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1 Introduction

The standard formalism for black hole thermodynamics has been used to study the thermo-
dynamics of black brane solutions [88, 89]. It is also possible to study the thermodynamics
of a system of black branes using this blackfold approach [98–101]. Here the dynamics of
such a branes system can be replaced by an effective worldvolume theory [96, 97]. Such an
approach has been used to construct a BIon [92, 93]. This BIon describe a wormhole with an
F-string charge connecting a D3-brane to a parallel anti-D3-brane. It can also be described
by F1-D3 intersection [92, 93]. It is possible to head up this BIon, and investigate the ther-
modynamics of this finite temperature BIon [94, 95]. The F1-D3 intersection is U-dual to a
system of M2-M5 branes [94, 95]. This has motivated the study of the thermodynamics of
such a black M2-M5 brane system [98]. The dynamics of two M2-branes are described by
the BLG theory [15, 16] and the dynamics of multiple M2-branes are described by ABJM
theory [17]. These theories are superconformal field theories. The BLG theory is a N = 8
superconformal field theory [15, 16]. Even though the ABJM theory only has N = 6 super-
symmetry, it is can be enhanced to full N = 8 supersymmetry [18]. It is also expected that
M5-branes will be described by a (2, 0) superconformal field theory [19]. It has also been
possible to study M2-M5 intersection [20]. The superconformal field theories associated
with M2 branes ending on M5 branes have been studied using both the ABJM theory [21]
and BLG theory [22]. It is expected that the equilibrium thermodynamics of black branes
will be corrected by quantum gravitational corrections at short distances. It has been
demonstrated that the holographic principle holds at short distances even after the effects
of quantum gravitational corrections have been considered [3, 4, 6, 7]. In fact, such quantum
gravitational corrections to the entropy of black holes have been obtained using AdS/CFT
correspondence, which is a concrete realization of the holographic principle [8–12].

It is possible to use the density of microstates associated with conformal blocks of a
conformal field theory to obtain corrections to the entropy of a black hole [23]. In fact,
the corrections to the Cardy formula of a conformal field theory have been used to obtain
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corrections to the entropy of a black hole [24]. The Rademacher expansion can also be
used to obtain corrections to the entropy of a black hole [25]. The quantum gravitational
corrections to the thermodynamics of black holes have also been investigated using the
extremal limit of black holes [13, 14]. So, several different approaches have been used to
investigate quantum gravitational corrections to the entropy of black holes. It has been
argued that such quantum gravitational corrections to the thermodynamics of black holes
can be expressed as a function of the original entropy [67]. It is possible to use Kloosterman
sums to obtain these quantum gravitational corrections to the thermodynamics of black
holes [68]. Such quantum gravitational corrections can also be obtained using the field
theoretical dual to the near horizon geometry [69, 70].

It is also possible to obtain the corrected entropy of a black hole by analyzing the ther-
mal fluctuations to their thermodynamics [32–36]. In the Jacobson formalism, the geometry
of spacetime is viewed as an emergent structure, which emerges from thermodynamics [26].
Thus, it is possible to use the Jacobson formalism to investigate the quantum fluctuation to
the geometry of spacetime using the thermal fluctuations [27]. Thus, motivated by Jacob-
son formalism, the thermal fluctuations have been used to analyze quantum fluctuations
of various black hole solutions [63–66]. These thermal fluctuations can be neglected for
large black holes because the temperature of black holes scales inversely with their size.
Furthermore, for such large black holes we can also neglect the quantum fluctuations as
they can be obtained from these thermal fluctuations [26, 27]. Now, these fluctuations
cannot be neglected on sufficiently small scales, and it is important to study their effects
on black holes [63–66]. Here the corrections are expressed using the original equilibrium
entropy and temperature of black holes [32–36].

However, the equilibrium description cannot be used to analyze the system, when the
size of the black holes is comparable to the Planck scale. However, it is known that to
study thermodynamics systems at quantum scales, we have to use non-equilibrium quan-
tum thermodynamics [71–74]. This has motivated the study of non-equilibrium quantum
thermodynamics of black holes [79, 80]. It may be noted that quantum gravitational
corrections to the original Bekenstein-Hawking entropy (which is obtained using semi-
classical approximation [1, 2]) become important at such short distances [32–36]. Thus, it
is important to use the Bekenstein-Hawking entropy corrected by quantum gravitational
corrections to study the non-equilibrium quantum thermodynamics of black solutions at
short distances [81–83]. The quantum analogue to classical work can be obtained in quan-
tum thermodynamics using the quantum Crooks fluctuation theorem [75, 76]. Furthermore,
quantum work can be related to the difference of equilibrium free energies using the Jarzyn-
ski equality, which is obtained from quantum Crooks fluctuation theorem [77, 78]. As it is
possible to obtain equilibrium free energies for a black hole, it has been possible to inves-
tigate the quantum work done by a black hole during its evaporation [82]. Even though
heat (represented in black holes by Hawking radiation) cannot be represented by an unitary
information preserving process, the quantum work is represented by such a process in quan-
tum thermodynamics [84, 85]. Thus, it has been argued that the black hole information
paradox [86, 87] could be resolved by the use of non-equilibrium quantum thermodynamics.
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The thermodynamics of black brane solutions can be studied using the original semi-
classical approach [88, 89]. These black brane solutions will also get modified at short
distances due to quantum gravitational corrections. The corrections to the black brane
thermodynamics from such quantum gravitational corrections have been investigated [90].
The quantum gravitational corrections to a BIon have been used to investigate the short
distance modifications to their thermodynamics [91]. As F1-D3 intersection is U-dual to
a system of M2-M5 branes [94, 95], the quantum gravitational corrections to a BIon will
be dual to gravitational corrections to a system of M2-M5 branes. So, we will analyze the
quantum gravitational corrections to a black M2-M5 bound state at short distances. We
will then study the non-equilibrium quantum thermodynamics of such a brane system. It is
also possible to study the phase transition in a black hole using various different information
metric, such as the Ruppeiner [124, 125], Weinhold [126, 127], Quevedo (I and II) [128, 129],
HPEM [130–133], and NTG [134, 135] metrics. These different information metrics contain
different amounts of information about the phase transition of a system. It has been argued
that the quantum gravitational corrections will modify the short distance behavior of these
information metrics, and this modified behavior can be studied using an effective quantum
information metric [82]. Here we will use this effective quantum information metric to
study the phase transition in this system of black M2-M5 bound state.

2 Euclidean quantum gravity

In this section, we will analyze the quantum gravitational corrections to the thermody-
namics of a black M2-M5 bound state. The state can be obtained from the solution to the
eleven-dimensional supergravity. The metric for such a black M2-M5 bound state is given
by [102–105]

ds2
11 = − f

(HD)
1

3

dt2 +
H

2

3

fD
1

3

dr2 +
H

2

3

D
1

3

r2dΩ2
4

+
(dx1)2 + (dx2)2 + D

(

(dx3)2 + (dx4)2 + (dx5)2
)

(HD)
1

3

, (2.1)

where H, f and D are given by

H = −1 +
r3

0 sinh2(α)
r3

, f = 1 − r3
0

r3
,

D =

(

cos2(θ) +
sin2(θ)

H

)−1

. (2.2)

This solution is parameterized by constants α, r0, θ, which control its temperature, and
brane charges. This solution represents the M2 brane charge dissolved into the worldvolume
of the M5 brane.

It is possible to obtain the equilibrium temperature T0 = 3/(4πr0 cosh α), and
the equilibrium entropy S0 = (Ω(4)/4G)r4

0 cosh α, of this solution (with Ω(n) =
(2πn+1/2)/Γ (n + 1/2) being the volume of the unit round n-sphere) [98]. So, by decreasing
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r0 (size of the system), entropy decreases and temperature increases. As the temperature
increases to a critical point, we cannot neglect the thermal fluctuations to the equilibrium
thermodynamics. These thermal fluctuations are related to quantum fluctuations in the
geometry of this system. Thus, we need to consider quantum gravitational corrections to
the geometry of black M2-M5 bound state. This can be done using the Euclidean quantum
gravity [106]. In Euclidean quantum gravity, the temporal coordinates in the path inte-
gral is Wick rotated in the complex plane. After such a Wick rotation, the gravitational
partition function for black M2-M5 bound state can be written as (with β ∝ 1/T )

Z =
∫

[D]e−IE =
∫ ∞

0
ρ(E)e−βEdE, (2.3)

where IE is the Euclidean action for the M2-M5 bound state [102–105]. Now, we can
perform an inverse Laplace transform to obtain the density of states ρ(E) for this system

ρ(E) =
1

2πi

∫ a+i∞

a−i∞
eS(β)dβ. (2.4)

The entropy S(β) for this system can be expressed in terms of this partition function as
S(β) = βE +ln Z., where E is the total energy of this system. This expression for the total
entropy holds at any given temperature. We define the equilibrium temperature as T0 =
1/β0, and the corresponding entropy as S0 = S(β0). We can use the method of steepest
decent to evaluate the integral around the saddle point β0. Using this approximation, it
can be observed that [∂S(β)/∂β]β=β0

vanishes, and we obtain the equilibrium relation E =
−[∂ ln Z(β)/∂β]β=β0

[32–36]. The entropy S(β) can be expanded around the equilibrium
temperature β0 as

S(β) = S0 +
1
2

(β − β0)2

[

∂2S(β)
∂β2

]

β=β0

+ · · · . (2.5)

As the first term, S0 = S(β0) is the equilibrium entropy, and the second term is the first
order correction to this equilibrium entropy. Now, restricting this expansion to such first
order corrections, we can write

ρ(E) =
eS0

√
2π







[

∂2S(β)
∂β2

]

β=β0







− 1

2

, (2.6)

for [∂2S(β)/∂β2]β=β0
> 0. Thus, we observe that the corrections to the equilibrium entropy

have to be proportional to [∂2S(β)/∂β2]β=β0
[32–36].

The thermal fluctuations can be expressed as a function of the original equilibrium
temperature β0 for any equilibrium system, if we consider the fluctuations are close to the
equilibrium [28–32]. However, when the microstates for the theory can be expressed in
terms of a conformal field theory, the thermal fluctuations around the equilibrium can be
expressed in terms of the equilibrium temperature β0, and the equilibrium entropy S0 [32–
36]. Such corrections have been studied for various black holes, such as black holes in five-
dimensional minimal supergravity black hole [43], Bardeen regular black holes [44], Kerr-
Sen-AdS black hole [45], Gibbons-Maeda-Garfinkle-Horowitz-Strominger black hole [46],
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Black string [47] and black Saturn [48]. Such corrections have also been observed for a
BIon [91]. As this solution representing an F1-D3 intersection is U-dual to a system of
M2-M5 branes [94, 95], this motivates the study of such corrections for a system of M2-M5
branes. Now the dynamics of M2-branes [15–18], M5-branes [19], and M2 branes ending on
M5 branes [21, 22] can be described by a superconformal field theory. It is possible to obtain
the explicit expression for these thermal fluctuations as these black M2-M5 bound states will
be dual to a superconformal field theory. The Cardy formula can be obtained from modular
invariance of such a conformal field theory [37, 38], and it is possible to generalize Cardy
formula to higher dimensions [39–42]. In fact, it has been argued that by generalization
the arguments based on the modular invariance of such a conformal field theory [37], it
is possible to obtain the dependence of S(β) on the β [32–36]. Thus, using from the
observation that the microstates of this system can be described by a superconformal field
theory, and then using the general arguments based on the modular invariance of such a
superconformal field theory [32–36], the dependence of S(β) on the β can be expressed as
S(β) = aβm +bβ−n, with m, n, a/b > 0. This function has an extremum at the equilibrium
temperature, β0 = (nb/am)1/m+n [32–36]. Using this equilibrium temperature, it can be
observed that the first order correction around the equilibrium given by [∂2S(β)/∂β2]β=β0

have to be proportional to ln[S0β2
0 ] [32–36]. The temperature of the Hawking radiation T0

is identified with the equilibrium temperature T0 = 1/β0. So, we only need the equilibrium
entropy S0 and equilibrium temperature T0 to obtain the explicit expression for the thermal
fluctuations. The AdS/CFT correspondence has also been used to obtain such corrections
to the equilibrium entropy of AdS black holes [49–52]. It was observed that the entropy of
such AdS black holes can be expressed as the equilibrium temperature T0 and equilibrium
entropy S0. In fact, this is expected as based on general arguments it has been argued that
for any system [32–36], where the microstates can be expressed in terms of a conformal
field theory, the corrected entropy would be expressed in terms of the original equilibrium
entropy and the original equilibrium temperature. Thus, in AdS/CFT correspondence,
the system is dual to a conformal field theory, and so it is expected corrections to the
equilibrium entropy of can be expressed in terms of such equilibrium quantities [49–52].

Such quantum corrections to the equilibrium entropy of a black hole have a universal
form, and are expressed as logarithmic function of the area of horizon [58–62]. However,
the numerical value of the coefficient for such correction terms is model dependent [58–
62]. As this coefficient is model dependent, we will keep it as a free parameter κ in this
paper [53–57]. Using this free parameter, we can write the entropy of a black M2-M5 bound
state at short distances as

S =
Ω(4)

4G
r4

0 cosh α − κ ln
(

3
√

Ω(4)r0

)

+ κ ln
(

8π
√

G cosh α
)

. (2.7)

Now when r0 is large, we can neglect the thermal fluctuations, at such a scale we can
effectively set κ → 0. In this limit, we obtain the equilibrium expressions [101, 102].
At short distances, we cannot neglect thermal fluctuations, and have to consider κ 6= 0.
The M5-brane and M2-brane charges depend on θ as Q5 = cos θQ, Q2 = − sin θQ and
chemical potentials depend on θ as Φ5 = cos θΦ, Φ2 = − sin θΦ. However, they are fixed
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to be constants, and so the equilibrium entropy is independent of θ [101, 102]. Thus, we
expect that same behavior to hold even after the thermal fluctuations are considered. For
the perturbative expansion to be valid, the leading order corrections to the equilibrium
entropy have to be less than the original equilibrium entropy S0 > ln[S0T 2

0 ] [53–56]. In
fact, when r0 is large, and the temperature is small, and S0 ≫ ln[S0T 2

0 ]. At this scale, the
thermal fluctuations can be neglected, and the system can be investigated using equilibrium
thermodynamics. So, at such large scales, the thermodynamics of the M2-M5 brane system
has been analyzed using its equilibrium entropy [102–105]. However, for a smaller scale,
the temperature of the M2-M5 brane system increases, and this, in turn, increases thermal
fluctuations. At sufficiently small scales, the thermal fluctuations become large enough
such that they cannot be neglected, but still remain less than the equilibrium entropy, S0 >

ln[S0T 2
0 ]. At such a scale, we cannot neglect the thermal fluctuations and use equilibrium

thermodynamics to analyze such a system. In fact, on such a small scale, we have to use
non-equilibrium quantum thermodynamics to investigate the behavior of black holes [81–
83]. It is possible to relate the non-equilibrium quantum thermodynamics to equilibrium
free energy between two states of the system [75, 76]. However, this analysis founders on
such a small scale, where the thermal fluctuations become of the same order as the original
equilibrium entropy S0 ∼ ln[S0T 2

0 ]. The range of κ is fixed such that the contributions from
κ term only become important on such a small scale. Thus, the range for the numerical
value of the coefficient is taken as κ = [0, 1] [53–57]. We can now investigate the behavior of
the system for these different values of κ. We can use this corrected entropy to investigate
the corrections to the thermodynamical properties of this system.

3 Quantum work

We have already obtained the quantum gravitational corrections to a black M2-M5 bound
state at short distances. At such short distances, it is not possible to analyze the system
as an equilibrium system, and have to use non-equilibrium quantum thermodynamics to
study it. It is important to obtain quantum work to understand the behavior of the system
described by non-equilibrium quantum thermodynamics [71–74]. This can be done by us-
ing the Jarzynski inequality, which can be obtained from the quantum Crooks fluctuation
theorem [75, 76]. Using the Jarzynski inequality, it is possible to relate the non-equilibrium
quantum work done on a system between two states, to the difference between the equilib-
rium free energies of those two states. Now the quantum work done during evaporation of
a black M2-M5 bound state can be obtained from the difference between the two states of
such a black brane system [82]. This was done using non-equilibrium thermodynamics of
black holes [79, 80]. The number of microstates of a black M2-M5 bound state changes, as
it evaporates. Now let the black M2-M5 bound state with initial microstates Ω2 evaporate
to a black brane with microstates Ω1. The non-equilibrium quantum thermodynamics can
be used to obtain the quantum work done between these two states [79, 80].

The microstates of a system are related to its entropy, and so a change in the mi-
crostates of this black M2-M5 bound state will also change its entropy. Furthermore, as we
are investigating the system at short distances, we need to use the quantum gravitational
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Figure 1. Internal energy in terms of r0 for the unit values of the parameters.

corrected entropy of a black M2-M5 bound state. It is possible to express the change in
this corrected entropy as r0 changes from an initial value of r01 to a final value of r02 as

∆S = S(r02, α2) − S(r01, α1)

=
Ω(4)

4G
r4

02 cosh α2 − κ ln
(

3
√

Ω(4)r02

)

+ κ ln
(

8πl
√

G cosh α2

)

−Ω(4)

4G
r4

01 cosh α1 + κ ln
(

3
√

Ω(4)r01

)

− κ ln
(

8πl
√

G cosh α1

)

. (3.1)

The change in the corrected entropy can be used to obtain a change in the internal energy.
We observe that it is important to incorporate the effects of quantum corrections at short
distances in quantum thermodynamics. In fact, we can obtain the internal energy of the
system corrected by quantum gravitational corrections as

E =
∫

T0dS

=
1

4π

Ω(4)

G
r3

0 +
9κ

√

Ω(4)

4πr0 cosh α
. (3.2)

Here we have used the corrected entropy and the original equilibrium temperature
T0, as the thermal fluctuations are expressed as a function of the original equilibrium
temperature [32–36].

We can observe from figure 1 that original internal energy (κ = 0) increases with r0.
However, in presence of quantum fluctuations the internal energy decreases with r0 at short
distances. At the large distances, the quantum corrections do not change the behavior of

– 7 –



J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

the internal energy. Now we can express the change in the internal energy of the system as

∆E = E(r02, α2) − E(r01, α1),

=
1

4π

Ω(4)

G
r3

02 +
9κ

√

Ω(4)

4πr02 cosh α2
− 1

4π

Ω(4)

G
r3

01 −
9κ

√

Ω(4)

4πr01 cosh α1
. (3.3)

At large values of r0, the number of microstates is also very large, and the temperature of
the system is very small. So, the rate of change of the microstates is much smaller than
the total microstates, and hence we can neglect the change in the change in the area of
the horizon. Thus, at such scales, most of the internal energy is lost through Hawking
radiation, and we can neglect quantum work done by the system.

However, at short distances, quantum work cannot be neglected, and we have to use
quantum thermodynamics to calculate the amount of quantum work done by this system
as it evaporates from E1 to E2. At such scales, the change in the total internal energy of
the system can be expressed in terms of the energy spend in doing quantum work between
two states, and the energy radiated in the Hawking radiation. Thus, if 〈W 〉 is the average
quantum work done by this system (between two states), and Q is the total heat energy
radiated by the Hawking radiation, then we can write [111]

∆E = Q − 〈W 〉 (3.4)

It is possible to use the Jarzynski inequality to estimate the quantum work done as this
black M2-M5 bound state as they evaporate from Ω1 to Ω2 [75, 76]. This can be done by
relating the quantum work to the difference of the equilibrium free energies between two
states of the system [77, 78]

〈e−βW 〉 = eβ∆F . (3.5)

The system can be seen to have a dual description in terms of a superconformal field
theory, and a black geometry. The black geometry of M2-M5 branes emit Hawking radia-
tion. The energy in the Hawking radiation is represented by heat, and heat is not an unitary
information preserving process in quantum thermodynamics [84, 85]. However, as this sys-
tem has a dual description in terms of a superconformal field theory, it becomes important
to analyze its short distance behavior. This is because from the superconformal side of the
duality, this system is represented by an unitary superconformal field theory. We thus ap-
ply the formalism of quantum non-equilibrium thermodynamics to it black geometry, and
calculate quantum work in it. The quantum work is represented by an unitary information
preserving process in quantum thermodynamics [84, 85]. Thus, it seems that the way to
reconcile the dual description of M2-M5 branes would be to use such non-equilibrium quan-
tum thermodynamics. We would like to point out that such analysis has been recently been
applied to rotating black hole [82]. In this analysis, it was demonstrated how quantum work
can be obtain from this black hole, and how the formalism of non-equilibrium quantum
thermodynamics enables such a black holes to lose its mass through an unitary process. As
the equilibrium thermodynamics of a system of M2-M5 branes has been thoroughly stud-
ied [101, 102], it is interesting to apply the formalism of quantum thermodynamics and
analyze quantum work for it. It has been argued that information can leak out of a black
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hole during last stages of its evaporation from such an unitary information preserving pro-
cess [82]. Thus, it might be possible to resolve the information loss paradox in such a system
using non-equilibrium quantum thermodynamics [86, 87], which is expected due to its dual
description in terms of superconformal field theory. However, on such a small scale, we have
to analyze the system using non-equilibrium quantum thermodynamics. As quantum work,
which is represented by an unitary information preserving process, becomes important at
short distances, it is possible that black hole information paradox can be resolved by the
use of non-equilibrium quantum thermodynamics. This can be done by using the relation
between non-equilibrium quantum thermodynamics and information theory [107, 108]. It
could be possible that the absence of information paradox in gauge gravity duality occurs
due to this unitary information preserving process [109, 110]. Now, we can obtain the
quantum work using quantum corrected free energy. We can write the difference between
free energy, which has been corrected by quantum gravitational corrections as

∆F =
Ω(4)

4πG
(r2

02−r2
01)− 3Ω(4)

16πG
(r3

02−r3
01)+

45κ
√

Ω(4)

16π

(

1
r02coshα2

− 1
r01coshα1

)

− 9κG

4π
√

Ω(4)





ln(3
√

Ω(4)r02)

r5
02cosh2α2

−
ln(3

√

Ω(4)r01)

r5
01cosh2α1



+
3κ

4π





ln(3
√

Ω(4)r02)

r02coshα2
−

ln(3
√

Ω(4)r01)

r01coshα1





− 3κ

4πG

(

ln(8πl
√

Gcoshα2)
r02coshα2

− ln(8πl
√

Gcoshα1)
r01coshα1

)

+
3κ2G

4πΩ
3

2

(4)

(

ln(8πl
√

Gcoshα2)
r5

02cosh2α2
− ln(8πl

√
Gcoshα1)

r5
01cosh2α1

)

. (3.6)

The Jensen inequality can be used to express average of exponential of quantum
work in terms of the exponential of the average of quantum work for this system as
e〈−βW 〉 ≤ 〈e−βW 〉. Thus, an inequality for the quantum work done can be obtained using
the Jensen inequality. The Jarzynski inequality relates the average quantum work to the
difference between equilibrium free energies 〈W 〉 ≥ ∆F [82]. So, neglecting the second order
correction, we can write the minimum value for average quantum work 〈W 〉min = ∆F as

〈W 〉min = 〈W 〉0 + κ〈W 〉1, (3.7)

where 〈W 〉0 is the original minimum quantum work and 〈W 〉1 is the quantum gravitational
correction to the minimum quantum work. We can explicitly write the expressions for the
minimum quantum work and quantum gravitational correction to the minimum quantum
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work as

〈W 〉0 =
Ω(4)

4πG

[

3
4

(r3
02 − r3

01) − r2
02 + r2

01

]

, (3.8)

〈W 〉1 =
9G

4π
√

Ω(4)





ln (3
√

Ω(4)r02)

r5
02 cosh2 α2

−
ln (3

√

Ω(4)r01)

r5
01 cosh2 α1





− 3
4π





ln (3
√

Ω(4)r02)

r02 cosh α2
−

ln (3
√

Ω(4)r01)

r01 cosh α1





+
3

4πG

(

ln (8πl
√

G cosh α2)
r02 cosh α2

− ln (8πl
√

G cosh α1)
r01 cosh α1

)

−
45

√

Ω(4)

16π

(

1
r02 cosh α2

− 1
r01 cosh α1

)

. (3.9)

It may be observed that the minimum value for the quantum work changes due to
quantum gravitational effects at short distances. However, this can again be neglected at
large distances.

The partition function for this system can be obtained from its microstates. As a
conformal field theory is dual to this system, we can estimate its microstates, and obtain
its partition function from the dual theory. Now we assume that these microstates change
from Ω1 to Ω2 during the process of evaporation. This change in the microstates will
also change the partition function changes for the system. Let us assume that the initial
partition function is Z1[Ω1], and it changes to a final partition function Z2[Ω2]. We can
relate these partition functions for this system using the Jarzynski inequality as [77, 78]

〈e−βW 〉 =
Z2

Z1

So, the relative weights of the partition functions Z2/Z1 can be expressed in terms of
average quantum work done between the states Ω1 and Ω2. As the average quantum work
can be related to the difference between the equilibrium free energies ∆F of these two states,
we can also write the relative weights of the partition function as exp(β∆F ) = Z2/Z1.

4 Quantum effective informational metrics

It is expected that the quantum corrections to the black M2-M5 bound state will modify the
thermodynamic stability of this solution. Such modification to the thermodynamic behav-
ior from quantum corrections has been studied for various black objects [63–66]. The stabil-
ity of this system can be investigated using its specific heat C = T0(∂S/∂T0). Thus, we can
express the quantum gravitationally corrected specific heat of a black M2-M5 bound state as

C = −Ω(4)

G
r4

0 cosh α + κ (4.1)

Here we observe that when r0 is very large, such that κ ≪ Ω(4)r
4
0 cosh α/G, we can

analyze the stability of the system using its equilibrium description. However, at smaller
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Figure 2. Specific heat at constant volume in terms of r0 for the unit values of the parameters.

values of r0, when the contribution from thermal fluctuations cannot be neglected,
and still remain small as compared to equilibrium contributions, κ < Ω(4)r

4
0 cosh α/G,

we can use this expression for the corrected specific heat. Nonetheless, on very small
scales, when the contributions become of the same order as the equilibrium contributions
κ ∼ Ω(4)r

4
0 cosh α/G, this approximation breaks down, and we cannot analyze the system

using small fluctuations around an equilibrium. It is clear that the specific heat is negative
in absence of quantum fluctuations. Hence, a black M2-M5 bound state is thermodynami-
cally unstable. Having said that, in presence of quantum fluctuations (κ 6= 0), this system
becomes stable at smaller r0. We observe that the quantum gravitational corrections
modify the thermodynamic stability of this black brane configuration at short distances,
and it becomes stable at short distances due to quantum fluctuations. We also observe
there that the thermodynamic behavior of the system does not change at large distances.
This is expected, as the change occurs from quantum fluctuations, which can be neglected
at such large distance scales. This is illustrated by plots of figure 2.

The thermodynamic stability of black holes can be investigated using information
geometry [112, 113]. The divergences of the Ricci scalar of the information geometry has
been used to study the phase transitions in such thermodynamic systems [114–119]. The
form of the Ricci scalar for a black hole depends on the specific form of the information
metric used in the information geometry. Different amounts of information can be extracted
from different information-theoretical metrics. The Ruppiner metric has been used to
investigate the phase transition in a charged Gauss-Bonnet AdS black holes [121]. It has
also been observed that the Weinhold metric can describe the phase transition in a Park
black hole [122]. Even though the phase transition in an AdS black hole with a global
monopole can be described by neither Weinhold nor Ruppiner metrics [120], it is possible
to study its phase transition using Quevedo and HPEM metrics [120]. Furthermore, both
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the Ruppiner and HPEM metrics can be used to study the phase transition of a black
hole surrounded by the perfect fluid in Rastall theory [123]. Here HPEM metrics contains
more information about the phase transition than the Ruppiner metric. The Weinhold and
Quevedo metrics cannot be used to study the phase transition of this system. As different
information-theoretical metrics can provide different amounts of information about the
phase transition of a black object, it is important to use different information-theoretical
metrics to properly analyze such a phase transition.

At short distances, the effects of quantum gravitational corrections modify the ther-
modynamic behavior of the system. So, they will also modify the information-theoretical
geometry associated with its thermodynamics. Now it is known that the information-
theoretical metrics are constructed using the mass of the black object. Thus, the quantum
gravitational corrections to the information-theoretical geometry can be constructed by
using novel quantum mass for the system. We can use the equilibrium thermodynamics for
a system of M2-M5 brane [101, 102] to define a mass for it, when r0 is large [136], which can
then be used to analyze different information-theoretical metrics. However, we have to use
the expression for thermal fluctuations to define a novel quantum mass for the system. Here
we expect that in the limit, κ → 0, this quantum mass reduces to the original mass for the
system. This can be done by calculating internal energy E for the black hole solution, and
using it to define the mass at large r0 as M ≡ E [136]. Such a mass has been used to different
analyzed information geometries and the phase transitions in various black holes [114–119].
In fact, it has been used to construct Ruppeiner [124, 125], Weinhold [126, 127], Quevedo
(I and II) [128, 129], HPEM [130–133], and NTG [134, 135] metrics. Now it was observed
that internal energy given in eq. (3.2) is corrected due to thermal fluctuations, which were
calculated using Euclidean quantum gravitational partition function. So, using the ex-
pression for this corrected internal energy from eq. (3.2), we can define a novel quantum
mass for the system. Such a novel quantum mass can then be used to analyze the effects
of quantum corrections to the information geometries associated with this solution [82].
Thus, using M ≡ E, we can define the novel quantum mass for this solution as

M =
1

4π

Ω(4)

G
r3

0 +
9κ

√

Ω(4)

4πr0 cosh α

=
1
8

√
2Ω(4)

(

9κ
√

Ω(4) + 4S0

)

π

(

GΩ3
(4) cosh3(α)S0

)

1

4

. (4.2)

The behavior of this novel quantum mass with r0 has been plotted in figure 3. It can
be observed from figure 3 that the quantum mass has a lower bound. In the left plot of
figure 3, the variation of quantum mass with κ is plotted. In the right plot of figure 3,
the variation of quantum mass with the parameter α is plotted. The value of this lower
bound increases by increasing the value of κ (see figure 3 (a)), and decreases by increasing
the value of α (see figure 3 (b)). We have denoted κ = 0 by solid red line on figure 3 (a).
Here we observe that it vanishes at r0 = 0. However, for any other value of κ, there is a
finite minimum bound for this quantum mass.
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Figure 3. Variations of quantum mass with horizon radius r0 (a) left: α = π
6

; (b) right: κ = 0.25.

We can construct quantum corrected effective using the novel quantum mass for the
system. We will use the Ruppeiner metric to analyze the phase transition in this system.
This metric is constructed using the space of thermodynamical fluctuations [124, 125].
We can obtain an effective Ruppeiner metric by incorporating the quantum gravitational
corrections in the original Ruppeiner of this system. This quantum corrected effective
Ruppeiner metric can be written as

ds2 = − 1
T

MgR
abdXadXb. (4.3)

We can also use the Weinhold metric to analyze the phase transition of this system. The
relation between Gibbs-Duhem relation and scaling of thermodynamic potentials is used to
obtain this metric [126, 127]. Similar to writing the quantum corrected effective Ruppeiner
metric, we can obtain a quantum corrected effective Weinhold metric as

ds2 = MgW
ab dXadXb. (4.4)

The Legendre invariant set of metrics in the phase space can be used to construct Quevedo (I
and II) metrics [128, 129]. The information metrics on the space of equilibrium states can be
constructed using their pullback. Now by correcting the original Quevedo (I and II) metrics
by quantum gravitational corrections, we obtain quantum corrected effective Quevedo (I
and II) metrics. The quantum corrected effective Quevedo I metric can be expressed as

ds2 = (SMS + αMα)(−MSSdS2 + Mααdα2) (4.5)

We can also express the quantum corrected effective Quevedo II metric as

ds2 = SMS(−MSSdS2 + Mααdα2). (4.6)

It is possible to use a different conformal factor than the Quevedo metrics to obtain the
HPEM metric [130–133]. Now by incorporating the quantum gravitational corrections
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(a) (b)

(c) (d)

(e) (f)

Figure 4. Curvature scalar variation of Weinhold, Ruppeiner, HPEM and NTG metrics (orange
line) and also heat capacity variation (Green line), in terms of horizon radius r0 for κ = 0.25 and
α = π

6
, for a black M2-M5 bound state.
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into the HPEM metric we can obtain the quantum corrected effective HPEM metrics as

ds2 =
SMS

(

∂2M
∂α2

)3

(

−MSSdS2 + Mααdα2
)

. (4.7)

The NTG metric is obtained by using the Jacobean transformation to change the
coordinates of the thermodynamic space [134, 135]. We can again correct it by quantum
gravitational correction to obtain a quantum corrected effective NTG metric

ds2 =
1
T

(

−MSSdS2 + Mααdα2
)

. (4.8)

Here for these quantum corrected effective metrics, MXY denotes the second-order
differentiation of M with respect to the thermodynamic variables X and Y .

The variation of the scalar curvature and heat capacity for these metrics with r0

has been plotted in figure 4. It is clear from figure 4 (a) that the quantum effective
Weinhold metric is not able to explain the phase transitions of this system. In figure 4 (b)
it has been demonstrated that the scalar curvature of quantum effective Ruppeiner metric
only becomes singular for zero point of the heat capacity. It does not have any singular
point corresponding to divergent points of the heat capacity (critical points associated
with a phase transition). In figure 4 (c), divergence of the curvature scalar of quantum
effective Quevedo case (I) formalism coincides only with the divergence point of the heat
capacity, and it does not have any point corresponding to the zero point of the heat
capacity. However, from figure 4 (d), (e), (f), we observe that the singular points of the
scalar curvature for the quantum effective Quevedo case (II), quantum effective HPEM
and quantum effective NTG metrics, coincide with both the zero point and the divergence
points of heat capacity. Thus, in the quantum effective Quevedo case (II), quantum effective
HPEM and quantum effective NTG metrics, we have a one-to-one correspondence between
singularities of the scalar curvature of these metrics and phase transitions of the heat
capacity. So, to investigate the phase transition of this system, we need to use the quantum
effective Quevedo case (II), quantum effective HPEM and quantum effective NTG metrics.
This is because they provide more information about this system than the quantum effective
Weinhold, quantum effective Ruppeiner and quantum effective Quevedo case (I) metrics.

5 Conclusion

In this paper, we have analyzed the quantum thermodynamics for an M2-M5 bound
state. We have analyzed the quantum corrections to the thermodynamics of this system.
This has been done using the Euclidean quantum gravity. Thus, we have observed that
these quantum gravitational corrections produce logarithmic corrections to the entropy of
this system. We have demonstrated that these logarithmic corrections, which come from
the thermal fluctuations, make the system stable at the quantum scales. We obtained
corrected quantum work by using the Helmholtz free energy of the system. This was
important as the system have a dual description in terms of a superconformal field theory
and a black geometry. Now the black geometry of this system emits Hawking radiation,
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which represents heat. The heat is not an unitary information preserving process [84, 85],
but the system has to be represented by an unitary process due to its dual description
in terms of a superconformal field theory. We thus applied the formalism of quantum
non-equilibrium thermodynamics to its black geometry, and calculated quantum work in
it. The advantage of using quantum work is that it is represented by unitary information
preserving process in quantum thermodynamics [84, 85]. Thus, we proposed that to
reconcile the dual description of M2-M5 branes we have to analyze it using non-equilibrium
quantum thermodynamics. Furthermore, the equilibrium thermodynamics of a system of
M2-M5 branes has been thoroughly studied [101, 102], so it was interesting to apply the
formalism of quantum thermodynamics and analyze quantum work for it. We have also
explicitly analyzed the corrections to thermodynamic information geometry from quantum
gravitational corrections to this system. This was done by first using the quantum
gravitational corrections to the internal energy to define a novel quantum mass, and then
using that novel quantum mass to correct the information geometries for this system.
We also compared the relative effects of the thermal fluctuations on various different
informational theoretical metrics. It is interesting to study higher-order corrections on the
entropy including an exponential term on the system considered in this paper.

Here we analyzed the quantum corrected information geometry by incorporating quan-
tum gravitational corrections into effective quantum information-theoretical metrics. It
would be interesting to analyze this information geometry corrected by quantum gravita-
tional corrections using the AdS/CFT correspondence. As different information metrics
contain different amounts of information about the system, it would be interesting to ana-
lyze their dual structure. It would also be interesting to study holographic complexity and
holographic entanglement entropy for this system, with quantum gravitational corrections.
It is expected that the holographic entanglement entropy would also get corrected from
such quantum gravity corrections. These corrections could also modify the holographic
complexity of this system. The geometry of spacetime is an emergent structure in the
Jacobson formalism. Here the geometry emerges from the thermodynamics of the system.
Here we were able to analyze the quantum gravitational corrections to the thermodynamics
of a black M2-M5 bound state. Thus, it is possible to use this corrected thermodynamics
to obtain corrections to the metric of this system using the Jacobson formalism. We could,
therefore, obtain an effective quantum corrected metric for this M2-M5 brane system. At
large distances, the effect of quantum gravitational corrections could be neglected, and this
effective quantum metric for the M2-M5 brane system would reduce to the usual metric
for a black M2-M5 bound state. However, at short distances, the quantum gravitational
corrections would modify the original metric for the M2-M5 brane system. This modifica-
tion of the M2-M5 brane system by quantum gravitational effects would also modify the
Raychaudhuri equation for such a system. This quantum corrected Raychaudhuri equa-
tion can be used to investigate modifications to the singularity theorems from quantum
gravitational corrections. These quantum corrections to the system would also modify the
geometry flow in such a system. It would be interesting to investigate such modifications
to the system of the M2-M5 brane system at short distances.

– 16 –



J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] S.W. Hawking, Black hole explosions, Nature 248 (1974) 30 [INSPIRE].

[2] S.W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43 (1975) 199
[Erratum ibid. 46 (1976) 206] [INSPIRE].

[3] L. Susskind, The world as a hologram, J. Math. Phys. 36 (1995) 6377 [hep-th/9409089]
[INSPIRE].

[4] R. Bousso, The holographic principle, Rev. Mod. Phys. 74 (2002) 825 [hep-th/0203101]
[INSPIRE].

[5] G. Lifschytz and M. Ortiz, Black hole thermodynamics from quantum gravity,
Nucl. Phys. B 486 (1997) 131 [hep-th/9510115] [INSPIRE].

[6] D. Bak and S.-J. Rey, Holographic principle and string cosmology,
Class. Quant. Grav. 17 (2000) L1 [hep-th/9811008] [INSPIRE].

[7] S. Kalyana Rama, Holographic principle in the closed universe: a resolution with negative

pressure matter, Phys. Lett. B 457 (1999) 268 [hep-th/9904110] [INSPIRE].

[8] S. Hemming and L. Thorlacius, Thermodynamics of large AdS black holes,
JHEP 11 (2007) 086 [arXiv:0709.3738] [INSPIRE].

[9] R. Gregory, S.F. Ross and R. Zegers, Classical and quantum gravity of brane black holes,
JHEP 09 (2008) 029 [arXiv:0802.2037] [INSPIRE].

[10] J.V. Rocha, Evaporation of large black holes in AdS: coupling to the evaporon,
JHEP 08 (2008) 075 [arXiv:0804.0055] [INSPIRE].

[11] Z.-H. Li, B. Hu and R.-G. Cai, A note on self-gravitating radiation in AdS spacetime,
Phys. Rev. D 77 (2008) 104032 [arXiv:0804.3233] [INSPIRE].

[12] K. Saraswat and N. Afshordi, Quantum nature of black holes: fast scrambling versus echoes,
JHEP 04 (2020) 136 [arXiv:1906.02653] [INSPIRE].

[13] R.B. Mann and S.N. Solodukhin, Universality of quantum entropy for extreme black holes,
Nucl. Phys. B 523 (1998) 293 [hep-th/9709064] [INSPIRE].

[14] A. Sen, Logarithmic corrections to rotating extremal black hole entropy in four and five

dimensions, Gen. Rel. Grav. 44 (2012) 1947 [arXiv:1109.3706] [INSPIRE].

[15] A. Gustavsson, Selfdual strings and loop space Nahm equations, JHEP 04 (2008) 083
[arXiv:0802.3456] [INSPIRE].

[16] J. Bagger and N. Lambert, Gauge symmetry and supersymmetry of multiple M2-branes,
Phys. Rev. D 77 (2008) 065008 [arXiv:0711.0955] [INSPIRE].

[17] O. Aharony, O. Bergman, D.L. Jafferis and J. Maldacena, N = 6 superconformal

Chern-Simons-matter theories, M2-branes and their gravity duals, JHEP 10 (2008) 091
[arXiv:0806.1218] [INSPIRE].

[18] O.-K. Kwon, P. Oh and J. Sohn, Notes on supersymmetry enhancement of ABJM theory,
JHEP 08 (2009) 093 [arXiv:0906.4333] [INSPIRE].

– 17 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1038/248030a0
https://inspirehep.net/search?p=find+J%20%22Nature%2C248%2C30%22
https://doi.org/10.1007/BF02345020
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C43%2C199%22
https://doi.org/10.1063/1.531249
https://arxiv.org/abs/hep-th/9409089
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C36%2C6377%22
https://doi.org/10.1103/RevModPhys.74.825
https://arxiv.org/abs/hep-th/0203101
https://inspirehep.net/search?p=find+J%20%22Rev.Mod.Phys.%2C74%2C825%22
https://doi.org/10.1016/S0550-3213(96)00596-2
https://arxiv.org/abs/hep-th/9510115
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB486%2C131%22
https://doi.org/10.1088/0264-9381/17/1/101
https://arxiv.org/abs/hep-th/9811008
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C17%2CL1%22
https://doi.org/10.1016/S0370-2693(99)00556-0
https://arxiv.org/abs/hep-th/9904110
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB457%2C268%22
https://doi.org/10.1088/1126-6708/2007/11/086
https://arxiv.org/abs/0709.3738
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0711%2C086%22%20and%20year%3D2007
https://doi.org/10.1088/1126-6708/2008/09/029
https://arxiv.org/abs/0802.2037
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0809%2C029%22%20and%20year%3D2008
https://doi.org/10.1088/1126-6708/2008/08/075
https://arxiv.org/abs/0804.0055
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0808%2C075%22%20and%20year%3D2008
https://doi.org/10.1103/PhysRevD.77.104032
https://arxiv.org/abs/0804.3233
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD77%2C104032%22
https://doi.org/10.1007/JHEP04(2020)136
https://arxiv.org/abs/1906.02653
https://inspirehep.net/search?p=find+J%20%22JHEP%2C2004%2C136%22%20and%20year%3D2020
https://doi.org/10.1016/S0550-3213(98)00094-7
https://arxiv.org/abs/hep-th/9709064
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB523%2C293%22
https://doi.org/10.1007/s10714-012-1373-0
https://arxiv.org/abs/1109.3706
https://inspirehep.net/search?p=find+J%20%22Gen.Rel.Grav.%2C44%2C1947%22
https://doi.org/10.1088/1126-6708/2008/04/083
https://arxiv.org/abs/0802.3456
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0804%2C083%22%20and%20year%3D2008
https://doi.org/10.1103/PhysRevD.77.065008
https://arxiv.org/abs/0711.0955
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD77%2C065008%22
https://doi.org/10.1088/1126-6708/2008/10/091
https://arxiv.org/abs/0806.1218
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0810%2C091%22%20and%20year%3D2008
https://doi.org/10.1088/1126-6708/2009/08/093
https://arxiv.org/abs/0906.4333
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0908%2C093%22%20and%20year%3D2009


J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

[19] C. Sämann and L. Schmidt, Towards an M5-brane model I: a 6d superconformal field

theory, J. Math. Phys. 59 (2018) 043502 [arXiv:1712.06623] [INSPIRE].

[20] C.-S. Chu and P. Vanichchapongjaroen, Non-Abelian self-dual string and M2-M5 branes

intersection in supergravity, JHEP 06 (2013) 028 [arXiv:1304.4322] [INSPIRE].

[21] M. Faizal and D.J. Smith, Supersymmetric Chern-Simons theory in presence of a boundary,
Phys. Rev. D 85 (2012) 105007 [arXiv:1112.6070] [INSPIRE].

[22] M. Faizal, Gauge and supersymmetric invariance of a boundary Bagger-Lambert-Gustavsson

theory, JHEP 04 (2012) 017 [arXiv:1204.0297] [INSPIRE].

[23] A. Ashtekar, Lectures on non-perturbative canonical gravity, World Scientific, Singapore
(1991).

[24] T.R. Govindarajan, R.K. Kaul and V. Suneeta, Logarithmic correction to the

Bekenstein-Hawking entropy of the BTZ black hole, Class. Quant. Grav. 18 (2001) 2877
[gr-qc/0104010] [INSPIRE].

[25] D. Birmingham and S. Sen, An exact black hole entropy bound,
Phys. Rev. D 63 (2001) 047501 [hep-th/0008051] [INSPIRE].

[26] T. Jacobson, Thermodynamics of space-time: the Einstein equation of state,
Phys. Rev. Lett. 75 (1995) 1260 [gr-qc/9504004] [INSPIRE].

[27] M. Faizal, A. Ashour, M. Alcheikh, L. Alasfar, S. Alsaleh and A. Mahroussah, Quantum

fluctuations from thermal fluctuations in Jacobson formalism,
Eur. Phys. J. C 77 (2017) 608 [arXiv:1710.06918] [INSPIRE].

[28] R.K. Bhaduri, M.N. Tran and S. Das, On the microcanonical entropy of a black hole,
Phys. Rev. D 69 (2004) 104018 [gr-qc/0312023] [INSPIRE].

[29] A. Bohr and B.R. Mottelson, Nuclear structure, volume 1, W.A. Benjamin Inc., New York,
NY, U.S.A. (1969), p. 281.

[30] L.D. Landau and E.M. Lifshitz, Statistical physics, chapter XII, Pergamon, Oxford, U.K.
(1969).

[31] R.K. Bhaduri, Models of the nucleon, Addison-Wesley, U.S.A. (1988), p. 116.

[32] S. Das, P. Majumdar and R.K. Bhaduri, General logarithmic corrections to black hole

entropy, Class. Quant. Grav. 19 (2002) 2355 [hep-th/0111001] [INSPIRE].

[33] S. Upadhyay, B. Pourhassan and H. Farahani, P − V criticality of first-order entropy

corrected AdS black holes in massive gravity, Phys. Rev. D 95 (2017) 106014
[arXiv:1704.01016] [INSPIRE].

[34] A. Jawad, Consequences of thermal fluctuations of well-known black holes in modified

gravity, Class. Quant. Grav. 37 (2020) 185020 [arXiv:2008.11033] [INSPIRE].

[35] B. Pourhassan, P − V criticality of the second order quantum corrected Hořava-Lifshitz

black hole, Eur. Phys. J. C 79 (2019) 740 [arXiv:1905.13032] [INSPIRE].

[36] J. Sadeghi, B. Pourhassan and M. Rostami, P − V criticality of logarithm-corrected dyonic

charged AdS black holes, Phys. Rev. D 94 (2016) 064006 [arXiv:1605.03458] [INSPIRE].

[37] S. Carlip, Logarithmic corrections to black hole entropy from the Cardy formula,
Class. Quant. Grav. 17 (2000) 4175 [gr-qc/0005017] [INSPIRE].

– 18 –

https://doi.org/10.1063/1.5026545
https://arxiv.org/abs/1712.06623
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C59%2C043502%22
https://doi.org/10.1007/JHEP06(2013)028
https://arxiv.org/abs/1304.4322
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1306%2C028%22%20and%20year%3D2013
https://doi.org/10.1103/PhysRevD.85.105007
https://arxiv.org/abs/1112.6070
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD85%2C105007%22
https://doi.org/10.1007/JHEP04(2012)017
https://arxiv.org/abs/1204.0297
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1204%2C017%22%20and%20year%3D2012
https://doi.org/10.1142/1321
https://doi.org/10.1088/0264-9381/18/15/303
https://arxiv.org/abs/gr-qc/0104010
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C18%2C2877%22
https://doi.org/10.1103/PhysRevD.63.047501
https://arxiv.org/abs/hep-th/0008051
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD63%2C047501%22
https://doi.org/10.1103/PhysRevLett.75.1260
https://arxiv.org/abs/gr-qc/9504004
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C75%2C1260%22
https://doi.org/10.1140/epjc/s10052-017-5194-x
https://arxiv.org/abs/1710.06918
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.%2CC77%2C608%22
https://doi.org/10.1103/PhysRevD.69.104018
https://arxiv.org/abs/gr-qc/0312023
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD69%2C104018%22
https://doi.org/10.1088/0264-9381/19/9/302
https://arxiv.org/abs/hep-th/0111001
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C19%2C2355%22
https://doi.org/10.1103/PhysRevD.95.106014
https://arxiv.org/abs/1704.01016
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD95%2C106014%22
https://doi.org/10.1088/1361-6382/ab9ad5
https://arxiv.org/abs/2008.11033
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C37%2C185020%22
https://doi.org/10.1140/epjc/s10052-019-7257-7
https://arxiv.org/abs/1905.13032
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.%2CC79%2C740%22
https://doi.org/10.1103/PhysRevD.94.064006
https://arxiv.org/abs/1605.03458
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD94%2C064006%22
https://doi.org/10.1088/0264-9381/17/20/302
https://arxiv.org/abs/gr-qc/0005017
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C17%2C4175%22


J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

[38] J.L. Cardy, Operator content of two-dimensional conformally invariant theories,
Nucl. Phys. B 270 (1986) 186 [INSPIRE].

[39] E. Shaghoulian, Modular forms and a generalized Cardy formula in higher dimensions,
Phys. Rev. D 93 (2016) 126005 [arXiv:1508.02728] [INSPIRE].

[40] E. Shaghoulian, Modular invariance of conformal field theory on S1 × S3 and circle

fibrations, Phys. Rev. Lett. 119 (2017) 131601 [arXiv:1612.05257] [INSPIRE].

[41] M. Bravo-Gaete and M.M. Juárez-Aubry, Thermodynamics and Cardy-like formula for

nonminimally dressed, charged Lifshitz black holes in new massive gravity,
Class. Quant. Grav. 37 (2020) 075016 [arXiv:2002.10520] [INSPIRE].

[42] S. Choi and C. Hwang, Universal 3d Cardy block and black hole entropy,
JHEP 03 (2020) 068 [arXiv:1911.01448] [INSPIRE].

[43] B. Pourhassan, Resolving the information loss paradox from the five-dimensional minimal

supergravity black hole, Nucl. Phys. B 976 (2022) 115713 [arXiv:2203.00424] [INSPIRE].

[44] Y.H. Khan, S. Upadhyay and P.A. Ganai, Stability of remnants of Bardeen regular black

holes in presence of thermal fluctuations, Mod. Phys. Lett. A 36 (2021) 2130023
[arXiv:2109.05026] [INSPIRE].

[45] M. Sharif and Q. Ama-Tul-Mughani, P − V criticality and phase transition of the

Kerr-Sen-AdS black hole, Eur. Phys. J. Plus 136 (2021) 284 [INSPIRE].

[46] X. Chen, X. Huang, J. Chen and Y. Wang, Effect of thermal fluctuation on the

thermodynamics of GMGHS black hole, Gen. Rel. Grav. 53 (2021) 9 [INSPIRE].

[47] S.H. Hendi, H. Zarei, M. Faizal, B. Pourhassan and Z. Armanfard, Black string in massive

gravity, Nucl. Phys. B 965 (2021) 115362 [arXiv:2004.13143] [INSPIRE].

[48] M. Faizal and B. Pourhassan, Correction terms for the thermodynamics of a black saturn,
Phys. Lett. B 751 (2015) 487 [arXiv:1505.02373] [INSPIRE].

[49] S. Mukherji and S.S. Pal, Logarithmic corrections to black hole entropy and AdS/CFT

correspondence, JHEP 05 (2002) 026 [hep-th/0205164] [INSPIRE].

[50] J.E. Lidsey, S. Nojiri, S.D. Odintsov and S. Ogushi, The AdS/CFT correspondence and

logarithmic corrections to brane world cosmology and the Cardy-Verlinde formula,
Phys. Lett. B 544 (2002) 337 [hep-th/0207009] [INSPIRE].

[51] M.H. Dehghani and A. Khoddam-Mohammadi, Thermodynamics of d-dimensional charged

rotating black brane and AdS/CFT correspondence, Phys. Rev. D 67 (2003) 084006
[hep-th/0212126] [INSPIRE].

[52] S. Das and V. Husain, Anti-de Sitter black holes, perfect fluids, and holography,
Class. Quant. Grav. 20 (2003) 4387 [hep-th/0303089] [INSPIRE].

[53] B. Pourhassan and M. Faizal, The lower bound violation of shear viscosity to entropy ratio

due to logarithmic correction in STU model, Eur. Phys. J. C 77 (2017) 96
[arXiv:1703.00517] [INSPIRE].

[54] S. Upadhyay, Quantum corrections to thermodynamics of quasitopological black holes,
Phys. Lett. B 775 (2017) 130 [arXiv:1710.09720] [INSPIRE].

[55] A. Haldar and R. Biswas, Thermodynamic variables of first-order entropy corrected

Lovelock-AdS black holes: P − V criticality analysis, Gen. Rel. Grav. 50 (2018) 69
[arXiv:1903.07455] [INSPIRE].

– 19 –

https://doi.org/10.1016/0550-3213(86)90552-3
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB270%2C186%22
https://doi.org/10.1103/PhysRevD.93.126005
https://arxiv.org/abs/1508.02728
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD93%2C126005%22
https://doi.org/10.1103/PhysRevLett.119.131601
https://arxiv.org/abs/1612.05257
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C119%2C131601%22
https://doi.org/10.1088/1361-6382/ab7694
https://arxiv.org/abs/2002.10520
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C37%2C075016%22
https://doi.org/10.1007/JHEP03(2020)068
https://arxiv.org/abs/1911.01448
https://inspirehep.net/search?p=find+J%20%22JHEP%2C2003%2C068%22%20and%20year%3D2020
https://doi.org/10.1016/j.nuclphysb.2022.115713
https://arxiv.org/abs/2203.00424
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB976%2C115713%22
https://doi.org/10.1142/S0217732321300238
https://arxiv.org/abs/2109.05026
https://inspirehep.net/search?p=find+J%20%22Mod.Phys.Lett.%2CA36%2C2130023%22
https://doi.org/10.1140/epjp/s13360-021-01270-w
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.Plus%2C136%2C284%22
https://doi.org/10.1007/s10714-020-02780-1
https://inspirehep.net/search?p=find+J%20%22Gen.Rel.Grav.%2C53%2C9%22
https://doi.org/10.1016/j.nuclphysb.2021.115362
https://arxiv.org/abs/2004.13143
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB965%2C115362%22
https://doi.org/10.1016/j.physletb.2015.10.077
https://arxiv.org/abs/1505.02373
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB751%2C487%22
https://doi.org/10.1088/1126-6708/2002/05/026
https://arxiv.org/abs/hep-th/0205164
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0205%2C026%22%20and%20year%3D2002
https://doi.org/10.1016/S0370-2693(02)02516-9
https://arxiv.org/abs/hep-th/0207009
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB544%2C337%22
https://doi.org/10.1103/PhysRevD.67.084006
https://arxiv.org/abs/hep-th/0212126
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD67%2C084006%22
https://doi.org/10.1088/0264-9381/20/20/304
https://arxiv.org/abs/hep-th/0303089
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C20%2C4387%22
https://doi.org/10.1140/epjc/s10052-017-4665-4
https://arxiv.org/abs/1703.00517
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.%2CC77%2C96%22
https://doi.org/10.1016/j.physletb.2017.10.059
https://arxiv.org/abs/1710.09720
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB775%2C130%22
https://doi.org/10.1007/s10714-018-2392-2
https://arxiv.org/abs/1903.07455
https://inspirehep.net/search?p=find+J%20%22Gen.Rel.Grav.%2C50%2C69%22


J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

[56] S. Upadhyay, Leading-order corrections to charged rotating AdS black holes

thermodynamics, Gen. Rel. Grav. 50 (2018) 128 [arXiv:1810.01283] [INSPIRE].

[57] B. Pourhassan, M. Faizal and S. Capozziello, Testing quantum gravity through dumb holes,
Annals Phys. 377 (2017) 108 [arXiv:1612.01359] [INSPIRE].

[58] S.N. Solodukhin, Logarithmic terms in entropy of Schwarzschild black holes in higher loops,
Phys. Lett. B 802 (2020) 135235 [arXiv:1907.07916] [INSPIRE].

[59] S. Karan, G. Banerjee and B. Panda, Seeley-DeWitt coefficients in N = 2 Einstein-Maxwell

supergravity theory and logarithmic corrections to N = 2 extremal black hole entropy,
JHEP 08 (2019) 056 [arXiv:1905.13058] [INSPIRE].

[60] O. Asin, J. Ben Achour, M. Geiller, K. Noui and A. Perez, Black holes as gases of

punctures with a chemical potential: Bose-Einstein condensation and logarithmic

corrections to the entropy, Phys. Rev. D 91 (2015) 084005 [arXiv:1412.5851] [INSPIRE].

[61] R. Aros, D.E. Diaz and A. Montecinos, Wald entropy of black holes: logarithmic corrections

and trace anomaly, Phys. Rev. D 88 (2013) 104024 [arXiv:1305.4647] [INSPIRE].

[62] A. Castro, V. Godet, F. Larsen and Y. Zeng, Logarithmic corrections to black hole entropy:

the non-BPS branch, JHEP 05 (2018) 079 [arXiv:1801.01926] [INSPIRE].

[63] S.H. Hendi, H. Zarei, M. Faizal, B. Pourhassan and Z. Armanfard, Black string in massive

gravity, Nucl. Phys. B 965 (2021) 115362 [arXiv:2004.13143] [INSPIRE].

[64] B. Pourhassan, S. Upadhyay, H. Saadat and H. Farahani, Quantum gravity effects on

Hořava-Lifshitz black hole, Nucl. Phys. B 928 (2018) 415 [arXiv:1705.03005] [INSPIRE].

[65] B. Pourhassan, M. Faizal, Z. Zaz and A. Bhat, Quantum fluctuations of a BTZ black hole

in massive gravity, Phys. Lett. B 773 (2017) 325 [arXiv:1709.09573] [INSPIRE].

[66] B. Pourhassan and M. Faizal, Effect of thermal fluctuations on a charged dilatonic black

saturn, Phys. Lett. B 755 (2016) 444 [arXiv:1605.00924] [INSPIRE].

[67] A. Chatterjee and A. Ghosh, Exponential corrections to black hole entropy,
Phys. Rev. Lett. 125 (2020) 041302 [arXiv:2007.15401] [INSPIRE].

[68] A. Dabholkar, J. Gomes and S. Murthy, Nonperturbative black hole entropy and

Kloosterman sums, JHEP 03 (2015) 074 [arXiv:1404.0033] [INSPIRE].

[69] A. Dabholkar, J. Gomes and S. Murthy, Localization & exact holography,
JHEP 04 (2013) 062 [arXiv:1111.1161] [INSPIRE].

[70] S. Murthy and B. Pioline, A farey tale for N = 4 dyons, JHEP 09 (2009) 022
[arXiv:0904.4253] [INSPIRE].

[71] Z. Fei, N. Freitas, V. Cavina, H.T. Quan and M. Esposito, Work statistics across a quantum

phase transition, Phys. Rev. Lett. 124 (2020) 170603 [arXiv:2002.07860] [INSPIRE].

[72] B.-B. Wei, Quantum work relations and response theory in parity-time-symmetric quantum

systems, Phys. Rev. E 97 (2018) 012114 [arXiv:1711.00586] [INSPIRE].

[73] J. Salmilehto, P. Solinas and M. Möttönen, Quantum driving and work,
Phys. Rev. E 89 (2014) 052128 [arXiv:1401.4440] [INSPIRE].

[74] P. Talkner, E. Lutz and P. Hänggi, Fluctuation theorems: work is not an observable,
Phys. Rev. E 75 (2007) 050102.

– 20 –

https://doi.org/10.1007/s10714-018-2459-0
https://arxiv.org/abs/1810.01283
https://inspirehep.net/search?p=find+J%20%22Gen.Rel.Grav.%2C50%2C128%22
https://doi.org/10.1016/j.aop.2016.11.014
https://arxiv.org/abs/1612.01359
https://inspirehep.net/search?p=find+J%20%22Annals%20Phys.%2C377%2C108%22
https://doi.org/10.1016/j.physletb.2020.135235
https://arxiv.org/abs/1907.07916
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB802%2C135235%22
https://doi.org/10.1007/JHEP08(2019)056
https://arxiv.org/abs/1905.13058
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1908%2C056%22%20and%20year%3D2019
https://doi.org/10.1103/PhysRevD.91.084005
https://arxiv.org/abs/1412.5851
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD91%2C084005%22
https://doi.org/10.1103/PhysRevD.88.104024
https://arxiv.org/abs/1305.4647
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD88%2C104024%22
https://doi.org/10.1007/JHEP05(2018)079
https://arxiv.org/abs/1801.01926
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1805%2C079%22%20and%20year%3D2018
https://doi.org/10.1016/j.nuclphysb.2021.115362
https://arxiv.org/abs/2004.13143
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB965%2C115362%22
https://doi.org/10.1016/j.nuclphysb.2018.01.018
https://arxiv.org/abs/1705.03005
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB928%2C415%22
https://doi.org/10.1016/j.physletb.2017.08.046
https://arxiv.org/abs/1709.09573
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB773%2C325%22
https://doi.org/10.1016/j.physletb.2016.02.043
https://arxiv.org/abs/1605.00924
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB755%2C444%22
https://doi.org/10.1103/PhysRevLett.125.041302
https://arxiv.org/abs/2007.15401
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C125%2C041302%22
https://doi.org/10.1007/JHEP03(2015)074
https://arxiv.org/abs/1404.0033
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1503%2C074%22%20and%20year%3D2015
https://doi.org/10.1007/JHEP04(2013)062
https://arxiv.org/abs/1111.1161
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1304%2C062%22%20and%20year%3D2013
https://doi.org/10.1088/1126-6708/2009/09/022
https://arxiv.org/abs/0904.4253
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0909%2C022%22%20and%20year%3D2009
https://doi.org/10.1103/PhysRevLett.124.170603
https://arxiv.org/abs/2002.07860
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C124%2C170603%22
https://doi.org/10.1103/PhysRevE.97.012114
https://arxiv.org/abs/1711.00586
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CE97%2C012114%22
https://doi.org/10.1103/PhysRevE.89.052128
https://arxiv.org/abs/1401.4440
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CE89%2C052128%22
https://doi.org/10.1103/physreve.75.050102


J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

[75] G.E. Crooks, Nonequilibrium measurements of free energy differences for microscopically

reversible Markovian systems, J. Stat. Phys. 90 (1998) 1481.

[76] G.E. Crooks, Entropy production fluctuation theorem and the nonequilibrium work relation

for free energy differences, Phys. Rev. E 60 (1999) 2721.

[77] C. Jarzynski, Nonequilibrium equality for free energy differences,
Phys. Rev. Lett. 78 (1997) 2690 [cond-mat/9610209] [INSPIRE].

[78] C. Jarzynski, Microscopic analysis of Clausius-Duhem processes,
J. Stat. Phys. 96 (1999) 415.

[79] S. Iso, S. Okazawa and S. Zhang, Non-equilibrium fluctuations of black hole horizons and

the generalized second law, Phys. Lett. B 705 (2011) 152 [arXiv:1008.1184] [INSPIRE].

[80] S. Iso and S. Okazawa, Stochastic equations in black hole backgrounds and non-equilibrium

fluctuation theorems, Nucl. Phys. B 851 (2011) 380 [arXiv:1104.2461] [INSPIRE].

[81] B. Pourhassan, Exponential corrected thermodynamics of black holes,
J. Stat. Mech. 2107 (2021) 073102 [arXiv:2010.03946] [INSPIRE].

[82] B. Pourhassan, S.S. Wani, S. Soroushfar and M. Faizal, Quantum work and information

geometry of a quantum Myers-Perry black hole, JHEP 10 (2021) 027 [arXiv:2102.03296]
[INSPIRE].

[83] B. Pourhassan, M. Dehghani, M. Faizal and S. Dey, Non-perturbative quantum corrections

to a Born-Infeld black hole and its information geometry,
Class. Quant. Grav. 38 (2021) 105001 [arXiv:2012.14428] [INSPIRE].

[84] A. Teixidó-Bonfill, A. Ortega and E. Martín-Martínez, First law of quantum field

thermodynamics, Phys. Rev. A 102 (2020) 052219 [arXiv:2008.09146] [INSPIRE].

[85] A. Ortega, E. McKay, Á.M. Alhambra and E. Martín-Martínez, Work distributions on

quantum fields, Phys. Rev. Lett. 122 (2019) 240604 [arXiv:1902.03258] [INSPIRE].

[86] S.L. Braunstein and A.K. Pati, Quantum information cannot be completely hidden in

correlations: implications for the black-hole information paradox,
Phys. Rev. Lett. 98 (2007) 080502 [gr-qc/0603046] [INSPIRE].

[87] D.N. Page, Average entropy of a subsystem, Phys. Rev. Lett. 71 (1993) 1291
[gr-qc/9305007] [INSPIRE].

[88] E. Abdalla, B. Cuadros-Melgar, A.B. Pavan and C. Molina, Stability and thermodynamics

of brane black holes, Nucl. Phys. B 752 (2006) 40 [gr-qc/0604033] [INSPIRE].

[89] G. Bertoldi, B.A. Burrington, A.W. Peet and I.G. Zadeh, Lifshitz-like black brane

thermodynamics in higher dimensions, Phys. Rev. D 83 (2011) 126006 [arXiv:1101.1980]
[INSPIRE].

[90] B. Pourhassan and M. Faizal, Quantum corrections to the thermodynamics of black branes,
JHEP 10 (2021) 050 [arXiv:2011.00198] [INSPIRE].

[91] B. Pourhassan, S. Dey, S. Chougule and M. Faizal, Quantum corrections to a finite

temperature BIon, Class. Quant. Grav. 37 (2020) 135004 [arXiv:1905.03624] [INSPIRE].

[92] G.W. Gibbons, Born-Infeld particles and Dirichlet p-branes, Nucl. Phys. B 514 (1998) 603
[hep-th/9709027] [INSPIRE].

[93] L. Thorlacius, Born-Infeld string as a boundary conformal field theory,
Phys. Rev. Lett. 80 (1998) 1588 [hep-th/9710181] [INSPIRE].

– 21 –

https://doi.org/10.1023/A:1023208217925
https://doi.org/10.1103/physreve.60.2721
https://doi.org/10.1103/PhysRevLett.78.2690
https://arxiv.org/abs/cond-mat/9610209
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C78%2C2690%22
https://doi.org/10.1023/A:1004541004050
https://doi.org/10.1016/j.physletb.2011.09.114
https://arxiv.org/abs/1008.1184
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB705%2C152%22
https://doi.org/10.1016/j.nuclphysb.2011.05.021
https://arxiv.org/abs/1104.2461
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB851%2C380%22
https://doi.org/10.1088/1742-5468/ac0f6a
https://arxiv.org/abs/2010.03946
https://inspirehep.net/search?p=find+J%20%22J.Stat.Mech.%2C2107%2C073102%22
https://doi.org/10.1007/JHEP10(2021)027
https://arxiv.org/abs/2102.03296
https://inspirehep.net/search?p=find+J%20%22JHEP%2C2110%2C027%22%20and%20year%3D2021
https://doi.org/10.1088/1361-6382/abdf6f
https://arxiv.org/abs/2012.14428
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C38%2C105001%22
https://doi.org/10.1103/PhysRevA.102.052219
https://arxiv.org/abs/2008.09146
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CA102%2C052219%22
https://doi.org/10.1103/PhysRevLett.122.240604
https://arxiv.org/abs/1902.03258
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C122%2C240604%22
https://doi.org/10.1103/PhysRevLett.98.080502
https://arxiv.org/abs/gr-qc/0603046
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C98%2C080502%22
https://doi.org/10.1103/PhysRevLett.71.1291
https://arxiv.org/abs/gr-qc/9305007
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C71%2C1291%22
https://doi.org/10.1016/j.nuclphysb.2006.06.017
https://arxiv.org/abs/gr-qc/0604033
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB752%2C40%22
https://doi.org/10.1103/PhysRevD.83.126006
https://arxiv.org/abs/1101.1980
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD83%2C126006%22
https://doi.org/10.1007/JHEP10(2021)050
https://arxiv.org/abs/2011.00198
https://inspirehep.net/search?p=find+J%20%22JHEP%2C2110%2C050%22%20and%20year%3D2021
https://doi.org/10.1088/1361-6382/ab90a3
https://arxiv.org/abs/1905.03624
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C37%2C135004%22
https://doi.org/10.1016/S0550-3213(97)00795-5
https://arxiv.org/abs/hep-th/9709027
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB514%2C603%22
https://doi.org/10.1103/PhysRevLett.80.1588
https://arxiv.org/abs/hep-th/9710181
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C80%2C1588%22


J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

[94] G. Grignani, T. Harmark, A. Marini, N.A. Obers and M. Orselli, Thermodynamics of the

hot BIon, Nucl. Phys. B 851 (2011) 462 [arXiv:1101.1297] [INSPIRE].

[95] G. Grignani, T. Harmark, A. Marini, N.A. Obers and M. Orselli, Heating up the BIon,
JHEP 06 (2011) 058 [arXiv:1012.1494] [INSPIRE].

[96] J. Armas, J. Camps, T. Harmark and N.A. Obers, The Young modulus of black strings and

the fine structure of blackfolds, JHEP 02 (2012) 110 [arXiv:1110.4835] [INSPIRE].

[97] S. Abdolrahimi, R.B. Mann and C. Tzounis, Distorted black ring,
Phys. Rev. D 101 (2020) 104002 [arXiv:2003.06756] [INSPIRE].

[98] R. Emparan, T. Harmark, V. Niarchos and N.A. Obers, Blackfolds in supergravity and

string theory, JHEP 08 (2011) 154 [arXiv:1106.4428] [INSPIRE].

[99] R. Emparan, T. Harmark, V. Niarchos and N.A. Obers, World-volume effective theory for

higher-dimensional black holes, Phys. Rev. Lett. 102 (2009) 191301 [arXiv:0902.0427]
[INSPIRE].

[100] R. Emparan, T. Harmark, V. Niarchos and N.A. Obers, Essentials of blackfold dynamics,
JHEP 03 (2010) 063 [arXiv:0910.1601] [INSPIRE].

[101] V. Niarchos and K. Siampos, M2-M5 blackfold funnels, JHEP 06 (2012) 175
[arXiv:1205.1535] [INSPIRE].

[102] T. Harmark and N.A. Obers, Phase structure of noncommutative field theories and spinning

brane bound states, JHEP 03 (2000) 024 [hep-th/9911169] [INSPIRE].

[103] M.S. Costa, Black composite M-branes, Nucl. Phys. B 495 (1997) 195 [hep-th/9610138]
[INSPIRE].

[104] T. Harmark, Open branes in space-time noncommutative little string theory,
Nucl. Phys. B 593 (2001) 76 [hep-th/0007147] [INSPIRE].

[105] J.M. Izquierdo, N.D. Lambert, G. Papadopoulos and P.K. Townsend, Dyonic membranes,
Nucl. Phys. B 460 (1996) 560 [hep-th/9508177] [INSPIRE].

[106] G.W. Gibbons and S.W. Hawking, Action integrals and partition functions in quantum

gravity, Phys. Rev. D 15 (1977) 2752 [INSPIRE].

[107] J. Liu, H. Yuan, X.-M. Lu and X. Wang, Quantum Fisher information matrix and

multiparameter estimation, J. Phys. A 53 (2020) 023001 [arXiv:1907.08037] [INSPIRE].

[108] J. Goold, M. Huber, A. Riera, L. del Rio and P. Skrzypczyk, The role of quantum

information in thermodynamics — a topical review, J. Phys. A 49 (2016) 143001.

[109] S. Lloyd and J. Preskill, Unitarity of black hole evaporation in final-state projection models,
JHEP 08 (2014) 126 [arXiv:1308.4209] [INSPIRE].

[110] D. Marolf and J. Polchinski, Gauge/gravity duality and the black hole interior,
Phys. Rev. Lett. 111 (2013) 171301 [arXiv:1307.4706] [INSPIRE].

[111] B. de Lima Bernardo, Unraveling the role of coherence in the first law of quantum

thermodynamics, Phys. Rev. E 102 (2020) 062152.

[112] H. Dimov, R.C. Rashkov and T. Vetsov, Thermodynamic information geometry and

complexity growth of a warped AdS black hole and the warped AdS3/CFT2 correspondence,
Phys. Rev. D 99 (2019) 126007 [arXiv:1902.02433] [INSPIRE].

– 22 –

https://doi.org/10.1016/j.nuclphysb.2011.06.002
https://arxiv.org/abs/1101.1297
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB851%2C462%22
https://doi.org/10.1007/JHEP06(2011)058
https://arxiv.org/abs/1012.1494
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1106%2C058%22%20and%20year%3D2011
https://doi.org/10.1007/JHEP02(2012)110
https://arxiv.org/abs/1110.4835
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1202%2C110%22%20and%20year%3D2012
https://doi.org/10.1103/PhysRevD.101.104002
https://arxiv.org/abs/2003.06756
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD101%2C104002%22
https://doi.org/10.1007/JHEP08(2011)154
https://arxiv.org/abs/1106.4428
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1108%2C154%22%20and%20year%3D2011
https://doi.org/10.1103/PhysRevLett.102.191301
https://arxiv.org/abs/0902.0427
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C102%2C191301%22
https://doi.org/10.1007/JHEP03(2010)063
https://arxiv.org/abs/0910.1601
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1003%2C063%22%20and%20year%3D2010
https://doi.org/10.1007/JHEP06(2012)175
https://arxiv.org/abs/1205.1535
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1206%2C175%22%20and%20year%3D2012
https://doi.org/10.1088/1126-6708/2000/03/024
https://arxiv.org/abs/hep-th/9911169
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0003%2C024%22%20and%20year%3D2000
https://doi.org/10.1016/S0550-3213(97)00185-5
https://arxiv.org/abs/hep-th/9610138
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB495%2C195%22
https://doi.org/10.1016/S0550-3213(00)00621-0
https://arxiv.org/abs/hep-th/0007147
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB593%2C76%22
https://doi.org/10.1016/0550-3213(95)00606-0
https://arxiv.org/abs/hep-th/9508177
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB460%2C560%22
https://doi.org/10.1103/PhysRevD.15.2752
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD15%2C2752%22
https://doi.org/10.1088/1751-8121/ab5d4d
https://arxiv.org/abs/1907.08037
https://inspirehep.net/search?p=find+J%20%22J.Phys.%2CA53%2C023001%22
https://doi.org/10.1088/1751-8113/49/14/143001
https://doi.org/10.1007/JHEP08(2014)126
https://arxiv.org/abs/1308.4209
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1408%2C126%22%20and%20year%3D2014
https://doi.org/10.1103/PhysRevLett.111.171301
https://arxiv.org/abs/1307.4706
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C111%2C171301%22
https://doi.org/10.1103/physreve.102.062152
https://doi.org/10.1103/PhysRevD.99.126007
https://arxiv.org/abs/1902.02433
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD99%2C126007%22


J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

[113] T. Vetsov, Information geometry on the space of equilibrium states of black holes in higher

derivative theories, Eur. Phys. J. C 79 (2019) 71 [arXiv:1806.05011] [INSPIRE].

[114] A. Sheykhi, F. Naeimipour and S.M. Zebarjad, Phase transition and thermodynamic

geometry of topological dilaton black holes in gravitating logarithmic nonlinear

electrodynamics, Phys. Rev. D 91 (2015) 124057 [INSPIRE].

[115] G.-Q. Li and J.-X. Mo, Phase transition and thermodynamic geometry of f(R) AdS black

holes in the grand canonical ensemble, Phys. Rev. D 93 (2016) 124021 [arXiv:1605.09121]
[INSPIRE].

[116] S.-W. Wei and Y.-X. Liu, Insight into the microscopic structure of an AdS black hole from a

thermodynamical phase transition, Phys. Rev. Lett. 115 (2015) 111302 [Erratum ibid. 116

(2016) 169903] [arXiv:1502.00386] [INSPIRE].

[117] S.-W. Wei, Y.-X. Liu and R.B. Mann, Repulsive interactions and universal properties of

charged anti-de Sitter black hole microstructures, Phys. Rev. Lett. 123 (2019) 071103
[arXiv:1906.10840] [INSPIRE].

[118] M. Dehghani and M. Badpa, Phase transition and geometrical thermodynamics of

energy-dependent dilatonic BTZ black holes with power-law electrodynamics,
PTEP 2020 (2020) 033E03 [INSPIRE].

[119] M. Dehghani, Nonlinearly charged AdS black hole solutions in three-dimensional massive

gravity’s rainbow, Phys. Lett. B 803 (2020) 135335 [INSPIRE].

[120] S. Soroushfar and S. Upadhyay, Phase transition of a charged AdS black hole with a global

monopole through geometrical thermodynamics, Phys. Lett. B 804 (2020) 135360
[arXiv:2003.06714] [INSPIRE].

[121] A. Ghosh and C. Bhamidipati, Thermodynamic geometry for charged Gauss-Bonnet black

holes in AdS spacetimes, Phys. Rev. D 101 (2020) 046005 [arXiv:1911.06280] [INSPIRE].

[122] J. Suresh, R. Tharanath, N. Varghese and V.C. Kuriakose, The thermodynamics and

thermodynamic geometry of the Park black hole, Eur. Phys. J. C 74 (2014) 2819
[arXiv:1403.4710] [INSPIRE].

[123] S. Soroushfar, R. Saffari and S. Upadhyay, Thermodynamic geometry of a black hole

surrounded by perfect fluid in Rastall theory, Gen. Rel. Grav. 51 (2019) 130
[arXiv:1908.02133] [INSPIRE].

[124] G. Ruppeiner, Riemannian geometry in thermodynamic fluctuation theory,
Rev. Mod. Phys. 67 (1995) 605 [Erratum ibid. 68 (1996) 313] [INSPIRE].

[125] G. Ruppeiner, Thermodynamics: a Riemannian geometric model,
Phys. Rev. A 20 (1979) 1608.

[126] F. Weinhold, Metric geometry of equilibrium thermodynamics. III. Elementary formal

structure of a vector-algebraic representation of equilibrium thermodynamics,
J. Chem. Phys. 63 (1975) 2488.

[127] F. Weinhold, Metric geometry of equilibrium thermodynamics,
J. Chem. Phys. 63 (1975) 2479.

[128] H. Quevedo and A. Sanchez, Geometrothermodynamics of asymptotically de Sitter black

holes, JHEP 09 (2008) 034 [arXiv:0805.3003] [INSPIRE].

– 23 –

https://doi.org/10.1140/epjc/s10052-019-6553-6
https://arxiv.org/abs/1806.05011
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.%2CC79%2C71%22
https://doi.org/10.1103/PhysRevD.91.124057
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD91%2C124057%22
https://doi.org/10.1103/PhysRevD.93.124021
https://arxiv.org/abs/1605.09121
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD93%2C124021%22
https://doi.org/10.1103/PhysRevLett.115.111302
https://arxiv.org/abs/1502.00386
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C115%2C111302%22
https://doi.org/10.1103/PhysRevLett.123.071103
https://arxiv.org/abs/1906.10840
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C123%2C071103%22
https://doi.org/10.1093/ptep/ptaa017
https://inspirehep.net/search?p=find+J%20%22PTEP%2C2020%2C033E03%22
https://doi.org/10.1016/j.physletb.2020.135335
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB803%2C135335%22
https://doi.org/10.1016/j.physletb.2020.135360
https://arxiv.org/abs/2003.06714
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB804%2C135360%22
https://doi.org/10.1103/PhysRevD.101.046005
https://arxiv.org/abs/1911.06280
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD101%2C046005%22
https://doi.org/10.1140/epjc/s10052-014-2819-1
https://arxiv.org/abs/1403.4710
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.%2CC74%2C2819%22
https://doi.org/10.1007/s10714-019-2614-2
https://arxiv.org/abs/1908.02133
https://inspirehep.net/search?p=find+J%20%22Gen.Rel.Grav.%2C51%2C130%22
https://doi.org/10.1103/RevModPhys.67.605
https://inspirehep.net/search?p=find+J%20%22Rev.Mod.Phys.%2C67%2C605%22
https://doi.org/10.1103/physreva.20.1608
https://doi.org/10.1063/1.431636
https://doi.org/10.1063/1.431689
https://doi.org/10.1088/1126-6708/2008/09/034
https://arxiv.org/abs/0805.3003
https://inspirehep.net/search?p=find+J%20%22JHEP%2C0809%2C034%22%20and%20year%3D2008


J
H
E
P
0
5
(
2
0
2
2
)
0
3
0

[129] H. Quevedo, Geometrothermodynamics, J. Math. Phys. 48 (2007) 013506
[physics/0604164] [INSPIRE].

[130] S.H. Hendi, S. Panahiyan, B. Eslam Panah and M. Momennia, A new approach toward

geometrical concept of black hole thermodynamics, Eur. Phys. J. C 75 (2015) 507
[arXiv:1506.08092] [INSPIRE].

[131] S.H. Hendi, B. Eslam Panah and S. Panahiyan, Massive charged BTZ black holes in

asymptotically (A)dS spacetimes, JHEP 05 (2016) 029 [arXiv:1604.00370] [INSPIRE].

[132] S.H. Hendi, A. Sheykhi, S. Panahiyan and B. Eslam Panah, Phase transition and

thermodynamic geometry of Einstein-Maxwell-dilaton black holes,
Phys. Rev. D 92 (2015) 064028 [arXiv:1509.08593] [INSPIRE].

[133] S.H. Hendi, S. Panahiyan, B.E. Panah and Z. Armanfard, Phase transition of charged black

holes in Brans-Dicke theory through geometrical thermodynamics,
Eur. Phys. J. C 76 (2016) 396 [arXiv:1511.00598] [INSPIRE].

[134] S.A. Hosseini Mansoori and B. Mirza, Geometrothermodynamics as a singular conformal

thermodynamic geometry, Phys. Lett. B 799 (2019) 135040 [arXiv:1905.01733] [INSPIRE].

[135] S.A. Hosseini Mansoori, M. Rafiee and S.-W. Wei, Universal criticality of thermodynamic

curvatures for charged AdS black holes, Phys. Rev. D 102 (2020) 124066
[arXiv:2007.03255] [INSPIRE].

[136] B.P. Dolan, The cosmological constant and the black hole equation of state,
Class. Quant. Grav. 28 (2011) 125020 [arXiv:1008.5023] [INSPIRE].

– 24 –

https://doi.org/10.1063/1.2409524
https://arxiv.org/abs/physics/0604164
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C48%2C013506%22
https://doi.org/10.1140/epjc/s10052-015-3701-5
https://arxiv.org/abs/1506.08092
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.%2CC75%2C507%22
https://doi.org/10.1007/JHEP05(2016)029
https://arxiv.org/abs/1604.00370
https://inspirehep.net/search?p=find+J%20%22JHEP%2C1605%2C029%22%20and%20year%3D2016
https://doi.org/10.1103/PhysRevD.92.064028
https://arxiv.org/abs/1509.08593
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD92%2C064028%22
https://doi.org/10.1140/epjc/s10052-016-4235-1
https://arxiv.org/abs/1511.00598
https://inspirehep.net/search?p=find+J%20%22Eur.Phys.J.%2CC76%2C396%22
https://doi.org/10.1016/j.physletb.2019.135040
https://arxiv.org/abs/1905.01733
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB799%2C135040%22
https://doi.org/10.1103/PhysRevD.102.124066
https://arxiv.org/abs/2007.03255
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD102%2C124066%22
https://doi.org/10.1088/0264-9381/28/12/125020
https://arxiv.org/abs/1008.5023
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C28%2C125020%22

	Introduction
	Euclidean quantum gravity
	Quantum work
	Quantum effective informational metrics
	Conclusion

