ([VV:|3 + €2[|[VWL]3)(s) < o, letting
o? = ﬁ, and recalling , one can see
L E AR
+ (SUVVaWe 3+ 0. 9We 3 + [TV Va3 + 2272 V. Ve 3)
SC(E|[VWe |3 + IVVZI3)(G? () + Ky (t)e” +1)
+ CKL ()P [K1(t)eP 4+ G2(t) + G(t)||[ Vvl + 1]
+ CP (G () + 0l + IV avll7 + 1)
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Recalling (Vz, We)|i=0 = 0, it follows from the Gronwall inequality and Proposition
[3.4] that

sup (|[VVZ[3 + [ VWL3)(s)
0<s<t

t
+ [ (IVVaVeIB + 2ITTa W + 22 V0.V + VO W[ ) s
0

<CeBeCUE* O+ (D)"+1) [t(K%(t) +GHt) +1) + K1 ()G(t) + 1} = K (t)e”,
proving the conclusion. ([

The next proposition shows that the smallness condition of (VyVe,eW,) in
Proposition holds for any finite time T > 0 provided ¢ € (0,er), where et is a
positive constant depending on 7. As a result, the local strong solution (v.,w.) of
(1.4) exists in [0,T] for € € (0,e7).

Proposition 5.2. Let T} be the mazimal existence time of the unique local strong

solution (ve,we) to (L.4), subject to (L.B)—(1.7). Then for any finite time T > 0,
there exists a positive constant er depending only on ||vo|l gz, T, L1 and Lg, such
that T < TZ, as long as € € (0,er), and that

sup (Ve + e IWe ) ()
0<t<T

T
[ (I Vel + Wl + <210,V -+ <0 W2 )
0
< K3(T)€ﬁ’

where K3(t) is a nonnegative continuously increasing function on [0, 00) determined
only by ||lvollg2, L1 and Lo.

Proof. Set T>* = min{T,T*}. Then, by (5.4), one has
sup  ([[VEII3 + e[ Wel3) (t)
0<t< T

™
(5.7) [ (I Vel + 2T W + 2220V + 2 0. W e
0

S Kl (T)Eﬂ
Let o be the constant in Proposition Define

t¥ = sup {t € (0,7)

sup (|[VVel3 + &2 VW) < 0.
0<s<t

By Proposition [5.1} one can obtain

sup ([|VV:|3 +€*[[VWe|3) (s)
0<s<t

t
(58) + / (IVV Vel + 2IVVa W + 22| VO. V3 + 2 [ VO WL 3 ) ds
0

o2

< Ka(t)e” < Ky(T)ef < =

@l

for any t € [0,t}) and for any ¢ € (0,e7), where ep = (%) . Therefore,
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o2

(5.9) sup ([[VVCl[3 +€*[[VWe]3) (1) < 5 Vee(Oer).

0<t<t:
By the definition of ¢, this implies ¢} = T* and, consequently, (5.8)) holds for any
t €10, 7).

We claim that T2* > T for any € € (0,er). Assume in contradiction that
Tx* < T,ie., TF <T. This implies the maximal existence time of (v.,w.) is finite
and, consequently, recalling Proposition [3.4] it must have

limsup ([ VVZ]|3 + &2 VIV |[3) = oo,

t—=(T7)~
which contradicts to (5.8). This contradiction implies T)* > T and thus T} > T.
Thanks this and combining (5.7)) and (5.8)), one obtains

sup ([VellZn + 2 IWel3) ()
0<t<T

T
[ (ITaVels + UT W B + 2210V By + <0V s )
0

< (K1(T) + Ko(T))e? := K3(T)eP.
This proves the conclusion. ([l

Proof of Theorem[1.Z For any finite time 7" > 0, let er be the constant in Propo-
sition Then, by Proposition for any € € (0,e7), the scaled Navier-Stokes
system (L.4)—(L.7) exists a unique strong solution (v.,w.) in [0,7]. While the fol-
lowing estimate holds

sup ([VellFn + €2 Wel[ ) (2)
0<t<T

T
4 [ (1T + AT aW By + 2210V By + =0, )
0

< K3(T)eP.

which is exactly estimate stated in Theorem [I.2} The convergences are the direct
corollaries of the above estimate. This completes the proof of Theorem O
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