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ABSTRACT: We will investigate a system of M2-M5 branes as a black M2-M5 bound state.
The behavior of this system will be investigated at short distances. At such scales, we will
have to incorporate quantum gravitational corrections to the supergravity solutions. We
will study the non-equilibrium quantum thermodynamics of this black M2-M5 bound state.
The quantum work for this solution will be obtained using the Jarzynski equality. We will
also study the corrections to the thermodynamic stability of this system from quantum
gravitational corrections. We will use the concept of a novel quantum mass to analyze the
quantum gravitational corrections to the information geometry of this system. This will
be done using effective quantum metrics for this system.
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1 Introduction

The standard formalism for black hole thermodynamics has been used to study the thermo-
dynamics of black brane solutions [88, 89]. It is also possible to study the thermodynamics
of a system of black branes using this blackfold approach [98-101]. Here the dynamics of
such a branes system can be replaced by an effective worldvolume theory [96, 97]. Such an
approach has been used to construct a Blon [92, 93]. This Blon describe a wormhole with an
F-string charge connecting a D3-brane to a parallel anti-D3-brane. It can also be described
by F1-D3 intersection [92, 93|. It is possible to head up this Blon, and investigate the ther-
modynamics of this finite temperature Blon [94, 95]. The F1-D3 intersection is U-dual to a
system of M2-M5 branes [94, 95]. This has motivated the study of the thermodynamics of
such a black M2-M5 brane system [98]. The dynamics of two M2-branes are described by
the BLG theory [15, 16] and the dynamics of multiple M2-branes are described by ABJM
theory [17]. These theories are superconformal field theories. The BLG theory is a N' = 8
superconformal field theory [15, 16]. Even though the ABJM theory only has ' = 6 super-
symmetry, it is can be enhanced to full N' = 8 supersymmetry [18]. It is also expected that
Mb5-branes will be described by a (2,0) superconformal field theory [19]. It has also been
possible to study M2-M5 intersection [20]. The superconformal field theories associated
with M2 branes ending on M5 branes have been studied using both the ABJM theory [21]
and BLG theory [22]. It is expected that the equilibrium thermodynamics of black branes
will be corrected by quantum gravitational corrections at short distances. It has been
demonstrated that the holographic principle holds at short distances even after the effects
of quantum gravitational corrections have been considered [3, 4, 6, 7]. In fact, such quantum
gravitational corrections to the entropy of black holes have been obtained using AdS/CFT
correspondence, which is a concrete realization of the holographic principle [8-12].

It is possible to use the density of microstates associated with conformal blocks of a
conformal field theory to obtain corrections to the entropy of a black hole [23]. In fact,
the corrections to the Cardy formula of a conformal field theory have been used to obtain



corrections to the entropy of a black hole [24]. The Rademacher expansion can also be
used to obtain corrections to the entropy of a black hole [25]. The quantum gravitational
corrections to the thermodynamics of black holes have also been investigated using the
extremal limit of black holes [13, 14]. So, several different approaches have been used to
investigate quantum gravitational corrections to the entropy of black holes. It has been
argued that such quantum gravitational corrections to the thermodynamics of black holes
can be expressed as a function of the original entropy [67]. It is possible to use Kloosterman
sums to obtain these quantum gravitational corrections to the thermodynamics of black
holes [68]. Such quantum gravitational corrections can also be obtained using the field
theoretical dual to the near horizon geometry [69, 70].

It is also possible to obtain the corrected entropy of a black hole by analyzing the ther-
mal fluctuations to their thermodynamics [32-36]. In the Jacobson formalism, the geometry
of spacetime is viewed as an emergent structure, which emerges from thermodynamics [26].
Thus, it is possible to use the Jacobson formalism to investigate the quantum fluctuation to
the geometry of spacetime using the thermal fluctuations [27]. Thus, motivated by Jacob-
son formalism, the thermal fluctuations have been used to analyze quantum fluctuations
of various black hole solutions [63-66]. These thermal fluctuations can be neglected for
large black holes because the temperature of black holes scales inversely with their size.
Furthermore, for such large black holes we can also neglect the quantum fluctuations as
they can be obtained from these thermal fluctuations [26, 27]. Now, these fluctuations
cannot be neglected on sufficiently small scales, and it is important to study their effects
on black holes [63-66]. Here the corrections are expressed using the original equilibrium
entropy and temperature of black holes [32-36].

However, the equilibrium description cannot be used to analyze the system, when the
size of the black holes is comparable to the Planck scale. However, it is known that to
study thermodynamics systems at quantum scales, we have to use non-equilibrium quan-
tum thermodynamics [71-74]. This has motivated the study of non-equilibrium quantum
thermodynamics of black holes [79, 80]. It may be noted that quantum gravitational
corrections to the original Bekenstein-Hawking entropy (which is obtained using semi-
classical approximation [1, 2]) become important at such short distances [32-36]. Thus, it
is important to use the Bekenstein-Hawking entropy corrected by quantum gravitational
corrections to study the non-equilibrium quantum thermodynamics of black solutions at
short distances [81-83]. The quantum analogue to classical work can be obtained in quan-
tum thermodynamics using the quantum Crooks fluctuation theorem [75, 76]. Furthermore,
quantum work can be related to the difference of equilibrium free energies using the Jarzyn-
ski equality, which is obtained from quantum Crooks fluctuation theorem [77, 78]. As it is
possible to obtain equilibrium free energies for a black hole, it has been possible to inves-
tigate the quantum work done by a black hole during its evaporation [82]. Even though
heat (represented in black holes by Hawking radiation) cannot be represented by an unitary
information preserving process, the quantum work is represented by such a process in quan-
tum thermodynamics [84, 85]. Thus, it has been argued that the black hole information
paradox [86, 87] could be resolved by the use of non-equilibrium quantum thermodynamics.



The thermodynamics of black brane solutions can be studied using the original semi-
classical approach [88, 89]. These black brane solutions will also get modified at short
distances due to quantum gravitational corrections. The corrections to the black brane
thermodynamics from such quantum gravitational corrections have been investigated [90].
The quantum gravitational corrections to a Blon have been used to investigate the short
distance modifications to their thermodynamics [91]. As F1-D3 intersection is U-dual to
a system of M2-M5 branes [94, 95|, the quantum gravitational corrections to a Blon will
be dual to gravitational corrections to a system of M2-M5 branes. So, we will analyze the
quantum gravitational corrections to a black M2-M5 bound state at short distances. We
will then study the non-equilibrium quantum thermodynamics of such a brane system. It is
also possible to study the phase transition in a black hole using various different information
metric, such as the Ruppeiner [124, 125], Weinhold [126, 127], Quevedo (I and II) [128, 129],
HPEM [130-133], and NTG [134, 135] metrics. These different information metrics contain
different amounts of information about the phase transition of a system. It has been argued
that the quantum gravitational corrections will modify the short distance behavior of these
information metrics, and this modified behavior can be studied using an effective quantum
information metric [82]. Here we will use this effective quantum information metric to
study the phase transition in this system of black M2-M5 bound state.

2 Euclidean quantum gravity

In this section, we will analyze the quantum gravitational corrections to the thermody-
namics of a black M2-M5 bound state. The state can be obtained from the solution to the
eleven-dimensional supergravity. The metric for such a black M2-M5 bound state is given
by [102-105]
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This solution is parameterized by constants «, g, #, which control its temperature, and
brane charges. This solution represents the M2 brane charge dissolved into the worldvolume
of the M5 brane.

It is possible to obtain the equilibrium temperature Ty = 3/(47rgcosha), and
the equilibrium entropy Sp = (L) JAG)rd cosh o, of this solution (with Qny =
(27" +1/2) /T (n + 1/2) being the volume of the unit round n-sphere) [98]. So, by decreasing



ro (size of the system), entropy decreases and temperature increases. As the temperature
increases to a critical point, we cannot neglect the thermal fluctuations to the equilibrium
thermodynamics. These thermal fluctuations are related to quantum fluctuations in the
geometry of this system. Thus, we need to consider quantum gravitational corrections to
the geometry of black M2-M5 bound state. This can be done using the Euclidean quantum
gravity [106]. In Euclidean quantum gravity, the temporal coordinates in the path inte-
gral is Wick rotated in the complex plane. After such a Wick rotation, the gravitational
partition function for black M2-M5 bound state can be written as (with 8 o 1/7)

Z = / [Dle~ T8 = /0 - p(E)e PEAE, (2.3)

where Zg is the Euclidean action for the M2-M5 bound state [102-105]. Now, we can
perform an inverse Laplace transform to obtain the density of states p(F) for this system

p(E) = = /Hm SPag. (2.4)
271 Ja—ico

The entropy S(3) for this system can be expressed in terms of this partition function as
S(B) = BE+1In Z., where E is the total energy of this system. This expression for the total
entropy holds at any given temperature. We define the equilibrium temperature as Ty =
1/po, and the corresponding entropy as Sy = S(5p). We can use the method of steepest
decent to evaluate the integral around the saddle point 3. Using this approximation, it
can be observed that [05(5)/08]3=p, vanishes, and we obtain the equilibrium relation £ =
—[0InZ(B)/0B]p=p, [32-36]. The entropy S(f) can be expanded around the equilibrium

temperature Sy as

S(B) =S+ %(ﬁ — Bo)? l (2.5)

9*S(8)
98 ]ﬁ=50 '

As the first term, Sy = S(fp) is the equilibrium entropy, and the second term is the first
order correction to this equilibrium entropy. Now, restricting this expansion to such first
order corrections, we can write

50 2 a
oB) = { [6 A >Lzﬁo} , 2.6

for [025(8)/08%) s=p, > 0. Thus, we observe that the corrections to the equilibrium entropy
have to be proportional to [0%S(8)/05% =4, [32-36].
The thermal fluctuations can be expressed as a function of the original equilibrium

=

temperature 5y for any equilibrium system, if we consider the fluctuations are close to the
equilibrium [28-32]. However, when the microstates for the theory can be expressed in
terms of a conformal field theory, the thermal fluctuations around the equilibrium can be
expressed in terms of the equilibrium temperature 3y, and the equilibrium entropy Sy [32—
36]. Such corrections have been studied for various black holes, such as black holes in five-
dimensional minimal supergravity black hole [43], Bardeen regular black holes [44], Kerr-
Sen-AdS black hole [45], Gibbons-Maeda-Garfinkle-Horowitz-Strominger black hole [46],



Black string [47] and black Saturn [48]. Such corrections have also been observed for a
Blon [91]. As this solution representing an F1-D3 intersection is U-dual to a system of
M2-M5 branes [94, 95], this motivates the study of such corrections for a system of M2-M5
branes. Now the dynamics of M2-branes [15-18], M5-branes [19], and M2 branes ending on
M5 branes [21, 22] can be described by a superconformal field theory. It is possible to obtain
the explicit expression for these thermal fluctuations as these black M2-M5 bound states will
be dual to a superconformal field theory. The Cardy formula can be obtained from modular
invariance of such a conformal field theory [37, 38], and it is possible to generalize Cardy
formula to higher dimensions [39-42]. In fact, it has been argued that by generalization
the arguments based on the modular invariance of such a conformal field theory [37], it
is possible to obtain the dependence of S(f) on the § [32-36]. Thus, using from the
observation that the microstates of this system can be described by a superconformal field
theory, and then using the general arguments based on the modular invariance of such a
superconformal field theory [32-36], the dependence of S(3) on the 5 can be expressed as
S(B) =af™+bp7", with m,n,a/b > 0. This function has an extremum at the equilibrium
temperature, Sy = (nb/am)'/"*+" [32-36]. Using this equilibrium temperature, it can be
observed that the first order correction around the equilibrium given by [0%25(8)/058%] 5=4,
have to be proportional to In[Sp/33] [32-36]. The temperature of the Hawking radiation Tp
is identified with the equilibrium temperature Ty = 1/5y. So, we only need the equilibrium
entropy Sp and equilibrium temperature Tj to obtain the explicit expression for the thermal
fluctuations. The AdS/CFT correspondence has also been used to obtain such corrections
to the equilibrium entropy of AdS black holes [49-52]. It was observed that the entropy of
such AdS black holes can be expressed as the equilibrium temperature 7y and equilibrium
entropy Sp. In fact, this is expected as based on general arguments it has been argued that
for any system [32-36], where the microstates can be expressed in terms of a conformal
field theory, the corrected entropy would be expressed in terms of the original equilibrium
entropy and the original equilibrium temperature. Thus, in AdS/CFT correspondence,
the system is dual to a conformal field theory, and so it is expected corrections to the
equilibrium entropy of can be expressed in terms of such equilibrium quantities [49-52].

Such quantum corrections to the equilibrium entropy of a black hole have a universal
form, and are expressed as logarithmic function of the area of horizon [58-62]. However,
the numerical value of the coefficient for such correction terms is model dependent [58-
62]. As this coefficient is model dependent, we will keep it as a free parameter x in this
paper [53-57]. Using this free parameter, we can write the entropy of a black M2-M5 bound
state at short distances as

S = S}lg)ré cosha — kln (3 9(4)7“0) +rkln (877\/Gcosh a) . (2.7)
Now when 7y is large, we can neglect the thermal fluctuations, at such a scale we can
effectively set x — 0. In this limit, we obtain the equilibrium expressions [101, 102].
At short distances, we cannot neglect thermal fluctuations, and have to consider x # 0.
The M5-brane and M2-brane charges depend on 0 as Q5 = cosf0Q, Q3 = —sinf() and
chemical potentials depend on 0 as &5 = cos 0P, P = —sin#P. However, they are fixed



to be constants, and so the equilibrium entropy is independent of 6 [101, 102]. Thus, we
expect that same behavior to hold even after the thermal fluctuations are considered. For
the perturbative expansion to be valid, the leading order corrections to the equilibrium
entropy have to be less than the original equilibrium entropy So > In[SyT¢] [53-56]. In
fact, when rq is large, and the temperature is small, and Sp > In[SyT¢]. At this scale, the
thermal fluctuations can be neglected, and the system can be investigated using equilibrium
thermodynamics. So, at such large scales, the thermodynamics of the M2-M5 brane system
has been analyzed using its equilibrium entropy [102-105]. However, for a smaller scale,
the temperature of the M2-M5 brane system increases, and this, in turn, increases thermal
fluctuations. At sufficiently small scales, the thermal fluctuations become large enough
such that they cannot be neglected, but still remain less than the equilibrium entropy, Sp >
In[SoTE]. At such a scale, we cannot neglect the thermal fluctuations and use equilibrium
thermodynamics to analyze such a system. In fact, on such a small scale, we have to use
non-equilibrium quantum thermodynamics to investigate the behavior of black holes [81-
83]. It is possible to relate the non-equilibrium quantum thermodynamics to equilibrium
free energy between two states of the system [75, 76]. However, this analysis founders on
such a small scale, where the thermal fluctuations become of the same order as the original
equilibrium entropy So ~ In[SyT]. The range of  is fixed such that the contributions from
Kk term only become important on such a small scale. Thus, the range for the numerical
value of the coefficient is taken as x = [0, 1] [53-57]. We can now investigate the behavior of
the system for these different values of k. We can use this corrected entropy to investigate
the corrections to the thermodynamical properties of this system.

3 Quantum work

We have already obtained the quantum gravitational corrections to a black M2-M5 bound
state at short distances. At such short distances, it is not possible to analyze the system
as an equilibrium system, and have to use non-equilibrium quantum thermodynamics to
study it. It is important to obtain quantum work to understand the behavior of the system
described by non-equilibrium quantum thermodynamics [71-74]. This can be done by us-
ing the Jarzynski inequality, which can be obtained from the quantum Crooks fluctuation
theorem [75, 76]. Using the Jarzynski inequality, it is possible to relate the non-equilibrium
quantum work done on a system between two states, to the difference between the equilib-
rium free energies of those two states. Now the quantum work done during evaporation of
a black M2-M5 bound state can be obtained from the difference between the two states of
such a black brane system [82]. This was done using non-equilibrium thermodynamics of
black holes [79, 80]. The number of microstates of a black M2-M5 bound state changes, as
it evaporates. Now let the black M2-M5 bound state with initial microstates {22 evaporate
to a black brane with microstates €2;. The non-equilibrium quantum thermodynamics can
be used to obtain the quantum work done between these two states [79, 80].

The microstates of a system are related to its entropy, and so a change in the mi-
crostates of this black M2-M5 bound state will also change its entropy. Furthermore, as we
are investigating the system at short distances, we need to use the quantum gravitational
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Figure 1. Internal energy in terms of ry for the unit values of the parameters.

corrected entropy of a black M2-M5 bound state. It is possible to express the change in
this corrected entropy as rg changes from an initial value of rg; to a final value of rgo as

AS = S(rp2,a2) — S(ro1, a1)

Q
= %7{%2 coshas — k1n (3 9(4)7*02) + k1n (STFZ\/M)
Q
_%rél cosha; + k1n (3 9(4)7"01) —kln (87rl\/W) : (3.1)

The change in the corrected entropy can be used to obtain a change in the internal energy.
We observe that it is important to incorporate the effects of quantum corrections at short
distances in quantum thermodynamics. In fact, we can obtain the internal energy of the
system corrected by quantum gravitational corrections as

E:/TodS

1 9] 9k Q4
W,s VW (3.2)

ir G 0 47rgcosh o’

Here we have used the corrected entropy and the original equilibrium temperature
Ty, as the thermal fluctuations are expressed as a function of the original equilibrium
temperature [32-36].

We can observe from figure 1 that original internal energy (x = 0) increases with 7.
However, in presence of quantum fluctuations the internal energy decreases with rq at short
distances. At the large distances, the quantum corrections do not change the behavior of



the internal energy. Now we can express the change in the internal energy of the system as

AFE = E(Y’OQ,OJQ) — E(T017Q’1)7

1Q 9k Q4 lQ 9k Q4
B N S e R S ()N S ‘o (3.3)

4r G 27 dnrggcoshas 4 G %' 4wrgpcoshag

At large values of rg, the number of microstates is also very large, and the temperature of
the system is very small. So, the rate of change of the microstates is much smaller than
the total microstates, and hence we can neglect the change in the change in the area of
the horizon. Thus, at such scales, most of the internal energy is lost through Hawking
radiation, and we can neglect quantum work done by the system.

However, at short distances, quantum work cannot be neglected, and we have to use
quantum thermodynamics to calculate the amount of quantum work done by this system
as it evaporates from EFy to Fs. At such scales, the change in the total internal energy of
the system can be expressed in terms of the energy spend in doing quantum work between
two states, and the energy radiated in the Hawking radiation. Thus, if (W) is the average
quantum work done by this system (between two states), and @ is the total heat energy
radiated by the Hawking radiation, then we can write [111]

AE =Q — (W) (3.4)

It is possible to use the Jarzynski inequality to estimate the quantum work done as this
black M2-M5 bound state as they evaporate from ©; to Q9 [75, 76]. This can be done by
relating the quantum work to the difference of the equilibrium free energies between two
states of the system [77, 78]

(e™BW) = fAF (3.5)

The system can be seen to have a dual description in terms of a superconformal field
theory, and a black geometry. The black geometry of M2-M5 branes emit Hawking radia-
tion. The energy in the Hawking radiation is represented by heat, and heat is not an unitary
information preserving process in quantum thermodynamics [84, 85]. However, as this sys-
tem has a dual description in terms of a superconformal field theory, it becomes important
to analyze its short distance behavior. This is because from the superconformal side of the
duality, this system is represented by an unitary superconformal field theory. We thus ap-
ply the formalism of quantum non-equilibrium thermodynamics to it black geometry, and
calculate quantum work in it. The quantum work is represented by an unitary information
preserving process in quantum thermodynamics [84, 85]. Thus, it seems that the way to
reconcile the dual description of M2-M5 branes would be to use such non-equilibrium quan-
tum thermodynamics. We would like to point out that such analysis has been recently been
applied to rotating black hole [82]. In this analysis, it was demonstrated how quantum work
can be obtain from this black hole, and how the formalism of non-equilibrium quantum
thermodynamics enables such a black holes to lose its mass through an unitary process. As
the equilibrium thermodynamics of a system of M2-M5 branes has been thoroughly stud-
ied [101, 102], it is interesting to apply the formalism of quantum thermodynamics and
analyze quantum work for it. It has been argued that information can leak out of a black



hole during last stages of its evaporation from such an unitary information preserving pro-
cess [82]. Thus, it might be possible to resolve the information loss paradox in such a system
using non-equilibrium quantum thermodynamics [86, 87], which is expected due to its dual
description in terms of superconformal field theory. However, on such a small scale, we have
to analyze the system using non-equilibrium quantum thermodynamics. As quantum work,
which is represented by an unitary information preserving process, becomes important at
short distances, it is possible that black hole information paradox can be resolved by the
use of non-equilibrium quantum thermodynamics. This can be done by using the relation
between non-equilibrium quantum thermodynamics and information theory [107, 108]. It
could be possible that the absence of information paradox in gauge gravity duality occurs
due to this unitary information preserving process [109, 110]. Now, we can obtain the
quantum work using quantum corrected free energy. We can write the difference between
free energy, which has been corrected by quantum gravitational corrections as

AF— Q) (12,2 )_39(4) (13,12 )Jr45/<;1 /4 ( 1 B 1 )
TAxG %2 Y 1G22 Ot 167w rogcoshas  rgicoshaq
9I§ZG ln(3, /Q(4)7’02) ln(3, /Q(4)7’01) +3/€ ln(3 Q(4)7’02) ln(3 9(4)7’01)
A /Q( 2 TSQCOShzaQ Tg’lcoshzoq 4 roacoshas ro1coshoy
3k (In(8mly/Geoshas) In(8mly/Geoshay )
47G ro2coshans ro1coshaq
n 3G In(87mly/Geoshas) In(87ly/Geoshay) (3.6)
47TQ% roycosh?as 3 cosh?ay ' '

(4)

The Jensen inequality can be used to express average of exponential of quantum
work in terms of the exponential of the average of quantum work for this system as
e{=BW) < <e‘f8W>. Thus, an inequality for the quantum work done can be obtained using
the Jensen inequality. The Jarzynski inequality relates the average quantum work to the
difference between equilibrium free energies (W) > AF [82]. So, neglecting the second order
correction, we can write the minimum value for average quantum work (W), = AF as

(W)min = (W)o + £(W)1, (3.7)

where (W) is the original minimum quantum work and (W), is the quantum gravitational
correction to the minimum quantum work. We can explicitly write the expressions for the
minimum quantum work and quantum gravitational correction to the minimum quantum



work as
Qg T3
Who = 25 |Jy = 1) — o+ 781, (38)
9G In (3 9(4)7’02) In (31 /Q(4)7°01)

W =
Wh 4 [Q ( 73, cosh? ag 73, cosh? ay )

3 (ln (3 9(4)7’02) In (3, /Q(4)T01))

47 702 COsh ag 701 COsh g

3 <ln (87l\/G coshay)  In (87l+/G cosh oq))

4G 702 cosh a ro1 cosh aq
45,/ 1 1 -
167 (7‘02 coshas 701 coshoq) ' (3.9)

It may be observed that the minimum value for the quantum work changes due to
quantum gravitational effects at short distances. However, this can again be neglected at
large distances.

The partition function for this system can be obtained from its microstates. As a
conformal field theory is dual to this system, we can estimate its microstates, and obtain
its partition function from the dual theory. Now we assume that these microstates change
from €y to 9 during the process of evaporation. This change in the microstates will
also change the partition function changes for the system. Let us assume that the initial
partition function is Z;[€};], and it changes to a final partition function Z3[Qs]. We can
relate these partition functions for this system using the Jarzynski inequality as [77, 78]

(V) = 2

Z1

So, the relative weights of the partition functions Z5/Z; can be expressed in terms of
average quantum work done between the states 2; and 5. As the average quantum work
can be related to the difference between the equilibrium free energies A F' of these two states,
we can also write the relative weights of the partition function as exp(BAF) = Zs/Z;.

4 Quantum effective informational metrics

It is expected that the quantum corrections to the black M2-M5 bound state will modify the

thermodynamic stability of this solution. Such modification to the thermodynamic behav-

ior from quantum corrections has been studied for various black objects [63-66]. The stabil-

ity of this system can be investigated using its specific heat C' = Ty(9S/0Tp). Thus, we can

express the quantum gravitationally corrected specific heat of a black M2-M5 bound state as
0

C= —?47"3‘ cosha + K (4.1)

Here we observe that when rg is very large, such that r < Q(4)r§ cosha /G, we can
analyze the stability of the system using its equilibrium description. However, at smaller

,10,
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Figure 2. Specific heat at constant volume in terms of ry for the unit values of the parameters.

values of rp, when the contribution from thermal fluctuations cannot be neglected,
and still remain small as compared to equilibrium contributions, k < 9(4)7“(% cosha/G,
we can use this expression for the corrected specific heat. Nonetheless, on very small
scales, when the contributions become of the same order as the equilibrium contributions
K~ Q(4)r§ cosh a/G, this approximation breaks down, and we cannot analyze the system
using small fluctuations around an equilibrium. It is clear that the specific heat is negative
in absence of quantum fluctuations. Hence, a black M2-M5 bound state is thermodynami-
cally unstable. Having said that, in presence of quantum fluctuations (k # 0), this system
becomes stable at smaller rg. We observe that the quantum gravitational corrections
modify the thermodynamic stability of this black brane configuration at short distances,
and it becomes stable at short distances due to quantum fluctuations. We also observe
there that the thermodynamic behavior of the system does not change at large distances.
This is expected, as the change occurs from quantum fluctuations, which can be neglected
at such large distance scales. This is illustrated by plots of figure 2.

The thermodynamic stability of black holes can be investigated using information
geometry [112, 113]. The divergences of the Ricci scalar of the information geometry has
been used to study the phase transitions in such thermodynamic systems [114-119]. The
form of the Ricci scalar for a black hole depends on the specific form of the information
metric used in the information geometry. Different amounts of information can be extracted
from different information-theoretical metrics. The Ruppiner metric has been used to
investigate the phase transition in a charged Gauss-Bonnet AdS black holes [121]. It has
also been observed that the Weinhold metric can describe the phase transition in a Park
black hole [122]. Even though the phase transition in an AdS black hole with a global
monopole can be described by neither Weinhold nor Ruppiner metrics [120], it is possible
to study its phase transition using Quevedo and HPEM metrics [120]. Furthermore, both
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the Ruppiner and HPEM metrics can be used to study the phase transition of a black
hole surrounded by the perfect fluid in Rastall theory [123]. Here HPEM metrics contains
more information about the phase transition than the Ruppiner metric. The Weinhold and
Quevedo metrics cannot be used to study the phase transition of this system. As different
information-theoretical metrics can provide different amounts of information about the
phase transition of a black object, it is important to use different information-theoretical
metrics to properly analyze such a phase transition.

At short distances, the effects of quantum gravitational corrections modify the ther-
modynamic behavior of the system. So, they will also modify the information-theoretical
geometry associated with its thermodynamics. Now it is known that the information-
theoretical metrics are constructed using the mass of the black object. Thus, the quantum
gravitational corrections to the information-theoretical geometry can be constructed by
using novel quantum mass for the system. We can use the equilibrium thermodynamics for
a system of M2-M5 brane [101, 102] to define a mass for it, when 7 is large [136], which can
then be used to analyze different information-theoretical metrics. However, we have to use
the expression for thermal fluctuations to define a novel quantum mass for the system. Here
we expect that in the limit, x — 0, this quantum mass reduces to the original mass for the
system. This can be done by calculating internal energy E for the black hole solution, and
using it to define the mass at large ro as M = E [136]. Such a mass has been used to different
analyzed information geometries and the phase transitions in various black holes [114-119].
In fact, it has been used to construct Ruppeiner [124, 125], Weinhold [126, 127], Quevedo
(I and II) [128, 129], HPEM [130-133], and NTG [134, 135] metrics. Now it was observed
that internal energy given in eq. (3.2) is corrected due to thermal fluctuations, which were
calculated using Euclidean quantum gravitational partition function. So, using the ex-
pression for this corrected internal energy from eq. (3.2), we can define a novel quantum
mass for the system. Such a novel quantum mass can then be used to analyze the effects
of quantum corrections to the information geometries associated with this solution [82].
Thus, using M = E, we can define the novel quantum mass for this solution as

A - iQ(Zl) 3 9/€,/Q(4)

47 G ° " 4wrgcosha

\/59(4) (9/{ 9(4) + 450)

; : (4.2)
T (GQ?4) cosh®(a) Sg>

The behavior of this novel quantum mass with r¢ has been plotted in figure 3. It can
be observed from figure 3 that the quantum mass has a lower bound. In the left plot of
figure 3, the variation of quantum mass with x is plotted. In the right plot of figure 3,
the variation of quantum mass with the parameter « is plotted. The value of this lower
bound increases by increasing the value of k (see figure 3 (a)), and decreases by increasing
the value of a (see figure 3 (b)). We have denoted x = 0 by solid red line on figure 3 (a).
Here we observe that it vanishes at rg = 0. However, for any other value of k, there is a
finite minimum bound for this quantum mass.
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We can construct quantum corrected effective using the novel quantum mass for the
system. We will use the Ruppeiner metric to analyze the phase transition in this system.
This metric is constructed using the space of thermodynamical fluctuations [124, 125].
We can obtain an effective Ruppeiner metric by incorporating the quantum gravitational
corrections in the original Ruppeiner of this system. This quantum corrected effective
Ruppeiner metric can be written as

1
ds? = —TMgﬁ,dX“de. (4.3)

We can also use the Weinhold metric to analyze the phase transition of this system. The
relation between Gibbs-Duhem relation and scaling of thermodynamic potentials is used to
obtain this metric [126, 127]. Similar to writing the quantum corrected effective Ruppeiner
metric, we can obtain a quantum corrected effective Weinhold metric as

ds? = Mgl dxedx?. (4.4)

The Legendre invariant set of metrics in the phase space can be used to construct Quevedo (I
and IT) metrics [128, 129]. The information metrics on the space of equilibrium states can be
constructed using their pullback. Now by correcting the original Quevedo (I and IT) metrics
by quantum gravitational corrections, we obtain quantum corrected effective Quevedo (I
and IT) metrics. The quantum corrected effective Quevedo I metric can be expressed as

ds®> = (SMs 4+ aM,)(—MgsdS? + Myada?) (4.5)
We can also express the quantum corrected effective Quevedo II metric as
ds®> = SMg(—MggdS? + Maada?). (4.6)

It is possible to use a different conformal factor than the Quevedo metrics to obtain the
HPEM metric [130-133]. Now by incorporating the quantum gravitational corrections
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into the HPEM metric we can obtain the quantum corrected effective HPEM metrics as
SMg
o2\
oa?

The NTG metric is obtained by using the Jacobean transformation to change the

ds? = (—MgsdS? + Moada?) . (4.7)

coordinates of the thermodynamic space [134, 135]. We can again correct it by quantum
gravitational correction to obtain a quantum corrected effective NTG metric

1
ds? = = (—MSSdSQ 4 deoﬂ) . (4.8)

Here for these quantum corrected effective metrics, Myy denotes the second-order
differentiation of M with respect to the thermodynamic variables X and Y.

The variation of the scalar curvature and heat capacity for these metrics with rg
has been plotted in figure 4. It is clear from figure 4 (a) that the quantum effective
Weinhold metric is not able to explain the phase transitions of this system. In figure 4 (b)
it has been demonstrated that the scalar curvature of quantum effective Ruppeiner metric
only becomes singular for zero point of the heat capacity. It does not have any singular
point corresponding to divergent points of the heat capacity (critical points associated
with a phase transition). In figure 4 (c), divergence of the curvature scalar of quantum
effective Quevedo case (I) formalism coincides only with the divergence point of the heat
capacity, and it does not have any point corresponding to the zero point of the heat
capacity. However, from figure 4 (d), (e), (f), we observe that the singular points of the
scalar curvature for the quantum effective Quevedo case (II), quantum effective HPEM
and quantum effective NTG metrics, coincide with both the zero point and the divergence
points of heat capacity. Thus, in the quantum effective Quevedo case (II), quantum effective
HPEM and quantum effective NTG metrics, we have a one-to-one correspondence between
singularities of the scalar curvature of these metrics and phase transitions of the heat
capacity. So, to investigate the phase transition of this system, we need to use the quantum
effective Quevedo case (II), quantum effective HPEM and quantum effective NTG metrics.
This is because they provide more information about this system than the quantum effective
Weinhold, quantum effective Ruppeiner and quantum effective Quevedo case (I) metrics.

5 Conclusion

In this paper, we have analyzed the quantum thermodynamics for an M2-M5 bound
state. We have analyzed the quantum corrections to the thermodynamics of this system.
This has been done using the Euclidean quantum gravity. Thus, we have observed that
these quantum gravitational corrections produce logarithmic corrections to the entropy of
this system. We have demonstrated that these logarithmic corrections, which come from
the thermal fluctuations, make the system stable at the quantum scales. We obtained
corrected quantum work by using the Helmholtz free energy of the system. This was
important as the system have a dual description in terms of a superconformal field theory
and a black geometry. Now the black geometry of this system emits Hawking radiation,
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which represents heat. The heat is not an unitary information preserving process [84, 85],
but the system has to be represented by an unitary process due to its dual description
in terms of a superconformal field theory. We thus applied the formalism of quantum
non-equilibrium thermodynamics to its black geometry, and calculated quantum work in
it. The advantage of using quantum work is that it is represented by unitary information
preserving process in quantum thermodynamics [84, 85]. Thus, we proposed that to
reconcile the dual description of M2-Mb5 branes we have to analyze it using non-equilibrium
quantum thermodynamics. Furthermore, the equilibrium thermodynamics of a system of
M2-M5 branes has been thoroughly studied [101, 102], so it was interesting to apply the
formalism of quantum thermodynamics and analyze quantum work for it. We have also
explicitly analyzed the corrections to thermodynamic information geometry from quantum
gravitational corrections to this system. This was done by first using the quantum
gravitational corrections to the internal energy to define a novel quantum mass, and then
using that novel quantum mass to correct the information geometries for this system.
We also compared the relative effects of the thermal fluctuations on various different
informational theoretical metrics. It is interesting to study higher-order corrections on the
entropy including an exponential term on the system considered in this paper.

Here we analyzed the quantum corrected information geometry by incorporating quan-
tum gravitational corrections into effective quantum information-theoretical metrics. It
would be interesting to analyze this information geometry corrected by quantum gravita-
tional corrections using the AdS/CFT correspondence. As different information metrics
contain different amounts of information about the system, it would be interesting to ana-
lyze their dual structure. It would also be interesting to study holographic complexity and
holographic entanglement entropy for this system, with quantum gravitational corrections.
It is expected that the holographic entanglement entropy would also get corrected from
such quantum gravity corrections. These corrections could also modify the holographic
complexity of this system. The geometry of spacetime is an emergent structure in the
Jacobson formalism. Here the geometry emerges from the thermodynamics of the system.
Here we were able to analyze the quantum gravitational corrections to the thermodynamics
of a black M2-M5 bound state. Thus, it is possible to use this corrected thermodynamics
to obtain corrections to the metric of this system using the Jacobson formalism. We could,
therefore, obtain an effective quantum corrected metric for this M2-M5 brane system. At
large distances, the effect of quantum gravitational corrections could be neglected, and this
effective quantum metric for the M2-M5 brane system would reduce to the usual metric
for a black M2-M5 bound state. However, at short distances, the quantum gravitational
corrections would modify the original metric for the M2-M5 brane system. This modifica-
tion of the M2-Mb brane system by quantum gravitational effects would also modify the
Raychaudhuri equation for such a system. This quantum corrected Raychaudhuri equa-
tion can be used to investigate modifications to the singularity theorems from quantum
gravitational corrections. These quantum corrections to the system would also modify the
geometry flow in such a system. It would be interesting to investigate such modifications
to the system of the M2-M5 brane system at short distances.
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