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Abstract

We propose a Kronecker product model for correlation or covariance matrices in the large
dimensional case. The number of parameters of the model increases logarithmically with
the dimension of the matrix. We propose a minimum distance (MD) estimator based on
a log-linear property of the model, as well as a one-step estimator, which is a one-step
approximation to the quasi-maximum likelihood estimator (QMLE). We establish rates of
convergence and central limit theorems (CLT) for our estimators in the large dimensional
case. A specification test and tools for Kronecker product model selection and inference are
provided. In a Monte Carlo study where a Kronecker product model is correctly specified,
our estimators exhibit superior performance. In an empirical application to portfolio choice
for S&P500 daily returns, we demonstrate that certain Kronecker product models are good
approximations to the general covariance matrix.
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1 Introduction

Covariance and correlation matrices are of great importance in many fields. In finance, they
are a key element in portfolio choice and risk management. In psychology, scholars have long
assumed that some observed variables are related to the key unobserved traits through a factor
model, and then use the covariance matrix of the observed variables to deduce properties of
the latent traits. Anderson (1984) is a classic statistical reference that studies the estimation
of covariance matrices and hypotheses testing about them in the low dimensional case (i.e., the
dimension of the covariance matrix, n, is small compared with the sample size T').

More recent work has considered the case where n is large along with T'. This is because many
datasets now used are large. For instance, as finance theory suggests that one should choose a
well-diversified portfolio that perforce includes a large number of assets with non-zero weights,
investors now consider many securities when forming a portfolio. The listed company Knight
Capital Group claims to make markets in thousands of securities worldwide, and is constantly
updating its inventories/portfolio weights to optimize its positions. If n/7T is not negligible
when compared to zero but still less than one, we call this the large dimensional case in this
article. (We reserve the phrase ”the high dimensional case” for n > T'.) The correct theoretical
framework to study the large dimensional case is to use the joint asymptotics (i.e., both n and
T diverge to infinity simultaneously albeit subject to some restriction on their relative growth
rate), not the usual asymptotics (i.e., n fixed, T" tends to infinity alone). Standard statistical
methods such as principal component analysis (PCA) and canonical-correlation analysis (CCA),
do not directly generalize to the large dimensional case; applications to, say, portfolio choice,
face considerable difficulties (see Wang and Fan (2016)).

There are many new methodological approaches for the large dimensional case, for example
Ledoit and Wolf (2003), Bickel and Levina (2008), Onatski (2009), Fan, Fan, and Lv (2008),
Ledoit and Wolf (2012) Fan, Liao, and Mincheva (2013), and Ledoit and Wolf (2015). Yao,
Zheng, and Bai (2015) gave an excellent account of the recent developments in the theory and
practice of estimating large dimensional covariance matrices. Generally speaking, the approach
is either to impose some sparsity on the covariance matrix, meaning that many elements of the
covariance matrix are assumed to be zero or small, thereby reducing the number of parameters
to be estimated, or to use some device, such as shrinkage or a factor model, to reduce dimension.
Most of this literature assumes i.i.d. data.

We consider a parametric model for the covariance or correlation matrix - the Kronecker
product model. For a real symmetric, positive definite n x n matrix A, a Kronecker product
model is a family of n x n matrices {A*}, each of which has the following structure:

A*=AQAS®-- QA (1.1)

where A;f is an n; x n; dimensional real symmetric, positive definite sub-matriz such that
n=mny X---xXn,. Werequire that n; € Z and n; > 2 for all j; the {nj};»’zl need not be distinct.
We suppose that A is the covariance or correlation matrix of an observable series with sample
size T and {A*} is a model for A.

We study the Kronecker product model in the large dimensional case. Since n tends to
infinity in the joint asymptotics, there are two main cases: (1) n; — oo for j = 1,...,v and
v is fixed; (2) {n;}j_; are all fixed and v — co. We shall study case (2) in detail because of
its dimensionality reduction property. In this case, the number of parameters of a Kronecker
product model grows logarithmically with n. In particular, we show that a Kronecker product
model induces a type of sparsity on the covariance or correlation matrix: The logarithm of a
Kronecker product model has many zero elements, so that sparsity is explicitly imposed on the
logarithm of the covariance or correlation matrix - we call this log sparsity.

The Kronecker product model has a number of intrinsic advantages for applications. The
eigenvalues of a Kronecker product are products of the eigenvalues of its sub-matrices, which



in the simplest case are obtainable in closed form. In the large dimensional case the eigenvalue
distribution can be quite general, and there is no spikedness property as in strict factor models
(Johnstone and Onatskiy (2018)). The inverse covariance matrix, its determinant, and other
key quantities are easily obtained from the corresponding quantities of the sub-matrices, which
facilitates computation and analysis.

We primarily focus on correlation matrices rather than covariance matrices. This is partly
because the asymptotic theory for the correlation matrix model nests that for the covariance
matrix model, and partly because this will allow us to adopt a more flexible approach to
approximating a general covariance matrix: We can allow the diagonal elements of the covariance
matrix to be unrestricted (and they can be estimated by other well-understood methods).
In practice, fitting a correlation matrix with a Kronecker product model tends to perform
better than doing so for its corresponding covariance matrix. To avoid confusion, we would
like to remark that if a Kronecker product model is correctly specified for a correlation matrix,
its corresponding covariance matrix need not have a Kronecker product structure, and vice
versa. In other words, log sparsity on a correlation matrix does not necessarily imply that its
corresponding covariance matrix has log sparsity, and vice versa.

We show that the logarithm of a Kronecker product model is linear in its unknown param-
eters. We use this as a basis to propose a minimum distance (MD) estimator that is in closed
form. We establish a crude upper bound rate of convergence for the MD estimator under the
joint asymptotics, but we anticipate that this bound could be improved with better technol-
ogy and we leave this for future research. There is a large literature on the optimal rate of
convergence for estimation of high-dimensional covariance matrices and inverse (i.e., precision)
matrices (see Cai, Zhang, and Zhou (2010) and Cai and Zhou (2012)). Cai, Ren, and Zhou
(2014) gave a nice review on those recent results. However their optimal rates are not applica-
ble to our setting because here sparsity is not imposed on the covariance or correlation matrix,
but on its logarithm. In addition, we allow for weakly dependent data, whereas the above cited
papers all assume i.i.d. structures.

Next, we discuss a quasi-maximum likelihood estimator (QMLE) and a one-step estimator,
which is an approximate QMLE. Under the joint asymptotics, we provide feasible central limit
theorems (CLT) for the MD and one-step estimators, the latter of which is shown to achieve
the parametric efficiency bound (Cramer-Rao lower bound) in the fixed n case. When choosing
the weighting matrix optimally, we also show that the optimally-weighted MD and one-step
estimators have the same asymptotic distribution. These CLTs are of independent interest
and contribute to the literature on the large dimensional CLTs (see Huber (1973), Yohai and
Maronna (1979), Portnoy (1985), Mammen (1989), Welsh (1989), Bai and Wu (1994), Saikkonen
and Lutkepohl (1996) and He and Shao (2000)). Last, we give a specification test which allows
us to test whether a Kronecker product model is correctly specified.

We discuss in Section 2 what kind of data gives rise to a Kronecker product model. However,
a given covariance or correlation matrix might not exactly correspond to a Kronecker product;
in which case a Kronecker product model is misspecified, so A ¢ {A*}. The previous literature
on Kronecker product models did not touch this, but we shall demonstrate in this article that
a Kronecker product model is a very good approximating device to general covariance or corre-
lation matrices, by trading off variance with bias. We show that for a given Kronecker product
model there always exists a member in it that is closest to the covariance or correlation matrix
in some sense to be made precise shortly.

We provide some simulation evidence that the Kronecker product model works very well
when it is correctly specified. In the empirical study, we apply the Kronecker product model
to S&P500 daily stock returns and compare it with Ledoit and Wolf (2004)’s linear shrinkage
estimator as well as with Ledoit and Wolf (2017)’s direct nonlinear shrinkage estimator. We
find that the minimum variance portfolio implied by a Kronecker product model is almost as
good as that constructed from Ledoit and Wolf (2004)’s linear shrinkage estimator. In future



work we aim to improve the practical performance of our method by combining it with other
approaches such as factor models and by improving the estimation methodology.

1.1 Literature Review

The Kronecker product model has been previously considered in the psychometric literature
(see Campbell and O’Connell (1967), Swain (1975), Cudeck (1988), Verhees and Wansbeek
(1990) etc). In a multitrait-multimethod (MTMM) context, "multi-mode” data give rise to a
Kronecker product model naturally (we will further discuss this in Section 2). Verhees and
Wansbeek (1990) outlined several estimation methods of the model based on the least squares
and maximum likelihood principles, and provided large sample variances under assumptions of
Gaussianity and fixed n. There is a growing Bayesian and Frequentist literature on multiway
array or tensor datasets, where a Kronecker product model is commonly employed. See for
example Akdemir and Gupta (2011), Allen (2012), Browne, MacCallum, Kim, Andersen, and
Glaser (2002), Cohen, Usevich, and Comon (2016), Constantinou, Kokoszka, and Reimherr
(2015), Dobra (2014), Fosdick and Hoff (2014), Gerard and Hoff (2015), Hoff (2011), Hoff
(2015), Hoff (2016), Krijnen (2004), Leiva and Roy (2014), Leng and Tang (2012), Li and
Zhang (2016), Manceura and Dutilleul (2013), Ning and Liu (2013), Ohlson, Ahmada, and von
Rosen (2013), Singull, Ahmad, and von Rosen (2012), Volfovsky and Hoff (2014), Volfovsky
and Hoff (2015), and Yin and Li (2012). In this literature, they also work with fixed n.

In the spatial literature, there are a number of studies that consider a Kronecker product
structure for the correlation matrix of a random field, see for example Loh and Lam (2000).

This article is the first one studying Kronecker product models in the large dimensional case.
Our work is also among the first exploiting log sparsity; the other is Battey and Fan (2017),
although there are a few differences. First, their log sparsity is an assumption from the onset, in
a similar spirit as Bickel and Levina (2008), whereas our log sparsity is induced by a Kronecker
product model. Second, they work with covariance matrices while we shall focus on correlation
matrices. Even if we look at covariance matrices for the purpose of comparison, the Kronecker
product model imposes different sparsity restrictions - as compared to those imposed by Battey
and Fan (2017) - on the elements of the logarithm of the covariance matrix. Third and perhaps
most important, we look at different estimators.

1.2 Roadmap

The rest of the article is structured as follows. In Section 2 we lay out the Kronecker product
model in detail. Section 3 introduces the MD estimator, gives its asymptotic properties, and
includes a specification test, while Section 4 discusses the QMLE and one-step estimator, and
provides the asymptotic properties of the one-step estimator. Section 5 examines the issue of
model selection. Section 6 provides numerical evidence for the model as well as an empirical
application. Section 7 concludes. Major proofs are to be found in Appendix; the remaining
proofs are put in Supplementary Material (SM in what follows).

1.3 Notation

Let A be an m x n matrix. Let vec A denote the vector obtained by stacking the columns of
A one underneath the other. The commutation matriz K, , is an mn x mn orthogonal matrix
which translates vec A to vec(AT), i.e., vec(AT) = K,y » vec(A). If A is a symmetric n X n matrix,
its n(n —1)/2 supradiagonal elements are redundant in the sense that they can be deduced from
symmetry. If we eliminate these redundant elements from vec A, we obtain a new n(n+1)/2x 1
vector, denoted vech A. They are related by the full-column-rank, n? x n(n + 1)/2 duplication
matriz D,: vec A = D, vech A. Conversely, vech A = D, vec A, where D, is n(n +1)/2 x n?
and the Moore-Penrose generalized inverse of D,,. In particular, D;f = (DTTLDn)_lDTTL because



D,, is full-column-rank. We use vecl(A) to denote the vectorization operator of the lower off-
diagonal elements of A (so this operator excludes the diagonal elements unlike the related vech(-)
operator).

For x € R", let ||z|]2 := /Y11 27 and ||z||eo := maxi<i<n |2;| denote the Euclidean norm

and the element-wise maximum norm, respectively. Let maxeval(-) and mineval(-) denote the
maximum and minimum eigenvalues of some real symmetric matrix, respectively. For any real

m x n matrix A = (a; j)1<i<m1<j<n, let | A p = [tr(ATA)]Y/2 = [tr(AAT)]Y2 = | vec A||2 and
[Alle, = max,—; ||Az][2 = /maxeval(ATA) denote the Frobenius norm and spectral norm
(¢2 operator norm) of A, respectively. Note that || - ||« can also be applied to matrix A, i.e.,

|Alloc = maxi<i<m,i<j<n |@ij|; however || - | is not a matrix norm so it does not have the
submultiplicative property of a matrix norm.
Consider two sequences of n x n real random matrices X7 and Y7. Notation X7 = O,(||Yr|)),

where || - || is some matrix norm, means that for every real ¢ > 0, there exist M, > 0, N. > 0
and T. > 0 such that for all n > N, and T > T, P(||Xr||/||Yr| > M:) < e. Notation
X7 = o0,(|Yrl), where || - || is some matrix norm, means that || Xp||/[|Y7|| 2 0 as n, T — oo

simultaneously. Landau notation in this article, unless otherwise stated, should be interpreted
in the sense that n,T — oo simultaneously.

Let aVVb and a Ab denote max(a,b) and min(a, b), respectively. For x € R, let |z]| denote the
greatest integer strictly less than x and [x] denote the smallest integer greater than or equal
to x. Notation o(-) defines sigma algebra.

For matrix calculus, what we adopt is called the numerator layout or Jacobian formulation;
that is, the derivative of a scalar with respect to a column vector is a row vector.

2 The Kronecker Product Model

In this section we provide more details on the model. Consider an n-dimensional weakly station-
ary time series vector y;, where u := Ey; and covariance matrix ¥ := E[(y; — p)(yr — p)7]. Let
D be the diagonal matrix containing the diagonal entries of ¥.! The correlation matrix of ;,
denoted O, is © := D~1/22D~Y/2, A Kronecker product model for the covariance or correlation
matrix is given by (1.1). The factorization n = nj x -+ X n, could be the prime factorization,
which exists for any integer n, or it could be an aggregation of that. For example, if n = 28,
one factorization is 2 x 2 x - - - x 2, called the minimal factorization, at the other extreme 28 x 1
is the maximal factorization (we do not consider the maximal factorization in this article). One
also has 4 x 4 x 4 x 4 and 2 x 16 x 2 x 4 etc. Highly composite numbers such as 2% offer many
possible factorizations, but if n is not composite or not composite enough, one can add a vector
of pseudo variables to the system until the final dimension is composite enough.?

Let A denote X or © according to the modelling purpose. If A € {A*}, we say that the
Kronecker product model {A*} is correctly specified. Otherwise the Kronecker product model
{A*} is misspecified. We first make clearer when a Kronecker product model is correctly specified
(see Verhees and Wansbeek (1990) and Cudeck (1988) for more discussion). A Kronecker
product arises when data have some multiplicative array structure. For example, suppose that
ujp are error terms in a panel regression model with j = 1,...,J and &k = 1,..., K. The
interactive effects model of Bai (2009) is that u; 5 = ; fx, which implies that v = y® f, where u
is the JK x 1 vector containing all the elements of u; i, v = (v1,...,7v7)T, and f = (f1,..., fx)7.

"Matrix D should not be confused with the duplication matrix D,, defined in Notation.
2Tt is recommended to add a vector of independent variables z; ~ N (0, I}) such that (y],2])7 is an n’ x 1
random vector with n’ x n’ correlation matrix
0, 0
0 Iy |~

O =




Suppose that v, f are random, where « is independent of f, and both vectors have mean zero.
Then,
EluuT] = E[y7T] @ E[f fT].

In this case the covariance matrix of u is a Kronecker product of two sub-matrices. If one
dimension were time and the other were firm, then this implies that the covariance matrix of u
is the product of a covariance matrix representing cross-sectional dependence and a covariance
matrix representing the time series dependence.

We can think of our more general model (1.1) arising from multi-index data with v multiplica-
tive factors. Multiway arrays are one such example as each observation has v different indices
(see Hoff (2015)). Suppose that wi, i, i, = €1,i1€2,is *** vy, 45 = 1,...,nj for j =1,...,v, or
in vector form

U= (ul,l,...,17 ey unl,ng,...,nv)T =& & &2 (SRR Evs
where the factor € = (€51,...,€5,,)T is a mean zero random vector of length n; with covariance
matrix 3, for j = 1,...,v, and in addition the factors €1, ..., &, are mutually independent. Then

S =Euu’] =S 85 & - @ .

We hence see that the covariance matrix is a Kronecker product of v sub-matrices. Such
multiplicative effects may be a valid description of a data generating process.?

In earlier versions of this article we emphasized the Kronecker product model for the co-
variance matrix. We now focus primarily on the correlation matrix for the reasons mentioned
in the introduction and leave the diagonal variance matrix D unrestricted. For the present
discussion we assume that D (as well as u) is known. A Kronecker product model for © is
given by (1.1) with A* and {A}}}_; replaced by ©* and {©]}}_;, respectively. Since © is a
correlation matrix, this implies that the diagonal entries of ©} must be the same, although
this diagonal entry could differ as j varies (so long as the diagonal entries of the implied ©*
are one). Without loss of generality, we may impose a normalization constraint that all the
diagonal entries of sub-matrices {@;k j—1 are equal to one.

The Kronecker product model substantially reduces the number of parameters to estimate.
In an unrestricted correlation matrix, there are n(n—1)/2 parameters, while a Kronecker product
model has only 377, n;j(n; — 1)/2 parameters. As an extreme illustration, when n = 256, the
unrestricted correlation matrix has 32,640 parameters while a Kronecker product model of
factorization 256 = 2% has only 8 parameters! Since we do not restrict the diagonal matrix
we have an additional n variance parameters,* so overall the correlation matrix version of the
model has more parameters and more flexibility than the covariance matrix version of the
model. The Kronecker product model induces sparsity. Specifically, although ©* is not sparse,
the matrix log ©* is sparse, where log denotes the (principal) matrix logarithm defined through
the eigendecomposition of a real symmetric, positive definite matrix (see Higham (2008) p20
for a definition). This is due to a property of Kronecker products (see Lemma 8.1 in SM 8.1 for
derivation), that

log©* =log O ®1,,® - @Iy, +1In, ®og ORI, @RI, + -+ 1p, R, ® - -®log O}, (2.1)

3For example, in portfolio choice, one might consider, say, 250 equity portfolios constructed by intersections
of 5 size groups (quintiles), 5 book-to-market equity ratio groups (quintiles) and 10 industry groups, in the
spirit of Fama and French (1993). For example, one equity portfolio might consist of stocks which are in the
smallest size quintile, largest book-to-market equity ratio quintile, and construction industry simultaneously.
Then a Kronecker product model is applicable either directly to the covariance matrix of returns of these 250
equity portfolios or to the covariance matrix of the residuals after purging other common risk factors such as
momentum.

4These parameters can be estimated in a first step by standard methods.



whence we see that log ©* has many zero elements, generated by identity sub-matrices.> That is,
we can write vech(log ©*) = E#* for some matrix F of zeros and ones and vector 6* containing
the unrestricted elements of log ©7, ..., log ©j.

We next discuss some further identification/parameterization issues. First of all, sub-
matrices {@;‘ };-’:1 are uniquely identified by the following argument based on the architecture
of ©*. Suppose that ©* = (:)’{ R ® C:)f, for other sub-matrices {C:); j—1, with diagonal ele-
ments being one, whose dimensions agree with those of {@;‘ j=1- Let P;,ke and ﬁj,ké denote a
typical off-diagonal element of @; and (:);'7, respectively (k,¢ =1,...,nj, k # (). Note that P;,ke
appears, on its own, in some elements of ©*, so does ﬁ;M in the same positions. We must have
Pipe = Pjye forall k, 0 =1,....n;, k# Cand j=1,...,v. Therefore, sub-matrices {@;};’:1 are
identified from ©* once {n;}7_, are specified, or equivalently {P;',u thol=1,..n5k # L}
are identified from ©* once {nj}}?zl are specified. We call {P;,ke ckot=1,...,n5k # K}}’:l
the original parameters of some member ©* in the Kronecker product model. If {@j j—p are
positive definite correlation matrices, then so is ©*.

Second, the matrix logarithm of a correlation matrix has a complicated structure, with its
diagonal elements taking any non-positive values and its off-diagonal elements taking any values
(Archakov and Hansen (2018) Lemma 2). As an illustration, suppose that

1 08 05
er=| 08 1 02 |,
05 02 1

then
—-0.75 1.18 0.64
log ©F = 1.18 -0.55 -0.07
0.64 —0.07 -0.17

There are Z}):l nj(n; + 1)/2 parameters in {log @;f};?:l; we call these log parameters of some
member ©* in the Kronecker product model. On the other hand, ©* has only 25:1 nj(n;—1)/2
original parameters. For each @;f, its n;(nj — 1)/2 original parameters completely pin down its

nj(n;+1)/2 log parameters. In other words, there exists a function f : R™ (n=1)/2 _y R (n;+1)/2
which maps the original parameters to the log parameters. However, when n; > 4, f does not
have a closed form because when n; > 4 the continuous functions which map elements of a
matrix to its eigenvalues have no closed form. When n; = 2, we can solve f by hand (see

Example 2.1).
N
! pi 1 )7

The eigenvalues of ©F are 1 + p} and 1 — pj, respectively. The corresponding eigenvectors are
(1,1)T/v/2 and (1, —1)T/\/2, respectively. Therefore

. [ 1 1 log(1 + p7) 0 11 \1
log ©1 = < 1 -1 ) ( 0 log(1 — p¥) 1 -1 )2

1+p%
Llog(1— [pf]?)  S1og (F24)
14p* N
Llog (£2)  Slog(1 - [pf])

Example 2.1. Suppose

® A final property of the Kronecker product model is that it is invariant under the Lie group of transformations
G generated by A1 ® A2 ® - -- ® Ay, where A; are n; X n; nonsingular matrices (see Browne and Shapiro (1991)).
This structure can be used to characterise the tangent space 7 of G and to define a relevant equivariance concept
for restricting the class of estimators for optimality considerations.



Thus
T

flp) = <; log(1 — p?), % log (ig) ; %log(l - p2)>

Third, there are several ways to achieve identification of {log O }i_; given log O (i.e., iden-
tification of log parameters of ©*). We outline two methods. The fill and shrink method
estimates the log parameters without imposing the restrictions implied by that {@;‘ j=1 being
correlation matrices, and then imposes those restrictions afterwards. In this case at the esti-
mation stage, we must impose v — 1 identification restrictions on the log parameters because
in (2.1) the diagonal elements of log ©* are sums of diagonal elements from {log ©7}7_; (see
Example 8.2 in SM 8.1). There are several ways to impose these v — 1 identification restrictions.
For example, one can set tr(log G)]*) to be some fixed value for j = 1,...,v — 1, or one can
set v — 1 diagonal elements of {log O3 }7_; to be zero (see Examples 8.1 and 8.2 in SM 8.1 for
illustrations). Then in Theorem A.1 in Appendix A.1 we show that there exists an n(n+1)/2x s
full column rank, deterministic matrix £ such that

vech(log ©*) = E6*,

where 0% € R® are the unrestricted log parameters of ©, where s := 37 n;j(n;+1)/2—(v—1) =
O(logn). So far we have not imposed those restrictions that {©}}7_; are correlation matri-

ces. Nevertheless, D/2 exp(log 9*)D1/ 2 will always be a covariance matrix, and one could
re-compute the correlation matrix from D'/2 exp(log @*)Dl/ 2 by re-normalization. Alterna-
tively, one could use minimum distance estimation to shrink exp(log @;) to a correlation matrix
for j=1,...,v (see SM 8.2 for a discussion).

On the other hand, the shrink and fill method identifies a subset of unrestricted log param-
eters and then fills in the remainder afterwards. A recent paper of Archakov and Hansen (2018)
proposed a neat way to achieve this. Let 93* := vecl(log @;‘) and we can identify {HN;‘ =y from

vecl(log ©*). Then we can use éj to uniquely determine the diagonal elements of log ©7 by some

function ¢ : R%(~1/2 _ R"  which can be obtained numerically (in the case n; = 2 there
exists a closed form, see Example 2.1). Archakov and Hansen (2018) gave a concrete algorithm
to do this and established its validity.

We shall use the fill and shrink method in what follows; in particular we set the first
diagonal entry of log ©F to zero for j = 1,...,v — 1. To summarise, in order to estimate a
correlation matrix © using a Kronecker product model ©*, there are two approaches. First, one
can estimate the original parameters using the principle of maximum likelihood (see Section
4.1) or nonlinear minimum distance. Then form an estimate of ©*. Second, one can estimate
the unrestricted log parameters 6* using the principle of minimum distance (see Section 3) or
maximum likelihood (see Section 4.1). Form an estimate of exp(log ©*) and then recover the
estimated correlation matrix using either re-normalization or shrinkage. To study the theoretical
properties of a Kronecker product model in large dimension, the second approach is more
appealing as log parameters are additive from (2.1) while original parameters are multiplicative
in nature; additive objects are easier to analyse theoretically than multiplicative objects.

3 Linear Minimum Distance Estimator

In this section, we define a class of estimators of the (unrestricted) log parameters 0* of some
member in the Kronecker product model (1.1), which are linear in the log sample correlation
matrix, and give its asymptotic properties.



3.1 Estimation

We observe a sample {yt}thl. Define the sample covariance matrix and sample correlation matrix

T
B 1 _ _ A A—1/28 A—1/2
X1= ;(yt 9w —9T  Or:i=Dy "ErDp ",

where g := (1/T) Zthl y; and Dy is a diagonal matrix whose diagonal elements are diagonal
elements of 7. We show in Appendix A.2 that in the Kronecker product model {©*} there
exists a unique member, denoted by ©°, which is closest to the correlation matrix © in the

following sense:

0° = 0°(W) := arg Hmiﬁ [vech(log ©) — E0*]TW [vech(log ©) — E67], (3.1)
*6 S

where W is a n(n +1)/2 x n(n + 1)/2 symmetric, positive definite weighting matrix which is
free to choose. Clearly, #° has the closed form solution 0 = (ETW E)~'ETW vech(log ©). The
population objective function in (3.1) allows us to define a minimum distance (MD) estimator:

O = 0p(W) := arg min(vech(log Or) — EbTW[vech(log ©1) — Eb], (3.2)
e S

whence we can solve
07 = (ETWE)"'ETW vech(log ©7). (3.3)
Note that 6° is the quantity which one should expect éT to converge to in some probabilistic sense
regardless of whether the Kronecker product model {©*} is correctly specified or not. When
{©*} is correctly specified, we have 00 = (ETW E)~ETW vech(log©) = (ETWE)'ETWEf) =
9. In this case, f7 is indeed estimating the elements of the correlation matrix ©.
In practice the MD estimator is easy to compute. The matrix ETWE is of dimensions
s x s and is highly structured (at least in the diagonal W case). One only needs a user-defined
function in some software to generate the matrix E before one can use formula (3.3) to compute
the MD estimator.”

3.2 Rate of Convergence

We now introduce some assumptions for our theoretical analysis. These conditions are sufficient
but far from necessary.
Assumption 3.1.
(i) For all t, for every a € R™ with ||lall2 = 1, there exist absolute constants K1 > 1, Ky >
0,71 > 0 such that’
E {exp (KzfaTytVl)} < Kj.

(ii) The time series {y,}1_, are normally distributed.

Assumption 3.2. There exist absolute constants K3 > 0 and ro > 0 such that for all h € N
a(h) < exp (—th”) ,

where a(h) is the a-mixing (i.e., strong mizing) coefficients of y; which are defined by o(0) = 1/2
and for h € N
a(h) := 2sup sup IP(AN B) — P(A)P(B)
t A€o (- yt—1,yt)
BEo(Yttn Yetht1,)

)

where o(-) defines sigma algebra.

5We have written a user-defined function in Matlab which can return E within a few seconds for fairly large
n, say, n = 625. It is available upon request.
™ Absolute constants” mean constants that are independent of both n and T.



Assumption 3.3.

(i) Suppose n,T — oo simultaneously, and n/T — 0.

(ii) Suppose n,T — oo simultaneously, and

et D)

where k(W) is the condition number of W for matriz inversion with respect to the spectral
norm, i.e., k(W) = |[W=Y| s, |W|le, and w is defined in Assumption 3.4 (ii).

(iii) Suppose n,T — oo simultaneously, and

(a)
nw* k(W) (log® n)log?(1 + T)
T = 0(1)7

) 2
w*logn
TOEE o),

where k(W) is the condition number of W for matriz inversion with respect to the spectral

norm, i.e., k(W) = ||[W=Y|4, |Wlle,, and @ is defined in Assumption 3./ (ii).

Assumption 3.4.

(i) The minimum eigenvalue of ¥ is bounded away from zero by an absolute constant.

(ii) Suppose

1
mineval <ETE> > > 0.
n

1
w

(At most w = o(n).)

Assumption 3.1(i) is standard in high-dimensional theoretical work (e.g., Fan, Liao, and
Mincheva (2011), Chang, Qiu, Yao, and Zou (2018) etc). In essence it assumes that a random
vector has some exponential-type tail probability (c.f. Lemma A.2 in Appendix A.3), which
allows us to invoke some concentration inequality such as a version of the Bernstein’s inequality
(e.g., Theorem A.2 in Appendix A.5). The parameter r; restricts the size of the tail of y; - the
smaller r1, the heavier the tail. When r1 = 2, y, is said to be subgaussian, when r; = 1, y; is
said to be suberponential, and when 0 < r1 < 1, 3 is said to be semiexponential.

Needless to say, Assumption 3.1(i) is stronger than a finite polynomial moment assumption
as it assumes the existence of some exponential moment. In a setting of independent observa-
tions, Vershynin (2012) replaced Assumption 3.1(i) with a finite polynomial moment condition
and established a rate of convergence for covariance matrices, which is slightly worse than what
we have in Theorem 3.1(i) for correlation matrices. For dependent data, relaxation of the sub-
gaussian assumption is currently an active research area in probability theory and statistics.
One of the recent work is Wu and Wu (2016) in which they relaxed subgaussianity to a finite
polynomial moment condition in high-dimensional linear models with help of Nagaev-type in-
equalities. Thus Assumption 3.1(i) is likely to be relaxed when new probabilistic tools become
available.

Assumption 3.1(ii), which will only be used in Section 4 for one-step estimation, implies
Assumption 3.1(i) with 0 < 7 < 2. Assumption 3.1(ii) is not needed for the minimum distance
estimation (Theorem 3.2 or 3.3) though.

Assumption 3.2 assumes that {y;}~; is alpha mixing (i.e., strong mixing) because a(h) — 0
as h — oo. In fact, we require it to decrease at an exponential rate. The bigger ro gets, the



faster the decay rate and the less dependence {y;}7_; exhibits. This assumption covers a wide
range of time series. It is well known that both classical ARMA and GARCH processes are
strong mixing with mixing coefficients which decrease to zero at an exponential rate (see Section
2.6.1 of Fan and Yao (2003) and the references therein).

Assumption 3.3(i) is for the derivation of a rate of convergence of @7 —© in terms of spectral
norm. To establish the same rate of convergence of $r— Y in terms of spectral norm, one only
needs n/T — ¢ € [0, 1]. However for correlation matrices, we need n/T — 0. This is because a
correlation matrix involves inverses of standard deviations (see Lemma A.14 in Appendix A.5).

Assumptions 3.3(ii) and (iii) are sufficient conditions for the asymptotic normality of the
minimum distance estimators (Theorems 3.2 and 3.3) and one-step estimator (Theorem 4.2),
respectively. Assumption 3.3(ii) or (iii) necessarily requires n*/T" — 0. At first glance, it looks
restrictive, but we would like to emphasize that this is only a sufficient condition. We will have
more to say on this assumption in the discussions following Theorem 3.2.

Assumption 3.4(i) is also standard. This ensures that © is positive definite with the mini-
mum eigenvalue bounded away from 0 by an absolute positive constant (see Lemma A.7(i) in
Appendix A.4) and its logarithm is well-defined. Assumption 3.4(ii) postulates a lower bound
for the minimum eigenvalue of ETE/n; that is

1
\/mineval (%ETE)

— O(v/=).

We divide ETE by n because all the non-zero elements of ETE are a multiple of n (see Lemma
A.1 in Appendix A.1). In words, Assumption 3.4(ii) says that the minimum eigenvalue of
ETE/n is allowed to slowly drift to zero.

The following theorem establishes an upper bound on the rate of convergence for the mini-
mum distance estimator 7. To arrive at this, we restrict 71 and 7o such that 1/r; + 1/ro > 1.
However, this is not a necessary condition.

Theorem 3.1.
(i) Suppose Assumptions 3.1(1), 3.2, 3.3(i) and 3.4(i) hold with 1/r1 +1/ra > 1. Then

N n
162 -6l =0, (/7).

where || - ||¢, is the spectral norm.

(ii) Suppose that ||@T — Oll¢, < A with probability approaching 1 for some absolute constant
A > 1, then we have
[ log ©1 —1og Ol¢, = Op([|O1 — Ofe,).

(iii) Suppose Assumptions 3.1(i), 3.2, 3.3(i) and 3.4 hold with 1/r1 + 1/ro > 1. Then

1o = 81 = 0, (/"=

where ||-||2 is the Buclidean norm, k(W) is the condition number of W for matriz inversion
with respect to the spectral norm, i.e., k(W) = |[W=Y 0, [|Wlle,, and w is defined in
Assumption 3.4 (ii).

Proof. See Appendix A.3. O
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Theorem 3.1(i) provides a rate of convergence of the spectral norm of Op — O, which is a
stepping stone for the rest of theoretical results. This rate is the same as that of || S — 3|,
The rate y/n/T is optimal in the sense that it cannot be improved without a further structural
assumption on © or X.

Theorem 3.1(ii) is of independent interest as it relates ||log O —log O, to [|O7 — O|4,. It
is due to Gil’ (2012).

Theorem 3.1(iii) gives a rate of convergence of the minimum distance estimator 7. Note
that #° are log parameters of the member in the Kronecker product model, which is closest to
© in the sense discussed earlier. For sample correlation matrix O, the rate of convergence of
| vec(©7—0)||2 is /n2/T (square root of a sum of n? terms each of which has a convergence rate
1/T). Thus the minimum distance estimator 07 of the Kronecker product model converges faster
provided wk (W) is not too large, in line with the principle of dimension reduction. However,
given that the dimension of #° is s = O(logn), one would conjecture that the optimal rate of
convergence for A7 should be /log n /T. In this sense, Theorem 3.1(iii) does not demonstrate the
full advantages of a Kronecker product model. Because of the severe non-linearity introduced
by the matrix logarithm it is a challenging problem to prove a faster rate of convergence for
107 — 6°]).

3.3 Asymptotic Normality
We define y,’s natural filtration F; := o(y¢, yt—1,---,y1) and Fo = {0, (°}.

Assumption 3.5.

(i) Suppose that {ys — u, Fi} is a martingale difference sequence; that is Ely; — p|Fi—1] = 0
forallt=1,...,T.

(ii) Suppose that {yiy] — Elyyl], Fi} is a martingale difference sequence; that is

E [yt,ive,; — Elyeive,j)|Fe—1] =0
foralli,j=1,...,n,t=1,...,T.

Assumption 3.5 allows us to establish inference results within a martingale framework. Out-
side this martingale framework, one encounters the issue of long-run variance whenever one tries
to get some inference result. This is particularly challenging in the large dimensional case and
we hence shall not consider it in this article.

To derive the asymptotic normality of the minimum distance estimator, we consider two
cases

(i) w is unknown but D is known;

(ii) both g and D are unknown.

We will derive the asymptotic normality of the minimum distance estimator for both these
cases. We first comment on the plausibility or relevance of case (i). We present five situa-
tions/arguments to show that case (i) is relevant and these are by no means exhaustive. First,
one could use higher frequency data to estimate the individual variances and thereby utilise
a very large sample size. But that is not an option for estimating correlations because of the
non-synchronicity problem, which is acute in the large dimensional case (Park, Hong, and Lin-
ton (2016)). Second, one could have unbalanced low frequency data meaning that each firm
has a long time series but they start and finish at different times such that the overlap, which
is relevant for estimation of correlations, can be quite a bit smaller. In that situation one
might standardise marginally using all the individual time series data and then estimate pair-
wise correlations using the smaller overlapping data. Third, we could have a global parametric
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model for D and g, but a local (in time) Kronecker product model for correlations, i.e., ©(u)
varies with rescaled time u = t/T. In this situation, the initial estimation of D and p can
be done at a faster rate than estimation of the time varying correlation ©(u), so effectively D
and p could be treated as known quantities. Fourth, case (i) reflects our two-step estimation
procedure where variances are estimated first without imposing any model structure. This is
a common approach in dynamic volatility model estimation such as the DCC model of Engle
and Sheppard (2001) and the GO-GARCH model (van der Weide (2002)). Indeed, in many of
the early articles in that literature standard errors for dynamic parameters of the correlation
process were constructed without regard to the effect of the initial procedure. Finally, we note
that theoretically estimation of u and D is well understood even in the high dimensional case,
so in keeping with much practice in the literature we do not emphasize estimation of u and D
again.
Define the following n? x n? dimensional matrix H:

H:= /l[t(@ —D+1 '@ tO —1)+ 1 tdt.
0

Define also the n x n and n? x n? matrices, respectively:

T

PARE %Z(yt — )y — )T 34
t=1

174 var <Vec [(yt - ,U)(yt - H)TD

=E [ -y =)@ e —mw— T —E [y — )@ @ —w]E [y — )@y —p)T].
Since z > ([£],2 — |£]n) is a bijection from {1,...,n%} to {1,...,n} x {1,...,n}, it is easy

to show that the (a,b)th entry of V' is

Vap = Vigre = Bl(yei—pi) Weg—15) Gere—11) (We,e—10) | =BL(ye,i—p03) We.g— 1) BNyt ke — ) (Ye,0—p6)]

where p; = Ey;; (similarly for p;, pg, o), a,b € {1,...,n?} and i,4,k,¢ € {1,...,n}. In the
special case of normality, V = 2D, D;f (¥ ® ¥) (Magnus and Neudecker (1986) Lemma 9).

Assumption 3.6. Suppose that V is positive definite for all n, with its minimum eigenvalue
bounded away from zero by an absolute constant and mazximum eigenvalue bounded from above
by an absolute constant.

Assumption 3.6 is also a standard regularity condition. It is automatically satisfied under
normality given Assumptions 3.3(i) and 3.4(i) (via Lemma A.4(vi) in Appendix A.3). Assump-
tion 3.6 could be relaxed to the case where the minimum (maximum) eigenvalue of V' is slowly
drifting towards zero (infinity) at certain rate. The proofs for Theorem 3.2 and Theorem 3.3
remain unchanged, but this rate will need to be incorporated in Assumption 3.3(ii).

3.3.1 When p Is Unknown But D Is Known

In this case, Or simplifies into (:)T,D = D V25,D1/2, Similarly, the minimum distance
estimator Op simplifies into éT7D = (ETWE)"'ETW vech(log (:)Tp). Let I:IT7D denote the

2 2

n“ X n° matrix

Hrp = /Ol[t(éT,D — D+ 1" @ [H(Orp — I) + 1] "dt. (3.5)

12



Define V’s sample analogue Vi whose (a,b)th entry is

T

N A 1
Viab = Vrijne = 7 > Wi — ) (e — U5) Wek — U)W — Te)
t=1
1 & 1 &
- (T > Wi — ) (e — @j)) (T > Wk — Te) (Wee — @e)) :

t=1 t=1

where g; := % 2?21 yr; (similarly for gj, Jx and 9), a,b € {1,...,n*} and i,j,k, £ € {1,...,n}.
For any ¢ € R?® define the scalar

TJpc:= T (ETWE) 'ETWDH(D 2 @ D~V)\V(D™Y? @ D™Y?)HD}"WE(ETWE) .

In the special case of normality, ¢TJpc could be simplified into (see Example 8.3 in SM 8.8 for
details): 2¢T(ETWE)'ETW D} H(© ® ©)HD;"WE(ETW E)~!c. We also define the estimate
c'Jr.pc:

T Jppe:=c(ETWE) ' ETWD; Hy.p(D™Y? @ D™Y2)Vp(DY2 @ DY) Hy p D WE(ETW E) e,

Theorem 3.2. Let Assumptions 3.1(i), 3.2, 3.3(ii), 3.4, 3.5 and 3.6 be satisfied with 1/r; +
1/ro > 1. In particular we set r1 = 2. Then

\/TCT(éﬂD — 90) d

- — N(0,1),
\/cTJr.pc
for any s x 1 non-zero vector ¢ with ||c||l2 = 1.
Proof. See Appendix A.4. O

Theorem 3.2 is a version of the large-dimensional CLT, whose proof is mathematically non-
trivial. To simplify the technicality, we assume subgaussianity (r; = 2). Because the dimension
of §° is growing with the sample size, for a CLT to make sense, we need to transform éT, p—6°
to a univariate quantity by pre-multiplying ¢T. The magnitudes of the elements of ¢ are not
important, so we normalize it to have unit Euclidean norm. What is important is whether the
elements of ¢ are zero or not. The components of éT, p — 0° whose positions correspond to the
non-zero elements of ¢ are effectively entering the CLT.

We contribute to the literature on the large-dimensional CLT (see Huber (1973), Yohai
and Maronna (1979), Portnoy (1985), Mammen (1989), Welsh (1989), Bai and Wu (1994),
Saikkonen and Lutkepohl (1996) and He and Shao (2000)). In this strand of literature, a
distinct feature is that the dimension of parameter, say, #°, is growing with the sample size, and
at the same time we do not impose sparsity on 6°. As a result, the rate of growth of dimension
of parameter has to be restricted by an assumption like Assumption 3.3(ii); in particular, the
dimension of parameter cannot exceed the sample size. Assumption 3.3(ii) necessarily requires
n*/T — 0. In Lewis and Reinsel (1985), Saikkonen and Lutkepohl (1996), Chang, Chen, and
Chen (2015), they require n®/T — 0 for establishment of a CLT for an n-dimensional parameter.
Hence there is much room of improvement for Assumption 3.3(ii) because the dimension of 6 is
s = O(logn). The difficulty for this relaxation is again, as we had mentioned when we discussed
the rate of convergence of Or (Theorem 3.1), due to the severe non-linearity introduced by matrix
logarithm. In this sense Assumption 3.3(ii) is only a sufficient condition; the same reasoning
applies to Assumption 3.3(iii).

Our approach is different from the recent literature on high-dimensional statistics such as
Lasso, where one imposes sparsity on parameter to allow its dimension to exceed the sample
size.

We also give a corollary which allows us to test multiple hypotheses like Hy : AT = a.
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Corollary 3.1. Let Assumptions 3.1(i), 3.2, 3.3(ii), 3.4, 3.5 and 3.6 be satisfied with 1/ry +
1/ro > 1. In particular we set 1y = 2. Given a full-column-rank s x k matriz A where k is finite
with || Allg, = O(y/logn - nk(W)), we have

\/T(ATjTyDA)*lﬂAT(éT’D — 90) i> N (0, Ik) .

Proof. See SM 8.8. 0

Note that the condition [|A|ls, = O(1/logn - nk(W)) is trivial because the dimension of A is
only of order O(logn) x O(1). Moreover we can always rescale A when carrying out hypothesis
testing.

If one chooses the weighting matrix W optimally, albeit infeasibly,

Wpep = [DFH(D™Y2 @ DY V(D"Y2 @ D-V2)HDiT] ™ |

the scalar ¢TJpc reduces to
_ —1
T (ET (D} H(D"Y? @ D2 V(D2 @ D"V HD;7] " E) c.

Under a further assumption of normality (i.e., V = 2D,D (X ® X)), the preceding display
further simplifies to

1 -1
cT <2ETD;H—1(@—1 ® 9_1)H_1DnE) c,

by Lemmas 11 and 14 of Magnus and Neudecker (1986). We shall compare the preceding display
with the variance of the asymptotic distribution of the one-step estimator in Section 4.

3.3.2 When Both ¢ and D Are Unknown

The case where both p and D are unknown is considerably more difficult. If one simply recycles
the proof for the case where only p is unknown and replaces D with its plug-in estimator ﬁT,
it will not work.

Let ﬁT denote the n? x n? matrix

Hyp = /Ol[t((:)T — D)+ 17 @ [tOr — I) + 1) tdt. (3.6)

Define the n? x n? matrix P:

P:=1, — D,D; (I, ® ©)My, Mg = Z(Fu' ® Fii),
=1

where Fj; is an n x n matrix with one in its (4,7)th position and zeros elsewhere. Matrix My
is an n? x n? diagonal matrix with diagonal elements equal to 0 or 1; the positions of 1 in the
diagonal of My correspond to the positions of diagonal entries of an arbitrary n x n matrix A
in vec A. Matrix P first appeared in (4.6) of Neudecker and Wesselman (1990). Note that for
any correlation matrix ©, matrix P is an idempotent matrix of rank n? —n and has n rows of
zeros. Neudecker and Wesselman (1990) proved that

Ovec© _

- P D—1/2 D—1/2 .
OvecX ( @ )

that is, the derivative gzggg is a function of X.
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For any ¢ € R® define the scalar ¢TJc and its estimate T Jpe:
Je:=c(ETWE) 'E"WDHP(D~ 20D/ V(D~V?@D V) PTHD " WE(ETWE) ¢
re = (ETWE) \EYWD;} Hp Pr(D; " *0 D7) V(D7 *e DY) LAy D T WE(ETWE) e,
where Pr:= I,» — D, D (I, ® O7) M.
Assumption 3.7.

(1) For every positive constant C

0vec©
ovecx

_ P(D—l/2 ®D—l/2)
Y=x*

sup
2
S|Sr S p<Cy/ 22

where -|y—y+ means "evaluate the argument ¥ at 3*”.

(ii) The s x s matric
E'WD}IHP(D V2@ D~ V)\WV(D~Y?2 @ D™Y2)PTHD"WE
has full rank s (i.e, being positive definite). Moreover,

mineval (ETWD;JLIP(D*/2 ® D~V (D12 g D*l/Q)PTHD;TWE) > " mineval (W),
w

Assumption 3.7(i) characterises some sort of uniform rate of convergence in terms of spectral

norm of the Jacobian matrix g:’zgg. This type of assumption is usually made when one wants

to stop Taylor expansion, say, of vec éT, at first order. If one goes into the second-order
expansion (a tedious route), Assumption 3.7(i) can be completely dropped at some expense
of further restricting the relative growth rate between n and 7T'. The radius of the shrinking
neighbourhood /n?/T is determined by the rate of convergence in terms of the Frobenius norm

of the sample covariance matrix 7. The rate on the right side of Assumption 3.7(i) is chosen
to be y/n/T because it is the rate of convergence of

Ovec©
ovecX

_ P(D—1/2 ®D_1/2)
2=3r

lo

which could be easily deduced from the proof of Theorem 3.3. This rate \/n/T" could even be
relaxed to y/n?/T as the part of the proof of Theorem 3.3 which requires Assumption 3.7(i) is
not the ”binding” part of the whole proof.

We now examine Assumption 3.7(ii). The s x s matrix

ETWD}HP(D V2@ D~VV(D~Y2 @ DY) PTHD"WE

is symmetric and positive semidefinite. By Observation 7.1.8 of Horn and Johnson (2013), its

rank is equal to rank(ETW D}t HP), if (D~Y? @ D=Y/2)V(D~/2 ® D~1/?) is positive definite.

In other words, Assumption 3.7(ii) is assuming rank(ETW D} HP) = s, provided (D~'/? @

D=2 V(D~Y2%D~1/?) is positive definite. Even though P has only rank n —n, in general the

rank condition does hold except in a special case. The special case is © = I;, and W = I, (;,41) /2.
In this special case

v
rank(ETW D} HP) = rank(ETD,[P) =
j=1

nj(n; —1)

< s.
9 S

The second part of Assumption 3.7(ii) postulates a lower bound for its minimum eigenvalue.
The rate mineval?(W)n/w is specified as such because of Assumption 3.4(ii). Other magnitudes
of the rate are also possible as long as the proof of Theorem 3.3 goes through.
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Theorem 3.3. Let Assumptions 3.1(1), 3.2, 3.3(ii), 3.4, 3.5, 3.6 and 3.7 be satisfied with
1/r1 4+ 1/ro > 1. In particular we set r1 = 2. Then

VT (p — 0% 4

= — N(0,1),
vV cTJre

for any s x 1 non-zero vector ¢ with ||c|la = 1.

Proof. See SM 8.4. O

Again Theorem 3.3 is a version of the large-dimensional CLT, whose proof is mathematically
non-trivial. It has the same structure as that of Theorem 3.2. However chTc differs from
cTJAT7 pc reflecting the difference between cTJc and ¢TJpe. That is, the asymptotic distribution
of the minimum distance estimator depends on whether D is known or not.

We also give a corollary which allows us to test multiple hypotheses like Hy : AT = a.

Corollary 3.2. Let Assumptions 3.1(i), 3.2, 3.3(ii), 3.4, 3.5, 3.6 and 3.7 be satisfied with
1/r1 +1/ry > 1. In particular we set 1y = 2. Given a full-column-rank s x k matriz A where k

is finite with ||Alls, = O(\/log2n -nk2(W)w), we have

VT(ATJp A2 AT (6 — 0°) & N (0,11 .

Proof. Essentially the same as that of Corollary 3.1. 0

The condition ||Als, = O(\/ log? n - nk2(W)w) is trivial because the dimension of A is only

of order O(logn) x O(1). Moreover we can always rescale A when carrying out hypothesis
testing. In the case of both p and D unknown, the infeasible optimal weighting matrix will be

Wop = [Df HP(D™Y2 @ D-V2 V(D2 @ DY) PTHD}T] "

3.4 Specification Test

We give a specification test (also known as an over-identification test) based on the minimum
distance objective function in (3.2). Suppose we want to test whether the Kronecker product
model {©*} is correctly specified given the factorization n = nj x - -+ x n,. That is,

Hy:0 € {0"} (i.e.,vech(log®) = E0), H,:0 ¢ {0"}.
We first fix n (and hence v and s). Recall (3.2):

O = Op(W) = arg lgrl}iRn[vech(log Or) — Eb]"W vech(log O7) — Eb] =: arg ll)rn]iRn gr(b)TWgr(b).
ER® cR>
Theorem 3.4. Fizn (and hence v and s).

(i) Suppose p is unknown but D is known. Let Assumptions 3.1(i), 3.2, 3.4, 3.5 and 3.6 be
satisfied with 1/ry 4+ 1/ro > 1. In particular we set vy = 2. Thus, under Hy,

5 A A d
Tgr.p(07,0)7S7 p9T,0(07,0) = Xirni1y /2 (3.7)
where

gT,D(b) = Vech(log éT,D) — FEb
ST,D = D:ﬁT7D(D_1/2 ® D_1/2)VT(D_1/2 & D_1/2)f?[T,DD;_T.
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(ii) Suppose both p and D are unknown. Let Assumptions 3.1(i), 3.2, 3.4, 3.5, 3.6, and 3.7
be satisfied with 1/rq + 1/rg > 1. In particular we set r1 = 2. Thus, under Hy,

Ao a A d
Tgr(07)TST g7(01) = X i1y /2—s

where
Sp = D HpPr(D; ' @ DY) Vn(D;Y? @ DY) BLHL D}

Proof. See SM 8.7. O

Note that Sf 1D and 5’; ! are the feasible versions of optimal weighting matrices Wp,op and
Wop, respectivel};. From Theorem 3.4, we can easily get the following result of the diagonal path
asymptotics, which is more general than the sequential asymptotics but less general than the
joint asymptotics (see Phillips and Moon (1999)).

Corollary 3.3.
(i) Suppose p is unknown but D is known. Let Assumptions 3.1(i), 3.2, 3.4, 3.5 and 3.6 be
satisfied with 1/ry + 1/rq > 1. In particular we set r1 = 2. Under Hy,

T 9100 (07:0.0) S70 p97.0.0 (010, 0) — M5 —

s]
fn(n+ 1) — 257 2 N(0,1),

where n = np as T — 0.

(ii) Suppose both p and D are unknown. Let Assumptions 3.1(i), 3.2, 3.4, 3.5, 3.6, and 3.7
be satisfied with 1/r1 + 1/ry > 1. In particular we set r1 = 2. Under Hy,

T970(07.0)77 9.0 (Or,0) — [P
[n(n+1) — 2s] 12

~ 4] 4 N(0,1),

where n = np as T — 0.

Proof. See SM 8.7. O

4 QMLE and One-Step Estimator
41 QMLE

In the context of Gaussian quasi-maximum likelihood estimation (QMLE), given a factorization
n = nj X --+ X ny, we shall additionally assume that the Kronecker product model {©*} is
correctly specified (i.e. vech(log®) = Ef). Let p € [—1, 1]° be the original parameters of some
member of the Kronecker product model; we have mentioned that s, = >°7_; nj(n; —1)/2.
Given Assumption 3.5, the log likelihood function in terms of original parameters p for a sample

{y1,y2,...,yr} is given by

T
Tn T 1 _ I
fr(, D, p) = == log(2r) — 3 log | DY26(p) D'2| = 53" (3 — )" D~20(p) " D72y — ).

(4.1)
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Write Q = Q(0) := log ©. Given Assumption 3.5, the log likelihood function in terms of log

parameters 6 for a sample {y1,y2,...,yr} is given by
gT(Ma D, 9)
Tn T 1<
=~ log(2m) — 7 log | D'/ exp(Q(G))Dl/Z‘ =5 2w = W D™ exp(Q(0)] DAy — ).

(4.2)

In practice, conditional on some estimates of u and D, we use an iterative algorithm based
on the derivatives of /7 with respect to either p or 8 to compute the QMLE of either p or
f. Theorem 4.1 below provides formulas for the derivatives of ¢ with respect to 6. The
computations required are typically not too onerous, since for example the Hessian matrix is of
an order logn by logn. See Singull et al. (2012) and Ohlson et al. (2013) for a discussion of
estimation algorithms in the case where the data are multiway array and v is of low dimension.
Nevertheless since there is quite complicated non-linearity involved in the definition of the
QMLE, it is not so easy to directly analyse QMLE.

Instead we shall consider a one-step estimator that uses the minimum distance estimator in
Section 3 to provide a starting value and then takes a Newton-Raphson step towards the QMLE
of #. In the fixed n case it is known that the one-step estimator is equivalent to the QMLE in
the sense that it shares its asymptotic distribution (Bickel (1975)).

Below, for slightly abuse of notation, we shall use u, D, 0 to denote the true parameter (i.e.,
characterising the data generating process) as well as the generic parameter of the likelihood
function; we will be more specific whenever any confusion is likely to arise.

4.2 One-Step Estimator

Here we only examine the one-step estimator when p is unknown but D is known. When neither
w nor D is known, one has to differentiate (4.2) with respect to both # and D. The analysis
becomes considerably more involved and we leave it for future work. Suppose D is known, the
likelihood function (4.2) reduces to

br,.p(0, 1) =

T
EZ(% — w)TD~ 2 [exp(2(6))] ' D (ye — ).

_In log(27) — glog DY/? exp(Q(G))Dl/z‘ ~3

2

(4.3)

It is well-known that for any choice of ¥ (i.e., D and 6), the QMLE for u is g. Hence we may
define

éQMLE,D = argmngTp(G,gj).

Theorem 4.1.
(i) The s x 1 score function of (4.3) with respect to 8 takes the following form®

1 p(6 T 1 )
W - EETDJ1 [/ O e(l—t)th] vec [G—QD—l/QETD_I/ze_Q B 6_9] |
0

where Y7 is defined in (3.4).

8The likelihood function (4.3) implicitly assumes Assumption 3.5 and positive definiteness of ©.
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(ii) The s x s block of the Hessian matriz of (4.3) corresponding to 0 takes the following form

0201 p(0, )
00007

1 1
N ZETDJL/ / (19 g e~ (1900 g (109 | =100 g~ (=50 ) o=519) g5 .4t D, E
o Jo

1 1
B ZETDJ@/ / (=090 o= (1-00 g =519 | =510 @ ~(1-00 4~(1=90) gs 444D, E
0 Jo

~ 2
where A := D~Y250D~Y2. Symmetry of MQTDQ(?M 18 in an obvious way.

(iii) The negative normalized expected Hessian matriz evaluated at the true parameter 0 takes
the following form

1.8%07,p(6, 1)
b { T 00067 }
1 1 1
=5ETD; / / (e @ e + e @ e75) ds - tdtD, E (4.4)
0 JO
1
= SETDIY (7% ® ™) WD, (4.5)

where W := fol e @ (=092,
(iv) Under normality (i.e., V = 2D, D} (X ® X)), we have the well-known relation

1 0br,p(0, 1) Olr,p(0, 1)

To=E\Fm—5 00

Proof. See SM 8.5. O

We hence propose the following one-step estimator in the spirit of van der Vaart (1998) p72
or Newey and McFadden (1994) p2150:

~ ; 1 <y 9r,p(07,p,7)

Or.p =01 p— TTT}DT’ (4.6)
where Y7 p is a plug-in estimator of Y p and is defined as %ETDJ@' [ fol fol (Q)EFB_I ® é):lr_é_sdtds] D, E
(We show in SM 8.6 that YT’ p is invertible with probability approaching 1.) We did not use

2
the plain vanilla one-step estimator because the Hessian matrix %ﬁéf’”) is rather complicated

to analyse.
4.3 Large Sample Properties

To provide the large sample theory for the one-step estimator HNT, D, we make the following
assumption.

Assumption 4.1. For every positive constant M and uniformly in b € R® with ||b||2 = 1,

sup
6*:]|6* —6]l2 <M/ m=E W)

1 00 D(G*,ﬂ) 1 0¢r D(G,Q)
L - - Y — =
VI [LOL00D)  LO0D) gy g)]| = o0
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Assumption 4.1 is one of the sufficient conditions needed for the asymptotic normality of 9~T7 D
(Theorem 4.2). This kind of assumption is standard in the asymptotics of one-step estimators

(see (5.44) of van der Vaart (1998) p71) or of M-estimation (see (C3) of He and Shao (2000)).

Assumption 4.1 implies that ~ %ﬁ) is differentiable at the true parameter 6, with derivative

tending to YTp in probability. The radius of the shrinking neighbourhood \/nwk(W)/T is
determined by the rate of convergence of any preliminary estimator, say, 6AT7 p in our case. It is
possible to relax the o,(1) on the right side of the display in Assumption 4.1 to o,(1/n/(w? logn))
by examining the proof of Theorem 4.2.

Theorem 4.2. Suppose that the Kronecker product model {©*} is correctly specified. Let As-
sumptions 3.1(1i), 3.2, 3.3(iii), 3.4, 3.5, and 4.1 be satisfied with 1/r1 +1/ry > 1 and r = 2.
Then

VT (0r,p —0) a
%

~—1
\ /cTTT7Dc

Proof. See SM 8.6. O

N(0,1)

for any s x 1 wvector ¢ with ||c|l2 = 1.

Theorem 4.2 is a version of the large-dimensional CLT, whose proof is mathematically non-
trivial. It has the same structure as that of Theorem 3.2 or Theorem 3.3. Note that under
Assumption 3.1(ii), the QMLE is actually the maximum likelihood estimator (MLE). If we re-
place normality (Assumption 3.1(ii)) with the subgaussian assumption (Assumption 3.1(i) with
T = 2) - that is the Gaussian likelihood is not correctly specified - although the norm consistency

of 01 p should still hold, the asymptotic variance in Theorem 4.2 needs to be changed to have a

; ] d 1 8247 p(0,1) -t
sandwich formula. Theorem 4.2 says that vI'cT(0r,p — 0) = N (0,¢T (E [— 755 2]) o).
In the fixed n case, this estimator achieves the parametric efficiency bound by recognising a
well-known result % = 0. This shows that our one-step estimator éT, p is efficient when
D (the variances) is known.

By recognising that H~! = fl et1o8® @ o(1-1)108Oqr — ¥ (see Lemma 8.10 in SM 8.8),
we see that, when D is known, under normality and correct specification of the Kronecker
product model, 0T p and the optimal minimum distance estimator OT p(Wp,op) have the same
asymptotic variance, i.e., (§ETD7TLH le-lwehHH 1DnE) '

We also give the following corollary which allows us to test multiple hypotheses like Hy :
ATO = a.

Corollary 4.1. Suppose the Kronecker product model {©*} is correctly specified. Let Assump-

tions 3.1(ii), 3.2, 3.3(iii), 3.4, 3.5, and 4.1 be satisfied with 1/r1 +1/ro > 1 and r1 = 2. Given
a full-column-rank s x k matriz A where k is finite with ||All¢, = O(v/logn - n), we have

VT(ATT Y, A4) V24T (B p — 0) 5 N (0, 1) -

Proof. Essentially the same as that of Corollary 3.1. O

The condition ||A|l,, = O(y/logn - n) is trivial because the dimension of A is only of order
O(logn) x O(1). Moreover we can always rescale A when carrying out hypothesis testing.
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5 Model Selection

We discuss the issue of model selection here. One shall not worry about this if the data are in
the multi-index format with v multiplicative factors. This is because in this setting a Kronecker
product model is pinned down by the structure of multiway arrays - the Kronecker product
model is correctly specified. This issue will pop up when one uses Kronecker product models
to approximate a general covariance or correlation matrix - all Kronecker product models are
then misspecified. The rest of discussions in this section will be based on this approximation
framework.

First, if one permutes the data, the performance of a given Kronecker product model is likely
to change. However, based on our experience, the performance of a Kronecker product model
is not that sensitive to the ordering of the data. We will illustrate this in the empirical study.
Moreover, usually one fixes the ordering of the data before considering the issue of covariance
matrix estimation. Thus, Kronecker product models have a second-mover advantage: the choice
of a Kronecker product model depends on the ordering of the data.

Second, if one fixes the ordering of the data as well as a factorization n = nq X - -+ X n,, but
permutes @;-‘s, one obtains a different ©* (i.e., a different Kronecker product model). Although
the eigenvalues of these two Kronecker product models are the same, the eigenvectors of them
are not.

Third, if one fixes the ordering of the data, but uses a different factorization of n, one
also obtains a different Kronecker product model. Suppose that n has the prime factorization
n = p; X p2 X --- X p, for some positive integer v (v > 2) and primes p; for j = 1,...,v.
Then there exist several different Kronecker product models, each of which is indexed by the
dimensions of the sub-matrices. The baseline model has dimensions (p1,p2,...,py), but there
are many possible aggregations of this, for example, ((p1 X D2)y ey (Po_1 X pv)).

To address the second and third issues, we might choose among Kronecker product models
using some model selection criterion which penalizes models with more parameters. For exam-
ple, we may define the Bayesian Information Criterion (BIC) in terms of the original parameters
p:
logT

T "
where {7 is the log likelihood function defined in (4.1), and s, is the dimension of p. We seek
the Kronecker product model with the minimum preceding display. Typically there are not so
many factorizations to consider, so this is not too computationally burdensome.

2
BIC(p) = —fﬁT(u,D,p) +

6 Monte Carlo Simulations and an Application

In this section, we first provide a set of Monte Carlo simulations that evaluate the performance
of the QMLE and MD estimator, and then give a small application of our Kronecker product
model to daily stock returns.

6.1 Monte Carlo Simulations

We simulate 7' random vectors y; of dimension n according to
y =%z, Z~NOI) IT=0%8 Q% (6.1)

where n = 2¥ and v € N. That is, the sub-matrices 3; are 2 x 2 for ¢ = 1,...,v. These
sub-matrices ¥; are generated with unit variances and off-diagonal elements drawn randomly
from a uniform distribution on (—1,1). This ensures positive definiteness of ¥. Note that we
have two sources of randomness in this data generating process: random innovations (z;) and
random off-diagonal elements of the ¥; for ¢ = 1,...,v. Due to the unit variances, ¥ is also the
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correlation matrix © of y;, but the econometrician is unaware of this: He applies a Kronecker
product model to the correlation matrix ©. We consider the correctly specified case, i.e., the
Kronecker product model has a factorization n = 2. The sample size is set to T' = 300 while
we vary v (hence n). We set the Monte Carlo simulations to 1000.

We shall consider the QMLE and MD estimator. For the QMLE, we estimate the original
parameters p and obtain an estimator for © (and hence ¥) directly. Recalling (4.1), we could
use {7(7, Dr, p) to optimise p. For the MD estimator, we estimate the log parameters 8° via
formula (3.3), obtain an estimator for log ©, and finally obtain an estimator for © (and hence
Y)) via matrix exponential. In the MD case, we need to specify a choice of the weighting
matrix W. Given its sheer dimension (n(n + 1)/2 x n(n + 1)/2), any non-sparse W will be a
huge computational burden in terms of memory for the MD estimator. Hence we consider two
diagonal weighting matrices

Wl = In(n+1)/2, WQ = [D; (DT (0%9) ﬁT) D;T:| -

In the latter case, the MD estimator is inversely weighted by the sample variances. Weighting
matrix Wy resembles, but is not the same as, a feasible version of the optimal weighting matrix
Wop. The choice of W is based on heuristics. In an unreported simulation, we also consider
the optimally weighted MD estimator. The optimally weighted MD estimator is extremely
computationally intensive and its finite sample performance is not as good as those weighted
by Wi or Wy, This is probably because a data-driven, large-dimensional weighting matrix
introduces additional sizeable estimation errors in small samples - such a phenomenon has been
well documented in the GMM framework by Andersen and Sgrensen (1996).

We compare our estimators with Ledoit and Wolf (2017)’s direct nonlinear shrinkage esti-
mator (the LW2017 estimator hereafter).?

Given a generic estimator ¥ of the covariance matrix ¥ and in each simulation, we can
compute ~

_IE-siE
=7 — %%

The median of the preceding display is calculated among all the simulations and denoted RI in
terms of . Criterion RI is closely related to the percentage relative improvement in average
loss (PRIAL) criterion in Ledoit and Wolf (2004).1° As PRIAL, RI measures the performance
of the estimator 3 with respect to the sample covariance estimator S7. Note that RI € (—o0,1]:
A negative value means S performs worse than S while a positive value means otherwise. RI
is more robust to outliers than PRIAL.

Often an estimator of the precision matrix =1 is of more interest than that of ¥ itself, so
we also compute RI for the inverse covariance matrix; that is, we compute the median of

_ET -G
=— — .
127" = 27H%
Note that this requires invertibility of the sample covariance matrix $7 and therefore can only
be calculated for n < T.

Our final criterion is the minimum variance portfolio (MVP) constructed from an estimator
of the covariance matrix. The weights of the minimum variance portfolio are given by

Y1,

WP = —— 6.2
My E 1Yy, (6:2)

9The Matlab code for the direct nonlinear shrinkage estimator is downloaded from the website of Professor
Michael Wolf from the Department of Economics at the University of Zurich. We are grateful for this.

1074 is defined as B
E||Z - 2||%

PRIAL=1- —~ :
E[[%7 — 2%
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n 4 8 16 32 64 128 256

QMLE 0.227 0.529 0.714 0.820 0.892 0.929 0.950

RI-1 MD1 0.345 0.632 0.789 0.862 0.897 0.909 0.618
MD2 0339 0.631 0.78 0.858 0.896 0.908 0.616
LW2017 0.020 0.027 0.046 0.063 0.087 0.106 0.127

QMLE 0.323 0.615 0.805 0.914 0.973 0.995 1.000

RI2 MD1 0.354 0.632 0.771 0.752 0.665 0.588 0.837
MD2 0344 0.643 0.790 0.796 0.714 0.628 0.846
LW2017 0.136 0.181 0.235 0.351 0.521 0.756 0.991

QMLE 0.999 0.995 0.980 0.953 0.899 0.770 0.389
MD1 0.999 0.993 0.979 0.953 0.900 0.774 0.401
MD2 0.999 0.993 0.979 0.954 0.899 0.774 0.400

LW2017 1.000 0.999 0.998 0.993 0.975 0.912 0.544

VR

Table 1: The baseline setting. QMLE, MD1, MD2 and LW2017 stand for the quasi-maximum likelihood
estimator of the Kronecker product model, the minimum distance estimator (weighted by Wi) of the
Kronecker product model, the minimum distance estimator (weighted by W5) of the Kronecker product
model, and the Ledoit and Wolf (2017)’s direct nonlinear shrinkage estimator, respectively. RI-1 and
RI-2 are RI criteria in terms of ¥ and X 7!, respectively. VR is the median of the ratio of the standard
deviation of the MVP using the estimator to that using the sample covariance matrix out of sample.
The sample size is fixed at T" = 300.

where ¢, = (1,1,...,1)" is of dimension n (see Ledoit and Wolf (2003), Chan, Karceski, and
Lakonishok (1999) etc). The first MVP weights are constructed using the sample covariance
matrix 37 while the second MVP weights are constructed using a generic estimator of 3. These
two minimum variance portfolios are then evaluated by calculating their standard deviations in
the out-of-sample data (y;) generated using the same mechanism. The out-of-sample size is set
to T" = 21. The ratio of the standard deviation of the minimum variance portfolio constructed
from ¥ over that of the minimum variance portfolio constructed from S is calculated. We
report its median (VR) over Monte Carlo simulations. Note that VR € [0,400): A value
greater than one means ¥ performs worse than S 7 while a value less than one means otherwise.

Table 1 reports RI-1 (RI in terms of ¥), RI-2 (RI in terms of ¥~!) and VR for various n.
We observe the following patterns. First, we see that all our estimators QMLE, MD1, MD2
outperform the sample covariance matrix in all dimensional cases including both the small-
dimensional cases (e.g., n = 4) and the large-dimensional cases (e.g., n = 256). Note that
in the large dimensional case like n = 256,7 = 300, the ratio n/T is close to 1 - a case not
really covered by Assumption 3.3. This perhaps illustrates that Assumption 3.3 is a sufficient
but not necessary condition for theoretical analysis of our proposed methodology. Second, such
a phenomenon holds in terms of RI-1, RI-2 and VR. The superiority of our estimators over
the sample covariance matrix increases when n/T increases. Third, the QMLE outperforms
the MD estimators whenever n/T is close to one, while the opposite holds when n/T is small.
Fourth, the LW2017 estimator also beats the sample covariance matrix but its RI-1 margin is
thin. This is perhaps not surprising as the LW2017 estimator does not utilise the Kronecker
product structure of the data generating process. Overall, the QMLE is the best estimator in
this baseline setting.

As robustness checks, we consider two modifications of our baseline data generating process:
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n 4 8 16 32 64 128 256

QMLE 0.219 0.514 0.712 0.821 0.887 0.928 0.951

RI-1 MD1 0.321 0.611 0.775 0.849 0.880 0.889 0.798
MD2 0310 0.611 0.770 0.844 0.877 0.890 0.796
LW2017 0.025 0.032 0.049 0.065 0.093 0.117 0.155

QMLE 0.320 0.654 0.824 0.932 0.980 0.997 1.000

RI2 MD1 0.338 0.639 0.737 0.691 0.593 0.517 0.822
MD2  0.347 0.652 0.775 0.753 0.657 0.571 0.839
LW2017 0.220 0.292 0.429 0.634 0.818 0.939 0.997

QMLE 0.998 0.988 0.975 0.927 0.860 0.728 0.383
MD1 0.997 0.987 0.973 0.925 0.862 0.733 0.406
MD2 0.997 0.987 0.973 0.924 0.862 0.732 0.406

LW2017 1.000 0.999 0.997 0.990 0.970 0.907 0.568

VR

Table 2: Modification (i). QMLE, MD1, MD2 and LW2017 stand for the quasi-maximum likelihood
estimator of the Kronecker product model, the minimum distance estimator (weighted by Wi) of the
Kronecker product model, the minimum distance estimator (weighted by W5) of the Kronecker product
model, and the Ledoit and Wolf (2017)’s direct nonlinear shrinkage estimator, respectively. RI-1 and
RI-2 are RI criteria in terms of ¥ and X 7!, respectively. VR is the median of the ratio of the standard
deviation of the MVP using the estimator to that using the sample covariance matrix out of sample.
The sample size is fixed at T" = 300.

(i) Time series y; is still generated as in (6.1) but the actual data are wy:

w1 =Y

w = apwi—1 + /1 — a2y, t=2...,T.
The parameter a,, is set to be 0.5 to capture the temporal dependence.

(ii) Same as modification (i), but y; is drawn from a multivariate ¢ distribution of 5 degrees
of freedom with ¥ as its correlation matrix.

In modification (i), wy is serially correlated given any non-zero autoregressive scalar a,, but
its covariance matrix is still 3. A choice of a,, = 0.5 is consistent with Assumption 3.2. Our
simulation results are reasonably robust to the choice of a,. In modification (ii), in addition
to the serial dependence, we add heavy-tailed features to the data which might be a better
reflection of reality. Heavy-tailed data are not covered by Assumption 3.1, so this modification
serves as a robustness check for our theoretical findings.

The results of modification (i) are reported in Table 2. Those four observations we made
from the baseline setting (Table 1) still hold when we relax the independence assumption of the
data. Modification (ii) are reported in Table 3. When we switch on both temporal dependence
and heavy tails, all estimators - ours and the LW2017 estimator - are adversely affected to a
certain extent. In particular, in terms of RI-2, both the QMLE and LW2017 estimators fare
worse than the sample covariance matrix in small dimensions. Overall, the identity weighted
MD estimator is the best estimator in modification (ii). That the MD estimator trumps the
QMLE in heavy-tailed data is intuitive because the MD estimator is derived not based on a
particular distributional assumption.
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n 4 8 16 32 64 128 256

QMLE  0.021 0.105 0.203 0.320 0.442  0.564 0.690

RIL1 MD1 0.071 0.211 0.348 0.492 0.621  0.719 0.605
MD?2 0.084 0.242 0.378 0.510 0.626  0.712 0.581
LW2017 —0.023 —0.001  0.029 0.069 0.118  0.158 0.220

QMLE -0.035 -0.139 -0.357 —-0.831 —0.202 0.867 0.999

RI2 MD1 0.006 0.035 0.111 0.385 0.896 0.636 0.829
MD2 —-0.006 —0.009 0.032 0.255 0.894 0.724 0.854
LwW2017 -0.103 —-0.206 —0.428 —-0.847 —0.279 0.825 0.997

QMLE  0.996 0.982 0.956 0.923 0.842  0.708 0.379
MD1 0.994 0.982 0.955 0.921 0.840 0.720 0.432
MD2 0.994 0.982 0.955 0.920 0.840 0.719 0.429

LW2017  1.000 0.999 0.995 0.989 0.968  0.906 0.577

VR

Table 3: Modification (ii). QMLE, MD1, MD2 and LW2017 stand for the quasi-maximum likelihood
estimator of the Kronecker product model, the minimum distance estimator (weighted by Wi) of the
Kronecker product model, the minimum distance estimator (weighted by W5) of the Kronecker product
model, and the Ledoit and Wolf (2017)’s direct nonlinear shrinkage estimator, respectively. RI-1 and
RI-2 are RI criteria in terms of ¥ and X 7!, respectively. VR is the median of the ratio of the standard
deviation of the MVP using the estimator to that using the sample covariance matrix out of sample.
The sample size is fixed at T" = 300.

6.2 An Application

We now consider estimation of the covariance matrix of n’ = 441 stock returns (y;) in the S&P
500 index. We have daily observations from January 3, 2005 to November 6, 2015. The number
of trading days is T' = 2732. Since the underlying data might not have a multiplicative structure
giving rise to a Kronecker product - or if they do but we are unaware of it - a Kronecker product
model in this application is inherently misspecified. In other words, we are exploiting Kronecker
product models’ approximating feature to a general covariance matrix.

We have proved in Appendix A.2 that in a given Kronecker product model there exists
a member which is closest to the true covariance matrix. However, in order for this closest
”distance” to be small, the chosen Kronecker product model needs to be versatile enough to
capture various data patterns. In this sense, a parsimonious model, say, 441 =3 x 3 X 7 X 7, is
likely to be inferior to a less parsimonious model, say, 441 = 21 x 21.

We add an 3 x 1 dimensional pseudo random vector z; which is N (0, I3) distributed and
independent over t. The dimension of the final system is n = 441 4+ 3 = 444. Again we fit
Kronecker product models to the correlation matrix of the final system and recover an estimator
for the covariance matrix of the final system via left and right multiplication of the estimated
correlation matrix of the final system by 15;/ 2, Last, we extract the 441 x 441 upper-left block
of the estimated covariance matrix of the final system to form our Kronecker product estimator
of the covariance matrix of ;. The dimension of the added pseudo random vector should not be
too large to avoid introducing additional noise, which could adversely affect the performance of
the Kronecker product models. We choose the dimension of the final system to be 444 because
its prime factorization is 2 x 2 x 3 x 37, and we experiment with several Kronecker product
models. We did try other dimensions for the final system and the pattern discussed below
remains generally the same.

As we are considering less parsimonious models, the QMLE is computationally intensive
and found to perform worse than the MD estimator in preliminary investigations, so we only
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(2x2x3x37) (4x111) (3x148) (2x222) ~v2004 LW2017

original ordering of the data

Impr 0.265 0.379 0.394 0.440 0.459 0.518

Prop 0.811 0.896 0.915 0.953 0.991 0.981
a random permutation of the data

Impr 0.259 0.364 0.404 0.431 0.459 0.518

Prop 0.811 0.887 0.915 0.943 0.991 0.981
a random permutation of the data

Impr 0.263 0.351 0.366 0.436 0.459 0.518

Prop 0.811 0.887 0.906 0.943 0.991 0.981

Table 4: MD, LW2004 and LW2017 stand for the (identity matrix weighted) minimum distance estima-
tors of the Kronecker product models (factorisations given in parentheses), the Ledoit and Wolf (2004)’s
linear shrinkage estimator, and the Ledoit and Wolf (2017)’s direct nonlinear shrinkage estimator, re-
spectively. Impr is the median of the 106 quantities calculated based on (6.3) and Prop is the proportion
of the times (out of 106) that a competitor MVP outperforms the sample covariance MVP (i.e., the
proportion of the times when (6.3) is positive). A random permutation of the data means that the order
of the 441 stocks is randomly reshuffled.

use the MD estimator. The MD estimator is extremely fast because its formula is just (3.3).
We choose the weighting matrix to be the identity matrix.

We follow the approach of Fan et al. (2013) and estimate our model on windows of size 504
days (equal to two years’ trading days) that are shifted from the beginning to the end of the
sample. The Kronecker product estimator of the covariance matrix of y; is used to construct the
minimum variance portfolio (MVP) weights as in (6.2). We also compute the MVP weights using
the sample covariance matrix of y;. These two minimum variance portfolios are then evaluated
using the next 21 days (equal to one month’s trading days) out-of-sample. In particular, we

calculate
sd(a competitor MVP)

~ sd(sample covariance MVP)’

(6.3)

where sd(-) computes standard deviation. Then the estimation window of 504 days is shifted
forward by 21 days. This procedure is repeated until we reach the end of the sample; the total
number of out-of-sample evaluations is 106. We consider two evaluation criteria of performance:
Impr and Prop. Impr is the median of the 106 quantities calculated based on (6.3). Note that
Impr € (—oo, 1]: A negative value means a competitor MVP performs worse than the sample
covariance MVP while a positive value means otherwise. Prop is the proportion of the times (out
of 106) that a competitor MVP outperforms the sample covariance MVP (i.e., the proportion
of the times when (6.3) is positive).

For comparison, we consider Ledoit and Wolf (2004)’s linear shrinkage estimator and Ledoit
and Wolf (2017)’s direct nonlinear shrinkage estimator. The results are reported in Table
4. We first use the original ordering of the data, i.e. alphabetical, and have the following
observations. First, all the Kronecker product MVPs outperform the sample covariance MVP.
Second, as we move from the most parsimonious factorisation (444 = 2 x 2 x 3 x 37) to the
least parsimonious factorisation (444 = 2 x 222), the performance of Kronecker product MVPs
monotonically improves. This is intuitive: Since we are using Kronecker product models to
approximate a general covariance matrix, a more flexible Kronecker product model could fit the
data better. There is no over-fitting at least in this application as we consider out-of-sample
evaluation. Third, the performance of the (2 x 222) Kronecker product MVP is very close to
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that of a sophisticated estimator like Ledoit and Wolf (2004)’s linear shrinkage estimator. This
is commendable because here a Kronecker product model is a misspecified parametric model
for a general covariance matrix while the linear shrinkage estimator is in essence a data-driven,
nonparametric estimator.

We next randomly reshuffle the order of the 441 stocks twice and use the same Kronecker
product models. In these two cases, the rows and columns of the true covariance matrix also
get reshuffled. We see that the performances of those Kronecker product models are marginally
affected by the reshuffle. Ledoit and Wolf (2004)’s and Ledoit and Wolf (2017)’s shrinkage
estimators are, as expected, not affected by the ordering of the data.

7 Conclusions

We have established the large sample properties of estimators of Kronecker product models in the
large dimensional case. In particular, we obtained norm consistency and the large dimensional
CLTs for the MD and one-step estimators. Kronecker product models outperform the sample
covariance matrix theoretically, in Monte Carlo simulations, and in an application to portfolio
choice. When a Kronecker product model is correctly specified, Monte Carlo simulations show
that estimators of it can beat Ledoit and Wolf (2017)’s direct non-linear shrinkage estimator.
In the application, when one uses Kronecker product models as an approximating device to
a general covariance matrix, a less parsimonious one can perform almost as good as Ledoit
and Wolf (2004)’s linear shrinkage estimator. It is possible to extend the framework in various
directions to improve performance.

A final motivation for the Kronecker product structure is that it can be used as a component
of a super model consisting of several components. For instance, the idea of the decomposition
in (1.1) could be applied to components of dynamic models such as multivariate GARCH, an
area in which Luc Bauwens has contributed significantly over the recent years, see also his
highly cited review paper Bauwens, Laurent, and Rombouts (2006). For example, the dynamic
conditional correlation (DCC) model of Engle (2002), or the BEKK model of Engle and Kroner
(1995) both have intercept matrices that are required to be positive definite and suffer from
the curse of dimensionality, for which model (1.1) would be helpful. Also, parameter matrices
associated with the dynamic terms in the model could be equipped with a Kronecker product,
similar to a suggestion by Hoff (2015) for vector autoregressions.

A Appendix

This appendix is organised as follows: Appendix A.l further discusses this matrix F of the
minimum distance estimator in Section 3. Appendix A.2 shows that a Kronecker product
model has a best approximation to a general covariance or correlation matrix. Appendix A.3
and A.4 contain proofs of Theorem 3.1 and of Theorem 3.2, respectively. Appendix A.5 contains
auxiliary lemmas used in various places of this appendix.

A.1 Matrix F

The proof of the following theorem gives a concrete formula for the matrix £ of the minimum
distance estimator.

Theorem A.1l. Suppose that

where @;f is nj X n; dimensional such that n = ny X ng X --- xn,. Taking the logarithm on both
stdes gives

log©* =1log®] ®@ I, @+ - @I, +In, ®1ogO; @ I, @ -+ @ Ip, + -+ In, @I, ®--- ®log O,
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For identification we set the first diagonal entry of log ©] to be 0 for j =1,...,v —1. In total

there are )
S;ZZI”K”J; ) -1
]:

unrestricted log parameters; let 0* € R® denote these. Then there exists a n(n +1)/2 x s full
column rank matriz E such that
vech(log ©*) = E6*.

Proof. Note that

vec(log ©%) = vec(log @] @ Iy, ® -+ - @ I,,) + vec(Ip, ®1ogO; @ I, @ -+ @ Ip,) + -
+ vec(Ip, ® I, ® -+ @ log O).

If
vec(ln, ®10g0O; ® In, ® -+ ® I,,) = E;vech(log ©;)
for some n? x n;(n; + 1)/2 matrix E; for i = 1,...,v, then we have
vech(log ©7)
vech(log ©*) = D;f vec(log®*) =D} | By Ey --- E, Vech(1:0g o)
Vech(l;)g o)

For identification we set the first diagonal entry of log ©7 to be 0 for j =1,...,v — 1. In total
there are

Szzzw_(v_l)

: 2
7=1

(identifiable) log parameters; let 8* € R® denote these. Then there exists a n(n + 1)/2 x s full
column rank matrix E such that

vech(log ©*) = Ef*,

where

E:= Dy [ By By o By By }
and E; ) stands for matrix E; with its first column removed. We now determine the formula
for E;. We first consider vec(log©F ® I, ® -+ ® I,,).
vec(log®@] @ I, ® - @ I,,) =
= (In, ® Kpyjny iy @ Injny ) (
= (In; ® Kppjny iy ® Iyjny) (Inz ® vec I, ,, ) vec(log ©7)
= (In1 @ Kp/nym @ In/m) (I 2 ® vec In/m) D,,, vech(log ©7),

vec(log©] ® I, /p, ) = (In, ® Ky nyn @ In/m) (vec(log ©F) ® vec In/m)
12 vec (log©7) @ vec I, /,, - 1)

where the second equality is due to Magnus and Neudecker (2007) Theorem 3.10 p55. Thus,
E1 = (Inl [ Kn/,m’nl & In/nl) (In% X VeCIn/nl) Dnl-
We now consider vec(l,, ® ---®1logO; ® -+ ® I,,).
VeC(Inl X & log (”);k K- Q& Inv) = vec |:Kn1-~~ni_1,n/(n1~~-ni_1) (log 6: ® 1, /nl) n/(n1-mni—1),mn1-n;— 1:|

= [K;I;/(Tn--~ni_1),n1~~-ni_1 ® Kn1~v-ni_1,n/(n1-~-ni_1)] vec (1Og 6: ® In/nz)
= [Knl~--ni_1,n/(n1~~~ni_1) ® Kn1 MG 1,n/(n1--~ni_1)] (Im ® Kn/ni,ni ® In/ni) (Inf @ vec In/ni) Dy, VeCh(log 92‘()’
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where the first equality is due to the identity B® A = Kp (A ® B) K, for A (m x m) and B
(p x p). Thus

L= [Kn1~~-ni—1ﬂ/(mmni—l) ® Knl"'ni—l,n/(nl'“m—ﬂ] (Inz‘ & K nin; © In/ni) (Inf ® vec In/ni) Dy,
fori=2,...,v. O

Lemma A.1. Given thatn = nq Xng X« -+ X ny, the s X s matric ETE takes the following form.:

(i) Fori=1,...,s, the ith diagonal entry of ETE records how many times the ith parameter
in 0* has appeared in vech(log ©*). The value depends on to which log @;-‘ the ith parameter
in 0%, 07, belongs to. For instance, suppose 0 is a parameter belonging to log ©3, then

(ETE)Z‘J‘ = ’I’L/?’Lg.

(ii) Forik=1,...,s (i # k), the (i,k) entry of ETE (or the (k,i) entry of ETE by symmetry)
records how many times the ith parameter in 0%, 07, and kth parameter in 6%, 0y, have
appeared together (as summands) in an entry of vech(log ©*). The value depends on to
which log ©F the ith parameter in 0%, 07, and kth parameter in 0%, 0;, belong to. For
instance, suppose 07 is a parameter belonging to log ©3 and 0;. is a parameter belonging to
log ©F, then

(ETE)i = (ETE); =n/(n3 - ns).
However, the formula in the preceding display is overridden for the following two cases. If
both 07 and 6 belong to the same log ©, then (ETE);) = (ETE)g; = 0. Also note that
when 07 is an off-diagonal entry of some log ©F, then

(ETE)ik = (ETE); =0
foranyk=1,...,s (i # k).
Proof. Proof by spotting the pattern. O

We here give a concrete example to illustrate Lemma A.1.

Example A.1. Suppose that n1 = 3,ny = 2,n3 = 2. We have

0 a2 ag 0 bio c11 €12
* b * 3 b
logO] = | a12 a2 ao3 log ©5 = b b log©3; =
1,2 022 12 C22
a3 a23 0ass

The leading diagonals of log O] and log ©3 are set to zero for identification as explained before.
Thus

*
0" = (a1,2,01,3,a22,02,3,a33,b12,b22, 1.1, C1,2,¢22)7.

Then we can invoke Lemma A.1 to write down ETE without even using Matlab to compute E;
that is,

4 00 00O0O0O0O0OO
04000O0O0O0O00@O0
004000220 2
000 400O0O0°O0°0O0
000040220 2
ETE = 000O0OG®G6GO0OO0O0O0
00 2020¢6 30 3
002 0203¢6 00
000O0OOOO®G6O0
0020203200 F®6

\V)
Nej



A.2 Best Approximation

In this section of the appendix, we show that for any given n x n real symmetric, positive definite
covariance matrix (or correlation matrix), there is a uniquely defined member in the Kronecker
product model that is closest to the covariance matrix (or correlation matrix) in some sense in
terms of the log parameter space, once a factorization n = nj X --- X n, is specified.

Let M,, denote the set of all n x n real symmetric matrices. For any n(n+1)/2xn(n+1)/2
known, deterministic, positive definite matrix W, define a map

(A, B)w := (vech A)TW vech B A, B eM,.

It is easy to show that (-,-) is an inner product. Space M, with inner product (-,-)y can
be identified by R™"*+1/2 with the usual Euclidean inner product. Moreover, since, for finite
n, R*"*t1/2 with the usual Euclidean inner product is a Hilbert space, so is M,,. The inner
product (-, -}y induces the following norm

|Allw = (A, A)w = \/(vech A)TW vech A.

Let D,, denote the set of matrices of the form

Ql®In1®"'®Inv+In1®QZ®"'®Inv+"‘+In1®"'®Qv7

where Q; are n; X n; real symmetric matrices for j = 1,...,v. Note that D, is a (linear)
subspace of M,, as, for «, 8 € R,

a(Ql®In1®"‘®Inv+In1®QQ®"'®InU+"‘+In1®"'®Qv)+
/8(51®In1®"'®Inv+In1®52®"'®lnv+"'+fm®"'®Ev)

= (U +B8E1)R 1y @ @Iy, + 1, @ (e +FE) @ QIn, + -+ I, @ @ (aQy + BE,)
€ D,.

For finite n, D, is also closed.

Consider a real symmetric, positive definite covariance matrix . We have log¥ € M,,. By
the projection theorem of the Hilbert space, there exists a unique matrix L° € D,, such that

log ¥ — L°|w = min |[log® — L.
| log lw erelgLH og lw

(Note also that logX ™! = —log¥, so that —L° simultaneously approximates the precision
matrix ¥~! in the same norm.)

This says that any real symmetric, positive definite covariance matrix 3 has a closest ap-
proximating matrix X° in a sense that

log ¥ — log X0y = min ||log X — L
| log og X7 ||w erelglnll og |ws

where X0 := exp LY. Since L € D,,, we can write
LO:L(I)@]n1 ®"'®Iny+In1®L(2)®"'®Inv+"'+In1 ®...®Lg7
where L? are n; X n; real symmetric matrices for j = 1,...,v. Then

YW=expLll=exp[L{® 1, @ @Iy, +1n QLY @Ip, + -+ 1, @ @ LY
=exp [ @1, ® @1, ] xexp [I, ® LY ® - @ I,,] x - xexp [I, ®- - @ LY
=[exp LY @I, @ ®@1Ip,] x [In, ®expLi®@ -+ @ Ip,] x -+ x [I, ® -+ ® exp LI]
:expL?®eXpLg®---®expLg =: E?@---@Eg,

30



where the third equality is due to Theorem 10.2 in Higham (2008) p235 and the fact that
el ® -®I,, and I,, ® LY® - -+ ® I,,, commute, the fourth equality is due to f(A)® I =
f(A®1I) for any matrix function f (e.g., Theorem 1.13 in Higham (2008) p10), the fifth equality
is due to a property of Kronecker products. Note that E? is real symmetric, positive definite
n; X nj matrix for j =1,...,v.

We thus see that X is of the Kronecker product form, and that the precision matrix ¥~! has
a closest approximating matrix (3°)~!. This reasoning provides a justification (i.e., interpre-
tation) for using X° even when the Kronecker product model is misspecified for the covariance
matrix. The same reasoning applies to any real symmetric, positive definite correlation matrix
0.

van Loan (2000) and Pitsianis (1997) also considered this nearest approximation involving
one Kronecker product only and in the original parameter space (not in the log parameter
space). In that simplified problem, they showed that the optimisation problem could be solved
by the singular value decomposition.

A.3 The Proof of Theorem 3.1

In this subsection, we give a proof for Theorem 3.1. We will first give some preliminary lemmas
leading to the proof of this theorem.

The following lemma characterises the relationship between an exponential-type moment
assumption and an exponential tail probability.

Lemma A.2. Suppose that a random variable X satisfies the exponential-type tail condition,
i.e., there exist absolute constants K1 > 1, Ko > 0,71 > 0 such that

E |exp (K2|X|™)] < K.

(i) Then for every e > 0, there exists an absolute constant by > 0 such that

P(|X| > ¢€) <exp [1 — (e/bl)”] )
(ii) We have E|X| < oo.
(i1i) Part (i) implies that for every e > 0, there exists an absolute constant ¢c; > 0 such that
P(|IX —EX| >¢€) <exp [l — (e/c1)"].

(iv) Suppose that another random variable Y satisfies E [exp (K;\Y\"f)] < K7 for some ab-

solute constants Ki > 1, K5 > 0,77 > 0. Then for every e > 0, there exists an absolute
constant by > 0 such that

P(|XY|>€) <exp[l—(¢/b2)"],

where ry € (0 s ]

> ritry
Proof. For part (i), choose C :=1log K1 V 1 and by := (C/K3)Y/™. If € > by, we have

E [exp(Ho|X|™)]
exp(Kq€™)
< Cl= (/b)) < 1=(e/b)™

P(|X|>¢) < < Kpe K€t — plog Ki—Kae't _  log Ki—C(e/b1)"

where the first inequality is due to a variant of Markov’s inequality. If € < by, we have

P(IX]|>e) <1</t
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For part (ii),

E|X| :/ P(|X| Zt)dtS/ el‘“/bl)”dt:e/ ety = L [T R g,
0 0 0 ™1 Jo
b
= 6—11“(7"1_1) < 00,
1

where the first inequality is due to part (i), the third equality is due to change of variable

1
y = (t/b1)"™, and the last equality is due to recognition of [J°[['(r; ") y™ 'e=vdy = 1 using

Gamma distribution. For part (iii),

. T1
P(|X —EX| > ¢) < P(|X| > e—E|X|) = P(|X| > e — E|X| Ae) < exp [1 _(e=EX[Ae) ]

b}t
where the second inequality is due to part (i). First consider the case 0 < r; < 1.

e—E|X|ANe) el —(E|X|Ae)™ € E|X|Ae)mt
exp [1—( |b7"1| ) ]Sexp [1— (b|’"1’ ) }:exp {1—117“1 7( | b|” ) ]
1 1 1 1

1 1 1 1 1
< exp [I—EH—FW} < exp [C’—em] = exp [C(l—f)} =: exp [C(l—%)]
by by by (Criby)m S

where the first inequality is due to subadditivity of the concave function: (z +y)™ — 2™ < y™
for x,y > 0. If € > ¢1, we have, via recognising C' > 1,

T1 T1
P(|X —EX| > ¢) <exp [C (1—2)] < exp [1—6701].
G G

If € < ¢, we have
1
P(|X —EX|>¢€) <1< exp [1—6].

et
1
We now consider the case r; > 1. The proof is almost the same: Instead of relying on subaddi-

tivity of the concave function, we rely on Loeve’s ¢, inequality: |z + y|™* < 2717 1(|z|™ 4 |y|™)
r1—1

1
for r1 > 1 to get 217" — (E|X| A €)™ < (e — E|X| A€)™. ¢; is now defined as C71 52 1 .
For part (iv), an original proof could be found in Fan et al. (2011) p3338. Invoke part (i),

* * <T*/T RS
P(]Y]| > €) < exp [l — (¢/b])"1]. We have, for any € > 0, M := (e(bl)billl) = bib3,
_oriry
- T1+71‘f’

P(IXY|>¢€) <P(|X|>¢/M)+P(|Y| > M) <exp [1 - (eé]l\%)”] + exp [1 - (2{)7&}
= 2exp [1—(6/1))7”} . 1
Pick an 5 € (0,7] and by > (1 4 log2)'/"b. We consider the case € < by first.
P(|XY|>¢€) <1 <exp[l—(e/b2)"].

We now consider the case € > by. Define a function F(e) := (¢/b)" — (¢/b2)™. Using the
definition of by, we have F(bg) > log2. It is also not difficult to show that F’(e) > 0 when
€ > by. Thus we have F(e) > F(b2) > log2 when € > by. Thus,

P(|IXY|>¢€) <2exp [1 — (¢/b)"] =exp[log2+1— (¢/b)"] < exp|(e/b)" — (e/b2)"? + 1 — (¢/b)"]
= exp[l — (¢/b2)™].

d
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This following lemma gives a rate of convergence in terms of spectral norm for the sample
covariance matrix.

Lemma A.3. Assume n,T — oo simultaneously and n/T < 1. Suppose Assumptions 3.1(i)
and 3.2 hold with 1/ry + 1/ro > 1. Then

~ n
13-l = 0 (/).

Proof. Write Sy = % 23;1 vyl — yyT. We have

T
A 1 __
15~ Sl <| 7 Y vl ~Buaf| -+ 19" — s (A1)
t=1

£

We consider the first term on the right hand side of (A.1) first. Invoke Lemma A.11 in Appendix
A5 with e = 1/4:

T
1
HT > "yl — By
t=1 lo

=: 2 max
(lGNl/4

<2 max
a€N; 1/4

1 X
TZ(th_

t=1

a' < Zytyt Eyry] ) a

where z,; = yla. First, given Assumption 3.1(i), invoke Lemma A.2(i) and (iv): For every
€ > 0, there exists an absolute constant by > 0 such that

P17z > €) < exp [1— (e/b2)™/?].

NeXt B inﬂ/oke LeInIIIa A 2(]11) EOr ever > 07 ] . . > )
lhal B ere exists an aI)SH 1te constant 0 ]
H(’Za,t_]Eza75| > 6) <exp[ _(S/C )7'1/2] .

Given Assumption 3.2 and the fact that mixing properties are hereditary in the sense that for any
measurable function m(-), the process {m(y;)} possesses the mixing property of {y;} (Fan and
Yao (2003) p69), 25, — Ez7; is strong mixing with the same coefficient: «(h) < exp (—K3h"2).
Define r by 1/r :=2/r; 4+ 1/r9. Using the fact that 2/r; +1/ry > 1, we can invoke a version of
Bernstein’s inequality for strong mixing time series (Theorem A.2 in Appendix A.5), followed

by Lemma A.12 in Appendix A.5:
log |V 4]
=0y (v T) '

Invoking Lemma A.10 in Appendix A.5, we have [N /4l £ 9" Thus we have

T
1
HTE vyl —Eyyl|| <
t=1 0o

We now consider the second term on the right hand side of (A.1).

2 max
a€N1/4

- Eth)

t=1

= 2 max
a€N1/4

1557 — pnTlle, <2 max a7 (yy — py" Ayt — pp ) a al ((17 — )y + pu(y — M)T> a

1/4

<2max‘aTy ,uya}—kaax‘aT w(y — MTa‘
a€N; 1/4

<2 max ‘aT 7y — u)‘ max ‘y a‘ +2 maX }aT,u| max (gj—,u)Ta’,
aEN 1/4 aEN,; a€EN; a€N1/4
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where the first inequality is due to Lemma A.11 in Appendix A.5 with ¢ = 1/4. We consider
maXa€N1/4‘(g — ,u)Ta’ first.

T

max [(§ — p Ta‘ = max —Z(za’t —Ez.4)|-

a€Ny )y a€Ny 4

1 I
szta_ Jal)
t=1

Recycling the proof for maxa€N1/4‘T Zt (22 ]Ezat ‘ = O, (/%) but with 1/r := 1/r +
1/rg > 1 this time, we have

T

1
= (204 — Bzay)| =
=1

s | el =

Now let’s consider max,en;, /4 ’aT,u‘.

arenj\f%fjJaTM‘ arenax |EaTy| = renax |Ezqu| < mA?/l}§4E|Zat| =0(1), (A.3)

where the last equality is due to Lemma A.2(ii). Next we consider maxqen, ,, ‘ang’.

Ty T T(y — T — E
a?ﬁ§4‘“ gl = arerla1>§4\a g—ntp)|< aglNaffJa (7 — ) +arenj\e}1>§4\a ul=0p <\/;> +0(1)

= 0p(1), (A.4)

where the last equality is due to n < T'. Combining (A.2), (A.3) and (A.4), we have

__ n
lgyT — e, = Op (\/;) -

O]

The following lemma gives a rate of convergence in terms of spectral norm for various quan-
tities involving variances of y;. The rate \/n/T is suboptimal, but there is no need improving
it further as these quantities will not be the dominant terms in the proof of Theorem 3.1.

Lemma A.4. Suppose Assumptions 3.1(i), 3.2, 3.3(i) and 3.4(i) hold with 1/r1 + 1/re > 1.

Then
N n
| D7 — Dlle, = Op (\/ T> :

()
(i) The minimum eigenvalue of D is bounded away from zero by an absolute positive constant
(i.e., ||D7 ¢, = O(1)), so is the minimum eigenvalue of DY/? (i.e., || D~Y/?|,, = O(1)).

(iii)
~ n
ID}2 - D2, = 0, (/1)
AN—1/2 — n
D7 = 011, = 0, (|/)).

1D 2|2, = O,(1).

(iv)

(v)
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(vi) The mazimum eigenvalue of ¥ is bounded from the above by an absolute constant (i.e.,
1Z|le, = O(1)). The maximum eigenvalue of D is bounded from the above by an absolute
constant (i.e., || D¢, = O(1)).

(vii)
157" @ by'* — D712 @ D)), = O, (\/ ;) |

Proof. Define 0? := E(y; — 0;)* and 67 := % Zle(yt,i — 7;)?, where the subscript i denotes
the ith component of the corresponding vector. For part (i),

D7 = Dll, = mase |57 — 07| = max e (Sr — e < max a7 (Sr - D)a| = |Er — T,

where e; denotes a unit vector whose ith component is 1. Now invoke Lemma A.3 to get the
result. For part (ii),

mineval(D) = min o7 = min e]Ye; > min a’Ya = mineval(X) > 0
1<i<n 1<i<n llall2=1

where the last inequality is due to Assumption 3.4(i). The statement about the minimum
eigenvalue of D'/2 is also true. For part (iii), invoking Lemma A.13 in Appendix A.5 gives

A~ HET - DH€2 s n
1D} — D2, < . = 0,()|Dr = Dlley = Op (/5 ) »
g ’ mineval(D;/ %) + mineval(D1/2) 8 ’ PVT

where the first and second equalities are due to parts (ii) and (i), respectively. Part (iv) follows
from Lemma A.14 in Appendix A.5 via parts (ii) and (iii). For part (v),

1D7\ley = |1 D72 = DV2 4 D2, < ||1DFY? = DV, + | D7V,

-0, (/1) +om -0,

where the second equality is due to parts (iv) and (ii). For part (vi), we have

|X]le, = max ‘aT( [yeyl] — pp) a] < max Ezit—i— max (Ezq4)? < 2 max Ez

llalla= llall2=1 llall=1 llall2=1

We have shown that in the proof of Lemma A.3 that 22, has an exponential tail for any ||a||lz = 1.
This says that Eza is bounded for any ||all2 = 1 via Lemma A.2(ii), so the result follows. Next
we consider

| D||¢, = max 0? = max e/Ye; < max a"¥a = maxeval(X) < co.
1<i<n 1<i<n lalla=1

For part (vii),
|7 ® Dy'* ~ D2 @ D712,
— ||D;1/2 ® D;l/z _ D*l/z © D-1/? +D71/2 @ D2 _ p\2g p2),
H~-1/2 A—1/2 HY2_ p- _
< 107" @ (D72 = D)y, + (D7 ? = D7) @ D7,

N 1/2 - A—1/2 - In
= (”DT / ||f2 + HD 1/2”@2) HDT / - D 1/2||Z2 :Op( T>7

where the second equality is due to Lemma A.16 in Appendix A.5, and the last equality is due
to parts (ii), (v) and (iv). O
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To prove part (ii) of Theorem 3.1, we shall use Lemma 4.1 of Gil’ (2012). That lemma will
further simplify when we consider real symmetric, positive definite matrices. For the ease of
reference, we state this simplified version of Lemma 4.1 of Gil’ (2012) here.

Lemma A.5 (Simplified from Lemma 4.1 of Gil’ (2012)). For n x n real symmetric, positive
definite matrices A, B, if ||A — B|lg, < a for some absolute constant a > 1, then

[log A —log Bllg, < c[|A = Blle,,
for some positive absolute constant c.

Proof. First note that for any real symmetric, positive definite matrix @, p(Q,x) = z for any
x > 0 in Lemma 4.1 of Gil’ (2012). Since A is real symmetric and positive definite, all its
eigenvalues lie in the region |arg(z —a)| < 7/2. Then according to Gil’ (2012) p11, we have for
any t > 0 not coinciding with eigenvalues of A

p(A,—t) > (a+t)sin(r/2) =a+t
p(A,—t) =6 >a+t—4,
where
5 { |A=BJ}" if |A= Bl <1
A= Blle, if[[A=Blle, 21
and p(A, —t) is defined in Gil’ (2012) p3. Then the condition of Lemma A.5 allows one to invoke

Lemma 4.1 of Gil’ (2012) as
p(A,—t) >a+t>a>6

Lemma 4.1 of Gil’ (2012) says

[e'e) 1 1
loc A —1 < |A — A — ——
Vog 4~ s Bl <14~ Bl | (425} (2o )
—||A—-B dt <||A—-B dt
| Hfz/o p(A,—t) p(A,—t) — 6 <| HEQ/O (a+t)(a+t—9)

o0 1 1
< |A— Bl / Tt = 14 Bl = cll A= Bl

a+t—19) a—9
O
We are now ready to give a proof for Theorem 3.1
Proof of Theorem 3.1. For part (i), recall that
6r = D;?srD7?, @ =D V?sp 12

Then we have

167 — Oy, = |1D7*Sr DS — DFY*2DY? 4+ DY Pe D — p-1/2np12),

< 1D7" 113,181 = Sl + D7 *8D7Y? = D7V2ED 7). (A5)

Invoking Lemmas A.3 and A.4(v), we conclude that the first term of (A.5) is Op(y/n/T). Let’s
consider the second term of (A.5). Write

|D;'*sD,? — p~\22p 1?4 p-12xvp 2 — p-12wnp-l?),
~—1/2 _ ~—1/2 _ ~—1/2 _
< ||(Dy"? = D7VASD |, + |ID7V2S(DF M = DTV,
~—1/2 ~—1/2 _ _ ~—1/2 _
< D7 eI Blle D7 = D7V lgy + 1DV, [y | D72 = D12,
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Invoking Lemma A.4(ii), (iv), (v) and (vi), we conclude that the second term of (A.5) is
Op(y/n/T). For part (ii), it follows trivially from Lemma A.5. For part (iii), we have

167 — 6|2 = |(ETWE) ™ ETW |l0,]| D;;|le, | log ©1 — log O] <

|(ETW E) " ETW |, it log Or — 0g O, = O(\/r(W) [n)v/i0y(v/n]T) = O, ( WT(W)> |

where the first inequality is due to (A.8), and the second equality is due to (A.14) and parts
(i)-(ii) of this theorem. O

A.4 The Proof of Theorem 3.2

In this subsection, we give a proof for Theorem 3.2. We will first give some preliminary lemmas
leading to the proof of this theorem.
The following lemma linearizes the matrix logarithm.

Lemma A.6. Suppose both n X n matrices A + B and A are real, symmetric, and positive
definite for all n with the minimum eigenvalues bounded away from zero by absolute constants.
Suppose the maximum eigenvalue of A is bounded from above by an absolute constant. Further

suppose
[[t(A = 1) +1]7"B||,, <C <1 (A.6)

for allt € [0,1] and some constant C. Then

log(A+ B) —log A = /1[75(/1 —I)+ I]7'Bt(A—I) + I 'dt + O(|| B||, v | BIIZ,)-
0

The conditions of the preceding lemma implies that for every t € [0, 1], t(A—1I)+1 is positive
definite for all n with the minimum eigenvalue bounded away from zero by an absolute constant
(Horn and Johnson (1985) Theorem 4.3.1 p181). Lemma A.6 has a flavour of Frechet derivative
because fol [t(A— 1)+ I)7'B[t(A —I) + I]~'dt is the Frechet derivative of matrix logarithm at
A in the direction B (Higham (2008) (11.10) p272); however, this lemma is slightly stronger in
the sense of a sharper bound on the remainder.

Proof. Since both A + B and A are positive definite for all n, with minimum eigenvalues real
and bounded away from zero by absolute constants, by Theorem A.3 in Appendix A.5, we have

log(A+B):/01(A+B—I)[t(A+B—I)+I]_1dt, logA:/Ol(A—I)[t(A—I)—i—I]_ldt.

Use (A.6) to invoke Lemma A.15 in Appendix A.5 to expand [t(A —I)+ I +tB]~! to get

HA-D) +I+tB ' =HA-T)+ 1 —[t(A- 1)+ I "4B[t(A— 1)+ 17"+ O(| B|I},)
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and substitute into the expression of log(A + B)
log(A + B)

= /l(A +B-1) {[t(A —D+ I = [HA-D)+ I tBHA-T)+ 1" + 0(||B||§2)} dt
0

= logA—l—/OlB[t(A—I) + 17 dt — /Olt(A+B—I)[t(A—I) +I7'B[t(A 1)+ 1] 'at
+(A+B—-DO(|BIZ,)

zlogA+/01[t(A—I)+I]1B[t(A—I)+I]1dt—/01tB[t(A—I)+I]1B[t(A—I)+I]1dt
+(A+ B~ 1DO(|BIZ,)

=log A + /Ol[t(A — )+ I]"'Bt(A—I)+ 1) 'dt + O(||B||;, V || BIZ,),

where the last equality follows from maxeval(4) < C' < oo and mineval[t(A —I) + I] > C" >
0. O

Lemma A.7. Suppose Assumptions 3.1(i), 3.2, 3.3(i) and 3.4(i) hold with 1/ri + 1/ry > 1.

(i) Then © has minimum eigenvalue bounded away from zero by an absolute constant and
mazximum eigenvalue bounded from above by an absolute constant.

(i) Then Or has minimum eigenvalue bounded away from zero by an absolute constant and
mazximum eigenvalue bounded from above by an absolute constant with probability approach-
ing 1.

Proof. For part (i), the maximum eigenvalue of © is its spectral norm, i.e., ||O||s,.
1©lle, = ID72ED2|lg, < |ID7Y2|[Z, | Slle. < C,

where the last inequality is due to Lemma A.4(ii) and (vi). Now let’s consider the minimum
eigenvalue of ©.

mineval(©) = mineval(D~Y22D2) = min «"D"V2£D"2¢ > min mineval(X)||D~/2al|2

llall2=1 lalla=1
. . 1 : , 1 mineval(X)

= mineval(¥X) min a"D™"a = mineval(X)mineval(D™") = ————= > 0,
llall2=1 maxeval(D)

where the second equality is due to Rayleigh-Ritz theorem, and the last inequality is due to
Assumption 3.4(i) and Lemma A.4(vi). For part (ii), the maximum eigenvalue of © is its spectral
norm, i.e., ||©|s,.

~ ~ n
[6rle, < 167~ 011, + 011, = 0, (/) + e, = 0,01

where the first equality is due to Theorem 3.1(i) and the last equality is due to part (i). The min-
imum eigenvalue of O is 1/maxeval(©;'). Since @71, = maxeval(©~!) = 1/mineval(©) =
O(1) by part (i) and ||©7 — O||g, = O,(y/n/T) by Theorem 3.1(i), we can invoke Lemma A.14

in Appendix A.5 to get R
107" =07 e, = Op(v/n/T),

whence we have R A
102 le, < 167" = O Hle, + 1107 le, = Op(1).

Thus the minimum eigenvalue of Or is bounded away from zero by an absolute constant. [
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Recall Hp defined in (3.6). The following lemma gives a rate of convergence for Hp. Tt is
also true when one replaces Hy with Hr p defined in (3.5).

Lemma A.8. Let Assumptions 3.1(i), 3.2, 3.3(i) and 3.4(i) be satisfied with 1/r1 + 1/ry > 1.
Then we have

[ =00, [zl = 0,0, |z~ Hls, =0, (ﬁ) NN

Proof. The proofs for ||H||;, = O(1) and ||HTHg2 =0 ( ) are exactly the same, so we only give
the proof for the latter. Define A; := [t(O7 — I) + I]~! and B; == [t(© — I) + 1]~

1 1
HHTH@:H/ aco ]| < [ace Al i< Ao A, = max 142
0 12 0

te[0,1] H& t€[0,1]

A 112 1 ?
= max {maxeval([t(©p — 1) + 1]~ = ma - = 0,(1),
o {maxeval([H(Or = 1) + 1))} = max {mineval(t(@T—I)—i-I)} o)

where the second equality is due to Lemma A.16 in Appendix A.5, and the last equality is due
to Lemma A.7(ii). Now,

1 1
|]HT—H|]132—H/ A ® Ay — By ® Bydt g/ [A: @ Ay — By @ B[, dt
0

< tHl[g,)l( ”At®At Bt ®BtH£2 = maX HAt ®At — At ®Bt +At ®Bt — Bt ®Bt”52
€

= max |40 ® (g = Bo) + (4 - Bt ®BtHe < max (||4:® (A = B, +[|(4: = B) @ Bi]l,,)

= max (IA4¢ll, 1 Ar = Bellg, + 1A = Belly, 1 Bell,) = max 1As = Blly, (I[Acllg, + 1Bl )

= 0p(1) pmax H t(Or — )+ 17 — [t(© — 1) + 1]

lo

where the first inequality is due to Jensen’s inequality, the third equality is due to special
properties of Kronecker product, the fourth equality is due to Lemma A.16 in Appendix A.5,
and the last equality is because Lemma A.7 implies

It©r = 1) + 117 ey = Op(1)  [[[t(© — 1) + 1] H|e, = O(1).

Now
|t6r 1)+ 11 =[O ~ 1) + 1|, =167 ~ O, = O,(/n/T),

where the last equality is due to Theorem 3.1(i). The lemma then follows after invoking Lemma
A.14 in Appendix A.5. O

Lemma A.9. Given the n? x n(n+1)/2 duplication matriz D,, and its Moore-Penrose gener-
alised inverse DY = (D}, D,,)"'D}, (i.e., Dy, is full-column rank), we have

||DTT||£2 = HD:{T”@ =1, ”Danz = HD;SHfz =2 (AS)

Proof. First note that D} D,, is a diagonal matrix with diagonal entries either 1 or 2. Using the
fact that for any matrix A, AAT and ATA have the same non-zero eigenvalues, we have

| D;i 7|17, = maxeval(D;l D7) = maxeval((DID,) ') =1

HD,J{H%Z = maxeval(DTD}) = maxeval(D+D+T) maxeval((DI D,,)"!) =1
||Dn|]?2 = maxeval(D] D,,) =

||DTTZ||%2 = maxeval(D,D]) = maxeval(DTD ) =2
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We are now ready to give a proof for Theorem 3.2.

Proof of Theorem 3.2. We first show that (A.6) is satisfied with probability approaching 1 for
A =0 and B=0p — 0. That is,

I[t(© — 1)+ I]"*(Or — ©)|ls, < C < 1 with probability approaching 1,
for some constant C.
It© = 1) + 1] H(Or = ©)lle, < t|[H(© — 1) + 1], |O7 — Oy
= [[t(© = 1) + 1], 0p(v/1/T) = Op(y/n/T) /mineval(t(® — I) + I) = 0,(1),

where the first equality is due to Theorem 3.1(i), and the last equality is due to mineval(¢(© —
I)+1I) > C > 0 for some absolute constant C' (implied by Lemma A.7(i)) and Assumption
3.3(i). Together with Lemma A.7(ii) and Lemma 2.12 in van der Vaart (1998), we can invoke
Lemma A.6 stochastically with A= © and B = Op — ©:

logO7 —log© = /Ol[t(@ — D)+ 1M Or - O)t(O© — I) + I]'dt + Oy(|0r — O|%).  (A.9)

(We can invoke Lemma A.6 stochastically because the remainder of the log linearization is zero
when the perturbation is zero. Moreover, we have ||©7 — ©|s, 2 0 under Assumption 3.3(i).)
Note that (A.9) also holds with Or replaced by @T p by repeating the same argument. That
is,

1
logO7.p —log© = / t© —1I)+ 17 (Orp — O)t(© — I) + I 'dt + O,(|O1,0 — O||7,).
0

Now we can write

VT (Orp—0°) VT (ETWE) 'ETWD; H(D~'/? @ D~'/?)vec(Sr — %)

\/CTJT7DC \/CTJT7DC

. VT (ETWE) "L ETW D} vee Oy (||©r1,0 — ©|2)

A/ CTJT,DC

=: £D71 + tAD,Q.

Define _
VI (ETWE) 'ETWD;H(D'/? ® D71/?)vec(Er — %)

t =
b1 VT Ipe

To prove Theorem 3.2, it suffices to show ¢p 1 4, N(0,1),tp1 — tADJ = 0p(1), and tAD72 = o0p(1).

A4l tpy SN0,

We now prove that tp ; is asymptotically distributed as a standard normal.

VI (ETW E) " ETW D H(D™Y2 @ D712 vee (4 X0, (e — 1) (ur — )T = By — 1) (e — )7 )

th 1 =
D1 VcTJpe
_ ET: T-'2(ETWE) ' ETWDH(D™'/? @ D™V2) vec [(y: — 1) (ye — 11)T — Eys — 12) (g — )7]
=1 VelJpe
T
=: Z Up,rnt
t=1
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Define a triangular array of sigma algebras {Fr ¢t =0,1,2,...,T} by Frp := F¢ (the only
non-standard thing is that this triangular array has one more subscript n). It is easy to see that
Up,rmt 18 Frn-measurable. We now show that {Up 1+, Frn} is a martingale difference
sequence (i.e., E[Up 17 t|Frmni—1] = 0 almost surely for t =1,...,T). It suffices to show for all
t

E[(ye — ) (we — )7 = E[(gs — 1) (e = )| Frnp—1] =0 as.. (A.10)

This is straightforward via Assumption 3.5. We now check conditions (i)-(iii) of Theorem A.4
in Appendix A.5. We first investigate at what rate the denominator /cTJpc goes to zero:

T Jpc=c(ETWE)'ETWD}H(D™ Y2 D~V2)\V(D™V2 @ DY) HD " WE(ETWE) !¢
> mineval(V)mineval(D~! @ D~!)mineval(H?)mineval(D, D;"T)mineval(W )mineval((ETW E)~1)
mineval(V)mineval?(H)
maxeval(D ® D)maxeval(D}, D,,)maxeval(W ~—1)maxeval(ETW E)
< mineval(V)mineval?(H)
~ maxeval(D ® D)maxeval( D}, D,,)maxeval(WW~1)maxeval(I¥ )maxeval(ETE)

where the first and third inequalities are true by repeatedly invoking the Rayleigh-Ritz theorem.
Note that
maxeval(ETE) < tr(ETE) < s-n, (A.11)

where the last inequality is due to Lemma A.1l. For future reference

|E|le, = [|ET]|e, = v/ maxeval(ETE) < \/sn. (A.12)

Since the minimum eigenvalue of H is bounded away from zero by an absolute constant by
Lemma A.7(i), the maximum eigenvalue of D is bounded from above by an absolute constant
(Lemma A.4(vi)), and maxeval[ D} D,] is bounded from above since D}, D,, is a diagonal matrix
with diagonal entries either 1 or 2, we have, via Assumption 3.6

1
e Tne =0(y/s-n-k(W)). (A.13)

Also note that

[(ETWE) "' ETW/2||,, = \/maxeval ((ETWE)="'ETW'/2]" (ETWE)~-1ETW1/2)

= \/maxcval ((ETW )L ETW /2 [(ETW E)-LETW12]T)

= \/maxeval ((ETW E)~LETW Y2 W /2 E(ETW E)-1)

1 1
- 1((ETWE)™1) = S
\/maxeva (( ) ) \/mineval(ETWE) - \/mineval(ETE)mineVal(W)

=0 (V@/n) \/IW s,

where the second equality is due to the fact that for any matrix A, AAT and AT A have the same
non-zero eigenvalues, the third equality is due to (A7)~ = (A~1)T, and the last equality is due
to Assumption 3.4(ii). Thus

I(ETWE) " E™W |l¢, = O(y/wr(W)/n), (A.14)

whence we have

|c"(ETWE) ' ETW Dl H(D~'* @ D™/?)||, = O(\/@k(W)/n), (A.15)
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via (A.7) and Lemma A.4(ii). We now verify (i) and (ii) of Theorem A.4 in Appendix A.5. We
shall use Orlicz norms as defined in van der Vaart and Wellner (1996): Let ¢ : Rt — R™ be a
non-decreasing, convex function with ¢(0) = 0 and lim,_,o ¥(x) = 0o, where RT denotes the
set of nonnegative real numbers. Then, the Orlicz norm of a random variable X is given by

IX[l,, = inf {c > 0: By (|X]/C) < 1},

where inf () = co. We shall use Orlicz norms for 1(x) = ¥,(z) = e** — 1 for p = 1,2 in this
article. We consider |Up 1| first.

\Up Tt =

T2 (ETWE) ' ETWDH(D™? @ D™V2) vec [(y: — 1) (ye — )T — Eys — 1) (g — )7]

' VeTdpe

_ TP (ETWE) T ETW D H(D™Y? @ D7) ||a|| vee [(ye — ) (v — )T — E(yr — i) (e — 1)7] |12
- VeTdpe

=0 (/=2 i~ s~ B 7

nlwsk2(W
<0 < T()) (e = 1) (ye = )7 = Bye — ) (e — 0)7||
where the second equality is due to (A.13) and (A.15). Consider

HH(% — ) (ye — )" — E(yr — p)(ye — M)THoouw1 = ngi,?}éJ Yei — 1) Weg — 1) — By — pa) (Ye — uj)}H¢

< log(1 +n?)  ax

<i,j<n

Wei — 1) (Weg — 1g) — By — pa) (e — uj)H »

< 2log(1 + n?) lg.lagnH(yt,i = 1) (Yej — ﬂj)‘

=0

Y1

where the first inequality is due to Lemma 2.2.2 in van der Vaart and Wellner (1996). Assump-
tion 3.1(i) with r; = 2 gives E [exp(Ka2|ysi|*)] < K for all i. Then

P (|(yi — 1) (e — 1) =€) <P (| — il = Ve) + P (| — i > Ve)
<2exp [l — (\@/01)2] = Ke ©°

where the second inequality is due to Lemma A.2(iii). It follows from Lemma 2.2.1 in van der
Vaart and Wellner (1996) that ||(ve; — 1s)(Ye,; — p5)l|y < (1 4+ K)/C for all 4,5,t. Thus

| mas

<1 14T H
max <log(1+T) max ([Up 1nt

1<t<T

1

nwsm2
— 0 (log(1 4+ T H——T—E——TH
(og( + 1)y )ggtagT Iye = 1) e = 107 = Eye =m0 = )7l |,
2ws52
log(1 + T') log( 1+n max max
1<t<T 1<i,j<n

2 2( 2 2 2 9 9
O<log (14 T)log(1 + n?) 7””7"5""3W)> :O<\/n wsk?(W)log®(1+T)log*(1 +n )>
T T
o(1)

where the last equality is due to Assumption 3.3(ii). Since [|U||r, < r!||U||y, for any random
variable U (van der Vaart and Wellner (1996), p95), we conclude that (i) and (ii) of Theorem

=0

(Yei — pi) (Yej — Mj)H
W
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A.4 in Appendix A.5 are satisfied. We now verify condition (iii) of Theorem A.4 in Appendix
A.5. Since we have already shown in (A.13) that snk(W)cTJpc is bounded away from zero by
an absolute constant, it suffices to show

T
1 2
snk(W) .‘T Z <CT<ETWE)_1ETWDZ_H(D_1/2 ® D_l/Q)ut> — cTJpe| = o0y(1),
t=1
where u; := vec [(y: — ) (ye — )7 — E(yr — p)(ye — p)7]. Note that
1 & 2
snr(W ’ > (cT (ETWE)'ETWD}H(D™'? @ D_I/Q)ut> — TJpc
t=1
1
< sn( H Zutut - VH " (ETWE) *ETW DI H(D™Y? @ D71/%)|2
< sn’k( H Zutut - VH | (ETWE)'ETWDH(D™'/? @ D71/%)|)3
< sun() 7 Zuwt v| iEwe i ot i, 10 0 D,

ogn wkK s2ntrt ogn - w
— oyntnwyy B T _ g (| [t e =)

where the first equality is due to Lemma A.4(ii), Lemma A.16 in Appendix A.5, (A.7), (A.14),

(A.8), and the fact that HT 1 Zt L] — VH Op(4/ 10%"), which can be deduced from the
proof of Lemma 8.2 in SM 8.3, the last equahty is due to Assumption 3.3(ii). Thus condition
(iii) of Theorem A.4 in Appendix A.5 is verified and tp 1 % N(0,1).

A.4.2 tpy—tp1=oy(1)

We now show that tp 1 — EDJ = 0p(1). Let Ap and Ap denote the numerators of tp and fD’l,
respectively.

Ap Ap ~ /snk(W)Ap /sne(W)Ap

tp1— 51),1 = = = - A ’
VT Jpe \/CTJT,DC Vsns(W)cTJpe \/an(W)CTJT,DC

Since we have already shown in (A.13) that snk(W)cTJpc is bounded away from zero by an
absolute constant, it suffices to show the denominators as well as numerators of tp; and t D1
are asymptotically equivalent.

1 To see this, write

%mu{ -V= % > (e =) — )T @ (ye — ) (e — )] —E [(we — ) (we — )™ @ (e — 1) (we — )]
- %Z (e =) @ (ye — )] -E (e — )" @ (ye = )] + E[(ye — 1) @ (e — )] - E [(e — )" @ (3¢ — )]

—E[(ye—p) ® Z (e =) +E [(ye — 1) © (e — )] -E [(we — )" @ (9 — )] -

Then many parts of the proof of Lemma 8.2 in SM 8.3 could be recycled.
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A.4.3 Denominators of tp; and fDJ
We first show that the denominators of ¢p ; and t D,1 are asymptotically equivalent, i.e.,
snw(W)|cTJr.pe — cTIpe| = 0,(1).

Define

T Jrpe:=c(ETWE) *ETW D} Hy, p (D™ 20D~V V(DY 20Dl p D' W E(ETWE)
By the triangular inequality: |sns(W)cT Jr pe—snk(W)eTJpe| < [snk(W)eTJr pe—snw(W)eT Jr,pe|+

|sns(W)cT Jp pe — snw(W)cT Jpel|. First, we prove |snw(W)cTJr,pe — snk(W)eTJr,pe| = op(1).

snw(W)|eTJrpe — T Jr,pel

= snk(W)|c"(ETWE) 'E"W D} Hy p(D™Y2 @ D~V V(D2 @ DY) Hy p D" WE(ETWE) ™

— (ETWE) *ETWD; Hy p(D™Y? @ D™Y2)\V(D™Y2 @ DY) Hy p DT W E(ETWE) ~L¢|

= snk(W)

| (ETWE)'EYW D} Hyp(D~Y? @ D™V2)(Vp — V) (D™Y2 @ DY) Hy p D" WE(ETWE) ™!
< sns(W)||Vr = Voo (D™2 @ D™V2) Hy,p DT W E(ETWE) ~'¢|§
< sn’* k(W) |V = Vl|oo| (D™ @ D™V2) Hy, p D" W E(ETW E) ™ ¢l|3
< sn* k(W) | Vr = Voo (D72 @ DY), | Hr,p |12, 1| D117, I1W E(ET™W E) 7,

- n4k4(W)s2w?logn

= Oyt W@V~ Vi = 0, (/e _
where || - || denotes the absolute elementwise maximum, the third equality is due to Lemma

A.4(ii), Lemma A.16 in Appendix A.5, (A.7), (A.14), and (A.8), the second last equality is due
to Lemma 8.2 in SM 8.3, and the last equality is due to Assumption 3.3(ii). We now prove
snk(W)|cTJr pe — cTJpe| = op(1).

snk(W)|cTJr.pe — T JIpc|

= sns(W)|c"(ETWE) 'E"W D} Hy p(D™Y2 @ D™V%)V(D Y2 © DY Hy p D WE(ETWE) ™!

— (ETWE) 'ETWD;}H(D 2@ D"Y?)V(D™'/? @ D~V HD"WE(ETWE) (|
< snk(W)|maxeval [(D™Y? @ D™Y3HV(D~ Y2 @ D™Y?)|||(Hr,p — H)D,}"WE(ETWE) |3
+ 2snk(W) (D72 @ D-Y)V(D™V2 @ DY) HD} WE(ETWE) !¢/,
|(Hr,p — H)D " WE(ETWE) ¢ (A.16)

where the inequality is due to Lemma A.17 in Appendix A.5. We consider the first term of
(A.16) first.

snk(W)|maxeval [(D™Y2 ® D™Y%)V(D~V? @ D™V2)]||(Hr.p — H)D,;"WE(ETWE) |3
= O(sns(W)) | Hr,p = H|IZ,IID I3 IIWE(ETWE) |7,
= Op(snr®(W)w/T) = 0,(1),

where the second last equality is due to (A.7), (A.8), and (A.14), and the last equality is due
to Assumption 3.3(ii). We now consider the second term of (A.16).

2snk(W)|(D~Y2 @ D™Y2)V(D™V2 @ D~V HDI WE(ETWE) ¢/
N(Hrp — H)D"WE(ETWE) L¢||

< O(sns(W)) || Hlleo | Hr,p = Hlle, | DFTIZ,IIW E(ETW E) |l = O(V/nst(W)s2w?/T) = 0,(1),

where the first equality is due to (A.7), (A.8), and (A.14), and the last equality is due to
Assumption 3.3(ii). We have proved |sn&(W)cTJr pc — snk(W)cTJpe| = o,(1) and hence
|snr(W)eT I pe — snk(W)eTJpe| = op(1).
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A.4.4 Numerators of tp; and tAD,l

We now show that numerators of tp; and t p,1 are asymptotically equivalent, i.e.,
snw(W)|Ap — Ap| = o,(1).
This is relatively straight forward.

\/W|CT (ETWE) 'ETWD, H(D™'* ® D™V?)vec(Sr — £ — Sr + %)
Tsnw(W)|cT(ETWE) ' ETWD,! H(D™"/? ® D~/?)vec(E7 — )|
Tsnk(W)|c(ETWE) ' ETWDH(D™Y* ® D™"/?) vec [(5 — p) (5 — )7

< VTsnu(W)|(ETWE) ™ ETW |6, | D;f e, | H e, | D~V? @ D72, | vee [(5 — ) (5 — )] |2

(VTsn(W)\/wr(W) /(5 — 1) (5 — )|

O
O(VTsnu(W))\/ws(W)/nn||(§ — p) (5 — p)T ||oo
0]

(VTsn?r2(W)w) max [(5 = w)i(y — )| = Op(v/Tsn?s*(W)e) logn/T
)N

where the third equality is due to (A.7), (A.8), and (A.14), the third last equality is due to
(8.23) in SM 8.3, and the last equality is due to Assumption 3.3(ii).

IN

A.4.5 tAD72 = Op(l)

Write A
VT\/snk(W)cT(ETW E)"*ETW Dt vec Op(||O1.p — el7,)

\/sn/ﬁ(W)chTpc

Since the denominator of the preceding equation is bounded away from zero by an absolute con-
stant with probability approaching one by (A.13) and that |snk(W)cTJr pe — snk(W)cTJpe| =
op(1), it suffices to show

tpo =

VT/snk(W)cT (ETWE) "' ETW D, vec Op(||©7,p — O|[7,) = 0p(1).
This is straightforward:
|/ Tsnk(W)cT(ETWE) "' ETW D, vec O,(||©7,p — ©]|2,)|

< VTsns(W)||cT(ETW E) " ETW Dyt ||z vec Oy (|O7,0 — ©117,) 2
= O(VTswr(W))|0(|07,0 - OlI,) |l = O(VTswns(W))I|0p(|O7,0 — OIIZ,) ey

— OWTsmnn(W))0y (01,0 — O]%) = 0, (FWIVTsmmn) _ o, | [smnie(W)) _ )
T T

where the last equality is due to Assumption 3.3(ii). O

A.5 Auxiliary Lemmas

This subsection of Appendix contains auxiliary lemmas which have been used in other subsec-
tions of Appendix. We first review definitions of nets and covering numbers.

Definition A.1 (Nets and covering numbers). Let (T,d) be a metric space and fixz € > 0.
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(i) A subset Nz of T is called an e-net of T if every point x € T satisfies d(x,y) < & for some
y € N:.

(1) The minimal cardinality of an e-net of T is denoted |Nz| and is called the covering number
of T (at scale €). Equivalently, |N| is the minimal number of balls of radius € and with
centers in I needed to cover T

Lemma A.10. The unit Euclidean sphere {x € R" : ||x|l2 = 1} equipped with the Euclidean
metric satisfies for every € > 0 that
2 n
N < <1+5> .

Proof. See Vershynin (2011) Lemma 5.2 p8. O]

Recall that for a symmetric n x n matrix A, its £2 spectral norm can be written as: ||A|¢, =
max||;|,=1 |27 Az|.

Lemma A.11. Let A be a symmetric n X n matriz, and let N be an e-net of the unit sphere
{z € R" : ||z||o = 1} for some e € [0,1). Then

1
[Alle, < 1oz hax |zT Az|.

Proof. See Vershynin (2011) Lemma 5.4 p8. O

The following theorem is a version of Bernstein’s inequality which accommodates strong
mixing time series.

Theorem A.2 (Theorem 1 of Merlevede, Peligrad, and Rio (2011)). Let {X;}icz be a sequence
of centered real-valued random wvariables. Suppose that for every € > 0, there exist absolute
constants y2 € (0,+00] and b € (0,400) such that

sup P(|X¢| > €) < exp [1 — (¢/b)7].
t>1
Moreover, assume its alpha mizing coefficient a(h) satisfies

a(h) < exp(—ch™), heN

for absolute constants ¢ > 0 and ;1 > 0. Define v by 1/ := 1/v1 + 1/v2; constants y1 and o
need to be restricted to make sure v < 1. Then, for any T > 4, there exist positive constants
C1,C4,C5,Cy, Cs depending only on b, c,v1,7v2 such that, for every e > 0,

(o)) oo 2) o) o B (5]

t=1
We can use the preceding theorem to establish a rate for the maximum.

Lemma A.12. Suppose that we have for 1 < i < n, for every e > 0,

T
1 (Te)" (T€)? (T€)? (Te)Y=)
P(|=S Xul>e)<T - 2 - = ).
<’T; b —€> = eXp( 1 >+eXp( GO+ 1)) TP | T T PP\ Clog(To)y
Suppose logn = O(Tﬁ) if n>T. Then
B logn
— o, (y/£").

. I
72 X
=
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max
1<i<n




1 T n 1 T
TZXW Ze) SZP(’TZXM 26>
i=1 t=1

1
ey , T\, (Tep (T
nexp| ————— nexp |— ex
C P\Toar o) P17 e PP\ Csliog(Te))
We shall choose € = C'y/logn /T for some C > 0 and consider the three terms on the right side
of inequality separately. We consider the first term for the case n < T

nT exp (— (TC?W> = exp (log(nT) - gj(T log n)7/2> = exp [(T logn)?/? (W B gj)]

< exp [(Tlogrm/2 ((T2lolzgn?7/2 - gj)] = exp [(Tlog n)7/? (0(1) - g:)} = o(1),

for large enough C'. We next consider the first term for the case n > T

nT exp (—(TC?» = exp <log(nT) - gj(T logn)?/ 2) = exp [(Tlog n)/? <m - gj)]

< exp [(Tlogn)vﬂ <(Ti§%lv/2 _ gj)] — exp [(Tlog n)Y/2 <0(1) _ gjﬂ — o(1),

for large enough C' given the assumption logn = o(Tﬁ). We consider the second term.

e (_(TG)Q) o <10 n_0210gn> o [10 n<1_02>]
P Co(14+C3T)) Pee Co/T +CyC3 ) P8 Cy/T + CyC4
=o(1)

for large enough C. We consider the third term.
e (Te€)? . (Te)"1=) < e (Te€)? . (Te)"1=)
X — X — X — X —_—
P17 PP\ Cstogme)y )| =P T o CP Gy (Tey

~ nexp [ (g:f exp <c5 (;6)72 ﬂ — nexp [ %32 (1+ 0(1))]

for large enough C. This yields the result. O

Lemma A.13. Let A, B be n x n positive semidefinite matrices and not both singular. Then

1A% — B2||,
A—=DBlle, < 2 :
| lee = mineval( A) + mineval(B)
Proof. See Horn and Johnson (1985) Problem 17 p410. O

Lemma A.14. Let ), and Q, be invertible (both possibly stochastic) n X n square matrices
whose dimensions could be growing. Let T be the sample size. For any matriz norm, suppose
that | = O,(1) and ||, — Q|| = Op(anT) for some sequence a, 1 with anr — 0 as
n — oo, T — oo simultaneously (joint asymptotics). Then || " — QY| = Op(anT).
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Proof. The original proof could be found in Saikkonen and Lutkepohl (1996) Lemma A.2.

192, = Q< 192 120 = Qallllz M1 < (192271 + 1927 = 2271 11920 = 2all 195
Let v, 7, zn7 and 2,7 denote |01, |01 — QY and ||, — Q,||, respectively. From the
preceding equation, we have

Zn, T
Un,T + Zn,T)Un,T

W = ¢ < @1 = Oplanr) = 0p(1).
We now solve for z, r:
U?%Twn,T

z = = O a .
wT 1- Un, TWn, T p( n,T)

Theorem A.3 (Higham (2008) (11.1) p269; Dieci, Morini, and Papini (1996)). For A € C™*"
with no eigenvalues lying on the closed negative real azis (—oo,0],

1
log A = /0 (A—D[t(A—-T)+ 1" tat.

Lemma A.15. Let A, B be nxn real matrices. Suppose that A is symmetric, positive definite for
all n and its minimum eigenvalue is bounded away from zero by an absolute constant. Assume
|A=1Blly, < C < 1 for some constant C. Then A+ B is invertible for every n and

(A+B)'=4"1-A"'BA +O(|B|}).

Proof. We write A+ B = A[I — (—A7'B)]. Since | — A™'Blls, < C < 1, [ — (-A"!B) and
hence A + B are invertible (Horn and Johnson (1985) p301). We then can expand

(A+B) = (-A'BfA ! =A" —A'BA™! +Z ATIB)F AL
k=0
Then
Z ATIBFAT < Z(—A—lB) A~ 1H€2<ZH H 1A,
k=2 0y k=2
<3 ats]f pa, - 1A b, o,
k=2 b 1-[[A- BHEQ 1-C

where the first and third inequalities are due to the submultiplicative property of a matrix
norm, the second inequality is due to the triangular inequality. Since A is real, symmetric, and
positive definite with the minimum eigenvalue bounded away from zero by an absolute constant,
|A71|s, = maxeval(A~!) = 1/mineval(4) < D < oo for some absolute constant D. Hence the
result follows. O

Lemma A.16. Consider real matrices A (m xn) and B (p x q). Then

|A® Blle, = || Alle, || Blle, -
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Proof.

|A® Bll¢, = v/maxeval[(A ® B)T(A® B)] = \/maxeval[(AT @ BT)(A ® B)]
= \/maxeval[ATA ® BTB] = y/maxeval[AT Ajmaxeval[BTB] = || A|l, || Bll¢,,

where the fourth equality is due to the fact that both ATA and BTB are symmetric, positive
semidefinite. O

Lemma A.17. Let A be a p X p symmetric matriz and 0,v € RP. Then
|0T AD — vT Av| < |mazeval(A)|||o — v||3 + 2||Av||2]|o — v]|2.

Proof. See Lemma 3.1 in the supplementary material of van de Geer, Buhlmann, Ritov, and
Dezeure (2014). O

Theorem A.4 (McLeish (1974)). Let {X,;,i =1, ..., k,} be a martingale difference array with
respect to the triangular array of o-algebras {Fy i, = 0,...,kn} (i.e., Xy is Fy i-measurable
and E[X,, i|Fni—1] = 0 almost surely for all n and i) satisfying Fpni—1 C Fny; for all n > 1.
Assume,

(1) maxi<g, | Xnil| is uniformly (in n) bounded in Ly norm,
(it) maxi<p, | Xnil 20, and
(iii) Y5 Xp s > 1.

Then, S, = Zf;l Xni 4 N(0,1) as n — oo.

Acknowledgements We thank the editors, two anonymous referees, Heather Battey, Michael
I. Gil’, Liudas Giraitis, Bowei Guo, Xumin He, Chen Huang, Anders Bredahl Kock, Alexei
Onatskiy, Qi-Man Shao, Richard Smith, Chen Wang, Tengyao Wang, Tom Wansbeek, Jianbin
Wu, Qiwei Yao for useful comments. The article has been presented at University of Koln,
University of Messina, University of Bonn, University of Santander, SoFie 2017 in New York,
CFE’16 in Sevilla, and Shanghai University of Finance and Economics, and we are grateful for
discussions and comments of seminar participants. Linton gratefully acknowledges the financial
support from the ERC. Tang gratefully acknowledges the financial support from Shanghai 2018
CHEN GUANG Project (project code 18CG06).

References

AKDEMIR, D. AND A. K. GUPTA (2011): “Array Variate Random Variables with Multiway
Kronecker Delta Covariance Matrix Structure,” Journal of Algebraic Statistics, 2, 98-113.

ALLEN, G. I. (2012): “Regularized Tensor Factorizations and Higher-Order Principal Compo-
nents Analysis,” arXiv preprint arXiv:1202.2476v1.

ANDERSEN, T. G. AND B. E. SGRENSEN (1996): “GMM Estimation of a Stochastic Volatility
Model: A Monte Carlo Study,” Journal of Business €& Economic Statistics, 14, 328-352.

ANDERSON, T. W. (1984): An Introduction to Multivariate Statistical Analysis, John Wiley
and Sons.

49



ARCHAKOV, I. AND P. R. HANSEN (2018): “A New Parametrization of Correlation Matrices,”
Working Paper.

Bar, J. (2009): “Panel Data Models with Interactive Fixed Effects,” Econometrica, 77, 1229
1279.

BA1, Z. AND Y. WU (1994): “Limiting Behaviour of M-Estimators of Regression Coefficients in
High Dimensional Linear Models. I. Scale-Dependent Case,” Journal of Multivariate Analysis,
51, 211-239.

BATTEY, H. AND J. FAN (2017): “Simultaneous Estimation of a Logarithmically Sparse Co-
variance Matrix and its Inverse,” Working paper.

BAUWENS, L., S. LAURENT, AND J. V. K. RomBoUTS (2006): “Multivariate GARCH models:
A survey,” Journal of Applied Econometrics, 31, 79-109.

BICKEL, P. J. (1975): “One-Step Huber Estimates in the Linear Model,” Journal of the Amer-
ican Statistical Association, 70, 428-434.

BickerL, P. J. AND E. LEVINA (2008): “Covariance Regularization by Thresholding,” The
Annals of Statistics, 36, 2577-2604.

BROWNE, M. W., R. C. MacCaLLuMm, C.-T. Kim, B. L. ANDERSEN, AND R. GLASER (2002):
“When Fit Indices and Residuals are Incompatible,” Psychological Methods, 7, 403—421.

BROWNE, M. W. AND A. SHAPIRO (1991): “Invariance of Covariance Structures under Groups
of Transformations,” Metrika, 38, 345—-355.

Cal, T. T., Z. REN, AND H. H. ZHoU (2014): “Estimating Structured High-Dimensional Co-
variance and Precision Matrices: Optimal Rates and Adaptive Estimation,” Working Paper.

Cai, T. T., C.-H. ZuanG, aNnD H. H. Znou (2010): “Optimal Rates of Convergence for
Covariance Matrix Estimation,” The Annals of Statistics, 38, 2118-2144.

Ca1, T. T. aAxp H. H. Znou (2012): “Optimal Rates of Convergence for Sparse Covariance
Matrix Estimation,” The Annals of Statistics, 40, 2389-2420.

CamPBELL, D. T. AND E. J. O’CONNELL (1967): “Method Factors in Multitrait-Multimethod
Matrices: Multiplicative Rather than Additive?” Multivariate Behaviorial Research, 2, 409—
426.

CHAN, L., J. KARCESKI, AND J. LAKONISHOK (1999): “On Portfolio Optimization: Forecast-
ing Covariances and Choosing the Risk Model,” Review of Financial Studies, 12, 937-974.

CHANG, J., S. X. CHEN, AND X. CHEN (2015): “High Dimensional Generalized Empirical
Likelihood for Moment Restrictions with Dependent Data,” Journal of Econometrics, 283—
304.

CHANG, J., Y. Qiu, Q. YAO, AND T. Zou (2018): “Confidence Regions for Entries of a Large
Precision Matrix,” Working Paper.

CoHEN, J. E., K. UsevicH, AND P. CoMON (2016): “A Tour of Constrained Tensor Canonical
Polyadic Decomposition,” Research Report.

CONSTANTINOU, P., P. KOKOSzZKA, AND M. REIMHERR (2015): “Testing Separability of
Space-Time Functional Processes,” arXiv preprint arXiv: 1509.07017v1.

20



CUDECK, R. (1988): “Multiplicative Models and MTMM Matrices,” Journal of Educational
Statistics, 13, 131-147.

Diecr, L., B. MORINI, AND A. PAPINI (1996): “Computational Techniques for Real Logarithms
of Matrices,” SIAM Journal on Matriz Analysis and Applications, 17, 570-593.

DoBRA, A. (2014): “Graphical Modeling of Spatial Health Data,” arXiv preprint arXiv:
1411.651201.

ENGLE, R. F. (2002): “Dynamical Conditional Correlation: A Simple Class of Multivariate
Generalized Autoregressive Conditional Heteroscedastic Models,” Journal of Business and
FEconomic Statistics, 20, 339-350.

ENGLE, R. F. AND K. F. KRONER (1995): “Multivariate simultaneous generalized ARCH,”
Econometric Theory, 11, 122—150.

ENcGLE, R. F. AND K. SHEPPARD (2001): “Theoretical and Empirical properties of Dynamic
Conditional Correlation Multivariate GARCH,” Working Paper.

Fama, E. F. AND K. R. FRENCH (1993): “Common Risk Factors in the Returns on Stocks
and Bonds,” Journal of Financial Economics, 33, 3-56.

Fan, J., Y. FaN, AND J. Lv (2008): “High Dimensional Covariance Matrix Estimation Using
a Factor Model,” Journal of Econometrics, 147, 186—-197.

FaN, J., Y. L1ao, AND M. MINCHEVA (2011): “High-Dimensional Covariance Matrix Estima-
tion in Approximate Factor Models,” The Annals of Statistics, 39, 3320-3356.

(2013): “Large Covariance Estimation by Thresholding Principal Orthogonal Com-
plements,” Journal of the Royal Statistical Society: Series B (Statistical Methodology), 75,
603-680.

FAN, J. AND Q. YAO (2003): Nonlinear Time Series: Nonparametric and Parametric Methods,
Springer.

Fospick, B. K. AND P. D. HorF (2014): “Separable Factor Analysis with Applications to
Mortality Data,” The Annals of Applied Statistics, 8, 120-147.

GERARD, D. AND P. HorF (2015): “Equivariant Minimax Dominators of the MLE in the
Array Normal Model,” Journal of Multivariate Analysis, 137, 42—49.

GiL’, M. 1. (2012): “Perturbations of the Matrix Logarithm,” Journal of Applied Analysis, 18,
47-68.

HE, X. AND Q. SHAO (2000): “On Parameters of Increasing Dimensions,” Journal of Multi-
variate Analysis, 73, 120-135.

HicHAM, N. J. (2008): Functions of Matrices: Theory and Computation, STAM.

Horr, P. D. (2011): “Separable Covariance Arrays via the Tucker Product, with Applications
to Multivariate Relational Data,” Bayesian Analysis, 6, 179-196.

(2015): “Multilinear Tensor Regression for Longitudinal Relational Data,” The Annals
of Applied Statistics, 9, 1169-1193.

(2016): “Equivariant and Scale-Free Tucker Decomposition Models,” Bayesian Analysis,
11, 627-648.

o1



HorN, R. AND C. JOHNSON (1985): Matriz Analysis, Cambridge University Press.

(2013): Matriz Analysis Second Edition, Cambridge University Press.

HUBER, P. J. (1973): “Robust Regression: Asymptotics, Conjectures and Monte Carlo,” The
Annals of Statistics, 1, 799-821.

JOHNSTONE, I. M. AND A. ONATSKIY (2018): “Testing in High-Dimensional Spiked Models,”
The Annals of Statistics, forthcoming,.

KRIINEN, W. P. (2004): “Convergence in Mean Square of Factor Predictors,” British Journal
of Mathematical and Statistical Psychology, 57, 311-326.

Leporr, O. AND M. WoLF (2003): “Improved Estimation of the Covariance Matrix of Stock
Returns with an Application to Portfolio Selection,” Journal of Empirical Finance, 10, 603—
621.

(2004): “A Well-Conditioned Estimator for Large-Dimensional Covariance Matrices,”
Journal of Multivariate Analysis, 88, 365—411.

(2012): “Nonlinear Shrinkage Estimation of Large Dimensional Covariance Matrices,”
Annals of Statistics, 40, 1024-1060.

(2015): “Spectrum Estimation: a Unified Framework for Covariance Matrix Estimation
and PCA in Large Dimensions,” Journal of Multivariate Analysis, 139, 360-384.

(2017): “Direct Nonlinear Shrinkage Estimation of Large-Dimensional Covariance Ma-
trices,” Working Paper.

LEvA, R. AND A. ROY (2014): “Classification of Higher-Order Data with Separable Covariance
and Structured Multiplicative or Additive Mean Models,” Communications in Statistics -
Theory and Methods, 43, 989-1012.

LENG, C. AND C. Y. TANG (2012): “Sparse Matrix Graphical Models,” Journal of the Amer-
ican Statistical Association, 107, 1187-1200.

Lewis, R. AND G. C. REINSEL (1985): “Prediction of Multivariate Time Series by Autore-
gressive Model Fitting,” Journal of Multivariate Analysis, 16, 393—411.

L1, L. aNnD X. ZHANG (2016): “Parsimonious Tensor Response Regression,” Journal of the
American Statistical Association.

LoH, W.-L. anD T.-K. LAM (2000): “Estimating Structured Correlation Matrices in Smooth
Gaussian Random Field Models,” The Annals of Statistics, 28, 880-904.

MacNus, J. R. AND H. NEUDECKER (1986): “Symmetry, 0-1 Matrices and Jacobians a Re-
view,” Econometric Theory, 157-190.

(2007): Matriz Differential Calculus with Applications in Statistics and Econometrics,
John Wiley and Sons Ltd.

MaMMEN, E. (1989): “Asymptotics with Increasing Dimension for Robust Regression with
Applications to the Bootstrap,” The Annals of Statistics, 17, 382—400.

MANCEURA, A. M. AND P. DuTILLEUL (2013): “Maximum Likelihood Estimation for the
Tensor Normal Distribution: Algorithm, Minimum Sample Size, and Empirical Bias and
Dispersion,” Journal of Computational and Applied Mathematics, 239, 37-49.

52



McLEisH, D. L. (1974): “Dependent Central Limit Theorems and Invariance Principles,” The
Annals of Probability, 2, 620-628.

MERLEVEDE, F., M. PELIGRAD, AND E. R10 (2011): “A Bernstein Type Inequality and Mod-
erate Deviations for Weakly Dependent Sequences,” Probability Theory and Related Fields,
151, 435-474.

NEUDECKER, H. AND A. M. WESSELMAN (1990): “The Asymptotic Variance Matrix of the
Sample Correlation Matrix,” Linear Algebra and Its Applications, 127, 589-599.

NEwWEY, W. K. AND D. MCFADDEN (1994): “Large Sample Estimation and Hypothesis Test-
ing,” Handbook of Econometrics, IV.

NING, Y. anD H. Liu (2013): “High-Dimensional Semiparametric Bigraphical Models,”
Biometrika, 100, 655-670.

OHLsON, M., M. R. AHMADA, AND D. vON ROSEN (2013): “The Multilinear Normal Dis-
tribution: Introduction and Some Basic Properties,” Journal of Multivariate Analysis, 113,
37-47.

ONATSKI, A. (2009): “Testing Hypotheses about the Number of Factors in Large Factor Mod-
els,” Econometrica, 77, 1447-1479.

PArk, S., S. Y. HonG, AND O. LINTON (2016): “Estimating the Quadratic Covariation
Matrix for Asynchronously Observed High Frequency Stock Returns Corrupted by Additive
Measurement Error,” Journal of Econometrics, 191, 325-347.

PaiLLIPS, P. C. AND H. R. MOON (1999): “Linear Regression Limit Theory for Nonstationary
Panel Data,” FEconometrica, 67, 1057-1111.

Prrsianis, N. P. (1997): “The Kronecker Product in Approximation and Fast Transform
Generation,” PhD Thesis.

PorTNOY, S. (1985): “Asymptotic Behaviour of M-estimators of p Regression Parameters when
p?/n is Large. I1. Normal Approximation,” The Annals of Statistics, 13, 1403-1417.

SAIKKONEN, P. AND H. LUTKEPOHL (1996): “Infinite-order Cointegrated Vector Autoregres-
sive Processes,” Econometric Theory, 12, 814-844.

SiNGuLL, M., M. R. AHMAD, AND D. vON ROSEN (2012): “More on the Kronecker Structured
Covariance Matrix,” Communications in Statistics- Theory and Methods, 41, 2512—-2523.

SWAIN, A. J. (1975): “Analysis of Parametric Structures for Variance Matrices,” PhD Thesis,
University of Adelaide.

VAN DE GEER, S., P. BUHLMANN, Y. RiTOov, AND R. DEZEURE (2014): “On Asymptoti-
cally Optimal Confidence Regions and Tests for High-dimensional Models,” The Annals of
Statistics, 42, 1166—-1202.

VAN DER VAART, A. (1998): Asymptotic Statistics, Cambridge University Press.

VAN DER VAART, A. AND J. A. WELLNER (1996): Weak Convergence and Empirical Processes,
Springer.

VAN DER WEIDE, R. (2002): “GO-GARCH: A Multivariate Generalized Orthogonal GARCH
Model,” Journal of Applied Econometrics, 17, 549-564.

23



VAN LoaN, C. F. (2000): “The Ubiquitous Kronecker Product,” Journal of Computational and
Applied Mathematics, 123, 85—100.

VERHEES, J. AND T. J. WANSBEEK (1990): “A Multimode Direct Product Model for Co-
variance Structure Analysis,” British Journal of Mathematical and Statistical Psychology, 43,
231-240.

VERSHYNIN, R. (2011): “Introduction to the non-asymptotic analysis of random matrices,”
Chapter 5 of: Compressed Sensing, Theory and Applications.

(2012): “How Close is the Sample Covariance Matrix to the Actual Covariance Matrix?”
Journal of Theoretical Probability, 25, 655—-686.

VOLFOVSKY, A. AND P. D. HOFF (2014): “Hierarchical Array Priors for ANOVA Decomposi-
tions,” The Annals of Applied Statistics, 8, 19—41.

(2015): “Testing for Nodal Dependence in Relational Data Matrices,” Journal of the
American Statistical Association, 110, 1037-1046.

WaNG, W. AND J. FAN (2016): “Asymptotics of Empirical Eigen-Structure for High Dimen-
sional Spiked Covariance,” The Annals of Statistics, To appear.

WELSH, A. H. (1989): “On M-Processes and M-Estimation,” The Annals of Statistics, 17,
337-361.

Wu, W.-B. AND Y. N. WU (2016): “Performance Bounds for Parameter Estimates of High-
dimensional Linear Models with Correlated Errors,” Electronic Journal of Statistics, 10, 352—
379.

YAo, J., S. ZHENG, AND Z. BAI1 (2015): Large Sample Covariance Matrices and High-
Dimensional Data Analysis, Cambridge University Press.

YN, J. AND H. L1 (2012): “Model Selection and Estimation in the Matrix Normal Graphical
Model,” Journal of Multivariate Analysis, 107, 119-140.

YoHal, V. J. AND R. A. MARONNA (1979): “Asymptotic Behaviour of M-Estimators for the
Linear Model,” The Annals of Statistics, 7, 258—-268.

54



Supplementary Material for 7 Estimation of a Multiplicative
Correlation Structure in the Large Dimensional Case”

Christian M. Hafner* Oliver B. Linton' Haihan Tang?
Université catholique de Louvain University of Cambridge Fudan University

April 16, 2019

8 Supplementary Material

This section contains supplementary materials to the main article. SM 8.1 contains additional
materials related to the Kronecker product (models). SM 8.2 outlines a shrinkage approach
via minimum distance to make the estimated exp(log @?) indeed a correlation matrix for j =

1,...,v. SM 8.3 gives a lemma characterising a rate for |[Vp — V||, which is used in the
proofs of limiting distributions of our estimators. SM 8.4, SM 8.5, and SM 8.6 provide proofs
of Theorem 3.3, Theorem 4.1, and Theorem 4.2, respectively. SM 8.7 gives proofs of Theorem
3.4 and Corollary 3.3. SM 8.8 contains miscellaneous results.

8.1 Additional Materials Related to the Kronecker Product

The following lemma, proves a property of Kronecker products.

Lemma 8.1. Suppose v = 2,3,... and that Ay, As,..., A, are real symmetric and positive
definite matrices of sizes a1 X aq,...,a, X Gy, respectively. Then

log(A1 ® Ay ® -+ ® Ay)
=logA1®1p, @ - @1y + 1y ®logAos @14, @ - @I, + -+ 1 @1 @ ®log A,.

Proof. We prove by mathematical induction. We first give a proof for v = 2; that is,
log(A; ® Ag) =log A1 ® I, + 14, ® log As.

Since Aj, Ay are real symmetric, they can be orthogonally diagonalized: A; = UJA;U; for
i = 1,2, where U; is orthogonal, and A; = diag(Xi1,...,Aig;) is a diagonal matrix containing
those a; eigenvalues of A;. Positive definiteness of A1, As ensures that their Kronecker product
is positive definite. Then the logarithm of A; ® A, is:

log(A1 ® Ag) = log[(U1 ® UQ)T(Al ® AQ)(Ul ® Ug)] = (Ul & UQ)T 10g(A1 ® Ag)(Ul ® UQ),
(8.1)

*Institut de statistique, biostatistique et sciences actuarielles, and CORE, Université catholique de Louvain,
Louvain-la-Neuve, Belgium. Email: christian.hafner@uclouvain.be.
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where the first equality is due to the mixed product property of the Kronecker product, and
the second equality is due to a property of matrix functions. Next,

log(A1 ® Ag) = diag(log(A1,1A2), ..., log(A1,q, A2)) = diag(log(A1,11a,A2), - . ., 108(A1,q, Ly A2))

= diag(log(A1,11a,) + log(A2), ..., log(A1,4,La,) + log(A2))

= diag(log(A1,11ay); - - -, 10g(A1 .0, Lay)) + diag(log(Az), . .., log(A2))

=log(A1) ® Iy, + I, @ log(A2), (8.2)
where the third equality holds only because A1 ;I,, and A have real positive eigenvalues only
and commute for all j = 1,...,a; (Higham (2008) p270 Theorem 11.3). Substitute (8.2) into
(8.1):
log(A; ® A2) = (U1 @ Us)Tlog(A1 @ Ao) (U1 @ Uy) = (U @ U)T(log A1 @ Iy, + 1o, ® log Ag) (U @ Us)
= (U1 ®@Us2)T(log A1 ® 1,,,) (U1 @ Ua) + (U @ Us)T (I, @ log Ao)(Ur & Us)

=log A1 ® Io, + 1,, ®log As.

We now assume that this lemma is true for v = k. That is,

log(A1 ® Ay @ -+ - @ Ayg)

=logA1 ® 14, @ - @1y + 1y @logAs @I, @ - @1y + -+ 1y @1y, ® -+ ®log Ay
(8.3)

We prove that the lemma holds for v = k+ 1. Let A;_; := A1 ® --- ® A and Iy,..q, =
[al ®"'®le'

log(A1 ® Ao ® -+ ® A ® Apg1) = log(A1_ ® Apy1) =log A1, @ Loy, + Loy .ay, ®10g Apq
=log A1 @ 1o, @ @Iy @Iy, + 1o @log Ao @Iy @ @I, @ Loy + -+
I, ®Ia2®~--®10g14k®[ak+1+[al @@ I, @log Agy1,

where the third equality is due to (8.3). Thus the lemma holds for v = k + 1. By induction,
the lemma is true for v =2,3,.... O

Next we provide two examples to illustrate the necessity of an identification restriction in
order to separately identify log parameters.

Example 8.1. Suppose that ni,no = 2. We have

« [ a1 a2 « [ b1 b12
log ©1 = ( aj2 a ) log ©3 = ( biz b2 )

Then we can calculate

air + bnn b12 a12 0
log ©* =log ©% @ Ir + I ® log OF = Zi @ g b2 s ?r - Zi
0 a12 b2 ag2 + bao

Log parameters aia,b12 can be separately identified from the off-diagonal entries of log ©* be-
cause they appear separately. We now examine whether log parameters ai1,bi1, age,bos can be
separately identified from diagonal entries of log ©*. The answer is no. We have the following
linear system

1 010 aii [log@*]ll
L 1 0 0 1 a2 o [logG*] o
Av=19 11 0 by | | Qogerl. | T
0101 b22 log ©*],,



Note that the rank of A is 8. There are three effective equations and four unknowns; the linear
system has infinitely many solutions for x. Hence one identification restriction is needed to
separately identify log parameters a1, bi1, ase,bae. We choose to set aj; = 0.

Example 8.2. Suppose that ni,ns,n3 = 2. We have

«_ [ a1 a2 « [ b b2 «_ [ a1 2
log ©1 = ( a2 ag ) log ©3 = < biz b2 > log ©5 = ( c12 €22 )

Then we can calculate

log©* =1ogOT @ L@ Ir + [ ®1log O3 @ In + Ir ® I, ® log O3 =

a1l +bi1 + e c12 bi2 0 a1z 0 0 0

c12 a11 + b11 + co2 0 bi2 0 a1z 0 0

bi2 0 ai1 + b2z + c11 ci2 0 0 a1z 0
0 bi2 c12 a1l + baz + caa 0 0 0 ay

ai2 0 0 0 a2z + b11 + c11 c12 bi2 0
0 aiz 0 0 c12 az2 + b11 + ca2 0 bi2
[ 0 a1z 0 bi2 0 az2 + b2z + c11 ci2
0 0 0 a12 0 bi2 c12 ag2 + baz + c22

Log parameters a2, bia, c12 can be separately identified from off-diagonal entries of log ©* because
they appear separately. We now examine whether log parameters a1, b1, c11, ags, baa, coo can be
separately identified from diagonal entries of log ©*. The answer is no. We have the following
linear system

101010 log ©°],,
101001 an log ©7 |y,
100110 a log ©7 |4,
100101 bii | :log @*: a4 | .
Az = 011010 bea | ilog@*:% =
011001 c11 :lOgG*:ﬁfS
010110 C99 :log@*:77
010101 log ©7 ¢

Note that the rank of A is 4. There are four effective equations and siz unknowns; the linear
system has infinitely many solutions for x. Hence two identification restrictions are needed to
separately identify log parameters a1, b1, C11, @29, bao, cos. We choose to set a1 = b1 = 0.

8.2 Shrinkage via Minimum Distance

Recall that in the fill and shrink method, there is no guarantee that the estimated exp(log ©)
will be a correlation matrix. However, the estimated D'/? exp(log ©°)D'/2 will be a covariance
matrix. As mentioned in the main article, one can re-normalise the estimated covariance matrix
to obtain a correlation matrix. The alternative method would be to shrink exp(log @9) to a
correlation matrix for j =1,...,v.

This is easy for the n = 2% case. Consider the 2 x 2 submatrix 6, with log © containing
log parameters ). Given that ©f is a correlation matrix, then we have

log ©0 — 11 A 0 1 \1_ %)\1,14-%)\1,2 %)\1,1_%)\1,2
1 -1 0 A 1 -1 /2 A1 —5A12 5A1L1 A2

which implies that

69, 11
: 1 A A
0| g0 | 1 _ L) . L1
09 5 11 ’ ’



Further, we have

2) g (Ar2) (8.4)
5 exp(A11) — %exp()\m) %exp()\l 1)+ %exp()\l 2)

By observing the diagonal elements of (8.4), we must have §exp(A11) + 2 exp(Ai2) = 1 or
equivalently A\; ; = log (2 — exp()\l,g)). Also, we have

exp(A11) —exp(A12) =2 —2exp(A12) € [-2,2], (8.5)

by observing the off-diagonal elements of (8.4). From (8.5), we have —oco < A1 2 < log?2.
We now consider shrinkage. Given 60 € R? we define A12 as the solution of the following
population objective function

- 934j(ma2mmw>>

te(—o0,log 2] t
2

Thus define the estimator 5\1,2 to be the solution of the following sample objective function

nm]@_c<bd%wm®)>,

te(—o0,log 2 t
2

where 6, is some fill and shrink estimator of 9. Then we calculate ;\1,1 = log(2 — exp(j\m)).
This ensures that (9(1)7 g = @[1)()\171, A1,2) is a correlation matrix. We can repeat this procedure
for other sub-matrices {@?};:2. The final estimate

0 =00g® - 260

will be a correlation matrix. We acknowledge that for higher dimensional sub-matrices, this
approach starts to get problematic. We leave it for future research.

8.3 A Rate for ||VT — V|l

The following lemma characterises a rate for |V — V| s, which is used in the proofs of limiting
distributions of our estimators.

Lemma 8.2. Let Assumptions 3.1(i) and 3.2 be satisfied with 1/v :=1/r1+1/ry > 1. Suppose

logn = o(Tﬁ) if n>T. Then
N logn
Ve - Vil =0, (2.

Proof. Let y;; denote y;; — ¥;, similarly for 9 ;, Us k., 9s,e, where 4,5,k 0 = 1,...,n. Let y;;



denote y;; — p;, similarly for 9 j, Yk, ¥¢.¢ where ¢, 5, k, 0 =1,...,n

IV = Voo = max Vrap = Vapl = _max_ Ve — Vil
1<a TL 1§Z,j,k,£§'fl
< 1 Z ~ ~ ~ ~ 1 . . . . (8 6)
max |- o _ 1 o ,
T agigit<n| T & YealtjYekbee = Zt_l Y,iYt,j Yt kYt
max |— iUt — iUt i .
1<igki<n| T & Yt.ilt.jYekYue = BlYtilt. Ykt
T 1 T 1 T 1 T
E — E g — g 7t 11 8.8
+1§i,r§1’%§gn ( . ytzytj> (T 2 Ut kUt e) < ~ 1ytzyt,]) (T £ yt,k?Jt,Z) ( )
1 T 1 T
1 , Bl o1 .
+ max (T > ytzyt7j> ( > " e we e) E(gt,i9t.5E[9e,5 1] (8.9)

Display (8.7)

Assumption 3.1(i) says that for all ¢, there exist absolute constants K1 > 1, K5 > 0,71 > 0 such
that
E[exp (K2|yt,i|”)} < K; foralli=1,...,n

By repeated using Lemma A.2 in Appendix A.3, we have for all i,5,k,¢ = 1,2,...,n, every
€ > 0, absolute constants by, c1, ba, ¢, b3, c3 > 0 such that

P(ly.i| > €) < exp [1— (e/br1)"]

P(|91.i| > €) < exp [1— (e/er1)"]

P(|91,i9t,5] > €) < exp [1 — (¢/b2)"]

P(|9t,i0t.; — Elgeives]] > €) < exp [1— (¢/c2)™]
P(|ge,i5t,59t19nel > €) < exp [1— (¢/bs)"™]

P90, 9e k0t — B0kt e]| > €) < exp [1 — (€/c3)™]

where r3 € (0,71/2] and 4 € (0,71/4]. Use the assumption 1/r; + 1/r2 > 1 to invoke Theorem
A.2 followed by Lemma A.12 in Appendix A.5 to get

T
7 D Ui ke — Eduide e
t=1

max
1<4,5,k,<n

—o, (/). 8.10
(V22" (.10

Display (8.9)

We now consider (8.9).

T
1 . o
< Zymyt,]> < > Gk e> E[9t,:9t,1E[Gt,k Y0}

1<z,j k £<n —
1 T

< L<igi<n < Z%z?ﬂ,j) < ;yt kUil — yt,kyt,z])‘ (8.11)
1 & !

+ 19%‘1%?;3 E [t k.0 ( 2 Ut,iYtj — yt,iyt,j]> ‘ . (8.12)



Consider (8.11).

max
1<i,j,kl<n

1 T 1 T
<T > i Z-yt,j> (T ; e ke — Eyt,kyt,e>

t=1

T
.. 1 . .
+ | B, \) max | = Gurtiee — Ejerdie
t=1

1 o
< max (‘ Zytzytg E9t,i 0,5 1<k <n|T

t=1

- (op < 1°§"> +0(1)> o Qﬁffl) -0, (\/@)

where the first equality is due to Lemma A.2(ii) in Appendix A.3, Theorem A.2 and Lemma
A.12 in Appendix A.5. Now consider (8.12).

ytk?/t(( Zyml/t,g Z/t,i?)t,j]>‘

max
1<4,5,k,0<n

< max \E[ytkyte]! Zytzyt,] Evt iyt

~ 1<kt<n

logn
-0 (V)
where the equality is due to Lemma A.2(ii) in Appendix A.3, Theorem A.2 and Lemma A.12
in Appendix A.5. Thus
logn
=0 . 8.13
(V). s

T T
1 A 1 . - ..
(T > yt,z’l/t,j) <T > yt,k.%,é) — Eliht,ith 5] Ei1,191.¢]
t=1 t=1
We first give a rate for maxi<j<yn |9; — iti|. The index ¢ is arbitrary and could be replaced with

Display (8.6)
j,k,£. Invoking Lemma A.12 in Appendix A.5, we have

max
1<i,j k6<n

T

; > (ri — )

t=1

190, 91— pl = e,

—0, (/). 8.14
 (y22") 8.10

Then we also have

_ logn
s 1] = g [ — s+ ) < o =l + g il = O, (125" ) + 0(1) = 0,(0)
(8.15)
We now consider (8.6):
1 & 1 &
13{?,%@ T ; YtiYt,jYt kYo — T ; YtiYt,jYtkYte| -

With expansion, simplification and recognition that the indices i, j, k, £ are completely symmet-
ric, we can bound (8.6) by

1Sﬂ%§§n‘gi§j@kﬂz — [hifj o pe| (8.16)

+4 max_ | (7950 — Njﬂk#z)) (8.17)
1 T

+6 1§i,Hjl,%§§n <T ; ytﬂ‘?/t,j> (@kﬂe - ukue) (8.18)
L

+4 1Sir’nj’%§gn (T ; yt,z‘yt,jyt,k> (G — pe) | - (8.19)




We consider (8.16) first. (8.16) can be bounded by repeatedly invoking triangular inequalities
(e.g., inserting terms like 11;7;7xy¢) using Lemma A.2(ii) in Appendix A.3, (8.15) and (8.14).
(8.16) is of order Op(y/logn/T). (8.17) is of order O,(+/logn/T) by a similar argument. (8.18)
and (8.19) are of the same order O,(y/logn/T') using a similar argument provided that both
maxi<; j<n | Zthl Ye,iYe,;| /T and maxi<; j x<n | Zthl Yt.iYt,Yek| /T are Op(1); these follow from
Lemma A.2(ii) in Appendix A.3, Theorem A.2 and Lemma A.12 in Appendix A.5. Thus

T T
= Op(\/logn/T). (8.20)

1 U 1 .
max T ; Yt iYt, i Yt kYt b — T tz_; Yt iYt,5Yt kYt L

1<4,5,k,<n

Display (8.8)

We now consider (8.8).

1 o 1 o 1 o 1 o
<T tz:; yt,iyt,j) (T Z yt,kyt,£> - <T ; yt,iyt,j> <T ; yt,k?/t,é) ‘

max
ISZJ,k‘,fSTL t:].
1< 1 o
< ma N i ) (=S5 (Geriiee — deni 8.21
S <T ;yt,zyt,]) (T ; (e3¢ yt,kiUt,Z))‘ (8.21)
1 & 1
1. . LR a7 22

It suffices to give a bound for (8.21) as the bound for (8.22) is of the same order and follows
through similarly. First, it is easy to show that maxi<;,j<n ‘% Zle gjt,igjt,j] = MaX1<j j<n |% Zthl Yt,ilt,j—
¥iU;| = Op(1) (using Lemma A.2(ii) in Appendix A.3 and Lemma A.12 in Appendix A.5). Next

T
1 o o _ ~ logn
 max | ; (Fedine = eadee)| = | max =G = u)@e = po)| = Op ( 7 ) . (8.23)
The lemma follows after summing up the rates for (8.10), (8.13), (8.20) and (8.23). O

8.4 Proof of Theorem 3.3

In this subsection, we give a proof for Theorem 3.3. We will first give a preliminary lemma
leading to the proof of this theorem.

Lemma 8.3. Let Assumptions 3.1(1), 3.2, 3.3(i) and 3.4(i) hold with 1/r1 + 1/ro > 1. Then

we have

N ~ n
IPle =00, 1Pl =00, 1Pr=Pla=0, (/7). 20

Proof. The proofs for ||P||s, = O(1) and ||Pr||s, = O,(1) are exactly the same, so we only give
the proof for the latter.

IPrlley = [l In2 — Du Dy (In ® O7)Mylle, < 1+ | Dy Dy (I @ O7) Mylle,

< 1+ [1Dulle 13 e 12n @ O llea | Malle, = 1+ 2l Zulle, 1O ]le, = Op(1)

where the second equality is due to (A.8) and Lemma A.16 in Appendix A.5, and last equality
is due to Lemma A.7(ii). Now,

|Pr — Plley = |2 — DuD (In ® O7) My — (I2 — Dyp Dy (I, ® ©)My)||e,
= || Dp D (I, ® O7)My — Dy D (I, @ ©)My)|le, = | Dn Dy (In @ (O1 — ©))Mylle,
= Op( V n/T)7

where the last equality is due to Theorem 3.1(i). O



We are now ready to give a poof for Theorem 3.3.
Proof of Theorem 3.3. We write
VT (p — 6°)
vV chTc
VT (ETWE) \ETW D H vee(Or — ©) N VT (ETWE) L ETW D vec O, (|01 — ©[2))
\V4 chTc VT ch

VIC(ETWE)\EWWDH §38| | vee(Sr — )

— T

AV4 chTc

. VT (ETWE) "L ETW D} vec O(||©1 — ©][2))

vV chTc

= Ltl + tAQv
where g:’z‘ég S~ denotes a matrix whose jth row is the jth row of the Jacobian matrix g:’}g‘ég
evaluated at vec E(T]) , which is a point between vec Y and vec S, for j=1,...,n%
Define

VT (ETWE)'ETWD;f HP(D™'/? @ D~/?) vec(Er — %)
VvcTlJe .
To prove Theorem 3.3, it suffices to show ¢; 4 N(0,1), t1 — t; = 0,(1), and 3 = 0,(1). The

proof is similar to that of Theorem 3.2, so we will be concise for the parts which are almost
identical to those of Theorem 3.2.

t1:

8.4.1 t % N(0,1)

We now prove that ¢; is asymptotically distributed as a standard normal.

t1 =
VT (ETWE) ' ETWD}FHP(D~'/? @ D~1/?) vec (% S [ — ) (e — )T — By — ) (e — M)T])
Vllde
B T T-12c(ETWE) " 'ETW D} HP(D™Y/2 @ D71/2) vec [y — 1) (e — )T — E(ye — p) (e — )]
B ; VelJe
T
=: Z Urnt
t=1

Again it is straightforward to show that {Ur ¢+, Fr .} is a martingale difference sequence. We
first investigate at what rate the denominator v/¢TJc goes to zero:

TJe=c(ETWE) 'ETWD}HP(D™'/? @ D~V)V(D™V2 @ DY)\ PTHD"WE(ETWE) ¢
> mineval (ETWD,f HP(D™'? @ D=V V(D2 @ D~V)PTHD,\"WE) | (ETWE)~'¢|3
> ﬁminevalQ(I/V)C(ETI/VE)_Zc > 2minevadQ(VV)mineval ((ETWE)_Q)

w w

_on- mineval?(W) S n

~ wmaxeval2(ETWE) ~ wmaxeval?(W~!)maxeval?(W)maxeval?( ETE)
n

" wr2(W)maxeval?(ETE)



where the second inequality is due to Assumption 3.7(ii). Using (A.11), we have

1
VetJe

Verification of conditions (i)-(iii) of Theorem A.4 in Appendix A.5 will be exactly the same as
those in Section A.4.1, so we omit the details in the interest of space.

= O0(y/s2-n-r2E(W) - w). (8.25)

8.4.2 1 —11 =o0y(1)
We now show that t; —t; = op(1). Let A and A denote the numerators of ¢1 and #;, respectively.

b3 A A V&nkr2(W)wA V/52nk2(W)wA
11—t = - = -

Vetde /et re B Vs2nk2(W)wcT Je \/SQHKZ(W)WCTJATC.

Since we have already shown in (8.25) that s?nx?(W)wcTJe is bounded away from zero by an
absolute constant, it suffices to show the denominators as well as numerators of ¢; and t, are
asymptotically equivalent.

8.4.3 Denominators of t; and ;

We first show that the denominators of ¢; and ¢; are asymptotically equivalent, i.e.,
sk (W)w|cTJpe — cTJe| = oy(1).
Define
TJre = N(ETWE)\EYWD; Hy Pr(D; 0 D)V (D7 *e DY) PlH DY WE(ETWE) ™
By the triangular inequality: S2nI€2(W)w|CTjT§—CTJC| < $2nk2(W)w|cT Jpe—cT Jpe|+s*nx(W)w|cT Jre—
cTJe|. First, we prove s>nk?(W)w|cTJre — cTJrc| = op(1).

s*nk?(W)w|cT Jre — T Jrc|

= $*nk(W)w|cT (ETWE) "\ EYWD;f Hy Pr(D;"* @ D)V (D;Y? ® DY?) Pl D} WE(ETWE) ™!
— N(EYWE) \EYWD;} Hr Pr(D7Y? @ DYV (D;"? @ DY) Pl HrD " WE(ETWE) (|
= SQTLI{Q(W)W
| (ETWE) ETW D Hp Pr(D7Y? @ DY) (Ve — V(D2 @ DRY?) LD WE(ETWE) ¢
< P2 (W)@ |V — Vso|(D7? @ DY) PLH DT W E(ETW E) ¢ )?
< P2 (W)w |V — Vol (D7 ‘1/2 ® D7) PLH D WE(ETWE) |3
< 32 (W) Vi = Voo | (D ;“2 ® D ) IPEIZ I A I3, DFT 12, 1W E(ETW E) 712,

~ 4,.6 4541
=0 (S2n2ﬁ,3( )WQ)HVT—VHOO :Op <\/n K (W);w ogn> :Op(l)

where || - ||o denotes the absolute elementwise maximum, the third equality is due to Lemma
A.4(v), Lemma A.16 in Appendix A.5, (A.7), (A.14), (A.8) and (8.24), the second last equality
is due to Lemma 8.2 in SM 8.3, and the last equality is due to Assumption 3.3(ii).

We now prove s?nx?(W)w|cTJre — cTJc| = 0,(1). Define

T Jpac = (ETWE) 'E"W D} Hr Pr(D~Y? @ DY) V(D~Y2 @ DY) Pl Ay D} WE(ETWE) ™!
T Jrpe =T (ETWE) *ETWD;} HyP(D™Y? @ D™V2)V(D™V2 @ DY) PTH D" WE(ETW E) ™!



We use triangular inequality again

s*nk?(W)w|cT Jre — cTJe| <

snk2(W)w|cTJpe — T Jr ac| + *nw* (W) w|cTJrac — T el + s°nk(W)w|cT Jrpe — .

(8.26)
We consider the first term on the right side of (8.26).
s*ni?(W)w|cT Jpe — T Jpqc| =
i (W)w|c (ETWE) ' E"WD;f HpPr(D;'* @ D' *\W/(D;'? © D;Y?) Pl D" WE(ETWE)™!
— (ETWE) 'ETWD;} Hr Pr(D~Y2 @ D™Y2)V(DY? @ DY) PLHy D WE(ETWE) L¢|

< 82n/£2(W)w‘maxeval )| (D _1/2 ® D_l/2 D72 D_l/Q)P}ﬁTD;fTWE(ETWE)_ch%
+ 22 (W)w||V(D™Y2 @ D™ VQ)P}HTD;{TWE(ETWE)_chQ
(D7 M* @ DM — DV2 @ DV2) Pl DY WE(ETWE) el (8.27)

where the inequality is due to Lemma A.17 in Appendix A.5. We consider the first term of
(8.27) first.

(W) |maxeval (V)| ||(D;"? @ D? = D™Y2 @ D™V PLHr D WE(ETW E)~'¢|3
—1/2 —1 2 — A kS _
= O(s*ni*(W)w)||D7? @ D3'? — D™V2 @ D7V | PLIR, |||, | D |2, | W E(ETW E) |2,

= Op(s”nk’(W)w?/T) = 0,(1),

where the second last equality is due to (A.7), (A.8), (A.14), (8.24) and Lemma A.4(vii), and
the last equality is due to Assumption 3.3(ii).
We now consider the second term of (8.27).

25°nk*(W)w||V(DY2 @ DY) PLHr D} WE(ETWE) " t¢|2
D7 @ DV — DY2 @ DY P DY WE(ETWE) e
~N—1/2 1/2 — _
< O(s*nk*(W)@) | D% @ D3'? = D™V2 @ D™V2||, | L2, | B 12,11 D57 13, | W E(ETW E) 71|12,
= O(\/s*'nb (W)@ /T) = 0,(1),

where the first equality is due to (A.7), (A.8), (A.14), (8.24) and Lemma A.4(vii), and the last
equality is due to Assumption 3.3(ii). We have proved s?nx?(W)w|cTJrc — cTJpqc| = 0p(1).
We consider the second term on the right hand side of (8.26).
s*ni?(W)w|cT Jrac — T Jrpe| =
s?nk*(W)w|c"(ETW E) " ET"W D} Hp Pr(D~Y* @ D~V%)V(D~V2 @ DY) PIHr D" WE(ETWE) ™!
— (ETWE)'ETWD;} HrP(D™Y? @ D™Y2)V(D™Y2 @ D~V PTH D WE(ETWE) "¢
< s?nk*(W)w|maxeval (D2 @ DY) V(D2 @ DV2)|| |(Pr — P)THy D" WE(ETWE) '¢||3
+282nk?(W)w| (D2 @ D™Y2)V(D™V2 @ D~V PTHp D WE(ETWE) ™ Y¢||5
||(Pr — P)THr D" WE(ETWE) Y|, (8.28)

where the inequality is due to Lemma A.17 in Appendix A.5. We consider the first term of
(8.28) first.

s?ni?(W)w|maxeval (D~ @ D™V V(D2 @ D™V |(Pr — P)THr D" WE(ETWE) |3
= O(s*n>(W)w)|| P] — PT|[7, | Hr |2, IIDS I, W E(ETWE) |,
= Op(s*nk>(W)w?|T) = 0y(1),
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where the second last equality is due to (A.7), (A.8), (A.14), and (8.24), and the last equality
is due to Assumption 3.3(ii).
We now consider the second term of (8.28).

25’*nk2(W)w||(D~V? @ D~V2\WV(D™Y2 @ D™YV2)PTH D} "WE(ETWE) ¢||,
(Pr — P)THr D WE(ETWE) ¢/l
< O(s*ns®(W)@)||Pf — PTIZ, | Hr 12,1107 12, I1W E(E™W E) 117,
— O(/5 TR (W) T) = o,(1),
where the first equality is due to (A.7), (A.8), (A.14), and (8.24), and the last equality is due

to Assumption 3.3(ii). We have proved s*nwx?(W)w|cTJr ¢ — cTJp e = 0p(1).
We consider the third term on the right hand side of (8.26).

nk2(W)w|cT Jrpe — cTJc| =
2 (W)w|c(ETWE) '\ ETW D HrP(D™? @ D~V2\V(D~Y2 @ D™Y2)PTH; D} "WE(ETWE) ™
— (ETWE) 'ETWD}HTP(D™'? @ D~V2)\V(D™Y2 @ DY) PTHD " WE(ETWE) (|
< s?nk?(W)w|maxeval[P(D™V2 @ D™V2)V(D™V? @ D~V PT| ||(Hr — H)D,,"'WE(ETW E) ¢/}
+ 282k} (W)w| P(D™Y2 @ D™V2)\V(D Y2 @ DY) PTHD WE(ETWE) ™ '¢|)2
||(Hp — H)D,"WE(ETWE)"¢|2 (8:29)
where the inequality is due to Lemma A.17 in Appendix A.5. We consider the first term of
(8.29) first.

s?ni?(W)w|maxeval[P(D~Y/? @ DY) V(D~Y* @ DY) PT)| |(Hy — H)D,"WE(ETWE) |/}

= O(s*ni*(W)w) || Hr — HIIZ, | D3I, IW E(ETWE) |7,

= Op(s*nw’(W)w?/T) = 0p(1),
where the second last equality is due to (A.7), (A.8), and (A.14), and the last equality is due
to Assumption 3.3(ii).

We now consider the second term of (8.29).
25°nk>(W)w||P(D™Y? @ D™V V(D2 @ DV\PTHD " WE(ETWE) ' ¢||2
\|(Hy — H)YD,"WE(E™WE)"¢||
< O(s*ns®(W)w)||Hr — H|[7, | D3 |17, IWE(ETWE) ™7, = O(V/s'nrS (W)@t T) = 0y(1),

where the first equality is due to (A.7), (A.8), and (A.14), and the last equality is due to
Assumption 3.3(ii). We have proved s*nk?(W)w|cTJrpe — cTJe| = op(1). Hence we have
proved s’nk?(W)w|cTJrc — cTJc| = o,(1).

8.4.4 Numerators of ¢; and #;
We now show that numerators of ¢; and ; are asymptotically equivalent, i.e.,

s2nk2(W)w|A — A| = 0,(1).
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Note that

. 0 Q) A

A=VTe(E'WE) ' ETWDH 27 vee(Sy — ¥)
dvecd s—50)

_1 4, OvecO . -
= VT (ETWE) 'ETWD: H vee(Sp — Sr)
ovecX s=5(
1 4, OvecO ~
+ VT (ETWE) \ETW D H vee(Sy — ¥)
ovecX S50

= Aa + Ab.

To show 527m2( e ]A A| = 0,(1), it suffices to show sznm2(W)w|/lb — A| = 0p(1) and

V82nk2(W)w|Aa| = 0p(1). We first show that /s2nkx2(W)w|A, — Al = 0,(1).
Vs2nk2(W)w| Ay — A
_ «/szn/s?(W)w‘\/TcT(ETWE)IETWD:{H [aveC@

—P(D"?® D1/2)} vee(Sp — 2)‘

dvec?] s=5)
<VT2n2(W)w||(ETWE) " ETW |6, | Dy} || e || H ||,
Ovec® .
: — P(DY?2g p1/? Yr— %
|G S s T

12

= O(\/Ts*nk2(W)w)/wr(W)/nO, <\/§> |27 — B|r < O(Vns263(W)w?)vn|| 27 — 24,

— oW/a W0, (/1) = 0, () — o),

where the second equality is due to Assumption 3.7(i), the third equality is due to Lemma A.3,
and final equality is due to Assumption 3.3(ii).

We now show that /s2nk2(W)w|A,| = o0,(1)

PR (W) T " (ETW E)- ETw Dt it 239 vee(S7 — 2r)
Ovecy s=5)
$2nk2(W)wT | (ETWE) 'ETWD,' H OvecO vec [(§ — p)(§ — p)7]
" Oveck s
2nk2( T -lpT + O vecO i i T
< VEREIETIEWE) EWa Dl | G| | v [ (- 07) 1o
T @2
= O(VTs*nw(W)w)/wr(W)/nl|(§ — )G — )| F
< O/ T (W) () il (5 — )3 — )7
= O(\/Ts2n2k3(W)w?)  Jax |7 — )i — )| = Op( (V/Ts2n2x3(W)w?) logn/T

o, ([l

where the third last equality is due to (8.23), the last equality is due to Assumption 3.3(ii), and
the second equality is due to (A.7), (A.8), (A.14), and the fact that

HaveCG _Havec@
Lo

- P(D_1/2 ®D_1/2)
=5

=0, (\/@ +0(1) = 0,(1).

12

dvecX ovecX

’ +HP(D_1/2®D_1/2)
=5
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8.4.5 1y =o0,(1)

Write .
VT/>nk2(W)wcT (ETW E) "L ETW D! vec Op([|©7 — O]7)

\/sanQ(W)wchTc

ty =

Since the denominator of the preceding equation is bounded away from zero by an absolute
constant with probability approaching one by (8.25) and that s?*nx?(W)w|cTJpe—cTJe| = o,(1),
it suffices to show

VT s2nk2(W)wcT (ETW E) "' ETW D} vec Op (|07 — ©]|7,) = 0p(1).
This is straightforward:
IVTs2nk2(W)wcT (ETWE) ' ETW D,} vec O, (|01 — ©|3,)|
< VTs2nw2(W)w||cT(ETW E) ™' ETW D} ||a|| vec Op(|©1 — ©]7,) 2
= O(VTs2:3(W)@?)[|0, (|07 — Bl = O(V/Tns?w3(W)w?) |0y (|07 — OIIZ, )le,

= O(/TrR W=, (161 - 012) = 0, (1 =) = o)

where the last equality is due to Assumption 3.3(ii). O

8.5 Proof of Theorem 4.1

In this subsection, we give a proof for Theorem 4.1. We first give a useful lemma which is used
in the proof of Theorem 4.1.

Lemma 8.4 (Magnus and Neudecker (2007) p218). Let ¢ be a twice differentiable real-valued
function of an n x ¢ matrix X. Then the following two relationships hold between the second
differential and the Hessian matrixz of ¢ at X :

0?p(X 1
d*¢(X) = tr [B(dX)TCdX]| <+ Svec X?;(VZCX)T =5(BT@C+BaC)
and
_ 9*¢(X) 1
*¢(X) = tr[B(dX)CdX] <+ B(vee X)0(vee X)T — 3 Kn(BT@C+CT o B).

We are now ready to give the proof of Theorem 4.1.

Proof of Theorem 4.1. For part (i), letting A denote D~1/257D~1/2 we take the first differen-
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tial of ¢7 p(0, 1) with respect to Q(6):

T 1 &
dlrp(0, 1) = —§dlog]eﬂ| — §dztr [(yt —W)TD 2 p12(y, M)}

t=1
T
= —%dlog‘eg\ = gdtr [D_l/Z; Z(yt — ) (ye — M)TD_l/Qe_Q]
t=1
= —%dlog‘eg‘ - %dtr [Ae_ﬂ] = —gtr(e_ﬂdeg) - gtr (Ade_Q)
= —gtr(efgdeg) + gtr (Aefﬂ(deﬂ)efﬂ)
= —%tr(e‘ﬂdeg) + gtr (e_QAe_QdeQ) (8.30)
—tr [(e_QAe_Q — e_Q) deQ} L <V€C [(e_QAe_Q — e_Q)T}>T vec de't
2 2
1
L (Vec [e_QAe_Q - e_Q])Tvec [/ e(l_t)ﬂ(dﬂ)emdt]
0

1
z <vec [e_QAe_Q — e_Q])T [/ ' e(l_t)th] dvec)
2 0

1
= r <Vec [e_QAe_Q — e_QDT [/ e ® e(l_t)th] D, Edf
2 0

where the fourth equality is due to that dlog | X| = ( X~1dX) for any square matrix X, the
fifth equality is due to that dX ! = —X1(dX)X ™!, the six equality is due to the cyclic
property of trace operator, the eighth equality is due to that tr(AB) = (vec[AT])T vec B, the
ninth equality is due to that de® = fol (=92 (d0)et2dt (c.f. (10.15) in Higham (2008) p238),
the second last equality is due to that vec(ABC) = (CT ® A) vec B, and the last equality is due
to vec ) = D, vechQ) = D, E0. Thus, we conclude that

1
W ZETDT |:/ etQ ® 6(1_t)th:| vec [e—QD—l/QiTD_l/Ze_Q - 6_9] '
0

For part (ii), the s x s block of the Hessian matrix of (4.3) corresponding to 6 is more difficult
to derive. There are two approaches; they give the same Hessian but sometimes it is difficult
to see the equivalence because of the presence of Kronecker products, duplication matrices etc.
The first approach is to differentiate the score function with respect to 6 again. The second
approach is to start from (8.30), take differential again, manipulate the final result into the
canonical form, and extract the Hessian from the canonical form. The second approach is due
to Magnus and Neudecker (2007); Minka (2000) provided an easily accessible introduction to
this approach. We shall use the second approach to derive the Hessian matrix.

There are two terms in (8.30). The first term could be simplified into

T T ! T !
— Ztr(e %de®) = —=tr <eQ/ e(lt)Q(dQ)etht> = —/ tr (eer(lft)Q(dQ)etQ) dt
2 2 0 2 Jo
0 r
:—/ tr (e7"1(dQ)e'Y) dt = —/ tr (dQ) dt :—gtr (d)

whence we see that it is not a function of Q (df2 is not a function of ). Thus taking differential
of (8.30) will cause this term drop out. We now take the differential of the second term in
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(8.30):
1
dztr (e_QAe_QdeQ) = thr( g / 1=D2g0)e tht)
—d= / tr elt= 1>QAe—thQ - / tr de(t )¢ Ae‘thQ+e(t_1)QA(de_tQ)dQ) dt
= / tr / (1=s)(t= UQ(d(t—1)Q)es(t_1)9dsAe_thQ) dt
1
+= / tr e(t_l)QA / e_(l_s)m(d(—t)Q)e_smdsdQ) dt
2 Jo 0
T 1 1
S—— / / tr e’(l’s)(l’t)g(dQ)e’s(l’the’thQ) ds- (1 —t)dt

-= / / tr (102 ge (1’s)t9(dQ)e’SthQ> ds - tdt.
We next invoke Lemma 8.4 to get

GQETD(Q 1)
0 vec Q0(vec Q)T

_ / / Knn ~(1=9)(1-0Q g (=51 4,0 | 1 4 ~s(1-)Q g e—(l—s)(l—t)Q) ds - (1— )t

B / / Knn ~(1=5)9 4o~ (100 g (=510 | =52 o 6—(1—t)QAe—(1—s)tQ) ds - tdt
_ _/ / *Kn,n e—stQ 2 o= (=919 4o~ (100 | ,~(1-0)9 4 ~(1-)9 o —stQ) ds - tdt
_ / / Knn ~(1=9)19 o= (1-0)2 g =510 | —s19 o e—(l—t)QAe—(l—s)tQ) ds - tdt

where the second equality is due to change of variables 1 — ¢ — ¢ and 1 — s +— s for the first
term only. Note that although we have used symmetry of €2 throughout the derivation, we have
not yet incorporated this fact into the Hessian. In our case, there is no need to incorporate
symmetry of €2 into the Hessian because our ultimate goal is to get the Hessian in terms of

the unique elements of €, 6 (see Minka (2000) for more explanations of this). Thus the final
Hessian in terms of 6 is

rp(0,1)
00067

_ / / LT DT Ky (6712 @ e (17919 4o~ (1700 | =109 4~ (1=19 @ =519 4 141D, E
_ / / LT DT K (670910 4109 g =510 | =519 @ ~(1-09 4o~ 4 . 141D, E
_ —ETDIL/ / (719 @ (1= go=(1=09 | =109 g, ~(1=02 @ ;=519 4 44D,
ETDT/ / (199 (109 ) =510 | =512 ) (~(1-09 4o~(=5M 4 441D, E

where the second equality is due to that K, ,D, = D, and symmetry of K, , (see (52) of
Magnus and Neudecker (1986)).

For part (iii), note that E[A] = E[D~Y/257D~1/2] = © = 2. Then by merging terms, we
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have
1 11
Tp = 2ETDJl/ / (efsm Qe 4 e efStQ) ds - tdtD, E.
0 JO

To prove the equivalence between (4.4) and (4.5), it suffices to show
1,1 1 1
/ / (e—stQ ® estQ + estQ ® e—stﬂ) ds - tdt :/ / e(t-i—s—l)Q ® e(l_t_S)Qdet. (831)
0o Jo 0o Jo

Suppose © = e = QTdiag(\y, ..., \,)Q (orthogonal diagonalization). The eigenvalues Ajs
are all positive but need not be distinct. We first consider the first term of (8.31). By definition
of matrix function, we have

e = QTdiag(A[*%, ..., M\, HQ e = QTdiag(AY', ..., A3)Q

e—stQ ® estﬂ + estQ ® e—stQ —

(R®Q)T [diag(hf“, LA @ diag(AY L A + diag(AY L A @ diag(AT LA, St)} (R®Q)
= (Q® Q)M (Q®Q),
st

x n? diagonal matrix whose [(i — 1)n + j]th diagonal entry is (%) + (%)St
fori,7=1,...,n. Thus

where M is an n?

<.

1 r1 1 r1
/ / (efstﬂ ® estQ + 6stQ ® efstQ) ds - tdt = (Q ® Q)T/ / Mids - tdt(Q ® Q)7
0 JO 0 JO

where fol fol Mitdsdt is an n? x n? diagonal matrix whose [(i — 1)n + j]th diagonal entry is

1 ifi=j
1 ifi#5,MN=\
1 i )\7_ e . . ) ]
S e e

fori,j5 =1,...,n. To see this,
s st 1
1 opl o,y st 1 L 1 t
//(AJ) tdsdt:/ <A)t t = — / [(AJ) _1]dt
o Jo \Ai 0 log(%) log(rjl) 0 Ai
1 .

Similarly

whence we have
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We now consider the second term of (8.31). By definition of matrix function, we have

elt+s—1)Q _ QTdiag()\(z‘%sfl) o )\(t+s—1))Q e(1-t=5)Q _ QTdiag()\glftfs), o /\(1473))@
elits= @ (171=9)2 — () @ Q)T |diag(\ (Hs_l), LAy g diag()\gl_t_s), AT Qe Q)
= (@R Q)M (Q®Q),

where M, is an n? x n? diagonal matrix whose [(i — 1)n + j]th diagonal entry is ( 3

i,j =1,...,n. Thus
// (=12 g ((1-t=9) 54t = (Q @ Q)T //Mgdsdt R®Q)

where fol fol Madsdt is an n? x n? diagonal matrix whose [(i — 1)n + j]th diagonal entry is
ifi=j

if7 £, A = Aj

N e

j+A—;—2} 0% A # N

y\g,}—t»—\

|
o (32)]
for¢,5 =1,...,n. To see this,

/ / SH ldsdt:i:/ol (ij)sds/ol (;\\;)tdt

s 1 2
A
=W1<M>Sdsf:%ll<“) || w5
i Lo\ Ai | |log (%) ) [1og(%)] YRRy
Comparing fol fol Mitdsdt with fol fol Msdsdt, we realise (8.31) hold.

For part (iv), using the expression for %ﬁo’”) and the fact that it has zero expectation,
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we have

1 a£T7D(9,/L) 8€T7D(0,,u) _ Z

= _ T —Qpn-1/25 -1/2_-Q

E |z T0 o L ETD Wvar (vee (72D 25r D72 ) ) WD, B
T 1

= ZETD,TL\II (eiQ ® efﬂ) (D~Y2? @ D7Y/2)var <Vec [T E (ye — 1) (yr — ,u)T]>

t=1
i (D—1/2 ® D—1/2) (e—Q ® e—Q) \I/DnE
= %ETDTTZ\IJ (e_Q ® e_Q) (D™Y2 @ D~Y?)var (Vec [(ye — p) (ye — ,LL)T])
. (D—1/2 ® D—1/2) (e—Q ® e—Q) \I/DRE

iETDT (e P2e ) (D V20D V?)2D,Df(E@S)(D V20DV (e P2 e ) VD, E
%ETDT\IJ (e 2e (D V2@ D V) (Ie + Kun) (S0 ) (D V20D V) (e Y0 e ) WD, E
%ETDT\II (e 0e ) (D V2eD V) (2o (D V2D ?) (e Y0 e ™) UD,E

+ ZETD,E\P (e 2e™ ) (D V2D VK, (20S) (D V20D V) (e P we ) UD,E

= iETD,IL\I/ (e e ) (DD V) (e (D V2D ?) (e e ) UD,E

1
+ 4 ETDIY (e 2 (D V2D V) (202D 20D V) (e Y2 e ) K, ,¥D,E

= %ETD,TZ\IJ (e 2e ) (D V2D V))(2eS)(DV2eD V) (e P2 e ) VD, E

= %ETD;L\IJ (e ®e ) UD,E,

where the third equality is due to weak stationarity of y; and (A.10) via Assumption 3.5,
the fifth equality is due to that 2D, D;f = I, + K, ,, the seventh equality is due to that
Kpn(A®B) = (B® A)K,,, for arbitrary n x n matrices A and B, and the second last equality
is due to

1 1 1
K, n¥ = / Knn (em ® e(l_t)Q) dt = / (1792 & 12 — / e @ el — ¥
0 0 0

via change of variable 1 — ¢ — s. O

8.6 Proof of Theorem 4.2

In this subsection, we give a proof for Theorem 4.2. We will first give some preliminary lemmas
leading to the proof of this theorem.

Lemma 8.5. For arbitrary n x n complex matrices A and E, and for any matriz norm || - ||,
A A
|eAE — ed|| < || E|l exp(]| E||) exp(|| Al]).

Proof. See Horn and Johnson (1991) Corollary 6.2.32 p430. O

Define

11 11
== / / ot g ol sdtds Erp = / / @tTJff)_l ® @%TB_Sdtds
0o Jo 0o Jo

such that Y p and YT, p could be denoted %ETD,EED,LE and %ETDTTET, pDpE, respectively.
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Lemma 8.6. Suppose Assumptions 3.1(i), 3.2, 3.3(i) and 3.4(i) hold with 1/ry + 1/ry > 1.
Then

(i) Z has minimum eigenvalue bounded away from zero by an absolute constant and mazimum
etgenvalue bounded from above by an absolute constant.

(11) =7 p has minimum eigenvalue bounded away from zero by an absolute constant and maz-

imum eigenvalue bounded from above by an absolute constant with probability approaching
1.

(ii)
~ _ n
o=l =0, (1/7)

1
”@WQZH/‘g9®eutﬁwt
0

(iv)

—_o(1).
£

Proof. The proofs for the first two parts are the same, so we only give one for part (i). Under
assumptions of this lemma, we can invoke Lemma A.7(i) in Appendix A.4 to have eigenvalues of
O to be bounded away from zero and from above by absolute positive constants. Let Ay,..., A\,
denote these. We have already shown in the proof of Theorem 4.1 in SM 8.5 that eigenvalues
of = are
1 ifi=j
1 ifi#5,XN=)\
A A -2 WA AN
oz (3)]

for i,5 =1,...,n. This concludes the proof.
For part (iii), we have

1 1 1
%%*®6ﬁ§wm$x//ﬁ@“1®91t%ms
O ’ )

12

@?:Bfl ® @%ﬂjéfs _ @H-s—l ® @l—t—s

dtds
12

dtds
£

égjgfl ® ((:);TB*S _ @l—t—S) + (@?rgfl _ @t—'rs—l) ® Ql-—t—s

I
1 1
— / / égfgfl ® é%:,ﬁfs _ égf[sfl @ OI—t=s 4 é)?rgfl @ @l-t=s _ gtts—1 o gl-t—s
0 0 ) 7 ) K
I

dtds
Lo

:/0 /0 H@tJrs 1||£2”@1 t—s @1 —t— sH 2+||@t+s 1 @t+s—1||€2||@1—t—sH€2} dtds

< e [1055 e |03 57 — 7oy + 645" — 071 017

First, note that for any ¢, s € [0, 1], ||@thS ¢, and ||©17F%|4, are O,(1) and O(1), respectively.

For example, diagonalize ©, apply the function f(x) = 2'7/=*, and take the spectral norm.
The result would then follow if we show that

max |05 — 07 |lg, = Op(v/n/T),  max |07 — 0y, = Op(v/n/T).

t,s€[0,1] t,s€[0,1]
It suffices to give a proof for the first equation, as the proof for the second is similar.

1—t—s 1—t—s _1,(1=t=s)log®rp _  (1—t—s)log®
1675~ 0 e, =|e e le
SHﬂ—t—Sng@ﬂD—k%@ﬂmenﬂl—t—swk%@ﬂD—k%@WAmmKl—t—$Hbg@WJ
= [[(1 =t = s)(logO1,p — log O)||¢, exp[(1 — t — s)||log O1,p — log O[4,]O(1),
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where the first inequality is due to Lemma 8.5, and the second equality is due to the fact
that all the eigenvalues of © are bounded away from zero and infinity by absolute positive
constants. Now use Theorem 3.1 to get || log C:)T7 p —1og®|s, = Op (/7). The result follows
after recognising exp(op(1)) = O,(1).

The proof for part (iv) is very similar to the one which we gave in the proof of Theorem
4.1 in SM 8.5. Since © = QTdiag(A1, ..., \,)Q, we have Of = QTdiag(\},..., \})Q and O~ =
QTdiag(A\~t, ..., A7) Q. Then

0'® 0 = (Q® Q)T [diag(A],...,\,) @diag(A\]",..., A )] (Q®Q) = (Q®Q)TM3(Q ®Q),

2

where Mj is an n? x n? diagonal matrix whose [(i — 1)n + j]th diagonal entry is \; (i—;)t for

i,7=1,...,n. Thus
1 1
\1/:/ @t®@”dt:(Q®Q)T/ M3dt(Q ® Q)
0 0

where fol M3dt is an n? x n? diagonal matrix whose [(i — 1)n + j]th diagonal entry is

A ifi=j
A ifi £ j, A = A
=)

log A\;—log A; if i 7é Js Ai 7& )\j

fori,j5 =1,...,n. To see this,

Lemma 8.7. Suppose Assumptions 3.1(i), 3.2, 3.3(i) and 3.4 hold with 1/r1 4+ 1/ro > 1. Then

(i)
N n
Y70 — Thlle, = Op <8n\/ T) -
- B 1
Tl = Y5l = 0y (= ).

¢ 1 = = 1 2 =
IT7.p = Tplle, = SIETDL(Er,p = E)DnElle, < SIETelIDlelIE7,D = Elle|Dn |1 e

= —_ n
— O()|Erp — Ll Bl = 0, (n@ ,

where the second equality is due to (A.8), and the last equality is due to (A.12) and Lemma
8.6(ii).
For part (ii),

117 = Yo e = 1175 (Co = T.0) Y5t e, < T2 516100 = YrollelT5 e,

= Op(@*/n?)0, <sn\/§> =0, <sw2 an> :

where the second last equality is due to (8.32). O

(i)

Proof. For part (i),
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We are now ready to give a proof for Theorem 4.2.

Proof of Theorem 4.2. We first show that TT p is invertible with probability approaching 1, so

that our estimator 0~T, D= HAT, D — T L %Da(# /T is well defined. It suffices to show that

TT, p has minimum eigenvalue bounded away from zero by an absolute constant with probability
approaching one.

o 1
mineval(Yr p) = §m1neval(ETDT:T pDynE) > mineval(Zr p)mineval( D] D,,)mineval(ETE) /2
>cl,
w
for some absolute positive constant C' with probability approaching one, where the second
inequality is due to Lemma 8.6(ii), Assumption 3.4(ii), and that D} D, is a diagonal matrix

with diagonal entries either 1 or 2. Hence Y7 p has minimum eigenvalue bounded away from
zero by an absolute constant with probability approaching one. Also as a by-product

A 1 w 1 w
‘-l =———=0 () Y e =—F——~=0 () : 8.32
IT7,plle. mineval(T7p) P\ n 15 e mineval(Y p) n (8:32)

From the definition of 7 p, for any b € R® with ||b]|2 = 1 we can write

N ~ . A 10¢ 0
\/TbTTTJ)(GT’D — 9) — \/TbTTT’D(eT’D - ) \/>bT M

0T
o 1 007 p(6,
= VTo "Y1 p(Or.p — 6) — \FTbTT’(%(Ty) — VTV Y p(br.p — 0) + 0p(1)
1007 p(0
= VTV (Yr.p — Yp)(brp — 0) — bT\FTTaDe(Ty) +0,(1)

where the second equality is due to Assumption 4.1 and the fact that 67 p is \/nws(W)/T-
consistent. Defining aT := bTYT7 D, We write

o T 1 0p(0.5)  on(1)
= VT—Y12 (Yrp—-70 =Yl PR
fu 0o = 0 = VT T (Trp = X0)(brp = 6) = e TrpVT 7 =557 + 00

By recognising that |laT|2 = [[bTT7.pll2 > mineval(Y7 p), we have Halllz = 0, (Z). Thus

without loss of generality, we have, for any ¢ € R® with ||c||2 = 1,

. 1900y p(0
VT (0r.p —0) = VT TTD(TTD —Yp)(brp —0) — CTTTD\/> Tge(ry) + op(w/n).

We now determine a rate for the first term on the right side in the preceding display. This is
straightforward

VT (Y10 = Yp) (01,0 — 0)] < VT |l Y2 lle | Y7,0 = T lle, 67,0 — 62

n< 1o 2”@' K
— VTOy (e /n)sn0,(\/n]T)Op(v/nn(W)/T) = O, w log s (W)>7

where the first equality is due to (8.32), Lemma 8.7(i) and the rate of convergence for the
minimum distance estimator 67 (67 p). Thus

- 1 0lr,p(0 2log® nwd k(W
VT (0rp —6) = —cTTTD\F W +rem, rem =0, (\/n o8 nTw al )) + op(w/n)
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whence, if we divide by \/CT'Y;}DC, we have
~ el 0
\/TCT(QﬂD — 9) *CTTT D\F T@Lég- ) /T re

o1 = 08D1+tOSD2
w/cTTrﬂDc q/cTTT7Dc \/CTTTDC

Y I\FWT%?M)/T

w/cTTE) c

To prove Theorem 4.2, it suffices to show ¢, p1 4, N(0,1), ole — tos,p,1 = 0p(1), and

Define

tos,D,1 =

8.6.1 tosp1 - N(0,1)

We now prove that t,s p 1 is asymptotically distributed as a standard normal. Write

Ty VTR 7

\/CTTB c

ZT: — 3L ETDIW(O 7 @ 0 ) (D20 D YT 2 vec [(ys — 1) (ye — 1) — Eye — ) (ye — p)7]
t=1 \/cTTglc

T
=Y Ups.DTimt-

t=1

tos,D,l =

The proof is very similar to that of tp N N(0,1) in Section A.4.1. It is straightforward to
show that {Uys.p 7nts Frme} is a martingale difference sequence. We first investigate that at

what rate the denominator \/CTTBlc goes to zero.

Y le = 9:T (ETDT=E -1 ; (TTE *1>: 2
"Yp'c=2c" (ETD]JED,E) " ¢ > 2mineval ( (ETDIED,E) maxeval (ETDJED, E)’

Since,
maxeval (ETD]=D,F) < maxeval(Z)maxeval(D] D, )maxeval(ETE) < Csn,

for some positive constant C' because of Lemma 8.6(i), (A.11) and that Dj,D,, is a diagonal
matrix with diagonal entries either 1 or 2. Thus we have

1

\/CTTglc

= O(/sn). (8.33)
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We now verify (i) and (ii) of Theorem A.4 in Appendix A.5. We consider |U,s p 7.n | first.

|U05,D,T,n,t| =
3T ETDLU (0! @ 1) (D2 @ DV2)T 2 vee [(ys — 1) (yr — )T — By — 1) (ye — 1))

\/cTTglc

_ 3T ETDRe (O @ 01 (D72 @ DY)y |vee [(ye — i) (v — )T — Elye — 1) (we

_/‘)T]Hz

B \/cTTl_)lc

22
O( T )H(yt—u)(yt—u)T—E(yt—u)(yt—u)THF

IA

n?s?w?
O( 7 )H(yt—u)(yt—u)T—E(yt—u)(yt—u)THoo’
where the second equality is due to (8.33) and that

|eTY R ETDI (O @ ) (D72 @ D),
_ _ _ _ _ — | swo?
<5 e E lex | DY llea [ @llex |07 @ ©7 gy | D72 @ D712l :O( ) Sn_O( n >

via (8.32) and (A.12). Next, using a similar argument which we explained in detail in Section
A.4.1, we have

Hf?taér |Ups, <log(14+1T) max HUOS,D,T,n,tle
n23 w?
= log(1+T)O < max HH(yt )(yt—u)T—E(yt—u)(yt—u)THo@le

= log(1 + T log(1 + n*)O

> 1<t<T
\/W
< )1%32%121?? [ (i — mi) (e — 1),

n2s2w?lo o n?
:O<\/ 1g(1;T)lg(1+ )>:o(1)

where the last equality is due to Assumption 3.3(iii). Since ||U||r, < r!||U]y, for any random
variable U (van der Vaart and Wellner (1996), p95), we conclude that (i) and (ii) of Theorem
A.4 in Appendix A.5 are satisfied.

We now verify condition (iii) of Theorem A.4 in Appendix A.5. Since we have already shown
that sncTTl_)lc is bounded away from zero by an absolute constant, it suffices to show

T 2
1 1 ~ T _ _
TE j(chrDlETD;\I/(e oo YYD V29D 1/2)ut> —TThte

sn

= op(1),

where u; = vec [(ye — p)(ye — 1)7 — E(y¢ — 1) (g — #)T]. Under Assumptions 3.1(ii) and 3.5,
we have already shown in the proof of part (iv) of Theorem 4.1 that

1
CTTz)lc = CTTBITDTBIC — CTTBI <2ETD;E‘IJ(@_1 ® @_1)\I/DnE> TBIC

= icTTglETDTTL\II(G_I 20 YDV D V(D2 DY) (O 00 ) UD,ET e
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Thus

sn

T 2
1 1 _ _ _ _ _ _
T§:<2CTTD1ETD;¢:(9 lso™H)Y(D2eD 1/2)ut> — e
t=1

T
1 1
< sn Tzutug — VH |(D~?@ D7) (67w @*I)WDHET];chf
t—1 o
T
1 3 l T_ —1/2 —1/2 -1 -1 _1 12
< sl D ju] = V| (D72 @ DTV (07 @ 07 UDLEY e,
t—1 o
T
1 1 _ _ _ _ _
< o3 S wead V|| D20 DR o 0 0 D BIR, 1T
t=1

o

logn w? n4 - logn - w - log*n
= Op(sn®)y/ TSy = O, (\/ T = o0p(1)

where the first equality is due to (8.32), (A.12) and the fact that HT‘l Zthl wpu) — VHOO =

Op( lo%"), which can be deduced from the proof of Lemma 8.2 in SM 8.3, and the last equality
is due to Assumption 3.3(iii).

8.6.2 fos,D,l - tos,D,l = Op(l)

We now show that #,s p 1 —tos,0,1 = 0p(1). Let Ags p and AOS,D denote the numerators of ¢y p 1
and fos’ D,1, Tespectively.

> . Aos,D Aos,D Y STles,D vV SnAos,D
tos,D,l - tos,D,l - \/ - -

-1 1 r—1 -1
cTTT7Dc \/CTTDC \/sncTTTDc \/sncTTDc

Since we have already shown in (8.33) that sncT TBIC is bounded away from zero by an absolute
constant, it suffices to show the denominators as well as numerators of fos’ p,1 and t,s p1 are
asymptotically equivalent.

8.6.3 Denominators of fos,D,l and t,5p1

We need to show K
snlc"(Yqp = Tp')el = 0p(1).

This is straightforward.
snlT (Tl = 506l < snll 7ty = Tl = 500, (s 1) = 0, (2 1) = o)
where the last equality is due to Assumption 3.3(iii).

8.6.4 Numerators of fos,D’l and t,sp1

We now show

L ov 7D(ev g) — ov ,D(0> N)
Vsn cTTT}DﬁTaT/T - cTTDlx/TTaT/T = 0,(1).
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Using triangular inequality, we have

vsn o007 o0t

. Mrp(0,y _ olr p(0,y
CTTT}DﬁT’gQ(T 9y CTTDR/Tng(T ) /T‘

dtr.p(0, 7 Ot p(0
cTT;)l\FTT’gg(T 9 cTTglﬁT’ge(T 1) /T’ (8.34)

CTYilD\/Tw/T _ CTTBHE(%T’DW/T'

< \/sn

++v/sn

We first show that the first term of (8.34) is 0, (1).

a€T7D(0, Zj)

Ve[ (Bl = VTR i

— /sn
= O(Vsn)| Y5 = Y5 e VTIE 6] %r — Sllr = O(Vsn)w?s\/1/ (nT)VTsnv/n|| S — Zle,

— oW s T IVIVsiviy/alT = 0, (255 ) = 0,1),

(Tl - Tgl)ﬁ%ETD;L\I/(@*l ® 0 YD Y20 D7V vec(Sy — 2)‘

where the last equality is due to Assumption 3.3(iii).
We now show that the second term of (8.34) is op(1).

YT (WT,@DG(TH,@) T (%ng(f”u)/T)‘

Vsn

=+/sn cTTglﬁ%ETD,TI‘I/(@_l ® 0 YD V20 DV vee(Sr — B7)

_ - ~ w logn log* n - n2w?
= OS5 VTl 21 = Srle = 0,5 ZVT Vs " = 0, (51520 ) — o)

where the third last equality is due to (8.23), and the last equality is due to Assumption 3.3(iii).

8.6.5 tos.p2 =o0p(1)

To prove tosp2 = 0p(1), it suffices to show that /sn|rem| = o,(1). This is delivered by
Assumption 3.3(iii). O

8.7 Proof of Theorem 3.4 and Corollary 3.3

In this subsection, we give proofs of Theorem 3.4 and Corollary 3.3.

Proof of Theorem 3.4. We only give a proof for part (i), as that for part (ii) is similar. Note
that under Hy,

\/Tgﬂp(ﬁ) = \/T[vech(log @T,D) — Ef] = ﬁ[vech(log (:)Tp) — vech(log ©)]
= VT D, vec(logOr p — log ©).

Thus we can adopt the same method as in Theorem 3.2 to establish the asymptotic distribution
of VTgr.p(0). In fact, it will be much simpler here because we fixed n. We should have

VTgr.p(0) % N(0,S), S:=DiH(D V2D V2)V(D V9D Y*)HD/T, (835)
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where S is positive definite given the assumptions of this theorem. The closed-form solution for
67 = Or p has been given in (3.3), but this is not important. We only need that 07 p sets the
first derivative of the objective function to zero:

E"Wgr,p(0r,p) = 0. (8.36)

Notice that X X

Pre-multiply (8.37) by 222200y — _ pryy to give
—E™Wlgr,p(0r.0) — g1.0(0)] = E"WE(61,p — 0),
whence we obtain
br.p — 6 = —~(ETWE) ™' E"Wlgr,p(0r.0) — 97.0(6)]- (8.38)
Substitute (8.38) into (8.37)

\/Tgﬂp(éT’D) = [In(n+1)/2 — E(ETWE)_IETW] \/TgT,D(O) + E(ETWE)_l\/TETWgT,D(éﬂD)
= [In(n+1)/2 — E(ETWE)ilETW] ﬁgT,D(ﬁ),

where the second equality is due to (8.36). Using (8.35), we have
VTg1,0(0r,0) % N (0, [Lugnsnyj2 = E(ETWE) ' ETW] S [y 1) — E(ETWE) " ETW]T).

Now choosing W = S~!, we can simplify the asymptotic covariance matrix in the preceding
display to
SV (Iynyryye — STY2E(ETS T E) T ETS2) 812,

Thus
\/TSEIDHQT,D(@T,D) 4N (OJn(nH)/z - S_I/QE(ETS_IE)_IETS_I/z) ;

because §T7 D is a consistent estimate of S given (A.7) and Lemma 8.2, which hold under the
assumptions of this theorem. The asymptotic covariance matrix in the preceding display is
idempotent and has rank n(n 4+ 1)/2 — s. Thus, under Hy,

. - - d
TgT,D(eT,D)TST}DgT,D(HT,D) - X?L(n+1)/2—s'

To prove Corollary 3.3, we give the following two auxiliary lemmas.

Lemma 8.8 (van der Vaart (1998) p27).

o —k q

NGTS — N(0,1),

as k — oo.

Lemma 8.9 (van der Vaart (2010) p4l). For T,n € N let X1, be random wvectors such that
Xrn LN X, as T — oo for every fired n such that X, 4 X asn — co. Then there exists a

d
sequence np — oo such that X, — X as T — oo.

Now we are ready to give a proof for Corollary 3.3.
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Proof of Corollary 3.3. We only give a proof for part (i), as that for part (ii) is similar. From
(3.7) and the Slutsky lemma, we have for every fixed n (and hence v and s)

~ ~ ~ n(n n(n+1
Tgr,p(0r,0)" S5 pgr,0(0r,0) — [ — ] d, Xo(na1)/2—s — [P — ]
[n(n+ 1) — 2s] 1/2 [n(n+ 1) — 2s] vz
as T'— oo. Then invoke Lemma 8.8
2 n(n+1)
Xn n —S8 - -3
(n+1)/2 (%5 ] i>N(O,1),

[n(n+1) — 2s] 1/2
as n — oo under Hy. Next invoke Lemma 8.9, there exists a sequence n = nr such that

5 o 5 1
T97:0,0(07,0,0)7S7 4 p7.0,0 01 0,0) — ["U5H — 5

[n(n+1) — 2s] 1/2

] 4 N(0,1), under Hy

as T — oo. O

8.8 Miscellaneous Results

This subsection contains miscellaneous results of the article.

Proof of Corollary 3.1. Note that Theorem 3.2 and a result we proved before, namely,

. 1
|CTJT’DC - CTJDC| = Op (W) s (839)
imply
\/TCT(éﬂD — 90) i> N(O, CTJDC). (840)
Consider an arbitrary, non-zero vector b € R*¥. Then
‘ Ab B
[Abll2 ]|y

so we can invoke (8.40) with ¢ = Ab/| Ab||2:

VT 5T ATy — 6% S N (0

BTAT  Ab )
14612 ’

A0l 7P 0T
which is equivalent to

VTVTAT (B p — 6°) & N (0,bTATJp Ab) .
Since b € R* is non-zero and arbitrary, via the Cramer-Wold device, we have

VT A (fr,p —0°) S N (0, ATJpA) .

Since we have shown in the mathematical display above (A.11) that Jp is positive definite and
A has full-column rank, ATJpA is positive definite and its negative square root exists. Hence,

VT(ATIpA) 2 AT (b p — 6°) S N (0, 1) .

Next from (8.39),

. 1 1
‘bTBb’ = }bTATJT»DAb - bTATJDAb‘ =0p (m(W)> 14b]13 < o, (SW‘G(W)> HAHéHb”%-
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By choosing b = e; where e; is a vector in R* with jth component being 1 and the rest of
components being 0, we have for j =1,... k

1
|Bjj| < op (sn/@(W)) 1|17, = op(1),

where the equality is due to [|Al|¢, = O(y/snk(W)). By choosing b = e;;, where e;; is a vector
in R¥ with ith and jth components being 1/4/2 and the rest of components being 0, we have

B2+ Bygf2+ Byl < 0 (5o ) 11 = )
Then
|Bij| < |Bij + Bii/2 + Bjj /2| + | — (Bii/2 + Bjj/2)| = 0p(1).
Thus we proved A
B = ATjrpA — ATJpA = 0,(1),

because the dimension of the matrix B, k, is finite. By Slutsky’s lemma

VT(ATJp p A" V2AT (0 p — 0°) % N (0, 1) .

O

Lemma 8.10. For any positive definite matriz O,

(/Ol[t(@ D+t ee—1) + 1]—1dt> L /01 (1050 g ((1-1) 1o gy
Proof. (11.9) and (11.10) of Higham (2008) p272 give, respectively, that
vecE = /1 e!1080 @ (170180 gt vec (O, E),
10
vee L(O, ) — / HO — 1)+ 1" @ [t(O — I) + 1] 'dt vec E.
Substitute the preceding equatioi)l into the second last
vec E = /01 180 @ o171 log@dt/ol[t(@ ~ D+ I @O — 1)+ 1] dt vec E.
Since F is arbitrary, the result follows. O

Example 8.3. In the special case of normality, V = 2D, D} (X ® X) (Magnus and Neudecker
(1986) Lemma 9). Then cTJpc could be simplified into

cTJpe =

2T (ETWE) 'ETWD; H(D™Y? @ D™Y?)D, D} (X @ £)(D~Y? @ D™Y*)HD}"WE(ETWE) ¢
= 2" (ETWE) 'ETWDIH(D 29 DV (2 @) (D2 @ D~V HD"WE(ETWE) ¢

=21 (ETWE) 'ETWD; H(D~Y?2D"V2 @ D-Y25 D"V HD} " WE(ETWE) ¢

=21 (ETWE) 'ETWD,H(© ® ©)HD,”"WE(ETWE) ¢,

where the second equality is true because, given the structure of H, via Lemma 11 of Magnus
and Neudecker (1986), we have the following identity:

DIH(D™Y2 @ D™Y? = DFH(D™Y? 9 D~V*D,D.
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